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Context-Free Grammars and Pushdown Automata

Parsing Algorithm (parse tree)

@ Naive parsing: inefficient

@ CYK parsing: dynamic programming, cubic in

input length

Chomsky normal form

@ RulesA— BC,A— aorS — A

@ Systematically constructed through transformation
Greibach normal form

@ RulesA— aBiBs --- ByorS — \

@ Systematically constructed through transformation
Push-down automata

@ Finite automata + unbounded stack (push/pop)
@ Acceptance by “final state” and “empty stack”
@ Recognize precisely the context-free languages
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Non-context-free languages

@ Not all languages (sets of strings over ¥) are context-free
@ How can we prove that a given language is not context-free?
@ Answer: pumping lemma, similar to those for regular languages
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@ there exists a k > 1, such that
o for every z € X with |z| > k,
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Non-context-free languages

@ Not all languages (sets of strings over ¥) are context-free
@ How can we prove that a given language is not context-free?
@ Answer: pumping lemma, similar to those for regular languages

Reminder: pumping lemma regular languages

If a language X is regular, then
@ there exists a k > 1, such that
o for every z € X with |z| > k,
@ there exist u, v, w € L*, such that z = uvw, |uv| < K,
@ and for every i > 0, we have u'w e X

Pumping lemma context-free languages

If a language X is context-free,
@ there exists a k > 1, such that
o for every z € X with |z| > k, there
@ existu,v,w,x,y € L*, with z = uvwxy, |vwx| < k, |vx| > 0
@ and for every i > 0, we have uv/wx'y € X

v| >0

A
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Using the context-free pumping lemma

Contraposition of the context-free pumping lemma

A set of strings X C ¥* is not context-free if
@ forallk > 1
@ atleastone z € X exists such that |z| > k and
e forallu,v,w,x,y € ¥* with z=uvwxy, |vwx|<k, and |vx|>0
@ atleast one i > 0 exists such that uv'wx’y ¢ X
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Using the context-free pumping lemma

Contraposition of the context-free pumping lemma

A set of strings X C ¥* is not context-free if
@ forallk > 1
@ atleastone z € X exists such that |z| > k and
e forallu,v,w,x,y € ¥* with z=uvwxy, |vwx|<k, and |vx|>0
@ atleast one i > 0 exists such that uv'wx’y ¢ X

The Pumping Lemma can be used, to prove that languages are not
context-free, e.g.:

e {dbic'|i>0}
o {dbdb |ij>0}
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Example of the context-free pumping game

Consider language X = {a'b'c’ | i > 0}. X is not context-free:
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Example of the context-free pumping game

Consider language X = {a'b'c’ | i > 0}. X is not context-free:
@ Let k be arbitrarily given,
@ Choose z = b ck
@ Let uvwxy = z such that |vx| > 0 and |vwx| < k
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Example of the context-free pumping game

Consider language X = {a'b'c’ | i > 0}. X is not context-free:

@ Let k be arbitrarily given,
@ Choose z = a"b<ck
@ Let uvwxy = z such that |vx| > 0 and |vwx| < k
@ We distinguish the following possible cases:
@ v and x both contain one (repeated) symbol from {a, b, ¢}

@ v or x contains (at least) 2 different symbols from {a, b, c}
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Example of the context-free pumping game

Consider language X = {a'b'c’ | i > 0}. X is not context-free:
@ Let k be arbitrarily given,
@ Choose z = a"b<ck
@ Let uvwxy = z such that |vx| > 0 and |vwx| < k
@ We distinguish the following possible cases:
@ v and x both contain one (repeated) symbol from {a, b, ¢}
o Thenv e {a™,b™,c™} and x € {a", b", c"} with
m+n=|vx| >0
o Let{a,B,7} C{a,b,c}suchthatv =a™and x = 8" and
v & {a, B}
o Then uv?wx?y contains the same number of 4’s as z does, but
more a’s and/or 8's
@ Choose i = 2;then uv'wx'y ¢ X

@ v or x contains (at least) 2 different symbols from {a, b, c}
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Example of the context-free pumping game

Consider language X = {a'b'c’ | i > 0}. X is not context-free:
@ Let k be arbitrarily given,
@ Choose z = a"b<ck
@ Let uvwxy = z such that |vx| > 0 and |vwx| < k
@ We distinguish the following possible cases:
@ v and x both contain one (repeated) symbol from {a, b, ¢}
o Thenv e {a™,b™,c™} and x € {a", b", c"} with
m+n=|vx| >0
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@ Then v? or x? contains a b or ¢ before an a or a ¢ before a b;
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Example of the context-free pumping game

Consider language X = {a'b'c’ | i > 0}. X is not context-free:
@ Let k be arbitrarily given,
@ Choose z = a"b<ck
@ Let uvwxy = z such that |vx| > 0 and |vwx| < k
@ We distinguish the following possible cases:
@ v and x both contain one (repeated) symbol from {a, b, ¢}
o Thenv e {a™,b™,c™} and x € {a", b", c"} with
m+n=|vx| >0
o Let{a,B,7} C{a,b,c}suchthatv =a™and x = 8" and
v & {a, B}
o Then uv?wx?y contains the same number of 4’s as z does, but
more a’s and/or 8's
@ Choose i = 2;then uv'wx'y ¢ X
@ v or x contains (at least) 2 different symbols from {a, b, c}

@ Then v2 or x2 contains a b or ¢ before an a or a ¢ before a b;
@ Choose i = 2; then uv?wx’y ¢ X

So by the pumping lemma, X is not context-free.



Class Context-Free

Contents

e Class of Context-free Languages



Class Context-Free

Closure properties context-free languages

Reminder: closure properties regular languages

If X and Y are regular languages over alphabet ¥, then also

@ Union: XU Y

@ Concatenation: XY = {ww |v e X,w € Y}

@ Kleenestar: X* ={vy---v, |Vie [1,n]:v; € X}
@ Intersection: X N'Y

@ Complement: ¥* — X

In other words, regular languages are closed under these operations.
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Closure properties context-free languages

Reminder: closure properties regular languages

If X and Y are regular languages over alphabet ¥, then also

@ Union: XU Y

@ Concatenation: XY = {ww |v e X,w € Y}

@ Kleenestar: X* ={vy---v, |Vie [1,n]:v; € X}
@ Intersection: XN'Y

@ Complement: ¥* — X

In other words, regular languages are closed under these operations.

Proof: by construction of automata and/or regular expressions

Theorem: Closure properties context-free languages
CF languages are closed under union, concatenation & Kleene star

Theorem: Non-closure properties context-free languages

CF languages are not closed under intersection & complement
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Proof of (non-)closure properties

Given grammars G; = (V;, ¥, P;, Si) with L(G;) = X; (i = 1,2)
o
e GiUG, = <V1 U VQU{S},Z1 U, Py UPQU{S—> S1|82},S>
e GG = <V1 U VQU{S},Z1 U, P U PzU{S*) 8182},S>
o GT = <V1 U{S}7Z1,P1 U{S-) S S | )\},S>
Then L(G1 U Gg) = X1 UXQ, L(G1 GQ) = X1X2 and L(GT) = X1*.
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Proof of (non-)closure properties

Given grammars G; = (V;, ¥, P;, Si) with L(G;) = X; (i = 1,2)

o
° G1UGQZ<V1UV2U{S},Z1U22,P1UP2U{S—>S1|SQ},S>
o G1GQI<V1UVQU{S},Z1UZQ,P1UP2U{S*>S1SQ},S>
o GT:<V1U{S}7Z1,P1U{S—>S1S|)\},S>
Then L(G1 U Gg) = X1 UXQ, L(G1 GQ) = X1X2 and L(GT) =

°
o Xy ={abc*|i>0}and Xo = {a*b'c’ | i > 0} are context-free
o Xy N Xy ={abc'|i>0}isnot

Notation: X = £* \ X

De Morgan: X; N Xo = X; N Xo = (X3 U Xz)

Closed under complement implies closed under intersection
Contradiction, so CF languages are not closed under
complement
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Class Context-Free

Another closure property

Intersection of a regular and a context-free language is context-free

Proof (another application of parallel composition!)
Construct product of a PDA M and a DFA N:
M x N = (Qu x Qn, Xm U XN, Twm, 9, (gm0, gn,o), Fm X Fi)

o g1 28/C, g with q» 2 g generates (g1, a2) 225 (q], ab)

o g1 2B/C ¢ generates (g1, a2) 225, (4, g2)

Now L(M x N) = L(M) N L(N)

@ Application: L = {ww | w € {a, b}"} is not context-free

@ Proof (by contradiction): Suppose that L is context-free.
e Then LN a*b*a*b* = {ab/ab | i > 0} is as well (theorem).
o But this is not the case (pumping lemma): Contradiction
e So L is not context-free either.
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Side note: Deterministic Context-Free Languages

Lis if it is accepted by a deterministic PDA.
The situation for the class of DPDAs is very different:

@ DPDAs are than PDAs

@ DPDAs are under union

@ DPDAs are under complement

(this fact is very difficult to prove)
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Side note: Deterministic Context-Free Languages

Lis if it is accepted by a deterministic PDA.
The situation for the class of DPDAs is very different:
@ DPDAs are than PDAs
@ DPDAs are under union
@ DPDAs are under complement
(this fact is very difficult to prove)
° Geraud Senizergues receives Godel Award for algorithm
that decides if £L(My) = L(Ms) for PDAs My, M.
° No algorithm exists that

decides whether L(M;) = L(M.) for PDAs M;, M..
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Turing Machines

@ A Turing machine has an infinite tape for memory
@ Configuration:| g| a| plal|l b | Bl B

Qo
@ Tape can be read/written where the tape head is located

@ The tape head can move arbitrarily to the left and right (L, R)

A transition g M q performs the following steps:
@ Symbol a € T is checked and replaced by symbol b € T
@ The state moves from q into ¢’
© The tape head moves to the right (R)

From a ... to b

T T
q
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Functioning of a Turing machine

Definition: Turing Machine

A Turing machineis a tuple (Q, X, T, 4, go, F) with
@ Q a set of states
o [ the tape alphabet, with special blank symbol B € I
@ X the input alphabet, with X C I\ {B}
@ §:QxTI —Tx{L R} x Qthe transition relation
(deterministic)
@ qo € S start state, F C Q set of final states.
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Functioning of a Turing machine

Definition: Turing Machine

A Turing machineis a tuple (Q, X, T, 4, go, F) with
@ Q a set of states
o [ the tape alphabet, with special blank symbol B € I
@ X the input alphabet, with X C I\ {B}
@ §:QxTI —Tx{L R} x Qthe transition relation
(deterministic)
@ qo € S start state, F C Q set of final states.

@ From a certain position onward the tape contains only B’s

@ Notation: BagbabBfor| gl a|plal|b|B| B

T

q
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b/aR b/bL
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Turing machine: Example 1

Y ={ab}, I ={a,b,B}
qoBababB

a/bR ajal F BqgiababB

b/a R b/bL - BbgbabB
F BbagabB
F BbabgibB
F Bbabag: B
F Bbabg.aB
F Bbag.baB
F Bbg.abaB
F Bg.babaB
F g.BbabaB

What does this machine achieve?
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00@0000

Turing machine: Example 1

Y ={ab}, I ={a,b,B}
qoBababB

a/bR ajal F BqgiababB

b/a R b/bL - Bbg; babB
F BbagabB
F BbabgibB
F Bbabag: B
F Bbabg.aB
F Bbag.baB
F Bbg.abaB
F Bg.babaB
F g.BbabaB

What does this machine achieve?

@ Starting from the first “real” position (not counting start)
@ It switches a's and b’s until the first occurrence of B
© The tape head returns to the start
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Turing machine: Example 2

What does the following Turing machine achieve?

r

a/aR
b/bR

a/aR
b/bR

~

ajal
b/bL
B/BL
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Turing machine: Example 2

What does the following Turing machine achieve?

a/aR a/aR )

b/bR b/b R

@ Copies words over {a, b}"
@ qoBaabaBt --- Bqi XXYXBaabaB - - - - Bq;aabaBaabaB
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Acceptance by Turing machines

Further terminology:
@ The word that is initially on the tape is called the input
(from the first “real” position until the infinite series of B’s)
@ The TM halts when no further transitions are possible
(different from automata: just reaching a final state is not
enough!)
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@ The word that is initially on the tape is called the input
(from the first “real” position until the infinite series of B’s)
@ The TM halts when no further transitions are possible
(different from automata: just reaching a final state is not
enough!)

Definition

A Turingmachine M accepts a word w if M halts in a final state when
starting with input w.

We do not pay attention to the contents of the tape after computation!
We do not care if w is actually read at all.
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Acceptance by Turing machines

Further terminology:
@ The word that is initially on the tape is called the input
(from the first “real” position until the infinite series of B’s)
@ The TM halts when no further transitions are possible
(different from automata: just reaching a final state is not
enough!)

Definition

A Turingmachine M accepts a word w if M halts in a final state when
starting with input w.

We do not pay attention to the contents of the tape after computation!
We do not care if w is actually read at all.

There are three possible outcomes (for a given input):
@ The machine halts in a final state
@ The machine halts in a state that is not a final state
© The machine never halts
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Languages of Turing machines

Further terminology:

@ M recognizes a language L if Vw: M accepts w < w € L
@ M decides a language L if moreover all computations halt

Notation: L(M) is the language that is recognized by M
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Languages of Turing machines

Further terminology:

@ M recognizes a language L if Vw: M accepts w < w € L
@ M decides a language L if moreover all computations halt

Notation: L(M) is the language that is recognized by M

Definition: let L C >* be an arbitrary language

@ L is recursively enumerable if L is recognized by a Turing
machine

@ Lis recursive if L is decided by a Turing machine
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Recursive language: Example

Which language is decided by the following Turing machine:

X/X R
a/al
b/bL
Q4 Y?YL

zZ/ZL
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Recursive language: Example

Which language is decided by the following Turing machine:

X/X R
a/al
b/bL
Ga Y?YL
z/ZL

@ Computations: qqBaabbccB +H*
qoBaabccB +*
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Recursive language: Example

Which language is decided by the following Turing machine:

X/X R
a/al
b/bL
Ga Y?YL
z/ZL

@ Computations: qgBaabbccB +* BXXYYZZBgs
qoBaabccB +*
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Recursive language: Example

Which language is decided by the following Turing machine:

X/X R
a/al
b/bL
Ga Y?YL
z/ZL

@ Computations: qgBaabbccB +* BXXYYZZBgs
QoBaabccB +* BXXYq.ZcB
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Recursive language: Example

Which language is decided by the following Turing machine:

X/X R
a/al
b/bL
Q4 Y?YL
z/ZL

@ Computations: qgBaabbccB +* BXXYYZZBgs
QoBaabccB +H* BXXYq.ZcB
@ Language {a*b*ck | k > 0}: not context-free!
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Recursive language: Example

Which language is decided by the following Turing machine:

X/X R
a/al
b/bL
Q4 Y?YL
z/ZL

@ Computations: qgBaabbccB +* BXXYYZZBgs
QoBaabccB +H* BXXYq.ZcB
@ Language {a*b*ck | k > 0}: not context-free!
@ Every PDA is convertible into a Turing machine (tape = stack)
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Recursive language: Example

Which language is decided by the following Turing machine:

X/X R
a/al
b/bL
Q4 Y?YL
z/ZL

@ Computations: qgBaabbccB +* BXXYYZZBgs
QoBaabccB +H* BXXYq.ZcB
@ Language {a*b*ck | k > 0}: not context-free!
@ Every PDA is convertible into a Turing machine (tape = stack)
@ Recursive languages are strictly more powerful than
context-free languages
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@ Multi-tape Turing Machines
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Standard Turing Machines (as defined so far)

@ Single tape
@ Deterministic
@ Acceptance by “halting” in a “final state”

Variations on Turing Machines
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Variatons on Turing Machines

Standard Turing Machines (as defined so far)

@ Single tape
@ Deterministic

@ Acceptance by “halting” in a “final state”

The following variations are all equivalent!

@ Acceptance by “halting”

@ Multi-track tape
@ Two-way tape
@ Multiple tapes

@ Non-deterministic
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Playing with the tape: Multiple tapes

Instead of one tape we can also have multiple:

Tape 2 alblalb]|a
/

Tape 1 alb a
N\ /
Qi

@ Difference with multiple tracks: tape head for each tape

o Transitions g /1 dxe/ye &l o
@ di,dx € {R, L, S} may be different:

R (right), L (left), S (stationary)
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®00

Playing with the tape: Multiple tapes

Instead of one tape we can also have multiple:

Tape 2 alblalb]|a
/

Tape 1 alb a
N\ /
Qi

@ Difference with multiple tracks: tape head for each tape

o Transitions g /1 dxe/ye &l o

@ di,dx € {R, L, S} may be different:
R (right), L (left), S (stationary)

Does this matter for expressiveness?

A language is accepted by a machine with multiple tapes if and only
if it is recursively enumerable.
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Example of a machine with multiple tapes

[x/x R,B/x R]

fO\ [x/x Ly/y 1]

[B/B R,B/B R] [B/B L,B/B L]

@ w % [x/x Ly/y 8] *
B/BR,y/y R]

[x/x R,x/x R]

[
lv/y R,B/B Al

x € {a, b}
y € {a, b, B}
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Example of a machine with multiple tapes

[x/x R,B/x R]

fO\ [x/x Ly/y 1]

[B/B R,B/B R] [B/B L,B/B L]

@ 3 WA
[B/BR.y/y Al

Example computation: @
[

[qo; *BababB; x BBBBBB] [x/x Rox/x A]

y/y R.B/B R]

x € {a, b}
y € {a, b, B}
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Example of a machine with multiple tapes

[x/x R,B/x R]
[x/x Ly/y L]

@ [B/B R,B/B R] [B/B L,B/B L]
Qo q
/x Ly/y 8]

[B/BRyly R]

Example computation:
[qo; *BababB; «BBBBBB] [x/x R,x/x R

+* [g1; BababxB, Babab*B] J/y R.B/B H]

x € {a, b}
‘ y €{a,b,B}
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Example of a machine with multiple tapes

[x/x R,B/x R]
[x/x Ly/y L]
@ [B/B R,B/B R] 7 [B/B L,B/B L]
’ N /x Ly/y §]

[B/BR.y/y Al
Example computation:
[qo; *BababB; « BBBBBB] [x/x Rx/x A]
-* [q1; BababxB, BababxB]
- [go; BabaxbB; Babaxbg] '/ FE/EH
x € {a, b}

y € {a, b, B}
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Example of a machine with multiple tapes

[x/x R,B/x R]
[x/x Ly/y L]
@ [B/B R,B/B R] 7 [B/B L,B/B L]
’ N /x Ly/y §]

[B/BR.y/y Rl
Example computation:
[qo; xBababB; «BBBBBB]| [x/x R,x/x R
+* [g1; BababxB, BababxB|
- [qe; BabaxbB; Babaxbg] ' /8 F
F* [go; xBababB, BaxbabB] x € {a, b}

y€{a,b,B}
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Example of a machine with multiple tapes

[x/x R,B/x R]
[x/x Ly/y L]
@ [B/B R,B/B R] 7 [B/B L,B/B L]
’ N /x Ly/y §]

[B/B R.y/y Rl
Example computation:

[qo; xBababB; «BBBBBB]| [x/x R,x/x R
+* [g1; BababxB, BababxB|
- [qe; BabaxbB; Babaxbg] ' /8 F
+* [g2; xBababB, BaxbabB] x € {a, b}
y € {a, b, B}

- [qa; BxababB; Bab+abB|
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Example of a machine with multiple tapes

[x/x R,B/x R]
[x/x Ly/y L]
@ [B/B R,B/B R] 7 [B/B L,B/B L]
’ N /x Ly/y §]

[B/B R.y/y Rl
Example computation:
[qo; *BababB; x BBBBBB] [x/x Rox/x Al
F* [g1; Babab+B, BababxB
- {Clz; BabaxbB; Baba*bB]] iy RB/8 Al
H* [qe; *BababB, BaxbabB] x € {a, b}
- [qa; BrxababB; BabxabB] y € {a, b, B}

* [qa; BabxabB; BababxB]
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Example of a machine with multiple tapes

[x/x R,B/x R]
[x/x Ly/y L]
@ [B/B R,B/B R] 7 [B/B L,B/B L]
’ N /x Ly/y §]

[B/B R.y/y Rl
Example computation:
[qo; *BababB; x BBBBBB] [x/x Rox/x Al
F* [g1; Babab+B, BababxB
- {Clz; BabaxbB; Baba*bB]] iy RB/8 Al
H* [qe; *BababB, BaxbabB] x € {a, b}
- [qa; BrxababB; BabxabB] y € {a, b, B}

* [qa; BabxabB; BababxB]
- [gs; BabaxbB; BababBx]
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Example of a machine with multiple tapes

[x/x R,B/x R]
[x/x Ly/y L]
@ [B/B R,B/B R] 7 [B/B L,B/B L]
’ N /x Ly/y §]

[B/B R.y/y Rl
Example computation:
[qo; *BababB; x BBBBBB] [x/x Rox/x Al
F* [g1; Babab+B, BababxB
- {Clz; BabaxbB; Baba*bB]] iy RB/8 Al
H* [qe; *BababB, BaxbabB] x € {a, b}
- [qa; BrxababB; BabxabB] y € {a, b, B}

+* [qa; BabxabB; Babab+B|
- [gs; BabaxbB; BababBx]

Recognized language:
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Example of a machine with multiple tapes

[x/x R,B/x R]
[x/x Ly/y L]
@ [B/B R,B/B R] 7 [B/B L,B/B L]
’ N /x Ly/y §]

[B/B R.y/y Rl
Example computation:
[qo; *BababB; x BBBBBB] [x/x Rox/x Al
F* [g1; Babab+B, BababxB
- {Clz; BabaxbB; Baba*bB]] iy RB/8 Al
H* [qe; *BababB, BaxbabB] x € {a, b}
- [qa; BrxababB; BabxabB] y € {a, b, B}

+* [qa; BabxabB; Babab+B|
- [gs; BabaxbB; BababBx]

Recognized language: {ww | w € {a, b}"}
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Proof idea of equivalence Multi-tape machine

Tape 2 alblal|b]a
i

Tape 1 alb a
N/
Qi

is coded on one tape with five tracks:



Variations on Turing Machines
ocoe

Proof idea of equivalence Multi-tape machine

Tape 2 alblal|b]a
i

Tape 1 alb a
N/
Qi

is coded on one tape with five tracks:

Track 5 #

Track 4

Track 3 alblal|b]|a
Track 2

Track 1 alb a
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Proof idea of equivalence Multi-tape machine

Tape 2 alblal|b]a
i

Tape 1 alb a
N/
Qi

is coded on one tape with five tracks:

Track 5 #

Track 4

Track 3 alblal|b]|a
Track 2

Track 1 alb a

The functioning of the two-tape machine is now simulated.
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Nondeterminism

Determinism: § can be understood as a partial function
d:Qxl =T x{L,R} xQ

(Given g and x there exists at most one transition g x/yd, q.)
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d:Qxl =T x{L,R} xQ
(Given g and x there exists at most one transition g x/yd, q.)
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Does (non)determinism matter for expressiveness?
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Nondeterminism

Determinism: § can be understood as a partial function
d:Qxl =T x{L,R} xQ
(Given g and x there exists at most one transition g x/yd, q.)
Nondeterminism: ¢ : @ x I — P(I' x {L, R} x Q)

Does (non)determinism matter for expressiveness?

A language is accepted by a nondeterministic machine if and only if it
is recursively enumerable.
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Expressiveness nondeterministic Turing machines

Proof idea: Backiracking

Suppose that L is accepted by nondeterministic TM M.
Now simulate M with a deterministic TM M’ with 3 tapes:
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Expressiveness nondeterministic Turing machines

Proof idea: Backiracking

Suppose that L is accepted by nondeterministic TM M.
Now simulate M with a deterministic TM M’ with 3 tapes:

@ Tape 1: Remember the original input

@ Tape 2: Record the current choices for backtracking
(my,...,mp)

@ Tape 3: Simulate n steps of M, according to choices on Tape 2

After the simulation of n steps: Replace Tape 2 by the following
choice and restart Tape 3 with the contents of Tape 1.

Application: Recognize (a+ b)'b(a + b)': words with a b in the
middle
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Summary so far

@ Turing machines

e Memory is an infinite tape instead of just a stack (as in PDA))
o Recursively enumerable languages (those accepted by a TM)

@ TM halts and accepts if w € L (yes/no/don’t know)
@ Recursive languages (those decided by a TM)
@ TM decides the language, so it always halts (yes/no)
@ Variations
e Multi-tape Turing Machines
@ Nondeterministic Turing Machines

All variations recognise recursively enumerable languages!
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