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Induction proofs and loop invariants ADS (Module 7)

Outline of induction proofs

We want to prove some property P(n) for all n > 1.
Base case: prove P(1)
Induction hypothesis: suppose P(k) holds

Induction step: assume induction hypothesis P(k), and prove that
now P(k + 1) holds

According to the Principle of Mathematical induction:
now P(n) holds for all n > 1.
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Example

Prove P(n): 1+2+4+...+n=mn(n+1)/2foralln>1

Proof:

Base case: 1 =1(1+ 1) so P(1)holds

Induction hypothesis: suppose P(k),so1+2+...+k=k(k+1)/2

Inductionstep: 1 +2 + ... + £+ (k + 1) = (because of induction
hypothesis) k(k )/2 +k+1) = (k(k+1)+2(k+1))/2 =

(k+1)(k+ 2)/2 so P(k + 1) holds

According to the Principle of Mathematical induction:
nowl+2+...+n=n(n+1)/2foralln >1
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Variations

base case: the base case can be any integer b

multiple base cases: prove P(b), P(b + 1),...,P(b + a), as base
cases, often necessary with recursive equations (see next example)

strong induction: assume P(i) holds for all 1 < ¢ < &, and from this
prove P(k + 1) (see next example)
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Example (from lecture 1)

Fibonacci:
Fib(0) = 0
Fib(1) = 1
Fib(n+2) = Fib(n+1) + Fib(n)forn >0

The # arithmetic steps T5yr..(n) for recursive Fibonacci computation:

TﬁbRec(O) = 0
TﬁbRec(l) — 0
Thvree(M+2) =  Thpree(n+1) + Thpgee(n) + 3 forn > 0
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An induction proof

Prove that Thyge.(n) = 3-Fib(n+1) — 3
Base steps:

(n = O) TﬁbRec<O) = 3F’l,b(1) — 3 =0so0 ok
(TL = 1) TﬁbRec(l) = 3F’Lb(2) — 3 =0so0 ok

Induction step:

Suppose it holds for all 0 < 7 < k. Then:

T+ 1) = (def)
TﬁbRec(k) + TﬁbRec(k 1) + 3 = (ind. hyp.)
3-Fib(k+1)—3+3-Fib(k) —3+3 =
3-(F’ib(k’-|—1)-|—sz(k)) 3= 3'Fib(k—|—2) — 3 so ok.

© GfH&JPK&RL 5



Induction proofs and loop invariants ADS (Module 7)

Fibonacci — asymptotic complexity

Using induction we have proven that Tgr..(n) = 3-Fib(n+1) — 3
How large is Fib(n)? Can we give upper/lower bounds?
It follows (by induction) that 2(*=2)/2 < Fib(n) for n > 2

But, this means that the complexity of fibRec is exponential:

TﬁbReC(n) S Q((\/Q)’n>
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Linear search

Input: array E with n entries and item K to be looked up

Output: does K occur in the array E?

def linsearch(E, n, K):
i =20
found = False
while 1<n and not found:
found = (E[i]==K)
i = 1i+1
return found

Why is this correct? What should it do?
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Loop invariants
General picture:

Initialisation
while Condition
Actionl
Action?2
ActionN
We now look for an invariant Inv such that:

e Tnv holds after initialisation
e if ITnv holds befor the action block: Inv holds after the action block

e {Inv and not Condition} is what we want!

© GfH&JPK&RL 8



Induction proofs and loop invariants ADS (Module 7)

Loop invariants-2

So the general picture:

Initialisation #Inv
while Condition
Actionl
Action?2

ActionN #Inv
#Inv and not Condition

Can you see the link with induction?
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def factl (n):
k=1
t=1
while k<n:
k=k+1
t=txk
return t

A factorial function
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def factl (n) :
k=1
t=1

while k<n:

k=k+1
t=txk
return t

Correctness
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Another factorial function

def factZ(n):
k=n
t=1
while k!=0:
t=t«xk
k=k-1
return t
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Correctness
def fact2(n) :

k=n
t=1 # t=n!/k!
while k!=0:

t=txk # t=n!/(k-1)!

k=k-1 # t=n!/k!
return t # t=n!/k! and

k==0 so t=n!
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Linear search

def linsearch (E, n, K):

1 =0

found = False

while i<n and not found:
found = (E[1]==K)
1 = 1+1

return found
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Linear search - correctness

i =0
found = False #found==(K in E[O0,1) )
while i<n and not found:
found = (E[i]==K) #found==(K in E[O0,i+1) )
i = 1+1 #found==(K in E[O0,1) )
# found==(K in E[0,1) ) and (i=n or found)
# so: found== (K in E[O0,n) )

Note that [0, 7) is intended in the Python sense, i.e. excluding i

© GfH&JPK&RL 15



