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« [Lecture CH 3@3.¢4¢ 3.3

« Break

« TUutorial

08:45-09:30

09:30-09:45
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Population proportion

Population Population

P: ‘success probability’
!

p: the parameter that desCribes a percentage Value in the population
e.s. .
p: defective items

P: having a smart WatCh - pichotomous (2 or 0) (Yes or NO)
P: voting for a party
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Population proportion

Determine if You are dealing with a proportion
problem!

Binomial distribution (NO reference of a meah or
average)

XIS a bihomial random Variable
X~ B, p)
n:the humber Of trials
L the probability Of a success

TO form g proportion, take )X, the random Variable
for the number of successes and divide it by n,
the humber Of trials (Or the Sample size).

The random Variable p is that proportion, ’ﬁ:%



Population proportion Example

Determine if You are dealing with a proportion See Reader Example 3.4.1

problem!
In a survey with 1000 rahdomly selected voters, 258

) el oters fo or t our party.
Binomial distribution (NO reference of @ meah or voters found £ he Labour party
average) p: the pbroportion Of the voters among 3l voters

p : estimator for p,

X is a binomial random Vvariable ﬁ=% — 0.258 , p remains unknown!
X~ Bh p
h:the humber of trials X: the humber of voters of the [abour party in the
p:. the probability Of g success Sa/mple ofF 2000 Voters.
TO form a proportion, take ), the random Vvariable X~ B(zo000, p)

For the number of successes and divide it by n,
the humber Of trials (Or the Sample size).

The random Variable p is that proportion, ’ﬁ:%
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Distribution - Population proportioh
p=— X~ B, p

The sample proportion = = is an unbiased and

consistent estimator of the population
proportion p.

For large n (n > 25,np > 5 and n(1 — p) > 5)
When nis large ahd pis hot Close t0 zero Or one

1 —_ n —
5 CLT N<p,p( P)) and p P CLT N(0, 1)
n Jp(1—p)/n



Distribution - Population proportion EXample (cont.)

5= ~
P=; X~ B P n=1000, |arge h,
The sample proportion p = % is ah unbiased and X Is approximately N (hp, hp-p)) distributed
consistent estimator of the population ¥ . . DOI-P). e
proportion p. p=- /8 also approximately N (p, —— ) distributed
P — P ocrr N(0, 1)
Jp(1-p)/n

For largen (n > 25,np > 5 ahd n(1 — p) > 5)
When nis large and pis hot Close t0 Zero Or ohe

1_ ” —
5 CLT N(p,p( P)) and p P CLT N(0, 1)
n Jp(d—p)/n

Zar Zai2
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Confidence Inhterval - Population proportion

1— D —
5 CLT N(p,p( p)) and P~ P AT v
n Jp(1-p)/n

Anh approximate confidence interval for p Can be
found by solving

P(— < PP >=1— ,
“Shawpm € a

where &(c) = 1 — %a



Confidence Inhterval - Population proportion

1— D —
5 CLT N(p,p( p)) and P~ P AT v
n Jp(1-p)/n

Anh approximate confidence interval for p Can be
found by solving

P(—c< p-p <c)=1—a, R ( e )
Jp(1- » Pl-c<———<c)=1—a,
p(1-p)/n o (lp)/n

where &(c) = 1 — %a



Confidence Inhterval - Population proportion

1— D —
5 CLT N(p,p( p)) and P~ P AT v
n Jp(1-p)/n

Anh approximate confidence interval for p Can be
found by solving

. p—p _q1_ o
P( €< i C) 1-a > P (—c < Jﬁ < c) -1-a,
where @(c) = 1 —%a l

?



Confidence Inhterval - Population proportion

1— D —
5 CLT N(p,p( p)) and P~ P AT v
n Jp(1-p)/n

Anh approximate confidence interval for p Can be
found by solving

P(—c< P_p <c)=1—a,

Jpa-p)/n . p (_C < _P-p _ C) 1-a
1—-
where ®(c) = 1 — %a \/p(l p)/n

a further approximation:
p(1-p)

the stahdard deviation @ is estimated by |F-,
the stahdard error Of p.



Confidence Inhterval - Population proportion

p-p pP—D
JP(1=p)/n JP(A-p)/n
11— 11—
Cp( p)<p<ﬁ+c p(1-p)
n n

—Cc <

<Cc & —¢c< <C

=

n

(1- a) 200% - CI(p) <T9 — e [PUS ﬁ),ﬁ + cjﬁ(ln_ ﬁ))



Confidence Interval - Population proportion

51— p(1—-p
(1- a) 200% - CI(p) : <ﬁ - Cj@'ﬁ ! C\/@>

25-11-2021

Fulya Kula - Statistical Techniques for CS/BIT

Example (cont)

a=0.10, C=1.645, p = 0.258

90 % - CI(p) :

<0.258 _ 1.645\/0.258(1—0.258)’0.258 + 1.645\/0.258(1—0.258)>

1000 1000
~(0.235, 0.281)

« ApproxXimate conhfidence interval for the population

proportion of the [Labour party voters at @ 90% level
Of Confidence.

- “We are 90% confident that the [Labour party Wwill
have between 23.5 and 28.1 % voters”

13



Cample size n

What if we want to estimate the proportion of the [Labour party voters with precision 0.1 ahd

confidence level 95%2..
5(1—% 5(1—%
X~ Bin, p) 95%-Cl(p): [p—1.96 /P( n p)‘;ﬁ+1.96\/p( n "




Cample size n

What if we want to estimate the proportion of the [Labour party voters with precision 0.1 ahd

confidence level 95%2..
—_ 1 — M
X~ B p) 95%-Cl(p): |(P—1.96 /—p( m P) 5 p+1. 96]—1’( — P)

L2 A=) =0.1=W, or n > (2x196)2 2P




Cample size n

What if we want to estimate the proportion of the [Labour party voters with precision 0.1 ahd

confidence level 95%2..
—_ 1 — M
X~ B p) 95%-Cl(p): |(P—1.96 /—p( m P) 5 p+1. 96]—1’( — P)

L2 A=) =0.1=W, or n > (2x196)2 2P

p : UhKhown!
What to do ?



Sample size n

What if we want to estimate the proportion of the [Labour party voters with precision 0.1 ahd

confidence level 95%2..
—_ 1 — M
X~ B p) 95%-Cl(p): |(P—1.96 /—p( m P) 5 p+1. 96]—1’( — P)

=22 /(A —P) = 0.1 =W, Or n > (2x1.96)* PP

P = uhknown!
i) Replace p (1 — p) by its maximal ‘reasonable ‘value
ii) Choose p to maximize p (1 —p) (P =1/2)



Sample size n

What if we want to estimate the proportion of the [Labour party voters with precision 0.1 ahd

confidence level 95%2..
—_ 1 — M
X~ B p) 95%-Cl(p): |(P—1.96 /—p( m P) 5 p+1. 96]—1’( — P)

196,/A(1 P) =0.1=W, 0or n 2 (2x1.96)> 2P —
Golve for n!

§ : UNKNOWN! 2(1-32)
. . . , Lo ‘ > (2x1.96)2
1) Replace p (1 — p) by its maximal ‘reasohable Valu = ' 0.12

ii) Choose p to maximize (1 —p) B =1/2) n > 385

= 384.16




Cample size n

What if we want to estimate the proportion of the [Labour party Voters with precision 0.1 and

confidence level 95%?..
o1— o1
X~ B, p) 95% - CI(p) : (ﬁ— 1.96 ﬂp( — p),ﬁ+ 1.96 ’p( — p))

196 [= p(1—p)

—/p(1-p)=0.1=W, 0rn > (2x1.96)* =
T Solve for n!

Vn
n > (2x1.96)2

N[ =

)

0.12

P : uUnknown!
iy Replace p (1 —p) by its maximal ‘reasonable ‘Valu
ii) Choose p to maximize p (1 —p) (P =1/2)

= 384.16

n = 385

What if we want to estimate the proportion of the [Labour party voters With precision 0.01 anhd
confidence level 95%?..

How will the sample size Change?

25-11-2021 Fulya Kula - Statistical Techniques for CS/BIT
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Cample size n

What if we wanht to estimate the proportion of the [L.abour party voters with precision 0.1 ahd

confidence |level 95%?..
5(1—% 5(1—%
X~ B, p) 95% - CI(p) - (ﬁ—l.% fp( - p),ﬁ+ 1.96 P( - p))

1.96

= /pA-p=01=W,0rnz 1962 E42) \
Solve for n!

1(1 1)
p : Uhknown! n > 196222 = 96.04
: . . . = 0.12 ’
i’ Replace p (1 — p) by its maXimal ‘reasonable ‘val
n =97

iil Choose p to maXimize p (1 —p) (P =1/2)

What if we want to estimate the proportion of the [Labour party voters With precision 0.01 anhd
confidence level 95%?..

(p(1 —p))?
0.012

n > (2x1.96)2

25-11-2021 Fulya Kula - Statistical Techniques for CS/BIT
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Cample size n

What if we wanht to estimate the proportion of the [L.abour party voters with precision 0.1 ahd

confidence |level 95%?..
5(1—% 5(1—%
X~ B, p) 95% - CI(p) - (ﬁ—l.% fp( - p),ﬁ+ 1.96 P( - p))

1.96

= /pA-p=01=W,0rnz 1962 E42) \
Solve for n!

1(1 1)
p : Uhknown! n > 196222 = 96.04
: . . . = 0.12 ’
i’ Replace p (1 — p) by its maXimal ‘reasonable ‘val
n =97

iil Choose p to maXimize p (1 —p) (P =1/2)

What if we want to estimate the proportion of the [Labour party voters With precision 0.01 anhd
confidence level 95%?..

(1 -p))?
0012 Golve for h! 1( 1)

n > (2x1.96)2

1-3

0.012

n > (2x1.96)%% = 38416

25-11-2021 Fulya Kula - Statistical Techniques for CS/BIT
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Cample size n

What if we wanht to estimate the proportion of the [L.abour party voters with precision 0.1 ahd

confidence |level 95%?..
5(1—% 5(1—%
X~ B, p) 95% - CI(p) - (ﬁ—l.% fp( - p),ﬁ+ 1.96 P( - p))

1.96

= /pA-p=01=W,0rnz 1962 E42) \
Solve for n!

1(1 1)
p : Uhknown! n > 196222 = 96.04
: . . . = 0.12 ’
i’ Replace p (1 — p) by its maXimal ‘reasonable ‘val
n =97

iil Choose p to maXimize p (1 —p) (P =1/2)

What if we want to estimate the proportion of the [Labour party voters With precision 0.01 anhd
confidence level 95%?..

(1 -p))?
0012 Golve for h! 1( 1)

n > (2x1.96)2

1-3

0.012

n > (2x1.96)%% = 38416

25-11-2021 Fulya Kula - Statistical Techniques for CS/BIT
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Sample size n (For given interval width (A) and 1 - a)

1. The width Of a (1 - a)200%CI(W) fOr known o? is at most W: solVe n from 2-c =< W

2. The width of a (1 — a)200%-CI(H) for unknown ¢2 is at most W: Cah we solve n from 2 - c% <W?

2 problems:
- 0 ahd s are uhkhowh — use ah estimate or maxXimum Value
- df = n-1 Unkhownh — use ¢ from the N(0,1)-table (approximately CorreCt if n is large)

3. The width Of a (1 — a)100%-CI(p) is at most w: Solve n from 2 - ¢ /ﬁ(ln‘@ <w

Problem: p is unknown. .
- use an estimate Of p (if available, e.g. from a initial Small sample)

- Or otherwise use the property: p(1—p) < 0.25



Questions ?

25-11-2021
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Confidence Inhterval for the Variance o2

Confidence interval for the population mean p

Example: Average height of Dutch men

(1 — «)-Cl for « when o is unknown

. S ¢ S
1, 8,) = (X~ byt g o Xt tror1

25-11-2021

)

Random Sample

176.2
180.4
190.1
194.8
188.4
190.7
189.4
185.3
170.6
173.2

n—=10

x —183.91

5—8.292

Fulya Kula - Statistical Techniques for CS/BIT

Determine a 95%-confidence interval for
the average height of Dutch men!

Cl = (;’_f tn—1.1 Iﬁﬁk tln1,1 !ﬁ,)

® Ih1,1-3 = lboors — 2.262

n=10, x = 183.91 and s — 7.9980.

The 95%-confidence interval is given by

(177.978, 189.842).

25



Confidence Interval for the Variahce o2

It is also important that this 4 does hot have too much Variability!

The question: What is the variability ?
(1- a)%-Cl(c?)



Confidence Interval for the Variahce o2

It is also important that this 4 does hot have too much Variability!

The question: What is the variability ?

(1- 2)%-Cl(c?)

To construct this CI, we heed a quantity that:
(i) involves o2 and its estimator s2 Why?



Confidence Interval for the Variahce o2

It is also important that this 4 does hot have too much Variability!

The question: What is the variability ?

(1- 2)%-Cl(c?)

To construct this CI, we heed a quantity that:

(i) involves o2 ahd itS estimator S2 (SO that we Cah ConstrucCt interval for the o2based on s?)
(i) has a known distribution Why?



Confidence Interval for the Variahce o2

It is also important that this 4 does hot have too much Variability!

The question: What is the Vvariability ?

(1- 2)%-Cl(c?)

To construct this CI, we heed a quantity that:

(i) involves o2 and its estimator §2 (SO that we Cah ConstrucCt interval for the es2based on s?)
(i) bhas a known distribution (To construct the boundaries)

a. If X4, ..., X,, is a random sample taken from a N (u, o?)-distribution, then
(n—1)s? )

o2 ~ Xn—-1
b. If Y ~ y2, then we have: E(Y) =n and wvar(Y) =2n




Confidence Interval for the Variahce o2

It is also important that this 4 does hot have too much Variability!

The question: What is the Vvariability ?

(1- 2)%-Cl(c?)

To construct this CI, we heed a quantity that:

(i) involves o2 and its estimator §2 (SO that we Cah ConstrucCt interval for the es2based on s?)
(i) bhas a known distribution (To construct the boundaries)

a. If X4, ..., X,, is a random sample taken from a N (u, 02)-distribution, then
(n—1)s? ,

o2 ~ Xn-1
b. IfY ~ x2, then we have: E(Y) =n and wvar(Y) = 2n




Chi-square distribution

The distribution of the Chi-square statistiC iS Called the Chi-square distribution

"X4, ..., Xy, is a random sample taken from a N (u, 02)-distribution,
(n—1)s?

2
~ Xn-1
g’ . ~ Chi square distributions with df = 2, 5, 7, 10

h

\
The chi-square distribution (y>-distribution) n=2\
with A degrees of freedom is \ s
the distribution of a sum of the squares e / NPy

. . j e, e =]
Of Kindependent standard normal/random Variables f/x,f' S T i--ir--ﬁh__
/.-' ----______- .Hﬁ'““--..__q_h HEE'H-:::T‘“-—____:::H:_E_“——_____E

Does not depend on [ o2 4 6 10 135
x%_, is not hormalized wrt n '

25-11-2021 Fulya Kula - Statistical Techniques for CS/BIT 31



construction of confidence interval for o2

Chi-square distribution with df = n - 1

| X7

J(x) |
I 1-o
|
| _
| |

o/2 : : o/2
Cq Cs
Determine c; and ¢, such that X
Xn-1=0C1 Xn-1=C1 2

_1\¢2 2 _1\e2 )
P(c1 <%<Cz)=1—a<=)P(é<(n_al)Sz<Cl—1)=1—a<=)P(%<az<%)=l—a’

Intervalforozp< /(n—c_1)52<a< (n—c_1)52)=1_a
2 1



Example

Determine @ 90%-C] £Or the stahdard deVviation Of the Yearly returnhs oh investment (see reader
exercise 3.3.5)

We will use the same numerical summary of the 7 returns:
n=7 x=8.0ahd s~ 5.84

[V]odel (statistiCal assumptions): The returns on investment, X,, ..., X, are independent and normally
distributed with unkhown U ahd unknown o2.

Chi-square distribution with df = n- 1 df: 6

_1)s2 _1)<2 ' i
. 90%-Cl(o) = (\/(n 1)s ’\/(n 1)s > ~ (4.0,11.2) £
2 €1 fix) ’r -
since P(x% < ¢;) = 0.05, SO ¢; = 1.64 \ N » 95%=0,95
and P(Xg = Cz) = 0.05 » SO Cr, = 12.59 _'_,f:_l-":l: SN |‘\.u\a§.¥h"*35_:;l—_—__

¥

5%=0,05 0%Bllo)  5%=0,05



Critical values from the Chi-Square distribution table

Table Chi-square distribution

a3

In the table vou will find entical values ¢

X
for the upper-taled probabalities Je)
Plx ze)= a
dff = number of degrees of freedom X
i
.I'J"f 0995 0990 | 0975 095 | 090 [ 075 | 025 | 000 | 005 | 0.025 | 0,000 ) 0.005
1 000 [ 000 | 000 | 000 | 002 | 010 | 1.32 | 271 | 384 | 502 | 663 | 7.68
2 |oo [oo02 | oo5 | 010 | 021 | osa | 277 | 461 | S99 | 7Tas | 921 | 1060
3 Qo7 | 011 | 022 | D35 | 058 | 1.2 411 | 625 | 781 | 935 | 11.34 | 1284
4 o 030 [ D48 | DT 106 [ 192 | 535 | 7.78 | 949 | 1114 | 1328 | 1486
] 0.41 D56 [ D083 ) 1156 1 161 | 267 | 663 | 924 | 1107 | 1283 | 1609 ] 1675
[ 068 | 087 1.24 [ 164 D220 [ 345 | 7.84 | 1064 %}Iddﬁ 1681 | 1855
T 099 124 1.69 W 283 | 425 | 9.04 | 1202 1601 | 18.48 | 2028
B 134 1656 [ 218 | 273 | 249 | 507 | 1022 | 1336 | 1551 | 17753 [ 2009 | 21.95
2 173 | 209 | 270 | 333 | 447 | 590 | 11.39 | 1468 | 1692 | 1902 | 2167 | 2359
10 206 | 256 | 335 | 394 | 447 | 674 | 1255 ) 1599 [ 1831 | 2048 [ 2321 ] 2519
n 260 | 305 | 382 | 457 | 958 | 708 | 1370 1728 1968 | 2192 | 24.72 | 2676
12 307 | A57 | 440 | 523 | 630 | B4a | 1485 | 1855 2103 | 2334 | 2622 2830
13 A5T | 411 | 501 | 589 | TO4 [ 930 | 1598 | 1987 | 2236 | 2474 | 2769 | 2082
14 407 | 466 | S63 | BET | 70O [ 1097 | 172 | 2106 | 2368 | 2612 | 20014 | 31.32
18 | 460 | 523 | 626 | 726 | 855 | 1104 | 1825 | 2291 ) 2600 | 2749 | 3058 | 3280
16 S04 | DB | 691 | FO5 | 931 [ 1097 | 1937 | 2304 | 2630 | 2885 | 3200 ) 3437
17 | 570 | 641 | 756 | 867 | 1009 | 1279 | 2049 | 2477 | 2759 | 3019 | 3341 | 3572
18 626 | 701 | 823 | 939 | 1066 | 1368 | 2160 | 25959 | 2887 | 3153 | 3481 ] 3716
18 G844 | TEI | 891 | 1092 | 1165 | 1456 | 2272 | 2720 | B304 | 3285 | 3519 | 858
20 TA3 | B26 | 950 | 1085 ) 1244 | 1545 | 2383 | 38471 [ 3141 ) 3497 [ 3767 | 40.00
21 | 203 | 890 [ 1028 ) 1159 | 1324 | 1634 | 2493 | 2962 | 3267 | 3548 | 38.93 | 41.40
21 BG4 | 904 | 1098 ] 1234 | 1404 | 1724 | 26,04 | 30ET | 3392 | I6TE | 4029 | 4280
23 G236 | 1020 | 165 ] 1208 | 1485 [ 1894 | 2714 | 32001 | 3517 | IB0B | 4164 | 4418
24 989 | 1086 | 1240 | 1285 | 1566 | 1904 | 2024 | 3320 | 642 | 3936 | 4298 | 4556
28 1052 1 1152 ) 13121 1467 | 1647 [ 1994 | 2034 | 3438 | A7 65 | 4065 | 4431 ) 4693
26 1196 | 1220 | 1384 | 1538 | 17.29 | 20.84 | 3043 | 3556 | J8.89 | 41.92 ;-il-'-flﬁ-i 48.23
25-11-2021

- 2 _ 2
90%_CI(O_)= (n-1)s , (n-1)s

€2 €1

~ (4.0,11.2)

“At g |leve| Of confidence 90%, the real stahdard
deViatioh Of the Yearly returns onh investment are
between ¢.0 ahd 11.2%".

Ful:ya Kula - Statistical Techniques for CS/BIT 34



Questions ?

25-11-2021
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ThanhKk you!
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