
Statistical Techniques 
for CS/BIT



Today:

Lectorial (meeting #6)

• Lecture    CH 3 (3.4 & 3.3) 

08:45-09:30
• Break 

09:30-09:45
• Tutorial 

09:45-10:30
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Population proportion
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p:  the parameter that describes a percentage value in the population
e.g.
p: defective items
p: having a smart watch
P: voting for a party

P: ‘success probability’
!

Dichotomous (1 or 0) (Yes or No)  



Population proportion
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Determine if you are dealing with a proportion 
problem!

Binomial distribution (No reference of a mean or 
average)

X is a binomial random variable
X ~ B(n, p) 

n: the number of trials 

p: the probability of a success
To form a proportion, take X, the random variable 
for the number of successes and divide it by n, 
the number of trials (or the sample size). 

The random variable �𝒑𝒑 is that proportion, �𝒑𝒑=𝑋𝑋
𝑛𝑛



Population proportion Example
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Determine if you are dealing with a proportion 
problem!

Binomial distribution (No reference of a mean or 
average)

X is a binomial random variable
X ~ B(n, p) 

n: the number of trials 

p: the probability of a success
To form a proportion, take X, the random variable 
for the number of successes and divide it by n, 
the number of trials (or the sample size). 

The random variable �𝒑𝒑 is that proportion, �𝒑𝒑=𝑋𝑋
𝑛𝑛

See Reader Example 3.4.1

In a survey with 1000 randomly selected voters, 258 
voters found for the Labour party. 

p: the proportion of the voters among all voters
�𝒑𝒑 : estimator for p, 

𝑝̂𝑝= 258
1000

= 0.258 , p remains unknown!

X: the number of voters of the Labour party in the  
sample of 1000 voters.

X ~ B(1000, p ) 



Distribution - Population proportion
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�𝒑𝒑=𝑋𝑋
𝑛𝑛

X ~ B(n, p) 

The sample proportion �𝒑𝒑 = 𝑋𝑋
𝑛𝑛

is an unbiased and 
consistent estimator of the population 
proportion 𝒑𝒑.

For large 𝒏𝒏 (𝑛𝑛 > 25,𝑛𝑛𝑛𝑛 > 5 and 𝑛𝑛 1− 𝑝𝑝 > 5)

When n is large and p is not close to zero or one

�𝒑𝒑 ~CLT 𝑵𝑵 𝒑𝒑,
𝒑𝒑 𝟏𝟏 − 𝒑𝒑

𝒏𝒏
and

�𝒑𝒑 − 𝒑𝒑
⁄𝒑𝒑 𝟏𝟏 − 𝒑𝒑 𝒏𝒏

~CLT 𝑵𝑵(𝟎𝟎,𝟏𝟏)



Distribution - Population proportion        Example (cont.)
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�𝒑𝒑=𝑋𝑋
𝑛𝑛

X ~ B(n, p) 

The sample proportion �𝒑𝒑 = 𝑋𝑋
𝑛𝑛

is an unbiased and 
consistent estimator of the population 
proportion 𝒑𝒑.

For large 𝒏𝒏 (𝑛𝑛 > 25,𝑛𝑛𝑛𝑛 > 5 and 𝑛𝑛 1− 𝑝𝑝 > 5)

When n is large and p is not close to zero or one

�𝒑𝒑 ~CLT 𝑵𝑵 𝒑𝒑,
𝒑𝒑 𝟏𝟏 − 𝒑𝒑

𝒏𝒏
and

�𝒑𝒑 − 𝒑𝒑
⁄𝒑𝒑 𝟏𝟏 − 𝒑𝒑 𝒏𝒏

~CLT 𝑵𝑵(𝟎𝟎,𝟏𝟏)

n=1000, large n, 

X is approximately N (np, np(1-p) ) distributed

�𝒑𝒑=𝑋𝑋
𝑛𝑛

is also approximately N (p, p(1−p)
𝑛𝑛

) distributed
�𝒑𝒑 − 𝒑𝒑

⁄𝒑𝒑 𝟏𝟏 − 𝒑𝒑 𝒏𝒏
~CLT 𝑵𝑵(𝟎𝟎,𝟏𝟏)



Confidence Interval - Population proportion
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�𝒑𝒑 ~CLT 𝑵𝑵 𝒑𝒑,
𝒑𝒑 𝟏𝟏 − 𝒑𝒑

𝒏𝒏
and

�𝒑𝒑 − 𝒑𝒑
⁄𝒑𝒑 𝟏𝟏 − 𝒑𝒑 𝒏𝒏

~CLT 𝑵𝑵 𝟎𝟎,𝟏𝟏

An approximate confidence interval for 𝑝𝑝 can be 
found by solving

𝑷𝑷 −𝒄𝒄 < �𝒑𝒑 − 𝒑𝒑
⁄𝒑𝒑 𝟏𝟏−𝒑𝒑 𝒏𝒏

< 𝒄𝒄 = 𝟏𝟏 − 𝜶𝜶,

where 𝚽𝚽 𝒄𝒄 = 𝟏𝟏 − 𝟏𝟏
𝟐𝟐
𝛂𝛂



Confidence Interval - Population proportion
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�𝒑𝒑 ~CLT 𝑵𝑵 𝒑𝒑,
𝒑𝒑 𝟏𝟏 − 𝒑𝒑

𝒏𝒏
and

�𝒑𝒑 − 𝒑𝒑
⁄𝒑𝒑 𝟏𝟏 − 𝒑𝒑 𝒏𝒏

~CLT 𝑵𝑵 𝟎𝟎,𝟏𝟏

An approximate confidence interval for 𝑝𝑝 can be 
found by solving

𝑷𝑷 −𝒄𝒄 < �𝒑𝒑 − 𝒑𝒑
⁄𝒑𝒑 𝟏𝟏−𝒑𝒑 𝒏𝒏

< 𝒄𝒄 = 𝟏𝟏 − 𝜶𝜶,

where 𝚽𝚽 𝒄𝒄 = 𝟏𝟏 − 𝟏𝟏
𝟐𝟐
𝛂𝛂

�𝒑𝒑 ~CLT 𝑵𝑵 𝒑𝒑,
𝒑𝒑 𝟏𝟏 − 𝒑𝒑

𝒏𝒏
and

�𝒑𝒑 − 𝒑𝒑
⁄𝒑𝒑 𝟏𝟏− 𝒑𝒑 𝒏𝒏

~CLT 𝑵𝑵 𝟎𝟎,𝟏𝟏

An approximate confidence interval for 𝑝𝑝 can be 
found by solving

𝑷𝑷 −𝒄𝒄 < �𝒑𝒑 − 𝒑𝒑
⁄𝒑𝒑 𝟏𝟏−𝒑𝒑 𝒏𝒏

< 𝒄𝒄 = 𝟏𝟏 − 𝜶𝜶,



Confidence Interval - Population proportion
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�𝒑𝒑 ~CLT 𝑵𝑵 𝒑𝒑,
𝒑𝒑 𝟏𝟏 − 𝒑𝒑

𝒏𝒏
and

�𝒑𝒑 − 𝒑𝒑
⁄𝒑𝒑 𝟏𝟏 − 𝒑𝒑 𝒏𝒏

~CLT 𝑵𝑵 𝟎𝟎,𝟏𝟏

An approximate confidence interval for 𝑝𝑝 can be 
found by solving

𝑷𝑷 −𝒄𝒄 < �𝒑𝒑 − 𝒑𝒑
⁄𝒑𝒑 𝟏𝟏−𝒑𝒑 𝒏𝒏

< 𝒄𝒄 = 𝟏𝟏 − 𝜶𝜶,

where 𝚽𝚽 𝒄𝒄 = 𝟏𝟏 − 𝟏𝟏
𝟐𝟐
𝛂𝛂

�𝒑𝒑 ~CLT 𝑵𝑵 𝒑𝒑,
𝒑𝒑 𝟏𝟏 − 𝒑𝒑

𝒏𝒏
and

�𝒑𝒑 − 𝒑𝒑
⁄𝒑𝒑 𝟏𝟏− 𝒑𝒑 𝒏𝒏

~CLT 𝑵𝑵 𝟎𝟎,𝟏𝟏

An approximate confidence interval for 𝑝𝑝 can be 
found by solving

𝑷𝑷 −𝒄𝒄 < �𝒑𝒑 − 𝒑𝒑
⁄𝒑𝒑 𝟏𝟏−𝒑𝒑 𝒏𝒏

< 𝒄𝒄 = 𝟏𝟏 − 𝜶𝜶,

?



Confidence Interval - Population proportion
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�𝒑𝒑 ~CLT 𝑵𝑵 𝒑𝒑,
𝒑𝒑 𝟏𝟏 − 𝒑𝒑

𝒏𝒏
and

�𝒑𝒑 − 𝒑𝒑
⁄𝒑𝒑 𝟏𝟏 − 𝒑𝒑 𝒏𝒏

~CLT 𝑵𝑵 𝟎𝟎,𝟏𝟏

An approximate confidence interval for 𝑝𝑝 can be 
found by solving

𝑷𝑷 −𝒄𝒄 < �𝒑𝒑 − 𝒑𝒑
⁄𝒑𝒑 𝟏𝟏−𝒑𝒑 𝒏𝒏

< 𝒄𝒄 = 𝟏𝟏 − 𝜶𝜶,

where 𝚽𝚽 𝒄𝒄 = 𝟏𝟏 − 𝟏𝟏
𝟐𝟐
𝛂𝛂

�𝒑𝒑 ~CLT 𝑵𝑵 𝒑𝒑,
𝒑𝒑 𝟏𝟏 − 𝒑𝒑

𝒏𝒏
and

�𝒑𝒑 − 𝒑𝒑
⁄𝒑𝒑 𝟏𝟏− 𝒑𝒑 𝒏𝒏

~CLT 𝑵𝑵 𝟎𝟎,𝟏𝟏

An approximate confidence interval for 𝑝𝑝 can be 
found by solving

𝑷𝑷 −𝒄𝒄 < �𝒑𝒑 − 𝒑𝒑
⁄𝒑𝒑 𝟏𝟏−𝒑𝒑 𝒏𝒏

< 𝒄𝒄 = 𝟏𝟏 − 𝜶𝜶,

a further approximation: 
the standard deviation  𝒑𝒑 𝟏𝟏−𝒑𝒑

𝒏𝒏
is estimated by �𝒑𝒑 𝟏𝟏−�𝒑𝒑

𝒏𝒏
, 

the standard error of �𝑝𝑝.



Confidence Interval - Population proportion
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−𝒄𝒄 < �𝒑𝒑 − 𝒑𝒑
⁄�𝒑𝒑 𝟏𝟏−�𝒑𝒑 𝒏𝒏

< 𝒄𝒄 ⟺ −𝒄𝒄 < 𝒑𝒑 − �𝒑𝒑
⁄�𝒑𝒑 𝟏𝟏−�𝒑𝒑 𝒏𝒏

< 𝒄𝒄

⟺ �𝒑𝒑 − 𝒄𝒄
�𝒑𝒑 𝟏𝟏 − �𝒑𝒑

𝒏𝒏
< 𝑝𝑝 < �𝒑𝒑 + 𝒄𝒄

�𝒑𝒑 𝟏𝟏 − �𝒑𝒑
𝒏𝒏

(1–α) 100% - CI 𝑝𝑝 : �𝒑𝒑 − 𝒄𝒄
�𝒑𝒑 𝟏𝟏 − �𝒑𝒑

𝒏𝒏 , �𝒑𝒑 + 𝒄𝒄
�𝒑𝒑 𝟏𝟏 − �𝒑𝒑

𝒏𝒏



Confidence Interval - Population proportion Example (cont)
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−𝒄𝒄 < �𝒑𝒑 − 𝒑𝒑
⁄�𝒑𝒑 𝟏𝟏−�𝒑𝒑 𝒏𝒏

< 𝒄𝒄 ⟺ −𝒄𝒄 < 𝒑𝒑 − �𝒑𝒑
⁄�𝒑𝒑 𝟏𝟏−�𝒑𝒑 𝒏𝒏

< 𝒄𝒄

⟺ �𝒑𝒑 − 𝒄𝒄
�𝒑𝒑 𝟏𝟏 − �𝒑𝒑

𝒏𝒏
< 𝑝𝑝 < �𝒑𝒑 + 𝒄𝒄

�𝒑𝒑 𝟏𝟏 − �𝒑𝒑
𝒏𝒏

(1–α) 100% - CI 𝑝𝑝 : �𝒑𝒑− 𝒄𝒄
�𝒑𝒑 𝟏𝟏 − �𝒑𝒑

𝒏𝒏
, �𝒑𝒑 + 𝒄𝒄

�𝒑𝒑 𝟏𝟏 − �𝒑𝒑
𝒏𝒏

𝛼𝛼=0.10, c=1.645, 𝑝̂𝑝 = 0.258

90 % - CI 𝑝𝑝 :

0.258 − 1.645 0.258 𝟏𝟏−0.258
𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏

, 0.258 + 1.645 0.258 𝟏𝟏−0.258
𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏

≈ (0.235, 0.281) 

• Approximate confidence interval for the population 
proportion of the Labour party voters at a 90% level 
of confidence.

• “We are 90% confident that the Labour party will 
have between 23.5 and 28.1 % voters”



Sample size 𝒏𝒏
What if we want to estimate the proportion of the Labour party voters with precision 0.1 and 
confidence level 95%?..

X ~ B(n, p )
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�𝒑𝒑 − 𝟏𝟏.𝟗𝟗𝟗𝟗
�𝒑𝒑 𝟏𝟏 − �𝒑𝒑

𝒏𝒏
, �𝒑𝒑 + 𝟏𝟏.𝟗𝟗𝟗𝟗

�𝒑𝒑 𝟏𝟏 − �𝒑𝒑
𝒏𝒏

95% - CI 𝑝𝑝 :



Sample size 𝒏𝒏
What if we want to estimate the proportion of the Labour party voters with precision 0.1 and 
confidence level 95%?..

X ~ B(n, p )

1.96
𝒏𝒏

�𝒑𝒑 𝟏𝟏 − �𝒑𝒑 = 𝟎𝟎.𝟏𝟏 = W, or n ≥ (2𝑥𝑥1.96)2 �𝒑𝒑 𝟏𝟏−�𝒑𝒑
𝟎𝟎.𝟏𝟏𝟐𝟐
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�𝒑𝒑 − 𝟏𝟏.𝟗𝟗𝟗𝟗
�𝒑𝒑 𝟏𝟏 − �𝒑𝒑

𝒏𝒏
, �𝒑𝒑 + 𝟏𝟏.𝟗𝟗𝟗𝟗

�𝒑𝒑 𝟏𝟏 − �𝒑𝒑
𝒏𝒏

95% - CI 𝑝𝑝 :



Sample size 𝒏𝒏
What if we want to estimate the proportion of the Labour party voters with precision 0.1 and 
confidence level 95%?..

X ~ B(n, p )

1.96
𝒏𝒏

�𝒑𝒑 𝟏𝟏 − �𝒑𝒑 = 𝟎𝟎.𝟏𝟏 = W, or n ≥ (2𝑥𝑥𝑥.96)2 �𝒑𝒑 𝟏𝟏−�𝒑𝒑
𝟎𝟎.𝟏𝟏𝟐𝟐

�𝒑𝒑 : unknown! 

What to do ?
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�𝒑𝒑 − 𝟏𝟏.𝟗𝟗𝟗𝟗
�𝒑𝒑 𝟏𝟏 − �𝒑𝒑

𝒏𝒏
, �𝒑𝒑 + 𝟏𝟏.𝟗𝟗𝟗𝟗

�𝒑𝒑 𝟏𝟏 − �𝒑𝒑
𝒏𝒏

95% - CI 𝑝𝑝 :



Sample size 𝒏𝒏
What if we want to estimate the proportion of the Labour party voters with precision 0.1 and 
confidence level 95%?..

X ~ B(n, p )

1.96
𝒏𝒏

�𝒑𝒑 𝟏𝟏 − �𝒑𝒑 = 𝟎𝟎.𝟏𝟏 = W, or n ≥ (2𝑥𝑥𝑥.96)2 �𝒑𝒑 𝟏𝟏−�𝒑𝒑
𝟎𝟎.𝟏𝟏𝟐𝟐

�𝒑𝒑 : unknown! 
i) Replace �𝒑𝒑 𝟏𝟏 − �𝒑𝒑 by its maximal ‘reasonable ‘value 
ii) Choose �𝒑𝒑 to maximize  �𝒑𝒑 𝟏𝟏 − �𝒑𝒑 (�𝒑𝒑 =1/2)
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�𝒑𝒑 − 𝟏𝟏.𝟗𝟗𝟗𝟗
�𝒑𝒑 𝟏𝟏 − �𝒑𝒑

𝒏𝒏
, �𝒑𝒑 + 𝟏𝟏.𝟗𝟗𝟗𝟗

�𝒑𝒑 𝟏𝟏 − �𝒑𝒑
𝒏𝒏

95% - CI 𝑝𝑝 :



Sample size 𝒏𝒏
What if we want to estimate the proportion of the Labour party voters with precision 0.1 and 
confidence level 95%?..

X ~ B(n, p )

1.96
𝒏𝒏

�𝒑𝒑 𝟏𝟏 − �𝒑𝒑 = 𝟎𝟎.𝟏𝟏 = W, or n ≥ (2𝑥𝑥𝑥.96)2 �𝒑𝒑 𝟏𝟏−�𝒑𝒑
𝟎𝟎.𝟏𝟏𝟐𝟐

�𝒑𝒑 : unknown! 
i) Replace �𝒑𝒑 𝟏𝟏 − �𝒑𝒑 by its maximal ‘reasonable ‘value 
ii) Choose �𝒑𝒑 to maximize  �𝒑𝒑 𝟏𝟏 − �𝒑𝒑 (�𝒑𝒑 =1/2)
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�𝒑𝒑 − 𝟏𝟏.𝟗𝟗𝟗𝟗
�𝒑𝒑 𝟏𝟏 − �𝒑𝒑

𝒏𝒏
, �𝒑𝒑 + 𝟏𝟏.𝟗𝟗𝟗𝟗

�𝒑𝒑 𝟏𝟏 − �𝒑𝒑
𝒏𝒏

95% - CI 𝑝𝑝 :

Solve for n! 

n ≥ 2𝑥𝑥𝑥.96 2

𝟏𝟏
𝟐𝟐 𝟏𝟏 − 𝟏𝟏

𝟐𝟐
𝟎𝟎.𝟏𝟏𝟐𝟐 = 𝟑𝟑𝟑𝟑𝟑𝟑.𝟏𝟏𝟏𝟏

n ≥ 385



What if we want to estimate the proportion of the Labour party voters with precision 0.01 and 
confidence level 95%?..

How will the sample size change? 
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What if we want to estimate the proportion of the Labour party voters with precision 0.01 and 
confidence level 95%?..

n ≥ (2𝑥𝑥𝑥.96)2
�(𝒑𝒑 𝟏𝟏 − �𝒑𝒑 )²
𝟎𝟎.𝟎𝟎𝟏𝟏𝟐𝟐

25-11-2021 Fulya Kula - Statistical Techniques for CS/BIT 20



What if we want to estimate the proportion of the Labour party voters with precision 0.01 and 
confidence level 95%?..

n ≥ (2𝑥𝑥𝑥.96)2
�(𝒑𝒑 𝟏𝟏 − �𝒑𝒑 )²
𝟎𝟎.𝟎𝟎𝟏𝟏𝟐𝟐
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Solve for n! 

n ≥ (2𝑥𝑥𝑥.96)2
𝟏𝟏
𝟐𝟐 𝟏𝟏 − 𝟏𝟏

𝟐𝟐
𝟎𝟎.𝟎𝟎𝟏𝟏𝟐𝟐 = 𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑



What if we want to estimate the proportion of the Labour party voters with precision 0.01 and 
confidence level 95%?..

n ≥ (2𝑥𝑥𝑥.96)2
�(𝒑𝒑 𝟏𝟏 − �𝒑𝒑 )²
𝟎𝟎.𝟎𝟎𝟏𝟏𝟐𝟐
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Solve for n! 

n ≥ (2𝑥𝑥𝑥.96)2
𝟏𝟏
𝟐𝟐 𝟏𝟏 − 𝟏𝟏

𝟐𝟐
𝟎𝟎.𝟎𝟎𝟏𝟏𝟐𝟐 = 𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑



Sample size 𝒏𝒏 (for given interval width (W) and 1 - 𝜶𝜶)

1. The width of a (1− 𝛼𝛼)100%-CI(µ) for known σ2 is at most 𝑾𝑾:  solve 𝒏𝒏 from 𝟐𝟐 � 𝒄𝒄 𝝈𝝈
𝒏𝒏
≤ 𝑾𝑾

2. The width of a (1− 𝛼𝛼)100%-CI(µ) for unknown σ2 is at most 𝑾𝑾: can we solve 𝒏𝒏 from 𝟐𝟐 � 𝒄𝒄 𝒔𝒔
𝒏𝒏
≤ 𝑾𝑾 ?

2 problems:
- 𝝈𝝈 and 𝒔𝒔 are unknown → use an estimate or maximum value
- 𝒅𝒅𝒅𝒅 = 𝒏𝒏–𝟏𝟏 unknown → use 𝑐𝑐 from the 𝑁𝑁(0,1)-table (approximately correct if 𝑛𝑛 is large)

3. The width of a (1− 𝛼𝛼)100%-CI(𝒑𝒑) is at most𝑾𝑾: Solve 𝒏𝒏 from 𝟐𝟐 � 𝒄𝒄 �𝒑𝒑 (𝟏𝟏−�𝒑𝒑)
𝒏𝒏

≤ 𝑾𝑾

Problem: �𝒑𝒑 is unknown. 
- use an estimate of 𝑝𝑝 (if available, e.g. from a initial small sample)

- or otherwise use the property:  �𝒑𝒑 𝟏𝟏 − �𝒑𝒑 ≤ 𝟎𝟎.𝟐𝟐𝟐𝟐
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Questions ? 
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Confidence Interval for the variance σ2
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Confidence Interval for the variance σ2

It is also important that this µ does not have too much variability!

The question: What is the variability ? 

(1- 𝛼𝛼)%-CI(σ2)
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Confidence Interval for the variance σ2

It is also important that this µ does not have too much variability!

The question: What is the variability ? 

(1- 𝛼𝛼)%-CI(σ2)

To construct this CI, we need a quantity that: 
(i) involves σ2 and its estimator S2 Why?
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Confidence Interval for the variance σ2

It is also important that this µ does not have too much variability!

The question: What is the variability ? 

(1- 𝛼𝛼)%-CI(σ2)

To construct this CI, we need a quantity that: 
(i) involves σ2 and its estimator S2 (so that we can construct interval for the σ2 based on S2)

(ii) has a known distribution Why?

25-11-2021 Fulya Kula - Statistical Techniques for CS/BIT 28



Confidence Interval for the variance σ2

It is also important that this µ does not have too much variability!

The question: What is the variability ? 

(1- 𝛼𝛼)%-CI(σ2)

To construct this CI, we need a quantity that: 
(i) involves σ2 and its estimator S2 (so that we can construct interval for the σ2 based on S2)

(ii) has a known distribution (To construct the boundaries)
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Confidence Interval for the variance σ2

It is also important that this µ does not have too much variability!

The question: What is the variability ? 

(1- 𝛼𝛼)%-CI(σ2)

To construct this CI, we need a quantity that: 
(i) involves σ2 and its estimator S2 (so that we can construct interval for the σ2 based on S2)

(ii) has a known distribution (To construct the boundaries)
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Chi-square distribution

The distribution of the chi-square statistic is called the chi-square distribution

The chi-square distribution (χ2-distribution) 

with k degrees of freedom is 

the distribution of a sum of the squares 
of k independent standard normal random variables
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Does not depend on µ
𝝌𝝌𝒏𝒏−𝟏𝟏𝟐𝟐 is not normalized wrt n



Construction of confidence interval for σ2

Determine 𝑐𝑐1 and  𝑐𝑐2 such that
𝑃𝑃 𝝌𝝌𝒏𝒏−𝟏𝟏𝟐𝟐 ≤ 𝒄𝒄𝟏𝟏 = 𝑷𝑷 𝝌𝝌𝒏𝒏−𝟏𝟏𝟐𝟐 ≥ 𝒄𝒄𝟏𝟏 =

𝜶𝜶
𝟐𝟐

𝑃𝑃 𝑐𝑐1 < (𝑛𝑛−1)𝑆𝑆2

𝜎𝜎2
< 𝑐𝑐2 = 1 − 𝛼𝛼 ⟺ 𝑃𝑃 1

𝑐𝑐2
< 𝜎𝜎2

𝑛𝑛−1 𝑆𝑆2
< 1

𝑐𝑐1
= 1 − 𝛼𝛼 ⟺ 𝑃𝑃 𝑛𝑛−1 𝑆𝑆2

𝑐𝑐2
< 𝜎𝜎2 < 𝑛𝑛−1 𝑆𝑆2

𝑐𝑐1
= 1 − 𝛼𝛼

Interval for σ: 𝑃𝑃 (𝑛𝑛−1)𝑆𝑆2

𝑐𝑐2
< 𝝈𝝈 < (𝑛𝑛−1)𝑆𝑆2

𝑐𝑐1
= 1− 𝛼𝛼
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Example

Determine a 90%-CI for the standard deviation of the yearly returns on investment (see reader 
exercise 3.3.5) 

We will use the same numerical summary of the 7 returns:
𝒏𝒏 = 𝟕𝟕, 𝒙𝒙 = 𝟖𝟖.𝟎𝟎 and  𝒔𝒔 ≈ 𝟓𝟓.𝟖𝟖𝟖𝟖

Model (statistical assumptions): The returns on investment, 𝑿𝑿𝟏𝟏, … ,𝑿𝑿𝟕𝟕 are independent and normally
distributed with unknown μ and unknown σ2.

• 90%-CI(𝝈𝝈) = 𝒏𝒏−𝟏𝟏 𝒔𝒔𝟐𝟐

𝒄𝒄𝟐𝟐
, 𝒏𝒏−𝟏𝟏 𝒔𝒔𝟐𝟐

𝒄𝒄𝟏𝟏
≈ (𝟒𝟒.𝟎𝟎,𝟏𝟏𝟏𝟏.𝟐𝟐)

since 𝑃𝑃 𝜒𝜒62 ≤ 𝑐𝑐1 = 0.05,  so 𝑐𝑐1 = 1.64
and  𝑃𝑃 𝜒𝜒62 ≥ 𝑐𝑐2 = 0.05 , so 𝑐𝑐2 = 12.59
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Critical values from the Chi-Square distribution table
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90%-CI(𝝈𝝈) = 𝒏𝒏−𝟏𝟏 𝒔𝒔𝟐𝟐

𝒄𝒄𝟐𝟐
, 𝒏𝒏−𝟏𝟏 𝒔𝒔𝟐𝟐

𝒄𝒄𝟏𝟏
≈ (𝟒𝟒.𝟎𝟎,𝟏𝟏𝟏𝟏.𝟐𝟐)

“At a level of confidence 90%, the real standard 
deviation of the yearly returns on investment are 
between 4.0 and 11.2%”.



Questions ? 
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Thank you!
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