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Measures of Centre (quantitative Variables)

Mean: “arithmetic average”

_ X1+ +x, 1
The Sample Mean: x = - :Hz X;

Distinguish sample mean x ahd population mean U

Median (m): the middle observation

the observations are arranhged from Small to large (ordeér StatistiCs)
X1 Xgpwer Xy = X(1) S X2) == X

1f n, the humber Of observations, is even, theh compute the meah of the
middle two observations.

Mode: The most frequently OCCurring observation



Percentiles and quartiles

« The mediah m is alsO Called the 50th percentile:

(@bout) 50% Of the observations is smaller ahd 50% is greater thah the
mediah m

- The quartiles Q,, m ahd Q5 are the 25, 50t and 75t percentiles: they
Split the observations in ¢ roughly equal guarters.

x(n+’1:] ifn is odd
Definition 1.2.5 The (sample) median ism = <,
=lxm o+ x0 if n is even

2[7(Gn) T TGme)

Without formal definition we found a univocal method to determine the k™ percentile of n
observations x;, x5, ..., X’
k
* Compute k% of n: ¢ = —-mn.
e If c is not integer, round c upward to the first larger integer [c]: the k" percentile is X))

. +
e If cis integer, then the k*™® percentile = e ety)
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A simple dot dia8ram (for small samples)

« A lihe of humbers, on which the observatiohs are presented as “dots™ equal
observations are staCked.

. . + AppliCable for quantitative variables if the sample is small (= 40 observations)
Percentiles and quartiles Exatple (n = 10 Starting Salaries in ke per yeark:

X; : 25, 28, 39, 30, 32, 29, 31, 3%, 29, 27

Order from small to large: the order statistiCcs.

X 25, 27, 28, 29, 29, 30, 31, 32, 3%, 39

- n =10Is even, so the median is the average of X and Xg: m = (29+30)/2 = 29.5
Note that 50% Of 10 equals 5, ah integer.

- Q,is the 25t percentile: 25% Of 10 is 2.5, SO “2.5 observations” are smaller ahd 7.5
observations are greater.
So @, is 28, the 3@ observation in maghitude: X,
Note that 25% Of 10 the ratiohal humber 2.5, rouhded Op to the hext greater
integer 3.

« TWbhat is the 80th percentile? 80% Of 10 iS 8 (integer), SO the 80t percC. is the
average of Xg and X (32+34)/2 = 33
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Box-plot
5-number summary of the observations

A simple dot diagram (for small Samples)

+ A line of numbers, on whiCch the observations are presented as “dots™ equal
observations are stacked.

- Applicable for quantitative variables if the sample is small (< 40 observations)
Example (n = 10 starting salaries in ke per year):

X; : 25, 28, 39, 30, 32, 29, 31, 3%, 29, 27

Order from small to large: the order statistiCs.

The box plot graphs the 5-humber summary Of the =0k
observations: the smallest, the quartiles (Q,,m, Q) ahd

the greatest C eeegee .
15 ——t— 30 —t+—— _4:5 —t— 4'0
« The “box” indiCates the positionh of
Q. m, Q5 and the “whiskers” the smallest
ahd the greatest observations. |
Y
? ® 6 6 0 0 o Y Y
| | | | | | | | | | | |
25 lfo 35 ] 40
Tnin 31 E 3 max
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Measures of Variability

TRange: the range r = largest — smallest observation

The Inter Quartile Range: IQR = Q;— Q4

Varianhce: The Sample Variance:  s2 = — Y™ (x; — x)?

n—-1

Gtandard deviation: the Sample Standard Deviation s = Vs2
Distinguish sampleVariahCe §2 <> population VariahCe o 2

TResistant measures are not sensit/ve £or outliers:
e.g. - the Medianh ahd the IQR are resistant.
Nonh-resistant measures are x, s and s?
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How normal is hormal?
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How to decide on normality?

Ckewness: is a measure of symmetry, or more precisely, the [aCk of symmetry.

Machan Meptaan
Wl y = Maan Mean = Mode
: :
(] [}
Positive Symmetrical Negative
Skew Distribution Skew

Kurtosis: is @ measure of whether the data are heavy-tailed or light-tailed
relative to g hormal distribution

Positive Kurtosis

Negative Kurtosis
+———— Normal Distribution
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Measure Population Sample Estimate
distribution

Mean uw=EX)
o2 =EX —p)?

Variance
Gtandard o
deviation

E(X —w?
Skewness =73

(Coefficient)

E(X —w*

Kurtosis Va2=7"73

The Kurtosis is the fourth standardized moment

18-11-2021

bl_

2:

S

X X
— ¥ (x; — x)?

n-—1

s =57

xX =

S|

%Z(xi - x)°

(

3/2

%Z(Xi - Y)Z)

The skewness is the third stahdardized moment

%Z(Xi - x)*

(1x(x - 12)°
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Mean

Madian Median

Rhestaar

Mode
Skewness |- | —
Positive Symmetrical Negative
Skew Distribution Skew

Interpretation Of the skewnhess Coefficient:
For symmetriCal distributions the skewness is O.

1F the skewness > 0, then the distribution is skewed to the right (3 tail to the right).
IF the skewness < 0, then the distribution is skewed to the |eft (a tail to the |eft).
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Positive Kurtosis

Kurtosis

Negative Kurtosis
+———— Normal Distribution

Inhterpretation Of the Kurtosis Coefficient:

A measure for “thickness of the tails”: the larger the Kurtosis, the more extreme
Values contribute to the Varighce



Ckewness ¢ Kurtosis

TFor the normal distribution the reference values are:
skewness = 0 ahd Kurtosis = 3.

The exponential distribution 1s skewed to the right

The exXponential distribution has skewness = 2 ahd Kurtosis = 9.

The reference Values of the uniform distribution are 0
O (SsYmmetry!) and 1.8, resp.

Note: programs like SPSS often compute the “stahdardized”
Kurtosis — 3
Then the reference Value of the normal distribution is 0



The Empirical Rule

This rule is only Valid for bell shaped (mound shaped) histograms and distributions

Bell shaped: mean = median

68%

95%

«< >
__5// 99.7% \ >

mean—3s mean—2s mean—ls mean meantls meant2s meant+3s

Empirical rule Genera/
Interval Approximate percentage | According to
observations in interval “Chebyshev”
(X—5,X+5) 68% 2 0%
(X—2s, X+2s) 95% 2 75%
(x—3s, x+3s) 99.7% 2 89%
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For samples with mean X and standard deviation s :

The Z-SCores s

the z — score of an observation x 1s

S

Interpretation Oof the z-score:
« Measure for deviation from the mean: “thHe number of

;zjandard deviationssma//e): or gregter than the mean” _SCOres Of a bell sh ape d distribution
- Empirical rule for bell shaped distributions:
about 68% Of the observations
has z-score between -1 ahd 1,
about 95% between -2 and +2

and
about 99.7% between -3 ahd +3

For populations with mean p and standard deviation o
X—y
—

the 7 — score of an observation or value x is
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Z distribution with quantiles

The Z-scores, Why useful? -

Probability

0.15

(@) allows tO CalCulate the probability of a score occurrmg
within the normal distribution and

(b) enables us to Compare two scores that are from

|
I
1
¥
Y -
-4a -3¢ -20 -lo Z-score 1o 2o 30 4g

different normal distributions. e |

Converting the scores in @ hormal distribution to z-scores }
Standardizing scores } stahdard normal distribution

r4 0.00 0.01 0.02 0.03 0.04 0.05 0.06 Ll
0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.
0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0,
0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.
0.3 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 o
0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.
0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.
0.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 o
0.7 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 04
0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.

| PRSI Ty S PEV R WOV AP C PP
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outliers

Qutliers are data points that are far from other data points, uhusual values in a
dataset.

Qutliers are problematiC fOr manhy StatistiCal ahalyses Cah Cause tests to either miss
sighificant finhdings or distort real results.
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How to detecCt outliers

We will use the Inter Quartile Range IQR = Q; - Q,
1h this range (about) 50% Of the observations lie.

The 1.5xIQR-rule:

Observations outsidethe interval (Q, — 1.5 X IQR, Q; + 1.5 X IQR) are potentia/outliers,
which are presented in the boX plot as well:

- Ihdicate the position Of the outliers with g Star: *

- The “whiskers” are placed at the position of the smallest and the |argest observation,
excluding the outliers.

.o |

_1.5xIQR |— IQR —| +1.5xIQR

Q4 Q3
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Are (strohgly) deviating values really outliers?

There is noO uhambiguous answer to this question. Sometimes outliers are Caused by
measurement errors. But an evidently impossible observation is an outlier.

The 1.5xIQR-rule gives suspicious observations.

The 3x IQR-rule gives extreme observations (ih SPSS).

Anbh alternative method to determine outliers, using the sample meah ahd sample stahdard
deviation:
“Observations outside the interval (x — 3s,x + 3s) are potential outliers.”

This rule is, for example, applied in quality control: the probability Of a Value outside the
tolerance bounds is small (0.3%, according to the empiriCal rule).



Q-Q plots: A SraphiCal method to cheCk whether observations
Fit the specCifiC distribution

Q-Q plots for uhiform distribution
Exponential Q-Q plot

Normal Q-Q plot



Q-Q plots for uniform distribution

Uniform on [a, b]

1/(b-a)| ————

| [

[ [

| [

| |

a b

Uni{-‘orm X~U(0,1)
Expectation is that

the observed points
greontheliney=x
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qurfnrm Q-Q Plot of 100 random numbers

0,97
2,8

a, 7

0,57
0,47

2,37

Expected Uniform Value

0,27

0,17

o

&

oo

0 T T T T | | T T |
oo o1 o2 02 04 0% 0O OF7 08 09 10
Observed Value

Note that the deviations from the “ideal” line y = x
get smaller as the sample size gets larger.
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Exponential Q-Q plot

18-11-2021

Exponential distribution
A

0

Exponential dist.
X ~Exp(A)

EX = F (553)
in which A is
estimated using

E(X) = %
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E%mnential Q-Q Plot of Time between 2 cars

Expected Exponential Value

O

Observed Value

25
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Normal Q-Q plot

Normal distribution

|
|
I I
| |
| |
o Normal Q-Q Plot of salarissen U6 U p+o

Normal distr.

X~N(u0%)

E(X() iS cComputed

using nto-

cb-l(L), where the
+1

unknowh p and ¢ are
estimated by x ahd s

507

.
(=
1

Expected Normal Value
T

207

s>There are relatively small, but (seemingly) systematiC deviations from the
T T T . ' line y = x: the CorreCtness of a hormal model for the salaries is hot sure.

a0 G0

Observed Value
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Mormally distributed data

Normal Q-Q plot
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phe quantiles
12 16
Ll |

8

Mormal Q-G Plot

-2 -1 a 1 a 3 \
Theorgtical Quaniiles
Attention:
Mormal Q-0 Plat
: ] 1In these Q-Q plots
£2 the X ahd Y axes are
g:j interchanged!
A For the theoretical
S (expected) Values and
Thieoratical Quentilea ObSeYVatiO nS
respectively
Mormal G- Plot
E:-.n--

T
2

=1 4 1 2 3
Theoratical Quantiles
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Skewed Left Normal Q-Q Plot

Normal Q-Q plot

-2

Sample Quantiles
-4
l

8 6

Theoretical Quantiles

Normal Q-Q Plot

Sample Quantiles

3 -2 414 0 1 2 3

18-11-2021 Z Theoretical Quantiles
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Check on hormality:

Normal distribution: give g total judgement,
based on

Graphs, such as a histogram.

Pay attention to symmetry, mound shape,
peak(s).

NumericCally: the sample skewness CoeffiCient
ahd Kurtosis. The normal reference Values are
0 ahd 3, resp.

GraphicCally with a Normal Q-Q plot:

Points have to be Close to Y = X. (CheCk for
deviating patterns)

Extra to come (Ch 7): Shapiro-Wilk’s test on
normality

Check on exponential distribution:

Exponential distribution, Sitmilarly:
Histogram: Values > 0, peak at 0, Skewness to
the right.

The sample skewness coefficient ahd
Kurtosis:

The exponhential reference Values are +2 ahd
9, resp.

Exponential Q-Q plot: overall linear
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Thank you for your attendance!



	Statistical Techniques �for CS/BIT
	Today:
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Slide Number 21
	Slide Number 22
	Slide Number 23
	Slide Number 24
	Slide Number 25
	Slide Number 26
	Slide Number 27

