Discrete Mathematics for Computer Science

Lecture 11



§5.1: Cartesian Products and Relations

Definition:

A (binary) relation from set A to set B Is a subset
of AxB.

Example: If and

Then Relations from A to B are (among others):

(@il 2.l




§7.1: Relations (2" round)

Definition:

A (binary) relation from a set A to the (same) set A
IS a subset of AxA.

Such a relation iIs called a relation on A.

Example 1:

Relations on A are (among others):

{12).2.2). 2| D| Ax A
Notation:
If R ={(1,2), (2,2), (2,X)}, then another notation
for (1,2)eR 1s: 1R2.




Relations on A

Example 2:

The relation R on A Is given by:
f

R is the *“ < -relation on Z .

£ g




Relations on A

Example 3:

The relation R on A Is given by:

if a — b is divisible by 11.

R is the “modulo 11 -relation on Z .

g




Relations on A

Example 4:  Consider a universe U.
et C c U. The relation R on P(U) Is given by:

(AAB)eREIEM ANC=B~NC

oMU = {1,2,3,4,5,6}BEEAC = {1,3,4}

(NE ({1,2,3),{1,3,5,6}) « R I lalee {1.2,3} ~ C = {1,3}
and also {135 G}mC { 3}
and:

{01l (12,3}, 13,4,6})




Reflexivity

Definition:

A relation R on A Is reflexive If:

for all

=C1a]o] [ A - {1,2, x|
R ={11),(2,2), (x, X), (2, X) | FER i [0
R ={(12), (X, x), (2, %), (2,0, (x,1) | EERI R DA

SN (2.2) € R




for all
Reflexivity

Example 2:

The “ < -relation on Z ” is reflexive, because

for all aeZ

Note: the “< -relation on Z” is not reflexive!
Example 3:

The modulo 11 -relation on Z 1s reflexive because:
a—a (=0)isdivisible by 11, for all aeZ.



for all
Reflexivity

Example 4:  Consider a universe U.
et C c U. The relation R on P(U) Is given by:

(AB)eREIBRANC=BnNC

R is reflexive because for all AeP(U),

Since for all AeP(U).



Symmetry

Definition:

A relation R on A IS symmetric if:

(a,b) e R= (b, a) e R EfolgEll
Example 1:

ERRINCINCSINERIN is not symmetric

but

R =1{(12),(x,x),(2,%),(21), (x,2) ESSl i gle




(a,b) e R= (b,a) e R Fjegell
Symmetry.

Example 2:
The “ < -relation on Z ” is not symmetric,

E.g: but not

Example 3:

The modulo 11 -relation on Z 1s symmetric,
because:

If a—Db Isdivisible by 11, thensois b — a:
(since: b—a=—-(a—Db))




(a,b) e R= (b,a) e R Kjegell
Symmetry

Example 4:  Consider a universe U.
et C c U. The relation R on P(U) Is given by:

f
R I1s symmetric, because for all A,BeP(U):

IR ANC =BNC RN B C=ANC




Transitivity

Definition:
A relation R on A Is transitive if:

((a,b)eRA(b,c)eR)=(a,c) e RffegEllla,b,c e A
Example 1:

R= {(1,2), (X, X)} IS transitive
R=1{(12),(y,2),(Lx),(2,X),(Y,X) } EER e SN
R =1(2,0),(2,2), (Y., x), (1, X) IR EUSIOE

Sl (2,1), (1 x) € R fol¥li




((a,b)eRA(b,c) e R)= (a,c) e Rflezll

Transitivity

Example 2:
The “ < -relation on Z ” is transitive,

Jhied(a<bAb<c)=a<c

Example 3:

The modulo 11 -relation on Z 1s transitive, because:

If both a — b and b — ¢ are divisible by 11,
thensoisa—c,since:a—c=(a—-0b) + (b—c)



((a,b) eRA(b,c) e R)= (a,c) € REjegell

Transitivity

Example 4:  Consider a universe U.
et C c U. The relation R on P(U) Is given by:

(AB)eREIBRANC=BnNC

R Is transitive,
because for all A, B, DeP(U).

If B "C=DNC
WEREIRJANC =D N C




Antisymmetry

Definition:

A relation R on A Is antisymmetric If:
((a,b) e R A (b,a) e R)=> a=b [l

Example 1:

R =1{(x.1),(2,2),(1,X), (2, X) { BN R Va0 a8

S [plel (X,1), (1, X) € R @l

R =1{(12),(x,X),(2,X),(2,2) | FE a1 e




(a,b)eRA(b,a)eR)=> a=bffe:lllabe A
Antisymmetry

Example 2:
The “ < -relation on Z ” is antisymmetric,

Jhie(a<bAb<a)=a=b

Example 3:

The modulo 11 -relation on Z 1s not
antisymmetric, since:

12 — 1 isdivisible by 11, andso1s 1 — 12.
But: 1#12 !




((a,b)eRA(b,a) e R)= a=bfye=ll
Antisymmetry

Example 4:  Consider a universe U.
et C c U. The relation R on P(U) Is given by:

(AB)eREIEANC=BNC

R 1S not antisymmetric .

SREUGIU = 1,2,3,4,5,6 ERPAC = (1,34}
Then: 123 1356 =234 SINCe: 123 NC =

and: {1356}mC { }
IANEoM ({1,3,5,6, {1,2,3}) € RN EEE0 1)

IVl 12 3} {1,35,6}




Antisymmetry

Remark:

A relation R on A can be symmetric as well as
antisymmetric:

Example:

A relation R on A can be neither symmetric nor
antisymmetric:

Example: 2Bl R = {(1,2), (2.1), (2.3)}

R=1(11),(2,2)}




Example

et R, and R, be relations on a set A.

Prove or disprove (using a counterexample) the
following statements:

(@) If R, and R, are both reflexive, then soIs R, — R,
(b) If R, and R, are both symmetric,

then so IS R; — R,.
(c) If Ry and R, are both transitive,

thenso iIs R; — R,.

(d) If R, and R, are both antisymmetric,
thensois R; — R,.



Solution

(@) If R, and R, are both reflexive, then so Is R; — R;
False!

E.g; UGN R, = R, = {(11),(2.2);

Then R, and R, are reflexive, but IS not.

(b) If R; and R, are symmetric, then so is R, — R..
Proof: Let (X,y)e R, - R, .

Then (X, y)e R; and (X, y)¢g R,.

Then (y, X)e R, , since R; IS symmetric.

And (y, X)& R,, because (Y, X)e R, would imply
(X, ¥)e R,, since R, Is symmetric.

So (Y, X)e R, — R, .




Solution (continued)
(c) If R, and R, are transitive then so is R; — R..

False!

E.g: R =1(12).(2.3),(1.3);
Then R, and R, are transitive,

but EEaNSt AN is not.

(d) If R, and R, are antisymmetric,
thensoiIsR; — R, .
Proof: Suppose (X, y)e R, — R, and (y, X)e R, — R,
Then (X, y)e R; and (y, X)e R;.
S0 X =Y, because R, Is antisymmetric.




Partial order

Definition:
A relation R on A Is called a partial order if:

R Is reflexive, antisymmetric and transitive.
Examples:
For a set X, the “ c -relation on P(X)” is a partial
order.
The modulo 11 -relation on Z is not a partial order
(since It IS not antisymmetric)




Equivalence Relations

Definition:

A relation R on A Is called an eguivalence relation
If:

R 1Is reflexive, symmetric and transitive.
Examples:

The modulo 11 -relation on Z Is an equivalence
relation.

The “<-relation on Z” is not an equivalence
relation (since It Is not symmetric).



