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Discrete Mathematics for Computer Science

Lecture 10
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A function  f from AA to B is called a binary 

operation on A.  

Examples:
RRRf →: defined by

is a closed binary operation on R (“subtraction”)

§5.4: Special functions

babaf −=),(

If  B  A then f is closed on A.  

A function  f from A to A is called a unary or 

monary operation on A.  

Definitions:

defined by babaf −=),(ZZZf → ++: is not closed

defined by
x

xf
1

)( =++ → RRf :

is a unary operation on R+ (“inversion”)
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Let                       be a binary operation on A.  

Examples:

BAAf →:

Addition and multiplication are commutative and 

associative operations on R.  

Commutative and Associative Operations

f is called commutative if 

f(x, y) = f(y, x)  for all x, yA. 

Definitions:

Subtraction is not commutative, since 

If f is closed, then  is called associative if 

f(f(x, y), z) = f(x, f(y, z))  for all x, y, z A. 

xyyx −−

and neither associative, since ( ) ( )zyxzyx −−−−
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Let U be a universe.  

Define                                          by   )()()(: UPUPUPf →

Commutative and Associative Operations

Example:

Then f is a commutative binary operation on P(U) 

since, for all A, BP(U): 

f is also associative, since for all A, B, CP(U):

BABAf =),(

),( BAf BA= ),( ABf=AB=

( )CBAff ),,( CBA = )(

( )CBA = ( )( )CBfAf ,,=
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Let                       be a binary operation on A.  

Examples:

BAAf →:

0 is an identity for the Addition-operation and 1 is 

an identity for the Multiplication-operation. 

Identity Element

xA is an identity (element) for f if  

f(x, a) = f(a, x) = a for all aA. 

Definition:

The Subtraction-operations does not have an 

identity, since                               implies  axaxaf =−=),(

but then                                                (unless a = 0) 

0=x

aaaaxaxf −=−=−= 0),(



The binary operation

given by 
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Let U be a universe.  

Define                                          by   )()()(: UPUPUPf →

Examples:

Then U is an identity element of f. 

BABAf =),(

Identity Element

BABAg =),(

)()()(: UPUPUPg →

has an identity . 
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Let                       be a binary operation on A.  

Proof:

BAAf →:

We use rule of contradiction (From Lecture 2). 

Let x and y be two distinct identities of f.  

Uniqueness of Identity Element

If f has an identity, then it is unique.  

Theorem:

Since y is an identity, we have:   xyxf =),(

Therefore: x = y.  Using initial assumption this 

creates a contradicition. So the identity is unique.  

Since x is an identity, we have:   yyxf =),(
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Let A and B be sets and let  DAB. 

is called the projection of D on the first coordinate.  

Projections

The function                    given by:  

Definition:

ADA →: abaA =),(

is called the projection of D on the 2nd coordinate.  

The function                    given by:  BDB →: bbaB =),(|

Example:

Let DRR be given by:  9)2()1(|),( 22 ++−= yxyxD

Then                          and  4,2)( −=DA  1,5)( −=DB

(disk with radius 3 and center (1, −2))
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Let A1, A2, …, An be sets and let 

with m  n and  i1 < i2 < …< im.  

Definition:

   niii m ,,2,1,,, 21  

is called the projection of D 

on the i1th, i2th,…, imth coordinates.  

The function                                                given by:  
miii AAAD → 

21
:

Let nAAAD  21

( ) ( )
miiin aaaaaa ,,,,,,

2121  =

Projections (generalization)
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A1 = {Math A, Math B1, Math B2, Math C1} 

Example: Relational Data Bases

A2 = {CS, BIT, TBK} 

A3 = {A, B, C, D, E, F} 

A4 = {SP3, SP4, SP5, WA3, WA4} 

A1: Courses,            A2: Programs, 

A3: Teachers,          A4: Classrooms
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Example: Relational Data Bases

Consider DA1A2A3A4 given in the following table: 

Course Program Teacher Classroom

Math A CS A SP3

Math B1 CS B WA4

Math B2 CS D SP5

Math C1 CS C WA4

Math A BIT A SP3

Math B1 BIT E SP3

Math B2 BIT D SP5

Math C1 BIT F WA3

Math A TBK A SP3

Math B1 TBK A SP4

Math B2 TBK D SP3

Math C1 TBK C WA4
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Example: Relational Data Bases

Projection (D) of D on 

1st, 3rd and 4th coordinates 

is given by: 

Course Teacher Classroom

Math A A SP3

Math B1 B WA4

Math B2 D SP5

Math C1 C WA4

Math B1 E SP3

Math C1 F WA3

Math B1 A SP4

Math B2 D SP3

Projection (D) of D on 

2nd and 4th coordinates 

is given by: 

Program Classroom

CS SP3

CS WA4

CS SP5

BIT SP3

BIT SP5

BIT WA3

TBK SP3

TBK SP4

TBK WA4
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If                 and                   then the composite 

function is given by: 

Examples:

BAf →:

for each aA. 

§5.6: Function Composition
Definition:

Then:

 5,4,2,1=A

 ),5(),,4(),,2(),,1( bdabf =

Note: is not defined here! 

CBg →:

CAfg →:

( ) ))(()( afgafg =

 dbaB ,,=  zyxwC ,,,=

 ),(),,(),,( wdzbxag =

( )  ),5(),,4(),,2(),,1( zwxzfg =

RCBA === 3)( xxf = 1)( += xxg

gf 

If and

Then: ( ) 1)( 3 += xxfg  and ( ) 3)1()( += xxgf 
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Theorem

Let  f : A → B and  g : B → C. 

Then: 

(a)  If f and g are both one-to-one then also 

is one-to-one. 

fg 

(b)  If f and g are both onto then also 

is onto. 

fg 
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Equality of functions

Let  f : A → B and   g : A → B then

f = g if    f(a) = g(a)   for all aA. 

Definition:

Example:

 



−


=

Zxx

Zxx
xf

if1

if
)(

ZRf →: and                       given by:ZRg →:

 xxg =)(
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Theorem

Let  f : A → B , g : B → C and  h : C → D

Then: ( ) ( )fghfgh  =

So function composition is an associative operation 

(but not a commutative operation!) 

Remark: another notation for              is  ff  2f

In general: ffff n =
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Inverse of a function

Let  f : A → B then f is called invertible if there 

exists a function  g : B → A such that 

where for a set C the function 

denotes the identity function given by:  

Definition:

Afg 1= and                   

CxxxC = allfor )(1

Bgf 1=

CCC →:1
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Theorem

Let  f : A → B and  suppose a function g : B → A 

satisfies

Then g is unique. 

Afg 1= and                   Bgf 1=

Proof: Suppose function h : B → A  also satisfies

Afh 1= and                   
Bhf 1=

))(1( xh B=

Remark: g is called the inverse of f

and is denoted by: f −1  

We will show that h = g,   i.e, h(x) = g(x) for all xB. 

( )( ) )(xgfh =

)(xh ( ) )(1 xh B= ( )( ) )(xgfh =

( ) )(1 xgA = ( ))(1 xgA= )(xg=

Thm. 5.6
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Examples
 4,3,2,1=A  dcbaB ,,,=

 )2,(),3,(),1,(),4,(1 dcbaf =−

then 𝑓 = (1, 𝑏), (2, 𝑑), (3, 𝑐), (4, 𝑎)If 

 )== ,0BA

xxf =− )(1then If 2)( xxf =

( )== ,0BA

x
xf

1
)(1 =−then If 

x
xf

1
)( =

( 2,1=A

2

3
)(1 +−
=− x

xfthen If 32)( +−= xxf

 )1,1−=B
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Theorem

Let  f : A → B. Then f is invertible 

if and only if 

f is both one-to-one and onto.  

Remark: 

A function that is both one-to-one and onto is called 

bijective or a one-to-one correspondence. 
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Theorem

Let  f : A → B , g : B → C be invertible functions. 

Then:              is also invertible and fg 

Proof: Exercise 5.6.11.  

( ) 111 −−−
= gffg 
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Theorem

Let  f : A → B with |A| = |B|. 

Then the following statements are equivalent: 

(a)    f is one-to-one.

(b)    f is onto. 

(c)    f is invertible. 



23

Preimage

Let  f : A → B and B1B. Then 

f −1(B1) is called the Preimage of B1 under f.  

Definition:

 11

1 )(|)( BxfAxBf =−

Remark: Note that f −1(B1) is always defined, even 

when f is not invertible !! 

Example:  5,4,2,1=A

 ),5(),,4(),,2(),,1( bdabf =

 dbaB ,,=If

and
Then:  ( )  5,4,1,1 =− dbf
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Theorem

Proof of (c):

( ) ( ) ( )2

1

1

1

21

1)( BfBfBBfa −−− =

Let  f : A → B and B1 ,B2 B. Then 

( ) ( ) ( )2

1

1

1

21

1)( BfBfBBfb −−− =

( ) ( )1

1

1

1)( BfBfc −− =

( )1

1 Bfx −  1)( Bxf   1)( Bxf 

( )1

1 Bfx − ( )1

1 Bfx −

 11

1 )(|)( BxfAxBf =−


