Discrete Mathematics for Computer Science

Lecture 10



§5.4: Special functions

Definitions:

A function T from AxAto B Is called a binary
operation on A. If B < A then fis closed on A.
A function ffrom Ato A Is called a unary or
monary _operation on A.

Exam les:

defined by EICHDREST)

IS a closed binary operatlon on R (“subtraction”)

defined by is not closed
defined by [T

IS a unary.operation on R* (“inversion”)
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Commutative and Associative Operations

Definitions:

et be a binary operation on A.

f 1s called commutative If
f(x, y) = f(y, X) for all x, yeA.
If f1s closed, then Is called associative if
f(f(x, y), 2) = f(x, f(y, 2)) for all x,y, z €A.
Examples:
Addition and multiplication are commutative and

assoclative operations on R.
Subtraction is not commutative, since
and neither associative, since (e IEr e el




Commutative and Associative Operations

Example:

et U be a universe.

DI f:P(U)xPU)—PU)ISY f (A B)=ANB

Then fis a commutative binary operation on P(U)
smce for all A, BeP(U):

)|=A~BJ=BAA|= (8 A
f 1s also associative, since for all A, B, CeP(U):
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Identity Element
Definition:
et be a binary operation on A.

xeA IS an 1dentity (element) for f 1t
f(x, a) = f(a, x) = a for all aeA.
Examples:

0 Is an identity for the Addition-operation and 1 is
an identity for the Multiplication-operation.
The Subtraction-operations does not have an

identity, since implies F&)

oNIMigllaN T (X,2) = X—a=0-a=-a = a[(S[g[:5E=H0))




Identity Element

Examples:

et U be a universe.
pEilpl f : P(U)xPU) - PU)Rg f (A, B)=ANB

Then U Is an identity element of f.

e aAe e il 9 - PU)xPU) = P(U)

WE oA g (A, B) = AU B IiESE R el iivAZ]



Uniqueness of ldentity Element

Theorem:

et be a binary operation on A.
If f has an identity, then It Is unique.

Proof:

We use rule of contradiction (From Lecture 2).
et x and y be two distinct identities of f.

Since y is an identity, we have:

Since X IS an identity, we have: FEi¢aI N
Therefore: x =y. Using Initial assumption this
creates a contradicition. So the identity iIs unigue.




Projections
Definition:
Let A and B be sets and let DcAxB.

The function given by:

IS called the projection of D on the first coordinate.

The function given by: KHAGCIIEL:

is called the projection of D on the 2" coordinate.
Example:

Let DcRxR be given by: [sEXCEIICESHE +(y+2) <9

(disk with radlus 3 and center (1, —2))

Then and OIS




Projections (generalization)
Definition:
Let A, A, ..., A, be sets and let jUi

withm<nand I;<I,<...<I_.

Lo

Is called the projection of D
on the i;th, I,th,..., I th coordinates.



Example: Relational Data Bases

A.: Courses, A,: Programs,
A;: Teachers, A,: Classrooms

A; = {Math A, Math B1, Math B2, Math C1}
A, = {CS, BIT, TBK}

A;={A B, C, D, E, F}

A, = {SP3, SP4, SP5, WA3, WA4}
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Example: Relational Data Bases

Consider DeA xA,xA;xA, given in the following table:

Course Program Teacher Classroom
Math A CS A SP3
Math B1 CS
Math B2 CS
Math C1 CS
Math A

WA4
SP5
WA4
SP3
SP3
SP5
WA3
SP3
SP4
SP3 1
WA4

Math B1
Math B2
Math C1
Math A
Math B1
Math B2
Math C1

O O >» >» MmO m>» O O @



Example: Relational Data Bases

Projection z(D):of:Dion- Projection z(D) ot D on
1st 3rd and 4th coordinates 2" and 4™ coordinates

is given by: IS given by:

Math A
Math B1
Math B2
Math C1

Math B1
Math C1
Math B1
Math B2

O >» MmO O W >»




§5.6: Function Composition
Definition:
i f:A—> BRElgle then the composite
function IS given by:

for each aeA.
Examples:

Then:
Note: is not defined here!

1 A=B=C=Rjgelle
Then: (QOf)(X)=X3+1 and (fog)(x)z(x+1)3 13




Theorem

Let f:A—>Band g: B— C.

Then:
(@) If fand g are both one-to-one then also
IS One-to-one.

(b) If fand g are both onto then also
IS onto.
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Equality of functions

Definition:
Let f:A—>B and g: A—> B then
f=g If f(a)=g(a) forallaeA.

Example:

f:R—>ZEBERNO: R —> Z Bl
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Theorem

let f:A>B,g:B—>C and h:C—>D
Then:

So function composition IS an assoclative operation
(but not a commutative operation!)

Remark: another notation for IS

IR " = fofo---of
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Inverse of a function

Definition:

Let f: A—> B then fis called invertible if there
exists a function g : B — Asuch that

where for a set C the function

denotes the identity function given by:

1.(x)=x forallxeC
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Theorem
Let f: A—> B and suppose a functiong : B > A

satisfies and
Then g IS unique.
Proof: Suppose function h : B — A also satisfies

We will show that h =g, I1.e, h(x) = g(x) for all xeB.

= h(Ls (x))|= (o1, )x)|= (ho(F o g))x)
—((ho )og)00|= L. 9)0]=La(g()) = a(x)

Remark: g is called the inverse of f
Thm. 5.6
- and is denoted by: f-t *




Examples

[l r ={,0),2d),3B ) @} el f *={a4),01,.(c3),(d,2)}

! then

)
then FEPEEES

If then ’

A=B=
i )=
X




Theorem

Let f: A—> B. Then fis invertible
It and only If
f IS both one-to-one and onto.

Remark:
A function that 1s both one-to-one and onto Is called
bijective or a one-to-one correspondence.
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Theorem

Let f: A—> B, g: B— C be invertible functions.

Then: is also invertible and

Proof: Exercise 5.6.11.
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Theorem

Let f: A— B with [A]l = |B|.
Then the following statements are equivalent:

(@) f IS one-to-one.
(b) T Is onto.

(c) f Isinvertible.
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Preimage

Definition: et f: A— B and B,cB. Then
f1(B,)={xeA| f(x)eB,}

f=1(B,) is called the Preimage of B, under f.

Example: If FERFEEH
2l f =10b).(2,a),(4,d),(5,b)}
BBaelal f *({b,d})={1,4,5}
Remark: Note that f-%(B,) is always defined, even
when fIs not invertible !! 23




f(B)={xe Al f(x) €B,}

Theorem

Let f: A—> B and B; ,B,=B. Then
(@ (BN Bz): f(B) f _1(82)

(b) f*(B,uB,)="f"*(B)uf™(B,)

©) (B)=1"(8)
Proof of (c): @ =1 T(x) ¢ B,

- DAREY-
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