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Discrete Mathematics for Computer Science

Lecture 9



Chapter 5: Relations and Functions

Function
Relation

2cossin)( xxxf +=
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§5.1: Cartesian Products and Relations

Definition:

The Cartesian Product of sets A and B is 

defined by: 

Examples:

( ) BbAabaBA = ,,

 xA ,2,1=  yB ,2=If 
Then:   ),(),2,(),,2(),2,2(),,1(),2,1( yxxyyBA =

 ),(),2,(),1,(),,2(),2,2(),1,2( xyyyxAB =

 ),(),2,(),,2(),2,2(2 yyyyBBB ==

Note:

ABBA butABBA =

René Descartes

(1595-1650)

BABA = So:  

and  
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Definition:

Examples:  xA ,2,1=  yB ,2=If 

Then:  

( ) CcBbAacbaCBA = ,,,, etc.   

 3,1=C


),,3(),2,,3(),,2,3(),2,2,3(),,1,3(),2,1,3(

),,,1(),2,,1(),,2,1(),2,2,1(),,1,1(),2,1,1(

yxxyy

yxxyy=

BAC 

CCCC =3

 )3,3,3(),1,3,3(),3,1,3(),1,1,3(),3,3,1(),1,3,1(),3,1,1(),1,1,1(=

Cartesian Products and Relations

The Cartesian Product of sets A, B and C is 

defined by: 
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Definition:

A (binary) relation from set A to set B is a subset

of AB.  

Example:  xA ,2,1=  yB ,2=

Then Relations from A to B are (among others): 

 ),1( y BA ),2(),2,2(),2,1( y

The number of relations from A to B is equal to:    

( )BAP  BA
= 2

BA
2=

Cartesian Products and Relations

If and  
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Example:

 4,3,2,1=A  5,4,2=B

The “” relation from A to B is given by: 

 )4,4(),2,4(),2,3(),2,2(

Cartesian Products and Relations
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Theorem:

Let A, B , and C be sets in a universe U.  

( ) ( ) ( )CABACBAa =)(

Then: 

( ) ( ) ( )CABACBAb =)(

( ) ( ) ( )CBCACBAd =)(

( ) ( ) ( )CBCACBAc =)(

Cartesian Products and Relations
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and   (            or              )

(             and           )   or   (             and            )

Proof of (b):

Part 1:

( )CBAyx ),(

Ax

By

(Def. “”) BAyx ),(

( ) ( )CABAyx ),(

(Def. “”) 

Cartesian Products and Relations

CBy Then and

So Ax Cy

So

( ) ( ) ( )CABACBAb =)(

Ax By Ax Cy

So

Thus

CAyx ),(or

Let
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( ) ( ) ( )CABACBA 

Part 2: ( ) ( ) ( )CBACABA 
Reverse the 

steps in Part 1
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§5.2: Functions   

Definition:

A function f from A to B is a relation R from A to 

B, such that each element of A appears exactly once  

as the first component in R. 

(A and B are nonempty sets)

Examples:  4,2,1=A  6,5,3,2=BIf 

Notation: f : A → B

Then: 
 )5,4(),3,2(),1,1( is not a function from A to B. 
 )3,4(),3,2(),5,1( is a function from A to B. 

 )3,4(),2,1( is not a function from A to B. 

 )3,4(),6,2(),3,2(),2,1( is not a function from A to B. 
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• is the range of f. 

Functions     f : A → B

 AaafAf = )()(

Notation: 

Instead of (a, b)  f , we mostly write  f(a) = b. 

• b is the image of a (under f ). 

• a is a pre-image of b (under f ). 

• A is the domain of f. 

• B is the codomain of f. 

Note that: if               and                then necessarily  baf =)( caf =)(

cb =
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ZRf →:The floor function:   

Examples of Functions (1)

 xxf →)(

x is the largest integer  x. 

So:    44 =   27.2 =   32.2 −=−

Let    

E.g:

RRf →:

2)( xxf = xxf sin)( = xxf e)( =
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Examples of Functions (2)

ZRf →:The ceiling function:    xxf →)(

x is the smallest integer  x. 

So:  

  44 =   33.2 =   29.2 −=−
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Examples of Functions (3)

 ( )  mnnjmiaf ij ,,2,11;1|: →

The access function:    

Let m,nZ+ and let A be a mn-matrix.    

given by jniaf ij +−= )1()(

stores the entries of matrix A row by row in a 

one dimensional array. 

(f(aij) denotes the location of aij in this array)
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A
B

For each element of A one can choose among |B| 

images, so the number of functions from A to B is 

equal to:

Note: 

The number of functions from A to B is in general 

not equal to the number of functions from B to A.  

Number of Functions     f : A → B
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Functions: One-to-One

Definition:

A function f from A to B is one-to-one (injective) if 

each element of B appears at most once as the 

image of an element of A.  

Example:  4,2,1=A  6,5,3,2=BIf                 and                     then  

 )5,4(),3,2(),6,1( is one-to one.  

 )3,4(),3,2(),6,1(

is not one-to one.  

is not one-to one.  

 yxyfxfAyAx =→= )()(

Note that a function f : A → B is one-to-one 

if and only if

given by ZRf →:  xxf →)(
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BA 

If             and           (m  n), then the number of 

one-to-one functions from A to B is equal to:

If  f : A → B is one-to-one, then necessarily:    

mA =

( )!
!

mn

n

−
=( ) ( ) ( )121 +−−− mnnnn  ( )ABP ,=

(Math A)

choices for  f(a1) choices for f(a2) choices for f(am)

nB =

(write                                ) maaaA ,,, 21 =

Functions: One-to-One
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Functions   f : A → B

Definition: Let  f : A → B and  A1  A. 

Examples:
 4,3,2,1=A  7,6,5,3,2=BIf 

and  )5,4(),6,3(),3,2(),5,1(=f

The image of A1 under f is: 

 11   somefor  )()( AaafbBbAf ==

 4,2,11 =A

Then:  5,3)( 1 =Af

If A = R , B = Z , A1 = (−3.5 , 1.5] and   xxf =)(

 2,1,0,1,2,3)( 1 −−−=AfThen: 
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Functions   f : A → B

Theorem: Let  f : A → B and  A1 , A2  A. 

Then: 

( ) ( ) ( )2121)( AfAfAAfa =

( ) ( ) ( )2121)( AfAfAAfb 

( ) ( ) ( )2121)( AfAfAAfc = if f is one-to-one



So                and 

Then            and 
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Proof of

Let  f : A → B and  A1 , A2  A and assume that f

is one-to-one. 

(i) First we show that: 

( )21 AAfb Let:   

( ) ( ) ( )2121 AfAfAAf 

Then there exists                  with 21 AAa 

(Def “”)   

( )1Afb

( ) ( )21 AfAfb 

( ) ( ) ( )2121)( AfAfAAfc =

if f is one-to-one

baf =)(

1Aa 2Aa

( )2Afb

Hence: 



Then               and              

with               and                         

( )1Afb
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(ii) Now we show that

( )21 AAfb 

Let:   

( ) ( ) ( )2121 AAfAfAf 

Since  f is one-to one, we `must have x = y !!   

( )2Afb

( ) ( )21 AfAfb 

Proof of ( ) ( ) ( )2121)( AfAfAAfc =

if f is one-to-one

So, there exists           and                         1Ax 2Ay

bxf =)( byf =)(

So, there exists                 with                         21 AAx  bxf =)(

Hence: 

So            and                         1Ax 2Ax
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Restrictions and Extensions

Definition: Let  f : A → B and  A1  A. 

The restriction of f to A1 is given by:   BAf A →1:
1

for all )()(
1

afaf A =
1Aa

Definition:Let  A1  A  and f : A1 → B

A function  g : A → B is an  extension of f to A

if:

for all Aa)()( afag = 1Aa
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Examples:

 4,2,1=A  6,5,3,2=BIf 

and  )5,4(),3,2(),5,1(=f

 4,11 =A

Then:  )5,4(),5,1(
1
=Af

If h : A1 → B is given by:  )3,4(),6,1(=h

Then  )2,2(),3,4(),6,1(=g is an extension of h to A.  

Restrictions and Extensions

is the restriction of f to A1.  
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Definition:

A function f from A to B is onto (surjectief) if each 

element of B appears as an image.  

In other words: if  f(A) = B. 

Examples:  5,4,2,1=A  4,3,1=BIf Then: 

 )3,5(),1,4(),4,2(),4,1( is onto. 

is not onto. 

§5.3: Onto-functions

 )4,5(),1,4(),4,2(),4,1(

given by ZRf →:  xxf →)( is onto. 


