Discrete Mathematics for Computer Science

Lecture 9






§5.1: Cartesian Products and Relations g\

Definition: René Descartes
: ~ (1595-1650)
The Cartesian Product of sets A and B IS
olciilalzloMo)M AxB = {(a,b)ac AbeB|
Examples: |7 [SSPRY) and CEENY

QTR Ax B = {(12),(L y),(2,2),(2,¥),(%2),(x, y)}
Bx A={(21),(2,2),(2,%),(y.1),(y,2),(y,x)}

B® =BxB=1{(22),(2,y),(y.2),(y. )}

Note:

[Ax B|=|Al-|B| I |Ax B| =B x Afe8i] Ax B = Bx A




Cartesian Products and Relations

Definition:
The Cartesian Product of sets A, B and C Is

defined by:
AxBxC ={@a,b,cJac AbeB,ceC|

Examples: If PEESk¥SY

I C x Ax B
=1(112), (1L y), (12,2), (1.2, ¥), (L x,2), (L X, y),

(3’1’2)’ (3’1’ y)’ (3!2’2)1 (3’2’ y)’ (3’ X!Z)’ (3! X’ y)}

={111),(113),(1,3,1),(13,3),(311),(313),(3,31),(3,3.3)}



Cartesian Products and Relations

Definition:

A (binary) relation from set A to set B IS a subset
of AxB.

Example: |f and

Then Relations from A to B are (among others):

(@ y)§.2).2.2).2. v)}| | Ax B

The number of relations from A to B is equal to:

P(AxB) _olAlB
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Cartesian Products and Relations

Example:

The “>” relation from A to B Is given by:

((2,2),(3,2),(4,2),(4,4)}




Cartesian Products and Relations

Theorem:

Let A, B, and C be sets in a universe U.
Then:




Cartesian Products and Relations

Didoiai(0l (b) Ax(BuC)=(AxB)uU(AxC)
2l Ax (BUC)c (AxB)U(AxC)
e
Then EXEY and (Def. “x”)
So (¥ and ( FIEEl or FES )
Sl@x e A EUlly < BYRNIaNE x < A EQlly <C )
So or (et 7
Thus [&¢ y)e(Ax B)U(AXC) Reverse the ®

Part 2: (¥4} CIVNIN VNI =IOION steps in Part 1




§5.2: Functions

Definition: (A and B are nonempty sets)
A function ffrom A to B Is a relation R from A to
B, such that each element of A appears exactly once
as the first component in R.
Notation: f: A—> B
ExamQIe If & Then:
is not a function from A to B.
is a function from A to B.

{12) (43 } 1S not a function from A to B.
(MNEENCONTEY is not a function from A to B.




Functions f:A—>B

Notation:
Instead of (a, b) e £, we mostly write f(a)=Db.

o b IS the Image of a (under f).
o a Is a pre-image of b (under ).
e AIsthe domain of f.

o B 1s the codomain of f.
o TOEIOEEYY is the range of f.

Note that: if GBI and then necessarily




Examples of Functions (1)

L et f

s
The floor function: f(X) > \_XJ

Lx] is the largest integer < x.
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Examples of Functions (2)

The ceiling function: BLE=4 RNCIEEIFY

| x| is the smallest integer > x.

S0
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Examples of Functions (3)

Let m,neZ* and let A be a mxn-matrix.

The access function:
a; | 1<i<m;1<j<nj)—1{L2,...,mn;

given by ERCHEI(ESNIES

stores the entries of matrix A row by row in a
one dimensional array.
(T(a;;) denotes the location of a;; In this array) =



Number of Functions f: A —> B

For each element of A one can choose among |B|
Images, so the number of functions from A to B IS

equal to:
A

B

Note:
The number of functions from A to B Is In general
not equal to the number of functions from B to A.
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Functions: One-to-One

Definition:

A function f from A to B Is one-to-one (injective) If
each element of B appears at most once as the
Image of an element of A.

Example: 1f (XY and then
{RORCEINCEN is one-to one.
{(ORCENCRY is not one-to one.

given by FIGOESEY| is not one-to one.

Note that a function f : A — B IS one-to-one
[fE1aTe Mool |VA | 0 \/x = AVy € A[f(X) = f(y) = x=Y]




Functions: One-to-One

If f:A— B isone-to-one, then necessarily: |[[AEIZ]

If [AB and (BN (m < n), then the number of

one -10- onefunctlons frm A to B Is equal to:
A: ' ’ 1am

(Math A)
choices for f(a,) | choices for f(a,) J choices for f(a,) y



Functions f: A—> B

Definition: Let f: A—> B and A, c A.

The image of A, under f Is:
f(Al):{beB\b: f (a) for some aeAi}

Examples:

I

clalol T ={(15),(2.3),(36),(4,5)]
Then: SNBSS
IfA=R,B=Z,A,=(-35, 1.5]and
el f(A)=1{-3-2-1012}




Functions f: A—> B

Theorem: et f: A—>Band A, A,cA.

Then:
(@) f(AUA)=Tf(A)UF(A)

b) f(ANA)c F(A)NT(A)

If f1s one-to-one
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Proof: of [G

Let f: A—> B and
IS One-to-one.

(1) First we show that: FIGNaY-SI=RiV-9 QN V-,

F(ANA)=f(A)NT

If f1s one-to-one

A, A, € Aand assume that f

Wb e f(ANA,)
Then there exists ETaL With

Then ano

So anc

(Def ¢ ﬂ”)

e f(A,)

mlcpoMb e f(A)n T(A) %




Plgelojfojit (c) f(ANA)=Tf(A)NT

If f1s one-to-one

(if) Now we show that EICH NI I=SIV-Nav-"y

Welilb e f(A)N F(A,)
Then[YEIEY] and

So, there exists [ and
with [JEIER and

Since fiIs one-to one, we must have x =y !

So B and
So, there exists PEINAYY with

EENeEbe f(ANA)
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Restrictions and Extensions

Definition: et f: A— B and A, c A.
The restriction of f to A, IS given by:

fla () =f(a) Bieelllac A

Definition:Let A,c A and f: A, > B

A function g: A — B iIsan extension of f to A

If:
g(a) = f (2) K{eIgell
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Restrictions and Extensions

Examples:

If

zlgloll f ={(L5),(2,3),(4.5)]

Then: HINEREINEEN is the restriction of f to A,.
If h: A, = B is given by: IS5 NEK))

Then PEREHNEENEIIN is an extension of h to A.
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§5.3: Onto-functions

Definition:

A function ffrom A to B Is onto (surjectief) If each
element of B appears as an image.

In other words: If f(A) = B.

Examples: If Then:

{(1,4),(2,4),(41),(5,3)} [HNe]g] e}
1@1,4),(2,4),(4),(5,4) | KN ale] Xe] gl o}

given by RRCIE=IPY| is onto.
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