Discrete Mathematics for Computer Science

Lecture 4



Interchanging quantifiers

In each universe U:

VXYY p(X,y) < Yyvx p(x,y)

ATy p(x,y) < IyIxp(x,y)

However, false Is:

vy p(x,y) < 3Iyvxp(x,y)

Counterexample: U = (0, ) and p(x,y): xy=1



§2.5: Four additional rules of inference
W.L.L. quantifiers (cf. formula sheet)

Rule of Universal Specification
VX p(X)

W IIE for any ceU

Ul



Rule of Existential Specification

X p(X)
WNIMR for some ceU

U2



Rule off Universal Generalization

UGE for any ceU

- - VX p(X)




Rule of Existential Generalization

p(c) for some ceU
- 3Ax p(x)

U4



Example 1

Prove the validity of the following argument by
using the “Laws of Logic”, the “Rules of
Inference” and the supplement w.r.t. quantifiers.

K(p)Aa(x) = (3xp(x)AIxq(x))

=
In tabular form: x(p(X) A G(x))

s aAX p(x) AIxqg(x)



IX(P() A q(x))

s A p(x) AIxg(x)

Solution

@ 3Ix(p(x) A q(x)) L E=lalE

AN OV for someceU (1), U2
(3) p(c) (2), R7

(4) Ixp(x) (3), U4

(5) q(c) A p(c) MM R

(6) q(c) (5), R7

), U4

CEEETIQRERIC)] (4).(7), R4




Example 2

We just proved that in each universe U:

W(p(x)Aq(x) = (@ p(x)AIxq(x))

This implication cannot be reversed !!
Counterexample: U = Z,

p(x): X Is even and

q(x): x Is odd



Example 3

Prove the validity of the following argument by
using the “Laws of Logic”, the “Rules of
Inference” and the supplement w.r.t. quantifiers.

(Bxp(x)vIxq(x)) < 3x(p(x)vq(x))
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(3x p(x)v3xq(x)) < 3x(p(x)vq(x))
Solution (1)

Use L11 to split the exercise into two parts:

(Bxp(x)v3xq(x)) = 3x(p(x)vq(x))
and

3X(p(x)va(x)) = (3xp(x)v3xq(x))

In tabular form:
X p(x) v Axg(x)

~3x(p() v a(x) ek

Ix(p(x) v q(x))

s 3ax p(x) v axg(x)
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IX(p(X) v q(x))

s ax p(x) v axg(x)

Solution (2)

@  Ix(p(x) v aq(x)) LEERIES

(2) p(c)vg(c) forsomec eU JENR X

(3) (p(c)forsomec € U) — Ix p(x)

(4‘) (CI(C) for some ¢ € U) — dx CI(X) U4
(5) 3xp(x) vaxq(x) FEHORCNINI
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IX p(x) v AXg(x)

- 3x(p(x) v q(x))

Solution (3)

(D) 3Ix p(x) v Ixq(x) B lEE

(2) 3Axp(x) - (p(c) for some c € U)

(3) 3Axqg(x) » (gq(d) forsomed € U)

(4) (p(c) forsomec € U) V (q(d) for somed € U)
(2),(3),(1), R11
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IX p(x) v AXg(x)

- 3x(p(x) v q(x))

Solution (4)

(4) (p(c) forsomec € U) V (q(d) for somed € U)

(5) (p(c)forsomec € U) — (p(c) Vv qg(c) for some c € U)

(6) (q(d)forsomed € U) —» (q(d) Vp(d) forsomed € U) J=&!

(7) (p(c)Vvq(c)forsomec € U)V (q(d)V p(d) for somed € U)
(5).(6),(4), R11
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IX p(x) v AXg(x)

: = Ax(p(x) v q(x))
Solution (5)

(7) (p(c)Vq(c)forsomec e U)V (q(d)Vp(d) forsomed € U)

8) (p(c)Vvq(c)forsomec € U)V (p(d) V q(d) for some d € U)
(7), L3
(9) (p(c)Vvq(c)forsomec € U) — IAx (p(x) V q(x)) U4

(10) (p(d)Vvq(d)forsomed € U) — Ix (p(x) \Y; q(x)) U4

(11) 3x(p(x) v q(x)) vV Ix(p(x) v q(x)) [CIHELORE) RSN

EHIREPCIOMTTENI (11), L6




Example 4

Prove the validity of the following argument by
using the “Laws of Logic”, the “Rules of
Inference” and the supplement w.r.t. quantifiers.

vx((a(x) v r(x)) = —=p(x))

3x p(x)
c. = VX (X)
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x((@() v r(x)) = =p(x))

Ix p(x)
S VX T(X)

Solution

D) 3Ix p(x) BEEUEE

@A) forsomec (1), U2

) Vx((q(x) v r(x))— —p(x))BEEIEE
(a(c) v r(c)) — —p(c) () BEANECEN RN ¢)

(4)

(2), L1 (9). U4
(©) —(ae)vre) [ONOMEI (11) —vxr(x) [EYRNK
(6), L2

(7). L3

(8), R7 .




Example 5

Show that the following argument is invalid.
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Solution

E.g, take: U =N

and

p(X): X IS even

q(x): xeN

Then both premises are true,
but the conclusion is false!
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Example 6

Show that the following argument is invalid.

—3x(p(x) A—q(x))

3x(q() A1 (X))
= 3AX(p(X) A r(x))
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—3x(p(x) A =q(x))

Ix(q(x) A r(x))
= 3Ax(p(x) AT(X))

Solution

E.g, take: U =N
and

p(x): x=1

q(x): x 1s odd
r(x): x=3

Then both premises are true,
but the conclusion is false!

21



Hint for exercise 2.5.7b

Split the exercise
vX(p()AQ(X)) & (¥xp(x)Avxq(x))

INto

"X(p()AG(Y) = (Vxp(x) A ¥xq(x))
B (VX p(x) A YXQ(x) = ¥x(p(x) Ag(X))
Cf. Example 3, slide 10.



