Discrete Mathematics for Computer Science

Lecture 3



Additional example §2.3

Prove the validity of the following argument
using the “Laws of Logic” and the “Rules of
Inference”.
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§2.4: Predicate logic

(Predicate = Property)

An Open statement Is an assertion that contains
one or more free variabeles, which can be chosen
from a fixed universe U.

A statement without free variables is a closed
statement (cf. §2.1 - §2.3)

The truth value of an open statement depends on
the values of its variable(s).
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Examples

u=72={0,1,-1,2,-2,...}

. p(X): X IS even

. q(X): x+5=9

. r(x,y): x +yis divisible by 7

p(4) Is true; p(7) Is false;
q(4) is true; g(7) Is false
q(1/2) 1s not defined (U = 2)
r(5,9) is true; r(5,8) is false.



The quantifiers V and 3

VX p(X) means:
p(x) Is true for all xeU.

34X p(X) means:
there exists (at least) an xeU for which p(x)
IS true.

“Vv” Is the universal guantifier
“3” |Is the existential quantifier




Truth values quantifiers

VX p(X)

True if p(a) is true for each aeU

False if p(a) false at least one aeU

X p(X)

True if p(a) is true for at least one ae U
False if p(a) false for each aeU




Examples

u=2=40,1,-1,2,-2,...}

. p(X): X IS even

. q(X): x+5=9

. r(x,y): X +y is divisible by 7

VX p(x) Is false; Ix p(Xx) Is true;

VX g(x) Is false; Ix g(x) Is true;

VXVYy r(x,y) Is false; Ix3y r(x,y) Is true;
AxVYy r(x,y) Is false;

vx3ay r(x,y) Is true.

Note that the truth values depend on U !



Examples (continued)

u=72={0,1,-1,2, -2,...}
e r(X,y): x+vyisdivisible by 7

SO:

vx3ay r(x,y) Is true
And also:

vx3ay —r(x,y) Is true!



Examples (continued)

u=2={0,1,-1,2,-2,...}

. p(x): x>0

. q(Xx): X Is even

. r(x): x is divisible by 3

Write the following statement in symbolic form

and determine iIf 1t i1s true or false. If i1t i1s false,
provide a counterexample.

1. There is no even number that is divisible by 3.

—(3x(@(x) Ar(x)))

False, take x = 6. 10




Examples (continued)

u=2={0,1,-1,2,-2,...}

. p(x): x>0

. q(Xx): X Is even

. r(x): x is divisible by 3

Write the following statement in symbolic form

and determine iIf 1t i1s true or false. If i1t i1s false,
provide a counterexample.

2. Each positive even number is divisible by 3.

vx((p(x) Aq(x)) = r(x))

False, take x = 2. 11




Examples

A IS an mxn-matrix with entries
g eERA<1<m;1<)<n).

Write the following statement in symbolic form
1. Each column contains a positive entry.

2. There i1s no row In which the entries form a
strictly decreasing sequence.

—Jivjefl...,n-1}
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[Laws concerning quantifiers
(cf. formula sheet)

8 —(Vxp(x)) < 3Ix—p(x)
B (X p(x)) <= Vx—p(x)




Example

Prove that:

—3AXVY p(X,y) < Vxay—p(xy)



—AXVyY p(x,y) < Yx3ay—p(x,Yy)

Solution

—3IXVYy p(X, y)

o —.ElX(Vy p(X’ y))

& (=YY px,y)) B
& Vx@Ey-p(x, )

N1

<= any_'p()ﬁ y)



Example

Write the following statement about a
mxn-matrix A (m,n > 2) in symbolic form.
Then simplify the negation of the

statement and write It In natural language.
If the sum of two consecutive entries In a row

equals 10, then the second column has an
entry equal to 7.
SV v v € {1,..,n— 1)

(ayj + ayjsr = 10 > Fk(ay, = 7))




Solution (continued)
vivje{l,..,n—1}

(aij + a;j+1 = 10 > Fk(ay, = 7))
Negation:
-(Vivje{l,.., —1}
(a;; + a;jy1 = 10 - Fk(ag, = 7)))

& 3Jidje{l,..,n—1}
—(a;j + a;541 = 10 - Ik(ag, = 7))

< 3Jidjed{l,..,n—1}

N1 (2x)

L12
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—|(—|(aij + Clij_|_1 — 10) \% Elk(akz — 7))



Solution (continued)

Ji3j e {l,..,n—1}
—I(—I(Clij + aij+1 — 10) \ Elk(akz — 7))

< 3Jidjed{l,..,n—1}

L2 L1
((a;j + ajj+1 = 10) A =3k(ag, = 7))

< 3didje{l,..,n—1}
((aj; + ajj41 = 10) AVk=(ag, = 7)) N

< 3Jidje{l,..,n—1}
((Clij + Aij+1 = 10) /\Vk(akz 7 7))
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Solution (continued)

di3je{l,..,.n—1}

((Clij + Aij+1 = 10) N\ ‘v’k(akz 7 7))
There exists a row In which the sum of two

consecutive entries equals 10, but all entries
In the second row are unequal to 7.
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