Discrete Mathematics for Computer Science

Lecture 2



Previous colstruction: “Laws of Logic”

Cf. Exercise 2.2.6a
Use the “Laws of Logic” to prove that:

—~(pA(@vr)a(=pv—=qvr)) < —pv-r




~(pA(@vr)a(=pv—=qvr)) < —pv-r
Deduction

—~(pA(gvr)a(=pv—qvr))

—~((pA(gvr)a(=pv—-aqvr))

In case two or more consecutive A or v operators occur
without brackets, they are applied from left to right.

</ —(qvr)ap)a(=pv—gvr)ik

E ~(avr)a(pa(=pv—gvr))fE
~(avr)a(pa(=pv(-qvr)))E

< (avr)al(pa=p)v(pa(=gvr))E




—~(pA(gvr)a(=pv—qvr)) < —pv-r
Deduction (continued)

—((avr)A((par=p)v(pA(=gvr)))
= —(gvr)a(Rv(pa(=gvr))

v )
< —(gvr)a(pa(=gvr)) K,
< —avr)a(=gvr)ap))iE

= ((avr)aavr) o)



—~(pA(@vr)a(=pv—=qvr)) < —pv-r

Deduction (continued)
—(((avr)a(=avr)ap)

< —(rva)a(=gvr)ap)EE

< —(((rva)a(rv—a))» p)iE
< —(rv(ga—q))a p) &

& —(rvE)Ap) K L7

SRS - R -

SONEINTIN (pA(qvr)a(—pv—qvr)) < —pv—r




§2.3: Logical implications

The statements ¢ ,..., &, are said to logically
Imply statement g if

(051/\052 /\---/\an)—>,8

IS a tautology.

a, ,..., &, are the premises and
B 1s the conclusion



[Logical implication / valid argument

If (051 A /\---/\an)—>,8
IS a tautology, then this is denoted by:

(051/\052/\---/\05”):,8

and is called a logical implication.

Other formulations:
* (o, A... A ;) > Bis avalid argument
e Bis deducible from «, ,..., &,




[_ogical implication / valid argument

Note: The truth tables for “A” and “—” Imply that
If we want to verify whether

O Ny N AN ) B
( )

Is a valid argument ,

we only need to verify that, in case all premises
a, ..., &, are true, also the conclusion g is true!



Example

Use a truth table to prove that:

(p—>q)A—q)=—p




(p—>q)A—q)=—p

Solution

qp—>a|—q| (P>AA—G | =p | ((P2>9)A —q) > =P
ol 1 |1 1 1 1

1| 1 |0 0 1 1

0] 0 |1 0 0 1

0 0 0 1

Tautology



[_ogical implication / valid argument

A valid argument

The symbol «..”
IS pronounced as:
“therefore”

11




Rules of Inference

All “Rules of Inference” on the formula
sheet (R1,..., R12) are valid arguments (this
can easily be proved using truth tables).

Together with the “Laws of Logic” they can
be used to construct more complicated
deductions.
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Example

Use a truth table to prove that Inference
Rule R2:

IS a valid argument.
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Solution

We must show that:

IS a tautology.
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Example 1

Use the “Laws of Logic” and “Rules of Inference”
to show that the following argument is valid.
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Deduction

Step Arogument

Premise
(1), L13

C)REEEE]  Premise
DR  (2), (3), R2
(5) g—s Premise
(6) ..—r — s EGNGNY.
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Alternative deduction

Step Argument
@ —p— gEREEUEE
(2) ——pvoREYR Y.
3 pv (2), L1
4) p—rBEGEWE:S
5) q— sEREEUES

S  (4). (5), (3), R11

(6), L1
(7), L12

IAAA
O
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Example 2

Use the “Laws of Logic” and “Rules of Inference”
to show that the following argument is valid.
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Deduction

Step Arqu_ment B
1) p~aq Premise Step Argument

(1), R7 (6), (7), R1
©RNISACENY) Premise (8) L3

(2), (3), R1 Premise
O] ). L3 9), (10), R5
(5), RT

(7) r—(svi)EEEWE:

20



Rule of Contradiction

The following truth table shows that the

implications 068 (pA—q)— F,

are logically equivalent.

p|gd|P—=a|—q [pA—q| Fy | (PAG)—Fy
ool 2.1 0 |0 1
0/1] 2. 0| 0 | O 1
110l o/ 2] 12 |0 0
111 2/ [o| 0o | O 1
So: —> B




Rule of Contradiction
P—>(Q <:>(p/\_'CI)_) F

If we apply substitution rule 1 and replace In this
tautology each occurrence of the primitive
statement p with «, ,..., a;,, Wwe obtain that the
Implication

o NO, N AN )=
( )

IS logically equivalent to the implication

((0(1/\052 /\---/\an)/\—lq)—> F
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Rule of Contradiction
((al N2 /\---/\an)/\—lq)—> F
IS logically equivalent to:

o ANOy A A ) —>(
( )

In other words: If one can deduce a contradiction
(F,) from the premises «, ,..., &, , together with the
extra premise —q,

then g iIs deducible from the premises «; ..., «, .
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Example

The following arguments are equivalent:

In the 2nd derivation: _
and are the premises, and

IS the extra premise.
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Deduction Theorem
The following truth table shows that the

implications and

are logically equivalent.

Pla]| T |pPag | (pAg)—or g—o>r | p—>(g—r)
0(0|0] O 1 1 1
0(0|1] O 1 1 1
0({1]0] O 1 0 1
oj1|1| o 1 1 1
1/0(0] O 1 1 1
110[1] O 1 1 1
111]0] 1 0 0 0
10101} .1 1 1 1
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Deduction Theorem

S (prg)ore p—o(gor)

If we apply substitution rule 1 and replace In this
tautology each occurrence of the primitive
statement p with « ,..., a;,, Wwe obtain that the
Implication

(g, ne, A A )AG)—> T

IS logically equivalent to the implication

(o na, A na)—(q—T)
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Alternative deduction

(g ha, Ae-na, )AQ)—T
IS logically equivalent to:

(051/\052/\---/\05n)—>(q—>r)

So: If one can deduce r from the premises
a, ..., &, together with the extra premise q ,
then g — r 1s deducible from the premises

O geeey &y .
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Example

The following arguments are equivalent:

In the 2nd derivation:

are the premises, and

IS the extra premise.

28



Valid and invalid argument (1)

In order to prove that an argument is valid, we
must consider all possible cases in which the

premisses are true.

This can be done by:

a. Atruth table or

b. Adeduction using the “Laws of Logic” and
“Rules of Inference”

VA



\alid and invalid argument (2)

To prove that an argument is invalid,

It suffices to give just one counterexample:
truth values for the primitive statements that
make all premises true and the conclusion
false.
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Example

Show that the following argument is
Invalid:
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Solution

Take: p=1;9g=1;r=1ens=0.
Then all 4 premises are true (verify!),
but the conclusion is false.
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Application: Gating Networks
(Chapter 15)
Note: 12

Wl p o g (p—ag)a(g— p) Rk

< (=pva)a(-aqv p) IEFAEY

So each proposition with connectives —, A, V,
— and <, Is equivalent to a proposition that

only contains the connectives —, A and v .
In fact, each proposition can be described

only using the connectives —, A and v .
Therefore the set {—, A, v} Is called

functionally complete.
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|_ogic Gates;
Gating Networks (Combinatorial Circuits)

Inverter OR gate

FIGURE 1 Basic logic gates.

FIGURE 2 A combinatorial circuit.




Simplification Gating Networks
It can be shown that [P M VPN =Y N

(e.g. by Laws of Logic or a truth table)

(pAgar)v(pa—gar)

So:

FIGURE 1 Two Circuits with the Same Output. 35



|_ogic and Boolean Algebra
Boolean Algebra (binary computation)
One unary and two binary operations:

Complementation  Addition  Multiplication

0=1

1=0

Note how the Laws of Computation in Boolean
Algebra correspond to the Laws of Logic
(

and@d EE81 and clyle PAG D)
36

see next slide:



o} x4+ y=X¥

Xy=X+4Yy
X+¥y=y+x
Iy=yx
r4+y+)=x+y)+z
x{yz) = (xy)z
x+yr=(x+yix+1z)
xiy+z)=xy+xz
X+xm=x

IX=2x

x+0=1x

X:]l=x

T4x=1]

X =1

. x4+1=1

x+Q=0

r4+xy=x
xx+yl=x

1) ~——ps=>p

2) =(pvgler—phyg
—(pAg)e=—pV g

I pvgesgvp
pAgeEFgAp

4 pvigvr)eipvg)vr'
palgaryes(parglar

Sy pvigaryepvg)ripvr)
pAalgvris(pag)v(par)

6) pvpesp
pApESD
N pvkh4p
pAalps=p

8) pv-pe=T
pA=ps Ry

9 pvheTh
P-“-Fu'{"—"!" Fu-

10) pviprg)e=p
pAlpvglesp




|_ogic Gates in Boolean Algebra

Inverier

FIGURE 1 Basic logic gates.

(a) Inwerter (b1 OR gate (c) AND gate

FIGURE 1 Basic Types of Gates.




Gating Networks : Majority Voting

FIGURE 5 A Circuit for Majority Voting.




Gating Networks : Calculators
Addition of binary numbers:

(a) The full-adder
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Minimization of Gating Networks
Karnaugh Maps

FIGURE 1T Two Circuils with the Same Output.
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