Discrete Mathematics for Computer Science

L_ecturer: Rico van Lingen

Lecture 1



Organisation (1)

» Size: 3 EC (* 84 hrs)
» + 13 Colstructions (COL)

» Book: “Discrete and Combinatorial
Mathematics and its Applications”
(Ralph P. Grimaldi; 5th edition,

ISBN: 0-321-21103-0 or 0-201-72634-3)
This book will also be used in Module 7!



Organisation (2)

» Extension of Introduction to Mathematics
(formerly known as Mathematics A)
The reader of Intro to Math can be used as
reference!

o EXxercises in the course schedule that are not
made In the lectures are considered as
homework.



Organisation (3): Exam

2 partial tests that will be taken at the same time

1 resit in which you can do either one partial test or
both

All tests are in English.
Electronic devices are not allowed.
Formula-sheets will be handed out at the exam.



Program

Part 1:

Chapter 2. Logic

Chapter 3: Sets

Part 2:

Chapter 4. Mathematical Induction
Chapter 5: Relations and Functions
Chapter 7. Relations (continued)

Chapters 2, 3 and 4 are extensions of Intro to Math s



What i1s LLogic

Studies correctness of reasoning.

Example:

Socrates I1s a man

All men are mortal
Therefore: Socrates i1s Mortal




§2.1: Basic connectives and truth tables

A proposition is a statement that is unambiguously
true or false (not both)

Examples:

. Tirana is the capital of Albania (proposition, true)
. 2 + 2 =5 (proposition, false)

. X —1> 0 (not a proposition)

. Do your best! (not a proposition)

Propositions are denoted with lower-case letters (p, q, I, etc)
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[_ogical symbols

Connectives:

e —p (megation) “not p”

* pPAQ (conjunction) “p and ¢”

* pv( (disjunction) “p or g (or both)”

* pvq (exclusive disjunction) “either p or g*
 p—( (implication) “If p then g”

* pe>((equivalence) “p if and only If g”

e Brackets:(,).,[,],etc




Truth tables for connectives

0 = false
1 =true




Truth tables for connectives
not or B4 if ...then

and Meither...or If and only If
P 1Ad1pAaq [PV [PMY]Q |p>qg| peq
0 |0 0 0 0 1 1

0 1] O 1 1 1 0

1 |0 0 1 1 0 0
1|1 1 1 0 1 1
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Semantics

Using truth tables one can verify the
truthness of compount statements

—~(pArq)—(pv—a)
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—~(p~rg)—(pv—q)

Solution
P [q|PAG|—=(PAT) =T | pv—q | =(pPAT) = (Pv—Q)
00| 0 1 (1] 1 1
01| 0 | 1 0| O 0
10| O 1 1 1 1
1(1] 1 0 (0| 1 1
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Example 2:

Truth table for B e (=S P=Y:)

PA{Qr =G F=P = (r=>p) | =(r=>p) <>q | Qv (=(r—>p) <>0)
ojofof1 |1 0 1 1
ootz o 1 0 1
01 ofo |1 0 0 0
0(1]1]0 |0 1 1 1
1001 |1 0 1 1
1jot|1 |1 0 1 1
111]ofo |1 0 0 0
12 1[0 | 1 0 0 0
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Definitions

A Tautology Is a statement for with the truth
table consists merely of ones.

A Contradiction Is a statement for with the
truth table consists merely of zeros.

14



Tautology

(pAg)—>p
P | d|pAg (PAQ) = P
0/0] O 1
0|1] O 1
10| O 1
11| 1 1
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Contradiction

(Pva)A(p <> )
plalpva| pe>q | (pva) A (p<>0)
ojof 0| 1 0
0|1 1| o 0
1|0 1| O 0
111l 0 | 1 0
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§2.2: LLogical equivalence

Notation of statements on slides:

To distinguish primitive

statements from compound statements,

we use the letters p, g, r, etc, for primitive and
Greek letters (e, S, etc) for compound statements.
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[_ogical equivalence

Two statements a and g are logically
eqguivalent (notation: a < f) If their truth
tables are identical.

In other words: Two statements o and S are
logically equivalent if the statement a < fIs
a tautology.
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Example

P|a]|P—=0 | —=(p—=0) | =0 | PA—Q
00| 1 0 1 0
01| 1 0 0 0
1/0] O 1 1 1
1(1] 1 0 0 0
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Other examples

Check using truth tables:

P—>q < —pPVv{
p—>q < —0—>—p

—|(p/\q) e —lp\/—lq

p>q < (p—>a)ald— p)
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Tautologies and Contradictions

Note that all tautologies are logically
equivalent. A tautology Is denoted by T,

Also all contradictions are logically
equivalent. A contradiction iIs denoted by F,



Formula sheets “Laws of Logic”

Contains a list of logically equivalent statements:
L1 up to L13.

They form an extension of those on page 58-59 In
the book.

You may use these laws at the exam (without first
proving them using truth tables), just refer to them
with L1, L2, ... etc.
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Dual statement

Consider a statement « that merely contains the
connectives —, A and v.

The dual statement @@ of a is the statement that
arises from a by replacing each:

. v by A
. INLAY
* Ty by F

° Fo by T,

A



Dual statement

Example:

If a:

then a®:
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Principle of Duality

Given two statements « and £ that merely
contain the connectives —, A and v.

Then we have:

Examples:
See the pairs L2 up to L10 of the “Laws of Logic”
of the formula sheet.
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Substitution rule 1

If we replace in a tautology « each occurrence of a
primitive propositionletter p by the same
statement B, then the resulting statement « is also

a tautology.
Example:
(pA(p—a))— qlEE tautology (check yourself ),
SOEIEOR (g — —s)A((g— —s)—>q))—>q
IS a tautology.

(replace each p by g > —s).
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Substitution rule 1

If we replace in a tautology « each occurrence of a

primitive propositionletter p by the same
statement B, then the resulting statement o is also

a tautology.

Remarks:
1. This rule only applies to tautologies!

E.g, is not equivalent to [(RNEIND
2. Each occurence of p must be replaced!

E.g,w IS not equivalent to —
3. p must be primitive! pra)p 27

E.g, is not equivalent to




Substitution rule 2

Let «, f and ¥ be compound statements and
suppose y< S

If we replace one or more occurrences of Sina by ¥,
then the resulting statement ¢ satisfies: a< o .

el (p—>qAr—(p—q)

By L12, we have: (p —> q)<:> (—.p \ q)
(

S (P> D Ar—>(p—>a) < (P> aA(r— (—pva)))




Example “Laws of Logic”

Use the “Laws of Logic” to prove that:

«(p—=(=qvr)) < paAga-r

Apply not more than one 1 law per step!
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Solution (introduction)

1. Apply substitution rule 1 to the tautology L12

with B and
LN EGE p — (gvr)< —pv(-gvr)
2. Now apply substitution rule 2 to (A A0
and replace
by the equivalent statement (cf. Step 1)
IUEVEH (p - (—qvr)) < —(—pv(=gvr))
We will abbreviate these arguments by:

~(p—=(=gvr)) | (=pv(=gvr)) K




Solution

S —~(p —>(—qvr))
Indicate In each step

the Law that is applied | P —~(—pv (ﬁq Vv r)) L12

G orua e, L2

equivalence symbolsI

No brackets means (by
definition) that the L1
connectives are applied | PES (p A q)/\ _rBY

from left to right!
:




Example “Laws of Logic”

Simplify the following statement using the
“Laws of Logic”.

—~(((pva)ar)—>—q)
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Solution

Indicate In each step
the Law that is applied

(cf. formula sheet).

Don’t forget the
equivalence symbols!

{((pvg)ar)——q)
= —(~((pva)ar)v—aq) K

< ((pva)ar)aq ENES
< (pva)a(rAg) WA

< (pva)a(gar) il
<

(pva)rg)ar g
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Solution (continued)
c>«pvqﬁuﬂAr

(v a)r
= (o ) JE

q/\r L10

Conclusion:
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Application:
Simplifying switching networks

A switching network consists of terminals (T),
wires and switches (p, g, 1,...).

Example:
e—p—o
T T,

If p = 0, the switch Is open and no current flows
through It.

If p = 1, the switch is closed and current flows
through It. 35



Simplifying switching networks

Examples:

e—p—e  Oneswitch [}

T T,

e p— g—e [Iwoindependent
1 : T, serial switches

P Two Independent

T. T. parallel switches

1 2
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Simplifying switching networks

Corresponds to: (pvagvr)a(pvtv—=g)a(pv—tvr)

One can show (e.g. using Laws of Logic)
that this statement Is equivalent to:

WPN(EZ)) (cf. book example 2.183)



Simplifying switching networks
Example (continued):

o q t it Q
Tl _  r—1 g r T2

So the network above can be simplified to:

P
— t — —®
T —r— T

__Iq —
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