
Solutions Exersises Chapter 8 

 

1. a. 𝑋 is exponentially distributed with parameter 𝜆 =
1

60
 , so (see properties in section 8.1): 

  𝐸(𝑋) =
1

𝜆
= 60 and because the distribution is memoryless:   𝑃(𝑋 ≥ 30) = 𝑃(𝑋 ≥ 90|𝑋 ≥ 60) = 𝑒−

1

2. 

b. 𝑃(𝑁 = 𝑛) = 𝑃[30(𝑛 −  1) < 𝑋 ≤ 30𝑛] = 𝑃(𝑋 > 30(𝑛 − 1)) − 𝑃(𝑋 > 30𝑛) 

                 = 𝑒−𝜆∙30(𝑛−1) − 𝑒−𝜆∙30𝑛 = 𝑒−30𝜆∙(𝑛−1)(1 − 𝑒−30𝜆) = [𝑒−30𝜆]
𝑛−1
 (1 − 𝑒−30𝜆), 𝑛 = 1,2, …   

𝑁 is apparantly geometrically distributed with parameter 𝑝 = 1 − 𝑒−30𝜆 = 1 − 𝑒−0.5 ≈ 0.393 

c. The costs of one call is 15𝑁, so 𝐸(15𝑁) = 15𝐸(𝑁) = 15 ∙
1

𝑝
≈ 38.12 𝑐𝑒𝑛𝑡 (> 30 𝑐𝑒𝑛𝑡)                             

d. 𝑣𝑎𝑟(15𝑁) = 152 ∙ 𝑣𝑎𝑟(𝑁) = 225 ∙
1−𝑝

𝑝2
≈881.48 𝑐𝑒𝑛𝑡2 

2. a. The event {𝑌 > 𝑡} occurs if in the interval of time no arrivals take place, so {𝑋 = 0}. 
     Then:  𝑃(𝑌 > 𝑡) = 𝑃(𝑋 = 0).                        

b.  𝑃(𝑋 = 0) =
(𝑎𝑡)0𝑒−𝑎𝑡

0!
= 𝑒−𝑎𝑡, since 𝑋 is Poisson distributed with 𝜇 = 𝑎𝑡 

c. 𝑃(𝑌 > 𝑡) = 𝑒−𝑎𝑡 is the “survival probability” for an exponential distribution with 𝜆 = 𝑎. 

    (𝑃(𝑌 > 𝑡) = 𝑒−𝑎𝑡 can be used to compute 𝐹𝑌(𝑡) = 1 − 𝑃(𝑌 > 𝑡) = 1 − 𝑒
−𝑎𝑡, so 𝑓𝑌(𝑡) =

𝑑

𝑑𝑦
𝐹𝑌(𝑡) = 𝑎𝑒

−𝑎𝑡   

     (𝑡 > 0), the exponential density function with parameter 𝑎.) 
 

3. a.  From 𝑌 = ln (
1

𝑋
) it follows that for 𝑦 > 0: 

                                 𝐹𝑌(𝑦) = 𝑃 (𝑙𝑛 (
1

𝑋
) ≤ 𝑦) = 𝑃 (

1

𝑋
≤ 𝑒𝑦) = 𝑃 (𝑋 ≥

1

𝑒𝑦
) = 1 − 𝐹𝑋(𝑒

−𝑦) 

      So 𝑓𝑌(𝑦) =
𝑑

𝑑𝑦
𝐹𝑌(𝑦) = −𝑓𝑋(𝑒

−𝑦) ∙ −𝑒−𝑦 = +𝑒−𝑦𝑓𝑋(𝑒
−𝑦). 

      Since 𝑓𝑋(𝑥) = 1  for 0 ≤ 𝑥 ≤ 1, we have: 𝑓𝑌(𝑦) = 𝑒
−𝑦 ∙ 1 if 0 ≤ 𝑒−𝑦 ≤ 1, so if 𝑦 ≥ 0. 

      Conclusion: 𝑌 = ln (
1

𝑋
) is exponentially distributed with parameter λ = 1. 

b. 𝐸(𝑌) =
1

𝜆
= 1  and  𝐸(𝑋) =

1

2
, so 1 = 𝐸(𝑌) ≠ ln (

1

𝐸𝑋
) = ln (2) 

 

4. a. Given is that every 𝑋𝑖 ~ 𝐸𝑥𝑝(𝜆), where 𝐸(𝑋𝑖) = 12 =
1

𝜆
, so 𝜆 =

1

12
. 

     𝑣𝑎𝑟(𝑋𝑖) =
1

𝜆2
= 144 and 𝐸(∑ 𝑋𝑖

6
𝑖=1 ) = 6 ∙ 𝐸(𝑋𝑖) = 6 ∙ 12 = 72. 

b. Because of the lack of memory property: 𝑃(𝑋1 > 15|𝑋1 > 3) = 𝑃(𝑋1 > 12) = 𝑒
− 
1

12
∙12 = 𝑒−1. 

c. The expected waiting time is 12 sec., so the expected number of arrivals is 
60

12
= 5, or: 

     𝑁~𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆𝑡),  where 𝜆𝑡 =
1

12
∙ 60 = 5, so 𝑃(𝑁 ≥ 6) = 1 − 𝑃(𝑋 ≤ 5) = 38.4%. 

d.  ∑ 𝑋𝑖
6
𝑖=1  has an Erlang-distribution with 𝑛 = 6 and 𝜆 =

1

12
. 

     The event {∑ 𝑋𝑖
6
𝑖=1 ≤ 60} implies that 6 or more arrivals take place in [0, 60], so: 

𝑃 (∑𝑋𝑖

6

𝑖=1

≤ 60) = 𝑃(𝑁 ≥ 6) = 38.4% 

 

5.  

a. According to the presented theory the sum of independent, 𝐸𝑥𝑝 (
1

4
)-distributed is Erlang distributed: 

        𝑆𝑛 has an Erlang distribution with parameters 𝑛 and λ = ¼ . 

             𝐸(𝑆𝑛) =
𝑛

𝜆
= 4𝑛 and 𝑣𝑎𝑟(𝑆𝑛) =

𝑛

𝜆2
= 16𝑛. 

b. see example 7.2.2 (applying the convolution-integral:) 

    𝑓𝑋1+𝑋2(𝑧) = ∫ 𝑓𝑋1(𝑥)𝑓𝑋2(𝑧 − 𝑥)𝑑𝑥
∞

−∞
      , where 𝑓𝑋1(𝑥) = 0, if 𝑥 < 0 and 𝑓𝑋2(𝑧 − 𝑥) = 0, if 𝑥 > 𝑧                                                           

                  = ∫ 𝜆𝑒−𝜆𝑥𝜆𝑒−𝜆(𝑧−𝑥)𝑑𝑥
𝑧

0
     (met λ =

1

4
) 

                  = ∫ 𝜆2𝑒−𝜆𝑧𝑑𝑥
𝑧

0
                  Notice that 𝜆2𝑒−𝜆𝑧 is a constant in the integration w.r.t. 𝑥. 



                  = 𝜆2𝑒−𝜆𝑧 ∙ 𝑥|𝑥=0
𝑥=𝑧 

                     = 𝜆2𝑧𝑒−𝜆𝑧 ,  for 𝑧 ≥ 0 

          And 𝑓𝑋1+𝑋2(𝑧) = 0, if  𝑧 < 0. 

c. 𝑃( 𝑋2 > 5) = 𝑃 (
𝑠2

2
> 5) = 𝑃(𝑆2 > 10) = ∫ λ2ze−λzdz

∞

10
= ⋯𝑝𝑎𝑟𝑡𝑖𝑎𝑙 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 . . =

7

2
𝑒−

3

2            

d. For large 𝑛 we can apply the CLT: 𝑋𝑛 is approximately 𝑁 (𝜇,
𝜎2

𝑛
), where in this case 𝑛 = 100,  

     𝜇 =
1

𝜆
= 4 and 𝜎2 =

1

𝜆2
= 16, so:   

𝑃( 𝑋100 > 5) ≈
CLT

𝑃

(

 𝑍 >
5 − 4

√ 16
100)

 = 𝑃(𝑍 > 2.5) = 1 − Φ(2.5) = 0.62% 

 


