Solutions Exersises Chapter 8

1. a. X is exponentially distributed with parameter 1 = % , SO (see properties in section 8.1):

EX) = % = 60 and because the distribution is memoryless: P(X = 30) = P(X = 90|X = 60) = e_%.
b. P(N=n) =P[30(n — 1) <X <30n] =P(X >30(n—1)) — P(X > 30n)
= g~430(n-1) _ ,-230n — e—30/1-(n—1)(1 _ e—30/1) — [8—30,1]"_1 (1 _ 6—30,1)’.” =12, ..
N is apparantly geometrically distributed with parameter p = 1 — e 394 = 1 — ¢7%5 ~ 0.393

c. The costs of one call is 15N, so E(15N) = 15E(N) = 15 -% ~ 38.12 cent (> 30 cent)
d. var(15N) = 152 - var(N) = 225 -1;—210 ~881.48 cent?
2. a. Theevent {Y > t} occurs if in the interval of time no arrivals take place, so {X = 0}.
Then: P(Y >t) = P(X = 0).
b. P(X = 0) = (“”;""_at
C.P(Y>1t) = e_at-is the “survival probability” for an exponential distribution with A = a.
(P(Y > t) = e % can be used to compute Fy,(t) =1 —P(Y >t) =1—e"%,50 f,(t) = ;—yFy(t) =qe %
(t > 0), the exponential density function with parameter a.)

= e~ since X is Poisson distributed with 4 = at

3. a. FromY =1n (%) it follows that for y > 0:
F»)=P(n(3)<y)=P(;<e’)=P(X25)=1-Fy(e™)
S0 fy () = - Fr(¥) = ~fx(e ™) —e™ = +e ™V fy(e ™).
Since fy(x) =1 for0 <x <1,wehave: fy(y) =e™¥-1if0<e™¥ <1,s0ify >0.
Conclusion: Y = In (%) is exponentially distributed with parameter A = 1.
b. E(Y)=7=1and E(X)=2,501=E(Y) #In (%) = In(2)

4. a. Given isthat every X; ~ Exp(A), where E(X;) = 12 = % SOA= %
1

var(X;) = - = 144 and EQS ., X)=6-E(X)=6-12=72.

b. Because of the lack of memory property: P(X; > 15|X; > 3) = P(X; > 12) = e’ﬁ'lz =e L

c. The expected waiting time is 12 sec., so the expected number of arrivals is % =5, or
N~Poisson(At), where At = % 60 =5,50 P(N=6)=1—P(X <5) = 38.4%.

d. Y%, X; has an Erlang-distribution withn = 6 and 1 = %
The event {35_, X; < 60} implies that 6 or more arrivals take place in [0, 60], so:

6
P (Z X; < 60) = P(N > 6) = 38.4%
i=1

5.
a. According to the presented theory the sum of independent, Exp G)-distributed is Erlang distributed:
Sy has an Erlang distribution with parameters n and A = %4 .
E(S,) = % = 4n and var(S,) = :—2 = 16n.
b. see example 7.2.2 (applying the convolution-integral:)
fx,+x,(2) = fjooofxl(x)fxz(z —x)dx ,where fy (x) =0,ifx <0and fy,(z—x) =0,ifx >z

z — —AUz- _1
= [, e e A dx (metl—z)

= [/ 12e~*dx Notice that A2e~* is a constant in the integration w.r.t. x.



R =
= A2%ze " forz >0
And fX1+X2(Z) = 0, |f z < 0.
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C. P(Yz > 5) =P (%2 > 5) =P(5, > 10) = flogkzze_)‘zdz = ... partial integration ..= %e_z
—_ 2
d. For large n we can apply the CLT: X,, is approximately N (u, %) where in this case n = 100,

_1_ 2 _ 1 _ )
p=s=4ando® == 16,s0:

_ [ 54
P(X00>5) ~ P|z> = | =P@>25) =1-0(25) = 062%
\ 100



