Solutions of exercises chapter 6 The density function f

L aPX>1)=["fdc=[ (1-1x)dx /@ o5

X=2

47 ly=q 4 4
(or determine the shaded area of the triangle: .
l.l.lzl)
2 2 4
_ (2. (1-1 _l,2_ 1377 _2
b.E(X) = [ x (1 2x)dx—zx —X | =

2

2
var(X)zE(Xz)—(EX)Zzg_(_) :g
C.F(x)=P(X<x), s0oF(x)=0, ifx<0 and F(x) =1, ifx> 2.
if0<x<2thenF(x)—fx(l—lu)du—u—luzlu_x—x—lx2
= =" —Jo 2 o 4 ly=o 4
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SOP(X>1)=1—F(1)=1—%=4

2. a f(x)=2e* ifx>0 and f(x) =0, ifx <0.
[ fedx = [[7Ae™* dx = —e~*|3 = —0 — (—1) = 1 (graph: see below).

b. Use partial integration (see the appendix Mathematical Techniques):
E(X) = fooox-)le‘lx dx = x-—e ™|® + f0°°e—/1x dx = —%e‘lxlﬁf =+
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0 1
P(X > EX) = f1//1’1€_/1x dx = —e | = e "7 =e"1%368% (< %)
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The exponential density function fix)
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c. PX>M)= f;f/le-lx dx = —e |5 = ™M = % SOM =—=
d. The mode = 0 (see graph)

U(0,4)-distribution and its distribution finction F
0.25

3. a.-f(x)=%,for0<x<4:

ffooof(x)dx=4-i= 1
- E(X) = 2 = median /&) Frx)
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| |

| :

(because of symmetry of f. : :

SoP(X > EX) = P(X < M) = x 4
- The mode can be each value of the

interval (0,4).



0 if x<0
b. Fy(x) = % ifo<x<4
1 if x =>4

=5 * = ("L dx=c-—2x"2 — -
4 af)=Zifx>1s0 [ f()dx=[ —dx=c-—-x ) =0+c->=1
Soc=2.
P(X>2) =[S de=—x[ZP =0 (-27") =

The density function f, the Median M and P(X > 2)
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b.EX) = [ f(x)dxzfmx-i dx = —2x"1F"® =0 +4+2=2
The median M: P(X = M) = [ = dx = —x 2320 =0+ - =~ soM =2
0 ifx<1
c. F = *2 —2 u= 1
(x) flﬁduz—u 2|11f=’1c=1—ﬁ Jifx > 1
2

Check: (x > 1): f(x) = ;—xF(x) = — (— x—g) = xz—g (correct).

5. a 1.Fy(y)=P(5—2XSy)=P(—2XSy—5)=P(X2§)=1_FX(_%)
_d _ 1 y—5
2. fy(y) —EFy()’) = h (_—2)

3.4 (5)=1if 0<Z<1L,50if 3<y<5-f,()=51for3<y<5

SoY ~U(3,5)
b. ChooseY=a+(b—a) X
C. Y =2X, if X ~Exp(1=3):
LR () =P2X<y)=P(X<1y)=F(3y)
1
2 (57)

20 = RO =F (5¥) =3

3. Since fy(x) = 3e73* for x > 0, we have for Ey >0,ory = 0:
1 1 1 —3.1 3 _3 3
fy(}’)=§'fx(§y)=5'3e 32y=ze 2y.SOY~exp(E)
Z=X? ifX~Exp(1=3):

1. Fz(2) = P(X* < 2) = P(—Vz < X <+z) = Fx(Vz) — Fx(—z),ifz> 0
2. f,(2) = 5 [Fe(V2) = Fx(—V2)] = 57+ x(V2) + 52 fx (—V2). (2 > 0)



3. Since fy(x) = 3e~3* for x > 0, we have fy(vz) = 3e~3Z and fy(—Vz) = 0, so

fz(z)—— 3e-3f+ZW 0=$-36‘3‘E forz > 0.

(Thisis not a regular distribution, but one can verify that it defines a density function:
fz(z) = 0 and

0 o 1 _ . . 1
J . fz(2)dz = [ 7 3e 3Vz 47 (use a substitution: x = vz, 50 dx = ;797)

= foo 3e3* dx
= —e X2 =0+1=1)

1 1
6. alF()= (_ = y) = P(X 2 ;) The density function of Y: EY does not exist
=1-F(5) . y>0 -
(And Fy(y) = P (3 < y) = 0if y < 0)
d 1 1
20 = B0 = -5~ (3)
1 o1 .
3.fX(;)=1,|f;>0,30|fy>1 4l
1 1 .
So fy(y)zﬁ-lzﬁ if y>1

b. P(Y>2) = [ fy)dy = [, dy =
—ylg ==
P> =p(y>2)=P(x< ) ;
CEWM) = [ yfrMdy ="y =1
Likewise E(Y) = (%) = f_m;fx(x)dx = fo ;dy = In(x) |} does not exist.

n(y) |° = oo, 50 E(Y) does not exist.

7. a. ify > 0wehave: Fy(y) =P (,/|X| < y) =P(X| <y?) =P(—y2 <X <y?
= Fx(y*) — Fx(=y?%)
Since Fy(x) =1—e*,ifx=0and Fx(x) =0,ifx <0,
FF)=(1-e?)-0=1—e" fory>0.
d _
b. f(y) = EFy(y) =2ye™* fory >0
E(Y) = [ yf(dy = ["y-2ye™> dy =... partial integration L=l e ™ dy,
1
Here we can apply the standard normal distribution, so f \/_ e dx = 1,
Use the substitution x = V2 - y, to find [*_e™"dy = v, s0 E(Y) = %\/E

The N(1,4)-distribution
8. a P(X>2)=P (% > %) 0.2
=P (z > %) =1 — ®(0.5) = 0.3085.

P(IX| > 2) = P(X > 2) + P(X < —2)

=P(z>3)+P(z<=7)
=1—®(0.5) + ®(—1.5)

-2



=0.3085 + (1 -0.9332) = 0.3753
PUX =1 <2)=P(-2 <X —1< +2)
—p(—i<itol)
2 2 2
=d(1) —P(-1)=2P(1)—1=2-0.8417 — 1 = 68.34%.
X-1 c—-1 c-1 c-1
b. P(X <) =P (== <=2) = & (53) = 90%, s0 = = 1.28.
c =1+ 2-1.28 = 3.56 is the 90" percentile of X.
X-1 c—1 c—1 c—1
. PX<o)=P( <) =0 (52) =10%, 50" = -128.
c=1-2-1.28 = —1.56 is the 10" percentile of X.

9. Forinstance: P(—20 <X —pu <2-0) =P (—2 <Xtc 2) = ®(2) — D(=2)
=20(2)—1=2-0.9772 -1 =0.9544 =~ 95.4%
And:P(—o <X —u<o)=o(1)—d(-1)=20(1)—-1=2-0.8413 -1 = 68.3%
P(-30 <X —u<30)=®3)—®(-3)=2d3)—1=2-0.9987 — 1 = 99.68%
The N(50,25)-distribution of weights of eggs

10. The interval bounds a, b, ¢ and d are such that
b and c are symmetric about 50, as are a and d.

P(X <c) =0.60,s0 P (Z < 6"550) =
® (<2) = 0.60
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In the N (0,1)-table we find that ®(z) = 0.60, 0202 0.2
if z~ 0.25, !
s0°22 ~ 0.25 orc ~ 50 + 5-0.25 = 51.25 30

5
gramand b ~ 50 — 1.25 = 48.75 gram.
(since the probability 0.60 is not found exact exactly in the N(0,1)-table, we could
approximate the z-value more precise by linear interpolation: z = 0.254 and ¢ = 51.27
gram.)
Similarly:
d-50

P(X <d)=®(=2) = 0.80,50d ~ 50 +5-0.84 = 54.20 and a ~ 45.80 gram.

11. a. Since E(X) = u, we have:
EX—u3=EX3—3-X?-u+3-X-u?>—ud
=E(X3) —3uE(X?) +3u’E(X) — u® = E(X3) — 3uE(X?) + 2u3
1 1 1 1 1 1 1
b.E(X) ==, E(X?) = [,/ x* dx = §x3|$ = and EX®) = [, x*-dx = Zx4|% =3

. 1 11 1\3
And applying a.: E(X — p)3 =.—3>;+2 (E) =0
(of directly: E(X — u)® = [ (x - ;)3 dx =1 (x —1)4 i =1(=- i) = 0).

4 2 4 \16 16
c.E(X) = % = 1 and since var(X) = E(X?) — (EX)? = 1,wehave E(X?) =1+ 1 = 2.
E(X3) = fooox3 e X¥dx = x3-—e7*|} + 3f0°°x2 e *dx = 3E(X?) = 6.
EX-w3=6-3-1-2+2-1=2
d. Correct: the uniform distribution is symmetric: E(X — u)3 = 0.
and the exponential distribution is skewed to the right: E(X — u)3 = +2.



