Solutions of exercises Chapter 5

Table for exercise 1: (1 =“Tail” and 0 = “Head”: 4% = 16 possible results in 4 tosses)

result | X |Y |result | X | Y |result| X |Y |result| X |Y
0000 {0 | 0] 1000 |1|0| 0110 |2 |1 1101 |3 |1
0001 (1 (1]0011 |2|2| 1010 |2 |1) 1011 |3 |2
0010 {1 ]1) 0101 |2|1] 1100 |[2|0f 0111 |3 |2
0100 | 1|0} 1001 (2|1} 1110 |3 |1 | 1111 |4 |2
y| O 1 2 | PX=x)
Table of joint probabilities x
P(X=xandY =y) 0 1/16| O 0 1/16
1 2/16 | 2/16 | 0 4/16
Note: X is B (4, %) —distributed and 2 1716 | 4716 | 1/16 6/16
) 1 o 3 0 |2/16 | 2/16 4/16
YisB (2,5) — distributed 4 0 0 |1/16 1/16
PY=y)| % | % Ya 1

1. a see the table above

P(X=1eny=1) _ 2/16 _ 1
b P =1y =1) = P(Yenl) - 1//2 s

Likewise: P(X = 2|Y =1) =~ and P(X = 3|Y = 1) =

SOEX|Y=1) =Y, x-PX=x|Y=1)=1 'Z + 2 -5 +3- Z = 2. (or directly because of symmetry)
P(X=3enY=1) 2/16 1

CP(Y=1lx=3) =" e ==
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2. bP(X—L)—P(X—LandY—0)+P(X—landY—1)
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(g = 1, since this is the sum of geometric probabilities)

Nt 1-j
(or using the formula: P(Y =j) = )2 (5) . (E) == (E) (3) forj =0,1)

ove, px=imav == (9 (" ()7 @) ) < o= p-mr -

for aII i, j combinations. You can also check the equality for j = 0 and j = 1 separately.

a. Distribution of X: add the probabilities in each row: i 0O [ 1 | 2 |Sum

P(X=1i)]02[05[03] 1

Distribution of Y: add the probabilities in each column:

j 0 1 2 3 |sum

P(Y =) | 0.10 | 0.30 | 0.45 | 0.15 | 1




b. E(X) =1.1,E(X?) = 1.7 and var(X) = 0.49, E(Y) = 1.65,E(Y?) = 3.45 and var(Y) = 0.7275
c. Forz=8vywehave E(Z) =8-E(Y)=8-1.65=13.20 and

var(8Y) = 8%var(Y) = 64 -0.7275 = 46.56.
d. Thevalues of T = X + Y are integers 0 to 5. (add the probabilities “diagonally”)

t 0 1 2 3 4 5 | Sum

P(T =t)|0.05|0.10 | 0.20 | 0.40 | 0.20 | 0.05| 1
E(T) =2.75 and var(T) = 1.3875

e. E(T)=E(X+Y) isinagreement with the sum of expectations E(X) = 1.10and E(Y) = 1.65.

f. wvar(T) = var(X +Y) does not correspond with var(X) + var(Y) = 0.490 + 0.7275 = 1.2175,
which is caused by the dependence of X and Y.
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N is geometrically distributed with p = % o)
10 10
P(N = 10) = (%) ,P(X = 4|N = 10) = (¥¥) (%) and
P(X =4and N = 10) = P(X = 4|N = 10) - P(N = 10) (Product rule P(4 n B) = P(A|B) - P(B))
1\10 1
= (19 (Z) (And E(N) =~ = 2)
n
b. P(N=n) = G) ,n=1,2,.. asstatedina.l
PX=xIN=n)=(")(3)", x=0,1,2,..,n,50 X is, given N = n, B (n, )-distributed.
P(X =xand N =n) = (7 G)n x=0,1,2...,nand n=1,2, ..
)-distributed, So:
5,

c. Xis,givenN =n, B
E(XIN = 10) = 10 -
E(XIN =n)=n- 5 =-n, (SOE(X|N) = %N is a random variable!)
E(X) = E[E(X|N)] = (%N) =SEN)=1-2=1

d. PX=0)=P(X =0andN=1)+P(X=0and N = 2) + -
=Y PX=0andN=n) =) PX=0|N=n)P(N =n)

SENONOIS Moo

_ _ LA AN -1
e. P(N =n|X =0) = P(X—Po(ir;c:);V—n) _ (41) — (4) 5 (4) — (E)n . (24)’ forn=1,2,3,..
3 3
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N is, given X = 0, geometrically distributed with parameter p = % SOE(N|X=0) = g

5  a.if N=n,thenS =X, +--+ X,
b. E(X;) =Y, xP(X; = x) = 1000 -%+ 2000 -%+ 3000 -%+ 4000 % =2700 (i=1,..,n)
CESIN=n)=EX,++X,)=EX,) +-+EX,) =n-2700 = 2700n
d. Using c. we find E(S|N) = 2700N (E(S|N) is a random variable!)
According to property 5.2.6 we have: E(X) = E[E(X|Y)], so in this case:
E(S) = E[ E(S|N)] = E(2700N) = 2700 - E(N) = 2700u
Intuitively this is correct: we expect a number of damages (u is not necessarily integer!), and for each
damage one would expect an amount of 2700 Euro.

P(X=0) 3 3

P(X=0enN=n) (l)n (l)n ' ( 3

d. P(N =n|X = 0) = = ) () (z,forn=1,2,3,...
3
4’

N is, given X = 0, geometrically distributed with parameter p ==, s0 E(N|X = 0) = %-

6. a.P(X=8andY =2)=P(Y =2|X=8)P(X=8) (productrule P(AB) = P(A|B)P(B) )
8.,—10
(5)0.320.7° 108—e| (B(8,0.3)- and Poisson (u = 10)-distr., resp.)
= 0.033.



10.

b. EY|X=8)=np=8-03=24and E(Y|X=x)=x-03=0.3x. (soE(Y|X) = 0.3X)

c. E(Y)=E[EY|X)]=E[03X]=03-E(X) =3

Intuitively this result is correct: if X customers enter (“average 10”), we would expect that about 30%
need a service time of more than 3 minutes.

P(X, =10) = 0.9-0.1 = 3.87%

. Itis convenient to use the property P(X > x) = (1 — p)* of the geometric distribution:
P(20 < X; <30) =P(X; >19) — P(X; >30) = 0.91° —0.93° ~ 9.27%

c. P(X;=X,)=PX;=1andX,=1)+P(X; =2 and X, = 2) + -

ind. .

= Yk P(Xy = k) P(X; = k)
=Yy ,0.9%10.1- 0.9%10.1
=Yy ,0.81%710.01
=—_.0.01 ~5.26%

1-0.81

o

d P(X;+X,=20)=Y12, P(X; = k) - P(X, =20 — k)
= Y21 0.9%710.1+ 0.9%°7%710.1
= ¥12,0.9180.12
=19-0.9'%0.1? ~ 2.85%

P(X>iandY > i) = P(X>0)P(Y >i) = (1—p)-(1—p) =[(1=p)2]
P(min(X,Y) >i)=P(X >iandY > i) =[(1 —p)?]}, fori=0,1,2, ...

c. Pmin(X,Y) =i) =P(min(X,Y)>i—1) — P(min(X,Y) > i)
=[A-p)? ' = [A-p)?' =[A-p)?I "1 -1 -p)?]

oo

fori=1,2, ...
d. Somin(X,Y) is geometrically distributed with parameter 1 — (1 — p)? = 2p — p? and

. 1
E[min(X,Y)] = P—

a E(X+Y)=EX)+EQY) = % and var(X +Y) = var(X) + var(Y) = 2 22
b.P(X=iandY =)= P(X=10) P(¥=))=(1-p)'p-(1—p)p
= (1 —-p)*2p? i,j=12..)
C. PX+Y=n)=Yr'P(X=i)-P(Y=n—-1)
=31 -p)p (1 —-p) i = X - p)™2p?
=(n-1)-A-p)" %3 n=1,23,..

a. X and Y have the same distribution (alongside): i 0| 1]2] som
E(X) = 1 (symmetry) and PX=i) |03]04]03) 1
var(X) =E(X®) —u?=16—-1=0.6 i-P(X=9 | 0]04/06] 1=EX)
(s0 oy = oy = 0.6 i2-P(X=i)| 0 |04]12]1.6=E(X?

b. +§, 0, 0 and —1, respectively. Explanation:

Distribution 1: If you graph the points in the XY -plane, where i is on the X-axis and j on the Y-axis,
these points lie “around the line y = x”: the correlation coefficient must be positive so 2/3, 1 or 2:
2 is impossible since p < 1 and 1 (strictly linear relation) is impossible since not all points are on

the liney = x. So p(X,Y) = % which is the result if we really compute it.

Distributions 2 and 3 do not show some linear relation: p = 0.
Distribution 4: all points lie on a line with a negative slope: a strictly linear, negative relation: p = —1
c. Only in distribution 3 X and Y are independent:
PX=iand=j)=PX =1i)-P(Y =), forall (i,j).
The dependence of X and Y is easily proven in the other 3 cases: if the joint probability is 0 in a cell
(i,) and the accompanying row and column totals are not 0.
Note: for distribution 3: X and Y are independent and not correlated (p = 0), but for




distribution 2: X and Y are dependent and not correlated.
These examples illustrate: independence implies non-correlation, but not reverse!.
dEXY)=%Y; i-j-PX=ienY=j)=1-02+2-01+2-01+4-02=14

cov(X,Y)=EXY)—-EMX)E(Y)=14—-1-1=04

__cov(X)Y) 04 2

p(X’ Y) - ox 0y o mm =+ 3
e.cov(3X,2-Y)=3-—-1-cov(X,Y) =-3-04 =—-1.2,

dus p(3X,2 - Y) = — p(X,¥) = —=
f. E(XY)=1(d.)and EX = EY =1, s0:

cov(X,Y) =EXY) —E(X)E(Y)=1-1-1=0,and p(X,Y) =0

g. Theresults are in the table, e.g. forY = 0: P(X =0|Y =0) = Pl=oandr=0) 0z _2

P(Y=0) T 03 3
X 0|1]2| total
2 |1 2 11
PX=x|Y=0)|3|5|0] 1 |SoEX|y=0)=0-3+1-3=<
PX=x|Y =1) i % i 1 |SoEX|Y =1) =1 (symmetry)
12 1 2 s
PX=x]Y=2)|0 313 1 SOE(XIY—Z)—1-§+2-§_5

From a. we know that E(X) = 1.

And using the results in the table: ¥, E(X|Y = y) - P(Y = y) = § +03+1-04+ 2 0.3=1.0
(Note: the last expression determines the expected value of the variable E(X|Y), that can take on
values E(X|Y = 0), E(X|Y = 1) and E(X|Y = 2) with probabilities P(Y = 0),P(Y = 1)

and P(Y = 2), respectively. )

cov(X,—3X+4)

11 p(X; Y) = p(X’ _3X + 4) = O0x0_3X+4

Since var(—=3X +4) = (—=3)? - var(X) = 9-var(X), s0 0_3x4+4 = 30y, and
cov(X,—3X +4) = =3 cov(X,X) = =3 - var(X) = —30%,
—30;2(

we find: p(X,Y) = —= = -1

ox:30x

ind.
12.a. cov(Xy, X, + X;,) = cov(X, X1) + cov(Xy, X,) = var(X;) +0=2

cov(Xy, X1 +X,) wvar(X;) + cov(Xy, X,) var(X;) 1
p(X1, X1+ X3) = = = =—=
Ox1 0%, +X, le\/var(Xl) + var(X;) Ox, * \/20')(1 \/E
_cov((Xq, X1+ X+ 4Xn) _ wvar(Xy) 1 1.
b. p(X, X1 + Xo+... +X,) = P o SN <3 ifn>9

N

114022 p(x2) =l ==— () ==
130 EX) =1-5+0- =, E(X;") = sandvar(X,) = 10 (10) B
1

cov(Xy, Xp) = E(X1X) = E)E(X,) =1-1-=-2— (&) ==
b.E(S) = E(T X)) =TI E(X) =10-E(X;) =1
In the computation of var(S) we will use that cov(X;, X;) are the same for all i = j:
var(S) = var(3i2 X;) = Ri%ivar(X) + % Ti » cov(X, X))
1

9
=10 var(X;) + 90 cov(X{,X,) =10 o+ 90—=1
14.a.X +Y ~ Poisson(u; + uy), with py +p, =2 + 3
2ke=2 gn—k ,—3
_ _\ _ P(x=x and Y=n-k) _ @ i _ nl 2\F 3k
b.PX =klX+Y =n)= P(X+Y=n) - 5te=5 T kl(n—k)! (5) (5)

n!

(In this case u; = 2 and u, = 3).
Ha

Thisis for k = 0,1, 2,..,n the binomial probability function with p = e §
1 2



CEXIX+Y=7)=7 2% = 2.8,since X is,givenX +Y =n, B (n,%)— distributed.

Assumptions: X and Y, the numbers of appendicitis and kidney stones are independent
and Poisson distributed with parameters 2 and 3, respectively.



