Slides Probability Theory
Chapter 7

Ch. 7: 2 or more continuous variables

- Independence

- The distribution of functions of 2 or more

r.v. s, such as X

Y anc

max(X,Y)

- The Central Limit Theore

m and applications



DISCRETE CONTINUQOUS

Sy IS numerable /@lf\

probability P(X = x) - :
z P(X=x)=1 “probability” x - f(x)dx
x [ fodx =1

Pla<X<b)= b
S px=x) Pa<X<b)= | fG)dx

x€(a,b)

E(X):Zx-P(sz) E(X)=Joox-f(x)dx

E(X?) = 2 x*-P(X=x) | E(X?)= fooxz - f(x)dx



Independence of X and Y

General definition: X and Y are independent if for
all subsets A and B of R the following equality holds:

P(XeAandY€eB)=P(Xe€eA) xP(Y € B)

Discrete: choose A = {x}and B = {y}, then
P X=xandY=y)=PX=x)XP(Y =y)

Continuous: simply use the general definition,

Example: X and Y are independent and Exp (7\ = %)

Then: P(X >2andY <4)=P(X >2) X P(Y <4)
1 1
= 2?2 x(1-e"2%)

—e 1 —e73231.8%




Example: maximum of 2 waiting times X and Y

Two customers are served independently: whose service Is
completed first, min(X,Y) whose last, max(X,Y)?
Model: waliting times are independent and both Exp().
Pmax(X,Y) <x)=PX <x andY < x)

ind.

= PX<x)-P(Y<x)
= (1 — e"lx)z forx >0

The distribution function Fy, 4, x vy (x) = (1-— e"u)z

d
En fmax(X,Y) (x) = EFmax(X,Y) (x)

=2(1—e ™) - de ™, forx=0
min(X,Y): P(min(X,Y)>m)=P(X =>=m andY > m)
It follows: frinxy) (M) = 22e =AM min(X,Y) ~ Exp(2))




X + Y: de convolution integral

=X

PX+Y=2)=),PX=x)P(Y =z—x)

\

Ny ty=: fx+v(2) = f fx()fy(z —x)dx

K 2 Example: X and Y are Ind.
X and both Exp(A = 3), so:

fray(2) = [ 373+ 3e73¢ ™ dx

= (P9¢732dx = 9¢73% . x|X=Z = 9z¢73Z (7 > Q)
0 x=0




The sum of normally distributed variables |

Properties of a N (u, o%)-distributed X (chapter 6):
. Standardization: Z = =—# ~ N(0,1)

o
* Y=aX+ b~ N(au+ b,a*o?)

Consequence of the convolution integral:
If X and Y are independent and

X ~N(uy,0f) and Y ~ N(up, 05),
then

X+Y~N(u, +u2,ai+0'%)
And
X =Y ~NQ —uy,0f +05)



Sample distributions

A random sample from a normal distribution is a sequence
of independent and N(p, o2)-distributed X{, X, ..., X;,.

Then for the sum we have:
n
in =X +--+X, ~ N(nu,naz)
i=1

And for the sample mean:
2

Y—lzn:x N( a)

_n. [ ”’n
1=1

(0]

So: O :\/_ﬁ




The distribution of the sample mean

If X, ..., X_ are ind., all with the same distribution:
uniform exponential “odd”




The Central Limit Theorem (CLT)

for independent and identically distributed X, ..., Xn
(not normal, but with expectation p and variance 62):

X;—n
limP(2 ‘ ”3z>=cb(z)

2 Xi—np . ..
Note that Tz IS the result of standardization of ) X;

Application: for finite, large n (rule of thumb:
n > 25), we have approximately:

n n 2

) — 1 o
zX,-va(nu,na ) andX=;2Xi~N<u,7)
i=1 i=1




Approximation of B(n,p) with N(u, 6%)

X ~ B(48, ¥) approximated by Y ~ N(12,9)

The B(48, 0.25)- and the normal distribution, both with
U= 12 and c=73
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The graphs illustrate: P(X < 15) = P (Y <15+ %)




Normal approximation of the binomial distribution

Approximate X ~B(n,p)by Y ~ N(np,np(1 —p) )

Consequence of the CLT: X = ),i' ;1 X;, where the
X; are independent alternatives

Condition:
“n Is sufficiently large and p not too close to 0 or 1”
rule of thumb: n > 25, np >5and n(1 — p) > 5.

For this approximation always apply continuity
correction (c.c.):

P(X <k) = P(Y<k+0.5) and
PX<k)=PY<k-0.5)




