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Probability Theory
Chapter 5

Ch. 5;

e Joint and conditional distributions.
* Correlation and independence
 Distribution ofthesumX +Y.



Definition and properties of Expectation and Variance

Discrete 0’ = var(X) = E(X — p)*
p=EX) =2y xP(X =x) and o = ./var(X)

Formula for calculations:
var(X) = E(X?) — u?

E(aX+ b) =aE(X)+b | var(aX + b) = a?var(X)

S Oax+b = |a|ox
If the distribution is

symmetrical about var(X) > 0 and oy = 0
x=c,then E(X) =c




2 rolls with a dice: joint distribution of
X=“fones’” and Y =“#s1x's”

Probability function y| O 1 2 |[P(X=X)
P X=xandY =y) x
0 16/36 8/36 1/36 25/36
1 8/36 2/36 0 10/36
2 1/36 0 0 1/36
P(Y=y) |25/36 10/36 1/36 1

The marginal distributions: P(X = x) and P(Y = y)
It follows that E(X) = E(Y) = 3
And after computing E (X?) we find.:

var(X) = var(Y) = E(X?) — (EX)? = —

36




The joint probability function

of 2 discrete r.v. X and Y Is given by:
P(X =xandY =y), with (x,y) InS,xS,
(defined by a In table or a formula)
Requirements:
l.PX=xandY =y)=>0
2. Z(x,y) in Sy XSy P(X=xandY = y)

Marginal probability functions:
P(X=x)=2yins, PX=xandY =y)
and
P(Y=}’) :innSX P(X:xandYZY)




Distribution of functionsof Xand Y, suchas X +Y

For example: X +Y = 2 Y o 1
P(X+Y =2) 0 |16/36 8/36 1/36
=1/36 + 2/36 +1/36 1 8/36 2/36 0
— 4/36 2 136 0 0
Z=X+Yhasa z 0 1 2 | Total
distribution P(Z = z) | 16/36 | 16/36 | 4/36 | 1

E(X+Y)=E(Z)==

Note that: E(X + Y) = E(X) + E(Y) = % + ¥

But: % =var(X+Y) # var(X) + var(Y) = 2 X %




Independence of discreter.v. s X and Y

Recall the independence of events:
P(ANnB) = P(A) X P(B)

rv. s X and Y are independent if all events
A ={X =x}and B = {Y = y}are independent.
Definition:
X and Y are independent (ind.) If

P X=xandY=y)=PX=x)-P(Y =y)
forall x in Sy and y In S,.

Dependence Is simply proven by showing that the
equality does not hold for one specific pair (x, y).

Independence Is usually assumed
- e.g. If experiments are obviously independent.




Conditional distributions

E.g. the number of 1's given the number of 6's:

Suppose we have no 6 intwo rolls: Y = 0,
P(X=0andY=0) 16/36 16

PX=0|Y=0) =

P(Y = 0) "~ 25/26 25
The conditional distribution of X, givenY = 0:
X 0 1 2 | Total
P(X=x|Y=0) |16/25/8/25| 1/25| 1

Conditional expectation of X, givenY = 0:
E(X|Y = 0) = Zx-P(X — x|Y = 0)

X
16 8 1 2
=0 41 —+2. ==




The relation of (unconditional) expectation
E(X) and conditional expectations E(X|Y = y)

y EX|Y=y) PY=y) EX|Y=y)-P(Y=Yy)
0 2 25 10
5 36 36
1 1 10 2
5 36 36
2 0 1 0
36

Total = ; = E(X)

So: E(X) = Z E(X|Y =y)-P(Y = y)
y

Or: E(X) = E|[E(X|Y)]



Conditional probability functions

P X=xandY =vy)

P(Y =y)
for any (fixed) value of y.

PX=x|Y=vy)=

Conditional expectation:

* EX|Y=y)=) X PX=x]Y=Yy)

« E(X|Y)Isar.v. that attains the values EX|Y =vy)
with accompanying probabilities P(Y = y).

+ E(X) = E[E(X]Y)]

In the case of iIndependence of X and Y
PX=x|Y=y)=P(X =x)
and E(X|Y =y) = E(X)




Example conditional distributions with formulas

Information about selling pairs of shoes by a web shop:
N = “# ordered pairs on a day” ~ Poisson (u = 8)
* 40% of the shoes are returned to the web shop (60% sold).
X = “# sold pairs on that day”
Whatisa. P(X = 0and N = 5)
b. E(X)
c. P(X = 0) and the distribution of X
d. P(N =5|X=0)

a. X has, given N = n, a B(n,0.6)-distr.:
P(X =xIN =n) =()0.60.4"*, x=0,1,...,n
P(X=0and N =5)=P(X =0|N =5):-P(N =5)

5
= (0.4)5 - e



Continuation example conditional distributions

b. E(X|N = n) = np = 0.6n, and therefore E(X|N) = 0.6N
E(X) = E[E(X|N)] = E[0.6N] = 0.6 - E(N) = 4.8
C.PX=0)=),_oPX =0and N =n)
=Y® P(X =0|N=n)-P(N =n)

oo g _
— Zn=0(0'4)n ) Ee 8

— p~ 8. Yoo 3.2" the Tavl - X = Y ﬁ
=e o use the Taylor series e* = ¥;° o —
— o—8 .32 — ,—438

Thisis P(X = 0) for a Poisson (p = 4.8) — distribution
Similarly P(X = x) = Y0, P(X =x|N =n) - P(N = n)
which shows that X ~Poisson(u = 4.8)

5

3.2 —8 5
P(X=0and N=5) —¢ =~ 3.2 p—3-2

d. P(N — 5|X — 0) — P(X=0) e—4.8 5l




Measures for the relationof X and Y

Definition the covariance of X and Y Is:
cov(X,Y) = E(X — ) (Y — py)

Direct calculation with the joint distribution:
COV(X, Y) = 2 2y (X-Hy)(y-Hy)-P(X=x and Y=y)

Calculation with the formula:
cov(X,Y) =EXY)-E(X) - E(Y)
where:
E(XY) =3.,2, xy P (X=x and Y=y)




Other properties of the covariance

*cov(X,Y) = cov(Y,X)

* cov(X,X) = var(X)
ccov(aX +b,Y) = a-cov(X,Y)

“the covariance depends on the unit of measurement”

ccov(X,Y+Z)=cov(X,Y) + cov(X, Z)

cvar(X+Y) = var(X) + var(Y) + 2cov(X,Y)
and
var(X —Y) =var(X) + var(Y) — 2cov(X,Y)




cov(X,)Y)
Ox0Oy

the correlation coefficient: p(X,Y) =

2

: (X,Y) 36
Example 1: p(X,Y) = CO:XGY = =2 =
\/ﬁ'\fﬁ

“X and Y have a weak, negative correlation”

Properties: —1 < p <1 (pis a “normalized” measure)

Interpretation of the values of p w.r.t. the relation of X and Y
* p=1 — strict linear, positive relation

* p=-1 — strict linear, negative relation

« p=0  — no linear relation

* |p| >0.9 — strong linear relation

Fu rthermo_re: “p is a normalized measure of
plax,y) = PEX’ Y) (@ > O)finear relation: not depending on
p(X+b,Y)=pXY) unit of measurement or place”.



Variance of the sum for a sequence of r.v.'s:
var(); X;) = X, var(X;) + XX cov(X;, X;)

n> = n + n(n-1)
n* = the number of terms (X, X;)
Properties for independent r.v.s:
1. E(XY)=EX-EY

2. cov(X,Y)=0 and pX,Y)=0
“X and Y are not correlated”
3. var( X +Y) = var(X) + var(Y)
and var(),; X;) = >, var(X;)




Properties of functions g(X,Y)

1LEgX,Y)=2,2,9(X y)P(X=xandY =y)
e.9.. E(XY)=2,>,xyP(X=xand Y =y)
2. E(Xy + -+ X,) = E(Xy) ++ E(X,)
This rule holds for all

(independent and dependent) variables!

Convolution sum:
for discrete and independent X and Y we have:

PX+Y=k) =Y,PX= )P =k — i)

Application: if X and Y are independent and both have

a Poisson distribution with “means” p, and [, resp., then
X + Y has a Poisson distribution as well with mean i+ [,




The sample mean X = 1 n . X; (or X,)

It X,,X,, ..., X;, are independent and all have
the same distribution with expectation p and
variance ¢?, then:

1. EX)=p and var(X)=Z

2. The weak law of large numbers:
Foreache > 0: lim P(|X,,— pu|=¢€) =0
n—>00

-& +£ 1
v M M For large n the probability

| T of the event in the diagram
\ )z approaches 0.




