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Probability Theory

Chapter 4

Ch. 4: Discrete distributions

How to compute probabilities or expectations 

of (integer) numbers of occurring events. 



Main concepts in chapters 1-3

Stochastic experiment

Sample space 𝑆

Probability measure 𝑷 assigns a probability 

𝑃(𝐴) to 𝐴.

Probability space (𝑺, 𝑷)

Conditional probability: P is defined on a part 𝐵

of 𝑆:   𝑆, 𝑃 . 𝐵 is a probability space as well.

Ch. 4: discrete random variables and their 

distributions; expectation and variance.



Example: 𝑿 = “the number of children of a woman 

in a population”

How can you calculate the average number of children?

Weigh the number of children (𝑥) with the probability 𝑃(𝑋 = 𝑥):
∑𝒙𝒙 ∙ 𝑷(𝑿 = 𝒙) = 0×0.1 +1×0.4 + 2×0.3 + 3×0.2= 1.6 child/woman

𝒙 0 1 2 3 total

𝑷(𝑿 = 𝒙) 0.1 0.4 0.3 0.2 1

The graph of the 

distribution: a bar graph 

of probabilities.

Verify that:

1. 𝑷(𝑿 = 𝒙) ≥ 0 

2. ∑𝑷(𝑿 = 𝒙) = 1  

(1. and 2. should hold for any discrete distribution)



Definition: a Random Variable (r.v. ) 𝑿 :

a (real) function 𝑋: 𝑆 → ℝ, for an experiment 

with sample space 𝑆, that assigns to each 

outcome 𝒔 a real number 𝑿(𝒔).
“A quantitative aspect of the experiment”

Range 𝑺𝑿 = {𝑋(𝒔) | 𝒔 ∈ 𝑺}

The event 𝑿 = 𝒙 is: {𝑠| 𝑋(𝑠) = 𝑥}

The r.v. 𝑋 is discrete if 𝑆𝑋 is denumerable, 
so 𝑆𝑋 = {𝑥1, … , 𝑥𝑛} or   𝑆𝑋 = {𝑥1, 𝑥2, … . }

(continuous r.v.: the range is an interval in ℝ )



Distribution of 𝑿: a list or a formula defining 

the probabilities 𝑷(𝑿 = 𝒙) for all x in SX

Requirements: 1. 𝑷(𝑿 = 𝒙) ≥ 𝟎
2.  𝒙∈𝑺

𝑿
𝑷(𝑿 = 𝒙) = 𝟏

Expectation or Expected value of 𝑋: 

𝑬 𝑿 =  𝒙∈𝑺
𝑿
𝒙 ∙ 𝑷(𝑿 = 𝒙)

𝐸(𝑋) is a measure of centre of the

distribution: “the weighted average” 

Notation:  𝐸(𝑋) = 𝐸𝑋 = µ = µ𝑋

The probability function of 𝑿: 

𝑷(𝑿 = 𝒙) , where 𝒙 ∈ 𝑺𝑿



Expectation or Expected value of a r.v. 𝑋: 

𝑬 𝑿 =  𝒙 𝒙 ∙ 𝑷(𝑿 = 𝒙)

𝑬(𝑿) is a measure of centre:
• Weighted average
• “Population mean”
• “Point of balance” →

If 𝒙 = μ is the axis of symmetry
of 𝑃(𝑋 = 𝑥), then 𝑬 𝑿 = 𝝁.

e.g.:  𝑋 = the result of
one roll of a dice

𝑃(𝑋 = 𝑥) =
1

6
, 𝑥 = 1,..,6:

𝝁𝑿 = 𝟑. 𝟓



4. 𝐸[𝑎𝑔(𝑋) + 𝑏ℎ(𝑋)] = 𝑎𝐸𝑔(𝑋) + 𝑏𝐸ℎ(𝑋)

1. If the probability function of 𝑋 is symmetric 

about 𝑥 = 𝑐, then 𝑬(𝑿) = 𝒄

2. 𝐸𝑔 𝑋 =  
𝑥 𝑖𝑛 𝑆𝑋

𝑔(𝑥)𝑃(𝑋 = 𝑥)

3. 𝐸(𝑎𝑋 + 𝑏) = 𝑎𝐸(𝑋) + 𝑏 (a and b: real numbers) 

Properties of 𝑬 𝑿 , measure of the centre



The moments: 𝑬(𝑿𝒌) is the 𝒌𝐭𝐡 moment van 𝑋
𝑘 = 1: µ𝑋 = 𝑬(𝑿

𝟏) is the first moment

𝑘 = 2:  𝑬(𝑿𝟐) is het 2nd moment: 𝑬(𝑿𝟐) (𝑬𝑿)𝟐

Measures of variation of a r.v. 𝑋:

1. The variance of 𝑋: 𝒗𝒂𝒓(𝑿) = 𝑬(𝑿 − µ𝑿)
𝟐

Notation: 𝒗𝒂𝒓 𝑿 or  σ2 (or  𝜎𝑋
2)

2. The standard deviation 𝝈𝑿 = 𝒗𝒂𝒓(𝑿)

Measure of variation: 𝒗𝒂𝒓(𝑿)



𝟏. 𝒗𝒂𝒓(𝑿) ≥ 𝟎 and   𝝈𝑿 ≥ 𝟎

2.   𝒗𝒂𝒓 𝑿 = 𝑬 𝑿𝟐 − 𝑬𝑿 𝟐

“the calculation formula”

Alternative notation:   𝝈𝟐 = 𝑬(𝑿𝟐) − µ𝟐

3.   If 𝑣𝑎𝑟(𝑋) > 0 , then 𝐸(𝑋2) > (𝐸𝑋)2.

If 𝑣𝑎𝑟(𝑋) = 0 , then 𝑃(𝑋 = 𝐸𝑋) = 1:

In the latter case 𝑋 attains only one value: 

𝑋 has a degenerate distribution.

4. 𝑣𝑎𝑟(𝑎𝑋 + 𝑏) = 𝑎2𝑣𝑎𝑟(𝑋) and 𝜎𝑋 = |𝑎|𝜎𝑋

Properties of 𝒗𝒂𝒓(𝑿) 𝐚𝐧𝐝 𝝈𝑿



The meaning of the standard deviation σ (1)  

Probability ≥ 75% 

2  


2  

For every distribution Chebyshev’s inequality holds:

𝐟𝐨𝐫 𝐚𝐥𝐥 𝐜 𝐰𝐞 𝐡𝐚𝐯𝐞:𝑷 𝑿 − 𝝁𝑿 ≥ 𝒄 ≤
𝒗𝒂𝒓 𝑿

𝒄𝟐

If we choose 𝑐 = 𝑘 ∙ 𝜎 it follows that 𝑋 attains values 

in (𝜇 − 𝑘𝜎, 𝜇 + 𝑘𝜎) with probability at least 1 −
1

𝑘2

𝒌 = 𝟐: 𝑋 is in (𝜇 − 2𝜎, 𝜇 + 2𝜎) with prob. ≥ 1 −
1

22
. 

𝒌 = 𝟑: 𝑋 is in (𝜇 − 3𝜎, 𝜇 + 3𝜎) with prob. at least 
8

9



Interval

Empirical rule: 
Proportion within interval

Chebyshev`s

rule

≈ 68% ≥ 0%

≈ 95% ≥ 75%

≈ 99.7% ≥ 89%[  ]3 3    - ,

[  ]2 2    - ,

[  ]    - ,

The “empirical rule” for σ holds 

only for (approximately) “mound shaped” distributions.

Then the following probabilities hold approximately:

The meaning of the standard deviation σ (2)  



The binomial distribution – 2 examples

Applicable if we have 𝒏 (ind.) Bernoulli trials with success rate 𝒑
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Example: 𝑋 = the number of 

correct random answers to 

10 MC-items: 

here 𝒏 = 10 and 𝒑 = ¼ 

Example: 
𝑋 = The number of sixes 
in 30 rolls of a dice. 

So 𝒏 = 30 and 𝒑 = 
𝟏

𝟔
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𝑬 𝑿 = 𝟏𝟎 ∙
𝟏

𝟒
= 𝟐. 𝟓 𝑬 𝑿 = 𝟑𝟎 ∙

𝟏

𝟔
= 𝟓



𝑿 = “the number of successes in 𝑛 Bernoulli trials”

Example: count the number of red balls if we draw, 

at random and with replacement, 8 balls from a box 

with 10 red and 15 white balls. 

𝑷 𝑿 = 𝒌 =
𝒏

𝒌
𝒑𝒌 𝟏 − 𝒑 𝒏−𝒌, 𝒌 = 𝟎, 𝟏, … , 𝒏

Short notation: 𝑿 has a 𝑩(𝒏, 𝒑)-distribution

or:  𝑿 ~𝑩(𝒏, 𝒑)
Properties: 

𝑬(𝑿) = 𝒏𝒑 and   𝒗𝒂𝒓(𝑿) = 𝒏𝒑(𝟏 − 𝒑)

The binomial distribution: 𝑿 ~ 𝑩(𝒏, 𝒑)



Suppose that 10% of the passing cars are Mercedes.

𝑋 = “the number van the first passing Mercedes”

𝑷(𝑿 = 𝒌) = 𝟎. 𝟗𝒌−𝟏 ∙ 𝟎. 𝟏 , with k = 1, 2, 3, …

Example geometric distribution  

We have:   𝑬 𝑿 =
1

0.1
= 10

and       𝑃(𝑋 > 10) = 0.910 ≈ 34.9%  



𝑋 = “number of Bernoulli trials untill the 1st

success occurs”

Example: 𝑋 is the required number of rolls of 

a dice to obtain a 6

𝑷 𝑿 = 𝒌 = 𝟏 − 𝒑 𝒌−𝟏𝒑 , 𝒌 = 𝟏, 𝟐, 𝟑, …

Properties: 

1. 𝑷(𝑿 > 𝒌) = (𝟏 − 𝒑)𝒌, for 𝑘 = 0, 1, 2, ....

2.   𝑬(𝑿) =
𝟏

𝒑
and    𝒗𝒂𝒓(𝑿) =

𝟏−𝒑

𝒑𝟐

The  geometric distribution  



correct wrong total

Population: 6 39 45

↓ ↓ ↓

Sample: 4 2 6

𝑿 = “the number of draws with one  of my 6 choices”

𝑷 𝑿 = 𝟒 =

𝟔
𝟒

𝟑𝟗
𝟐

𝟒𝟓
𝟔

≈ 𝟎. 𝟏𝟒%

and 𝑬 𝑿 = 𝟔 ×
𝟔

𝟒𝟓
= 𝟎. 𝟖

Compute the

Probability of

4 correct 

(and 2 wrong)

Example hypergeometric formula: the lotto.

6 draws without replacement from balls 1 to 45



𝑋 = “the number of red balls if we draw n balls, at 

random and without replacement, from a box with

𝑅 red and 𝑁 − 𝑅 white balls.

𝑷 𝑿 = 𝒌 =

𝑹
𝒌

𝑵−𝑹
𝒏−𝒌
𝑵
𝒏

, 𝒌 = 𝟎, 𝟏, … , 𝒏

Properties (success probability is 𝑝 =
𝑅

𝑁
):

1. 𝑬 𝑿 = 𝒏𝒑 and  𝒗𝒂𝒓 𝑿 = 𝒏𝒑(𝟏 − 𝒑)
2. For large 𝑵 (𝑁 ≥ 5𝑛2) 𝑿 has an approximate

𝑩(𝒏, 𝒑)-distribution with 𝑝 =
𝑅

𝑁

The hypergeometric distribution



• 𝑿 = “the number of car accidents on a busy junction per 

week”. 𝑋 varies every week, but from police records we 

know that the average number is 2.5 per week”:

𝝁 = 2.5 is the expected number of car accidents per week. 

• 𝑿, the number of phone calls at a helpdesk in 10 minutes 

time interval, can be modelled as a Poisson distributed 

variables, where 𝝁 is the so called intensity of the calls. 

- For half an hour the expected number of calls is 3𝜇.

• X =  “The number of heart attacks on a day in a town  

with 100 000 inhabitants”. If the expected number is known, 

e.g. 𝝁 = 2.5, we can use the Poisson distribution to compute 

probabilities. But we could also model the number 𝑋 of  

heart attacks 𝐵 100000,
2.5

100000
-distribution.

Examples for the Poisson distribution



𝑋 = “the number of “rare” events in a given area 

and/or interval of time”.

Example: the number of customers entering a system 

within a 10 min. time interval, on average µ = 2.5

𝑃 𝑋 = 𝑘 =
𝜇𝑘𝑒−𝜇

𝑘!
, 𝑘 = 0, 1, …

Properties:

1. 𝑬 𝑿 = 𝝁 and 𝒗𝒂𝒓 𝑿 = 𝝁
2. If 𝑋 has a 𝑩(𝒏, 𝒑)-distribution with large 𝒏 and  

small 𝒑 (𝒏 ≥ 25 and 𝒏𝒑 < 10 or 𝒏(𝟏 − 𝒑) < 10 ), 

then 𝑋 is approximately Poisson with µ = 𝒏𝒑.

The Poisson distribution 





Name +

parameter(s)
Probability function 𝑬(𝑿) 𝑽𝒂𝒓(𝑿)

Homogeneous

on 1,… , 𝑛 𝑷 𝑿 = 𝒌 =
𝟏

𝒏
, 𝑘 = 1, . . , 𝑛

𝒏 + 𝟏

𝟐

Compute using

𝒗𝒂𝒓(𝑿)
= 𝑬(𝑿𝟐) − µ𝟐

Binomial

𝐵(𝑛, 𝑝)
𝑷 𝑿 = 𝒌 =

𝒏

𝒌
𝒑𝒌 𝟏 − 𝒑 𝒏−𝒌,

𝑘 = 0, 1, … , 𝑛
𝒏𝒑 𝒏𝒑(𝟏 − 𝒑)

Geometric 

(𝑝)
𝑷 𝑿 = 𝒌 = 𝟏 − 𝒑 𝒌−𝟏𝒑 ,

𝑘 = 1, 2, 3,…

𝟏

𝒑

𝟏 − 𝒑

𝒑𝟐

Poisson

(µ) 𝑷 𝑿 = 𝒌 =
𝝁𝒌𝒆−𝝁

𝒌!
, 𝑘 = 0, 1, … 𝝁 𝝁

Hyper-

geometric

(𝑅,𝑁, 𝑛)

𝑷 𝑿 = 𝒌 =

𝑹
𝒌

𝑵−𝑹
𝒏−𝒌
𝑵
𝒏

,

𝒌 = 𝟎, 𝟏,… , 𝒏

𝒏 ∙
𝑹

𝑵

𝒏
𝑹

𝑵
𝟏 −

𝑹

𝑵
∙

𝑵−𝒏

𝑵−𝟏

Families of discrete distributions


