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Second order differential equations

Example

Solve the differential equation
y" + 5y’ + 4y = 0. (1)

by substituting vy = e"*



Second order differential equations

Example

Solve the differential equation
vy 4+ 5y’ + 4y = 0.

by substituting vy = e"*
» From v/ = re”™ and y” = r?e"® follows
vy’ + 5y 4+ Ay = re"™ + 5re’ + 4e"”
= (r* +5r +4)e"” =

if and only if
r? + 5r +4 = 0.

(1)

(2)



Second order differential equations

Example

Solve the differential equation
y" + 5y’ + 4y = 0. (1)

by substituting vy = e"*
» From v/ = re”™ and y” = r?e"® follows
vy’ + 5y 4+ Ay = re"™ + 5re’ + 4e"”
= (r* +5r +4)e’™ =0

if and only if
r? + 5r 4+ 4 = 0. (2)

» This equation (2) has two roots: 1 = —1 and ro = —4.



Second order differential equations

Example

Solve the differential equation
y" + 5y’ + 4y = 0. (1)

by substituting vy = e"*
» From v/ = re”™ and y” = r?e"® follows
vy’ + 5y 4+ Ay = re"™ + 5re’ + 4e"”
= (r* +5r +4)e’™ =0
if and only if
r? + 5r +4 = 0. (2)

» This equation (2) has two roots: 1 = —1 and ro = —4.
» The solutions of (1) are

— X

e and e **.



More solutions

» We have found two solutions of v/ + 5y’ + 4y = 0, namely

e % and e 4%,



More solutions

» We have found two solutions of v/ + 5y’ + 4y = 0, namely
e % and e 47,

» The following holds:

For all ¢1,co € R, the functions ¢ie % and coe 4 are
solutions as well.

Please check.



More solutions

» We have found two solutions of v/ + 5y’ + 4y = 0, namely
e % and e 47,

» The following holds:
For all ¢1,co € R, the functions ¢ie % and coe 4 are
solutions as well.
Please check.

» Also

For all ¢1,cs € R, the function ci1e % + cae ™ is a
solution as well.

Please check.



More solutions

» We have found two solutions of v/ + 5y’ + 4y — 0, namely

e Z and e 4T,

» The following holds:

For all ¢1,cs € R, the functions cie % and coe 4% are
solutions as well.
Please check.
» Also
For all ¢1,cs € R, the function c1e % + coe *% is a

solution as well.

Please check.
» All solutions of 4"/ + 5y + 4y — 0 are given by

y(x) = c1e % + coe 47, c1,c2 € R




T he characteristic equation

Definition
Consider the differential equation

ay” + by’ + cy = 0.

The equation
ar’+br—+c=0

is called the characteristic equation of (1) .

(1)



T he characteristic equation

Definition
Consider the differential equation

ay” + by’ + cy = 0. (1)

The equation
ar’+br—+c=0

is called the characteristic equation of (1) .

» If r is a root of the characteristic equation, then y(x) = €"” is
a solution of (1).



The general solution

T heorem
Consider the second order differential equation

ay” + by 4+ cy =0

with a, b, and c constant.

If b2 — 4ac > 0, then the solutions are given by

y(xr) = ae™* 4 Be"2%, o, 8 € R.

with

— b+ Vb2 — 4ac
2a '

1,2 =

(1)



The general solution

T heorem
Consider the second order differential equation

ay” + by 4+ cy =0

with a, b, and c constant.

If b2 — 4ac > 0, then the solutions are given by

y(xr) = ae™* 4 Be"2%, o, 8 € R.

with

— b+ Vb2 — 4ac
2a '

1,2 =

» Solution (1) is called the general solution .

(1)



Example

» [ he differential equation

y" +5y" +4y =0

x 4x

has two fundamental solutions e % and e **, since the

discriminant is positive.



Example

» [ he differential equation

y" +5y" +4y =0

x 4x

and e **, since the

has two fundamental solutions e
discriminant is positive.

Problem 1 The differential equation
vy + 2y +y =0,

has characteristic equation r2 + 2r + 1 = 0, which has
discriminant O.



Example

» [ he differential equation

y" +5y" +4y =0

has two fundamental solutions e % and e 4%

discriminant is positive.

- since the

Problem 1 The differential equation
vy + 2y +y =0,

has characteristic equation r2 + 2r + 1 = 0, which has
discriminant O.

Problem 2 The differential equation
// /
Yy + 2y + 10y = O.

has characteristic equation 72 + 27 + 10 = 0O, which has
negative discriminant.



Characteristic equation with zero discriminant

T heorem
Consider the second order differential equation

ay” +by +cy =0

with a,b, and ¢ constant. If b2 — 4ac = 0 , then the solutions are

given by
y(xr) = ae”™ + Bxe"™, o, 8 € R.
with
—b
r = —.
2a

» |If the discriminant is hon-zero, the function = e"™* will not be a
solution.



Characteristic equation with zero discriminant

Example

Find the general solution of the differential equation

y' +2y +y=0.



Characteristic equation with zero discriminant

Example

Find the general solution of the differential equation

y' +2y +y=0.

» Since b° —4ac =22 —4-1-1 = 0, the solution is given by

cire ¥ 4+ core ™ *



Characteristic equation with zero discriminant

Example
Find the general solution of the differential equation

y' +2y +y=0.

» Since b° —4ac =22 —4-1-1 = 0, the solution is given by

cire ¥ 4+ core ™ *

T

» If you try y(x) = €"*, then you will only find » = —1 (Please
check).



Characteristic equation with zero discriminant

Example
Find the general solution of the differential equation

y' +2y +y=0.

» Since b° —4ac =22 —4-1-1 = 0, the solution is given by

cire ¥ 4+ core ™ *

» If you try y(x) = €"*, then you will only find » = —1 (Please
check).
> If you try y(x) = x ™", then you will also find r = —1 (Please

check).



Characteristic equation with negative discriminant

Example

Solve the differential equation

y” 4+ 2y + 10y = 0.



Characteristic equation with negative discriminant

Example

Solve the differential equation

y” 4+ 2y + 10y = 0.

» Try the exponential e**:

A2e™M 4 2 0e™ 4+ 10e™ = 0



Characteristic equation with negative discriminant

Example

Solve the differential equation

y” 4+ 2y + 10y = 0.

» Try the exponential e**:
A2e™M 4 2 0e™ 4+ 10e™ = 0
» From this follows

A2 +22+10=0



Characteristic equation with negative discriminant

Example

Solve the differential equation

y” 4+ 2y + 10y = 0.

» Try the exponential e**:
A2e™M 4 2 0e™ 4+ 10e™ = 0
» From this follows

A? +2X+10=0 — A2 = —1 = 33,



Characteristic equation with negative discriminant

» [ he exponential solutions of
// /
vy + 29y + 10y = O.
are given by

’y(CU) _ 6(—1—|—3i)az and y(ac') _ e(—l—Si)az



Characteristic equation with negative discriminant

» [ he exponential solutions of
// /
Yy + 2y + 10y = O.

are given by

(—143%)x (—1—3d)x

y(x) = e and y(x) = e

» [ hus the general solution is
y(x) = cve(—1+3Dz | 56(—1—37;)93

with arbitrary o, 5 € C.



Characteristic equation with negative discriminant

» [ he exponential solutions of
// /
vy + 2y + 10y = O.

are given by

(—143%)x (—1—3d)x

y(x) = e and y(x) = e

» [ hus the general solution is
y(:v) _ Oée(—l—l—?)z'):c 4+ /86(—1—372)93

with arbitrary o, 5 € C.

» Question: can we write these in a real form?



Characteristic equation with negative discriminant

» [ he solution of
vy + 2y’ + 10y = O.

is given by

y(a:) _ &e(—1+3i)x 4+ ﬁe(—l—?)i)zc

(1)



Characteristic equation with negative discriminant

» [ he solution of
vy + 2y’ + 10y = O.

is given by
y(a:) _ &e(—1+3i)x 4+ ﬁe(—l—?)i)zc
— «a e ¥ (cos(3x) + isin(3x)) | +

B le " (cos(3x) — isin(3x)) ]

(1)



Characteristic equation with negative discriminant

» [ he solution of
vy + 2y’ + 10y = O.

is given by
y(w) = ael 1T 4 gel1mane
= a [e77(cos(3z) + isin(3x))] +
B e " (cos(3x) — isin(3x)) |

— e ¥ (a+ B) cos(3x) + (i — B7) sin(3x) |

(1)



Characteristic equation with negative discriminant

» [ he solution of
vy + 2y’ + 10y = O.

is given by
;y(a:) _ Qe(—1+3i)x 4+ ﬁe(—l—?)i)zc
— «a e ¥ (cos(3x) + isin(3x)) | +
B le " (cos(3x) — isin(3x)) ]
— e ¥ (a+ B) cos(3x) + (i — B7) sin(3x) |

= c1e P cos(3x) + coe” ¥ sin(3x).

(1)



Characteristic equation with negative discriminant

» [ he solution of
y" + 2y’ + 10y = 0. (1)

is given by
y(x) = ael 71397 4 gel—1-30)w
=« [e" 7 (cos(3z) + isin(3x))] +
B [e7"(cos(3x) — isin(3z))]
— e ¥ (a+ B) cos(3x) + (i — B7) sin(3x) |
—= c1e” P cos(3x) + coe” T sin(3x).

» By restricting yourselves to real values for ¢; and c2, you get
all real solutions of (1).



Characteristic equation with negative discriminant

» [ he solution of
y" + 2y’ + 10y = 0. (1)

is given by
y(x) = ael 71397 4 gel—1-30)w
=« [e" 7 (cos(3z) + isin(3x))] +
B [e7"(cos(3x) — isin(3z))]
— e ¥ (a+ B) cos(3x) + (i — B7) sin(3x) |
—= c1e” P cos(3x) + coe” T sin(3x).

» By restricting yourselves to real values for ¢; and c2, you get
all real solutions of (1).

» [ he value of the constants ¢; and ¢ are inferred from the
initial conditions.



Second real form of the answer

There is another way of writing this answer:
cre” ¥ cos(3x) + coe” sin(3x) = ae” ¥ cos(3x + ),
for some constants &« > 0 and ¢ € [0, 7).

A




Characteristic equation with non-zero discriminant

T heorem

» (Consider the second order differential equation

ay” +by +cy =0
with a,b, and ¢ constant. If b°> — 4ac %~ 0, then the solutions
are given by

y(xr) = ae™® 4+ Ber2?, o, 3 € C.

with




Characteristic equation with non-zero discriminant

T heorem

» (Consider the second order differential equation

ay” +by +cy =0
with a,b, and ¢ constant. If b°> — 4ac %~ 0, then the solutions
are given by

y(xr) = ae™® 4+ Ber2?, o, 3 € C.

with

» Ifb? — 4ac < 0O, then the real solutions can be written as
y(xr) = €% [c1 cos(wx) + cosin(wx)], c1,co2 € R.

with o = Re(\1) and w = Im(A\1).



1 ]
ATA ' |
Seismic damper for the Sutong bridge (China), © 2016 Taylor Devices




Inhomogeneous equations

Problem
Find the solutions of

vy + 2y’ + 10y = 20.



Inhomogeneous equations

Problem
Find the solutions of

vy + 2y’ + 10y = 20.

» Since the right hand-side is a constant, we try a constant as a
particular solution .

Yp(x) = c.



Inhomogeneous equations

Problem
Find the solutions of

vy + 2y’ + 10y = 20.

» Since the right hand-side is a constant, we try a constant as a
particular solution .

Yp(x) = c.
> Notice that y,(x) = v, (x) = 0, hence substituting v, in the
equation gives
yp(x) = 2.



Inhomogeneous equations

Problem
Find the solutions of

vy + 2y’ + 10y = 20.

» Since the right hand-side is a constant, we try a constant as a
particular solution .

Yp(x) = c.

> Notice that y,(x) = v, (x) = 0, hence substituting v, in the
equation gives

yp(x) = 2.

» This is only one solution. How do we get more solutions?



Inhomogeneous equations

Consider the differential equation

vy’ + 2y + 10y = 20. (1)

» We know that y,(x) = 2 is a particular solution. Define

y=y — 2



Inhomogeneous equations

Consider the differential equation

y" + 2y + 10y = 20. (1)
» We know that y,(x) = 2 is a particular solution. Define
Yy=y — 2

» Then gy satisfies (please check)

~

" +279 +10y = 0.



Inhomogeneous equations

Consider the differential equation

y" + 2y + 10y = 20. (1)
» We know that y,(x) = 2 is a particular solution. Define
Yy=y — 2

» Then gy satisfies (please check)

~

" +279 +10y = 0.
» All solutions of this homogeneous equation are given by

y(x) = e ¥ [c1 cos(3x) + c2sin(3x)] .



Inhomogeneous equations

Consider the differential equation

y" + 2y + 10y = 20. (1)
» We know that y,(x) = 2 is a particular solution. Define
Yy=y — 2

» Then gy satisfies (please check)

" +279 +10y = 0.
» All solutions of this homogeneous equation are given by
y(x) = e ¥ |c1 cos(3x) + cosin(3x)] .

» Hence all solutions of (1) are given by

y(x) = c1e” ¥ cos(3x) + cee” ¥ sin(3x) + 2.



Inhomogeneous equations

T heorem
Consider the second order differential equation

ay” + by + cy = f, (1)

with a, b, and c constant and f a function.
T he solution vy is given as

Yy = Yp + Yps
where vy, is the solution to the homogeneous equation
ay” + by’ 4+ cy = 0, (2)

and y, is a particular solution of (1).



Particular solutions

To find a particular solution the following table provides candidates

f candidate y,

d (constant) o (constant)

cr + d ax + 3

et* ovett™

cos(wx) or sin(wxz) | acos(wx) + B sin(wx)




Initial conditions

Problem
Find the solutions of

y” + 2y + 10y = 20 with y(0) = 0,%'(0) = 14.



Initial conditions

Problem
Find the solutions of

y” + 2y + 10y = 20 with y(0) = 0,%'(0) = 14.

» T he general solution is given by

y(x) = yp(x) + yp(x) = c1e” ¥ cos(3x) + cee” ¥ sin(3x) + 2.



Initial conditions

Problem
Find the solutions of

y” + 2y + 10y = 20 with y(0) = 0,%'(0) = 14.

» T he general solution is given by
y(x) = yp(x) + yp(x) = c1e” ¥ cos(3x) + cee” ¥ sin(3x) + 2.
» Use the initial conditions to find ¢; and cs:

y'(x) = ¢ [—e_x cos(3x) — 3e™ * Sin(Saz)] +
C2 [—e_x sin(3x) + 3e™ * COS(333)] ,



Initial conditions

» We have
y(xr) = cre” T cos(3x) + cee” ¥ sin(3x) + 2
y'(x) = 1 |—e *cos(3x) — 3e P sin(3x)| +
co |—e ¥ sin(3x) + 3e” ¥ cos(3x) |
y(0) =0
vy’ (0) = 14.



Initial conditions

» We have
y(xr) = cre” T cos(3x) + cee” ¥ sin(3x) + 2
y'(x) = 1 |—e *cos(3x) — 3e P sin(3x)| +
_6_

co | Tsin(3x) + 3e” ¥ cos(3x) |
y(0) =0
vy’ (0) = 14.

» So

0 = y(0) = cie Y cos(0) + coe Y sin(0) + 2



Initial conditions

» We have
y(xr) = cre” T cos(3x) + cee” ¥ sin(3x) + 2
y'(x) = 1 |—e *cos(3x) — 3e P sin(3x)| +
_6_

co | Tsin(3x) + 3e” ¥ cos(3x) |
y(0) =0
vy’ (0) = 14.

» So

0 = y(0) =cie Y cos(0) + coe Vsin(0) + 2 = ¢; + 2



Initial conditions

» We have
y(xr) = cre” T cos(3x) + cee” ¥ sin(3x) + 2
y'(x) = 1 |—e *cos(3x) — 3e P sin(3x)| +
_6_

co | Tsin(3x) + 3e” ¥ cos(3x) |
y(0) =0
vy’ (0) = 14.

> So
0 = y(0) =cie Y cos(0) + coe Vsin(0) + 2 = ¢; + 2
14 = ¢/ (0) =c1 [—e % cos(0) — 3e Y sin(0)] +
co [—e P sin(0) + 3e7° cos(0)]



Initial conditions

» We have
y(xr) = cre” T cos(3x) + cee” ¥ sin(3x) + 2
y'(x) = 1 |—e *cos(3x) — 3e P sin(3x)| +
_6_

co | Tsin(3x) + 3e” ¥ cos(3x) |
y(0) =0
vy’ (0) = 14.

> So
0 = y(0) =cre Y cos(0) + cae Vsin(0) + 2 = ¢ + 2
14 = ¢/ (0) =c1 [—e % cos(0) — 3e Y sin(0)] +
co [—e P sin(0) + 3¢ % cos(0)] = —c1 + 3es.



Initial conditions

» We have
y(xr) = cre” T cos(3x) + cee” ¥ sin(3x) + 2
y'(x) = 1 |—e *cos(3x) — 3e P sin(3x)| +
_6_

co | Tsin(3x) + 3e” ¥ cos(3x) |
y(0) =0
vy’ (0) = 14.

> So
0 = y(0) =cie Y cos(0) + coe Vsin(0) + 2 = ¢; + 2
14 = ¢/ (0) =c1 [—e % cos(0) — 3e Y sin(0)] +
co [—e P sin(0) + 3¢ % cos(0)] = —c1 + 3es.

» [ herefore ¢q = —2, ¢co = 4, and

y(xr) = —2e " *cos(3x) + 4e  *sin(3x) + 2




Hypatbolic sine and cosine

Definition
» T he hypabolic cosine is the
function
eX + e X
cosh z = >
2
» T he hypabolic sine is the
function
— —X
sinh 2z = e c >

2




T he catenary

» T he hypalbolic cosine can ’
be used to describe the
catenary , the shape of a
chain suspended between
two points.




T he catenary

» T he hypabolic cosine can
be used to describe the
catenary , the shape of a
chain suspended between

two points.
» It looks like a parabola, but
It isn’t!
2 2 2P ,
cosh .z = 1 o1 t o7 <<




Why ‘hyperbolic’ ?

» QObserve that

x — )\ 2 r  _—x\2
cosh? r — sinh? & = (6 +4€ ) B <€ 46 )

— % [(62$ + 2eFe T + 6_2$) — (eQw — 2eTe T + 6_2$):|




Why ‘hypabolic’ ?

» Observe that

(X +e™)% (X —e™)?
4 4
— %[(€2x + 25X 4+ 7)) — (X —25eX + e_ZX)]

cosh? z —sinh? z —



Why ‘hypabolic’ ?

» Observe that

>

(eX + ™) 2

(X —e™)?

cosh? z —sinh? z —

4

4

— le[(ezx + 25X 4+ 7)) — (X —25eX + e_ZX)]

— &fe X =1

For all =z we have

cosh? 7z —sinh? 2z =1

sinh z+————-—-—~—




Why ‘(co)sine’?

» [ he hyperbolic sine and cosine have properties that are very
similar to the properties of sin and cos:

(1) cosh(—x) = coshx

(2) sinh(—zx) = —sinhx

(3) cosh?x —sinh?z =1

(4) cosh(x + y) = cosh x cosh ¢y + sinh o sinh y
(5) sinh(x + y) = sinh x cosh y + cosh x sinh y
(6) cosh(2x) = cosh? x + sinh? x

(7) sinh(2x) = 2sinh x cosh x

d

(8) — sinhx = coshx
dx
d .

(9) — coshx = sinhx

dx



Hyperbolic functions and complex numbers

» Let 2z = x + yz, then

e = ePe™ = e“(cosy + 2siny).



Hyperbolic functions and complex numbers

» Let 2z = x + yz, then

e = ePe™ = e“(cosy + 2siny).

» With this definition we can define the complex hyperbolic
functions

e +e ~* ] e~ —e ~
cosh z = 5 and sinh z =

for arbitrary z € C.



Hyperbolic functions and complex numbers

» Let 2z = x + yz, then

e = ePe™ = e“(cosy + 2siny).

» With this definition we can define the complex hyperbolic
functions

= — =z =z — =z
e + e . e~ — e
cosh z = 5 and sinh z —

for arbitrary z € C.

» With this definition we have for all real a:

cos x = cosh(ix) and sinx = —¢sinh(ix)




A useful property

» From cosh?  — sinh?x = 1 follows

d
. sinh x = cosh x = \/1 + sinh? z,
x

in other words, sinh x is a solution of the differential equation

Y =1+ y2



A useful property

» From cosh? = — sinh?x = 1 follows

d
. sinh x = cosh x = \/1 + sinh? z,
x

in other words, sinh x is a solution of the differential equation

Y =1+ y2

» T he function sinh x is the
unique solution of the initial
value problem

y' =1+,
y(0) = 0.

B T A R

e T A
e T

[
[
fof
vy
vy
vy
v
v
v
iy
vy
fo
I
[




T he catenary

£

» A chain L Is suspended between two
fixed points.

u(x) = cosh(x)



Find the real-va %rﬁﬂﬁ&ion ¥y which solves the second
order
differ

y"' — vy’ — 2y = —cos(z) — 3sin(x)

such that
y0)=1 ; 4(0)=3

87



-Contents-

88



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57
	Slide 58
	Slide 59
	Slide 60
	Slide 61
	Slide 62
	Slide 63
	Slide 64
	Slide 66
	Slide 67
	Slide 68
	Slide 69
	Slide 70
	Slide 71
	Slide 72
	Slide 73
	Slide 74
	Slide 75
	Slide 76
	Slide 77
	Slide 78
	Slide 87
	Slide 88

