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First order differential equations

Example

Consider the first order differential equation
5vy’ + 4y = 0.

» Try an exponential solution y(x) = e"*.
5(e"™) + 4e" =5re” 4 4e""
— (57“ —+ 4) e’ .
» Since "% is never zero, we find
5(e™) +4e™ =0
if and only if 5 + 4 = O, hence

r = —4/5.

4
» We find the solution | y(x) = e 5%
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Trying exponentials in second order differential equations

Substitute y = €"* in

vy’ 4+ 5y + 4y = O.

> (er:c>/ _ ,rerzc’ (er:c)// — T2€T$’

>

(67“33)// 4 5 (67‘:13)/ o 467"33 :,r2€7":c + 57“6Tx + 4€rac

» Since e"* is never zero, we find
(erx)// 4 5 (67":1:)/ 4 4€rzc — 0

if and only if
r? 4+ 5r +4 = 0.
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» We found that y(x) = €"% is a solution of the differential
equation
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if and only if
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» Solve the quadratic equation, we find two roots:

1 — —1 and ro = —4.



Trying exponentials in second order differential equations

» We found that y(x) = €"% is a solution of the differential
equation
y" + 5y +4y =0

if and only if
r? +5r +4 = 0.

» Solve the quadratic equation, we find two roots:
1 — —1 and ro = —4.

» Two solutions of v/ + 5y’ + 4y = O are

y(xr) = e~ and y(xr) = e 4%




Trying exponentials, second example.

Example
Consider next the second order differential equation

vy’ 4+ 29" + 10y = 0.

» Substituting y(x) = "% gives

(™) + 2 (") 4 10e”™ = [7“2 + 2r + 10] e"*.
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Example
Consider next the second order differential equation

vy’ 4+ 29" + 10y = 0.
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and only if
r? + 2r + 10 = 0.

» However, because b2 — 4ac = 22 — 4 - 10 < 0, this equation
does not have a real solution. Thus this technique seems not

to work.



Trying exponentials, second example.

Example
Consider next the second order differential equation

vy’ 4+ 29" + 10y = 0.

» Substituting y(x) = "% gives
(™) + 2 (") 4 10e”™ = [7“2 + 2r + 10] e"*.

» Since €"” is never zero, we find that y(x) = €"”* is a solution if
and only if
r? + 2r + 10 = 0.

» However, because b2 — 4ac = 22 — 4 - 10 < 0, this equation
does not have a real solution. Thus this technique seems not

to work.
» We need complex numbers.
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Complex numbers

» In the R there is no number x which satisfies the equation

x? = 1.



Complex numbers

» In the R there is no number x which satisfies the equation
x? = —1.

» Extend our set of numbers by defining 7z as the solution of the
above equation:

2 = —1




Complex numbers

» In the R there is no number x which satisfies the equation
x? = —1.

» Extend our set of numbers by defining 7z as the solution of the
above equation:




Complex numbers
Definition
A complex number is an expression of the form
a + bz,

where a and b are real numbers.

» Sometimes we write a + 2b instead of a + bz.
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Complex numbers

Definition
A complex number is an expression of the form

a + bz,

where a and b are real numbers.
» Sometimes we write a + 2b instead of a + bz.

» If =z = a + bz, then a is called the real part of z and b is

called the imaginary part of =z .

» We denote a = Rez and b = Im =.



Complex numbers

We can do calculations with complex numbers in the usual way.

» Addition:
(3 +4%2) + (7 —92) = 10 — 54.
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Complex numbers
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» Addition:
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Complex numbers

We can do calculations with complex numbers in the usual way.

» Addition:
(3 +4%2) + (7 —92) = 10 — 54.

» Multiplication:
(34+4i)(7—2i) =3-7—3-2¢ +7-4i+ (47)(—27)
= 21 — 67 + 28i — 8(7)~
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Complex numbers

We can do calculations with complex numbers in the usual way.

» Addition:
(3 +4%2) + (7 —92) = 10 — 54.

» Multiplication:
(3 +44)(7—2i) =3-7—3-2{ 4+ 7 41+ (44)(—24)
= 21 — 67 + 28i — 8(7)~
— 21 + 224 — 8(4)7
— 21 + 227 — 8(—1)

— 21 + 227 + 8 = 29 + 221.



Complex numbers, graphical representation
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Complex numbers, graphical representation

We can regard complex numbers as points in the plane.

Imaginary
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C
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» The real part is the x-coordinate, and the imaginary part is
the y-coordinate.



Complex numbers, graphical representation

We can regard complex numbers as points in the plane.

Imaginary
axis
—1.5 + 22 0 1 C
O‘.5 + 1.5%
. 241
i
) —1 0 1 2 Realraxis
2—1
—17 © [
R

» The real part is the x-coordinate, and the imaginary part is
the y-coordinate.
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Complex numbars, graphical representation

2 ¢
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Conplex numbas, graphical representation

» [z/ the absolute value of z is the
distance to the origin.

2/ 1 » Question: What is the value of
z /z[?
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Conmplex numbeas, graphical representation

> [z/ the absolute value of z is the
distance to the origin.

2/ 1 » Question: What is the value of

Im(2)f z 1Z[?
il ) > /zP = Re(2)?2 + Im(2)2.
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Complex numbers, graphical representation

» [z/ the absolute value of z is the
distance to the origin.

2/ 1 = » Question: What is the value of
Im( 2)t z 1z[?
i ) > /zP = Re(2)? + Im(2)2.
» Question: What is the value of 2
., > tans=12
—2 —1 0] 1 Re(2)




Conplex numbeas, graphical representation

2 1 =
IM( 2); <
it v
2 1 o 1 Re2)

v

v vyyvyy

/z/ the absolute value of z is the
distance to the origin.

Question: What is the value of
1z[?

/zF = Re(2)? + Im(2)2.
Question: What is the value of 2

_ Im(=2)
tan = Re(2)

Notation: arg(z) =
argument of z.




Complex numbears, graphical representation

2i |
Im(2)+ \ <
il %
2 -1 o0 Re(2)
—jl
4
—oj |

v

v v vy

v

/z| the absolute value of z is the
distance to the origin.

Question: What is the value of
/z[?

[zP = Re(2)? + Im(2)2.
Question: What is the value of 2

_ Im(2)

Notation: arg(z) = v
argument of z.

Zz=Re(2) —Im(2)/.

Z is the complex conjugate.
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Complex numbers, the absolute value

» If =z — a + bz, then the absolute value of z iIs

z| = Va2 + b2,

» \We can also write

|z|? = a® + b~.

» Observe that

zZz=(a+bz)(a—bi)
a’? +b-ai—a-bi— b3i?
a’ + b2.

» \We have derived the following identity

2|2 = 2%z




Complex numbers, division

With the complex conjugate we can perform division.

>

3+ 47 [3+4z} [7+2@}

7T —2; |7 —=2; 7 + 24
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Complex numbers, division

With the complex conjugate we can perform division.

>

3+ 4z 3+ 42 7+ 22
T — 27 T — 27 7+ 22
(3 + 44)(7 4 24)
(7 — 20)(7 + 24)

13 + 34z
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Complex numbers, division

With the complex conjugate we can perform division.

>

3+ 42 3 + 42 7+ 21
7 — 21 7 — 21 7+ 21

(3 4 44)(7 + 24)
(7 — 20)(7 + 24)

13 + 34z
o3

13 34
— I 1

03 03




Complex numbers, division

With the complex conjugate we can perform division.

>

3+ 42 3 + 42 7+ 21
7 — 21 7 — 21 7+ 21

(3 4 44)(7 + 24)
(7 — 20)(7 + 24)

13 + 34z
o3

13 34
— I 1

03 03

» [ herefore

<1 <1 - =2

Z2 | 222




Complex numbers, division

1

If z = 2 then — is equal to
z

(a) ¢

(b) —2

(c) —1

(d) 1 —i



Complex numbers, the quadratic formula

T heorem
If a £ 0, b and c are arbitrary real numbers, then the solutions of
az? 4+ bz + c = 0 are given by

— b+ Vb2 — 4ac
2a

21,2 =




Complex numbers, the quadratic formula

T heorem
If a # 0, b and c are arbitrary real numbers, then the solutions of
az? + bz + c = 0 are given by

— b+ Vb2 — 4ac
2a

21,2 =

» The formula is called the quadratic formula.



Complex numbers, the quadratic formula

T heorem
If a # 0, b and c are arbitrary real numbers, then the solutions of
az? + bz + c = 0 are given by

— b+ Vb2 — 4ac
2a

21,2 =

» The formula is called the quadratic formula.

> If b2 — 4ac > 0 then the quadratic formula yields one or two
real numbers.



Complex numbers, the quadratic formula

T heorem

If a # 0, b and c are arbitrary real numbers, then the solutions of
az? 4+ bz + ¢ = 0 are given by

v

The formula is called the quadratic formula.

If b2 — 4ac > 0 then the quadratic formula yields one or two
real numbers.

v

> If b2 — 4ac < O then the quadratic formula vields two non-real
complex numbers:

—b 4 i \/|b%2 — 4ac]|
2a '

21,2 =



Complex numbers, the quadratic formula

» The solutions of 22 4+ 2z + 10 = 0O are

— 24+ /22 —4%x1=x%10
2% 1

21,2 =
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» The solutions of 22 4+ 2z + 10 = 0O are

— 24+ /22 —4%x1=x%10
2% 1

—2 4= /—36
2

—2 4 i+/36
2
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21,2 =

In other words: z1 = —1 + 372 and zo = —1 — 3.



Complex numbers, the quadratic formula

» The solutions of 22 4+ 2z + 10 = 0O are

— 24+ /22 —4%x1=x%10
2% 1

—2 4= /—36
2

—2 4 i+/36
2
— 1 + 31,

21,2 =

In other words: z1 = —1 + 372 and zo = —1 — 3.

» Note that z7 = 2.
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Complex numbers, Eulers formula

Definition
T he identity

626’

— cos O + 72 sin @

Is called Eulers formula.

Lemma
[

5 , sin 0 =
010 i ot (0+©)
1 _ etd — e,




Location e%?

Im(z) +

. ? — cos @ + isin @ = e*?

1 0 Re,(z)




Location e%?

Im(z) +
Z’ 1
, z = cos @ + ¢sin @ = e*
sinr-—-—-—-—----- ®
_'1 0 cos 6 Re,(z)




Location e%?

Im(z) +
Z’ 1
0 z = cos @ + ¢sin @ = e*
sin@pF----—-—-—-—-=
_'1 0 cos 6 Re,(z)




. ocation é*

0

Im(z) +
i 4
sin@----- N z = cosf + isinf = e
O
_=1 O COSIQ Re>(z)

0



. ocation é*

0

Im(z) +
i 4
sin@----- N z = cosf + isinf = e
N
_=1 O COSIQ Re>(z)

0



| ocation é*

0

Im(z) +
Z’ 1
0 z = cosf + isin @ = e*
sin@tF---- SN A
2 :
| 0 : >
—1 0 cost  Re(z)

0



L ocation e

Im(2)
e
/// \\\
/ .
sinfr----- -
/// \47\ :\\
,’ \F N
; AN
—1 0 cos ! Re(z)

0



L ocation e

Im(2)
R
/// \\
v sinf/---- N
[\
,/ \%\ I
| [\
| 0 L
1 0 cos ! Re(z)
\\ //
\ /
\ /
\ /
\ /
S

Eulers Identity: €™ +1 = 0.

0



Complex numbers, complex exponential

Question: where is the complex number z = re*® located in the
complex plane C7?



Complex numbers, complex exponential

Question: where is the complex number z = re* located in the
complex plane C?

Im(2)
P S
-~ ~
Ve N
v N
Va AN
/ AN
/ N0
/ \E
/
/ \
/ \
/ \
/ \\
[
: 0 |
|
1 0 1 Re(z)
\ /
\ /
\ /
\ /
\ /
\ /
N /
N s
N 7/
N 7
\\ //
\_~Z~_—’




Complex numbers, complex exponential

Question: where is the complex number z = re* located in the
complex plane C?
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Complex numbers, complex exponential

Question: where is the complex number z = re* located in the
complex plane C?

Im(2)




Complex numbers, complex exponential

» The following identity holds for every complex number z:

z = |z|eiarg(’z>.
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Complex numbers, complex exponential

» The following identity holds for every complex number z:

z = |Z|eiarg(z>.

Example

Multiply
21 = 4e¥™/3  and 2z = 6&77/%

2122 — 46’&7'('/3 . 66’1,71'/4 — 2462(7'('/3—|—7T/4) — 2467/127:7‘-.



Complex numbers, complex exponential

» The following identity holds for every complex number z:

z = |Z|eiarg(z>.

Example

Multiply
21 = 4e¥™/3  and 2z = 6&77/%

2122 — 46’&7'('/3 . 66’1,71'/4 — 2462(7'('/3—|—7T/4) — 2467/127:7‘-.

» Remember:

» absolute values are multiplied,

> arguments are added.



Complex numbers, powers

Im(z) 4

,1:__

0.95¢*? = 0.95[cos @ + i sin 6]

1 0 1 Re(z)




Complex numbers, powers

Im(2) +

7:__

(0.95¢"?)? = 0.95%[cos(26) + isin(26)]

260 | \
1 0 1 Re(z)




Complex numbers, powers
Im(z) 4

LT (0.95¢*%)? = 0.95[cos(30) + isin(36)]

360 |
1 0 1 Re(z)




Complex numbers, powers

Im(z) 4

,1:__

1 0 1 Re(z)




De Moivres T heorem

» Ve see that

(cos O + isin 0)? = ¢ = %29 = cos(260) + i sin(20)



De Moivres T heorem

> \We see that
(cos O + isin 0)? = ¢ = %29 = cos(260) + i sin(20)

» This leads to De Moivre’s Theorem:

T heorem
For 6 € R and n € Z we have

(cos B + isin @) = cos(nb) + 7 sin(nb).



Quotients

Example
Divide | |
21 = 4e*™/3 by 2zo = 547/ 4
>
/3 /3
z1 _ 4e / _ 4e / o—iT/4 fez‘(w/S—w/z_L) _ ﬁem/lz.

zo  Heim/4 5 5 5



Quotients

Example
Divide |
2z = 4e"™/3 by
>
z1 _ 4ei7r/3 _ 46?:71-/36—2'71'/4
Z9 5et7/4 5

» Remember:

» absolute values are divided,

» arguments are subtracted.

2o = 5e7T/4

_ %ei(ﬂ-/Sﬂ-/éL) _

4
—e

5

i /12



Finding cube roots

Find all complex numbers z such that 23 = 8.
» Write 2 = re'?, then

23 =3t =8,
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Find all complex numbers z such that 23 = 8.
» Write 2 = re®?, then
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» We find |
P =8=2% and e =1

with 6 € [0, 27).



Finding cube roots

Find all complex numbers z such that z° = 8.
» Write z = re’?, then

23 = r3e? = 8,

» We find

r3=8=923 and €37 =1

with 6 € [0, 27).
» [ herefore r = 2 and

H =0 0=

T, or 0

Wi



Finding cube roots

Find all complex numbers z such that 23 = 8.
» Write z = re'?, then

» We find

with 6 € [0, 27).
» Therefore r = 2 and

=0, 0=2r, or 6=inr

» The solutions of 23 = 8§ are

2 = 2eV =2,

22 — 2€i27T/3 — _1 _|_7z\/§,
23 = 2e"7/3 = 1 —iV/3.

<1



Finding n-th roots

Problem
Let n be a positive integer and let w be an arbitrary complex
number, unequal to O. Find all z such that z" = wu.



Finding n-th roots

Problem
Let n be a positive integer and let w be an arbitrary complex
number, unequal to O. Find all z such that z" = wu.

» Write 2z = re*® and u = Re™, then

Re™ — ¢ = 2™ — pneinf,



Finding n-th roots

Problem
Let n be a positive integer and let w be an arbitrary complex
number, unequal to O. Find all z such that z" = wu.

» Write 2z = re*® and u = R e*™, then
Re™ — ¢ = 2™ — pneinf,

» We conclude ™ = R and n0 = w + 2kmn for some integer k.



Finding n-th roots

Problem
Let n be a positive integer and let w be an arbitrary complex
number, unequal to O. Find all z such that z" = wu.

» Write 2z = re*® and u = Re™, then
Reiw 7n n __1n0

= u =z =71"€

» We conclude ™ = R and n0 = w + 2kmn for some integer k.

» [ herefore

r= VvV R and 0 — & | Qkﬂ.

(R 7



Finding n-th roots

Problem
Let n be a positive integer and let w be an arbitrary complex
number, unequal to O. Find all z such that z" = wu.

» Write 2z = re*® and u = Re™, then
Reiw 7n n __1n0

= u =z =71"€

» We conclude ™ = R and n0 = w + 2kmn for some integer k.

» [ herefore

r= VvV R and 0 — & | 2]{7T.

mn mn
» [ he solutions of 2™ = u are

- (W 2k
zk:\n/ReZ(ﬁ_l_ n/, k=0,1,...,n—1




Finding roots

The solutions of 2" = u = R e™.

Y



Finding roots

Find all complex numbers z such that z* = 16.

» Write z = ¢, then

2t — pteitf — 16,



Finding roots

Find all complex numbers z such that z* = 16.

» Write z = ¢, then
2+ — et — 6.

» \We find |
r* =16 =2% and e =1

with 6 € [0, 27).



Finding roots

Find all complex numbers z such that z* = 16.
» Write z = ¢, then

2t = rtett? — 16.
» \We find |
r* =16 =2% and e =1
with 6 € [0, 27).

» [ herefore r = 2 and

6—=0, 0—=mx/2, O0=m or e:g



Finding roots

Find all complex numbers z such that z* = 16.

» Write z = ret? . then

» We find |
rf=16=2% and €4’ =1
with 6 € [0, 27).

» Therefore r = 2 and

6=0, O0=xn/2, O0=m or 0:§

.

» The solutions of 2% = 16 are

21 =20 =2 29 = 2eim/2 — 21,

23 — 2 = —2. 24 —92eB7/2 — _9;




The complex exponential as a function

We can regard e’ as a function depending on 6.

Im(z)




The complex exponential as a function

We can regard e’ as a function depending on 6.

Im(z)
///t.— —_\\\
// \\ .
// \\629
/ \
/ \
\
II Q )
\
—1 0 1
\ /
\ )/
N /
N s
\\ . //
va - -

This function has a derivative - --



The complex exponential as a function

» We calculate the derivative of €Y as follows:

d ei@
do

— (ew)/ = (cos 0 + isin 0)’



The complex exponential as a function

» We calculate the derivative of €Y as follows:

dei@ ;
— = ()

(cos 0 + isin 9)’

— —sin @ + 2cos @



The complex exponential as a function

» We calculate the derivative of €Y as follows:

(cos 0 + isin 9)’

de

10
de (ew)/

—sin 6 + 7 cos 0
— ¢ [2sin 6 + cos 6]



The complex exponential as a function

» We calculate the derivative of €% as follows:
d 20 .
;9 — (67’9)/ — (cos 0 + isin )’

—siné@ + z2cos 6

i[isin @ + cos 0] = ie®.



The complex exponential as a function

» We calculate the derivative of €% as follows:
d 20 .
;9 — (67’9)/ — (cos 0 + isin )’
— —sin @ + 2cos @
— ¢ [¢sin @ + cos ] = ie®?.

» Similarly, for real values of r:

d eir@
do

— (67:T9>, — iret?.



The complex exponential as a function

» We calculate the derivative of €% as follows:
d 20 .
;9 — (67’9)/ — (cos 0 + isin )’
— —sin @ + 2cos @
— ¢ [¢sin @ + cos ] = ie®?.

» Similarly, for real values of r:

d eir@
do

— (67:T9>, — iret?.

» Note that for real values » we have

/
<€r9> _ rere.



Summarizing

Define
4
= :
1+ \/§z
(a)Find the real and imaginary part of z
(b)Find the absolute value of z
(c) Find the argument of z
(d)Find the smallest positive number n sz"h that
IS rea

Find all solutions of the equix 1
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The complex exponential as a function

Definition
For z = a + bz, we define the exponential as

ettt — g2 . &% — % [cos(b) + i sin(b)]

T heorem
lLet z = a + bz € C, then

d ez@

o0 — (629)/ — ze?Y.




-Contents-
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https://www.youtube.com/watch?v=3Uo0QJAUWIiiM
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