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Solutions

(@ [1pt] Withu=PQ = (1,1,4) andv = PR = (1,4, 1):

1 1_4].1_.1
uxv= X K X =] (-153,3)
1 47711774

(b) [2 pt] The normal equation of the plane V' is

n'(X_p):()?

with n a normal vector and p a support vector of V.

Using n = uxv as a normal vector and for example p = OP as support
vector we obtain the equation

(—=15,3,3) «(z — 1,y +1,2) =0,
—15z + 3y + 3z = —18

which can be simplified to

or—y—z=6| or | z2=52x—y—6

(c) [2 pt] If Oisthe angle at P, then
u-v=|ul|v|cost
Calculate the dot product of u and v:
u-v=1-141-44+4-1=09.
Calculate the lengths of u and v:
u =V124+12+42=3v2. and |v|=V124+42+12=3V2
9 —
3v2-3v2

and consequently the angle at Pis 0 =| <7

Therefore cos 0 =

3

DO [—




(d) [2 pt] The projection of u onto v is

u-v
vI°

proj,u = A

Withu . v =9 and ]v\2 = 18 (see (c)), we obtain

roj,u = 9V
p .]V _]_8

=514 =1 (525)

6. [2 pt] Step 1:

Note that the limit is of type “2”

o » S0 the use of LHopitals rule is justified.

Apply LHépital rule:

T e* et xet

xll}(l) e2r — 1 N xll}(l) 2e2
Step 2:
Use the quotient law for limits:

et 4 xet e+ 0-e
lim——M =lim——M =
z—0 262"” z—0 262'0

N[

Note 1

Of course you can simplify the expression on the right-hand side of (x), before
taking the limit:

e’ +xzet . 14z . 1+0
- = = lim = 3.
=0  2e2x r—0 2% z—0 2eV 2

Note 2

Applying LHépital on the right limit of (x) is, although the results is correct, not
justified, since the limit is not of type “2”

0
7. (@) [2pt] Since —1 <sinz < 1 for all z, we have

—|z| < @ sin(ln |z]) < |z| forall z # 0.

Now both lir%|a:| = 0 and 11II(1)—|:E| = 0, so the sandwich theorem
T— T—>

implies that liH(l) f(z) =0.
T—

(b) [1 pt] The function f is not continuous at 0, since hH(l) f(z) # £(0).
T—



8. (@) [2 pt] Using the definition of the derivative:
o JO 1) — £(0)

!
f1(0) = lim Y
_ 3hZ — h3 -0
= s h
= hm u\/3 — (%)

This limit depends on the sign of A:
h
lim " |\/ — V3 and lim [ 3—h=—V3,
h—0t h—0— h

so the limit (%) does not exist.
(b) [2 pt] The derivative of f(x) is

Flz) = 6z — 3x° 3 T 2—x
2322 — 23 % x| V3—2

Solving the equation f'(z) = 0 gives = = 2, so 2 is a critical point.
Also, from (a) follows that 0 is a critical point.

NOTE concluding f/(0) = 0 because the numerator 6z —3z? = 0 when-
ever x = (0 is wrong.

(c) [1 pt] Candidates for the extreme values of f on [1, 3] are the boundaries 1
and 3, as well as the critical points in the interval (1, 3).

f(x)

O[\DEI

o0 o = ||

The absolute minimum is 0, and the absolute maximum is 2.

9.[2pt] Use polar coordinates: z = rcosf and x = rsinf. Then f(z,y) becomes

r2cos?f — r?sin® 6

f(rcos@,rsinf) = = r(cos®§ — sin* ).

r

Since cos? §—sin® # is a bounded function (for example: | cos? f—sin? §] = | cos(20)| <
1, we have

1 =1 0, 0)=0.
. )111%00)]“(30 Y) = lim f(rcosf,rsind)



An alternative argument is to use the sandwich theorem:
0 < |f(z,y)| = r(cos®d —sin®§) = r|cos(26)| <r — 0

for (z,y) — 0.

10. [3 pt] The equation for the tangent plane through (a, b, f(a, b)) is

of of
z:f(a,b)—l—%(a,b)(z—a)—i—a—y(a,b)(y—b). (%)
Calculate the partial derivatives of f:
) = e
oz Y = 22 +y2 -1
8_f< )= %
oy HYI= 22+y?—1
Evaluate f and the partial derivatives at (a,b) = (1, —1):
f(17 _]-) - Oa
af B
8—x(1, -1) =2,
af B
5&“*_1)_"_2

Write down the equation of the tangent plane (fill out all results in (x)):

2=0+4+2(x—1)=2(y— (1)),
2 =2x — 2y — 4.

The equation may be rearranged, like

z4+4=2x — 2y,

or: 2x—2y—z=4

Total: 22 points



