Photo: alljengi
https://commons.wikimedia.org /wiki/File:KLM_landing_at_SXM,Maho_Beach, St_Ma2arten, Oct 2014_(15137314913).jpg

Lecture 3

Differentiation

CaICUIUS ].A UNIVERSITY OF TWENTE.




Overview

This lecture is based on the material of chapters 3 and 4 of
Thomas' Calculus.

Topics:
m The definition of the derivative.
m Calculating derivatives.
m Extreme values.

m L'Hopital's rule.



A bit of history

Apollonius of Perga

A tangent to a curve C is a line ¢ that
intersects C, such that no other line could
fall between ¢ and C.

o

Appolonius of Perga, ca. 225 BC (source: https://cmap.ihmc.us/) “’au,_’

P

C { is tangent to C C £ is not tangent to C



Finding the tangent using a limit

secant
tangent

P C

m The line through P and @ is called a secant.

m The tangent to C (at P) is the limit of ¢ for ) approaching P.



Finding the tangent to the graph of a function

B The slope of the secant through P and @ is
f(zo +h) — f(zo)
h
m The slope of the tangent to C' at P is

lim f(zo+h) — f($0)‘
h—0 h




Differentiability and continuity

Definition
Let f be a function defined on an open interval I, and let xy € 1.
The derivative of f at xg is

) — Fim f(zo+h) — f(z0)

h—0 h ’

provided this limit exists.

m If the limits exists we say: f is differentiable at x.

m Alternative notations:

%(1‘0) and fa(z0)-



Differentiability is a local property

Let f(z) = |z|.
m If ¢ # 0, then f is differentiable at c.
m The function f is not differentiable at 0.

m Let ¢ > 0, then |z| = x in an open interval containing ¢, so

. + h| — | (c+h)—c
(¢) = tim CEPI Ny e Ze
(o) hlg%) h h—0 h
m For ¢ < 0 we have
et hl=lel _ . —(c+h) = (=)

f'(c) = lim =—1

h—0 h h—0 h



Example (continued)

The function f(x) = |z| is not differentiable at ¢ = 0:

]
p JOER) O L pl=f0] A=
h—0Tt h h—0t h h—0 h

" 0+ h) — £(0 hl— [0 h—0
L FOAR) = fO) L Bl=l0] . —h-0
h—0— h h—0— h h—0 h

m The graph of |x| has no tangent line at 0.

]




Differentiability and continuity

If f is differentiable at c, then it is continuous at c.

m Suppose f is differentiable at ¢, so this limit exists:

) = tim D =S
m Then
lim () = lim (F(2) ~ /() + £(¢))
— tim (f(z) - £(¢) + lim (0
=i PO g

= f'(c) -0+ f(c) = f(c).



Differentiability and continuity
@

Define
fa) T if v <1,
€Tr) =
z+1 ifx>1.

Is f differentiable in 17



Rules of differentiation ( Thomas’ Calculus, sec. 3.3)

Assume that f and g are differentiable at z.
d
1. Sum rule —(f+9)@) = f(2)+d(2)
2. Difference rule di(f —g)(z) = f'(x) — ¢'(x)
x

3. Constant multiple rule a%(k )x) =k f'(x)

4. Product rule j?(f -g)(z) = f'(z) - g(x) + f(z) - ¢'(2)
. d (f _ f(@) g(z) — f@) - g'(z)

5. Quotient rule! . (;) (x) = 9(@)?

6. Chain rule %f(g(ﬂﬂ)) = f(9(x)) - ¢'(x)

L Assuming g(z) # 0.



The derivatives of elementary functions

f(z) f'(z) condition f(z) f(x) condition
1. ¢ 0 ceR 7. sinx cos T
1
2. Vx NG x>0 8. cosz —sinx
1 1 1
3. - 3 x#0 9. arcsinzx BV lz| <1
1
4. 2 ax* ! a€eR 10. arccosz —— |z| <1
1—22
1
5. e € 11. arctanz —
+1
1
6. Inx — x>0
x




Example
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Calculate %(I )
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The tangent line

Let f be differentiable at a. The tangent line to the graph of f at
P(a, f(a)) is given by the equation

y = f(a) + f'(a)(z - a).




The tangent line

-

Calculate an equation of the tangent line to y = x2 at P(1,1).




The tangent line as linear approximation

1.25 /

1
N 2
2 flz) = y=2z-1
[/
I SO - ,/
I
\
I
|
0 + t 1
a1 0 1 3
dim: 4 x2
L016
T
I
;
\
I
|
\
0.984 " i
0969 1 1031
dim: .062 x .032
4

0.75 } i
0.5 1 L5
dim: 1 x 0.5
1.062 -l- /
I - —/
I
!
|
I
|
/ ‘
0.937 } J
0.825 1 1125
3

dim: 0.3 x 0.125




Linearization

m The tangent to the graph of f at a is the graph of the
function

L(z) = f(a) + f'(a)(z — a),

The funtion L is called the linearization of f at a.




Linearization

 eerete |

Calculate the linerizations of f(z) = +v/z + 1 at 0 and at 3.




Linearization as approximation

approximation true value error
z f@)y=gr+1 =L(x)  f(z) f(z) = L(z)]
0.2 9
0.2 V1.2~ -5 +1 =11 1.095445 < 10

0.05 Vv1.05 = ? +1 =1.025 1.024695 <1073

0.005
0.005 +/1.005 ~ 5 +1=1.00250 1.002497 <107°

m The table shows approximations of f(z) = v/ + 1 using the
linearization L(z) = 1z +1 at 0.

B The closer x is to 0, the better the approximation is.



Differentials

m If y = f(x), define Ay = f(x + Ax) — f(z). You cannot use
the quotient rule here:

oy g J@HAr) — flx) Ay
fla)= lim Ax A
A A g
227 lim Az 0
Ax—0

m Early mathematicians used “infinitisimal small numbers” to
overcome this problem.

. Ay dy
/ et 1 _— = —
F@) Arbo Az dz’
where dz indicates: “make Ax infinitisimal small”, and where
dy indicates: “the value of Ay obtained by making Az
infinitisimal small”.



Differentials

Axiom of differentials

If y = f(x) then dy = f'(x)dx.

m Example: let y = 23 + 1, then
dy = 32%d .

m While the true nature of differentials remain obscure, you can
still do calculations with them!

m Differentials play an important role in the calculation of
integrals.
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Absolute extreme values

Definition

Let f be a real function with domain D. Let ¢ € D. Then f has
an absolute maximum value on D at c if

Ve eD | f(2) < 1)),
and f has an absolute minimum value on D at c if

Ve eD | f(z)2 f(e)].



Absolute extreme values

Dom(f) = (0,2)




The Extreme Value Theorem

Theorem (the Extreme Value Theorem)

If a real function f is continuous on a closed and bounded

interval [a,b], then f attains both an absolute maximum value and
an absolute minimum value on [a, b].

f(xg) = max(f) = M

f(x1) = min(f) = m
Jf— : — T
a X9 I b

m Due to the Intermediate Value Theorem, the range of f is [m, M].



The Extreme Value Theorem

b ------

(oK, PSP

//
1/ o 1
Minimum and maximum
at interior points
|
|
I
\
G 1
T X9 b

Maximum at interior point,
minimum at enpoint

//
/S b
Minimum and maximum
at endpoints
I
I
T q x1 29

Minimum at interior point,
maximum at enpoint



The Extreme Value Theorem

m The conditions ‘closed’, ‘bounded’ and ‘continuous’ must all

be satisfied.

<
9

f-L1-R

r—1 ifo<z<1.

f is not coninuous on [

z+1 if-1<2<0,
fl®)=<0 if =0,

ol ;
f:(0,1] >R f:]0,00) = R
fa)=1 f@)=z

I is not closed

I is not bounded



Local Extrema

Definition

Let f be a real function with domain D. Let c € D. Then f has a
local maximum value at c if there exists an open interval
containing ¢ such that

VmEIﬁD[f(I)Sf(C)},

and f has a local minimum value at c if there exists an open
interval I C D containing ¢ such that

VmEIﬁD[f(:L‘)Zf(c)}.



Local extrema

Absolute maximum
No greater value of f

Local maximum anywhere; also a

f(ng) No greater value local maximum
of f nearby

S

Absolute minimum
No smaller value of f
anywhere; also a
local minimum

Local minimum
No smaller value

/‘

f(a) : Local minimum . of J nearby
1 No smaller value 1
: of f nearby :
/| : : "
1 a ) 29 3 b
m The function f has an absolute minimum at a.
m The function f has an absolute maximum at 3.
m The function f has local minima at a, z2 and b.
m The function f has local maxima at 1 and x3.



Local extrema and derivatives

Theorem (First Derivative Theorem)

If f has a local maximum or minimum value at an interior point c
of its domain, and ' is defined at ¢, then f'(c) = 0.

If f: 1 — R has a local extreme value at ¢, at least one of the
following statements is true:

W cis not an interior point of I,

m [ is not differentiable at ¢,

m f(c)=0.



Critical points

Definition

An interior point of the domain of f where f’ is undefined or
where f'(¢) = 0 is called a critical point of f.

m A critical point need not to be a local extreme.

f/(0) =0, but 0'is
not a maximum £'(0) doesn't exist
nor a minimum




Finding absolute extrema

Step-by-step procedure

Let f be a continuous function on a closed and bounded
interval [a, b].

1. Find all points in (a,b) where f’ does not exist.
2. Find all ¢ € (a,b) where f’(c) = 0.

3. Calculate the function values in the previous points,
and in a and b.

4. The largest value is the absolute maximum value.

5. The smallest value is the absolute minimum value.



An optimization problem

(/) Example

A cylindrical can has a volume of

1 liter. Minimize the surface of the Q

can.

The can has a bottom and a lid.
The radius is r and the height is h.



An optimization problem (continued)



tal’s rule

opi

L'H




Indeterminate forms

A limit is called called an indeterminate form if applying the limit
laws leads to an indecisive result.

limit law limit notation
difference rule lim f(x) — g(x) 00 — 00

Tr—cC
product rule lim f(z) - g(z) 000

Tr—cC
quotient rule lim /(@) x or 9

z—c g(x) 00 0
power rule lim f(z)?® 1, 0% or oc

Tr—cC




Limits of type %

Theorem (L'Hépital’s rule)

Suppose that f(c) = g(c) =0, that f and g are differentiable on
an open interval I containing ¢, and that ¢'(x) #0 on I ifx # ¢,
then

fl@) . f(x)

2 gla) e (@)

9
assuming that the limit on the right side of this equation exists.

B This rule is also correct when ¢ = 0o or ¢ = —c0.

m If the limit on the right side is of type %, you can apply
L'Hopital’s again.



L'Hopital’s rule

 eerete |

1 —cosx
—

Calculate lim
x—0 a5



Limits of type =

Theorem

Suppose that f and g are differentiable on an open interval I
containing ¢, that ¢'(x) # 0 on I if x # ¢. Moreover, assume that

lim f(z) = £oo and lim g(x) = to0,

Tr—cC r—rcC
then

fl=) . f(2)
m ) T A )

)

assuming that the limit on the right side of this equation exists.

B This rule is also correct when ¢ = 0o or ¢ = —c0.



L'Hopital’s rule

 eerete |

Inz
Calculate lim —.
T—00 \/E




Limits of type 0 - oo

m Limits of type lim f(z) - g(x) that on substitution give 0 - co,
Tr—rC
should be written as a fraction, so that L'Hopital's rule can be
applied.

m Either write

f(x)

lim f(x) - g(v) = lim —
9(z)

)
T—C Tr—C

or write

lim f(x) - g(z) = lim g(a:)

Tr—C Tr—cC



L'Hopital’s rule

 eerete |

Calculate lim z e *.

T—00




Limits with indeterminate powers

m Limits of type lim f(a:)g(“) that after substitution gives a limit
r—cC

of type 0°, oc® or 1°°, should be written as follows:

lim f(2)9®) = lim e9(®) 0 /@),

Tr—cC Tr—C
m First calculate L = lim g(z) In f(x).
Tr—cC

m Then
lim f(z)9®) = el

r—cC



L'Hopital’s rule

 eerete |

Calculate lim (1 + l‘)%

z—0
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