Calculus 1A UNIVERSITY OF TWENTE.

Lecture 2

Limits and continuity
' 0 e



Overview

This lecture is based on the material of chapter 2 of
Thomas' Calculus.

Topics:
m Functions (recap).
m Informal introduction to limits.
m A formal way to describe limits.
m Limit laws.
m Special types of limits: one-sided limits, limits to infinity,

limits that are infinity.
m The sandwich theorem.

m Continuity.



How to perceive functions

formula

flx) =22 -1

arrow diagram




Functions, formal definition

Let D and C be sets. A function from D to C is a subset
f € D x C such that

VeeD3IlyeC|(z,y) €[]

m Theset D x C is the Cartesian product of D and C:

DxC={(z,y)|[zre DAyeC}

m The quantification Ily € C [p(y)] means: “there is exactly
one y that satisfies p(y)".
m The set D is the domain of f, while C is the codomain of f.

m We denote y = f(z) rather than (z,y) € f.



The limit of a function

Limits, the informal way

Let f: D — R be a function with domain D C R. We say

lim f(x) =L

T—C

if f(x) tends to L whenever z tends to c.

m The limit point ¢ does not need to be an element of D.

m While z approaches ¢ (but is not equal to ¢), it must be an
element of D.



The limit of a function

Try to find lim x;__ L
/] x f(z) z f(z)
1 undefined 1 undefined
2 0.9
1.1 0.99
1.01 0.999

1.001 0.9999




The limit of a function

: T
/—10 1

m For all x # 1 we have

1'2— T xr —
flz) = x_11=( +xl)_(1 DR




A more mathematical approach

What does lim f(z) = L mean?

Tr—c

* If x approaches ¢, then f(x) approaches L.
* % Make f(z) approach L by moving x to c.

* % % Make the distance between f(x) and L small by making the
distance between x and ¢ small.
:1** Make the distance between f(z) and L smaller than a given
positive number, say 0.001, by making the distance between =

and ¢ small.

* * Make |f(x) — L| smaller than an arbitrary positive number,
say ¢, by making |z — ¢| small.

*k* For all € > 0, make |f(x) — L| < &, by making |z — ¢|
sufficiently small.



The formal definition of the limit
Quantify the statements:
* VE>O[ if | — c| is sufficiently small (but not 0), then |f(z) — L| < a.]

**x Ve>036>0 [if0< |z —¢| < 4, then |f(x) — L] <5.}

* kK VE>035>0V1’€R[0<|$—C|<5 = |f(:c)—Ly<a]




Simplifying limits

Theorem (replacement theorem)

If f(z) = g(x) for all x # ¢, then il_)mc f(z) = lim g(x).

Tr—cC

R |
(/] m Calculate lim :
z—1 x —1




Existence of the limit

m The limit liLn f(z) exists:

ILERVe>030>0VzeR|0<|z—c|<d = |f(:c)fL|<5}

m The limit liLn f(z) does not exist:

VLeRIe>0VI>0TzeR|0< |z —c|<d A |f(x)—L|>¢




When doesn't the limit exist?

VL6R35>OV5>0390€]R{0<|xfc|<5 Alf(z)—L|>e

O
—

B The limit hn% sin(1/z) does not exist.

@ m Proof for L > 0:




One-sided limits

We say

lim f(x)=1L
T—>Cc
if f(x) tends to L whenever x approaches ¢ from the left, and
lim f(z) =1L
z—ct

if f(x) tends to L whenever x approaches ¢ from the right.

m Formal definition of the left limit:

V5>035>0V:U6R[c—6<x<c = |f(x)—L|<5}

m Formal definition of the right limit:

Va>035>0Vx6R{c<x<c+5 = |f(:c)—L|<s}




One-sided limits

m /flim f(z) = L exists, then lim f(x) =L and
Tr—cC Tr—Cc—

lim f(z) = L exist, and they are both equal to L.

z—ct
m /f lim f(z) =L and lim f(z) = R exist, and if L = R,
= Tr—C

Tr—C
then lign f(x) = L exists, and it is equal to L = R.
r—cC

B The limit lim does not exist, if one of the following is true:
Tr—cC

1. the left limit lim f(x) does not exist,
Tr—c—

2. the right limit lim f(z) does not exist,
xz—ct

3. both lim f(z) and lim f(x) exist, but they are not
T—c™ z—ct

equal.



One-sided limits

u cerete

T .
Show that lim u does not exist.
z—0 T




Limits to infinity

W
ol lim f(x) =1L
T—00
if f(z) tends to L whenever x tends to oo, and
lim f(z)=1L

T——00

if f(x) tends to L whenever z tends to —co.

m Formal definition of the limit to oo:

v5>03MeR\1xeR[z>M = |f(x)—L|<a}

m Formal definition of the limit to —oo:

Vs>03MeRVxe]R[x<M = |f(x)—L|<e]




Infinite limits

We say

lim f(z) = o0
Tr—C
if f(z) tends to co whenever x tends to a, and

lim f(z) = —o0

T—C

if f(z) tends to —oo whenever x tends to a.

m Formal definition of a limit that is oo:

VK€R35>OVZL‘ER{O<|$—C|<5 = f(x)>K}

m Formal definition of a limit that is —oo:

VKERH5>OV9EER{O<|$—C|<5 = f(a:)<K}




Infinity is not a number

Even if lim f(z) = oo, then the limit lim f(x) does not exist!
T—cC T—cC

Both statements are true:

1
m lim —5 = 0.
x—0 X

.1 .
m lim — does not exist.
x—0 X



Standard limits with infinity

. 1 . 1 I 1 1 "
1. lim —= lim —=0 —=—=0
T—00 I T——00 I 00 —00
1
2. lim — does not exist.
z—0 x
1 . 1 1. )
3. lim —=occand lim — = -0 — is undefined
z—0t T z—0— T 0

8=
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Well-behaved functions

m Functions f like polynomials, exponential functions,
logarithms, sine and cosine are well-behaved in the sense
that a limit to a point a in the domain of f can be calculated
by direct substitution:

lim f(z) = (o).

Tr—cC

°

Calculate the limit lim 2° — 7z + 10.
r—2




Replacement rule

Theorem (weak version)

If f(x) = g(x) for all z # ¢, then 9161_>mc f(z) = lim g(x).

r—c

Theorem (strong version)

Let I be an open interval containing c. If f(x) = g(x) for all
x € I, then liLn f(z) = liing(m).
r—C r—C

B These theorems can be extended to all types of limits:
» one-sided limits;
» limits to plus or minus infinity;

» limits that are plus or minus infinity.



Limit laws

Assume that both lim f(z) =

xr—c
Sum rule
Difference rule

Constant multiple rule

ol A e

Product rule

5. Quotient rule

6. Power rule

7. Root rule 2

L and lim g(z) = M exist.!

Tr—cC

M
M

lim {/f(z) = VL =L'Y", withn e N

Ln particular: L and M are not co or —oo.

20fnis even, assume that L > 0.



Warning

The condition “both limits must exist"” is essential:

m Define
2

z—1

flx)y=2—1 and g(z)=

m This is wrong: lim f(z) = lim2z —1=0so
z—1 z—1

lim f(x) - g(x) = lim /() - lim g(x) = 0 lim g(x) = 0.

rz—1

B In stead, use the replacement rule:

lim f(z) - g(x) = limg://f-i = lim 2 =2.

z—1 z—1 r—=T 21

oo is not a number!




Indeterminate forms

m A limit is called called an indeterminate form if applying the
limit laws leads to an indecisive result.
r—1

m Example: in lim ——— we can not apply the quotient rule,
z—1t \/E -1

because lim v/zr — 1 = 0. But also limz — 1 = 0, so we
x%_l x—1
cannot decide.
m We denote this situation with the pseudo-formula “%”.

limit law limit notation

difference rule liin f(z)—g(x) oo—o0

product rule  lim f(x)-g(x) 0-00
Tr—C

quotient rule  lim @ 2 o 0
T—C (.’L‘) o0 0
power rule lim f(z)9® 1, 0° or oo
Tr—C




Not really indeterminate forms

m Some limits look like indeterminate forms, but they are not.

limit law limit notation value

sum rule lim f(x) + g(x) o0+ 00
r—c

product rule  lim f(x) - g(z) 00 - 00 00
Tr—cC

quotient rule  lim @ < 0 forany ce R
2 o) =

power rule lim f(x)?®) oo oo if >0
Tr—c

oo 0ifa<O




Expelling indeterminate-ness

m If x — 0, factor out the lowest power of x:

222 — 6x

im —— =
2—0 322 + 22

m If x — oo, factor out the highest power of x:

. 222 — 6x
lim ——— =
z—o0 322 + 2z



The Conjugate Trick

m The Conjugate Trick is based on the following identity:

(a+0b)(a—b)=a®> -1

B The factor a + b is called the conjugate of a — b (and vice versa).

m Example: evaluate the following limit:
ve+2-3

lim
r—7 xr—T



The sandwich theorem

m Let f, g and h be functions for which the following holds:
g(z) < f(x) < h(x) forall x #c
m The graph of f is “sandwiched” between the graphs of g and h.

If lim g(x) and lim h(zx) exist, and moreover, they are equal
Tr—cC T—C

(say L), then lim f(z) exists, and it is equal to L.
Tr—cC



The sandwich theorem

 cerete

Show that lim z sin (x) =

z—0

UAVAV
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Continuity at a point

Definition |
Let f: [a,b] — R be a function. Let ¢ € [a, b].

m Interior points:
If a < ¢ < b, then f is continuous at c if

lim f(z) = (o).

Tr—cC

m Endpoints:
If c=a or c =0, then f is continuous at a if

lim f(z) = f(a),

z—at

and f is continuous at b if

lim f(z) = f(b),

z—b—



Practical approach

Continuity test

A function f(x) is continuous at an interior point ¢ of its domain if
and only if meets the following three conditions

1. f(c) exists — ¢ lies in the domain of f;
2. lim f(x) exists —  f has a limit as = approaches ¢;
T—cC

3. liin f(x) = f(e) — the limit equals the function value.

m If one (or more) of the conditions is not satisfied, the function
f is not continuous at c.



Discontinuities

In all following cases f is not continuous at c:

Violation

Function

2 -1

EJ

— ifz#0,
fl)=4 7

0 if =20

2 _

ol o,
flay={ a1

5 ifz=1

f is not defined at ¢

lim f(x) does not exist
Tr—cC

lim f(z) = 2 # f(c)

Tr—cC




Continuity is a local property

 eerete |

Define f: R — R as follows:

K if z € Q,
f(x)_{—x ifodQ.

The function f is continuous at 0, but nowhere else.




Laws of continuity

Assume that f and g are continuous at ¢, then the following
combinations are continuous at c:

1. Sums f+g

2. Differences f—g

3. Constant multiples k- f, with k€ R
4. Products f-g

5. Quotients sz g(c) #0

6. Powers f* withn eN

7. Roots Yf, withn eN



Composition of continuous functions

If f is continuous at ¢, and g is continuous at f(c), then go f is
continous at c.

m The composition go f is the function that maps = to g(f(z)).



Global continuity

Definition

m Let I be an interval in R. A function f is continuous on [ if
for all ¢ € I the function f is continuous in c.

m A function f is continuous if f is continuous on its domain.

m Definition may differ from book to book.
m According to above definition f(z) = % is continuous!




Formula functions

Definition (sort of)

A formula function is a function constructed from elementary
functions, like polynomials, power functions, trigonometric and
exponential functions, and logarithms, using algebraic operations
like addition, subtraction, multiplication, division and composition.

All formula functions are continuous

For all formula functions f and for all ¢ € Dom(f):

lin f(2) = /()




Self study and preview

Self study

1. The Intermediate Value Theorem, study the last part of
Thomas section 2.5.

2. Asymptotes, study Thomas section 2.6.

Next lecture

1. L'Hopitals rule.
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