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PREFACE TO THE INSTRUCTOR
     This Instructor's Solutions Manual contains the solutions to every exercise in the 12th Edition of THOMAS' CALCULUS
by Maurice Weir and Joel Hass, including the Computer Algebra System (CAS) exercises.  The corresponding Student's
Solutions Manual omits the solutions to the even-numbered exercises as well as the solutions to the CAS exercises (because
the CAS command templates would give them all away).

     In addition to including the solutions to all of the new exercises in this edition of Thomas, we have carefully revised or
rewritten every solution which appeared in previous solutions manuals to ensure that each solution
      conforms exactly to the methods, procedures and steps presented in the textì

      is mathematically correctì

      includes all of the steps necessary so a typical calculus student can follow the logical argument and algebraì

      includes a graph or figure whenever called for by the exercise, or if needed to help with the explanationì

      is formatted in an appropriate style to aid in its understandingì

     Every CAS exercise is solved in both the MAPLE and  computer algebra systems.  A template showingMATHEMATICA
an example of the CAS commands needed to execute the solution is provided for each exercise type.  Similar exercises within
the text grouping require a change only in the input function or other numerical input parameters associated with the problem
(such as the interval endpoints or the number of iterations).

For more information about other resources available with Thomas' Calculus, visit http://pearsonhighered.com.
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CHAPTER 1 FUNCTIONS

1.1  FUNCTIONS AND THEIR GRAPHS

 1. domain ( ); range [1 )  2. domain [0 ); range ( 1]œ �_ß_ œ ß_ œ ß_ œ �_ß

 3. domain 2 ); y in range and y 5x 10 y can be any positive real  number range ).œ Ò� ß_ œ �   ! Ê Ê œ Ò!ß_È
 4. domain ( 0 3, ); y in range and y x 3x y can be any positive real  number range ).œ �_ß Ó � Ò _ œ �   ! Ê Ê œ Ò!ß_È 2

 5. domain ( 3 3, ); y in range and y , now if t 3 3 t , or if t 3œ �_ß Ñ � Ð _ œ � Ê � � ! Ê � ! �4 4
3 t 3 t� �

 3 t y can be any nonzero real  number range 0 ).Ê � � ! Ê � ! Ê Ê œ Ð�_ß Ñ � Ð!ß_4
3 t�

 6. domain ( 4, 4 4, ); y in range and y , now if t t 16 , or ifœ �_ß�%Ñ � Ð� Ñ � Ð _ œ � �% Ê � � ! Ê � !2 2
t 16 t 16

2
2 2� �

 t 4 16 t 16 , or if t t 16 y can be any�% � � Ê � Ÿ � � ! Ê � Ÿ � ! � % Ê � � ! Ê � ! Ê2 22 2
t 16 t 16

#
"' � �2 2

 nonzero real number range ).Ê œ Ð�_ß � Ó � Ð!ß_1
8

 7. (a) Not the graph of a function of x since it fails the vertical line test.
 (b) Is the graph of a function of x since any vertical line intersects the graph at most once.

 8. (a) Not the graph of a function of x since it fails the vertical line test.
 (b) Not the graph of a function of x since it fails the vertical line test.

 9. base x; (height) x   height x; area is a(x) (base)(height) (x) x x ;œ � œ Ê œ œ œ œ# # #
# # # # #

# " "ˆ ‰ Š ‹x 3 3 3
4

È È È

 perimeter is p(x) x x x 3x.œ � � œ

10. s side length  s s d   s ; and area is a s   a dœ Ê � œ Ê œ œ Ê œ# # # # #"
#

d
2È

11. Let D diagonal length of a face of the cube and the length of an edge.  Then D d  andœ j œ j � œ# # #

 D 2   3 d   .  The surface area is 6 2d  and the volume is .# # # # # # $
$Î#

œ j Ê j œ Ê j œ j œ œ j œ œd 6d d d
3 3 33 3È È

# # $Š ‹
12. The coordinates of P are x x  so the slope of the line joining P to the origin is m  (x 0).  Thus,ˆ ‰Èß œ œ �

È
È

x
x x

"

 x, x , .ˆ ‰ ˆ ‰È œ " "
m m#

13. 2x 4y 5 y x ; L x 0 y 0 x x x x x� œ Ê œ � � œ Ð � Ñ � Ð � Ñ œ � Ð� � Ñ œ � � �" " "
# #

5 5 5 25
4 4 4 4 16

2 2 2 2 2 2È É É
 x xœ � � œ œÉ É5 5 25 20x 20x 25

4 4 16 16 4
2 20x 20x 252 2� � � �È

14. y x 3 y 3 x; L x 4 y 0 y 3 4 y y 1 yœ � Ê � œ œ Ð � Ñ � Ð � Ñ œ Ð � � Ñ � œ Ð � Ñ �È È È È2 2 2 2 2 2 2 2 2

 y 2y 1 y y y 1œ � � � œ � �È È4 2 2 4 2

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



2 Chapter 1 Functions

15. The domain is . 16. The domain is .a b a b�_ß _ �_ß _

  

17.   The domain is . 18. The domain is .a b�_ß _ Ð�_ß !Ó

  

19.   The domain is . 20. The domain is .a b a b a b a b�_ß ! � !ß _ �_ß ! � !ß _

  

21. The domain is 5 5 3 3, 5 5,  22. The range is 2, 3 .a b a b�_ß � � Ð� ß � Ó � Ò Ñ � _ Ò Ñ

  
23. Neither graph passes the vertical line test
 (a)  (b) 

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 1.1 Functions and Their Graphs 3

24. Neither graph passes the vertical line test
 (a)  (b) 

 x y 1    
x y y 1 x

or or
x y y x

k k
Ú Þ Ú Þ
Û ß Û ßÜ à Ü à� œ Í Í

� œ " œ �

� œ �" œ �" �

25. x 0 1 2      26. x 0 1 2      
y 0 1 0 y 1 0 0

27. F x  28. G x
4 x ,  x 1
x 2x, x 1

,  x 0
x,  0 x

a b a bœ œœ œ
� Ÿ

� �

�

Ÿ

2

2
x
"

   

29. (a) Line through  and : y x; Line through  and : y x 2a b a b a b a b!ß ! "ß " œ "ß " #ß ! œ � �

 f(x)
     x,  0 x 1

x 2,  1 x 2
œ

Ÿ Ÿ
� � � Ÿœ

 (b)    f(x)

2, x
x

2 x
x

œ

! Ÿ � "
!ß " Ÿ � #
ß # Ÿ � $
!ß $ Ÿ Ÿ %

ÚÝÝÛÝÝÜ
30. (a) Line through 2  and : y x 2  a b a b!ß #ß ! œ � �

 Line through 2  and : m , so y x 2 xa b a b a bß " &ß ! œ œ œ � œ � � � " œ � �! � " �" " " " &
& � # $ $ $ $ $

  
  

 f(x)  
x ,  0 x
x ,  x

œ
� � # � Ÿ #

� � # � Ÿ &œ " &
$ $

 (b) Line through  and : m , so y x   a b a b�"ß ! !ß �$ œ œ �$ œ �$ � $�$�!
!� Ð�"Ñ

 Line through  and : m , so y xa b a b!ß $ #ß �" œ œ œ �# œ �# � $�"�$ �%
#�! #

 f(x)  
x ,  x
x ,  x

œ
�$ � $ �" � Ÿ !
�# � $ ! � Ÿ #œ

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



4 Chapter 1 Functions

31. (a) Line through  and : y x  a b a b�"ß " !ß ! œ �

 Line through  and : ya b a b!ß " "ß " œ "

 Line through  and : m , so y x xa b a b a b"ß " $ß ! œ œ œ � œ � � " � " œ � �!�" �" " " " $
$�" # # # # #

 f(x)
x x

x
x x

œ

� �" Ÿ � !
" ! � Ÿ "

� � " � � $

Ú
ÛÜ " $

# #

 (b) Line through 2 1  and 0 0 : y x  a b a b� ß � ß œ 1
2

 Line through 0 2  and 1 0 : y 2x 2a b a bß ß œ � �

 Line through 1 1  and 3 1 : y 1a b a bß � ß � œ �

 f x
x 2 x 0

2x 2 0 x 1
1 1 x 3

a b
Ú
ÛÜœ

� Ÿ Ÿ

� � � Ÿ
� � Ÿ

1
2

32. (a) Line through  and T : m , so y x 0 x   ˆ ‰ ˆ ‰a bT T
T T T T T# � Î# #

"�! # # #ß ! ß " œ œ œ � � œ � "a b

 f x  
     ,  0 x

x ,  x T
a b �œ

! Ÿ Ÿ

� " � Ÿ

T

T
T

#
#

#

  (b)    f x

   A, x

A x T

   A T x

A x T

a b
ÚÝÝÝÛÝÝÝÜ

œ

! Ÿ �

� ß Ÿ �

ß Ÿ �

� ß Ÿ Ÿ #

T

T

T

T

#

#
$
#

$
#

33. (a) x 0 for x [0 1) (b) x 0 for x ( 1 0]Ú Û œ − ß Ü Ý œ − � ß

34. x x  only when x is an integer.Ú Û œ Ü Ý

35. For any real number x, n x n , where n is an integer. Now: n x n n x n. ByŸ Ÿ � " Ÿ Ÿ � " Ê �Ð � "Ñ Ÿ � Ÿ �

        definition: x n and x n x n. So x x  for all x .Ü� Ý œ � Ú Û œ Ê �Ú Û œ � Ü� Ý œ �Ú Û − d

36. To find f(x) you delete the decimal or
 fractional portion of x, leaving only
 the integer part.

 

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 1.1 Functions and Their Graphs 5

37. Symmetric about the origin 38. Symmetric about the y-axis
 Dec: x  Dec: x�_ � � _ �_ � � !

 Inc: nowhere Inc: x! � � _

  

39. Symmetric about the origin 40. Symmetric about the y-axis
 Dec: nowhere Dec: x! � � _

 Inc: x  Inc: x�_ � � ! �_ � � !

         x! � � _

  

41. Symmetric about the y-axis 42. No symmetry
 Dec: x  Dec: x�_ � Ÿ ! �_ � Ÿ !

 Inc: x  Inc: nowhere! � � _

  

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



6 Chapter 1 Functions

43. Symmetric about the origin 44. No symmetry
 Dec: nowhere Dec: x! Ÿ � _

 Inc: x  Inc: nowhere�_ � � _

  

45. No symmetry 46. Symmetric about the y-axis
 Dec: x  Dec: x! Ÿ � _ �_ � Ÿ !

 Inc: nowhere Inc: x! � � _

  

47. Since a horizontal line not through the origin is symmetric with respect to the y-axis, but not with respect to the origin, the
 function is even.

48. f x x  and f x x f x . Thus the function is odd.a b a b a b a bˆ ‰œ œ � œ � œ œ � œ ��& " " "�&

�x xx& &&a b

49. Since f x x x f x . The function is even.a b a b a bœ � " œ � � " œ �# #

50. Since f x x x f x x x  and f x x x f x x x  the function is neither even norÒ œ � Ó Á Ò � œ � � Ó Ò œ � Ó Á Ò� œ � � Óa b a b a b a b a b a b# ## #

 odd.

51. Since g x x x, g x x x x x g x . So the function is odd.a b a b a b a bœ � � œ � � œ � � œ �$ $ $

52. g x x x x x g x thus the function is even.a b a b a b a bœ � $ � " œ � � $ � � " œ � ß% # % #

53. g x g x . Thus the function is even.a b a bœ œ œ �" "
� " � �"x   x# #a b

54. g x ; g x g x . So the function is odd.a b a b a bœ � œ � œ �x x
x   x# #� " �"

55.  h t ;  h t ;  h t . Since h t h t  and h t h t , the function is neither even nor odd.a b a b a b a b a b a b a bœ � œ � œ Á � Á �" " "
� " � � " " �t  t    t

56. Since t | t |, h t h t  and the function is even.l œ l � œ �$ $a b a b a b
Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 1.1 Functions and Their Graphs 7

57. h t 2t , h t 2t . So h t h t . h t 2t , so h t h t . The function is neither even nora b a b a b a b a b a b a bœ � " � œ � � " Á � � œ � � " Á �

 odd.

58. h t 2 t  and h t 2 t 2 t . So h t h t  and the function is even.a b a b a b a bœ l l � " � œ l� l � " œ l l � " œ �

59. s kt 25 k 75 k s t; 60 t t 180œ Ê œ Ð Ñ Ê œ Ê œ œ Ê œ" " "
3 3 3

60. K c v 12960 c 18 c 40 K 40v ; K 40 10 4000 joulesœ Ê œ Ê œ Ê œ œ œ# # #a b a b2

61. r 6 k 24 r ; 10 sœ Ê œ Ê œ Ê œ œ Ê œk k 24 24 12
s 4 s s 5

62. P 14.7 k 14700 P ; 23.4 v 628.2 inœ Ê œ Ê œ Ê œ œ Ê œ ¸k k 14700 14700 24500
v 1000 v v 39

3

63. v f(x) x 2x 22 2x x 72x x; x 7œ œ Ð"% � ÑÐ � Ñ œ % � � $!) ! � � Þ$ #

64. (a) Let h height of the triangle. Since the triangle is isosceles, AB  AB 2 AB 2 So,œ � œ Ê œ Þ# # # È
 h  2 h B is at slope of AB The equation of AB is# #

#

� " œ Ê œ " Ê !ß " Ê œ �" ÊŠ ‹È a b
  y f(x) x ; x .œ œ � � " − Ò!ß "Ó

 (b) A x 2x y 2x x 2x x; x .Ð Ñ œ œ Ð� � "Ñ œ � � # − Ò!ß "Ó#

65. (a)   Graph h because it is an even function and rises less rapidly than does Graph g.
 (b)   Graph f because it is an odd function.
 (c)   Graph g because it is an even function and rises more rapidly than does Graph h.

66. (a)   Graph f because it is linear.
 (b)   Graph g because it contains .a b!ß "

 (c)   Graph h because it is a nonlinear odd function.

67. (a) From the graph, 1   x ( 2 0) ( )x 4
x# � � Ê − � ß � %ß_

 (b) 1   1 0x 4 x 4
x x# #� � Ê � � �

 x 0:  1 0  0  0� � � � Ê � Ê �x 4 x 2x 8
x 2x x

(x 4)(x 2)
# #

� � � �#

   x 4 since x is positive;Ê �

 x 0:  1 0  0  0� � � � Ê � Ê �x 4 x 2x 8
2 x 2x x

(x 4)(x 2)#� � � �
#

   x 2 since x is negative;Ê � �

 sign of (x 4)(x 2)� �

  
2

ïïïïïðïïïïïðïïïïî� �
�

�
%

 Solution interval:  ( 0) ( )�#ß � %ß_
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8 Chapter 1 Functions

68. (a) From the graph,   x ( 5) ( 1 1)3 2
x 1 x 1� �� Ê − �_ß� � � ß

 (b)  x 1:    2Case � � � Ê �3 2
x 1 x 1 x 1

3(x 1)
� � �

�

   3x 3  2x 2  x 5.Ê � � � Ê � �

 Thus, x ( 5) solves the inequality.− �_ß�

  1 x 1:    2Case � � � � Ê �3 2
x 1 x 1 x 1

3(x 1)
� � �

�

   3x 3 2x 2  x 5 which is trueÊ � � � Ê � �

  if x 1.  Thus, x ( 1 1) solves the� � − � ß

  inequality.

  1 x:    3x 3 2x 2  x 5Case � � Ê � � � Ê � �3 2
x 1 x 1� �

  which is never true if 1 x, so no solution here.�
 

 In conclusion, x ( 5) ( 1 1).− �_ß� � � ß

69. A curve symmetric about the x-axis will not pass the vertical line test because the points x, y  and x, y  lie on the sama b a b� e
 vertical line. The graph of the function y f x  is the x-axis, a horizontal line for which there is a single y-value, ,œ œ ! !a b
 for any x.

70. price 40 5x, quantity 300 25x R x 40 5x 300 25xœ � œ � Ê œ � �a b a ba b
71. x x h x ; cost 5 2x 10h C h 10 10h 5h 2 22 2 2 h

2
2 h 2 h
2 2� œ Ê œ œ œ � Ê œ � œ �È

È Èa b a b Š ‹ Š ‹È
72. (a) Note that 2 mi = 10,560 ft, so there are 800 x  feet of river cable at $180 per foot and 10,560 x  feet of landÈ a b# #� �

 cable at $100 per foot. The cost is C x 180 800 x 100 10,560 x .a b a bÈœ � � �# #

 (b) C $a b! œ "ß #!!ß !!!

 C $a b&!! ¸ "ß "(&ß )"#

 C $a b"!!! ¸ "ß ")'ß &"#

 C $a b"&!! ¸ "ß #"#ß !!!

 C $a b#!!! ¸ "ß #%$ß ($#

 C $a b#&!! ¸ "ß #()ß %(*

 C $a b$!!! ¸ "ß $"%ß )(!

 Values beyond this are all larger. It would appear that the least expensive location is less than 2000 feet from the
 point P.

1.2  COMBINING FUNCTIONS; SHIFTING AND SCALING GRAPHS

 1. D :  x , D :  x 1  D D :  x 1.  R :  y , R :  y 0, R :  y 1, R :  y 0f g f g fg f g f g fg�_ � � _   Ê œ   �_ � � _      � �

 2. D :  x 1 0  x 1, D :  x 1 0  x 1.  Therefore D D :  x 1.f g f g fg�   Ê   � �   Ê   œ  �

 R R :  y 0, R :  y 2, R :  y 0f g f g fgœ      �
È

 3. D :  x , D :  x ,  D :  x , D :  x ,  R :  y 2, R :   y 1,f g f g g f f g�_ � � _ �_ � � _ �_ � � _ �_ � � _ œ  Î Î

 R :  0 y 2, R :  yf gÎ � Ÿ Ÿ � _g fÎ
"
#

 4. D :  x , D :  x 0 , D :  x 0, D :  x 0; R :  y 1, R :   y 1, R :  0 y 1, R :  1 yf g f g g f f g f g�_ � � _       œ   � Ÿ Ÿ � _Î Î Î g fÎ

 5. (a) 2 (b) 22 (c) x 2# �

 (d) (x 5) 3 x 10x 22 (e) 5 (f) 2� � œ � � �# #

 (g) x 10 (h) (x 3) 3 x 6x 6� � � œ � �# # % #
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 Section 1.2 Combining Functions; Shifting and Scaling Graphs 9

 6. (a)  (b) 2 (c) 1� � œ" " �
� �3 x 1 x 1

x

 (d)  (e) 0 (f) "
x 4

3

 (g) x 2 (h) � œ œ" " �"
� �#" �#

� �x 1 x 1
x1

x
x

 7. f g h x f g h x f g 4 x f 3 4 x f 12 3x 12 3x 1 13 3xa ba b a b a b a b a b a ba b a b a ba b‰ ‰ œ œ � œ � œ � œ � � œ �

 8. f g h x f g h x f g x f 2 x 1 f 2x 1 3 2x 1 4 6x 1a ba b a b a b a b a b a ba b a b a ba b‰ ‰ œ œ œ � œ � œ � � œ �2 2 2 2 2

 9. f g h x f g h x f g f fa ba b a b Éa ba b ˆ ‰ ˆ ‰ˆ ‰ Š ‹ É‰ ‰ œ œ œ œ œ � " œ1 1 x x 5x
x 1 4x 1 4x 1 4x1

x �% � � �
�"

10. f g h x f g h x f g 2 x f fa ba b a ba ba b Š ‹Š ‹È � � ˆ ‰‰ ‰ œ œ � œ œ œ œ
Š ‹È

Š ‹È
2 x

2 x 1

2 x 8 3x
x 7 2x

2

3

�

� �

� �
$� �

�

�

2

2 2 x

2 x
x

x

�

$�

�

$�

11. (a) f g x  (b) j g x  (c) g g xa ba b a ba b a ba b‰ ‰ ‰

 (d) j j x  (e) g h f x  (f) h j f xa ba b a ba b a ba b‰ ‰ ‰ ‰ ‰

12. (a) f j x  (b) g h x  (c) h h xa ba b a ba b a ba b‰ ‰ ‰

 (d) f f x  (e) j g f x  (f) g f h xa ba b a ba b a ba b‰ ‰ ‰ ‰ ‰

13.  g(x) f(x) (f g)(x)‰

 (a) x 7 x x 7                                � �È È
 (b) x 2 3x 3(x 2) 3x 6� � œ �

 (c) x  x 5 x 5# #È È� �

 (d)   xx x x
x 1 x 1 1 x (x 1)� � � � �

x
x 1

x
x 1

�

�

œ œ

 (e)  1      x" "
�x 1 x�

 (f)       x" "
x x

14. (a) f g x g x .a ba b a b‰ œ l l œ "
l � "lx

 (b) f g x so g x x .a ba b a b‰ œ œ Ê " � œ Ê " � œ Ê œ ß œ � "g x
g x x g x x x g x x g x

x x xa b
a b a b a b a b
�"

�" �" �" �"
" " " "

 (c) Since f g x g x x , g x x .a ba b a b a bÈ‰ œ œ l l œ #

 (d) Since f g x f x x , f x x . (Note that the domain of the composite is .)a ba b a bˆ ‰È‰ œ œ l l œ Ò!ß _Ñ#

  The completed table is shown. Note that the absolute value sign in part (d) is optional.

       g x             f x         f g x   
         x  

     x         

x x x

x x x

a b a b a ba b

ÈÈ

‰

l l

� "

l l

l l

" "
�" l � "l

� "
�"

#

#

x x
x x

x x

15. (a) f g 1 f 1 1 (b) g f 0 g 2 2 (c) f f 1 f 0 2a b a b a b a b a b a ba b a b a b� œ œ œ � œ � œ œ �

 (d) g g 2 g 0 0 (e) g f 2 g 1 1 (f) f g 1 f 1 0a b a b a b a b a b a ba b a b a bœ œ � œ œ � œ � œ

16. (a) f g 0 f 1 2 1 3, where g 0 0 1 1a b a b a b a ba b œ � œ � � œ œ � œ �

 (b) g f 3 g 1 1 1, where f 3 2 3 1a b a b a b a ba b œ � œ � � œ œ � œ �

 (c) g g 1 g 1 1 1 0, where g 1 1 1a b a b a b a ba b� œ œ � œ � œ � � œ

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



10 Chapter 1 Functions

 (d) f f 2 f 0 2 0 2, where f 2 2 2 0a b a b a ba b œ œ � œ œ � œ

 (e) g f 0 g 2 2 1 1, where f 0 2 0 2a b a b a ba b œ œ � œ œ � œ

 (f) f g f 2 , where g 1ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰" " " " " "
# # # # # # #œ � œ � � œ œ � œ �5

17. (a) f g x f g x 1a ba b a ba b É É‰ œ œ � œ1 1 x
x x

�

 g f x g f x  a ba b a ba b‰ œ œ 1
x 1È �

 (b) Domain f g :  , 1 0, , domain g f :  1, a b a b‰ Ð�_ � Ó � Ð _Ñ ‰ Ð� _Ñ

 (c) Range f g :  1, , range g f :  0, a b a b‰ Ð _Ñ ‰ Ð _Ñ

18. (a) f g x f g x 1 2 x xa ba b a ba b È‰ œ œ � �

 g f x g f x 1 x  a ba b a b k ka b‰ œ œ �

 (b) Domain f g :  0, , domain g f :  , a b a b‰ Ò _Ñ ‰ Ð�_ _Ñ

 (c) Range f g :  0, , range g f :  , 1a b a b‰ Ð _Ñ ‰ Ð�_ Ó

19. f g x x f g x x x g x g x 2 x x g x 2xa ba b a b a b a b a ba b a b‰ œ Ê œ Ê œ Ê œ � œ † �g x
g x 2

a b
a b�

 g x x g x 2x g xÊ � † œ � Ê œ � œa b a b a b 2x 2x
1 x x 1� �

20. f g x x 2 f g x x 2 2 g x 4 x 2 g x g xa ba b a b a b a b a ba b a b a b É‰ œ � Ê œ � Ê � œ � Ê œ Ê œ3 3 x 6 x 6
2 2
� �3

21. (a) y (x 7)  (b) y (x 4)œ � � œ � �# #

22. (a) y x 3 (b) y x 5œ � œ �# #

23. (a) Position 4 (b) Position 1 (c) Position 2 (d) Position 3

24. (a) y (x 1) 4 (b) y (x 2) 3 (c) y (x 4) 1 (d) y (x 2)œ � � � œ � � � œ � � � œ � �# # # #

25.   26. 

27.   28. 
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 Section 1.2 Combining Functions; Shifting and Scaling Graphs 11

29.  30. 

31.  32. 

33.  34. 

35.  36. 

37.  38. 

39.  40. 

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



12 Chapter 1 Functions

41.  42. 

43.  44. 

45.  46. 

47.  48. 

49.  50. 

51.  52. 

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 1.2 Combining Functions; Shifting and Scaling Graphs 13

53.  54. 

55. (a) domain:  [0 2]; range:  [ ] (b) domain:  [0 2]; range:  [ 1 0]ß #ß $ ß � ß

  

 (c) domain:  [0 2]; range:  [0 2] (d) domain:  [0 2]; range:  [ 1 0]ß ß ß � ß

  

 (e) domain:  [ 2 0]; range:  [ 1] (f) domain:  [1 3]; range:  [ ]� ß !ß ß !ß "

  

 (g) domain:  [ 2 0]; range:  [ ] (h) domain:  [ 1 1]; range:  [ ]� ß !ß " � ß !ß "

  

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



14 Chapter 1 Functions

56. (a) domain:  [0 4]; range:  [ 3 0] (b) domain:  [ 4 0]; range:  [ ]ß � ß � ß !ß $

  

 (c) domain:  [ 4 0]; range:  [ ] (d) domain:  [ 4 0]; range:  [ ]� ß !ß $ � ß "ß %

  

 (e) domain:  [ 4]; range:  [ 3 0] (f) domain:  [ 2 2]; range:  [ 3 0]#ß � ß � ß � ß

  

 (g) domain:  [ 5]; range:  [ 3 0] (h) domain:  [0 4]; range:  [0 3]"ß � ß ß ß

 

57. y 3x 3 58. y 2x 1 x 1œ � œ � œ % �# ##a b

59. y  60. y 1 1œ " � œ � œ � œ �" " " " " *
# # # Î$
ˆ ‰

x x xx# # ##a b

61. y x 1 62. y 3 x 1œ % � œ �È È

63. y 16 x  64. y xœ % � œ � œ % �É ˆ ‰ È Èx
# # $

# " "# #

65. y 3x 27x  66. yœ " � œ " � œ " � œ " �a b ˆ ‰$ $
# )

$x x$

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 1.2 Combining Functions; Shifting and Scaling Graphs 15

67. Let y x f x  and let g x x ,œ � # � " œ œÈ a b a b "Î#

 h x x , i x x , anda b a bˆ ‰ ˆ ‰Èœ � œ # �" "
# #

"Î# "Î#

 j x x f . The graph ofa b a b’ “È ˆ ‰œ � # � œ B"
#

"Î#

 h x  is the graph of g x  shifted left  unit; thea b a b "
#

 graph of i x  is the graph of h x  stretcheda b a b
 vertically by a factor of ; and the graph ofÈ#

 j x f x  is the graph of  i x  reflected acrossa b a b a bœ

 the x-axis.

 

68. Let y f x  Let g x x ,œ " � œ Þ œ �È a b a b a bx
#

"Î#

 h x x , and i x xa b a b a b a bœ � � # œ � � #"Î# "Î#"

#È
 f x  The graph of g x  is theœ " � œ ÞÈ a b a bx

#

 graph of y x reflected across the x-axis.œ È
 The graph of h x  is the graph of g x  shifteda b a b
 right two units. And the graph of i x  is thea b
 graph of h x  compressed vertically by a factora b
 of .È#

 

69. y f x x . Shift f x  one unit right followed by aœ œa b a b$

 shift two units up to get g x x .a b a bœ � " � #3

 

70. y x f x .œ " � B � # œ �Ò � " � �# Ó œa b a b a b a b$ $

 Let g x x , h x x , i x x ,a b a b a b a b a b a bœ œ � " œ � " � �#$ $ $

 and j x x . The graph of h x  is thea b a b a b a bœ �Ò � " � �# Ó$

 graph of g x  shifted right one unit; the graph of i x  isa b a b
 the graph of h x  shifted down two units; and the grapha b
 of f x  is the graph of i x  reflected across the x-axis.a b a b

 

71. Compress the graph of f x  horizontally by a factora b œ "
x

 of 2 to get g x . Then shift g x  vertically down 1a b a bœ "
#x

 unit to get h x .a b œ � ""
#x
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72. Let f x  and g xa b a bœ œ � " œ � "" # "
x x# #

B#

#
Š ‹

  Sinceœ � " œ � "Þ" "

Î # "Î # BŠ ‹ ’Š ‹ “È Èx
# #

 , we see that the graph of f x  stretchedÈ a b# ¸ "Þ%

 horizontally by a factor of 1.4 and shifted up 1 unit
 is the graph of g x .a b

 

73. Reflect the graph of y f x x across the x-axisœ œa b È$
 to get g x x.a b Èœ � $

 

74. y f x x xœ œ �# œ Ò �" # Óa b a b a ba b#Î$ #Î$

 x x . So the graphœ �" # œ #a b a b a b#Î$ #Î$ #Î$

 of f x  is the graph of g x x compresseda b a b œ #Î$

 horizontally by a factor of 2.

 

75.  76. 

77. x y  78. x y* � #& œ ##& Ê � œ " "' � ( œ ""# Ê � œ "# # # #
& $ %

(

x xy y# #

# # #

# #

#Š ‹È
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79. x y  80. x y$ � � # œ $ Ê � œ " � " � # œ % Ê � œ "# ## � # #
" #

$ #

� �"a b a bx y  x  y#

# #

#

# #

#
#a b

Š ‹ Š ‹È È
� ‘a b

  

81. x y  82. x y$ � " � # � # œ ' ' � � * � œ &%a b a b ˆ ‰ ˆ ‰# # $ "
# #

# #

  Ê � œ " Ê � œ "a b
Š ‹ Š ‹ Š ‹È È

� ‘a b ’ “ˆ ‰ ˆ ‰
È

x  y  x y  � "

# $ '

� �# � �

$

�#

# # #

# $

#

#

#

"

#

#

  

83.  has its center at . Shiftinig 4 unitsx y# #

"' *� œ " !ß !a b
 left and 3 units up gives the center at h, k .a b a bœ �%ß $

 So the equation is 
� ‘a b a bx  4

4 3
y  3� � �

#

# #

#

� œ "

 . Center, C, is , andÊ � œ " �%ß $a b a bx  y  
4 3
� % � $# #

# # a b
 major axis, AB, is the segment from  to .a b a b�)ß $ !ß $

 

84. The ellipse  has center h, k .x y# #

% #&� œ " œ !ß !a b a b
 Shifting the ellipse 3 units right and 2 units down
 produces an ellipse with center at h, ka b a bœ $ß �#

 and an equation . Center,a b � ‘a bx  3 y  �
% #&

� �## #

� œ "

 C, is 3 , and AB, the segment from  toa b a bß �# $ß $

 is the major axis.a b$ß�(

 

85. (a) (fg)( x) f( x)g( x) f(x)( g(x)) (fg)(x), odd� œ � � œ � œ �

 (b) ( x) (x), oddŠ ‹ Š ‹f f
g g( x) g(x) g

f( x) f(x)� œ œ œ ��
� �
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 (c) ( x) (x), oddˆ ‰ ˆ ‰g g( x) g(x) g
f f( x) f(x) f� œ œ œ �� �

�

 (d) f ( x) f( x)f( x) f(x)f(x) f (x), even# #� œ � � œ œ

 (e) g ( x) (g( x)) ( g(x)) g (x), even# # # #� œ � œ � œ

 (f) (f g)( x) f(g( x)) f( g(x)) f(g(x)) (f g)(x), even‰ � œ � œ � œ œ ‰

 (g) (g f)( x) g(f( x)) g(f(x)) (g f)(x), even‰ � œ � œ œ ‰

 (h) (f f)( x) f(f( x)) f(f(x)) (f f)(x), even‰ � œ � œ œ ‰

 (i) (g g)( x) g(g( x)) g( g(x)) g(g(x)) (g g)(x), odd‰ � œ � œ � œ � œ � ‰

86. Yes, f(x) 0 is both even and odd since f( x) 0 f(x) and f( x) 0 f(x).œ � œ œ � œ œ �

87. (a)  (b) 

 (c)  (d) 

88. 
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1.3  TRIGONOMETRIC FUNCTIONS

 1. (a) s r (10) 8  m (b) s r (10)(110°)  mœ œ œ œ œ œ œ) 1 )ˆ ‰ ˆ ‰4 110 55
5 180° 18 9
1 1 1 1

 2.  radians and 225°) œ œ œ œs 10 5 5 180°
r 8 4 4

1 1 1

1
ˆ ‰

 3. 80°  80°   s (6) 8.4 in. (since the diameter 12 in.  radius 6 in.)) )œ Ê œ œ Ê œ œ œ Ê œˆ ‰ ˆ ‰1 1 1

180° 9 9
4 4

 4. d 1 meter  r 50 cm  0.6 rad or 0.6 34°œ Ê œ Ê œ œ œ ¸)
s 30 180°
r 50

ˆ ‰
1

 5.   0       6

sin 0 0

cos 1 0

tan 0 3 0 und.

cot und. und. 0 1

sec 1 und. 2

csc und. und. 2

) 1

)

)

)

)

)

)

� �

� "

� � " �

�"

�

� �# " �

� "

2 3
3 4
3

2

2

3

2
3

1 1 1

#

#

"

" "

#

"

È
È

È

È

È

È

È
È

.     

sin 

cos 

tan und. 3

cot 3 3

sec und. 2

csc 

)

)

)

)

)

)

)

� � �

" � �

! �

� � " �

! � � " �

# �

" � �#

3
3

3
2

3 3
2

3 3

3

2 2
3 3

2
3

1 1 1 1 1

# ' % '

&

# # #

" " "

" "

# # #

" "

"

È
È

È È
È

È È

È

È È

È

È
È È

È
È2 #

 7. cos x , tan x   8. sin x , cos xœ � œ � œ œ4 3 2
5 4 5 5È È

"

 9. sin x , tan x 8 10. sin x , tan xœ � œ � œ œ �
È8

3 13 5
12 12È

11. sin x , cos x  12. cos x , tan xœ � œ � œ � œ" "

#È È È
È

5 5 3
2 3

13.  14. 

 period  period 4œ œ1 1

15.  16. 

 period 2 period 4œ œ
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17.  18. 

 period 6 period 1œ œ

19.  20. 

 period 2  period 2œ œ1 1

21.  22. 

 period 2  period 2œ œ1 1

23. period , symmetric about the origin 24. period 1, symmetric about the originœ œ1

#

  

25. period 4, symmetric about the s-axis 26. period 4 , symmetric about the originœ œ 1
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27. (a) Cos x and sec x are positive for x in the interval

 , ; and cos x and sec x are negative for x in theˆ ‰� 1 1

2 2

 intervals ,  and  , .  Sec x is undefinedˆ ‰ ˆ ‰� �3 3
2 2 2 2
1 1 1 1

 when cos x is 0.  The range of sec x is
  ( 1] [ ); the range of cos x is [ 1].�_ß� � "ß_ �"ß

 
 (b) Sin x and csc x are positive for x in the intervals

 ,  and , ; and sin x and csc x are negativeˆ ‰ a b� � !3
2
1

1 1

 for x in the intervals ,  and , .  Csc x isa b ˆ ‰� !1 1
3
2
1

 undefined when sin x is 0.  The range of csc x is
  ( 1] [1 ); the range of sin x is [ ].�_ß� � ß_ �"ß "

 

28. Since cot x , cot x is undefined when tan x 0œ œ"

tan x

 and is zero when tan x is undefined.  As tan x approaches
 zero through positive values, cot x approaches infinity.
 Also, cot x approaches negative infinity as tan x
 approaches zero through negative values.

 

29. D:  x ; R:  y 1, 0, 1 30. D:  x ; R:  y 1, 0, 1�_ � � _ œ � �_ � � _ œ �

  

31. cos x cos x cos sin x sin (cos x)(0) (sin x)( 1) sin xˆ ‰ ˆ ‰ ˆ ‰� œ � � � œ � � œ1 1 1

# # #

32. cos x cos x cos sin x sin (cos x)(0) (sin x)(1) sin xˆ ‰ ˆ ‰ ˆ ‰� œ � œ � œ �1 1 1

# # #

33. sin x sin x cos cos x sin (sin x)(0) (cos x)(1) cos xˆ ‰ ˆ ‰ ˆ ‰� œ � œ � œ1 1 1

# # #

34. sin x sin x cos cos x sin (sin x)(0) (cos x)( 1) cos xˆ ‰ ˆ ‰ ˆ ‰� œ � � � œ � � œ �1 1 1

# # #

35. cos (A B) cos (A ( B)) cos A cos ( B) sin A sin ( B) cos A cos B sin A ( sin B)� œ � � œ � � � œ � �

 cos A cos B sin A sin Bœ �

36. sin (A B) sin (A ( B)) sin A cos ( B) cos A sin ( B) sin A cos B cos A ( sin B)� œ � � œ � � � œ � �

 sin A cos B cos A sin Bœ �

37. If B A, A B 0  cos (A B) cos 0 1.  Also cos (A B) cos (A A) cos A cos A sin A sin Aœ � œ Ê � œ œ � œ � œ �

 cos A sin A.  Therefore, cos A sin A 1.œ � � œ# # # #
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38. If B 2 , then cos (A 2 ) cos A cos 2 sin A sin 2 (cos A)(1) (sin A)(0) cos A andœ � œ � œ � œ1 1 1 1

 sin (A 2 ) sin A cos 2 cos A sin 2 (sin A)(1) (cos A)(0) sin A.  The result agrees with the� œ � œ � œ1 1 1

 fact that the cosine and sine functions have period 2 .1

39. cos ( x) cos  cos sin  sin x ( 1)(cos x) (0)(sin x) cos x1 1 1� œ B � œ � � œ �

40. sin (2 x) sin 2  cos ( x) cos (2 ) sin ( x) (0)(cos ( x)) (1)(sin ( x)) sin x1 1 1� œ � � � œ � � � œ �

41. sin x sin  cos ( x) cos  sin ( x) ( 1)(cos x) (0)(sin ( x)) cos xˆ ‰ ˆ ‰ ˆ ‰3 3 31 1 1

# # #
� œ � � � œ � � � œ �

42. cos x cos  cos x sin  sin x (0)(cos x) ( 1)(sin x) sin xˆ ‰ ˆ ‰ ˆ ‰3 3 31 1 1

# # #
� œ � œ � � œ

43. sin sin sin  cos cos  sin 7
1 4 3 4 3 4 3 4

2 2 3 6 21 1 1 1 1 1 1

# # # # #

" �œ � œ � œ � œˆ ‰ ˆ ‰Š ‹ Š ‹Š ‹È È È È È

44. cos cos cos  cos sin  sin 11 2 2 2
1 4 3 4 3 4 3 4

2 2 3 2 61 1 1 1 1 1 1

# # # # #

" �œ � œ � œ � � œ �ˆ ‰ ˆ ‰Š ‹ Š ‹Š ‹È È È ÈÈ

45. cos cos cos  cos sin  sin1 1 1 1 1 1 1

12 3 4 3 4 3 4
2 23 1 3

2 2
œ � œ � � � œ � � œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ Š ‹ Š ‹Š ‹"

# # # #

�È È È È
È

46. sin sin sin  cos cos  sin5 2 2 2
1 3 4 3 4 3 4

3 1 32 2
2 2

1 1 1 1 1 1 1

# # # # #

" �œ � œ � � � œ � � � œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹Š ‹ Š ‹È È È È
È

47. cos   48. cos  # #� � �

# # # # #

�
� �

�1 1

8 4 1 4
1 cos 1 1 cos2 2 5 1 2 3œ œ œ œ œ œ

ˆ ‰ ˆ ‰È ÈŠ ‹2 10
8 1

2 3
1 1

È È

# #
#

49. sin   50. sin  # #

# # # # #

� � ��
� �

�1 1

1 4 8 4
1 cos 1 1 cos2 3 3 1 2 2œ œ œ œ œ œ

ˆ ‰ ˆ ‰È ÈŠ ‹2 6
1 8

3 2
1 1

# #
#

È È

51. sin sin , , , 2 3 2 4 5
4 2 3 3 3 3

3
) ) )œ Ê œ „ Ê œ

È
1 1 1 1

52. sin cos tan 1 tan 1 , , , 2 2 2sin cos 3 5 7
cos cos 4 4 4 4) ) ) ) )œ Ê œ Ê œ Ê œ „ Ê œ

2 2

2 2
) ) 1 1 1 1

) )

53. sin 2 cos 0 2sin  cos cos 0 cos 2sin 1 0 cos 0 or 2sin 1 0 cos 0 or) ) ) ) ) ) ) ) ) )� œ Ê � œ Ê � œ Ê œ � œ Ê œa b
 sin , , or  , , , , ) ) ) )œ Ê œ œ Ê œ"

#

1 1 1 1 1 1 1 1

2 2 6 6 6 2 6 2
3 5 5 3

54. cos 2 cos 0 2cos 1 cos 0 2cos cos 1 0 cos 1 2cos 1 0) ) ) ) ) ) ) )� œ Ê � � œ Ê � � œ Ê � � œ2 2 a ba b
 cos 1 0 or 2cos 1 0 cos 1 or cos  or  , , , Ê � œ � œ Ê œ � œ Ê œ œ Ê œ) ) ) ) ) 1 ) ) 1

"

#

1 1 1 1

3 3 3 3
5 5

 

55. tan (A B)� œ œ œsin (A B)
cos (A B) cos A cos B sin A sin B

sin A cos B cos A cos B�

� �

� �
sin A cos B cos A sin B
cos A cos B cos A cos B
cos A cos B sin A sin B
cos A cos B cos A cos B�

�

�
œ tan A tan B

1 tan A tan B

56. tan (A B)� œ œ œsin (A B)
cos (A B) cos A cos B sin A sin B

sin A cos B cos A cos B�

� �

� �
sin A cos B cos A sin B
cos A cos B cos A cos B
cos A cos B sin A sin B
cos A cos B cos A cos B�

�

�
œ tan A tan B

1 tan A tan B

57. According to the figure in the text, we have the following:  By the law of cosines, c a b 2ab cos # # #œ � � )

 1 1 2 cos (A B) 2 2 cos (A B).  By distance formula, c (cos A cos B) (sin A sin B)œ � � � œ � � œ � � �# # # # #

 cos A 2 cos A cos B cos B sin A 2 sin A sin B sin B 2 2(cos A cos B sin A sin B).  Thusœ � � � � � œ � �# # # #

 c 2 2 cos (A B) 2 2(cos A cos B sin A sin B)  cos (A B) cos A cos B sin A sin B.# œ � � œ � � Ê � œ �
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58. (a) cos A B cos A cos B sin A sin Ba b� œ �

 sin cos  and cos sin) ) ) )œ � œ �ˆ ‰ ˆ ‰1 1

# #

 Let A B) œ �

 sin A B cos A B cos A B cos A  cos B sin A  sin Ba b a b’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰� œ � � œ � � œ � � �1 1 1 1

# # # #

 sin A cos  B cos A sin Bœ �

 (b) cos A B cos A cos B sin A sin Ba b� œ �

 cos A B cos A cos B  sin A sin Ba b a b a ba b� � œ � � �

 cos A B cos A cos B  sin A sin B cos A cos B sin A sin BÊ � œ � � � œ � �a b a b a b a b
 cos A cos B sin A sin Bœ �

 Because the cosine function is even and the sine functions is odd.

59. c a b 2ab cos C 2 3 2(2)(3) cos (60°) 4 9 12 cos (60°) 13 12 7.# # # # # "

#
œ � � œ � � œ � � œ � œˆ ‰

 Thus, c 7 2.65.œ ¸È

60. c a b 2ab cos C 2 3 2(2)(3) cos (40°) 13 12 cos (40°).  Thus, c 13 12 cos 40° 1.951.# # # # #œ � � œ � � œ � œ � ¸È

61. From the figures in the text, we see that sin B .  If C is an acute angle, then sin C .  On the other hand,œ œh h
c b

 if C is obtuse (as in the figure on the right), then sin C sin ( C) .  Thus, in either case,œ � œ1
h
b

 h b sin C c sin B  ah ab sin C ac sin B.œ œ Ê œ œ

      By the law of cosines, cos C  and cos B .  Moreover, since the sum of theœ œa b c a c b
2ab 2ac

# # # # # #� � � �

 interior angles of a triangle is , we have sin A sin ( (B C)) sin (B C) sin B cos C cos B sin C1 1œ � � œ � œ �

 2a b c c b   ah bc sin A.œ � œ � � � � œ Ê œˆ ‰ ˆ ‰ ˆ ‰’ “ ’ “ a bh a b c a c b h h ah
c 2ab 2ac b 2abc bc

# # # # # #� � � � # # # # #

 Combining our results we have ah ab sin C, ah ac sin B, and ah bc sin A.  Dividing by abc givesœ œ œ

 .h sin A sin C sin B
bc a c bœ œ œðóóóóóóóñóóóóóóóò

 law of sines

62. By the law of sines, .  By Exercise 61 we know that c 7.  Thus sin B 0.982.sin A sin B
3 c

3/2 3 3
2 7#

œ œ œ œ ¶
È È

ÈÈ

63. From the figure at the right and the law of cosines,
 b a 2 2(2a) cos B# # #œ � �

 a 4 4a a 2a 4.œ � � œ � �# #"

#
ˆ ‰

 Applying the law of sines to the figure, sin A sin B
a bœ

    b a.  Thus, combining results,Ê œ Ê œ
È È2/2

a b
3/2 3É

#

 a 2a 4 b a   0 a 2a 4# # # #

# #

"� � œ œ Ê œ � �3
 

  0 a 4a 8.  From the quadratic formula and the fact that a 0, we haveÊ œ � � �#

 a 1.464.œ œ ¶
� � � �

# #

�4 4 4(1)( 8) 4 3 4È È#

64. (a) The graphs of y sin x and y x nearly coincide when x is near the origin (when the calculatorœ œ

 is in radians mode).
 (b) In degree mode, when x is near zero degrees the sine of x is much closer to zero than x itself.  The
 curves look like intersecting straight lines near the origin when the calculator is in degree mode.

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



24 Chapter 1 Functions

65. A 2, B 2 , C , D 1œ œ œ � œ �1 1

 

66. A , B 2, C 1, Dœ œ œ œ" "

# #
 

67. A , B 4, C 0, Dœ � œ œ œ2
1 1

"

 

68. A , B L, C 0, D 0œ œ œ œL
21  

69-72. Example CAS commands:
 Maple
 f := x -> A*sin((2*Pi/B)*(x-C))+D1;
 A:=3; C:=0; D1:=0;
 f_list := [seq( f(x), B=[1,3,2*Pi,5*Pi] )];
 plot( f_list, x=-4*Pi..4*Pi, scaling=constrained,
          color=[red,blue,green,cyan], linestyle=[1,3,4,7],
          legend=["B=1","B=3","B=2*Pi","B=3*Pi"],
          title="#69 (Section 1.3)" );
 Mathematica
 Clear[a, b, c, d, f, x]
 f[x_]:=a  Sin[2 /b (x c)] + d1 �

 Plot[f[x]/.{a 3, b 1, c 0, d 0}, {x, 4 , 4  }]Ä Ä Ä Ä � 1 1
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69. (a) The graph stretches horizontally.
 

 (b) The period remains the same: period B . The graph has a horizontal shift of  period.œ l l "

#

 

70. (a) The graph is shifted right C units.
 

  (b) The graph is shifted left C units.
 (c) A shift of one period will produce no apparent shift.  C „ l l œ '

71. (a) The graph shifts upwards D units for Dl l � !

 (b)  The graph shifts down D units for Dl l � !Þ

 

72. (a) The graph stretches A  units. (b) For A , the graph is inverted.l l � !
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1.4  GRAPHING WITH CALCULATORS AND COMPUTERS

1-4. The most appropriate viewing window displays the maxima, minima, intercepts, and end behavior of the graphs and
  has little unused space.

 1. d.  2. c.
  

 3. d.  4. b.
  

5-30. For any display there are many appropriate display widows. The graphs given as answers in Exercises 5 30�

 are not unique in appearance.

 5. 2 5 by 15 40   6. 4 4 by 4 4Ò� ß Ó Ò� ß Ó Ò� ß Ó Ò� ß Ó

  

 7. 2 6 by 250 50   8. 1 5 by 5 30Ò� ß Ó Ò� ß Ó Ò� ß Ó Ò� ß Ó
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 9. 4 4 by 5 5  10. 2 2 by 2 8Ò� ß Ó Ò� ß Ó Ò� ß Ó Ò� ß Ó

  

11. 2 6 by 5 4  12. 4 4 by 8 8Ò� ß Ó Ò� ß Ó Ò� ß Ó Ò� ß Ó

  

13. 1 6 by 1 4  14. 1 6 by 1 5Ò� ß Ó Ò� ß Ó Ò� ß Ó Ò� ß Ó

  

15. 3 3 by 0 10  16. 1 2 by 0 1Ò� ß Ó Ò ß Ó Ò� ß Ó Ò ß Ó
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17. 5 1 by 5 5  18. 5 1 by 2 4Ò� ß Ó Ò� ß Ó Ò� ß Ó Ò� ß Ó

  

19. 4 4 by 0 3  20. 5 5 by 2 2Ò� ß Ó Ò ß Ó Ò� ß Ó Ò� ß Ó

  

21. by  22. by Ò�"!ß "!Ó Ò�'ß 'Ó Ò�&ß &Ó Ò�#ß #Ó

  

23. by  24. by Ò�'ß "!Ó Ò�'ß 'Ó Ò�$ß &Ó Ò�#ß "!Ó
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25. 0 03 0 03 by 1 25 1 25  26. 0 1 0 1 by 3 3Ò� Þ ß Þ Ó Ò� Þ ß Þ Ó Ò� Þ ß Þ Ó Ò� ß Ó

  

27. 300 300 by 1 25 1 25  28. 50 50 by 0 1 0 1Ò� ß Ó Ò� Þ ß Þ Ó Ò� ß Ó Ò� Þ ß Þ Ó

  

29. 0 25 0 25 by 0 3 0 3  30. 0 15 0 15 by 0 02 0 05Ò� Þ ß Þ Ó Ò� Þ ß Þ Ó Ò� Þ ß Þ Ó Ò� Þ ß Þ Ó

  

31. x x y y y x x .# # #� # œ % � % � Ê œ # „ � � # � )È
 The lower half is produced by graphing

 y x x .œ # � � � # � )È #

 

32. y x y x . The upper branch# # #� "' œ " Ê œ „ " � "'È
 is produced by graphing y x .œ " � "'È #
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33.  34. 

35.  36. 

37.  38  Þ

39.  40. 

CHAPTER 1 PRACTICE EXERCISES

 1. The area is A r  and the circumference is C r. Thus, r A .œ œ # œ Ê œ œ1 1 1#
# # %

#C C C
1 1 1

ˆ ‰ #

 2. The surface area is S r r . The volume is V  r r . Substitution into the formula forœ % Ê œ œ Ê œ1 1# $
% $ %

"Î# % $ˆ ‰ ÉS V
1 1

$

 surface area gives S r .œ % œ %1 1# $
%

#Î$ˆ ‰V
1
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 3. The coordinates of a point on the parabola are x x . The angle of inclination  joining this point to the origin satisfiesa bß # )

 the equation tan x. Thus the point has coordinates x x tan tan .) ) )œ œ ß œ ßx
x

# a b a b# #

 4. tan h tan  ft.) )œ œ Ê œ &!!rise h
run &!!

 5.    6. 

 Symmetric about the origin. Symmetric about the y-axis.

 7.    8. 

 Neither Symmetric about the y-axis.

 9. y x x x y x . Even.a b a b a b� œ � � " œ � " œ# #

10. y x x x x x x x y x . Odd.a b a b a b a b a b� œ � � � � � œ � � � œ �& $ & $

11. y x cos x cos x y x . Even.a b a b a b� œ " � � œ " � œ

12. y x sec x tan x sec x tan x y x . Odd.a b a b a b a b� œ � � œ œ œ � œ �sin x
cos x cos x

sin xa b
a b
�
�

�
# #

13. y x y x . Odd.a b a b� œ œ œ � œ �a b
a b a b

� �"

� �# �
�" �"

� �# �#
x

x x
x x
x x x x

%

$

% %

$ $

14. y x x sin x x sin x x sin x y x . Odd.a b a b a b a b a b a b� œ � � � œ � � œ � � œ �

15. y x x cos x x cos x. Neither even nor odd.a b a b� œ � � � œ � �

16. y x x cos x x cos x y x . Odd.a b a b a b a b� œ � � œ � œ �

17. Since f and g are odd f x f x  and g x g x .Ê � œ � � œ �a b a b a b a b
 (a) f g x f x g x f x g x f x g x f g x f g is evena ba b a b a b a b a b a b a b a ba b† � œ � � œ Ò� ÓÒ� Ó œ œ † Ê †

 (b) f x f x f x f x f x f x f x f x f x f x f x f  is odd.3 3 3a b a b a b a b a b a b a b a b a b a b a b� œ � � � œ Ò� ÓÒ� ÓÒ� Ó œ � † † œ � Ê

 (c) f sin x f sin x f sin x f sin x  is odd.a b a b a b a ba b a b a b a b� œ � œ � Ê

 (d) g sec x g sec x g sec x  is even.a b a b a ba b a b a b� œ Ê

 (e) g x g x g x g  is evenl � l œ l� l œ l l Ê l l Þa b a b a b
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18. Let f a x f a x  and define g x f x a . Then g x f x a f a x f a x f x a g xa b a b a b a b a b a b a b a b a b a ba b� œ � œ � � œ � � œ � œ � œ � œ

 g x f x a  is even.Ê œ �a b a b
19. (a) The function is defined for all values of x, so the domain is .a b�_ß _

 (b) Since x  attains all nonnegative values, the range is .l l Ò�#ß _Ñ

20. (a) Since the square root requires x , the domain is ." �   ! Ð�_ß "Ó

 (b) Since x attains all nonnegative values, the range is .È" � Ò�#ß _Ñ

21. (a) Since the square root requires x , the domain is ."' �   ! Ò�%ß %Ó#

 (b) For values of x in the domain, x , so x . The range is .! Ÿ "' � Ÿ "' ! Ÿ "' � Ÿ % Ò!ß %Ó# #È
22. (a) The function is defined for all values of x, so the domain is .a b�_ß _

 (b) Since  attains all positive values, the range is .$ "ß _#�x a b
23. (a) The function is defined for all values of x, so the domain is .a b�_ß _

 (b) Since e  attains all positive values, the range is .# �$ß _�x a b
24. (a) The function is equivalent to y tan x, so we require x  for odd integers k. The domain is given by x forœ # # Á Ák k1 1

# %

 odd integers k.
 (b) Since the tangent function attains all values, the range is .a b�_ß _

25. (a) The function is defined for all values of x, so the domain is .a b�_ß _

 (b) The sine function attains values from  to , so sin x  and hence sin x . The�" " �# Ÿ # $ � Ÿ # �$ Ÿ # $ � � " Ÿ "a b a b1 1

 range is 3 1 .Ò� ß Ó

26. (a) The function is defined for all values of x, so the domain is .a b�_ß _

 (b) The function is equivalent to y x , which attains all nonnegative values. The range is .œ Ò!ß _ÑÈ& #

27. (a) The logarithm requires x , so the domain is .� $ � ! $ß _a b
 (b) The logarithm attains all real values, so the range is .a b�_ß _

28. (a) The function is defined for all values of x, so the domain is .a b�_ß _

 (b) The cube root attains all real values, so the range is .a b�_ß _

29. (a) Increasing because volume increases as radius increases
 (b) Neither, since the greatest integer function is composed of horizontal (constant) line segments
 (c) Decreasing because as the height increases, the atmospheric pressure decreases.
 (d) Increasing because the kinetic (motion) energy increases as the particles velocity increases.

30. (a) Increasing on 2,  (b) Increasing on 1, Ò _Ñ Ò� _Ñ

 (c) Increasing on ,  (d) Increasing on , a b�_ _ Ò _Ñ"
#

31. (a) The function is defined for x , so the domain is .�% Ÿ Ÿ % Ò�%ß %Ó

 (b) The function is equivalent to y x , x , which attains values from  to  for x in the domain. Theœ l l �% Ÿ Ÿ % ! #È
 range is .Ò!ß #Ó
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32. (a) The function is defined for x , so the domain is .�# Ÿ Ÿ # Ò�#ß #Ó

 (b) The range is .Ò�"ß "Ó

33. First piece: Line through  and . m y x xa b a b!ß " "ß ! œ œ œ �" Ê œ � � " œ " �!�" �"
"�! "

 Second piece: Line through  and . m y x x xa b a b a b"ß " #ß ! œ œ œ �" Ê œ � � " � " œ � � # œ # �!�" �"
#�" "

 f x
x, x
x, x

a b œœ
" � ! Ÿ � "
# � " Ÿ Ÿ #

34. First piece: Line through  and 2 5 . m y xa b a b!ß ! ß œ œ Ê œ5 5 5
2 2 2
�!
�!

 Second piece: Line through 2 5  and 4 . m y x 2 5 x 10 10a b a b a bß ß ! œ œ œ � Ê œ � � � œ � � œ �!� �
�

5 5 5 5 5 5x
4 2 2 2 2 2 2

 f x     (Note: x 2 can be included on either piece.)
         x, x 2

10 , 2 x 4
a b �œ œ

! Ÿ �

� Ÿ Ÿ

5
2
5x
2

35. (a) f g f g f fa ba b a b a ba b Š ‹‰ �" œ �" œ œ " œ œ "" "
�"�# "È

 (b) g f g f g  or a ba b a ba b ˆ ‰ É‰ # œ # œ œ œ" " " #

�# #Þ& &2 É È"

#

 (c) f f x f f x f x, xa ba b a ba b ˆ ‰‰ œ œ œ œ Á !" "
"Îx x

 (d) g g x g g x ga ba b a ba b Š ‹‰ œ œ œ œ" "
�# �#

�#

"�# �#
È É É

È
Èx

x

x
"

�#

%

Èx

36. (a) f g f g f fa ba b a b a ba b ˆ ‰È‰ �" œ �" œ �" � " œ ! œ # � ! œ #$

 (b) g f f g g ga ba b a b a b a ba b È‰ # œ # œ # � # œ ! œ ! � " œ "$

 (c) f f x f f x f x x xa ba b a b a b a ba b‰ œ œ # � œ # � # � œ

 (d) g g x g g x g x xa ba b a ba b ˆ ‰È ÈÉ‰ œ œ � " œ � " � "$ $$

37. (a) f g x f g x f x x x, x .a ba b a ba b ˆ ‰ ˆ ‰È È‰ œ œ � # œ # � � # œ �   �#
#

 g f x f g x g x x xa ba b a b a b a ba b È È‰ œ œ # � œ # � � # œ % �# # #

 (b) Domain of f g:   (c) Range of f g: ‰ Ò�#ß _ÑÞ ‰ Ð�_ß #ÓÞ

 Domain of g f:  Range of g f: ‰ Ò�#ß #ÓÞ ‰ Ò!ß #ÓÞ

38. (a) f g x f g x f x x x.a ba b a ba b Š ‹È È ÈÉ‰ œ œ " � œ " � œ " �%

 g f x f g x g x xa ba b a ba b ˆ ‰È ÈÉ‰ œ œ œ " �

 (b) Domain of f g:   (c) Range of f g: ‰ Ð�_ß "ÓÞ ‰ Ò!ß _ÑÞ

 Domain of g f:  Range of g f: ‰ Ò!ß "ÓÞ ‰ Ò!ß "ÓÞ

39.                      y f x y f f xœ œ ‰a b a ba b
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40.       

41.  42. 

 The graph of f (x) f x  is the same as the It does not change the graph.# "œ a bk k
 graph of f (x) to the right of the y-axis.  The"

 graph of f (x) to the left of the y-axis is the#

 reflection of y f (x), x 0 across the y-axis.œ  "

43.  44. 

 Whenever g (x) is positive, the graph of y g (x) Whenever g (x) is positive, the graph of y g (x) g (x)" # " # "œ œ œ k k
 g (x)  is the same as the graph of y g (x). is the same as the graph of y g (x). When g (x) isœ œ œk k" " " "

 When g (x) is negative, the graph of y g (x) is negative, the graph of y g (x) is the reflection of the" # #œ œ

 the reflection of the graph of y g (x) across the graph of y g (x) across the x-axis.œ œ" "

 x-axis. 
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45.  46. 

 Whenever g (x) is positive, the graph of  The graph of f (x) f x  is the same as the" # "œ a bk k
 y g (x) g (x)  is the same as the graph of graph of f (x) to the right of the y-axis.  The œ œ# " "k k
 y g (x). When g (x) is negative, the graph of graph of f (x) to the left of the y-axis is the œ " " #

 y g (x) is the reflection of the graph of reflection of y f (x), x 0 across the y-axis. œ œ  # "

 y g (x) across the x-axis.œ "

47.  48. 

 The graph of f (x) f x  is the same as the The graph of f (x) f x  is the same as the# " # "œ œa b a bk k k k
 graph of f (x) to the right of the y-axis.  The  graph of f (x) to the right of the y-axis.  The" "

 graph of f (x) to the left of the y-axis is the graph of f (x) to the left of the y-axis is the# #

 reflection of y f (x), x 0 across the y-axis. reflection of y f (x), x 0 across the y-axis.œ   œ  " "

49. (a) y g x 3  (b) y g x 2œ � � œ � �a b ˆ ‰" #
# 3

 (c) y g x  (d) y g xœ � œ �a b a b
 (e) y 5 g x  (f) y g 5xœ † œa b a b
50. (a) Shift the graph of f right 5 units (b) Horizontally compress the graph of f by a factor of 4
 (c) Horizontally compress the graph of f by a factor of 3 and a then reflect the graph about the y-axis

 (d) Horizontally compress the graph of f by a factor of 2 and then shift the graph left  unit."
#

 (e) Horizontally stretch the graph of f by a factor of 3 and then shift the graph down 4 units.
 (f) Vertically stretch the graph of f by a factor of 3, then reflect the graph about the x-axis, and finally shift the

 graph up  unit."
4

51. Reflection of the grpah of  y x about the x-axisœ È
 followed by a horizontal compression by a factor of

  then a shift left 2 units.1
2
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52. Reflect the graph of y x about the x-axis, followedœ

 by a vertical compression of the graph by a factor
 of 3, then shift the graph up 1 unit.

 

53. Vertical compression of the graph of y  by aœ 1
x2

 factor of 2, then shift the graph up 1 unit.

 

54. Reflect the graph of y x  about the y-axis, thenœ 1 3Î

 compress the graph horizontally by a factor of 5.

 

55.  56. 

 period  period 4œ œ1 1

57.  58. 

 period 2 period 4œ œ
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59.  60. 

 period 2  period 2œ œ1 1

61. (a) sin B sin   b 2 sin 2 3.  By the theorem of Pythagoras,œ œ œ Ê œ œ œ1 1

3 c 3
b b 3

# #Š ‹ ÈÈ

 a b c   a c b 4 3 1.# # # # #� œ Ê œ � œ � œÈ È
 (b) sin B sin   c .  Thus, a c b (2) .œ œ œ Ê œ œ œ œ � œ � œ œ1

3 c c sin 3
b 2 2 2 4 4 4 2

3 3 3
1

3
3Š ‹ È È ÈÈ

#

È ÊŠ ‹ É# # #
#

62. (a) sin A   a c sin A (b) tan A   a b tan Aœ Ê œ œ Ê œa a
c b

63. (a) tan B   a  (b) sin A   cœ Ê œ œ Ê œb b a a
a tan B c sin A

64. (a) sin A  (c) sin Aœ œ œa a
c c c

c bÈ # #�

65. Let h height of vertical pole, and let b and c denote theœ

 distances of points B and C from the base of the pole,
 measured along the flatground, respectively.  Then,

 tan 50° , tan 35° , and b c 10.œ œ � œh h
c b

 Thus, h c tan 50° and h b tan 35° (c 10) tan 35°œ œ œ �

  c tan 50° (c 10) tan 35°Ê œ �

  c (tan 50° tan 35°) 10 tan 35°Ê � œ

  c   h c tan 50°Ê œ Ê œ10 tan 35°
tan 50° tan 35°�

 16.98 m.œ ¸10 tan 35° tan 50°
tan 50° tan 35°�

 

66. Let h height of balloon above ground.  From the figure atœ

 the right, tan 40° , tan 70° , and a b 2.  Thus,œ œ � œh h
a b

 h b tan 70°  h (2 a) tan 70° and h a tan 40°œ Ê œ � œ

  (2 a) tan 70° a tan 40°  a(tan 40° tan 70°)Ê � œ Ê �

 2 tan 70°  a   h a tan 40°œ Ê œ Ê œ2 tan 70°
tan 40° tan 70°�

 1.3 km.œ ¸2 tan 70° tan 40°
tan 40° tan 70°�

 

67. (a) 

 (b) The period appears to be 4 .1
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 (c) f(x 4 ) sin (x 4 ) cos sin (x 2 ) cos 2 sin x cos � œ � � œ � � � œ �1 1 1 1ˆ ‰ ˆ ‰x 4 x x�
# # #
1

 since the period of sine and cosine is 2 .  Thus, f(x) has period 4 .1 1

68. (a) 

 (b) D ( 0) ( ); R [ 1 1]œ �_ß � !ß_ œ � ß

 (c) f is not periodic.  For suppose f has period p.  Then f kp f sin 2 0 for allˆ ‰ ˆ ‰" "
# #1 1

� œ œ œ1

 integers k.  Choose k so large that kp   0 .  But then" " "
# �1 1 1

� � Ê � �(1/2 ) kp 1

 f kp sin 0 which is a contradiction.  Thus f has no period, as claimed.ˆ ‰ Š ‹" "
# # �1 1

� œ �(1/ ) kp

CHAPTER 1 ADDITIONAL AND ADVANCED EXERCISES

 1. There are (infinitely) many such function pairs.  For example, f(x) 3x and g(x) 4x satisfyœ œ

 f(g(x)) f(4x) 3(4x) 12x 4(3x) g(3x) g(f(x)).œ œ œ œ œ œ

 2. Yes, there are many such function pairs.  For example, if g(x) (2x 3)  and f(x) x , thenœ � œ$ "Î$

 (f g)(x) f(g(x)) f (2x 3) (2x 3) 2x 3.‰ œ œ � œ � œ �a b a b$ $ "Î$

 3. If f is odd and defined at x, then f( x) f(x).  Thus g( x) f( x) 2 f(x) 2 whereas� œ � � œ � � œ � �

 g(x) (f(x) 2) f(x) 2.  Then g cannot be odd because g( x) g(x)  f(x) 2 f(x) 2� œ � � œ � � � œ � Ê � � œ � �

  4 0, which is a contradiction.  Also, g(x) is not even unless f(x) 0 for all x.  On the other hand, if f isÊ œ œ

 even, then g(x) f(x) 2 is also even:  g( x) f( x) 2 f(x) 2 g(x).œ � � œ � � œ � œ

 4. If g is odd and g(0) is defined, then g(0) g( 0) g(0).  Therefore, 2g(0) 0  g(0) 0.œ � œ � œ Ê œ

 5. For (x y) in the 1st quadrant, x y 1 xß � œ �k k k k
  x y 1 x  y 1.  For (x y) in the 2ndÍ � œ � Í œ ß

 quadrant, x y x 1  x y x 1k k k k� œ � Í � � œ �

  y 2x 1.  In the 3rd quadrant, x y x 1Í œ � � œ �k k k k
  x y x 1  y 2x 1.  In the 4thÍ � � œ � Í œ � �

 quadrant, x y x 1  x ( y) x 1k k k k� œ � Í � � œ �

  y 1.  The graph is given at the right.Í œ �
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 6. We use reasoning similar to Exercise 5.
 (1) 1st quadrant:  y y x x� œ �k k k k
  2y 2x  y x.Í œ Í œ

 (2) 2nd quadrant:  y y x x� œ �k k k k
  2y x ( x) 0  y 0.Í œ � � œ Í œ

 (3) 3rd quadrant:  y y x x� œ �k k k k
  y ( y) x ( x)  0 0Í � � œ � � Í œ

   points in the 3rd quadrantÊ all
 satisfy the equation.
 (4) 4th quadrant:  y y x x� œ �k k k k
  y ( y) 2x  0 x.  CombiningÍ � � œ Í œ

 these results we have the graph given at the
 right:

 

 7. (a) sin x cos x 1  sin x 1 cos x (1 cos x)(1 cos x)  (1 cos x)# # # #
�� œ Ê œ � œ � � Ê � œ sin x

1 cos x

#

  Ê œ1 cos x sin x
sin x 1 cos x
�

�

 (b) Using the definition of the tangent function and the double angle formulas, we have

 tan .#
# �

�ˆ ‰x 1 cos xsin
cos 1 cos xœ œ œ

#

# #

#

#

"�
#

"�
#

#

ˆ ‰
ˆ ‰

x

x

cos 2 x

cos 2 x

Š ‹Š ‹

Š ‹Š ‹

 8. The angles labeled  in the accompanying figure are#

 equal since both angles subtend arc CD.  Similarly, the
 two angles labeled  are equal since they both subtend!

 arc AB.  Thus, triangles AED and BEC are similar which

 implies a c 2a cos b
b a c
� �

�œ )

  (a c)(a c) b(2a cos b)Ê � � œ �)

  a c 2ab cos bÊ � œ �# # #)

  c a b 2ab cos .Ê œ � �# # # )

 

 9. As in the proof of the law of sines of Section 1.3, Exercise 61, ah bc sin A ab sin C ac sin Bœ œ œ

  the area of ABC (base)(height) ah bc sin A ab sin C ac sin B.Ê œ œ œ œ œ" " " " "
# # # # #

10. As in Section 1.3, Exercise 61, (Area of ABC) (base) (height) a h a b  sin C# # # # # # # #" " "œ œ œ4 4 4

 a b cos C .  By the law of cosines, c a b 2ab cos C  cos C .œ " � œ � � Ê œ" � �# # # # # #
4 2ab

a b ca b # # #

 Thus, (area of ABC) a b cos C a b# # # # # #" " � �
#

#
� �œ " � œ " � œ " �4 4 ab 4 4a b

a b c a b a b ca b Œ �Š ‹ Š ‹# # # # # # # # #

# #

a b

 4a b a b c 2ab a b c 2ab a b cœ � � � œ � � � � � �" "# # # # # # # # # # ##

16 16Š ‹a b c da b a ba b a b
 (a b) c c (a b) ((a b) c)((a b) c)(c (a b))(c (a b))œ � � � � œ � � � � � � � �" "# # # #

16 16c d c da b a b
 s(s a)(s b)(s c), where s .œ œ � � � œ� ‘ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b c a b c a b c a b c a b c� � � � � � � � � � �

# # # # #

 Therefore, the area of ABC equals s(s a)(s b)(s c) .È � � �

11. If f is even and odd, then f( x) f(x) and f( x) f(x)  f(x) f(x) for all x in the domain of f.� œ � � œ Ê œ �

 Thus 2f(x) 0  f(x) 0.œ Ê œ
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12. (a) As suggested, let E(x)   E( x) E(x)  E is anœ Ê � œ œ œ Êf(x) f( x) f( x) f( ( x)) f(x) f( x)� � � � � � � �
# # #

 even function.  Define O(x) f(x) E(x) f(x) .  Thenœ � œ � œf(x) f( x) f(x) f( x)� � � �
# #

 O( x) O(x)  O is an odd function� œ œ œ � œ � Êf( x) f( ( x)) f( x) f(x) f(x) f( x)� � � � � � � �
# # #Š ‹

  f(x) E(x) O(x) is the sum of an even and an odd function.Ê œ �

 (b) Part (a) shows that f(x) E(x) O(x) is the sum of an even and an odd function.  If alsoœ �

 f(x) E (x) O (x), where E  is even and O  is odd, then f(x) f(x) 0 E (x) O (x)œ � � œ œ �" " " " " "a b
 (E(x) O(x)).  Thus, E(x) E (x) O (x) O(x) for all x in the domain of f (which is the same as the� � � œ �" "

 domain of E E  and O O ).  Now (E E )( x) E( x) E ( x) E(x) E (x) (since E and E  are� � � � œ � � � œ �" " " " " "

 even) (E E )(x)  E E  is even.  Likewise, (O O)( x) O ( x) O( x) O (x) ( O(x))œ � Ê � � � œ � � � œ � � �" " " " "

 (since O and O  are  odd) (O (x) O(x)) (O O)(x)  O O is odd.  Therefore, E E  and" " " " "œ � � œ � � Ê � �

 O O are both even and odd so they must be zero at each x in the domain of f by Exercise 11.  That is," �

 E E and O O, so the decomposition of f found in part (a) is unique." "œ œ

13. y ax bx c a x x c a x cœ � � œ � � � � œ � � �# # #Š ‹ ˆ ‰b b b b b
a 4a 4a 2a 4a

# # #

#

 (a) If a 0 the graph is a parabola that opens upward.  Increasing a causes a vertical stretching and a shift�

 of the vertex toward the y-axis and upward.  If a 0 the graph is a parabola that opens downward.�

 Decreasing a causes a vertical stretching and a shift of the vertex toward the y-axis and downward.
 (b) If a 0 the graph is a parabola that opens upward.  If also b 0, then increasing b causes a shift of the� �

 graph downward to the left; if b 0, then decreasing b causes a shift of the graph downward and to the�

 right.
      If a 0 the graph is a parabola that opens downward.  If b 0, increasing b shifts the graph upward� �

 to the right.  If b 0, decreasing b shifts the graph upward to the left.�

 (c) Changing c (for fixed a and b) by c shifts the graph upward c units if c 0, and downward c? ? ? ?� �

 units if c 0.? �

14. (a) If a 0, the graph rises to the right of the vertical line x b and falls to the left.  If a 0, the graph� œ � �

 falls to the right of the line x b and rises to the left.  If a 0, the graph reduces to the horizontalœ � œ

 line y c.  As a  increases, the slope at any given point x x  increases in magnitude and the graphœ œk k !

 becomes steeper.  As a  decreases, the slope at x  decreases in magnitude and the graph rises or fallsk k !

 more gradually.
 (b) Increasing b shifts the graph to the left; decreasing b shifts it to the right.
 (c) Increasing c shifts the graph upward; decreasing c shifts it downward.

15. Each of the triangles pictured has the same base
 b v t v(1 sec).  Moreover, the height of eachœ œ?

 triangle is the same value h.  Thus (base)(height) bh" "
# #œ

 A A A  .  In conclusion, the object sweepsœ œ œ œ á" # $

 out equal areas in each one second interval.

 

16. (a) Using the midpoint formula, the coordinates of P are .  Thus the slopeˆ ‰ ˆ ‰a 0 b 0 a b� �
# # # #ß œ ß

 of OP .œ œ œ?

?

y
x a/2 a

b/2 b
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 (b) The slope of AB .  The line segments AB and OP are perpendicular when the productœ œ �b 0 b
0 a a
�
�

 of their slopes is .  Thus, b a   a b (since both are positive).  Therefore, AB�" œ � œ � œ Ê œˆ ‰ ˆ ‰b b b
a a a

#

#

# #

 is perpendicular to OP when a b.œ

17. From the figure we see that 0  and AB AD 1. From trigonometry we have the following: sin EB,Ÿ Ÿ œ œ œ œ) )1

2 AB
EB

 cos AE,  tan CD, and tan . We can see that:) ) )œ œ œ œ œ œAE CD EB sin
AB AD AE cos

)

)

 area AEB area sector DB area ADC AE EB AD AD CD˜ � � ˜ Ê � �
w

)" " "
# # #a ba b a b a ba b2

 sin cos tan sin cosÊ � " � " Ê � �" " " " " "
# # # # # #) ) ) ) ) ) )a b a ba b2 sin

cos
)

)

18. f g x f g x a cx d b acx ad b and g f x g f x c ax b d acx cb da ba b a b a b a ba b a b a ba b a b‰ œ œ � � œ � � ‰ œ œ � � œ � �

 Thus f g x g f x acx ad b acx bc d ad b bc d. Note that f d ad b anda ba b a ba b a b‰ œ ‰ Ê � � œ � � Ê � œ � œ �

 g b cb d, thus f g x g f x  if f d g b .a b a ba b a ba b a b a bœ � ‰ œ ‰ œ
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NOTES:
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CHAPTER 2  LIMITS AND CONTINUITY

2.1  RATES OF CHANGE AND TANGENTS TO CURVES

 1. (a) 19 (b) 1? ?

? ?

f 28 9 f 2 0
x 3 1 x 1 ( 1)

f(3) f(2) f(1) f( )œ œ œ œ œ œ� � �"
�# � � #

� �

 2. (a) 0 (b) 2? ?

? ?

g g(1) g( 1) g g(0) g( 2)
x 1 ( 1) 2 x 0 ( 2)

1 1 0 4œ œ œ œ œ œ �� � � �
� � � � #

� �

 3. (a)  (b) ? ?

? 1 ? 1

h 1 1 4 h
t t

h h h h 0 3 3 3œ œ œ � œ œ œ
ˆ ‰ ˆ ‰ È Èˆ ‰ ˆ ‰3

4 4
3
4 4

6

6 3

1 1

1 1 1 1 1 1

1 1�

�
� � �

�
� �

# #

#

 4. (a)  (b) 0? 1 ? 1 1

? 1 1 1 ? 1 1 1

g g( ) g(0) (2 1) (2 1) g g( ) g( ) (2 1) (2 )
t 0 0 t ( )

2œ œ œ � œ œ œ� � � � � � � � �"
� � � � #

 5. 1?

?)

R 3R(2) R(0)
2 0

8 1 1œ œ œ œ�
� # #

� � �"È È

 6. 2 2 0?

?)

P P(2) P(1) (8 16 10) ( )
2 1 1œ œ œ � œ� � � � "�%�&
�

 7. (a) 4 h. As h 0, 4 h 4 at P 2, 1  the slope is 4.?

?

y
x h h h

2 h 3 2 3 4 4h h 3 1 4h hœ œ œ œ � Ä � Ä Ê
ˆ ‰ ˆ ‰a b� � � � � � � � �

2 2 2 2 a b
 (b) y 1 4 x 2 y 1 4x 8 y 4x 7� œ � Ê � œ � Ê œ �a b
 8. (a) 2 h. As h 0, 2 h 2 at P 1, 4  the?

?

y
x h h h

5 1 h 5 1 5 1 2h h 4 2h hœ œ œ œ � � Ä � � Ä � Ê
ˆ ‰ ˆ ‰a b� � � � � � � � � �

2 2 2 2 a b
 slope is 2.�

 (b) y 4 2 x 1 y 4 2x 2 y 2x 6� œ � � Ê � œ � � Ê œ � �a ba b
 9. (a) 2 h. As h 0, 2 h 2 at?

?

y
x h h h

2 h 2 2 h 3 2 2 2 3 4 4h h 4 2h 3 3 2h hœ œ œ œ � Ä � Ä Ê
ˆ ‰ ˆ ‰a b a b a b a b� � � � � � � � � � � � � � �

2 2 2 2

 P 2, 3  the slope is 2.a b�

 (b) y 3 2 x 2 y 3 2x 4 y 2x 7.� � œ � Ê � œ � Ê œ �a b a b
10. (a) h 2. As h 0, h 2 2 at?

?

y
x h h h

1 h 4 1 h 1 4 1 1 2h h 4 4h 3 h 2hœ œ œ œ � Ä � Ä � Ê
ˆ ‰ ˆ ‰a b a b a b a b� � � � � � � � � � � �

2 2 2 2

 P 1, 3  the slope is 2.a b� �

 (b) y 3 2 x 1 y 3 2x 2 y 2x 1.� � œ � � Ê � œ � � Ê œ � �a b a ba b
11. (a) 12 4h h . As h 0, 12 4h h 12, at?

?

y
x h h h

2 h 2 8 12h 4h h 8 12h 4h h 2 2œ œ œ œ � � Ä � � Ä Êa b� � � � � � � �
3 3 2 3 2 3

 P 2, 8  the slope is 12.a b
 (b) y 8 12 x 2 y 8 12x 24 y 12x 16.� œ � Ê � œ � Ê œ �a b
12. (a) 3 3h h . As h 0, 3 3h h 3, at?

?

y
x h h h

2 1 h 2 1 2 1 3h 3h h 1 3h 3h h 2 2œ œ œ œ � � � Ä � � � Ä � Ê
� � � � � � � � � � � �a b ˆ ‰3 3 2 3 2 3

 P 1, 1  the slope is 3.a b �

 (b) y 1 3 x 1 y 1 3x 3 y 3x 4.� œ � � Ê � œ � � Ê œ � �a ba b
13. (a) 9 3h h . As h 0,?

?

y
x h h h

1 h 12 1 h 1 12 1 3h 3h h 12 12h 11 9h 3h h 2œ œ œ œ � � � Ä
a b a b a bˆ ‰ a b� � � � � " � � � � � � � � � �

3 3 2 3 2 3

 9 3h h 9 at P 1, 11  the slope is 9.� � � Ä � Ê � �2 a b
 (b) y 11 9 x 1 y 11 9x 9 y 9x 2.� � œ � � Ê � œ � � Ê œ � �a b a ba b
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14. (a) 3h h . As h 0,?

?

y
x h h h

2 h 3 2 h 4 2 3 2 4 8 12h 6h h 12 12h 3h 4 0 3h h 2œ œ œ œ � Ä
a b a b a bˆ ‰� � � � � � � � � � � � � � � �

3 2 23 2 3 2 2 3

 3h h 0 at P 2, 0  the slope is 0.� Ä Ê2 a b
 (b) y 0 0 x 2 y 0.� œ � Ê œa b
15. (a)  Q  Slope of PQ  œ ?

?

p
t

 Q (10 225) 42.5 m/sec"
�
�ß œ650 225

20 10

 Q (14 375) 45.83 m/sec#
�
�ß œ650 375

20 14

 Q (16.5 475) 50.00 m/sec$
�
�ß œ650 475

20 16.5

 Q (18 550) 50.00 m/sec%
�
�ß œ650 550

20 18

 (b) At t 20, the sportscar was traveling approximately 50 m/sec or 180 km/h.œ

16. (a)  Q  Slope of PQ  œ ?

?

p
t

 Q (5 20) 12 m/sec"
�
�ß œ80 20

10 5

 Q (7 39) 13.7 m/sec#
�
�ß œ80 39

10 7

 Q (8.5 58) 14.7 m/sec$
�
�ß œ80 58

10 8.5

 Q (9.5 72) 16 m/sec%
�
�ß œ80 72

10 9.5

 (b) Approximately 16 m/sec

17. (a) 

 (b) 56 thousand dollars per year?

?

p
t 2004 2002

174 62 112œ œ œ�
� #

 (c) The average rate of change from 2001 to 2002 is 35 thousand dollars per year.?

?

p
t 20022 2001

62 27œ œ�
�

 The average rate of change from 2002 to 2003 is 49 thousand dollars per year.?

?

p
t 2003 2002

111 62œ œ�
�

 So, the rate at which profits were changing in 2002 is approximatley 35 49 42 thousand dollars per year."
# a b� œ

18. (a) F(x) (x 2)/(x 2)œ � �

 x 1.2 1.1 1.01 1.001 1.0001 1
F(x) 4.0 3.4 3.04 3.004 3.0004 3� � � � � �

 5.0; 4.4;? ?

? ?

F F
x 1.2 1 x 1.1 1

4.0 ( 3) 3.4 ( 3)œ œ � œ œ �� � � � � �
� �

 4.04; 4. ;? ?

? ?

F F
x 1.01 1 x 1.001 1

3.04 ( 3) 3.004 ( 3)œ œ � œ œ � !!%� � � � � �
� �

 4. ;?

?

F
x 1.0001 1

3. ( 3)œ œ � !!!%� !!!%� �
�

 (b) The rate of change of F(x) at x 1 is 4.œ �

19. (a) 0.414213 0.449489? ?

? ?

g g(2) g(1) 2 g g(1.5) g(1)
x 2 1 1 x 1.5 1 0.5

1.5œ œ ¸ œ œ ¸� �" �
� #� �

�"È È

 ?

?

g g(1 h) g(1)
x (1 h) 1 h

1 hœ œ� �
� �

� �"È

 (b) g(x) xœ È
 1 h 1.1 1.01 1.001 1.0001 1.00001 1.000001

1 h 1.04880 1.004987 1.0004998 1.0000499 1.000005 1.0000005

1 h 1 /h 0.4880 0.4987 0.4998 0.499 0.5

�

�

� �

È
Š ‹È 0.5

 (c) The rate of change of g(x) at x 1 is 0.5.œ
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 (d) The calculator gives  lim  .
h Ä !

œ
È1 h

h
� �" "

#

20. (a) i) f(3) f(2)
3 2 1 1 6
�
�

� "œ œ œ �
" " �"

#3 6

 ii) , T 2f(T) f(2)
T T T T(T 2) T(2 T) T

2 T 2 T�
�# �# �# # � �# � #

� � � � "œ œ œ œ œ � Á
" "

# # #T T T
2 T

 (b) T 2.1 2.01 2.001 2.0001 2.00001 2.000001
f(T) 0.476190 0.497512 0.499750 0.4999750 0.499997 0.499999
f(T) f(2) / T 2 0.2381 0.2488 0.2a b a b� � � � � 500 0.2500 0.2500 0.2500� � �

 (c) The table indicates the rate of change is 0.25 at t 2.� œ

 (d)  lim  
T Ä #

ˆ ‰" "
�#T 4œ �

NOTE: Answers will vary in Exercises 21 and 22.

21. (a) 0, 1 : 15 mph 1, 2.5 :  mph 2.5, 3.5 : 10 mphÒ Ó œ œ à Ò Ó œ œ à Ò Ó œ œ˜ � ˜ � ˜ �
˜ � ˜ � ˜ �

s 15 0 s 20 15 10 s 30 20
t 1 0 t 2.5 1 3 t 3.5 2.5

 (b) At P , 7.5 : Since the portion of the graph from t 0 to t 1 is nearly linear, the instantaneous rate of changeˆ ‰"
# œ œ

 will be almost the same as the average rate of change, thus the instantaneous speed at t  is 15 mi/hr.œ œ" �
# �

15 7.5
1 0.5

 At P 2, 20 : Since the portion of the graph from t 2 to t 2.5 is nearly linear, the instantaneous rate of change willa b œ œ

 be nearly the same as the average rate of change, thus v 0 mi/hr. For values of t less than 2, we haveœ œ20 20
2.5 2
�
�

  Q  Slope of PQ  œ ?

?

s
t

 Q (1 15) 5 mi/hr"
�
�ß œ15 20

1 2

 Q (1.5 19) 2 mi/hr#
�
�ß œ19 20

1.5 2

 Q (1.9 19.9) 1 mi/hr$
�
�ß œ19.9 20

1.9 2

 Thus, it appears that the instantaneous speed at t 2 is 0 mi/hr.œ

 At P 3, 22 :a b
  Q  Slope of PQ  œ ?

?

s
t

 Q (4 35) 13 mi/hr"
�
�ß œ35 22

4 3

 Q (3.5 30) 16 mi/hr#
�
�ß œ30 22

3.5 3

 Q (3.1 23) 10 mi/hr$
�
�ß œ23 22

3.1 3

  Q  Slope of PQ  œ ?

?

s
t

 Q (2 20) 2 mi/hr"
�
�ß œ20 22

2 3

 Q (2.5 20) 4 mi/hr#
�
�ß œ20 22

2.5 3

 Q (2.9 21.6) 4 mi/hr$
�
�ß œ21.6 22

2.9 3

 Thus, it appears that the instantaneous speed at t 3 is about 7 mi/hr.œ

 (c) It appears that the curve is increasing the fastest at t 3.5. Thus for P 3.5, 30œ a b
  Q  Slope of PQ  œ ?

?

s
t

 Q (4 35) 10 mi/hr"
�
�ß œ35 30

4 3.5

 Q (3.75 34) 16 mi/hr#
�
�ß œ34 30

3.75 3.5

 Q (3.6 32) 20 mi/hr$
�
�ß œ32 30

3.6 3.5

  Q  Slope of PQ  œ ?

?

s
t

 Q (3 22) 16 mi/hr"
�
�ß œ22 30

3 3.5

 Q (3.25 25) 20 mi/hr#
�
�ß œ25 30

3.25 3.5

 Q (3.4 28) 20 mi/hr$
�
�ß œ28 30

3.4 3.5

 Thus, it appears that the instantaneous speed at t 3.5 is about 20 mi/hr.œ

22. (a) 0, 3 : 1.67 0, 5 : 2.2 7, 10 : 0.5 Ò Ó œ ¸ � à Ò Ó œ ¸ � à Ò Ó œ ¸ �˜ � ˜ � ˜ �
˜ � ˜ � ˜ �

A 10 15 A 3.9 15 A 0 1.4
t 3 0 day t 5 0 day t 10 7 day

gal gal gal

 (b) At P 1, 14 :a b
  Q  Slope of PQ  œ ?

?

A
t

 Q (2 12.2) 1.8 gal/day"
�
�ß œ �12.2 14

2 1

 Q (1.5 13.2) 1.6 gal/day#
�
�ß œ �13.2 14

1.5 1

 Q (1.1 13.85) 1.5 gal/day$
�
�ß œ �13.85 14

1.1 1

  Q  Slope of PQ  œ ?

?

A
t

 Q (0 15) 1 gal/day"
�
�ß œ �15 14

0 1

 Q (0.5 14.6) 1.2 gal/day#
�
�ß œ �14.6 14

0.5 1

 Q (0.9 14.86) 1.4 gal/day$
�
�ß œ �14.86 14

0.9 1

 Thus, it appears that the instantaneous rate of consumption at t 1 is about 1.45 gal/day.œ �

 At P 4, 6 :a b
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  Q  Slope of PQ  œ ?

?

A
t

 Q (5 3.9) 2.1 gal/day"
�
�ß œ �3.9 6

5 4

 Q (4.5 4.8) 2.4 gal/day#
�
�ß œ �4.8 6

4.5 4

 Q (4.1 5.7) 3 gal/day$
�
�ß œ �5.7 6

4.1 4

  Q  Slope of PQ  œ ?

?

A
t

 Q (3 10) 4 gal/day"
�
�ß œ �10 6

3 4

 Q (3.5 7.8) 3.6 gal/day#
�
�ß œ �7.8 6

3.5 4

 Q (3.9 6.3) 3 gal/day$
�
�ß œ �6.3 6

3.9 4

 Thus, it appears that the instantaneous rate of consumption at t 1 is 3 gal/day.œ �

 At P 8, 1 :a b
  Q  Slope of PQ  œ ?

?

A
t

 Q (9 0.5) 0.5 gal/day"
�
�ß œ �0.5 1

9 8

 Q (8.5 0.7) 0.6 gal/day#
�
�ß œ �0.7 1

8.5 8

 Q (8.1 0.95) 0.5 gal/day$
�
�ß œ �0.95 1

8.1 8

  Q  Slope of PQ  œ ?

?

A
t

 Q (7 1.4) 0.6 gal/day"
�
�ß œ �1.4 1

7 8

 Q (7.5 1.3) 0.6 gal/day#
�
�ß œ �1.3 1

7.5 8

 Q (7.9 1.04) 0.6 gal/day$
�
�ß œ �1.04 1

7.9 8

 Thus, it appears that the instantaneous rate of consumption at t 1 is 0.55 gal/day.œ �

 (c) It appears that the curve (the consumption) is decreasing the fastest at t 3.5. Thus for P 3.5, 7.8œ a b
  Q  Slope of PQ  œ ?

?

A
t

 Q (4.5 4.8) 3 gal/day"
�
�ß œ �4.8 7.8

4.5 3.5

 Q (4 6) 3.6 gal/day#
�
�ß œ �6 7.8

4 3.5

 Q (3.6 7.4) 4 gal/day$
�
�ß œ �7.4 7.8

3.6 3.5

  Q  Slope of PQ  œ ?

?

s
t

 Q (2.5 11.2) 3.4 gal/day"
�
�ß œ �11.2 7.8

2.5 3.5

 Q (3 10) 4.4 gal/day#
�
�ß œ �10 7.8

3 3.5

 Q (3.4 8.2) 4 gal/day$
�
�ß œ �8.2 7.8

3.4 3.5

 Thus, it appears that the rate of consumption at t 3.5 is about 4 gal/day.œ �

2.2  LIMIT OF A FUNCTION AND LIMIT LAWS

 1. (a) Does not exist.  As x approaches 1 from the right, g(x) approaches 0.  As x approaches 1 from the left, g(x)
 approaches 1.  There is no single number L that all the values g(x) get arbitrarily close to as x  1.Ä

 (b) 1 (c) 0 (d) 0.5

 2. (a) 0
 (b) 1�

 (c) Does not exist.  As t approaches 0 from the left, f(t) approaches 1.  As t approaches 0 from the right, f(t)�

 approaches 1.  There is no single number L that f(t) gets arbitrarily close to as t  0.Ä

 (d) 1�

 3. (a) True (b) True (c) False
 (d) False (e) False (f) True
 (g) True

 4. (a) False (b) False (c) True
 (d) True (e) True

 5.  lim   does not exist because 1 if x 0 and 1 if x 0.  As x approaches 0 from the left,
x 0Ä

x x x x x
x x x x xk k k k k kœ œ � œ œ � ��

  approaches 1.  As x approaches 0 from the right,  approaches 1.  There is no single number L that all thex x
x xk k k k�

 function values get arbitrarily close to as x  0.Ä

 6. As x approaches 1 from the left, the values of  become increasingly large and negative.  As x approaches 1"
�x 1

 from the right, the values become increasingly large and positive.  There is no one number L that all the function

 values get arbitrarily close to as x  1, so  lim   does not exist.Ä
x 1Ä

"
�x 1
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 7. Nothing can be said about f(x) because the existence of a limit as x  x  does not depend on how the functionÄ !

 is defined at x .  In order for a limit to exist, f(x) must be arbitrarily close to a single real number L when!

 x is close enough to x .  That is, the existence of a limit depends on the values of f(x) for x  x , not on the! !near
 definition of f(x) at x  itself.!

 8. Nothing can be said.  In order for  lim  f(x) to exist, f(x) must close to a single value for x near 0 regardless of the
x 0Ä

 value f(0) itself.

 9. No, the definition does not require that f be defined at x 1 in order for a limiting value to exist there.  If f(1) isœ

 defined, it can be any real number, so we can conclude nothing about f(1) from  lim  f(x) 5.
x 1Ä

œ

10. No, because the existence of a limit depends on the values of f(x) when x is near 1, not on f(1) itself.  If
  lim  f(x) exists, its value may be some number other than f(1) 5.  We can conclude nothing about  lim  f(x),

x 1 x 1Ä Ä
œ

 whether it exists or what its value is if it does exist, from knowing the value of f(1) alone.

11.  lim  (2x 5) 2( 7) 5 14 5 9
x Ä �(

� œ � � œ � � œ �

12.  lim  x 5x 2 (2) 5(2) 2 4 10 2 4
x Ä #

a b� � � œ � � � œ � � � œ# #

13.  lim  8(t 5)(t 7) 8(6 5)(6 7) 8
t Ä '

� � œ � � œ �

14.  lim  x 2x 4x 8 ( 2) 2( 2) 4( 2) 8 8 8 8 8 16
x Ä �#

a b$ # $ #� � � œ � � � � � � œ � � � � œ �

15.  lim    16.  lim  3s(2s 1) 3 2 1 2 1
x sÄ # Ä

x 3 2 3 5 2 2 4 2
x 6 2 6 8 3 3 3 3
� �
� �œ œ � œ � œ � œ

#

$

ˆ ‰ � ‘ ˆ ‰ˆ ‰

17.  lim  3(2x 1) 3(2( 1) 1) 3( 3) 27 
x Ä �"

� œ � � œ � œ# # #

18.  lim   
y Ä #

y 2
y 5y 6 (2) 5( ) 6 4 10 6 0 5

2 2 4 4�
� � � # � � � #

� "
# #œ œ œ œ

19.  lim  (5 y) [5 ( 3)] (8) (8) 2 16
y Ä �$

� œ � � œ œ œ œ%Î$ %Î$ %Î$ "Î$ %%ˆ ‰
20.  lim  (2z 8) (2(0) 8) ( 8) 2

z Ä !
� œ � œ � œ �"Î$ "Î$ "Î$

21.  lim   
h Ä !

3 3 3 3
3h 1 1 3(0) 1 1 1 1 2È È È� � � � �

œ œ œ

22.  lim    lim    lim    lim    lim   
h 0 h 0 h 0 h 0 h 0Ä Ä Ä Ä Ä

È È È
È È

a b
Š ‹ Š ‹È È

5h 4 2 5h 4 2 5h 4 2 5h 4 4
h h 5h 4 2 5h 4 2h 5h 4 2 h 5h 4 2

5h 5� � � � � � � �

� � � �� � � �
œ † œ œ œ

 œ œ5 5
4 2 4È �

23.  lim    lim    lim   
x x xÄ & Ä & Ä &

x 5 x 5 1
x 25 (x 5)(x 5) x 5 5 5 10

� � " "
� � � � �# œ œ œ œ

24.  lim    lim    lim   
x x xÄ �$ Ä �$ Ä �$

x 3 x 3 1
x 4x 3 (x 3)(x 1) x 1 3 1 2

� � " "
� � � � � � �# œ œ œ œ �
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25.  lim    lim    lim  (x 2) 7
x x xÄ �& Ä �& Ä �&

x 3x 0
x 5 x 5

(x 5)(x 2)# � �"
� �

� �œ œ � œ �& � # œ �

26.  lim    lim    lim  (x 5) 2 5 3
x x xÄ # Ä # Ä #

x 7x 0
x x 2

(x 5)(x 2)# � �"
�# �

� �œ œ � œ � œ �

27.  lim    lim    lim   
t t tÄ " Ä " Ä "

t t 2 t 2 1 2 3
t 1 (t 1)(t 1) t 1 1 1

(t 2)(t 1)#

#

� � � �
� � � � � #

� �œ œ œ œ

28.  lim    lim    lim   
t t tÄ �" Ä �" Ä �"

t 3t 2 t 2 1 2 1
t t 2 (t 2)(t 1) t 2 1 2 3

(t 2)(t 1)#

#

� � � � �
� � � � � � �

� �œ œ œ œ �

29.  lim    lim    lim   
x x xÄ �# Ä �# Ä �#

� � � �
� �

� �2x 4 2 2 1
x 2x x (x 2) x 4 2

2(x 2)
$ # # #œ œ œ œ �

30.  lim    lim    lim   
y 0 y yÄ Ä ! Ä !

5y 8y y (5y 8) 5y 8
3y 16y y 3y 16 3y 16 16

8$ # #

% # # # #

� � �
� � � � #

"œ œ œ œ �a b

31.  lim   lim   lim   lim  1
x 1 x 1 x 1 x 1Ä Ä Ä Ä

1 1 x
x x�

� � �
�1

x 1 x 1 x x 1 x
1 x 1 1œ œ † œ � œ �

� ˆ ‰

32.  lim   lim   lim   lim  2
x 0 x 1 x 1 x 1Ä Ä Ä Ä

1 1
x 1 x 1

x 1 x 1
x 1 x 1

� �

� � �

� ��

� � � � �x x x 1 x 1 x x 1 x 1 1
2x 1 2 2œ œ † œ œ œ �

a b a b
a ba b Š ‹a ba b a ba b

33.  lim    lim    lim   
u 1 u 1 u 1Ä Ä Ä

u 4
u 1 u u 1 (u 1) u u 1 1 1 1 3

u (u 1)(u 1) u (u 1) (1 1)(1 1)%

$ # #

# #�"
� � � � � � � �

�" � � �" � � �œ œ œ œa b a b
a b

34.  lim    lim    lim    
v v vÄ # Ä # Ä #

v 8 v 2v 4 4 4 4 12 3
v 16

(v 2) v 2v 4
(v 2)(v 2) v 4 (v 2) v 4 (4)(8) 32 8

$ #

%

#

# #

� � � � �
�

� � �
� � � � �œ œ œ œ œa b

a b a b

35.  lim    lim    lim   
x x xÄ * Ä * Ä *

È È
ˆ ‰ ˆ ‰È È È È

x 3 x 3
x 9 6x 3 x 3 x 3 9 3

� �

� � � �
" " "

�
œ œ œ œ

36.  lim    lim    lim    lim  x 2 x 4(2 2) 16
x x x xÄ % Ä % Ä % Ä %

4x x
2 x 2 x 2 x

x(4 x) x 2 x 2 x�
� � �

� � �#

È È È
ˆ ‰ ˆ ‰È È

œ œ œ � œ � œˆ ‰È

37.  lim    lim    lim    lim  x 3 4 2 4
x 1 x 1 x 1 x 1Ä Ä Ä Ä

x 1
x 3 2 x 3 x 3

(x 1) x 3 2 (x 1) x 3
(x 3) 4

�
� � � �# � �#

� � � � � �#

� �È È È
ˆ ‰ ˆ ‰È È

ˆ ‰ ˆ ‰œ œ œ � � # œ � œŠ ‹È È

38.  lim    lim    lim   
x x x 1Ä � Ä � Ä �" "

œ œ
È Š ‹Š ‹È È

Š ‹ Š ‹È È
a bx 8 3

x 1

x 8 x 8

(x 1) x 8 (x 1) x 8

x 8#
# #

# #

#� �
�

� �$ � �$

� � �$ � � �$

� �*

  lim    lim   œ œ œ œ �
x 1 x 1Ä � Ä �

(x 1)(x 1)

(x 1) x

x 1 2
x 3 3 3

� �

� �)�$

� � "

�)�$ �Š ‹È È# #

39.  lim    lim    lim   
x 2 x 2 x 2Ä Ä Ä

È Š ‹Š ‹È È
Š ‹ Š ‹È È

a bx 12 4
x 2

x 12 4 x 12 4

(x 2) x 12 4 (x 2) x 12 4

x 12 16#
# #

# #

#� �
�

� � � �

� � � � � �

� �œ œ

   lim    lim   œ œ œ œ
x 2 x 2Ä Ä

(x 2)(x 2)

(x 2) x 12 4

x 2 4
x 12 4 16 4 2

� �

� � �

� "

� � �Š ‹È È È# #

40.  lim    lim    lim   
x 2 x 2 x 2Ä � Ä � Ä �

x 2
x 5 3

x 2 x 5 3 x 2 x 5 3

x 5 3 x 5 3 x 5 9
�

� �

� � � � � �

� � � � � �È
a b a bŠ ‹ Š ‹È È

Š ‹Š ‹È È a b#

# #

# #
#œ œ

   lim    lim   œ œ œ œ �
x 2 x 2Ä � Ä �

a b Š ‹È È Èx 2 x 5 3

(x 2)(x 2) x 2 4 2
x 5 3 9 3 3� � �

� � � �
� � �

#
#
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41.  lim    lim   lim  
x 3 x 3 x 3Ä � Ä � Ä �

2 x 5
x 3

2 x 5 2 x 5

(x 3) 2 x 5 (x 3) 2 x 5

4 x 5� �
�

� � � �

� � � � � �

� �È Š ‹Š ‹È È

Š ‹ Š ‹È È
a b#

# #

# #

#

œ œ

   lim    lim   lim  œ œ œ œ œ
x 3 x 3 x 3Ä � Ä � Ä �

9 x 3 x 6 3

(x 3) 2 x 5 (x 3) 2 x 5

(3 x)(3 x)

2 x 5 2 4 2
� �

� � � � � �

� �

� � �

#

# # #Š ‹ Š ‹È È È È

42.  lim    lim    lim   
x 4 x 4 x 4Ä Ä Ä

4 x
5 x 9

4 x 5 x 9 4 x 5 x 9

5 x 9 5 x 9 25 x 9
�

� �

� � � � � �

� � � � � �È
a b a bŠ ‹ Š ‹È È

Š ‹Š ‹È È a b#

# #

# #
#œ œ

  lim     lim    lim   œ œ œ œ œ
x 4 x 4 x 4Ä Ä Ä

a b a bŠ ‹ Š ‹È È È È4 x 5 x 9 4 x 5 x 9

16 x (4 x)(4 x) 4 x 8 4
5 x 9 5 25 5� � � � � �

� � � �
� � �

# #

#

#

43.  lim 2sin x 1   2sin 0 1 0 1 1 44.  lim sin x     lim  sin x sin 0 0 0
x 0 x 0 x 0Ä Ä Ä

a b a bŠ ‹� œ � œ � œ � œ œ œ œ2 2
2

2

45.  lim sec x    lim  1 46.  lim tan x    lim  0
x 0 x 0 x 0 x 0Ä Ä Ä Ä

œ œ œ œ œ œ œ œ1 1 1 sin x sin 0 0
cos x cos 0 1 cos x cos 0 1

47.  lim
x 0Ä

1 x sin x 1 0 sin 0 1 0 0 1
3cos x 3cos 0 3 3

� � � � � �œ œ œ

48.  lim x 1 2 cos x 0 1 2 cos 0 1 2 1 1 1 1
x 0Ä

a ba b a ba b a ba b a ba b2 2� � œ � � œ � � œ � œ �

49.  lim x 4 cos x  lim x 4  lim cos x 4 cos 0 4 1 4x x xÄ � Ä � Ä �1 1 1
È È Èa b a b È È� � œ � † � œ � � † œ � † œ �1 1 1 1 1

50.  lim 7 sec x  lim 7 sec x 7  lim sec x 7 sec 0 7 1 2 2
x 0 x 0 x 0Ä Ä Ä

È ÈÉ Éa b a bÉ È� œ � œ � œ � œ � œ2 2 2 2 2

51. (a) quotient rule (b) difference and power rules
 (c) sum and constant multiple rules

52. (a) quotient rule (b) power and product rules
 (c) difference and constant multiple rules

53. (a)  lim  f(x) g(x)  lim  f(x)   lim  g(x) (5)( 2) 10
x c x c x cÄ Ä Ä

œ œ � œ �’ “ ’ “
 (b)  lim  2f(x) g(x) 2  lim  f(x)   lim  g(x) 2(5)( 2) 20

x c x c x cÄ Ä Ä
œ œ � œ �’ “ ’ “

 (c)  lim  [f(x) 3g(x)]  lim  f(x) 3  lim  g(x) 5 3( 2) 1
x c x c x cÄ Ä Ä

� œ � œ � � œ �

 (d)  lim   
x cÄ

f(x)
f(x) g(x)  lim f(x)  lim g(x) 5 ( 2) 7

 lim f(x) 5 5
� � � �œ œ œx c

x c x c

Ä

Ä Ä

54. (a)  lim  [g(x) 3]  lim  g(x)  lim  3
x x xÄ % Ä % Ä %

� œ � œ �$ � $ œ !

 (b)  lim  xf(x)  lim  x  lim  f(x) (4)(0) 0
x x xÄ % Ä % Ä %

œ œ œ†

 (c)  lim  [g(x)]  lim  g(x) [ 3] 9
x xÄ % Ä %

# #
#

œ œ � œ’ “
 (d)  lim   3

x Ä %

g(x)
f(x) 1  lim  f(x)  lim  1 0 1

 lim  g(x) 3
� � �

�œ œ œx

x x

Ä%

Ä% Ä%

55. (a)  lim  [f(x) g(x)]  lim  f(x)  lim  g(x) 7 ( 3) 4
x b x b x bÄ Ä Ä

� œ � œ � � œ

 (b)  lim  f(x) g(x)  lim  f(x)  lim  g(x) (7)( 3) 21
x b x b x bÄ Ä Ä

† œ œ � œ �’ “ ’ “
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50 Chapter 2 Limits and Continuity

 (c)  lim  4g(x)  lim  4   lim  g(x) (4)( 3) 12
x b x b x bÄ Ä Ä

œ œ � œ �’ “ ’ “
 (d)  lim  f(x)/g(x)  lim  f(x)/  lim  g(x)

x b x b x bÄ Ä Ä
œ œ œ �7 7

3 3�

56. (a)  lim  [p(x) r(x) s(x)]  lim  p(x)  lim  r(x)  lim  s(x) 4 0 ( 3) 1
x x x xÄ �# Ä �# Ä �# Ä �#

� � œ � � œ � � � œ

 (b)  lim  p(x) r(x) s(x)  lim  p(x)  lim  r(x)  lim  s(x) (4)(0)( 3) 0
x x x xÄ �# Ä �# Ä �# Ä �#

† † œ œ � œ’ “ ’ “ ’ “
 (c)  lim  [ 4p(x) 5r(x)]/s(x) 4  lim  p(x) 5  lim  r(x)  lim  s(x) [ 4(4) 5(0)]/ 3

x x x xÄ �# Ä �# Ä �# Ä �#
� � œ � � œ � � � œ’ “‚ "6

3

57.  lim    lim    lim    lim  (2 h) 2
h h h hÄ ! Ä ! Ä ! Ä !

(1 h) 1 h(2 h)
h h h

1 2h h 1� � �� � �# # #

œ œ œ � œ

58.  lim    lim    lim    lim  (h 4) 4
h h h hÄ ! Ä ! Ä ! Ä !

( 2 h) ( 2) h(h 4)
h h h

4 4h h 4� � � � �� � �# # #

œ œ œ � œ �

59.  lim    lim   3
h hÄ ! Ä !

[3(2 h) 4] [3(2) 4]
h h

3h� � � � œ œ

60.  lim    lim    lim    lim   
h h h hÄ ! Ä ! Ä ! Ä !

ˆ ‰ ˆ ‰" " �

�#� �# � �h 2 h
2� �"

� � �#� �
� � � � � "

h 2h 2h( h) h(4 2h) 4
2 ( 2 h) hœ œ œ œ �

61.  lim    lim    lim    lim    lim   
h h h h hÄ ! Ä ! Ä ! Ä ! Ä !

È È Š ‹Š ‹È ÈÈ È
Š ‹ Š ‹ Š ‹È È ÈÈ È È È È

7 h 7
h

7 h 7 7 h 7

h 7 h 7 h 7 h 7 h 7 h 7

(7 h) 7 h
7 h 7

� � � � � �

� � � � � �

� � "

� �
œ œ œ œ

 œ "

#È7

62.  lim    lim    lim    lim   
h h h hÄ ! Ä ! Ä ! Ä !

È È Š ‹Š ‹È È
Š ‹ Š ‹ Š ‹È È È

3(0 h) 1 3(0) 1
h

3h 1 3h 1

h 3h 1 h 3h 1 1 h 3h 1

(3h 1) 3h� � � � � �" � �"

� � " � � � �"

� �"œ œ œ

  lim   œ œ
h Ä !

3 3
3h 1 1È � � #

63.  lim  5 2x 5 2(0) 5 and  lim  5 x 5 (0) 5; by the sandwich theorem,
x xÄ ! Ä !

È ÈÈ ÈÈ È� œ � œ � œ � œ# # # #

  lim  f(x) 5
x Ä !

œ È
64.  lim  2 x 2 0 2 and  lim  2 cos x 2(1) 2; by the sandwich theorem,  lim  g(x) 2

x x xÄ ! Ä ! Ä !
a b� œ � œ œ œ œ#

65. (a)  lim  1 1 1 and  lim  1 1; by the sandwich theorem,  lim   1
x x xÄ ! Ä ! Ä !

Š ‹� œ � œ œ œx 0 x sin x
6 6 2 2 cos x

#

�

 (b) For x 0, y (x sin x)/(2 2 cos x)Á œ �

 lies between the other two graphs in the
 figure, and the graphs converge as x  0.Ä

 

66. (a)  lim    lim    lim   0  and  lim  ; by the sandwich theorem,
x x x xÄ ! Ä ! Ä ! Ä !

Š ‹" " " " "
# # # # # # #� œ � œ � œ œx 1 x

24 4

# #

  lim   .
x Ä !

1 cos x
x

� "
## œ
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 Section 2.2 Limit of a Function and Limit Laws 51

 (b) For all x 0, the graph of f(x) (1 cos x)/xÁ œ � #

 lies between the line y  and the parabolaœ "
#

 y x /24, and the graphs converge as x  0.œ � Ä"
#

#

 

67. (a) f(x) x /(x 3)œ � * �a b#

 x 3.1 3.01 3.001 3.0001 3.00001 3.000001
f(x) 6.1 6.01 6.001 6.0001 6.00001 6.000001

� � � � � �
� � � � � �

 x 2.9 2.99 2.999 2.9999 2.99999 2.999999
f(x) 5.9 5.99 5.999 5.9999 5.99999 5.999999

� � � � � �
� � � � � �

 The estimate is  lim  f(x) 6.
x Ä �$

œ �

 (b) 

 (c) f(x) x 3 if x 3, and  lim  (x 3) 3 3 6.œ œ œ � Á � � œ � � œ �x 9
x 3 x 3

(x 3)(x 3)# �
� �

� �

x Ä �$

68. (a) g(x) x / x 2œ � # �a b Š ‹È#

 x 1.4 1.41 1.414  1.4142 1.41421 1.414213
g(x) 2.81421 2.82421 2.82821 2.828413 2.828423 2.828426

 (b) 

 (c) g(x) x 2 if x 2, and  lim  x 2 2 2 2 2.œ œ œ � Á � œ � œx 2
x 2

x 2 x 2

x 2

# �

�

� �

�È
Š ‹Š ‹È È

Š ‹È
È È È È È ÈŠ ‹

x Ä #È

69. (a) G(x) (x 6)/ x 4x 12œ � � �a b#

 x 5.9 5.99 5.999 5.9999 5.99999 5.999999
G(x) .126582 .1251564 .1250156 .1250015 .1250001 .1250000

� � � � � �
� � � � � �

 x 6.1 6.01 6.001 6.0001 6.00001 6.000001
G(x) .123456 .124843 .124984 .124998 .124999 .124999

� � � � � �
� � � � � �
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52 Chapter 2 Limits and Continuity

 (b) 

 (c) G(x)  if x 6, and  lim   0.125.œ œ œ Á � œ œ � œ �x 6 x 6
x 4x 12 (x 6)(x 2) x x 2 2 8

� � " " " "
� � � � �# � �'�a b#

x Ä �'

70. (a) h(x) x 2x 3 / x 4x 3œ � � � �a b a b# #

 x 2.9 2.99 2.999 2.9999 2.99999 2.999999
h(x) 2.052631 2.005025 2.000500 2.000050 2.000005 2.0000005

 x 3.1 3.01 3.001 3.0001 3.00001 3.000001
h(x) 1.952380 1.995024 1.999500 1.999950 1.999995 1.999999

 (b) 

 (c) h(x)  if x 3, and  lim   2.œ œ œ Á œ œ œx 2x 3 x 1 x 1 3 1 4
x 4x 3 (x 3)(x 1) x 1 x 1 3 1

(x 3)(x 1)#

#

� � � � �
� � � � � � � #

� �

x Ä $

71. (a) f(x) x 1 / x 1œ � �a b a bk k#

 x 1.1 1.01 1.001 1.0001 1.00001 1.000001
f(x) 2.1 2.01 2.001 2.0001 2.00001 2.000001

� � � � � �

 x .9 .99 .999 .9999 .99999 .999999
f(x) 1.9 1.99 1.999 1.9999 1.99999 1.999999

� � � � � �

 (b) 

 (c) f(x) , and  lim  (1 x) 1 ( 1) 2.
x 1,  x 0 and x 1  

1 x,  x 0 and x 1
œ œ � œ � � œ

œ �   Á

œ � � Á �
x
x 1

(x 1)(x 1)
x 1

(x 1)(x 1)
(x 1)

# �"
�

� �
�

� �
� �

k k � x 1Ä �
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72. (a) F(x) x 3x 2 / 2 xœ � � �a b a bk k#

 x 2.1 2.01 2.001 2.0001 2.00001 2.000001
F(x) 1.1 1.01 1.001 1.0001 1.00001 1.000001

� � � � � �
� � � � � �

 x 1.9 1.99 1.999 1.9999 1.99999 1.999999
F(x) .9 .99 .999 .9999 .99999 .999999

� � � � � �
� � � � � �

 (b) 

 (c) F(x) , and  lim  (x 1) 2 1
,             x 0                 

x 1,  x 0 and x 2
œ œ � œ � � œ

 

œ � � Á �
x 3x 2

2 x

(x 2)(x 1)
x

(x 2)(x )
2 x

# � �
�

� �
#�

� �"
�

k k � x Ä �#
�1.

73. (a) g( ) (sin )/) ) )œ

 .1 .01 .001 .0001 .00001 .000001
g( ) .998334 .999983 .999999 .999999 .999999 .999999
)

)

 .1 .01 .001 .0001 .00001 .000001
g( ) .998334 .999983 .999999 .999999 .999999 .999999
)

)

� � � � � �

  lim  g( ) 1
) Ä !

) œ

 (b) 

74. (a) G(t) (1 cos t)/tœ � #

 t .1 .01 .001 .0001 .00001 .000001
G(t) .499583 .499995 .499999 .5 .5 .5

 t .1 .01 .001 .0001 .00001 .000001
G(t) .499583 .499995 .499999 .5 .5 .5

� � � � � �

  lim  G(t) 0.5
t Ä !

œ

 (b) 
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54 Chapter 2 Limits and Continuity

75.  lim  f(x) exists at those points c where  lim  x  lim  x .  Thus, c c c 1 c 0 c 0, 1, or 1.
x c x c x cÄ Ä Ä

% # % # # #œ œ Ê � œ Ê œ �a b
 Moreover,  lim  f(x)  lim  x 0 and  lim  f(x)  lim  f(x) 1.

x x x 1 x 1Ä ! Ä ! Ä � Ä
œ œ œ œ#

76. Nothing can be concluded about the values of f, g, and h at x 2.  Yes, f(2) could be 0.  Since the conditions of theœ

 sandwich theorem are satisfied,  lim  f(x) 5 0.
x Ä #

œ � Á

77. 1  lim      lim  f(x) 5 2(1)   lim  f(x) 2 5 7.œ œ œ Ê � œ Ê œ � œ
x x xÄ % Ä % Ä %

f(x) 5
x 2  lim  x  lim  2

 lim  f(x)  lim  5  lim  f(x) 5�
� � %�#

� �
x x x

x x

Ä% Ä% Ä%

Ä% Ä%

78. (a) 1  lim      lim  f(x) 4.œ œ œ Ê œ
x xÄ �# Ä �#

f(x)
x  lim  x

 lim  f(x)  lim  f(x)
# #

x x

x

Ä�# Ä�#

Ä�#
%

 (b) 1  lim    lim    lim    lim      lim   2.œ œ œ Ê œ �
x x x x xÄ �# Ä �# Ä �# Ä �# Ä �#

f(x) f(x) f(x) f(x)
x x x x x# ’ “ ’ “ ’ “ ˆ ‰" "

�#

79. (a) 0 3 0  lim    lim  (x 2)  lim   (x 2)  lim  [f(x) 5]  lim  f(x) 5œ œ � œ � œ � œ �† ’ “ ’ “ ’ “Š ‹
x x x x xÄ # Ä # Ä # Ä # Ä #

f(x) 5 f(x) 5
x x

� �
�# �#

    lim  f(x) 5.Ê œ
x Ä #

 (b) 0 4 0  lim    lim  (x 2)    lim  f(x) 5 as in part (a).œ œ � Ê œ† ’ “ ’ “
x x xÄ # Ä # Ä #

f(x) 5
x

�
�#

80. (a) 0 1 0  lim    lim  x  lim   lim  x  lim  x  lim  f(x).  That is,  lim  f(xœ œ œ œ œ† †’ “ ’ “ ’ “ ’ “ ’ “
x x x x x x xÄ ! Ä ! Ä ! Ä ! Ä ! Ä ! Ä !

f(x) f(x) f(x)
x x x# # #

#
# # ) 0.œ

 (b) 0 1 0  lim    lim  x  lim   x  lim   .  That is,  lim   0.œ œ œ œ œ† †’ “ ’ “ ’ “
x x x x xÄ ! Ä ! Ä ! Ä ! Ä !

f(x) f(x) f(x) f(x)
x x x x# #

81. (a)  lim  x sin 0
x Ä !

"
x œ

 

 (b) 1 sin 1 for x 0:� Ÿ Ÿ Á"
x

 x 0  x x sin x   lim  x sin 0 by the sandwich theorem;� Ê � Ÿ Ÿ Ê œ" "
x xx Ä !

 x 0  x x sin x   lim  x sin 0 by the sandwich theorem.� Ê �     Ê œ" "
x xx Ä !

82. (a)  lim  x  cos 0
x Ä !

# "ˆ ‰
x$ œ
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 (b) 1 cos 1 for x 0  x x  cos x    lim  x  cos 0 by the sandwich� Ÿ Ÿ Á Ê � Ÿ Ÿ Ê œˆ ‰ ˆ ‰ ˆ ‰" " "# # # #
x x x$ $ $

x Ä !

 theorem since  lim  x 0.
x Ä !

# œ

83-88. Example CAS commands:
 :Maple
 f := x -> (x^4 16)/(x 2);� �

 x0 := 2;
 plot( f(x), x x0-1..x0+1, color black,œ œ

          title "Section 2.2, #83(a)" );œ

 limit( f(x), x x0 );œ

 In Exercise 85, note that the standard cube root, x^(1/3), is not defined for x<0 in many CASs.  This can be
 overcome in Maple by entering the function as f := x -> (surd(x+1, 3) 1)/x.�

 : (assigned function and values for x0 and h may vary)Mathematica
 Clear[f, x]

 f[x_]:=(x x 5x 3)/(x 1)3 2 2� � � �

 x0= 1; h =  0.1;�

 Plot[f[x],{x, x0 h, x0 h}]� �

 Limit[f[x], x x0]Ä

2.3  THE PRECISE DEFINITION OF A LIMIT

 1. 

 Step 1: x 5   x 5   5 x 5k k� � Ê � � � � Ê � � � � �$ $ $ $ $

 Step 2: 5 7  2, or 5 1  4.$ $ $ $� œ Ê œ � � œ Ê œ

 The value of  which assures x 5   1 x 7 is the smaller value, 2.$ $ $k k� � Ê � � œ

 2. 

 Step 1: x 2   x 2   x 2k k� � Ê � � � � Ê � � # � � �$ $ $ $ $

 Step 2: 2 1  1, or 2 7  5.� � œ Ê œ � œ Ê œ$ $ $ $

 The value of  which assures x 2   1 x 7 is the smaller value, 1.$ $ $k k� � Ê � � œ

 3. 

 Step 1: x ( 3)   x   3 x 3k k� � � Ê � � � $ � Ê � � � � �$ $ $ $ $

 Step 2: 3   , or   .� � œ � Ê œ � $ œ � Ê œ$ $ $ $
7 5
# # # #

" "

 The value of  which assures x ( 3)   x  is the smaller value, .$ $ $k k� � � Ê � � � � œ7
# # #

" "

 4. 

 Step 1: x   x   x¸ ¸ˆ ‰� � � Ê � � � � Ê � � � � �3 3 3 3
# # # #$ $ $ $ $

 Step 2:   , or   1.� � œ � Ê œ # � œ � Ê œ$ $ $ $
3 7 3
# # # #

"

 The value of  which assures x   x  is the smaller value, .$ $ $¸ ¸ˆ ‰� � � Ê � � � � œ "3 7
# # #

"

 5. 

 Step 1: x   x   x¸ ¸� � Ê � � � � Ê � � � � �" " " "
# # # #$ $ $ $ $
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56 Chapter 2 Limits and Continuity

 Step 2:   , or   .� � œ Ê œ � œ Ê œ$ $ $ $
" " " "
# #

4 4
9 18 7 14

 The value of  which assures x   x  is the smaller value, .$ $ $¸ ¸� � Ê � � œ" "
#

4 4
9 7 18

 6. 

 Step 1: x 3   x 3   3 x 3k k� � Ê � � � � Ê � � � � �$ $ $ $ $

 Step 2: 2.7591  0.2409, or 3.2391  0.2391.� � $ œ Ê œ � $ œ Ê œ$ $ $ $

 The value of  which assures x 3 2.7591 x 3.2391 is the smaller value, 0.2391.$ $ $k k� � Ê � � œ

 7. Step 1: x 5   x 5   5 x 5k k� � Ê � � � � Ê � � � � �$ $ $ $ $

 Step 2: From the graph, 5 4.9  0.1, or 5 5.1  0.1; thus 0.1 in either case.� � œ Ê œ � œ Ê œ œ$ $ $ $ $

 8. Step 1: x ( 3)   x 3   3 x 3k k� � � Ê � � � � Ê � � � � �$ $ $ $ $

 Step 2: From the graph, 3 3.1  0.1, or 3 2.9  0.1; thus 0.1.� � œ � Ê œ � œ � Ê œ œ$ $ $ $ $

 9. Step 1: x 1   x 1   1 x 1k k� � Ê � � � � Ê � � � � �$ $ $ $ $

 Step 2: From the graph, 1   , or 1   ; thus .� � œ Ê œ � œ Ê œ œ$ $ $ $ $
9 7 25 9 7

16 16 16 16 16

10. Step 1: x 3   x 3   3 x 3k k� � Ê � � � � Ê � � � � �$ $ $ $ $

 Step 2: From the graph, 3 2.61  0.39, or 3 3.41  0.41; thus 0.39.� � œ Ê œ � œ Ê œ œ$ $ $ $ $

11. Step 1: x 2   x 2   2 x 2k k� � Ê � � � � Ê � � � � �$ $ $ $ $

 Step 2: From the graph, 2 3  2 3 0.2679, or 2 5  5 2 0.2361;� � œ Ê œ � ¸ � œ Ê œ � ¸$ $ $ $È È È È
 thus 5 2.$ œ �È
12. Step 1: x ( 1)   x 1   1 x 1k k� � � Ê � � � � Ê � � � � �$ $ $ $ $

 Step 2: From the graph, 1   0.1180, or 1    0.1340;� � œ � Ê œ ¸ � œ � Ê œ ¸$ $ $ $
È È È È5 5 2 3 2 3
# # # #

� �

 thus .$ œ
È5 2�

#

13. Step 1: x ( 1)   x 1   1 x 1k k� � � Ê � � � � Ê � � � � �$ $ $ $ $

 Step 2: From the graph, 1   0.77, or 1   0.36; thus 0.36.� � œ � Ê œ ¸ � œ � Ê œ œ œ$ $ $ $
16 7 16 9 9
9 9 25 25 25

14. Step 1: x   x   x¸ ¸� � Ê � � � � Ê � � � � �" " " "
# # # #$ $ $ $ $

 Step 2: From the graph,   0.00248, or   0.00251;� � œ Ê œ � ¸ � œ Ê œ � ¸$ $ $ $
" " " "
# # # #

1 1 1 1
2.01 2 .01 1.99 1.99

 thus 0.00248.$ œ

15. Step 1: (x 1) 5 0.01  x 4 0.01  0.01 x 4 0.01  3.99 x 4.01k k k k� � � Ê � � Ê � � � � Ê � �

 Step 2: x 4   x 4   4 x 4  0.01.k k� � Ê � � � � Ê � � � � � Ê œ$ $ $ $ $ $

16. Step 1: (2x 2) ( 6) 0.02  2x 4 0.02  0.02 2x 4 0.02  4.02 2x 3.98k k k k� � � � Ê � � Ê � � � � Ê � � � �

  2.01 x 1.99Ê � � � �

 Step 2: x ( 2)   x 2   2 x 2  0.01.k k� � � Ê � � � � Ê � � � � � Ê œ$ $ $ $ $ $

17. Step 1: x 1 0.1  0.1 x 1 0.1  0.9 x 1 1.1  0.81 x 1 1.21¹ ¹È È È� � " � Ê � � � � " � Ê � � � Ê � � �

  0.19 x 0.21Ê � � �

 Step 2: x 0   x . Then,  or ; thus,  0.19.k k� � Ê � � � � œ �!Þ"* Ê œ !Þ"* œ !Þ#" œ$ $ $ $ $ $ $
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18. Step 1: x 0.1  0.1 x 0.1  0.4 x 0.6  0.16 x 0.36¸ ¸È È È� � Ê � � � � Ê � � Ê � �" "
# #

 Step 2: x   x   x .¸ ¸� � Ê � � � � Ê � � � � �" " " "
4 4 4 4$ $ $ $ $

 Then, 0.16  0.09 or 0.36  0.11; thus 0.09.� � œ Ê œ � œ Ê œ œ$ $ $ $ $
" "
4 4

19. Step 1: 19 x   19 x 1  2 19 x   4 19 x 16¹ ¹È È È� � $ � " Ê �" � � � $ � Ê � � � % Ê � � �

  x 19 16  15 x 3 or 3 x 15Ê �% � � � � Ê � � � �

 Step 2: x 10   x 10   10 x 10.k k� � Ê � � � � Ê � � � � �$ $ $ $ $

 Then 10 3  7, or 10 15  5; thus 5.� � œ Ê œ � œ Ê œ œ$ $ $ $ $

20. Step 1: x 7 4 1  x 7 1  3 x 7 5  9 x 7 25  16 x 32¹ ¹È È È� � � Ê �" � � � % � Ê � � � Ê � � � Ê � �

 Step 2: x 23   x 23   23 x 23.k k� � Ê � � � � Ê � � � � �$ $ $ $ $

 Then 23 16  7, or 23 32  9; thus 7.� � œ Ê œ � œ Ê œ œ$ $ $ $ $

21. Step 1: 0.05  0.05 0.05  0.2 0.3  x  or x 5.¸ ¸" " " " "
#x 4 x 4 x 3 3

10 10 10� � Ê � � � � Ê � � Ê � � � �

 Step 2: x 4   x 4   4 x 4.k k� � Ê � � � � Ê � � � � �$ $ $ $ $

 Then  or , or 4 5 or 1; thus .� � % œ œ � œ œ œ$ $ $ $ $
10 2 2
3 3 3

22. Step 1: x 3 .1  0.1 x 3 0.1  2.9 x 3.1  2.9 x 3.1k k È È# # #� � ! Ê � � � � Ê � � Ê � �

 Step 2: x 3   x 3   3 x 3.¹ ¹È È È È� � Ê � � � � Ê � � � � �$ $ $ $ $

 Then 3 2.9  3 2.9 0.0291, or 3 3.1  3.1 3 0.0286;� � œ Ê œ � ¸ � œ Ê œ � ¸$ $ $ $È È È È È È È È
 thus 0.0286.$ œ

23. Step 1: x 4 0.5 0.5 x 4 0.5 3.5 x 4.5 3.5 x 4.5  4.5 x 3.5,k k k kÈ È È È# # #� � Ê � � � � Ê � � Ê � � Ê � � � �

 for x near 2.�

 Step 2: x ( 2)   x 2   x 2.k k� � � Ê � � � � Ê � � # � � �$ $ $ $ $

 Then 4.5  4.5 0.1213, or 3.5  3.5 0.1292;� � # œ � Ê œ � # ¸ � # œ � Ê œ # � ¸$ $ $ $È È È È
 thus 4.5 2 0.12.$ œ � ¸È
24. Step 1: ( 1) 0.1  0.1 1 0.1    x  or x .¸ ¸" " "

x x 10 x 10 11 9 9 11
11 9 10 10 10 10� � � Ê � � � � Ê � � � � Ê � � � � � � � �

 Step 2: x ( 1)   x 1   x .k k� � � Ê � � � � Ê � � " � � � "$ $ $ $ $

 Then   , or   ; thus .� � " œ � Ê œ � " œ � Ê œ œ$ $ $ $ $
10 10
9 9 11 11 11

" " "

25. Step 1: x 5 11   x 16 1  x 16 1  15 x 17  15 x 17.k k k ka b È È# # # #� � � " Ê � � Ê �" � � � Ê � � Ê � �

 Step 2: x 4   x 4   x .k k� � Ê � � � � Ê � � % � � � %$ $ $ $ $

 Then 15  15 0.1270, or 17  17 0.1231;� � % œ Ê œ % � ¸ � % œ Ê œ � % ¸$ $ $ $È È È È
 thus 17 4 0.12.$ œ � ¸È
26. Step 1: 5   1  4 6    30 x 20 or 20 x 30.¸ ¸120 120 120 x

x x x 4 120 6� � " Ê �" � � & � Ê � � Ê � � Ê � � � �" "

 Step 2: x 24   x 24   24 x 24.k k� � Ê � � � � Ê � � � � �$ $ $ $ $

 Then 24 20  4, or 24 30  6; thus  4.� � œ Ê œ � œ Ê œ Ê œ$ $ $ $ $

27. Step 1: mx 2m 0.03  0.03 mx 2m 0.03  0.03 2m mx 0.03 2m k k� � Ê � � � � Ê � � � � � Ê

 2 x 2 .� � � �0.03 0.03
m m

 Step 2: x 2   x 2   2 x 2.k k� � Ê � � � � Ê � � � � �$ $ $ $ $

 Then 2 2   , or 2   .  In either case, .� � œ � Ê œ � œ # � Ê œ œ$ $ $ $ $
0.03 0.03 0.03 0.03 0.03
m m m m m
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28. Step 1: mx 3m c  c mx 3m c  c 3m mx c 3m  3 x 3k k� � Ê � � � � Ê � � � � � Ê � � � �c c
m m

 Step 2: x 3   x 3   .k k� � Ê � � � � Ê � � $ � B � � $$ $ $ $ $

 Then   , or   .  In either case, .� � $ œ $ � Ê œ � $ œ $ � Ê œ œ$ $ $ $ $
c c c c c
m m m m m

29. Step 1: (mx b) b   c mx c  c mx c   x .¸ ¸ˆ ‰� � � � - Ê � � � � Ê � � � � � Ê � � � �m m m m c c
m m# # # # # #

" "

 Step 2: x   x   x .¸ ¸� � Ê � � � � Ê � � � � �" " " "
# # # #$ $ $ $ $

 Then   , or   .  In either case, .� � œ � Ê œ � œ � Ê œ œ$ $ $ $ $
" " " "
# # # #

c c c c c
m m m m m

30. Step 1: (mx b) (m b) 0.05  0.05 mx m 0.05  0.05 m mx 0.05 mk k� � � � Ê � � � � Ê � � � � �

 1 x .Ê � � � " �0.05 0.05
m m

 Step 2: x 1   x 1   x .k k� � Ê � � � � Ê � � " � � � "$ $ $ $ $

 Then   , or   .  In either case, .� � " œ " � Ê œ � " œ " � Ê œ œ$ $ $ $ $
0.05 0.05 0.05 0.05 0.05
m m m m m

31.  lim  (3 2x) 3 2(3) 3
x 3Ä

� œ � œ �

 Step 1: 3 2x ( 3) 0.02  0.02 6 2x 0.02  6.02 2x 5.98  3.01 x 2.99 ork ka b� � � � Ê � � � � Ê � � � � � Ê � �

 2.99 x 3.01.� �

 Step 2: 0 x 3   x 3   x .� � � Ê � � � � Ê � � $ � � � $k k $ $ $ $ $

 Then 2.99  0.01, or 3.01  0.01; thus 0.01.� � $ œ Ê œ � $ œ Ê œ œ$ $ $ $ $

32.  lim  ( 3x ) ( 3)( 1) 2 1
x 1Ä �

� � # œ � � � œ

 Step 1: ( 3x 2) 1 0.03  0.03 3x 3 0.03  0.01 x 1 0.01  1.01 x 0.99.k k� � � � Ê � � � � � Ê � � � � Ê � � � �

 Step 2: x ( 1)   x 1   x 1.k k� � � Ê � � � � Ê � � " � � �$ $ $ $ $

 Then 1.01  0.01, or 0.99  0.01; thus 0.01.� � " œ � Ê œ � " œ � Ê œ œ$ $ $ $ $

33.  lim    lim    lim  (x 2) 4, x 2
x x xÄ # Ä # Ä #

x 4
x (x 2)

(x 2)(x 2)# �
�# �

� �œ œ � œ # � # œ Á

 Step 1: 4 0.05  0.05 0.05  3.95 x 2 4.05, x 2¹ ¹Š ‹x 4
x 2 (x 2)

(x 2)(x 2)# �
� �

� �� � Ê � � � % � Ê � � � Á

  1.95 x 2.05, x 2.Ê � � Á

 Step 2: x 2   x 2   2 x 2.k k� � Ê � � � � Ê � � � � �$ $ $ $ $

 Then 2 1.95  0.05, or 2 2.05  0.05; thus 0.05.� � œ Ê œ � œ Ê œ œ$ $ $ $ $

34.  lim    lim    lim  (x 1) 4, x 5.
x x xÄ �& Ä �& Ä �&

x 6x 5
x 5 (x 5)

(x 5)(x 1)# � �
� �

� �œ œ � œ � Á �

 Step 1: ( 4) 0.05  0.05 4 0.05  4.05 x 1 3.95, x 5¹ ¹Š ‹x 6x 5
x 5 (x 5)

(x 5)(x )# � �
� �

� �"� � � Ê � � � � Ê � � � � � Á �

  5.05 x 4.95, x 5.Ê � � � � Á �

 Step 2: x ( 5)   x 5   x .k k� � � Ê � � � � Ê � � & � � � &$ $ $ $ $

 Then 5.05  0.05, or 4.95  0.05; thus 0.05.� � & œ � Ê œ � & œ � Ê œ œ$ $ $ $ $

35.  lim  1 5x 1 5( 3) 16 4
x Ä �$

È ÈÈ� œ � � œ œ

 Step 1: 1 5x 4 0.5  0.5 1 5x 4 0.5  3.5 1 5x 4.5  12.25 1 5x 20.25¹ ¹È È È� � � Ê � � � � � Ê � � � Ê � � �

  11.25 5x 19.25  3.85 x 2.25.Ê � � � Ê � � � �

 Step 2: x ( 3)   x 3   x .k k� � � Ê � � � � Ê � � $ � � � $$ $ $ $ $

 Then 3.85  0.85, or 2.25  0.75; thus 0.75.� � $ œ � Ê œ � $ œ � Ê œ$ $ $ $

36.  lim   2
x Ä #

4 4
x œ œ#

 Step 1: 2 0.4  0.4 2 0.4  1.6 2.4    x  or x .¸ ¸4 4 4 10 x 10 10 10 5 5
x x x 16 4 24 4 6 3 2� � Ê � � � � Ê � � Ê � � Ê � � � �
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 Step 2: x 2   x 2   x .k k� � Ê � � � � Ê � � # � � � #$ $ $ $ $

 Then   , or   ; thus .� � # œ Ê œ � # œ Ê œ œ$ $ $ $ $
5 5
3 3 3

" " "
# #

37. Step 1: (9 x) 5 4 x 4 x 4 x 4 x 4 .k k� � � Ê � � � � Ê � � � � � � Ê � % � � � Ê % � � � �% % % % % % % % %

 Step 2: x 4   x 4   x .k k� � Ê � � � � Ê � � % � � � %$ $ $ $ $

 Then 4 4  , or   .  Thus choose .� � œ � � Ê œ � % œ � % Ê œ œ$ % $ % $ % $ % $ %

38. Step 1: (3x 7) 2   3x 9   9 3x   3 x 3 .k k� � � Ê � � � � Ê � � � * � Ê � � � �% % % % %
% %

3 3

 Step 2: x 3   x 3   3 x 3.k k� � Ê � � � � Ê � � � � �$ $ $ $ $

 Then 3   , or 3 3   .  Thus choose .� � œ $ � Ê œ � œ � Ê œ œ$ $ $ $ $
% % % % %

3 3 3 3 3

39. Step 1: x 5 2   x 5 2   2 x 5 2   (2 ) x 5 (2 )¹ ¹È È È� � � Ê � � � � � Ê � � � � � Ê � � � � �% % % % % % %
# #

  (2 ) x (2 ) 5.Ê � � & � � � �% %
# #

 Step 2: x 9   x 9   9 x 9.k k� � Ê � � � � Ê � � � � �$ $ $ $ $

 Then   , or   .  Thus choose� � * œ � % � * Ê œ % � � * œ � % � * Ê œ % �$ % % $ % % $ % % $ % %
# # # #

 the smaller distance, .$ % %œ % � #

40. Step 1: 4 x 2   4 x 2   2 4 x 2   (2 ) x (2 )¹ ¹È È È� � � Ê � � � � � Ê � � � � � Ê � � % � � �% % % % % % %
# #

  (2 ) x 4 (2 )   (2 ) x (2 ) .Ê � � � � � � � Ê � � � % � � � � � %% % % %
# # # #

 Step 2: x 0   x .k k� � Ê � � �$ $ $

 Then (2 ) 4   , or (2 ) 4 4 .  Thus choose� œ � � � œ � � % Ê œ % � œ � � � œ �$ % % % $ % % $ % % %
# # # # #

 the smaller distance, 4 .$ % %œ � #

41. Step 1: For x 1, x 1   x   x   1 x 1Á � � Ê � � � " � Ê " � � � " � Ê � � � �k k k kÈ È# # #
% % % % % % %

  x 1  near .Ê "� � � � B œ "È È% %

 Step 2: x 1   x 1   x .k k� � Ê � � � � Ê � � " � � � "$ $ $ $ $

 Then 1   1 , or 1   1.  Choose� � " œ � Ê œ " � � � œ " � Ê œ " � �$ % $ % $ % $ %È È È È
 min 1 1 , that is, the smaller of the two distances.$ % %œ " � � ß � � "š ›È È
42. Step 1: For x 2, x 4   x 4   4 x 4   4 x 4Á � � � Ê � � � � Ê � � � � Ê � � � �k k k kÈ È# # #

% % % % % % %

  4 x 4  near 2.Ê � � � � � � B œ �È È% %

 Step 2: x ( 2)   x 2   2 x 2.k k� � � Ê � � � � Ê � � � � �$ $ $ $ $

 Then 2   , or   .  Choose� � œ � % � Ê œ % � � # � # œ � % � Ê œ # � % �$ % $ % $ % $ %È È È È
 min .$ % %œ % � � #ß # � % �š ›È È
43. Step 1: 1       x .¸ ¸" " " " "

� �x x x 1 1� � Ê � � � " � Ê " � � � " � Ê � �% % % % %
% %

 Step 2: x 1   x 1   x .k k� � Ê � � � � Ê " � � � " �$ $ $ $ $

 Then   , or   ." � œ Ê œ " � œ " � œ Ê œ � " œ$ $ $ $
" " " "

"� "� "� "� "� "�% % % % % %

% %

 Choose , the smaller of the two distances.$ œ %

%"�

44. Step 1:         x¸ ¸" " " " " " " � " �$
"�$ "�$

#
x 3 x 3 3 x 3 3 x 3

1 3 1 3 3
# # # #� � Ê � � � � Ê � � � � Ê � � Ê � �% % % % %

% %

% %

  x ,  or  x  for x near .Ê � � � � $É Ék k É É È3 3 3 3
1�$ "�$ "�$ "�$% % % %
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 Step 2: x 3   x 3   3 x 3 .¹ ¹È È È È� � Ê � � � � Ê � � � �$ $ $ $ $

 Then 3   3 , or 3   3.È È È ÈÉ É É É� œ Ê œ � � œ Ê œ �$ $ $ $
3 3 3 3

"�$ "�$ "�$ "�$% % % %

 Choose min 3 3 .$ œ � ß �š ›È ÈÉ É3 3
"�$ "�$% %

45. Step 1: ( 6)   (x 3) 6 , x 3  x 3   x .¹ ¹Š ‹x
x 3

#�*
� � � � Ê � � � � � Á � Ê � � � � Ê � � $ � � � $% % % % % % %

 Step 2: x ( 3)   x 3   x 3.k k� � � Ê � � � � Ê � � $ � � �$ $ $ $ $

 Then   , or   .  Choose .� � $ œ � � $ Ê œ � $ œ � $ Ê œ œ$ % $ % $ % $ % $ %

46. Step 1: 2   (x 1) 2 , x 1  x .¹ ¹Š ‹x 1
x 1

# �
� � � Ê � � � � � Á Ê " � � � " �% % % % %

 Step 2: x 1   x 1   x .k k� � Ê � � � � Ê " � � � " �$ $ $ $ $

 Then   , or   .  Choose ." � œ " � Ê œ " � œ " � Ê œ œ$ % $ % $ % $ % $ %

47. Step 1: x 1:  (4 2x) 2   2 2x  since x 1  Thus, 1 x ;� l � � l � Ê ! � � � � Þ � � � !% %
%

#

 x 1:  (6x 4) 2   6x 6   since x 1. Thus, x 1 .  l � � l � Ê ! Ÿ � �   " Ÿ � �% %
%

6

 Step 2: x 1   x 1   x 1 .k k� � Ê � � � � Ê " � � � �$ $ $ $ $

 Then 1   , or 1   .  Choose .� œ " � Ê œ " � œ � Ê œ œ$ $ $ $ $
% % % % %

# # 6 6 6

48. Step 1: x :  2x 0   2x   x 0;� ! � � Ê � � � ! Ê � � �k k % %
%

#

 x 0:    x .  � ! � Ê ! Ÿ � #¸ ¸x
# % %

 Step 2: x 0   x .k k� � Ê � � �$ $ $

 Then   , or   .  Choose .� œ � Ê œ œ # Ê œ # œ$ $ $ % $ % $
% % %

# # #

49. By the figure, x x sin x for all x 0 and x x sin x for x 0.  Since  lim  ( x)  lim  x 0,� Ÿ Ÿ � �     � � œ œ" "
x x x xÄ ! Ä !

 then by the sandwich theorem, in either case,  lim  x sin 0.
x Ä !

"
x œ

50. By the figure, x x  sin x  for all x except possibly at x 0.  Since  lim  x  lim  x 0, then� Ÿ Ÿ œ � œ œ# # # # #"
x x xÄ ! Ä !

a b
 by the sandwich theorem,  lim  x  sin 0.

x Ä !

# "
x œ

51. As x approaches the value 0, the values of g(x) approach k.  Thus for every number 0, there exists a % $� � !

 such that x 0   g(x) k .! � � � Ê � �k k k k$ %

52. Write x h c. Then x c x c , x c h c c , h c cœ � ! � l � l � Í � � � � Á Í � � � � � � Á$ $ $ $ $a b
 h , h h .Í � � � Á ! Í ! � l � !l �$ $ $

 Thus, f x L for any , there exists  such that f x L  whenever x clim
x cÄ

a b a bœ Í � ! � ! l � l � ! � l � l �% $ % $

 f h c L  whenever h  f h c L.Í l � � l � ! � l � !l � Í � œa b a b% $ lim
hÄ!

53. Let f(x) x .  The function values do get closer to 1 as x approaches 0, but  lim  f(x) 0, not 1.  Theœ � œ �#

x Ä !

 function f(x) x  never gets  to 1 for x near 0.œ �# arbitrarily close
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54. Let f(x) sin x, L , and x 0.  There exists a value of x (namely, x ) for which sin x  for any givenœ œ œ œ � �" "
# #!

1

6
¸ ¸ %

 0.  However,  lim  sin x 0, not .  The wrong statement does not require x to be arbitrarily close to x .  As another\% � œ
x Ä !

"
# !

 example, let g(x) sin , L , and x 0.  We can choose infinitely many values of x near 0 such that sin  asœ œ œ œ" " " "
# #!x x

 you can see from the accompanying figure.  However,  lim  sin  fails to exist.  The wrong statement does not require 
x Ä !

"
x all

 values of x arbitrarily close to x 0 to lie within 0 of L .  Again you can see from the figure that there are also!
"
#œ � œ%

 infinitely many values of x near 0 such that sin 0.  If we choose  we cannot satisfy the inequality" "
x 4œ �%

 sin   for all values of x sufficiently near x 0.¸ ¸" "
# !x � � œ%

 

55. A 0.01  0.01 9 0.01  8.99 9.01  (8.99) x (9.01)k k ˆ ‰� * Ÿ Ê � Ÿ � Ÿ Ê Ÿ Ÿ Ê Ÿ Ÿ1
x x 4 4

4#

# #1

1 1

#

  2 x 2  or 3.384 x 3.387.  To be safe, the left endpoint was rounded up and the rightÊ Ÿ Ÿ Ÿ ŸÉ É8.99 9.01
1 1

 endpoint was rounded down.

56. V RI  I  5 0.1  0.1 5 0.1  4.9 5.1   œ Ê œ Ê � Ÿ Ê � Ÿ � Ÿ Ê Ÿ Ÿ Ê     ÊV V 120 120 10 R 10
R R R R 49 1 0 51

¸ ¸
#

 R   23.53 R 24.48.(120)(10) (120)(10)
51 49Ÿ Ÿ Ê Ÿ Ÿ

 To be safe, the left endpoint was rounded up and the right endpoint was rounded down.

57. (a) x 1 0  x 1  f(x) x.  Then f(x) 2 x 2 2 x 2 1 1.  That is,� � � � Ê " � � � Ê œ � œ � œ � � � œ$ $ k k k k
 f(x) 2 1  no matter how small  is taken when x 1   lim  f(x) 2.k k�     " � � � Ê Á"

# $ $
x 1Ä

 (b) 0 x 1   x   f(x) x 1.  Then f(x) 1 (x 1) 1 x x 1.  That is,� � � Ê " � � " � Ê œ � � œ � � œ œ �$ $ k k k k k k
 f(x) 1 1 no matter how small  is taken when x    lim  f(x) 1.k k�   " � � " � Ê Á$ $

x 1Ä

 (c) x 1   x 1  f(x) x.  Then f(x) 1.5 x 1.5 1.5 x 1.5 1 0.5.� � � � ! Ê " � � � Ê œ � œ � œ � � � œ$ $ k k k k
 Also, x 1   1 x   f(x) x 1.  Then f(x) 1.5 (x 1) 1.5 x 0.5! � � � Ê � � " � Ê œ � � œ � � œ �$ $ k k k k k k
 x 0.5 0.5 0.5.  Thus, no matter how small  is taken, there exists a value of x such thatœ � � " � œ $

 x 1  but f(x) 1.5    lim  f(x) 1.5.� � � � �   Ê Á$ $ k k "
# x 1Ä

58. (a) For 2 x 2   h(x) 2  h(x) 4 2.  Thus for 2, h(x) 4  whenever 2 x 2  no� � � Ê œ Ê � œ � �   � � �$ % % $k k k k
 matter how small we choose 0   lim  h(x) 4.$ � Ê Á

x Ä #

 (b) For 2 x 2   h(x) 2  h(x) 3 1.  Thus for 1, h(x) 3  whenever 2 x 2  no� � � Ê œ Ê � œ � �   � � �$ % % $k k k k
 matter how small we choose 0   lim  h(x) 3.$ � Ê Á

x Ä #

 (c) For 2 x 2  h(x) x  so h(x) 2 x 2 .  No matter how small 0 is chosen, x  is close to 4� � � Ê œ � œ � �$ $
# # #k k k k

 when x is near 2 and to the left on the real line  x 2  will be close to 2.  Thus if 1, h(x) 2Ê � � �  k k k k#
% %

 whenever 2 x 2 no mater how small we choose 0   lim  h(x) 2.� � � � Ê Á$ $
x Ä #
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59. (a) For 3 x 3  f(x) 4.8  f(x) 4 0.8.  Thus for 0.8, f(x) 4  whenever� � � Ê � Ê �   � �  $ % %k k k k
 3 x 3 no matter how small we choose 0   lim  f(x) 4.� � � � Ê Á$ $

x Ä $

 (b) For 3 x 3   f(x) 3  f(x) 4.8 1.8.  Thus for 1.8, f(x) 4.8  whenever 3 x 3� � � Ê � Ê �   � �   � � �$ % % $k k k k
 no matter how small we choose 0   lim  f(x) 4.8.$ � Ê Á

x Ä $

 (c) For 3 x 3  f(x) 4.8  f(x) 3 1.8.  Again, for 1.8, f(x) 3  whenever x 3� � � Ê � Ê �   � �   $ � � �$ % % $k k k k
 no matter how small we choose 0   lim  f(x) 3.$ � Ê Á

x Ä $

60. (a) No matter how small we choose 0, for x near 1 satisfying x , the values of g(x) are$ $ $� � �" � � � �" �

 near 1  g(x) 2  is near 1.  Then, for  we have g(x) 2  for some x satisfyingÊ � œ �  k k k k%
" "
# #

 x , or x 1    lim  g(x) 2.�" � � � �" � ! � � � Ê Á$ $ $k k
x 1Ä �

 (b) Yes,  lim  g(x) 1 because from the graph we can find a  such that g(x) 1  if x ( 1) .
x 1Ä �

œ � ! � � ! � � � �$ % $k k k k
61-66.  Example CAS commands (values of del may vary for a specified eps):
 :Maple
 f := x -> (x^4-81)/(x-3);x0 := 3;
 plot( f(x), x=x0-1..x0+1, color=black,                            # (a)
          title="Section 2.3, #61(a)" );
 L := limit( f(x), x=x0 );                                                     # (b)
 epsilon := 0.2;                                                                 # (c)
 plot( [f(x),L-epsilon,L+epsilon], x=x0-0.01..x0+0.01,
          color=black, linestyle=[1,3,3], title="Section 2.3, #61(c)" );
 q := fsolve( abs( f(x)-L ) = epsilon, x=x0-1..x0+1 );    # (d)
 delta := abs(x0-q);
 plot( [f(x),L-epsilon,L+epsilon], x=x0-delta..x0+delta, color=black, title="Section 2.3, #61(d)" );
           s in [0.1, 0.005, 0.001 ] do                                   # (e)for ep
   q := fsolve( abs( f(x)-L ) = eps, x=x0-1..x0+1 );
   delta := abs(x0-q);
   head := sprintf("Section 2.3, #61(e)\n epsilon = %5f, delta = %5f\n", eps, delta );
   print(plot( [f(x),L-eps,L+eps], x=x0-delta..x0+delta,
                      color=black, linestyle=[1,3,3], title=head ));
 end do:
 (assigned function and values for x0, eps and del may vary):Mathematica
 Clear[f, x]
 y1: L eps; y2: L eps; x0 1;œ � œ � œ

 f[x_]: (3x (7x 1)Sqrt[x] 5)/(x 1)œ � � � �2

 Plot[f[x], {x, x0 0.2, x0 0.2}]� �

 L:  Limit[f[x], x x0]œ Ä

 eps 0.1; del 0.2;œ œ

 Plot[{f[x], y1, y2},{x, x0 del, x0 del}, PlotRange {L 2eps, L 2eps}]� � Ä � �
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2.4  ONE-SIDED LIMITS

 1. (a) True (b) True (c) False (d) True
 (e) True (f) True (g) False (h) False
 (i) False (j) False (k) True (l) False

 2. (a) True (b) False (c) False (d) True
 (e) True (f) True (g) True (h) True
 (i) True (j) False (k) True

 3. (a)  lim  f(x) ,  lim  f(x)
x xÄ # Ä #� �

œ � " œ # œ $ � # œ "2
#

 (b) No,  lim  f(x) does not exist because  lim  f(x)  lim  f(x)
x xxÄ # Ä #Ä #

� �
Á

 (c)  lim  f(x) 1 3,  lim  f(x)
x xÄ % Ä %

� �
œ � œ œ � " œ $4 4

# #

 (d) Yes,  lim  f(x) 3 because 3  lim  f(x)  lim  f(x)
x x xÄ % Ä % Ä %

œ œ œ
� �

 4. (a)  lim  f(x) 1,  lim  f(x) , f(2) 2
x xÄ # Ä #� �

œ œ œ $ � # œ " œ2
#

 (b) Yes,  lim  f(x) 1 because  lim  f(x)  lim  f(x)
x xxÄ # Ä #Ä #

œ " œ œ
� �

 (c)  lim  f(x) 3 ( 1) 4,  lim  f(x) 3 ( 1) 4
x xÄ �" Ä �"

� �
œ � � œ œ � � œ

 (d) Yes,  lim  f(x) 4 because 4  lim  f(x)  lim  f(x)
x x xÄ �" Ä �" Ä �"

œ œ œ
� �

 5. (a) No,  lim  f(x) does not exist since sin  does not approach any single value as x approaches 0
x Ä !

�

ˆ ‰"
x

 (b)  lim  f(x)  lim  0 0
x xÄ ! Ä !

� �

œ œ

 (c)  lim  f(x) does not exist because  lim  f(x) does not exist
x xÄ ! Ä !

�

 6. (a) Yes,  lim  g(x) 0  by the sandwich theorem since x g(x) x when x 0Yes,  lim  g(x) 0
xx Ä !!Ä

��
œœ � Ÿ Ÿ �È È

 (b) No,  lim  g(x) does not exist since x is not defined for x 0
x Ä !

�
È �

 (c) No,  lim  g(x) does not exist since  lim  g(x) does not exist
x xÄ ! Ä !

�

 7. (a  Ñ (b)  lim  f(x)  lim  f(x)
x 1 x 1Ä Ä

� �
œ " œ

(c) Yes,  lim  f(x) 1 since the right-hand and left-hand
x 1Ä

œ

 limits exist and equal 1

 8. (a) (b)  lim  f(x) 0  lim  f(x)
x 1 x 1Ä Ä� �

œ œ

(c) Yes,  lim  f(x) 0 since the right-hand and left-hand
x 1Ä

œ

 limits exist and equal 0
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 9. (a) domain:  0 x 2Ÿ Ÿ

 range:  0 y 1 and y 2� Ÿ œ

 (b)  lim  f(x) exists for c belonging to
x cÄ

 (0 1) ( )ß � "ß #

 (c) x 2œ

 (d) x 0œ

 

10. (a) domain:  x�_ � � _

 range:  y 1�" Ÿ Ÿ

 (b)  lim  f(x) exists for c belonging to
x cÄ

 ( 1) ( ) ( )�_ß� � �"ß " � "ß_

 (c) none
 (d) none

 

11.  lim   3 12.  lim   0
x x 1Ä �!Þ& Ä

� �
É É ÉÉ È ÈÉx 2 0.5 2 3/2 x 1 1

x 1 0.5 1 1/2 x
� � � �" �
� � � �# "�#œ œ œ œ œ œ !

13.  lim   (2) 1
x Ä �#

�

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹x 2x 5 2 1
x 1 x x 2 1 ( 2) ( 2) 2

2( 2) 5
� � � � � � �

� � � �
# #œ œ œ

14.  lim   1
x 1Ä

�

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" � � " � � "
� � #x 1 x 7 1 1 1 7 1 7

x 6 3 x 1 6 3 1 7 2œ œ œ

15.  lim    lim   
h hÄ ! Ä !

� �

È È ÈÈ È È
È È

h 4h 5 5 h 4h 5 5 h 4h 5 5
h h h 4h 5 5

# # #

#

� � � � � � � � �

� � �
œ Š ‹Š ‹

  lim    lim  œ œ œ œ
h hÄ ! Ä !

� �

a b
Š ‹ Š ‹È ÈÈ È È È È

h 4h 5 5

h h 4h 5 5 h h 4h 5 5

h(h 4) 0 4 2
5 5 5

#

# #

� � �

� � � � � �

� �

�

16.  lim    lim   
h hÄ ! Ä !

� �

È È ÈÈ È È
È È

6 5h 11h 6 6 5h 11h 6 6 5h 11h 6
h h 6 5h 11h 6

� � � � � � � � �

� � �

# # #

#
œ Š ‹Š ‹

  lim    lim  œ œ œ œ �
h hÄ ! Ä !

� �

6 5h 11h 6

h 6 5h 11h 6 h 6 5h 11h 6

h(5h 11) (0 11)
6 6 2 6

11� � �

� � � � � �

� � � �

�

a b
Š ‹ Š ‹È ÈÈ È È È È

#

# #

17. (a)  lim  (x 3)  lim  (x 3)  x 2 x 2  for x 2
x xÄ �# Ä �#

� �
� œ � � œ � � �k kx 2

x 2 (x )
(x 2)�

� �#
� a bk k a b

                                          lim  (x 3) ( 2) 3 1œ � œ � � œ
x Ä �#

�
a b

 (b)  lim  (x 3)  lim  (x 3)  x 2 (x 2) for x 2
x xÄ �# Ä �#

� �
� œ � � œ � � � �k kx 2

x 2 (x )
(x 2)�

� �#
� �’ “ a bk k

                                            lim  (x 3)( 1) ( 2 3) 1œ � � œ � � � œ �
x Ä �#

�

18. (a)  lim    lim    x 1 x 1 for x 1
x 1 x 1Ä Ä

� �

È È
k k
2x (x 1) 2x (x 1)
x 1 (x 1)

� �
� �œ � œ � �a bk k

                                     lim  2x 2œ œ
x 1Ä

�

È È
 (b)  lim    lim    x 1 (x 1) for x 1

x 1 x 1Ä Ä
� �

È È
k k
2x (x 1) 2x (x 1)
x 1 (x 1)

� �
� � �œ � œ � � �a bk k

                                      lim  2x 2œ � œ �
x 1Ä

�

È È
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19. (a)  lim   1 (b)  lim   
) )Ä $ Ä $� �

Ú Û Ú Û) )

) )
œ œ œ3 2

3 3

20. (a)  lim  t t 4 4 0 (b)  lim  t t 4 3 1
t tÄ % Ä %� �

a b a b� Ú Û œ � œ � Ú Û œ � œ

21.  lim    lim   1          (where x 2 )
) Ä ! Ä !

sin 2
2

sin x
x

È
È

)

)
œ œ œ

x
È )

22.  lim    lim    lim   k  lim   k 1 k          (where kt)
t tÄ ! Ä ! Ä ! Ä !

sin kt k sin kt k sin sin 
t ktœ œ œ œ œ œ

) )

) )

) )
† )

23.  lim     lim     lim     lim             (where 3y)
y y yÄ ! Ä ! Ä ! Ä !

sin 3y 3 sin 3y sin 3y
4y 4 3y 4 3y 4 4

3 3 sin 3œ œ œ œ œ"

)

)

)
)

24.  lim    lim    lim   1           (where 3h)
h h hÄ ! Ä ! Ä !

� � �

Ä!

h 3h
sin 3h 3 sin 3h 3 3 3 3 lim   

œ œ œ œ œ œˆ ‰ Œ �" " " " " " "
† †ˆ ‰sin 3h

3h
sin 

) �

)

)

)

25.  lim    lim    lim    lim    lim   1 2 2
x x x x xÄ ! Ä ! Ä ! Ä ! Ä !

tan 2x sin 2x 2 sin 2x
x x x cos 2x cos 2x xœ œ œ œ œ

ˆ ‰sin 2x
cos 2x Š ‹Š ‹"

# †

26.  lim   2  lim   2  lim   2  lim  cos t 2 2
t t t tÄ ! Ä ! Ä ! Ä !

2t t t cos t
tan t sin t  lim  

œ œ œ œ " " œˆ ‰sin t sin t
cos t t

Š ‹Œ �"

tÄ!

† †

27.  lim    lim    lim    lim   1 (1)
x x x xÄ ! Ä ! Ä ! Ä !

x csc 2x x 2x
cos 5x sin 2x cos 5x sin 2x cos 5xœ œ œ œˆ ‰ ˆ ‰Š ‹Š ‹† †

" " " " "
# # #

28.  lim  6x (cot x)(csc 2x)  lim    lim  3 cos x 3 1 3
x x xÄ ! Ä ! Ä !

# œ œ œ " œ6x  cos x x 2x
sin x sin 2x sin x sin 2x

# ˆ ‰
† † † †

29.  lim    lim   lim   lim   
x x x xÄ ! Ä ! Ä ! Ä !

x x cos x x x cos x x x
sin x cos x sin x cos x sin x cos x sin x cos x sin x
� "œ � œ �ˆ ‰ ˆ ‰

†

  lim   lim   lim  (1)(1) 1 2œ � œ � œ
x x xÄ ! Ä ! Ä !

Š ‹ Š ‹ˆ ‰" " "
sin x sin x

x x
† cos x

30.  lim    lim  0 (1) 0
x xÄ ! Ä !

x x sin x x sin x
x x

# � � " " " "
# # # # # #œ � � œ � � œˆ ‰ˆ ‰

31.  lim    lim    lim    lim   
) ) ) )Ä ! Ä ! Ä ! Ä !

1 cos 1 cos sin
sin 2 2sin cos 1 cos 2sin cos 1 cos 2sin c

1 cos 1 cos� �� �
� �

) ) )

) ) ) ) ) ) ) )

) )œ œ œa ba b
a ba b a ba b a b

2 2

os 1 cos) )a b�

  lim   0œ œ œ
) Ä !

sin 0
2cos 1 cos 2 2

)

) )a ba b a ba b�

32.  lim    lim    lim    lim    
x x x xÄ ! Ä ! Ä ! Ä !

x x cos x
sin 3x sin 3x

x 1 cos x  lim
� �

2 2 2 2

x 1 cos x
9x 9x2

sin 3x
9x2

1 cos x

sin 3x
3x

9
1 cos

œ œ œ œa b
ˆ ‰

ˆ ‰a b�

�

" �

xÄ!
x

x

sin 3x
3x

2 2
9

 lim

0
1

xÄ!
ˆ ‰

a b
œ œ

"

0

33.  lim    lim   1  since 1 cos t  0 as t  0
t Ä ! Ä !

sin(1 cos t)
1 cos t

sin �
� œ œ œ � Ä Ä

)

)

)
)

34.  lim    lim   1  since sin h  0 as h  0
h Ä ! Ä !

sin (sin h)
sin h

sin œ œ œ Ä Ä
)

)

)
)

35.  lim    lim    lim  1 1
) ) )Ä ! Ä ! Ä !

sin sin 2 sin 2
sin 2 sin 2 sin 2

) ) ) ) )

) ) ) ) )
œ œ œ œˆ ‰ ˆ ‰

† † † †# # # #
" " "

36.  lim    lim    lim  1 1
x x xÄ ! Ä ! Ä !

sin 5x sin 5x 4x 5 5 sin 5x 4x 5 5
sin 4x sin 4x 5x 4 4 5x sin 4x 4 4œ œ œ œˆ ‰ ˆ ‰

† † † † †
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37.  lim cos 0 1 0
) Ä !

) ) œ † œ

38.  lim sin cot 2  lim sin  lim sin  lim
) ) ) )Ä ! Ä ! Ä ! Ä !

) ) ) )œ œ œ œcos 2 cos 2 cos 2 1
sin 2 2sin cos 2 cos 2

) ) )

) ) ) )

39.  lim    lim   lim  
x x xÄ ! Ä ! Ä !

tan 3x sin 3x sin 3x 8x 3
sin 8x cos 3x sin 8x cos 3x sin 8x 3x 8œ œˆ ‰ ˆ ‰

† † † †

" "

   lim  1 1 1œ œ œ3 sin 3x 8x 3 3
8 cos 3x 3x sin 8x 8 8x Ä !

ˆ ‰ ˆ ‰ ˆ ‰"
† † †

40.  lim    lim    lim  
y y yÄ ! Ä ! Ä !

sin 3y cot 5y sin 3y sin 4y cos 5y sin 3y sin 4y cos 5y 3
y cot 4y y cos 4y sin 5y y cos 4y sin 5yœ œ Š ‹Š ‹Š ‹Š ‹† †

† †

4 5y
3 4 5y

  lim  1 1 1 1œ œ œ
y Ä !

Š ‹Š ‹Š ‹Š ‹ ˆ ‰sin 3y sin 4y 5y cos 5y
3y 4y sin 5y cos 4y 5 5 5

3 4 12 12†

† † † †

41.  lim  lim  lim  lim 1 1
) ) ) )Ä ! Ä ! Ä ! Ä !

tan sin sin 3 sin sin 3 3 3
cot 3 cos cos 3 3 cos cos 3 1 1

) ) ) ) )

) ) ) ) ) ) ) ) ))
2 2

sin
cos

2 cos 3
sin 3

œ œ œ œ œ
)

)

)

)

ˆ ‰ˆ ‰ˆ ‰ ˆ ‰a ba b † 3

42.  lim  lim  lim  lim
) ) ) )Ä ! Ä ! Ä ! Ä !

) ) ) ) )

) ) ) ) )

)

)

) ) ) )cot 4 cos 4 sin 2
sin cot 2 sin cos 2 sin 4 sisin

cos 4 2sin cos
2 2 2 2 2

cos 4
sin 4

2 cos 2
sin 22

2 2

œ œ œ
)

)

)

)

a b
n cos 2 sin 4 sin cos 2 sin 4

cos 4 4sin cos
2 2 2 2

2 2

) ) ) ) ) )

) ) ) )
œ  lim

) Ä !

ˆ ‰

  lim  lim  lim 1œ œ œ œ œ
) ) )Ä ! Ä ! Ä !

4 cos 4 cos 4 cos 4 cos 1 cos 4 cos 1 1 1
cos 2 sin 4 sin 4 cos 2 cos 2 1 1
) ) ) ) ) ) ) )

) ) ) ) )

2 2 2 2

2 2 2 2sin 4
4

ˆ ‰ ˆ ‰Š ‹ Š ‹Š ‹ Š ‹)

)

†

43. Yes.  If  lim  f(x) L  lim  f(x), then  lim  f(x) L.  If  lim  f(x)  lim  f(x), then  lim  f(x) does not exi
x a x ax a x ax a x aÄ ÄÄ ÄÄ Ä� �� �

œ œ œ Á st.

44. Since  lim  f(x) L if and only if  lim  f(x) L and  lim  f(x) L, then  lim  f(x) can be found by calculating
x c x cx c x cÄ ÄÄ Ä

œ œ œ
� �

  lim  f(x).
x cÄ

�

45. If f is an odd function of x, then f( x) f(x).  Given  lim  f(x) 3, then  lim  f(x) .� œ � œ œ �$
x xÄ ! Ä !� �

46. If f is an even function of x, then f( x) f(x).  Given  lim  f(x) 7 then  lim  f(x) 7.  However, nothing� œ œ œ
x xÄ # Ä �#

� �

 can be said about  lim  f(x) because we don't know  lim  f(x).
x xÄ �# Ä #

� �

47. I (5 5 )  5 x .  Also, x 5   x 5   x .  Choose œ ß � Ê � � & � � � Ê � � Ê � & � œ$ $ % % % $ %È # # #

   lim  x 5 0.Ê � œ
x Ä &

�

È
48. I ( ) x 4.  Also, x x x .  Choose œ % � ß % Ê % � � � % � � Ê % � � Ê � % � œ$ $ % % % $ %È # # #

  lim  x 0.Ê %� œ
x Ä %

�

È

49. As x  0  the number x is always negative.  Thus, ( 1)   1   0  which is alwaysÄ � � � Ê � � Ê ��
�¹ ¹ ¸ ¸x x

x xk k % % %

 true independent of the value of x.  Hence we can choose any 0 with x    lim   1.$ $� � � � ! Ê œ �
x Ä !

�

x
xk k

50. Since x  we have x 2 and x 2 x 2.  Then,  0Ä # � � œ � � " œ � " � Ê �� � �
� �k k ¹ ¹ ¸ ¸x 2 x 2

x 2 x 2k k % %

  which is always true so long as x .  Hence we can choose any , and thus x� # � ! # � � # �$ $

 .  Thus,  lim   1.Ê � " � œ¹ ¹x 2 x 2
x 2 x 2
� �
� �k k k k%

x Ä �#
�
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51. (a)  lim  x 400. Just observe that if 400 x 401, then x 400. Thus if we choose , we have for any
x Ä %!!

�
Ú Û œ � � Ú Û œ œ "$

 number  that 400 x 400 x 400 400 400 .% $ %� ! � � � Ê lÚ Û � l œ l � l œ ! �

 (b)  lim  x 399. Just observe that if 399 x 400 then x 399. Thus if we choose , we have for any
x Ä %!!

�

Ú Û œ � � Ú Û œ œ "$

 number  that 400 x 400 x 399 399 399 .% $ %� ! � � � Ê lÚ Û � l œ l � l œ ! �

 (c) Since  lim  x  lim  x  we conclude that  lim  x  does not exist.
x x xÄ %!! Ä %!! Ä %!!� �

Ú Û Á Ú Û Ú Û

52. (a)  lim  f(x)  lim  x 0 0; x 0   x   x  for x positive.  Choose 
x xÄ ! Ä !

� �
œ œ œ � � Ê � � � Ê ! � � œÈ È ÈÈ ¸ ¸ % % % % $ %

# #

   lim  f(x) 0.Ê œ
x Ä !

�

 (b)  lim  f(x)  lim  x  sin 0 by the sandwich theorem since x x  sin x  for all x 0.
x xÄ ! Ä !

� �
œ œ � Ÿ Ÿ Á# # # #" "ˆ ‰ ˆ ‰

x x

 Since x 0 x 0 x  whenever x , we choose  and obtain x  sin 0k k k k k k È È ¸ ¸ˆ ‰# # # # "� œ � � œ � � œ � �% % $ % %x

 if x 0.� � �$

 (c) The function f has limit 0 at x 0 since both the right-hand and left-hand limits exist and equal 0.! œ

2.5  CONTINUITY

 1. No, discontinuous at x 2, not defined at x 2œ œ

 2. No, discontinuous at x 3,  lim  g(x) g(3) 1.5œ " œ Á œ
x Ä $

�

 3. Continuous on [ 1 3]� ß

 4. No, discontinuous at x 1, 1.5  lim  k(x)  lim  k(x)œ œ Á œ !
x xÄ " Ä "

� �

 5. (a) Yes (b) Yes,  lim  f(x) 0
x Ä �"

�
œ

 (c) Yes (d) Yes

 6. (a) Yes, f(1) 1 (b) Yes,  lim  f(x) 2œ œ
x 1Ä

 (c) No (d) No

 7. (a) No (b) No

 8. [ ) ( ) ( ) ( )�"ß ! � !ß " � "ß # � #ß $

 9. f(2) 0, since  lim  f(x) 2(2) 4 0  lim  f(x)œ œ � � œ œ
x xÄ # Ä #

� �

10. f(1) should be changed to 2  lim  f(x)œ
x 1Ä

11. Nonremovable discontinuity at x 1 because  lim  f(x) fails to exist (  lim  f(x) 1 and  lim  f(x) 0).œ œ œ
x 1 x xÄ Ä " Ä "

� �

 Removable discontinuity at x 0 by assigning the number  lim  f(x) 0 to be the value of f(0) rather than f(0) 1.œ œ œ
x Ä !

12. Nonremovable discontinuity at x 1 because  lim  f(x) fails to exist (  lim  f(x) 2 and  lim  f(x) 1).œ œ œ
x 1 x xÄ Ä " Ä "

� �

 Removable discontinuity at x 2 by assigning the number  lim  f(x) 1 to be the value of f(2) rather than f(2) 2.œ œ œ
x Ä #
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13. Discontinuous only when x 2 0  x 2 14. Discontinuous only when (x 2) 0  x 2� œ Ê œ � œ Ê œ �#

15. Discontinuous only when x x   (x 3)(x 1) 0  x 3 or x 1# � % � $ œ ! Ê � � œ Ê œ œ

16. Discontinuous only when x 3x 10 0  (x 5)(x 2) 0  x 5 or x 2# � � œ Ê � � œ Ê œ œ �

17. Continuous everywhere.  ( x 1 sin x defined for all x; limits exist and are equal to function values.)k k� �

18. Continuous everywhere.  ( x 0 for all x; limits exist and are equal to function values.)k k� " Á

19. Discontinuous only at x 0œ

20. Discontinuous at odd integer multiples of , i.e., x = (2n ) , n an integer, but continuous at all other x.1 1

# #� "

21. Discontinuous when 2x is an integer multiple of , i.e., 2x n , n an integer  x , n an integer, but1 1œ Ê œ n1
#

 continuous at all other x.

22. Discontinuous when  is an odd integer multiple of , i.e., (2n 1) , n an integer  x 2n 1, n an1 1 1 1x x
# # # #œ � Ê œ �

 integer (i.e., x is an odd integer).  Continuous everywhere else.

23. Discontinuous at odd integer multiples of , i.e., x = (2n 1) , n an integer, but continuous at all other x.1 1

# #�

24. Continuous everywhere since x 1 1 and sin x 1  0 sin x 1  1 sin x 1; limits exist% # #�   �" Ÿ Ÿ Ê Ÿ Ÿ Ê �  

 and are equal to the function values.

25. Discontinuous when 2x 3 0 or x   continuous on the interval .� � � � Ê � ß_3 3
# #

‰�
26. Discontinuous when 3x 1 0 or x   continuous on the interval .� � � Ê ß_" "

3 3
‰�

27. Continuous everywhere:  (2x 1)  is defined for all x; limits exist and are equal to function values.� "Î$

28. Continuous everywhere:  (2 x)  is defined for all x; limits exist and are equal to function values.� "Î&

29. Continuous everywhere since  lim    lim    lim   x 2 5 g 3
x x xÄ Ä Ä3 3 3

x x 6
x 3 x 3

x 3 x 22 � �
� �

� �œ œ � œ œa ba b a b a b
30. Discontinuous at x 2 since   lim   f x  does not exist while f 2 4.

x
œ � � œ

Ä �2
a b a b

31.  lim  sin (x sin x) sin ( sin ) sin ( 0) sin 0, and function continuous at x .x Ä 1
� œ � œ � œ œ œ1 1 1 1 1

32.  lim  sin  cos (tan t) sin  cos (tan (0)) sin  cos (0) sin 1, and function continuous at t .
t Ä !

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1

# # # #œ œ œ œ œ !

33.  lim  sec y sec y tan y 1  lim  sec y sec y sec y  lim  sec (y 1) sec y sec ( ) sec 1
y 1 y 1 y 1Ä Ä Ä

a b a b a b a b# # # # # #� � œ � œ � œ " � "

 sec 0 1,  and function continuous at y .œ œ œ "

34.  lim  tan  cos sin x tan  cos (sin(0)) tan  cos (0) tan 1, and function continuous at x .
x Ä !

� ‘ � ‘ ˆ ‰ ˆ ‰ˆ ‰1 1 1 1

4 4 4 4
"Î$ œ œ œ œ œ !

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 2.5 Continuity 69

35.  lim  cos cos cos cos , and function continuous at t .
t Ä !

’ “ ’ “1 1 1 1

È È È
È

19 3 sec 2t 19 3 sec 0 16 4
2

� � #œ œ œ œ œ !

36.  lim  csc x 5 3 tan x csc 5 3 tan 4 5 3 9 3, and function continuous at
x Ä

1

'

É È È È ÈÉ ˆ ‰ ˆ ‰ Ê Š ‹# # "� œ � œ � œ œ1 1

6 6 3È

  x .œ 1

'

37. g(x) x 3, x 3  g(3)  lim  (x 3) 6œ œ œ � Á Ê œ � œx 9
x 3 (x 3)

(x 3)(x 3)# �
� �

� �

x Ä $

38. h(t) t 5, t   h(2)  lim  (t 5) 7œ œ œ � Á # Ê œ � œt 3t 10
t t

(t 5)(t 2)# � �
�# �#

� �

t Ä #

39. f(s) , s 1  f(1)  lim  œ œ œ Á Ê œ œs s s s s 1 3
s 1 (s 1)(s 1) s 1 s 1

s s 1 (s 1)$ # #

#

#�" � �" � �
� � � � � #

� � �a b
s 1Ä

Š ‹
40. g(x) , x 4  g(4)  lim  œ œ œ Á Ê œ œx 16 x 4 x 4 8

x 3x 4 (x 4)(x 1) x 1 x 1 5
(x 4)(x 4)#

#

� � �
� � � � � �

� �

x Ä %

ˆ ‰
41. As defined,  lim  f(x) (3) 1 8 and  lim  (2a)(3) 6a.  For f(x) to be continuous we must have

x xÄ $ Ä $
� �

œ � œ œ#

 6a 8  a .œ Ê œ 4
3

42. As defined,   lim  g(x) 2 and  lim  g(x) b( 2) 4b.  For g(x) to be continuous we must have
x xÄ �# Ä �#

� �
œ � œ � œ#

 4b 2  b .œ � Ê œ � "
#

43. As defined,  lim  f(x) 12 and  lim  f(x) a 2 2a 2a 2a.  For f(x) to be continuous we must have
x xÄ # Ä #

� �
œ œ � œ �# #a b

 12 2a 2a  a 3 or a 2.œ � Ê œ œ �#

44. As defined,  lim  g(x)  and  lim  g(x) 0 b b.  For g(x) to be continuous we must have
x 0 x 0Ä Ä

� �
œ œ œ � œ0 b b

b 1 b 1
2� �

� � a b
 b  b 0 or b 2.�

�
b

b 1 œ Ê œ œ �

45. As defined,  lim  f(x) 2 and  lim  f(x) a 1 b a b, and   lim  f(x) a 1 b a b and
x 1 x 1x 1Ä � ÄÄ �

� ��
œ � œ � � œ � � œ � œ �a b a b

   lim  f(x) 3. For f(x) to be continuous we must have 2 a b and a b 3  a  and b .
x 1Ä

�
œ � œ � � � œ Ê œ œ5

# #
"

46. As defined,  lim  g(x) a 0 2b 2b and  lim  g(x) 0 3a b 3a b, and
x 0 x 0Ä Ä

� �
œ � œ œ � � œ �a b a b2

  lim  g(x) 2 3a b 4 3a b and  lim  g(x) 3 2 5 1. For g(x) to be continuous we must
x 2 x 0Ä Ä

� �
œ � � œ � � œ � œa b a b2

 have 2b 3a b and 4 3a b 1  a  and b .œ � � � œ Ê œ � œ �3 3
# #
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47. The function can be extended:  f(0) 2.3. 48. The function cannot be extended to be continuous at¸

 x 0.  If f(0) 2.3, it will be continuous from theœ ¸

 right.  Or if f(0) 2.3, it will be continuous from the¸ �

 left.
  

49. The function cannot be extended to be continuous 50. The function can be extended:  f(0) 7.39.¸

 at x 0.  If f(0) 1, it will be continuous fromœ œ

 the right.  Or if f(0) 1, it will be continuousœ �

 from the left.
  

51. f(x) is continuous on [ ] and f(0) 0, f(1) 0!ß " � �

  by the Intermediate Value Theorem f(x) takesÊ

 on every value between f(0) and f(1)  theÊ

 equation f(x) 0 has at least one solution betweenœ

 x 0 and x 1.œ œ

 

52. cos x x  (cos x) x 0.  If x , cos 0.  If x , cos 0.  Thus cos x x 0œ Ê � œ œ � � � � � œ � � � œ1 1 1 1 1 1

# # # # # #
ˆ ‰ ˆ ‰ ˆ ‰

 for some x between  and  according to the Intermediate Value Theorem, since the function cos x x is continuous.� �1 1

# #

53. Let f(x) x 15x 1, which is continuous on [ 4 4].  Then f( 4) 3, f( 1) 15, f(1) 13, and f(4) 5.œ � � � ß � œ � � œ œ � œ$

 By the Intermediate Value Theorem, f(x) 0 for some x in each of the intervals x 1, x 1, andœ �% � � � �" � �

 x 4.  That is, x 15x 1 0 has three solutions in [ 4]. Since a polynomial of degree 3 can have at most 3" � � � � œ �%ß$

  solutions, these are the only solutions.

54. Without loss of generality, assume that a b.  Then F(x) (x a) (x b) x is continuous for all values of� œ � � �# #

 x, so it is continuous on the interval [a b].  Moreover F(a) a and F(b) b.  By the Intermediate Valueß œ œ

 Theorem, since a b, there is a number c between a and b such that F(x) .� � œa b a b� �
# #
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55. Answers may vary.  Note that f is continuous for every value of x.
 (a) f(0) 10, f(1) 1 8(1) 10 3.  Since 10, by the Intermediate Value Theorem, there exists a cœ œ � � œ $ � �$

1

 so that c 1 and f(c) .! � � œ 1

 (b) f(0) 10, f( 4) ( 4) 8( 4) 10 22.   Since 22 3 10, by the Intermediate Valueœ � œ � � � � œ � � � � �$ È
 Theorem, there exists a c so that 4 c 0 and f(c) 3.� � � œ �È
 (c) f(0) 10, f(1000) (1000) 8(1000) 10 999,992,010.  Since 10 5,000,000 999,992,010, by theœ œ � � œ � �$

 Intermediate Value Theorem, there exists a c so that c 1000 and f(c) 5,000,000.! � � œ

56. All five statements ask for the same information because of the intermediate value property of continuous functions.
 (a) A root of f(x) x 3x 1 is a point c where f(c) 0.œ � � œ$

 (b) The points where y x  crosses y 3x 1 have the same y-coordinate, or y x 3x 1œ œ � œ œ �$ $

 f(x) x 3x 1 0.Ê œ � � œ$

 (c) x 3x 1  x 3x 1 0.  The solutions to the equation are the roots of f(x) x 3x 1.$ $ $� œ Ê � � œ œ � �

 (d) The points where y x 3x crosses y 1 have common y-coordinates, or y x 3x 1œ � œ œ � œ$ $

  f(x) x 3x 1 .Ê œ � � œ !$

 (e) The solutions of x 3x 1 0 are those points where f(x) x 3x 1 has value 0.$ $� � œ œ � �

57. Answers may vary.  For example, f(x)  is discontinuous at x 2 because it is not defined there.œ œsin (x 2)
x 2

�
�

 However, the discontinuity can be removed because f has a limit (namely 1) as x  2.Ä

58. Answers may vary.  For example, g(x)  has a discontinuity at x 1 because  lim  g(x) does not exist.œ œ �"
�x 1 x Ä �"

  lim  g(x)  and  lim  g(x) .Š ‹
x xÄ �" Ä �"

� �
œ �_ œ �_

59. (a) Suppose x  is rational  f(x ) 1.  Choose .  For any 0 there is an irrational number x (actually! !
"
#Ê œ œ �% $

 infinitely many) in the interval (x x )  f(x) 0.  Then 0 x x  but f(x) f(x )! ! ! !� ß � Ê œ � � � �$ $ $k k k k
 1 , so  lim  f(x) fails to exist  f is discontinuous at x  rational.œ � œ Ê"

# !% x xÄ !

      On the other hand, x  irrational  f(x ) 0 and there is a rational number x in (x x )  f(x)! ! ! !Ê œ � ß � Ê$ $

 1.  Again  lim  f(x) fails to exist  f is discontinuous at x  irrational.  That is, f is discontinuous atœ Êx xÄ !
!

 every point.
 (b) f is neither right-continuous nor left-continuous at any point x  because in every interval (x x ) or! ! !� ß$

 (x x ) there exist both rational and irrational real numbers.  Thus neither limits  lim  f(x) and! !ß � $
x xÄ

!

�

  lim  f(x) exist by the same arguments used in part (a).
x xÄ

!

�

60. Yes.  Both f(x) x and g(x) x  are continuous on [ ].  However  is undefined at x  sinceœ œ � !ß " œ" "
# #

f(x)
g(x)

 g 0   is discontinuous at x .ˆ ‰" "
# #œ Ê œf(x)

g(x)

61. No.  For instance, if f(x) 0, g(x) x , then h(x) 0 x 0 is continuous at x 0 and g(x) is not.œ œ Ü Ý œ Ü Ý œ œa b
62. Let f(x)  and g(x) x 1.  Both functions are continuous at x 0.  The composition f g f(g(x))œ œ � œ ‰ œ"

�x 1

  is discontinuous at x 0, since it is not defined there.  Theorem 10 requires that f(x) beœ œ œ" "
� �(x 1) 1 x

 continuous at g(0), which is not the case here since g(0) 1 and f is undefined at 1.œ

63. Yes, because of the Intermediate Value Theorem.  If f(a) and f(b) did have different signs then f would have to
 equal zero at some point between a and b since f is continuous on [a b].ß
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64. Let f(x) be the new position of point x and let d(x) f(x) x.  The displacement function d is negative if x isœ �

 the left-hand point of the rubber band and positive if x is the right-hand point of the rubber band.  By the
 Intermediate Value Theorem, d(x) 0 for some point in between.  That is, f(x) x for some point x, which isœ œ

 then in its original position.

65. If f(0) 0 or f(1) 1, we are done (i.e., c 0 or c 1 in those cases).  Then let f(0) a 0 and f(1) b 1œ œ œ œ œ � œ �

 because 0 f(x) 1.  Define g(x) f(x) x  g is continuous on [0 1].  Moreover, g(0) f(0) 0 a 0 andŸ Ÿ œ � Ê ß œ � œ �

 g(1) f(1) 1 b 1 0  by the Intermediate Value Theorem there is a number c in ( ) such thatœ � œ � � Ê !ß "

 g(c) 0  f(c) c 0 or f(c) c.œ Ê � œ œ

66. Let 0.  Since f is continuous at x c there is a 0 such that x c   f(x) f(c)% $ $ %œ � œ � � � Ê � �k kf(c)
# k k k k

  f(c) f(x) f(c) .Ê � � � �% %

 If f(c) 0, then f(c)  f(c) f(x) f(c)  f(x) 0 on the interval (c c ).� œ Ê � � Ê � � ß �% $ $
" "
# # #

3

 If f(c) 0, then f(c)  f(c) f(x) f(c)  f(x) 0 on the interval (c c ).� œ � Ê � � Ê � � ß �% $ $
" "
# # #

3

67. By Exercises 52 in Section 2.3, we have  lim  f x L  lim  f c h L.
x c h 0Ä Ä

a b a bœ Í � œ

 Thus, f x  is continuous at x c  lim  f x f c  lim  f c h f c .a b a b a b a b a bœ Í œ Í � œ
x c h 0Ä Ä

68. By Exercise 67, it suffices to show that  lim  sin c h sin c and  lim  cos c h cos c.
h 0 h 0Ä Ä

a b a b� œ � œ

 Now  lim  sin c h  lim  sin c cos h cos c sin h sin c  lim cos h cos c  lim sin h
h 0 h 0 h 0 h 0Ä Ä Ä Ä

a b a ba b a ba b a b a b� ‘ Š ‹ Š ‹� œ � œ �

 By Example 11 Section 2.2,  lim cos h  and  lim sin h . So  lim  sin c h sin c and thus f x sin x is
h 0 h 0 h 0Ä Ä Ä

œ " œ ! � œ œa b a b
 continuous at x c. Similarly,œ

  lim  cos c h  lim  cos c cos h sin c sin h cos c  lim cos h sin c  lim sin h cos c.
h 0 h 0 h 0 h 0Ä Ä Ä Ä

a b a ba b a ba b a b a b� ‘ Š ‹ Š ‹� œ � œ � œ

 Thus, g x cos x is continuous at x c.a b œ œ

69. x 1.8794, 1.5321, 0.3473 70. x 1.4516, 0.8547, 0.4030¸ � � ¸ �

71. x 1.7549 72. x 1.5596¸ ¸

73. x 3.5156 74. x 3.9058, 3.8392, 0.0667¸ ¸ �

75. x 0.7391 76. x 1.8955, 0, 1.8955¸ ¸ �
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2.6  LIMITS INVOLVING INFINITY; ASMYPTOTES OF GRAPHS

 1. (a)  lim  f(x) 0 (b)  lim  f(x) 2
x 2 x 3Ä Ä �

œ œ �
�

 (c)  lim  f(x) 2 (d)  lim  f(x) does not exist
x 3 x 3Ä � Ä

�

œ œ

 (e)  lim  f(x) 1 (f)  lim  f(x)
x 0 x 0Ä Ä� �

œ � œ �_

 (g)  lim  f(x) does not exist (h)  lim  f(x) 1
x 0 xÄ Ä _

œ œ

 (i)  lim  f(x) 0x Ä �_
œ

 2. (a)  lim  f(x) 2 (b)  lim  f(x) 3
x 4 x 2Ä Ä

œ œ �
�

 (c)  lim  f(x) 1 (d)  lim  f(x) does not exist
x 2 x 2Ä Ä

�
œ œ

 (e)  lim  f(x)  (f)  lim  f(x)
x 3 x 3Ä � Ä �� �

œ �_ œ �_

 (g)  lim  f(x)  (h)  lim  f(x)
x 3 x 0Ä � Ä

œ �_ œ �_
�

 (i)  lim  f(x)  (j)  lim  f(x) does not exist
x 0 x 0Ä Ä

�
œ �_ œ

 (k)  lim  f(x) 0 (l)  lim  f(x) 1x xÄ _ Ä �_
œ œ �

Note:  In these exercises we use the result  lim   0 whenever 0.  This result follows immediately from
x Ä „_

"
x

m
nm nÎ œ �

Theorem 8 and the power rule in Theorem 1:   lim   lim   lim   0 0.
x x xÄ „_ Ä „_ Ä „_

ˆ ‰ ˆ ‰ Š ‹" " "
x x xm nÎ œ œ œ œ

m n m n
m nÎ

Î
Î

 3. (a) 3 (b) 3� �

 4. (a)  (b) 1 1

 5. (a)  (b) " "
# #

 6. (a)  (b) " "
8 8

 7. (a)  (b) � �5 5
3 3

 8. (a)  (b) 3 3
4 4

 9.    lim   0 by the Sandwich Theorem� Ÿ Ÿ Ê œ" "
x x x x

sin 2x sin 2x
x Ä _

10.    lim   0 by the Sandwich Theorem� Ÿ Ÿ Ê œ" "
3 3 3 3

cos cos 
) ) ) )

) )

) Ä �_

11.  lim    lim   1
t tÄ _ Ä _

2 t sin t 0 1 0
t cos t 1 0

1
1

� � � �
� �

� �

�
œ œ œ �

2 sin t
t t

cos t
t

ˆ ‰
ˆ ‰

12.  lim    lim    lim   
r r rÄ _ Ä _ Ä _

r sin r 1 0
2r 7 5 sin r 2 0 0

1

2 5
� � "

� � � � #

�

� �
œ œ œ

ˆ ‰
ˆ ‰

sin r
r

7 sin r
r r

13. (a)  lim    lim    (b)   (same process as part (a))x xÄ _ Ä _

2x 3 2 2
5x 7 5 5

2
5

�
�

�

�
œ œ

3
x
7
x
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14. (a)  lim    lim   2x xÄ _ Ä _

2x 7
x x x 7

2

1

$

$ #

$

" "

# $

�
� � �

�

� � �
œ œ

Š ‹7
x

x x x
7

 (b) 2  (same process as part (a))

15. (a)  lim    lim   0 (b) 0  (same process as part (a))x xÄ _ Ä _

x 1
x 3 1
�
�

�

�#

" "

#

#

œ œx x
3

x

16. (a)  lim    lim   0 (b) 0  (same process as part (a))x xÄ _ Ä _

3x 7
x 2 1

�
�

�

�#

#

#

œ œ
3 7
x x

2
x

17. (a)  lim    lim    (b) 7  (same process as part (a))x xÄ _ Ä _

7x 7
x 3x 6x 1

$

$ #

#
� � � �

œ œ (3 6
x x

18. (a)  lim    lim    (b) 0  (same process as part (a))x xÄ _ Ä _

"
� � � �x 4x 1 1$ "

"

$

# $

œ œ !x
4

x x

19. (a)  lim   lim  0 (b) 0  (same process as part (a))x xÄ _ Ä _

10x x 31
x 1

& %

'

"

# '� � � �
œ œ

10 31
x x x

20. (a)  lim    lim   x xÄ _ Ä _

9x x 9
2x 5x x 6

9

2

%

% #

"

$

# $

"

%

�
� � �

�

� � � #œ œx
5 6

x x x

 (b)   (same process as part (a))9
#

21. (a)  lim    lim   x xÄ _ Ä _

� � �
� �

� � �

� �
2x 2x 3 2

3x 3x 5x 3

2

3

$

$ #

# $

#

œ œ �
2 3

x x
3 5
x x

 (b)   (same process as part (a))� 2
3

22. (a)  lim    lim   1x xÄ _ Ä _

� �"
� � � � � �

x
x 7x 7x 9 1

%

% $ #

# %

œ œ �7 7 9
x x x

 (b) 1  (same process as part (a))�

23.  lim   lim    lim 4 2x x xÄ _ Ä _ Ä _
É Ê Ê É È8x 3 8 0

2x x 2 0

8 8

2 2

2

2 1 1

3 3
x x2 2

x x

� �
� �

� �

� �
œ œ œ œ œ

24.  lim  lim  limx x xÄ �_ Ä �_ Ä �_
Š ‹ Œ � Œ � ˆ ‰ ˆ ‰x x 1 0 0

8x 3 8 0 8

1 3

8 8

1 3 1 3
1 3 1 32

2 3 3

1 1 1 1
x xx x2 2

x x2 2

� � "� � " "
� � #

Î "� � "� �

� �

Î Î
Î Î

œ œ œ œ œ

25.  lim  lim  limx x xÄ �_ Ä �_ Ä �_
Š ‹ Œ � Œ � ˆ ‰1 x 0

x 7x 1 0

5 x x

1 1

5 5
5� �_

� �

� �

� �

3

2

1 1
x x2 2

7 7
x x

œ œ œ œ _

26.  lim  lim  lim 0 0x x xÄ _ Ä _ Ä _
É Ê Ê É Èx 5x 0 0

x x 2 1 0 01 1

2

3 1 2 1 2

1 5 1 5
x xx x2 2

x x x x2 3 2 3

� �
� � � �

� �

� � � �
œ œ œ œ œ

27.  lim    lim   0 28.  lim    lim   1x x x xÄ _ Ä _ Ä _ Ä _

2 x x 2 x
3x 7 3 2 x 1

È ÈŠ ‹ Š ‹ Š ‹
È Š ‹

� �

�

� �"

� � �

�"
"Î# "Î#

"
#

"Î#

œ œ œ œ �
2 2

x xx
7
x

2

x

29.  lim    lim    lim   1x x xÄ �_ Ä �_ Ä �_

È È
È È

Š ‹
Š ‹

3 5

3 5
x

x

x x
x x

1 x
1 x

1

1

�

�
�
�

�

�
œ œ œ

Ð"Î&Ñ�Ð"Î$Ñ

Ð"Î&Ñ�Ð"Î$Ñ

"
#Î"&

"
#Î"&

30.  lim    lim   x xÄ _ Ä _

x x
x x

x

1

�" �%

�# �$

"
#
"

�
�

�

�
œ œ _x

x
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31.  lim    lim   x xÄ _ Ä _

2x x 7
x 3x x 1

2x&Î$ "Î$

)Î&

"Î"& "
"*Î"& )Î&

$Î& ""Î"!
"

� �
� � � �

� �

È œ œ _x x

7

3

x x

32.  lim    lim   xx xÄ �_ Ä �_

È3
x

3
x

x

4
x

3x 5x 3
2x x 4

5

2
5� �

� �

� �

� � ##Î$

"
#Î$

"
"Î$

œ œ � È

33.  lim  lim  lim  lim 1x x x xÄ _ Ä _ Ä _ Ä _

È È È ÈÈ È
a b È

a b
a b a b a b

x 1
x 1 x 1 x 1 1 x 1 0

x 1 x 1 0

x 1 x

x 1 x 1 1 x2 2 2

2

2 2 2�
� � Î � Î �

� Î �

� Î

� Î � Î
œ œ œ œ œ

34.  lim  lim  lim  lim 1x x x xÄ �_ Ä �_ Ä �_ Ä _

È È È ÈÈ È
a b È

a b
a b a b a b a b

x 1
x 1 x 1 x 1 1 x 1 0

x 1 x 1 0

x 1 x

x 1 x 1 1 x2 2 2

2

2 2 2�
� � Î � � � Î � �

� Î �

� Î

� Î � Î
œ œ œ œ œ �

35.  lim  lim  lim  limx x x xÄ _ Ä _ Ä _ Ä _

x 3
4x 25

x 3 x x 3 x 1 3 x

4x 25 x 4x 25 x 4 25 x
1 0

4 0
� "

�

� Î � Î � Î

� Î � Î � Î

�

� #È È È È È
a b a b a bÈ

È a b
a b

2

2

2 2 2 2 2œ œ œ œ œ

36.  lim  lim  lim  lim 3x x x xÄ �_ Ä �_ Ä �_ Ä _

4 3x
x 9

4 3x x 4 3x x 4 x 3

x 9 x x 9 x 1 9 x
0 3

1 0
�

�

� Î � Î � � Î �

� Î � Î � Î

�

�

3

6

3 3 3 36

6 6 6 6 6È È È È È
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰È
È a b

a bœ œ œ œ œ

37.  lim     38.  lim    
x xÄ ! Ä !� �

"
3x positive 2x negative

positive positive5œ _ œ �_Š ‹ Š ‹
39.  lim     40.  lim    

x xÄ # Ä $
� �

3
x 2 negative x 3 positive

positive positive
� �

"œ �_ œ _Š ‹ Š ‹
41.  lim     42.  lim    

x xÄ �) Ä �&� �

2x 3x
x 8 positive 2x 10 negative

negative negative
� �œ �_ œ _Š ‹ Š ‹

43.  lim     44.  lim    
x xÄ ( Ä !

4
(x 7) positive x (x 1) positive positive

positive negative
� �

�"
# #œ _ œ �_Š ‹ Š ‹

†

45. (a)  lim    (b)  lim   
x xÄ ! Ä !� �

2 2
3x 3x"Î$ "Î$œ _ œ �_

46. (a)  lim    (b)  lim   
x xÄ ! Ä !� �

2 2
x x"Î& "Î&œ _ œ �_

47.  lim    lim    48.  lim    lim   
x x x xÄ ! Ä ! Ä ! Ä !

4 4
x xx x#Î& #Î$"Î& "Î$# #œ œ _ œ œ _a b a b

" "

49.  lim  tan x  50.  lim  sec x
x xÄ Äˆ ‰ ˆ ‰1 1

#

�
�

#

�
œ _ œ _

51.  lim  (1 csc )
) Ä !

�
� œ �_)

52.  lim  (2 cot )  and  lim  (2 cot ) , so the limit does not exist
) )Ä ! Ä !� �

� œ �_ � œ _) )

53. (a)  lim    lim    
x xÄ # Ä #

� �

" " "
� � �x 4 (x 2)(x 2) positive positive# œ œ _ Š ‹

†

 (b)  lim    lim    
x xÄ # Ä #

� �

" " "
� � �x 4 (x 2)(x 2) positive negative# œ œ �_ Š ‹

†

 (c)  lim    lim    
x xÄ �# Ä �#

� �

" " "
� � �x 4 (x 2)(x 2) positive negative# œ œ �_ Š ‹

†

 (d)  lim    lim    
x xÄ �# Ä �#

� �

" " "
� � �x 4 (x 2)(x 2) negative negative# œ œ _ Š ‹

†
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54. (a)  lim    lim    
x xÄ " Ä "

� �

x x
x 1 (x 1)(x 1) positive positive

positive
#� � �œ œ _ Š ‹

†

 (b)  lim    lim    
x xÄ " Ä "

� �

x x
x 1 (x 1)(x 1) positive negative

positive
#� � �œ œ �_ Š ‹

†

 (c)  lim    lim    
x xÄ �" Ä �"

� �

x x
x 1 (x 1)(x 1) positive negative

negative
#� � �œ œ _ Š ‹

†

 (d)  lim    lim    
x xÄ �" Ä �"

� �

x x
x 1 (x 1)(x 1) negative negative

negative
#� � �œ œ �_ Š ‹

†

55. (a)  lim   0  lim    
x xÄ ! Ä !

� �

x
x x negative

#

# �
" " "� œ � œ �_ Š ‹

 (b)  lim   0  lim    
x xÄ ! Ä !

� �

x
x x positive

#

# �
" " "� œ � œ _ Š ‹

 (c)  lim   2 2 0
x 2Ä

$È
x 2

x

# #Î$

"Î$# #
" "

#
�"Î$ �"Î$� œ � œ � œ

 (d)  lim   
x 1Ä �

x 3
x 1

#

# # � #
" " "� œ � œˆ ‰

56. (a)  lim     (b)  lim    
x xÄ �# Ä �#� �

x 1 x 1
2x 4 positive 2x 4 negative

positive positive# #� �
� �œ _ œ �_Š ‹ Š ‹

 (c)  lim    lim   0
x xÄ " Ä "

� �

x 1 2 0
2x 4 2x 4 4

(x 1)(x 1)# �
� � #�

� �œ œ œ†

 (d)  lim   
x Ä !

�

x 1
2x 4 4

# � �"
� œ

57. (a)  lim    lim    
x xÄ ! Ä !

� �

x 3x 2
x 2x x (x 2) positive negative

(x 2)(x 1) negative negative#

$ # #

� �
� �

� �œ œ �_ Š ‹†

†

 (b)  lim    lim    lim   , x 2
x x xÄ # Ä # Ä #

� � �

x 3x 2 x 1
x 2x x (x 2) x 4

(x 2)(x 1)#

$ # # #

� � � "
� �

� �œ œ œ Á

 (c)  lim    lim    lim   , x 2
x x xÄ # Ä # Ä #

� � �

x 3x 2 x 1
x 2x x (x 2) x 4

(x 2)(x 1)#

$ # # #

� � � "
� �

� �œ œ œ Á

 (d)  lim    lim    lim   , x 2
x x xÄ # Ä # Ä #

x 3x 2 x 1
x 2x x (x 2) x 4

(x 2)(x 1)#

$ # # #

� � � "
� �

� �œ œ œ Á

 (e)  lim    lim    
x xÄ ! Ä !

x 3x 2
x 2x x (x 2) positive negative

(x 2)(x 1) negative negative#

$ # #

� �
� �

� �œ œ �_ Š ‹†

†

58. (a)  lim    lim    lim   
x x xÄ # Ä # Ä #

� � �

x 3x 2
x 4x x(x )(x 2) x(x ) (4) 8

(x 2)(x ) (x 1)#

$

� � " "
� �# � �# #

� �" �œ œ œ œ

 (b)  lim    lim    lim    
x x xÄ �# Ä �# Ä �#

� � �

x 3x 2
x 4x x(x )(x 2) x(x ) negative positive

(x 2)(x ) (x 1) negative#

$

� �
� �# � �#

� �" �œ œ œ _ Š ‹
†

 (c)  lim    lim    lim    
x 0 x xÄ Ä ! Ä !� � �

x 3x 2
x 4x x(x )(x 2) x(x ) negative positive

(x 2)(x ) (x 1) negative#

$

� �
� �# � �#

� �" �œ œ œ _ Š ‹
†

 (d)  lim    lim    lim   0
x x xÄ " Ä " Ä "

� � �

x 3x 2 0
x 4x x(x )(x 2) x(x ) (1)(3)

(x 2)(x ) (x 1)#

$

� �
� �# � �#

� �" �œ œ œ œ

 (e)  lim    
x Ä !

�

x
x(x ) positive positive

negative�"
�# œ �_ Š ‹

†

 and  lim    
x Ä !

�

x
x(x ) negative positive

negative�"
�# œ _ Š ‹

†

 so the function has no limit as x  0.Ä

59. (a)  lim   2  (b)  lim   2
t tÄ ! Ä !� �

� ‘ � ‘� œ �_ � œ _3 3
t t"Î$ "Î$

60. (a)  lim   7  (b)  lim   7
t tÄ ! Ä !� �

� ‘ � ‘" "
t t$Î& $Î&� œ _ � œ �_

61. (a)  lim    (b)  lim   
x xÄ ! Ä !� �

’ “ ’ “" "
� �x (x 1) x (x 1)

2 2
#Î$ #Î$ #Î$ #Î$� œ _ � œ _

 (c)  lim    (d)  lim   
x xÄ " Ä "� �

’ “ ’ “" "
� �x (x 1) x (x 1)

2 2
#Î$ #Î$ #Î$ #Î$� œ _ � œ _
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62. (a)  lim    (b)  lim   
x xÄ ! Ä !� �

’ “ ’ “" "
� �x (x 1) x (x 1)

1 1
"Î$ %Î$ "Î$ %Î$� œ _ � œ �_

 (c)  lim    (d)  lim   
x xÄ " Ä "� �

’ “ ’ “" "
� �x (x 1) x (x 1)

1 1
"Î$ %Î$ "Î$ %Î$� œ �_ � œ �_

63. y  64. yœ œ" "
� �x 1 x 1

  

65. y  66. yœ œ" �
# � �x 4 x 3

3

  

67. y 1  68. yœ œ � œ œ # �x 3 2x 2
x 2 x x 1 x 1
� "
� �# � �

  

69. Here is one possibility. 70. Here is one possibility.
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71. Here is one possibility. 72. Here is one possibility.
  

73. Here is one possibility. 74. Here is one possibility.
  

75. Here is one possibility. 76. Here is one possibility.
  

77. Yes.  If  lim   2 then the ratio of the polynomials' leading coefficients is 2, so  lim   2 as well.x xÄ _ Ä �_

f(x) f(x)
g(x) g(x)œ œ

78. Yes, it can have a horizontal or oblique asymptote.

79. At most 1 horizontal asymptote: If  lim   L, then the ratio of the polynomials' leading coefficients is L, sox Ä _

f(x)
g(x) œ

  lim   L as well.x Ä �_

f(x)
g(x) œ

80.  lim  x 9 x 4  lim  x 9 x 4  lim   x x xÄ _ Ä _ Ä _
Š ‹ ’ “ ’ “È È È È� � � œ � � � œ†

È È
È È È È

a b a bx 9 x 4
x 9 x 4 x 9 x 4

x 9 x 4� � �

� � � � � �

� � �

  lim    lim   0œ œ œ œx xÄ _ Ä _

5 0
x 9 x 4 1 1 1 1È È É É� � � � � � �

5
x

9 4
x x

È

81.  lim  x 25 x  lim  x 25 x  lim   x x xÄ _ Ä _ Ä _
Š ‹ ’ “ ’ “È ÈÈ È2 2 2 2 x 25 x

x 25 x x 25 x

x 25 x
� � � " œ � � � " œ†

È ˆ ‰ ˆ ‰È
È ÈÈ È

2 2

2 2 2 2

2 2
� � �"

� � �" � � �"

� � �"

  lim    lim   0œ œ œ œx xÄ _ Ä _

26 0
x 25 x 1 1 1 1È È É É2 2

26
x

25 1
x x2 2� � �" � � � �

82.  lim  x 3 x  lim  x 3 x  lim   x x xÄ �_ Ä �_ Ä �_
Š ‹ ’ “ ’ “È È2 2 x 3  x

x 3 x x 3 x

x 3 x
� � œ � � œ†

È ˆ ‰ ˆ ‰
È È

2

2 2

2 2
� �

� � � �

� �

  lim    lim    lim   0œ œ œ œ œx x xÄ �_ Ä �_ Ä �_

3 0
x 3 x 1 1  1 1 1È É É2

3

x2

3 x 3
x x2 2x2

3
x

� � � � � �

�

�

È

È
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83.  lim  2x 4x 3x 2  lim  2x 4x 3x 2  lim   x x xÄ �_ Ä �_ Ä �_
Š ‹ ’ “ ’ “È È� � � œ � � � œ2 2 2x 4x 3x 2

2x 4x 3x 2 2x 4x 3x 2

4x 4x 3x 2
†

� � �

� � � � � �

� � �È ˆ ‰ ˆ ‰
È È

2

2 2

2 2

  lim    lim    lim    lim   œ œ œ œx x x xÄ �_ Ä �_ Ä �_ Ä �_

� �

� � � � � � � � � � � � �

�3x 2
2x 4x 3x 2 4 4 2 4

3
È É É É2

3x 2

x2

2x 3 2 2x 3 2 3 2

x2 x x x xx x x2 2 2

3x 2 2
x x

� �
� �

�

�

È

È

 œ œ �3 0 3
2 2 4
�

� �

84.  lim  9x x 3x  lim  9x x 3x  lim   x x xÄ _ Ä _ Ä _
Š ‹ ’ “ ’ “È È2 2 9x x 3x

9x x 3x 9x x 3x

9x x 9x
� � œ œ � � œ†

È ˆ ‰ ˆ ‰
È È

2

2 2

2 2
� �

� � � �

� �

  lim    lim    lim   œ œ œ œ œ �x x xÄ _ Ä _ Ä _

� � � "

� �

�

� � � � �
x 1 1

9x x 3x 9 3 3 3 6È É É2

x
x

9x x 3x2

x x2 2 x x
"

85.  lim  x 3x x 2x  lim  x 3x x 2x  lim   x x xÄ _ Ä _ Ä _
Š ‹ ’ “ ’ “È ÈÈ È2 2 2 2 x 3x x 2x

x 3x x 2x x 3x x 2x

x 3x x 2x
� � � œ � � � œ†

È ˆ ‰ ˆ ‰È
È ÈÈ È

2 2

2 2 2 2

2 2
� � �

� � � � � �

� � �

  lim    lim   œ œ œ œx xÄ _ Ä _

5x 5 5 5
x 3x x 2x 1 1 1 1È È É É2 2 3 2

x x
� � � � � � � #

86.  lim  x x x x  lim  x x x x  lim   x x xÄ _ Ä _ Ä _
È ÈÈ È’ “ ’ “# # # # � � �

� � � � � �

� � �� � � œ � � � œ†

È È
È ÈÈ È

a b a bx x x x

x x x x x x x x

x x x x# #

# # # #

# #

  lim    lim   1œ œ œ œx xÄ _ Ä _

2x 2 2
x x x x 1 1 1 1È È É É# # " "� � � � � � �

x x

87. For any 0, take N 1.  Then for all x N we have that f(x) k k k 0 .% %� œ � � œ � œ �k k k k
88. For any 0, take N 1.  Then for all y N we have that f(x) k k k 0 .% %� œ � � � œ � œ �k k k k
89. For every real number B 0, we must find a 0 such that for all x, 0 x 0   B.  Now,� � � � � � Ê � �$ $k k �"

x#

 B   B 0  x   x .  Choose , then 0 x   x� � � � ! Í � � Í � Í � œ � � Ê �" " " " " "#
x x B B B B# # k k k k k kÈ È È$ $

  B so that  lim   .Ê � � � œ �_�" "
x x# #

x Ä !

90. For every real number B 0, we must find a 0 such that for all x, x 0   B. Now,� � ! � � � Ê �$ $k k "
l lx

 B x . Choose . Then x 0  x B so that  lim   ." " " " " "
l l l l l lx B B B x x� � ! Í l l � œ ! � � � Ê l l � Ê � œ _$ $k k

x Ä !

91. For every real number B 0, we must find a 0 such that for all x, 0 x 3   B.� � � � � � Ê � �$ $k k �
�

2
(x 3)#

 Now, B   B 0    (x 3)   .  Choose� "
� �

� #2 2 2 2
(x 3) (x 3) 2 B B B

(x 3)
# #

#

� � � ! Í � � Í � Í � � Í ! � B � $ �k k É
 , then 0 x 3   B 0 so that  lim   .$ $œ � � � Ê � � � œ �_É k k2 2 2

B (x 3) (x 3)
� �
� �# #

x Ä $

92. For every real number B 0, we must find a 0 such that for all x, 0 x ( 5)   B.� � � � � � Ê �$ $k k 1
(x 5)� #

 Now, B   (x 5)   x 5 .  Choose .  Then 0 x ( 5)1
(x 5) B B B�

# " " "
# � � ! Í � � Í � � œ � � � �k k k kÈ È$ $

  x 5   B so that  lim   .Ê � � Ê � œ _k k " " "
� �ÈB (x 5) (x 5)# #

x Ä �&

93. (a) We say that f(x) approaches infinity as x approaches x  from the left, and write  lim  f(x) , if! x xÄ
!

�
œ _

 for every positive number B, there exists a corresponding number 0 such that for all x,$ �

 x x x   f(x) B.! !� � � Ê �$

 (b) We say that f(x) approaches minus infinity as x approaches x  from the right, and write  lim  f(x) ,!
x xÄ

!

�
œ �_

 if for every positive number B (or negative number B) there exists a corresponding number 0 such� �$

 that for all x, x x x   f(x) B.! !� � � Ê � �$
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 (c) We say that f(x) approaches minus infinity as x approaches x  from the left, and write  lim  f(x) ,! x xÄ
!

�
œ �_

 if for every positive number B (or negative number B) there exists a corresponding number 0 such� �$

 that for all x, x x x   f(x) B.! !� � � Ê � �$

94. For B 0, B 0  x .  Choose .  Then x   0 x   B so that  lim   .� � � Í � œ ! � � Ê � � Ê � œ _" " " " " "
x B B B x x$ $

x Ä !
�

95. For B 0, B 0  B 0  x   x.  Choose .  Then x� � � � Í � � � Í � � Í � � œ � � � !" " " " "
x x B B B$ $

  x  B so that  lim   .Ê � � Ê � � œ �_" " "
B x xx Ä !

�

96. For B , B  B  (x 2)   x 2   x 2 .  Choose .  Then� ! � � Í � � Í � � � Í � � � Í � � œ" " " " " "
�# �#x x B B B B$

 2 x 2  x 2   x 2 0  B 0 so that  lim   .� � � Ê � � � � ! Ê � � � � Ê � � � œ �_$ $
" " "

�# �#B x xx Ä #
�

97. For B 0, B  x 2 .  Choose .  Then x   x   x 2� � Í ! � � � œ # � � # � Ê ! � � # � Ê ! � � �" " " "
�#x B B B$ $ $

  B  so that  lim   .Ê � � ! œ _" "
�# �#x xx Ä #

�

98. For B 0 and x 1, B  1 x   ( x)( x) .  Now 1 since x 1.  Choose� ! � � � Í � � Í "� " � � � �" " " �
� #

#
1 x B B

1 x
#

 .  Then x   x 1 0  x   ( x)( x)$ $ $ $� " � � � " Ê � � � � Ê " � � � Ê " � " � � �" " " � "
# # #B B B B

1 xˆ ‰
  B for x 1 and x near 1   lim   .Ê � ! � � Ê œ _" "

� "�1 x x# #

x Ä "
�

99. y x 1  100. y xœ œ � � œ œ � " �x x
x x x 1 x 1

# #

�" �" � �
" �" #

  

101. y x  102. y xœ œ � " � œ œ � " �x x
x x x x

# �% $ �" " $
�" �" # �% # # �%

2
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103. y x  104. y xœ œ � œ œ �x 1 x 1
x x x x

# $

# #

� " � "

  

105. y  106. yœ œx
4 x 4 xÈ È� �

�"
# #

  

107. y x  108. y sinœ � œ#Î$ "
�x x 1"Î$ #

ˆ ‰1

  

109. (a) y  (see accompanying graph)Ä _

 (b) y  (see accompanying graph)Ä _

 (c) cusps at x 1 (see accompanying graph)œ „

 

110. (a) y 0 and a cusp at x 0  (see the accompanyingÄ œ

 graph)

 (b) y  (see accompanying graph)Ä 3
2

 (c) a vertical asymptote at x 1 and contains the pointœ

 1,  (see accompanying graph)Š ‹� 3
2 4È3
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CHAPTER 2  PRACTICE EXERCISES

 1. At x 1:  lim  f(x)  lim  f(x) 1œ � œ œ
x xÄ �" Ä �"

� �

   lim  f(x) 1 f( 1)Ê œ œ �
x 1Ä �

  f is continuous  at x 1.Ê œ �

 At x 0:   lim  f(x)  lim  f(x) 0   lim  f(x) 0.œ œ œ Ê œ
x xxÄ ! Ä !Ä !

� �

 But f(0) 1  lim  f(x)œ Á
x Ä !

  f is discontinuous at x 0.Ê œ

 If we define f , then the discontinuity at x  isa b! œ ! œ !

 removable.
 At x 1:   lim  f(x) 1 and  lim  f(x) 1œ œ � œ

x xÄ " Ä "
� �

   lim  f(x) does not existÊ
x 1Ä

  f is discontinuous at x 1.Ê œ

 

 2. At x 1:   lim  f(x) 0 and  lim  f(x) 1œ � œ œ �
x xÄ �" Ä �"

� �

   lim  f(x) does not existÊ
"x Ä �

  f is discontinuous at x 1.Ê œ �

 At x 0:   lim  f(x)  and  lim  f(x)œ œ �_ œ _
x xÄ ! Ä !

� �

   lim  f(x) does not existÊ
x Ä !

  f is discontinuous at x 0.Ê œ

 At x 1:   lim  f(x)  lim  f(x) 1   lim  f(x) 1.œ œ œ Ê œ
x x x 1Ä " Ä " Ä

� �

 But f(1) 0   lim  f(x)œ Á
x 1Ä

  f is discontinuous at x 1.Ê œ

 If we define f , then the discontinuity at x  isa b" œ " œ "

 removable.

 

 3. (a)  lim  3f t 3  lim  f t 3( 7) 21
t t t tÄ Ä! !

a b a ba b œ œ � œ �

 (b)   lim  f t  lim  f t 49
t t t tÄ Ä! !

a b a b a ba b Š ‹# #
#

œ œ �( œ

 (c)  lim  f t g t  lim  f t   lim  g t ( 7)(0) 0
t t t t t tÄ Ä Ä! ! !

a b a b a ba b a b† †œ œ � œ

 (d)   lim   1
t tÄ !

Ä Ä

Ä Ä Ä

f t
g(t) 7  lim  g t   7  lim  g t    lim7 0 7

  lim  f t   lim  f t
7a b a b a b

a b a ba b� � � �
�œ œ œ œt t t t

t t t t t t

! !

! ! !

 (e)  lim  cos g t cos  lim  g t cos 1
t t t tÄ Ä! !

a b a ba b Š ‹œ œ ! œ

 (f)   lim  f t   lim  f t 7 7
t t t tÄ Ä! !

k k a b k ka b ¹ ¹œ œ � œ

 (g)  lim  f t g t  lim  f t   lim  g t 7 0 7
t t t t t tÄ Ä Ä! ! !

a b a b a ba b a b� œ œ � � œ ��

 (h)   lim  
t tÄ ! Ä

Š ‹" " "
�f t   lim  f t 7 7

1
a b a bœ œ œ �

t t!

 4. (a)  lim  g(x)  lim  g(x) 2
x xÄ ! Ä !

� œ � œ �È
 (b)  lim  g(x) f(x)  lim  g(x)  lim  f(x) 2

x x xÄ ! Ä ! Ä !
a b Š ‹È ˆ ‰† †œ œ œ"

# #

È2

 (c)  lim  f(x) g(x)  lim  f(x)  lim  g(x) 2
x x xÄ ! Ä ! Ä !

a b È� œ � œ �"
#

 (d)  lim   2
x Ä !

" " "
f(x)  lim  f(x)œ œ œ

xÄ!
"

#
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 (e)  lim  x f(x)  lim  x  lim  f(x) 0
x x xÄ ! Ä ! Ä !

a b� œ � œ � œ" "
# #

 (f)  lim   
x Ä !

f(x) cos x
x 1  lim  x   lim  1 0 1

 lim  f(x)  lim  cos x (1)
†

†

� � � #
"œ œ œ �x x

x x

Ä! Ä!

Ä! Ä!

ˆ ‰"
#

 5. Since  lim  x 0 we must have that  lim  (4 g(x)) 0.  Otherwise, if  lim  ( g(x)) is a finite positive
x x xÄ ! Ä ! Ä !

œ � œ % �

 number, we would have  lim   and  lim   so the  limit could not equal 1 as
x xÄ ! Ä !

� �
’ “ ’ “4 g(x) 4 g(x)

x x
� �œ �_ œ _

 x  0.  Similar reasoning holds if  lim  (4 g(x)) is a finite negative number.  We conclude that  lim  g(x) 4.Ä � œ
x xÄ ! Ä !

 6. 2  lim  x lim  g(x)  lim  x  lim   lim  g(x) 4  lim   lim  g(x) 4  lim  g(x)œ œ œ � œ �
x x x xx x x xÄ �% Ä �% Ä �% Ä �%Ä ! Ä ! Ä ! Ä !

’ “ ’ “ ’ “†

 (since  lim  g(x) is a constant)   lim  g(x) .
x xÄ ! Ä !

Ê œ œ �2
�% #

"

 7. (a)  lim  f x  lim  x c f c  for every real number c f is continuous on .
x c x cÄ Ä

a b a b a bœ œ œ Ê �_ß _"Î$ "Î$

  (b)  lim  g x  lim  x c g c  for every nonnegative real number c g is continuous on .
x c x cÄ Ä

a b a bœ œ œ Ê Ò!ß _Ñ$Î% $Î%

 (c)  lim  h x  lim  x h c  for every nonzero real number c h is continuous on and .
x c x cÄ Ä

a b a b a b a bœ œ œ Ê �_ß ! �_ß_�#Î$ "
c#Î$

 (d)  lim  k x  lim  x k c  for every positive real number c k is continuous on 
x c x cÄ Ä

a b a b a bœ œ œ Ê !ß _�"Î' "
c"Î'

 8. (a) n n , where I the set of all integers.
n I
-
−

� ß � œˆ ‰ˆ ‰ ˆ ‰" "
# #1 1

  (b) n n 1 , where I the set of all integers.
n I
-
−

ß � œa ba b1 1

  (c) a b a b�_ß � ß _1 1

  (d) a b a b�_ß ! � !ß _

9. (a)  lim    lim    lim   , x 2; the limit does not exist because
x x xÄ ! Ä ! Ä !

x 4x 4 x 2
x 5x 14x x(x 7)(x 2) x(x 7)

(x 2)(x 2)#

$ #

� � �
� � � � �

� �œ œ Á

  lim    and  lim   
x xÄ ! Ä !

� �

x 2 x 2
x(x 7) x(x 7)

� �
� �œ _ œ �_

 (b)  lim    lim    lim   , x 2, and  lim   0
x x x xÄ # Ä # Ä # Ä #

x 4x 4 x 2 x 2 0
x 5x 14x x(x 7)(x ) x(x 7) x(x 7) 2(9)

(x 2)(x 2)#

$ #

� � � �
� � � �# � �

� �œ œ Á œ œ

10. (a)  lim    lim    lim    lim   , x 0 and x 1.
x x x x 0Ä ! Ä ! Ä ! Ä

x x x 1
x 2x x

x(x 1)
x x 2x 1 x (x 1)(x 1) x (x 1)

#

& % $ $ # # #

� � "
� �

�
� � � � �œ œ œ Á Á �a b

 Now  lim    and  lim      lim   .
x xxÄ ! Ä !Ä !

� �

1 1 x x
x (x 1) x (x 1) x 2x x# #

#

& % $� �
�

� �
œ _ œ _ Ê œ _

 (b)  lim    lim    lim   , x 0 and x 1.  The limit does not
x x xÄ �" Ä �" Ä �"

x x 1
x 2x x

x(x 1)
x x 2x 1 x (x 1)

#

& % $ $ # #

�
� �

�
� � �œ œ Á Á �a b

 exist because  lim    and  lim   .
x xÄ �" Ä �"

� �

" "
� �x (x 1) x (x 1)# #œ �_ œ _

11.  lim    lim    lim   
x 1 x 1 x 1Ä Ä Ä

1 x x
1 x 1 x 1 x 1 x
� "�

� #� � �
" "È È

ˆ ‰ ˆ ‰È È Èœ œ œ

12.  lim    lim    lim   
x a x a x aÄ Ä Ä

x a
x a

x a
x a x a x a a

# #

% %

# #

# # # # # # #

� " "
�

�
� � � #œ œ œa b

a b a b

13.  lim    lim    lim  (2x h) 2x
h h hÄ ! Ä ! Ä !

(x h) x
h h

x 2hx h x� � � � �# # # # #

œ œ � œa b

14.  lim    lim    lim  (2x h) h
x x xÄ ! Ä ! Ä !

(x h) x
h h

x 2hx h x� � � � �# # # # #

œ œ � œa b

15.  lim    lim    lim   
x x xÄ ! Ä ! Ä !

" "

#� #x � � �
#� �#

�" "
x 2x( x) 4 x 4

2 (2 x)œ œ œ �
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16.  lim    lim    lim  x 6x 12 12
x x xÄ ! Ä ! Ä !

( x) 8
x x

x 6x 12x 8 8#� � � � � � #
$ $ #

œ œ � � œa b a b

17.  lim   lim   lim   lim
x 1 x 1 x 1 xÄ Ä Ä

x 1
x 1 x 1 x 1 x x 1

x 1 x x 1 x 1 x 1 x 1
x 1 x x 1

1 3 1 3 2 3 1 3

2 3 1 3 2 3 1 3

Î Î Î Î

Î Î Î Î
�
� � � � �

� � � � � �

� � �È È È
ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰

È È
a b

a b
a ba bœ † œ œ

Ä 1
 

Èx 1
x x 1

�

� �2 3 1 3Î Î

 œ œ1 1 2
1 1 1 3

�
� �

18.  lim   lim   lim  
x 64 x 64 x 64Ä Ä Ä

x 16
x 8 x 8 x 8 x x 4x 16

x 4 x 4 x 4 x 4 x 4x 16 x2 3 1 3 1 3 1 3 1 3 2 3 1 3

2 3 1 3

Î Î Î Î Î Î Î

Î Î
�
� � � �) � �

� � � � � � �)
È È È È

ˆ ‰ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ˆ ‰È
ˆ ‰a bœ œ †

  lim  limœ œ œ œ
x 64 x 64Ä Ä

a bˆ ‰ˆ ‰ ˆ ‰ˆ ‰È È
a ba b

a ba bx 64 x 4 x x 4 x
x 64 x 4x 16 x 4x 16

4 4 8 8
16 16 16 3

8� � �) � �)

� � � � �
� �
� �

1 3 1 3

2 3 1 3 2 3 1 3

Î Î

Î Î Î Î

19.  lim    lim    lim   1 1 1
x x xÄ ! Ä ! Ä !

tan 2x sin 2x cos x sin 2x cos x x 2x 2 2
tan x cos 2x sin x 2x cos 2x sin x x1 1 1 1 1 1

1 1 1œ † œ œ † † † œˆ ‰ˆ ‰ˆ ‰ˆ ‰

20. lim  csc x lim  
x xÄ �1 1

� �

œ œ _1
sin x

21. lim  sin sin x sin sin sin 1
x Ä 1

1ˆ ‰ ˆ ‰ ˆ ‰x
2 2 2� œ � œ œ1 1

22.  lim  cos x tan x cos tan cos 1 1
x Ä 1

1 1 1
2 2 2 2a b a b a b a b� œ � œ œ � œ

23.  lim   lim  4
0 0x xÄ Ä

8x 8 8
3sin x x 3 1 13 1� ��

œ œ œsin x
x

a b

24.  lim   lim   lim   lim   lim  
0 0 0 0 0x x x x xÄ Ä Ä Ä Ä

cos 2x 1 cos 2x 1 cos 2x 1 cos 2x 1 sin 2x
sin x sin x cos 2x 1 sin x cos 2x 1 sin x cos 2x 1

� � � � �
� � �œ † œ œ œˆ ‰ 2 2

a b a b
�

� �
�4sin x cos x

cos 2x 1 1 1
4 0 12 2

œ œa ba b 0

25.  lim  [4 g(x)] 2   lim  4 g(x) 2   lim  4 g(x) 8, since 2 8.  Then  lim  g(x) 2.
x x x xÄ ! Ä ! Ä ! Ä !

� � � �

"Î$ $
"Î$

œ Ê œ Ê œ œ œ’ “

26.  lim   2   lim  (x g(x))   5  lim   g(x)    lim   g(x) 5
x x x 5 x 5Ä & Ä & Ä ÄÈ È È È

" " " "
� # # #x g(x) œ Ê � œ Ê � œ Ê œ �È È

27.  lim      lim  g(x) 0 since  lim  3x 1 4
x 1 x 1 x 1Ä Ä Ä

3x 1
g(x)

# � #œ _ Ê œ � œa b

28.  lim   0   lim  g(x)  since  lim  5 x 1
x x xÄ �# Ä �# Ä �#

5 x
g(x)
� ##

È œ Ê œ _ � œa b

29. At x 1:   lim  f(x)  lim   œ � œ
x xÄ �" Ä �"

� �

x x 1
x 1
a b
k k

#

#

�
�

  lim    lim  x 1, andœ œ œ �
x xÄ �" Ä �"

� �

x x 1
x 1
a b#

#

�
�

  lim  f(x)  lim    lim   
x x xÄ �" Ä �" Ä �"

� � �
œ œx x 1 x x 1

x 1 x
a b a b
k k a b

# #

# #

� �
� � �"

  lim  ( x) ( 1) 1.  Sinceœ � œ � � œ
x 1Ä �

  lim  f(x)  lim  f(x)
x xÄ �" Ä �"

� �
Á

   lim  f(x) does not exist, the function f  beÊ
x 1Ä �

cannot

 extended to a continuous function at x 1.œ �

 At x 1:     lim  f(x)  lim    lim    lim  ( x) 1, andœ œ œ œ � œ �
x x x xÄ " Ä " Ä " Ä "

� � � �

x x 1 x x 1
x 1 x 1
a b a b
k k a b

# #

# #

� �
� � �

  lim  f(x)  lim    lim    lim  x 1.  Again  lim  f(x) does not exist so f
x x x x 1 x 1Ä " Ä " Ä " Ä Ä� � � �

œ œ œ œx x 1 x x 1
x 1 x
a b a b
k k

# #

# #

� �
� �"

  be extended to a continuous function at x 1 either.cannot œ
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30. The discontinuity at x 0 of f(x) sin  is nonremovable because  lim  sin  does not exist.œ œ ˆ ‰" "
x xx Ä !

31. Yes, f does have a continuous extension to a 1:œ

 define f(1)  lim   .œ œ
x 1Ä

x 4
x x 3

�"
� %È

 

32. Yes, g does have a continuous extension to a :œ 1

#

 g  lim   .ˆ ‰1 )

) 1# �#œ œ �
) Ä

1

#

5 cos 5
4 4

 

33. From the graph we see that  lim  h(t)  lim  h(t)
t tÄ ! Ä !

� �
Á

 so h  be extended to a continuous functioncannot
 at a 0.œ

 

34. From the graph we see that  lim  k(x)  lim  k(x)
x xÄ ! Ä !

� �
Á

 so k  be extended to a continuous functioncannot
 at a 0.œ

 

35. (a) f( 1) 1 and f(2) 5  f has a root between 1 and 2 by the Intermediate Value Theorem.� œ � œ Ê �

 (b), (c) root is 1.32471795724

36. (a) f( 2) 2 and f(0) 2  f has a root between 2 and 0 by the Intermediate Value Theorem.� œ � œ Ê �

 (b), (c) root is 1.76929235424�

37.  lim  lim  38.  lim  limx x x xÄ _ Ä _ Ä �_ Ä �_

# �$ #�! # # �$ #�! #
& �( &�! & & �( &�! &

#�

&� &�

# �x x
x xœ œ œ œ œ œ

$

( (

#

#

$

#

#

x x

x x

39.  lim  limx xÄ �_ Ä �_

x x
x x x x

#

$ # $

�% �) " % )
$ $ $ $œ � � œ ! � ! � ! œ !ˆ ‰
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40.  lim  limx xÄ _ Ä _

" !
�( �" "�!�!"� �x x#

"

#

( "

#

œ œ œ !x

x x

41.  lim  lim  42.  lim  limx x x xÄ �_ Ä �_ Ä _ Ä �_

x x x x x x
x 1 x

# % $

" "#)$

$

�( �( � �"
� "# � "#)"� "#�

œ œ �_ œ œ _
x x

43.  lim  lim  since int x  as x  lim .x x xÄ _ Ä _ Ä _

sin x sin x
x x xg h g h g hŸ œ ! Ä _ Ä _ Ê œ !"

44.  lim  lim  lim .
) ) )Ä _ Ä _ Ä _

cos cos ) )

) ) )

�" # �"Ÿ œ ! Ê œ !

45.  lim  limx xÄ _ Ä _

x sin x x
x sin x

� �#

� "�!

"� �

"�
"�!�!È

œ œ œ "
sin x

x x
sin x

x

#

È

46.  lim  limx xÄ _ Ä _

x x x
x cos x

#Î$ �" �&Î$

#Î$ # #

#Î$

� "� "�!
� "� "�!œ œ œ "Œ �cos x

x

47. (a) y  is undefined at x 3:  lim  and  lim , thus x 3 is a vertical asymptote.
       

œ œ œ �_ œ �_ œx 4 x 4 x 4
x 3 x 3 x 3

2 2 2� � �
� � �x 3 x 3Ä Ä

� �

 (b) y  is undefined at x 1:  lim   and  lim  , thus x 1 is a vertical
      

œ œ œ �_ œ �_ œx x 2 x x 2 x x 2
x 2x 1 x 2x 1 x 2x 1

2 2 2

2 2 2
� � � � � �
� � � � � �x 1 x 1Ä Ä

� �

 asymptote.

 (c) y  is undefined at x 2 and 4:  lim    lim  ;   lim   lim
        

œ œ � œ œ œx x x x x 3 5 x x
x 2x 8 x 2x 8 x 4 6 x 2x 8

2 2 2

2 2 2
� �' � �' � � �'
� � � � � � �x 2 x 2 xÄ Ä Ä �%

�  
 

x Ä �%
�

x 3
x 4
�
� œ _

  lim   lim  . Thus x 4 is a vertical asymptote.
     x xÄ �% Ä �%

� �

x x x 3
x 2x 8 x 4

2

2
� �' �
� � �œ œ �_ œ �

48. (a) y :    lim   lim 1 and    lim   lim 1, thus y 1 is aœ œ œ œ � œ œ œ � œ �1 x 1 x 1 1 x 1
x x 1 x 1

1 1

1 1
� � � � �
�" �" �"

� �

� �

2 2 2

2 2 1 2 1

1 1
x x2 2

x x2 2x x x xÄ _ Ä _ Ä �_ Ä �_

 horizontal asymptote.

 (b) y :    lim   lim 1 , thus y 1 is a horizontal asymptote.œ œ œ œ œ
È È
È È ÈÉ

x 4 x 4

x 4 x 4 1 0

1

1

1 0� �

� � �

�

�

�
x xÄ _ Ä _

4
x

4

È

B

 (c) y :    lim   lim 1 and    lim    lim    lim    œ œ œ œ œ œ
È È È ÈÉ É Éx 4 x 4 x 4

x x 1 1 x

1 1 11 02 2 2
4 4 4

x x x2 2 2
x x

x2 x

� � �� � ��

x x x x xÄ _ Ä _ Ä �_ Ä �_ Ä �_È �

   lim 1, thus y 1 and y 1 are horizontal asymptotes.œ œ œ œ � œ œ �x Ä �_

É È1

1 1 1
1 0 1�

� � �
�

4
x2

 (d) y :    lim   lim  and    lim   lim ,œ œ œ œ œ œ œÉ É ÉÊ ÊÉ Éx 9 x 9 1 0 x 9 1 0
9x 1 9x 1 9 0 3 9x 1 9 0 3

1 1

9 9

2 2 2

2 2 1 2 1

9 9
x x2 2

x x2 2

� � � " � � "
� � � � �

� �

� �x x x xÄ _ Ä _ Ä �_ Ä �_

 thus y  is a horizontal asymptote.œ "
3

CHAPTER 2 ADDITIONAL AND ADVANCED EXERCISES

 1. (a) x 0.1 0.01 0.001 0.0001 0.00001
x 0.7943 0.9550 0.9931 0.9991 0.9999x

 Apparently,  lim  x 1
x Ä !

�

x œ
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 (b) 

 2. (a) x 10 100 1000

0.3679 0.3679 0.3679ˆ ‰" "Î Ñ

x
Ðln x

 Apparently,  lim  0.3678x Ä _
ˆ ‰" ""ÎÐ Ñ

x e
ln x

œ œ

 (b) 

 3.  lim  L  lim  L L 1 L 1 0
v c v cÄ Ä

� �

Äœ " � œ � œ � œ! ! !É ÉÉv c
c c c

 lim  v# #

# #

#

v c�
#

 The left-hand limit was needed because the function L is undefined if v c (the rocket cannot move faster�

 than the speed of light).

 4. (a) 1 0.2  0.2 1 0.2  0.8 1.2  1.6 x 2.4  2.56 x 5.76.¹ ¹ ÈÈ È Èx x x
# # #� � Ê � � � � Ê � � Ê � � Ê � �

 (b) 1 0.1  0.1 1 0.1  0.9 1.1  1.8 x 2.2  3.24 x 4.84.¹ ¹ ÈÈ È Èx x x
# # #� � Ê � � � � Ê � � Ê � � Ê � �

 5. 10 (t 70) 10 10 0.0005  (t 70) 10 0.0005  0.0005 (t 70) 10 0.0005k k k k� � ‚ � � Ê � ‚ � Ê � � � ‚ ��% �% �%

  5 t 70 5  65° t 75°  Within 5° F.Ê � � � � Ê � � Ê

 6. We want to know in what interval to hold values of h to make V satisfy the inequality
 V h . To find out, we solve the inequality:l � "!!!l œ l$' � "!!!l Ÿ "!1

 h h h hl$' � "!!!l Ÿ "! Ê �"! Ÿ $' � "!!! Ÿ "! Ê **! Ÿ $' Ÿ "!"! Ê Ÿ Ÿ1 1 1
**! "!"!
$' $'1 1

 h . where 8.8 was rounded up, to be safe, and 8.9 was rounded down, to be safe.Ê )Þ) Ÿ Ÿ )Þ*

 The interval in which we should hold h is about  cm wide (1 mm). With stripes 1 mm wide, we can expect)Þ* � )Þ) œ !Þ"

 to measure a liter of water with an accuracy of 1%, which is more than enough accuracy for cooking.

 7. Show  lim  f(x)  lim  x 7 f(1).
x 1 x 1Ä Ä

œ � œ �' œa b#

 Step 1: x 7 6   x 1   1 x 1   1 x 1 .k ka b È È# # #� � � Ê � � � � Ê � � � � Ê � � � �% % % % % % %
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 Step 2: x 1   x 1   x .k k� � Ê � � � � Ê � � " � � � "$ $ $ $ $

 Then 1  or 1 .  Choose min 1 1 1 1 , then� � " œ � � " œ � œ � � ß � �$ % $ % $ % %È ÈÈ Èš ›
 0 x 1   x 6  and  lim  f(x) 6.  By the continuity test, f(x) is continuous at x 1.� � � Ê � ( � � œ � œk k k ka b$ %

#

x 1Ä

 8. Show  lim  g(x)  lim   2 g .
x xÄ Ä

" "

% %

œ œ œ" "
2x 4

ˆ ‰
 Step 1: 2       x .¸ ¸" " " " "

# # # �# �#x x x 4 4� � Ê � � � # � Ê # � � � # � Ê � �% % % % %
% %

 Step 2:   x   x .¸ ¸B � � Ê � � � � Ê � � � � �" " " "
4 4 4 4$ $ $ $ $

 Then   , or   .� � œ Ê œ � œ � œ Ê œ � œ$ $ $ $
" " " " " " " "

�# �# � �# �# �4 4 4 4 4(2 ) 4 4 4 4 4(2 )% % % % % %

% %

 Choose , the smaller of the two values.  Then 0 x   2  and  lim   2.$ $ %œ � � � Ê � � œ%

%4( ) 4 x x#� # #
" " "¸ ¸ ¸ ¸

x Ä
"

%

 By the continuity test, g(x) is continuous at x .œ "
4

 9. Show  lim  h(x)  lim  2x 3 h(2).
x xÄ # Ä #

œ � œ " œÈ
 Step 1: 2x 3 1   2x 3   2x 3   x .¹ ¹È È È� � � Ê � � � � " � Ê " � � � � " � Ê � �% % % % %

(1 ) ( ) 3� �$ "� �
# #
% %

# #

 Step 2: x 2   x 2  or x .k k� � Ê � � � � � � # � � � #$ $ $ $ $

 Then   , or � � # œ Ê œ # � œ œ � � # œ$ $ % $
( ) ( ) (1 ) ( )"� �$ "� �$ "� � "� �$

# # # # #
% % % %%

# # # ##

  .  Choose , the smaller of the two values .  Then,Ê œ � # œ œ � œ �$ % $ %
( ("� Ñ �$ "� Ñ �"

# # # #
% % % %

# # # #

 x 2   2x 3 , so  lim  2x 3 1.  By the continuity test, h(x) is continuous at x 2.! � � � Ê � � " � � œ œk k ¹ ¹È È$ %
x Ä #

10. Show  lim  F(x)  lim  9 x F(5).
x xÄ & Ä &

œ � œ # œÈ
 Step 1: 9 x 2   9 x   9 (2 ) x ( ) .¹ ¹È È� � � Ê � � � � # � Ê � � � � * � # �% % % % %

# #

 Step 2: 0 x 5   x   x .� � � Ê � � � & � Ê � � & � � � &k k $ $ $ $ $

 Then ( )   ( ) , or ( )   ( ) .� � & œ * � # � Ê œ # � � % œ � # � & œ * � # � Ê œ % � # � œ � #$ % $ % % % $ % $ % % %
# # # # # #

 Choose , the smaller of the two values.  Then, x 5   9 x , so$ % % $ %œ � # ! � � � Ê � � # �# k k ¹ ¹È
  lim  9 x .  By the continuity test, F(x) is continuous at x 5.

x Ä &

È � œ # œ

11. Suppose L  and L  are two different limits.  Without loss of generality assume L L .  Let (L L )." # # " # "
"� œ �% 3

 Since  lim  f(x) L  there is a 0 such that 0 x x   f(x) L   f(x) Lx xÄ !

œ � � � � Ê � � Ê � � � �" " ! " " "$ $ % % %k k k k
  (L L ) L f(x) (L L ) L   4L L 3f(x) 2L L .  Likewise,  lim  f(x) LÊ � � � � � � � Ê � � � � œ" "

# " " # " " " # " # #3 3 x xÄ !

 so there is a  such that 0 x x   f(x) L   f(x) L$ $ % % %# ! # # #� � � Ê � � Ê � � � �k k k k
  (L L ) L f(x) (L L ) L   2L L 3f(x) 4L LÊ � � � � � � � Ê � � � �" "

# " # # " # # " # "3 3

  L 4L 3f(x) 2L L .  If min  both inequalities must hold for 0 x x :Ê � � � � � � œ ß � � �" # # " " # !$ $ $ $e f k k
   5(L L ) 0 L L .  That is, L L 0  L L 0,

4L L   3f(x)   2L L
L L 3f(x) 2L L �" # " #

" # # "
" # " # " # " #

� � � �
� % � � � � �

Ê � � � � � � � �and

 a contradiction.

12. Suppose  lim  f(x) L. If k , then  lim  kf(x)  lim  0  lim  f(x) and we are done.
x c x c x c x cÄ Ä Ä Ä

œ œ ! œ œ ! œ ! †

 If k 0, then given any , there is a  so that x c f x L k f x LÁ � ! � ! ! � l � l � Ê l � l � Ê l ll � l �% $ $ %a b a b%

l5l

 k f x L | kf x kL . Thus,  lim  kf(x) kL k  lim  f(x) .Ê l � � Ê l � l � œ œa b a b a ba b a b Š ‹% %
x c x cÄ Ä
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13. (a) Since x  0 , 0 x x 1  x x   0    lim  f x x  lim  f(y) B where y x x.Ä � � � Ê � Ä Ê � œ œ œ �� $ $ � $ $a b a b
x yÄ ! Ä !� �

 (b) Since x  0 , 1 x x 0  x x   0    lim  f x x  lim  f(y) A where y x x.Ä � � � � Ê � Ä Ê � œ œ œ �� $ $ � $ $a b a b
x yÄ ! Ä !

� �

 (c) Since x  0 , 0 x x 1  x x   0    lim  f x x  lim  f(y) A where y x x .Ä � � � Ê � Ä Ê � œ œ œ �� % # # % � # % # %a b a b
x yÄ ! Ä !

� �

 (d) Since x  0 , 1 x 0  x x 1  x x   0    lim  f x x A as in part (c).Ä � � � Ê ! � � � Ê � Ä Ê � œ� % # # % � # %a b a b
x Ä !

�

14. (a) True, because if  lim  (f(x) g(x)) exists then  lim  (f(x) g(x))  lim  f(x)  lim  [(f(x) g(x)) f(x)]
x a x a x a x aÄ Ä Ä Ä

� � � œ � �

  lim  g(x) exists, contrary to assumption.œ
x aÄ

 (b) False; for example take f(x)  and g(x) .  Then neither  lim  f(x) nor  lim  g(x) exists, butœ œ �" "
x x x xÄ ! Ä !

  lim  (f(x) g(x))  lim   lim  0 0 exists.
x x xÄ ! Ä ! Ä !

� œ � œ œˆ ‰" "
x x

 (c) True, because g(x) x  is continuous  g(f(x)) f(x)  is continuous (it is the composite of continuousœ Ê œk k k k
 functions).

 (d) False; for example let f(x)    f(x) is discontinuous at x 0.  However f(x) 1 is
1,  x 0

  1,  x 0
œ Ê œ œ

� Ÿ
�œ k k

 continuous at x 0.œ

15. Show  lim  f(x)  lim    lim   , x 1.
x 1 x 1 x 1Ä � Ä � Ä �

œ œ œ �# Á �x
x 1 (x 1)

(x 1)(x )# �"
� �

� �"

 Define the continuous extension of f(x) as F(x) .  We now prove the limit of f(x) as x  1
,  x

2    ,  x 1
œ Ä �

Á �"

� œ �
œ x 1

x 1

# �
�

 exists and has the correct value.

 Step 1: ( )     (x 1) , x   x .¹ ¹x
x 1 (x 1)

(x 1)(x )# �"
� �

� �"� �# � Ê � � � # � Ê � � � � # � Á �" Ê � � " � � � "% % % % % % %

 Step 2: x ( 1)   x 1   x .k k� � � Ê � � � � Ê � � " � � � "$ $ $ $ $

 Then   , or   .  Choose .  Then x ( 1)� � " œ � � " Ê œ � " œ � " Ê œ œ ! � � � �$ % $ % $ % $ % $ % $k k
     lim  F(x) 2.  Since the conditions of the continuity test are met by F(x), then f(x) has aÊ � �# � Ê œ �¹ ¹a bx

x 1

# �"
� %

x 1Ä �

 continuous extension to F(x) at x 1.œ �

16. Show  lim  g(x)  lim    lim   , x 3.
x x xÄ $ Ä $ Ä $

œ œ œ # Áx 2x 3
2x 6 2(x 3)

(x 3)(x )# � �
� �

� �"

 Define the continuous extension of g(x) as G(x) .  We now prove the limit of g(x) as,  x 3
 2            ,  x 3

œ
Á

œ
œ x 2x 3

2x 6

# � �
�

 x  3 exists and has the correct value.Ä

 Step 1: 2     , x   x .¹ ¹x 2x 3 x
x 6 2(x 3)

(x 3)(x )# � � �"
# � � #

� �"� � Ê � � � # � Ê � � � # � Á $ Ê $ � # � � $ � #% % % % % % %

 Step 2: x 3   x 3   x .k k� � Ê � � � � Ê $ � � � � $$ $ $ $ $

 Then,   , or   .  Choose .  Then x 3$ � œ $ � # Ê œ # � $ œ $ � # Ê œ # œ # ! � � �$ % $ % $ % $ % $ % $k k
  2    lim   2.  Since the conditions of the continuity test hold for G(x),Ê � � Ê œ¹ ¹x 2x 3

2x 6 (x 3)
(x 3)(x )# � �

� # �
� �"

%
x Ä $

 g(x) can be continuously extended to G(x) at 3.B œ

17. (a) Let  be given.  If x is rational, then f(x) x  f(x) 0 x 0   x 0 ; i.e., choose% % %� ! œ Ê � œ � � Í � �k k k k k k
 .  Then x 0   f(x) 0  for x rational.  If x is irrational, then f(x) 0  f(x) 0$ % $ % %œ � � Ê � � œ Ê � �k k k k k k
   which is true no matter how close irrational x is to 0, so again we can choose .  In either case,Í ! � œ% $ %

 given  there is a  such that x 0   f(x) 0 .  Therefore, f is continuous at% $ % $ %� ! œ � ! ! � � � Ê � �k k k k
 x 0.œ

 (b) Choose x c .  Then within any interval (c c ) there are both rational and irrational numbers.œ � ! � ß �$ $

 If c is rational, pick .  No matter how small we choose  there is an irrational number x in% $œ � !c
#

 (c c )  f(x) f(c) 0 c c .  That is, f is not continuous at any rational c 0.  On� ß � Ê � œ � œ � œ �$ $ %k k k k c
#
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 the other hand, suppose c is irrational  f(c) 0.  Again pick .  No matter how small we choose Ê œ œ � !% $
c
#

 there is a rational number x in (c c ) with x c   x .  Then f(x) f(c) x 0� ß � � � œ Í � � � œ �$ $ %k k k k k kc c 3c
# # #

 x   f is not continuous at any irrational c 0.œ � œ Ê �k k c
# %

      If x c 0, repeat the argument picking .  Therefore f fails to be continuous at anyœ � œ œ%
k kc c
# #

�

 nonzero value x c.œ

18. (a) Let c  be a rational number in [0 1] reduced to lowest terms  f(c) .  Pick .  No matter howœ ß Ê œ œm
n n n

" "
#%

 small  is taken, there is an irrational number x in the interval (c c )  f(x) f(c) 0$ $ $� ! � ß � Ê � œ �k k ¸ ¸"
n

 .  Therefore f is discontinuous at x c, a rational number.œ � œ œ" "
#n n %

 (b) Now suppose c is an irrational number  f(c) 0.  Let 0 be given.  Notice that  is the only rationalÊ œ �% "
#

 number reduced to lowest terms with denominator 2 and belonging to [0 1];  and  the only rationals withß "
3 3

2

 denominator 3 belonging to [0 1];  and  with denominator 4 in [0 1]; , ,  and  with denominator 5 inß ß" "
4 4 5 5 5 5

3 2 3 4

 [0 1]; etc.  In general, choose N so that   there exist only finitely many rationals in [ ] havingß � Ê !ß ""
N %

 denominator N, say r , r , , r .  Let min c r :  i 1 p .  Then the interval (c c )Ÿ á œ � œ ßá ß � ß �" # p i$ $ $e fk k
 contains no rational numbers with denominator N.  Thus, 0  x c   f(x) f(c) f(x) 0Ÿ � � � Ê � œ �k k k k k k$

 f(x)   f is continuous at x c irrational.œ Ÿ � Ê œk k "
N %

 (c) The graph looks like the markings on a typical ruler
 when the points (x f(x)) on the graph of f(x) areß

 connected to the x-axis with vertical lines.

 

19. Yes.  Let R be the radius of the equator (earth) and suppose at a fixed instant of time we label noon as the
 zero point, 0, on the equator  0 R represents the midnight point (at the same exact time).  Suppose xÊ � 1 "

 is a point on the equator “just after" noon  x R is simultaneously “just after" midnight.  It seemsÊ �" 1

 reasonable that the temperature T at a point just after noon is hotter than it would be at the diametrically
 opposite point just after midnight:  That is, T(x ) T(x R) 0.  At exactly the same moment in time" "� � �1

 pick x  to be a point just before midnight  x R is just before noon.  Then T(x ) T(x R) 0.# # # #Ê � � � �1 1

 Assuming the temperature function T is continuous along the equator (which is reasonable), the Intermediate
 Value Theorem says there is a point c between 0 (noon) and R (simultaneously midnight) such that1

 T(c) T(c R) 0; i.e., there is always a pair of antipodal points on the earth's equator where the� � œ1

 temperatures are the same.

20.  lim  f(x)g(x)   lim  f(x) g(x) f(x) g(x)  lim f(x) g(x)  lim f(x) g(x)
x c x c x c x cÄ Ä Ä Ä

œ � � � œ � � �" "
% %

# #
# #’ “ ’ “a b a b a b a bŠ ‹ Š ‹

 .œ $ � �" œ #"
%

# #ˆ ‰a b
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21. (a) At x 0:   lim  r (a)  lim    lim   œ œ œ
a a aÄ ! Ä ! Ä !

�
�"� � �"� � �"� �

�"� �

È È È
È

1 a 1 a 1 a
a a 1 a

Š ‹Š ‹
  lim   œ œ œ

a Ä !

1 ( a)
a 1 a 1 0

1� "�

�"� � �"� �
� "

#ˆ ‰È È

 At x 1:   lim  r (a)  lim    lim   1œ � œ œ œ œ
a a a 1Ä �" Ä �" Ä �� �

�
� �

� � � �"� �
� �"

�"�

1 (1 a)
a 1 1 a a 1 a

a
0ˆ ‰ ˆ ‰È È È

 (b) At x 0:   lim  r (a)  lim    lim   œ œ œ
a a aÄ ! Ä ! Ä !

� � �

�
�"� � �"� � �"� �

�"� �

È È È
È

1 a 1 a 1 a
a a 1 a

Š ‹Š ‹
  lim    lim    lim   (because theœ œ œ œ _

a a aÄ ! Ä ! Ä !
� � �

1 ( a)
a 1 a a 1 1 a 1 a

a� "�

�"� � � � � �"� �
� �"

ˆ ‰ ˆ ‰È È È

  denominator is always negative);  lim  r (a)  lim    (because the denominator
a aÄ ! Ä !

� �
�

�"
�"� �

œ œ �_È1 a

  is always positive).  Therefore,  lim  r (a) does not exist.
a Ä !

�

 At x 1:   lim  r (a)  lim    lim   1œ � œ œ œ
a a a 1Ä �" Ä �" Ä �

� � �
�

� � � �"
�"� �

1 1 a
a 1 a

È
È

 (c)

 (d)

22. f(x) x 2 cos x  f(0) 0 2 cos 0 2 0 and f( ) 2 cos ( ) 0.  Since f(x) isœ � Ê œ � œ � � œ � � � œ � � # �1 1 1 1

 continuous on [ ], by the Intermediate Value Theorem, f(x) must take on every value between [ ].� ß ! � � #ß #1 1

 Thus there is some number c in [ ] such that f(c) 0; i.e., c is a solution to x 2 cos x 0.� ß ! œ � œ1

23. (a) The function f is bounded on D if f(x) M and f(x) N for all x in D.  This means M f(x) N for all x  Ÿ Ÿ Ÿ

 in D.  Choose B to be max M N .  Then f(x) B.  On the other hand, if f(x) B, thene f k k k kk k k kß Ÿ Ÿ

 B f(x) B  f(x) B and f(x) B  f(x) is bounded on D with N B an upper bound and� Ÿ Ÿ Ê   � Ÿ Ê œ

 M B a lower bound.œ �

 (b) Assume f(x) N for all x and that L N.  Let .  Since  lim  f(x) L there is a  such thatŸ � œ œ � !% $
L N�
# x xÄ !

 0 x x   f(x) L   L f(x) L   L f(x) L� � � Ê � � Í � � � � Í � � � �k k k k!
� �
# #$ % % %

L N L N

  f(x) .  But L N  N  N f(x) contrary to the boundedness assumptionÍ � � � Ê � Ê �L N 3L N L N� � �
# # #

 f(x) N.  This contradiction proves L N.Ÿ Ÿ
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 (c) Assume M f(x) for all x and that L M.  Let .  As in part (b), 0 x xŸ � œ � � �% $
M L�

# !k k
  L f(x) L   f(x) M, a contradiction.Ê � � � � Í � � �M L M L 3L M M L� � � �

# # # #

24. (a) If a b, then a b 0  a b a b  max a b a.  �   Ê � œ � Ê Ö ß × œ � œ � œ œk k a b a b a b 2aa b� � �
# # # # #

�k k

 If a b, then a b 0  a b (a b) b a  max a bŸ � Ÿ Ê � œ � � œ � Ê Ö ß × œ � œ �k k a b a b b aa b� � �
# # # #

�k k

 b.œ œ2b
#

 (b) Let min a b .Ö ß × œ �a b a b�
# #

�k k

25.  lim   lim  lim   lim
x 0 x 0 x 0 x 0Ä Ä Ä Ä

œ œ † † œ †sin cos x sin cos x sin cos x
x cos x x cos x cos x x co

cos x cos x cos  xa b a b a b
a b

"� "� "�
"� "� "� "�

"� "� "� #

s x x cos x
sin  xœ " †  lim

x 0Ä

#

a b"�

   lim .œ † œ " † œ !
x 0Ä

sin x sin x
x cos x"� #

!ˆ ‰

26.  lim    lim  lim  lim x .
x 0 x 0 x 0 x 0Ä Ä Ä Ä

� � � �

sin x sin x x
sin x sin x x

x
È È È

È
Š ‹

œ † † œ " † † œ " † ! † ! œ !B
"

sin x
x

È
È

È

27.  lim   lim  lim  lim .
x 0 x 0 x 0 x 0Ä Ä Ä Ä

sin sin x sin sin x sin sin x
x sin x x sin x x

sin x sin xa b a b a bœ † œ † œ " † " œ "

28.  lim  lim x  lim  lim x
x 0 x 0 x 0 x 0Ä Ä Ä Ä

sin x x sin x x sin x x
x x x x x

a b a b a b# # #

# #

� � �
� �œ † � " œ † � " œ " † " œ "a b a b

29.  lim  lim x 2  lim  lim x 2
x 2 x 2 x 2 x 2Ä Ä Ä Ä

sin x sin x sin x
x 2 x x
a b a b a b# # #

# #

�% �% �%
� �% �%œ † � œ † � œ " † % œ %a b a b

30.  lim  lim  lim  lim
x 9 x 9 x 9 x 9Ä Ä Ä Ä

sin x sin x sin x
x 9 x x x x

ˆ ‰ ˆ ‰ ˆ ‰È È È
È È È È

�$ �$ �$

� ' '�$ �$ �$ �$
" " " "œ † œ † œ " † œ

31. Since the highest power of x in the numerator is 1 more than the highest power of x in the denominator, there is an oblique

 asymptote. y  2x , thus the oblique asymptote is y 2x.œ œ � œ2x 2x 3 3
x 1 x 1

3 2Î � �
� �È È

32. As x , 0 sin 0 1 sin 1, thus as x , y x x sin x 1 sin x;Ä „_ Ä Ê Ä Ê � Ä Ä „_ œ � œ � Ä1 1 1 1 1
x x x x x

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰
 thus the oblique asymptote is y x.œ

33. As x , x 1 x x 1 x ; as x , x x,  and as x , x x;  thus theÄ „_ � Ä Ê � Ä Ä �_ œ � Ä �_ œ2 2 2 2 2 2È È È È
 oblique asymptotes are y x and y x.œ œ �

34. As x , x 2 x x 2x x x 2 x ;  as x , x x,  and as x , x x;Ä „_ � Ä Ê � œ � Ä Ä �_ œ � Ä �_ œÈ È a b È È È2 2 2 2

 asymptotes are y x and y x.œ œ �
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CHAPTER 3  DIFFERENTIATION

3.1  TANGENTS AND THE DERIVATIVE AT A POINT

 1. P :  m 1, P :  m 5  2. P :  m 2, P :  m 0" " # # " " # #œ œ œ � œ

 3. P :  m , P :  m   4. P :  m 3, P :  m 3" " # # " " # ## #
"œ œ � œ œ �5

 5. m  lim   œ
h Ä !

c d a b4 ( h) 4 ( 1)
h

� �"� � � �# #

  lim     lim   2;œ œ œ
h hÄ ! Ä !

� � � � #�a b1 2h h 1
h h

h( h)#

  at ( ):  y (x ( 1))  y 2x 5,�"ß $ œ $ � # � � Ê œ �

  tangent line

 

 6. m  lim    lim   œ œ
h hÄ ! Ä !

c d c d(1 h 1) 1 ( ) 1
h h

h� � � � "�" �# # #

   lim  h 0; at ( ):  y 1 0(x 1)  y 1,œ œ "ß " œ � � Ê œ
h Ä !

  tangent line

 

 7. m  lim    lim   œ œ
h hÄ ! Ä !

2 1 h 2 1 2 1 h 2 2 1 h 2
h h 2 1 h

È È ÈÈ
È� � � � � �

� �#
†

   lim    lim   1;œ œ œ
h hÄ ! Ä !

4(1 h) 4

2h 1 h 1

2
1 h 1

� �

� � � �Š ‹È È
  at ( ):  y 2 1(x 1)  y x 1, tangent line"ß # œ � � Ê œ �

 

 8. m  lim    lim   œ œ
h hÄ ! Ä !

" "

� � �"# # #

#

( 1 h) ( )
� � � �

� �h h( 1 h)
1 ( 1 h)

   lim    lim   2;œ œ œ
h hÄ ! Ä !

� � �
� � � �

�a b2h h
h( 1 h) ( 1 h)

2 h#

# #

  at ( ):  y 1 2(x ( 1))  y 2x 3,�"ß " œ � � � Ê œ �

  tangent line
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94 Chapter 3 Differentiation

 9. m  lim    lim   œ œ
h hÄ ! Ä !

( 2 h) ( 2)
h h

8 12h 6h h 8� � � � � � � � �$ $ # $

   lim   12 6h h 12;œ � � œ
h Ä !

a b#
  at ( 2 8):  y 8 12(x ( 2))  y 12x 16,� ß� œ � � � � Ê œ �

  tangent line

 

10. m  lim    lim   œ œ
h hÄ ! Ä !

" "

�#� �#$ $ $

$

( h) ( )
� � � �#�

� �#�h 8h( h)
8 ( h)

   lim    lim   œ œ
h hÄ ! Ä !

� � �
� �#� � �

� �a b12h 6h h
8h( h) 8( 2 h)

12 6h h# $

$ $

#

  ;œ œ �"
�
2 3

8( 8) 16

  at :  y (x ( 2))ˆ ‰�#ß� œ � � � �" "
8 8 16

3

   y x , tangent lineÊ œ � �3
16

"
#

 

11. m  lim    lim    lim   ;œ œ œ œ %
h h hÄ ! Ä ! Ä !

c d a b(2 h) 1 5
h h h

5 4h h 5 h(4 h)� � � � � � �# #

 at (2 5):  y 5 4(x 2), tangent lineß � œ �

12. m  lim    lim    lim   3;œ œ œ œ �
h h hÄ ! Ä ! Ä !

c d a b( h) 2(1 h) ( 1)
h h h

1 h 2 4h 2h 1 h( 3 2h)"� � � � � � � � � � � �# #

 at ( ):  y 1 3(x 1), tangent line"ß�" � œ � �

13. m  lim    lim    lim   2;œ œ œ œ �
h h hÄ ! Ä ! Ä !

3 h
(3 h) 2

�

� �
� � � �

� �
�3

h h(h 1) h(h 1)
(3 h) 3(h 1) 2h

 at ( ):  y 3 2(x 3), tangent line$ß $ � œ � �

14. m  lim    lim    lim    lim   2;œ œ œ œ œ œ �
h h h hÄ ! Ä ! Ä ! Ä !

8
(2 h)� # #

# # #

#� � � � �
� � �

� � � �
2

h h(2 h) h(2 h) h(2 h) 4
8 2(2 h) 2h(4 h)8 2 4 4h h 8a b

 at (2 2):  y 2 2(x 2)ß � œ � �

15. m  lim    lim    lim   12;œ œ œ œ
h h hÄ ! Ä ! Ä !

(2 h) 8
h h h

8 12h 6h h 8 h 12 6h h� � � � � � � �$ # $ #a b a b

 at (2 ):  y 8 12(t 2), tangent lineß ) � œ �

16. m  lim    lim    lim   6;œ œ œ œ
h h hÄ ! Ä ! Ä !

c d a b a b(1 h) 3(1 h) 4
h h h

1 3h 3h h 3 3h 4 h 6 3h h� � � � � � � � � � � �$ # $ #

 at ( ):  y 4 6(t 1), tangent line"ß % � œ �

17. m  lim    lim    lim    lim   œ œ œ œ œ
h h h hÄ ! Ä ! Ä ! Ä !

È È È
È ÈŠ ‹ Š ‹È È

4 h 2 4 h 2 4 h 2
h h 4 h 2

(4 h) 4

h 4 h h 4 h

h
4

� � � � � �

� �

� �

� �# � �#

"

�#
†

  ; at ( ):  y 2 (x 4), tangent lineœ %ß # � œ �" "
4 4

18. m  lim    lim    lim    lim   œ œ œ œ
h h h hÄ ! Ä ! Ä ! Ä !

È È È
È Š ‹ Š ‹È È

(8 h) 1 3
h h

9 h 3 9 h 3
9 h 3

(9 h) 9

h 9 h 3 h 9 h 3

h� � � � � � �

� �

� �

� � � �
†

  ; at (8 3):  y 3 (x 8), tangent lineœ œ ß � œ �" " "

�È9 3 6 6

19. At x 1, y 5  m  lim    lim    lim   10, slopeœ � œ Ê œ œ œ œ �
h h hÄ ! Ä ! Ä !

5( h) 5 5h( 2 h)
h h h

5 1 2h h 5�"� � � �� � �# #a b
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20. At x 2, y 3  m  lim    lim    lim   4, slopeœ œ � Ê œ œ œ œ �
h h hÄ ! Ä ! Ä !

c d a b1 (2 h) ( 3)
h h h

1 4 4h h 3 h(4 h)� � � � � � � � � �# #

21. At x 3, y   m  lim    lim    lim   , slopeœ œ Ê œ œ œ œ �" � "
# � �

� � �

h h hÄ ! Ä ! Ä !

" "

� � #(3 h) 1

h 2h(2 h) 2h(2 h) 4
2 (2 h) h

22. At x 0, y 1  m  lim    lim    lim   2, slopeœ œ � Ê œ œ œ œ
h h hÄ ! Ä ! Ä !

h 1
h 1
�

�
� � � � �"

� �

( 1)
h h(h 1) h(h 1)

(h 1) (h ) 2h

23. At a horizontal tangent the slope m 0  0 m  lim   œ Ê œ œ
h Ä !

c d a b(x h) 4(x h) 1 x 4x 1
h

� � � � � � �# #

  lim    lim    lim  (2x h 4) 2x 4;œ œ œ � � œ �
h h hÄ ! Ä ! Ä !

a b a b a bx 2xh h 4x 4h 1 x 4x 1 2xh h 4h
h h

# # # #� � � � � � � � � �

 2x 4 0  x 2.  Then f( 2) 4 8 1 5  ( 2 5) is the point on the graph where there is a� œ Ê œ � � œ � � œ � Ê � ß�

 horizontal tangent.

24. 0 m  lim    lim   œ œ œ
h hÄ ! Ä !

c d a b a b a b(x h) 3(x h) x 3x
h h

x 3x h 3xh h 3x 3h x 3x� � � � � � � � � � � �$ $ $ # # $ $

  lim    lim  3x 3xh h 3 3x 3; 3x 3 0  x 1 or x 1.  Thenœ œ � � � œ � � œ Ê œ � œ
h hÄ ! Ä !

3x h 3xh h 3h
h

# # $� � � # # # #a b
 f( 1) 2 and f(1) 2  ( 2) and ( 2) are the points on the graph where a horizontal tangent exists.� œ œ � Ê �"ß "ß�

25. 1 m  lim    lim    lim   � œ œ œ œ œ �
h h hÄ ! Ä ! Ä !

" "

� � �

#

(x h) 1 x 1� � � � �
� � � � � � �

� "
h h(x 1)(x h 1) h(x 1)(x h 1) (x 1)

(x 1) (x h 1) h

  (x 1) 1  x 2x 0  x(x 2) 0  x 0 or x 2.  If x 0, then y 1 and m 1Ê � œ Ê � œ Ê � œ Ê œ œ œ œ � œ �# #

  y 1 (x 0) (x 1).  If x 2, then y 1 and m 1  y 1 (x 2) (x 3).Ê œ � � � œ � � œ œ œ � Ê œ � � œ � �

26. m  lim    lim    lim   " � � � � � �

� �

� �

� �4 h h
x h x x h x x h x

x h x
(x h) x

h x h x
œ œ œ œ

h h hÄ ! Ä ! Ä !

È È ÈÈ È È
È È Š ‹È È†

  lim   .  Thus,   x 2  x 4  y 2.  The tangent line isœ œ œ Ê œ Ê œ Ê œ
h Ä !

h

h x h x x x4Š ‹È È È È� �

" " "
# #

È
 y 2 (x 4) 1.œ � � œ �"

4 4
x

27.  lim    lim    lim   
h h hÄ ! Ä ! Ä !

f(2 h) f(2)
h h h

100 4.9( h) 100 4.9(2) 4.9 4 4h h 4.9(4)� � � #� � � � � � �œ œa b a b a b# # #

  lim   ( 19.6 4.9h) 19.6.  The minus sign indicates the object is falling  at a speed of 19.6 m/sec.œ � � œ �
h Ä !

downward

28.  lim    lim    lim   60 ft/sec.
h h hÄ ! Ä ! Ä !

f(10 h) f(10) 3(10 h) 3(10)
h h h

3 20h h� � � � �œ œ œ
# # #a b

29.  lim    lim    lim    lim  (6 h) 6
h h h hÄ ! Ä ! Ä ! Ä !

f(3 h) f(3) (3 h) (3)
h h h

9 6h h 9� � � � � � �œ œ œ � œ1 1 1# # #c d
1 1

30.  lim    lim    lim    lim   12 6h h 16
h h h hÄ ! Ä ! Ä ! Ä !

f(2 h) f(2)
h h h 3

(2 h) (2) 12h 6h h 4� � � � � � #œ œ œ � � œ
4 4 4
3 3 3
1 1 1$ $ # $c d 1 c d 1

31. At x , mx b  the slope of the tangent line is  lim    lim    lim   m m.a b0 0
m x h b m x b

x h x h
m h� œ œ œ

h h hÄ ! Ä ! Ä !

a b a ba ba b0 0

0 0

� � � �
� �

 The equation of the tangent line is y m x b m x x y mx b.� � œ � Ê œ �a b a b0 0

32. At x 4, y  and m   lim     lim     lim   œ œ œ œ œ † œ1
4 h h

2 4 h 2 4 h
2 4 h 2h 4 hÈ È È
È È"

#

� � � � �

� �h h hÄ ! Ä ! Ä !

1 1
4 h 4 hÈ È� �

" "

# #– — Š ‹
   lim    lim    lim   œ † œ œ

h h hÄ ! Ä ! Ä !
– — � � � �2 4 h 2 4 h 4 4 h

2h 4 h 2 4 h 2h 4 h 2 4 h 2h 4 h 2 4 h

h� � � � � �

� � � � � � � � �

�È È
È È a b

È È È ÈŠ ‹ Š ‹
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  lim   œ œ � œ �
h Ä !

� ��

� � � �

1 1 1

2 4 h 2 4 h 2 4 2 4 16È ÈŠ ‹ Š ‹È È

33. Slope at origin  lim    lim    lim  h sin 0  yes, f(x) does have a tangent atœ œ œ œ Ê
h h hÄ ! Ä ! Ä !

f(0 h) f(0)
h h h

h  sin� � "
# "ˆ ‰

h ˆ ‰
 the origin with slope 0.

34.  lim    lim    lim  sin .  Since  lim  sin  does not exist, f(x) has no tangent at
h h h hÄ ! Ä ! Ä ! Ä !

g(0 h) g(0)
h h h h

h sin� � " "œ œ
ˆ ‰"

h

 the origin.

35.  lim    lim   , and  lim    lim   .  Therefore,
h h h hÄ ! Ä ! Ä ! Ä !

� � � �

f(0 h) f(0) f(0 h) f(0)
h h h h

1 0 1 0� � � �� � �œ œ _ œ œ _

  lim     yes, the graph of f has a vertical tangent at the origin.
h Ä !

f(0 h) f(0)
h

� � œ _ Ê

36.  lim    lim   , and  lim    lim   0  no, the graph of f
h h h hÄ ! Ä ! Ä ! Ä !

� � � �

U(0 h) U(0) U(0 h) U(0)
h h h h

0 1 1 1� � � �� �œ œ _ œ œ Ê

 does not have a vertical tangent at ( ) because the limit does not exist.!ß "

37. (a) The graph appears to have a cusp at x 0.œ

 

 (b)  lim    lim    lim     and  lim     limit does not exist
h h h hÄ ! Ä ! Ä ! Ä !

� � � �

f(0 h) f(0)
h h

h 0
h h

� � � " "œ œ œ �_ œ _ Ê
#Î&

$Î& $Î&

  the graph of y x  does not have a vertical tangent at x 0.Ê œ œ#Î&

38. (a) The graph appears to have a cusp at x 0.œ  

 (b)  lim    lim    lim    and  lim     limit does not exist
h h h hÄ ! Ä ! Ä ! Ä !

� � � �

f(0 h) f(0)
h h

h 0
h h

� � � " "œ œ œ �_ œ _ Ê
%Î&

"Î& "Î&

  y x  does not have a vertical tangent at x 0.Ê œ œ%Î&

39. (a) The graph appears to have a vertical tangent at x .œ !

 

 (b)  lim    lim    lim     y x  has a vertical tangent at x 0.
h h hÄ ! Ä ! Ä !

f(0 h) f(0)
h h

h 0
h

� � � " "Î&œ œ œ _ Ê œ œ
"Î&

%Î&
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40. (a) The graph appears to have a vertical tangent at x 0.œ  

 (b)  lim    lim    lim     the graph of y x  has a vertical tangent at x 0.
h h hÄ ! Ä ! Ä !

f(0 h) f(0)
h h

h 0
h

� � � " $Î&œ œ œ _ Ê œ œ
$Î&

#Î&

41. (a) The graph appears to have a cusp at x 0.œ

 

 (b)  lim    lim    lim   2  and  lim   
h h h hÄ ! Ä ! Ä ! Ä !

� � � �

f(0 h) f(0)
h h

4h 2h 4 4
h h

� � �œ œ � œ �_ � # œ _
#Î&

$Î& $Î&

  limit does not exist  the graph of y 4x 2x does not have a vertical tangent at x 0.Ê Ê œ � œ#Î&

 
42. (a) The graph appears to have a cusp at x 0.œ  

 (b)  lim    lim    lim  h 0  lim    does not exist  the graph of
h h h hÄ ! Ä ! Ä ! Ä !

f(0 h) f(0)
h h

h 5h 5 5
h h

� � � #Î$œ œ � œ � Ê
&Î$ #Î$

"Î$ "Î$

 y x 5x  does not have a vertical tangent at x .œ � œ !&Î$ #Î$

43. (a) The graph appears to have a vertical tangent at x 1œ

 and a cusp at x 0.œ

 

 (b) x 1:  lim    lim   œ œ œ �_
h hÄ ! Ä !

(1 h) (1 h 1) (1 h) h
h h

� � � � �" � � �"#Î$ "Î$ #Î$ "Î$

  y x (x 1)  has a vertical tangent at x 1;Ê œ � � œ#Î$ "Î$
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 x 0:  lim    lim    lim  œ œ œ � �
h h hÄ ! Ä ! Ä !

f(0 h) f(0) h (h 1) ( 1) (h )
h h h hh

� � � � � � �"" "#Î$ "Î$ "Î$ "Î$

"Î$’ “
 does not exist  y x (x 1)  does not have a vertical tangent at x 0.Ê œ � � œ#Î$ "Î$

44. (a) The graph appears to have vertical tangents at x 0 andœ

 x 1.œ

 

 (b) x 0:  lim    lim     y x (x 1)  has aœ œ œ _ Ê œ � �
h hÄ ! Ä !

f(0 h) f(0) h (h 1) ( )
h h

� � � � � �" "Î$ "Î$
"Î$ "Î$ "Î$

 vertical tangent at x 0;œ

 x 1:  lim    lim     y x (x 1)  has aœ œ œ _ Ê œ � �
h hÄ ! Ä !

f(1 h) f(1) (1 h) ( h 1) 1
h h

� � � � "� � � "Î$ "Î$
"Î$ "Î$

 vertical tangent at x .œ "

45. (a) The graph appears to have a vertical tangent at x 0.œ

 

 (b)  lim    lim    lim   ;
h x hÄ ! Ä ! Ä !� �

f(0 h) f(0)
h h

h 0
h

� � � "œ œ œ _
È

È
  lim    lim    lim    lim   

h h h hÄ ! Ä ! Ä ! Ä !
� � � �

f(0 h) f(0)
h h h

h 0 h
h

� � � � �
�

"œ œ œ œ _
È Èk k k k

k k Èk k
  y has a vertical tangent at x 0.Ê œ

46. (a) The graph appears to have a cusp at x 4.œ  

 (b)  lim    lim    lim    lim   ;
h h h hÄ ! Ä ! Ä ! Ä !

� � � �

f(4 h) f(4)
h h h

4 (4 h) 0 h

h
� � � � � "œ œ œ œ _

È Èk k k k È
  lim    lim    lim    lim   

h h h hÄ ! Ä ! Ä ! Ä !
� � � �

f(4 h) f(4)
h h h

4 (4 h) h
h

� � � �
�l l

�"œ œ œ œ �_
È Èk k k k Èk k

  y x does not have a vertical tangent at x 4.Ê œ % � œÈ
47-50. Example CAS commands:
 :Maple
 f := x -> x^3 + 2*x;x0 := 0;
 plot( f(x), x=x0-1/2..x0+3, color=black,                     # part (a)
          title="Section 3.1, #47(a)" );
 q := unapply( (f(x0+h)-f(x0))/h, h );                          # part (b)
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 L := limit( q(h), h=0 );                                                 # part (c)
 sec_lines := seq( f(x0)+q(h)*(x-x0), h=1..3 );          # part (d)
 tan_line := f(x0) + L*(x-x0);
 plot( [f(x),tan_line,sec_lines], x=x0-1/2..x0+3, color=black,
          linestyle=[1,2,5,6,7], title="Section 3.1, #47(d)",
          legend=["y=f(x)","Tangent line at x=0","Secant line (h=1)",
                          "Secant line (h=2)","Secant line (h=3)"] );
 : (function and value for x0 may change)Mathematica
 Clear[f, m, x, h]
 x0 p;œ

 f[x_]: Cos[x]  4Sin[2x]œ �

 Plot[f[x], {x, x0 1, x0 3}]� �

 dq[h_]: (f[x0+h] f[x0])/hœ �

 m Limit[dq[h], h  0]œ Ä

 ytan: f[x0] m(x x0)œ � �

 y1:  f[x0] dq[1](x x0)œ � �

 y2:  f[x0] dq[2](x x0)œ � �

 y3:  f[x0] dq[3](x x0)œ � �

 Plot[{f[x], ytan, y1, y2, y3}, {x, x0 1, x0 3}]� �

3.2  THE DERIVATIVE AS A FUNCTION

 1. Step 1: f(x) 4 x  and f(x h) 4 (x h)œ � � œ � �# #

 Step 2: f(x h) f(x) h( 2x h)
h h h h h

4 (x h) 4 x 4 x 2xh h 4 x 2xh h� � � �� � � � � � � � � � �œ œ œ œc d a b a b# # # # # #

 2x hœ � �

 Step 3: f (x)  lim  ( 2x h) 2x; f ( ) 6, f (0) 0, f (1) 2w w w wœ � � œ � �$ œ œ œ �
h Ä !

 2. F(x) (x 1) 1 and F(x h) (x h 1)   F (x)  lim   œ � � � œ � � � " Ê œ# # w � � � � � �

h Ä !

c d c d(x h 1) 1 (x 1) 1
h

# #

  lim    lim    lim  (2x h 2)œ œ œ � �
h h hÄ ! Ä ! Ä !

a b a bx 2xh h 2x 2h 1 1 x 2x 1 1
h h

2xh h 2h# # # #� � � � � � � � � � � �

 2(x 1); F ( 1) 4, F (0) 2, F (2) 2œ � � œ � œ � œw w w

 3. Step 1: g(t)  and g(t h)œ � œ" "
�t (t h)# #

 Step 2: g(t h) g(t)
h h h (t h) t h (t h) t h

t t 2th h 2th h� � � � �
� �

� �œ œ œ œ
" "

� # #

# #� �

� # #
(t h) t

t (t h)
(t h) t� Œ � a b†

# # #

# # # #

#

† †

 œ œh( 2t h)
(t h) t h (t h) t

2t h� �
� �

� �
# # # #

 Step 3: g (t)  lim   ; g ( 1) 2, g (2) , g 3w w w w� � � � "
�œ œ œ � œ œ � œ �

h Ä !

2t h 2t 2 2
(t h) t t t t 4 3 3# # # # $

†

Š ‹È È

 4. k(z)  and k(z h)   k (z)  lim   œ � œ Ê œ1 z
z 2(z h) h

1 (z h)�
# �

� � w

h Ä !

Š ‹"� �

# � #

"�(z h)
(z h) z

z
�

  lim    lim    lim    lim   œ œ œ œ
h h h hÄ ! Ä ! Ä ! Ä !

(1 z h)z ( z)(z h)
(z h)zh 2(z h)zh 2(z h)zh (z h)z

z z zh z h z zh h� � � "� �
# � � � # �

� � � � � � � �"# #

 ; k ( ) , k (1) , k 2œ �" œ � œ � œ ��" " " "w w w
# #2z 4# Š ‹È

 5. Step 1: p( ) 3  and p( h) 3( h)) ) ) )œ � œ �È È
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 Step 2: p( h) p( ) (3 3h) 3
h h h

3( h) 3 3 3h 3 3 3h 3

3 3h 3 h 3 3h 3

) ) ) )) ) ) ) ) )

) ) ) )

� � � �� � � � � �

� � � �
œ œ œ

È È Š ‹ Š ‹È ÈÈ È
Š ‹ Š ‹È ÈÈ È†

 œ œ3h 3

h 3 3h 3 3 3h 3Š ‹È È È È
) ) ) )� � � �

 Step 3: p ( )  lim   ; p (1) , p (3) , pw w w w
� � �

"
# #

) œ œ œ œ œ œ
h Ä !

3 3 3 3 2 3
3 3h 3 3 3 2 3 2 3 3 2È È È È È È È) ) ) ) )

ˆ ‰
 6. r(s) 2s 1 and r(s h) 2(s h) 1  r (s)  lim   œ � � œ � � Ê œÈ È w � � � �

h Ä !

È È2s 2h 1 2s 1
h

  lim     lim   œ œ
h hÄ ! Ä !

Š ‹ Š ‹È ÈÈ È
Š ‹ Š ‹È ÈÈ È

2s h 1 2s 1 2s 2h 1 2s 1

h 2s 2h 1 2s 1 h 2s 2h 1 2s 1

(2s 2h 1) (2s 1)� � � � � � � �

� � � � � � � �

� � � �
†

  lim    lim   œ œ œ œ
h hÄ ! Ä !

2h 2 2 2

h 2s 2h 1 2s 1 2s 2h 1 2s 1 2s 1 2s 1 2 2s 1Š ‹È È È È È ÈÈ� � � � � � � � � � � �

 ; r (0) 1, r (1) , rœ œ œ œ" " " "
�

w w w
#È È È2s 1 3 2

ˆ ‰
 7. y f(x) 2x  and f(x h) 2(x h)    lim    lim   œ œ � œ � Ê œ œ$ $ � � � � � �dy 2(x h) 2x

dx h h
2 x 3x h 3xh h 2x

h hÄ ! Ä !

$ $ $ # # $ $a b

  lim    lim    lim  6x 6xh 2h 6xœ œ œ � � œ
h h hÄ ! Ä ! Ä !

6x h 6xh 2h
h h

h 6x 6xh 2h# # $ # #� � � � # # #a b a b
 8. r s 2s 3   lim  limœ � � Ê œ œ3 2 dr s 3s h 3sh h 2s 4sh h 3 s 2s 3

ds h h
s h 2 s h 3 s 2s 3

h hÄ ! Ä !

ˆ ‰ ˆ ‰a b a b� � � � � � � � � � � � � � � � �
3 2 3 2 3 2 2 3 2 2 3 2

  lim  lim  lim 3s 3sh h 4s h 3s 2sœ œ œ � � � � œ �
h h hÄ ! Ä ! Ä !

3s h 3sh h 4sh h
h h

h 3s 3sh h 4s h 2 2 22 2 3 2 2 2
� � � � � � � �ˆ ‰ a b

 9. s r(t)  and r(t h)    lim   œ œ � œ Ê œt t h ds
2t 1 2(t h) 1 dt h� � �

�
�

h Ä !

Š ‹ ˆ ‰t h t
2(t h) 1 2t 1

�

� � �

  lim    lim   œ œ
h hÄ ! Ä !

Š ‹(t h)(2t 1) t(2t 2h 1)
(2t 2h 1)(2t 1)

� � � � �

� � �

h (2t 2h 1)(2t 1)h
(t h)(2t 1) t(2t 2h 1)� � � � �

� � �

  lim    lim    lim   œ œ œ
h h hÄ ! Ä ! Ä !

2t t 2ht h 2t 2ht t h
(2t 2h 1)(2t 1)h (2t 2h 1)(2t 1)h (2t 2h 1)(2t 1)

# #� � � � � � "
� � � � � � � � �

 œ œ" "
� � �(2t 1)(2t 1) (2t 1)#

10.  lim    lim    lim   dv
dt h h h

(t h) t h
œ œ œ

h h hÄ ! Ä ! Ä !

’ “ Š ‹ˆ ‰� � � � � �
"

� �
"

�

� � � �

t h (t h)tt h
h(t h)t t (t h)" "

t t

  lim    lim   1œ œ œ œ �
h hÄ ! Ä !

ht h t h t ht 1 t 1
h(t h)t (t h)t t t

# # # #

# #

� � � � � "
� �

11. p f(q)  and f(q h)    lim   œ œ � œ Ê œ" "
� � �

�

È È
Š ‹ Š ‹

q 1 (q h) 1
dp
dq hh Ä !

" "

� � �È È(q h) 1 q 1

  lim    lim   œ œ
h hÄ ! Ä !

Œ � È È
È È

È È
È È

q 1 q h 1
q h 1 q 1
� � � �

� � �

h
q 1 q h 1

h q h 1 q 1
� � � �

� � �

  lim    lim   œ œ
h hÄ ! Ä !

ˆ ‰ ˆ ‰È ÈÈ È
È È È ÈÈ È È Èˆ ‰ ˆ ‰
q 1 q h 1 q 1 q h 1

h q h 1 q 1 q 1 q h 1 h q h 1 q 1 q 1 q h 1
(q 1) (q h 1)� � � � � � � �

� � � � � � � � � � � � � �

� � � �
†

  lim    lim   œ œ
h hÄ ! Ä !

� �"
� � � � � � � � � � � � � �

h
h q h 1 q 1 q 1 q h 1 q h 1 q 1 q 1 q h 1È È È ÈÈ È È Èˆ ‰ ˆ ‰

 œ œ�" �"
� � � � � � �È È È È Èˆ ‰q 1 q 1 q 1 q 1 2(q 1) q 1

12.  lim    lim   dz
dw h

3w 2 3w 3h 2

h 3w 3h 2 3w 2
œ œ

h hÄ ! Ä !

Š ‹ È È
È È

" "

� � �È È3(w h) 2 3w 2
� � � � �

� � �

  lim    lim   œ œ
h hÄ ! Ä !

Š ‹ Š ‹È ÈÈ È
È È Š ‹ Š ‹È È ÈÈ È È
3w 2 3w 3h 2 3w 2 3w 3h 2

h 3w 3h 2 3w 2 3w 2 3w 3h 2 h 3w 3h 2 3w 2 3w 2 3w 3h

(3w 2) (3w 3h 2)� � � � � � � �

� � � � � � � � � � � � �

� � � �
†

� 2

  lim   œ œ
h Ä !

� �

� � � � � � � � � � � �

3 3

3w 3h 2 3w 2 3w 2 3w 3h 2 3w 2 3w 2 3w 2 3w 2È ÈÈ È È È È ÈŠ ‹ Š ‹
 œ �

� �

3
2(3w 2) 3w 2È
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13. f(x) x  and f(x h) (x h)   œ � � œ � � Ê œ9 9
x (x h) h h

f(x h) f(x) (x h) x

�
� � � � � �’ “ ’ “9 9

(x h) x�

 œ œ œx(x h) 9x x (x h) 9(x h)
x(x h)h x(x h)h x(x h)h

x 2x h xh 9x x x h 9x 9h x h xh 9h� � � � � �
� � �

� � � � � � � � �# # $ # # $ # # #

 ; f (x)  lim   1 ; m f ( 3) 0œ œ œ œ œ � œ � œh(x xh 9)
x(x h)h x(x h) x(x h) x x

x xh 9 x xh 9 x 9 9# # # #

# #

� �
� � �

� � � � �w w

h Ä !

14. k(x)  and k(x h)   k (x)  lim    lim   œ � œ Ê œ œ" "
#� � �

w � �
x 2 (x h) h h

k(x h) k(x)

h hÄ ! Ä !

Š ‹" "

#� � #�x h x�

  lim    lim    lim   ;œ œ œ œ
h h hÄ ! Ä ! Ä !

( x) (2 x h)
h(2 x)(2 x h) h(2 x)(2 x h) (2 x)( x h) (2 x)

h#� � � �
� � � � � � � #� � �

� �" �"
#

 k (2)w "œ � 16

15.  lim    lim   ds
dt h h

(t h) (t h) t t t 3t h 3th h t 2th h t tœ œ
h hÄ ! Ä !

c d a b a b a b� � � � � � � � � � � � �$ # $ # $ # # $ # # $ #

  lim    lim    lim  3t 3th h 2t hœ œ œ � � � �
h h hÄ ! Ä ! Ä !

3t h 3th h 2th h
h h

h 3t 3th h 2t h# # $ # # #� � � � � � � � # #a b a b
 3t 2t; m 5œ � œ œ#

œ�"
¸ds

dt t

16.  lim   lim   lim  dy
dx h h h

x h 3 x xh 3x x 3 x 3x xh 3hœ œ œ
h h hÄ ! Ä ! Ä !

a b a ba b a ba b
a b a ba b

x h 3 x h 3 1 x x 3 1 x h
1 x h 1 x 1 x h 1 x

x 3
2 2

� � � � � � � � �

� � � � � �

�� � � � � � � � � � � �a b1 x h 1 x� � �a b
  lim   lim  ; œ œ œ œ œ

h hÄ ! Ä !

4h 4 4 4 4
h 1 x h 1 x 1 x h 1 x dx 91 x 3

dy

2a ba b a ba b a b a b� � � � � � � œ�
2 2¹

x

17. f(x)  and f(x h)   œ � œ Ê œ8 8
x 2 (x h) 2

f(x h) f(x)
h hÈ È� � �

� �
8 8

(x h) 2 x 2È È� � �
�

 œ œ
8 x 2 x h 2 x 2 x h 2

h x h 2 x 2 x 2 x h 2 h x h 2 x 2 x 2 x h 2

8[(x 2) (x h 2)]Š ‹ Š ‹È ÈÈ È
È È Š ‹ Š ‹È È ÈÈ È È

� � � � � � � �

� � � � � � � � � � � � � �

� � � �
†

   f (x)  lim   œ Ê œ� �

� � � � � � � � � � � � � �

w8h 8

h x h 2 x 2 x 2 x h 2 x h 2 x 2 x 2 x h 2È È È ÈÈ È È ÈŠ ‹ Š ‹h Ä !

 ; m f (6)   the equation of the tangentœ œ œ œ œ � Ê� � � "

� � � � � � �
w

#
8 4 4

x 2 x 2 x 2 x 2 (x 2) x 2 4 4È È È ÈŠ ‹ È È
 line at (6 4) is y 4 (x 6) y x y x .ß � œ � � Ê œ � � $ � % Ê œ � � (" " "

# # #

18. g (z)  lim    lim   w
� � � � � � � � � � � � � �

� � � �
œ œ

h hÄ ! Ä !

ˆ ‰È Š ‹ Š ‹ Š ‹È È ÈÈ È
Š ‹È È

1 4 (z h) 1 4 z 4 z h 4 z 4 z h 4 z

h h 4 z h 4 z
†

  lim    lim    lim   ;œ œ œ œ
h h hÄ ! Ä ! Ä !

(4 z h) (4 z)

h 4 z h 4 z h 4 z h 4 z 4 z h 4 z

h
2 4 z

� � � �

� � � � � � � � � � � �

� �" �"

�Š ‹ Š ‹ Š ‹È È ÈÈ È È È
 m g (3)   the equation of the tangent line at ( ) is w 2 (z 3)œ œ œ � Ê $ß # � œ � �w �" " "

� # #2 4 3È
 w z w z .Ê œ � � � # Ê œ � �" $ " (

# # # #

19. s f(t) 1 3t  and f(t h) 1 3(t h) 1 3t 6th 3h    lim   œ œ � � œ � � œ � � � Ê œ# # # # � �ds
dt h

f(t h) f(t)

h Ä !

  lim    lim  ( 6t 3h) 6t  6œ œ � � œ � Ê œ
h hÄ ! Ä !

a b a b1 3t 6th 3h 1 3t
h dt

ds� � � � �# # # ¸
t=�"

20. y f(x)  and f(x h) 1    lim    lim   œ œ " � � œ � Ê œ œ" "
�

� � � � �

x x h dx h h
dy f(x h) f(x) 1 1

h hÄ ! Ä !

Š ‹ Š ‹" "

�x h x

  lim    lim    lim     œ œ œ œ Ê œ
h h hÄ ! Ä ! Ä !

" "

�x x h�

� �
" " "

h x(x h)h x(x h) x dx 3
h dy

# ¹
x= 3È

21. r f( )  and f( h)    lim    lim   œ œ � œ Ê œ œ) )
2 2 dr

4 4 ( h) d h h
f( h) f( )È È� � �

� �
�

) ) )

) )

h hÄ ! Ä !

2 2
4 h 4È È
� � �) )

  lim    lim   œ œ
h hÄ ! Ä !

2 4 2 4 h 2 4 h
h 4 4 h h 4 4 h

2 2 4 h

2 4 4 h

È È È È
È È È È

Š ‹È È
Š ‹È È

� � � � � �# %� �

� � � � � �

%� � � �

� �# � �

) ) ) )

) ) ) )

) )

) )
†
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  lim    lim   œ œ
h hÄ ! Ä !

4( ) 4( h)

2h 4 4 h 4 4 h 4 4 h 4 h

2%� � %� �

� � � � � � � � � � � � %� �

) )

) ) ) ) ) ) ) )È È È È È È È ÈŠ ‹ Š ‹
   œ œ Ê œ2 dr

(4 ) 2 4 (4 ) 4 d 8� �

" "

� � œ!) ) ) ) ) )Š ‹È È ¸

22. w f(z) z z and f(z h) (z h) z h   lim   œ œ � � œ � � � Ê œÈ È dw
dz h

f(z h) f(z)

h Ä !

� �

  lim    lim    lim   1œ œ œ �
h h hÄ ! Ä ! Ä !

Š ‹ Š ‹È Èˆ ‰È ÈÈ ÈÈ È
Š ‹È È

z h z h z z z h z

h h h
h z h z z h z

z h z

� � � � � � �� � � � �

� �– —†

 1  lim   1  lim     œ � œ � œ " � Ê œ
h hÄ ! Ä !

(z h) z

h z h z z h z 2 z
dw 5
dz 4

� �

� �

" "
� �Š ‹È È È ÈÈ ¸

z 4œ

23. f x  lim  lim  lim  lim  limw � �# � �#
� � � �# �# � �# �# �#

� � �"a b œ œ œ œ œz x z x z x z x z xÄ Ä Ä Ä Ä

f z f x x z
z  x z x z x z x z x z x z

x za b a b a b a ba ba ba b a ba ba b a ba b
" "

�# �#z x
x x�#

�"
�#

œ a b#

24. f x  lim  lim  lim  limw �
� � � �

� � � � � � � � � � �a b œ œ œ œz x z x z x z xÄ Ä Ä Ä

f z   f x
z x z x z x z x

z 3z 4 x 3x 4 z 3z x 3x z x 3z 3xa b a b ˆ ‰ ˆ ‰2 2 2 2 2 2

  lim  lim  lim z x 3 2x 3œ œ œ � � œ �z x z x z xÄ Ä Ä

a ba b a b a b a b� ‘z x z x 3 z x
z x z x

z x z x 3� � � �
� �

� � � � ‘a b
25. g x  lim  lim  lim  lim  limw � �" � �"

� � � �" �" � �" �"

� � � �"a b œ œ œ œ œz x z x z x z x z xÄ Ä Ä Ä Ä

g z   g x z x x z
z  x z  x z x z x z x z x

z xa b a b a b a ba ba ba b a ba ba b
z x

z x� " �" a ba b a bz x x�" �"
�"
�"

œ #

26. g x  lim  lim  lim  lim  limw �
� � �

"� � "� � �

� � � �
� "a b œ œ œ † œ œz x z x z x z x z xÄ Ä Ä Ä Ä

g z   g x
z  x z  x z  x

z x z x z x
z x z  x z x z

z  xa b a b ˆ ‰ ˆ ‰ È È È ÈÈ È
È È È È È Èa bˆ ‰ x x

œ "
#È

27. Note that as x increases, the slope of the tangent line to the curve is first negative, then zero (when x 0),œ

 then positive  the slope is always increasing which matches (b).Ê

28. Note that the slope of the tangent line is never negative.  For x negative, f (x) is positive but decreasing as x increasesw
# .

 When x 0, the slope of the tangent line to x is 0.  For x 0, f (x) is positive and increasing.  This graph matches (a).œ � w
#

29. f (x) is an oscillating function like the cosine.  Everywhere that the graph of f  has a horizontal tangent we expect f  to$ $
w
$  be

 zero, and (d) matches this condition.

30. The graph matches with (c).

31. (a) f  is not defined at x 0, 1, 4.  At these points, the left-hand and right-hand derivatives do not agree.w œ

 For example,  lim   slope of line joining ( 0) and ( )  but  lim   slope of
x xÄ ! Ä !

� �

f(x) f(0) f(x) f(0)
x 0 x 0
� �
� # �

"œ �%ß !ß # œ œ

 line joining (0 2) and ( 2) 4.  Since these values are not equal, f (0)  lim    does not exist.ß "ß� œ � œw �
�x Ä !

f(x) f(0)
x 0

 (b) 
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32. (a) (b) Shift the graph in (a) down 3 units
  

33. 

34. (a) (b) The fastest is between the 20  and 30  days;th th

 slowest is between the 40  and 50  days.th th

35. Answers may vary. In each case, draw a tangent line and estimate its slope.

 (a) i)   slope 1.54 1.54  ii) slope 2.86 2.86¸ Ê ¸ ¸ Ê ¸dT F dT F
dt hr dt hr

‰ ‰

 iii) slope 0 0  iv) slope 3.75 3.75¸ Ê ¸ ¸ � Ê ¸ �dT F dT F
dt hr dt hr

‰ ‰

 (b) The tangent with the steepest positive slope appears to occur at t 6 12 p.m. and slope 7.27 7.27 .œ Ê ¸ Ê ¸dT F
dt hr

‰

 The tangent with the steepest negative slope appears to occur at t 12 6 p.m. andœ Ê

 slope 8.00 8.00¸ � Ê ¸ �dT F
dt hr

‰

 (c) 

36. Answers may vary. In each case, draw a tangent line and estimate the slope.

 (a) i)   slope 20.83 20.83  ii) slope 35.00 35.00¸ � Ê ¸ � ¸ � Ê ¸ �dW lb dW lb
dt month dt month

 iii) slope 6.25 6.25¸ � Ê ¸ �dW lb
dt month

 (b) The tangentwith the steepest positive slope appears to occur at t 2.7 months. and slope 7.27œ ¸

 53.13Ê ¸ �dW lb
dt month
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 (c) 

37. Left-hand derivative:  For h 0, f(0 h) f(h) h  (using y x  curve)   lim   � � œ œ œ Ê# # � �

h Ä !
�

f(0 h) f(0)
h

  lim   lim  h 0;œ œ œ
h hÄ ! Ä !

� �

h 0
h

# �

 Right-hand derivative:  For h 0, f(0 h) f(h) h (using y x curve)   lim   � � œ œ œ Ê
h Ä !

�

f(0 h) f(0)
h

� �

  lim   lim  1 1;œ œ œ
h hÄ ! Ä !

� �

h 0
h
�

 Then  lim    lim     the derivative f (0) does not exist.
h hÄ ! Ä !

� �

f(0 h) f(0) f(0 h) f(0)
h h

� � � � wÁ Ê

38. Left-hand derivative:  When h , 1 h 1  f(1 h) 2   lim    lim   � ! � � Ê � œ Ê œ
h hÄ ! Ä !

� �

f(1 h) f(1)
h h

2 2� � �

  lim  0 0;œ œ
h Ä !

�

 Right-hand derivative:  When h , 1 h 1  f(1 h) 2(1 h) 2 2h   lim   � ! � � Ê � œ � œ � Ê
h Ä !

�

f(1 h) f(1)
h

� �

  lim    lim    lim  2 2;œ œ œ œ
h h hÄ ! Ä ! Ä !

� � �

(2 2h) 2
h h

2h� �

 Then  lim    lim     the derivative f (1) does not exist.
h hÄ ! Ä !

� �

f(1 h) f(1) f(1 h) f(1)
h h

� � � � wÁ Ê

39. Left-hand derivative:  When h 0, 1 h 1  f(1 h) 1 h   lim   � � � Ê � œ � ÊÈ
h Ä !

�

f( h) f(1)
h

"� �

  lim    lim    lim    lim   ;œ œ œ œ œ
h h h hÄ ! Ä ! Ä ! Ä !

� � � �

È Š ‹ Š ‹È È
Š ‹ Š ‹È È È1 h

h h

1 h 1 h

1 h 1 h 1 h

(1 h)
1 h 1

� �" � �" � �"

� � � �"

� �" " "
� � #†

 Right-hand derivative:  When h 0, 1 h 1  f(1 h) 2(1 h) 1 2h 1   lim   � � � Ê � œ � � œ � Ê
h Ä !

�

f( h) f(1)
h

"� �

  lim    lim  2 2;œ œ œ
h hÄ ! Ä !

� �

(2h 1)
h

� �"

 Then  lim    lim     the derivative f (1) does not exist.
h hÄ ! Ä !

� �

f(1 h) f(1) f(1 h) f(1)
h h

� � � � wÁ Ê

40. Left-hand derivative:   lim    lim    lim  1 1;
h h hÄ ! Ä ! Ä !

� � �

f(1 h) f( ) (1 h)
h h

� � " � �"œ œ œ

 Right-hand derivative:   lim    lim    lim   
h h hÄ ! Ä ! Ä !

� � �

f(1 h) f( )
h h h

� � " �"
œ œ

Š ‹ Š ‹"

� �

� �

1 h 1 h
1 (1 h)

  lim    lim  1;œ œ œ �
h hÄ ! Ä !

� �

� �"
� �
h

h(1 h) 1 h

 Then  lim    lim     the derivative f (1) does not exist.
h hÄ ! Ä !

� �

f(1 h) f(1) f(1 h) f(1)
h h

� � � � wÁ Ê

41. f is not continuous at x 0 since  lim f x does not exist and f 0 1œ œ œ �
x Ä !

a b a b
42. Left-hand derivative:    lim    lim    lim  + ;

h h hÄ ! Ä ! Ä !
� � �

g(h) g(0)
h h

h 0 1
h

� �œ œ œ _
1 3

2 3

Î

Î

 Right-hand derivative:    lim    lim    lim  + ;
h h hÄ ! Ä ! Ä !

� � �

g(h) g(0)
h h

h 0 1
h

� �œ œ œ _
2 3

1 3

Î

Î

 Then  lim     lim      the derivative g (0) does not exist.
h hÄ ! Ä !

� �

g(h) g(0) g(h) g(0)
h h
� � wœ œ �_ Ê
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43. (a) The function is differentiable on its domain x 2 (it is smooth)�$ Ÿ Ÿ

 (b) none
 (c) none

44. (a) The function is differentiable on its domain x 3 (it is smooth)�# Ÿ Ÿ

 (b) none
 (c) none

45. (a) The function is differentiable on x 0 and x 3�$ Ÿ � ! � Ÿ

 (b) none
 (c) The function is neither continuous nor differentiable at x 0 since  lim  f(x)  lim  f(x)œ Á

x xÄ ! Ä !
� �

46. (a) f is differentiable on x 1, x 0, 0 x 2, and 2 x 3�# Ÿ � � �" � � � � � Ÿ

 (b) f is continuous but not differentiable at x 1:   lim  f(x) 0 exists but there is a corner at x 1 sinceœ � œ œ �
x 1Ä �

  lim   3 and  lim   3  f ( 1) does not exist
h hÄ ! Ä !

� �

f( 1 h) f( ) f( h) f( 1)
h h

� � � �" �"� � � wœ � œ Ê �

 (c) f is neither continuous nor differentiable at x 0 and x 2:œ œ

 at x 0,  lim  f(x) 3 but  lim  f(x) 0   lim  f(x) does not exist;œ œ œ Ê
x x x 0Ä ! Ä ! Ä

� �

 at x 2,  lim  f(x) exists but  lim  f(x) f(2)œ Á
x xÄ # Ä #

47. (a) f is differentiable on x 0 and 0 x 2�" Ÿ � � Ÿ

 (b) f is continuous but not differentiable at x 0:   lim  f(x) 0 exists but there is a cusp at x 0, soœ œ œ
x Ä !

 f (0)  lim    does not existw � �œ
h Ä !

f(0 h) f(0)
h

 (c) none

48. (a) f is differentiable on x 2, 2 x 2, and 2 x 3�$ Ÿ � � � � � � Ÿ

 (b) f is continuous but not differentiable at x 2 and x 2:  there are corners at those pointsœ � œ

 (c) none

49. (a) f (x)  lim    lim    lim    lim  ( 2x h) 2xw � � � � � � � � � �œ œ œ œ � � œ �
h h h hÄ ! Ä ! Ä ! Ä !

f(x h) f(x)
h h h

(x h) x x 2xh h x# # # # #a b

 (b) 

 (c) y 2x is positive for x 0, y  is zero when x 0, y  is negative when x 0w w wœ � � œ �

 (d) y x  is increasing for x 0 and decreasing for x ; the function is increasing on intervalsœ � �_ � � ! � � _#

 where y 0 and decreasing on intervals where y 0w w� �

50. (a) f (x)  lim    lim    lim    lim   w � � � � ��

� �
" "œ œ œ œ œ

h h h hÄ ! Ä ! Ä ! Ä !

f(x h) f(x) x (x h)
h h x(x h)h x(x h) x

Š ‹�" �

�x h x
1

#
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 (b) 

 (c) y  is positive for all x 0, y  is never 0, y  is never negativew w wÁ

 (d) y  is increasing for x 0 and xœ � �_ � � ! � � _"
x

51. (a) Using the alternate formula for calculating derivatives:  f (x)  lim    lim   w �
� �

�
œ œz x z xÄ Ä

f(z)  f(x)
z  x z  x

  Š ‹z x
3 3

$ $

  lim    lim    lim   x  f (x) xœ œ œ œ Ê œz x z x z xÄ Ä Ä

z  x z  zx  x
3(z  x) 3(z  x) 3

(z  x) z  zx  x$ $ # ## # � � �
� �

� � � # w #a b

 (b) 

 (c) y  is positive for all x 0, and y 0 when x 0; y  is never negativew w wÁ œ œ

 (d) y  is increasing for all x 0 (the graph is horizontal at x 0) because y is increasing where y 0; y isœ Á œ �x
3

$ w

 never decreasing

52. (a) Using the alternate form for calculating derivatives:  f (x)  lim    lim   w �
� �

�

œ œz x z xÄ Ä

f(z)  f(x)
z  x z  x

  Œ �z x
4 4

% %

  lim    lim    lim   x   f (x) xœ œ œ œ Ê œz x z x z xÄ Ä Ä

z  x z  xz  x z  x
4(z  x) 4(z  x) 4

(z x) z  xz  x z  x% % $ # # $$ # # $ � � � �
� �

� � � � $ w $a b

 (b) 

 (c) y  is positive for x 0, y  is zero for x 0, y  is negative for x 0w w w� œ �

 (d) y  is increasing on 0 x  and decreasing on x 0œ � � _ �_ � �x
4

%

53. y  lim    lim   w � � � � � � � � � � � � � � �œ œ
h hÄ ! Ä !

a b a b2(x  h) 13(x  h)  5 2x 13x  5
h h

2x  4xh  2h 13x 13h 5 2x 13x 5# # # # #

  lim    lim  (4x 2h 13) 4x 13, slope at x.  The slope is 1 when 4x 13œ œ � � œ � � � œ �"
h hÄ ! Ä !

4xh 2h 13h
h

� �#

   4x 12  x 3  y 2 3 13 3 5 16.  Thus the tangent line is y 16 ( 1)(x 3)Ê œ Ê œ Ê œ � � œ � � œ � �† †

#

 y x  and the point of tangency is (3 16).Ê œ � � "$ ß�

54. For the curve y x, we have y  lim    lim   œ œ œÈ w
� � � �

� � � �

� �

h hÄ ! Ä !

Š ‹ Š ‹È ÈÈ È
Š ‹ Š ‹È ÈÈ È

x h x x h x

h x h x x h x h

(x h) x
†

  lim   .  Suppose a  is the point of tangency of such a line and ( ) is the pointœ œ +ß �"ß !
h Ä !

" "
� � #È ÈÈx h x x

ˆ ‰È
 on the line where it crosses the x-axis.  Then the slope of the line is  which must also equal

È Èa 0 a
a ( 1) a 1

�

� � �œ
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 ; using the derivative formula at x a    2a a 1  a 1.  Thus such a line does" "
� #2 a a

a
a 1È È
È

œ Ê œ Ê œ � Ê œ

 exist:  its point of tangency is ( ), its slope is ; and an equation of the line is y 1 (x 1)"ß " œ � œ �" " "
# # #Èa

 y x .Ê œ �" "
# #

55. Yes; the derivative of f is f  so that f (x ) exists  f (x ) exists as well.� � Ê �w w w
! !

56. Yes; the derivative of 3g is 3g  so that g (7) exists  3g (7) exists as well.w w wÊ

57. Yes,  lim    can exist but it need not equal zero.  For example, let g(t) mt and h(t) t.  Then g(0) h(0)
t Ä !

g(t)
h(t) œ œ œ

 0, but  lim    lim    lim  m m, which need not be zero.œ œ œ œ
t t tÄ ! Ä ! Ä !

g(t)
h(t) t

mt

58. (a) Suppose f(x) x  for x 1.  Then f(0) 0   f(0) 0.  Then f (0)  lim   k k k kŸ �" Ÿ Ÿ Ÿ Ê œ œ# # w � �

h Ä !

f(0 h) f(0)
h

   lim    lim   .  For h 1, h f(h) h   h h  f (0)  lim   0œ œ Ÿ � Ÿ Ÿ Ê � Ÿ Ÿ Ê œ œ
h h hÄ ! Ä ! Ä !

f(h) 0 f(h) f(h) f(h)
h h h h
� # # wk k

 by the Sandwich Theorem for limits.

 (b) Note that for x 0, f(x) x  sin x sin x x 1 x  (since sin x 1).  By part (a),Á œ œ Ÿ œ �" Ÿ Ÿk k k k k k k k¸ ¸# # # #"
x †

 f is differentiable at x 0 and f (0) 0.œ œw

59. The graphs are shown below for h 1, 0.5, 0.1.  The function y  is the derivative of the functionœ œ "
2 xÈ

 y x so that  lim   .  The graphs reveal that y  gets closer to yœ œ œ œÈ " "
# #

� � � �
È È

È ÈÈ È
x x

x h x x h x
h hh Ä !

 as h gets smaller and smaller.
                           

60. The graphs are shown below for h 2, 1, 0.5.  The function y 3x  is the derivative of the function y x  soœ œ œ# $

 that 3x  lim   .  The graphs reveal that y  gets closer to y 3x  as h# #� � � �œ œ œ
h Ä !

(x h) x (x h) x
h h

$ $ $ $

 gets smaller and smaller.
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61. The graphs are the same.  So we know that

 for f(x) x , we have f (x) .œ œk k w k kx
x

 

62. Weierstrass's nowhere differentiable continuous function.

 

63-68. Example CAS commands:
 :Maple
 f := x -> x^3 + x^2 - x;
 x0 := 1;
 plot( f(x), x=x0-5..x0+2, color=black,
           title="Section 3.2, #63(a)" );
 q := unapply( (f(x+h)-f(x))/h, (x,h) );                                           # (b)
 L := limit( q(x,h), h=0 );                                                                 # (c)
 m := eval( L, x=x0 );
 tan_line := f(x0) + m*(x-x0);
 plot( [f(x),tan_line], x=x0-2..x0+3, color=black,
          linestyle=[1,7], title="Section 3.2 #63(d)",
          legend=["y=f(x)","Tangent line at x=1"] );
 Xvals := sort( [ x0+2^(-k) $ k=0..5, x0-2^(-k) $ k=0..5 ] ):           # (e)
 Yvals := map( f, Xvals ):
 evalf[4](< convert(Xvals,Matrix) , convert(Yvals,Matrix) >);
 plot( L, x=x0-5..x0+3, color=black, title="Section 3.2 #63(f)" );
 : (functions and x0 may vary) (see section 2.5 re. RealOnly ):Mathematica
 <<Miscellaneous`RealOnly`
 Clear[f, m, x, y, h]
 x0=  /4;1

 f[x_]:=x  Cos[x]2

 Plot[f[x], {x, x0 3, x0 3}]� �
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 q[x_, h_]:=(f[x h] f[x])/h� �

 m[x_]:=Limit[q[x, h], h  0]Ä

 ytan:=f[x0] m[x0] (x x0)� �

 Plot[{f[x], ytan},{x, x0 3, x0 3}]� �

 m[x0 1]//N�

 m[x0 1]//N�

 Plot[{f[x], m[x]},{x, x0 3, x0 3}]� �

3.3  DIFFERENTIATION RULES

 1. y x 3  x (3) 2x 0   2œ � � Ê œ � � œ � � œ �#B Ê œ �# #dy d y
dx dx dx dx

d da b #

#

 2. y x x 8  2x 1 0 2x 1  œ � � Ê œ � � œ � Ê œ ## dy d y
dx dx

#

#

 3. s 5t 3t   5t 3t 15t 15t   15t 15t 30t 60tœ � Ê œ � œ � Ê œ � œ �$ & $ & # % # % $ds d d d s d d
dt dt dt dt dt dta b a b a b a b#

#

 4. w 3z 7z 21z   21z 21z 42z  126z 42z 42œ � � Ê œ � � Ê œ � �( $ # ' # &dw d w
dz dz

#

#

 5. y x x  4x 1  8xœ � Ê œ � Ê œ4
3 dx dx

dy d y$ #
#

#

 6. y   x x   2x 1 0 2x 1œ � � Ê œ � � Ê œ � � œ �x x x
3 4 dx 4 dx

dy d y$ # #

##
# "

 7. w 3z z   6z z   18z 2zœ � Ê œ � � œ � Ê œ � œ ��# �" �$ �# �% �$� "dw 6 d w 18 2
dz z z dz zz$ # # $

#

%

 8. s 2t 4t   2t 8t   4t 24tœ � � Ê œ � œ � Ê œ � � œ ��" �# �# �$ �$ �% �ds 2 8 d s 4 24
dt t t dt t t# $ # $

#

%

 9. y 6x 10x 5x   12x 10 10x  12x 10  12 0 30x 12œ � � Ê œ � � œ � � Ê œ � � œ �# �# �$ �%dy d y
dx x dx

10 30
x$ #

#

%

10. y 4 2x x   3x   0 12xœ � � Ê œ �# � œ �# � Ê œ � œ�$ �% �& �dy d y
dx dx x

3 12
x%

#

# &

11. r s s   s s   2s 5sœ � Ê œ � � œ � Ê œ � œ �" ��# �" �$ �# �% �$
# #3 ds 3 3s 2s ds s
5 dr 2 5 2 5 d r 2 5

s$ # # $

#

%

12. r 12 4   12 12 4   24 48 20œ � � Ê œ � � � œ � � Ê œ � �) ) ) ) ) ) ) ) )
�" �$ �% �# �% �& �$ �& �'�dr 12 12 4 d r

d d) ) ) ))# & #%

#

 œ � �24 48 20
) ) )$ & '

13. (a) y 3 x x x 1   y 3 x x x 1 x x 1 3 xœ � � � Ê œ � � � � � � �a b a b a b a b a b a b# $ w # $ $ #
† †

d d
dx dx

 3 x 3x 1 x x 1 ( 2x) 5x 12x 2x 3œ � � � � � � œ � � � �a b a b a b# # $ % #

 (b) y x 4x x 3x 3  y 5x 12x 2x 3œ � � � � � Ê œ � � � �& $ # w % #

14. (a) y (2x 3) 5x 4x   y (2x 3)(10x 4) 5x 4x (2) 30x 14x 12œ � � Ê œ � � � � œ � �a b a b# w # #

 (b) y (2x 3) 5x 4x 10x 7x 12x  y 30x 14x 12œ � � œ � � Ê œ � �a b# $ w #2

15. (a) y x 1 x 5   y x 1 x 5 x 5 x 1œ � � � Ê œ � � � � � � �a b a b a bˆ ‰ ˆ ‰ ˆ ‰# w # #" " "
x dx x x dx

d d
† †

 x 1 1 x x 5 x (2x) x 1 1 x 2x 10x 2 3x 10x 2œ � � � � � œ � � � � � � œ � � �a b a b a b a b a b# �# �" # �# # # "
x#

 (b) y x 5x 2x 5   y 3x 10x 2œ � � � � Ê œ � � �$ # w #" "
x x#
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16. y 1 x x xœ � �a b ˆ ‰2 3 4 3Î �

 (a) y 1 x x 3x x x 2x xw � Î � Î � Îœ � � � � œ � � �a b a bˆ ‰ ˆ ‰2 1 4 4 3 4 3 7 43 3 3 11 1
4 x 4 x4x† 1 4 4 2Î

 (b) y x x x x y xœ � � � Ê œ � � �3 4 3 11 4 1 7 43 3 11 1
4x x 4 x

Î � Î � w Î
1 4 4 2Î

17. y ; use the quotient rule:  u 2x 5 and v 3x 2  u 2 and v 3  yœ œ � œ � Ê œ œ Ê œ2x 5 vu uv
3x 2 v

� �
�

w w w w w

#

 œ œ œ(3x 2)(2) (2x 5)(3)
(3x 2) (3x ) (3x 2)

6x 4 6x 15 19� � �
� �# �

� � � �
# # #

18. y ;use the quotient rule:  u 4 3x and v 3x x  u 3 and v 6x 1  yœ œ � œ � Ê œ � œ � Ê œ4 3x vu uv
3x x v

2� �
�

w w w
2

w w

#

 œ œ œ
ˆ ‰a b a ba b

a b a b a b
3x x 3 4 3x 6x 1

3x x 3x x 3x x
9x 3x 18x 21x 4 9x 24x 4

2

2 2 22 2 2

2 2 2� � � � �

� � �

� � � � � � �

19. g(x) ; use the quotient rule:  u x 4 and v x 0.5  u 2x and v 1  g (x)œ œ � œ � Ê œ œ Ê œx 4 vu uv
x 0.5 v

# w w

#

� �
�

# w w w

 œ œ œ(x 0.5)(2x) x 4 ( )
(x 0.5) (x 0.5) (x 0.5)

2x x x 4 x x 4� � � "
� � �

� � � � �a b#

# # #

# # #

20. f(t) , t  f (t)œ œ œ Á " Ê œ œ œt t t t
t t 2 t t t 2

t t t t
t 2 t 2 t 2

#

#

�" �" �#� �" "
� � �# �" �

�" �" �# " � �" "w
� � �

a ba b a ba b a ba ba ba b a b a b a b2 2 2

21. v (1 t) 1 t   œ � � œ Ê œ œ œa b# �" � �"� � � � �"
�

� �" � �

� � �
1 t dv t 2t 2t t 2t
1 t dt

1 t ( ) (1 t)(2t)
1 t 1 t 1 t#

#

# # ## # #

# # #a b
a b a b a b

22. w   wœ Ê œ œ œx 5 2x 7 2x 10 17
2x 7 (2x 7) (2x 7) (2x 7)

(2x 7)(1) (x 5)(2)� � � � �
� � � �

w � � �
# # #

23. f(s)   f (s)œ Ê œ œ œ
È ˆ ‰ ˆ ‰
È

ˆ ‰ ˆ ‰È ÈŠ ‹ Š ‹
ˆ ‰ ˆ ‰ ˆ ‰È È È È È

È Ès
s 1

s s 1

s 1 2 s s 1 s s 1

s s 1�"

�
w

�" � �

� � �

�" � � "
" "

# #È Ès s
# # #

 NOTE:  s  from Example 2 in Section 3.2d
ds s
ˆ ‰È œ "

#È

24. u   œ Ê œ œ5x du 5x 1
x dx 4x

2 x (5) (5x 1)

4x
�" �

#

� �

È
ˆ ‰È Š ‹"

Èx
$Î#

25. v   vœ Ê œ œ
1 x 4 x 2 x

x x x

x 1 1 x 4 x� � �"w
� � � �È ÈŠ ‹ ˆ ‰È2

xÈ
# #

26. r 2   r 2œ � Ê œ � œ � �Š ‹È � �" " "w
�

È
È Š ‹

)

)

) ) )
)

(0) 1 "

#
$Î# "Î#

È) "

#È)

27. y ; use the quotient rule:  u 1 and v x 1 x x 1   u 0 andœ œ œ � � � Ê œ"
� � �

# # wa b a bx 1 x x 1# # a b a b
 v x 1 (2x 1) x x 1 (2x) 2x x 2x 1 2x 2x 2x 4x 3x 1w # # $ # $ # $ #œ � � � � � œ � � � � � � œ � �a b a b
  Ê œ œ œdy

dx v
vu uv 4x 3x 10 1 4x 3x 1

x 1 x x 1 x 1 x x 1

w w $ #

#

$ #

# # # ## # # #

� � � �� � �

� � � � � �

a b
a b a b a b a b

28. y   yœ œ Ê œ œ œ(x 1)(x 2)
(x 1)(x ) x 3x 2 (x 1) (x 2) (x 1) (x 2) (x 1) (x

x 3x 2 6x 12x 3x 2 (2x 3) x 3x 2 (2x 3) 6 x 2� �
� �# � � � � � � � �

� � � �w � � � � � � � � �# #

# # # # # #

# # #a b a b a b
2)#

29. y x  x x  y 2x 3x 1  y 6x 3  y 12x  y 12  y 0 for all n 5œ � � Ê œ � � Ê œ � Ê œ Ê œ Ê œ  "
# #

% # w $ ww # www Ð%Ñ Ð Ñ3 n

30. y x   y x   y x   y x   y x  y 1  y 0 for all n 6œ Ê œ Ê œ Ê œ Ê œ Ê œ Ê œ  " " " "
# # #

& w % ww $ www # Ð%Ñ Ð&Ñ Ð Ñ
1 0 4 6

n

31. y x 1 x 3x 5 x 2x 8x 5  y 3x 4x 8  y 6x 4  y 6  y 0 for allœ � � � œ � � � Ê œ � � Ê œ � Ê œ Ê œa ba b2 3 2 2w ww www Ð Ñn

 n 4 

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 3.3 Differentiation Rules 111

32. y 4x 3x 2 x 4x 8x 3x 6x  y 16x 24x 6x 6  y 48x 48x 6œ � � œ � � � � Ê œ � � � � Ê œ � � �a ba b3 4 3 2 3 2 2w ww

  y 96x 48  y 96  y 0 for all n 5Ê œ � � Ê œ � Ê œ  www Ð%Ñ Ð Ñn

33. y x 7x   2x 7x  x  2 14xœ œ � Ê œ � œ # � Ê œ � œ # �x 7
x dx x dx x

dy d y$

# # $

#� ( "%# �" �# �$

34. s 1 1 5t t   0 5t 2t 5t 2t  œ œ � � œ � � Ê œ � � œ � � œ �t 5t 1 5 ds
t t t dt t t

#

# # # $

� � " �& #�" �# �# �$ �# �$

  10t 6tÊ œ � œ �d s
dt t t

#

# $ %

�$ �% "! '

35. r 1   0   12œ œ œ " � œ � Ê œ � $ œ $ œ Ê œ � œ( ) 1 dr d r
d d

) ) )

) ) ) ) ) )

)

)

�" � � �" " $ �"#�$ �% �% �&a b#

$ $ $ # &

$ #

%) ) ) )

36. u 1 1 xœ œ œ œ œ � œ �a b a b a b a bx x x x 1 x(x 1) x x x x 1
x x x x x

x x x# # # $

% % % % %

%� � � � � �" � � �$

  0 3x 3x   12xÊ œ � œ � œ Ê œ œdu d u
dx dx xx

�% �% �&�$ "#
%

#

# &

37. w (3 z) z 1 (3 z) z 3 z z z  z 0 1 z 1œ � œ � � œ � � � œ � � Ê œ � � � œ � �ˆ ‰ ˆ ‰1 3z 8 dw
3z 3 3 3 dz
� " "�" �" �" �# �#

  2z 0 2zœ � " Ê œ � œ œ�" #�$ �$
z dz z

d w
# # $

#

38. w (z 1)(z 1) z 1 z 1 z 1 z 1  4z 0 4z   12zœ � � � œ � � œ � Ê œ � œ Ê œa b a b a b# # # % $ $ #dw d w
dz dz

#

#

39. p q q q   q q q qœ œ œ � � � Ê œ � � œ � �Š ‹Š ‹q 3 q 1 q q 3q 3 dp
12q q 1 1 4 4 dq 6 6 6 6q q12q

# % ' # %

$ $ &%

� � � � � " " " " " " " " "
# #

# �# �% �$ �&

  q 5qÊ œ � � œ � �d p
dq 6 6 qq

#

# %

" " " " &
#

�% �'
# 6

40. p qœ œ œ œ œ œq 3 q 3 q 3 q 3
(q 1) (q 1) q 3q 3q 1 q 3q 3q 1 2q 6q 2q q 3 q

# # # #

$ $ $ # $ # $ #

� � � �
� � � � � � � � � � � � # #

" " �"a b a b a b
  q   qÊ œ � œ � Ê œ œdp d p

dq q dq q
" " "
# #

�# �$
# # $

#

41. u(0) 5, u (0) 3, v(0) 1, v (0) 2œ œ � œ � œw w

 (a) (uv) uv vu   (uv) u(0)v (0) v(0)u (0) 5 2 ( 1)( 3) 13d d
dx dxœ � Ê œ � œ � � � œw w w w¸

x = 0
†

 (b)   7d u vu uv d u
dx v v dx v (v(0)) ( 1)

v(0)u (0) u(0)v (0) ( )( 3) (5)(2)ˆ ‰ ¸ˆ ‰œ Ê œ œ œ �
w w

# # #

w w� � �" � �
�x = 0

 (c)   d v uv vu d v 7
dx u u dx u (u(0)) (5) 25

u(0)v (0) v(0)u (0) (5)(2) ( 1)( 3)ˆ ‰ ¸ˆ ‰œ Ê œ œ œ
w w

# # #

w w� � � � �
x = 0

 (d) (7v 2u) 7v 2u   (7v 2u) 7v (0) 2u (0) 7 2 2( 3) 20d d
dx dx� œ � Ê � œ � œ � � œw w w w¸

x = 0
†

42. u(1) 2, u (1) 0, v(1) 5, v (1) 1œ œ œ œ �w w

 (a) (uv) u(1)v (1) v(1)u (1) 2 ( 1) 5 0 2¸d
dx x = 1

œ � œ � � œ �w w
† †

 (b) ¸ˆ ‰d u 2
dx v (v(1)) (5) 25

v(1)u ( ) u(1)v (1) 5 0 2 ( 1)
x = 1

œ œ œ
w w

# #

" � � �† †

 (c) ¸ˆ ‰d v 1
dx u (u(1)) (2) 2

u(1)v ( ) v(1)u (1) 2 ( 1) 5 0
x = 1

œ œ œ �
w w

# #

" � � �† †

 (d) (7v 2u) 7v (1) 2u (1) 7 ( 1) 2 0 7¸d
dx � œ � œ � � œ �

x = 1
w w

† †

43. y x 4x 1.  Note that ( ) is on the curve:  1 2 4(2) 1œ � � #ß " œ � �$ $

 (a) Slope of the tangent at (x y) is y 3x 4 slope of the tangent at ( ) is y (2) 3(2) 4 8.  Thus the slopeß œ � Ê #ß " œ � œw # w #

 of the line perpendicular to the tangent at ( ) is   the equation of the line perpendicular to the tangent line at#ß " � Ê"
8

 ( ) is y 1 (x 2) or y .#ß " � œ � � œ � �"
8 8 4

x 5

 (b) The slope of the curve at x is m 3x 4 and the smallest value for m is 4 when x 0 and y 1.œ � � œ œ#
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112 Chapter 3 Differentiation

 (c) We want the slope of the curve to be 8  y 8 3x 4 8 3x 12 x 4 x 2.  When x 2,Ê œ Ê � œ Ê œ Ê œ Ê œ „ œw # # #

 y 1 and the tangent line has equation y 1 8(x 2) or y 8x 15; when x 2, y ( 2) 4( 2) 1œ � œ � œ � œ � œ � � � �$

 1, and the tangent line has equation y 1 8(x 2) or y 8x 17.œ � œ � œ �

44. (a) y x 3x 2 y 3x 3.  For the tangent to be horizontal, we need m y 0 0 3x 3 3x 3œ � � Ê œ � œ œ Ê œ � Ê œ$ w # w # #

 x 1.  When x 1, y 0 the tangent line has equation y 0.  The line perpendicular to this line atÊ œ „ œ � œ Ê œ

 ( ) is x 1.  When x 1, y 4  the tangent line has equation y 4.  The line perpendicular to this�"ß ! œ � œ œ � Ê œ �

 line at ( ) is x 1."ß�% œ

 (b) The smallest value of y  is 3, and this occurs when x 0 and y 2.  The tangent to the curve at ( 2)w � œ œ � !ß�

 has slope 3  the line perpendicular to the tangent at ( 2) has slope   y 2 (x 0) or� Ê !ß� Ê � œ �" "
3 3

 y x 2 is an equation of the perpendicular line.œ �"
3

45. y .  When x 0, y 0 and y , so theœ Ê œ œ œ œ œ œ œ %4x 4x 4 8x
x 1 dx 1

dy 4(0 1)x 1 (4) (4x)(2x) 4 x
x 1 x 1 x 1#

# #

# # ## # #

# #

�
� � � �"

� � �
� � w �a b a b

a b a b a b
 tangent to the curve at ( ) is the line y 4x.  When x 1, y 2 y 0, so the tangent to the curve at ( 2) is the!ß ! œ œ œ Ê œ "ßw

 line y 2.œ

46. y   y .  When x 2, y 1 and y , so the tangentœ Ê œ œ œ œ œ œ �8 16x
x 4

x 4 (0) 8(2x)
x 4 x 4 2 4

16(2)
#

#

# # ## # #� #
w w� �

� � �
� "�a b

a b a b a b
 line to the curve at (2 ) has the equation y 1 (x 2), or y 2.ß " � œ � � œ � �"

# #
x

47. y ax bx c passes through ( )  0 a(0) b(0) c  c 0; y ax bx passes through ( )œ � � !ß ! Ê œ � � Ê œ œ � "ß ## #

  2 a b; y 2ax b and since the curve is tangent to y x at the origin, its slope is 1 at x 0Ê œ � œ � œ œw

  y 1 when x 0  1 2a(0) b  b 1.  Then a b 2  a 1.  In summary a b 1 and c 0 soÊ œ œ Ê œ � Ê œ � œ Ê œ œ œ œw

 the curve is y x x.œ �#

48. y cx x  passes through ( )  0 c(1) 1  c 1  the curve is y x x .  For this curve,œ � "ß ! Ê œ � Ê œ Ê œ �# #

 y 1 2x and x 1  y 1.  Since y x x  and y x ax b have common tangents at x 0,w w # #œ � œ Ê œ � œ � œ � � œ

 y x ax b must also have slope 1 at x 1.  Thus y 2x a  1 2 1 a  a 3œ � � � œ œ � Ê � œ � Ê œ �# w
†

  y x 3x b.  Since this last curve passes through ( ), we have 0 1 3 b  b 2.  In summary,Ê œ � � "ß ! œ � � Ê œ#

 a 3, b 2 and c 1 so the curves are y x 3x 2 and y x x .œ � œ œ œ � � œ �# #

49. y 8x 5 m 8; f x 3x 4x f x 6x 4; 6x 4 8 x 2 f 2 3 2 4 2 4 2, 4œ � Ê œ œ � Ê œ � � œ Ê œ Ê œ � œ Êa b a b a b a b a b a b2 2w

50. 8x 2y 1 y 4x m 4; g x x x 1 g x x 3x; x 3x 4 x 4 or x 1� œ Ê œ � Ê œ œ � � Ê œ � � œ Ê œ œ �"
#

wa b a b1 3
3 2

3 2 2 2

 g 4 4 4 1 , g 1 1 1 1 4,  or 1, Ê œ � � œ � � œ � � � � œ � Ê � � �a b a b a b a b a b a b ˆ ‰ ˆ ‰1 3 5 1 3 5 5 5
3 2 3 3 2 6 3 6

3 2 3 2

51. y 2x 3 m 2 m ; y y ; 4 x 2œ � Ê œ Ê œ � œ Ê œ œ œ � Ê œ �¼ �
w � �

� � �
� �1 x 2 2 1

2 x 2 2
x 2 1 x 1 2

x 2 x 2 x 2
a ba b a b

a b a b a b2 2 2 a b
 2 x 2 x 4 or x 0 if x 4, y 2, and if x 0, y 0 4, 2  or 0, 0 .Ê „ œ � Ê œ œ Ê œ œ œ œ œ œ Ê4 0

4 2 0 2� � a b a b
52. m ; f x x f x 2x; m f x 2x 2x x 8 2x 6x x 6x 8 0œ œ Ê œ œ Ê œ Ê œ Ê � œ � Ê � � œy 8 y 8

x 3 x 3 x 3
2 2 2 2x 8� �

� � �
w w �a b a b a b 2

 x 4 or x 2 f 4 4 16, f 2 2 4 4, 16  or 2, 4 .Ê œ œ Ê œ œ œ œ Êa b a b a b a b2 2

53. (a) y x x  y 3x 1.  When x 1, y 0 and y 2  the tangent line to the curve at ( ) isœ � Ê œ � œ � œ œ Ê �"ß !$ w # w

 y 2(x 1) or y 2x 2.œ � œ �
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 (b) 

 (c)   x x 2x 2  x 3x 2 (x 2)(x 1) 0  x 2 or x 1.  Since
y x x
y 2x 2�œ �
œ �

Ê � œ � Ê � � œ � � œ Ê œ œ �
$

$ $ #

 y 2 2 2 6; the other intersection point is (2 6)œ � œ ßa b
54. (a) y x 6x 5x  y 3x 12x 5.  When x 0, y 0 and y 5  the tangent line to the curve atœ � � Ê œ � � œ œ œ Ê$ # w # w

 (0 0) is y 5x.ß œ

 (b) 

 (c)   x 6x 5x 5x  x 6x 0  x (x 6) 0  x 0 or x 6.
y x 6x 5x

y 5x              �œ � �
œ

Ê � � œ Ê � œ Ê � œ Ê œ œ
$ #

$ # $ # #

 Since y 5 6 , the other intersection point is (6 30).œ œ $! ßa b
55.  lim   50 x 50 1 50

x Ä 1
x  1
x  1

49

x 1

4950 �
� œ

œ œ œ¹ a b
56.  lim   x

x Ä �1
x  1 2 2 2

x  1 9 9
7 9

x 1 9 1

2 9 

7 9

Î

Î
�

�
� Î

œ� �
œ œ œ �¹ a b

57. g x , since g is differentiable at x 0  lim 2x 3 3 and  lim a a a 3
2x 3 x 0
a x 0 x x

wa b a bœœ œ Ê � œ � œ Ê œ �
� �

� Ä Ä0 0� �

58. f x , since f is differentiable at x 1  lim a a and  lim 2bx 2b a 2b, and
a x 1
2bx x 1 x x

wa b a bœœ œ � Ê œ œ � Ê œ �
� �
� � Ä � Ä �1 1� �

 since f is continuous at x 1  lim ax b a b and  lim bx 3 b 3 a b b 3
x x

œ � Ê � œ � � � œ � Ê � � œ �
Ä � Ä �1 1� �

a b a b2

 a 3 3 2b b .Ê œ Ê œ � Ê œ � 3
2

59. P x a x a x a x a x a P x na x n a x a x aa b a b a bœ � �â� � � Ê œ � � " �â� # �n n n n
n n n n

�" # " ! �" # "
�" # w �" �#

60. R M M M , where C is a constant  CM Mœ � œ � Ê œ �# # $ #
# #

"ˆ ‰C M C dR
3 3 dM

61. Let c be a constant  0  (u c) u c u 0 c c .  Thus when one of theÊ œ Ê œ � œ � œdc d dc du du du
dx dx dx dx dx dx† † † †

 functions is a constant, the Product Rule is just the Constant Multiple Rule  the Constant Multiple Rule isÊ

 a special case of the Product Rule.

62. (a) We use the Quotient rule to derive the Reciprocal Rule (with u 1):  .œ œ œ œ �d dv
dx v v v v dx

v 0 1ˆ ‰" "� �"† † †

dv dv
dx dx

# # # †
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114 Chapter 3 Differentiation

 (b) Now, using the Reciprocal Rule and the Product Rule, we'll derive the Quotient Rule:  ud u d
dx v dx v
ˆ ‰ ˆ ‰œ †

"

 u  (Product Rule) u   (Reciprocal Rule)  œ � œ � Ê œ† † †

d du 1 dv du d u
dx v v dx v dx v dx dx v v

u v ˆ ‰ ˆ ‰ ˆ ‰" " � " � �
# #

dv du
dx dx

 , the Quotient Rule.œ
v u 

v

du dv
dx dx�

#

63. (a) (uvw) ((uv) w) (uv) w (uv) uv w u v uv wu wv d d dw d dw dv du dw dv du
dx dx dx dx dx dx dx dx dx dxœ œ � œ � � œ � �† †

ˆ ‰
 uvw uv w u vwœ � �w w w

 (b) u u u u u u u u u u u u  u u u   u u u ud d d d
dx dx dx dx dx

dua b a b a b a b a ba b" # $ % " # $ % " # $ % " # $ " # $ %œ œ � Ê%

 u u u  u u u  u u  u u             (using (a) above)œ � � �" # $ % " # $ " $ #
du du du du
dx dx dx dx

% $ # "ˆ ‰
  u u u u u u u  u u u  u u u   u u u  Ê œ � � �d

dx dx dx dx dx
du du du dua b" # $ % " # $ " # % " $ % # $ %

% $ # "

 u u u u u u u u u u u u u u u uœ � � �" # $ " # % " $ % # $ %
w w w w
% $ # "

 (c) Generalizing (a) and (b) above, u u u u u u u u u u u u u ud
dx a b" " # �" " # �# #

w w w
�" "â œ â � â �á � ân n n n nn n

64. x m x m xd d 1 m x
dx dx x x

m m 1 2m m 1x 0 1 m x

x
a b ˆ ‰� � � � �† � † � †œ œ œ œ � † œ � †m 2 2m

m m 1

m

m 1ˆ ‰
a b

� �

65. P .  We are holding T constant, and a, b, n, R are also constant so their derivatives are zeroœ �nRT an
V nb V�

#

#

  Ê œ � œ �dP nRT 2an
dV (V nb) (V nb) V

(V nb) 0 (nRT)(1) V (0) an (2V)
V

� �
� �

� �†

# # $

# #

# #

#a b
a b

66. A q cm km q cm q km q km qa b a b a b a bˆ ‰ ˆ ‰œ � � œ � � Ê œ � � œ � � Ê œ # œkm h dA h km h d A km
q dq q dt q

hq
# # # #

�" �# �$ #
# # $

#

3.4  THE DERIVATIVE AS A RATE OF CHANGE

 1. s t t , 0 tœ � $ � # Ÿ Ÿ ##

 (a) displacement s s( ) s(0) m m  m, v  m/secœ œ # � œ ! � # œ �# œ œ œ �"? av
?

?

s
t

�#
#

 (b) v t   v(0)  m/sec and v( ) 1 m/sec;œ œ # � $ Ê œ l�$l œ $ # œds
dt k k k k

 a  a(0)  m/sec  and a( )  m/secœ œ # Ê œ # # œ #d s
dt

#

#

# #

 (c) v 0 t 0 t . v is negative in the interval t  and v is positive when t the bodyœ Ê # � $ œ Ê œ ! � � � � # Ê$ $ $
# # #

 changes direction at t .œ $
#

 2. s t t , tœ ' � ! Ÿ Ÿ '#

 (a) displacement s s( ) s(0)  m, v  m/secœ œ ' � œ ! œ œ œ !? av
?

?

s
t

!
'

 (b) v   v(0)  m/sec and v( )  m/sec;œ œ ' � #> Ê œ l 'l œ ' ' œ l�'l œ 'ds
dt k k k k

 a  a(0)  m/sec  and a( )  m/secœ œ �# Ê œ �# ' œ �#d s
dt

#

#

# #

 (c) v 0 t 0 t . v is positive in the interval t  and v is negative when t the bodyœ Ê ' � # œ Ê œ $ ! � � $ $ � � ' Ê

 changes direction at t .œ $

 3. s t 3t 3t, 0 t 3œ � � � Ÿ Ÿ$ #

 (a) displacement s s(3) s(0) 9 m, v 3 m/secœ œ � œ � œ œ œ �? av
?

?

s 9
t 3

�

 (b) v 3t 6t 3  v(0) 3 3 m/sec and v(3) 12 12 m/sec; a 6t 6œ œ � � � Ê œ � œ œ � œ œ œ � �ds d s
dt dt

# k k k k k k k k #

#

  a(0) 6 m/sec  and a(3) 12 m/secÊ œ œ �# #

 (c) v 0  3t 6t 3 0  t 2t 1 0  (t 1) 0  t 1.  For all other values of t in theœ Ê � � � œ Ê � � œ Ê � œ Ê œ# # #

 interval the velocity v is negative (the graph of v 3t 6t 3 is a parabola with vertex at t 1 whichœ � � � œ#

 opens downward  the body never changes direction).Ê
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 4. s t t , 0 tœ � � Ÿ Ÿ $t
4

% $ #

 (a) s s( ) s(0)  m, v  m/sec? œ $ � œ œ œ œ* $
% $ %av

?

?

s
t

*

%

 (b) v t 3t 2t  v(0) 0 m/sec and v( )  m/sec; a 3t 6t 2  a(0) 2 m/sec  andœ � � Ê œ $ œ ' œ � � Ê œ$ # # #k k k k
 a( )  m/sec$ œ "" #

 (c) v 0  t 3t 2t 0  t(t 2)(t 1) 0  t 0, 1, 2  v t(t 2)(t 1) is positive in the intervalœ Ê � � œ Ê � � œ Ê œ Ê œ � �$ #

 for 0 t 1 and v is negative for 1 t 2 and v is positive for t  the body changes direction at� � � � # � � $ Ê

 t 1 and at t .œ œ #

 5. s , 1 t 5œ � Ÿ Ÿ25 5
t t#

 (a) s s(5) s(1) 20 m, v 5 m/sec? œ � œ � œ œ �av
�20

4

 (b) v   v(1) 45 m/sec and v(5)  m/sec; a   a(1) 140 m/sec  andœ � Ê œ œ œ � Ê œ� " #50 5 150 10
t t 5 tt$ # $%k k k k

 a(5)  m/secœ 4
25

#

 (c) v 0  0 50 5t 0 t 10 the body does not change direction in the intervalœ Ê œ Ê � � œ Ê œ Ê� �50 5t
t$

 6. s , t 0œ �% Ÿ Ÿ25
t 5�

 (a) s s(0) s( 4) 20 m, v 5 m/sec? œ � � œ � œ � œ �av
20
4

 (b) v   v( 4) 25 m/sec and v(0)  m/sec; a   a( 4) 50 m/sec  andœ Ê � œ œ " œ Ê � œ�
� �

#25 50
(t 5) (t 5)# $k k k k

 a(0)  m/secœ 2
5

#

 (c) v 0  0 v is never 0 the body never changes directionœ Ê œ Ê Ê�
�

25
(t 5)#

 7. s t 6t 9t and let the positive direction be to the right on the s-axis.œ � �$ #

 (a) v 3t 12t 9 so that v 0  t 4t 3 (t 3)(t 1) 0  t 1 or 3; a 6t 12  a(1)œ � � œ Ê � � œ � � œ Ê œ œ � Ê# #

 6 m/sec  and a(3) 6 m/sec .  Thus the body is motionless but being accelerated left when t 1, andœ � œ œ# #

 motionless but being accelerated right when t 3.œ

 (b) a 0 6t 12 0 t 2 with speed v(2) 12 24 9 3 m/secœ Ê � œ Ê œ œ � � œk k k k
 (c) The body moves to the right or forward on 0 t 1, and to the left or backward on 1 t 2.  TheŸ � � �

 positions are s(0) 0, s(1) 4 and s(2) 2  total distance s(1) s(0) s(2) s(1) 4 2 6 m.œ œ œ Ê œ � � � œ � � œk k k k k k k k
 8. v t 4t 3  a 2t 4œ � � Ê œ �#

 (a) v 0  t 4t 3 0  t 1 or 3  a(1) 2 m/sec  and a(3) 2 m/secœ Ê � � œ Ê œ Ê œ � œ# # #

 (b) v 0  (t 3)(t 1) 0  0 t 1 or t 3 and the body is moving forward; v 0 t 3 t 1 0� Ê � � � Ê Ÿ � � � Ê � � �a ba b
  t 3 and the body is moving backwardÊ " � �

 (c) velocity increasing  a 0  2t 4 0  t 2; velocity decreasing  a 0 2t 4 0 t 2Ê � Ê � � Ê � Ê � Ê � � Ê ! Ÿ �

 9. s 1.86t   v 3.72t and solving 3.72t 27.8  t 7.5 sec on Mars; s 11.44t   v 22.88t andm m j jœ Ê œ œ Ê ¸ œ Ê œ# #

 solving 22.88t 27.8  t 1.2 sec on Jupiter.œ Ê ¸

10. (a) v(t) s (t) 24 1.6t m/sec, and a(t) v (t) s (t) 1.6 m/secœ œ � œ œ œ �w w w #w

 (b) Solve v(t) 0  24 1.6t 0  t 15 secœ Ê � œ Ê œ

 (c) s(15) 24(15) .8(15) 180 mœ � œ#

 (d) Solve s(t) 90  24t .8t 90  t 4.39 sec going up and 25.6 sec going downœ Ê � œ Ê œ ¸# „
#

30 15 2È

 (e) Twice the time it took to reach its highest point or 30 sec

11. s 15t g t   v 15 g t so that v 0  15 g t 0  g .  Therefore g 0.75 m/secœ � Ê œ � œ Ê � œ Ê œ œ œ œ"
#

# #
s s s s s

15 15 3
t 20 4
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116 Chapter 3 Differentiation

12. Solving s 832t 2.6t 0  t(832 2.6t) 0  t 0 or 320  320 sec on the moon; solvingm œ � œ Ê � œ Ê œ Ê#

 s 832t 16t 0  t(832 16t) 0  t 0 or 52  52 sec on the earth.  Also, v 832 5.2t 0e mœ � œ Ê � œ Ê œ Ê œ � œ#

  t 160 and s (160) 66,560 ft, the height it reaches above the moon's surface; v 832 32t 0Ê œ œ œ � œm e

  t 26 and s (26) 10,816 ft, the height it reaches above the earth's surface.Ê œ œe

13. (a) s 179 16t   v 32t  speed v 32t ft/sec and a 32 ft/secœ � Ê œ � Ê œ œ œ �# #k k
 (b) s 0  179 16t 0  t 3.3 secœ Ê � œ Ê œ ¸# É 179

16

 (c) When t , v 32 8 179 107.0 ft/secœ œ � œ � ¸ �É É È179 179
16 16

14. (a)  lim  v  lim  9.8(sin )t 9.8t so we expect v 9.8t m/sec in free fall
) )Ä Ä

1 1

# #

œ œ œ)

 (b) a 9.8 m/secœ œdv
dt

#

15. (a) at 2 and 7 seconds (b) between 3 and 6 seconds:  t 6$ Ÿ Ÿ

 (c)  (d) 

16. (a) P is moving to the left when 2 t 3 or 5 t 6; P is moving to the right when 0 t 1; P is standing� � � � � �

 still when 1 t 2 or 3 t 5� � � �

 (b)  

17. (a) 190 ft/sec (b) 2 sec
 (c) at 8 sec, 0 ft/sec (d) 10.8 sec, 90 ft/sec
 (e) From t 8 until t 10.8 sec, a total of 2.8 secœ œ

 (f) Greatest acceleration happens 2 sec after launch

 (g) From t 2 to t 10.8 sec; during this period, a 32 ft/secœ œ œ ¸ �v(10.8) v(2)
10.8 2

�
�

#

18. (a) Forward:  0 t 1 and 5 t 7; Backward:  1 t 5; Speeds up:  1 t 2 and 5 t 6;Ÿ � � � � � � � � �

 Slows down:  0 t 1, 3 t 5, and 6 t 7Ÿ � � � � �

 (b) Positive:  3 t 6;  negative:  0 t 2 and 6 t 7;  zero:  2 t 3 and 7 t 9� � Ÿ � � � � � � �

 (c) t 0 and 2 t 3œ Ÿ Ÿ

 (d) 7 t 9Ÿ Ÿ

19. s 490t   v 980t  a 980œ Ê œ Ê œ#

 (a) Solving 160 490t   t  sec.  The average velocity was 280 cm/sec.œ Ê œ œ# �4
7 4/7

s(4/7) s(0)
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 (b) At the 160 cm mark the balls are falling at v(4/7) 560 cm/sec.  The acceleration at the 160 cm markœ

 was 980 cm/sec .#

 (c) The light was flashing at a rate of 29.75 flashes per second.17
4/7 œ

20. (a)      

 (b)       

21. C position, A velocity, and B acceleration.  Neither A nor C can be the derivative of B because B's derivativeœ œ œ

 is constant.  Graph C cannot be the derivative of A either, because A has some negative slopes while C has only
 positive values.  So, C (being the derivative of neither A nor B) must be the graph of position. Curve C has both
 positive and negative slopes, so its derivative, the velocity, must be A and not B.  That leaves B for acceleration.

22. C position, B velocity, and A acceleration.  Curve C cannot be the derivative of either A or B becauseœ œ œ

 C has only negative values while both A and B have some positive slopes.  So, C represents position.  Curve C
 has no positive slopes, so its derivative, the velocity, must be B.  That leaves A for acceleration.  Indeed, A is
 negative where B has negative slopes and positive where B has positive slopes.

23. (a) c(100) 11,000  c $110œ Ê œ œav
11,000

100

 (b) c(x) 2000 100x .1x   c (x) 100 .2x. Marginal cost c (x) the marginal cost of producing 100œ � � Ê œ � œ Ê# w w

 machines is c (100) $80w œ

 (c) The cost of producing the 101  machine is c(101) c(100) 100 $79.90st � œ � œ201
10

24. (a) r(x) 20000 1   r (x) , which is marginal revenue. r $œ � Ê œ "!! œ œ #Þˆ ‰ a b" w w
x x 100

20000 20000
# #

 (b) r $wa b"!" œ "Þ*'Þ

 (c)  lim  r (x)  lim   0.  The increase in revenue as the number of items increases without boundx xÄ _ Ä _

w œ œ20000
x#

 will approach zero.

25. b(t) 10 10 t 10 t   b (t) 10 (2) 10 t 10 (10 2t)œ � � Ê œ � œ �' % $ # w % $ $a b
 (a) b (0) 10  bacteria/hr (b) b (5) 0 bacteria/hrw % wœ œ

 (c) b (10) 10  bacteria/hrw %œ �

26. Q(t) 200(30 t) 200 900 60t t   Q (t) 200( 60 2t)  Q (10) 8,000 gallons/min is the rateœ � œ � � Ê œ � � Ê œ �# # w wa b
 the water is running at the end of 10 min.  Then 10,000 gallons/min is the average rate the water flowsQ(10) Q(0)

10
� œ �

 during the first 10 min.  The negative signs indicate water is  the tank.leaving
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27. (a) y 6 1 6 1   1œ � œ � � Ê œ �ˆ ‰ Š ‹t t t t
1 6 144 dt 12

dy
#

# #

 (b) The largest value of  is 0 m/h when t 12 and the fluid level is falling the slowest at that time.  The smallestdy
dt œ

 value of  is 1 m/h, when t 0, and the fluid level is falling the fastest at that time.dy
dt � œ

 (c) In this situation, 0  the graph of y isdy
dt Ÿ Ê

 always decreasing.  As  increases in value,dy
dt

 the slope of the graph of y increases from 1�

 to 0 over the interval 0 t 12.Ÿ Ÿ

 

28. (a) V r   4 r   4 (2) 16  ft /ftœ Ê œ Ê œ œ4 dV dV
3 dr dr1 1 1 1

$ # # $¸
r=2

 (b) When r 2, 16  so that when r changes by 1 unit, we expect V to change by approximately 16 . Thereforeœ œdV
dr 1 1

 when r changes by 0.2 units V changes by approximately (16 )(0.2) 3.2 10.05 ft .  Note that1 1œ ¸ $

 V(2.2) V(2) 11.09 ft .� ¸ $

29. 200 km/hr 55 m/sec  m/sec, and D t   V t.  Thus V   t   t 25 sec.  Whenœ œ œ Ê œ œ Ê œ Ê œ5 500 10 20 500 20 500
9 9 9 9 9 9 9

#

 t 25, D (25)  mœ œ œ10 6250
9 9

#

30. s v t 16t   v v 32t; v 0  t ; 1900 v t 16t  so that t   1900œ � Ê œ � œ Ê œ œ � œ Ê œ �! ! !
# #

#
v v
32 32 3 64

v v
! ! ! !

# #

  v (64)(1900) 80 19 ft/sec and, finally, 238 mph.Ê œ œ ¸! È È 80 19 ft
sec 1 min 1 hr 5280 ft

60 sec 60 min 1 miÈ
† † †

31. 

 (a) v 0 when t 6.25 secœ œ

 (b) v 0 when 0 t 6.25  body moves right (up); v 0 when 6.25 t 12.5  body moves left (down)� Ÿ � Ê � � Ÿ Ê

 (c) body changes direction at t 6.25 secœ

 (d) body speeds up on (6.25 12.5] and slows down on [0 6.25)ß ß

 (e) The body is moving fastest at the endpoints t 0 and t 12.5 when it is traveling 200 ft/sec.  It's moving slowest atœ œ

 t 6.25 when the speed is 0.œ

 (f) When t 6.25 the body is s 625 m from the origin and farthest away.œ œ
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32. 

 (a) v 0 when t  secœ œ 3
#

 (b) v 0 when 0 t 1.5  body moves left (down); v 0 when 1.5 t 5  body moves right (up)� Ÿ � Ê � � Ÿ Ê

 (c) body changes direction at t  secœ 3
#

 (d) body speeds up on  and slows down on ‘ ‰ˆ �3 3
# #ß & !ß

 (e) body is moving fastest at t 5 when the speed v(5) 7 units/sec; it is moving slowest at t  when theœ œ œ œk k 3
#

 speed is 0
 (f) When t 5 the body is s 12 units from the origin and farthest away.œ œ

33. 

 (a) v 0 when t  secœ œ 6 15
3

„È

 (b) v 0 when t   body moves left (down); v 0 when 0 t  or t 4� � � Ê � Ÿ � � Ÿ6 15 6 15 6 15 6 15
3 3 3 3

� � � �È È È È

  body moves right (up)Ê

 (c) body changes direction at t  secœ 6 15
3

„È

 (d) body speeds up on  and slows down on 0 .Š ‹ “ ‹ Š ‹Š ’6 15 6 15 6 15 6 15
3 3 3 3

� � � �È È È È
ß # � ß % ß � #ß

 (e) The body is moving fastest at t 0 and t 4 when it is moving 7 units/sec and slowest at t  secœ œ œ 6 15
3

„È

 (f) When t  the body is at position s 6.303 units and farthest from the origin.œ ¸ �6 15
3

�È

34. 

 (a) v 0 when tœ œ 6 15
3

„È
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 (b) v 0 when 0 t  or t 4  body is moving left (down); v 0 when� Ÿ � � Ÿ Ê �6 15 6 15
3 3

� �È È

  t   body is moving right (up)6 15 6 15
3 3

� �È È
� � Ê

 (c) body changes direction at t  secœ 6 15
3

„È

 (d) body speeds up on  and slows down on Š ‹ “ ‹ Š ‹Š ’6 15 6 15 6 15 6 15
3 3 3 3

� � � �È È È È
ß # � ß % !ß � #ß

 (e) The body is moving fastest at 7 units/sec when t 0 and t 4; it is moving slowest and stationary at tœ œ œ 6 15
3

„È

 (f) When t  the position is s 10.303 units and the body is farthest from the origin.œ ¸6 15
3

�È

3.5  DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

 1. y 10x 3 cos x  10 3 (cos x) 10 3 sin xœ � � Ê œ � � œ � �dy
dx dx

d

 2. y 5 sin x  5 (sin x) 5 cos xœ � Ê œ � œ �3 3 d 3
x dx x dx x

dy � �
# #

 3. y x cos x x sin x 2x cos x x sin x 2x cos xœ Ê œ � � œ � �2 2 2dy
dx a b

 4. y x sec x 3 x sec x tan x 0 x sec x tan xœ � Ê œ � � œ �È È Èdy
dx

sec x sec x
2 x 2 xÈ È

 5. y csc x 4 x 7  csc x cot x 0 csc x cot xœ � � Ê œ � � � œ � �È dy
dx

4 2
x x#È È

 6. y x  cot x   x  (cot x) cot x x x  csc x (cot x)(2x)œ � Ê œ � � œ � � �# # # # #"
x dx dx dx x x

dy d d 2 2
# $ $† a b

 x  csc x 2x cot xœ � � �# # 2
x$

 7. f x sin x tan x f x sin x sec x cos x tan x sin x sec x cos x sin x sec x 1a b a b a bœ Ê œ � œ � œ �w 2 2 2sin x
cos x

 8. g x csc xcot x g x csc x csc x csc xcot x cot x csc x csc x cot x csc x csc x cot xa b a b a b a b a bœ Ê œ � � � œ � � œ � �w 2 3 2 2 2

 9. y (sec x tan x)(sec x tan x)  (sec x tan x) (sec x tan x) (sec x tan x) (sec x tan x)œ � � Ê œ � � � � �dy
dx dx dx

d d

 (sec x tan x) sec x tan x sec x (sec x tan x) sec x tan x sec xœ � � � � �a b a b# #

 sec x tan x sec x tan x sec x sec x tan x sec x tan x sec x tan x sec x tan x sec x 0.œ � � � � � � � œa b a b# # $ # # # $ #

 Note also that y sec x tan x tan x 1 tan x 1  0.Š ‹a bœ � œ � � œ Ê œ# # # # dy
dx

10. y (sin x cos x) sec x  (sin x cos x) (sec x) sec x (sin x cos x)œ � Ê œ � � �dy
dx dx dx

d d

 (sin x cos x)(sec x tan x) (sec x)(cos x sin x)œ � � � œ �(sin x cos x) sin x
cos x cos x

cos x sin x� �
#

 sec xœ œ œsin x cos x sin x cos x cos x sin x
cos x cos x

# #

# #

� � � " #

 Note also that y sin x sec x cos x sec x tan x 1  sec x.Š ‹œ � œ � Ê œdy
dx

#

11. y   œ Ê œ œcot x
1 cot x dx (1 cot x) (1 cot x)

dy (1 cot x) (cot x) (cot x) (1 cot x) (1 cot x) csc x (cot x) csc x
� � �

� � � � � � �
d d

dx dx
# #

# #a b a b

 œ œ� � � �
� �

csc x csc x cot x csc x cot x csc x
(1 cot x) (1 cot x)

# # # #

# #

12. y   œ Ê œ œcos x
1 sin x dx (1 sin x) (1 sin x)

dy (1 sin x) (cos x) (cos x) (1 sin x) (1 sin x) sin x (cos x) cos x
� � �

� � � � � �
d d

dx dx
# #

a b a b

 œ œ œ œ� � � � � �"
� � � �

� �sin x sin x cos x sin x 1
(1 sin x) (1 sin x) (1 sin x) 1 sin x

(1 sin x)# #

# # #

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 3.5 Derivatives of Trigonometric Functions 121

13. y 4 sec x cot x  4 sec x tan x csc xœ � œ � Ê œ �4
cos x tan x dx

dy" #

14. y   œ � Ê œ � œ �cos x x x sin x cos x cos x x sin x
x cos x dx x cos x x cos x

dy x( sin x) (cos x)(1) (cos x)(1) x( sin x)� � � � � � �
# # # #

15. y x  sin x 2x cos x 2 sin x  x  cos x (sin x)(2x) (2x)( sin x) (cos x)(2) 2 cos xœ � � Ê œ � � � � �# #dy
dx a b a b

 x  cos x 2x sin x 2x sin x 2 cos x 2 cos x x  cos xœ � � � � œ# #

16. y x  cos x 2x sin x 2 cos x  x ( sin x) (cos x)(2x) 2x cos x (sin x)(2) 2( sin x)œ � � Ê œ � � � � � �# #dy
dx a b a b

 x  sin x 2x cos x 2x cos x 2 sin x 2 sin x x  sin xœ � � � � � œ �# #

17. f x x sin x cos x f x x sin x sin x x cos x cos x 3x sin x cos x x sin x x cos x 3x sin x cos xa b a b a b a bœ Ê œ � � � œ � � �3 3 3 2 3 2 3 2 2w

18. g x 2 x tan x g x 2 x 2 tan x sec x 1 tan x 2 2 x tan x sec x tan xa b a b a b a ba b a b a bœ � Ê œ � � � œ � �2 2 2 2 2w

 2 2 x tan x sec x tan xœ � �a b a b2

19. s tan t t  sec t 1 20. s t sec t 1  2t sec t tan tœ � Ê œ � œ � � Ê œ �ds ds
dt dt

# #

21. s   œ Ê œ1 csc t ds
1 csc t dt (1 csc t)

(1 csc t)( csc t cot t) ( csc t)(csc t cot t)�
� �

� � � "�
#

 œ œ� � � � �
� �

csc t cot t csc t cot t csc t cot t csc t cot t 2 csc t cot t
(1 csc t) (1 csc t)

# #

# #

22. s   œ Ê œ œ œ œ � œsin t ds cos t cos t sin t cos t
1 cos t dt (1 cos t) (1 cos t) (1 cos t) 1 cos t cos

(1 cos t)(cos t) (sin t)(sin t)
� � � � �

� � � � �" " "
# # #

# #

 t 1�

23. r 4  sin    (sin ) (sin )(2 )  cos 2  sin (  cos  sin )œ � Ê œ � � œ � � œ � � #) ) ) ) ) ) ) ) ) ) ) ) ) )
# # #dr d

d d) )
ˆ ‰ a b

24. r  sin cos   (  cos (sin )(1)) sin  cos œ � Ê œ � � œ) ) ) ) ) ) ) ) )
dr
d)

25. r sec  csc   (sec )( csc  cot ) (csc )(sec  tan )œ Ê œ � �) ) ) ) ) ) ) )
dr
d)

 sec cscœ � œ � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰�" " " " �" " # #
cos sin sin sin cos cos sin cos

cos sin 
) ) ) ) ) ) ) )

) )
# # ) )

26. r (1 sec ) sin   ( sec ) cos (sin )(sec  tan ) (cos ) tan cos secœ � Ê œ " � � œ � " � œ �) ) ) ) ) ) ) ) ) ) )
dr
d)

# #

27. p 5 tan q  sec qœ & � œ � Ê œ" #
cot q dq

dp

28. p (1 csc q) cos q  (1 csc q)( sin q) (cos q)( csc q cot q) ( sin q 1) cot q sin q csc qœ � Ê œ � � � � œ � � � œ � �dp
dq

# #

29. p   œ Ê œsin q cos q dp (cos q)(cos q sin q) (sin q cos q)( sin q)
cos q dq cos q
� � � � �

#

 sec qœ œ œcos q cos q sin q sin q cos q sin q
cos  q cos q

# #

# #

� � � " #

30. p   œ Ê œ œ œtan q dp sec q tan q sec q tan q sec q sec q
1 tan q dq (1 tan q) (1 tan q) (1 tan q)

(1 tan q) sec q (tan q) sec q
� � � �

� � � �a b a b# #

# # #

# # # #

31. p œ Ê œ œq sin q dp q cos q q sin q q cos q sin q 2q sin q
q 1 dq

q 1 q cos q sin q 1 q sin q 2q

q 1 q 12 2 2

2

2 2

3 2 2

�

� � �

� �

� � � �ˆ ‰a b a ba ba b
a b a b

 œ q cos q q sin q q cos q sin q
q 1

3 2

2 2
� � �

�a b
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32. p œ Ê œ3q tan q dp
q sec q dq

q sec q 3 sec q 3q tan q q sec q tan q sec q 1

q sec q
� � � � �a b a ba bˆ ‰ a ba b

2

2

 œ œ
3q sec q q sec q 3q sec q tan q 3q sec q q sec q tan q sec q tan q

q sec q q sec q
q sec q 3q sec q tan q q sec q tan q sec q tan q� � � � � � � �3 2 2

2 2

3 2 2ˆ ‰
a b a b

33. (a) y csc x  y csc x cot x  y (csc x) csc x (cot x)( csc x cot x) csc x csc x cot xœ Ê œ � Ê œ � � � � œ �w ww # $ #a ba b
 (csc x) csc x cot x (csc x) csc x csc x 1 2 csc x csc xœ � œ � � œ �a b a b# # # # $

 (b) y sec x  y sec x tan x  y (sec x) sec x (tan x)(sec x tan x) sec x sec x tan xœ Ê œ Ê œ � œ �w ww # $ #a b
 (sec x) sec x tan x (sec x) sec x sec x 1 2 sec x sec xœ � œ � � œ �a b a b# # # # $

34. (a) y 2 sin x  y 2 cos x  y 2( sin x) 2 sin x  y 2 cos x  y 2 sin xœ � Ê œ � Ê œ � � œ Ê œ Ê œ �w ww www Ð%Ñ

 (b) y 9 cos x  y 9 sin x  y 9 cos x  y 9( sin x) 9 sin x  y 9 cos xœ Ê œ � Ê œ � Ê œ � � œ Ê œw ww www Ð%Ñ

35. y sin x  y cos x  slope of tangent atœ Ê œ Êw

 x  is y ( ) cos ( ) ; slope ofœ � � œ � œ �"1 1 1
w

 tangent at x 0 is y (0) cos (0) 1; andœ œ œw

 slope of tangent at x  is y cos œ œ3 3 31 1 1

# # #
w ˆ ‰

 0.  The tangent at ( ) is y 0 1(x ),œ � ß ! � œ � �1 1

 or y x ; the tangent at (0 0) isœ � � ß1

 y 0 1(x 0), or y x; and the tangent at� œ � œ

 1  is y 1.ˆ ‰31
# ß � œ �

 

36. y tan x  y sec x  slope of tangent at xœ Ê œ Ê œ �w # 1

3

 is sec 4; slope of tangent at x 0 is sec (0) 1;# #ˆ ‰� œ œ œ1

3

 and slope of tangent at x  is sec 4.  The tangentœ œ1 1

3 3
# ˆ ‰

 at tan 3  is y 3 4 x ;ˆ ‰ ˆ ‰ˆ ‰ Š ‹È È� ß � œ � ß� � œ �1 1 1 1

3 3 3 3

 the tangent at (0 0) is y x; and the tangent at tanß œ ßˆ ‰ˆ ‰1 1

3 3

 3  is y 3 4 x .œ ß � œ �Š ‹È È ˆ ‰1 1

3 3

 

37. y sec x  y sec x tan x  slope of tangent atœ Ê œ Êw

 x  is sec  tan 2 3 ; slope of tangentœ � � � œ �1 1 1

3 3 3
ˆ ‰ ˆ ‰ È

 at x  is sec  tan 2 .  The tangent at the pointœ œ1 1 1

4 4 4
ˆ ‰ ˆ ‰ È

 sec  is y 2 3 x ;ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ È� ß � œ � ß # � œ �# �1 1 1 1

3 3 3 3

 the tangent at the point sec 2  is y 2ˆ ‰ˆ ‰ Š ‹È È1 1 1

4 4 4ß œ ß �

 2 x .œ �È ˆ ‰1
4

 

38. y 1 cos x  y sin x  slope of tangent atœ � Ê œ � Êw

 x  is sin ; slope of tangent at xœ � � � œ œ1 1 1

3 3
3 3ˆ ‰ È

# #

 is sin 1.  The tangent at the point� œˆ ‰31
#

 cosˆ ‰ ˆ ‰ˆ ‰� ß " � � œ � ß1 1 1

3 3 3
3
#

 is y x ; the tangent at the point� œ �3 3
3# #

È ˆ ‰1
 cos 1  is y 1 xˆ ‰ ˆ ‰ˆ ‰3 3 3 31 1 1 1

# # # #ß " � œ ß � œ �

 

39. Yes, y x sin x  y cos x; horizontal tangent occurs where 1 cos x 0  cos x 1  xœ � Ê œ " � � œ Ê œ � Ê œw
1
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40. No, y 2x sin x  y 2 cos x; horizontal tangent occurs where 2 cos x 0  cos x .  But thereœ � Ê œ � � œ Ê œ �#w

 are no x-values for which cos x .œ �#

41. No, y x cot x  y 1 csc x; horizontal tangent occurs where 1 csc x 0  csc x 1.  But thereœ � Ê œ � � œ Ê œ �w # # #

 are no x-values for which csc x 1.# œ �

42. Yes, y x 2 cos x  y 1 2 sin x; horizontal tangent occurs where 1 2 sin x 0  1 2 sin xœ � Ê œ � � œ Ê œw

  sin x  x  or xÊ œ Ê œ œ"
#

1 1

6 6
5

43. We want all points on the curve where the tangent
 line has slope 2.  Thus, y tan x  y sec x soœ Ê œw #

 that y 2  sec x 2  sec x 2w #œ Ê œ Ê œ „È
 x .  Then the tangent line at  hasÊ œ „ ß "1 1

4 4
ˆ ‰

 equation y 1 2 x ; the tangent line at� œ �ˆ ‰1
4

  has equation y 1 2 x .ˆ ‰ ˆ ‰� ß�" � œ �1 1

4 4

 

44. We want all points on the curve y cot x whereœ

 the tangent line has slope 1.  Thus y cot x� œ

  y csc x so that y 1  csc x 1Ê œ � œ � Ê � œ �w # w #

  csc x 1  csc x 1  x .  TheÊ œ Ê œ „ Ê œ#
#
1

 tangent line at  is y x .ˆ ‰1 1

# ß ! œ � � 2

 

45. y 4 cot x 2 csc x  y csc x 2 csc x cot xœ � � Ê œ � � œ �w # " �ˆ ‰ ˆ ‰
sin x sin x

1 2 cos x

 (a) When x , then y 1; the tangent line is y x 2.œ œ � œ � � �1 1

# #
w

 (b) To find the location of the horizontal tangent set y 0  1 2 cos x 0  x  radians.  When x ,w œ Ê � œ Ê œ œ1 1

3 3

 then y 3 is the horizontal tangent.œ % �È
46. y 1 2 csc x cot x  y 2 csc x cot x csc xœ � � Ê œ � � œ �È È ˆ ‰Š ‹w # " �

sin x sin x
2 cos x 1È

 (a) If x , then y 4; the tangent line is y 4x 4.œ œ � œ � � �1

4
w

1

 (b) To find the location of the horizontal tangent set y 0  2 cos x 1 0  x  radians.  Whenw œ Ê � œ Ê œÈ 3
4
1

 x , then y 2 is the horizontal tangent.œ œ3
4
1

47.  lim  sin sin sin 0 0
x 2Ä

ˆ ‰ ˆ ‰" " " "
# # #x � œ � œ œ

48.  lim  1 cos (  csc x) 1 cos  csc 1 cos 2 2
x Ä �

1

6

È É ˆ ‰ˆ ‰ È a b È� œ � � œ � œ1 1 1
1

6 † �a b

49.  lim  sin cos cos
) Ä

1

6

sin d
d 6 2

3)

) )
) )

1�

� œ œ

"

#
1

16
6

œ œ œ œa b¹ ¹ ˆ ‰) )
1

6

È
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50.  lim  tan sec sec 2
) Ä

1

4

tan 1 d
d 4

2 2) 1

) )
) )

�
� œ œ

1

1 14
4 4

œ œ œ œa b¹ ¹ ˆ ‰) )

51.  lim  sec cos x  tan 1 sec 1  tan 1 sec  tan sec 1
x Ä !

� ‘ � ‘ � ‘ˆ ‰ ˆ ‰ ˆ ‰� � œ � � œ œ œ œ �1 1 1 1
1 1 1

4 sec x 4 sec 0 4

52.  lim  sin sin sin 1
x Ä !

ˆ ‰ ˆ ‰ ˆ ‰1 1 1� �
� � #

tan x tan 0
tan x 2 sec x tan 0 2 sec 0œ œ � œ �

53.  lim  tan 1 tan 1  lim   tan (1 1) 0
t tÄ ! Ä !

ˆ ‰ Š ‹� œ � œ � œsin t sin t
t t

54.  lim  cos cos   lim   cos cos 1
) )Ä ! Ä !

ˆ ‰ ˆ ‰Š ‹ Œ �1) )

) )sin sin 1 lim   
œ œ œ œ �1 1 1† †

" "

)Ä!

sin )
)

55. s 2 2 sin t v 2 cos t a 2 sin t j 2 cos t.  Therefore, velocity vœ � Ê œ œ � Ê œ œ Ê œ œ œds dv da
dt dt dt 4

ˆ ‰1
 2 m/sec; speed v 2 m/sec; acceleration a 2 m/sec ; jerk j 2 m/sec .œ � œ œ œ œ œ œÈ È È È¸ ¸ ˆ ‰ ˆ ‰ˆ ‰1 1 1

4 4 4
# $

56. s sin t cos t v cos t sin t a sin t cos t j cos t sin t.  Thereforeœ � Ê œ œ � Ê œ œ � � Ê œ œ � �ds dv da
dt dt dt

 velocity v 0 m/sec; speed v 0 m/sec; acceleration a 2 m/sec ; jerk j 0 m/sec .œ œ œ œ œ œ � œ œˆ ‰ ¸ ¸ ˆ ‰ ˆ ‰ˆ ‰ È1 1 1 1

4 4 4 4
# $

57.  lim  f(x)  lim    lim  9 9 so that f is continuous at x 0  lim  f(x) f(0) 9 c.
x x x xÄ ! Ä ! Ä ! Ä !

œ œ œ œ Ê œ Ê œsin 3x sin 3x sin 3x
x 3x 3x

#

#
ˆ ‰ ˆ ‰

58.  lim  g(x)  lim  (x b) b and  lim  g(x)  lim  cos x 1 so that g is continuous at x 0   lim  g(x)
x x xx xÄ ! Ä ! Ä !Ä ! Ä !

� � �� �
œ � œ œ œ œ Ê

  lim  g(x)  b 1.  Now g is not differentiable at x 0:  At x 0, the left-hand derivative isœ Ê œ œ œ
x Ä !

�

 (x b) 1, but the right-hand derivative is (cos x) sin 0 0.  The left- and right-hand¸ ¸d d
dx dx� œ œ � œ

x = 0 x=0

 derivatives can never agree at x 0, so g is not differentiable at x 0 for any value of b (including b 1).œ œ œ

59. (cos x) sin x because (cos x) cos x  the derivative of cos x any number of times that is ad d
dx dx

*** %

*** %œ œ Ê

 multiple of 4 is cos x.  Thus, dividing 999 by 4 gives 999 249 4 3  (cos x)œ � Ê†

d
dx

***

***

 (cos x) (cos x) sin x.œ œ œd d d
dx dxdx

$ #%* % $

$ $#%* %’ “†

†

60. (a) y sec x   sec x tan xœ œ Ê œ œ œ œ" "� �
cos x dx (cos x) cos x cos x cos x

dy (cos x)(0) (1)( sin x) sin x sin x
# #

ˆ ‰ ˆ ‰
  (sec x) sec x tan xÊ œd

dx

 (b) y csc x   csc x cot xœ œ Ê œ œ œ œ �" � �"�
sin x dx (sin x) sin x sin x sin x

dy (sin x)(0) (1)(cos x) cos x cos x
# #

ˆ ‰ ˆ ‰
  (csc x) csc x cot xÊ œ �d

dx

 (c) y cot x   csc xœ œ Ê œ œ œ œ �cos x sin x cos x
sin x dx (sin x) sin x sin x

dy (sin x)( sin x) (cos x)(cos x)� � � � �" #
# # #

# #

  (cot x) csc xÊ œ �d
dx

#

61. (a) t 0 x 10 cos 0 10 cm; t x 10 cos 5 cm; t x 10 cos 5 2 cmœ Ä œ œ œ Ä œ œ œ Ä œ œ �a b ˆ ‰ ˆ ‰ È1 1 1 1

3 3 4 4
3 3

 (b) t 0 v 10 sin 0 0 ; t v 10 sin 5 3 ; t v 10 sin 5 2œ Ä œ � œ œ Ä œ � œ � œ Ä œ � œ �a b ˆ ‰ ˆ ‰È Ècm cm 3 3 cm
sec 3 3 sec 4 4 sec

1 1 1 1

62. (a) t 0 x 3 cos 0 4 sin 0 3 ft; t x 3 cos 4 sin 4 ft;œ Ä œ � œ œ Ä œ � œa b a b ˆ ‰ ˆ ‰1 1 1

2 2 2

 t x 3 cos 4 sin 3 ftœ Ä œ � œ �1 1 1a b a b
 (b) t 0 v 3 sin 0 4 cos 0 4 ; t v 3 sin 4 cos 3 ;œ Ä œ � � œ œ Ä œ � � œ �a b a b ˆ ‰ ˆ ‰ft ft

sec 2 2 2 sec
1 1 1

 t v 3 sin 4 cos 4 œ Ä œ � � œ �1 1 1a b a b ft
sec
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63.  

 As h takes on the values of 1, 0.5, 0.3 and 0.1 the corresponding dashed curves of y  getœ sin (x h) sin x
h

� �

 closer and closer to the black curve y cos x because (sin x)  lim   cos x.  The sameœ œ œd
dx h

sin (x h) sin x

h Ä !

� �

 is true as h takes on the values of 1, 0.5, 0.3 and 0.1.� � � �

64.  

 As h takes on the values of 1, 0.5, 0.3, and 0.1 the corresponding dashed curves of y  getœ cos (x h) cos x
h

� �

 closer and closer to the black curve y sin x because (cos x)  lim   sin x.  Theœ � œ œ �d
dx h

cos (x h) cos x

h Ä !

� �

 same is true as h takes on the values of 1, 0.5, 0.3, and 0.1.� � � �

65. (a) 

 The dashed curves of y  are closer to the black curve y cos x than the corresponding dashedœ œsin x h sin x h
h

a b a b� � �
#

 curves in Exercise 63 illustrating that the centered difference quotient is a better approximation of the derivative of
 this function.
 (b) 

 The dashed curves of y  are closer to the black curve y sin x than the corresponding dashedœ œ �cos x h cos x h
h

a b a b� � �
#

 curves in Exercise 64 illustrating that the centered difference quotient is a better approximation of the derivative of
 this function.

66.  lim    lim    lim  0 0  the limits of the centered difference quotient exists even
h hxÄ ! Ä !Ä !

k k k k k k k k0 h 0 h h h
2h 2h

� � � �œ œ œ Ê

 though the derivative of f(x) x  does not exist at x 0.œ œk k

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



126 Chapter 3 Differentiation

67. y tan x  y sec x, so the smallest valueœ Ê œw #

 y sec x takes on is y 1 when x 0;w # wœ œ œ

 y  has no maximum value since sec x has now #

 largest value on ; y  is never negativeˆ ‰� ß1 1

# #
w

 since sec x 1.#  

 

68. y cot x  y csc x so y  has no smallestœ Ê œ �w # w

 value since csc x has no minimum value on� #

 ( ); the largest value of y  is 1, when x ;!ß � œ1
w

#
1

 the slope is never positive since the largest

 value y csc  x takes on is 1.w œ � �2

 

69. y  appears to cross the y-axis at y 1, sinceœ œsin x
x

  lim   1; y  appears to cross the y-axis
x Ä !

sin x sin 2x
x xœ œ

 at y 2, since  lim   2; y  appears to
x

œ œ œ
Ä !

sin 2x sin 4x
x x

 cross the y-axis at y 4, since  lim   4.œ œ
x Ä !

sin 4x
x

 However, none of these graphs actually cross the y-axis
 since x 0 is not in the domain of the functions.  Also,œ

  lim   5,  lim   3, and  lim   
x x xÄ ! Ä ! Ä !

sin 5x sin kx
x x x

sin ( 3x)œ œ ��

 k  the graphs of y , y , andœ Ê œ œsin 5x
x x

sin ( 3x)�

 y  approach 5, 3, and k, respectively, asœ �sin kx
x

 x  0.  However, the graphs do not actually cross theÄ

 y-axis.

 

70. (a) h
1 .017452406 .99994923
0.01 .017453292 1
0.001 .017453292 1
0.0001 .017453292 1

sin h sin h 180
h h

ˆ ‰ ˆ ‰
1

  lim    lim    lim    lim          ( h )
h hxÄ ! Ä !Ä ! Ä !

sin h°
h h h 180 180

sin h  sin h  sin 
œ œ œ œ œ

ˆ ‰ ˆ ‰
† †

†

1 1 1

180 180 180
1

1

180

180 )

)

)

1 1
) †

 (converting to radians)

 (b) h
1 0.0001523
0.01 0.0000015
0.001 0.0000001
0.0001  0

cos h 1
h
�

�
�
�

  lim   0, whether h is measured in degrees or radians.
h Ä !

cos h 1
h
� œ

 (c) In degrees, (sin x)  lim    lim   d
dx h h

sin (x h) sin x (sin x cos h cos x sin h) sin xœ œ
h hÄ ! Ä !

� � � �

  lim   sin x  lim   cos x (sin x)  lim   (cos x)  lim   œ � œ �
h h h hÄ ! Ä ! Ä ! Ä !

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
† † † †

cos h 1 sin h cos h 1 sin h
h h h h
� �

 (sin x)(0) (cos x)  cos xœ � œˆ ‰1 1

180 180
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 (d) In degrees, (cos x)  lim    lim   d
dx h h

cos (x h) cos x (cos x cos h sin x sin h) cos xœ œ
h hÄ ! Ä !

� � � �

  lim    lim  cos x  lim  sin xœ œ �
h h hÄ ! Ä ! Ä !

(cos x)(cos h 1) sin x sin h
h h h

cos h 1 sin h� � �ˆ ‰ ˆ ‰
† †

 (cos x)  lim    (sin x)  lim   (cos x)(0) (sin x)  sin xœ � œ � œ �
h hÄ ! Ä !

ˆ ‰ ˆ ‰ ˆ ‰cos h 1 sin h
h h 180 180
� 1 1

 (e) (sin x)  cos x  sin x; (sin x)  sin x  cos x;d d d d
dx dx 180 180 dx dx 180 180

# $

# $œ œ � œ � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹1 1 1 1# # $

 (cos x)  sin x  cos x; (cos x)  cos x  sin xd d d d
dx dx 180 180 dx dx 180 180

# $

# $œ � œ � œ � œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹1 1 1 1# # $

3.6  THE CHAIN RULE

 1. f(u) 6u 9  f (u) 6  f (g(x)) 6; g(x) x   g (x) 2x ; therefore f (g(x))g (x) 6 2x 12xœ � Ê œ Ê œ œ Ê œ œ œ œw w % w $ w w $ $"
#

dy
dx †

 2. f(u) 2u   f (u) 6u   f (g(x)) 6(8x 1) ; g(x) 8x 1  g (x) 8; therefore f (g(x))g (x)œ Ê œ Ê œ � œ � Ê œ œ$ w # w # w w wdy
dx

 6(8x 1) 8 48(8x 1)œ � œ �# #
†

 3. f(u) sin u  f (u) cos u  f (g(x)) cos (3x 1); g(x) 3x 1  g (x) 3; therefore f (g(x))g (x)œ Ê œ Ê œ � œ � Ê œ œw w w w wdy
dx

 (cos (3x 1))(3) 3 cos (3x 1)œ � œ �

 4. f(u) cos u  f (u) sin u  f (g(x)) sin ; g(x)   g (x) ; therefore f (g(x))g (x)œ Ê œ � Ê œ � œ Ê œ � œw w w w w� � "ˆ ‰x x
3 3 3 dx

dy

 sin  sinœ � œˆ ‰ ˆ ‰ ˆ ‰� �" " �x x
3 3 3 3†

 5. f(u) cos u  f (u) sin u  f (g(x)) sin (sin x); g(x) sin x  g (x) cos x; thereforeœ Ê œ � Ê œ � œ Ê œw w w

 f (g(x))g (x) (sin (sin x)) cos xdy
dx œ œ �w w

 6. f(u) sin u  f (u) cos u  f (g(x)) cos (x cos x); g(x) x cos x  g (x) 1 sin x; thereforeœ Ê œ Ê œ � œ � Ê œ �w w w

 f (g(x))g (x) (cos (x cos x))(1 sin x)dy
dx œ œ � �w w

 7. f(u) tan u  f (u) sec u  f (g(x)) sec (10x 5); g(x) 10x 5  g (x) 10; thereforeœ Ê œ Ê œ � œ � Ê œw # w # w

 f (g(x))g (x) sec (10x 5) (10) 10 sec (10x 5)dy
dx œ œ � œ �w w # #a b

 8. f(u) sec u  f (u) sec u tan u  f (g(x)) sec x 7x tan x 7x ; g(x) x 7xœ � Ê œ � Ê œ � � � œ �w w # # #a b a b
  g (x) 2x 7; therefore f (g(x))g (x) (2x 7) sec x 7x  tan x 7xÊ œ � œ œ � � � �w w w # #dy

dx a b a b
 9. With u (2x 1), y u :   5u 2 10(2x 1)œ � œ œ œ œ �& % %dy dy

dx du dx
du

†

10. With u (4 3x), y u :   9u ( 3) 27(4 3x)œ � œ œ œ � œ � �* ) )dy dy
dx du dx

du
†

11. With u 1 , y u :   7uœ � œ œ œ � � œ " �ˆ ‰ ˆ ‰ ˆ ‰x du x
7 dx du dx 7 7

dy dy�( �) " �)
†

12. With u 1 , y u :   10u 5 1œ � œ œ œ � œ � �ˆ ‰ ˆ ‰ ˆ ‰x du xdy dy
dx du dx# # #

�"! �"" " �""
†

13. With u x , y u :   4u 1 4 x 1œ � � œ œ œ � � œ � � � �Š ‹ Š ‹ˆ ‰ ˆ ‰x du x x x
8 x dx du dx 4 x 8 x 4 x

dy dy# #

# #

" " " "% $
$

†

14. With u 3x 4x 6, y u :   u 6x 4œ � � œ œ œ �2 1 2 1 2dy dy
dx du dx

du 3x 2
3x 4x 6

Î � Î" �
# � �

† œa b È 2

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



128 Chapter 3 Differentiation

15. With u tan x, y sec u:   (sec u tan u) sec x (sec (tan x) tan (tan x)) sec xœ œ œ œ œdy dy
dx du dx

du a b# #

16. With u , y cot u:   csc u  cscœ � œ œ œ � œ � �1 1
" " " "# #
x dx du dx x x x

dy dy du a b ˆ ‰ ˆ ‰
# #

17. With u sin x, y u :   3u  cos x 3 sin x (cos x)œ œ œ œ œ$ # #dy dy
dx du dx

du a b
18. With u cos x, y 5u :   20u ( sin x) 20 cos x (sin x)œ œ œ œ � � œ�% �& �&dy dy

dx du dx
du a b a b

19. p 3 t (3 t)   (3 t) (3 t) (3 t)œ � œ � Ê œ � � œ � � œÈ "Î# �"Î# �"Î#" " �"
# # �

dp
dt dt

d
2 3 t

† È

20. q 2r r 2r r   2r r 2r r 2r r (2 2r)œ � œ � Ê œ � � œ � � œÈ a b a b a b a b3
2 3

# # # # #"Î � Î � Î" " �

�

3 2 3 2 3dq
dr 3 dr 3

d 2 2r
3 2r r

† a b# Î

21. s  sin 3t  cos 5t   cos 3t (3t) ( sin 5t) (5t)  cos 3t  sin 5tœ � Ê œ � � œ �4 4 ds 4 d 4 d 4 4
3 5 dt 3 dt 5 dt1 1 1 1 1 1

† †

 (cos 3t sin 5t)œ �4
1

22. s sin cos   cos sin  cos  sinœ � Ê œ � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰3 t 3 t ds 3 t d 3 t 3 t d 3 t 3 3 t 3 3 t
dt dt dt 2 2

1 1 1 1 1 1 1 1 1 1

# # # # # # # #† †

 cos sin œ �3 3 t 3 t
2
1 1 1ˆ ‰

# #

23. r (csc cot ) (csc cot )  (csc cot )œ � Ê œ � � � œ œ œ) ) ) ) ) )
�" �# �

� �
�dr d csc  cot csc cs

d d (csc cot ) (csc cot )
csc (cot csc )

) ) ) ) ) )

) ) ) ) ) )#

# #

c 
csc cot 

)

) )�

24. r 6(sec tan )   6 sec tan  sec tan 9 sec tan sec tan secœ � Ê œ † � � œ � �) ) ) ) ) ) ) ) ) ) )
3 2 2dr 3 d

d d
1Î

#
Î#

) )
a b a b a bÈ

25. y x  sin x x cos x  x  sin x sin x x x cos x cos x (x)œ � Ê œ � � �# % �# # % % # �# �#dy
dx dx dx dx dx

d d d da b a b a b† †

 x 4 sin x (sin x) 2x sin x x 2 cos x (cos x) cos xœ � � � �# $ % �$ �#ˆ ‰ ˆ ‰d d
dx dx†

 x 4 sin x cos x 2x sin x x 2 cos x  ( sin x) cos xœ � � � � �# $ % �$ �#a b a ba b
 4x  sin x cos x 2x sin x 2x sin x cos x cos xœ � � �# $ % �$ �#

26. y  sin x  cos x  y  sin x sin x  cos x cos xœ � Ê œ � � �" " "�& $ w �& �& $ $
x 3 x dx dx x 3 dx dx 3

x d d x d d xa b a bˆ ‰ ˆ ‰
† †

 5 sin x cos x sin x 3 cos x ( sin x) cos xœ � � � � � �" " "�' �& # $
x x 3 3

xa b a b a b a bˆ ‰ ˆ ‰a b#

  sin x cos x  sin x x cos x sin x  cos xœ � � � �5
x x 3

�' �& # $" "
#

27. y (3x 2) 4   (3x 2) (3x 2) ( 1) 4 4œ � � � Ê œ � � � � � �" " " "( '
# # #

�" �#

21 x dx 21 dx x dx x
dy 7 d dˆ ‰ ˆ ‰ ˆ ‰

# # #† †

 (3x 2) 3 ( 1) 4 (3x 2)œ � � � � œ � �7
21 x x

x 4

' '" " "
#

�#

�
†

ˆ ‰ ˆ ‰
# $

$
#Š ‹"

# #x

28. y (5 2x) 1   3(5 2x) ( 2) 1 6(5 2x) 1œ � � � Ê œ � � � � � � œ � � ��$ �% �%" "% $ $

8 x dx 8 x x x x
2 4 2 2 2dyˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

# #

 œ �6
(5 2x)

1

x�

�

%

$

#

Š ‹2
x

29. y (4x 3) (x 1)   (4x 3) ( 3)(x 1) (x 1) (x 1) (4)(4x 3) (4x 3)œ � � Ê œ � � � � � � � �% �$ % �% �$ $dy
dx dx dx

d d
† †

 (4x 3) ( 3)(x 1) (1) (x 1) (4)(4x 3) (4) 3(4x 3) (x 1) 16(4x 3) (x 1)œ � � � � � � œ � � � � � �% �% �$ $ % �% $ �$

 3(4x 3) 16(x 1)œ � � � � œ(4x 3) (4x 3) (4x 7)
(x 1) (x 1)

� � �
� �

$ $

% %c d
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30. y (2x 5) x 5x   (2x 5) (6) x 5x (2x 5) x 5x ( 1)(2x 5) (2)œ � � Ê œ � � � � � � ��" # �" # # �#' & 'a b a b a bdy
dx

 6 x 5xœ � �a b# & �
�

2 x 5x
(2x 5)
a b# '

#

31. h(x) x tan 2 x 7  h (x) x tan 2x tan 2x (x) 0œ � Ê œ � �ˆ ‰ ˆ ‰ ˆ ‰È ˆ ‰w "Î# "Î#d d
dx dx†

 x sec 2x 2x tan 2x x sec 2 x tan 2 x x sec 2 x tan 2 xœ � œ � œ �# "Î# "Î# "Î# # #"ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰È È È È È
† †

d
dx xÈ

32. k(x) x  sec   k (x) x  sec sec x  x  sec  tan 2x secœ Ê œ � œ �# w # # #" " " " " " "ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a bx dx x x dx x x dx x x
d d d

† †

 x  sec  tan 2x sec 2x sec sec  tanœ � � œ �# " " " " " " "ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
x x x x x x x† #

33. f x 7 x sec x f x 7 x sec x x sec x tan x sec xa b a b a b a bÈ a b a bœ � Ê œ � † � † " œw " �
#

� Î

# �

1 2 x sec x tan x sec x
7 x sec xÈ

34. g x g xa b a bœ Ê œ œtan 3x
x 7 x 7

x 7 sec 3x tan 3x 4 x 7 1 x 7 x 7 sec 3x 4tan 3x

x 7a b a ba b a b a b a b a bˆ ‰ ˆ ‰
� ‘a b� �

w � †$ � � † � $ � �

�
4 2 8

4 3 32 2

4

 œ
ˆ ‰a ba b$ � �

�

x 7 sec 3x 4tan 3x

x 7

2

5

35. f( )   f ( ) 2) )œ Ê œ œˆ ‰ ˆ ‰ ˆ ‰sin sin d sin 2 sin 
1 cos 1 cos d 1 cos 1 cos (1 cos )

(1 cos )(cos ) (sin )( sin )) ) ) )

) ) ) ) ) )

) ) ) )

� � � � �

# w � � �
† † #

 œ œ œ(2 sin ) cos cos sin
(1 cos ) (1 cos ) (1 cos )

(2 sin ) (cos 1) 2 sin ) ) ) )

) ) )

) ) )a b� �
� � �

�# #

$ $ #

36. g(t)   g (t)œ œ Ê œ œˆ ‰1 sin 3t 3 2t 2 2sin 3t 9 cos 3t 6t cos 3t
3 2t 1 sin 3t

1 sin 3t 2 3 2t 3 cos 3t
1 sin 3t 1 sin 3t

� � � � � �
� �

�" w � � � �

� �

a ba b a ba ba b a b2 2

37. r sin  cos (2 )  sin ( sin 2 ) (2 ) cos (2 ) cosœ Ê œ � �a b a b a b a ba b) ) ) ) ) ) ) )
# # # #dr d d

d d d) ) )
†

 sin ( sin 2 )(2) (cos 2 ) cos (2 ) 2 sin  sin ( ) 2  cos (2 ) cosœ � � œ � # �a b a b a b a ba b) ) ) ) ) ) ) ) ) )
# # # #

38. r sec tan   sec  sec  tan  sec  tan œ Ê œ � �Š ‹ Š ‹ Š ‹Š ‹È È È Èˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰) ) ) )
" " " " "#

#) ) ) ) ) )

dr
d # È

  sec  sec  tan  sec  tan sec œ � � œ �" " " "#
#) ) ))

#
È È È Èˆ ‰ ˆ ‰ Š ‹” •) ) ) )È tan  tan secÈ ˆ ‰ ˆ ‰

È
)

) )

" "#

#

) )

#

39. q sin   cos cosœ Ê œ œŠ ‹ Š ‹ Š ‹ Š ‹t t d t t
t 1 t 1 t 1 t 1

dq
dt dt

t 1 (1) t t 1

t 1È È È È È Èˆ ‰
ˆ ‰È� � � �

� � �

�
† †

†

d
dt

#

 cos cos  cosœ œ œŠ ‹ Š ‹Š ‹ Š ‹ Š ‹t t t 2 t
t 1 t 1 t 1

t 1

t 1
2(t 1) t
2(t 1) 2(t 1)È È È

È
� � �

� �

�
� �
� �

�
†

t
2 t 1È �

$Î# $Î#

40. q cot   csc cscœ Ê œ � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰sin t sin t d sin t sin t t cos t sin t
t dt t dt t t t

dq # # �
† #

41. y sin ( t 2)  2 sin ( t 2)  sin ( t 2) 2 sin ( t 2) cos ( t 2) ( t 2)œ � Ê œ � � œ � � �#
1 1 1 1 1 1

dy
dt dt dt

d d
† † †

 2  sin ( t 2) cos ( t 2)œ � �1 1 1

42. y sec t  (2 sec t) (sec t) (2 sec t)(sec t tan t) ( t) 2  sec t tan tœ Ê œ œ œ# #
1 1 1 1 1 1 1 1 1 1

dy
dt dt dt

d d
† †

43. y (1 cos 2t)   4(1 cos 2t) (1 cos 2t) 4(1 cos 2t) ( sin 2t) (2t)œ � Ê œ � � � œ � � � œ�% �& �&
�

dy
dt dt dt (1 cos 2t)

d d 8 sin 2t
† † &

44. y 1 cot   2 1 cot 1 cot 2 1 cot cscœ � Ê œ � � � œ � � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰t t d t t t d tdy
dt dt dt# # # # # #

�# �$ �$ #
† † †

 œ
csc

cot

#

#

#

ˆ ‰

ˆ ‰

t

tˆ ‰1�
$
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130 Chapter 3 Differentiation

45. y t tan t 10 t tan t t sec t 1 tan t 10 t tan t t sec t tan t 10 t tan t sec t 10 t tan tœ Ê œ † � † œ � œ �a b a b a b a b10 9dy
dt

2 9 9 2 10 9 2 9 10

46. y t sin t t sin t t sin t cost t sin tœ œ Ê œ � œ �ˆ ‰ ˆ ‰a b a b a b� Î � � �Î Î Î Î3 4 1 1 24 3 4 3 1 3 4 3 4 sin t  cos t sin tdy
dt 3 3t t

4 a b a b1 3 4 3

2

Î Î

 œ a b a bsin t 4t cos t 3cos t
3t

1 3

2

Î �

47. y 3œ Ê œ † œ † œ œŠ ‹ Š ‹t t 3t 2t 8t 3t 4t
t 4t dt t 4t

3 2
dy t 4t 2t t 3t 4 3t t 4t 3t

t 4t t 4t t 4t t t 4

2 2 4 4 2 4 2

3 3 2 2 2 4

3 2 2 4 4 2 2

3 3 3 4 2� �

� � � � � �

� � � �

� � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a ba b a b a b a b t 4

t 4

2

2 4
�

�a b

48. y 5 5 5œ Ê œ � † œ � † œ � †ˆ ‰ ˆ ‰ ˆ ‰3t 4 3t 4 5t 2 15t 6 15t 20 26
5t 2 dt 5t 2 3t 4

5 6 6dy 5t 2 3 3t 4 5 5t 2
5t 2 5t 2 3t 4 5t 2

� � � � � �
� � �

� � � † � � † �

� � � �

a b a b a ba b a b a b a b2 2 6 2

6

 œ � �

�

130 5t 2
3t 4
a ba b

4

6

49. y sin cos (2t 5)   cos (cos (2t 5))  cos (2t 5) cos (cos (2t 5)) ( sin (2t 5)) (2t 5)œ � Ê œ � � œ � � � �a b dy
dt dt dt

d d
† † †

 2 cos (cos (2t 5))(sin (2t 5))œ � � �

50. y cos 5 sin   sin 5 sin 5 sin sin 5 sin 5 cosœ Ê œ � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰t t d t t t d t
3 dt 3 dt 3 3 3 dt 3

dy
† †

  sin 5 sin cosœ � 5 t t
3 3 3

ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰
51. y 1 tan   3 1 tan 1 tan 3 1 tan 4 tan  tanœ � Ê œ � � œ �� ‘ � ‘ � ‘ � ‘ � ‘ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰% % % % $

# # # # # #

$ # #t t d t t t d t
1 dt 1 dt 1 1 1 dt 1

dy
† †

 12 1 tan tan  sec 1 tan tan  secœ � œ �� ‘ � ‘ � ‘ � ‘ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰% $ # % $ #
# # # # # # #

# #"t t t t t t
1 1 1 1 1 1 1†

52. y 1 cos (7t)   1 cos (7t) 2 cos (7t)( sin (7t))(7) 7 1 cos (7t) (cos (7t) sin (7t))œ � Ê œ � � œ � �" # # #$ # #

6 dt 6
dy 3c d c d c d†

53. y 1 cos t   1 cos t 1 cos t 1 cos t sin t tœ � Ê œ � � œ � �a b a b a b a b a b a ba b a b a b a b ˆ ‰# # # # # #"Î# �"Î# �"Î#" "
# #

dy
dt dt dt

d d
† †

 1 cos t sin t 2tœ � � œ �"
#

# #�"Î#

�
a b a ba b a b †

t sin t
1 cos t

a bÈ a b
#

#

54. y 4 sin 1 t   4 cos 1 t 1 t 4 cos 1 t 1 tœ � Ê œ � � œ � �Œ � Œ � Œ � Œ �É É É ÉÈ È È È Èˆ ‰dy
dt dt dt

d d

1 t
† † †

"

# �É È

 œ œ
2 cos 1 t cos 1 t

1 t 2 t t t t

Œ � Œ �É ÉÈ È
É ÉÈ È È

� �

� �†

55. y tan sin t  2 tan sin t sec sin t 3sin t cos t 6 tan sin t sec sin t sin t cos tœ Ê œ † † † œ2 3 3 2 3 2 3 2 3 2dy
dta b a b a b a b a b a ba b

56. y cos sec 3t  4 cos sec 3t sin sec 3t 2 sec 3t sec 3t tan 3t 3œ Ê œ � † †4 2 3 2 2dy
dta b a ba ba b a b a ba ba b a b a b a b

 24 cos sec 3t sin sec 3t sec 3t tan 3tœ � 3 2 2 2a b a b a b a ba b a b
57. y 3t 2t 5  3t 4 2t 5 4t 3 2t 5 3 2t 5 16t 2t 5 3 2t 5 18t 5œ � Ê œ † � � † � œ � � � œ � �a b a b a b a b a b a b a b’ “2 2 2 2 2 2 2 24 3 4 3 3dy

dt

58. y 3t 2 1 t  3t 2 1 t 3 2 1 t 1 t 1œ � � � Ê œ � � � � � � � �Ê É ÉÈ È ÈŒ � Œ �Š ‹ a b a bdy
dt

1 2 1 2
1 2" " "

# # #

� Î � Î
� Î

 3œ � † œ œ" " � "

# � � � # � � � � � � � � �# � � � � �# �

� � � �" � � � �"

Ê Ê ÊÉ É É ÉÈ È È È ÈÉ ÉÈ È ÈÈ
È È È ÈÉ É

3t 2 1 t 3t 2 1 t 8 1 t 2 1 t 3t 2 1 t2 1 t 4 1 t 2 1 t

1
1 t

12 1 t 2 1 t 12 1 t 2 1 t� � � �
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59. y 1   y 3 1 1   y 1 1œ � Ê œ � � œ � � Ê œ � � � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " " " "$ # # # #w ww
x x x x x x dx x x dx x

3 3 d d 3
# # # #† †

 2 1 1 1 1 1 1œ � � � � � œ � � � œ � � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰3 6 6 6 6
x x x x x x x x x x x xx# # $ $ $%

" " " " " " " "# #

 1 1œ � �6 2
x x x$
ˆ ‰ ˆ ‰"

60. y 1 x   y 1 x x 1 x xœ � Ê œ � � � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰È È È�" �# �#w �"Î# �"Î#" "
# #

  y 1 x x x ( 2) 1 x xÊ œ � � � � � �ww �$Î# �"Î# �"Î#" " "
# # #

�# �$’ “ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰È È
 x 1 x x 1 x x 1 x x 1 x 1œ � � � œ � � � �" �" " "

# # # #
�$Î# �" �" �"Î#�# �$ �$’ “ˆ ‰ ˆ ‰ ˆ ‰ � ‘È È È Èˆ ‰

 1 x 1 1 xœ � � � � œ � �" " " " "
# # # #

�$ �$

# #x xx x
3ˆ ‰ ˆ ‰È ÈŠ ‹ Š ‹È È

61. y  cot (3x 1)  y  csc (3x 1)(3)  csc (3x 1)  y (csc (3x 1)  csc (3x 1))œ � Ê œ � � œ � � Ê œ � � �" " "w # # ww
9 9 3 3 dx

2 dˆ ‰
†

  csc (3x 1)( csc (3x 1) cot (3x 1) (3x 1)) 2 csc (3x 1) cot (3x 1)œ � � � � � � œ � �2 d
3 dx†

#

62. y 9 tan   y 9 sec 3 sec   y 3 2 sec sec  tan 2 sec  tanœ Ê œ œ Ê œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰x x x x x x x x
3 3 3 3 3 3 3 3 3 3

w # # ww #" "
†

63. y x 2x 1  y x 4 2x 1 2 1 2x 1 2x 1 8x 2x 1 2x 1 10x 1œ � Ê œ † � � † � œ � � � œ � �a b a b a b a b a b a b a b a ba b4 3 4 3 3w

  y 2x 1 10 3 2x 1 2 10x 1 2 2x 1 5 2x 1 3 10x 1 2 2x 1 40x 8Ê œ � � � � œ � � � � œ � �ww a b a b a b a ba b a b a b a b a ba b a b3 2 2 2

 16 2x 1 5x 1œ � �a b a b2

64. y x x 1  y x 5 x 1 3x 2x x 1 x x 1 15x 2 x 1 x 1 17x 2xœ � Ê œ † � � � œ � � � œ � �2 3 2 3 2 3 3 3 3 3 45 4 5 4 4a b a b a b a b a b a b a b a b’ “w

  y x 1 68x 2 4 x 1 3x 17x 2x 2 x 1 x 1 34x 1 6x 17x 2xÊ œ � � � � � œ � � � � �ww a b a b a b a ba b a b a ba b a b’ “3 3 3 2 4 3 3 3 2 44 3 3

 2 x 1 136x 47x 1œ � � �a b a b3 6 33

65. g(x) x  g (x)   g(1) 1 and g (1) ; f(u) u 1  f (u) 5u   f (g(1)) f (1) 5;œ Ê œ Ê œ œ œ � Ê œ Ê œ œÈ w w & w % w w" "
# #Èx

 therefore, (f g) (1) f (g(1)) g (1) 5‰ œ œ œw w w "
# #† †

5

66. g(x) (1 x)   g (x) (1 x) ( 1)   g( 1)  and g ( 1) ; f(u) 1œ � Ê œ � � � œ Ê � œ � œ œ ��" w �# w" " " "
� #(1 x) 4 u#

  f (u)   f (g( 1)) f 4; therefore, (f g) ( 1) f (g( 1))g ( 1) 4 1Ê œ Ê � œ œ ‰ � œ � � œ œw w w w w w" " "
#u 4#

ˆ ‰
†

67. g(x) 5 x  g (x) g(1) 5 and g (1) ; f(u) cot f (u) csc  cscœ Ê œ Ê œ œ œ Ê œ � œÈ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰w w w # #
# #

�5 5 u u u
x 10 10 10 10 10È 1 1 1 1 1

  f (g(1)) f (5)  csc ; therefore, (f g) (1) f (g(1))g (1) = Ê œ œ � œ � ‰ œ œ � �w w # w w w
# #

1 1 1 1 1

10 10 10 4
5ˆ ‰

†

68. g(x) x  g (x)   g  and g ; f(u) u sec u  f (u) 1 2 sec u sec u tan uœ Ê œ Ê œ œ œ � Ê œ �1 1 1
w w # w" "ˆ ‰ ˆ ‰

4 4 4
1

†

 1 2 sec u tan u  f g f 1 2 sec   tan 5; therefore, (f g) f g g 5œ � Ê œ œ � œ ‰ œ œ# w w # w w w" " " "ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰
4 4 4 4 4 4 4

1 1 1
1

69. g(x) 10x x 1  g (x) 20x 1  g(0) 1 and g (0) 1; f(u)   f (u)œ � � Ê œ � Ê œ œ œ Ê œ# w w w
�

� �

�
2u

u 1
u 1 (2) (2u)(2u)

u 1#

#

# #

a ba b
   f (g(0)) f (1) 0; therefore, (f g) (0) f (g(0))g (0) 0 1 0œ Ê œ œ ‰ œ œ œ� �

�
w w w w w2u 2

u 1

#

# #a b †

70. g(x) 1  g (x)   g( 1) 0 and g ( 1) 2; f(u)   f (u) 2  œ � Ê œ � Ê � œ � œ œ Ê œ" � � �w w w
� � �

#

x x u 1 u 1 du u 1
2 u 1 u 1 d u 1

# $
ˆ ‰ ˆ ‰ ˆ ‰

 2   f (g( 1)) f (0) 4; therefore,œ œ œ Ê � œ œ �ˆ ‰u 1
u 1 (u 1) (u 1) (u 1)

(u 1)(1) (u 1)(1) 2(u 1)(2) 4(u 1)�
� � � �

� � � � � w w
† # $ $

 (f g) ( 1) f (g( 1))g ( 1) ( 4)(2) 8‰ � œ � � œ � œ �w w w
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71. y f g x , f 3 1, g 2 5, g 2 3 y f g x g x y f g 2 g 2 f 3 5œ œ � œ œ Ê œ Ê œ œ †a b a b a b a b a b a b a b a b a ba b a b a b¹w w w w w w w w w

œx 2

 1 5 5œ � † œ �a b
72. r sin f t , f 0 , f 0 4 cos f t f t cos f 0 f 0 cos 4 4 2œ œ œ Ê œ † Ê œ † œ † œ † œa b a b a b a b a b a b a ba b a b a b¹ ˆ ‰ ˆ ‰1 1

3 dt dt 3
dr dr

t 0

w w w

œ

"
#

73. (a) y 2f(x)  2f (x)  2f (2) 2œ Ê œ Ê œ œ œdy dy
dx dx 3 3

2w w "¹ ˆ ‰
x=2

 (b) y f(x) g(x)  f (x) g (x)  f (3) g (3) 2 5œ � Ê œ � Ê œ � œ �dy dy
dx dx

w w w w¹
x=3

1

 (c) y f(x) g(x)  f(x)g (x) g(x)f (x)  f(3)g (3) g(3)f (3) 3 5 ( 4)(2 ) 15 8œ Ê œ � Ê œ � œ � � œ �† †

dy dy
dx dx

w w w w¹
x=3

1 1

 (d) y     œ Ê œ Ê œ œ œf(x) dy g(x)f (x) f(x)g (x) dy g(2)f (2) f(2)g (2)
g(x) dx [g(x)] dx [g(2)] 6

(2) (8)( 3) 37w w w w

# # #

"
� � � �

#¹
x=2

ˆ ‰
3

 (e) y f(g(x))  f (g(x))g (x)  f (g(2))g (2) f (2)( 3) ( 3) 1œ Ê œ Ê œ œ � œ � œ �dy dy
dx dx 3

w w w w w "¹
x=2

 (f) y (f(x))   (f(x)) f (x)   œ Ê œ œ Ê œ œ œ œ œ"Î# �"Î# w" " "
# # # # #

dy f (x) dy f (2) 2
dx dx 24f(x) f(2) 8 6 8 1 2

†

w w "

È È È È Èˆ ‰ È¹
x=2

3

 (g) y (g(x))   2(g(x)) g (x)  2(g(3)) g (3) 2( 4) 5œ Ê œ � Ê œ � œ � � œ�# �$ w �$ w �$
#

dy dy
dx dx 3

5
† †¹

x=3

 (h) y (f(x)) (g(x))   (f(x)) (g(x)) 2f(x) f (x) 2g(x) g (x)œ � Ê œ � �a b a b a b# # # # w w"Î# �"Î#"
#

dy
dx † †

  (f(2)) (g(2)) 2f(2)f (2) 2g(2)g (2)  8 2 2 8 2 2 ( 3)Ê œ � � œ � � � œ �¹ a b a b a b ˆ ‰dy
dx 3

5
3 17x=2

" " "
# #

# # w w # #�"Î# �"Î#
† † † † È

74. (a) y 5f(x) g(x)  5f (x) g (x)  5f (1) g (1) 5 1œ � Ê œ � Ê œ � œ � � œdy dy
dx dx 3 3

8w w w w " �¹ ˆ ‰ ˆ ‰
x=1

 (b) y f(x)(g(x))   f(x) 3(g(x)) g (x) (g(x)) f (x)  f(0)(g(0)) g (0) (g(0)) f (0)œ Ê œ � Ê œ $ �$ # w $ w # w $ wdy dy
dx dxa b ¹

x = 0

 3(1)(1) (1) (5) 6œ � œ# $"ˆ ‰
3

 (c) y     œ Ê œ Ê œf(x) dy (g(x) 1)f (x) f(x) g (x) dy (g(1) 1)f (1) f(1)g (1)
g(x) 1 dx (g(x) 1) dx (g(1) 1)� � �

� � � �w w w w

# #¹
x = 1

 1œ œ
( 4 ) (3)

( 4 1)
� �" � � �

� �

ˆ ‰ ˆ ‰"

#

3 3
8

 (d) y f(g(x))  f (g(x))g (x)  f (g(0))g (0) f (1)œ Ê œ Ê œ œ œ � œ �dy dy
dx dx 3 3 3 9

w w w w w " " " "¹ ˆ ‰ ˆ ‰ ˆ ‰
x = 0

 (e) y g(f(x))  g (f(x))f (x)  g (f(0))f (0) g (1)(5) (5)œ Ê œ Ê œ œ œ � œ �dy dy
dx dx 3 3

8 40w w w w w¹ ˆ ‰
x = 0

 (f) y x f(x)   2 x f(x) 11x f (x)   2(1 f(1)) 11 f (1)œ � Ê œ � � � Ê œ � � �a b a b a b a b¹"" "" "! w �$ w�# �$dy dy
dx dx

x=1

 2(1 3) 11œ � � � œ � œ ��$ " "ˆ ‰ ˆ ‰ ˆ ‰
3 4 3 3

2 32
$

 (g) y f(x g(x)) f (x g(x)) 1 g (x)   f (0 g(0)) 1 g (0) f (1) 1œ � Ê œ � � Ê œ � � œ �dy dy
dx dx 3

w w w w w "a b a b¹ ˆ ‰
x = 0

 œ � œ �ˆ ‰ ˆ ‰"
3 3 9

4 4

75. :  s cos   sin   sin 1 so that 1 5 5ds ds d ds ds 3 ds ds d
dt d dt d d dt d dtœ œ Ê œ � Ê œ � œ œ œ œ

) ) ) )

) 1 )
† † †) ) ¸ ˆ ‰

) = 3
2
1 #

76. :  y x 7x 5  2x 7  9 so that 9 3dy dy dy dy dy dy
dt dx dt dx dx dt dx dt 3

dx dxœ œ � � Ê œ � Ê œ œ œ œ† † †

# "¹
x = 1

77. With y x, we should get 1 for both (a) and (b):œ œdy
dx

 (a) y 7  ; u 5x 35  5; therefore, 5 1, as expectedœ � Ê œ œ � Ê œ œ œ œu du du
5 du 5 dx dx du dx 5

dy dy dy" "
† †

 (b) y 1   ; u (x 1)   (x 1) (1) ; therefore œ � Ê œ � œ � Ê œ � � œ œ" " �"�" �#
�u du u dx (x 1) dx du dx

dy dy dydu du
# # †

 (x 1) 1, again as expectedœ œ œ � œ�" �" �" �" "
� � ��

#
u (x 1) (x 1) (x 1)(x 1)# # # #�" #† † †a b
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78. With y x , we should get x  for both (a) and (b):œ œ$Î# "Î#
#

dy
dx

3

 (a) y u   3u ; u x  ; therefore, 3u 3 x x,œ Ê œ œ Ê œ œ œ œ œ$ # #" " "
# # #

#

#
dy dy dy
du dx dx du dx

du du 3
x x x

È È Èˆ ‰È È È† † †

 as expected.

 (b) y u  ; u x   3x ; therefore, 3x 3x x ,œ Ê œ œ Ê œ œ œ œ œÈ dy dy dy
du dx dx du dxu u

du du 3
x

" " "
# #

$ # # # "Î#

# #È È È† † †

$

 again as expected.

79. y  and x 0 y 1 1. y 2 2œ œ Ê œ œ � œ œ † œ œˆ ‰ ˆ ‰ ˆ ‰a bx 1 0 1 x 1 2
x 1 0 1 x 1 x 1

2 2 2 x 1 1 x 1 1 x 1 4 x 1
x 1 x 1 x 1

� � �
� � � �

w � † � � † � �

� � �

a b a b a b a ba b a b a ba b2 2 3

 y 4 y 1 4 x 0 y 4x 1w

œ

�

�
�¹ a b

x 0

4 0 1
0 1

4
1œ œ œ � Ê � œ � � Ê œ � �a ba b3 3

80. y x x 7 and x 2 y 2 2 7 9 3. y x x 7 2x 1œ � � œ Ê œ � � œ œ œ � � � œÈ Éa b a b a b a bÈ2 2 2 1 2 2x 1
2 x x 7

w " �
#

� Î

� �È 2

 y y 3 x 2 y x 2 

x 2

2 2 1

2 2 2 7

3
6

w

œ

�

� �

" " "
# # #¹ a bœ œ œ Ê � œ � Ê œ �a b

Éa b a b2

81. y 2 tan   2 sec   secœ Ê œ œˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1x x x
4 dx 4 4 4

dy # #
#

 (a)  sec   slope of tangent is 2; thus, y(1) 2 tan 2 and y (1)   tangent line is¹ ˆ ‰ ˆ ‰dy
dx 4 4

x = 1
œ œ Ê œ œ œ Ê1 1 1

#
# w

1 1

 given by y 2 (x 1)  y x 2� œ � Ê œ � �1 1 1

 (b) y  sec  and the smallest value the secant function can have in x 2 is 1  the minimumw #
#œ �# � � Ê1 1ˆ ‰x

4

 value of y  is  and that occurs when  sec 1 sec 1 sec   x 0.w # #
# # #
1 1 1 1 1 1œ Ê œ Ê „ œ Ê œˆ ‰ ˆ ‰ ˆ ‰x x x

4 4 4

82. (a) y sin 2x  y 2 cos 2x  y (0) 2 cos (0) 2  tangent to y sin 2x at the origin is y 2x;œ Ê œ Ê œ œ Ê œ œw w

 y sin   y  cos   y (0)  cos 0   tangent to y sin  at the origin isœ � Ê œ � Ê œ � œ � Ê œ �ˆ ‰ ˆ ‰ ˆ ‰x x x
# # # # # #

w w" " "

 y x.  The tangents are perpendicular to each other at the origin since the product of their slopes is 1.œ � �"
#

 (b) y sin (mx)  y m cos (mx)  y (0) m cos 0 m; y sin   y  cosœ Ê œ Ê œ œ œ � Ê œ �w w w "ˆ ‰ ˆ ‰x x
m m m

  y (0)  cos (0) .  Since m 1, the tangent lines are perpendicular at the origin.Ê œ � œ � � œ �w " " "
m m m†

ˆ ‰
 (c) y sin (mx)  y m cos (mx).  The largest value cos (mx) can attain is 1 at x 0  the largest valueœ Ê œ œ Êw

 y  can attain is m  because y m cos (mx) m cos mx m 1 m .  Also, y sinw wk k k k k k k k k k k k k k ˆ ‰œ œ Ÿ œ œ �†

x
m

  y  cos   y  cos cos   the largest value y  can attain is .Ê œ � Ê œ Ÿ Ÿ Êw w w" �" " " "
m m m m m m m m

x x xˆ ‰ ¸ ¸ ¸ ¸ ¸ ¸ ¸ ¸k k ˆ ‰ ˆ ‰ k k
 (d) y sin (mx)  y m cos (mx)  y (0) m  slope of curve at the origin is m.  Also, sin (mx) completesœ Ê œ Ê œ Êw w

 m periods on [0 2 ].  Therefore the slope of the curve y sin (mx) at the origin is the same as the numberß œ1

 of periods it completes on [0 2 ].  In particular, for large m, we can think of “compressing" the graph ofß 1

 y sin x horizontally which gives more periods completed on [0 2 ], but also increases the slope of theœ ß 1

 graph at the origin.

83. s A cos (2 bt)  v A sin (2 bt)(2 b) 2 bA sin (2 bt).  If we replace b with 2b to double theœ Ê œ œ � œ �1 1 1 1 1
ds
dt

 frequency, the velocity formula gives v 4 bA sin (4 bt)  doubling the frequency causes the velocity toœ � Ê1 1

 double.  Also v bA sin (2 bt)  a 4 b A cos (2 bt).  If we replace b with 2b in theœ �# Ê œ œ �1 1 1 1
dv
dt

# #

 acceleration formula, we get a 16 b A cos (4 bt)  doubling the frequency causes the acceleration toœ � Ê1 1
# #

 quadruple.  Finally, a 4 b A cos (2 bt)  j 8 b A sin (2 bt).  If we replace b with 2b in the jerkœ � Ê œ œ1 1 1 1
# # $ $da

dt

 formula, we get j 64 b A sin (4 bt)  doubling the frequency multiplies the jerk by a factor of 8.œ Ê1 1
$ $

84. (a) y 37 sin (x 101) 25  y 37 cos (x 101)  cos  (x 101) .œ � � Ê œ � œ �� ‘ � ‘ ˆ ‰ � ‘2 2 2 74 2
365 365 365 365 365
1 1 1 1 1w

 The temperature is increasing the fastest when y  is as large as possible.  The largest value ofw

 cos (x 101)  is 1 and occurs when  (x 101) 0  x 101  on day 101 of the year� ‘2 2
365 365
1 1� � œ Ê œ Ê

 ( April 11), the temperature is increasing the fastest.µ

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



134 Chapter 3 Differentiation

 (b) y (101)  cos (101 101)  cos (0) 0.64 °F/dayw œ � œ œ ¸74 2 74 74
365 365 365 365
1 1 1 1� ‘

85. s ( 4t)   v (1 4t) (4) 2(1 4t)   v(6) 2( 6)  m/sec;œ " � Ê œ œ � œ � Ê œ " � % œ"Î# �"Î# �"Î# �"Î#"
#

ds 2
dt 5†

 v 2( 4t) a 2(1 4t) (4) 4(1 4t) a(6) 4(1 4 6)  m/secœ " � Ê œ œ � � œ � � Ê œ � � œ ��"Î# �$Î# �$Î# �$Î# #"
# #

dv 4
dt 1 5† †

86. We need to show a  is constant:  a  and k s   a vœ œ œ œ œ Ê œ œdv dv dv ds dv d k dv ds dv
dt dt ds dt ds ds ds dt ds2 s

† † †
ˆ ‰È È

 k s  which is a constant.œ œk k
2 sÈ †

È #

#

87. v proportional to   v  for some constant k  .  Thus, a v"È Ès s
k dv k dv dv ds dv

ds dt ds dt ds2sÊ œ Ê œ � œ œ œ$Î# † †

   acceleration is a constant times  so a is inversely proportional to s .œ � œ � Êk k k
2s s s s$Î#

#

# #† È #
" " #ˆ ‰

88. Let f(x).  Then, a f(x) f(x) (f(x)) f(x) f (x)f(x), as required.dx dv dv dx dv d dx d
dt dt dx dt dx dx dt dxœ œ œ œ œ œ œ† † † †

ˆ ‰ w

89. T 2   2 .  Therefore, kL 2 kœ Ê œ œ œ œ œ œ œ1 1 1É ÉL dT dT dT dL L
g dL g du dL du gg gL gL

k L
g† † † † †

" " "

# #É É È È ÈÈL L
g g

1 1 1 1

 , as required.œ kT
2

90. No.  The chain rule says that when g is differentiable at 0 and f is differentiable at g(0), then f g is‰

 differentiable at 0.  But the chain rule says nothing about what happens when g is not differentiable at 0 so
 there is no contradiction.

91. As h  0, the graph of yÄ œ sin 2(x h) sin 2x
h

� �

 approaches the graph of y 2 cos 2x becauseœ

  lim   (sin 2x) 2 cos 2x.
h Ä !

sin 2(x h) sin 2x
h dx

d� � œ œ

 

92. As h  0, the graph of yÄ œ cos (x h) cos x
h

c d a b� �# #

 approaches the graph of y 2x sin x  becauseœ � a b#
  lim   cos x 2x sin x .

h Ä !

cos (x h) cos x
h dx

dc d a b� � # #
# #

œ œ �c d a ba b
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93. (a) 

 (b) 1.27324 sin 2t 0.42444 sin 6t 0.2546 sin 10t 0.18186 sin 14tdf
dt œ � � �

 (c) The curve of y  approximates yœ œdf
dt dt

dg

 the best when t is not , , 0, , nor .� �1 1
1 1

# #

 

94. (a) 

 (b) 2.5464 cos (2t) 2.5464 cos (6t) 2.5465 cos (10t) 2.54646 cos (14t) 2.54646 cos (18t)dh
dt œ � � � �

 (c) 

3.7  IMPLICIT DIFFERENTIATION

 1. x y xy 6:# #� œ

 Step 1: x  y 2x x 2y y 1 0Š ‹ Š ‹# #dy dy
dx dx� � � œ† † †

 Step 2: x  2xy 2xy y# #dy dy
dx dx� œ � �

 Step 3: x 2xy 2xy ydy
dx a b# #� œ � �

 Step 4: dy 2xy y
dx x 2xyœ � �

�

#

#

 2. x y 18xy  3x 3y  18y 18x   3y 18x  18y 3x   $ $ # # # # �
�� œ Ê � œ � Ê � œ � Ê œdy dy dy dy 6y x

dx dx dx dx y 6xa b #

#

 3. 2xy y x y:� œ �#

 Step 1: 2x 2y 2y 1Š ‹dy dy dy
dx dx dx� � œ �

 Step 2: 2x 2y 1 2ydy dy dy
dx dx dx� � œ �
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 Step 3: (2x 2y 1) 2ydy
dx � � œ " �

 Step 4: dy 1 2y
dx 2x 2y 1œ �

� �

 4. x xy y 1  3x y x 3y  0  3y x  y 3x   $ $ # # # # �
�� � œ Ê � � � œ Ê � œ � Ê œdy dy dy dy y 3x

dx dx dx dx 3y xa b #

#

 5. x (x y) x y :# # # #� œ �

 Step 1: x 2(x y) 1 (x y) (2x) 2x 2y # #’ “Š ‹� � � � œ �dy dy
dx dx

 Step 2: 2x (x y) 2y 2x 2x (x y) 2x(x y)� � � œ � � � �# # #dy dy
dx dx

 Step 3: 2x (x y) 2y 2x 1 x(x y) (x y)dy
dx c d c d� � � œ � � � �# #

 Step 4: dy
dx 2x (x y) 2y y x (x y) x y x y

2x 1 x(x y) (x y) x 1 x(x y) (x y) x 1 x xy x 2xy yœ œ œc d c d a b� � � � � � � �
� � � � � � �

� � � � �# #

# # # $

# # #

 œ x 2x 3x y xy
x y x y

� � �
� �

$ # #

# $

 6. (3xy 7) 6y  2(3xy 7) 3x 3y 6   2(3xy 7)(3x) 6 6y(3xy 7)� œ Ê � � œ Ê � � œ � �#
† Š ‹dy dy dy dy

dx dx dx dx

  [6x(3xy 7) 6] 6y(3xy 7)  Ê � � œ � � Ê œ � œdy dy y(3xy 7) 3xy 7y
dx dx x(3xy 7) 1 1 3x y 7x

� �
� � � �

#

#

 7. y   2y   # �" "
� � � �

� � �œ Ê œ œ Ê œx 2
x 1 dx (x 1) (x 1) dx y(x 1)

dy (x 1) (x 1) dy
# # #

 8. x x 3x y 2x y 4x 9x y 3x y 2 y  3x 1 y 2 4x 9x y3 4 3 3 2 3 3 3 22x y
x 3yœ Ê � œ � Ê � � œ � Ê � œ � ��
�

w w wa b
  yÊ œw � �

�
2 4x 9x y

3x 1

3 2

3

 9. x tan y  1 sec y    cos yœ Ê œ Ê œ œa b# #"dy dy
dx dx sec y#

10. xy cot xy  x y csc (xy) x y  x x csc (xy) y csc (xy) yœ Ê � œ � � Ê � œ � �a b Š ‹dy dy dy dy
dx dx dx dx

# # #

 x x csc (xy) y csc (xy)Ê � œ � � " Ê œ œ �dy dy y
dx dx x

y csc (xy)
x csc (xy)

� ‘ � ‘# # � �"

"�

� ‘� ‘
#

#

11. x tan (xy)   1 sec (xy) y x 0  x sec (xy) 1 y sec (xy)  � œ ! Ê � � œ Ê œ � � Ê œc d Š ‹# # # �"�dy dy dy y sec (xy)
dx dx dx x sec (xy)

#

#

 œ � œ � œ� � � �1
x sec (xy) x x x x

y cos (xy) y cos (xy) y
#

# #

12. x sin y x y   4x (cos y) 3x y x 2y   cos y 2x y  3x y 4x   4 3 2 3 2 2 3 3 2 2 3dy dy dy dy 3x y 4x
dx dx dx dx cos y 2x y� œ Ê � œ � † Ê � œ � Ê œa b 2 2 3

3
�
�

13. y sin 1 xy  y cos ( 1) sin x y Š ‹ ’ “ Š ‹Š ‹" " " "
y y y dx y dx dx

dy dy dyœ � Ê � � œ � � Ê† † †#

  cos sin x y  dy dy y y
dx y y y dx  cos sin x y sin cos xy
’ “Š ‹ Š ‹� � � œ � Ê œ œ" " " � �

� � � � �" " " " "

#

y y y y yŠ ‹ Š ‹ Š ‹ Š ‹

14. x cos 2x 3y y sin x x sin 2x 3y 2 3y cos 2x 3y y cos x y sin xa b a ba b a b� œ Ê � � � � � œ �w w

 2x sin 2x 3y 3x y sin 2x 3y cos 2x 3y y cos x y sin xÊ � � � � � � œ �a b a b a bw w

 cos 2x 3y 2x sin 2x 3y y cos x sin x 3x sin 2x 3y y yÊ � � � � œ � � Ê œa b a b a ba b w w � � � �
� �

cos 2x 3y 2x sin 2x 3y y cos x
sin x 3x sin 2x 3y

a b a ba b

15. r 1  r 0    ) )
"Î# "Î# �"Î# �"Î#" " " �"

# # # #
� œ Ê � œ Ê œ Ê œ � œ �†

dr dr dr
d d dr

2 r r

2) ) )) ) )
’ “È È È ÈÈ È

16. r 2     � œ � Ê � œ � Ê œ � �È) ) ) ) ) ) ) ) )
3 4 dr dr

3 d d#
#Î$ $Î% �"Î# �"Î$ �"Î% �"Î# �"Î$ �"Î%

) )
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17. sin (r ) [cos (r )] r  0 [  cos (r )] r cos (r ) , cos (r ) 0) ) ) ) ) ) )œ Ê � œ Ê œ � Ê œ œ � Á"
#

�ˆ ‰dr dr dr r
d d d  cos (r )

r cos (r )
) ) ) ) ) )

)

18. cos r cot r ( sin r) csc  r  [ sin r ] r csc  � œ Ê � � œ � Ê � � œ � Ê œ �) ) ) ) ) )
dr dr dr dr r csc  
d d d d sin r) ) ) ) )

)# # �
�

#

19. x y 1  2x 2yy 0  2yy 2x  y ; now to find , y# # w w w w� œ Ê � œ Ê œ � Ê œ œ � œ �dy d y
dx y dx dx dx y

x d d x#

# a b Š ‹
  y  since y   yÊ œ œ œ � Ê œ œ œ œww w ww� � � �� � � � � "� �"y( 1) xy d y y x

y y y dx y y y

y x x y yw # # #

# # # $ $ $

# #Š ‹ a bx
y

20. x y 1  x y  0  y x   y ;#Î$ #Î$ �"Î$ �"Î$ �"Î$ �"Î$ w "Î$
� œ Ê � œ Ê œ � Ê œ œ � œ �2 2 2 2 x

3 3 dx dx 3 3 dx x
dy dy dy y

y
� ‘ ˆ ‰�"Î$

�"Î$

 Differentiating again, yww � �
� � �

œ œ
x y y y x

x x

x y y x"Î$ �#Î$ w "Î$ �#Î$" "

#Î$ #Î$

"Î$ �#Î$ "Î$ �#Î$" ""Î$

"Î$
†

†ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Œ �
3 3

3 3
y

x

  x y y xÊ œ � œ �d y y
dx 3 3 3x 3y x

# "Î$

# %Î$ "Î$ #Î$
" " "�#Î$ �"Î$ "Î$ �%Î$

21. y x 2x  2yy 2x 2  y ; then y# # w w ww� � � � � �
œ � Ê œ � Ê œ œ œ œ2x 2 x 1

2y y y y
y (x 1)y y (x 1)w

# #

�Š ‹x 1
y

  yÊ œ œd y y (x 1)
dx y

# # #

# $

ww � �

22. y 2x 1 2y  2y y 2 2y   y (2y 2) 2  y (y 1) ; then y (y 1) y# w w w w �" ww �# w"
�� œ � Ê � œ � Ê � œ Ê œ œ � œ � �† †y 1

 (y 1) (y 1)   yœ � � � Ê œ œ�# �" ww �"
�

d y
dx (y 1)

#

# $

23. 2 y x y  y y 1 y   y y 1 1  y ; we canÈ ˆ ‰œ � Ê œ � Ê � œ Ê œ œ œ�"Î# w w w �"Î# w "
� �

dy
dx y 1y 1

y
�"Î#

ÈÈ
 differentiate the equation y y 1 1 again to find y :  y y y y 1 y 0w �"Î# ww w �$Î# w �"Î# ww"

#
ˆ ‰ ˆ ‰ ˆ ‰� œ � � � œ

  y 1 y y y   yÊ � œ Ê œ œ œ œˆ ‰ c d�"Î# ww w �$Î# ww" " "
#

#

� � # �

d y
dx

y

y 1 2y y 1 1 y

#

#

"

#

#

�$Î#

�"Î# $Î# �"Î# $ $

Œ �
a b a b ˆ ‰È

"
�"Î# �y 1

24. xy y 1  xy y 2yy 0  xy 2yy y  y (x 2y) y  y ;  y� œ Ê � � œ Ê � œ � Ê � œ � Ê œ œ# w w w w w w ww�
�

y d y
(x 2y) dx

#

#

 œ œ œ� � � �
� � �

� � � � � � � �(x 2y)y y(1 2y )
(x 2y) (x 2y) (x 2y)

(x 2y) y 1 2 y(x 2y) y(x 2y) 2yw w

# # #

#’ “ ’ “Š ‹ c d� �

� �
"

�

y y
(x 2y) (x 2y) (x 2y)

 œ œ œ2y(x 2y) 2y 2y 2xy 2y(x y)
(x 2y) (x 2y) (x 2y)
� � � �
� � �

# #

$ $ $

25. x y 16  3x 3y y 0  3y y 3x   y ; we differentiate y y x  to find y :$ $ # # w # w # w # w # ww� œ Ê � œ Ê œ � Ê œ � œ �x
y

#

#

 y y y 2y y 2x  y y 2x 2y y   y# ww w w # ww w ww# � � � � �
� œ � Ê œ � � Ê œ œc d c d†

2x 2y 2x

y y

Š ‹x 2x
y y

# %

# $

#

# #

   2œ Ê œ œ �� � � �2xy 2x d y
y dx 32

32 32$ % #

& # ¹
(2 2)ß

26. xy y 1  xy y 2yy 0  y (x 2y) y  y   y ;� œ Ê � � œ Ê � œ � Ê œ Ê œ# w w w w ww�
� �

� � � � �y
(x 2y) (x 2y)

(x 2y) y ( y) 1 2ya b a bw w

#

 since y  we obtain yk kw ww" "
#

� �
(0 1) (0 1)ß� ß�

œ � œ œ �
( 2) (1)(0)

4 4

ˆ ‰"
#

27. y x y 2x at ( ) and ( 1)  2y 2x 4y  2  2y 4y  2 2x# # % $ $� œ � �#ß " �#ß� Ê � œ � Ê � œ � �dy dy dy dy
dx dx dx dx

  2y 4y 2 2x    1 and 1Ê � œ � � Ê œ Ê œ � œdy dy dy dy
dx dx y y dx dx

xa b ¹ ¹$ �"
# �$

( 2 1) ( 2 1)� ß � ß�
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28. x y (x y)  at ( ) and ( 1)  2 x y 2x 2y 2(x y) 1a b a b Š ‹ Š ‹# # # # ##
� œ � "ß ! "ß� Ê � � œ � �dy dy

dx dx

  2y x y (x y) 2x x y (x y)    1Ê � � � œ � � � � Ê œ Ê œ �dy dy dy
dx dx 2y x y (x y) dx

2x x y (x y)c d a ba b ¹# # # # � � � �
� � �

a ba b
# #

# #

(1 0)ß

 and 1¹dy
dx

(1 1)ß�

œ

29. x xy y 1  2x y xy 2yy 0  (x 2y)y 2x y  y ;# # w w w w �
�� � œ Ê � � � œ Ê � œ � � Ê œ 2x y

2y x

 (a) the slope of the tangent line m y   the tangent line is y 3 (x 2)  y xœ œ Ê � œ � Ê œ �kw "
#(2 3)ß

7 7 7
4 4 4

 (b) the normal line is y 3 (x 2)  y x� œ � � Ê œ � �4 4 29
7 7 7

30. x y 25  2x 2yy 0  y ;# # w w� œ Ê � œ Ê œ � x
y

 (a) the slope of the tangent line m y the tangent line is y 4 (x 3) y xœ œ � œ Ê � œ � Ê œ �k ¹w
(3 4)

(3 4)
ß�

ß�

x 3 3 3 25
y 4 4 4 4

 (b) the normal line is y 4 (x 3)  y x� œ � � Ê œ �4 4
3 3

31. x y 9  2xy 2x yy 0  x yy xy   y ;# # # # w # w # wœ Ê � œ Ê œ � Ê œ � y
x

 (a) the slope of the tangent line m y 3 the tangent line is y 3 3(x 1) y 3x 6œ œ � œ Ê � œ � Ê œ �k ¸w
( 1 3) ( 1 3)� ß � ß

y
x

 (b) the normal line is y 3 (x 1)  y x� œ � � Ê œ � �" "
3 3 3

8

32. y 2x 4y   2yy 2 4y 0  2(y 2)y 2  y ;# w w w w "
�#� � � " œ ! Ê � � œ Ê � œ Ê œ y

 (a) the slope of the tangent line m y 1  the tangent line is y 1 1(x 2)  y x 1œ œ � Ê � œ � � Ê œ � �kw ( 2 1)� ß

 (b) the normal line is y 1 1(x 2)  y x 3� œ � Ê œ �

33. 6x 3xy 2y 17y 6 0 12x 3y 3xy 4yy 17y 0  y (3x 4y 17) 12x 3y# # w w w w� � � � œ Ê � � � � œ Ê � � œ � �

  y ;Ê œw � �
� �
12x 3y

3x 4y 17

 (a) the slope of the tangent line m y   the tangent line is y 0 (x 1)œ œ œ Ê � œ �k ¹w �" �
� �( 1 0)

( 1 0)
� ß

� ß

2x 3y
3x 4y 17 7 7

6 6

  y xÊ œ �6 6
7 7

 (b) the normal line is y 0 (x 1)  y x� œ � � Ê œ � �7 7 7
6 6 6

34. x 3xy 2y 5  2x 3xy 3y 4yy 0  y 4y 3x 3y 2x  y ;# # w w w w �

�
� � œ Ê � � � œ Ê � œ � Ê œÈ È È È ÈŠ ‹ È È3y 2x

4y 3x

 (a) the slope of the tangent line m y 0  the tangent line is y 2œ œ œ Ê œk ¹w �

�Š ‹È
Š ‹È3 2

3 2
ß

ß

È È3y 2x
4y 3x

 (b) the normal line is x 3œ È
35. 2xy  sin y 2   2xy 2y (cos y)y 0  y (2x  cos y) 2y  y ;� œ Ê � � œ Ê � œ � Ê œ1 1 1 1

w w w w �
�

2y
2x  cos y1

 (a) the slope of the tangent line m y   the tangent  line isœ œ œ � Êk ¹w �
� #ˆ ‰

ˆ ‰1
1

ß

ß

1

12
2

2y
2x  cos y1

1

 y (x 1)  y x� œ � � Ê œ � �1 1 1

# # # 1

 (b) the normal line is y (x 1)  y x� œ � Ê œ � �1 1

1 1 1# #
2 2 2

36. x sin 2y y cos 2x  x(cos 2y)2y sin 2y 2y sin 2x y  cos 2x  y (2x cos 2y cos 2x)œ Ê � œ � � Ê �w w w

 sin 2y 2y sin 2x  y ;œ � � Ê œw �
�

sin 2y 2y sin 2x
cos 2x 2x cos 2y

 (a) the slope of the tangent line m y 2  the tangent line isœ œ œ œ Êk ¹w �
�ˆ ‰

ˆ ‰
1 1

1 14 2
4 2

ß

ß

sin 2y 2y sin 2x
cos 2x 2x cos 2y

1
1

#

 y 2 x   y 2x� œ � Ê œ1 1

#
ˆ ‰

4

 (b) the normal line is y x   y x� œ � � Ê œ � �1 1 1

# # #
" "ˆ ‰

4 8
5
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37. y 2 sin ( x y) y 2 [cos ( x y)] y y [1 2 cos ( x y)] 2  cos ( x y) y ;œ � Ê œ � � Ê � � œ � Ê œ1 1 1 1 1 1
w w w w �

�# �† a b 2  cos ( x y)
1  cos ( x y)

1 1

1

 (a) the slope of the tangent line m y 2   the tangent line isœ œ œ Êk ¹w �
� �(1 0)

(1 0)
ß

ß

2  cos ( x y)
1 2 cos ( x y)

1 1

1
1

 y 0 2 (x 1)  y 2 x 2� œ � Ê œ �1 1 1

 (b) the normal line is y 0 (x 1)  y� œ � � Ê œ � �" "
# #1 1 1

x
2

38. x  cos y sin y 0  x (2 cos y)( sin y)y 2x cos y y  cos y 0  y 2x  cos y sin y cos y# # # w # w w #� œ Ê � � � œ Ê � �c d
 2x cos y  y ;œ � Ê œ# w

�
2x cos y

2x  cos y sin y cos y

#

#

 (a) the slope of the tangent line m y 0  the tangent line is yœ œ œ Ê œk ¹w
�(0 )

(0 )
ß

ß

1

1

2x cos y
2x  cos y sin y cos y

#

# 1

 (b) the normal line is x 0œ

39. Solving x xy y 7 and y 0  x 7  x 7  7  and 7  are the points where the# # #� � œ œ Ê œ Ê œ „ Ê � ß ! ß !È È ÈŠ ‹ Š ‹
 curve crosses the x-axis.  Now x xy y 7  2x y xy 2yy 0  (x 2y)y 2x y# # w w w� � œ Ê � � � œ Ê � œ � �

  y   m   the slope at 7  is m 2 and the slope at 7  isÊ œ � Ê œ � Ê � ß ! œ � œ � ß !w � �
� �

�

�

2x y 2x y
x 2y x 2y

2 7
7

Š ‹ Š ‹È ÈÈÈ
 m 2.  Since the slope is 2 in each case, the corresponding tangents must be parallel.œ � œ � �2 7

7

ÈÈ

40. xy 2x y 0  x y 2 0  ; the slope of the line 2x y 0 is 2.  In order to be� � œ Ê � � � œ Ê œ � œ �dy dy dy y 2
dx dx dx 1 x

�
�

 parallel, the normal lines must also have slope of 2.  Since a normal is perpendicular to a tangent, the slope of�

 the tangent is .  Therefore,   2y 4 1 x  x 3 2y.  Substituting in the original equation," "
# � #

�y 2
1 x œ Ê � œ � Ê œ � �

 y( 3 2y) 2( 3 2y) y 0  y 4y 3 0  y 3 or y 1.  If y 3, then x 3 and� � � � � � œ Ê � � œ Ê œ � œ � œ � œ#

 y 3 2(x 3)  y 2x 3.  If y 1, then x 1 and y 1 2(x 1)  y 2x 3.� œ � � Ê œ � � œ � œ � � œ � � Ê œ � �

41. y y x   4y y 2yy 2x  2 2y y y 2x  y ; the slope of the tangent line at% # # $ w w $ w w
�œ � Ê œ � Ê � œ � Ê œa b x

y 2y$

  is 1; the slope of the tangent line at Š ‹ ¹ Š ‹È È È3 3 3
4 y 2y 3 4

xß œ œ œ œ � ß# � #� #� �
" "

$ "

#

"

#Œ �È È3 3
4 2ß

È

È È

3
4 4

3 6 3
8

3
4

 is 3¹ Èx
y 2y 4 2

2 3
� ��$ "

#Œ �È3
4 2

1
ß

œ œ œ
È3

4
2
8

È

42. y (2 x) x   2yy (2 x) y ( 1) 3x   y ; the slope of the tangent line is m# $ w # # w � �
� �� œ Ê � � � œ Ê œ œy 3x y 3x

2y(2 x) 2y(2 x)

# # # # ¹
(1 1)ß

 2 the tangent line is y 1 2(x 1) y 2x 1; the normal line is y 1 (x 1) y xœ œ Ê � œ � Ê œ � � œ � � Ê œ � �4 3
# # # #

" "

43. y 4y x 9x   4y y 8yy 4x 18x  y 4y 8y 4x 18x  y% # % # $ w w $ w $ $ w � �
� �� œ � Ê � œ � Ê � œ � Ê œ œa b 4x 18x 2x 9x

4y 8y 2y 4y

$ $

$ $

 m; ( 3 2):  m ; ( ):  m ; (3 ):  m ; (3 ):  mœ œ � ß œ œ � �$ß�# œ ß # œ ß�# œ �x 2x 9
y 2y 4 2(8 4) 8 8 8 8

( 3)(18 9) 27 27 27 27a ba b
#

#

�
� �

� �

44. x y 9xy 0  3x 3y y 9xy 9y 0  y 3y 9x 9y 3x   y$ $ # # w w w # # w � �
� �� � œ Ê � � � œ Ê � œ � Ê œ œa b 9y 3x 3y x

3y 9x y 3x

# #

# #

 (a) y  and y ;k kw w
(4 2) (2 4)ß ß

œ œ5 4
4 5

 (b) y 0  0  3y x 0  y   x 9x 0  x 54x 0w # $ ' $�
�

$

œ Ê œ Ê � œ Ê œ Ê � � œ Ê � œ3y x
y 3x 3 3 3

x x x#

#

# # #Š ‹ Š ‹
  x x 54 0  x 0 or x 54 3 2  there is a horizontal tangent at x 3 2 .  To find theÊ � œ Ê œ œ œ Ê œ$ $ $ $ $a b È È È
 corresponding y-value, we will use part (c).

 (c) 0  0  y 3x 0  y 3x ; y 3x  x 3x 9x 3x 0dx
dy 3y x

y 3xœ Ê œ Ê � œ Ê œ „ œ Ê � � œ
#

#

�
�

# $
$È È È ÈŠ ‹

  x 6 3 x 0  x x 6 3 0  x 0 or x 6 3  x 0 or x 108 3 4.Ê � œ Ê � œ Ê œ œ Ê œ œ œ$ $Î# $Î# $Î# $Î# $Î#È È È ÈŠ ‹ È3 3

 Since the equation x y 9xy 0 is symmetric in x and y, the graph is symmetric about the line y x. That is, if$ $� � œ œ
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 (a b) is a point on the folium, then so is (b a).  Moreover, if y m, then y . Thus, if the folium has aß ß œ œk kw w "
(a b) (b a)ß ß m

 horizontal tangent at (a b), it has a vertical tangent at (b a) so one might expect that with a horizontal tangent atß ß

  x 54 and a vertical tangent at x 3 4, the points of tangency are 54 3 4  and 3 4 54 ,œ œ ß ßÈ È ÈÈ È ÈŠ ‹ Š ‹3 3 33 3$

 respectively.  One can check that these points do satisfy the equation x y 9xy 0.$ $� � œ

45. x 2xy 3y 0 2x 2xy 2y 6yy 0 y (2x 6y) 2x 2y y the slope of the tangent# # w w w w �
�� � œ Ê � � � œ Ê � œ � � Ê œ Êx y

3y x

 line m y 1 the equation of the normal line at (1 1) is y 1 1(x 1) y x 2. To findœ œ œ Ê ß � œ � � Ê œ � �k ¹w �
�(1 1)

(1 1)
ß

ß

x y
3y x

 where the normal line intersects the curve we substitute into its equation: x 2x(2 x) 3(2 x) 0# #� � � � œ

 x 4x 2x 3 4 4x x 0 4x 16x 12 0 x 4x 3 0  (x 3)(x 1) 0Ê � � � � � œ Ê � � � œ Ê � � œ Ê � � œ# # # # #a b
 x 3 and y x 2 1. Therefore, the normal to the curve at (1 1) intersects the curve at the point (3 1).Ê œ œ � � œ � ß ß�

 Note that it also intersects the curve at (1 1).ß

46. Let p and q be integers with q 0 and suppose that y x x . Then y x . Since p and q are integers and� œ œ œÈq p p q q pÎ

 assuming y is a differentiable function of x, y x qy pxd d x
dx dx dx dx qy q y

q p q 1 p 1dy dy px pa b a bœ Ê œ Ê œ œ †� �
p 1

q 1 q 1

p 1�

� �

�

 x xœ † œ † œ † œ †p p p p
q q q q

x x
x x

p 1 p p q p q 1p 1 p 1

p q q 1 p p q

� �

Î � � Îa b a b a b� � � Î Î �

47. y x  .  If a normal is drawn from (a 0) to (x y ) on the curve its slope satisfies 2y# "
# �" " "

�œ Ê œ ß ß œ �dy y 0
dx y x a

"

"

  y 2y (x a) or a x .  Since x 0 on the curve, we must have that a .  By symmetry, the twoÊ œ � � œ �    " " " " "
" "
# #

 points on the parabola are x x  and x x .  For the normal to be perpendicular, 1ˆ ‰ ˆ ‰È È Š ‹Š ‹" " " " � �ß ß � œ �
È Èx x

x a a x
" "

" "

  1  x (a x )   x x x   x  and y . Therefore,  and a .Ê œ Ê œ � Ê œ � � Ê œ œ „ ß „ œx
(a x ) 4 4 4

3"

"
#� # # #" " " " " " "

# " " " " "#ˆ ‰ ˆ ‰
48. 2x 3y 5  4x 6yy 0  y   y  and y ; also,# # w w w w� œ Ê � œ Ê œ � Ê œ � œ � œ � œ2x 2x 2 2x 2

3y 3y 3 3y 3k k¹ ¹(1 1) (1 1)
(1 1) (1 1)

ß ß�

ß ß�

 y x   2yy 3x   y   y  and y .  Therefore the# $ w # w w w
# #œ Ê œ Ê œ Ê œ œ œ œ �3x 3x 3 3x 3

2y 2y 2y

# # #k k¹ ¹(1 1) (1 1)
(1 1) (1 1)

ß ß�

ß ß�

 tangents to the curves are perpendicular at (1 1) and (1 1) (i.e., the curves are orthogonal at these two points ofß ß �

 intersection).

49. (a) x y 4, x 3y 3y y 4 y 1 y 1. If y 1 x 1 4 x 32 2 2 2 2 2 2 2 22� œ œ Ê � œ Ê œ Ê œ „ œ Ê � œ Ê œa b a b
 x 3. If y 1 x 1 4 x 3 x 3.Ê œ „ œ � Ê � � œ Ê œ Ê œ „È Èa b2 22

 x y 4 2x 2y 0 m  and x 3y 2x 6y m2 2 2 2dy dy dy dy
dx dx y dx dx 3y1 2

x x� œ Ê � œ Ê œ œ � œ Ê œ Ê œ œ

 At 3 1 : m 3 and m m m 3 1Š ‹ Š ‹Š ‹È È Èß œ œ � œ � œ œ œ Ê † œ � œ �1 2 1 2
dy dy
dx 1 dx 3 1 3 3

3 3 3 3È È È Èa b
 At 3 1 : m 3 and m m m 3 1Š ‹ Š ‹Š ‹È È Èß � œ œ � œ œ œ œ � Ê † œ � œ �1 2 1 2

dy dy
dx 1 dx 3 1 3 3

3 3 3 3È È È Èa b a b� �

 At 3 1 : m 3 and m m m 3 1Š ‹ Š ‹Š ‹È È È� ß œ œ � œ œ œ œ � Ê † œ � œ �1 2 1 2
dy dy
dx 1 dx 3 1 3 3

3 3 3 3Š ‹È È È Èa b
� �

 At 3 1 : m 3 and m m m 3 1Š ‹ Š ‹Š ‹È È È� ß� œ œ � œ � œ œ œ Ê † œ � œ �1 2 1 2
dy dy
dx 1 dx 3 1 3 3

3 3 3 3Š ‹ Š ‹È È
a b a b È È� �

� �

 (b) x 1 y , x y y 1 y y y . If y x 1 . Ifœ � œ Ê œ � Ê œ Ê œ „ œ Ê œ � œ2 2 2 2 21 1 3 1
3 3 4 2 2 2 4

3 3 3
2ˆ ‰ Š ‹È È È

 y x 1 . x 1 y 1 2y m  and x yœ � Ê œ � � œ œ � Ê œ � Ê œ œ � œ
È È3 3

2 2 4 dx dx 2y 3

2
1 1 12 2dy dy

1Š ‹
 1 y mÊ œ Ê œ œ2 3

3 dx dx 2y
dy dy

2

 At : m  and m m m 1Š ‹ Š ‹Š ‹1 1 1 3 3 1 3
4 2 dx dx

3
1 2 1 2

dy dy

2 3 2 2 3 23 3 3 3
ß œ œ � œ � œ œ œ Ê † œ � œ �

È
Š ‹ Š ‹È ÈÈ È È ÈÎ Î

 At : m  and m m m 1Š ‹ Š ‹Š ‹1 1 1 3 3 1 3
4 2 dx dx

3
1 2 1 2

dy dy

2 3 2 2 3 23 3 3 3
ß � œ œ � œ œ œ œ � Ê † œ � œ �

È
Š ‹ Š ‹È ÈÈ È È È� Î � Î
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50. y x b, y x  and 2y 3x 1 y xœ � � œ Ê œ � œ Ê œ Ê � œ � Ê œ Ê œ1 1 3x 1 3x x x
3 dx 3 dx dx 2y 3 2y 2 2

2 3 2 3dy dy dy
22 2 2 2ˆ ‰Š ‹ Š ‹

 x x 4x 0 x x 4 0 x 0 or x 4. If x 0 y  and 1 isÊ œ Ê � œ Ê � œ Ê œ œ œ Ê œ œ ! � œ �x 1 3x
4 2 3 2y

3 4 3 3 04 22a b ˆ ‰Š ‹a b
 indeterminant at 0, 0 . If x 4 y 8. At 4 8 , y x b 8 4 b b .a b a b a bœ Ê œ œ ß œ � � Ê œ � � Ê œa b4

2 3 3 3
1 1 28

2

51. xy x y 6  x 3y  y x  2xy 0  3xy x y 2xy  $ # # $ # # # $ � �
�� œ Ê � � � œ Ê � œ � � Ê œŠ ‹ a bdy dy dy dy y 2xy

dx dx dx dx 3xy x

$

# #

 ; also, xy x y 6  x 3y y  x y 2x 0  y 2xy 3xy xœ � � œ Ê � � � œ Ê � œ � �y 2xy
3xy x dy dy dy

dx dx dx$

# #

�
�

$ # # $ # $ # #a b a bŠ ‹
  ; thus  appears to equal .  The two different treatments view the graphs as functionsÊ œ �dx dx

dy y 2xy dy
3xy x# #

$

�
�

"
dy
dx

 symmetric across the line y x, so their slopes are reciprocals of one another at the corresponding pointsœ

 (a b) and (b a).ß ß

52. x y sin y  3x 2y (2 sin y)(cos y)   (2y 2 sin y cos y) 3x  $ # # # # �
�� œ Ê � œ Ê � œ � Ê œdy dy dy dy

dx dx dx dx 2y 2 sin y cos y
3x#

 ; also, x y sin y  3x  2y 2 sin y cos y  ; thus œ � œ Ê � œ Ê œ3x dx dx dx
2 sin y cos y 2y dy dy 3x dy

2 sin y cos y 2y#

#�
$ # # # �

 appears to equal .  The two different treatments view the graphs as functions symmetric across the line"
dy
dx

 y x so their slopes are reciprocals of one another at the corresponding points (a b) and (b a).œ ß ß

53-60. Example CAS commands:
 :Maple
 q1 := x^3-x*y+y^3 = 7;
 pt := [x=2,y=1];
 p1 := implicitplot( q1, x=-3..3, y=-3..3 ):
 p1;
 eval( q1, pt );
 q2 := implicitdiff( q1, y, x );
 m := eval( q2, pt );
 tan_line := y = 1 + m*(x-2);
 p2 := implicitplot( tan_line, x=-5..5, y=-5..5, color=green ):
 p3 := pointplot( eval([x,y],pt), color=blue ):
 display( [p1,p2,p3], ="Section 3.7 #57(c)" );
 : (functions and x0 may vary):Mathematica
 Note use of double equal sign (logic statement) in definition of eqn and tanline.
 <<Graphics`ImplicitPlot`
 Clear[x, y]
 {x0, y0}={1, /4};1

 eqn=x + Tan[y/x]==2;
 ImplicitPlot[eqn,{ x, x0 3, x0 3},{y, y0 3, y0 3}]� � � �

 eqn/.{x x0, y y0}Ä Ä

 eqn/.{ y y[x]}Ä

 D[%, x]
 Solve[%, y'[x]]
 slope=y'[x]/.First[%]
 m=slope/.{x x0, y[x] y0}Ä Ä

 tanline=y==y0 m (x x0)� �

 ImplicitPlot[{eqn, tanline}, {x, x0 3, x0 3},{y, y0 3, y0 + 3}]� � �
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3.8  RELATED RATES

 1. A r   2 r œ Ê œ1 1
# dA dr

dt dt

 2. S 4 r   8 r œ Ê œ1 1
# dS dr

dt dt

 3. y 5x, 2 5 5 2 10œ œ Ê œ Ê œ œdx dx
dt dt dt dt

dy dy a b
 4. 2x 3y 12, 2 2 3 0 2 3 2 0 3� œ œ � Ê � œ Ê � � œ Ê œdy dy

dt dt dt dt dt
dx dx dxa b

 5. y x , 3 2x ; when x 1 2 1 3 6œ œ Ê œ œ � Ê œ � œ �2 dx dx
dt dt dt dt

dy dy a ba b
 6. x y y, 5 3y ; when y 2 3 2 5 5 55œ � œ Ê œ � œ Ê œ � œ3 2dy dy dy

dt dt dt dt dt
dx dx 2a b a b a b

 7. x y 25, 2 2x 2y 0; when x 3 and y 4 2 3 2 2 4 02 2 dx dx 3
dt dt dt dt dt 2

dy dy dy� œ œ � Ê � œ œ œ � Ê � � � œ Ê œ �a ba b a b
 8. x y , 3x y 2x y 0; when x 2 2 y y . Thus2 3 2 2 3 34 dx 4 1

27 dt dt dt 27 3
dy dy 2œ œ Ê � œ œ Ê œ Ê œ"

# a b
 3 2 2 2 0a b a bˆ ‰ ˆ ‰ ˆ ‰2 1 1 dx dx 9

3 3 dt dt 2
2 3"

# � œ Ê œ �

 9. L x y , 1, 3 2x 2y ; when x 5 and y 12œ � œ � œ Ê œ � œ œ œÈ Š ‹2 2 dx dL 1 dx
dt dt dt dt dt

dy dy
2 x y x y

x yÈ È2 2 2 2

dx
dt dt

dy

� �

�

 Ê œ œdL 31
dt 13

5 1 12 3

5 12

a ba b a ba b
Éa b a b
� �

�2 2

10. r s v 12, 4, 3 2s 3v 0; when r 3 and s 1 3 1 v 12 v 2� � œ œ œ � Ê � � œ œ œ Ê � � œ Ê œ2 3 2 3dr ds dr ds dv
dt dt dt dt dt

2a b a b
 4 2 1 3 3 2 0Ê � � � œ Ê œa ba b a b2 dv dv 1

dt dt 6

11. (a) S 6x , 5 12x ; when x 3 12 3 5 180 œ œ � Ê œ œ Ê œ � œ �2 dx m dS dx dS m
dt min dt dt dt mina ba b 2

 (b) V x , 5 3x ; when x 3 3 3 5 135 œ œ � Ê œ œ Ê œ � œ �3 2dx m dV dx dV m
dt min dt dt dt min

2a b a b 3

12. S 6x , 72 12x 72 12 3 2 ; V x 3x ; when x 3œ œ Ê œ Ê œ Ê œ œ Ê œ œ2 3 2dS in dS dx dx dx in dV dx
dt sec dt dt dt dt sec dt dt

2 a b
 3 3 2 54 Ê œ œdV in

dt sec
2a b a b 3

13. (a) V r h  r   (b) V r h  2 rh œ Ê œ œ Ê œ1 1 1 1
# # #dV dh dV dr

dt dt dt dt

 (c) V r h  r  2 rh œ Ê œ �1 1 1
# #dV dh dr

dt dt dt

14. (a) V r h  r   (b) V r h  rh œ Ê œ œ Ê œ" " "# # #
3 dt 3 dt 3 dt 3 dt

dV dh dV 2 dr
1 1 1 1

 (c) r  rh dV dh 2 dr
dt 3 dt 3 dtœ �" #

1 1

15. (a) 1 volt/sec (b)  amp/secdV dI
dt dt 3œ œ � "

 (c) R I   R    dV dI dR dR dV dI dR dV V dI
dt dt dt dt I dt dt dt I dt I dtœ � Ê œ � Ê œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" "

 (d) 1 (3)  ohms/sec, R is increasingdR 12 3
dt 3œ � � œ œ" " "

# # # #
� ‘ ˆ ‰ˆ ‰

16. (a) P RI   I  2RI œ Ê œ �# #dP dR dI
dt dt dt

 (b) P RI   0 I  2RI       œ Ê œ œ � Ê œ � œ � œ �# #dP dR dI dR 2RI dI dI 2P dI
dt dt dt dt I dt I dt I dt

2
# # $

ˆ ‰P
I
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17. (a) s x y x y    œ � œ � Ê œÈ a b# # # # "Î#

�
ds x dx
dt dtx yÈ # #

 (b) s x y x y     œ � œ � Ê œ �È a b# # # # "Î#

� �
ds x dx
dt dt dtx y x y

y dyÈ È# # # #

 (c) s x y   s x y   2s 2x 2y   2s 0 2x 2y    œ � Ê œ � Ê œ � Ê œ � Ê œ �È # # # # # ds dx dx dx
dt dt dt dt dt dt x dt

dy dy y dy
†

18. (a) s x y z   s x y z   2s 2x 2y 2z œ � � Ê œ � � Ê œ � �È # # # # # # # ds dx dz
dt dt dt dt

dy

     Ê œ � �ds x dx z dz
dt dt dt dtx y z x y z x y z

y dyÈ È È# # # # # # # # #� � � � � �

 (b) From part (a) with 0    dx ds z dz
dt dt dt dt

y dy
x y z x y z

œ Ê œ �È È# # # # # #� � � �

 (c) From part (a) with 0  0 2x 2y 2z     0ds dx dz dx z dz
dt dt dt dt dt x dt x dt

dy y dyœ Ê œ � � Ê � � œ

19. (a) A ab sin   ab cos   (b) A ab sin   ab cos  b sin  œ Ê œ œ Ê œ �" " " " "
# # # # #) ) ) ) )

dA d dA d da
dt dt dt dt dt

) )

 (c) A ab sin   ab cos  b sin  a sin  œ Ê œ � �" " " "
# # # #) ) ) )

dA d da db
dt dt dt dt

)

20. Given A r , 0.01 cm/sec, and r 50 cm.  Since 2 r , then 2 (50)  cm /min.œ œ œ œ œ œ1 1 1 1
# #"dr dA dr dA

dt dt dt dt 100
¸ ˆ ‰

r=50

21. Given 2 cm/sec, 2 cm/sec, 12 cm and w 5 cm.d dw
dt dt
j œ � œ j œ œ

 (a) A w   w   12(2) 5( 2) 14 cm /sec, increasingœ j Ê œ j � Ê œ � � œdA dw d dA
dt dt dt dt

j #

 (b) P 2 2w  2 2 2( 2) 2(2) 0 cm/sec, constantœ j � Ê œ � œ � � œdP d dw
dt dt dt

j

 (c) D w w   w 2w 2    œ � j œ � j Ê œ � j � j Ê œÈ a b a b ˆ ‰# # # # # #"Î# �"Î# � j" j
# � j

dD dw d dD
dt dt dt dt

w  

w

dw d
dt dt

j

# #È
  cm/sec, decreasingœ œ �(5)(2) (12)( 2)

25 144
14
13

� �

�È

22. (a) V xyz  yz xz xy   (3)(2)(1) (4)(2)( 2) (4)(3)(1) 2 m /secœ Ê œ � � Ê œ � � � œdV dx dz dV
dt dt dt dt dt

dy ¸
(4 3 2)ß ß

$

 (b) S 2xy 2xz 2yz  (2y 2z) (2x 2z) (2x 2y) œ � � Ê œ � � � � �dS dx dz
dt dt dt dt

dy

  (10)(1) (12)( 2) (14)(1) 0 m /secÊ œ � � � œ¸dS
dt (4 3 2)ß ß

#

 (c) x y z x y z     j œ � � œ � � Ê œ � �È a b# # # # # # "Î# j
� � � � � �

d x dx z dz
dt dt dt dtx y z x y z x y z

y dyÈ È È# # # # # # # # #

  (1) ( 2) (1) 0 m/secÊ œ � � � œ¸ Š ‹ Š ‹ Š ‹d 4 3 2
dt 29 29 29
j

(4 3 2)ß ß È È È

23. Given:  5 ft/sec, the ladder is 13 ft long, and x 12, y 5 at the instant of timedx
dt œ œ œ

 (a) Since x y 169   (5) 12 ft/sec, the ladder is sliding down the wall# #� œ Ê œ � œ � œ �dy
dt y dt 5

x dx 12ˆ ‰
 (b) The area of the triangle formed by the ladder and walls is A xy  x y .  The areaœ Ê œ �" "

# #
dA dx
dt dt dt

dyˆ ‰ Š ‹
 is changing at [12( 12) 5(5)] 59.5 ft /sec."

# #
#� � œ � œ �119

 (c) cos   sin    (5) 1 rad/sec) )œ Ê � œ Ê œ � œ � œ �x d dx d dx
13 dt 13 dt dt 13 sin dt 5

) )

)

" " "
† †

ˆ ‰
24. s y x 2s 2x 2y x y [5( 442) 12( 481)] 614 knots# # # " "œ � Ê œ � Ê œ � Ê œ � � � œ �ds dx ds dx ds

dt dt dt dt s dt dt dt
dy dy

169
Š ‹ È

25. Let s represent the distance between the girl and the kite and x represents the horizontal distance between the girl and kite

 s (300) x    20 ft/sec.Ê œ � Ê œ œ œ# # # ds x dx
dt s dt 500

400(25)

26. When the diameter is 3.8 in., the radius is 1.9 in. and  in/min.  Also V 6 r   12 r dr dV dr
dt 3000 dt dtœ œ Ê œ" #

1 1

  12 (1.9) 0.0076 .  The volume is changing at about 0.0239 in /min.Ê œ œdV
dt 30001 1ˆ ‰" $
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27. V r h, h (2r)   r   V h    œ œ œ Ê œ Ê œ œ Ê œ" "# #

3 8 4 3 3 3 27 dt 9 dt
3 3r 4h 4h 16 h dV 16 h dh

1 1 ˆ ‰ 1 1
$ #

 (a) (10) 0.1119 m/sec 11.19 cm/sec¸ ˆ ‰dh 9 90
dt 16 4 256h = 4 œ œ ¸ œ

1 1#

 (b) r    0.1492 m/sec 14.92 cm/secœ Ê œ œ œ ¸ œ4h dr 4 dh 4 90 15
3 dt 3 dt 3 256 32

ˆ ‰
1 1

28. (a) V r h and r   V h      œ œ Ê œ œ Ê œ Ê œ œ" " �#
# #

# �
3 3 4 dt 4 dt dt 225 (5) 225

15h 15h 75 h dV 225 h dh dh 84( 50)
1 1 ˆ ‰ ¸1 1

1 1

$ #

#h = 5

 0.0113 m/min 1.13 cm/min¸ � œ �

 (b) r      0.0849 m/sec 8.49 cm/secœ Ê œ Ê œ œ ¸ � œ �15h dr 15 dh dr 15 8 4
dt dt dt 225 15# # #

� �¸ ˆ ‰ ˆ ‰
h = 5 1 1

29. (a) V y (3R y)  2y(3R y) y ( 1)    6Ry 3y    at R 13 andœ � Ê œ � � � Ê œ � Ê œ1 1 1

3 dt 3 dt dt 3 dt
dV dVdy dy# # # �"c d a b� ‘

 y 8 we have ( 6)  m/minœ œ � œdy
dt 144 24

" �"
1 1

 (b) The hemisphere is on the circle r (13 y) 169  r 26y y  m# # #� � œ Ê œ �È
 (c) r 26y y  26y y (26 2y)   œ � Ê œ � � Ê œ Ê œa b a b ¸ ˆ ‰# #"Î# �"Î#" � �"

# #
�

� �

dr dr dr 13 8
dt dt dt dt dt 4

dy 13 y dy
26y y 26 8 64È È# y = 8

†

1

  m/minœ �5
2881

30. If V r , S 4 r , and kS 4k r , then 4 r    4k r 4 r    k, a constant.œ œ œ œ œ Ê œ Ê œ4 dV dV dr dr dr
3 dt dt dt dt dt1 1 1 1 1 1

$ # # # # #

 Therefore, the radius is increasing at a constant rate.

31. If V r , r 5, and 100  ft /min, then 4 r    1 ft/min.  Then S 4 r   œ œ œ œ Ê œ œ Ê4 dV dV dr dr dS
3 dt dt dt dt dt1 1 1 1

$ $ # #

 8 r 8 (5)(1) 40  ft /min, the rate at which the surface area is increasing.œ œ œ1 1 1
dr
dt

#

32. Let s represent the length of the rope and x the horizontal distance of the boat from the dock.

 (a) We have s x 36    .  Therefore, the boat is approaching the dock at# #

�
œ � Ê œ œdx s ds s ds

dt x dt dts 36È #

 ( 2) 2.5 ft/sec.¸dx 10
dt 10 36s = 10

œ � œ �È #�

 (b) cos    sin      .  Thus, r 10, x 8, and sin ) ) )œ Ê � œ � Ê œ œ œ œ6 d 6 dr d 6 dr 8
r dt r dt dt r  sin dt 10

) )

)# #

  ( 2)  rad/secÊ œ � œ �d 6 3
dt 2010
)

# ˆ ‰8
10

†

33. Let s represent the distance between the bicycle and balloon, h the height of the balloon and x the horizontal
 distance between the balloon and the bicycle.  The relationship between the variables is s h x# # #œ �

  h x   [68(1) 51(17)] 11 ft/sec.Ê œ � Ê œ � œds dh dx ds
dt s dt dt dt 85

" "ˆ ‰
34. (a) Let h be the height of the coffee in the pot.  Since the radius of the pot is 3, the volume of the coffee is

 V 9 h  9    the rate the coffee is rising is   in/min.œ Ê œ Ê œ œ1 1
dV dh dh dV 10
dt dt dt 9 dt 9

"
1 1

 (b) Let h be the height of the coffee in the pot.  From the figure, the radius of the filter r   V r hœ Ê œh
3#
" #
1

 , the volume of the filter.  The rate the coffee is falling is  ( 10)  in/min.œ œ œ � œ �1

1 1 1

h dh 4 dV 4 8
1 dt h dt 5 5

$

## #

35. y QD   D  QD  (0) ( 2)  L/min  increasing about 0.2772 L/minœ Ê œ � œ � � œ Ê�" �" �# "dy
dt dt dt 41 (41) 1681

dQ dD 233 466
#

36. Let P(x y) represent a point on the curve y x  and  the angle of inclination of a line containing P and theß œ #
)

 origin.  Consequently, tan    tan x  sec    cos  .  Since 10 m/sec) ) ) )œ Ê œ œ Ê œ Ê œ œy
x x dt dt dt dt dt

x d dx d dx dx# # #) )

 and cos , we have 1 rad/sec.k ¸#
� �

"
) x=3 x=3

œ œ œ œx 3 d
y x 9 3 10 dt

# #

# # # #

)
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37. The distance from the origin is s x y  and we wish to find x y 2x 2y œ � œ � �È ¸ a b ¹Š ‹# # "
#

# # �"Î#ds dx
dt dt dt

dy
(5 12) (5 12)ß

ß

 5 m/secœ œ �(5)( 1) (12)( 5)
25 144

� � �

�È

38. Let s distance of car from foot of perpendicular in the textbook diagram  tan   sec   œ Ê œ Ê œ) )
s d ds

13 dt 13 dt# #
# ")

   ; 264 and 0  2 rad/sec.  A half second later the car has traveled 132 ftÊ œ œ � œ Ê œ �d cos ds ds d
dt 132 dt dt dt
) ) )

#

)

 right of the perpendicular  , cos , and 264 (since s increases)  (264) 1 rad/sec.Ê œ œ œ Ê œ œk k) )
1 )

4 dt dt 132
ds d# "

#

ˆ ‰"
#

39. Let s 16t  represent the distance the ball has fallen, h theœ #

 distance between the ball and the ground, and I the distance
 between the shadow and the point directly beneath the ball.
 Accordingly, s h 50 and since the triangle LOQ and� œ

 triangle PRQ are similar we have I h 50 16tœ Ê œ �30h
50 h�

#

 and I 30 œ œ � Ê œ �30 50 16t
50 50 16t 16t dt 8t

1500 dI 1500a ba b�
� �

#

# # $

  1500 ft/sec.Ê œ �¸dI
dt t= 1

2

 

40. When x represents the length of the shadow, then tan   sec      . We are) )œ Ê œ � Ê œ80 d 80 dx dx x  sec d
x dt x dt dt 80 dt

# �) ) )
#

# #

 given that 0.27°  rad/min.  At x 60, cos   ft/mind 3 3 dx x  sec d 3
dt 000 5 dt 80 dt 16
) 1 ) ) 1œ œ œ œ Ê œ œ#

�
) ¸ ¸ ¹¹ ¹# #

Š ‹d 3 5
dt 2000 3
) 1=  and sec =)

 0.589 ft/min 7.1 in./min.¸ ¸

41. The volume of the ice is V r 4   4 r     in./min when 10 in /min, theœ � Ê œ Ê œ œ �4 4 dV dr dr 5 dV
3 3 dt dt dt 72 dt1 1 1

$ $ # $�¸
r=6 1

 thickness of the ice is decreasing at  in/min. The surface area is S 4 r   8 r   485 dS dr dS 5
72 dt dt dt 721 1

œ Ê œ Ê œ1 1 1
# �¸ ˆ ‰

r=6

  in /min, the outer surface area of the ice is decreasing at  in /min.œ � 10 10
3 3

# #

42. Let s represent the horizontal distance between the car and plane while r is the line-of-sight distance between the car and

 plane  9 s r  ( 160) 200 mph  speed of plane speed of carÊ � œ Ê œ Ê œ � œ � Ê �# #

�

ds r dr ds 5
dt dt dtr 9 16È È#

¸
r=5

 200 mph the speed of the car is 80 mph.œ Ê

43. Let x represent distance of the player from second base and s the distance to third base.  Then 16 ft/secdx
dt œ �

 (a) s x 8100  2s 2x    .  When the player is 30 ft from first base, x 60# #œ � Ê œ Ê œ œds dx ds x dx
dt dt dt s dt

  s 30 13 and ( 16) 8.875 ft/secÊ œ œ � œ ¸ �È ds 60 32
dt 30 13 13È È�

 (b) sin   cos    .  Therefore, x 60 and s 30 13) )" "œ Ê œ � Ê œ � œ � œ œ90 90 ds 90 ds 90 ds
s dt s dt dt s  cos dt s x dt

d d) )

)

" "

# #
"

† † †

†

È
   rad/sec; cos   sin    Ê œ � œ œ Ê � œ � Ê œd d d

dt 65 s dt s dt dt s  sin dt
90 32 8 90 90 ds 90 ds

30 13 (60) 13
) ) )

)

" # #

# #
#Š ‹È È† † †Š ‹�

# #) )

 .  Therefore, x 60 and s 30 13   rad/sec.œ œ œ Ê œ œ �90 ds 90 32 8
s x dt dt 65

d

30 13 (60) 13†

† †
È Š ‹)# Š ‹È È�

 (c)     lim   d d
dt s  cos dt s dt s dt x 8100 dt dt

90 ds 90 x dx 90 dx 90 dx
s

) )

)

" "

# # #
"

#
œ � œ � œ � œ � Ê† † †ˆ ‰

†

x
s

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
� x Ä !

  lim  ( 15)  rad/sec; œ � � œ œ œ œ
x Ä !

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹90 90 ds 90 x dx 90 dx
x 8100 6 dt s  sin dt s s dt s dt

d
# # # #

#

#�
" )

)
†

†

x
s

     lim    rad/secœ Ê œ �ˆ ‰90 dx
x 8100 dt dt 6

d
#

#

�
"

x Ä !

)

44. Let a represent the distance between point O and ship A, b the distance between point O and ship B, and D the distance

 between the ships.  By the Law of Cosines, D a b 2ab cos 120° 2a 2b a b .# # # "
#œ � � Ê œ � � �dD da db db da

dt D dt dt dt dt
� ‘

 When a 5, 14, b 3, and 21, then  where D 7.  The ships are moving 29.5 knots apart.œ œ œ œ œ œ œda db dD 413 dD
dt dt dt 2D dt
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3.9  LINEARIZATION AND DIFFERENTIALS

 1. f(x) x 2x 3  f (x) 3x 2  L(x) f (2)(x 2) f(2) 10(x 2) 7  L(x) 10x 13 at x 2œ � � Ê œ � Ê œ � � œ � � Ê œ � œ$ w # w

 2. f(x) x 9 x 9   f (x) x 9 (2x)   L(x) f ( 4)(x 4) f( 4)œ � œ � Ê œ � œ Ê œ � � � �È a b a bˆ ‰# # w # w"Î# �"Î#"
# �

x
x 9È #

 (x 4) 5  L(x) x  at x 4œ � � � Ê œ � � œ �4 4 9
5 5 5

 3. f(x) x   f (x) 1 x   L(x) f(1) f (1)(x 1) (x 1)œ � Ê œ � Ê œ � � œ # � ! � œ #" w �# w
x

 4. f(x) x   f (x)   L(x) f ( 8) x 8 f 8 (x 8) 2  L(x) xœ Ê œ Ê œ � � � � � œ � � Ê œ �"Î$ w w" " "
$ # #x 1 1 3

4
#Î$ a b a ba b

 5. f(x) tan x f x sec x L x f f x 0 1 x xœ Ê œ Ê œ � � œ � � œ �w wa b a b a b a ba b a b2
1 1 1 1 1

 6. (a) f(x) sin x f x cos x L x f 0 f 0 x 0 x L x xœ Ê œ Ê œ � � œ Ê œw wa b a b a b a ba b a b
 (b) f(x) cos x f x sin x L x f 0 f 0 x 0 1 L x 1œ Ê œ � Ê œ � � œ Ê œw wa b a b a b a ba b a b
 (c) f(x) tan x f x sec x L x f 0 f 0 x 0 x L x xœ Ê œ Ê œ � � œ Ê œw wa b a b a b a ba b a b2

 7. f(x) x 2x  f (x) 2x 2  L(x) f (0)(x 0) f(0) 2(x 0) 0  L(x) 2x at x 0œ � Ê œ � Ê œ � � œ � � Ê œ œ# w w

 8. f(x) x   f (x) x   L(x) f (1)(x 1) f(1) ( 1)(x 1) 1  L(x) x 2 at x 1œ Ê œ � Ê œ � � œ � � � Ê œ � � œ�" w �# w

 9. f(x) 2x 4x 3  f (x) 4x 4  L(x) f ( 1)(x 1) f( 1) 0(x 1) ( 5)  L(x) 5 at x 1œ � � Ê œ � Ê œ � � � � œ � � � Ê œ � œ �# w w

10. f(x) 1 x  f (x) 1  L(x) f (8)(x 8) f(8) 1(x 8) 9  L(x) x 1 at x 8œ � Ê œ Ê œ � � œ � � Ê œ � œw w

11. f(x) x x   f (x) x   L(x) f (8)(x 8) f(8) (x 8) 2  L(x) x  at x 8œ œ Ê œ Ê œ � � œ � � Ê œ � œÈ ˆ ‰3 "Î$ w �#Î$ w" " "
# #3 1 1 3

4

12. f(x)   f (x)   L(x) f (1)(x 1) f(1) (x 1)œ Ê œ œ Ê œ � � œ � �x
x 1 (x 1) (x 1) 4

(1)(x 1) ( )(x)
� � � #

w w� � " " " "
# #

  L(x) x  at x 1Ê œ � œ" "
4 4

13. f x k x . We have f  and f k. L x f f x k x kxw w w�"a b a b a b a b a b a b a ba b a bœ " � ! œ " ! œ œ ! � ! � ! œ " � � ! œ " �k

14. (a) f x x x x xa b a b a b a b� ‘œ " � œ " � � ¸ " � ' � œ " � '' '

 (b) f x x x xa b a b a ba b� ‘ � ‘œ œ # " � � ¸ # " � �" � œ # � ##
" �

�"

x

 (c) f x x xa b a b ˆ ‰œ " � ¸ " � � œ " ��"Î# "
# #

x

 (d) f x 2 xa b È È È ÈŠ ‹ Š ‹ Š ‹œ � œ # " � ¸ # " � œ # " �#
# # # %

"Î#
"x x x# # #

 (e) f x xa b a b ˆ ‰ ˆ ‰ ˆ ‰œ % � $ œ % " � ¸ % " � œ % " �"Î$ "Î$ "Î$ "Î$$ " $
% $ % %

"Î$x x x

 (f) f xa b ˆ ‰ ˆ ‰ ˆ ‰’ “œ " � œ " � � ¸ " � � œ " �" " # " #
#� #� $ #� '�$

Î$ Î$

x x x x
2 2

15. (a) (1.0002) (1 0.0002) 1 50(0.0002) 1 .01 1.01&! &!œ � ¸ � œ � œ

 (b) 1.009 (1 0.009) 1 (0.009) 1 0.003 1.003È ˆ ‰3 œ � ¸ � œ � œ"Î$ "
3

16. f(x) x 1 sin x (x 1) sin x  f (x) (x 1) cos x  L (x) f (0)(x 0) f(0)œ � � œ � � Ê œ � � Ê œ � �È ˆ ‰"Î# w �"Î# w"
# f

 (x 0) 1  L (x) x 1, the linearization of f(x); g(x) x 1 (x 1)   g (x)œ � � Ê œ � œ � œ � Ê3 3
# #

"Î# w
f

È
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 (x 1)   L (x) g (0)(x 0) g(0) (x 0) 1  L (x) x 1, the linearization of g(x);œ � Ê œ � � œ � � Ê œ �ˆ ‰" " "
# # #

�"Î# w
g g

 h(x) sin x  h (x) cos x  L (x) h (0)(x 0) h(0) (1)(x 0) 0  L (x) x, the linearization ofœ Ê œ Ê œ � � œ � � Ê œw w
h h

 h(x).  L (x) L (x) L (x) implies that the linearization of a sum is equal to the sum of the linearizations.f g hœ �

17. y x 3 x x 3x   dy 3x x  dx  dy 3x  dxœ � œ � Ê œ � Ê œ �$ $ "Î# # �"Î# #
#

È ˆ ‰ Š ‹3 3
2 xÈ

18. y x 1 x x 1 x   dy (1) 1 x (x) 1 x ( 2x)  dxœ � œ � Ê œ � � � �È a b a b a b’ “ˆ ‰# # # #"Î# "Î# �"Î#"
#

 1 x 1 x x  dx  dxœ � � � œa b c da b# # #�"Î# �

�

a bÈ1 2x

1 x

#

#

19. y   dy  dx  dxœ Ê œ œ2x 2 2x
1 x

(2) 1 x (2x)(2x)
1 x 1 x�

� �

� �
�

#

#

# ## #

#Š ‹a ba b a b

20. y   dy  dx  dxœ œ Ê œ œ
2 x

3 1 x
2x 3x 3 3

3 1 x
x 3 1 x 2x x

9 1 x 9 1 x

Èˆ ‰È a b ˆ ‰ ˆ ‰ˆ ‰
a b a b� �

� �

� �

� �"Î# �"Î#

"Î#

�"Î# "Î# "Î# �"Î#
#

"Î# "Î## #Š ‹3

  dy  dxÊ œ "

�3 x 1 xÈ Èˆ ‰#

21. 2y xy x 0  3y dy y dx x dy dx 0  3y x  dy (1 y) dx  dy  dx$Î# "Î# "Î# �
�� � œ Ê � � � œ Ê � œ � Ê œˆ ‰ 1 y

3 y xÈ

22. xy 4x y 0  y dx 2xy dy 6x dx dy 0  (2xy 1) dy 6x y  dx# $Î# # "Î# "Î# #� � œ Ê � � � œ Ê � œ �ˆ ‰
  dy  dxÊ œ

6 x y
2xy 1

È �

�

#

23. y sin 5 x sin 5x   dy cos 5x x  dx  dy  dxœ œ Ê œ Ê œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰È ˆ ‰"Î# "Î# �"Î#
#
5 5 cos 5 x

2 x

ˆ ‰ÈÈ

24. y cos x   dy sin x (2x) dx 2x sin x  dxœ Ê œ � œ �a b c d a ba b# # #

25. y 4 tan   dy 4 sec x  dx  dy 4x  sec  dxœ Ê œ Ê œŠ ‹ Š ‹ Š ‹Š ‹ a bx x x
3 3 3

$ $ $# # # #

26. y sec x 1   dy sec x 1  tan x 1 (2x) dx 2x sec x 1  tan x 1  dxœ � Ê œ � � œ � �a b c d c da b a b a b a b# # # # #

27. y 3 csc 1 2 x 3 csc 1 2x   dy 3 csc 1 2x  cot 1 2x x  dxœ � œ � Ê œ � � � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰È ˆ ‰"Î# "Î# "Î# �"Î#

  dy  csc 1 2 x  cot 1 2 x  dxÊ œ � �3
xÈ ˆ ‰ ˆ ‰È È

28. y 2 cot 2 cot x   dy 2 csc x x  dx  dy  csc  dxœ œ Ê œ � � Ê œŠ ‹ Š ‹ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " "�"Î# # �"Î# �$Î# #
#È È Èx xx$

29. f(x) x 2x, x 1, dx 0.1  f (x) 2x 2œ � œ œ Ê œ �# w
!

 (a) f f(x dx) f(x ) f(1.1) f(1) 3.41 3 0.41? œ � � œ � œ � œ! !

 (b) df f (x ) dx [2(1) 2](0.1) 0.4œ œ � œw
!

 (c) f df 0.41 0.4 0.01k k k k? � œ � œ

30. f(x) 2x 4x 3, x 1, dx 0.1  f (x) 4x 4œ � � œ � œ Ê œ �# w
!

 (a) f f(x dx) f(x ) f( .9) f( 1) .02? œ � � œ � � � œ! !

 (b) df f (x ) dx [4( 1) 4](.1) 0œ œ � � œw
!

 (c) f df .02 0 .02k k k k? � œ � œ
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148 Chapter 3 Differentiation

31. f(x) x x, x 1, dx 0.1  f (x) 3x 1œ � œ œ Ê œ �$ w #
!

 (a) f f(x dx) f(x ) f(1.1) f(1) .231? œ � � œ � œ! !

 (b) df f (x ) dx [3(1) 1](.1) .2œ œ � œw #
!

 (c) f df .231 .2 .031k k k k? � œ � œ

32. f(x) x , x 1, dx 0.1  f (x) 4xœ œ œ Ê œ% w $
!

 (a) f f(x dx) f(x ) f(1.1) f(1) .4641? œ � � œ � œ! !

 (b) df f (x ) dx 4(1) (.1) .4œ œ œw $
!

 (c) f df .4641 .4 .0641k k k k? � œ � œ

33. f(x) x , x 0.5, dx 0.1  f (x) xœ œ œ Ê œ ��" w �#
!

 (a) f f(x dx) f(x ) f(.6) f(.5)? œ � � œ � œ �! !
"
3

 (b) df f (x ) dx ( 4)œ œ � œ �w
!

"ˆ ‰
10 5

2

 (c) f dfk k ¸ ¸? � œ � � œ" "
3 5 15

2

34. f(x) x 2x 3, x 2, dx 0.1  f (x) 3x 2œ � � œ œ Ê œ �$ w #
!

 (a) f f(x dx) f(x ) f(2.1) f(2) 1.061? œ � � œ � œ! !

 (b) df f (x ) dx (10)(0.10) 1œ œ œw
!

 (c) f df 1.061 1 .061k k k k? � œ � œ

35. V r   dV 4 r  dr 36. V x   dV 3x  dxœ Ê œ œ Ê œ4
3 1 1

$ # $ #
! !

37. S 6x   dS 12x  dxœ Ê œ#
!

38. S r r h r r h , h constant  r h r r r hœ � œ � Ê œ � � �1 1 1 1È a b a b a b# # # # # # # #"Î# "Î# �"Î#dS
dr †

    dS  dr, h constantÊ œ Ê œdS
dr

r h r

r h

2r h

r h

1 1 1a bÈ a b
É

# # #

# #

# #

!

#

!
#

� �

�

�

�

39. V r h, height constant  dV 2 r h dr 40. S 2 rh  dS 2 r dhœ Ê œ œ Ê œ1 1 1 1
#

!

41. Given r 2 m, dr .02 mœ œ

 (a) A r   dA 2 r dr 2 (2)(.02) .08  mœ Ê œ œ œ1 1 1 1
# #

 (b) (100%) 2%ˆ ‰.08
4
1

1
œ

42. C 2 r and dC 2 in.  dC 2  dr  dr   the diameter grew about  in.; A r   dA 2 r drœ œ Ê œ Ê œ Ê œ Ê œ1 1 1 1
" #
1 1

2

 2 (5) 10 in.œ œ1 ˆ ‰" #
1

43. The volume of a cylinder is V r h. When h is held fixed, we have rh, and so dV rh dr. For h  in.,œ œ # œ # œ $!1 1 1
# dV

dr

 r  in., and dr  in., the volume of the material in the shell is approximately dV rh drœ ' œ !Þ& œ # œ # ' $! !Þ&1 1a ba ba b
 in .œ ")! ¸ &'&Þ&1

$

44. Let angle of elevation and h height of building. Then h tan , so dh sec  d . We want dh h,) ) ) )œ œ œ $! œ $! l l � !Þ!%#

 which gives: sec  d tan d d sin  cos d sin  cos l$! l � !Þ!%l$! l Ê l l � Ê l l � !Þ!% Ê l l � !Þ!%# " !Þ!% & &
"# "#) ) ) ) ) ) ) )cos cos 

sin 
#) )

) 1 1

 radian. The angle should be measured with an error of less than  radian (or approximatley  degrees),œ !Þ!" !Þ!" !Þ&(

 which is a percentage error of approximately %.!Þ('
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45. The percentage error in the radius is 100 2%.
ˆ ‰dr

dt
r ‚ Ÿ

 (a) Since  C 2 r 2 . The percentage error in calculating the circle's circumference is  100œ Ê œ ‚1 1
dC dr
dt dt C

ˆ ‰dC
dt

 100 100 2%.œ ‚ œ ‚ Ÿ
ˆ ‰ ˆ ‰2

2 r r
1

1

dr dr
dt dt

 (b) Since A r 2 r . The percentage error in calculating the circle's area is given by 100œ Ê œ ‚1 1
2 dA dr

dt dt A

ˆ ‰dA
dt

 100 2 100 2 2% 4%.œ ‚ œ ‚ Ÿ œ
ˆ ‰ ˆ ‰2 r

r r
1

1

dr dr
dt dt

2 a b
46. The percentage error in the edge of the cube is 100 0.5%.

ˆ ‰dx
dt
x ‚ Ÿ

 (a) Since S 6x 12x . The percentage error in the cube's surface area is 100 100œ Ê œ ‚ œ ‚2 dS dx
dt dt S 6x

12xˆ ‰ ˆ ‰dS dx
dt dt

2

 2 100 2 0.5% 1%œ ‚ Ÿ œ
ˆ ‰dx

dt
x a b

 (b) Since V x 3x . The percentage error in the cube's volume is 100 100œ Ê œ ‚ œ ‚3 2dV dx
dt dt V x

3xˆ ‰ ˆ ‰dV dx
dt dt

2

3

 3 100 3 0.5% 1.5%œ ‚ Ÿ œ
ˆ ‰dx

dt
x a b

47. V h   dV 3 h  dh; recall that V dV.  Then V (1%)(V)   dVœ Ê œ ¸ Ÿ œ Ê Ÿ1 1 ? ?
$ # k k k k(1) h (1) h

100 100
a b a b1 1

$ $

  3 h  dh   dh  h %  h.  Therefore the greatest tolerated error  in the measurementÊ Ÿ Ê Ÿ œk k k k ˆ ‰1
# " "(1) h

100 300 3
a b1

$

 of h is %."
3

48. (a) Let D  represent the interior diameter.  Then V r h h  and h 10  V  i œ œ œ œ Ê œ Ê1 1
#

# #

#ˆ ‰D D h 5 D
4

i i i1 1
# #

 dV 5 D  dD .  Recall that V dV.  We want V (1%)(V)  dVœ ¸ Ÿ Ê Ÿ œ1 ? ?i i k k k k ˆ ‰ Š ‹"
#100 40

5 D D1 1# #

i i

  5 D  dD   200. The inside diameter must be measured to within 0.5%.Ê Ÿ Ê Ÿ1 i i
1D
40 D

dD#

i i

i

 (b) Let D  represent the exterior diameter, h the height and S the area of the painted surface. S D h dS hdDe e eœ Ê œ1 1

 . Thus for small changes in exterior diameter, the approximate percentage change in the exterior diameterÊ œdS
S D

dDe

e

 is equal to the approximate percentage change in the area painted, and to estimate the amount of paint required to
 within 5%, the tanks's exterior diameter must be measured to within 5%.

49. Given D 100 cm, dD 1 cm, V   dV D  dD (100) (1) .  Then (100%)œ œ œ œ Ê œ œ œ4 D D 10 dV
3 6 V1 ˆ ‰

# # # #

$ # #1 1 1 1
$ %

 10 % % 3%œ œ œ” • ” •a b10 10

10 10
6 6

% '

# #

' '

1 1

1 1

#

50. V r   dV  dD; recall that V dV.  Then V (3%)Vœ œ œ Ê œ ¸ Ÿ œ4 4 D D D 3 D
3 3 6 100 61 1 ? ?

$
# #

$ˆ ‰ ˆ ‰k k Š ‹1 1 1
$ # $

   dV    dD   dD (1%) D  the allowable percentage error inœ Ê Ÿ Ê Ÿ Ê Ÿ œ Ê1 1 1 1D D D D D
200 200 00 100

$ $ # $k k k k¹ ¹# #

 measuring the diameter is 1%.

51. W a a bg   dW bg  dg   37.87, so a change ofœ � œ � Ê œ � œ � Ê œ œ œb 32
g g dW 5.2

b dg dW�" �# #
#

moon

earth

Š ‹
Š ‹
�

�

b dg
(5.2)
b dg
(32)

#

#

ˆ ‰
 gravity on the moon has about 38 times the effect that a change of the same magnitude has on Earth.

52. (a) T 2   dT 2 L g  dg L g  dgœ Ê œ � œ �1 1 1Š ‹ È Èˆ ‰L
g

"Î#
"
#

�$Î# �$Î#

 (b) If g increases, then dg 0  dT 0.  The period T decreases and the clock ticks more frequently.  Both� Ê �

 the pendulum speed and clock speed increase.

 (c) 0.001 100 980  dg  dg 0.977 cm/sec   the new g 979 cm/secœ � Ê ¸ � Ê ¸1È ˆ ‰�$Î# # #
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53. E(x) f(x) g(x)  E(x) f(x) m(x a) c.  Then E(a) 0  f(a) m(a a) c 0  c f(a).  Nextœ � Ê œ � � � œ Ê � � � œ Ê œ

 we calculate m:   lim   0   lim   0   lim  m 0  (since c f(a))
x a x a x aÄ Ä Ä

E(x) f(x) m(x a) c f(x) f(a)
x a x a x a� � �

� � � �œ Ê œ Ê � œ œ’ “
  f (a) m 0  m f (a).  Therefore, g(x) m(x a) c f (a)(x a) f(a) is the linear approximation,Ê � œ Ê œ œ � � œ � �w w w

 as claimed.

54. (a) i. Q a f a  implies that b f a .a b a b a bœ œ!

 ii. Since Q x b b x a , Q a f a  implies that b f a .w w w w
" # "a b a b a b a b a bœ � # � œ œ

 iii. Since Q x b , Q a f a  implies that b .ww ww ww
# #a b a b a bœ # œ œ2

f a
wwa b

 In summary, b f a , b f a ,  and b .! "
w

#œ œ œa b a b 2
f a

wwa b
 (b) f x x ; f x x x ; f x x xa b a b a b a b a b a b a b a b a b a bœ " � œ �" " � �" œ " � œ �# " � �" œ # " ��" �# �# �$ �$w ww

 Since f , f , and f , the coefficients are b , b , b . The quadratica b a b a b! œ " ! œ " ! œ # œ " œ " œ œ "w ww
! " #

#
#

 approximation is Q x x x .a b œ " � � #

 (c) As one zooms in, the two graphs quickly become
indistinguishable. They appear to be identical.

 (d) g x x ; g x x ; g x xa b a b a bœ œ �" œ #�" w �# ww �$

 Since g , g , and g  , the coefficients are b , b , b . The quadratica b a b a b" œ " " œ �" " œ # œ " œ �" œ œ "w ww
! " #

#
#

 approximation is Q x x x .a b a b a bœ " � � " � � " #

 As one zooms in, the two graphs quickly become
indistinguishable. They appear to be identical.

 (e) h x x ; h x x ; h x xa b a b a b a b a b a bœ " � œ " � œ � " �"Î# �"Î# �$Î#w ww" "
# %

 Since h , h , and h  , the coefficients are b , b , b . The quadratica b a b a b! œ " ! œ ! œ � œ " œ œ œ �w ww" " " "
# % #! " #

� "

%

2 8

 approximation is Q x .a b œ " � �x x
8#

#

 As one zooms in, the two graphs quickly become
indistinguishable. They appear to be identical.

 (f) The linearization of any differentiable function u x  at x a is L x u a u a x a b b x a , wherea b a b a b a ba b a bœ œ � � œ � �w
! "

 b  and b  are the coefficients of the constant and linear terms of the quadratic approximation. Thus, the linearization! "

 for f x  at x  is x; the linearization for g x  at x  is x  or x; and the linearization for h x  ata b a b a b a bœ ! " � œ " " � � " # �

 x  is .œ ! " � x
#
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55-58. Example CAS commands:
 :Maple
 with(plots):
 a:= 1: f:=x -> x 3 x 2 2*x;• � • �

 plot(f(x), x= 1..2);�

 diff(f(x),x);
 fp := unapply ( ,x);ww

 L:=x -> f(a) fp(a)*(x a);� �

 plot({f(x), L(x)}, x= 1..2);�

 err:=x -> abs(f(x) L(x));�

 plot(err(x), x= 1..2, title = absolute error function );� # #
 err( 1);�

 : (function, x1, x2, and a may vary):Mathematica
 Clear[f, x]
 {x1, x2} = { 1, 2}; a = 1;�

 f[x_]:=x x   2x3 2� �

 Plot[f[x], {x, x1, x2}]
 lin[x_]=f[a] f'[a](x a)� �

 Plot[{f[x], lin[x]}, {x, x1, x2}]
 err[x_]=Abs[f[x] lin[x]]�

 Plot[err[x], {x, x1,x 2}]
 err//N
 After reviewing the error function, plot the error function and epsilon for differing values of epsilon (eps) and delta (del)
 eps = 0.5; del = 0.4
 Plot[{err[x], eps},{x, a del, a del}]� �

CHAPTER 3 PRACTICE EXERCISES

 1. y x 0.125x 0.25x  5x 0.25x 0.25œ � � Ê œ � �& # %dy
dx

 2. y 3 0.7x 0.3x   2.1x 2.1xœ � � Ê œ � �$ ( # 'dy
dx

 3. y x 3 x    3x 3(2x 0) 3x 6x 3x(x 2)œ � � Ê œ � � œ � œ �$ # # # #a b1
dy
dx

 4. y x 7x   7x 7œ � � Ê œ �( '"
�

È È
1 1 dx

dy

 5. y (x 1) x 2x   (x 1) (2x 2) x 2x (2(x 1)) 2(x 1) (x 1) x(x 2)œ � � Ê œ � � � � � œ � � � �# # # # #a b a b c ddy
dx

 2(x 1) 2x 4x 1œ � � �a b#

 6. y (2x 5)(4 x)   (2x 5)( 1)(4 x) ( 1) (4 x) (2) (4 x) (2x 5) 2(4 x)œ � � Ê œ � � � � � � œ � � � ��" �# �" �#dy
dx c d

 3(4 x)œ � �#

 7. y sec 1   3 sec 1 (2 sec  tan )œ � � Ê œ � � �a b a b) ) ) ) ) ) )
# #$ #dy

d)

 8. y 1   2 1 1 (csc  cot )œ � � � Ê œ � � � � œ � � � �Š ‹ Š ‹ Š ‹ˆ ‰csc csc csc  cot csc 
4 d 4 4

dy) ) ) ) ) ) ) ) )

)# # # # #

#
# # #

) ) )
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 9. s   œ Ê œ œ œ
È ˆ ‰È

ˆ ‰È È Š ‹
ˆ ‰ ˆ ‰ ˆ ‰È È È È È

È Èt
1 t

ds
dt

1 t t

1 t 2 t 1 t t 1 t

1 t t

�

� �

� � # �

� � "
†

" "

# #

# # #

È Èt t

10. s   œ Ê œ œ" �"
�

� �

� �È
ˆ ‰È Š ‹

ˆ ‰ ˆ ‰È È Èt 1
ds
dt

t 1 (0) 1

t 1 2 t t 1

"

#

# #

Èt

11. y 2 tan x sec x  (4 tan x) sec x (2 sec x)(sec x tan x) 2 sec x tan xœ � Ê œ � œ# # # #dy
dx a b

12. y csc x 2 csc x  (2 csc x)( csc x cot x) 2(  csc x cot x) (2 csc x cot x)(1 csc x)œ � œ � Ê œ � � � œ �" #
sin x sin x dx

2 dy
#

13. s cos (1 2t)  4 cos (1 2t)( sin (1 2t))( 2) 8 cos (1 2t) sin (1 2t)œ � Ê œ � � � � œ � �% $ $ds
dt

14. s cot   3 cot csc  cot  cscœ Ê œ � œ$ # # # #�ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰2 ds 2 2 2 6 2 2
t dt t t t t t t# #

15. s (sec t tan t)   5(sec t tan t) sec t tan t sec t 5(sec t)(sec t tan t)œ � Ê œ � � œ �& % # &ds
dt a b

16. s csc 1 t 3t   5 csc 1 t 3t csc 1 t 3t cot 1 t 3t ( 1 6t)œ � � Ê œ � � � � � � � � �& # % # # #a b a b a ba b a bds
dt

 5(6t 1) csc 1 t 3t  cot 1 t 3tœ � � � � � �& # #a b a b
17. r 2  sin (2  sin )   (2  sin ) (  cos 2 sin )œ œ Ê œ # � œÈ ) ) ) ) ) ) ) ) )

"Î# �"Î#" �
#

dr  cos sin 
d 2  sin )

) ) )

) )È

18. r 2 cos 2 (cos )   2 (cos ) ( sin ) 2(cos ) 2 cos œ œ Ê œ � � œ �) ) ) ) ) ) ) ) )È Èˆ ‰"Î# �"Î# "Î#" �
#

dr  sin 
d cos )

) )

)È
 œ 2 cos  sin 

cos 
) ) )

)

�È

19. r sin 2 sin (2 )   cos (2 ) (2 ) (2)œ œ Ê œ œÈ ˆ ‰) ) ) )
"Î# "Î# �"Î#"

#
dr
d

cos 2
2)

)

)

ÈÈ

20. r sin 1   cos 1 1  cos 1œ � � Ê œ � � � œ � �Š ‹ Š ‹Š ‹ Š ‹È È È) ) ) ) ) )
dr
d 2 1

2 1
) ) )

)"
� # �"

�"�È ÈÈ

21. y x  csc   x csc  cot csc 2x csc  cot x csc œ Ê œ � � œ �" " � "
# # #

# #2 2 2 2 2 2 2 2
x dx x x x x x x x

dy ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
# †

22. y 2 x sin x  2 x cos x sin x cos xœ Ê œ � œ �È È È È È Èˆ ‰ ˆ ‰Š ‹ Š ‹dy
dx 2 x 2 x x

2 sin x"È È ÈÈ

23. y x  sec (2x)   x  sec (2x)  tan (2x) (2(2x) 2) sec (2x) xœ Ê œ � ��"Î# # �"Î# # # # �$Î#"
#

dy
dx †

ˆ ‰
 8x  sec (2x)  tan (2x) x  sec (2x) x  sec (2x) 16 tan (2x) x  or sec x 16x tan 2xœ � œ � # � ""Î# # # �$Î# # "Î# # # �# #" " "

# # #
#c d a b a b� ‘

x
2

$Î#

24. y x csc (x 1) x  csc (x 1)œ � œ �È $ "Î# $

  x csc (x 1)  cot (x 1) 3(x 1) csc (x 1) xÊ œ � � � � � �dy
dx

"Î# $ $ # $ �"Î#"
#a b a b ˆ ‰

 3 x (x 1)  csc (x 1)  cot (x 1) x csc (x 1) 6(x 1)  cot (x 1)œ � � � � � œ � � � �È È � ‘# $ $ $ # $� " "
#

csc (x 1)
2 x x

$È
 or csc(x 1) 1 6x(x 1)  cot (x 1)"

#
$ # $Èx

� � � �c d
25. y 5 cot x   5 csc  x (2x) 10x csc xœ Ê œ � œ �# # # # #dy

dx a b a b
26. y x  cot 5x  x csc 5x (5) (cot 5x)(2x) 5x  csc 5x 2x cot 5xœ Ê œ � � œ � �# # # # #dy

dx a b
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27. y x  sin 2x   x 2 sin 2x cos 2x (4x) sin 2x (2x) 8x  sin 2x  cos 2x 2x sin 2xœ Ê œ � œ �# # # # # # # # $ # # # #a b a b a b a b a b a b a ba b a bdy
dx

28. y x  sin x   x 2 sin x cos x 3x sin x 2x 6 sin x  cos x 2x  sin xœ Ê œ � � œ ��# # $ �# $ $ # # $ �$ $ $ �$ # $a b a b a b a b a b a b a b a b a ba b a bdy
dx

29. s   2 2œ Ê œ � œ � œ �ˆ ‰ ˆ ‰ ˆ ‰Š ‹4t ds 4t 4t 4
t 1 dt t 1 (t 1) t 1 (t 1) 8t

(t 1)(4) (4t)(1) (t 1)
� � � � �

�# �$ �$� � �
# # $

30. s (15t 1)   ( 3)(15t 1) (15)œ œ � � Ê œ � � � œ�" " "
�

�$ �%
�15(15t 1) 15 dt 15

ds 3
(15t 1)$ %

31. y   2œ Ê œ œ œŠ ‹ Š ‹È È Š ‹ ˆ ‰Èx x
x 1 dx x 1 (x 1) (x 1) (x 1)

dy (x 1) 2x(x 1) x (1) 1 x
� � � � �

# � � � � �
†

"

#

# $ $

Èx

32. y   2  œ Ê œ œ œŠ ‹ Š ‹� �2 x 2 x
2 x 1 2 x 1

dy
dx

2 x 1 2 x 4 x

2 x 1 2 x 1 2 x 1
4È ÈÈ È

ˆ ‰ ˆ ‰È È ÈŠ ‹ Š ‹ Š ‹
ˆ ‰ ˆ ‰ ˆ ‰È È È� �

# � �

� � �

" " "

# $ $

È È Èx x x

33. y 1   1œ œ � Ê œ � � œ �É ˆ ‰ ˆ ‰ ˆ ‰x x
x x dx x x

dy

x 1

#

# #
#

� " " " " ""Î# �"Î#

# # �É "

x

34. y 4x x x 4x x x   4x x x 1 x x x (4)œ � œ � Ê œ � � � �É È ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰"Î# "Î# �"Î# "Î#"Î# �"Î# "Î#" "
# #

dy
dx

 x x 2x 1 4 x x x x 2x x 4x 4 xœ � � � � œ � � � � œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰È È È È È’ “Š ‹�"Î# �"Î#"
#

�

�
È È

É Èx
6x 5 x

x x

35. r 2 2œ Ê œ œˆ ‰ ˆ ‰ ˆ ‰’ “ Š ‹sin dr sin sin cos cos sin
cos 1 d cos 1 (cos 1) cos (cos 

(cos 1)(cos ) (sin )( sin )) ) ) ) ) )

) ) ) ) ) )

) ) ) )

� � � �" �

# � � � � �
#

# #

")#

 œ œ(2 sin ) (1 cos )
(cos 1) (cos )

2 sin ) )

) )

)�
� �"

�
$ #

36. r 2 cos cos siœ Ê œ œ � �ˆ ‰ ˆ ‰ ’ “ a bsin 1 dr sin 1
1 cos d 1 cos (1 cos ) (1 cos )

(1 cos )(cos ) (sin )(sin ) 2(sin )) )

) ) ) ) )

) ) ) ) )� �
� � � �

# � � �" �" #
# $ ) ) n sin #

) )�

 œ 2(sin 1)(cos sin 1)
(1 c os )

) ) )

)

� � �
� $

37. y (2x 1) 2x 1 (2x 1)   (2x 1) (2) 3 2x 1œ � � œ � Ê œ � œ �È È$Î# "Î#
#

dy
dx

3

38. y 20(3x 4) (3x 4) 20(3x 4)   20 (3x 4) (3)œ � � œ � Ê œ � œ"Î% �"Î& "Î#! �"*Î#!"
�

dy
dx 20

3
(3x 4)

ˆ ‰
"*Î#!

39. y 3 5x sin 2x   3 5x sin 2x [10x (cos 2x)(2)]œ � Ê œ � � � œa b a bˆ ‰# #�$Î# �&Î#

#
� �

�

dy 9(5x cos 2x)
dx

3
5x sin 2xa b# &Î#

40. y 3 cos 3x   3 cos 3x 3 cos 3x ( sin 3x)(3)œ � Ê œ � � � œa b a b a b$ $ #�"Î$ �%Î$"

�

dy
dx 3

3 cos 3x sin 3x
3 cos 3x

#

$ %Î$a b

41. xy 2x 3y 1  xy y 2 3y 0  xy 3y 2 y  y (x 3) 2 y  y� � œ Ê � � � œ Ê � œ � � Ê � œ � � Ê œ �a bw w w w w w �
�

y 2
x 3

42. x xy y 5x 2 2x x y 2y 5 x 2y 5 2x y (x 2y) 5 2x y# #� � � œ Ê � � � � œ ! Ê � œ � � Ê � œ � �Š ‹dy dy dy dy dy
dx dx dx dx dx

 Ê œdy 5 2x y
dx x 2y

� �
�

43. x 4xy 3y 2x  3x 4x 4y 4y  2  4x 4y  2 3x 4y$ %Î$ # "Î$ "Î$ #� � œ Ê � � � œ Ê � œ � �Š ‹dy dy dy dy
dx dx dx dx

  4x 4y 2 3x 4y  Ê � œ � � Ê œdy dy 2 3x 4y
dx dx 4x 4y
ˆ ‰"Î$ # � �

�

#

"Î$
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44. 5x 10y 15  4x 12y  0  12y  4x   x y%Î& 'Î& �"Î& "Î& "Î& �"Î& �"Î& �"Î&" "� œ Ê � œ Ê œ � Ê œ � œ �dy dy dy
dx dx dx 3 3(xy)"Î&

45. (xy) 1  (xy) x y 0  x y  x y   x y  "Î# �"Î# "Î# �"Î# �"Î# "Î# �""
#œ Ê � œ Ê œ � Ê œ � Ê œ �Š ‹dy dy dy dy y

dx dx dx dx x

46. x y 1  x 2y y (2x) 0  2x y 2xy   # # # # # #œ Ê � œ Ê œ � Ê œ �Š ‹dy dy dy y
dx dx dx x

47. y   2y   #
� � # �

� � "œ Ê œ Ê œx
x 1 dx (x 1) dx y(x 1)

dy (x 1)(1) (x)(1) dy
# #

48. y   y   4y    # % $� "� "
� � "� �

"Î# � � � Ð�"œ Ê œ Ê œ Ê œˆ ‰1 x x
1 x 1 x dx ( x) dx 2y (1 x)

dy dy(1 x)(1) (1 x) )
# $ #

49. p 4pq 3q 2  3p  4 p q 6q 0  3p  4q 6q 4p  3p 4q 6q 4p$ # # # #� � œ Ê � � � œ Ê � œ � Ê � œ �dp dp dp dp dp
dq dq dq dq dqŠ ‹ a b

  Ê œdp 6q 4p
dq 3p 4q

�
�#

50. q 5p 2p   1 5p 2p 10p 2   5p 2p (10p 2)œ � Ê œ � � � Ê � � œ �a b a b a bŠ ‹# # #�$Î# �&Î# &Î#

#
3 2dp dp dp

dq dq 3 dq

  Ê œ �dp
dq 3(5p 1)

5p 2pa b# &Î#
�
�

51. r cos 2s sin s   r( sin 2s)(2) (cos 2s) 2 sin s cos s 0  (cos 2s) 2r sin 2s 2 sin s cos s� œ Ê � � � œ Ê œ �#
1 ˆ ‰dr dr

ds ds

  (2r 1)(tan 2s)Ê œ œ œ �dr 2r sin 2s sin 2s
ds cos 2s cos 2s

(2r 1)(sin 2s)� �

52. 2rs r s s 3  2 r s 1 2s 0  (2s 1) 1 2s 2r  � � � œ � Ê � � � � œ Ê � œ � � Ê œ# "� �
�

ˆ ‰dr dr dr dr 2s 2r
ds ds ds ds 2s 1

53. (a) x y 1  3x 3y  0    $ $ # #
� � �

� œ Ê � œ Ê œ � Ê œdy dy d y
dx dx y dx

x y ( 2x) x 2y 

y

#

# #

#
# #

%

a b Š ‹dy
dx

  Ê œ œ œd y 2xy 2x
dx y

2xy 2yx

y y

2xy# $ %

# &

# #

% %

#� � � � � � �a b Š ‹x
y y

2x#

#

%

 (b) y 1   2y     yx   yx y(2x) x  # # # #" �" �#
œ � Ê œ Ê œ Ê œ Ê œ � �2 2

x dx x dx yx dx dx dx
dy dy dy d y dy

# # #

#a b a b ’ “
  Ê œ œd y 2xy 1

dx

2xy x

y x y x

# #

#

#

# % $ %

� � � �Š ‹"

#yx

54. (a) x y 1  2x 2y 0  2y 2x  # #� œ Ê � œ Ê � œ � Ê œdy dy dy
dx dx dx y

x

 (b)     (since y x 1)dy d y y x
dx y dx y y y y

x y(1) x y x
œ Ê œ œ œ œ � œ �

# # #

# # # $ $

� � � �" # #
dy
dx

x
yŠ ‹

55. (a) Let h(x) 6f(x) g(x)  h (x) 6f (x) g (x)  h (1) 6f (1) g (1) 6œ � Ê œ � Ê œ � œ � �% œ (w w w w w w "
#

ˆ ‰ a b
 (b) Let h(x) f(x)g (x)  h (x) f(x) g(x) g (x) g (x)f (x) h (0) f(0)g(0)g (0) g (0)f (0)œ Ê œ # � Ê œ # �# w w # w w w # wa b
 (1)(1) (1) ( )œ # � �$ œ �#ˆ ‰"

#
#

 (c) Let h(x) h (x) h (1)œ Ê œ Ê œ œ œf(x) (g(x) 1)f (x) f(x)g (x) (g(1) )f (1) f(1)g (1)
g(x) 1 (g(x) 1) (g(1) 1) ( 1)

( 1) 3
� � � &� "#

w w� � �" � &� � �% &w w w w

# # #

"

#
ˆ ‰ a b

 (d) Let h(x) f(g(x))  h (x) f (g(x))g (x)  h (0) f (g(0))g (0) f (1)œ Ê œ Ê œ œ œ œw w w w w w w " " " "
# # # %

ˆ ‰ ˆ ‰ ˆ ‰
 (e) Let h(x) g(f(x))  h (x) g (f(x))f (x)  h (0) g (f(0))f (0) g (1)f (0) ( )œ Ê œ Ê œ œ œ �% �$ œ "#w w w w w w w w a b
 (f) Let h(x) (x f(x))   h (x) (x f(x)) 1 f (x)   h (1) (1 f(1)) 1 f (1)œ � Ê œ � � Ê œ � �$Î# w "Î# w w "Î# w

# #
3 3a b a b

 (1 3) 1œ � � œ3
# # #

"Î# " *ˆ ‰
 (g) Let h(x) f(x g(x))  h (x) f (x g(x)) 1 g (x)   h (0) f (g(0)) 1 g (0)œ � Ê œ � � Ê œ �w w w w w wa b a b
 f (1) 1œ � œ œw " " $ $

# # # %
ˆ ‰ ˆ ‰ ˆ ‰
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56. (a) Let h(x) x f(x)  h (x) x f (x) f(x)   h (1) 1 f (1) f(1) ( 3)œ Ê œ � Ê œ � œ � � œ �È È È ˆ ‰w w w w" " " "
# # #† †È Èx 1 5 10

13

 (b) Let h(x) (f(x))   h (x) (f(x)) f (x)   h (0) (f(0)) f (0) (9) ( 2)œ Ê œ Ê œ œ � œ �"Î# w �"Î# w w �"Î# w �"Î#" " " "
# # #a b 3

 (c) Let h(x) f x   h (x) f x   h (1) f 1œ Ê œ Ê œ œ œˆ ‰ ˆ ‰È È Š ‹Èw w w w" " " " "
# # #† † †È Èx 1 5 10

 (d) Let h(x) f(1 5 tan x)  h (x) f (1 5 tan x) 5 sec x   h (0) f (1 5 tan 0) 5 sec 0œ � Ê œ � � Ê œ � �w w # w w #a b a b
 f (1)( 5) ( 5) 1œ � œ � œ �w "

5

 (e) Let h(x)   h (x)   h (0)œ Ê œ Ê œ œ œ �f(x) (2 cos x)f (x) f(x)( sin x) (2 1)f (0) f(0)(0) 3( 2)
2 cos x (2 cos x) (2 1) 9 3

2
� � �

w w� � � � � �w w

# #

 (f) Let h(x) 10 sin f (x)  h (x) 10 sin 2f(x)f (x) f (x) 10 cosœ Ê œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b ˆ ‰1 1 1 1x x x
# # # #

# w w #

  h (1) 10 sin 2f(1)f (1) f (1) 10 cos 20( 3) 12Ê œ � œ � � ! œ �w w #
# # #

"ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b ˆ ‰1 1 1

5

57. x t   2t; y 3 sin 2x  3(cos 2x)(2) 6 cos 2x 6 cos 2t 2 6 cos 2t ; thus,œ � Ê œ œ Ê œ œ œ � œ# # #
1 1

dx
dt dx

dy a b a b
 6 cos 2t 2t  6 cos (0) 0 0dy dy dy

dt dx dt dt
dxœ œ Ê œ œ† † †a b ¹#

t = 0

58. t u 2u   u 2u (2u 2) u 2u (u 1); s t 5t  2t 5œ � Ê œ � � œ � � œ � Ê œ �a b a b a b# # # #"Î$ �#Î$ �#Î$"dt 2 ds
du 3 3 dt

 2 u 2u 5; thus 2 u 2u 5 u 2u (u 1)œ � � œ œ � � � �a b a b a b’ “ ˆ ‰# # #"Î$ "Î$ �#Î$ds ds dt 2
du dt du 3†

  2 2 2(2) 5 2 2(2) (2 1) 2 2 8 5 8 2(2 2 5)Ê œ � � � � œ � œ � œ¸ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰’ “a b a bds 2 9
du 3 4u=2

# # "Î$ �#Î$"Î$ �#Î$ "
#† †

59. r 8 sin s   8 cos s ; w sin r 2   cos r 2œ � Ê œ � œ � Ê œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰È È Š ‹1 1

6 ds 6 dr
dr dw

r
"

#È
 ; thus, 8 cos sœ œ œ �

cos 8 sin s 2

2 8 sin s 8 sin s

cos 8 sin s 2É Š ‹ˆ ‰
É Éˆ ‰ ˆ ‰

É ˆ ‰� �

� # �

� �1

1 1

1

6

6 6

6dw dw dr
ds dr ds 6† †

� ‘ˆ ‰1
  3Ê œ œ œ¸ Èdw

ds s = 0

cos 8 sin 2 8 cos (cos 0)(8)

2 8 sin 2 4

Š ‹ Š ‹É ˆ ‰ ˆ ‰
É ˆ ‰ È

1 1

1

6 6

6

3
� †

È
#

60. t 1  t 2  0  (2 t 1)   ; r 7) ) ) ) ) ) )
# # # #�

�

"Î$
� œ Ê � � œ Ê � œ � Ê œ œ �ˆ ‰ˆ ‰ a bd d d d

dt dt dt dt 2 t 1
) ) ) ) )

)

#

  7 (2 ) 7 ; now t 0 and t 1 1 so that 1Ê œ � œ � œ � œ Ê œ œ œ �dr 2 d 1
d 3 3 dt 1)

)" �# # #�#Î$ �#Î$a b a b ¸) ) ) ) ) ) )
t= 0, = 1)

 and (1 7)   ( 1)¸ ¸ ¸ ¸ ˆ ‰dr 2 dr dr d
d 3 6 dt d dt 6 6) )

)

) = 1 t = 0 t = 0 t = 0
œ � œ Ê œ œ � œ ��#Î$ " " "

†

61. y y 2 cos x  3y  2 sin x  3y 1 2 sin x    $ # # �
�� œ Ê � œ � Ê � œ � Ê œ Êdy dy dy dy dy

dx dx dx dx 3y 1 dx
2 sin xa b ¹#

(0 1)ß

 0; œ œ œ�
�

� � � �

�

2 sin (0) d y
3 1 dx

3y 1 ( 2 cos x) ( 2 sin x) 6y 

3y 1

#

#

#

# #

a b Š ‹
a b

dy
dx

  Ê œ œ �¹d y (3 1)( 2 cos 0) ( 2 sin 0)(6 0)
dx (3 1)

#

# #

(0 1)ß

� � � �
� #

"†

62. x y 4  x y  0    1; "Î$ "Î$ �#Î$ �#Î$" " �� œ Ê � œ Ê œ � Ê œ � œ3 3 dx dx dx dx
dy dy y dy dy y

x x

#Î$ #Î$

#Î$ #Î$¹
(8 8)ß

    Ê œ Ê œd y d y
dx dx

x y  y x

x

8 8 ( 1) 8 8
8

# #

# #

#Î$ �"Î$ #Î$ �"Î$

#Î$ #

#Î$ �"Î$ #Î$ �"Î$

%Î$

ˆ ‰ ˆ ‰ ˆ ‰Š ‹
a b

ˆ ‰ � ‘ ˆ ‰ ˆ ‰� � � � � �
2 2
3 dx 3

dy 2 2
3 3¹

(8 8)ß

† † †

 œ œ œ
" "

#Î$
3 3 3

2� "
8 4 6

63. f(t)  and f(t h)   œ � œ Ê œ œ" "
� # � � � � �

� � � � � ��

2t 1 (t h) 1 h h (2t 2h 1)(2t 1)h
f(t h) f(t) 2t 1 (2t 2h 1)

" "

# � � # �(t h) 1 t 1

   f (t)  lim    lim   œ œ Ê œ œ� � �
� � � � � � � � # �

w � �2h 2 2
(2t 2h 1)(2t 1)h (2t 2h 1)(2t 1) h (2t 2h 1)( t 1)

f(t h) f(t)

h hÄ ! Ä !

 œ �#
�(2t 1)#
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64. g(x) 2x 1 and g(x h) 2(x h) 1 2x 4xh 2h 1œ � � œ � � œ � � � Ê œ# # # # � � � � � � �g(x h) g(x)
h h

2x 4xh 2h 1 2x 1a b a b# # #

 4x 2h  g (x)  lim    lim  (4x 2h) 4xœ œ � Ê œ œ � œ4xh 2h
h h

g(x h) g(x)� w � �#

h hÄ ! Ä !

65. (a) 

 (b)  lim  f(x)  lim  x 0 and  lim  f(x)  lim  x 0   lim  f(x) 0.  Since  lim  f(x) 0 f(0) it
x x x xx xÄ ! Ä ! Ä ! Ä !Ä ! Ä !

� � � �
œ œ œ � œ Ê œ œ œ# #

 follows that f is continuous at x 0.œ

 (c)  lim  f (x)  lim  (2x) 0 and  lim  f (x)  lim  ( 2x) 0   lim  f (x) 0.  Since this limit exists, it
x x xx xÄ ! Ä ! Ä !Ä ! Ä !

� � � �

w w wœ œ œ � œ Ê œ

 follows that f is differentiable at x 0.œ

66. (a) 

 (b)  lim  f(x)  lim  x 0 and  lim  f(x)  lim  tan x 0   lim  f(x) 0.  Since  lim  f(x) 0 f(0), it
x x x xx xÄ ! Ä ! Ä ! Ä !Ä ! Ä !

� � � �
œ œ œ œ Ê œ œ œ

 follows that f is continuous at x 0.œ

 (c)  lim  f (x)  lim  1 1 and  lim  f (x)  lim  sec x 1   lim  f (x) 1.  Since this limit exists it
x x xx xÄ ! Ä ! Ä !Ä ! Ä !

� � � �

w w # wœ œ œ œ Ê œ

 follows that f is differentiable at x 0.œ

67. (a) 

 (b)  lim  f(x)  lim  x 1 and  lim  f(x)  lim  (2 x) 1   lim  f(x) 1.  Since  lim  f(x) 1 f(1), it
x x x xx xÄ " Ä " Ä " Ä "Ä " Ä "

� � � �
œ œ œ � œ Ê œ œ œ

 follows that f is continuous at x 1.œ

 (c)  lim  f (x)  lim  1 1 and  lim  f (x)  lim  1 1   lim  f (x)  lim  f (x), so  lim  f (x) does
x x xx x x x 1Ä " Ä " Ä "Ä " Ä " Ä " Ä

� � �� � �

w w w w wœ œ œ � œ � Ê Á

 not exist  f is not differentiable at x 1.Ê œ

68. (a)  lim  f(x)  lim  sin 2x 0 and  lim  f(x)  lim  mx 0   lim  f(x) 0, independent of m; since
x x xx xÄ ! Ä ! Ä !Ä ! Ä !

� � � �
œ œ œ œ Ê œ

 f(0) 0  lim  f(x) it follows that f is continuous at x 0 for all values of m.œ œ œ
x Ä !

 (b)  lim  f (x)  lim  (sin 2x)  lim  2 cos 2x 2 and  lim  f (x)  lim  (mx)  lim  m m  f is
x x x x x xÄ ! Ä ! Ä ! Ä ! Ä ! Ä !

� � � � � �

w w w wœ œ œ œ œ œ Ê

 differentiable at x 0 provided that  lim  f (x)  lim  f (x)  m 2.œ œ Ê œ
x xÄ ! Ä !

� �

w w
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69. y x (2x 4) 2(2x 4) ; the slope of the tangent is 2(2x 4)œ � œ � � Ê œ � � � Ê � œ � �x 3 3
x 4 dx

dy
# # � # # # # #

" " " "�" �# �#

 2 2(2x 4) 1 (2x 4) 1  4x 16x 16 1  4x 16x 15 0Ê � œ � � Ê œ Ê � œ Ê � � œ Ê � � œ�# # # #"
�(2x 4)#

  (2x 5)(2x 3) 0 x  or x  and  are points on the curve where the slope is .Ê � � œ Ê œ œ Ê ß ß� �5 3 5 9 3 3
4 4# # # # #

"ˆ ‰ ˆ ‰
70. y x   1 1 ; the slope of the tangent is 3  3 1   2   xœ � Ê œ � œ � Ê œ � Ê œ Ê œ" " " " "

# # #
#

2x dx (2x) x x x 4
dy 2

# # # #

  x    and  are points on the curve where the slope is 3.Ê œ „ Ê ß� � ß" " " " "
# # # # #

ˆ ‰ ˆ ‰
71. y 2x 3x 12x 20  6x 6x 12; the tangent is parallel to the x-axis when 0œ � � � Ê œ � � œ$ # #dy dy

dx dx

  6x 6x 12 0  x x 2 0  (x 2)(x 1) 0  x 2 or x 1  ( ) and ( 7) areÊ � � œ Ê � � œ Ê � � œ Ê œ œ � Ê #ß ! �"ß ## #

 points on the curve where the tangent is parallel to the x-axis.

72. y x   3x   12;  an equation of the tangent line at ( ) is y 8 12(x 2)œ Ê œ Ê œ �#ß�) � œ �$ #dy dy
dx dx ¹

( 2 8)� ß�

  y 12x 16; x-intercept:  0 12x 16  x   ; y-intercept:  y 12(0) 16 16  (0 16)Ê œ � œ � Ê œ � Ê � ß ! œ � œ Ê ß4 4
3 3

ˆ ‰
73. y 2x 3x 12x 20  6x 6x 12œ � � � Ê œ � �$ # #dy

dx

 (a) The tangent is perpendicular to the line y 1  when 24; 6x 6x 12 24œ � œ � œ � � œx
24 dx

dy Š ‹"
�

#ˆ ‰"

#4

  x x 2 4  x x 6 0  (x 3)(x 2) 0  x 2 or x 3  ( 16) and ( 11) areÊ � � œ Ê � � œ Ê � � œ Ê œ � œ Ê �#ß $ß# #

 points where the tangent is perpendicular to y 1 .œ � x
24

 (b) The tangent is parallel to the line y 2 12x when 12  6x 6x 12 12  x x 0œ � œ � Ê � � œ � Ê � œÈ dy
dx

# #

  x(x 1) 0  x 0 or x 1  ( 20) and ( ) are points where the tangent is parallel toÊ � œ Ê œ œ Ê !ß "ß (

 y 2 12x.œ �È
74. y m 1 and m 1. Since m  theœ Ê œ Ê œ œ œ � œ œ œ �1 1 11 1

1 1

 sin x
x dx x dx dx m

dy x(  cos x) (  sin x)(1) dy dy

 

�
" # "

� "
# # #

# #

#

¹ ¹
x= x=1 1�

 tangents intersect at right angles.

75. y tan x, x   sec x; now the slopeœ � � � Ê œ1 1

# #
#dy

dx

 of y  is   the normal line is parallel toœ � � Êx
# #

"

 y  when 2.  Thus, sec x 2  2œ � œ œ Ê œx dy
dx cos x#

# "
#

  cos x   cos x   x  and xÊ œ Ê œ Ê œ � œ# " „"
# È2 4 4

1 1

 for x   1  and  are points� � � Ê � ß� ß "1 1 1 1

# #
ˆ ‰ ˆ ‰

4 4

 where the normal is parallel to y .œ � x
#

 

76. y 1 cos x  sin x  1œ � Ê œ � Ê œ �dy dy
dx dx ¹ ˆ ‰1

2 ß1

  the tangent at 1  is the line y 1 xÊ ß � œ � �ˆ ‰ ˆ ‰1 1

# #

  y x 1; the normal at 1  isÊ œ � � � ß1 1

# #
ˆ ‰

 y 1 (1) x   y x 1� œ � Ê œ � �ˆ ‰1 1

# #

 

77. y x C 2x and y x 1; the parabola is tangent to y x when 2x 1  x y ; thus,œ � Ê œ œ Ê œ œ œ Ê œ Ê œ# " "
# #

dy dy
dx dx

   C C" " "
# #

#
œ � Ê œˆ ‰

4
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78. y x   3x   3a   the tangent line at a a  is y a 3a (x a).  The tangent lineœ Ê œ Ê œ Ê ß � œ �$ # # $ $ #

œ

dy dy
dx dx ¹ a b

x a

 intersects y x  when x a 3a (x a)  (x a) x xa a 3a (x a)  (x a) x xa 2a 0œ � œ � Ê � � � œ � Ê � � � œ$ $ $ # # # # # #a b a b
  (x a) (x 2a) 0  x a or x 2a.  Now 3( 2a) 12a 4 3a , so the slope atÊ � � œ Ê œ œ � œ � œ œ# # # #

œ
¹ a bdy

dx
x 2a�

 x 2a is 4 times as large as the slope at a a  where x a.œ � ß œa b$
79. The line through 0 3  and 5 2  has slope m 1  the line through 0 3  and 5 2  isa b a b a b a bß ß � œ œ � Ê ß ß�3 ( 2)

0 5
� �
�

 y x 3; y   , so the curve is tangent to y x 3  1œ � � œ Ê œ œ � � Ê œ � œc c c
x 1 dx (x 1) dx (x 1)

dy dy
� � �

� �
# #

  (x 1) c, x 1.  Moreover, y  intersects y x 3  x 3, x 1Ê � œ Á � œ œ � � Ê œ � � Á �#
� �
c c

x 1 x 1

  c (x 1)( x 3), x 1.  Thus c c  (x 1) (x 1)( x 3)  (x 1)[x 1 ( x 3)]Ê œ � � � Á � œ Ê � œ � � � Ê � � � � �#

 , x 1  (x 1)(2x 2) 0  x 1 (since x 1)  c 4.œ ! Á � Ê � � œ Ê œ Á � Ê œ

80. Let b a b  be a point on the circle x y a .  Then x y a   2x 2y 0  Š ‹Èß „ � � œ � œ Ê � œ Ê œ �# # # # # # # # dy dy
dx dx y

x

    normal line through b a b  has slope   normal line isÊ œ Ê ß „ � Ê¹ Š ‹Èdy
dx b

b
a b

a b

x bœ

�

„ �
# # „ �È È

# #

# #

 y a b (x b)  y a b x a b   y x� „ � œ � Ê … � œ … � Ê œ „Š ‹È È È# # # # # #„ � „ � �È È Èa b a b a b
b b b

# # # # # #

 which passes through the origin.

81. x 2y 9  2x 4y 0      the tangent line is y 2 (x 1)# # " "� œ Ê � œ Ê œ � Ê œ � Ê œ � �dy dy dy
dx dx 2y dx 4 4

x ¹
(1 2)ß

 x  and the normal line is y 2 4(x 1) 4x 2.œ � � œ � � œ �"
4 4

9

82. x y 2  3x 2y 0      the tangent line is y 1 (x 1)$ # # � �
# #� œ Ê � œ Ê œ Ê œ � Ê œ � �dy dy dy

dx dx 2y dx
3x 3 3# ¹

(1 1)ß

 x  and the normal line is y 1 (x 1) x .œ � � œ � � œ �3 5 2 2
3 3 3# #

"

83. xy 2x 5y 2  x y 2 5 0  (x 5) y 2    2� � œ Ê � � � œ Ê � œ � � Ê œ Ê œŠ ‹ ¹dy dy dy dy y 2 dy
dx dx dx dx x 5 dx

� �
�

(3 2)ß

  the tangent line is y 2 2(x 3) 2x 4 and the normal line is y 2 (x 3) x .Ê œ � � œ � œ � � œ � �� "
# # #
1 7

84. (y x) 2x 4  2(y x) 1 2  (y x) 1 (y x)    � œ � Ê � � œ Ê � œ � � Ê œ Ê œ# � �
�Š ‹ ¹dy dy dy 1 y x dy

dx dx dx y x dx 4
3

(6 2)ß

  the tangent line is y 2 (x 6) x  and the normal line is y 2 (x 6) x 10.Ê œ � � œ � œ � � œ � �3 3 5 4 4
4 4 3 3#

85. x xy 6  1 x y 0  x y 2 xy    � œ Ê � � œ Ê � œ � Ê œ Ê œÈ ÈŠ ‹ ¹" �
#

� �È È
xy dx dx dx x dx 4

dy dy dy dy2 xy y 5

(4 1)ß

  the tangent line is y 1 (x 4) = x 6 and the normal line is y (x 4) x .Ê œ � � � � œ " � � œ �5 5 4 4 11
4 4 5 5 5

86. x 2y 17  x 3y  0      the tangent line is$Î# $Î# "Î# "Î# � "� œ Ê � œ Ê œ Ê œ � Ê3 x
2 dx dx dx 4

dy dy dy
2y

"Î#

"Î# ¹
(1 4)ß

 y 4 (x 1) x  and the normal line is y 4 4(x 1) 4x.œ � � œ � � œ � � œ" "
4 4 4

17

87. x y y x y  x 3y  y 3x 2y 1   3x y  2y 3x y$ $ # $ # $ # $ # # $� œ � Ê � � œ � Ê � � œ " �’ “Š ‹ a bdy dy dy dy dy dy
dx dx dx dx dx dx

  3x y 2y 1 1 3x y     , but is undefined.Ê � � œ � Ê œ Ê œ �dy dy 1 3x y dy dy
dx dx 3x y 2y 1 dx 4 dx

2a b ¹ ¹$ # # $ �
� �

# $

$ #

(1 1) (1 1)ß ß�

 Therefore, the curve has slope  at ( ) but the slope is undefined at ( 1).� "ß " "ß�"
#
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88. y sin (x sin x)  [cos (x sin x)](1 cos x); y 0  sin (x sin x) 0  x sin x k ,œ � Ê œ � � œ Ê � œ Ê � œdy
dx 1

 k 2, 1, 0, 1, 2 (for our interval)  cos (x sin x) cos (k ) 1.  Therefore, 0 and y 0 whenœ � � Ê � œ œ „ œ œ1
dy
dx

 1 cos x 0 and x k .  For x 2 , these equations hold when k 2, 0, and 2 (since� œ œ �# Ÿ Ÿ œ �1 1 1

 cos ( ) cos 1).  Thus the curve has horizontal tangents at the x-axis for the x-values 2 , 0, and 2� œ œ � �1 1 1 1

 (which are even integer multiples of )  the curve has an infinite number of horizontal tangents.1 Ê

89. B graph of f, A graph of f .  Curve B cannot be the derivative of A because A has only negative slopesœ œ w

 while some of B's values are positive.

90. A graph of f, B graph of f .  Curve A cannot be the derivative of B because B has only negative slopesœ œ w

 while A has positive values for x 0.�

91.  92. 

93. (a) 0, 0 (b) largest 1700, smallest about 1400

94. rabbits/day and foxes/day

95.  lim    lim  (1) 1
x xÄ ! Ä !

sin x sin x
2x x x ( x 1) 1# � # � �

" "œ œ œ �’ “ˆ ‰ ˆ ‰
†

96.  lim    lim   lim  1 1 2
x x xÄ ! Ä ! Ä !

3x tan 7x 3x sin 7x 3 sin 7x 3 7
x 2x 2x cos 7x cos 7x 7x 2

� " "
# # #œ � œ � œ � œ �ˆ ‰ ˆ ‰Š ‹† † † †ˆ ‰2

7

97.  lim    lim  (1)  lim   (1)
r r rÄ ! Ä ! Ä !

sin r sin r 2r cos 2r
tan 2r r tan 2r 1œ œ œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

† †

" " " " "
# # # #ˆ ‰sin 2r

2r

98.  lim    lim   lim   .  Let x sin .  Then x  0 as   0
) ) )Ä ! Ä ! Ä !

sin (sin ) sin (sin ) sin (sin )
sin sin 

sin ) ) )

) ) ) )

)œ œ œ Ä ÄŠ ‹ ˆ ‰ ) )

   lim    lim   1Ê œ œ
) Ä ! Ä !

sin (sin )
sin x

sin x)

) x

99.  lim    lim   4
) )Ä Äˆ ‰ ˆ ‰1 1

2 2
� �

4 tan tan 1
tan (1 0)

4 (4 0 0)#

#

" "

#

#

) )

)

� �
�& �

� �

"�

� �œ œ œ
Š ‹

Š ‹
tan tan

5
tan

) )

)

100.  lim    lim   
) )Ä ! Ä !

� �

1 2 cot 2
5 cot 7 cot 8 (5 0 0) 5

2

5

(0 2)�
� � � �

�

� �

�#

#

"

#

#

)

) )
œ œ œ �

Š ‹
Š ‹

cot

7 8
cot cot

)

) )

101.  lim    lim    lim    lim   lim  
x x x x xÄ ! Ä ! Ä ! Ä ! Ä !

x sin x x sin x x sin x sin x
2 2 cos x 2(1 cos x) x2 2 sin sin� �œ œ œ œˆ ‰ ˆ ‰ˆ ‰# #

# #

# #

x x

x x’ “ ’†

† “ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰
x x

x x
# #

# #
sin sin

sin x
x† †

 (1)(1)(1) 1œ œ

102.  lim    lim    lim  (1)(1)
) ) )Ä ! Ä ! Ä !

1 cos 2 sin sin sin� " " "
# # #

)

) )# #

#

# # #

# #

œ œ œ œ
ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰
) ) )

) )’ “ ˆ ‰
† †
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103.  lim    lim  1; let tan x    0 as x  0   lim  g(x)  lim   
x x x xÄ ! Ä ! Ä ! Ä !

tan x sin x
x cos x x tan x

tan (tan x)œ œ œ Ê Ä Ä Ê œˆ ‰"
† ) )

  lim   1.  Therefore, to make g continuous at the origin, define g(0) 1.œ œ œ
) Ä !

tan )
)

104.  lim  f(x)  lim    lim  1  lim     (us
x x x xÄ ! Ä ! Ä ! Ä !

œ œ œtan (tan x) tan (tan x)
sin (sin x) tan x sin (sin x) cos x sin (sin x)

sin x sin x’ “† † †

" ing the result of #105);

 let sin x 0 as x 0   lim    lim   1.  Therefore,  to make f continuous at the origin,) )œ Ê Ä Ä Ê œ œ
x Ä ! Ä !

sin x
sin (sin x) sin 

)

)

)

 define f(0) 1.œ

105. (a) S 2 r 2 rh and h constant  4 r 2 h (4 r 2 h) œ � Ê œ � œ �1 1 1 1 1 1
# dS dr dr dr

dt dt dt dt

 (b) S 2 r 2 rh and r constant  2 r œ � Ê œ1 1 1
# dS dh

dt dt

 (c) S 2 r 2 rh  4 r r h (4 r 2 h) 2 r œ � Ê œ � # � œ � �1 1 1 1 1 1 1
# dS dr dh dr dr dh

dt dt dt dt dt dt
ˆ ‰

 (d) S constant  0  0 (4 r 2 h) 2 r   (2r h) r    Ê œ Ê œ � � Ê � œ � Ê œdS dr dh dr dh dr r dh
dt dt dt dt dt dt 2r h dt1 1 1

�
�

106. S r r h   r r h  ;œ � Ê œ � �1 1 1È È# # # #�

�

dS dr
dt dt

r h 

r h
†

ˆ ‰È
dr dh
dt dt

# #

 (a) h constant  0  r h  r h  Ê œ Ê œ � � œ � �dh dS dr r dr
dt dt dt dt

r  

r h r h

1 1
#

# # # #

#
dr
dtÈ È� �

# # # #1 1È È’ “
 (b) r constant  0   Ê œ Ê œdr dS rh dh

dt dt dtr h
1È # #�

 (c) In general, r h   dS r dr rh dh
dt dt dtr h r h

œ � � �’ “È1 # #
� �

1 1
#

# # # #È È

107. A r   2 r ; so r 10 and  m/sec  (2 )(10) 40 m /secœ Ê œ œ œ � Ê œ � œ �1 1 1
# #dA dr dr 2 dA 2

dt dt dt dt1 1
ˆ ‰

108. V s   3s    ; so s 20 and 1200 cm /min  (1200) 1 cm/minœ Ê œ Ê œ œ œ Ê œ œ$ # $" "dV ds ds dV dV ds
dt dt dt 3s dt dt dt 3(20)† # #

109. 1 ohm/sec, 0.5 ohm/sec; and    .  Also, R 75 ohms anddR dR dR dR
dt dt R R R R dt dt dt

dR
R R

" # " #

" #
# # #

" #

œ � œ œ � Ê œ � œ" " " �" �" "
"

 R 50 ohms R 30 ohms.  Therefore, from the derivative equation,#
" " "œ Ê œ � Ê œR 75 50

  ( 1) (0.5)   ( 900) 0.02 ohm/sec.�" �" " " " � "
(30) dt (75) (50) 5625 5000 dt 5625 5000 50(5625) 50

dR dR 5000 5625 9(625)
# # #œ � � œ � Ê œ � œ œ œˆ ‰ ˆ ‰

†

110. 3 ohms/sec and 2 ohms/sec; Z R X    so that R 10 ohms anddR dX dZ
dt dt dt

R X 

R X
œ œ � œ � Ê œ œÈ # # �

�

dR dX
dt dtÈ # #

 X 20 ohms  0.45 ohm/sec.œ Ê œ œ ¸ �dZ
dt

(10)(3) (20)( 2)
10 20 5
� �

�

�"È È# #

111. Given 10 m/sec and 5 m/sec, let D be the distance from the origin  D x y   2D dx dD
dt dt dt

dyœ œ Ê œ � Ê# # #

 2x 2y   D x y .  When (x y) ( ), D  andœ � Ê œ � ß œ $ß�% œ $ � �% œ &dx dD dx
dt dt dt dt dt

dy dy É a b# #

 5 (3)(10) ( )(5)  2.  Therefore, the particle is moving  the origin at 2 m/secdD dD 10
dt dt 5œ � �% Ê œ œ away from

 (because the distance D is increasing).

112. Let D be the distance from the origin.  We are given that 11 units/sec.  Then D x y x xdD
dt œ œ � œ �# # # # $Î# #ˆ ‰

 x x   2D 2x 3x  x(2 3x) ; x 3  D 3 3 6 and substitution in theœ � Ê œ � œ � œ Ê œ � œ# $ # # $dD dx dx dx
dt dt dt dt

È
 derivative equation gives (2)(6)(11) (3)(2 9)   4 units/sec.œ � Ê œdx dx

dt dt

113. (a) From the diagram we have   r  h.10 4 2
h r 5œ Ê œ

 (b) V r h  h h    , so 5 and h 6   ft/min.œ œ œ Ê œ œ � œ Ê œ �" "# #

3 3 5 75 dt 25 dt dt dt 144
2 4 h dV 4 h dh dV dh 125

1 1 ˆ ‰ 1 1

1

$ #
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114. From the sketch in the text, s r r  .  Also r 1.2 is constant  0 r (1.2) .œ Ê œ � œ Ê œ Ê œ œ) )
ds d dr dr ds d d
dt dt dt dt dt dt dt

) ) )

 Therefore, 6 ft/sec and r 1.2 ft 5 rad/secds d
dt dtœ œ Ê œ)

115.  (a) From the sketch in the text, 0.6 rad/sec and x tan .  Also x tan sec  ; at point A, x 0d dx d
dt dt dt
) )œ � œ œ Ê œ œ) ) )

#

 0 sec 0 ( 0.6) 0.6. Therefore the speed of the light is 0.6  km/sec when it reachesÊ œ Ê œ � œ � œ)
dx 3
dt 5a b#

 point A.

 (b)  revs/min(3/5) rad
sec 2  rad min

1 rev 60 sec 18
† †

1 1
œ

116. From the figure,   .  We are givena b a b
r BC r b r
œ Ê œ È # #�

 that r is constant.  Differentiation gives,

 .  Then,"
� �

�r dt b r
da b r (b)

† œ
Š ‹ Š ‹È ˆ ‰ ˆ ‰# #

# #�

# #

db b db
dt dtb rÈ

 b 2r and 0.3rœ œ �db
dt

  rÊ œda
dt (2r) r

(2r) r ( 0.3r) (2r)Ô ×Ö Ù
Õ Ø

È � �# # �

# #�

# #

� � �

�

2r( 0.3r)

(2r) rÉ  

  m/sec.  Since  is positive, the distance OA is incœ œ œ œ
È a b a bÈ È È

3r ( 0.3r)

3r dt
3r ( 0.3r) 4r (0.3r)

3 3 r 3 3 10 3
0.3r r da

#
#

#
# #

#

� � � �
4r (0.3r)

3rÈ reasing

 when OB 2r, and B is moving toward O at the rate of 0.3r m/sec.œ

117.  (a) If f(x) tan x and x , then f (x) sec x,œ œ � œ1

4
w #

 f 1 and f 2.  The linearization ofˆ ‰ ˆ ‰� œ � � œ1 1

4 4
w

 f(x) is L(x) 2 x ( 1) 2x .œ � � � œ �ˆ ‰1 1

4
2�

#

 
 (b) If f(x) sec x and x , then f (x) sec x tan x,œ œ � œ1

4
w

 f 2 and f 2.  Theˆ ‰ ˆ ‰È È� œ � œ �1 1

4 4
w

 linearization of  f(x) is L(x) 2 x 2œ � � �È Èˆ ‰1
4

 2x .œ � �È È2( )
4
%� 1

 

118. f(x)   f (x) .  The linearization at x 0 is L(x) f (0)(x 0) f(0) 1 x.œ Ê œ œ œ � � œ �" �
� �

w w
1 tan x (1 tan x)

sec x#

#

119. f(x) x 1 sin x 0.5 (x 1) sin x 0.5  f (x) (x 1) cos xœ � � � œ � � � Ê œ � �È ˆ ‰"Î# w �"Î#"
#

  L(x) f (0)(x 0) f(0) 1.5(x 0) 0.5  L(x) 1.5x 0.5, the linearization of f(x).Ê œ � � œ � � Ê œ �w

120. f(x) 1 x 3.1 2(1 x) (1 x) 3.1 f (x) 2(1 x) ( 1) (1 x)œ � � � œ � � � � Ê œ � � � � �2
1 x� #

�" "Î# w �# �"Î#"È
 L(x) f (0)(x 0) f(0) 2.5x 0.1, the linearization of f(x).œ � Ê œ � � œ �2

(1 x) 2 1 x�
"
�

w
# È
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121. S  r r h , r constant dS  r r h h dh dh. Height changes from h  to h dhœ � Ê œ † � # œ �1 1È a b# # "
#

# # �"Î#

�
! !

1 r h
r hÈ # #

 dSÊ œ 1 r h dh

r h

!

#
!

#

a b
É �

122. (a) S 6r   dS 12r dr.  We want dS (2%) S  12r dr   dr .  The measurement of theœ Ê œ Ÿ Ê Ÿ Ê Ÿ# k k k k k k12r r
100 100

#

 edge r  must have an error less than 1%.

 (b) When V r , then dV 3r  dr.  The accuracy of the volume is (100%) (100%)œ œ œ$ # ˆ ‰ Š ‹dV 3r  dr
V r

#

$

 (dr)(100%)  (100%) 3%œ œ œˆ ‰ ˆ ‰ ˆ ‰3 3 r
r r 100

123. C 2 r  r , S 4 r , and V r .  It also follows that dr  dC, dS  dC andœ Ê œ œ œ œ œ œ œ1 1 1
C C 4 C 2C
2 3 61 1 1 1 1

# $ "
#

# $

#

 dV  dC.  Recall that C 10 cm and dC 0.4 cm.œ œ œC
2

#

#1

 (a) dr  cm  (100%) (100%) (.04)(100%) 4%œ œ Ê œ œ œ0.4 0.2 dr 0.2 2
2 r 101 1 1

1ˆ ‰ ˆ ‰ ˆ ‰
 (b) dS (0.4)  cm  (100%) (100%) 8%œ œ Ê œ œ20 8 dS 8

S 1001 1 1

1ˆ ‰ ˆ ‰ ˆ ‰
 (c) dV (0.4)  cm  (100%) (100%) 12%œ œ Ê œ œ10 20 dV 20 6

2 V 1000

# #

# # #1 1 1

1ˆ ‰ ˆ ‰ Š ‹
124. Similar triangles yield   h 14 ft.  The same triangles imply that   h 120a 635 15 20 a a

h 6 h 6œ Ê œ œ Ê œ �� �"

  dh 120a  da  da .0444 ft 0.53 inches.Ê œ � œ � œ � „ œ � „ œ „ ¸ „ œ „�# " "#! "
# "& "#

120 120 2
a a 1 45# # #

ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰
CHAPTER 3  ADDITIONAL AND ADVANCED EXERCISES

 1. (a) sin 2 2 sin  cos   (sin 2 ) (2 sin  cos )  2 cos 2 2[(sin )( sin ) (cos )(cos )]) ) ) ) ) ) ) ) ) ) )œ Ê œ Ê œ � �d d
d d) )

  cos 2 cos sinÊ œ �) ) )
# #

 (b) cos 2 cos sin   (cos 2 ) cos sin   2 sin 2 (2 cos )( sin ) (2 sin )(cos )) ) ) ) ) ) ) ) ) ) )œ � Ê œ � Ê � œ � �# # # #d d
d d) )

a b
  sin 2 cos  sin sin  cos   sin 2 2 sin  cos Ê œ � Ê œ) ) ) ) ) ) ) )

 2. The derivative of sin (x a) sin x cos a cos x sin a with respect to x is  cos (x a) cos x cos a sin x sin a, which� œ � � œ �

 is also an identity.  This principle does not apply to the equation x 2x 8 0, since x 2x 8 0 is not an identity:# #� � œ � � œ

 it holds for 2 values of x ( 2 and 4), but not for all x.�

 3. (a) f(x) cos x  f (x) sin x  f (x) cos x, and g(x) a bx cx   g (x) b 2cx  g (x) 2c;œ Ê œ � Ê œ � œ � � Ê œ � Ê œw ww # w ww

 also, f(0) g(0) cos (0) a a 1; f (0) g (0) sin (0) b b 0; f (0) g (0) cos (0) 2cœ Ê œ Ê œ œ Ê � œ Ê œ œ Ê � œw w ww ww

 c .  Therefore, g(x) 1 x .Ê œ � œ �" "
# #

#

 (b) f(x) sin (x a) f (x) cos (x a), and g(x) b sin x c cos x g (x) b cos x c sin x; also, f(0) g(0)œ � Ê œ � œ � Ê œ � œw w

 sin (a) b sin (0) c cos (0)  c sin a; f (0) g (0)  cos (a) b cos (0) c sin (0) b cos a.Ê œ � Ê œ œ Ê œ � Ê œw w

 Therefore, g(x) sin x cos a cos x sin a.œ �

 (c) When f(x) cos x, f (x) sin x and f (x) cos x; when g(x) 1 x , g (x) 0 and g (x) 0. Thusœ œ œ œ � œ œwww Ð%Ñ # www Ð%Ñ"
#

 f (0) 0 g (0) so the third derivatives agree at x 0.  However, the fourth derivatives do not agree sincewww wwwœ œ œ

  f (0) 1 but g (0) 0.  In case (b), when f(x) sin (x a) and g(x) sin x cos a cos x sin a, notice thatÐ%Ñ Ð%Ñœ œ œ � œ �

  f(x) g(x) for all x, not just x 0.  Since this is an identity, we have f (x) g (x) for any x and any positiveœ œ œÐ Ñ Ð Ñn n

 integer n.

 4. (a) y sin x  y cos x  y sin x  y y sin x sin x 0; y cos x  y sin xœ Ê œ Ê œ � Ê � œ � � œ œ Ê œ �w ww ww w

  y cos x  y y cos x cos x 0; y a cos x b sin x  y a sin x b cos xÊ œ � Ê � œ � � œ œ � Ê œ � �ww ww w

  y a cos x b sin x  y y ( a cos x b sin x) (a cos x b sin x) 0Ê œ � � Ê � œ � � � � œww ww
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 (b) y sin (2x)  y 2 cos (2x)  y 4 sin (2x)  y 4y 4 sin (2x) 4 sin (2x) 0.  Similarly,œ Ê œ Ê œ � Ê � œ � � œw ww ww

 y cos (2x) and y a cos (2x) b sin (2x) satisfy the differential equation y 4y 0.  In general,œ œ � � œww

 y cos (mx), y sin (mx) and y a cos (mx) b sin (mx) satisfy the differential equation y m y 0.œ œ œ � � œww #

 5. If the circle (x h) (y k) a  and y x 1 are tangent at ( ), then the slope of this tangent is� � � œ œ � "ß ## # # #

 m 2x 2 and the tangent line is y 2x.  The line containing (h k) and ( ) is perpendicular tokœ œ œ ß "ß #(1 2)ß

 y 2x    h 5 2k  the location of the center is (5 2k k).  Also, (x h) (y k) aœ Ê œ � Ê œ � Ê � ß � � � œk 2
h 1
� "
� #

# # #

  x h (y k)y 0  1 y (y k)y 0  y .  At the point ( ) we knowÊ � � � œ Ê � � � œ Ê œ "ß #w w w ww# w �
�a b 1 y

k y
a bw #

 y 2 from the tangent line and that y 2 from the parabola.  Since the second derivatives are equal at ( )w wwœ œ "ß #

 we obtain 2   k .  Then h 5 2k 4  the circle is (x 4) y a .  Since ( )œ Ê œ œ � œ � Ê � � � œ "ß #1 (2)
k

9 9�
�# # #

# ### ˆ ‰
 lies on the circle we have that a .œ 5 5

2

È

 6. The total revenue is the number of people times the price of the fare:  r(x) xp x 3 , whereœ œ �ˆ ‰x
40

#

 0 x 60.  The marginal revenue is 3 2x 3   3 3Ÿ Ÿ œ � � � � Ê œ � � �dr x x dr x x 2x
dx 40 40 40 dx 40 40 40

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ � ‘ˆ ‰# "

 3 3 1 .  Then 0  x 40 (since x 120 does not belong to the domain).  When 40 peopleœ � � œ Ê œ œˆ ‰ ˆ ‰x x dr
40 40 dx

 are on the bus the marginal revenue is zero and the fare is p(40) 3 $4.00.œ � œ¹ˆ ‰x
40

#

œx 40

 7. (a) y uv  v u (0.04u)v u(0.05v) 0.09uv 0.09y the rate of growth of the total production isœ Ê œ � œ � œ œ Êdy
dt dt dt

du dv

 9% per year.

 (b) If 0.02u and 0.03v, then ( 0.02u)v (0.03v)u 0.01uv 0.01y, increasing at 1% per year.du dv
dt dt dt

dyœ � œ œ � � œ œ

 8. When x y 225, then y .  The tangent# # w� œ œ � x
y

 line to the balloon at (12 9) is y 9 (x 12)ß � � œ �4
3

  y x 25.  The top of the gondola is 15 8Ê œ � �4
3

 23 ft below the center of the balloon.  The inter-œ

 section of y 23 and y x 25 is at the farœ � œ �4
3

 right edge of the gondola  23 x 25Ê � œ �4
3

  x .  Thus the gondola is 2x 3 ft wide.Ê œ œ3
#

 

 9. Answers will vary. Here is one possibility.

 

10. s(t) 10 cos t   v(t) 10 sin t   a(t) 10 cos tœ � Ê œ œ � � Ê œ œ œ � �ˆ ‰ ˆ ‰ ˆ ‰1 1 1

4 dt 4 dt dt 4
ds dv d s#

#

 (a) s(0) 10 cosœ œˆ ‰1
4

10
2È

 (b) Left:  10, Right:  10�
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 (c) Solving 10 cos t 10  cos t 1  t  when the particle is farthest to the left.ˆ ‰ ˆ ‰� œ � Ê � œ � Ê œ1 1 1

4 4 4
3

 Solving 10 cos t 10  cos t 1  t , but t 0  t 2  when the particleˆ ‰ ˆ ‰� œ Ê � œ Ê œ �   Ê œ � œ1 1 1 1 1

4 4 4 4 4
7

1
�

 is farthest to the right.  Thus, v 0, v 0, a 10, and a 10.ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰3 7 3 7
4 4 4 4
1 1 1 1œ œ œ œ �

 (d) Solving 10 cos t 0  t   v 10, v 10 and a .ˆ ‰ ˆ ‰ ¸ ¸ ˆ ‰ˆ ‰� œ Ê œ Ê œ � œ œ !1 1 1 1 1

4 4 4 4 4

11. (a) s(t) 64t 16t   v(t) 64 32t 32(2 t).  The maximum height is reached when v(t) 0œ � Ê œ œ � œ � œ# ds
dt

  t 2 sec.  The velocity when it leaves the hand is v(0) 64 ft/sec.Ê œ œ

 (b) s(t) 64t 2.6t   v(t) 64 5.2t.  The maximum height is reached when v(t) 0  t 12.31 sec.œ � Ê œ œ � œ Ê ¸# ds
dt

 The maximum height is about s(12.31) 393.85 ft.œ

12. s 3t 12t 18t 5 and s t 9t 12t  v 9t 24t 18 and v 3t 18t 12; v v" # " # " #
$ # $ # # #œ � � � œ � � � Ê œ � � œ � � � œ

  9t 24t 18 3t 18t 12  2t 7t 5 0  (t 1)(2t 5) 0  t 1 sec and t 2.5 sec.Ê � � œ � � � Ê � � œ Ê � � œ Ê œ œ# # #

13. m v v k x x   m 2v k 2x   m k    m kx  .  Thena b a b ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰# # # #
! !

"� œ � Ê œ � Ê œ � Ê œ �dv dx dv 2x dx dv dx
dt dt dt 2v dt dt v dt

 substituting v  m kx, as claimed.dx dv
dt dtœ Ê œ �

14. (a) x At Bt C on t t   v 2At B  v 2A B A t t B is theœ � � ß Ê œ œ � Ê œ � œ � �#
" # " #

� �
# #c d a bˆ ‰ ˆ ‰dx

dt
t t t t" # " #

 instantaneous velocity at the midpoint.  The average velocity over the time interval is vav œ
?

?

x
t

 A t t B.œ œ œ � �
a b a b a b c da bAt Bt C At Bt C

t t t t
t t A t t B# #

# "# "

# " # "

# " # "� � � � �
� �

� � �
# "a b

 (b) On the graph of the parabola x At Bt C, the slope of the curve at the midpoint of the intervalœ � �#

 t t  is the same as the average slope of the curve over the interval.c d" #ß

15. (a) To be continuous at x  requires that  lim  sin x  lim  (mx b)  0 m b  m ;œ œ � Ê œ � Ê œ �1 1
x xÄ Ä1 1

� �

b
1

 (b) If y  is differentiable at x , then  lim  cos x m  m 1 and b .
cos x,  x
    m,  x

w œ œ œ Ê œ � œ
�
 œ 1

1
1 1

x Ä 1
�

16. f x  is continuous at  because  lim   f .  f (0)  lim    lim   a b a b! œ ! œ ! œ œ
x x xÄ ! Ä ! Ä !

"� w �
�

�cos x
x x 0 x

f(x) f(0) 01 cos x
x

�

  lim   lim  . Therefore f (0) exists with value .œ œ œ
x xÄ ! Ä !

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 cos x 1 cos x sin x
x 1 cos x x 1 cos x

� � " " "
� � # #

# w
#

17. (a) For all a, b and for all x 2, f is differentiable at x.  Next, f differentiable at x 2  f continuous at x 2Á œ Ê œ

   lim  f(x) f(2)  2a 4a 2b 3  2a 2b 3 0.  Also, f differentiable at x 2Ê œ Ê œ � � Ê � � œ Á
x 2Ä

�

  f (x)  .  In order that f (2) exist we must have a 2a(2) b  a 4a b  3a b.
       a,  x 2

2ax b,  x 2
Ê œ œ � Ê œ � Ê œ

�
� �

w wœ
 Then 2a 2b 3 0 and 3a b  a  and b .� � œ œ Ê œ œ3 9

4 4

 (b) For x , the graph of f is a straight line having a slope of  and passing through the origin; for x , the graph of f� #   #$
%

 is a parabola. At x , the value of the y-coordinate on the parabola is  which matches the y-coordinate of the pointœ # $
#

 on the straight line at x . In addition, the slope of the parabola at the match up point is  which is equal to theœ # $
%

 slope of the straight line. Therefore, since the graph is differentiable at the match up point, the graph is smooth there.

18. (a) For any a, b and for any x 1, g is differentiable at x.  Next, g differentiable at x 1  g continuous atÁ � œ � Ê

 x 1   lim  g(x) g( 1)  a 1 2b a b  b 1.  Also, g differentiable at x 1œ � Ê œ � Ê � � � œ � � Ê œ Á �
x Ä �"

�

 g (x) .  In order that g ( 1) exist we must have a 3a( 1) 1 a 3a 1
         a,  x 1

3ax 1,  x 1
Ê œ � œ � � Ê œ �

� �

� � �
w w #

#œ
 a .Ê œ � "

#
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 (b) For x , the graph of g is a straight line having a slope of  and a y-intercept of . For x , the graph of g isŸ �" � " � �""
#

 a cubic. At x , the value of the y-coordinate on the cubic is  which matches the y-coordinate of the pointœ �" $
#

 on the straight line at x . In addition, the slope of the cubic at the match up point is  which is equal to theœ �" � "
#

 slope of the straight line. Therefore, since the graph is differentiable at the match up point, the graph is smooth there.

19. f odd  f( x) f(x)  (f( x)) ( f(x))  f ( x)( 1) f (x)  f ( x) f (x)  f  is even.Ê � œ � Ê � œ � Ê � � œ � Ê � œ Êd d
dx dx

w w w w w

20. f even  f( x) f(x)  (f( x)) (f(x))  f ( x)( 1) f (x)  f ( x) f (x)  f  is odd.Ê � œ Ê � œ Ê � � œ Ê � œ � Êd d
dx dx

w w w w w

21. Let h(x) (fg)(x) f(x) g(x)  h (x)  lim    lim   œ œ Ê œ œw � �
� �x x x xÄ Ä! !

h(x) h(x ) f(x) g(x) f(x ) g(x )
x x x x

! ! !

! !

  lim    lim  f(x)  lim  g(x )œ œ �x x x x x xÄ Ä Ä! ! !

f(x) g(x) f(x) g(x ) f(x) g(x ) f(x ) g(x ) g(x) g(x ) f(x) f(x )
x x x x x x

� � � � �
� � �!

! ! ! ! ! !

! ! !

’ “ ’ “’ “ ’ “
 f(x )  lim  g(x ) f (x ) 0  lim  g(x ) f (x ) g(x ) f (x ), if g isœ � œ � œ! ! ! ! ! ! !

� �
� �

w w w
x x x xÄ Ä! !

’ “ ’ “g(x) g(x ) g(x) g(x )
x x x x

! !

! !

†

 continuous at x .  Therefore (fg)(x) is differentiable at x  if f(x ) 0, and (fg) (x ) g(x ) f (x ).! ! ! ! ! !
w wœ œ

22. From Exercise 21 we have that fg is differentiable at 0 if f is differentiable at 0, f(0) 0 and g is continuous at 0.œ

 (a) If f(x) sin x and g(x) x , then x  sin x is differentiable because f (0) cos (0) 1, f(0) sin (0) 0œ œ œ œ œ œk k k k w

 and g(x) x  is continuous at x 0.œ œk k
 (b) If f(x) sin x and g(x) x , then x  sin x is differentiable because f (0) cos (0) 1, f(0) sin (0) 0œ œ œ œ œ œ#Î$ #Î$ w

 and g(x) x  is continuous at x 0.œ œ#Î$

 (c) If f(x) 1 cos x and g(x) x, then x (1 cos x) is differentiable because f (0) sin (0) 0,œ � œ � œ œ$ $ wÈ È
 f(0) 1 cos (0) 0 and g(x) x  is continuous at x 0.œ � œ œ œ"Î$

 (d) If f(x) x and g(x) x sin , then x  sin  is differentiable because f (0) 1, f(0) 0 andœ œ œ œˆ ‰ ˆ ‰" "# w
x x

  lim  x sin  lim    lim   0 (so g is continuous at x 0).
x x tÄ ! Ä ! Ä _

ˆ ‰"
x t

sin sin tœ œ œ œ
ˆ ‰"
"

x

x

23. If f(x) x and g(x) x sin , then x  sin  is differentiable at x 0 because f (0) 1, f(0) 0 andœ œ œ œ œˆ ‰ ˆ ‰" "# w
x x

  lim  x sin  lim    lim   0 (so g is continuous at x 0).  In fact, from Exercise 21,
x x tÄ ! Ä ! Ä _

ˆ ‰"
x t

sin sin tœ œ œ œ
ˆ ‰"
"

x

x

 h (0) g(0) f (0) 0.  However, for x 0, h (x) x  cos 2x sin .  Butw w w # " " "œ œ Á œ � �� ‘ ˆ ‰ ˆ ‰ˆ ‰
x x x#

  lim  h (x)  lim  cos 2x sin  does not exist because cos  has no limit as x  0.  Therefore,
x xÄ ! Ä !

w " " "œ � � Ä� ‘ ˆ ‰ˆ ‰ ˆ ‰
x x x

 the derivative is not continuous at x 0 because it has no limit there.œ

24. From the given conditions we have f(x h) f(x) f(h), f(h) 1 hg(h) and  lim  g(h) 1.  Therefore,� œ � œ œ
h Ä !

 f (x)  lim    lim    lim  f(x) f(x)  lim  g(h) f(x) 1 f(x)w � � � �œ œ œ œ œ œ
h h h hÄ ! Ä ! Ä ! Ä !

f(x h) f(x) f(x) f(h) f(x) f(h) 1
h h h’ “ ’ “ †

  f (x) f(x) and f x exists at every value of x.Ê œw wa b
25. Step 1: The formula holds for n 2 (a single product) since y u u    u u  .œ œ Ê œ �" # # "

dy
dx dx dx

du du" #

 Step 2: Assume the formula holds for n k:œ

 y u u u    u u u u  u u u u u  .œ â Ê œ â � â �á � â" # # $ " $ " #k k k k-1
dy
dx dx dx dx

du du du" # k

 If y u u u u u u u u , then  u u u u  œ â œ â œ � â" # " # " #
â

k k 1 k k 1 k 1 k� � �a b dy d(u u u )
dx dx dx

du" # k k 1�

  u u u u   u u u u u  u u u u  œ â � â �â� â � âˆ ‰du du
dx dx dx dx

du du" #

# $ " $ " # " #k k k 1 k 1 k� �
k k 1�

  u u u u  u u u u u   u u u u  .œ â � â �â� â � âdu du
dx dx dx dx

du du" #

# $ " $ " # " #k 1 k 1 k 1 k 1 k� � � �
k k 1�

 Thus the original formula holds for n (k 1) whenever it holds for n k.œ � œ
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26. Recall .  Then m and ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰m m m m
k k! (m k)! 1 1! (m 1)! k k 1 k! (m k)! (k 1)! (m k 1)!

m! m! m! m!œ œ œ � œ �� � � � � � �

 .  Now, we proveœ œ œ œm! (k 1) m! (m k) m! (m 1) (m 1)!
(k 1)! (m k)! (k 1)! (m k)! (k 1)! ((m 1) (k 1))! k 1

m 1� � � � �
� � � � � � � � �

�ˆ ‰
 Leibniz's rule by mathematical induction.

 Step 1: If n 1, then u v .  Assume that the statement is true for n k, that is:œ œ � œd(uv)
dx dx dx

dv du

  v k      u .d (uv)
dx dx dx dx 2 dx dx k 1 dv dx dx

d u d u dv d u d v du d v d vk kk

k k k k k k

k k k k k

œ � � �á � �
�" �# �"

�" �# �"
ˆ ‰ ˆ ‰#

# �

 Step 2: If n k 1, then    v  k  k  œ � œ œ � � �d (uv) d (uv)
dx dx dx dx dx dx dx dx dx dx

d d u d u dv d u dv d u d vk k

k k k k k k

k k k k�"

�" �" �"

�" �"Š ‹ ’ “� ‘ #

#

           v� � �á � �’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰k k k k
2 dx dx 2 dx dx k 1 dx dx k 1 dx dx

d u d v d u d v d u d v du d uk k k k

k k k k

�" �# �"

�" �# �"

# $ #

# $ #� �

  u  v (k 1)    � � œ � � � � �á� ‘ � ‘ˆ ‰ ˆ ‰du d v d u d u d u dv d u d v
dx dx dx dx dx dx 1 2 dx dx

k kk k k k k

k k k k k

�" �" �"

�" �" �"

#

#

   u  v (k 1)    � � � œ � � � �á� ‘ ˆ ‰ˆ ‰ ˆ ‰k k k 1
k 1 k dx dx dx dx dx dx 2 dx dx

du d v d v d u d u dv d u d v
�

�k k k k k

k k k k k

�" �"

�" �" �"

�" #

#

   u .� �ˆ ‰k 1
k dx dx dx

du d v d v� k k

k k

�"

�"

 Therefore the formula (c) holds for n (k 1) whenever it holds for n k.œ � œ

27. (a) T  L L  L 0.8156 ft# œ Ê œ Ê œ Ê ¸4 L
g 4 4

T g 1 sec 32.2 ft/sec1

1 1

# #

# #

# #a ba b
 (b) T  T L; dT dL dL; dT  ft 0.00613 sec.# # # "

# !Þ)"&'
œ Ê œ œ † œ œ !Þ!" ¸4 L

g g g L Lg  ft 32.2 ft/sec
1 1 1 1 1
#

#È È È È Èa ba bÈ a b
 (c) Since there are 86,400 sec in a day, we have 0.00613 sec 86,400 sec/day 529.6 sec/day, or 8.83 min/day; thea ba b ¸
 clock will lose about 8.83 min/day.

28. v s s k s k. If s the initial length of the cube's side, then s s kœ Ê œ $ œ � ' Ê œ �# œ œ � #$ # #
! " !

dv ds ds
dt dt dta b

 k s s . Let t the time it will take the ice cube to melt. Now, tÊ # œ � œ œ œ œ! " # � �

s s
k s s

v

v v
! !

! "

!

"Î$

! !
"Î$ $

%

"Î$

a b
a b ˆ ‰

  hr.œ ¸ """

"� ˆ ‰$
%

"Î$
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CHAPTER 4  APPLICATIONS OF DERIVATIVES

4.1  EXTREME VALUES OF FUNCTIONS

 1. An absolute minimum at x c , an absolute maximum at x b.  Theorem 1 guarantees the existence of suchœ œ#

 extreme values because h is continuous on [a b].ß

 2. An absolute minimum at x b, an absolute maximum at x c.  Theorem 1 guarantees the existence of suchœ œ

 extreme values because f is continuous on [a b].ß

 3. No absolute minimum.  An absolute maximum at x c.  Since the function's domain is an open interval, theœ

 function does not satisfy the hypotheses of Theorem 1 and need not have absolute extreme values.

 4. No absolute extrema.  The function is neither continuous nor defined on a closed interval, so it need not fulfill
 the conclusions of Theorem 1.

 5. An absolute minimum at x a and an absolute maximum at x c.  Note that y g(x) is not continuous butœ œ œ

 still has extrema.  When the hypothesis of Theorem 1 is satisfied then extrema are guaranteed, but when the
 hypothesis is not satisfied, absolute extrema may or may not occur.

 6. Absolute minimum at x c and an absolute maximum at x a.  Note that y g(x) is not continuous but stillœ œ œ

 has absolute extrema.  When the hypothesis of Theorem 1 is satisfied then extrema are guaranteed, but when
 the hypothesis is not satisfied, absolute extrema may or may not occur.

 7. Local minimum at , local maximum at a b a b�"ß ! "ß !

 8. Minima at  and , maximum at a b a b a b�#ß ! #ß ! !ß #

 9. Maximum at . Note that there is no minimum since the endpoint  is excluded from the graph.a b a b!ß & #ß !

10. Local maximum at , local minimum at , maximum at ,  minimum at a b a b a b a b�$ß ! #ß ! "ß # !ß �"

11. Graph (c), since this the only graph that has positive slope at c.

12. Graph (b), since this is the only graph that represents a differentiable function at a and b and has negative slope at c.

13. Graph (d), since this is the only graph representing a funtion that is differentiable at b but not at a.

14. Graph (a), since this is the only graph that represents a function that is not differentiable at a or b.

15. f has an absolute min at x 0 but does not have an absoluteœ

 max. Since the interval on which f is defined, 1 x 2,� � �

 is an open interval, we  do not meet the conditions of
 Theorem 1.
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16. f has an absolute max at x 0 but does not have an absoluteœ

 min. Since the interval on which f is defined, 1 x 1, is� � �

 an open interval, we  do not meet the conditions of
 Theorem 1.

 

17. f has an absolute max at x 2 but does not have an absoluteœ

 min. Since the function is not continuous at x 1, we doœ

 not meet the conditions of Theorem 1.

 

18. f has an absolute max at x 4 but does not have an absoluteœ

 min. Since the function is not continuous at x 0, we doœ

 not meet the conditions of Theorem 1.

 

19. f has an absolute max at x  and an absolute min atœ 1

2

 x . Since the interval on which f is defined,œ 3
2
1

 0 x 2 , is an open interval, we do not meet the� � 1

 conditions of Theorem 1.

 

20. f has an absolute max at x 0 and an absolute min atœ

 x  and x 1. Since f is continuous on the closedœ œ �1

2

 interval on which it is defined,  1 x 2 ,  we do meet� Ÿ Ÿ 1

 the conditions of Theorem 1.

 

21. f(x) x 5  f (x)   no critical points;œ � Ê œ Ê2 2
3 3

w

 f( 2) , f(3) 3  the absolute maximum� œ � œ � Ê19
3

 is 3 at x 3 and the absolute minimum is  at� œ � 19
3

 x 2œ �
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22. f(x) x 4  f (x) 1  no critical points;œ � � Ê œ � Êw

 f( 4) 0, f(1) 5  the absolute maximum is 0� œ œ � Ê

 at x 4 and the absolute minimum is 5 at xœ � � œ "

 

23. f(x) x 1  f (x) 2x  a critical point atœ � Ê œ Ê# w

 x 0; f( 1) 0, f(0) 1, f(2) 3  the absoluteœ � œ œ � œ Ê

 maximum is 3 at x 2 and the absolute minimum is 1œ �

 at x 0œ

 

24. f(x) x   f (x) 2x  a critical point atœ % � Ê œ � Ê# w

 x 0; f( 3) 5, f(0) 4, f(1) 3  the absoluteœ � œ � œ œ Ê

 maximum is 4 at x 0 and the absolute minimum is 5œ �

 at x 3œ �

 

25. F(x) x   F (x) 2x , howeverœ � œ � Ê œ œ" �# w �$
x x

2
# $

 x 0 is not a critical point since 0 is not in the domain;œ

 F(0.5) 4, F(2) 0.25  the absolute maximum isœ � œ � Ê

 0.25 at x 2 and the absolute minimum is 4 at� œ �

 x 0.5œ

 

26. F(x) x   F (x) x , howeverœ � œ � Ê œ œ" "�" w �#
x x#

 x 0 is not a critical point since 0 is not in the domain;œ

 F( 2) , F( 1) 1  the absolute maximum is 1 at� œ � œ Ê"
#

 x 1 and the absolute minimum is  at x 2œ � œ �"
#

 

27. h(x) x x   h (x) x   a critical pointœ œ Ê œ Ê$ "Î$ w �#Î$"È
3

 at x 0; h( 1) 1, h(0) 0, h(8) 2  the absoluteœ � œ � œ œ Ê

 maximum is 2 at x 8 and the absolute minimum is 1œ �

 at x 1œ �
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28. h(x) 3x   h (x) x   a critical point atœ � Ê œ �# Ê#Î$ w �"Î$

 x 0; h( 1) 3, h(0) 0, h(1) 3  the absoluteœ � œ � œ œ � Ê

 maximum is 0 at x 0 and the absolute minimum is 3œ �

 at x 1 and at x 1œ œ �

 

29. g(x) 4 x 4 xœ � œ �È a b# # "Î#

  g (x) 4 x ( 2x)Ê œ � � œw #" �
#

�"Î#

�
a b x

4 xÈ #

   critical points at x 2 and x 0, but not at x 2Ê œ � œ œ

  because 2 is not in the domain; g( 2) 0, g(0) 2,� œ œ

 g(1) 3  the absolute maximum is 2 at x 0 and theœ Ê œÈ
 absolute minimum is 0 at x 2œ �  

30. g(x) 5 x x  5 x ( 2x)œ � � œ � & � � �È a b a b# # #"Î# �"Î#

  g (x)   critical points at x 5Ê œ � œ Ê œ �w "
# &�

ˆ ‰ Èx
xÈ #

  and x 0, but not at x 5 because 5 is not in theœ œ È È
 domain; f 5 0, f(0) 5Š ‹È È� œ œ �

  the absolute maximum is 0 at x 5 and the absoluteÊ œ �È
 minimum is 5 at x 0� œÈ

 

31. f( ) sin   f ( ) cos    is a critical point,) ) ) ) )œ Ê œ Ê œw
#
1

 but  is not a critical point because  is not interior to) œ � �
# #
1 1

 the domain; f 1, f 1, fˆ ‰ ˆ ‰ ˆ ‰� "
# # #
1 1 1œ � œ œ5

6

  the absolute maximum is 1 at  and the absoluteÊ œ)
1

#

 minimum is 1 at � œ)
�
#
1

 

32. f( ) tan   f ( ) sec   f has no critical points in) ) ) )œ Ê œ Êw #

 . The extreme values therefore occur at theˆ ‰�1 1

3 4ß

 endpoints:  f 3 and f 1  the absoluteˆ ‰ ˆ ‰È�1 1

3 4œ � œ Ê

 maximum is 1 at  and the absolute) œ 1

4

 minimum is 3 at � œÈ )
�1

3
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33. g(x) csc x  g (x) (csc x)(cot x)  a critical pointœ Ê œ � Êw

 at x ; g , g 1, g   theœ œ œ œ Ê1 1 1 1

# #
ˆ ‰ ˆ ‰ ˆ ‰

3 3
2 2 2

3 3È È

 absolute maximum is  at x  and x , and the2 2
3 3 3È œ œ1 1

 absolute minimum is 1 at x œ 1

#

 

34. g(x) sec x  g (x) (sec x)(tan x)  a critical point atœ Ê œ Êw

 x 0; g 2, g(0) 1, g   the absoluteœ � œ œ œ Êˆ ‰ ˆ ‰1 1

3 6
2

3È

 maximum is 2 at x  and the absolute minimum is 1œ � 1

3

 at x 0œ

 

35. f(t) 2 t t tœ � œ # � œ # �k k a bÈ # # "Î#

  f (t) t (2t)Ê œ � œ � œ �w #"
#

�"Î#a b t t
t tÈ k k#

  a critical point at t 0; f( 1) 1,Ê œ � œ

 f(0) 2, f(3) 1  the absolute maximum is 2 at t 0œ œ � Ê œ

 and the absolute minimum is 1 at t 3� œ

 

36. f(t) t 5 (t 5) (t 5)   f (t)œ � œ � œ � Êk k a bÈ # # w"Î#

 (t 5) (2(t 5))œ � � œ œ" � �
# �

# �"Î#

�
a b t 5 t 5

(t 5) t 5È k k#

  a critical point at t 5; f(4) 1, f(5) 0, f(7) 2Ê œ œ œ œ

  the absolute maximum is 2 at t 7 and the absoluteÊ œ

 minimum is 0 at t 5œ

 

37. f(x) x   f (x) x   a critical point at x 0; f( 1) 1, f(0) 0, f(8) 16  the absoluteœ Ê œ Ê œ � œ œ œ Ê%Î$ w "Î$4
3

 maximum is 16 at x 8 and the absolute minimum is 0 at x 0œ œ

38. f(x) x   f (x) x   a critical point at x 0; f( 1) 1, f(0) 0, f(8) 32  the absoluteœ Ê œ Ê œ � œ � œ œ Ê&Î$ w #Î$5
3

 maximum is 32 at x 8 and the absolute minimum is 1 at x 1œ � œ �

39. g( )   g ( )   a critical point at 0; g( 32) 8, g(0) 0, g(1) 1  the absolute) ) ) ) )œ Ê œ Ê œ � œ � œ œ Ê$Î& w �#Î&3
5

 maximum is 1 at 1 and the absolute minimum is 8 at 32) )œ � œ �

40. h( ) 3   h ( ) 2   a critical point at 0; h( 27) 27, h(0) 0, h(8) 12  the absolute) ) ) ) )œ Ê œ Ê œ � œ œ œ Ê#Î$ w �"Î$

 maximum is 27 at 27 and the absolute minimum is 0 at 0) )œ � œ

41. y x 6x 7 y 2x 6 2x 6 0 x 3. The critical point is x 3.œ � � Ê œ � Ê � œ Ê œ œ2 w

42. f x 6x x f x 12x 3x 12x 3x 0 3x 4 x 0 x 0 or x 4. The critical pointss area b a b a bœ � Ê œ � Ê � œ Ê � œ Ê œ œ2 3 2 2w

 x 0 and x 4.œ œ

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



172 Chapter 4 Applications of Derivatives

43. f x x 4 x f x x 3 4 x 1 4 x 4 x 3x 4 x 4 x 4 4xa b a b a b a b a b a b a b a b a b a b� ‘ � ‘œ � Ê œ � � � � œ � � � � œ � �3 2 3 2 2w

 4 4 x 1 x 4 4 x 1 x 0 x 1 or x 4. The critical points are x 1 and x 4.œ � � Ê � � œ Ê œ œ œ œa b a b a b a b2 2

44. g x x 1 x 3 g x x 1 2 x 3 1 2 x 1 1 x 3a b a b a b a b a b a ba b a ba b a bœ � � Ê œ � † � � � † �2 2 2 2w

 2 x 3 x 1 x 1 x 3 4 x 3 x 1 x 2 4 x 3 x 1 x 2 0 x 3 or x 1 orœ � � � � � œ � � � Ê � � � œ Ê œ œa ba b a b a b a ba ba b a ba ba b� ‘
 x 2. The critical points are x 1, x 2, and x 3.œ œ œ œ

45. y x y 2x 2x 2 x 1; undefined x 0 x 0.œ � Ê œ � œ Ê œ ! Ê � œ ! Ê œ œ Ê œ Ê œ2 3 22 2 2x 2 2x 2 2x 2
x x x x x

w � � �
2 2 2 2

3 3 3

 The domain of the function is , 0 0, , thus x 0 is not in the domain, so the only critical point is x 1.a b a b�_ � _ œ œ

46. f x f x x 4x x 0 or x 4; undefineda b a bœ Ê œ œ Ê œ ! Ê � œ ! Ê œ œ œx x 4x x 4x x 4x
x 2

x 2 2x x 1
x 2 x 2 x 2 x 2

22 2 2 22

2 2 2 2�
w � † �

� � � �
� � �a b a b

a b a b a b a b

 x 2 0 x 2. The domain of the function is , 2 2, , thus x 2 is not in the domain, so the onlyÊ � œ Ê œ �_ � _ œa b a b a b2

 critical points are x 0 and x 4œ œ

47. y x 32 x y 2x 2x 16 0 x 4; undefinedœ � Ê œ � œ Ê œ ! Ê � œ Ê œ œ2 3 216 2x 16 2x 16 2x 16
x x x x

È w Î� � �
È È È È

3 2 3 2 3 2Î Î Î

 x 0 x 0. The critical points are x 4 and x 0.Ê œ Ê œ œ œÈ

48. g x 2x x g x 0 1 x 0 x 1; undefined 2x x 0a b a bÈ Èœ � Ê œ Ê œ Ê � œ Ê œ œ Ê � œ2 21 x 1 x 1 x
2x x 2x x 2x x

w � � �

� � �È È È2 2 2

 2x x 0 x 0 or x 2. The critical points are x 0, x 1, and x 2.� œ Ê œ œ œ œ œ2

49. Minimum value is 1 at x 2.œ  

50. To find the exact values, note that y 3x 2,w œ �2

 which is zero when x . Local maximum atœ „É 2
3

 4 0 816 5 089 ; localŠ ‹É a b� ß � ¸ � Þ ß Þ2
3 9

4 6È

 minimum at 0.816 2.911Š ‹É a b#
$ *

% 'ß % � ¸ ß
È
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51. To find the exact values, note that that y 3x 2x 8w œ � �2

 3x 4 x 2 , which is zero when x 2 or x .œ � � œ � œa ba b %
$

 Local maximum at 2 17 ; local minimum at a b ˆ ‰� ß ß �% %"
$ #(

 

52. Note that y 5x x 5 x 3 , which is zero atw #œ � �a ba b
 x 0, x 3, and x 5. Local maximum at 3, 108 ;œ œ œ a b
 local minimum at 5, 0 ; 0, 0  is neither a maximum nora b a b
 a minimum.

 

53. Minimum value is 0 when x  or x .œ �" œ "  

54. Note that y , which is zero at x 4 and isw �
œ œ

È
È
x 2

x

 undefined when x 0. Local maximum at 0, 0 ;œ a b
 absolute minimum at 4, 4a b�

 

55. The actual graph of the function has asymptotes at x ,œ „ "

 so there are no extrema near these values. (This is an
 example of grapher failure.) There is a local minimum at
 .a b!ß "
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56. Maximum value is 2 at x ;œ "

 minimum value is 0 at x  and x .œ �" œ $

 

57.  Maximum value is  at x"
# œ "à

 minimum value is  as x .� œ �""
#

 

58.  Maximum value is  at x 0"
# œ à

 minimum value is  as x 2.� œ �"
#

 

59. y x x xw #Î$ �"Î$# & �%
$ $

œ " � � # œa b a b x
xÈ$

 crit. pt. derivative extremum value
x local max
x undefined local min 0
œ � ! "! œ "Þ!$%

œ !

% "#
& #&

"Î$
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60. y x x x xw #Î$ �"Î$ ## ) �)
$ $

œ # � � % œa b a b x
x

#

$È

 crit. pt. derivative extremum value
x minimum
x undefined local max 0
x minimum

œ �" ! �$
œ !
œ " ! $

 

61. y x x xw "

# %�
#œ � # � " % �È x#

a b a bÈ
 œ œ� � %�

%� %�

%�#x x

x x
x# #

# #

#a b
È È

 crit. pt. derivative extremum value
x undefined local max

x minimum

x maximum
x undefined local min

œ �# !

œ � # ! �#

œ # ! #
œ # !

È
È

 

62. y x 1 x xw # "

# $�
œ � � # $ �È x

a b È
 œ œ� � % $�

# $� # $�

�"#x x x
x x

_5x x# #a ba b
È È

 crit. pt. derivative extremum value
x 0 minimum
x local max
x undefined minimum

œ ! !

œ ! "& ¸ %Þ%'#

œ $ !

"# "%%
& "#&

"Î#

 

63. y
, x
, x

w œ
�# � "
" � "œ

 crit. pt. derivative extremum value
x undefined minimumœ " #

 

64. y
, x

x, x
w œ

�" � !
# � # � !œ

 crit. pt. derivative extremum value
x undefined local min
x local max
œ ! $
œ " ! %
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65. y
2x 2, x 1
2x 6, x 1

w œ
� � �
� � �œ

 crit. pt. derivative extremum value
x 1 maximum 5
x 1 undefined local min 1
x 3 maximum 5

œ � !
œ
œ !

 

66. We begin by determining whether f x  is defined at x , where f x
x x , x

x x x, x
w

" " "&
% # %

#

$ #
a b a b œœ " œ

� � � Ÿ "

� ' � ) � "

 Clearly, f x x  if x , and f h . Also, f x x x  if x , andw w w #" "
# # Ä!

a b a b a bœ � � � " " � œ �" œ $ � "# � ) � "lim
h �

  f h . Since f is continuous at x , we have that f . Thus,lim
hÄ!

w w
�

a b a b" � œ �" œ " " œ �"

 f x
          x , x
x x  , x

w
" "
# #

#
a b œœ

� � Ÿ "

$ � "# � ) � "

 Note that x  when x , and x x  when x .� � œ ! œ �" $ � "# � ) œ ! œ œ œ # „" "
# # # $ ' $

# "#„ "# �% $ ) "#„ %) # $È È Èa ba b
a b
#

 But , so the critical points occur at x  and x .# � ¸ !Þ)%& � " œ �" œ # � ¸ $Þ"&&# $ # $
$ $

È È

 crit. pt. derivative extremum value
x local max     4
x local min
œ �" !
¸ $Þ"&& ! ¸ �$Þ!(*

 

67. (a) No, since f x x , which is undefined at x .w #
$

�"Î$a b a bœ � # œ #

 (b) The derivative is defined and nonzero for all x . Also, f  and f x  for all x .Á # # œ ! � ! Á #a b a b
 (c) No, f x  need not have a global maximum because its domain is all real numbers. Any restriction of f to a closeda b
 interval of the form a, b  would have both a maximum value and minimum value on the interval.Ò Ó

 (d) The answers are the same as (a) and (b) with 2 replaced by a.

68. Note that f x . Therefore, f x .
x x, x  or x x , x  or x

   x x, x  or x    x , x  or x
a b a bœ œœ œ

� � * Ÿ �$ ! Ÿ � $ �$ � * � �$ ! � � $

� * �$ � � !   $ $ � * �$ � � ! � $

$ $

$ $
w

 (a) No, since the left- and right-hand derivatives at x , are  and , respectively.œ ! �* *

 (b) No, since the left- and right-hand derivatives at x , are  and , respectively.œ $ �") ")

 (c) No, since the left- and right-hand derivatives at x , are  and , respectively.œ �$ ") �")

 (d) The critical points occur when f x  (at x ) and when f x  is undefined (at x  and x ). Thew wa b a bÈœ ! œ „ $ œ ! œ „ $

 minimum value is  at x , at x , and at x ; local maxima occur at  and .! œ �$ œ ! œ $ � $ß ' $ $ß ' $Š ‹ Š ‹È È È È
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69. Yes, since f(x) x x x   f (x) x (2x)  is not defined at x 0.  Thus it isœ œ œ Ê œ œ œ œk k a b a bÈ # # w #"Î# �"Î#"
#

x x
x xa b k k# "Î#

 not required that f  be zero at a local extreme point since f  may be undefined there.w w

70. If f(c) is a local maximum value of f, then f(x) f(c) for all x in some open interval (a b) containing c.  Since f is even,Ÿ ß

 f( x) f(x) f(c) f( c) for all x in the open interval ( b a) containing c.  That is, f assumesa local maximum at� œ Ÿ œ � � � ß� �

 the point c.  This is also clear from the graph of f because the graph of an even function is symmetric about the y-axis.�

71. If g(c) is a local minimum value of g, then g(x) g(c) for all x in some open interval (a b) containing c.  Since g is odd,  ß

 g( x) g(x) g(c) g( c) for all x in the open interval ( b a) containing c.  That is, g assumes a local� œ � Ÿ � œ � � � ß� �

 maximum at the point c.  This is also clear from the graph of g because the graph of an odd function is symmetric about�

 the origin.

72. If there are no boundary points or critical points the function will have no extreme values in its domain.  Such functions do
 indeed exist, for example f(x) x for x . (Any other linear function f(x) mx b with m 0 will do asœ �_ � � _ œ � Á

 well.)

73. (a) V x x x xa b œ "'! � &# � %# $

 V x x x x xw #a b a ba bœ "'! � "!% � "# œ % � # $ � #!

 The only critical point in the interval  is at x . The maximum value of V x  is 144 at x .a b a b!ß & œ # œ #

 (b) The largest possible volume of the box is 144 cubic units, and it occurs when x  units.œ #

74. (a) f x ax bx c is a quadratic, so it can have 0, 1, or 2 zeros, which would be the critical points of f. Thew #a b œ $ � # �

 function f x x x has two critical points at x  and x . The function f x x  has one critical pointa b a bœ � $ œ �" œ " œ � "$ $

 at x The function f x x x has no critical points.œ !Þ œ �a b $

 (b) The function can have either two local extreme values or no extreme values. (If there is only one critical point, the
 cubic function has no extreme values.)

75. s gt v t s gt v t . Now s t s t v 0 t 0 or t .œ � � � Ê œ � � œ ! Ê œ œ Í � � œ Í œ œ"
#

#
! ! !

ds
dt g 2 g

v 2v
0 0

gt! a b ˆ ‰ 0

 Thus s g v s s s  is the  height over the interval 0 t .Š ‹ Š ‹ Š ‹v v v 2v
g g g 2g g

2

0 0 0 0
v

! ! ! !œ � � � œ � � Ÿ Ÿ"
#

2
0maximum

76. sin t cos t, solving tan t t n  where n is a nonnegative integer (in this exercise t isdI dI
dt dtœ �# � # œ ! Ê œ " Ê œ �1

% 1

 never negative) the peak current is  amps.Ê # #È

77. Maximum value is 11 at x 5;œ

 minimum value is 5 on the interval 3 2 ;Ò� ß Ó

 local maximum at 5 9a b� ß
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78. Maximum value is 4 on the interval 5 7 ;Ò ß Ó

 minimum value is 4 on the interval 2 1 .� Ò� ß Ó

 

79. Maximum value is 5 on the interval 3 ;Ò ß _Ñ

 minimum value is 5 on the interval 2 .� Ð�_ß � Ó

 

80. Minimum value is 4 on the interval Ò�"ß $Ó  

81-86. Example CAS commands:
 :Maple
 with(student):
 f := x -> x^4 - 8*x^2 + 4*x + 2;
 domain := x=-20/25..64/25;
 plot( f(x), domain, color=black, title="Section 4.1 #81(a)" );
 Df := D(f);
 plot( Df(x), domain, color=black, title="Section 4.1 # 81(b)" )
 StatPt := fsolve( Df(x)=0, domain )
 SingPt := NULL;
 EndPt := op(rhs(domain));
 Pts :=evalf([EndPt,StatPt,SingPt]);
 Values := [seq( f(x), x=Pts )];
 Maximum value is 2.7608 and occurs at x=2.56 (right endpoint).

 Minimum value is -6.2680 and occurs at x=1.86081 (singular point).$%

 : (functions may  vary) (see section 2.5 re. RealsOnly ):Mathematica
 <<Miscellaneous `RealOnly`
 Clear[f,x]
 a = 1; b = 10/3;�
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 f[x_] =2 2x 3 x� � 2/3

 f'[x]
 Plot[{f[x], f'[x]}, {x, a, b}]
 NSolve[f'[x]==0, x]
 {f[a], f[0], f[x]/.%, f[b]//N
 In more complicated expressions, NSolve may not yield results. In this case, an approximate solution (say 1.1 here)
 is observed from the graph and the following command is used:
 FindRoot[f'[x]==0,{x, 1.1}]

4.2  THE MEAN VALUE THEOREM

 1. When f(x) x 2x 1 for 0 x 1, then f c  3 2c 2  c .œ � � Ÿ Ÿ œ Ê œ � Ê œ# w�
� #

"f 1 f 0
1 0

a b a b a b

 2. When f(x) x  for 0 x 1, then f c  1 c   c .œ Ÿ Ÿ œ Ê œ Ê œ#Î$ w �"Î$�
� #

f 1 f 0
1 0 3 7

2 8a b a b a b ˆ ‰

 3. When f(x) x  for x 2, then f c   0 c 1.œ � Ÿ Ÿ œ Ê œ " � Ê œ" " "
# � Î

� Î w
x 2 1 2 c

f 2 f 1 2a b a b a b #

 4. When f(x) x 1 for 1 x 3, then f c     c .œ � Ÿ Ÿ œ Ê œ Ê œÈ a bf 3 f 1
3 1

2
c 1

3a b a b È
È

�
� # #

w "

# �

 5. When f(x) x x  for 1 x 2, then f c  2 3c 2c c .œ � � Ÿ Ÿ œ Ê œ � Ê œ3 2 2f 2 f 1
2 1 3

1 7a b a b
a b

È� �
� �

w „a b
  1.22 and  0.549 are both in the interval 1 x 2.1 7 1 7

3 3
� �È È

¸ ¸ � � Ÿ Ÿ

 6. When g(x) , then g c 3 g c . If 2 x 0, then g (x) 3x 3 g c
x 2 x 0
x x 2

œ œ Ê œ � Ÿ � œ Ê œ
� Ÿ Ÿ

! � Ÿ
œ a b a b a b3

2
g 2 g 2

2 2
2a b a b

a b
� �
� �

w w w w

 3c 3 c 1. Only c 1 is in the interval. If x 2, then g (x) 2x 3 g c 2c 3 c .Ê œ Ê œ „ œ � ! � Ÿ œ Ê œ Ê œ Ê œ2 3
2

w wa b
 7. Does not; f(x) is not differentiable at x 0 in ( 8).œ �"ß

 8. Does; f(x) is continuous for every point of [0 1] and differentiable for every point in (0 1).ß ß

 9. Does; f(x) is continuous for every point of [0 1] and differentiable for every point in (0 1).ß ß

10. Does not; f(x) is not continuous at x 0 because  lim  f(x) 1 0 f(0).œ œ Á œ
x Ä !

�

11. Does not; f is not differentiable at x 1 in ( 2 0).œ � � ß

12. Does; f(x) is continuous for every point of [0 3] and differentiable for every point in (0 3).ß ß

13. Since f(x) is not continuous on 0 x 1, Rolle's Theorem does not apply:   lim  f(x)  lim  x 1 0 f(1).Ÿ Ÿ œ œ Á œ
x 1 x 1Ä Ä

� �

14. Since f(x) must be continuous at x 0 and x 1 we have  lim  f(x) a f(0)  a 3 andœ œ œ œ Ê œ
x Ä !

�

  lim  f(x)  lim  f(x)  1 3 a m b  5 m b.  Since f(x) must also be differentiable at
x 1 x 1Ä Ä

� �
œ Ê � � � œ � Ê œ �

 x 1 we have  lim  f (x)  lim  f (x)  2x 3 m   1 m.  Therefore, a 3, m 1 and b 4.œ œ Ê � � œ Ê œ œ œ œ
x 1 x 1Ä Ä

� �

w w kk x=1 x=1
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15. (a) i 

 ii 

 iii 

 iv 

 (b) Let r  and r  be zeros of the polynomial P(x) x a x a x a , then P(r ) P(r ) 0." # " ! " #œ � �á � � œ œn n-1
n-1

 Since polynomials are everywhere continuous and differentiable, by Rolle's Theorem P (r) 0 for some rw œ

 between r  and r , where P (x) nx (n 1) a x a ." # "
w œ � � �á �n-1 n-2

n-1

16. With f both differentiable and continuous on [a b] and f(r ) f(r ) f(r ) 0 where r , r  and r  are in [a b],ß œ œ œ ß" # $ " # $

 then by Rolle's Theorem there exists a c  between r  and r  such that f (c ) 0 and a c  between r  and r" " # " # # $
w œ

 such that f (c ) 0.  Since f  is both differentiable and continuous on [a b], Rolle's Theorem again applies andw w
# œ ß

 we have a c  between c  and c  such that f (c ) 0.  To generalize, if f has n 1 zeros in [a b] and f  is$ " # $
ww Ð Ñœ � ß n

 continuous on [a b], then f  has at least one zero between a and b.ß Ð Ñn

17. Since f  exists throughout [a b] the derivative function f  is continuous there.  If f  has more than one zero in [a b], saww w wß ß y
  f (r ) f (r ) 0 for r r , then by Rolle's Theorem there is a c between r  and r  such that f (c) 0, contrary tow w ww

" # " # " #œ œ Á œ

 f 0 throughout [a b].  Therefore f  has at most one zero in [a b].  The same argument holds if f 0 throughout [a b].ww w ww� ß ß � ß

18. If f(x) is a cubic polynomial with four or more zeros, then by Rolle's Theorem f (x) has three or more zeros, f (x) has 2 ow ww r
 more zeros and f (x) has at least one zero.  This is a contradiction since f (x) is a non-zero constant when f(x) is a cubiwww www c
 polynomial.

19. With f( 2) 11 0 and f( 1) 1 0 we conclude from the Intermediate Value Theorem that f(x) x 3x 1� œ � � œ � � œ � �%

 has at least one zero between 2 and 1.  Then 2 x 1 x 1 32 4x 4� � � � � � Ê �) � � � Ê � � � �$ $

 29 4x 3 1 f (x) 0 for 2 x 1 f(x) is decreasing on [ 1] f(x) 0 has exactly oneÊ � � � � � Ê � � � � � Ê �#ß� Ê œ$ w

 solution in the interval ( 1).�#ß�

20. f(x) x 7  f (x) 3x 0 on ( 0)  f(x) is increasing on ( 0).  Also, f(x) 0 if x 2 andœ � � Ê œ � � �_ß Ê �_ß � � �$ w #4 8
x x# $

 f(x) 0 if 2 x 0  f(x) has exactly one zero in ( ).� � � � Ê �_ß !

21. g(t) t t 1 4  g (t) 0  g(t) is increasing for t in ( ); g(3) 3 2 0 andœ � � � Ê œ � � Ê !ß_ œ � �È È Èw " "
# �È Èt 2 t 1

 g(15) 15 0  g(t) has exactly one zero in ( )œ � Ê !ß_ ÞÈ

22. g(t) 1 t 3.1 g (t) 0 g(t) is increasing for t in ( 1 1);  g( 0.99) 2.5 andœ � � � Ê œ � � Ê � ß � œ �" " "
"� "�

w
�t ( t) 2 1 t

È
# È

 g(0.99) 98.3 g(t) has exactly one zero in ( 1 1).œ Ê � ß

23. r( ) sin 8  r ( ) 1  sin  cos 1  sin 0 on ( )  r( ) is increasing on) ) ) )œ � � Ê œ � œ � � �_ß_ Ê# w "ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰) ) ) )

3 3 3 3 3 3
2 2

 ( ); r(0) 8 and r(8) sin 0  r( ) has exactly one zero in ( ).�_ß_ œ � œ � Ê �_ß_# ˆ ‰8
3 )

24. r( ) 2 cos 2  r ( ) 2 2 sin  cos 2 sin 2 0 on ( )  r( ) is increasing on ( );) ) ) ) ) ) ) )œ � � Ê œ � œ � � �_ß_ Ê �_ß_# wÈ
 r( ) 4 cos ( ) 2 4 1 2 0 and r(2 ) 4 1 2 0 r( ) has exactly one zero in�# œ � � �# � œ � � � � œ � � � Ê1 1 1 1 1 1 )È È È
 ( ).�_ß_

25. r( ) sec 5  r ( ) (sec )(tan ) 0 on   r( ) is increasing on ;  r(0.1) 994 and) ) ) ) ) )œ � � Ê œ � � !ß Ê !ß ¸ �" w
# #) )

1 1
$ %

3 ˆ ‰ ˆ ‰
 r(1.57) 1260.5  r( ) has exactly one zero in .¸ Ê !ß) ˆ ‰1

#
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26. r( ) tan cot   r ( ) sec csc 1 sec cot 0 on   r( ) is increasing on 0 ;) ) ) ) ) ) ) ) ) )œ � � Ê œ � � œ � � !ß Ê ßw # # # #
# #

ˆ ‰ ˆ ‰1 1

 r 0 and r(1.57) 1254.2  r( ) has exactly one zero in .ˆ ‰ ˆ ‰1 1 1

4 4œ � � ¸ Ê !ß) #

27. By Corollary 1, f (x) 0 for all x f(x) C, where C is a constant. Since f( 1) 3 we have C 3 f(x) 3 forw œ Ê œ � œ œ Ê œ

 all x.

28. g(x) 2x 5 g (x) 2 f (x) for all x.  By Corollary 2, f(x) g(x) C for some constant C.  Thenœ � Ê œ œ œ �w w

 f(0) g(0) C 5 5 C  C 0 f(x) g(x) 2x 5 for all x.œ � Ê œ � Ê œ Ê œ œ �

29. g(x) x   g (x) 2x f (x) for all x.  By Corollary 2, f(x) g(x) C.œ Ê œ œ œ �# w w

 (a) f(0) 0  0 g(0) C 0 C  C 0  f(x) x   f(2) 4œ Ê œ � œ � Ê œ Ê œ Ê œ#

 (b) f(1) 0  0 g(1) C 1 C  C 1  f(x) x 1  f(2) 3œ Ê œ � œ � Ê œ � Ê œ � Ê œ#

 (c) f( 2) 3  3 g( 2) C  3 4 C  C 1  f(x) x 1  f(2) 3� œ Ê œ � � Ê œ � Ê œ � Ê œ � Ê œ#

30. g(x) mx g (x) m, a constant.  If f (x) m, then by Corollary 2, f(x) g(x) b mx b where b is a constant.œ Ê œ œ œ � œ �w w

 Therefore all functions whose derivatives are constant can be graphed as straight lines y mx b.œ �

31. (a) y C (b) y C (c) y Cœ � œ � œ �x x x
3 4

# $ %

#

32. (a) y x C (b) y x x C (c) y x x x Cœ � œ � � œ � � �# # $ #

33. (a) y x   y C (b) y x C (c) y 5x Cw �# " " "œ � Ê œ � œ � � œ � �x x x

34. (a) y x   y x C  y x C (b) y 2 x Cw �"Î# "Î#"
#œ Ê œ � Ê œ � œ �È È

 (c) y 2x 2 x Cœ � �# È

35. (a) y  cos 2t C (b) y 2 sin Cœ � � œ �"
# #

t

 (c) y  cos 2t 2 sin Cœ � � �"
# #

t

36. (a) y tan C (b) y   y C (c) y tan Cœ � œ Ê œ � œ � �) ) ) ) )
w "Î# $Î# $Î#2 2

3 3

37. f(x) x x C; 0 f(0) 0 0 C  C 0  f(x) x xœ � � œ œ � � Ê œ Ê œ �# # #

38. g(x) x C; 1 g( 1) ( 1) C  C 1  g(x) x 1œ � � � œ � œ � � � � Ê œ � Ê œ � � �" " "# # #
�x 1 x

39. r( ) 8 cot C; 0 r 8 cot C 0 2 1 C C 2 1) ) ) 1 1œ � � œ œ � � Ê œ � � Ê œ � �ˆ ‰ ˆ ‰ ˆ ‰1 1 1

4 4 4

 r( ) 8 cot 2 1Ê œ � � �) ) ) 1

40. r(t) sec t t C; 0 r(0) sec (0) 0 C  C 1  r(t) sec t t 1œ � � œ œ � � Ê œ � Ê œ � �

41. v t s t t C; at s  and t  we have C s t tœ œ *Þ) � & Ê œ %Þ* � & � œ "! œ ! œ "! Ê œ %Þ* � & � "!ds
dt

# #

42. v t s t t C; at s  and t  we have C s t tœ œ $# � # Ê œ "' � # � œ % œ œ " Ê œ "' � # � "ds
dt

# #"
#

43. v sin t s cos t C; at s  and t  we have C sœ œ Ê œ � � œ ! œ ! œ Ê œds
dt

cos ta b a b1 1
" " "�
1 1 1

1a b

44. v cos s sin C; at s  and t  we have C s sinœ œ Ê œ � œ " œ œ " Ê œ � "ds 2 t t t
dt 1 1 1 1

ˆ ‰ ˆ ‰ ˆ ‰# # ##
1
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45. a v t C ; at v  and t  we have C v t s t t C ; at s  andœ $# Ê œ $# � œ #! œ ! œ #! Ê œ $# � #! Ê œ "' � #! � œ &" " #
#

 t  we have C s t tœ ! œ & Ê œ "' � #! � &#
#

46. a 9.8 v 9.8t C ; at v  and t  we have C v t s t t C ; at s  andœ Ê œ � œ �$ œ ! œ �$ Ê œ *Þ) � $ Ê œ %Þ* � $ � œ !" " #
#

 t  we have C s t tœ ! œ ! Ê œ %Þ* � $#
#

47. a sin t v cos t C ; at v  and t  we have C v cos t s sin t C ; at sœ �% # Ê œ # # � œ # œ ! œ ! Ê œ # # Ê œ # � œ �$a b a b a b a b" " #

 and t  we have C s sin tœ ! œ �$ Ê œ # � $# a b
48. a cos v sin C ; at v  and t  we have C v sin s cos C ; atœ Ê œ � œ ! œ ! œ ! Ê œ Ê œ � �* $ $ $ $ $ $

" " #1 1 1 1 1 1 1#
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰t t t t

 s and t  we have C s cosœ �" œ ! œ ! Ê œ �#
$ˆ ‰t
1

49. If T(t) is the temperature of the thermometer at time t, then T(0) 19° C and T(14) 100° C.  From the Mean Valueœ � œ

 Theorem there exists a 0 t 14 such that 8.5° C/sec T (t ), the rate at which the temperature was� � œ œ! !
�
�

wT(14) T(0)
14 0

 changing at t t  as measured by the rising mercury on the thermometer.œ !

50. Because the trucker's average speed was 79.5 mph, by the Mean Value Theorem, the trucker must have been going that
 speed at least once during the trip.

51. Because its average speed was approximately 7.667 knots, and by the Mean Value Theorem, it must have been going that
 speed at least once during the trip.

52. The runner's average speed for the marathon was approximately 11.909 mph. Therefore, by the Mean Value Theorem, the
 runner must have been going that speed at least once during the marathon. Since the initial speed and final speed are both 0
 mph and the runner's speed is continuous, by the Intermediate Value Theorem, the runner's speed must have been 11 mph
 at least twice.

53. Let d(t) represent the distance the automobile traveled in time t.  The average speed over 0 t 2 is .  The MeanŸ Ÿ d(2) d(0)
0

�
#�

 Value Theorem says that for some 0 t 2, d (t ) .  The value d (t ) is  the speed of the automobile at time t� � œ! ! ! !
w w�

#�
d(2) d(0)

0

 (which is read on the speedometer).

54. a t v t v t t C; at  we have C v t t. When t , then v  m/sec.a b a b a b a b a b a bœ œ "Þ' Ê œ "Þ' � !ß ! œ ! Ê œ "Þ' œ $! $! œ %)w

55. The conclusion of the Mean Value Theorem yields   c a b  c ab.
" "

b a�

�
" �#

b a c ab
a bœ � Ê œ � Ê œ#

ˆ ‰ È

56. The conclusion of the Mean Value Theorem yields 2c  c .b a a b
b a

# #� �
� #œ Ê œ

57. f (x) [cos x sin (x 2) sin x cos (x 2)] 2 sin (x 1) cos (x 1) sin (x x 2) sin 2(x 1)w œ � � � � � � œ � � � �

 sin (2x 2) sin (2x 2) 0.  Therefore, the function has the constant value f(0) sin 1 0.7081œ � � � œ œ � ¸ �#

 which explains why the graph is a horizontal line.

58. (a) f x x x x x x x x x  is one possibility.a b a ba b a ba bœ � # � " � " � # œ � & � %& $
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 (b) Graphing f x x x x and  f x x x  on  by  we see that each x-intercept ofa b a bœ � & � % œ & � "& � % Ò�$ß $Ó Ò�(ß (Ó& $ w % #

 f x  lies between a pair of x-intercepts of f x , as expected by Rolle's Theorem.wa b a b

 

 (c) Yes, since sin is continuous and differentiable on .a b�_ß _

59. f x  must be zero at least once between a and b by the Intermediate Value Theorem. Now suppose that f x  is zero twicea b a b
 between a and b. Then by the Mean Value Theorem, f x  would have to be zero at least once between the two zeros ofwa b
 f x , but this can't be true since we are given that f x  on this interval. Therefore, f x  is zero once and only oncea b a b a bw Á !

 between a and b.

60. Consider the function k x f x g x . k x  is continuousa b a b a b a bœ �

 and differentiable on a, b , and since k a f a g a  andÒ Ó œ �a b a b a b
 k b f b g b , by the Mean Value Theorem, there musta b a b a bœ �

 be a point c in a, b  where k c . But sincea b a bw œ !

 k c f c g c , this means that f c g c , and c is aw w w w wa b a b a b a b a bœ � œ

 point where the graphs of f and g have tangent lines with the
 same slope, so these lines are either parallel or are the same
 line.  

61. f x 1 for 1 x 4 f x  is differentiable on 1 x 4 f is continuous on 1 x 4 f satisfies thewa b a bŸ Ÿ Ÿ Ê Ÿ Ÿ Ê Ÿ Ÿ Ê

 conditions of the Mean Value Theorem f c  for some c in 1 x 4 f c 1 1Ê œ � � Ê Ÿ Ê Ÿf 4 f 1 f 4 f 1
4 1 3

a b a b a b a b� �
�

w wa b a b
 f 4 f 1 3Ê � Ÿa b a b
62. 0 f x  for all x f x  exists for all x, thus f is differentiable on 1, 1 f is continuous on 1, 1� � Ê � Ê Ò� Ów w"

#a b a b a b
 f satisfies the conditions of the Mean Value Theorem f c  for some c in 1, 1 0Ê Ê œ Ò� Ó Ê � �f 1 f 1 f 1 f 1

1 1 2
a b a b a b a b

a b

� � � �
� � #

w "a b
 0 f 1 f 1 1. Since f 1 f 1 1 f 1 1 f 1 2 f 1 , and since 0 f 1 f 1Ê � � � � � � � Ê � � � � � � � � �a b a b a b a b a b a b a b a b a b
 we have f 1 f 1 . Together we have f 1 f 1 2 f 1 .a b a b a b a b a b� � � � � � �

63. Let f t cos t and consider the interval 0, x  where x is a real number. f is continuous on 0, x  and f is differentiable ona b œ Ò Ó Ò Ó

 0, x  since f t sin t f satisfies the conditions of the Mean Value Theorem f c  for some c ina b a b a b f x f 0
x 0

w w�
�œ � Ê Ê œa b a b

a b

 0, x sin c. Since 1 sin c 1 1 sin c 1 1 1. If x 0, 1 1Ò Ó Ê œ � � Ÿ Ÿ Ê � Ÿ � Ÿ Ê � Ÿ Ÿ � � Ÿ Ÿcos x 1 cos x 1 cos x 1
x x x
� � �

 x cos x 1 x cos x 1 x x . If x 0,  1 1 x cos x 1 xÊ � Ÿ � Ÿ Ê l � l Ÿ œ l l � � Ÿ Ÿ Ê �   �  cos x 1
x
�

 x cos x 1 x x cos x 1 x cos x 1 x x . Thus, in both cases, we haveÊ Ÿ � Ÿ � Ê � � Ÿ � Ÿ � Ê l � l Ÿ � œ l la b
 cos x 1 x . If x 0, then cos 0 1 1 1 0 0 , thus cos x 1 x  is true for all x.l � l Ÿ l l œ l � l œ l � l œ l l Ÿ l l l � l Ÿ l l

64. Let f(x) sin x for a x b.  From the Mean Value Theorem there exists a c between a and b such thatœ Ÿ Ÿ

 cos c  1 1  1  sin b sin a b a .sin b sin a sin b sin a sin b sin a
b a b a b a
� � �
� � �œ Ê � Ÿ Ÿ Ê Ÿ Ê � Ÿ �¸ ¸ k k k k

65. Yes.  By Corollary 2 we have f(x) g(x) c since f (x) g (x).  If the graphs start at the same point x a,œ � œ œw w

 then f(a) g(a)  c 0  f(x) g(x).œ Ê œ Ê œ
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66. Assume f is differentiable and f w f x w x  for all values of w and x. Since f is differentiable, f x  exists andl � l Ÿ l � la b a b a bw

 f x  lim    using the alternative formula for the derivative. Let g x x , which is continuous for all x.w
w �

�a b a bœ œ l l
Ä x

f w f x
w x

a b a b

 By Theorem 10 from Chapter 2, f x  lim    lim    lim   . Sincew w w
¸ ¸a b º º ¹ ¹w � �

� � l � l
l � lœ œ œ

Ä Ä Äx x x
f w f x f w f x

w x w x w x
f w f xa b a b a b a b a b a b

 f w f x w x  for all w and x 1 as long as w x. By Theorem 5 from Chapter 2,l � l Ÿ l � l Ê Ÿ Áa b a b l � l
l � l

f w f x
w x

a b a b

 f x  lim    lim 1 1 f x 1 1 f x 1.w w
¸ ¸ ¸ ¸a b a b a bw w wl � l

l � lœ Ÿ œ Ê Ÿ Ê � Ÿ Ÿ
Ä Äx x

f w f x
w x

a b a b

67. By the Mean Value Theorem we have f (c) for some point c between a and b. Since b a 0 and f(b) f(a),f(b) f(a)
b a
�
�

wœ � � �

 we have f(b) f(a) 0  f (c) 0.� � Ê �w

68. The condition is that f  should be continuous over [a b].  The Mean Value Theorem then guarantees thew ß

 existence of a point c in (a b) such that f (c).  If f  is continuous, then it has a minimum andß œf(b) f(a)
b a
�
�

w w

 maximum value on [a b], and min f f (c) max f , as required.ß Ÿ Ÿw w w

69. f (x) 1 x  cos x   f (x) 1 x  cos x 4x  cos x x  sin xw % ww % $ %�" �#
œ � Ê œ � � �a b a b a b

 x 1 x  cos x (4 cos x x sin x) 0 for 0 x 0.1  f (x) is decreasing when 0 x 0.1œ � � � � Ÿ Ÿ Ê Ÿ Ÿ$ % w�#a b
   min f 0.9999 and max f 1.  Now we have 0.9999 1  0.09999 f(0.1) 1 0.1Ê ¸ œ Ÿ Ÿ Ê Ÿ � Ÿw w � "f(0.1)

0.1

   1.09999 f(0.1) 1.1.Ê Ÿ Ÿ

70. f (x) 1 x   f (x) 1 x 4x 0 for 0 x 0.1  f (x) is increasing whenw % ww % $ w�" �#

�
œ � Ê œ � � � œ � � Ÿ Êa b a b a b 4x

1 x

$

% $
a b

 0 x 0.1  min f 1 and max f 1.0001.  Now we have 1 1.0001Ÿ Ÿ Ê œ œ Ÿ Ÿw w �f(0.1) 2
0.1

  0.1 f(0.1) 2 0.10001  2.1 f(0.1) 2.10001.Ê Ÿ � Ÿ Ê Ÿ Ÿ

71. (a) Suppose x 1, then by the Mean Value Theorem 0  f(x) f(1).  Suppose x 1, then by the� � Ê � �f(x) f(1)
x 1
�
�

 Mean Value Theorem 0  f(x) f(1).  Therefore f(x) 1 for all x since f(1) 1.f(x) f(1)
x 1
�
� � Ê �   œ

 (b) Yes.  From part (a),  lim   0 and  lim   0.  Since f (1) exists, these two one-sided
x 1 x 1Ä Ä

� �

f(x) f(1) f(x) f(1)
x 1 x 1
� �
� �

wŸ  

 limits are equal and have the value f (1)  f (1) 0 and f (1) 0  f (1) 0.w w w wÊ Ÿ   Ê œ

72. From the Mean Value Theorem we have f (c) where c is between a and b.  But f (c) 2pc q 0f(b) f(a)
b a
�
�

w wœ œ � œ

 has only one solution c .  (Note:  p 0 since f is a quadratic function.)œ � Áq
p#

4.3  MONOTONIC FUNCTIONS AND THE FIRST DERIVATIVE TEST

 1. (a) f (x) x(x 1)  critical points at 0 and 1w œ � Ê

 (b) f   increasing on ( ) and ( ), decreasing on ( )w œ ��� ± ��� ± ��� Ê �_ß ! "ß_ !ß "
! "

 (c) Local maximum at x 0 and a local minimum at x 1œ œ

 2. (a) f (x) (x 1)(x 2)  critical points at 2 and 1w œ � � Ê �

 (b) f   increasing on ( ) and ( ), decreasing on ( 2 )w œ ��� ± ��� ± ��� Ê �_ß�# "ß_ � ß "
�# "

 (c) Local maximum at x 2 and a local minimum at x 1œ � œ

 3. (a) f (x) (x 1) (x 2)  critical points at 2 and 1w #œ � � Ê �

 (b) f   increasing on ( 2 1) and ( ), decreasing on ( 2)w œ ��� ± ��� ± ��� Ê � ß "ß_ �_ß�
�# "
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 (c) No local maximum and a local minimum at x 2œ �

 4.  (a) f (x) (x 1) (x 2)   critical points at 2 and 1w # #œ � � Ê �

 (b) f   increasing on ( 2) ( ) ( ), never decreasingw œ ��� ± ��� ± ��� Ê �_ß� � �#ß " � "ß_
�# "

 (c) No local extrema

 5.  (a) f (x) (x 1)(x 2)(x 3)  critical points at 2, 1 and 3w œ � � � Ê �

 (b) f   increasing on ( 2 1) and ( ), decreasing on ( 2) and ( )w œ ��� ± ��� ± ��� ± ��� Ê � ß $ß_ �_ß� "ß $
�# " $

 (c) Local maximum at x 1, local minima at x 2 and x 3œ œ � œ

 6. (a) f (x) (x 7)(x 1)(x 5)  critical points at 5, 1 and 7w œ � � � Ê � �

 (b) f   increasing on ( 5 1) and (7 ), decreasing on ( 5) and ( 7)w œ ��� ± ��� ± ��� ± ��� Ê � ß� ß_ �_ß� �"ß
�& �" (

 (c) Local maximum at x 1, local minima at x 5 and x 7œ � œ � œ

 7. (a) f (x) critical points at x 0, x 1 and x 2w �
�œ Ê œ œ œ �x x 1

x 2

2a b

a b

 (b) f )(   increasing on 2  and 1 , decreasing on 2 0  and 0 1
2 0 1

w œ ��� ��� ± ��� ± ��� Ê �_ß� ß_ � ß ß
�

a b a b a b a b
 (c) Local minimum at x 1œ

 8. (a) f (x) critical points at x 2, x 4, x 1, and x 3w � �
� �œ Ê œ œ � œ � œa ba b

a ba b

x 2 x 4
x 1 x 3

 (b) f  )( )(   increasing on 4 , 1 2  and 3 , decreasing on
4 21 3

w œ ��� ± ��� ��� ± ��� ��� Ê �_ß� � ß ß_
� �

a b a b a b
  4 1  and 2 3a b a b� ß� ß

 (c) Local maximum at x 4 and x 2œ � œ

 9. (a) f (x) 1 critical points at x 2, x 2 and x 0.w �œ � œ Ê œ � œ œ4 x 4
x x2 2

2

 (b) f )(   increasing on 2  and 2 , decreasing on 2 0  and 0 2
2 20

w œ ��� ± ��� ��� ± ��� Ê �_ß� ß_ � ß ß
�

a b a b a b a b
 (c) Local maximum at x 2, local minimum at x 2œ � œ

10. (a) f (x) 3 critical points at x 4 and x 0w �
œ � œ Ê œ œ6

x x
3 x 6

È È

È

 (b) f (   increasing on 4 , decreasing on 0 4
0 4

w œ ��� ± ��� Ê ß_ ßa b a b
 (c) Local minimum at x 4œ

11. (a) f (x) x (x 2) critical points at x 2 and x 0w �"Î$œ � Ê œ � œ

 (b) f )(   increasing on ( 2) and (0 ), decreasing on ( 2 0)
2 0

w œ ��� ± ��� ��� Ê �_ß� ß_ � ß
�

 (c) Local maximum at x 2, local minimum at x 0œ � œ

12. (a) f (x) x (x 3) critical points at x 0 and x 3w �"Î#œ � Ê œ œ

 (b) f (   increasing on (3 ), decreasing on (0 3)
0 3

w œ ��� ± ��� Ê ß_ ß

 (c) No local maximum and a local minimum at x 3œ

13. (a) f (x) sin x 1 2cos x 1 , 0 x 2 critical points at x , x ,  and xw œ � � Ÿ Ÿ Ê œ œ œa ba b 1
1 1 1

2 3 3
2 4

 (b) f    increasing on , decreasing on 0 ,   and 2
0 2

w œ Ò��� ± ��� ± ��� ± ��� Ó Ê ß ß ß ß
1 1 1

1 1 1 1 1 1

2
2 4
3 3

2 4 2 4
3 3 2 2 3 3

1

1ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
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 (c) Local maximum at x  and x 0, local minimum at x  and x 2œ œ œ œ4 2
3 3
1 1

1

14. (a) f (x) sin x cos x sin x cos x , 0 x 2 critical points at x , x , x ,  and xw œ � � Ÿ Ÿ Ê œ œ œ œa ba b 1
1 1 1 1

4 4 4 4
3 5 7

 (b) f    increasing on  and , decreasing on 0 ,
0 2

w œ Ò��� ± ��� ± ��� ± ��� ± ��� Ó Ê ß ß ß
1 1 1 1

1 1 1 1 1

4
3
4

5 7
4 4

4 4 4 4 4
3 5 7

1

ˆ ‰ ˆ ‰ ˆ ‰
  and 2ˆ ‰ ˆ ‰3 5 7

4 4 4
1 1 1ß ß 1

 (c) Local maximum at x 0, x  and x , local minimum at x , x  and x 2œ œ œ œ œ œ3 7 5
4 4 4 4
1 1 1 1

1

15. (a) Increasing on 2 0  and 2 4 , decreasing on 4 2  and 0 2a b a b a b a b� ß ß � ß� ß

 (b) Absolute maximum at 4 2 , local maximum at 0 1  and 4 1 ; Absolute minimum at 2 3 , local minimum ata b a b a b a b� ß ß ß� ß�

 2 0a b� ß

16. (a) Increasing on 4 3.25 , 1.5 1 , and 2 4 , decreasing on 3.25 1.5  and 1 2a b a b a b a b a b� ß� � ß ß � ß� ß

 (b) Absolute maximum at 4 2 , local maximum at 3.25 1  and 1 1 ; Absolute minimum at 1.5 1 , locala b a b a b a bß � ß ß � ß�

 minimum at 4 0  and 2 0a b a b� ß ß

17. (a) Increasing on 4 1 , 0.5 2 , and 2 4 , decreasing on 1 0.5a b a b a b a b� ß� ß ß � ß

 (b) Absolute maximum at 4 3 , local maximum at 1 2  and 2 1 ; No absolute minimum, local minimum ata b a b a bß � ß ß

 4 1 and 0.5 1a b a b� ß� ß�

18. (a) Increasing on 4 2.5 , 1 1 , and 3 4 , decreasing on 2.5 1  and 1 3a b a b a b a b a b� ß� � ß ß � ß� ß

 (b) No absolute maximum, local maximum at 2.5 1 , 1 2  and 4 2 ; No absolute minimum, local minimum ata b a b a b� ß ß ß

 1 0  and 3 1a b a b� ß ß

19. (a) g(t) t 3t 3  g (t) 2t 3  a critical point at t ; g , increasing onœ � � � Ê œ � � Ê œ � œ ��� ± ���
�$Î#

# w w
#
3

 , decreasing on ˆ ‰ ˆ ‰�_ß� � ß_3 3
# #

 (b) local maximum value of g  at t , absolute maximum is  at tˆ ‰� œ œ � œ �3 21 3 21 3
4 4# # #

20. (a) g(t) 3t 9t 5 g (t) 6t 9  a critical point at t ; g , increasing on ,œ � � � Ê œ � � Ê œ œ ��� ± ��� �_ß
$Î#

# w w
#
3 3

2
ˆ ‰

 decreasing on ˆ ‰3
# ß_

 (b) local maximum value of g  at t , absolute maximum is  at tˆ ‰3 47 3 47 3
4 4# # #œ œ œ

21. (a) h(x) x 2x   h (x) 3x 4x x(4 3x)  critical points at x 0, œ � � Ê œ � � œ � Ê œ$ # w # 4
3

  h , increasing on 0 , decreasing on ( ) and Ê œ ��� ± ��� ± ��� ß �_ß ! ß_
! %Î$

w ˆ ‰ ˆ ‰4 4
3 3

 (b) local maximum value of h  at x ; local minimum value of h(0) 0 at x 0, no absolute extremaˆ ‰4 32 4
3 27 3œ œ œ œ

22. (a) h(x) 2x 18x  h (x) 6x 18 6 x 3 x 3   critical points at x 3œ � Ê œ � œ � � Ê œ „$ w # Š ‹Š ‹È È È
  h  |   |  , increasing on 3  and , decreasing on 3Ê œ ��� ��� ��� �_ß� $ß_ � $ß

� $ $

w

È È Š ‹ Š ‹ Š ‹È ÈÈ È

 (b) a local maximum is h 3 12 3 at x 3; local minimum is h 3 12 3 at x 3, no absoluteŠ ‹ Š ‹È È È È È È� œ œ � œ � œ

 extrema
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23. (a) f( ) 3 4   f ( ) 6 12 6 (1 2 )  critical points at 0,   f ,) ) ) ) ) ) ) ) )œ � Ê œ � œ � Ê œ Ê œ ��� ± ��� ± ���
! "Î#

# $ w # w"
#

 increasing on 0 , decreasing on ( ) and ˆ ‰ ˆ ‰ß �_ß ! ß_" "
# #

 (b) a local maximum is f  at , a local minimum is f(0) 0 at 0, no absolute extremaˆ ‰" " "
# #œ œ œ œ4 ) )

24. (a) f( ) 6   f ( ) 6 3 3 2 2   critical points at 2 ) ) ) ) ) ) ) )œ � Ê œ � œ � � Ê œ „ Ê$ w # Š ‹Š ‹È È È
 f , increasing on 2 2 , decreasing on 2  and 2w œ ��� ± ��� ± ��� � ß �_ß� ß_

� # #È È Š ‹ Š ‹ Š ‹È È È È

 (b) a local maximum is f 2 4 2 at 2, a local minimum is f 2 2 at 2, no absoluteŠ ‹ Š ‹È È È È È Èœ œ � œ �% œ �) )

 extrema

25. (a) f(r) 3r 16r  f (r) 9r 16  no critical points  f , increasing on ( ), neverœ � Ê œ � Ê Ê œ ����� �_ß_$ w # w

 decreasing
 (b) no local extrema, no absolute extrema

26. (a) h(r) (r 7)   h (r) 3(r 7)   a critical point at r 7  h , increasing onœ � Ê œ � Ê œ � Ê œ ��� ± ���
�(

$ w # w

 ( 7) ( ), never decreasing�_ß� � �(ß_

 (b) no local extrema, no absolute extrema

27. (a) f(x) x 8x 16  f (x) 4x 16x 4x(x 2)(x 2)  critical points at x 0 and x 2œ � � Ê œ � œ � � Ê œ œ „% # w $

  f , increasing on ( ) and ( ), decreasing on ( 2) and ( )Ê œ ��� ± ��� ± ��� ± ��� �#ß ! #ß_ �_ß� !ß #
�# ! #

w

 (b) a local maximum is f(0) 16 at x 0, local minima are f 2 0 at x 2, no absolute maximum; absoluteœ œ „ œ œ „a b
 minimum is 0 at x 2œ „

28. (a) g(x) x 4x 4x   g (x) 4x 12x x 4x(x 2)(x 1)  critical points at x 0, 1, 2œ � � Ê œ � � ) œ � � Ê œ% $ # w $ #

  g , increasing on (0 1) and ( ), decreasing on ( 0) and (1 )Ê œ ��� ± ��� ± ��� ± ��� ß #ß_ �_ß ß #
! " #

w

 (b) a local maximum is g(1) 1 at x 1, local minima are g(0) 0 at x 0 and g(2) 0 at x 2, no absoluteœ œ œ œ œ œ

 maximum; absolute minimum is 0 at x 0, 2œ

29. (a) H(t) t t   H (t) 6t 6t 6t (1 t)( t)  critical points at t 0, 1œ � Ê œ � œ � " � Ê œ „3
#

% ' w $ & $

  H , increasing on ( 1) and (0 1), decreasing on ( 0) and ( )Ê œ ��� ± ��� ± ��� ± ��� �_ß� ß �"ß "ß_
�" ! "

w

 (b) the local maxima are H( 1)  at t 1 and H(1)  at t 1, the local minimum is H(0) 0 at t 0, absolute� œ œ � œ œ œ œ" "
# #

 maximum is  at t 1; no absolute minimum"
# œ „

30. (a) K(t) 15t t   K (t) 45t 5t 5t (3 t)(3 t)  critical points at t 0, 3œ � Ê œ � œ � � Ê œ „$ & w # % #

  K , increasing on ( 3 0) (0 3), decreasing on ( 3) and (3 )Ê œ ��� ± ��� ± ��� ± ��� � ß � ß �_ß� ß_
�$ ! $

w

 (b) a local maximum is K(3) 162 at t 3,  a local minimum is K( 3) 162 at t 3, no absolute extremaœ œ � œ � œ �

31. (a) f(x) x 6 x 1 f (x) 1 critical points at x 1 and x 10œ � � Ê œ � œ Ê œ œÈ w
� �

� �3
x 1 x 1

x 1 3
È È

È

 f (  , increasing on 10, , decreasing on 1, 10
1 10

Ê œ ��� ± ��� _w a b a b
 (b) a local minimum is f 10 8, a local and absolute maximum is  f 1 1, absolute minimum of 8 at x 10a b a bœ � œ � œ
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32. (a) g(x) 4 x x 3  g (x) 2x critical points at x 1 and x 0œ � � Ê œ � œ Ê œ œÈ 2 2 2 2x
x x

w �
È È

3 2Î

 g  , increasing on 0, 1 , decreasing on 1, 
0 1

Ê œ Ð ��� ± ��� _w a b a b
 (b) a local minimum is f 0 3, a local maximum is  f 1 6, absolute maximum of 6 at x 1a b a bœ œ œ

33. (a) g(x) x 8 x x 8 x   g (x) 8 x x x ( 2x)œ � œ � Ê œ � � ) � � œÈ a b a b a bˆ ‰# # w # #"Î# "Î# �"Î#"
#

� �

� �

2(2 x)(2 x)

2 2 x 2 2 xÊŠ ‹Š ‹È È

 critical points at x 2, 2 2 g (      , increasing on ( ), decreasing onÊ œ „ „ Ê œ ��� ± ��� ± ��� Ñ �#ß #

�# # �# # # #

È
È È

w

 2  and 2Š ‹ Š ‹È È�# ß�# #ß #

 (b) local maxima are g(2) 4 at x 2 and g 2 2 0 at x 2 2, local minima are g( 2) 4 atœ œ � œ œ � � œ �Š ‹È È
 x 2 and g 2 2 0 at x 2 2, absolute maximum is 4 at x 2; absolute minimum is 4 at x 2œ � œ œ œ � œ �Š ‹È È

34. (a) g(x) x 5 x x (5 x)   g (x) 2x(5 x) x (5 x) ( 1)  critical points atœ � œ � Ê œ � � � � œ Ê# # "Î# w "Î# # �"Î#"
#

�

�
È ˆ ‰ 5x(4 x)

2 5 xÈ

 x 0, 4 and 5  g  , increasing on (0 4), decreasing on ( ) and ( )œ Ê œ ��� ± ��� ± ��� Ñ ß �_ß ! %ß &
! % &

w

 (b) a local maximum is g(4) 16 at x 4, a local minimum is 0 at x 0 and x 5, no absolute maximum; absoluteœ œ œ œ

 minimum is 0 at x 0, 5œ

35. (a) f(x)   f (x)   critical points at x 1, 3œ Ê œ œ Ê œx 3
x (x 2) (x )

2x(x 2) x 3 (1) (x 3)(x )# #

# #

�
�# � �#

w � � � � �"a b

  f )( , increasing on ( 1) and ( ), decreasing on ( ) and ( ),Ê œ ��� ± ��� ��� ± ��� �_ß $ß_ "ß # #ß $
" $#

w

 discontinuous at x 2œ

 (b) a local maximum is f(1) 2 at x 1, a local minimum is f(3) 6 at x 3, no absolute extremaœ œ œ œ

36. (a) f(x)   f (x)   a critical point at x 0œ Ê œ œ Ê œx
3x 1

3x 3x 1 x (6x) 3x x 1
3x 1 3x 1

$

#

# # $ # #

# ## #�
w � � �

� �

a b a b

a b a b

  f , increasing on ( ) ( ), and never decreasingÊ œ ��� ± ��� �_ß ! � !ß_
!

w

 (b) no local extrema, no absolute extrema

37. (a) f(x) x (x 8) x 8x   f (x) x x   critical points at x 0, 2œ � œ � Ê œ � œ Ê œ �"Î$ %Î$ "Î$ w "Î$ �#Î$ �4 8
3 3

4(x 2)
3x#Î$

  f )( , increasing on ( ) ( ), decreasing on ( 2)Ê œ ��� ± ��� ��� �#ß ! � !ß_ �_ß�
�# !

w

 (b) no local maximum, a local minimum is f( 2) 6 2 7.56 at x 2, no absolute maximum; absolute� œ � ¸ � œ �$È
 minimum is 6 2 at x 2� œ �$È

38. (a) g(x) x (x 5) x 5x   g (x) x x   critical points at x 2 andœ � œ � Ê œ � œ Ê œ �#Î$ &Î$ #Î$ w #Î$ �"Î$ �5 10
3 3

5(x 2)
3 x$È

 x 0  g )( , increasing on ( 2) and ( ), decreasing on ( 2 )œ Ê œ ��� ± ��� ��� �_ß� !ß_ � ß !
�# !

w

 (b) local maximum is g( 2) 3 4 4.762 at x 2, a local minimum is g(0) 0 at x 0, no absolute extrema� œ ¸ œ � œ œ$È

39. (a) h(x) x x 4 x 4x   h (x) x x   critical points atœ � œ � Ê œ � œ Ê"Î$ # (Î$ "Î$ w %Î$ �#Î$
� �#a b 7 4

3 3

7x 2 7x

3 x

Š ‹Š ‹È È

È$ #

 x 0,   h   )(   , increasing on  and , decreasing onœ Ê œ ��� ± ��� ��� ± ��� �_ß ß_

�#Î ( #Î (!

„ �w2 2 2
7 7 7È È ÈÈ È Š ‹ Š ‹

  and Š ‹ Š ‹�2 2
7 7È Èß ! !ß
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 (b) local maximum is h 3.12 at x , the local minimum is h 3.12, no absoluteŠ ‹ Š ‹� �2 2 2
7 7 7

24 2 24 2
7 7È È È

È È
œ ¸ œ œ � ¸ �

$ $

(Î' (Î'

 extrema

40. (a) k(x) x x 4 x 4x   k (x) x x   critical points atœ � œ � Ê œ � œ Ê#Î$ # )Î$ #Î$ w &Î$ �"Î$ � �a b 8 8
3 3

8(x 1)(x 1)
3 x$È

 x 0, 1  k )( , increasing on ( ) and ( ), decreasing on ( 1)œ „ Ê œ ��� ± ��� ��� ± ��� �"ß ! "ß_ �_ß�
�" "!

w

 and ( 1)!ß

 (b) local maximum is k(0) 0 at x 0, local minima are k 1 3 at x 1, no absolute maximum; absoluteœ œ „ œ � œ „a b
 minimum is 3 at x 1� œ „

41. (a) f(x) 2x x f (x) 2 2x a critical point at x 1  f ]  and f 1 1 and f 2 0
1 2

œ � Ê œ � Ê œ Ê œ ��� ± ��� œ œ# w w a b a b
 a local maximum is 1 at x 1, a local minimum is 0 at x 2.œ œ

 (b) There is an absolute maximum of 1 at x 1; no absolute minimum.œ

 (c) 

42. (a) f(x) (x 1)   f (x) 2(x 1)  a critical point at x 1  f ] and f( 1) 0, f(0) 1œ � Ê œ � Ê œ � Ê œ ��� ± ��� � œ œ
�" !

# w w

  a local maximum is 1 at x 0, a local  minimum is 0 at x 1Ê œ œ �

 (b) no absolute maximum; absolute minimum is 0 at x 1œ �

 (c) 

43. (a) g(x) x 4x 4  g (x) 2x 4 2(x 2)  a critical point at x 2  g [  andœ � � Ê œ � œ � Ê œ Ê œ ��� ± ���
" #

# w w

 g(1) 1, g(2) 0  a local maximum is 1 at x 1, a local  minimum is g(2) 0 at x 2œ œ Ê œ œ œ

 (b) no absolute maximum; absolute minimum is 0 at x 2œ

 (c) 

44. (a) g(x) x 6x 9 g (x) 2x 6 2(x 3)  a critical point at x 3  g [  andœ � � � Ê œ � � œ � � Ê œ � Ê œ ��� ± ���
�% �$

# w w

 g( 4) 1, g( 3) 0  a local maximum is 0 at x 3, a local  minimum is 1 at x 4� œ � � œ Ê œ � � œ �
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 (b) absolute maximum is 0 at x 3; no absolute minimumœ �

 (c) 

45. (a) f(t) 12t t   f (t) 12 3t 3(2 t)(2 t)  critical points at t 2  f [œ � Ê œ � œ � � Ê œ „ Ê œ ��� ± ��� ± ���
�$ �# #

$ w # w

 and f( 3) 9, f( 2) 16, f(2) 16  local maxima are 9 at t 3 and 16 at t 2, a local minimum is� œ � � œ � œ Ê � œ � œ

  16 at t 2� œ �

 (b) absolute maximum is 16 at t 2; no absolute minimumœ

 (c) 

46. (a) f(t) t 3t   f (t) 3t 6t 3t(t 2)  critical points at t 0 and t 2œ � Ê œ � œ � Ê œ œ$ # w #

  f ] and f(0) 0, f(2) 4, f(3) 0  a local maximum is 0 at t 0 and t 3, aÊ œ ��� ± ��� ± ��� œ œ � œ Ê œ œ
! # $

w

 local minimum is 4 at t 2� œ

 (b) absolute maximum is 0 at t 0, 3; no absolute minimumœ

 (c) 

47. (a) h(x) 2x 4x  h (x) x 4x 4 (x 2)   a critical point at x 2  h [  andœ � � Ê œ � � œ � Ê œ Ê œ ��� ± ���
! #

x
3

$ # w # # w

 h(0) 0  no local maximum, a local minimum is 0 at x 0œ Ê œ

 (b) no absolute maximum; absolute minimum is 0 at x 0œ

 (c) 
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48. (a) k(x) x 3x 3x 1  k (x) 3x 6x 3 3(x 1)   a critical point at x 1œ � � � Ê œ � � œ � Ê œ �$ # w # #

  k ] and k( 1) 0, k(0) 1  a local maximum is 1 at x 0, no local minimumÊ œ ��� ± ��� � œ œ Ê œ
�" !

w

 (b) absolute maximum is 1 at x 0; no absolute minimumœ

 (c) 

49. (a) f x 25 x f x critical points at x 0, x 5, and x 5a b a bÈœ � Ê œ Ê œ œ � œ2 x
25 x

w �

�È 2

 f  , f 5 0, f 0 5, f 5 0 local maximum is 5 at x 0; local minimum of 0 at
5 50

Ê œ Ð ��� ± ���Ñ � œ œ œ Ê œ
�

w a b a b a b
 x 5 and x 5œ � œ

 (b) absolute maximum is 5 at x 0; absolute minimum of 0 at x 5 and x 5œ œ � œ

 (c) 

50. (a) f x x 2x 3, 3 x f x only critical point in 3 x  is at x 3a b a bÈœ � � Ÿ � _ Ê œ Ê Ÿ � _ œ2 2x 2
x 2x 3

w �

� �È 2

 f [  , f 3 0  local minimum of 0 at x 3, no local maximum
3

Ê œ ��� œ Ê œw a b
 (b) absolute minimum of 0 at x 3, no absolute maximumœ

 (c) 

51. (a) g x , 0 x 1 g x only critical point in 0 x 1 is x 2 3 0.268a b a b Èœ Ÿ � Ê œ Ê Ÿ � œ � ¸x 2 x 4x 1
x 1 x 1
� � � �
�

w
�2 2

2

2a b

 g [      ), g 2 3 1.866  local minimum of  at x 2 3, local
0 0.268 1

Ê œ ��� l ��� � œ ¸ Ê œ �w
� �

Š ‹È ÈÈ È

È È
3 3

4 3 6 4 3 6

 maximum at x 0.œ

 (b) absolute minimum of  at x 2 3, no absolute maximum
È

È
3

4 3 6�
œ �È
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 (c) 

52. (a) g x , 2 x 1 g x only critical point in 2 x 1 is x 0a b a bœ � � Ÿ Ê œ Ê � � Ÿ œx 8x
4 x 4 x

2

2 22�
w

�a b

 g (     ], g 0 0  local minimum of 0 at x 0, local maximum of  at x 1.
2 0 1

Ê œ ��� l ��� œ Ê œ œ
�

w a b 1
3

 (b) absolute minimum of 0 at x 0, no absolute maximumœ

 (c) 

53. (a) f x sin 2x, 0 x f x 2cos 2x, f (x) 0 cos 2x 0 critical points are x  and xa b a bœ Ÿ Ÿ Ê œ œ Ê œ Ê œ œ1
w w 1 1

4 4
3

 f [  ]  , f 0 0, f 1, f 1, f 0 local maxima are 1 at x  and 0
0

Ê œ ��� ± ��� ± ��� œ œ œ � œ Ê œw

1 1

1 1 1

4
3
4

4 4 4
3

1
1a b a bˆ ‰ ˆ ‰

 at x , and local minima are 1 at x  and 0 at x 0.œ � œ œ1
3
4
1

 (b) The graph of f rises when f 0, falls when f 0,w w� �

 and has local extreme values where f 0. The functionw œ

 f has a local minimum value at x 0 and x , whereœ œ 3
4
1

 the values of f  change from negative to positive. Thew

 function f has a local maximum value at x  andœ 1

 x , where the values of f change from positive toœ 1

4
w

 negative.

 

54. (a) f x sin x cos x, 0 x 2 f x cos x sin x, f (x) 0 tan x 1 critical points are x  anda b a bœ � Ÿ Ÿ Ê œ � œ Ê œ � Ê œ1
w w 3

4
1

 x f [  ]  , f 0 1, f 2, f 2, f 2 1 local maxima are
0 2

œ Ê œ ��� ± ��� ± ��� œ � œ œ � œ � Ê7 3 7
4 4 4

3
4

7
4

1 1 1

1 1

w

1

1a b a bˆ ‰ ˆ ‰È È

 2 at x  and 1 at x 2 , and local minima are 2 at x  and 1 at x 0.È Èœ � œ � œ � œ3 7
4 4
1 1

1

 (b) The graph of f rises when f 0, falls when f 0,w w� �

 and has local extreme values where f 0. The functionw œ

 f has a local minimum value at x 0 and x , whereœ œ 7
4
1

 the values of f  change from negative to positive. Thew

 function f has a local maximum value at x 2  andœ 1

 x , where the values of f change from positive toœ 3
4
1 w

 negative.
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55. (a) f x 3cos x sin x, 0 x 2 f x 3sin x cos x, f (x) 0 tan x critical points area b a bÈ Èœ � Ÿ Ÿ Ê œ � � œ Ê œ Ê1
w w 1

3È

 x  and x f [  ]  , f 0 3, f 2, f 2, f 2 3 local
0 2

œ œ Ê œ ��� ± ��� ± ��� œ œ œ � œ Ê1 1 1 1

1 1
6 6 6 6

7 7

6
7
6

w

1

1a b a bÈ Èˆ ‰ ˆ ‰
 maxima are 2 at x  and 3 at x 2 , and local minima are 2 at x  and 3 at x 0.œ œ � œ œ1 1

6 6
7È È1

 (b) The graph of f rises when f 0, falls when f 0,w w� �

 and has local extreme values where f 0. The functionw œ

 f has a local minimum value at x 0 and x , whereœ œ 7
6
1

 the values of f  change from negative to positive. Thew

 function f has a local maximum value at x 2  andœ 1

 x , where the values of f change from positive toœ 1

6
w

 negative.

 

56. (a) f x 2x tan x, x f x 2 sec x, f (x) 0 sec x 2 critical points area b a bœ � � � � � Ê œ � � œ Ê œ Ê1 1

2 2
2 2w w

 x  and x f (  )  , f 1, f 1 localœ � œ Ê œ ��� ± ��� ± ��� � œ � œ � Ê
� �

1 1 1 1 1 1

1 11 1
4 4 4 2 4 2

2 24 4

w ˆ ‰ ˆ ‰
 maximum is 1 at x , and local minimum is 1  at x .1 1 1 1

2 4 2 4� œ � � œ

 (b) The graph of f rises when f 0, falls when f 0,w w� �

 and has local extreme values where f 0. The functionw œ

 f has a local minimum value at x , where the valuesœ 1

4

 of f  change from negative to positive. The function fw

 has a local maximum value at x , where the valuesœ � 1

4

 of f change from positive to negative.w

 

57. (a) f(x) 2 sin   f (x) cos , f (x) 0  cos   a critical point at xœ � Ê œ � œ Ê œ Ê œx x x x 2
3# # # # # #

w w" "ˆ ‰ ˆ ‰ ˆ ‰ 1

  f [ ]    and f(0) 0, f 3, f(2 )   local maxima are 0 at x 0 and Ê œ ��� ± ��� œ œ � œ Ê œ
! ## Î$

w

1 1

1 1 1ˆ ‰ È2
3 3
1 1

 at x 2 , a local minimum is 3 at xœ � œ1
1 1

3 3
2È

 (b) The graph of f rises when f 0, falls when f 0,w w� �

 and has a local minimum value at the point where f w

 changes from negative to positive.

 

58. (a) f(x) 2 cos x cos x  f (x) 2 sin x 2 cos x sin x 2(sin x)(1 cos x)  critical points at x , 0, œ � � Ê œ � œ � Ê œ �# w
1 1

  f [ ]  and f( ) 1, f(0) 3, f( ) 1  a local maximum is 1 at x , a localÊ œ ��� ± ��� � œ œ � œ Ê œ „
� !

w

1 1
1 1 1

 minimum is 3 at x 0� œ
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 (b) The graph of f rises when f 0, falls when f 0,w w� �

 and has local extreme values where f 0.  Thew œ

 function f has a local minimum value at x 0, whereœ

 the values of f  change from negative to positive.w

 

59. (a) f(x) csc x 2 cot x  f (x) 2(csc x)( csc x)(cot x) 2 csc x 2 csc x (cot x 1)  a criticalœ � Ê œ � � � œ � � Ê# w # #a b a b
 point at x   f ( )  and f 0  no local maximum, a local minimum is 0 at xœ Ê œ ��� ± ��� œ Ê œ

! Î%

1 1 1

4 4 4
w

1 1
ˆ ‰

 (b) The graph of f rises when f 0, falls when f 0,w w� �

 and has a local minimum value at the point where
 f 0 and the values of f  change from negative tow wœ

 positive.  The graph of f steepens as f (x) .w Ä „_

 

60. (a) f(x) sec x 2 tan x  f (x) 2(sec x)(sec x)(tan x) 2  sec x 2 sec x (tan x 1)  a critical pointœ � Ê œ � œ � Ê# w # #a b
 at x   f (  )  and f 0  no local maximum, a local minimum is 0 at xœ Ê œ ��� ± ��� œ Ê œ

� Î# Î#Î%

1 1 1

4 4 4
w

1 11

ˆ ‰
 (b) The graph of f rises when f 0, falls when f 0,w w� �

 and has a local minimum value where f 0 and thew œ

 values of f  change from negative to positive.w

 

61. h( ) 3 cos   h ( )  sin   h [ ]  , ( ) and ( 3)  a local maximum is 3 at 0,) ) 1 )

1

œ Ê œ � Ê œ ��� !ß $ # ß� Ê œ
! #

ˆ ‰ ˆ ‰) )

# # #
w w3

 a local minimum is 3 at 2� œ) 1

62. h( ) 5 sin   h ( )  cos   h [ ]  , ( 0) and ( 5)  a local maximum is 5 at , a local) ) 1 ) 1
1

œ Ê œ Ê œ ��� !ß ß Ê œ
!

ˆ ‰ ˆ ‰) )

# # #
w w5

 minimum is 0 at 0) œ

63. (a)  (b)        (c)      (d)
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64. (a)  (b) 

 (c)  (d) 

65. (a)  (b) 

66. (a)  (b) 

67. The function f x x sin  has an infinite number of local maxima and minima. The function sin x has the followinga b ˆ ‰œ 1
x

 properties: a) it is continuous on , ; b) it is periodic; and c) its range is 1, 1 . Also, for a 0, the function  hasa b�_ _ Ò� Ó � 1
x

 a range of , a a,  on , . In particular, if a 1, then 1 or 1 when x is in 1, 1 . This meansÐ�_ � Ó � Ò _Ñ � œ Ÿ �   Ò� Ó’ “1 1 1 1
a a x x

 sin  takes on the values of 1 and 1 infinitely many times in times on the interval 1, 1 , which occur whenˆ ‰1
x � Ò� Ó

 , , ,. . . . x , , , . . . .  Thus sin  has infinitely many local maxima and minima1 3 5 2 2 2 1
x 2 2 2 3 5 xœ „ „ „ Ê œ „ „ „1 1 1

1 1 1
ˆ ‰

 in the interval  1, 1 . On the interval 0, 1 ,  1 sin 1 and since x 0 we have x x sin x. On theÒ� Ó Ò Ó � Ÿ Ÿ � � Ÿ Ÿˆ ‰ ˆ ‰1 1
x x

 interval 1, 0 ,  1 sin 1 and since x 0 we have x x sin x. Thus f x  is bounded by the lines y xÒ� Ó � Ÿ Ÿ � �     œˆ ‰ ˆ ‰ a b1 1
x x

 and y x. Since sin  oscillates between 1 and 1 infinitely many times on 1, 1  then f will oscillate between y xœ � � Ò� Ó œˆ ‰1
x

 and y x infinitely many times. Thus f has infinitely many local maxima and minima. We can see from the graph (andœ �

 verify later in Chapter 7) that  x sin 1 and  x sin 1. The graph of f does not have any absolutelim lim
x x

1 1
x xÄ_ Ä�_

ˆ ‰ ˆ ‰œ œ

 maxima., but it does have two absolute minima.
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68. f(x) a x b x c a x x c a x x c a x , a parabola whoseœ � � œ � � œ � � � � œ � �# # # # �ˆ ‰ ˆ ‰Š ‹b b b b b b   4ac
a a 4a 4a 2a 4a

# # #

#

 vertex is at x .  Thus when a 0, f is increasing on  and decreasing on ; when a 0,œ � � ß_ �_ß �b b b
2a 2a a

ˆ ‰ ˆ ‰� �
#

 f is increasing on  and decreasing on .  Also note that f (x) 2ax b 2a x   forˆ ‰ ˆ ‰ ˆ ‰�_ß ß_ œ � œ � Ê� �
# # #

wb b b
a a a

 a 0, f  |   ; for a 0, f .� œ ��� ��� � œ ��� ± ���
� �

w w

b 2a b 2aÎ Î

69. f(x) a x b x f x 2a x b, f 1 2 a b 2, f 1 0 2a b 0 a 2, b 4œ � Ê œ � œ Ê � œ œ Ê � œ Ê œ � œ# w wa b a b a b
 f(x) 2x 4xÊ œ � �#

70. f(x) a x b x c x d f x 3a x 2b x c, f 0 0 d 0, f 1 1 a b c d 1,œ � � � Ê œ � � œ Ê œ œ � Ê � � � œ �3 2# wa b a b a b
 f 0 0 c 0, f 1 0 3a 2b c 0 a 2, b 3, c 0, d 0 f(x) 2x 3xw w #a b a bœ Ê œ œ Ê � � œ Ê œ œ � œ œ Ê œ �3

4.4  CONCAVITY AND CURVE SKETCHING

 1. y 2x   y x x 2 (x 2)(x 1)  y 2x 1 2 x .  The graph is rising onœ � � � Ê œ � � œ � � Ê œ � œ �x x
3 3

$ #

# #
" "w # ww ˆ ‰

 ( 1) and ( ), falling on ( ), concave up on  and concave down on .  Consequently,�_ß� #ß_ �"ß # ß_ �_ßˆ ‰ ˆ ‰" "
# #

 a local maximum is  at x 1, a local minimum is 3 at x 2, and   is a point of inflection.3 3
4# #

"œ � � œ ß�ˆ ‰

 2. y 2x 4  y x 4x x x 4 x(x 2)(x 2)  y 3x 4 3x 2 3x 2 .  Theœ � � Ê œ � œ � œ � � Ê œ � œ � �x
4

% # w $ # ww #a b Š ‹Š ‹È È
 graph is rising on ( 2 0) and ( ), falling on ( ) and ( ), concave up on  and  and� ß #ß_ �_ß�# !ß # �_ß� ß_Š ‹ Š ‹2 2

3 3È È

 concave down on .  Consequently, a local maximum is 4 at x 0, local minima are 0 at x 2,  andŠ ‹� ß œ œ „2 2
3 3È È

  and  are points of inflection.Š ‹ Š ‹� ß ß2 16 2 16
3 39 9È È

 3. y x 1   y x 1 (2x) x x 1 , y ) ( )(œ � Ê œ � œ � œ ��� ��� ± ��� ���
�" "!

3 3 2
4 4 3a b a b a bˆ ‰ ˆ ‰# w # # w#Î$ �"Î$ �"Î$

  the graph is rising on ( ) and ( ), falling on ( ) and ( )  a local maximum is  at x 0, localÊ �"ß ! "ß_ �_ß�" !ß " Ê œ3
4

 minima are 0 at x 1; y x 1 (x) x 1 (2x) ,œ „ œ � � � � œww # #�"Î$ �%Î$" �

�
a b a bˆ ‰

3
x 3

3 x 1

#

$ # %Éa b

 y  ) ( )(   the graph is concave up on 3  and 3 , concaveww œ ��� ± ��� ��� ��� ± ��� Ê �_ß� ß_

� $ $�" "È È Š ‹ Š ‹È È

 down on 3 3   points of inflection at 3Š ‹ Š ‹È È È� ß Ê „ ß $ %
%

È$

 4. y x x 7   y x x 7 x (2x) x x 1 , y )(œ � Ê œ � � œ � œ ��� ± ��� ��� ± ���
�" "!

9 3 9 3
14 14 14

"Î$ # w �#Î$ # "Î$ �#Î$ # w
#a b a b a b

  the graph is rising on ( 1) and ( ), falling on ( 1 )  a local maximum is  at x 1, a localÊ �_ß� "ß_ � ß " Ê œ �27
7

 minimum is  at x 1; y x x 1 3x 2x x x 2x 1 ,� œ œ � � � œ � œ �27
7

ww �&Î$ # "Î$ "Î$ �&Î$ �&Î$ #a b a b
 y )(   the graph is concave up on ( ), concave down on ( ) a point of inflection at ( ).ww œ ��� ��� Ê !ß_ �_ß ! Ê !ß !

!

 5. y x sin 2x y 1 2 cos 2x, y  [   ]  the graph is rising on , falling œ � Ê œ � œ ��� ± ��� ± ��� Ê � ß
�# Î$ # Î$� Î$ Î$

w w

1 11 1

ˆ ‰1 1

3 3

 on  and   local maxima are  at x  and  at x , local minima areˆ ‰ ˆ ‰� ß� ß Ê � � œ � � œ#
# #

1 1 1 1 1 1 1 1

3 3 3 3 3 3 3 3
2 2 23 3È È

  at x  and  at x ; y 4 sin 2x, y  [      ]    the� � œ � � œ œ � œ ��� ± ��� ± ��� ± ��� Ê
�# Î$ # Î$� Î# Î#!

1 1 1 1

3 3 3 3
3 32 2È È

# #
ww ww

1 11 1

 graph is concave up on  and , concave down on  and   points of inflection atˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� ß ! ß � ß� !ß Ê1 1 1 1 1 1

# # # #
2 2
3 3

 , ( ), and ˆ ‰ ˆ ‰� ß� !ß ! ß1 1 1 1

# # # #
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 6. y tan x 4x  y sec x 4, y  (    )     the graph is rising on  andœ � Ê œ � œ ��� ± ��� ± ��� Ê � ß�
� Î# Î#� Î$ Î$

w # w

1 11 1

ˆ ‰1 1

2 3

 , falling on   a local maximum is 3  at x , a local minimum is 3  at x ;ˆ ‰ ˆ ‰ È È1 1 1 1 1 1 1 1

3 3 3 3 3 3 3
4 4ß � ß Ê � � œ � � œ#

 y 2(sec x)(sec x)(tan x) 2 sec x (tan x), y  (  )    the graph is concave up on 0 , ww # ww
#œ œ œ ��� ± ��� Ê ß

� Î# Î#!
a b ˆ ‰

1 1

1

 concave down on 0   a point of inflection at (0 0)ˆ ‰� ß Ê ß1

2

 7. If x 0, sin x sin x and if x 0, sin x sin ( x)  œ � œ �k k k k
 sin x.  From the sketch the graph is rising onœ �

 ,  and , falling on 2 ,ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� ß� !ß ß # � ß�3 3 31 1 1 1 1

# # # # #1 1

  and ; local minima are 1 at xˆ ‰ ˆ ‰� ß ! ß � œ „1 1 1 1

# # # #
3 3

 and 0 at x ; local maxima are 1 at x  and 0 atœ ! œ „ 1

#

 x ; concave up on ( ) and ( ), andœ „ # �# ß� ß #1 1 1 1 1

 concave down on ( 0) and ( )  points of inflection� ß !ß Ê1 1

 are ( ) and ( )� ß ! ß !1 1  

 8. y 2 cos x 2 x y 2 sin x 2, y  [         ]  rising onœ � Ê œ � � œ ��� ± ��� ± ��� ± ��� Ê
� �$ Î% � Î% & Î% $ Î#

È Èw w

1
1 1 1 1

 and , falling on  and   local maxima are 2 2 at x , 2ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ È È� ß� ß � ß� � ß Ê � � œ � �3 5 3 3 5
4 4 4 4 4 4 4

21 1 1 1 1 1 1 1

# 1 1 1
È

 at x  and  at x , and local minima are 2  at x  and 2  at x ;œ � � œ � � œ � � � œ1 1 1 11 1 1

4 4 4 4 4
3 2 3 2 5 23 3 5È È È

# #
È È

 y 2 cos x, y  [       ]    concave up on  and , concave down onww ww
# # #œ � œ ��� ± ��� ± ��� Ê � ß� ß

� � Î# Î# $ Î#1
1 1 1

1ˆ ‰ ˆ ‰1 1 13

   points of inflection at  and ˆ ‰ Š ‹ Š ‹� ß Ê � ß ß�1 1 1 11 1

# # # # # #

È È2 2

 9. When y x 4x 3, then y 2x 4 2(x 2) andœ � � œ � œ �# w

 y 2.  The curve rises on ( ) and falls on ( ).ww œ #ß_ �_ß #

 At x 2 there is a  minimum.  Since y 0, the curve isœ �ww

 concave up for all x.

 

10. When y 2x x , then y 2x 2( x) andœ ' � � œ �# � œ � " �# w

 y 2.  The curve rises on ( 1) and falls onww œ � �_ß�

 ( 1 ). At x 1 there is a maximum.  Since y 0, the� ß_ œ � �ww

 curve is concave down for all x.
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11. When y x 3x 3, then y 3x 3 3(x 1)(x 1)œ � � œ � œ � �$ w #

 and y 6x.  The curve rises on ( 1) ( ) andww œ �_ß� � "ß_

 falls on ( 1 1).  At x 1 there is a local maximum and at� ß œ �

 x 1 a local minimum.  The curve is concave down onœ

 ( 0) and concave up on ( ).  There is a point of�_ß !ß_

 inflection at x 0.œ

 

12. When y x(6 2x) , then y 4x(6 2x) ( 2x)œ � œ � � � ' �# w #

 12(3 x)( x) and y 12(3 x) 12( x)œ � " � œ � � � " �ww

 24(x 2).  The curve rises on ( ) ( ) andœ � �_ß " � $ß_

 falls on ( ).  The curve is concave down on ( ) and"ß $ �_ß #

 concave up on ( ).  At x 2 there is a point of#ß_ œ

 inflection.

 

13. When y 2x 6x 3, then y 6x 12xœ � � � œ � �$ # w #

 6x(x 2) and y 12x 12 12(x 1).  Theœ � � œ � � œ � �ww

 curve rises on ( ) and falls on ( 0) and ( ).!ß # �_ß #ß_

 At x 0 there is a local minimum and at x 2 a localœ œ

 maximum.  The curve is concave up on ( ) and�_ß "

 concave down on ( ). At x 1 there is a point of"ß_ œ

 inflection.
 

14. When y 1 9x 6x x , then y 9 12x 3xœ � � � œ � � �# $ w #

 (x 3)( 1) and y 12 6x 6(x 2).œ �$ � B � œ � � œ � �ww

 The curve rises on ( ) and falls on ( 3) and�$ß�" �_ß�

 ( ).  At x 1 there is a local maximum and at�"ß_ œ �

 x 3 a local minimum.  The curve is concave up onœ �

 ( 2) and concave down on ( ).  At x 2�_ß� �#ß_ œ �

 there is a point of inflection.

 

15. When y (x 2) 1, then y 3(x 2)  andœ � � œ �$ w #

 y 6(x 2).  The curve never falls and there are noww œ �

 local extrema.  The curve is concave down on ( )�_ß #

 and concave up on ( ).  At x 2 there is a point#ß_ œ

 of inflection.
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16. When y 1 (x 1) , then y 3(x 1)  andœ � � œ � �$ w #

 y 6(x 1).  The curve never rises and there areww œ � �

 no local extrema.  The curve is concave up on ( 1)�_ß�

 and concave down on ( ).  At x 1 there is a�"ß_ œ �

 point of inflection.

 

17. When y x 2x , then y 4x 4x 4x(x 1)(x 1)œ � œ � œ � �% # w $

 and y 12x 4 12 x x .  The curveww # " "œ � œ � �Š ‹Š ‹È È3 3

 rises on ( ) and ( ) and falls on ( 1) and ( ).�"ß ! "ß_ �_ß� !ß "

 At x 1 there are local minima and at x 0 a localœ „ œ

 maximum.  The curve is concave up on  andŠ ‹�_ß� "
È3

  and concave down on .  At xŠ ‹ Š ‹" " " „"
È È È È3 3 3 3

ß_ � ß œ

 there are points of inflection.  

18. When y x 6x 4, then y 4x 12xœ � � � œ � �% # w $

 4x x 3 x 3  and y 12x 12œ � � � œ � �Š ‹Š ‹È È ww #

 12(x 1)(x 1).  The curve rises on 3œ � � � �_ß�Š ‹È
 and 3 , and falls on 3  and 3 .  AtŠ ‹ Š ‹ Š ‹È È È!ß � ß ! ß_

 x 3there are local maxima and at x 0 a localœ „ œÈ
 minimum.  The curve is concave up on ( ) and concave�"ß "

 down on ( 1) and ( ).  At x 1 there are points�_ß� "ß_ œ „

 of inflection.

 

19. When y 4x x , then y 12x 4x 4x ( x) andœ � œ � œ $ �$ % w # $ #

 y 24x 12x 12x(2 x).  The curve rises on ww #œ � œ � �_ß $a b
 and falls on .  At x 3 there is a local maximum, buta b$ß_ œ

 there is no local minimum.  The graph is concave up on
  and concave down on  and . There area b a b a b!ß # �_ß ! #ß _

 inflection points at x 0 and x 2.œ œ
 

20. When y x 2x , then y 4x 6x 2x (2x 3) andœ � œ � œ �% $ w $ # #

 y 12x 12x 12x(x 1).  The curve rises onww #œ � œ �

  and falls on .  There is a localˆ ‰ ˆ ‰� ß_ �_ß�3 3
2#

 minimum at x , but no local maximum.  The curve isœ � 3
#

 concave up on ( 1) and ( ), and concave down on�_ß� !ß_

 ( 1 0).  At x 1 and x 0 there are points of inflection.� ß œ � œ
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21. When y x 5x , then y 5x 20x 5x (x 4) andœ � œ � œ �& % w % $ $

 y 20x 60x 20x (x 3).  The curve rises onww $ # #œ � œ �

 ( ) and ( ), and falls on ( ).  There is a local�_ß ! %ß_ !ß %

 maximum at x 0, and a local minimum at x 4.  Theœ œ

 curve is concave down on ( 3) and concave up on�_ß

 (3 ).  At x 3 there is a point of inflection.ß_ œ
 

22. When y x 5 , then y 5 x(4) 5œ � œ � � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰x x x
# # # #

% % $w "

 5 5 , and y 3 5 5œ � � œ � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰x 5x x 5x
# # # # #

$ #ww "

 5 5 5 (x 4).  The curve is rising� � œ � �ˆ ‰ ˆ ‰ ˆ ‰x 5 x
# # #

$ #

 on ( ) and (10 ), and falling on ( 10).  There is a�_ß # ß_ #ß

 local maximum at x 2 and a local minimum at x 10.œ œ

 The curve is concave down on ( ) and concave up on�_ß %

 ( ).  At x 4 there is a point of inflection.%ß_ œ

 

23. When y x sin x, then y cos x and y sin x.œ � œ " � œ �w ww

 The curve rises on ( 2 ).  At x 0 there is a local and!ß œ1

 absolute minimum and at x 2  there is a local and absoluteœ 1

 maximum.  The curve is concave down on ( ) and concave!ß1

 up on ( ).  At x  there is a point of inflection.1 1 1ß # œ

 

24. When y x sin x, then y cos x and y sin x.œ � œ " � œw ww

 The curve rises on ( 2 ).  At x 0 there is a local and!ß œ1

 absolute minimum and at x 2  there is a local and absoluteœ 1

 maximum.  The curve is concave up on ( ) and concave!ß1

 down on ( ).  At x  there is a point of inflection.1 1 1ß # œ

 

25. When y 3x 2 cos x, then y 3 2 sin x andœ � œ �È Èw

 y 2 cos x. The curve is increasing on   andww œ !ßˆ ‰4
3
1

 2 , and decreasing on .  At x 0 thereˆ ‰ ˆ ‰5 4 5
3 3 3
1 1 1ß ß œ1

 is a local and absolute minimum, at x  there is a localœ 4
3
1

 maximum, at x  there is a local minimum, and and atœ 5
3
1

 x 2  there is a local and absolute maximum.  The curveœ 1

 is concave up on  and 2 , and is concaveˆ ‰ ˆ ‰!ß ß1 1

2 2
3

1

 down on .  At x  and x  there are pointsˆ ‰1 1 1 1

2 2 2 2
3 3ß œ œ

 of inflection.
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26. When y x tan x, then y sec  x andœ � œ �4 4
3 3

2w

 y 2 sec  x tan x. The curve is increasing on ,ww œ � � ß2
6 6

ˆ ‰1 1

 and decreasing on  and .  At xˆ ‰ ˆ ‰� ß� ß œ �1 1 1 1 1

2 6 6 2 6

 there is a local  minimum, at x  there is a localœ 1

6

 maximum,there are no absolute maxima or absolute minima.

 The curve is concave up on 0 , and is concaveˆ ‰� ß12
 down on 0 .  At x 0 there is a point of inflection.ˆ ‰ß œ1

2

 

27. When y sin x cos x, then y sin  x cos  x cos 2xœ œ � � œw 2 2

 and y 2 sin 2x. The curve is increasing on 0  andww œ � ßˆ ‰1
4

 , and decreasing on .  At x 0 there is aˆ ‰ ˆ ‰3 3
4 4 4
1 1 1ß ß œ1

 local minimum, at x   there is a local and absoluteœ 1

4

 maximum, at x  there is a local and absolute minimum,œ 3
4
1

 and at x  there is a local maximum. The curve is concaveœ 1

 down on 0 , and is concave up on .  At xˆ ‰ ˆ ‰ß ß œ1 1 1

2 2 21

 there is a point of inflection.

 

28. When y cos x 3sin x, then y sin x 3cos xœ � œ � �È Èw

 and y cos x 3sin x. The curve is increasing onww œ � �È
 0  and 2 , and decreasing on .  Atˆ ‰ ˆ ‰ ˆ ‰ß ß ß1 1 1 1

3 3 3 3
4 4

1

 x 0 there is a local minimum, at x   there is a localœ œ 1

3

 and absolute maximum, at x  there is a local andœ 4
3
1

 absolute minimum, and at x 2  there is a local maximum.œ 1

 The curve is concave down on 0  and 2 ,ˆ ‰ ˆ ‰ß ß5 11
6
1 1

' 1

 and is concave up on .  At x  and xˆ ‰5 11 5 11
6 6 6
1 1 1 1ß œ œ'

 there are points of inflection.

 

29. When y x , then y x  and y x .œ œ œ �"Î& w �%Î& ww �*Î&"
5 25

4

 The curve rises on ( ) and there are no extrema.�_ß_

 The curve is concave up on ( ) and concave down�_ß !

 on ( ).  At x 0 there is a point of inflection.!ß_ œ

 

30. When y x , then y x  and y x .œ œ œ �#Î& w �$Î& ww �)Î&2 6
5 25

 The curve is rising on (0 ) and falling on ( ).  Atß_ �_ß !

 x 0 there is a local and absolute minimum.  There isœ

 no local or absolute maximum.  The curve is concave
 down on ( ) and ( ).  There are no points of�_ß ! !ß_

 inflection, but a cusp exists at x 0.œ
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31. When y , then y  andœ œx 1
x 1 x 1È a b2 2 3 2�

w

� Î

 y . The curve is increasing on .ww �

�
œ �_ß_3x

x 1a b2 5 2Î a b
 There are no local or absolute extrema. The curve is
 concave up on  and concave down on .a b a b�_ß ! !ß_

 At x 0 there is a point of inflection.œ

 

32. When y , then y  andœ œ
È a b

a b È
1 x

2x 1
x 2

2x 1 1 x
�
�

w � �

� �

2

2 2

 y . The curve is decreasing onww � � �

� �
œ 4x 12x 7

2x 1 1 x

3 2

3 2 3 2
a b a b

Î

 1  and 1 . There are no absolute extrrema,ˆ ‰ ˆ ‰� ß� � ß" "
# #

 there is a local maximum at x 1 and a local minimumœ �

 at x 1. The curve is concave up on 1 0.92  andœ � ß�a b
 0.69 , and concave down on 0.92  andˆ ‰ ˆ ‰� ß � ß�" "

# #

 0.69 1 . At x 0.92  and x 0.69 there are points ofa bß ¸ � ¸

 inflection.

 

33. When y 2x 3x , then y 2 2x  andœ � œ �#Î$ w �"Î$

 y x .  The curve is rising on ( ) andww �%Î$œ �_ß !2
3

 ( ), and falling on ( ).  There is a local maximum"ß_ !ß "

 at x 0 and a local minimum at x 1.  The curve isœ œ

 concave up on ( ) and ( ).  There are no�_ß ! !ß_

 points of inflection, but a cusp exists at x 0.œ

 

34. When y 5x 2x, then y 2x 2 2 x 1œ � œ � œ �#Î& w �$Î& �$Î&ˆ ‰
 and y x .  The curve is rising on (0 1) andww �)Î&œ � ß6

5

 falling on ( 0) and ( ).  There is a local minimum�_ß "ß_

 at x 0 and a local maximum at x 1.  The curve isœ œ

 concave down on ( ) and ( ).  There are no�_ß ! !ß_

 points of inflection, but a cusp exists at x 0.œ

 

35. When y x x x x , thenœ � œ �#Î$ #Î$ &Î$
# #

ˆ ‰5 5

 y x x x (1 x) andw �"Î$ #Î$ �"Î$œ � œ �5 5 5
3 3 3

 y x x x (1 2x).ww �%Î$ �"Î$ �%Î$œ � � œ � �5 10 5
9 9 9

 The curve is rising on ( ) and falling on ( ) and!ß " �_ß !

 ( ).  There is a local minimum at x 0 and a local"ß_ œ

 maximum at x 1.  The curve is concave up on œ �_ß�ˆ ‰"
#

 and concave down on  and (0 ).  There is a pointˆ ‰� ß ! ß_"
#

 of inflection at x  and a cusp at x 0.œ � œ"
#
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36. When y x (x 5) x 5x , thenœ � œ �#Î$ &Î$ #Î$

 y x x x (x 2) andw #Î$ �"Î$ �"Î$œ � œ �5 10 5
3 3 3

 y x x x (x 1).  The curveww �"Î$ �%Î$ �%Î$œ � œ �10 10 10
9 9 9

 is rising on ( ) and ( ), and falling on ( ).�_ß ! #ß_ !ß #

 There is a local minimum at x 2 and a local maximumœ

 at x 0.  The curve is concave up on ( 0) and ( ),œ �"ß !ß_

 and concave down on ( 1).  There is a point of�_ß�

 inflection at x 1 and a cusp at x 0.œ � œ

 

37. When y x 8 x x 8 x , thenœ � œ �È a b# # "Î#

 y 8 x (x) 8 x ( x)w # #"Î# �"Î#"
#œ � � � �#a b a bˆ ‰

 8 x 8 2x  andœ � � œa b a b# #�"Î# � �

� �

2(2 x)(2 x)

2 2 x 2 2 xÊŠ ‹Š ‹È È

 y 8 x ( 2x) 8 2x 8 x ( 4x)ww # # #"
#

� �
œ � � � � � � �ˆ ‰a b a b a b$ "

# #

 .  The curve is rising on ( ), and fallingœ �#ß #2x x 12

8 x

a b

Éa b

#

# $

�

�

 on 2 2 2  and 2 2 .  There are local minimaŠ ‹ Š ‹È È� ß� #ß

 x 2 and x 2 2, and local maxima at x 2 2 andœ � œ œ �È È
 x 2.  The curve is concave up on 2 2  andœ � ß !Š ‹È
 concave down on 2 .  There is a point of inflectionŠ ‹È!ß #

 at x 0.œ

 

38. When y 2 x , then y 2 x ( 2x)œ � œ � �a b a bˆ ‰# w #$Î# "Î#

#
3

 3x 2 x 3x 2 x 2 x  andœ � � œ � � �È ÊŠ ‹Š ‹È È#

 y ( 3) 2 x ( 3x) 2 x ( 2x)ww # #"Î# �"Î#"
#œ � � � � � �a b a bˆ ‰

 .  The curve is rising onœ � "� �

� �

6( x)(1 x)

2 x 2 xÊŠ ‹Š ‹È È

 2  and falling on 2 .  There is a localŠ ‹ Š ‹È È� ß ! !ß

 maximum at x 0, and local minima at x 2.  Theœ œ „È
 curve is concave down on ( ) and concave up on�"ß "

 2  and 2 .  There are points of inflection atŠ ‹ Š ‹È È� ß�" "ß

 x 1.œ „

 

39. When y 16 x , then y  andœ � œÈ # w �

�

x
16 xÈ #

 y . The curve is rising on 4 0  and  fallingww �

�
œ � ß16

16 xa b#
Î3 2 a b

 on 0 4 .  There is a local and absolute maximum at x 0a bß œ

 and local and absolute minima at x 4 and x 4. Theœ � œ

 curve is concave down on 4 4 . There are no pointsa b� ß

 of inflection.
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40. When y x , then y 2x   andœ � œ � œ# w# # � #
x x x

2x
# #

3

 y 2 . The curve is falling on 0ww �œ � œ �_ß4 2x 4
x x3 3

3 a b
 and 0 1 , and rising on 1 .  There is a local minimuma b a bß ß_

 at x 1. There are no absolute maxima or absolute minima.œ

 The curve is concave up on 2  and 0, , andŠ ‹È a b�_ß� _3

 concave down on 2, 0  .  There is a point ofŠ ‹È� 3

 inflection at x 2.œ �È3

 

41. When y , then yœ œx 3
x (x 2)

2x(x 2) x 3 ( )# #

#

�
�# �

w � � � "a b

   andœ (x 3)(x 1)
(x 2)
� �

� #

 y .ww � � � � � # �
� �œ œ(2x 4)(x 2) x 4x 3 (x 2)

(x 2)
2

(x 2)

# #

% $

a b

 The curve is rising on ( ) and ( ), and falling on�_ß " $ß_

 ( ) and ( ).  There is a local maximum at x 1 and a"ß # #ß $ œ

 local minimum at x 3.  The curve is concave down onœ

 ( ) and concave up on ( ).  There are no points�_ß # #ß_

 of inflection because x 2 is not in the domain.œ

 

42. When y x 1, then y   andœ � œÈ3

3 2 3
3 x

x 1
w

�

#

Îa b
 y . The curve is risng on 1 ,ww

�
œ �_ß�2x

x 1a b3 5 3Î a b
 1, 0 , and 0 .  There is are no local or absolutea b a b� ß_

 extrema. The curve is concave up on 1  anda b�_ß�

 0, , and concave down on 1, 0  .  There are points ofa b a b_ �

 inflection at x 1 and x 0.œ � œ

 

43. When y , then y   andœ œ8x
x 4

8 x 4

x 42 2

2

2�
w � �

�

ˆ ‰
a b

 y . The curve is fallng on 2ww �

�
œ �_ß�

16x x 12

x 4

ˆ ‰
a b

2

2 3 a b
 and 2 , and is rising on 2 2 .  There is a local anda b a bß_ � ß

 absolute minimum at x 2, and a local and absoluteœ �

 maximum at x 2. The curve is concave down onœ

 2 3  and 0, 2 3 , and concave up onŠ ‹ Š ‹È È�_ß�

 

  2 3, 0 and 2 3, .  There are points of inflection at x 2 3, x 0, and x 2 3.Š ‹ Š ‹È È È È� _ œ � œ œ

 y 0 is a horizontal asymptote.œ

44. When y , then y   andœ œ5 20x
x 5 x 54 2

3

4�
w �

�a b

 y . The curve is risng on 0 ,ww �

�
œ �_ß

100x x 3

x 5

2 4

4 3

ˆ ‰
a b a b

 and is falling on 0 .  There is a local anda bß_

 absolute maximum at x 0, and there is no local orœ

 aboslute minimum. The curve is concave up on

 

 3  and 3, , and concave down on 3, 0  and 0, 3 .  There are points of inflection at x 3Š ‹ Š ‹ Š ‹ Š ‹È È È È È�_ß� _ � œ �4 4 4 4 4

 and x 3. There is a horizontal asymptote of y 0.œ œÈ4
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45. When y x 1 , then
x 1,  x 1
1 x ,  x 1

œ � œ
�  

� �
k k œ k kk k#

#

#

 y  and y .  The
  2x,  x 1   2,  x

2x,  x ,  x
w wwœ œ

� � "
� � " �# � "œ œk k k kk k k k

 curve rises on ( ) and ( ) and falls on ( 1)�"ß ! "ß_ �_ß�

 and (0 1).  There is a local maximum at x 0 and  localß œ

 minima at x 1.  The curve is concave up on ( 1)œ „ �_ß�

 and ( ), and concave down on ( ).  There are no"ß_ �"ß "  

 points of inflection because y is not differentiable at x 1 (so there is no tangent line at those points).œ „

46. When y x 2x  , then
x 2x,  x 0     

2x x ,  0 x 2
x 2x,  x 2      

œ � œ
� �

� Ÿ Ÿ

� �

k k
Ú
ÛÜ

#

#

#

#

 y  , and y  .
2x 2,  x 0       2,  x 0     

2 2x,  0 x 2 2,  0 x 2
2x 2,  x 2       2,  x 2     

w wwœ œ
� � �

� � � � � �
� � �

Ú Ú
Û ÛÜ Ü

 The curve is rising on ( 1) and ( ), and falling on!ß #ß_

 

 ( ) and ( ).  There is a local maximum at x 1 and local minima at x 0 and x 2.  The curve is concave up�_ß ! "ß # œ œ œ

 on ( ) and ( ), and concave down on ( ). There are no points of inflection because y is not�_ß ! #ß_ !ß #

 differentiable at x 0 and x 2 (so there is no tangent at those points).œ œ

47. When y x   , then
  x ,  x 0

x ,  x 0
œ œ

 

� �
Èk k � ÈÈ

 y  and y .
  ,  x 0

,  x 0

    ,  x 0

,  x 0
w ww

"
#

�"
�

�

� �
œ œ

�

�

�

�

Ú
ÛÜ �È

È

x

2 x

x
4

( x)
4

�$Î#

�$Î#

 Since  lim  y  and  lim  y  there is a
x xÄ ! Ä !

� �

w wœ �_ œ _

 

 cusp at x 0.  There is a local minimum at x 0, but no local maximum.  The curve is concave down on ( )œ œ �_ß !

 and ( ).  There are no points of inflection.!ß_

48. When y x 4 , then
x 4 ,  x 4

4 x ,  x 4
œ � œ

�  

� �
Èk k �ÈÈ

 y  and y  .
,  x 4

,  x 4

,  x 4

,  x 4
w ww

"

�
�"

# �

� �

� �
œ œ

�

�

�

�

Ú
ÛÜ �2 x 4

4 x

(x 4)
4

(4 x)
4

È

È

�$Î#

�$Î#

 Since  lim  y  and  lim  y  there is a cusp
x 4 x 4Ä Ä

� �

w wœ �_ œ _

 at x 4.  There is a local minimum at x 4, but no localœ œ

 

 maximum.  The curve is concave down on ( ) and ( ).  There are no points of inflection.�_ß % %ß_

49. y 2 x x (1 x)( x), yw # wœ � � œ � # � œ ��� ± ��� ± ���
�" #

  rising on ( ), falling on ( 1) and ( )Ê �"ß # �_ß� #ß_

  there is a local maximum at x 2 and a local minimumÊ œ

 at x 1; y 1 2x, yœ � œ � œ ��� ± ���
"Î#

ww ww
 

  concave up on , concave down on   a point of inflection at xÊ �_ß ß_ Ê œˆ ‰ ˆ ‰" " "
# # #
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50. y x x 6 (x 3)(x 2), yw # wœ � � œ � � œ ��� ± ��� ± ���
�# $

  rising on ( ) and (3 ), falling on ( 2 3)Ê �_ß�# ß_ � ß

  there is a local maximum at x 2 and a localÊ œ �

 minimum at x 3; y 2x 1, yœ œ � œ ��� ± ���
"Î#

ww ww

  concave up on , concave down on Ê ß_ �_ßˆ ‰ ˆ ‰" "
# #

   a point of inflection at xÊ œ "
#

 

51. y x(x 3) , y   rising onw # wœ � œ ��� ± ��� ± ��� Ê
! $

 ( ), falling on ( )  no local maximum, but there!ß_ �_ß ! Ê

 is a local minimum at x 0; y (x 3) x(2)(x 3)œ œ � � �ww #

 3(x 3)(x 1), y  concaveœ � � œ ��� ± ��� ± ��� Ê
" $

ww
 

 up on ( ) and ( ), concave down on ( )  points of inflection at x 1 and x 3�_ß " $ß_ "ß $ Ê œ œ

52. y x (2 x), y   rising onw # wœ � œ ��� ± ��� ± ��� Ê
! #

  ( ), falling on (2 )  there is a local maximum at�_ß # ß_ Ê

 x 2, but no local minimum; y 2x(2 x) x ( 1)œ œ � � �ww #

 x(4 3x), y   concave upœ � œ ��� ± ��� ± ��� Ê
! %Î$

ww

 

 on , concave down on ( ) and   points of inflection at x 0 and xˆ ‰ ˆ ‰!ß �_ß ! ß_ Ê œ œ4 4 4
3 3 3

53. y x x 12 x x 2 3 x 2 3 ,w #œ � œ � �a b Š ‹Š ‹È È
 y     rising onw œ ��� ± ��� ± ��� ± ��� Ê

�# $ # $!È È
 2 3 and 3 , falling on 3Š ‹ Š ‹ Š ‹È È È� ß ! # ß_ �_ß�#

 

 and 3 a local maximum at x 0, local minima at x 2 3 ; y 1 x 12 x 2x 3 x 2 x 2 ,Š ‹È È a b a b a ba b!ß # Ê œ œ „ œ � � œ � �ww #

  y  concave up on ( ) and ( ), concave down on ( ) points of inflectionww œ ��� ± ��� ± ��� Ê �_ß�# #ß_ �#ß # Ê
�# #

 at x 2œ „

54. y (x 1) (2x 3), y   w # wœ � � œ ��� ± ��� ± ���
�$Î# "

 rising on , falling on no localÊ � ß_ �_ß� Êˆ ‰ ˆ ‰3 3
# #

 maximum, a local minimum at x ;œ � 3
#

 y 2(x 1)(2x 3) (x 1) (2) 2(x 1)(3x 2),ww #œ � � � � œ � �

 y   concave up onww œ ��� ± ��� ± ��� Ê
�#Î$ "

 

   and ( ), concave down on  points of inflection at x  and x 1ˆ ‰ ˆ ‰�_ß� "ß_ � ß " Ê œ � œ2 2 2
3 3 3
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55. y 8x 5x (4 x) x(8 5x)( x) ,w # # #œ � � œ � % �a b
 y   rising on ,w œ ��� ± ��� ± ��� ± ��� Ê !ß

! )Î& %
ˆ ‰8

5

 falling on ( ) and   a local maximum at�_ß ! ß_ Êˆ ‰8
5

 x , a local minimum at x 0;œ œ8
5

 

 y (8 10x)(4 x) 8x 5x (2)( x)( 1) 4(4 x) 5x 16x 8 ,ww # # #œ � � � � % � � œ � � �a b a b
 y          concave up on  and , concave down onww

)�# ' )�# '
& &

� �œ ��� ± ��� ± ��� ± ��� Ê �_ß ß %
%È È

È ÈŠ ‹ Š ‹8 2 6 8 2 6
5 5

  and (4 )  points of inflection at x  and x 4Š ‹8 2 6 8 2 6 8 2 6
5 5 5

� � „È È È
ß ß_ Ê œ œ

56. y x 2x (x 5) x(x 2)(x 5) ,w # # #œ � � œ � �a b
 y rising on ( ) andw œ ��� ± ��� ± ��� ± ��� Ê �_ß !

! # &
 2 , falling on 2 a local maximum at x 0, a locala b a bß_ !ß Ê œ

 minimum at x 2;œ

 y 2x 2 x 5 2 x 2x x 5ww ##œ � � � � �a ba b a ba b
 2 x 5 2x 8x 5 ,œ � � �a ba b#

 y     concave up onww

%� ' %� '
# #

œ ��� ± ��� ± ��� ± ��� Ê
&È È

 

  and 5 , concave down on  and 5 points of inflection at x  and x 5Š ‹ Š ‹ Š ‹a b4 6 4 6 6 4 6 4 6
2 2 2

� � %� � „
# #

È È È È È
ß ß_ �_ß ß Ê œ œ

57. y sec x, y  (   )    rising on ,w # w
# #œ œ ��� Ê � ß

� Î# Î#1 1

ˆ ‰1 1

 never falling no local extrema; y 2(sec x)(sec x)(tan x)Ê œww

 2 sec x (tan x), y  (   )  concaveœ œ ��� ± ��� Ê
� Î# Î#!

a b# ww

1 1

 up on , , concave down on ,  is a point ofˆ ‰ ˆ ‰! � ß ! !1 1

# #

 inflection.

 

58. y tan x, y  (   )    rising on 0 ,w w
#œ œ ��� ± ��� Ê ß

� Î# Î#!1 1

ˆ ‰1
 falling on   no local maximum, a local minimumˆ ‰� ß ! Ê1

#

 at x 0; y sec x, y  (   )    concave upœ œ œ ��� Ê
� Î# Î#

ww # ww

1 1

 on   no points of inflectionˆ ‰� ß Ê1 1

# #

 

59. y cot , y ( )    rising on ( ),w w
#œ œ ��� ± ��� Ê !ß

! #

)

1 1
1

 falling on ( )  a local maximum at , no local1 1 ) 1ß # Ê œ

 minimum; y  csc  , y ( )    neverww # ww"
# #œ � œ ��� Ê

! #

)

1

 concave up, concave down on ( )  no points of!ß # Ê1

 inflection
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60. y csc  , y ( )    rising on ( 2 ), neverw # w
#œ œ ��� Ê !ß

! #

)

1
1

 falling  no local extrema;Ê

 y 2 csc csc cot ww
# # # #

"œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰) ) )

 csc  cot , y ( )œ � œ ��� ± ���
! #

ˆ ‰ ˆ ‰# ww
# #
) )

1 1

  concave up on ( ), concave down on ( )Ê ß# !ß1 1 1

  a point of inflection at Ê œ) 1

 

61. y tan 1 (tan 1)(tan 1),w #œ � œ � �) ) )

 y  (   |   )    rising onw œ ��� ��� ± ��� Ê
� Î# � Î% Î#Î%1 1 11

  and , falling on ˆ ‰ ˆ ‰ ˆ ‰� ß� ß � ß1 1 1 1 1 1

# #4 4 4 4

  a local maximum at , a local minimum at ;Ê œ � œ) )1 1

4 4

 y 2 tan  sec , y  (   )ww # wwœ œ ��� ± ���
� Î# Î#!

) )
1 1

  concave up on , concave down on Ê !ß � ß !ˆ ‰ ˆ ‰1 1

# #

  a point of inflection at 0Ê œ)

 

62. y 1 cot ( cot )(1 cot ),w #œ � œ " � �) ) )

 y (  |   )   rising on ,w œ ��� ��� ± ��� Ê ß
! Î% $ Î%1 1 1

ˆ ‰1 1

4 4
3

 falling on 0  and   a local maximum atˆ ‰ ˆ ‰ß ß Ê1 1

4 4
3 1

 , a local minimum at ;) )œ œ3
4 4
1 1

 y 2(cot ) csc ,  y ( )ww # wwœ � � œ ��� ± ���
! Î#

) )
1 1

a b
  concave up on , concave down on Ê !ß ßˆ ‰ ˆ ‰1 1

# # 1

  a point of inflection at Ê œ) 1

#

 

63. y cos t, y [   ]    rising onw wœ œ ��� ± ��� ± ��� Ê
! #Î# $ Î#1 1 1

  and 2 , falling on   local maxima atˆ ‰ ˆ ‰ ˆ ‰!ß ß ß Ê1 1 1 1

# # # #
3 31

 t  and t 2 , local minima at t 0 and t ;œ œ œ œ1 1

# #1 3

 y sin t, y [ ]ww wwœ � œ ��� ± ���
! #1 1

  concave up on ( ), concave downÊ ß#1 1

 on ( )  a point of inflection at t!ß Ê œ1 1

 

64. y sin t, y [  ]    rising on ( ),w wœ œ ��� ± ��� Ê !ß
! #1 1

1

 falling on ( 2 )  a local maximum at t , local1 1 1ß Ê œ

 minima at t 0 and t 2 ;  y cos t,œ œ œ1 ww

 y [   ]    concave up on ww
#œ ��� ± ��� ± ��� Ê !ß

! #Î# $ Î#1 1 1
ˆ ‰1

 and , concave down on   pointsˆ ‰ ˆ ‰3 31 1 1

# # #ß # ß Ê1

 of inflection at t  and tœ œ1 1

# #
3
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65. y (x 1) , y ) (   rising onw �#Î$ wœ � œ ��� ��� Ê
�"

 ( ), never falling  no local extrema;�_ß_ Ê

 y (x 1) , y ) (ww �&Î$ wwœ � � œ ��� ���
�"

2
3

  concave up on ( 1), concave down on ( )Ê �_ß� �"ß_

  a point of inflection and vertical tangent at x 1Ê œ �

 

66. y (x 2) , y )(   rising on (2 ),w �"Î$ wœ � œ ��� ��� Ê ß_
#

 falling on ( )  no local maximum, but a local�_ß # Ê

 minimum at x 2; y (x 2) ,œ œ � �ww �%Î$1
3

 y )(  concave down on ( 2) andww œ ��� ��� Ê �_ß
#

 ( )  no points of inflection, but there is a cusp at#ß_ Ê

 x 2œ

 

67. y x (x 1), y )(   rising onw �#Î$ wœ � œ ��� ��� ± ��� Ê
! "

 ( ), falling on ( )  no local maximum, but a"ß_ �_ß " Ê

 local minimum at x 1; y x xœ œ �ww �#Î$ �&Î$"
3 3

2

 x (x 2), y )(œ � œ ��� ± ��� ���
�# !

" �&Î$ ww
3

  concave up on ( 2) and ( ),  concave down onÊ �_ß� !ß_

 ( )  points of inflection at x 2 and x 0, and a�#ß ! Ê œ � œ

 vertical tangent at x 0œ

 

68. y x (x 1), y )(   rising onw �%Î& wœ � œ ��� ± ��� ��� Ê
�" !

 ( 0) and ( ), falling on ( )  no local�"ß !ß_ �_ß�" Ê

 maximum, but a local minimum at x 1;œ �

 y x x x (x 4),ww �%Î& �*Î& �*Î&" "œ � œ �5 5 5
4

 y )(   concave up on ( 0) andww œ ��� ��� ± ��� Ê �_ß
! %

 (4 ),  concave down on (0 4)  points of inflection atß_ ß Ê

 x 0 and x 4, and a vertical tangent at x 0œ œ œ

 

69. y  , y   rising on
x,  x 0

  2x,  x 0
w wœ œ ��� ± ��� Ê

�# Ÿ
� !

œ
 ( )  no local extrema; y   ,

2,  x 0
  2,  x 0

�_ß_ Ê œ
� �

�
ww œ

 y )(  concave up on ( ), concaveww œ ��� ��� Ê !ß_
!

 down on ( )  a point of inflection at x 0�_ß ! Ê œ

 

70. y  , y   rising on
x ,  x 0

  x ,  x 0
w w

#

#œ œ ��� ± ��� Ê
� Ÿ

� !
œ

 ( ), falling on ( )  no local maximum, but a!ß_ �_ß ! Ê

 local minimum at x 0; y ,
2x,  x 0

  2x,  x 0
œ œ

� Ÿ
�

ww œ
 y   concave up on ( )ww œ ��� ± ��� Ê �_ß_

!
  no point of inflectionÊ
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71. The graph of y f (x)  the graph of y f(x) is concaveœ Ê œww

 up on ( ), concave down on ( )  a point of!ß_ �_ß ! Ê

 inflection at x 0; the graph of y f (x)œ œ w

  y   the graph y f(x) hasÊ œ ��� ± ��� ± ��� Ê œw

 both a local maximum and a local minimum

 

72. The graph of y f (x)  y   theœ Ê œ ��� ± ��� Êww ww

 graph of y f(x) has a point of inflection, the graph ofœ

 y f (x)  y   the graph ofœ Ê œ ��� ± ��� ± ��� Êw w

 y f(x) has both a local maximum and a local minimumœ

 

73. The graph of y f (x)  yœ Ê œ ��� ± ��� ± ���ww ww

  the graph of y f(x) has two points of inflection, theÊ œ

 graph of y f (x)  y   the graph ofœ Ê œ ��� ± ��� Êw w

 y f(x) has a local minimumœ

 

74. The graph of y f (x)  y   theœ Ê œ ��� ± ��� Êww ww

 graph of y f(x) has a point of inflection; the graph ofœ

 y f (x)  y   the graph ofœ Ê œ ��� ± ��� ± ��� Êw w

 y f(x) has both a local maximum and a local minimumœ

 

75. y  76. y 1œ œ œ �2x x 1 x 49 5
x 1 x 5x 14 x 2

# #

# #

� � �
� � � �
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77. y x  78. yœ œ � œ œ �x x 4 x 2
x x 2x x

% #

# #

�" " �#
#

  

79. y  80. yœ œ œ " �" "
� � �x 1 x 1 x 1

x
# # #

#

  

81. y  82. yœ � œ �" � œ œ " �x 2 x 4 2
x 1 x 1 x 2 x 2

# #

# # # #

� " �
� � � �

  

83. y x 1  84. y 1 xœ œ � � œ � œ � �x x 4 3
x 1 x 1 x 1 x 1

# #

� � � �
" �
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85. y x  86. y xœ œ � œ � œ � �x x 1 x x 1
x 1 x 1 x 1 x 1

# #� � " � � "
� � � �

  

87. y x 4  88. y x 1œ œ � � œ œ � � �x 3x 3x 1 5x 7 x x 2 2x 2
x x 2 x x x x x x

$ # $

# # # #

� � � � � � �
� � � �# � �

  

89. y  90. yœ œx x 1
x 1 x x 2# #� �

�
a b

  

91. y  92. yœ œ8 4x
x 4 x 4# #� �

  

93. Point           y               y        
P
Q
R
S
T

w ww

� �
� !
� �
! �
� �
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94.  95. 

96. 

97. Graphs printed in color can shift during a press run, so your values may differ somewhat from those given here.
 (a) The body is moving away from the origin when displacement  is increasing as t increases, 0 t 2 andk k � �

 6 t 9.5; the body is moving toward the origin when displacement  is decreasing as t increases, 2 t 6� � � �k k
 and 9.5 t 15� �

 (b) The velocity will be zero when the slope of the tangent line for y s(t) is horizontal.  The velocity is zeroœ

 when t is approximately 2, 6, or 9.5 sec.
 (c) The acceleration will be zero at those values of t where the curve y s(t) has points of inflection.  Theœ

 acceleration is zero when t is approximately 4, 7.5, or 12.5 sec.
 (d) The acceleration is positive when the concavity is up, 4 t 7.5 and 12.5 t 15; the acceleration is� � � �

 negative when the concavity is down, 0 t 4 and 7.5 t 12.5� � � �

98. (a) The body is moving away from the origin when displacement  is increasing as t increases, 1.5 t 4,k k � �

 10 t 12 and 13.5 t 16; the body is moving toward the origin when displacement  is decreasing as t� � � � k k
 increases, 0 t 1.5, 4 t 10 and 12 t 13.5� � � � � �

 (b) The velocity will be zero when the slope of the tangent line for y s(t) is horizontal.  The velocity is zeroœ

 when t is approximately 0, 4, 12 or 16 sec.
 (c) The acceleration will be zero at those values of t where the curve y s(t) has points of inflection.  Theœ

 acceleration is zero when t is approximately 1.5, 6, 8, 10.5, or 13.5 sec.
 (d) The acceleration is positive when the concavity is up, 0 t 1.5, 6 t 8 and 10 t 13.5, the� � � � � �

 acceleration is negative when the concavity is down, 1.5 t 6, 8 t 10 and 13.5 t 16.� � � � � �

99. The marginal cost is  which changes from decreasing to increasing when its derivative  is zero.  This is adc d c
dx dx

#

#

 point of inflection of the cost curve and occurs when the production level x is approximately 60 thousand units.

100. The marginal revenue is  and it is increasing when its derivative  is positive  the curve is concave updy d y
dx dx

#

# Ê

  t 2 and 5 t 9; marginal revenue is decreasing when 0  the curve is concave downÊ ! � � � � � Êd y
dx

#

#

  2 t 5 and 9 t 12.Ê � � � �

101. When y (x 1) (x 2), then y 2(x 1)(x 2) (x 1) .  The curve falls on ( 2) and rises onw # ww #œ � � œ � � � � �_ß

 ( ).  At x 2 there is a local minimum.  There is no local maximum. The curve is concave upward on ( ) and#ß_ œ �_ß "

 , and concave downward on .  At x 1 or x  there are inflection points.ˆ ‰ ˆ ‰5 5 5
3 3 3ß_ "ß œ œ
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102. When y (x 1) (x 2)(x 4), then y 2(x 1)(x 2)(x 4) (x 1) (x 4) (x 1) (x 2)w # ww # #œ � � � œ � � � � � � � � �

 (x 1) 2 x 6x 8 x 5x 4 x 3x 2 2(x 1) 2x 10x 11 .  The curve rises onœ � � � � � � � � � œ � � �c d a ba b a b a b# # # #

 ( 2) and ( ) and falls on ( ).  At x 2 there is a local maximum and at x 4 a local minimum.  The�_ß %ß_ #ß % œ œ

 curve is concave downward on ( ) and  and concave upward on 1  and�_ß " ß ßŠ ‹ Š ‹5 3 5 3 5 3
2

� � �
# #

È È È

 .  At x 1,  and  there are inflection points.Š ‹5 3 5 3 5 3� � �
# # #

È È È
ß_ œ

103. The graph must be concave down for x 0 because�

 f (x) 0.ww "œ � �x#

 

104. The second derivative, being continuous and never zero, cannot change sign.  Therefore the graph will always
 be concave up or concave down so it will have no inflection points and no cusps or corners.

105. The curve will have a point of inflection at x 1 if 1 is a solution of y 0; y x bx cx dœ œ œ � � �ww $ #

  y 3x 2bx c  y 6x 2b and 6(1) 2b 0  b 3.Ê œ � � Ê œ � � œ Ê œ �w # ww

106. (a) f(x) ax bx c a x x c a x c a x  a parabolaœ � � œ � � œ � B � � � œ � �# # #
#

# �ˆ ‰ ˆ ‰Š ‹b b b b b b 4ac
a a 4a 4a a 4a

# # #

#

 whose vertex is at x   the coordinates of the vertex are œ � Ê � ß�b b b 4ac
2a 2a 4aŠ ‹# �

 (b) The second derivative, f (x) 2a, describes concavity  when a 0 the parabola is concave up andww œ Ê �

 when a 0 the parabola is concave down.�

107. A quadratic curve never has an inflection point.  If y ax bx c where a 0, then y 2ax b andœ � � Á œ �# w

 y 2a.  Since 2a is a constant, it is not possible for y  to change signs.ww wwœ

108. A cubic curve always has exactly one inflection point.  If y ax bx cx d where a 0, thenœ � � � Á$ #

 y 3ax 2bx c and y 6ax 2b.  Since  is a solution of y 0, we have that y  changes its signw # ww ww ww�œ � � œ � œb
3a

 at x  and y  exists everywhere (so there is a tangent at x ).  Thus the curve has an inflectionœ � œ �b b
3a 3a

w

 point at x .  There are no other inflection points because y  changes sign only at this zero.œ � b
3a

ww

109. y x 1 x 2 , when y 0 x 1 or x 2; y points of inflection at x 1
1 2

ww ww wwœ � � œ Ê œ � œ œ ��� ± ��� l ��� Ê œ �
�

a ba b
 and x 2œ

110. y x x 2 x 3 , when y 0 x 3, x 0, or x 2; y points of
3 0 2

ww ww wwœ � � œ Ê œ � œ œ œ ��� ± ��� l ���l ��� Ê
�

2 3a b a b
 inflection at x 3 and x 2œ � œ

111. y a x b x c x y 3a x 2b x c and y 6a x 2b; local maximum at x 3œ � � Ê œ � � œ � œ3 2 2w ww

 3a 3 2b 3 c 0 27a 6b c 0; local mimimum at x 1 3a 1 2b 1 c 0Ê � � œ Ê � � œ œ � Ê � � � � œa b a b a b a b2 2

 3a 2b c 0; point of inflection at 1, 11 a 1 b 1 c 1 11 a b c 11 andÊ � � œ Ê � � œ Ê � � œa b a b a b a b3 2

 6a 1 2b 0 6a 2b 0. Solving 27a 6b c 0, 3a 2b c 0, a b c 11, and 6a 2b 0a b� œ Ê � œ � � œ � � œ � � œ � œ
 a 1,b 3, and c 9 y x 3x 9xÊ œ � œ œ Ê œ � � �3 2
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112. y y  local maximum at x 3 0 9b 6c a b 0; local minimum atœ Ê œ à œ Ê œ Ê � � œx a b x 2c x a b
b x c b x c b 3 c

b 3 2c 3 a b2 2

2 2

2
� � �
�

w
� �

� �

a b a b
a b a b

a b
 1 , 2 0 b 2c a b 0 and 2 a 2b 2c 1. Solvinga b� � Ê œ Ê � � œ œ � Ê � � � œb 1 2c 1 a b 1 a

b 1 c b 1 c
a b a b a b

a ba b a b
� � � � � �

� � � �

2 2

2

 9b 6c a b 0, b 2c a b 0, and a 2b 2c 1 a 3,b 1, and c 1 y� � œ � � œ � � � œ Ê œ œ œ � Ê œ Þx 3
x 1

2 �
�

113. If y x 5x 240, then y 5x (x 4) andœ � � œ �& % w $

 y 20x (x 3).  The zeros of y  are extrema, andww # wœ �

 there is a point of inflection at x œ $Þ

 

114. If y x 12x , then y 3x(x 8) andœ � œ �$ # w

 y 6(x 4).  The zeros of y  and y areww w wwœ �

 extrema and points of inflection, respectively.

 

115. If y x 16x 25, then y 4x x 8  andœ � � œ �4
5

& # w $a b
 y 16 x 2 .  The zeros of y  and y  areww $ w wwœ �a b
 extrema and points of inflection, respectively.

 

116. If y 4x 12x 20, thenœ � � � �x x
4 3

% $ #

 y x x x (x 3)(x 2)w $ # #œ � � ) � "# œ � � Þ

 So y has a local minimum at x  as its only extremeœ �$

 value. Also y x x (3x 4)(x 2) and thereww #œ $ � # � ) œ � �

 are inflection points at both zeros,  and 2, of y .� %
$

ww

 

117. The graph of f falls where f 0, rises where f 0,w w� �

 and has horizontal tangents where f 0.  It has localw œ

 minima at points where f  changes from negative tow

 positive and local maxima where f  changes fromw

 positive to negative.  The graph of f is concave down
 where f 0 and concave up where f 0.  It has anww ww� �

 inflection point each time f changes sign, provided aww

 tangent line exists there.
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118. The graph f is concave down where f 0, and concaveww �

 up where f 0.  It has an inflection point each timeww �

 f  changes sign, provided a tangent line exists there.ww

 

4.5  APPLIED OPTIMIZATION

 1. Let  and w represent the length and width of the rectangle, respectively.  With an area of 16 in. , we havej #

 that ( )(w) 16  w 16   the perimeter is P 2 2w 2 32  and P ( ) 2 .j œ Ê œ j Ê œ j � œ j � j j œ � œ�" �" w
j j

j �32 2 16
# #

#a b

 Solving P ( ) 0  0  4, 4.  Since 0 for the length of a rectangle,  must be 4 andw j � j�
jj œ Ê œ Ê j œ � j � j2( 4)( 4)
#

 w 4  the perimeter is 16 in., a minimum since P ( ) 0.œ Ê j œ �ww
j
16
$

 2. Let x represent the length of the rectangle in meters ( x ) Then the width is x and the area is! � � % % �

 A x x x x x . Since A x x, the critical point occurs at x . Since,  A x  for x  anda b a b a b a bœ % � œ % � œ % � # œ # � ! ! � � ## w w

 A x  for x , this critical point corresponds to the maximum area. The rectangle with the largest area measureswa b � ! # � � %

  m by  m, so it is a square.# % � # œ #

 Graphical Support:   

 3. (a) The line containing point P also contains the points ( ) and ( )  the line containing P is y 1 x!ß " "ß ! Ê œ �

  a general point on that line is (x 1 x).Ê ß �

 (b) The area A(x) 2x(1 x), where 0 x 1.œ � Ÿ Ÿ

 (c) When A(x) 2x 2x , then A (x) 0  2 4x 0  x .  Since A(0) 0 and A(1) 0, we concludeœ � œ Ê � œ Ê œ œ œ# w "
#

 that A  sq units is the largest area. The dimensions are  unit by  unit.ˆ ‰" " "
# # #œ "

 4. The area of the rectangle is A 2xy 2x 12 x ,œ œ �a b#
 where 0 x 12 .  Solving A (x) 0  24 6x 0Ÿ Ÿ œ Ê � œÈ w #

  x 2 or 2.  Now 2 is not in the domain, and sinceÊ œ � �

 A(0) 0 and A 12 0, we conclude that A(2) 32œ œ œŠ ‹È
 square units is the maximum area. The dimensions are 4 units
 by 8 units.

 

 5. The volume of the box is V(x) x(15 2x)(8 2x)œ � �

 120x 46x 4x , where 0 x 4.  Solving V (x) 0œ � � Ÿ Ÿ œ# $ w

  120 92x 12x 4(6 x)(5 3x) 0  xÊ � � œ � � œ Ê œ# 5
3

 or 6, but 6 is not in the domain.  Since V(0) V(4) 0,œ œ

 V   in  must be the maximum volume ofˆ ‰5
3 œ ¸ *"#%&!

#(
$

 the box with dimensions  inches.14 35 5
3 3 3‚ ‚
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 6. The area of the triangle is A ba 400 b , whereœ œ �"
# #

#b È
 0 b 20.  Then 400 bŸ Ÿ œ � �dA b

db 2 400 b
"
#

#
�

È #

#È

 0  the interior critical point is b 10 2.œ œ Ê œ200 b
400 b

�

�

#

#È È
 When b 0 or 20, the area is zero  A 10 2  is theœ Ê Š ‹È
 maximum area.  When a b 400 and b 10 2, the# #� œ œ È
 value of a is also 10 2  the maximum area occurs whenÈ Ê

 a b.œ

 

 7. The area is A(x) x(800 2x), where 0 x 400.œ � Ÿ Ÿ

 Solving A (x) 800 4x 0  x 200.  Withw œ � œ Ê œ

 A(0) A(400) 0, the maximum area isœ œ

 A(200) 80,000 m . The dimensions are 200 m by 400 m.œ #  

 8. The area is 2xy 216  y .  The amount of fenceœ Ê œ 108
x

 needed is P 4x 3y 4x 324x , where x;œ � œ � ! ��"

 4 0  x 81 0  the critical points aredP 324
dx xœ � œ Ê � œ Ê#

#

 0 and 9, but 0 and 9 are not in the domain.  Then„ �

 P (9) 0  at x 9 there is a minimum  theww � Ê œ Ê

 dimensions of the outer rectangle are 18 m by 12 m
   72 meters of fence will be needed.Ê

 

 9. (a) We minimize the weight tS where S is the surface area, and t is the thickness of the steel walls of the tank. Theœ

 surface area is S x xy where x is the length of a side of the square base of the tank, and y is its depth. Theœ � %#

 volume of the tank must be ft y . Therefore, the weight of the tank is w x t x . Treating the&!! Ê œ œ �$ #&!! #!!!
x x# a b ˆ ‰

 thickness as a constant gives w x t x  . The critical value is at x . Since w t ,w ww#!!! %!!!
"!a b a bˆ ‰ ˆ ‰œ # � œ "! "! œ # � � !x# $

 there is a minimum at x . Therefore, the optimum dimensions of the tank are  ft on the base edges and  ftœ "! "! &

 deep.
 (b) Minimizing the surface area of the tank minimizes its weight for a given wall thickness. The thickness of the steel
 walls would likely be determined by other considerations such as structural requirements.

10. (a) The volume of the tank being  ft , we have that yx y . The cost of building the tank is""#& œ ""#& Ê œ$ # ""#&
x#

 c x x x , where x. Then c x x the critical points are  and , but  is nota b a bˆ ‰œ & � $! ! � œ "! � œ ! Ê ! "& !# w""#& $$(&!
x x# #

 in the domain. Thus, c at x  we have a minimum. The values of x  ft and y  ft willwwa b"& � ! Ê œ "& œ "& œ &

 minimize the cost.
  (b) The cost function c x xy xy, can be separated into two items: (1) the cost of the materials and labor toœ & � % � "!a b#

 fabricate the tank, and (2) the cost for the excavation. Since the area of the sides and bottom of the tanks is x xy ,a b# � %

 it can be deduced that the unit cost to fabricate the tanks is $ /ft . Normally, excavation costs are per unit volume of& #

 excavated material. Consequently, the total excavation cost can be taken as xy x y . This suggests that the"! œ ˆ ‰a b"! #
x

 unit cost of excavation is  where x is the length of a side of the square base of the tank in feet. For the least$ ft
x

"!Î #

 expensive tank, the unit cost for the excavation is . The total cost of the least expensive tank is$ ft
 ft ft yd

$ $"!Î
"&

!Þ'( ")
#

$ $œ œ

 $ , which is the sum of $  for fabrication and $  for the excavation.$$(& #'#& (&!
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11. The area of the printing is (y 4)(x 8) 50.� � œ

 Consequently, y 4.  The area of  the paper isœ �ˆ ‰50
x 8�

 A(x) x 4 , where 8 x.  Thenœ � �ˆ ‰50
x 8�

 A (x) 4 x 0w
� � �

� �œ � � œ œˆ ‰ Š ‹50 50
x 8 (x 8) (x 8)

4(x 8) 400
# #

#

  the critical points are 2 and 18, but 2 is not in theÊ � �

 domain.  Thus A (18) 0 at x 18 we have a minimumww � Ê œ

 Therefore the dimensions 18 by 9 inches minimize the
 amount minimize the amount of paper.

 

12. The volume of the cone is V r h, where r x 9 y  and h y 3 (from the figure in the text). Thus,œ œ œ � œ �" # #
3 1

È
 V(y) 9 y (y 3) 27 9y 3y y V (y) 9 6y 3y (1 y)(3 y). The criticalœ � � œ � � � Ê œ � � œ � �1 1 1

3 3 3a b a b a b# # $ w # 1

 points are 3 and 1, but 3 is not in the domain.  Thus V (1) ( 6(1)) 0 at y 1 we have a maximum� � œ �' � � Ê œww 1

3

 volume of V(1) (8)(4)  cubic units.œ œ1 1

3 3
32

13. The area of the triangle is A( ) , where 0 .) ) 1œ � �ab sin )
#

 Solving A ( ) 0  0  .  Since A ( )w ww
# #) ) )œ Ê œ Ê œab cos ) 1

   A 0, there is a maximum at .œ � Ê � œab sin ) 1 1

# # #
ww ˆ ‰ )  

14. A volume V r h 1000  h .  The amount ofœ œ Ê œ1 # 1000
r1 #

 material is the surface area given by the sides and bottom of

 the can  S 2 rh r r , 0 r.  ThenÊ œ � œ � �1 1 1# #2000
r

 2 r   0.  The critical pointsdS 2000 r 1000
dr r rœ � � œ ! Ê œ# #

$

1 1 �

 are 0 and , but 0 is not in the domain.  Since10
$È1

 0, we have a minimum surface area whend S 4000
dr r

#

# $œ � # �1

 r  cm and h  cm. Comparing this result toœ œ œ10 1000 10
r$ $#È È1 11

 the result found in Example 2, if we include both ends of the
 can, then we have a minimum surface area when the can is
 shorter-specifically, when the height of the can is the same as
 its diameter.

 

15. With a volume of 1000 cm and V r h, then h .  The amount of aluminum used per can isœ œ1 # 1000
r1 #

 A 8r 2 rh 8r .  Then A (r) 16r 0  0  the critical points are 0 and 5,œ � œ � œ � œ Ê œ Ê# # w �1 2000 2000 8r 1000
r r r# #

$

 but r 0 results in no can.  Since A (r) 16 0 we have a minimum at r 5  h  and h:r 8: .œ œ � � œ Ê œ œww 1000 40
r$ 1

1

16. (a) The base measures x in. by  in., so the volume formula is V x x x x."! � # œ œ # � #& � (&"&�#
# #

"!�# "&�# $ #x x x xa b a ba b

  (b) We require x , x , and x . Combining these requirements, the domain is the interval .� ! # � "! # � "& !ß &a b
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 (c) The maximum volume is approximately 66.02 in.  when x  in.$ ¸ "Þ*'

 (d) V x x x . The critical point occurs when V x , at xw # w &!„ �&! �% ' (&

# ' "#
&!„ (!!a b a bœ ' � &! � (& œ ! œ œ

Éa b a ba b
a b

È#

 , that is, x  or x . We discard the larger value because it is not in the domain. Sinceœ ¸ "Þ*' ¸ 'Þ$(#&„& (
'

È

 V x x , which is negative when x  , the critical point corresponds to the maximum volume. Thewwa b œ "# � &! ¸ "Þ*'

 maximum volume occurs when x , which comfimrs the result in (c).œ ¸ "Þ*'#&�& (
'

È

17. (a) The "sides" of the suitcase will measure 24 2x in. by 18 2x in. and will be 2x in. apart, so the volume formula is� �

 V x 2x 24 2x 18 2x 8x 168x 862x.a b a ba bœ � � œ � �$ #

 (b) We require x , 2x 18, and 2x 12. Combining these requirements, the domain is the interval .� ! � � !ß *a b
 

 (c) The maximum volume is approximately 1309.95 in.  when x 3 3  in.$ ¸ Þ *

 (d) V x x x x x . The critical point is at xw # # "%„ �"% �% " $'

# " #
"%„ &#a b a bœ #% � $$' � )'% œ #% � "% � $' œ œ

Éa b a ba b
a b

È#

 , that is, x  or x . We discard the larger value because it is not in the domain. Sinceœ ( „ "$ ¸ $Þ$* ¸ "!Þ'"È
 V x x  which is negative when x , the critical point corresponds to the maximum volume. Thewwa b a bœ #% # � "% ¸ $Þ$*

 maximum value occurs at x , which confirms the results in (c).œ ( � "$ ¸ $Þ$*È
 (e) x x x 8 x x x x x x . Since  is not in) � "') � )'# œ ""#! Ê � #" � "!) � "%! œ ! Ê ) � # � & � "% œ ! "%$ # $ #a b a ba ba b
 the fomain, the possible values of x are x  in. or x  in.œ # œ &

 (f) The dimensions of the resulting box are x in., x  in., and x . Each of these measurements must be# #% � # ") � #a b a b
 positive, so that gives the domain of .a b!ß *

18. If the upper right vertex of the rectangle is located at x  cos  x  for x , then the rectangle has width x anda bß % !Þ& ! � � #1

 height  cos x, so the area is A x x cos x. Solving A x  graphically for  x , we find that% !Þ& œ ) !Þ& œ ! ! � �a b a bw 1

 x . Evaluating x and  cos x for x , the dimensions of the rectangle are approximately  (width) by¸ #Þ#"% # % !Þ& ¸ #Þ#"% %Þ%$

  (height), and the maximum area is approximately ."Þ(* (Þ*#$

19. Let the radius of the cylinder be r cm, r . Then the height is r  and the volume is! � � "! # "!! �È #

 V r r r  cm . Then, V r r r r ra b a b a b a bÈ ÈŠ ‹ Š ‹œ # "!! � œ # �# � # "!! � #1 1 1# $ w ## #"

"!!�È r#

 . The critical point for r  occurs at r . Since V r  forœ œ ! � � "! œ œ "! � !�# �% "!!� # #!!�$

"!!� "!!�

#!! #
$ $

w1 1 1r r r r r

r r

$ # #

# #

a b a b
È È É É a b

 r  and V r  for r , the critical point corresponds to the maximum volume. The! � � "! � ! "! � � "!É Éa b# #
$ $

w

 dimensions are r  cm and h  cm, and the volume is  cm .œ "! ¸ )Þ"' œ ¸ ""Þ&& ¸ #%")Þ%!É # #! %!!!
$ $ $ $

$
È È

1
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20. (a) From the diagram we have 4x 108 and V x .� j œ œ j#

 The volume of the box is V(x) x (108 4x), whereœ �#

 0 x 27. ThenŸ �

 V (x) 216x 12x 12x(18 x) 0w #œ � œ � œ

  the critical points are 0 and 18, but x 0 results inÊ œ

 no box.  Since V (x) 216 24x 0 at x 18 weww œ � � œ

 have a maximum.  The dimensions of the box are
 18 18 36 in.‚ ‚

 

 (b) In terms of length, V( ) x .  The graphj œ j œ j# � j #ˆ ‰108
4

 indicates that the maximum volume occurs near 36,j œ

 which is consistent with the result of part (a).

 

21. (a) From the diagram we have 3h 2w 108 and� œ

 V h w  V(h) h 54 h 54h h .œ Ê œ � œ �# # # $
# #

ˆ ‰3 3

 Then V (h) 108h h h(24 h) 0w #
# #œ � œ � œ9 9

  h 0 or h 24, but h 0 results in no box.  SinceÊ œ œ œ

 V (h) 108 9h 0 at h 24, we have a maximumww œ � � œ

 volume at h 24 and w 54 h 18.œ œ � œ3
#

 

 (b) 

22. From the diagram the perimeter is P 2r 2h r,œ � � 1

 where r is the radius of the semicircle and h is the
 height of the rectangle.  The amount of light transmitted
 proportional to

 A 2rh r r(P 2r r) rœ � œ � � �" "# #
4 41 1 1

 rP 2r r . Then P 4r r 0œ � � œ � � œ# #
#

3 dA 3
4 dr1 1

  r   2h P .Ê œ Ê œ � � œ2P 4P 2 P
8 3 8 3 8 3 8 3

(4 )P
� � � �

�
1 1 1 1

1 1

 Therefore,  gives the proportions that admit the2r 8
h 4œ � 1

  light since 4 0.most d A 3
dr

#

# œ � � �# 1

 

23. The fixed volume is V r h r   h , where h is the height of the cylinder and r is the radiusœ � Ê œ �1 1# $2 V 2r
3 r 31 #

 of the hemisphere.  To minimize the cost we must minimize surface area of the cylinder added to twice the

 surface area of the hemisphere.  Thus, we minimize C 2 rh 4 r 2 r 4 r r .œ � œ � � œ �1 1 1 1 1# # #ˆ ‰V 2r 2V 8
r 3 r 31 #

 Then r 0  V r  r .  From the volume equation, hdC 2V 16 8 3V V 2r
dr r 3 3 8 r 3œ � � œ Ê œ Ê œ œ �# #1 1 $ "Î$ˆ ‰

1 1

 .  Since 0, theseœ � œ œ œ � �4V 2 3 V 3 2 4 V 2 3 V 3V d C 4V 16
3 3 3 dr r 3

"Î$ "Î$ "Î$ "Î$ "Î$ "Î$ "Î$ #

"Î$ #Î$ "Î$ "Î$ # $1 1 1 1
† † † † †

† † † † † † †

# #
� "Î$ˆ ‰ 1

 dimensions do minimize the cost.
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24. The volume of the trough is maximized when the area of the cross section is maximized.  From the diagram
 the area of the cross section is A( ) cos sin  cos , 0 .  Then A ( ) sin cos sin) ) ) ) ) ) ) ) )œ � � � œ � � �1

#
w # #

 2 sin sin 1 (2 sin 1)(sin 1) so A ( ) 0  sin  or sin 1   becauseœ � � � œ � � � œ Ê œ œ � Ê œa b# w "
#) ) ) ) ) ) ) ) 1

6

 sin 1 when 0 .  Also, A ( ) 0 for 0  and A ( ) 0 for .  Therefore, at ) ) ) ) ) ) )Á � � � � � � � � � œ1 1 1 1 1

# #
w w

6 6 6

 there is a maximum.

25. (a) From the diagram we have:  AP x, RA L x ,œ œ �È #

 PB 8.5 x, CH DR 11 RA 11 L x ,œ � œ œ � œ � �È #

 QB x (8.5 x) , HQ 11 CH QBœ � � œ � �È # #

 11 11 L x x (8.5 x)œ � � � � � �’ “È È# # #

 L x x (8.5 x) ,  RQ RH HQœ � � � � œ �È È# # # # ##

 (8.5) L x x (8.5 x) .  Itœ � � � � �# # # #
#Š ‹È È  

 follows that RP PQ RQ   L x L x x (x 8.5) (8.5)
# # # # # ## # # #

#

œ � Ê œ � � � � � �Š ‹È È
  L x L x 2 L x  17x (8.5) 17x (8.5) (8.5)Ê œ � � � � � � � �# # # # # ## # #È È
  17 x 4 L x 17x (8.5)   L xÊ œ � � Ê œ � œ œ# # # # # # #

� � �
a b a b 17 x 17x 17x

4 17x (8.5) 17x (8.5) 17x

# # $ $

# #

#

#c d ˆ ‰17

 .œ œ4x 2x
4x 17 2x 8.5

$ $

� �

 (b) If f(x)  is minimized, then L  is minimized.  Now f (x)   f (x) 0 when xœ œ Ê � �4x 51
4x 17 (4x 17) 8

4x (8x 51)$ #

#� �
# w w�

 and f (x) 0 when x .  Thus L  is minimized when x .w #� � œ51 51
8 8

 (c) When x , then L 11.0 in.œ ¸51
8

 

26. (a) From the figure in the text we have P 2x 2y  y x.  If P 36, then y 18 x.  When theœ � Ê œ � œ œ �P
#

 cylinder is formed, x 2 r  r  and h y  h 18 x.  The volume of the cylinder is V r hœ Ê œ œ Ê œ � œ1 1x
#

#
1

  V(x) .  Solving V (x) 0  x 0 or 12; but when x 0, there is no cylinder.Ê œ œ œ Ê œ œ18x x
4 4

3x(12 x)# $� w �
1 1

 Then V (x) 3   V (12) 0  there is a maximum at x 12.  The values of x 12 cm andww ww
#œ � Ê � Ê œ œ3 x

1
ˆ ‰

 y 6 cm give the largest volume.œ

 (b) In this case V(x) x (18 x).  Solving V (x) 3 x(12 x) 0  x 0 or 12; but x 0 would result inœ � œ � œ Ê œ œ1 1# w

 no cylinder.  Then V (x) 6 (6 x)  V (12) 0  there is a maximum at x 12.  The values ofww wwœ � Ê � Ê œ1

 x 12 cm and y 6 cm give the largest volume.œ œ

27. Note that h r  and so r h . Then the volume is given by V r h h h h h  for# # # # $#
$ $ $� œ $ œ $ � œ œ $ � œ �È a b1 1 11

 h , and so r r . The critical point (for h ) occurs at h . Since  for! � � $ œ � œ " � � ! œ " � !È a bdV dV
dh dh1 1 1# #

 h , and  for h , the critical point corresponds to the maximum volume. The cone of greatest! � � " � ! " � � $dV
dh

È
 volume has radius  m, height m, and volume  m .È# " #

$
$1

28. Let d x 0 y 0  x y  and 1 y x b. We can minimize d by minimizingœ � � � œ � � œ Ê œ � �Éa b a b È2 2 2 2 x b
a b a

y

 D x y x x b D 2x 2 x b 2x x . D 0œ � œ � � � Ê œ � � � � œ � � œˆ ‰ ˆ ‰ ˆ ‰ˆ ‰È 2 2 2 2 b b b 2b 2b
a a a a a

2 w w2 2

2

 2 x x 0 x  is the critical point y b .Ê � � œ Ê œ Ê œ � � œŠ ‹ Š ‹b b a b b a b a b
a a a b a a b a b

2 2 2 2 2

2 2 2 2 2 2 2� � �
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222 Chapter 4 Applications of Derivatives

 D 2 D 2 0 the critical point is local minimum ,  is the point on theww ww
� � �œ � Ê œ � � Ê Ê2b a b 2b a b a b

a a b a a b a b

2 2 2 2 2

2 2 2 2 2 2 2 2Š ‹ Š ‹
 line 1 that is closest to the origin.x

a b
y� œ

29. Let S x x , x 0 S x 1 . S x 0 0 x 1 0 x 1. Since x 0,a b a b a bœ � � Ê œ � œ œ Ê œ Ê � œ Ê œ „ �1 1 x 1 x 1
x x x x

2w w� �
2 2 2

2 2

 we only consider x 1. S x S 1 0 local minimum when x 1œ œ Ê œ � Ê œww wwa b a b2 2
x 13 3

30. Let S x 4x , x 0 S x 8x . S x 0 0 8x 1 0 x .a b a b a bœ � � Ê œ � � œ œ Ê œ Ê � œ Ê œ1 1 8x 1 8x 1
x x x x

2 3w w� � "
#2 2 2

3 3

 S x 8 S 8 0 local minimum when x .ww ww " "
# #Î

a b ˆ ‰œ � Ê œ � � Ê œ2 2
x 1 23 3a b

31. The length of the wire b perimeter of the triangle circumference of the circle. Let x length of a side of theœ � œ

 equilateral triangle P 3x, and let r radius of the circle C 2 r. Thus b 3x 2  r r . The area ofÊ œ œ Ê œ œ � Ê œ1 1 b 3x
2
�
1

 the circle is r  and the area of an equilateral triangle whose sides are x is x x x . Thus, the total area is1 2 23 3
2 4

"
# a bŠ ‹È È

œ

 given by A x r x x A x b 3x x xœ � œ � œ � Ê œ � � œ � �
È È È È Èa b3 3 3 3 3

4 4 2 4 4 2 2 2 2 2
2 2 2 2b 3x 3 3b 92 b 3x

1 1 ˆ ‰ a b� � w
1 1 1 1 1

2

 A 0 x x 0 x . A 0 local minimum at the critical point.w ww
�

œ Ê � � œ Ê œ œ � � Ê
È È

È
3 3

2 2 2 2 2
3b 9 3b 9

3 91 1 11

 P 3  m is the length of the trianglular segment and C 2 b 3xœ œ œ œ �Š ‹ ˆ ‰3b 9b b 3x
3 9 3 9 2È È1 1 1� �

�1

 b  m is the length of the circular segment.œ � œ9b
3 9 3 9

3 b
È È

È
1 1

1

� �

32. The length of the wire b perimeter of the square circunference of the circle. Let x length of a side of the squareœ � œ

 P 4x, and let r radius of the circle C 2 r. Thus b 4x 2  r r . The area of the circle isÊ œ œ Ê œ œ � Ê œ1 1 b 4x
2
�
1

 r  and the area of a square whose sides are x is x . Thus, the total area is given by A x r1 12 2 2 2œ �

 x x A 2x b 4x 2x x, A 0 2x x 0œ � œ � Ê œ � � œ � � œ Ê � � œ2 2b 4x 4 2b 8 2b 8
2 4 2

2 b 4x
1 ˆ ‰ a b� � w w

1 1 1 1 1 1 1

a b2

 x . A 2 0 local minimum at the critical point. P 4  m is the length of the squareÊ œ œ � � Ê œ œb 8 b 4b
4 4 4� � �

ww
1 1 1 1

ˆ ‰
 segment and C 2 b 4x b  m is the length of the circular segment.œ œ � œ � œ1ˆ ‰b 4x 4b b

2 4 4
�

� �1 1 1

1

33. Let x, y x, x  be the coordinates of the corner that intersects the line. Then base 3 x and height y x, thusa b ˆ ‰œ œ � œ œ4 4
3 3

 the area of  therectangle is given by A 3 x x 4x x , 0 x 3. A 4 x, A x . Aœ � œ � Ÿ Ÿ œ � œ ! Ê œ œ �a bˆ ‰4 4 8 3 4
3 3 3 2 3

2 w w ww

 A 0 local maximum at the critical point. The base 3  and the height 2.Ê � Ê œ � œ œ œwwˆ ‰ ˆ ‰3 3 3 4 3
2 2 2 3 2

34. Let x, y x, 9 x be the coordinates of the corner that intersects the semicircle. Then base 2x and height ya b Š ‹Èœ � œ œ2

 9 x , thus the area of the inscribed rectangle is given by A 2x 9 x , 0 x 3. Thenœ � œ � Ÿ ŸÈ Èa b2 2

 A 2 9 x 2x , A 0 18 4x 0 x , only x  lies inw w� �

� �

� �

�
œ � � œ œ œ Ê � œ Ê œ „ œÈ a b2 x 18 4x

9 x 9 x

2 9 x 2x

4 x
2 3 2 3 2

2 2È È È
ˆ ‰ È È

2 2

2 2 2

2

 0 x 3. A is continuous on the closed interval 0 x 3 A has an absolute maxima and absolute minima.Ÿ Ÿ Ÿ Ÿ Ê

 A 0 0, A 3 0, and A 3 2 9 absolute maxima. Base of rectangle is 3 2 and heighta b a b Š ‹ Š ‹Š ‹È Èœ œ œ œ Ê3 2 3 2
2 2

È È

 is .3 2
2

È

35. (a) f(x) x   f (x) x 2x a , so that f (x) 0 when x 2 implies a 16œ � Ê œ � œ œ œ# w �# $ wa
x a b

 (b) f(x) x   f (x) 2x x a , so that f (x) 0 when x 1  implies a 1œ � Ê œ � œ œ œ �# ww �$ $ wwa
x a b
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36. If f(x) x ax bx, then f (x) 3x 2ax b and f (x) 6x 2a.œ � � œ � � œ �$ # w # ww

 (a) A local maximum at x 1 and local minimum at x 3  f ( 1) 0 and f (3) 0  3 2a b 0 andœ � œ Ê � œ œ Ê � � œw w

 27 6a b 0  a 3 and b 9.� � œ Ê œ � œ �

 (b) A local minimum at x 4 and a point of inflection at x 1  f (4) 0 and f (1) 0  48 8a b 0œ œ Ê œ œ Ê � � œw ww

 and 6 2a 0  a 3 and b 24.� œ Ê œ � œ �

37. (a) s t t t v t s t t . At t , the velocity is v  ft/sec.a b a b a b a bœ �"' � *' � ""# Ê œ œ �$# � *' œ ! ! œ *'# w

 (b) The maximum height ocurs when v t , when t . The maximum height is s  ft and it occurs at ta b a bœ ! œ $ $ œ #&' œ $

 sec.
 (c) Note that s t t t t t , so s  at t  or t . Choosing the positive valuea b a ba bœ �"' � *' � ""# œ �"' � " � ( œ ! œ �" œ (#

 of t, the velocity when s  is v  ft/sec.œ ! ( œ �"#)a b
38. 

 Let x be the distance from the point on the shoreline nearest Jane's boat to the point where she lands her boat. Then she

 needs to row x  mi at 2 mph and walk x mi at 5 mph. The total amount of time to reach the village isÈ% � ' �#

 f x  hours ( x ). Then f x x . Solving f x , wea b a b a b a bœ � ! Ÿ Ÿ ' œ # � œ � œ !
È

È È
%�
# & # & &

'� " " " "w w
# %� # %�

x x x
x x

#

# #

 have: x x x x x x . We discard the negativex
x# %�

" %
&

# # # #
#"È È#

œ Ê & œ # % � Ê #& œ % % � Ê #" œ "' Ê œ „È a b
 value of x because it is not in the domain. Checking the endpoints and critical point, we have f ,a b! œ #Þ#

 f , and f . Jane should land her boat  miles down the shoreline from the pointŠ ‹ a b% %

#" #"È È¸ #Þ"# ' ¸ $Þ"' ¸ !Þ)(

 nearest her boat.

39. h  and L x h x) #"'
�#(

# #
x x x

hœ Ê œ ) � œ � � #(a b a bÉ
 x  when x . Note that L x  isœ ) � � � #(   !Éˆ ‰ a b a b#"' # #

x

 minimized when f x x  isa b a bˆ ‰œ ) � � � #(#"' # #
x

 minimized. If f x , thenwa b œ !

 x# ) � � � # � #( œ !ˆ ‰ˆ ‰ a b#"' #"'
x x#

 x x  (not acceptableÊ � #( " � œ ! Ê œ �#(a bˆ ‰"(#)
x$

 

 since distance is never negative or x . Then L  ftœ "# "# œ #"*( ¸ %'Þ)( Þa b È
40. (a) s s sin t sin t sin t sin t cos sin  cos t sin t  sin t  cos t tan t 3" #

"
# #œ Ê œ � Ê œ � Ê œ � Ê œˆ ‰ È1 1 1

3 3 3
3È

 t  or Ê œ 1 1

3 3
4

 (b) The distance between the particles is s(t) s s sin t sin t  sin t 3 cos tœ � œ � � œ �k k ¸ ¸ˆ ‰ ¹ ¹È
" #

"
#

1

3

 s (t)  since  x critical times and endpoints are 0, , , , Ê œ œ Êw
� �

�

Š ‹Š ‹È È
¹ ¹È k k

sin t 3 cos t cos t 3 sin t

2 sin t 3 cos t

d x 5 4
dx x 3 6 3k k 1 1 1 11

6
1 , 2 ;1

 then s(0) , s 0, s 1, s 0, s 1, s(2 ) the greatest distance between theœ œ œ œ œ œ Ê
È È3 3

3 6 3 6
5 4 11

# #
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1

 particles is 1.

 (c) Since s (t)  we can conclude that at t  and , s (t) has cusps and thw w
� �

�
œ œ

Š ‹Š ‹È È
¹ ¹È

sin t 3 cos t cos t 3 sin t

2 sin t 3 cos t 3 3
41 1 e distance

 between the particles is changing the fastest near these points.
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41. I , let x distance the point is from the stronger light source 6 x distance the point is from the other lightœ œ Ê � œk
d2

 source. The intensity of illumination at the point from the stronger light is I , and intensity of illumination at the1
k
xœ 1

2

 point from the weaker light is I . Since the intensity of the first light is eight times the intensity of the second2
k

6 x
œ 2

2a b�

 light k 8k . I . The total intensity is given by I I I IÊ œ Ê œ œ � œ � Ê œ � �1 2 1 1 2
8k 8k k 16k 2k
x x x6 x 6 x

2 2 2 2 2
2 2 2 3 3a b a b� �

w

  and I 0 0 16 6 x k 2x k 0 x 4 m. Iœ œ Ê œ Ê � � � œ Ê œ œ �� � � � � �

� � �
w ww16 6 x k 2x k 16 6 x k 2x k 3

x 6 x x 6 x 6 x2 2
3 48k 6k

x
a b a b

a b a b a b
3 3

2 2 2 2
3 3

3 33 3 4 4
2 2a b

 I 4 0 local minimum. The point should be 4 m from the stronger light source.Ê œ � � Êww
�

a b 48k 6k
4 6 4

2 2
4 4a b

42. R sin 2 cos 2  and 0 cos 2 0 . sin 2 sin 2œ Ê œ œ Ê œ Ê œ œ � Ê œ �
v 2v 2v 4v 4v
g d g d g 4 d g d g 4

dR dR d R d R0 0 0 0 0
2 2 2 2 22 2

2 2

4

! ! ! ! !
! ! ! !

1 1

!

¹ ˆ ‰
œ 1

 0 local maximum. Thus, the firing angle of 45  will maximize the range R.œ � � Ê œ œ
4v
g 4

0
2

! 1 ‰

43. (a) From the diagram we have d 4r w .  The strength of the beam is S kwd kw 4r w .  When# # # # # #œ � œ œ �a b
 r 6, then S 144kw kw .  Also, S (w) 144k 3kw 3k 48 w  so S (w) 0  w 4 3 ;œ œ � œ � œ � œ Ê œ „$ w # # wa b È
 S 4 3 0 and 4 3 is not acceptable.  Therefore S 4 3  is the maximum strength.  The dimensionsww Š ‹ Š ‹È È È� �

 of the strongest beam are 4 3 by 4 6 inches.È È
 (b)  (c) 

 Both graphs indicate the same maximum value and are consistent with each other.  Changing k does not
 change the dimensions that give the strongest beam (i.e., do not change the values of w and d that produce
 the strongest beam).

44. (a) From the situation we have w 144 d .  The stiffness of the beam is S kwd kd 144 d ,# # $ $ # "Î#
œ � œ œ �a b

 where 0 d 12.  Also, S (d)   critical points at 0, 12, and 6 3.  Both d 0 andŸ Ÿ œ Ê œw �

�

4kd 108 d

144 d

# #

#

a b
È È

 d 12 cause S 0.  The maximum occurs at d 6 3.  The dimensions are 6 by 6 3 inches.œ œ œ È È
 (b)  (c) 

 Both graphs indicate the same maximum value and are consistent with each other.  The changing of k has
 no effect.

45. (a) s 10 cos ( t)  v 10  sin ( t)  speed 10  sin ( t) 10 sin ( t)   the maximum speed isœ Ê œ � Ê œ œ Ê1 1 1 1 1 1 1k k k k
 10 31.42 cm/sec since the maximum value of sin ( t)  is 1; the cart is moving the fastest at t 0.5 sec, 1.5 sec,1 1¸ œk k
 2.5 sec and 3.5 sec when sin ( t)  is 1.  At these times the distance is s 10 cos 0 cm andk k ˆ ‰1 œ œ1

#

 a 10  cos ( t)  a 10  cos ( t)   a 0 cm/secœ � Ê œ Ê œ1 1 1 1# # #k k k k k k
 (b) a 10  cos ( t)  is greatest at t 0.0 sec, 1.0 sec, 2.0 sec, 3.0 sec and 4.0 sec, and at these times thek k k kœ œ1 1#

 magnitude of the cart's position is s 10 cm from the rest position and the speed is 0 cm/sec.k k œ
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46. (a) 2 sin t sin 2t 2 sin t 2 sin t cos t 0 (2 sin t)(1 cos t) 0 t k  where k is a positive integerœ Ê � œ Ê � œ Ê œ 1

 (b) The vertical distance between the masses is s(t) s s s s (sin 2t 2 sin t)œ � œ � œ �k k a b a bˆ ‰" # " #
# "Î# # "Î#

  s (t) (sin 2t 2 sin t) (2)(sin 2t 2 sin t)(2 cos 2t 2 cos  t)Ê œ � � � œw #"
# �

�"Î# � �ˆ ‰ a b 2(cos 2t cos t)(sin 2t 2 sin t)
sin 2t 2 sin tk k

 critical times at 0, , , , 2 ; then s(0) 0,œ Ê œ4(2 cos t 1)(cos t )(sin t)(cos t 1)
sin 2t 2 sin t 3 3

2 4� �" �
�k k

1 11 1

  s sin 2 sin , s( ) 0, s sin 2 sin , s(2 ) 0ˆ ‰ ¸ ¸ ˆ ‰ ¸ ¸ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2 4 2 4 8 4
3 3 3 3 3 3 2

3 3 3 31 1 1 1 1 1œ � œ œ œ � œ œ
È È
# 1 1

 the greatest distance is  at t  and Ê œ3 3 2 4
3 3

È
#

1 1

47. (a) s (12 12t) (8t) (12 12t) 64tœ � � œ � �È a b# # # # "Î#

 (b) (12 12t) 64t [2(12 12t)( 12) 128t] 12 knots andds 208t 144 ds
dt dt(12 12t) 64t
œ � � � � � œ Ê œ �" �

#
# # �"Î#

� �
a b ¸È # # t=0

 8 knots¸ds
dt t=1

œ

 (c) The graph indicates that the ships did not see  (d) The graph supports the conclusions in parts (b)
 each other because s(t) 5 for all values of t. and (c).�

  

 (e)  lim    lim    lim   208 4 13
t t tÄ _ Ä _ Ä _

ds 208
dt 144( t) 64t 144 64

(208t 144) 208

144 1 64
œ œ œ œ œÉ Ë É È È�

"� � �

�

� �

#

# #

#

#

#Š ‹
Š ‹

144
t

t
"

 which equals the square root of the sums of the squares of the individual speeds.

48. The distance OT TB is minimized when OB is�

 a straight line.  Hence   .n œ n Ê œ! " ) )" #

 

49. If v kax kx , then v ka 2kx and v 2k, so v 0  x .  At x  there is a maximum sinceœ � œ � œ � œ Ê œ œ# w ww w
# #
a a

 v 2k 0.  The maximum value of v is .ww
#

ˆ ‰a ka
4œ � �
#

50. (a) According to the graph, y .wa b! œ !

 (b) According to the graph, y L .wa b� œ !

 (c) y , so d . Now y x ax bx c, so y  implies that c . There fore, y x ax bx  anda b a b a b a b! œ ! œ ! œ $ � # � ! œ ! œ ! œ �w # w $ #

 y x ax bx. Then y L aL bL H and y L aL bL , so we have two linearw # $ # w #a b a b a bœ $ � # � œ � � œ � œ $ � # œ !

 equations in two unknowns a and b. The second equation gives b . Substituting into the first equation, we haveœ $
#
aL

 aL H, or H, so a . Therefore, b  and the equation for y is� � œ œ œ # œ $$ $
# #
aL aL H H

L L

$ $

$ #

 y x x x , or y x H .a b a b ’ “ˆ ‰ ˆ ‰œ # � $ œ # � $H H x x
L L L L$ #

$ # $ #
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51. The profit is p nx nc n(x c) a(x c) b(100 x) (x c) a b(100 x)(x c)œ � œ � œ � � � � œ � � �c d�"

 a (bc 100b)x 100bc bx .  Then p (x) bc 100b 2bx and p (x) 2b.  Solving p (x) 0 x 50.œ � � � � œ � � œ � œ Ê œ �# w ww w
#
c

 At x 50 there is a maximum profit since p (x) 2b 0 for all x.œ � œ � �c
#

ww

52. Let x represent the number of people over 50.  The profit is p(x) (50 x)(200 2x) 32(50 x) 6000œ � � � � �

 2x 68x 2400.  Then p (x) 4x 68 and p 4.  Solving p (x) 0 x 17.  At x 17 there is aœ � � � œ � � œ � œ Ê œ œ# w ww w

 maximum since p (17) 0.  It would take 67 people to maximize the profit.ww �

53. (a) A(q) kmq cm q, where q 0  A (q) kmq  and A (q) 2kmq .  Theœ � � � Ê œ � � œ œ�" w �# ww �$
# #

�h h hq 2km
2q

#

#

 critical points are , 0, and , but only  is in the domain.  Then A 0  at� � ÊÉ É É ÉŠ ‹2km 2km 2km 2km
h h h h

ww

 q  there is a minimum average weekly cost.œ É 2km
h

 (b) A(q) cm q kmq bm cm q, where q 0  A (q) 0 at q  as in (a).œ � � œ � � � � Ê œ œ(k bq)m
q h

h h 2km�
# #

�" w É
 Also A (q) 2kmq 0 so the most economical quantity to order is still q  which minimizes theww �$œ � œ É 2km

h

 average weekly cost.

54. We start with c x  the cost of producing x items, x , and the average cost of producing x items, assumed toa b œ � ! œc x
x
a b

 be differentiable. If the average cost can be minimized, it will be at a production level at which d
dx x

c xŠ ‹a b œ !

  (by the quotient rule) x c x c x  (multiply both sides by x ) c x  where c x  isÊ œ ! Ê � œ ! Ê œx c x c x c x
x x

w

#

a b a b a b� w # w wa b a b a b a b
 the marginal cost. This concludes the proof. (Note: The theorem does not assure a production level that will give a
 minimum cost, but rather, it indicates where to look to see if there is one. Find the production levels where the average cost
 equals the marginal cost, then check to see if any of them give a mimimum.)

55. The profit p(x) r(x) c(x) 6x x 6x 15x x 6x 9x, where x 0.  Then p (x) 3x 12x 9œ � œ � � � œ � � �   œ � � �a b$ # $ # w #

 3(x 3)(x 1) and p (x) 6x 12.  The critical points are 1 and 3.  Thus p (1) 6 0 at x 1 there is aœ � � � œ � � œ � Ê œw www

 local minimum, and p (3) 0  at x 3 there is a local maximum. But p(3) 0  the best you can do isww œ �' � Ê œ œ Ê

 break even.

56. The average cost of producing x items is c x x x c x x x , thea b a bœ œ � #! � #!ß !!! Ê œ # � #! œ ! Ê œ "!c x
x
a b # w

 only critical value. The average cost is  c $  per item is a minimum cost because  c .a b a b"! œ "*ß *!! "! œ # � !ww

57. Let x the length of a side of the square base of the box and h the height of the box. V x h 48 h . Theœ œ œ œ Ê œ2 48
x2

 total cost is given by C 6 x 4 4 x h 6x 16x 6x , x 0 C 12xœ † � † œ � œ � � Ê œ � œ2 2 248 768 768 12x 768
x x x xa b ˆ ‰2 2 2

3w �

 C 0 0 12x 768 0 x 4; C 12 C 4 12 0 local minimum.w ww ww�œ Ê œ Ê � œ Ê œ œ � Ê œ � � Ê12x 768 1536 1536
x x 4

33

2 2 2a b
 x 4 h 3 and C 4 6 4 288 the box is 4 ft 4 ft 3 ft, with a minimum cost of $288œ Ê œ œ œ � œ Ê ‚ ‚48 768

4 4
2

2 a b a b
58. Let x the number of $10 increases in the charge per room, then price per room 50 10x, and the number of roomsœ œ �

 filled each night 800 40x the total revenue is R x 50 10x 800 40x 400x 6000x 40000,œ � Ê œ � � œ � � �a b a ba b 2

 0 x 20 R x 800x 6000; R x 0 800x 6000 0 x ; R x 800Ÿ Ÿ Ê œ � � œ Ê � � œ Ê œ œ �w w wwa b a b a b15
2

 R 800 0 local maximum. The price per room is 50 10 $125.Ê œ � � Ê � œwwˆ ‰ ˆ ‰15 15
2 2

59. We have CM M . Solving C M M . Also, at M  there is adR d R C d R C
dM dM dMœ � œ � # œ ! Ê œ œ � # � ! Ê œ#

# #

# $

# $

 maximum.
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60. (a) If v cr r cr , then v 2cr r 3cr cr 2r 3r  and v 2cr 6cr 2c r 3r .  The solution ofœ � œ � œ � œ � œ �! ! ! ! !
# $ w # wwa b a b

 v 0 is r 0 or , but 0 is not in the domain.  Also, v 0 for r  and v 0 for r   at rw w wœ œ � � � � Ê œ2r 2r 2r 2r
3 3 3 3
! ! ! !

 there is a maximum.
 (b) The graph confirms the findings in (a).

 

61. If x 0, then (x 1) 0  x 1 2x  2.  In particular if a, b, c and d are positive integers,� �   Ê �   Ê  # # �x 1
x

#

 then 16.Š ‹Š ‹Š ‹Š ‹a 1 b 1 c 1 d
a b c d

# # # #� � � �"  

62. (a) f(x) f (x) 0œ Ê œ œ œ �x a x x a
a x

a x x a x
a x a x a xÈ a b a ba b a b a b# #

# # # # #"Î# �"Î#

# #

# # # #

# # # #$Î# $Î#�
w � � �

�
� �

� �

  f(x) is an increasing function of xÊ

 (b) g(x) g (x)œ Ê œd x
b (d x)

b (d x) (d x) b (d x)
b (d x)

�
� �

w � � � � � � �
� �È a b a b

# #

# # # # #"Î# �"Î#

# #

 0  g(x) is a decreasing function of xœ œ � Ê� � � � �

� � � �

�a b
a b a b

b (d x) (d x)

b (d x) b (d x)
b# # #

# # # #$Î# $Î#

#

 (c) Since c , c 0, the derivative  is an increasing function of x (from part (a)) minus a decreasing" # �
dt
dx

 function of x (from part (b)):  f(x) g(x)  f (x) g (x) 0 since f (x) 0 anddt d t
dx c c dx c cœ � Ê œ � � �" " " "w w w

" # " #

#

#

 g (x) 0   is an increasing function of x.w � Ê dt
dx

63. At x c, the tangents to the curves are parallel.  Justification:  The vertical distance between the curves isœ

 D(x) f(x) g(x), so D (x) f (x) g (x).  The maximum value of D will occur at a point c where D 0.  Atœ � œ � œw w w w

 such a point, f (c) g (c) 0, or f (c) g (c).w w w w� œ œ

64. (a) f(x) 3 4 cos x cos 2x is a periodic function with period 2œ � � 1

 (b) No, f(x) 3 4 cos x cos 2x 3 4 cos x 2 cos x 1 2 1 2 cos x cos x 2(1 cos x) 0œ � � œ � � � œ � � œ �  a b a b# # #

  f(x) is never negative.Ê

65. (a) If y cot x 2 csc x where 0 x , then y (csc x) 2 cot x csc x .  Solving y 0 cos xœ � � � œ � œ Ê œÈ ÈŠ ‹1 w w "È2

 x .  For 0 x  we have y 0, and y 0 when x .  Therefore, at x  there is a maximumÊ œ � � � � � � œ1 1 1 1
4 4 4 4

w w 1

  value of y 1.œ �

 (b) 

 The graph confirms the findings in (a).
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66. (a) If y tan x 3 cot x where 0 x , then y sec x 3 csc x.  Solving y 0  tan x 3œ � � � œ � œ Ê œ „1
#

w # # w È
  x , but  is not in the domain.  Also, y 2 sec x tan x 6 csc x cot x 0 for all 0 x .Ê œ „ � œ � � � �1 1 1

3 3 2
ww # #

 Therefore at x  there is a minimum value of y 2 3.œ œ1
3

È
 (b) 

 The graph confirms the findings in (a).

67. (a) The square of the distance is D x x x x x , so D x x  and the criticala b a bˆ ‰ ˆ ‰Èœ � � � ! œ � # � œ # � #$ *
# %

# # # w

 point occurs at x . Since D x  for x  and D x  for x , the critical point corresponds to theœ " � ! � " � ! � "w wa b a b
 minimum distance. The minimum distance is D .È a b" œ

È&
#

 (b) 

 The minimum distance is from the point  to the point  on the graph of y x, and this occurs at theˆ ‰ a b È$
# ß ! "ß " œ

 value x  where D x , the distance squared, has its minimum value.œ " a b
68. (a) Calculus Method:

 The square of the distance from the point  to x x  is given byŠ ‹ Š ‹È È"ß $ ß "' � #

 D x x x x x x x x x .a b a b Š ‹È È ÈÈœ � " � "' � � $ œ � # � " � "' � � # %) � $ � $ œ � # � #! � # %) � $# # # #
#

# #

 Then D x x . Solving D x  we have: x xw w" # '
# %) � $ %) � $

#a b a b a b Èœ � # � † �' œ � # � œ ! ' œ # %) � $È È  x   x
x

# #

 x x x x x x . We discard x  as an extraneous solution,Ê $' œ % %) � $ Ê * œ %) � $ Ê "# œ %) Ê œ „ # œ �## # # # #a b
 leaving x . Since D x  for x  and D x  for x , the critical point corresponds to theœ # � ! �% � � # � ! # � � %w wa b a b
 minimum distance. The minimum distance is D .È a b# œ #

 Geometry Method:

 The semicircle is centered at the origin and has radius . The distance from the origin to  is% "ß $Š ‹È
 . The shortest distance from the point to the semicircle is the distance along the radiusÊ Š ‹È" � $ œ ##

#

 containing the point . That distance is .Š ‹È"ß $ % � # œ #
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 (b) 

 The minimum distance is from the point  to the point  on the graph of y x , and thisŠ ‹ Š ‹È È È"ß $ #ß # $ œ "' � #

 occurs at the value x  where D x , the distance squared, has its minimum value.œ # a b
4 6  NEWTON'S METHODÞ

 1. y x x 1  y 2x 1  x x ; x 1  x 1œ � � Ê œ � Ê œ � œ Ê œ � œ# w
! "

� �
#�n 1 n�

x x 1
x 1

#

n n

n

� �

# �

1 1 1 2
1 3

  x   x .61905; x 1  x 1 2Ê œ � Ê œ � œ � œ ¸ œ � Ê œ � œ �# # ! "
� �

�
� � " � �
� # �#�

2 2 4 6 9 2 13 1 1 1
3 3 12 9 3 1 21 1

1

1

4 2
9 3

4
3

  x 2 1.66667Ê œ � � œ � ¸ �#
� �"
� �

4 2 5
4 1 3

 2. y x 3x 1  y 3x 3  x x ; x 0  x 0œ � � Ê œ � Ê œ � œ Ê œ � œ �$ w #
! "

" "
n 1 n�

x 3x 1
3x 3

$

#

n n

n

� �

� 3 3

  x 0.32222Ê œ � � œ � � œ � ¸ �#
" " "� � �

�3 3 90 90
1 1
3

29
"

#

"

7

3

 3. y x x 3  y 4x 1  x x ; x 1  x 1œ � � Ê œ � Ê œ � œ Ê œ � œ% w $
! "

� �
�n 1 n�

x x 3
4x 1

%

$

n n

n

� �

�

1 1 3 6
4 1 5

  x 1.16542; x 1  x 1Ê œ � œ � œ � œ ¸ œ � Ê œ � �# ! "
� �

�
� � "� �

� � �
6 6 1296 750 1875 6 171 5763 1 3
5 5 4320 625 5 4945 4945 4 1

3

1

1296 6
625 5

864
125

 2  x 2 2 1.64516œ � Ê œ � � œ � � œ � ¸ �#
� �

� �
16 2 3 11 51

32 1 31 31

 4. y 2x x 1  y 2 2x  x x ; x 0  x 0œ � � Ê œ � Ê œ � œ Ê œ � œ �# w
! "

� �" "
#� #n 1 n�

2x x 1
2 2x
n n

n

� �

�

#
0 0

0

  x .41667; x 2  x 2   xÊ œ � � œ � � œ � ¸ � œ Ê œ � œ Ê œ �# ! " #
" " " � �"
# #� # # # #� # # #�

� � �" � �1 5 1
1 1 1 4 5

5 4 4 5 5
"

4 4
25

 2.41667œ � œ � œ ¸5 20 25 4 5 29
1 1 12# � # # #

� � "

 5. y x 2  y 4x   x x ; x 1  x 1   xœ � Ê œ Ê œ � œ Ê œ � œ Ê œ � œ �% w $
! " #

"� ��
n 1 n�

x 2
4x

%

$

n

n

� 2 5 5 5 625 512
4 4 4 4 2000

2625
256

125
16

 1.1935œ � œ œ ¸5 113 2500 113 2387
4 2000 2000 000

�
#

 6. From Exercise 5, x x ; x 1  x 1 1   xn 1 n� œ � œ � Ê œ � � œ � � œ � Ê œ � �
x 2
4x

%

$

n

n

�
! " #

"� "
�

�

�
2 5 5

4 4 4 4
2625

256
125
16

 1.1935œ � � œ � � ¸ �5 625 512 5 113
4 2000 4 2000

�
�

 7. f(x ) 0 and f (x )   x x  gives x x   x x   x x  for all n 0.  That is, all of! ! " ! # ! !
wœ Á ! Ê œ � œ Ê œ Ê œ  n 1 n n�

f x
f x
a b
a b

n

n
w

 the approximations in Newton's method will be the root of f(x) 0.œ

 8. It does matter.  If you start too far away from x , the calculated values  may approach some other root. Starting withœ 1
#

 x 0.5, for instance, leads to x  as the root, not x .! # #œ � œ � œ1 1
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 9. If x h 0  x x h! " !œ � Ê œ � œ �f(x ) f(h)
f (x ) f (h)

!

w w
!

 h h h 2 h h;œ � œ � œ �
È

Š ‹
h

"

#Èh

Š ‹Š ‹È È
 if x h 0  x x h! " !

�
�œ � � Ê œ � œ � �f(x ) f( h)

f (x ) f ( h)
!

w w
!

 h h h 2 h h.œ � � œ � � œ
È

Š ‹
h

�"

2 hÈ

Š ‹Š ‹È È

 

10. f(x) x   f (x) x   x xœ Ê œ Ê œ �"Î$ w �#Î$"ˆ ‰
3 n 1 n�

x
x

"Î$

" �#Î$
n

3 nˆ ‰

 2x ; x 1  x 2, x 4, x 8, andœ � œ Ê œ � œ œ �n ! " # $

 x 16 and so forth.  Since x 2 x  we may conclude% œ œ l lk kn n 1�

 that n    x   .Ä _ Ê Ä _k kn

 

11. i) is equivalent to solving x x .$ � $ � " œ !

 ii) is equivalent to solving x x .$ � $ � " œ !

 iii) is equivalent to solving x x .$ � $ � " œ !

 iv) is equivalent to solving x x .$ � $ � " œ !

 All four equations are equivalent.

12. f(x) x 1 0.5 sin x  f (x) 1 0.5 cos x  x x ; if x 1.5, then x 1.49870œ � � Ê œ � Ê œ � œ œw
! "n 1 n�

x 1 0.5 sin x
1 0.5 cos x

n n

n

� �

�

13. f(x) tan x 2x  f (x) sec x 2  x x ; x 1  x 1.2920445œ � Ê œ � Ê œ � œ Ê œw #
! "n 1 n�

tan x 2x
sec x
a b

a b
n n

n

�
#

 x 1.155327774  x x 1.165561185Ê œ Ê œ œ# 16 17

14. f(x) x 2x x 2x 2  f (x) 4x 6x 2x 2  x x ;œ � � � � Ê œ � � � Ê œ �% $ # w $ #
n 1 n�

x 2x x 2x 2
4x 6x 2x 2

% $ #

$ #

n n n n

n n n

� � � �

� � �

 if x 0.5, then x 0.630115396; if x 2.5, then x 2.57327196! % ! %œ œ œ œ

15. (a) The graph of f(x) sin 3x 0.99 x  in the windowœ � � #

 2 x 2, 2 y 3 suggests three roots.� Ÿ Ÿ � Ÿ Ÿ

 However, when you zoom in on the x-axis near x 1.2,œ

 you can see that the graph lies above the axis there.
 There are only two roots, one near x 1, the otherœ �

 near x 0.4.œ

 (b) f(x) sin 3x 0.99 x   f (x) 3 cos 3x 2xœ � � Ê œ �# w

  x x  and the solutionsÊ œ �n 1 n�

sin (3x ) 0.99 x
3 cos (3x ) 2x

n n

n n

� �

�

#

 are approximately 0.35003501505249 and
 1.0261731615301�
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16. (a) Yes, three times as indicted by the graphs
 (b) f(x) cos 3x x  f (x)œ � Ê w

 3 sin 3x 1  xœ � � Ê n 1�

 x ; atœ �n
cos 3x x
3 sin 3x 1

a b
a b

n n

n

�

� �

 approximately 0.979367,�

 0.887726, and 0.39004 we have�

 cos 3x xœ  

17. f(x) 2x 4x 1  f (x) 8x 8x  x x ; if x 2, then x 1.30656296; ifœ � � Ê œ � Ê œ � œ � œ �% # w $
! 'n 1 n�

2x 4x 1
8x 8x

% #

$

n n

n n

� �

�

 x 0.5, then x 0.5411961; the roots are approximately 0.5411961 and 1.30656296 because f(x) is! $œ � œ � „ „

 an even function.

18. f(x) tan x  f (x) sec x  x x ; x 3  x 3.13971  x 3.14159 and weœ Ê œ Ê œ � œ Ê œ Ê œw #
! " #n 1 n�

tan x
sec x

a b
a b

n

n
#

 approximate  to be 3.14159.1

19. From the graph we let x 0.5 and f(x) cos x 2x! œ œ �

  x x   x .45063Ê œ � Ê œn 1 n�

cos x 2x
sin x 2
a b
a b
n n

n

�

� � "

  x .45018  at x 0.45 we have cos x 2x.Ê œ Ê ¸ œ#

 

20. From the graph we let x 0.7 and f(x) cos x x! œ � œ �

  x x   x .73944Ê œ � Ê œ �n 1 n�

x cos x
1 sin x
n n

n

�

�

a b
a b "

  x .73908  at x 0.74 we have cos x x.Ê œ � Ê ¸ � œ �#

 

21. The x-coordinate of the point of intersection of y x x 1  and y  is the solution of  x x 1œ � œ � œ2 21 1
x xa b a b

 x x 0 The x-coordinate is the root of f x x x f x 3x 2x . Let x 1Ê � � œ Ê œ � � Ê œ � � œ3 2 3 2 21 1 1
x x x 0a b a bw

2

 x x  x 0.83333  x 0.81924  x 0.81917  x 0.81917 r 0.8192Ê œ � Ê œ Ê œ Ê œ Ê œ Ê ¸n 1 n�

x x

3x 2x 2 3 7
n n n

n n
n

3 2 1
x

2 1
x2

� �

� � "

22. The x-coordinate of the point of intersection of y x and y 3 x  is the solution of  x 3 xœ œ � œ �È È2 2

 x 3 x 0 The x-coordinate is the root of f x x 3 x f x 2x. Let x 1Ê � � œ Ê œ � � Ê œ � œÈ Èa b a b2 2 1
2 x 0

w È
 x x  x 1.4  x 1.35556  x 1.35498  x 1.35498 r 1.3550Ê œ � Ê œ Ê œ Ê œ Ê œ Ê ¸n 1 n�

Èx 3 x

2x 2 3 7
n n

n
n

� �

� "

2

1
2 xÈ
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23. If f(x) x 2x 4, then f(1) 1 0 and f(2) 8 0  by the Intermediate Value Theorem the equationœ � � œ � � œ � Ê$

 x 2x 4 0 has a solution between 1 and 2.  Consequently, f (x) 3x 2 and x x .$ w #� � œ œ � œ �n 1 n�

x 2x 4
3x 2

$

#

n n

n

� �

�

 Then x 1  x 1.2  x 1.17975  x 1.179509  x 1.1795090  the root is approximately! " # $ %œ Ê œ Ê œ Ê œ Ê œ Ê

 1.17951.

24. We wish to solve 8x 14x 9x 11x 1 0.  Let f(x) 8x 14x 9x 11x 1, then% $ # % $ #� � � � œ œ � � � �

 f (x) 32x 42x 18x 11  x x .w $ #œ � � � Ê œ �n 1 n�

8x 14x 9x 11x 1
3 x 42x 18x 11

% $ #

$ #

n n n n

n n n

� � � �

# � � �

 x approximation of corresponding root
1.0 0.976823589

0.1 0.100363332
0.6 0.642746671
2.0 1.983713587

!

� �

25. f(x) 4x 4x   f (x) 16x 8x  x x x . Iterations are performed using theœ � Ê œ � Ê œ � œ �% # w $
i�1 i i

f x
f x

x x
x

a b
a b

i

i

i i

i
w

$

#

�

% �#

 procedure in problem 13 in this section.
 (a) For x  or x , x  as i gets large.! !œ �# œ �!Þ) Ä �"i

 (b) For x  or x , x  as i gets large.! !œ �!Þ& œ !Þ#& Ä !i

 (c) For x  or x , x  as i gets large.! !œ !Þ) œ # Ä "i

 (d) (If your calculator has a CAS, put it in exact mode, otherwise approximate the radicals with a decimal value.)

 For x  or x , Newton's method does not converge. The values of x  alternate between! !œ � œ �
È È21 21

7 7 i

 x  or x  as i increases.! !œ � œ �
È È21 21

7 7

26. (a) The distance can be represented by

 D(x) (x 2) x , where x 0.  Theœ � � �  É ˆ ‰# # "
#

#

 distance D(x) is minimized when

 f(x) (x 2) x  is minimized.  Ifœ � � �# # "
#

#ˆ ‰
 f(x) (x 2) x , thenœ � � �# # "

#

#ˆ ‰
 f (x) 4 x x 1  and f (x) 4 3x 1 0.w $ ww #œ � � œ � �a b a b
 Now f (x) 0  x x 1 0  x x 1 1w $ #œ Ê � � œ Ê � œa b
  x .Ê œ "

�x 1#

 

 (b) Let g(x) x x 1 x  g (x) x 1 (2x) 1 1œ � œ � � Ê œ � � � œ �" �
�

# w #�" �#

�x 1
2x

x 1# # #a b a b a b

  x x ; x 1  x 0.68233 to five decimal places.Ê œ � œ Ê œn 1 n�

Œ �
Î Ñ
Ï Ò

"

#�

�

# � �
#

x 1n
n

2xn

x 1 1n

� x

Š ‹

! %

27. f(x) (x 1)   f (x) 40(x 1)   x x .  With x 2, our computerœ � Ê œ � Ê œ � œ œ%! w $*
!n 1 n�

a b
a b
x 1

40 x 1
39x

40
n

n

n�

�

�"
%!

$*

 gave x x x x 1.11051, coming within 0.11051 of the root x 1.)( )) )* #!!œ œ œ â œ œ œ

28. Since s r 3 r . Bisect the angle  to obtain a right tringle with hypotenuse r and opposite sideœ Ê œ Ê œ) ) ) )3
r

 of length 1. Then sin sin sin sin 0. Thus the solution r is a root of)
2 r 2 r 2r r 2r r

1 1 3 1 3 1œ Ê œ Ê œ Ê � œ
ˆ ‰3

r ˆ ‰
 f r sin f r cos ; r 1 r r r 1.00280a b a bˆ ‰ ˆ ‰œ � Ê œ � � œ Ê œ � Ê œ3 1 3 3 1

2r r 2r 2r r 0 n 1 n 1
sin

cos
w

�
�

� �2 2 3 3 1

3 1
2r rn n

2r rn n
2 22rn

ˆ ‰
ˆ ‰

 r 1.00282 r 1.00282 r 1.0028 2.9916Ê œ Ê œ Ê ¸ Ê œ ¸2 3
3

1.00282)
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4.7  ANTIDERIVATIVES

 1. (a) x  (b)  (c) x x# #x x
3 3

$ $

� �

 2. (a) 3x  (b)  (c) 3x 8x# #x x
8 8

) )

� �

 3. (a) x  (b)  (c) x 3x�$ #� � � �x x
3 3

�$ �$

 4. (a) x  (b)  (c) x� � � � ��#
#

x x x x
4 3 2

�# $ �# #

 5. (a)  (b)  (c) 2x�" �
x x x

5 5�

 6. (a)  (b)  (c) " �" "
#x 4x 4 x

x
# # #

%

�

 7. (a) x  (b) x (c) x 2 xÈ ÈÈ È$ $2
3 �

 8. (a) x  (b) x  (c) x x%Î$ #Î$ %Î$ #Î$"
# #

3 3
4 �

 9. (a) x  (b) x  (c) x#Î$ "Î$ �"Î$

10. (a) x  (b) x  (c) x"Î# �"Î# �$Î#

11. (a) cos ( x) (b) 3 cos x (c) cos (3x)1 � ��cos ( x)1

1

12. (a) sin ( x) (b) sin  (c)  sin  sin x1 1ˆ ‰ ˆ ‰ ˆ ‰1 1
1

x 2 x
# # �

13. (a) tan x (b) 2 tan  (c)  tan ˆ ‰ ˆ ‰x 2 3x
3 3� #

14. (a) cot x (b) cot  (c) x 4 cot (2x)� �ˆ ‰3x
#

15. (a) csc x (b)  csc (5x) (c) 2 csc� "
#5
xˆ ‰1

16. (a) sec x (b)  sec (3x) (c)  sec4 2 x
3 1

1ˆ ‰
#

17. (x 1) dx x C 18. (5 6x) dx 5x 3x C' '� œ � � � œ � �x#

#
#

19. 3t  dt t C 20. 4t  dt t C' 'ˆ ‰ Š ‹# $ $ %
# #� œ � � � œ � �t t t t

4 6

# # $

21. 2x 5x 7  dx x x 7x C 22. 1 x 3x  dx x x x C' 'a b a b$ % # # & $ '" " "
# # #� � œ � � � � � œ � � �5

3

23. x  dx x x  dx x C C' 'ˆ ‰ ˆ ‰" " " " "# �# #
�x 3 3 1 3 3 x 3 3
x x x x

#

�" $ $

� � œ � � œ � � � œ � � � �

24. 2x  dx 2x 2x  dx x C x C' ˆ ‰ ˆ ‰' Š ‹" " " "�$ #
�# #5 x 5 5 5 x

2 2x 2x x� � œ � � œ � � � œ � � �$ #

�# #
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25. x  dx C x C 26. x  dx C C' '�"Î$ #Î$ �&Î%
# �

�œ � œ � œ � œ �x 3 x 4
x

#Î$ �"Î%

" %2
3 4

È

27. x x  dx x x  dx C x x C' 'ˆ ‰ ˆ ‰È È� œ � œ � � œ � �$ "Î# "Î$ $Î# %Î$x x 2 3
3 4

$Î# %Î$

#
3 4

3

28.  dx x 2x  dx 2 C x 4x C' 'Š ‹ Š ‹ Š ‹ˆ ‰È
È

x 2 x x
x 3# # #

" " ""Î# �"Î# $Î# "Î#� œ � œ � � œ � �
$Î# "Î#

#
"
#

3

29. 8y  dy 8y 2y  dy 2 C 4y y C' 'Š ‹ Š ‹ˆ ‰� œ � œ � � œ � �2 8
y

8y y
3"Î%

# $Î%
�"Î% # $Î%

# 3
4

30.  dy y  dy y C C' 'Š ‹ Š ‹ˆ ‰" " "�&Î%
�7 7 7 7

1 4
y y

y y� œ � œ � � œ � �&Î% "Î%

�"Î%

1
4

31. 2x 1 x  dx 2x 2x  dx 2 C x C' 'a b a b Š ‹� œ � œ � � œ � ��$ �# #
# �

2x x 2
1 x

# �"

32. x (x 1) dx x x  dx C C' '�$ �# �$
� �# #

" "� œ � œ � � œ � � �a b Š ‹x x
1 x x

�" �#

#

33.   dt  dt t t  dt C 2 t C' ' 't t t
t t t

t t t t 2
t

È È
È� �"Î# �$Î#

�# # #

$Î# "Î# "Î# �"Î#

" "
# #

œ � œ � œ � � œ � �Š ‹ Š ‹ˆ ‰ È

34.   dt  dt 4t t  dt 4 C C' ' '4 t
t t t t

4 t t t 2 2
3t

� �$ �&Î#
�# �

È
$ $ $ #

"Î# �# �$Î#

#
$Î#œ � œ � œ � � œ � � �Š ‹ Š ‹ Š ‹ˆ ‰ 3

35. 2 cos t dt 2 sin t C 36. 5 sin t dt 5 cos t C' '� œ � � � œ �

37. 7 sin  d 21 cos C 38. 3 cos 5  d  sin 5 C' ') )
3 3 5

3) ) ) )œ � � œ �

39. 3 csc x dx 3 cot x C 40.  dx C' '� œ � � œ � �# sec x tan x
3 3

#

41.   d  csc C 42.   sec  tan  d  sec C' 'csc  cot 2 2
5 5

) )
# #

") ) ) ) ) )œ � � œ �

43. 4 sec x tan x 2 sec x  dx 4 sec x 2 tan x C' a b� œ � �#

44.  csc x csc x cot x  dx  cot x  csc x C' " " "#
# #2 a b� œ � � �

45. sin 2x csc x  dx  cos 2x cot x C 46. (2 cos 2x 3 sin 3x) dx sin 2x cos 3x C' 'a b� œ � � � � œ � �# "
#

47.   dt  cos 4t  dt t C C' '1 cos 4t sin 4t t sin 4t
4 2 8

� " " " "
# # # # #œ � œ � � œ � �ˆ ‰ ˆ ‰

48.   dt  cos 6t  dt t C C' '1 cos 6t sin 6t t sin 6t
6 2 12

� " " " "
# # # # #œ � œ � � œ � �ˆ ‰ ˆ ‰

49. 1 tan  d sec  d tan C' 'a b� œ œ �# #) ) ) ) )

50. 2 tan  d 1 1 tan  d  1 sec  d tan C' ' 'a b a b a b� œ � � œ � œ � �# # #) ) ) ) ) ) ) )

51. cot x dx csc x 1  dx cot x x C ' '# #œ � œ � � �a b
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52. 1 cot x  dx 1 csc x 1  dx 2 csc x  dx 2x cot x C' ' 'a b a b a ba b� œ � � œ � œ � �# # #

53. cos (tan sec ) d (sin 1) d cos C' ) ) ) ) ) ) ) )� œ � œ � � �'

54.   d  d   d   d sec  d tan C' 'csc csc sin 
csc sin csc sin sin 1 sin cos

) ) )
) ) ) ) ) ) )� � �

" " #) ) ) ) ) ) )œ œ œ œ œ �ˆ ‰ ˆ ‰ ' ' '
# #

55. C (7x 2)d
dx 28 28

(7x 2) 4(7x 2) (7)Š ‹� � $
% $

� œ œ �

56. C (3x 5)d
dx 3 3

(3 x 5) (3x 5) (3)Š ‹ Š ‹� � œ � � œ �� � �#
�" �#

57.  tan (5x 1) C sec (5x 1) (5) sec (5x 1)d
dx 5 5
ˆ ‰ a b" " # #� � œ � œ �

58. 3 cot C 3 csc cscd x x x
dx 3 3 3 3
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰� � œ � � œ�" �" " �"# #

59. C ( 1)( 1)(x 1)  60. Cd d x
dx x 1 (x 1) dx x 1 (x 1) (x 1)

(x 1)( ) x(1)ˆ ‰ ˆ ‰�" " "
� � � � �

�# � " �� œ � � � œ � œ œ# # #

61. (a) Wrong:   sin x C  sin x  cos x x sin x  cos x x sin xd x 2x x x
dx Š ‹# # #

# # # #� œ � œ � Á

 (b) Wrong:  ( x cos x C) cos x x sin x x sin xd
dx � � œ � � Á

 (c) Right:  ( x cos x sin x C) cos x x sin x cos x x sin xd
dx � � � œ � � � œ

62. (a) Wrong:  C (sec  tan ) sec  tan tan  secd sec 3 sec
d 3 3)

) )Š ‹$ #

� œ œ Á) ) ) ) ) )$ #

 (b) Right:   tan C (2 tan ) sec tan  secd
d)
ˆ ‰" "
# #

# # #) ) ) ) )� œ œ

 (c) Right:   sec C (2 sec ) sec  tan tan  secd
d)
ˆ ‰" "
# #

# #) ) ) ) ) )� œ œ

63. (a) Wrong:  C 2(2x 1) (2x 1)d
dx 3 3

(2x 1) 3(2x 1) (2)Š ‹� � # #
$ #

� œ œ � Á �

 (b) Wrong:  (2x 1) C 3(2x 1) (2) 6(2x 1) 3(2x 1)d
dx a b� � œ � œ � Á �$ # # #

 (c) Right:  (2x 1) C 6(2x 1)d
dx a b� � œ �$ #

64. (a) Wrong:  x x C x x C (2x 1) 2x 1d 2x 1
dx 2 x x C
a b a b È# #"Î# �"Î#" �

# � �
� � œ � � � œ Á �È #

 (b) Wrong:  x x C x x (2x 1) 2x 1d 2x 1
dx 2 x x
Š ‹a b a b È# #"Î# �"Î#" �

# �
� � œ � � œ Á �È #

 (c) Right:  2x 1 C (2x 1) C (2x 1) (2) 2x 1d d 3
dx 3 dx 3 6Œ �Š ‹È Èˆ ‰" "

$
$Î# "Î#� � œ � � œ � œ �

65. Right:  C 3 3d x 3 x 3 5
dx x 2 x 2

3 2 x 2 1 x 3 1 x 3 15 x 3
x 2 x 2 x 2 x 2

Š ‹ˆ ‰ ˆ ‰� � �
� �

� † � � † � � �

� � � �
� œ œ œa b a b a b a b

a b a b a b a b2 2 2 4

2 2

66. Wrong:  Cd
dx x x x x

sin x x cos x 2x sin x 1 2x cos x sin x x cos x sin xŠ ‹ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b2 2 2 2 2 2 2 2

2 2 2� œ œ Á
† � † � �

67. Graph (b), because 2   y x C.  Then y(1) 4  C 3.dy
dx œ B Ê œ � œ Ê œ#

68. Graph (b), because   y x C.  Then y( 1) 1  C .dy
dx

3œ �B Ê œ � � � œ Ê œ"
# #

#
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69. 2x 7  y x 7x C; at x 2 and y 0 we have 0 2 7(2) C  C 10  y x 7x 10dy
dx œ � Ê œ � � œ œ œ � � Ê œ Ê œ � �# # #

70. 10 x y 10x C; at x 0 and y 1 we have 1 10(0) C C 1 y 10x 1dy
dx

x 0 xœ � Ê œ � � œ œ � � œ � � Ê œ � Ê œ � �
# # #

# # #

71. x x x  y x C; at x 2 and y 1 we have 1 2 C  Cdy
dx x

x 2œ � œ � Ê œ � � � œ œ œ � � � Ê œ �" "�# �" �"
# # ##

# #

  y x  or yÊ œ � � � œ � � ��"
# # # #

" " "x x
x

# #

72. 9x 4x 5  y 3x 2x 5x C; at x 1 and y 0 we have 0 3( 1) 2( 1) 5( 1) Cdy
dx œ � � Ê œ � � � œ � œ œ � � � � � �# $ # $ #

  C 10  y 3x 2x 5x 10Ê œ Ê œ � � �$ #

73. x   y C ; at x 9x C; at x  and y  we have ( ) C  Cdy
dx

xœ $ Ê œ � œ * œ � œ �" œ �& �& œ * �" � Ê œ %�#Î$ "Î$ "Î$$ "Î$

"
$

   y 9xÊ œ � %"Î$

74. x   y x C; at x 4 and y 0 we have 0 4 C  C 2  y x 2dy
dx x

œ œ Ê œ � œ œ œ � Ê œ � Ê œ �" "
# #

�"Î# "Î# "Î# "Î#È

75. 1 cos t  s t sin t C; at t 0 and s 4 we have 4 0 sin 0 C  C 4  s t sin t 4ds
dt œ � Ê œ � � œ œ œ � � Ê œ Ê œ � �

76. cos t sin t s sin t cos t C; at t  and s 1 we have 1 sin cos C  C 0ds
dt œ � Ê œ � � œ œ œ � � Ê œ1 1 1

 s sin t cos tÊ œ �

77.  sin   r cos ( ) C; at r 0 and 0 we have 0 cos ( 0) C  C   r cos ( ) 1dr
d) œ � Ê œ � œ œ œ � Ê œ �" Ê œ �1 1) 1) ) 1 1)

78. cos   r  sin( ) C; at r 1 and 0 we have 1  sin ( 0) C  C   r  sin ( ) 1dr
d) 1 1 1

œ Ê œ � œ œ œ � Ê œ " Ê œ �1) 1) ) 1 1)" " "

79.  sec t tan t  v  sec t C; at v 1 and t 0 we have 1  sec (0) C  C   v  sec tdv
dt œ Ê œ � œ œ œ � Ê œ Ê œ �" " " " " "

# # # # # #

80. 8t csc t  v 4t cot t C; at v 7 and t  we have 7 4 cot C  C 7 dv
dt œ � Ê œ � � œ � œ � œ � � Ê œ � �# # #

# # #

#1 1 1ˆ ‰ ˆ ‰ 1

  v 4t cot t 7Ê œ � � �# #1

81. 2 6x  2x 3x C ; at 4 and x 0 we have 4 2(0) 3(0) C   C 4d y dy dy
dx dx dx 

#

# œ � Ê œ � � œ œ œ � � Ê œ# #
" " "

  2x 3x 4  y x x 4x C ; at y 1 and x 0 we have 1 0 0 4(0) C   C 1Ê œ � � Ê œ � � � œ œ œ � � � Ê œdy
dx

# # $ # $
# # #

  y x x 4x 1Ê œ � � �# $

82. 0  C ; at 2 and x 0 we have C 2  2  y 2x C ; at y 0 and x 0 wed y dy dy dy
dx dx dx dx

#

# œ Ê œ œ œ œ Ê œ Ê œ � œ œ" " #

 have 0 2(0) C   C 0  y 2xœ � Ê œ Ê œ# #

83. 2t t C ; at 1 and t 1 we have 1 (1) C C 2 t 2d r 2 dr dr dr
dt t dt dt dt

#

# $œ œ Ê œ � � œ œ œ � � Ê œ Ê œ � ��$ �# �# �#
" " "

 r t 2t C ; at r 1 and t 1 we have 1 1 2(1) C C 2 r t 2t 2 orÊ œ � � œ œ œ � � Ê œ � Ê œ � ��" �" �"
# # #

 r 2t 2œ � �"
t

84.   C ; at 3 and t 4 we have 3 C   C 0    s C ; atd s 3t ds 3t ds ds 3t t
dt 8 dt 16 dt 16 dt 16 16

3(4)# # # $

#

#

œ Ê œ � œ œ œ � Ê œ Ê œ Ê œ �" " " #

 s 4 and t 4 we have 4 C   C 0  sœ œ œ � Ê œ Ê œ4 t
16 16

$ $

# #

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 4.7 Antiderivatives 237

85. 6  6x C ; at 8 and x 0 we have 8 6(0) C   C 8  6x 8d y d y d y d y
dx dx dx dx

$ # # #

$ # # #œ Ê œ � œ � œ � œ � Ê œ � Ê œ �" " "

  3x 8x C ; at 0 and x 0 we have 0 3(0) 8(0) C   C 0  3x 8xÊ œ � � œ œ œ � � Ê œ Ê œ �dy dy dy
dx dx dx

# # #
# # #

  y x 4x C ; at y 5 and x 0 we have 5 0 4(0) C   C 5  y x 4x 5Ê œ � � œ œ œ � � Ê œ Ê œ � �$ # $ # $ #
$ $ $

86. 0  C ; at 2 and t 0 we have 2  2t C ; at  and t 0 wed d d d d d
dt dt dt dt dt dt

$ # # #

$ # # #

) ) ) ) ) )œ Ê œ œ � œ œ � Ê œ � � œ � œ" #
"
#

 have 2(0) C   C   2t   t t C ; at 2 and t 0 we have� œ � � Ê œ � Ê œ � � Ê œ � � � œ œ" " " "
# # # ## # $

#d
dt
) ) ) È

 2 0 (0) C   C 2  t t 2È È Èœ � � � Ê œ Ê œ � � �# #" "
# #$ $ )

87. y sin t cos t y cos t sin t C ; at y 7 and t 0 we have 7 cos (0) sin (0) C C 6Ð%Ñ www www
" " "œ � � Ê œ � � œ œ œ � � Ê œ

 y cos t sin t 6  y sin t cos t 6t C ; at y 1 and t 0 we haveÊ œ � � Ê œ � � � œ � œwww ww ww
#

 1 sin (0) cos (0) 6(0) C   C 0 y sin t cos t 6t y cos t sin t 3t C ; at� œ � � � Ê œ Ê œ � � Ê œ � � � �# # $
ww w #

 y 1 and t 0 we have 1 cos (0) sin (0) 3(0) C   C 0 y cos t sin t 3tw # w #
$ $œ � œ � œ � � � � Ê œ Ê œ � � �

 y sin t cos t t C ; at y 0 and t 0 we have 0 sin (0) cos (0) 0 C C 1Ê œ � � � � œ œ œ � � � � Ê œ �$ $
% % %

 y sin t cos t t 1Ê œ � � � �$

88. y cos x 8 sin (2x)  y sin x 4 cos (2x) C ; at y 0 and x 0 we haveÐ%Ñ www www
"œ � � Ê œ � � � œ œ

 0 sin (0)  cos (2(0)) C   C 4  y sin x 4 cos (2x) 4  y cos x 2 sin (2x) 4x C ;œ � � % � Ê œ Ê œ � � � Ê œ � � �" " #
www ww

 at y 1 and x 0 we have 1 cos (0) 2 sin (2(0)) 4(0) C   C 0  y cos x 2 sin (2x) 4xww ww
# #œ œ œ � � � Ê œ Ê œ � �

  y sin x cos (2x) 2x C ; at y 1 and x 0 we have 1 sin (0) cos (2(0)) 2(0) C   C 0Ê œ � � � œ œ œ � � � Ê œw # w #
$ $ $

  y sin x cos (2x) 2x   y cos x  sin (2x) x C ; at y 3 and x 0 we haveÊ œ � � Ê œ � � � � œ œw # $"
# %

2
3

 3 cos (0)  sin (2(0)) (0) C   C 4  y cos x  sin (2x) x 4œ � � � � Ê œ Ê œ � � � �" "
# #

$ $
% %

2 2
3 3

89. m y 3 x 3x   y 2x C; at ( 4) we have 4 2(9) C  C 50  y 2x 50œ œ œ Ê œ � *ß œ � Ê œ � Ê œ �w "Î# $Î# $Î# $Î#È

90. Yes.  If F(x) and G(x) both solve the initial value problem on an interval I then they both have the same first derivative.
 Therefore, by Corollary 2 of the Mean Value Theorem there is a constant C such that F(x) G(x) C for all x.  Inœ �

 particular, F(x ) G(x ) C, so C F(x ) G(x ) 0.  Hence F(x) G(x) for all x.! ! ! !œ � œ � œ œ

91. 1 x   y 1 x  dx x x C; at (1 0.5) on the curve we have 0.5 1 1 Cdy
dx 3 3

4 4œ � Ê œ � œ � � ß œ � �"Î$ "Î$ %Î$ %Î$' ˆ ‰
  C 0.5  y x xÊ œ Ê œ � �%Î$ "

#

92. x 1 y (x 1) dx x C; at ( 1 1) on the curve we have 1 ( 1) C Cdy ( )
dx

xœ � Ê œ � œ � � � ß œ � � � Ê œ �' # #

# # #
�" "

  y xÊ œ � �x#

# #
"

93. sin x cos x  y (sin x cos x) dx cos x sin x C; at ( 1) on the curve we havedy
dx œ � Ê œ � œ � � � � ß�' 1

 cos ( ) sin ( ) C  C 2  y cos x sin x 2�" œ � � � � � Ê œ � Ê œ � � �1 1

94.  sin x x  sin x  y x sin x  dx x cos x C; at (1 ) on thedy
dx x

œ � œ � Ê œ � œ � � ß #" " "
# # #

�"Î# �"Î# "Î#È 1 1 1 1 1 1' ˆ ‰
 curve we have 2 1 cos (1) C  C 0  y x cos xœ � � Ê œ Ê œ �"Î# 1 1È

95. (a) 9.8t 3  s 4.9t 3t C; (i) at s 5 and t 0 we have C 5  s 4.9t 3t 5;ds
dt œ � Ê œ � � œ œ œ Ê œ � �# #

 displacement s(3) s(1) ((4.9)(9) 9 5) (4.9 3 5) 33.2 units; (ii) at s 2 and t 0 we haveœ � œ � � � � � œ œ � œ

 C 2  s 4.9t 3t 2; displacement s(3) s(1) ((4.9)(9) 9 2) (4.9 3 2) 33.2 units;œ � Ê œ � � œ � œ � � � � � œ#

 (iii) at s s  and t 0 we have C s   s 4.9t 3t s ; displacement s(3) s(1)œ œ œ Ê œ � � œ �! ! !
#

 ((4.9)(9) 9 s ) (4.9 3 s ) 33.2 unitsœ � � � � � œ! !
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238 Chapter 4 Applications of Derivatives

 (b) True.  Given an antiderivative f(t) of the velocity function, we know that the body's position function is
 s f(t) C for some constant C.  Therefore, the displacement from t a to t b is (f(b) C) (f(a) C)œ � œ œ � � �

 f(b) f(a).  Thus we can find the displacement from any antiderivative f as the numerical differenceœ �

 f(b) f(a) without knowing the exact values of C and s.�

96. a(t) v (t) 20 v(t) 20t C; at (0 0) we have C 0 v(t) 20t. When t 60, then v(60) 20(60) 1200 .œ œ Ê œ � ß œ Ê œ œ œ œw m
sec

97. Step 1: k  kt C ; at 88 and t 0 we have C 88  kt 88 d s ds ds ds
dt dt dt dt

#

# œ � Ê œ � � œ œ œ Ê œ � � Ê" "

 s k 88t C ; at s 0 and t 0 we have C 0  s 88tœ � � � œ œ œ Ê œ � �Š ‹t kt# #

# ## #

 Step 2: 0  0 kt 88  tds 88
dt kœ Ê œ � � Ê œ

 Step 3: 242 88   242   242   k 16œ � Ê œ � � Ê œ Ê œ
�

#

k 88
k 2k k 2k

(88) (88) (88)ˆ ‰88
k

#
# # #ˆ ‰

98. k  k dt kt C; at 44 when t 0 we have 44 k(0) C  C 44d s ds ds
dt dt dt

#

# œ � Ê œ � œ � � œ œ œ � � Ê œ'

   kt 44  s 44t C ; at s 0 when t 0 we have 0 44(0) C   C 0Ê œ � � Ê œ � � � œ œ œ � � � Ê œds kt
dt

k(0)# #

# #" " "

  s 44t.  Then 0  kt 44 0  t  and s 44 45Ê œ � � œ Ê � � œ Ê œ œ � � œkt ds 44 44 44
dt k k k

k#
#

# #
ˆ ‰ ˆ ‰ˆ ‰44

k

  45  45  k 21.5 .Ê � � œ Ê œ Ê œ ¸968 1936 968 968 ft
k k k 45 sec2

99. (a) v a dt 15t 3t  dt 10t 6t C; (1) 4  4 10(1) 6(1) C  C 0œ œ � œ � � œ Ê œ � � Ê œ' ' ˆ ‰"Î# �"Î# $Î# "Î# $Î# "Î#ds
dt

  v 10t 6tÊ œ �$Î# "Î#

 (b) s v dt 10t 6t  dt 4t 4t C; s(1) 0  0 4(1) 4(1) C  C 0œ œ � œ � � œ Ê œ � � Ê œ' ' ˆ ‰$Î# "Î# &Î# $Î# &Î# $Î#

  s 4t 4tÊ œ �&Î# $Î#

100. 5.2  5.2t C ; at 0 and t 0 we have C 0  5.2t  s 2.6t C ; at s 4d s ds ds ds
dt dt dt dt

#

# œ � Ê œ � � œ œ œ Ê œ � Ê œ � � œ" " #
#

  and t 0 we have C 4  s 2.6t 4.  Then s 0  0 2.6t 4  t 1.24 sec, since t 0œ œ Ê œ � � œ Ê œ � � Ê œ ¸ �#
# # É 4

2.6

101. a  a dt at C; v  when t 0  C v   at v   s v t C ; s sd s ds ds ds at
dt dt dt dt

# #

# œ Ê œ œ � œ œ Ê œ Ê œ � Ê œ � � œ' ! ! ! ! " !#

 when t 0  s v (0) C   C s   s v t sœ Ê œ � � Ê œ Ê œ � �! ! " " ! ! !# #
a(0) at# #

102. The appropriate initial value problem is:  Differential Equation:  g with Initial Conditions:  v  andd s ds
dt dt

#

# œ � œ !

 s s  when t 0.  Thus, g dt gt C ; (0) v   v ( g)(0) C   C vœ œ œ � œ � � œ Ê œ � � Ê œ! " ! ! " " !
ds ds
dt dt

'

 gt v . Thus s gt v  dt gt v t C ; s(0) s  (g)(0) v (0) C   C sÊ œ � � œ � � œ � � � œ œ � � � Ê œds
dt ! ! ! # ! ! # # !

" "
# #

# #' a b
 Thus s gt v t sœ � � �"

#
#

! !.

103 106 Example CAS commands:�

 :Maple
 with(student):
 f := x -> cos(x)^2 + sin(x);
 ic := [x=Pi,y=1];
 F := unapply( int( f(x), x ) + C, x );
 eq := eval( y=F(x), ic );
 solnC := solve( eq, {C} );
 Y := unapply( eval( F(x), solnC ), x );
 DEplot( diff(y(x),x) = f(x), y(x), x=0..2*Pi, [[y(Pi)=1]],
         color=black, linecolor=black, stepsize=0.05, title="Section 4.7 #103" );
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 : (functions  and values may  vary)Mathematica
 The following commands use the definite integral and the Fundamental Theorem of calculus to construct the solution
 of the initial value problems for exercises 103 - 105.
 Clear[x, y, yprime]

 yprime[x_] = Cos[x] Sin[x];2 �

 initxvalue = ; inityvalue = 1;1

 y[x_] = Integrate[yprime[t], {t, initxvalue, x}] inityvalue�

 If the solution satisfies the differential equation and initial condition, the following yield True
 yprime[x]==D[y[x], x] //Simplify
 y[initxvalue]==inityvalue
 Since exercise 106 is a second order differential equation, two integrations will be required.
 Clear[x, y, yprime]
 y2prime[x_] = 3 Exp[x/2] 1;�

 initxval = 0; inityval = 4; inityprimeval = 1;�

 yprime[x_] = Integrate[y2prime[t],{t, initxval, x}] inityprimeval�

 y[x_] = Integrate[yprime[t], {t, initxval, x}]  inityval�

 Verify that y[x] solves the differential equation and initial condition and plot the solution (red) and its derivative (blue).
 y2prime[x]==D[y[x], {x, 2}]//Simplify
 y[initxval]==inityval
 yprime[initxval]==inityprimeval
 Plot[{y[x], yprime[x]}, {x, initxval 3, initxval 3}, PlotStyle {RGBColor[1,0,0], RGBColor[0,0,1]}]� � Ä

CHAPTER 4  PRACTICE EXERCISES

 1. No, since f(x) x 2x tan x  f (x) 3x 2 sec x 0  f(x) is always increasing on its domainœ � � Ê œ � � � Ê$ w # #

 2. No, since g(x) csc x 2 cot x  g (x) csc x cot x 2 csc x (cos x 2) 0œ � Ê œ � � œ � � œ � � �w # "cos x 2
sin x sin x sin x# # #

  g(x) is always decreasing on its domainÊ

 3. No absolute minimum because  lim  (7 x)(11 3x) .  Next f (x)x Ä _
� � œ �_ œ"Î$ w

 (11 3x) (7 x)(11 3x)   x 1 and x  are critical points.� � � � œ œ Ê œ œ"Î$ �#Î$ � � � �
� �

(11 3x) (7 x) 4(1 x)
(11 3x) (11 3x)

11
3#Î$ #Î$

 Since f 0 if x 1 and f 0 if x 1, f(1) 16 is the absolute maximum.w w� � � � œ

 4. f(x)   f (x) ; f (3) 0  ( a b a) a b .œ Ê œ œ œ Ê � * � ' � œ ! Ê & � $ œ !ax b
x 1

a x 1 2x(ax b) ax 2bx a
x 1 x 1

� "
� '%

w w� � � � � �

� �#

# #

# ## #
a b a b

a b a b
 We require also that f(3) 1. Thus 3a b . Solving both equations yields a 6 and b 10. Now,œ " œ Ê � œ ) œ œ �3a b

8
�

 f (x)  so that  f . Thus f  changes sign at x  from
1 1 31/3

w w w�# $ �" �$

�
œ œ ��� ± ��� ± ��� ± ��� ± ��� œ $

�

a ba b
a b
x x
x 1# #

 positive to negative so there is a local maximum at x  which has a value f(3) 1.œ $ œ

 5. Yes, because at each point of [  except x 0, the function's value is a local minimum value as well as a!ß "Ñ œ

 local maximum value.  At x 0 the function's value, 0, is not a local minimum value because each openœ

 interval around x 0 on the x-axis contains points to the left of 0 where f equals 1.œ �

 6. (a) The first derivative of the function f(x) x  is zero at x 0 even though f has no local extreme value at x 0.œ œ œ$

 (b) Theorem 2 says only that if f is differentiable and f has a local extreme at x c then f (c) 0.  It does notœ œw

 assert the (false) reverse implication f (c) 0  f has a local extreme at x c.w œ Ê œ
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 7. No, because the interval 0 x 1 fails to be closed.  The Extreme Value Theorem says that if the function is continuous� �

 throughout a finite closed interval a x b then the existence of absolute extrema is guaranteed on that interval.Ÿ Ÿ

 8. The absolute maximum is 1 1 and the absolute minimum is 0 0.  This is not inconsistent  with the Extreme Valuek k k k� œ œ

 Theorem for continuous functions, which says a continuous function on a closed interval attains its extreme values on that
 interval. The theorem says nothing about the behavior of a continuous function on an interval which is half open and half
 closed, such as , so there is nothing to contradict.Ò�"ß "Ñ

 9. (a) There appear to be local minima at x 1.75œ �

 and 1.8.  Points of inflection are indicated at
 approximately x 0 and x 1.œ œ „

 

 (b) f (x) x 3x 5x 15x x x 3 x 5 .  The pattern y     
5

w ( & % # # # $ wœ � � � œ � � œ ��� ± ��� ± ��� ± ��� ± ���

� $ $!
a b a b È È È3

 indicates a local maximum at x 5 and local minima at x 3 .œ œ „È È3

 (c) 

10. (a) The graph does not indicate any local
 extremum. Points of inflection are indicated at

 approximately x  and x 1.œ � œ$
%

 

 (b) f (x) x 2x 5 x x 2 x 5 .  The pattern f )(      indicates
5 2

w ( % �$ $ ( wœ � � � œ � � œ ��� ��� ± ��� ± ���
!

10
x$ a b a b È È7 3

 a local maximum at x 5 and a local minimum at x 2.œ œÈ È7 3

 (c) 
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11. (a) g(t) sin t 3t  g (t) 2 sin t cos t 3 sin (2t) 3  g 0  g(t) is always falling and hence mustœ � Ê œ � œ � Ê � Ê# w w

 decrease on every interval in its domain.
 (b) One, since sin t 3t 5 0 and sin t 3t 5 have the same solutions:  f(t) sin t 3t 5 has the same# # #� � œ � œ œ � �

 derivative as g(t) in part (a) and is always decreasing with f( 3) 0 and f(0) 0.  The Intermediate Value Theorem� � �

 guarantees the continuous function f has a root in [ 0].�$ß

12. (a) y tan   sec 0  y tan  is always rising on its domain  y tan  increases on every intervalœ Ê œ � Ê œ Ê œ) ) ) )
dy
d)

#

 in its domain

 (b) The interval  is not in the tangent's domain because tan  is undefined at .  Thus the tangent need not� ‘1 1
4 ß œ1 ) ) #

 increase on this interval.

13. (a) f(x) x 2x 2  f (x) 4x 4x.  Since f(0) 2 0, f(1) 1 0 and f (x) 0 for 0 x 1, weœ � � Ê œ � œ � � œ �   Ÿ Ÿ% # w $ w

 may conclude from the Intermediate Value Theorem that f(x) has exactly one solution when 0 x 1.Ÿ Ÿ

 (b) x 0  x 3 1 and x 0  x .7320508076 .8555996772# #� „ �
#œ � Ê œ �   Ê ¸ ¸2 4 8È È È

14. (a) y y 0, for all x in the domain of y  is increasing in every interval in its domain.œ Ê œ � Ê œx x x
x 1 (x 1) x 1 x 1� � � �

w "
#

 (b) y x 2x  y 3x 2 0 for all x  the graph of y x 2x is always increasing and can never have aœ � Ê œ � � Ê œ �$ w # $

 local maximum or minimum

15. Let V(t) represent the volume of the water in the reservoir at time t, in minutes, let V(0) a  be the initial amount andœ !

 V(1440) a (1400)(43,560)(7.48) gallons be the amount of water contained in the reservoir after the rain, whereœ �!

 24 hr 1440 min.  Assume that V(t) is continuous on [ 1440] and differentiable on ( 1440).  The Mean Value Theoremœ !ß !ß

 says that for some t  in ( 1440) we have V (t )! !
w � � �

�!ß œ œ œV(1440) V(0) a (1400)(43,560)(7.48) a 456,160,320 gal
1440 0 1440 1440 min

! !

 316,778 gal/min.  Therefore at t  the reservoir's volume was increasing at a rate in excess of 225,000 gal/min.œ !

16. Yes, all differentiable functions g(x) having 3 as a derivative differ by only a constant.  Consequently, the

 difference 3x g(x) is a constant K because g (x) 3 (3x).  Thus g(x) 3x K, the same form as F(x).� œ œ œ �w d
dx

17. No, 1    differs from  by the constant 1.  Both functions have the same derivativex 1 x 1
x 1 x 1 x 1 x 1� � � �

� �œ � Ê

 .d x d
dx x 1 (x 1) (x 1) dx x 1

(x 1) x(1)ˆ ‰ ˆ ‰
� � � �

� � " �"œ œ œ# #

18. f (x) g (x)   f(x) g(x) C for some constant C  the graphs differ by a vertical shift.w w
�

œ œ Ê � œ Ê2x
x 1a b# #

19. The global minimum value of  occurs at x ."
# œ #

20. (a) The function is increasing on the intervals  and .Ò�$ß �#Ó Ò"ß #Ó

 (b) The function is decreasing on the intervals  and .Ò�#ß !Ñ Ð!ß "Ó

 (c) The local maximum values occur only at x , and at x ; local minimum values occur at x  and at xœ �# œ # œ �$ œ "

 provided f is continuous at x .œ !

21. (a) t 0, 6, 12 (b) t 3, 9 (c) 6 t 12 (d) 0 t 6, 12 t 14œ œ � � � � � �

22. (a) t 4 (b) at no time (c) 0 t 4 (d) 4 t 8œ � � � �
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23.  24. 

25.  26. 

27.  28. 

29.  30. 

31.  32. 
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33. (a) y 16 x   y   the curve is rising on ( ), falling on ( 4) and ( )w # wœ � Ê œ ��� ± ��� ± ��� Ê �%ß % �_ß� %ß_
�% %

  a local maximum at x 4 and a local minimum at x 4; y 2x  y   the curveÊ œ œ � œ � Ê œ ��� ± ��� Ê
!

ww ww

 is concave up on ( ), concave down on ( )  a point of inflection at x 0�_ß ! !ß_ Ê œ

 (b) 

34. (a) y x x 6 (x )(x 2)  y   the curve is rising on ( 2) and ( ),w # wœ � � œ � $ � Ê œ ��� ± ��� ± ��� Ê �_ß� $ß_
�# $

 falling on ( )  local maximum at x 2 and a local minimum at x 3; y 2x 1�#ß $ Ê œ � œ œ �ww

  y   concave up on , concave down on   a point of inflection at xÊ œ ��� ± ��� Ê ß_ �_ß Ê œ
"Î#

ww " " "
# # #

ˆ ‰ ˆ ‰
 (b) 

35. (a) y 6x(x 1)(x 2) 6x 6x 12x  y   the graph is rising on ( )w $ # wœ � � œ � � Ê œ ��� ± ��� ± ��� ± ��� Ê �"ß !
�" ! #

 and ( ), falling on ( 1) and ( )  a local maximum at x 0, local minima at x 1 and#ß_ �_ß� !ß # Ê œ œ �

 x 2; y 18x 12x 12 6 3x 2x 2 6 x x  œ œ � � œ � � œ � � Êww # # � �a b Š ‹Š ‹1 7 1 7
3 3

È È

 y       the curve is concave up on  and , concave downww

"� ( "� (
$ $

� �œ ��� ± ��� ± ��� Ê �_ß ß_È È
È ÈŠ ‹ Š ‹1 7 1 7

3 3

 on   points of inflection at xŠ ‹1 7 1 7 1 7
3 3 3

� � „È È È
ß Ê œ

 (b) 

36. (a) y x (6 4x) 6x 4x   y   the curve is rising on , falling on w # # $ w
# #œ � œ � Ê œ ��� ± ��� ± ��� Ê �_ß ß_

! $Î#
ˆ ‰ ˆ ‰3 3

  a local maximum at x ; y 12x 12x 12x( x)  y   concave up onÊ œ œ � œ " � Ê œ ��� ± ��� ± ��� Ê
! "

3
#

ww # ww

 ( ), concave down on ( ) and ( )  points of inflection at x 0 and x 1!ß " �_ß ! "ß_ Ê œ œ

 (b) 
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37. (a) y x 2x x x 2   y     the curve is rising on 2  andw % # # # wœ � œ � Ê œ ��� ± ��� ± ��� ± ��� Ê �_ß�

� # #!
a b È È Š ‹È

 2 , falling on 2 2   a local maximum at x 2 and a local minimum at x 2 ;Š ‹ Š ‹È È È È Èß_ � ß Ê œ � œ

 y 4x 4x 4x(x 1)(x 1)  y   concave up on ( 0) and ( ),ww $ wwœ � œ � � Ê œ ��� ± ��� ± ��� ± ��� Ê �"ß "ß_
�" ! "

 concave down on ( 1) and (0 1)  points of inflection at x 0 and x 1�_ß� ß Ê œ œ „

 (b) 

38. (a) y 4x x x 4 x   y   the curve is rising on ( 2 0) and (0 2),w # % # # wœ � œ � Ê œ ��� ± ��� ± ��� ± ��� Ê � ß ß
�# ! #

a b
 falling on ( 2) and ( )  a local maximum at x 2, a local minimum at x 2; y 8x 4x�_ß� #ß_ Ê œ œ � œ �ww $

 4x 2 x   y     concave up on 2  and 0 2 , concaveœ � Ê œ ��� ± ��� ± ��� ± ��� Ê �_ß� ß

� # #!
a b È È Š ‹ Š ‹È È# ww

 down on 2 0  and 2   points of inflection at x 0 and x 2Š ‹ Š ‹È È È� ß ß_ Ê œ œ „

 (b) 

39. The values of the first derivative indicate that the curve is rising on ( ) and falling on ( 0).  The slope of the curve!ß_ �_ß

 approaches  as x  , and approaches  as x  0  and x  1.  The curve should therefore have a cusp and�_ Ä ! _ Ä Ä� �

 local minimum at x 0, and a vertical tangent at x 1.œ œ
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40. The values of the first derivative indicate that the curve is rising on  and ( ), and falling on ( )ˆ ‰!ß "ß_ �_ß !"
#

 and .  The derivative changes from positive to negative at x , indicating a local maximum there.  Theˆ ‰" "
# #ß " œ

 slope of the curve approaches  as x  0  and x  1 , and approaches  as x  0  and as x  1 ,�_ Ä Ä _ Ä Ä� � � �

 indicating cusps and local minima at both x 0 and x 1.œ œ

     

41. The values of the first derivative indicate that the curve is always rising.  The slope of the curve approaches _
 as x  0 and as x  1, indicating vertical tangents at both x 0 and x 1.Ä Ä œ œ

     

42. The graph of the first derivative indicates that the curve is rising on  and , fallingŠ ‹ Š ‹!ß ß_17  33 17  33
16 16
� �È È

 on ( ) and   a local maximum at x , a local minimum at�_ß ! ß Ê œŠ ‹17  33 17  33 17  33
16 16 16
� � �È È È

 x .  The derivative approaches  as x  0  and x  1, and approaches  as x  0 ,œ �_ Ä Ä _ Ä17  33
16
� � �È

 indicating a cusp and local minimum at x 0 and a vertical tangent at x 1.œ œ
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43. y 1  44. y 2œ œ � œ œ �x  1 4 2x 10
x  3 x  3 x  5 x  5
�
� � � �

  

45. y x  46. y x 1œ œ � œ œ � �x   1 x   x  1
x x x x

# #� " � � "

  

47. y  48. y xœ œ � œ œ �x   2 x x   1
x x x x

$ # %

# #

� " � "
# #

#

  

49. y 1  50. y 1œ œ � œ œ �x   4 x 4
x   3 x   3 x   4 x   4

# #

# # # #

� "
� � � �

  

51. (a) Maximize f(x) x 36 x x (36 x)  where 0 x 36œ � � œ � � Ÿ ŸÈ È "Î# "Î#

  f (x) x (36 x) ( 1)   derivative fails to exist at 0 and 36;  f(0) 6,Ê œ � � � œ Ê œ �w �"Î# �"Î#" "
# #

� �

# �

È È
È È
36  x  x

x 36  x

 and f(36) 6  the numbers are 0 and 36œ Ê
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 (b) Maximize g(x) x 36 x x (36 x)  where 0 x 36œ � � œ � � Ÿ ŸÈ È "Î# "Î#

  g (x) x (36 x) ( 1)   critical points at 0, 18 and 36;  g(0) 6,Ê œ � � � œ Ê œw �"Î# �"Î#" "
# #

� �

# �

È È
È È
36  x  x

x 36  x

 g(18) 2 18 6 2 and g(36) 6  the numbers are 18 and 18œ œ œ ÊÈ È

52. (a) Maximize f(x) x (20 x) 20x x  where 0 x 20  f (x) 10x xœ � œ � Ÿ Ÿ Ê œ �È "Î# $Î# w �"Î# "Î#
#
3

 0  x 0 and x  are critical points;  f(0) f(20) 0 and f 20œ œ Ê œ œ œ œ œ �20  3x 20 20 20 20
x 3 3 3 3

�
#È ˆ ‰ ˆ ‰É

  the numbers are  and .œ Ê40 20
3 3

20 40
3 3

È
È

 (b) Maximize g(x) x 20 x x (20 x)  where 0 x 20  g (x) 0œ � � œ � � Ÿ Ÿ Ê œ œÈ "Î# w � �

# �

2 20  x  1
20  x

È
È

  20 x   x .  The critical points are x  and x 20.  Since g  and g(20) 20,Ê � œ Ê œ œ œ œ œÈ ˆ ‰"
#

79 79 79 81
4 4 4 4

 the numbers must be  and .79
4 4

"

53. A(x) (2x) 27 x  for 0 x 27œ � Ÿ Ÿ"
#

#a b È
  A (x) 3(3 x)(3 x) and A (x) 6x.Ê œ � � œ �w ww

 The critical points are 3 and 3, but 3 is not in the� �

 domain.  Since A (3) 18 0 and A 27 0,ww œ � � œŠ ‹È
 the maximum occurs at x 3  the largest area isœ Ê

 A(3) 54 sq units.œ
 

54. The volume is V x h 32  h .  Theœ œ Ê œ# 32
x#

 surface area is S(x) x 4x x ,œ � œ �# #ˆ ‰32 128
x x#

 where x 0  S (x)� Ê œw � � �2(x  4) x   4x  16
x

a b#

#

  the critical points are 0 and 4, but 0 is not in theÊ

 domain.  Now S (4) 2 0  at x 4 thereww œ � � Ê œ256
4$

 is a minimum.  The dimensions 4 ft by 4 ft by 2 ft
 minimize the surface area.

 

55. From the diagram we have r 3ˆ ‰ Š ‹Èh
#

# #
#

� œ

  r .  The volume of the cylinder isÊ œ# �12 h
4

#

 V r h h 12h h , whereœ œ œ �1 1# $�Š ‹ a b12  h
4 4

# 1

 0 h 2 3 .  Then V (h)  (2 h)(2 h)Ÿ Ÿ œ � �È w 3
4
1

  the critical points are 2 and 2, but 2 is not inÊ � �

 the domain.  At h 2 there is a maximum sinceœ

 V (2) 3 0.  The dimensions of the largestww œ � �1

 cylinder are radius 2 and height 2.œ œÈ

 

56. From the diagram we have x radius andœ

 y height 12 2x and V(x) x (12 2x), whereœ œ � œ �" #
3 1

 0 x 6  V (x) 2 x(4 x) and V (4) 8 .  TheŸ Ÿ Ê œ � œ �w ww1 1

 critical points are 0 and 4; V(0) V(6) 0  x 4œ œ Ê œ

 gives the maximum.  Thus the values of r 4 andœ

 h 4 yield the largest volume for the smaller cone.œ
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57. The profit P 2px py 2px p , where p is the profit on grade B tires and 0 x 4.  Thusœ � œ � Ÿ Ÿˆ ‰40  10x
5  x
�
�

 P (x) x 10x 20   the critical points are 5 5 , 5, and 5 5 , but only 5 5  is inw #
�œ � � Ê � � �2p

(5  x)# a b Š ‹ Š ‹ Š ‹È È È
 the domain.  Now P (x) 0 for 0 x 5 5  and P (x) 0 for 5 5 x 4  at x 5 5  therew w� � � � � � � � Ê œ �Š ‹ Š ‹ Š ‹È È È
 is a local maximum.  Also P(0) 8p, P 5 5 4p 5 5 11p, and P(4) 8p  at x 5 5  thereœ � œ � ¸ œ Ê œ �Š ‹ Š ‹ Š ‹È È È
 is an absolute maximum.  The maximum occurs when x 5 5  and y 2 5 5 , the units areœ � œ �Š ‹ Š ‹È È
 hundreds of tires, i.e., x 276 tires and y 553 tires.¸ ¸

58. (a) The distance between the particles is f t  where f t cos t cos t . Then, f t sin t sin t .l l œ � � � œ � �a b a b a bˆ ‰ ˆ ‰1 1
% %

w

 Solving f t  graphically, we obtain t , t , and so on.wa b œ ! ¸ "Þ"() ¸ %Þ$#!

 

 Alternatively, f t  may be solved analytically as follows. f t sin t sin tw w
) ) ) )a b a b ’ “ ’ “ˆ ‰ ˆ ‰œ ! œ � � � � �1 1 1 1

 sin t cos cos t sin sin t cos cos t sin sin cos tœ � � � � � � � œ �# �’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1 1 1 1 1 1
) ) ) ) ) ) ) ) ) )

 so the critical points occur when cos t , or t k . At each of these values, f t cosˆ ‰ a b� œ ! œ � œ „1 1 1
) ) )

$ $1

  units, so the maximum distance between the particles is  units.¸ „ !Þ('& !Þ('&

 (b) Solving cos t cos t  graphically, we obtain t , t , and so on.œ � ¸ #Þ(%* ¸ &Þ)*!ˆ ‰1
%

 
 Alternatively, this problem can be solved analytically as follows.

 cos t cos tœ �ˆ ‰1
%

 cos t cos t’ “ ’ “ˆ ‰ ˆ ‰� � œ � �1 1 1 1
) ) ) )

 cos t cos sin t sin cos t cos sin t sinˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� � � œ � � �1 1 1 1 1 1 1 1
) ) ) ) ) ) ) )

 sin t sin# � œ !ˆ ‰1 1
) )

 sin tˆ ‰� œ !1
)

 t kœ �(
)
1 1

 The particles collide when t . (plus multiples of  if they keep going.)œ ¸ #Þ(%*(
)
1 1

59. The dimensions will be x in. by x in. by x in., so V x x x x x x x for"! � # "' � # œ "! � # "' � # œ % � &# � "'!a b a ba b $ #

 x . Then V x x x x x  , so the critical point in the correct domain is x .! � � & œ "# � "!% � "'! œ % � # $ � #! œ #w #a b a ba b
 This critical point corresponds to the maximum possible volume because V x  for x  and V x  forw wa b a b� ! ! � � # � !

 2 x . The box of largest volume has a height of 2 in. and a base measuring 6 in. by 12 in., and its volume is 144 in.� � & $
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 Graphical support:
 

60. The length of the ladder is d d 8 sec 6 csc .  We" #� œ �) )

 wish to maximize I( ) 8 sec 6 csc I ( )) ) ) )œ � Ê w

 8 sec  tan 6 csc  cot .  Then I ( ) 0œ � œ) ) ) ) )w

   8 sin 6 cos 0 tan  Ê � œ Ê œ Ê$ $
#) ) )
È3 6

 d 4 4 36 and d 36 4 36" #œ � œ �É ÉÈ È È3 3 3

  the length of the ladder is aboutÊ

 4 36 4 36 4 36  ft.Š ‹ Š ‹È È ÈÉ� � œ � ¸ "*Þ(3 3 3
$Î#

 

61. g(x) 3x x 4  g(2) 2 0 and g(3) 14 0  g(x) 0 in the interval [ 3] by the Intermediateœ � � Ê œ � œ � � Ê œ #ß$

 Value Theorem.  Then g (x) 3 3x   x x ; x 2  x 2.22  x 2.196215, andw #
! " #œ � Ê œ � œ Ê œ Ê œn 1 n�

3x   x   4
3 3x

n n

n

� �

�

$

#

 so forth to x 2.195823345.& œ

62. g(x) x x 75  g(3) 21 0 and g(4) 117 0  g(x) 0 in the interval [ ] by the Intermediateœ � � Ê œ � � œ � Ê œ $ß %% $

 Value Theorem.  Then g (x) 4x 3x   x x ; x 3  x 3.259259w $ #
! "œ � Ê œ � œ Ê œn 1 n�

x   x   75
4x   3x

% $

$ #

n n

n n

� �

�

  x 3.229050, and so forth to x 3.22857729.Ê œ œ# &

63. x 5x 7  dx 7x C' a b$
#� � œ � � �x 5x

4

% #

64. 8t t  dt C 2t C' Š ‹$ %
# # #� � œ � � � œ � � �t 8t t t t t

4 6 6

# % $ # $ #

65. 3 t  dt 3t 4t  dt C 2t C' 'ˆ ‰ ˆ ‰È � œ � œ � � œ � �4 3t 4t 4
t 1 t#

$Î# �""Î# �# $Î#
�Š ‹3

#

66.  dt t 3t  dt C t C' 'Š ‹ ˆ ‰ Œ � È" " " "
# # # �

�"Î# �%Èt
3 t 3t
t ( 3) t� œ � œ � � œ � �%

"Î# �$

$"

#

67. Let u r 5  du drœ � Ê œ

  u  du C u C C' 'dr du u
r  5 u 1 r  5a b a b�

�# �"
� �

"
# #

�"

œ œ œ � œ � � œ � �'

68. Let u r 2  du drœ � Ê œÈ
 6 6 6 u  du 6 C 3u C  C' ' '6 dr  dr du u 3

r  2 r  2 r 2
uŠ ‹ Š ‹ Š ‹È È È� � �

�$ �#
�#$ $ #$

�#

œ œ œ œ � œ � � œ � �' Š ‹
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69. Let u 1  du 2  d    du  dœ � Ê œ Ê œ) ) ) ) )# "
#

 3 1 d u  du  u  du C u C 1 C' ') ) ) )È È ˆ ‰ Œ � a b#
# # #

"Î# $Î# # $Î#
� œ œ œ � œ � œ � �3 3 3 u' $Î#

3
#

70. Let u 7   du 2  d    du  dœ � Ê œ Ê œ) ) ) ) )2 "
#

  d   du   u  du C u C 7  C' ')

)È È7 u
u 2

�

" " " "
# # #

�"Î# "Î#
2

) )œ œ œ � œ � œ � �ˆ ‰ Œ � È' "Î#

"

#

71. Let u 1 x   du 4x  dx   du x  dxœ � Ê œ Ê œ% $ $"
4

 x 1 x  dx u  du  u  du C u C 1 x C' $ % �"Î% �"Î% $Î% %�"Î% $Î%" " " " "a b a bˆ ‰ Œ �� œ œ œ � œ � œ � �' '
4 4 4 3 3

u$Î%
3
4

72. Let u 2 x  du dx  du dxœ � Ê œ � Ê � œ

 (2 x)  dx u ( du)  u  du C u C (2 x) C' � œ � œ � œ � � œ � � œ � � �$Î& $Î& $Î& )Î& )Î&' ' u 5 5
8 8

)Î&

Š ‹8
5

73. Let u   du  ds  10 du dsœ Ê œ Ê œs
10 10

"

 sec   ds  sec u (10 du) 10 sec u du 10 tan u C 10 tan C' # # #s s
10 10œ œ œ � œ �' 'a b

74. Let u s  du  ds   du dsœ Ê œ Ê œ1 1 "
1

 csc s ds csc u  du  csc u du  cot u C  cot s C' # # #" " " "1 1œ œ œ � � œ � �' 'a b ˆ ‰
1 1 1 1

75. Let u 2   du 2 d    du dœ Ê œ Ê œÈ È) ) )"È2

 csc 2  cot 2  d (csc u cot u)  du ( csc u) C  csc 2 C' 'È È ÈŠ ‹) ) ) )œ œ � � œ � �" " "È È È2 2 2

76. Let u   du  d   3 du dœ Ê œ Ê œ)
3 3

" ) )

 sec  tan  d (sec u tan u)(3 du) 3 sec u C 3 sec C' ) ) )
3 3 3) œ œ � œ �'

77. Let u   du  dx  4 du dxœ Ê œ Ê œx
4 4

"

 sin   dx sin u (4 du) 4  du 2 (1 cos 2u) du 2 u C' ' '# # �
# #

x 1  cos 2u sin 2u
4 œ œ œ � œ � �a b ˆ ‰ ˆ ‰'

 2u sin 2u C 2 sin 2 C sin Cœ � � œ � � œ � �ˆ ‰ ˆ ‰x x x x
4 4 # #

78. Let u   du  dx  2 du dxœ Ê œ Ê œx
# #

"

  cos   dx cos u (2 du) 2  du (1 cos 2u) du u C  sin x C' ' '# #
# # # # #

� "x 1  cos 2u sin 2u xœ œ œ � œ � � œ � �a b ˆ ‰ '

79. y   dx 1 x  dx x x C x C; y 1 when x 1  1 C 1œ œ � œ � � œ � � œ � œ Ê � � œ �' 'x   1
x x 1

#

#

� " "�# �"a b
  C 1  y x 1Ê œ � Ê œ � �"

x

80. y  x  dx  x 2  dx  x 2 x  dx 2x x C 2x C;œ � œ � � œ � � œ � � � œ � � �' ' 'ˆ ‰ ˆ ‰ a b" " "# # # �# �"
x x 3 3 x

x x
#

$ $

 y 1 when x 1  2 C 1  C   y 2xœ œ Ê � � � œ Ê œ � Ê œ � � �" " " "
3 1 3 3 x 3

1 x$

81.  15 t  dt  15t 3t  dt 10t 6t C; 8 when t 1dr 3 dr
dt dtt
œ � œ � œ � � œ œ' 'Š ‹È ˆ ‰È "Î# �"Î# $Î# "Î#

  10(1) 6(1) C 8  C 8.  Thus 10t 6t 8  r 10t 6t 8  dtÊ � � œ Ê œ � œ � � Ê œ � �$Î# "Î# $Î# "Î# $Î# "Î#dr
dt

' ˆ ‰
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 4t 4t 8t C; r 0 when t 1  4(1) 4(1) 8(1) C 0  C 0.  Therefore,œ � � � œ œ Ê � � � œ Ê œ&Î# $Î# &Î# $Î#
" "

 r 4t 4t 8tœ � �&Î# $Î#

82.  cos t dt sin t C; r 0 when t 0  sin 0 C 0  C 0.  Thus, sin td r d r
dt dt

# #

# #œ � œ � � œ œ Ê � � œ Ê œ œ �' ww

  sin t dt cos t C ; r 0 when t 0  1 C 0  C 1.  Then cos t 1Ê œ � œ � œ œ Ê � œ Ê œ � œ �dr dr
dt dt

' " " "
w

  r (cos t 1) dt sin t t C ; r 1 when t 0  0 0 C 1 C 1.  Therefore,Ê œ � œ � � œ � œ Ê � � œ � Ê œ �' # # #

 r sin t t 1œ � �

CHAPTER 4  ADDITIONAL  AND ADVANCED EXERCISES

 1. If M and m are the maximum and minimum values, respectively, then m f(x) M for all x I.  If m MŸ Ÿ − œ

 then f is constant on I.

 2. No, the function f(x)  has an absolute minimum value of 0 at x 2 and an absolute
3x 6,  2 x 0
9 x ,  0 x 2  

œ œ �
� � Ÿ �

� Ÿ Ÿœ #

 maximum value of 9 at x 0, but it is discontinuous at x 0.œ œ

 3. On an open interval the extreme values of a continuous function (if any) must occur at an interior critical
 point.  On a half-open interval the extreme values of a continuous function may be at a critical point or at the
 closed endpoint.  Extreme values occur only where f 0, f  does not exist, or at the endpoints of the interval.w wœ

 Thus the extreme points will not be at the ends of an open interval.

 4. The pattern f  indicates a local maximum at x 1 and a localw œ ��� ± ���� ± ���� ± ���� ± ��� œ
" # $ %

 minimum at x 3.œ

 5. (a) If y 6(x 1)(x 2) , then y 0 for x 1 and y 0 for x 1.  The sign pattern isw # w wœ � � � � � � � �

 f   f has a local minimum at x 1.  Also y 6(x 2) 12(x 1)(x 2)w ww #œ ��� ± ��� ± ��� Ê œ � œ � � � �
�" #

 6(x 2)(3x)  y 0 for x 0 or x 2, while y 0 for 0 x 2.  Therefore f has points of inflectionœ � Ê � � � � � �w www

 at x 0 and x 2. There is no local maximum.œ œ

 (b) If y 6x(x 1)(x 2), then y 0 for x 1 and 0 x 2; y 0 for x 0 and x 2.  The signw w wœ � � � � � � � � �" � � �

 sign pattern is y .  Therefore f has a local maximum at x 0 andw œ ��� ± ��� ± ��� ± ��� œ
�" ! #

 local minima at x 1 and x 2.  Also, y x x , so y 0 forœ � œ œ ") � � �ww ww� �
$ $’ “ ’ “Š ‹ Š ‹1 7 1 7È È

 x  and y 0 for all other x  f has points of inflection at x .1 7 1 7 1 7� � „
$ $ $

wwÈ È È
� � � Ê œ

 6. The Mean Value Theorem indicates that f (c) 2 for some c in (0 6).  Then f(6) f(0) 12 indicates thef(6) f(0)
6 0
�
�

wœ Ÿ ß � Ÿ

 most that f can increase is 12.

 7. If f is continuous on [a c) and f (x) 0 on [a c), then by the Mean Value Theorem for all x [a c) we haveß Ÿ ß − ßw

 0  f(c) f(x) 0  f(x) f(c).  Also if f is continuous on (c b] and f (x) 0 on (c b], then forf(c) f(x)
c x
�
�

wŸ Ê � Ÿ Ê   ß   ß

 all x (c b] we have 0  f(x) f(c) 0  f(x) f(c).  Therefore f(x) f(c) for all x [a b].− ß   Ê �   Ê     − ßf(x) f(c)
x c
�
�

 8. (a) For all x, (x 1) 0 (x 1)   1 x 2x 1 x   .� � Ÿ Ÿ � Ê � � Ÿ Ÿ � Ê � Ÿ Ÿ# # # # " "
# � #a b a b x

1 x#

 (b) There exists c (a b) such that   , from part (a)− ß œ Ê œ Ÿc c
1 c b a b a 1 c

f(b) f(a) f(b) f(a)
� � � � #

� � "
# #¹ ¹ ¸ ¸

  f(b) f(a) b a .Ê � Ÿ �k k k k"
#
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252 Chapter 4 Applications of Derivatives

 9. No.  Corollary 1 requires that f (x) 0 for  x in some interval I, not f (x) 0 at a single point in I.w wœ œall

10. (a) h(x) f(x)g(x)  h (x) f (x)g(x) f(x)g (x) which changes signs at x a since f (x), g (x) 0 whenœ Ê œ � œ �w w w w w

 x a, f (x), g (x) 0 when x a and f(x), g(x) 0 for all x.  Therefore h(x) does have a local maximum at x a.� � � � œw w

 (b) No, let f(x) g(x) x  which have points of inflection at x 0, but h(x) x  has no point of inflectionœ œ œ œ$ '

 (it has a local minimum at x 0).œ

11. From (ii), f( 1) 0  a 1; from (iii), either 1  lim  f(x) or 1  lim  f(x). In either case,� œ œ Ê œ œ œ�"�
� �#

a
b c x xÄ _ Ä �_

  lim  f(x)  lim    lim    b 0  and c . For if b , then
x x xÄ „_ Ä „_ Ä „_

œ œ œ " Ê œ œ " œ "x
bx cx

�"
� �##

1

bx c

�

� �

"

x
2
x

   lim    and if c 0, then  lim    lim   . Thus a 1, b 0, and c 1.
x x xÄ „_ Ä „_ Ä „_

1 1 1

x c bx

� � �

� � �

" " "

x x x
2 2 2
x x x
œ ! œ œ œ „_ œ œ œ

12. 3x 2kx 3 0  x   x has only one value when 4k 36 0  k 9 or k 3.dy
dx 6

2k 4k 36œ � � œ Ê œ Ê � œ Ê œ œ „# # #� „ �È #

13. The area of the ABC is A(x) (2) 1 x 1 x ,? œ � œ �"
#

# # "Î#È a b
 where 0 x 1.  Thus A (x)   0 and 1 areŸ Ÿ œ Ê „w �

�

x
1 xÈ #

 critical points.  Also A 1 0 so A(0) 1 is thea b„ œ œ

 maximum.  When x 0 the ABC is isosceles sinceœ ?

 AC BC 2 .œ œ È
 

14.  lim   f (c)  for f (c) 0 there exists a 0 such that 0 h
h 0Ä

f (c h) f (c)
h

w w� � ww ww"
#œ Ê œ � � � �% $ $k k k k

  f (c) f (c)  .  Then f (c) 0  f (c) f (c) f (c)Ê � � œ Ê � � � �¹ ¹ k k k k k kf (c h) f (c) f (c h)
h h

w w w� � �ww ww w ww ww ww" " "
# # #

  f (c) f (c) f (c) f (c) .  If f (c) 0, then f (c) f (c)Ê � � � � � œ �ww ww ww ww ww ww ww" "
# #

�k k k k k kf (c h)
h

w

  f (c) f (c) 0; likewise if f (c) 0, then 0 f (c) f (c).Ê � � � � � � �3 3f (c h) f (c h)
h h# # # #

ww ww ww ww ww� �" "w w

 (a) If f (c) 0, then h 0  f (c h) 0 and 0 h   f (c h) 0.  Therefore, f(c) is a localww w w� � � � Ê � � � � Ê � �$ $

 maximum.
 (b) If f (c) 0, then h 0  f (c h) 0 and 0 h   f (c h) 0.  Therefore, f(c) is a localww w w� � � � Ê � � � � Ê � �$ $

 minimum.

15. The time it would take the water to hit the ground from height y is , where g is the acceleration of gravity.  TheÉ 2y
g

 product of time and exit velocity (rate) yields the distance the water travels:

 D(y) 64(h y) 8 hy y , 0 y h  D (y) 4 hy y (h 2y)  0,  and hœ � œ � Ÿ Ÿ Ê œ � � � ÊÉ È É Éa b a b2y
g g g

2 2 h# w #"Î# �"Î#

#

 are critical points.  Now D(0) 0, D 8 h 4h   and D(h) 0  the best place to drillœ œ � œ œ Êˆ ‰ ˆ ‰ ˆ ‰É ÉŠ ‹h 2 h h 2
g g# # #

# "Î#

 the hole is at y  .œ h
#

16. From the figure in the text, tan ( ) ; tan ( ) ; and tan .  These equations" ) " ) )� œ � œ œb a a
h 1 tan  tan h

tan tan � �
�

" )

" )

 give .  Solving for tan  gives tan  orb a bh
h h a tan h a(b a)

h tan a� �
� � �œ œ œ

tan 
1  tan 

"

"

�

�

a
h

a
h

"

"
" " #

 h a(b a)  tan bh.  Differentiating both sides with respect to h givesa b# � � œ"

 2h tan h a(b a)  sec  b.  Then 0  2h tan b  2h b" " "� � � œ œ Ê œ Ê œa b Š ‹# #
� �

d d
dh dh h a(b a)

bh" "
#

  2bh bh ab(b a)  h a(b a)  h a(a b) .Ê œ � � Ê œ � Ê œ �# # # È
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17. The surface area of the cylinder is S 2 r 2 rh.  Fromœ �1 1#

 the diagram we have   h  andr H h RH rH
R H Rœ Ê œ� �

 S(r) 2 r(r h) 2 r r H rœ � œ � �1 1 ˆ ‰H
R

 2 1 r 2 Hr, where 0 r R.œ � � Ÿ Ÿ1 1ˆ ‰H
R

#

 Case 1:  H R  S(r) is a quadratic equation containing� Ê

  the origin and concave upward  S(r) is maximum atÊ

 r R.œ

 Case 2:  H R  S(r) is a linear equation containing theœ Ê

 origin with a positive slope  S(r) is maximum atÊ

 r R.œ

 

 Case 3:  H R  S(r) is a quadratic equation containing the origin and concave downward.  Then� Ê

 4 1 r 2 H and 0  4 1 r 2 H 0  r .  For simplificationdS H dS H RH
dr R dr R 2(H R)œ � � œ Ê � � œ Ê œ1 1 1 1ˆ ‰ ˆ ‰

�

 we let r .‡
�œ RH

2(H R)

 (a) If R H 2R, then 0 H 2R  H 2(H R)  r*= R. Therefore, the maximum occurs at the� � � � Ê � � Ê �RH
2(H R)�

 right endpoint R of the interval 0 r R because S(r) is an increasing function of r.Ÿ Ÿ

 (b) If H 2R, then r R  S(r) is maximum at r R.œ œ œ Ê œ‡ 2R
2R

#

 (c) If H 2R, then 2R H 2H  H 2(H R)  1  R  r R.  Therefore,� � � Ê � � Ê � Ê � Ê �H RH
2(H R) 2(H R)� �

‡

 S(r) is a maximum at r r .œ œ‡
�

RH
2(H R)

 :  If H (0 2R], then the maximum surface area is at r R.  If H (2R ), then the maximum is atConclusion − ß œ − ß_

 r r .œ œ‡
�

RH
2(H R)

18. f(x) mx 1   f (x) m  and f (x) 0 when x 0.  Then f (x) 0  x  yields a minimum.œ � � Ê œ � œ � � œ Ê œ" " "w w ww
x x x

2
m# $ È

 If f 0, then m 1 m 2 m 1 0  m .  Thus the smallest acceptable value for m is .Š ‹ È È È" " "Èm 4 4  � � œ �   Ê  

19. (a) The profit function is P x c ex x a bx ex c b x a. P x ex c ba b a b a b a b a bœ � � � œ � � � � œ �# � � œ !# w

 x . P x e if e  so that the profit function is maximized at x .Ê œ œ �# � ! � ! œc b c b
e e
� �
# #

wwa b
 (b) The price therefore that corresponds to a production level yeilding a maximum profit is

 p c e  dollars.¹ ˆ ‰
x

c b c b
eœ

� �
# #c b

e
�

#

œ � œ

 (c) The weekly profit at this production level is P x e c b a a.a b a bˆ ‰ ˆ ‰œ � � � � œ �c b c b
e e e

c b� �
# # %

# �a b#

 (d) The tax increases cost to the new profit function is F x c ex x a bx tx ex c b t x a.a b a b a b a bœ � � � � œ � � � � �#

 Now F x ex c b t  when x . Since F x e  if e , F is maximizedw ww� � � �
�# #a b a bœ �# � � � œ ! œ œ œ �# � ! � !t b c c b t

e e

 when x  units per week. Thus the price per unit is p c e  dollars. Thus, such a taxœ œ � œc b t c b t c b t
e e

� � � � � �
# # #

ˆ ‰
 increases the cost per unit by  dollars if units are priced to maximize profit.c b t c b t� � �

# # #� œ

20. (a) 

 The x-intercept occurs when x ." " "
$x x� $ œ ! Ê œ $ Ê œ
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254 Chapter 4 Applications of Derivatives

 (b) By Newton's method, x x . Here f x x . So x x x xn n n n n n
f x
f x xn n�" �"

w �# #"œ � œ � œ œ � œ � � $a ba bn

n n
w

a b Š ‹�" �$

xn

xn

xn

#

"

�"

#

 x x x x x x x .œ � � $ œ # � $ œ # � $n n n n nn n
# # a b

21. x x x x  so that x  is a weighted average of x" ! ! ! "
�" "œ � œ � œ œ œ �f x

f x q q
qa ba b!

w
!

x a qx x a x q a

qx qx qx x
a! ! ! !

! ! ! !

�" �" �" �"

q q q q

q q q q
� � � �" �a b Š ‹ Š ‹ !

 and  with weights m  and m .a
x
!

�"q ! "
�" "œ œq
q q

 In the case where x  we have x a and x .! "!
�" �"" "œ œ œ � œ � œa

x

q q q
q q q q

!

�"q
a a a a

x x x x
! ! ! !

�" �" �" �"q q q qŠ ‹ Š ‹ Š ‹

22. We have that x h y h r  and so x h y h  and y h  hold.a b a b a b a b a b� � � œ # � � # � œ ! # � # � # � œ !# # # dy dy d y
dx dx dx

#

#

 Thus x y h h , by the former. Solving for h, we obtain h . Substituting this into the second# � # œ # � # œdy dy
dx dx

x y�

"�

dy
dx

dy
dx

 equation yields  y . Dividing by 2 results in y .# � # � # � # œ ! " � � � œ !dy d y dy d y
dx dx dx dx

# #

# #Œ � Œ �x y x y� �

"� "�

dy dy
dx dx

dy dy
dx dx

23. (a) a t s t k   k s t kt C , where s C s t kt . Soa b a b a b a b a b a bœ œ � � ! Ê œ � � ! œ )) Ê œ )) Ê œ � � ))ww w w w
" "

 s t t C  where s C  so s t t. Now s t  whena b a b a b a bœ � )) � ! œ ! Ê œ ! œ � )) œ "!!� �
# ## #
kt kt# #

 t . Solving for t we obtain t . At such t we want s t , thus�
#

))„ )) �#!! wkt k
k

# #

� )) œ "!! œ œ !
È a b

 k  or k . In either case we obtain k� � )) œ ! � � )) œ ! )) � #!! œ !Š ‹ Š ‹))� )) �#!! ))� )) �#!! #È È# #k k
k k

 so that k  ft/sec .œ ¸ $)Þ(#))
#!!

##

 (b) The initial condition that s  ft/sec implies that s t kt  and s t t where k is as above.w w �
#a b a b a b! œ %% œ � � %% œ � %%kt#

 The car is stopped at a time t such that s t kt t . At this time the car has traveled a distancew %%a b œ � � %% œ ! Ê œ k

 s  feet. Thus halving the initial velocity quartersˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰%% � %% %% %% *') #!!
# # ))

#

k k k k k
kœ � %% œ œ œ *') œ #&

#

#

 stopping distance.

24. h x f x g x h x f x f x g x g x f x f x g x g x f x g x g x f xa b a b a b a b a b a b a b a b a b a b a b a b a b a b a ba b� ‘ � ‘a bœ � Ê œ # � # œ # � œ # � �# # w w w w w

 . Thus h x c, a constant. Since h , h x  for all x in the domain of h. Thus h .œ # † ! œ ! œ ! œ & œ & "! œ &a b a b a b a b

25. Yes. The curve y x satisfies all three conditions since  everywhere, when x , y , and  everywhere.œ œ " œ ! œ ! œ !dy d y
dx dx

#

#

26. y x  for all x y x x C where C C y x x .w # $ $ $œ $ � # Ê œ � # � � " œ " � # † " � Ê œ �% Ê œ � # � %

27. s t a t v s t C. We seek v s C. We know that s t b for some t  and s is at aww # w w ‡ ‡�
$ !a b a b a b a bœ œ � Ê œ œ � œ ! œ œt$

 maximum for this t . Since s t Ct k and s  we have that s t Ct and also s t  so that‡ w ‡� �a b a b a b a bœ � � ! œ ! œ � œ !t t
12 12

% %

 t C . So C C  b C C b C b C‡ "Î$ %Î$"Î$ "Î$ "Î$ "Î$� $ $ $ %
"# % $œ $ � $ œ Ê $ � œ Ê $ œ Ê $ œa b a b a b a bˆ ‰ ˆ ‰� ‘a bC

12
C C b

"Î$ %

 C . Thus v s b .Ê œ œ ! œ œa b a b È% %
$ $ $!

w $Î%# #b b$Î% $Î%a b
28. (a) s t t t v t s t t t k where v k v t t tww "Î# �"Î# w $Î# "Î# $Î# "Î## % # %

$ $ $ $a b a b a b a b a bœ � Ê œ œ � # � ! œ œ Ê œ � # � Þ

 (b) s t t t t k  where s k . Thus s t t t t .a b a b a bœ � � � ! œ œ � œ � � �% % % % % % % %
"& $ $ "& "& $ $ "&

&Î# $Î# &Î# $Î#
# #

29. The graph of f x ax bx c with a  is a parabola opening upwards. Thus f x  for all x if f x  for at mosta b a b a bœ � � � !   ! œ !#

 one real value of x. The solutions to f x  are, by the quadratic equation . Thus we requirea b œ !
�# „ # �%

#

b b ac

a

Éa b#

 b ac b ac .a b# � % Ÿ ! Ê � Ÿ !# #
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30. (a) Clearly f x a x b a x b  for all x. Expanding we seea b a b a bœ � � Þ Þ Þ � �   !" "
# #

n n

  f x a x a b x b a x a b x ba b a b a bœ � # � � Þ Þ Þ � � # �# # # # # #
" "" " n nn n

 a a a x a b a b a b x b b b .œ � � Þ Þ Þ � � # � � Þ Þ Þ � � � � Þ Þ Þ �   !a b a b a b# # # # # # #
" "# #" " # #n nn n

 Thus a b a b a b a a a b b b  by Exercise 29.a b a ba b" " # #
# # # # # # #

" "# #� � Þ Þ Þ � � � � Þ Þ Þ � � � Þ Þ Þ � Ÿ !n n n n

 Thus a b a b a b a a a b b b .a b a ba b" " # #
# # # # # # #

" "# #� � Þ Þ Þ � Ÿ � � Þ Þ Þ � � � Þ Þ Þ �n n n n

 (b) Referring to Exercise 29: It is clear that f x  for some real x b ac , by quadratic formula.a b œ ! Í � % œ !#

 Now notice that this implies that

 f x a x b a x ba b a b a bœ � � Þ Þ Þ � �" "
# #

n n

       a a a x a b a b a b x b b bœ � � Þ Þ Þ � � # � � Þ Þ Þ � � � � Þ Þ Þ � œ !a b a b a b# # # # # # #
" "# #" " # #n nn n

 a b a b a b a a a b b bÍ � � Þ Þ Þ � � � � Þ Þ Þ � � � Þ Þ Þ � œ !a b a ba b" " # #
# # # # # # #

" "# #n n n n

 a b a b a b a a a b b bÍ � � Þ Þ Þ � œ � � Þ Þ Þ � � � Þ Þ Þ �a b a ba b" " # #
# # # # # # #

" "# #n n n n

 But now  f x a x b  for all i  n a x b  for all i  n.a b œ ! Í � œ ! œ "ß #ß Þ Þ Þ ß Í œ � œ ! œ "ß #ß Þ Þ Þ ßi i i i
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NOTES
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CHAPTER 5  INTEGRATION

5.1  AREA AND ESTIMATING WITH FINITE SUMS

 1. f x xa b œ #

 

Since f is increasing on , we use left endpoints to obtainÒ!ß "Ó
lower sums and right endpoints to obtain upper sums.

 (a) x  and x i x a lower sum is ˜ œ œ œ ˜ œ Ê † œ ! � œ"�! " " " " "
# # # # # # # )

œ!

" # # #
i

i i

i

!ˆ ‰ ˆ ‰Š ‹
 (b) x  and x i x a lower sum is ˜ œ œ œ ˜ œ Ê † œ ! � � � œ † œ"�! " " " " " $ " ( (

% % % # % ) $#
œ!

$ # # # # #
i

i i

i
4 4 4 4 4

!ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹
 (c) x  and x i x an upper sum is +1˜ œ œ œ ˜ œ Ê † œ œ"�! " " " " &

# # # # # # # )
œ

# # #
i

i i

i 1

2!ˆ ‰ ˆ ‰Š ‹
 (d) x  and x i x an upper sum is +1˜ œ œ œ ˜ œ Ê † œ � � œ † œ"�! " " " " " $ " $! "&

% % % # % "' $#
œ"

% # # # # #
i

i i

i
4 4 4 4 4

!ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹
 2. f x xa b œ $

 

Since f is increasing on , we use left endpoints to obtainÒ!ß "Ó
lower sums and right endpoints to obtain upper sums.

 (a) x  and x i x a lower sum is ˜ œ œ œ ˜ œ Ê † œ ! � œ"�! " " " " "
# # # # # # # "'

œ!

" $ $ $
i

i i

i

!ˆ ‰ ˆ ‰Š ‹
 (b) x  and x i x a lower sum is ˜ œ œ œ ˜ œ Ê † œ ! � � � œ œ"�! " " " " " $ $' *

% % % # #&' '%
œ!

$ $ $ $ $ $
i

i i

i
4 4 4 4 4

!ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹
 (c) x  and x i x an upper sum is +1˜ œ œ œ ˜ œ Ê † œ œ † œ"�! " " " " " * *

# # # # # # # # ) "'
œ

$ $ $
i

i i

i 1

2!ˆ ‰ ˆ ‰Š ‹
 (d) x  and x i x an upper sum is +1˜ œ œ œ ˜ œ Ê † œ � � œ œ œ"�! " " " " " $ "!! #&

% % % # #&' '%
œ"

% $ $ $ $ $
i

i i

i
4 4 4 4 4

!ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹
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 3. f xa b œ "
x

 

Since f is decreasing on 1 5 , we use left endpoints to obtainÒ ß Ó
upper sums and right endpoints to obtain lower sums.

 (a) x  and x i x i a lower sum is ˜ œ œ # œ " � ˜ œ " � # Ê † # œ # � œ&�" " " " "'
# $ & "&

œ"

#

i
i

x
! ˆ ‰

i

 (b) x 1 and x i x i a lower sum is ˜ œ œ œ " � ˜ œ " � Ê † " œ " � � � œ&�" " " " " " ((
% # $ % & '!

œ"

%

i
i

x
! ˆ ‰

i

 (c) x  and x i x i an upper sum is ˜ œ œ # œ " � ˜ œ " � # Ê † # œ # " � œ&�" " " )
# $ $

œ!

"

i
i

x
! ˆ ‰

i

 (d) x 1 and x i x i an upper sum is ˜ œ œ œ " � ˜ œ " � Ê † " œ " " � � � œ&�" " " " " #&
% # $ % "#

œ!

$

i
i

x
! ˆ ‰

i

 4. f x xa b œ % � #

 

Since f is increasing on  and decreasing on , we useÒ�#ß !Ó Ò!ß #Ó
left endpoints on  and right endpoints on  to obtainÒ�#ß !Ó Ò!ß #Ó
lower sums and use right endpoints on  and left endpointsÒ�#ß !Ó
on  to obtain upper sums.Ò!ß #Ó

 (a) x  and x i x i a lower sum is ˜ œ œ # œ �# � ˜ œ �# � # Ê # † % � �# � # † % � # œ !#� �# #
#

#a b
i ˆ ‰a b a b

 (b) x  and x i x i a lower sum is x  x˜ œ œ " œ �# � ˜ œ �# � Ê % � † " � % � † "#� �# # #
%

œ! œ$

" %a b
i i i

i i

! !ˆ ‰ ˆ ‰a b a b
  œ " % � �# � % � �" � % � " � % � # œ 'ˆ ‰ˆ ‰ ˆ ‰a b a b a b a b# # # #

 (c) x  and x i x i a upper sum is ˜ œ œ # œ �# � ˜ œ �# � # Ê # † % � ! � # † % � ! œ "'#� �# #
#

#a b
i ˆ ‰a b a b

 (d) x  and x i x i a upper sum is x  x˜ œ œ " œ �# � ˜ œ �# � Ê % � † " � % � † "#� �# # #
%

œ" œ#

# $a b
i i i

i i

! !ˆ ‰ ˆ ‰a b a b
  œ " % � �" � % � ! � % � ! � % � " œ "%ˆ ‰ˆ ‰a b a b a b a b# # # #

 5. f x xa b œ #

 
Using 2 rectangles x f fÊ ˜ œ œ Ê �"�! " " " $

# # # % %
ˆ ‰ˆ ‰ ˆ ‰

œ � œ œ" " $ "! &
# % % $# "'

# #Š ‹ˆ ‰ ˆ ‰
Using 4 rectangles xÊ ˜ œ œ"�! "

% %

Ê � � �" " $ & (
% ) ) ) )
ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰f f f f

œ � � � œ" " $ & ( #"
% ) ) ) ) '%

# # # #Š ‹ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
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 6. f x xa b œ $

 
Using 2 rectangles x f fÊ ˜ œ œ Ê �"�! " " " $

# # # % %
ˆ ‰ˆ ‰ ˆ ‰

œ � œ œ" " $ #) (
# % % # † '% $#

$ $Š ‹ˆ ‰ ˆ ‰
Using 4 rectangles xÊ ˜ œ œ"�! "

% %

Ê � � �" " $ & (
% ) ) ) )
ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰f f f f

œ œ œ œ" " �$ �& �( %*' "#% $"
% ) % † ) ) "#)Š ‹$ $ $ $

$ $ $

 7. f xa b œ "
x

 Using 2 rectangles x f fÊ ˜ œ œ # Ê # # � %&�"
# a ba b a b

œ # � œˆ ‰" " $
# % #

Using 4 rectangles xÊ ˜ œ œ "&�"
%

Ê " � � �ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰f f f f$ & ( *
# # # #

œ " � � � œ œ œˆ ‰# # # # "%)) %*' %*'
$ & ( * $ † & † ( † * & † ( † * $"&

 8. f x xa b œ % � #

 
Using 2 rectangles x f fÊ ˜ œ œ # Ê # �" � "#� �#

#
a b a ba b a b

œ # $ � $ œ "#a b
Using 4 rectangles xÊ ˜ œ œ "#� �#

%
a b

Ê " � � � � �ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰f f f f$ " " $
# # # #

œ " % � � � % � � � % � � % �Š ‹Š ‹ Š ‹ Š ‹ Š ‹ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰$ " " $
# # # #

# # # #

œ "' � † # � † # œ "' � œ ""ˆ ‰* " "!
% % #

 9. (a) D (0)(1) (12)(1) (22)(1) (10)(1) (5)(1) (13)(1) (11)(1) (6)(1) (2)(1) (6)(1) 87 inches¸ � � � � � � � � � œ

 (b) D (12)(1) (22)(1) (10)(1) (5)(1) (13)(1) (11)(1) (6)(1) (2)(1) (6)(1) (0)(1) 87 inches¸ � � � � � � � � � œ

10. (a) D (1)(300) (1.2)(300) (1.7)(300) (2.0)(300) (1.8)(300) (1.6)(300) (1.4)(300) (1.2)(300)¸ � � � � � � �

 (1.0)(300) (1.8)(300) (1.5)(300) (1.2)(300) 5220 meters  (NOTE:  5 minutes 300 seconds)� � � � œ œ

 (b) D (1.2)(300) (1.7)(300) (2.0)(300) (1.8)(300) (1.6)(300) (1.4)(300) (1.2)(300) (1.0)(300)¸ � � � � � � �

 (1.8)(300) (1.5)(300) (1.2)(300) (0)(300) 4920 meters  (NOTE:  5 minutes 300 seconds)� � � � œ œ

11. (a) D (0)(10) (44)(10) (15)(10) (35)(10) (30)(10) (44)(10) (35)(10) (15)(10) (22)(10)¸ � � � � � � � �

 (35)(10) (44)(10) (30)(10) 3490 feet 0.66 miles� � � œ ¸

 (b) D (44)(10) (15)(10) (35)(10) (30)(10) (44)(10) (35)(10) (15)(10) (22)(10) (35)(10)¸ � � � � � � � �

 (44)(10) (30)(10) (35)(10) 3840 feet 0.73 miles� � � œ ¸

12. (a) The distance traveled will be the area under the curve.  We will use the approximate velocities at the
 midpoints of each time interval to approximate this area using rectangles.  Thus,
 D (20)(0.001) (50)(0.001) (72)(0.001) (90)(0.001) (102)(0.001) (112)(0.001) (120)(0.001)¸ � � � � � �

 (128)(0.001) (134)(0.001) (139)(0.001) 0.967 miles� � � ¸

 (b) Roughly, after 0.0063 hours, the car would have gone 0.484 miles, where 0.0060 hours 22.7 sec.  At 22.7œ

 sec, the velocity was approximately 120 mi/hr.
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13. (a) Because the acceleration is decreasing, an upper estimate is obtained using left end-points in summing
 acceleration t.  Thus, t 1 and speed [32.00 19.41 11.77 7.14 4.33](1) 74.65 ft/sec†? ? œ ¸ � � � � œ

 (b) Using right end-points we obtain a lower estimate:  speed [19.41 11.77 7.14 4.33 2.63](1)¸ � � � �

 45.28 ft/secœ

 (c) Upper estimates for the speed at each second are:

 t 0 1 2 3 4 5
v      0      32.00  51.41  63.18  70.32  74.65 

 Thus, the distance fallen when t 3 seconds is s [32.00 51.41 63.18](1) 146.59 ft.œ ¸ � � œ

14. (a) The speed is a decreasing function of time  right end-points give an lower estimate for the height (distance)Ê

 attained. Also

          t 0 1 2 3 4 5
v   400    368    336    304    272    240  

 gives the time-velocity table by subtracting the constant g 32 from the speed at each time incrementœ

 t 1 sec.  Thus, the speed 240 ft/sec after 5 seconds.? œ ¸

 (b) A lower estimate for height attained is h [368 336 304 272 240](1) 1520 ft.¸ � � � � œ

15. Partition [ ] into the four subintervals [0 0.5], [0.5 1], [1 1.5], and [1.5 2].  The midpoints of these!ß # ß ß ß ß

 subintervals are m 0.25, m 0.75, m 1.25, and m 1.75.  The heights of the four approximating" # $ %œ œ œ œ

 rectangles are f(m ) (0.25) , f(m ) (0.75) , f(m ) (1.25) , and f(m ) (1.75)" # $ %
$ $ $ $œ œ œ œ œ œ œ œ1 27 125 343

64 64 64 64

  Notice that the average value is approximated by " " " " " " $"
# # # # # "'

$ $ $$’ “ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
4 4 4 4

3 5 7� � � œ

 .  We use this observation in solving the next several exercises.
approximate area under

curve f(x) x
œ

œ
"

!ß# $length of [ ] † ” •
16. Partition [1 9] into the four subintervals [ ], [3 ], [ ], and [ ].  The midpoints of these subintervals areß "ß $ ß & &ß ( (ß *

 m 2, m 4, m 6, and m 8.  The heights of the four approximating rectangles are f(m ) ," # $ % "
"
#œ œ œ œ œ

 f(m ) , f(m ) , and f(m ) .  The width of each rectangle is x 2.  Thus,# $ %
" " "œ œ œ œ4 6 8 ?

 Area 2 2 2 2   average value .¸ � � � œ Ê ¸ œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " "
# # "ß*4 6 8 1 length of [ ] 8 96

25 area 25ˆ ‰25
12

17. Partition [0 2] into the four subintervals [0 0.5], [0.5 1], [1 1.5], and [1.5 2].  The midpoints of the subintervalsß ß ß ß ß

 are m 0.25, m 0.75, m 1.25, and m 1.75.  The heights of the four approximating rectangles are" # $ %œ œ œ œ

 f(m ) sin  1, f(m ) sin  1, f(m ) sin  " # $
" " " " " " " " "
# # # # # #

# # #
#

œ � œ � œ œ � œ � œ œ � œ � �1 1 1

4 2 4 2 4
3 5

2
Š ‹È

 1, and f(m ) sin  1.  The width of each rectangle is x .  Thus,œ � œ œ � œ � � œ œ" " " " " "
# # # #%

#
#

2 4
7

2
1 Š ‹È ?

 Area (1 1 1 1) 2  average value 1.¸ � � � œ Ê ¸ œ œˆ ‰"
# ß #

area 2
length of [0 2]

18. Partition [0 4] into the four subintervals [0 1], [1 2 ], [2 3], and [3 4].  The midpoints of the subintervalsß ß ß ß ß ß

 are m , m , m , and m .  The heights of the four approximating rectangles are" # $ %
"
# # # #œ œ œ œ3 5 7

 f(m ) 1 cos 1 cos 0.27145 (to 5 decimal places),"

% %
œ � œ � œŠ ‹Š ‹ ˆ ‰ˆ ‰1 1

ˆ ‰"
#

4 8

 f(m ) 1 cos 1 cos 0.97855, f(m ) 1 cos 1 cos#

% % % %
œ � œ � œ œ � œ �Š ‹ Š ‹Š ‹ Š ‹ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰1 11 1

ˆ ‰ ˆ ‰3 5
# #

4 8 4 8
3 5

3

 0.97855, and f(m ) 1 cos 1 cos 0.27145.  The width of each rectangle isœ œ � œ � œ%

% %Š ‹Š ‹ ˆ ‰ˆ ‰1 1
ˆ ‰7
#

4 8
7

 x .  Thus, Area (0.27145)(1) (0.97855)(1) (0.97855)(1) (0.27145)(1) 2.5  average? œ " ¸ � � � œ Ê

 value .¸ œ œarea 2.5 5
length of [0 4] 4 8ß
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19. Since the leakage is increasing, an upper estimate uses right endpoints and a lower estimate uses left
 endpoints:
 (a) upper estimate (70)(1) (97)(1) (136)(1) (190)(1) (265)(1) 758 gal,œ � � � � œ

 lower estimate (50)(1) (70)(1) (97)(1) (136)(1) (190)(1) 543 gal.œ � � � � œ

 (b) upper estimate (70 97 136 190 265 369 516 720) 2363 gal,œ � � � � � � � œ

 lower estimate (50 70 97 136 190 265 369 516) 1693 gal.œ � � � � � � � œ

 (c) worst case:  2363 720t 25,000  t 31.4 hrs;� œ Ê ¸

 best case:  1693 720t 25,000  t 32.4 hrs� œ Ê ¸

20. Since the pollutant release increases over time, an upper estimate uses right endpoints and a lower estimate
 uses left endpoints:
 (a) upper estimate (0.2)(30) (0.25)(30) (0.27)(30) (0.34)(30) (0.45)(30) (0.52)(30) 60.9 tonsœ � � � � � œ

 lower estimate (0.05)(30) (0.2)(30) (0.25)(30) (0.27)(30) (0.34)(30) (0.45)(30) 46.8 tonsœ � � � � � œ

 (b) Using the lower (best case) estimate:  46.8 (0.52)(30) (0.63)(30) (0.70)(30) (0.81)(30) 126.6 tons,� � � � œ

 so near the end of September 125 tons of pollutants will have been released.

21. (a) The diagonal of the square has length 2, so the side length is . AreaÈ ÈŠ ‹# œ # œ #
#

 (b) Think of the octagon as a collection of 16 right triangles with a hypotenuse of length 1 and an acute angle measuring

 .#
"' )
1 1œ

 Area sin cos  sin œ "' œ % œ # # ¸ #Þ)#)ˆ ‰ˆ ‰ˆ ‰ È"
# ) ) %

1 1 1

 (c) Think of the 16-gon as a collection of 32 right triangles with a hypotenuse of length 1 and an acute angle measuring

 .#
$# "'
1 1œ

 Area sin cos  sin œ $# œ ) œ # # ¸ $Þ!'"ˆ ‰ˆ ‰ˆ ‰ È"
# "' "' )

1 1 1

 (d) Each area is less than the area of the circle, . As n increases, the area approaches .1 1

22. (a) Each of the isosceles triangles is made up of two right triangles having hypotenuse 1 and an acute angle measuring

 . The area of each isosceles triangle is A sin cos  sin .# " " #
# # #
1 1 1 1 1

n n n n nTœ œ # œˆ ‰ˆ ‰ˆ ‰
 (b) The area of the polygon is A nA  sin , so  sin  P T

n n
n nn n

sin 
œ œ œ † œ# #

# #

Ä_ Ä_

1 1lim lim 1 1
#

#

1

1

n

n
ˆ ‰

 (c) Multiply each area by r .#

 A r sin T nœ " #
#

# 1

 A r sin P
n

nœ #
# #1

 A rlim
n

P
Ä_

#œ 1

23-26. Example CAS commands:
 :Maple
 with( Student[Calculus1] );
 f := x -> sin(x);
 a := 0;
 b := Pi;
 plot( f(x), x=a..b, title="#23(a) (Section 5.1)" );
 N := [ 100, 200, 1000 ];                                            # (b)
 for n in N do
   Xlist := [ a+1.*(b-a)/n*i $ i=0..n ];
   Ylist := map( f, Xlist );
 end do:
 for n in N do                                                          # (c)
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   Avg[n] := evalf(add(y,y=Ylist)/nops(Ylist));
 end do;
 avg := FunctionAverage( f(x), x=a..b, output=value );
 evalf( avg );
 FunctionAverage(f(x),x=a..b,output=plot);      # (d)
 fsolve( f(x)=avg, x=0.5 );
 fsolve( f(x)=avg, x=2.5 );
 fsolve( f(x)=Avg[1000], x=0.5 );
 fsolve( f(x)=Avg[1000], x=2.5 );
 : (assigned function and values for a and b may vary):Mathematica
 Symbols for , , powers, roots, fractions, etc. are available in Palettes (under File).1 Ä

 Never insert a space between the name of a function and its argument.
 Clear[x]
 f[x_]:=x  Sin[1/x]
 {a,b}={ /4, }1 1

 Plot[f[x],{x, a, b}]
 The following code computes the value of the function for each interval midpoint and then finds the average. Each
 sequence of commands for a different value of n (number of subdivisions) should be placed in a separate cell.
 n =100; dx = (b a) /n;�

 values = Table[N[f[x]], {x, a dx/2, b, dx}]�

 average=Sum[values[[i]],{i, 1, Length[values]}] / n
 n =200; dx = (b a) /n;�

 values = Table[N[f[x]],{x, a + dx/2, b, dx}]
 average=Sum[values[[i]],{i, 1, Length[values]}] / n
 n =1000; dx = (b a) /n;�

 values = Table[N[f[x]],{x, a dx/2, b, dx}]�

 average=Sum[values[[i]],{i, 1, Length[values]}] / n
 FindRoot[f[x] == average,{x, a}]

5.2  SIGMA NOTATION AND LIMITS OF FINITE SUMS

 1.   7!2

k 1œ

6k 6 12
k 1 1 1 2 1 2 3

6(1) 6(2)
� � �œ � œ � œ

 2.   0!3

k 1œ

k 1 1 1 2 1 3 1 1 2 7
k 1 2 3 2 3 6
� � � �œ � � œ � � œ

 3.  cos k cos (1 ) cos (2 ) cos (3 ) cos (4 ) 1 1 1 1 0!4

k 1œ

1 1 1 1 1œ � � � œ � � � � œ

 4.  sin k sin (1 ) sin (2 ) sin (3 ) sin (4 ) sin (5 ) 0 0 0 0 0 0!5

k 1œ

1 1 1 1 1 1œ � � � � œ � � � � œ

 5.  ( 1)  sin ( 1)  sin ( 1)  sin ( )  sin 0 1!3

k 1

k 1

œ

�� œ � � � � �" œ � � œ1 1 1 1

k 1 3
3 3 2"�" #�" $�"

# # #
�È È

 6.  ( 1)  cos k ( 1)  cos (1 ) ( 1)  cos (2 ) ( 1)  cos (3 ) ( 1)  cos (4 )!4

k 1

k

œ

� œ � � � � � � �1 1 1 1 1
" # $ %

 ( 1) 1 ( 1) 1 4œ � � � � � � œ
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 7. (a)  2 2 2 2 2 2 2 1 2 4 8 16 32!6

k 1

k 1

œ

� œ � � � � � œ � � � � �"�" #�" $�" %�" &�" '�"

 (b)  2 2 2 2 2 2 2 1 2 4 8 16 32!
5

k 0

k

œ

œ � � � � � œ � � � � �! " # $ % &

 (c)  2 2 2 2 2 2 2 1 2 4 8 16 32!4

k

k 1

œ�"

� œ � � � � � œ � � � � ��"�" !�" "�" #�" $�" %�"

 All of them represent 1 2 4 8 16 32� � � � �

 8. (a)  ( 2) ( 2) ( 2) ( 2) ( 2) ( 2) ( 2) 1 2 4 8 16 32!6

k 1

k 1

œ

�� œ � � � � � � � � � � � œ � � � � �"�" #�" $�" %�" &�" '�"

 (b)  ( 1) 2 ( 1) 2 ) 2 ( 1) 2 ( 1) 2 ( 1) 2 ( 1) 2 1 2 4 8 16 32!5

k 0

k k

œ

� œ � � Ð�" � � � � � � � � œ � � � � �! ! " " # # $ $ % % & &

 (c)  ( 1) 2 ) 2 ( ) 2 ( ) 2 ( 1) 2 ( ) 2!3

k 2

k 1 k 2

œ�

� �� œ Ð�" � �" � �" � � � �"�#�" �#�# �"�" �"�# !�" !�# "�" "�# #�" #�#

 ( 1) 2 1 2 4 8 16 32;� � œ � � � � � �$�" $�#

 (a) and (b) represent 1 2 4 8 16 32; (c) is not equivalent to the other two� � � � �

 9. (a)   1!4

k 2œ

( ) ( 1) ( ) ( )
k 1 2 1 3 1 4 1 3
�" � �" �"
� � � � #

" "k�"

œ � � œ � � �
#�" $�" %�"

 (b)   1!2

k 0œ

( ) ( 1) ( ) ( )
k 1 0 1 1 1 2 1 3
�" � �" �"
� � � � #

" "k

œ � � œ � �
! " #

 (c)  1!1

kœ�"

( ) ( 1) ( ) ( )
k 2 1 2 0 2 1 2 3
�" � �" �"
� � � � � #

" "k

œ � � œ � � �
�" ! "

 (a) and (c) are equivalent; (b) is not equivalent to the other two.

10. (a)  (k 1) (1 1) (2 1) (3 1) (4 1) 0 1 4 9!4

k 1œ

� œ � � � � � � � œ � � �# # # # #

 (b) (k 1) ( 1 1) (0 1) (1 1) (2 1) (3 1) 0 1 4 9 16!3

k 1œ�

� œ � � � � � � � � � � œ � � � �# # # # # #

 (c)  k ( 3) ( 2) ( 1) 9 4 1!�"
œ�k 3

# # # #œ � � � � � œ � �

 (a) and (c) are equivalent to each other; (b) is not equivalent to the other two.

11.  k 12.  k  13.   ! ! !6 4 4

k 1 k 1 k 1œ œ œ

# "
#k

14.  2k 15.  ( 1)  16.  ( 1)! ! !5 5 5

k 1 k 1 k 1

k 1 k

œ œ œ

�� �"
k 5

k

17. (a)  3a 3  a 3( 5) 15! !n n

k 1 k 1
k k

œ œ

œ œ � œ �

 (b)     b (6) 1! !n n

k 1 k 1
k

œ œ

b
6 6 6

k œ œ œ" "

 (c)  (a b )  a  b 5 6 1! ! !n n n

k 1 k 1 k 1
k k k k

œ œ œ

� œ � œ � � œ

 (d)  (a b )  a  b 5 6 11! ! !n n n

k 1 k 1 k 1
k k k k

œ œ œ

� œ � œ � � œ �

 (e)  (b 2a )  b 2  a 6 2( 5) 16! ! !n n n

k 1 k 1 k 1
k k k k

œ œ œ

� œ � œ � � œ
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18. (a)  8a 8  a 8(0) 0 (b)  250b 250  b 250(1) 250! ! ! !n n n n

k 1 k 1 k 1 k 1
k k k k

œ œ œ œ

œ œ œ œ œ œ

 (c)  (a 1)  a  1 0 n n (d)  (b 1)  b  1 n! ! ! ! ! !n n n n n n

k 1 k 1 k 1 k 1 k 1 k 1
k k k k

œ œ œ œ œ œ

� œ � œ � œ � œ � œ " �

19. (a)  k 55 (b)  k 385! !10 10

k 1 k 1œ œ

œ œ œ œ10(10 1) 10(10 1)(2(10) 1)
6

� � �
#

#

 (c)  k 55 3025! ’ “10

k 1œ

$ #�
#

#

œ œ œ10(10 1)

20. (a)  k 91 (b)  k 819! !13 13

k 1 k 1œ œ

œ œ œ œ13(13 1) 13(13 1)(2(13) 1)
6

� � �
#

#

 (c)  k 91 8281! ’ “13

k 1œ

$ #�
#

#

œ œ œ13(13 1)

21.  2k 2  k 2 56 22.     k! ! ! !Š ‹ Š ‹7 7 5 5

k 1 k 1 k 1 k 1œ œ œ œ

� œ � œ � œ � œ œ œ7(7 ) 5(5 1)k
15 15 15

�" �
# #

1 1 1
1

23.  3 k  3  k 3(6) 73! ! !a b6 6 6

k 1 k 1 k 1œ œ œ

� œ � œ � œ �# # �" �6(6 )(2(6) 1)
6

24.  k 5  k  5 5(6) 61! ! !a b6 6 6

k 1 k 1 k 1œ œ œ

# # �" �� œ � œ � œ6(6 )(2(6) 1)
6

25.  k(3k 5)  3k 5k 3  k 5  k 3 5 240! ! ! !a b Š ‹ Š ‹5 5 5 5

k 1 k 1 k 1 k 1œ œ œ œ

� œ � œ � œ � œ# # � � �
#

5(5 1)(2(5) 1) 5(5 1)
6

26.  k(2k 1)  2k k 2  k  k 2 308! ! ! !a b Š ‹7 7 7 7

k 1 k 1 k 1 k 1œ œ œ œ

� œ � œ � œ � œ# # � � �
#

7(7 1)(2(7) 1) 7(7 1)
6

27.    k   k  k 3376! ! ! !Œ � Œ � Š ‹ Š ‹5 5 5 5

k 1 k 1 k 1 k 1œ œ œ œ

k
225 2 5 25

5(5 1) 5(5 1)$

� œ � œ � œ
$ $

" "
# # # #

$ � �
# $

28.  k    k   k 588Œ � Œ �! ! ! ! Š ‹ Š ‹7 7 7 7

k 1 k 1 k 1 k 1œ œ œ œ

# #
" "$ � �

# #

# #

� œ � œ � œk
4 4 4

7(7 1) 7(7 1)$

29. (a)  3 3 21 (b)  7 7 3500! !a b a b7 500

k 1 k 1œ œ

œ œ œ œ7 500

 (c) Let j k 2 k j 2; if k 3 j 1 and if k 264 j 262   10   10 10 2620œ � Ê œ � œ Ê œ œ Ê œ Ê œ œ œ! ! a b264 262

k 3 j 1œ œ

262

30. (a) Let j k 8 k j 8; if k 9 j 1 and if k 36 j 28   k   j 8   j  8œ � Ê œ � œ Ê œ œ Ê œ Ê œ � œ �! ! ! !a b36 28 28 28

k 9 j 1 j 1 j 1œ œ œ œ

 28 630œ � ) œ28 28 1
2

a b� a b
 (b) Let j k 2 k j 2; if k 3 j 1 and if k 17 j 15   k   j 2œ � Ê œ � œ Ê œ œ Ê œ Ê œ �! ! a b17 15

k 3 j 1œ œ

2 2

   j 4j 4   j   4j   4 4 4 15œ � � œ � � œ � † �! ! ! !a b a b15 15 15 15

j 1 j 1 j 1 j 1œ œ œ œ

2 2 15 15 1 2 15 1 15 15 1
6 2

a ba b a ba b� � �

 1240 480 60 1780œ � � œ
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 (c) Let j k 17 k j 17; if k 18 j 1 and if k 71 j 54  k k 1œ � Ê œ � œ Ê œ œ Ê œ Ê �! a b71

k 3œ

   j 17 j 17 1   j 33j 272   j   33j   272œ � � � œ � � œ � �! ! ! ! !a ba b a ba b54 54 54 54 54

j 1 j 1 j 1 j 1 j 1œ œ œ œ œ

2 2

 33 272 54 53955 49005 14688 117648œ � † � œ � � œ54 54 1 2 54 1 54 54 1
6 2

a ba b a ba b� � � a b
31. (a)  4 4n (b)  c cn! !n n

k 1 k 1œ œ

œ œ

 (c)  k 1  k  1 n! ! !a bn n n

k 1 k 1 k 1œ œ œ

� œ � œ � œn n 1
2 2

n na b� �2

32. (a)  2n 2n n 1 2n  (b)  n c! !ˆ ‰ ˆ ‰n n

k 1 k 1œ œ

1 1 c c
n n n n

2� œ � œ � œ † œ

 (c)  !n

k 1œ

k 1 n 1
n n 2 2n

n n 1
2 2œ œa b� �

33. (a) (b) (c)
                                 

34. (a) (b) (c)
                                                           

35. (a) (b) (c)
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36. (a) (b) (c)
                                                              

37. x x 1.2 0 1.2, x x 1.5 1.2 0.3, x x 2.3 1.5 0.8, x x 2.6 2.3 0.3,k k k k k k k k k k k k k k k k" ! # " $ # % $� œ � œ � œ � œ � œ � œ � œ � œ

 and x x 3 2.6 0.4; the largest is P 1.2.k k k k l l& %� œ � œ œ

38. x x 1.6 ( 2) 0.4, x x 0.5 ( 1.6) 1.1, x x 0 ( 0.5) 0.5,k k k k k k k k k k k k" ! # " $ #� œ � � � œ � œ � � � œ � œ � � œ

 x x 0.8 0 0.8, and x x 1 0.8 0.2; the largest is P 1.1.k k k k k k k k l l% $ & %� œ � œ � œ � œ œ

39. f x xa b œ " � #

 
Let x  and c i x .  The right-hand sum is˜ œ œ œ ˜ œ"�! "

n n ni
i

  c n i! ! !a b a bŠ ‹ˆ ‰
i 1 i 1 i 1

n n n

i n n n n
i

œ œ œ

# # #" " "#
" � œ " � œ �$

œ � œ " � œ " �n n n n
n n n n

i 1

n
n n n$ $ #

$ $ $ $

" # �$ �

œ

# �" # �"
' '

!i a ba b

œ " � " �
#� �

' Ä_ œ

# "
$ "

#n n . Thus,   clim
n i 1

n

i n
!a b

œ " � œ " � œlim
nÄ_

#� �

' $ $
" #Œ �$ "

#n n

40. f x xa b œ #

 
Let x  and c i x .  The right-hand sum is˜ œ œ œ ˜ œ$�! $ $

n n ni
i

! ! !ˆ ‰
i i i

n n n

i n n n n n n
i n nn n

œ" œ" œ"

$ ' $ ") ") * �*�"
## œ † œ œ † œc i# # #

#a b

Thus,  .lim lim lim
n n ni

n
i n n

n n n nÄ_ Ä_ Ä_œ"

' $ * �* *! ˆ ‰† œ œ * � œ *
#

#

41. f x xa b œ � "#

 
Let x  and c i x .  The right-hand sum is˜ œ œ œ ˜ œ$�! $ $

n n ni
i

 c! ! !a b Š ‹ Š ‹ˆ ‰
i i i

n n n

i n n n n n
i i

œ" œ" œ"

# $ $ $ $ *#
� " œ � " œ � "

#

#

œ � † œ � $#( $ #(

œ"

# �" # �"
'n n n

i

n
n n n! Š ‹i n $

a ba b

œ � $ œ � $Þ* # �$ �
# #

")� �a bn n n
n

$ #

$

#( *

#n n   Thus,

    c .lim lim
n ni

n

i nÄ_ Ä_œ"

# $ ")� �

#
!a b Œ �� " œ � $ œ * � $ œ "#

#( *

#n n
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42. f x xa b œ $ #

 
Let x  and c i x .  The right-hand sum is˜ œ œ œ ˜ œ"�! "

n n ni
i

! ! !ˆ ‰ ˆ ‰ ˆ ‰ Š ‹
i i i

n n n

i n n n n n
i n n n

œ" œ" œ"

# #" " $ $# �" # �"
'$ œ $ œ œc i$ $

a ba b

œ œ $# �$ � "
# #

#� �

Ä_ œ"

#n n n
n nn i

n

i
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$

$ "
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nÄ_

#� �

# #
#Œ �$ "

#n n .

43. f x x x x xa b a bœ � œ " �#

 
Let x  and c i x .  The right-hand sum is˜ œ œ œ ˜ œ"�! "

n n ni
i

! ! ! !a b Š ‹ˆ ‰
i i i i

n n n n

i i n n n n n
i i

n
œ" œ" œ" œ"

# #" " " "#
c c i i� œ � œ �# $

œ � œ �" " � # �$ ��" �" # �"
# ' # 'n n n

n n n n n
n

n n n n n
# # $$
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œ � �
"�

# '
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# "
" $ "
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n

i i n
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œ � œ � œlim
nÄ_
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44. f x x xa b œ $ � # #

 
Let x  and c i x .  The right-hand sum is˜ œ œ œ ˜ œ"�! "

n n ni
i

! ! ! !a b Š ‹ˆ ‰
i i i i

n n n n

i i n n n n n
i i

n
œ" œ" œ" œ"
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n
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œ � $ � #
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#� �
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45. f x 2xa b œ 3

 

Let x  and c i x .  The right-hand sum is˜ œ œ œ ˜ œ"�! "
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! ! !a b Š ‹ Š ‹ˆ ‰
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œ œ œ# � � " � � "
# #

"� �n n 2n
4n n

n 2n# # #

#

# "

#a b
4

n n .

Thus,    2c .lim lim
n ni

n

i
3

nÄ_ Ä_œ"

" ""� �

# #
!a b ” •œ œ

# "

#n n

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



268 Chapter 5 Integration

46. f x x xa b œ �2 3

 

Let x  and c i x .  The right-˜ œ œ œ �" � ˜ œ �" �!� �" "a b
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5.3  THE DEFINITE INTEGRAL

 1. x  dx  2. 2x  dx  3. x 3x  dx' ' '
0

2
# $ #

�" �(

! & a b�

 

 4.  dx  5.  dx  6. 4 x  dx' ' '
" #

% $ "
" "

�
#

x 1 x 0
È �

 7.  (sec x) dx 8. (tan x) dx' '
� Î%

Î%

1

1!

0

 9. (a)  g(x) dx 0 (b) g(x) dx  g(x) dx 8' ' '
# & "

" &2

œ œ � œ �

 (c) 3f(x) dx 3  f(x) dx 3( 4) 12 (d)  f(x) dx  f(x) dx  f(x) dx 6 ( 4) 10' ' ' ' '
" " # " "

& &2 2 2

œ œ � œ � œ � œ � � œ

 (e)  [f(x) g(x)] dx  f(x) dx  g(x) dx 6 8 2' ' '
" " "

& & &

� œ � œ � œ �

 (f) [4f(x) g(x)] dx 4  f(x) dx  g(x) dx 4(6) 8 16' ' '
" " "

& & &

� œ � œ � œ

10. (a)  2f(x) dx 2 f(x) dx 2( 1) 2' '
" "

* *

� œ � œ � � œ

 (b) [f(x) h(x)] dx f(x) dx h(x) dx 5 4 9' ' '
( ( (

* * *

� œ � œ � œ

 (c)  [2f(x) 3h(x)] dx 2  f(x) dx 3  h(x) dx 2(5) 3(4) 2' ' '
( ( (

* * *

� œ � œ � œ �

 (d) f(x) dx   f(x) dx ( 1) 1' '
* "

" *

œ � œ � � œ

 (e) f(x) dx  f(x) dx  f(x) dx 1 5 6' ' '
" " (

( * *

œ � œ � � œ �

 (f) [h(x) f(x)] dx  [f(x) h(x)] dx  f(x) dx  h(x) dx 5 4 1' ' ' '
* ( ( (

( * * *

� œ � œ � œ � œ

11. (a)  f(u) du  f(x) dx 5 (b) 3 f(z) dz 3  f(z) dz 5 3' ' ' '
" " " "

2 2 2 2

œ œ œ œÈ È È
 (c) f(t) dt   f(t) dt 5 (d)  [ f(x)] dx  f(x) dx 5' ' ' '

# " " "

"

œ � œ � � œ � œ �
2 2 2
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12. (a) g(t) dt   g(t) dt 2 (b)  g(u) du  g(t) dt 2' ' ' '
! �$ �$ �$

�$ ! ! !

œ � œ � œ œÈ È
 (c)  [ g(x)] dx   g(x) dx 2 (d)   dr   g(t) dt 2 1' ' ' '

�$ �$ �$ �$

! ! ! !
" "� œ � œ � œ œ œÈ ÈŠ ‹Š ‹g(r)

2 2 2È È È

13. (a) f(z) dz f(z) dz  f(z) dz 7 3 4' ' '
$ ! !

% % $

œ � œ � œ

 (b) f(t) dt   f(t) dt 4' '
% $

$ %

œ � œ �

14. (a) h(r) dr h(r) dr  h(r) dr 6 0 6' ' '
" �" �"

$ $ "

œ � œ � œ

 (b)  h(u) du   h(u) du h(u) du 6� œ � � œ œ' ' '
$ " "

" $ $Œ �
15. The area of the trapezoid is A (B b)hœ �"

#

 (5 2)(6) 21   3  dxœ � œ Ê �"
# #�#

%' ˆ ‰x

 21 square unitsœ

 

16. The area of the trapezoid is A (B b)hœ �"
#

 (3 1)(1) 2   ( 2x 4) dxœ � œ Ê � �"
# "Î#

$Î#'
 2 square unitsœ

 

17. The area of the semicircle is A r (3)œ œ" "
# #

# #
1 1

    9 x  dx  square unitsœ Ê � œ9 9
# #�$

$
#1 1' È
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18. The graph of the quarter circle is A r (4)œ œ" "# #
4 41 1

 4    16 x  dx 4  square unitsœ Ê � œ1 1'
�%

!
#È

 

19. The area of the triangle on the left is A bh (2)(2)œ œ" "
# #

 2.  The area of the triangle on the right is A bhœ œ "
#

 (1)(1) .  Then, the total area is 2.5œ œ" "
# #

   x  dx 2.5 square unitsÊ œ'
�#

" k k

 

20. The area of the triangle is A bh (2)(1) 1œ œ œ" "
# #

  1 x  dx 1 square unitÊ � œ'
�"

" a bk k
 

21. The area of the triangular peak is A bh (2)(1) 1.œ œ œ" "
# #

 The area of the rectangular base is S w (2)(1) 2.œ j œ œ

 Then the total area is 3  2 x  dx 3 square unitsÊ � œ'
�"

" a bk k
 

22. y 1 1 x   y 1 1 xœ � � Ê � œ �È È# #

  (y 1) 1 x  x (y 1) 1, a circle withÊ � œ � Ê � � œ# # # #

 center ( ) and radius of 1  y 1 1 x  is the!ß " Ê œ � �È #

 upper semicircle.  The area of this semicircle is

 A r (1) .  The area of the rectangular baseœ œ œ" "
# # #

# #
1 1

1

 is A w (2)(1) 2.  Then the total area is 2œ j œ œ � 1

#

   1 1 x  dx 2  square unitsÊ � � œ �'
�"

"
#

#Š ‹È 1
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23.  dx (b)( )  24.  4x dx b(4b) 2b' '
! !

" "
# #

#
b b

x b b
2 2 4œ œ œ œ

#

  

25.  2s ds b(2b) a(2a) b a  26. 3t dt b(3b) a(3a) b a' '
a a

b b
3œ � œ � œ � œ �" " " "

# # # # #
# # # #a b

  

27. (a) 4 x  dx 2 2  (b) 4 x  dx 2' '
�

" "
#2 0

2 2
2 22 2

4
È È� ‘ � ‘a b a b� œ œ � œ œ1 1 1 1

28. (a) 3x 1 x  dx 3x dx 1 x  dx 1 3 1' ' '
� � �

" "
# #1 1 1

0 0 0
2 2

4 4
2 3Š ‹È È � ‘ � ‘a ba b a b� � œ � � œ � � œ �1

1

 (b) 3x 1 x  dx 3x dx 3x dx 1 x  dx 1 3 1 3 1' ' ' '
� � �

" " "
# #1 1 0 1

0 0 1 1
2 2

2 2
2Š ‹È È � ‘ � ‘ � ‘a ba b a ba b a b� � œ � � � œ � � � œ1

1

29. x dx  30. x dx 3' '
" !Þ&

# #Þ&

# # # # #
"

È Š ‹È
œ � œ œ � œ

2 (1) (2.5) (0.5)
#

# # #

31.  d  32. r dr 24' '
1

1
1 1 1

# & #

# # # # ##
) ) œ � œ œ � œ(2 ) 3 5 2 2# # #

# #

È
È Š ‹ Š ‹È È

33. x  dx  34. s  ds 0.009' '
0

7 7

3 3 3
7 (0.3)

È Š ‹È3 3

# #

!

!Þ$

œ œ œ œ

$

$

35. t  dt  36.  d' '
! !

"Î# Î#
# #"

#œ œ œ œ
ˆ ‰ ˆ ‰"

# #

$ $
$

3 24 3 4

1

1
) )

1

37. x dx  38. x dx a' '
a a

a a
(2a) a 3a a3a# $

# # # # #
#œ � œ œ � œ

# # # #

#È Š ‹È

39. x  dx  40. x  dx 9b' '
! !

# # $
$È Š ‹È$

$
$

$
b bb

3 3 3
b (3b)œ œ œ œ
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41. 7 dx 7(1 3) 14 42. 5x dx 5 x dx 5 10' ' '
$ ! !

"

# #œ � œ � œ œ � œ
2 2

2 0’ “# #

43. (2t 3) dt 2 t dt 3 dt 2 3(2 0) 4 6 2' ' '
! " !

"

# #

2 2
2 0� œ � œ � � � œ � œ �’ “# #

44.  t 2  dt t dt 2 dt 2 2 0 1 2 1' ' '
! ! ! # #

È È È Š ‹È2 2 2 2 0Š ‹ ’ “È È È È– —� œ � œ � � � œ � œ �

#

#

45. 1  dz  1 dz  dz  1 dz   z dz 1[1 2]' ' ' ' '
# # # # "

" " " " #

# # # # # # # #
" " "ˆ ‰ ˆ ‰’ “� œ � œ � œ � � � œ �" � œ �z z 2 1 3 7

4

# #

46. (2z 3) dz 2z dz  3 dz 2  z dz  3 dz 2 3[0 3] 9 9 0' ' ' ' '
$ $ $ ! $

! ! ! $ !

# #� œ � œ � � œ � � � � œ � � œ’ “3 0# #

47. 3u  du 3 u  du 3 u  du  u  du 3 3 3 7' ' ' '
" " ! !

# # # "
# # # # "œ œ � œ � � � œ � œ œ” • Š ‹ ’ “’ “ ’ “ ˆ ‰2 0 0 2 1 7

3 3 3 3 3 3 3

$ $ $ $ $ $

48.  24u  du 24   u  du 24   u  du   u  du 24 24 7' ' ' '
"Î# "Î# ! !

" " " "Î#
# # # #œ œ � œ � œ œ– — ” • ’ “1

3 3 3

$
"

#

$ˆ ‰ ˆ ‰7
8

49.  3x x 5  dx 3  x  dx  x dx  5 dx 3 5[2 0] (8 2) 10 0' ' ' '
! ! ! !

# # # #
# #

# #a b ’ “ ’ “� � œ � � œ � � � � � œ � � œ2 0 2 0
3 3

$ $ # #

50.  3x x 5  dx   3x x 5  dx 3 x  dx x dx  5 dx' ' ' ' '
" ! ! ! !

! " " " "
# # #a b a b ” •� � œ � � � œ � � �

 3 5(1 0) 5œ � � � � � � œ � � œ’ “Š ‹ Š ‹ ˆ ‰1 0 1 0 3 7
3 3

$ $ # #

# # # #

51. Let x  and let x 0, x x,? ?œ œ œ œb 0 b
n n
�

! "

 x 2 x x (n 1) x, x n x b.# œ ßá ß œ � œ œ? ? ?n n�"

 Let the c 's be the right end-points of the subintervalsk

  c x , c x , and so on.  The rectanglesÊ œ œ" " # #

 defined have areas:
 f(c ) x f( x) x 3( x) x 3( x)"

# $
? ? ? ? ? ?œ œ œ

 f(c ) x f(2 x) x 3(2 x) x 3(2) ( x)#
# # $

? ? ? ? ? ?œ œ œ

 f(c ) x f(3 x) x 3(3 x) x 3(3) ( x)$
# # $

? ? ? ? ? ?œ œ œ

 ã

 f(c ) x f(n x) x 3(n x) x 3(n) ( x)n ? ? ? ? ? ?œ œ œ# # $

 Then S  f(c ) x  3k ( x)n k

n n

k 1 k 1

œ œ! !
œ œ

? ?
# $

 3( x)   k 3œ œ?
$ # � �! Š ‹Š ‹n

k 1œ

b
n 6

n(n 1)(2n 1)$

$

 

 2 3x  dx  lim   2 b .œ � � Ê œ � � œb 3 b 3
n n n n

b
$ $

# ## #
" "

!

# $ˆ ‰ ˆ ‰'
n Ä _
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52. Let x  and let x 0, x x,? ?œ œ œ œb 0 b
n n
�

! "

 x 2 x x (n 1) x, x n x b.# œ ßá ß œ � œ œ? ? ?n n�"

 Let the c 's be the right end-points of the subintervalsk

  c x , c x , and so on.  The rectanglesÊ œ œ" " # #

 defined have areas:
 f(c ) x f( x) x ( x) x ( x)"

# $
? ? ? 1 ? ? 1 ?œ œ œ

 f(c ) x f(2 x) x (2 x) x (2) ( x)#
# # $

? ? ? 1 ? ? 1 ?œ œ œ

 f(c ) x f(3 x) x (3 x) x (3) ( x)$
# # $

? ? ? 1 ? ? 1 ?œ œ œ

 ã

 f(c ) x f(n x) x (n x) x (n) ( x)n ? ? ? 1 ? ? 1 ?œ œ œ# # $

 Then S  f(c ) x  k ( x)n k

n n

k 1 k 1

œ œ! !
œ œ

? 1 ?
# $

 ( x)   kœ œ1 ? 1
$ # � �! Š ‹Š ‹n

k 1œ

b
n 6

n(n 1)(2n 1)$

$

 

 2 x  dx  lim   2 .œ � � Ê œ � � œ1 1 1b 3 b 3 b
6 n n 6 n n 3

b
$ $ $

# #
ˆ ‰ ˆ ‰" "

!

#' 1
n Ä _

53. Let x  and let x 0, x x,? ?œ œ œ œb 0 b
n n
�

! "

 x 2 x x (n 1) x, x n x b.# œ ßá ß œ � œ œ? ? ?n n�"

 Let the c 's be the right end-points of the subintervalsk

  c x , c x , and so on.  The rectanglesÊ œ œ" " # #

 defined have areas:
 f(c ) x f( x) x 2( x)( x) 2( x)"

#
? ? ? ? ? ?œ œ œ

 f(c ) x f(2 x) x 2(2 x)( x) 2(2)( x)#
#

? ? ? ? ? ?œ œ œ

 f(c ) x f(3 x) x 2(3 x)( x) 2(3)( x)$
#

? ? ? ? ? ?œ œ œ

 ã

 f(c ) x f(n x) x 2(n x)( x) 2(n)( x)n ? ? ? ? ? ?œ œ œ #

 Then S  f(c ) x  2k( x)n k

n n

k 1 k 1

œ œ! !
œ œ

? ?
#

 2( x)   k 2œ œ?
# �! Š ‹Š ‹n

k 1œ

b
n 2

n(n 1)#

#

 

 b 1  2x dx  lim   b 1 b .œ � Ê œ � œ# # #" "

!
ˆ ‰ ˆ ‰

n n

b'
n Ä _

54. Let x  and let x 0, x x,? ?œ œ œ œb 0 b
n n
�

! "

 x 2 x x (n 1) x, x n x b.# œ ßá ß œ � œ œ? ? ?n n�"

 Let the c 's be the right end-points of the subintervalsk

  c x , c x , and so on.  The rectanglesÊ œ œ" " # #

 defined have areas:

 f(c ) x f( x) x 1 ( x) ( x) x" # #
" #

? ? ? ? ? ?œ œ � œ �ˆ ‰?x

 f(c ) x f(2 x) x 1 ( x) (2)( x) x# # #
" #

? ? ? ? ? ?œ œ � œ �ˆ ‰2 x?

 f(c ) x f(3 x) x 1 ( x) (3)( x) x$ # #
" #

? ? ? ? ? ?œ œ � œ �ˆ ‰3 x?

 ã

 f(c ) x f(n x) x 1 ( x) (n)( x) xn
n x

? ? ? ? ? ?œ œ � œ �ˆ ‰?

# #
" #

 

 Then S  f(c ) x  k( x) x ( x)   k x  1 (n)n k

n n n n

k 1 k 1 k 1 k 1

œ œ � œ � œ �! ! ! !ˆ ‰ ˆ ‰Š ‹Š ‹
œ œ œ œ

? ? ? ? ?
" " "
# # #

# # �b b
n 2 n

n(n 1)#

#

 b 1 b 1  dx  lim   b 1 b b b.œ � � Ê � œ � � œ �" " " "# # #

! #4 n 4 n 4
1 x

bˆ ‰ ˆ ‰ ˆ ‰ˆ ‰'
n Ä _
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55. av(f)  x 1  dxœ �Š ‹ a b"

� !

$
#

È
È

3 0
'

  x  dx   1 dxœ �" "

! !

$ $
#

È È
È È

3 3
' '

 3 0 1 1 0.œ � � œ � œ" "
È È

Š ‹È
3 3

3

3� � Š ‹È$

 

56. av(f)   dx   x  dxœ � œ �ˆ ‰ ˆ ‰Š ‹" " "
� # #! !

$ $
#

3 0 3
x' '#

 ; .œ � œ � � œ �"
# # #6 3

3 3 x 3Š ‹$ #

 

57. av(f)  3x 1  dxœ � � œˆ ‰ a b"
� !

"
#

1 0
'

 3  x  dx 1 dx 3 (1 0)œ � � œ � � �' '
! !

" "
# Š ‹1

3

$

 .œ �#

 

58. av(f)    3x 3  dxœ � œˆ ‰ a b"
� !

"
#

1 0
'

 3  x  dx  3 dx 3 3(1 0)œ � œ � �' '
! !

" "
# Š ‹1

3

$

 .œ �#

 

59. av(f)   (t 1)  dtœ �ˆ ‰"
� !

$
#

3 0
'

  t  dt  t dt  1 dtœ � �" "

! ! !

$ $ $
#

3 3 3
2' ' '

 (3 0) 1.œ � � � � œ" "
# #3 3 3 3

3 2 3 0Š ‹ Š ‹$ # #
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60. av(f)   t t  dtœ �Š ‹ a b1
1 ( 2)� � �#

"
#'

  t  dt  t dtœ �" "

�# �#

" "
#

3 3
' '

  t  dt   t  dtœ � � �" " "

! !

" �#
# #

# #
�

3 3 3
1 ( 2)' ' Š ‹# #

 .œ � � œ" " "�
# #3 3 3 3

1 3( 2)Š ‹ Š ‹$ $

 

61. (a) av(g)   x 1  dxœ �Š ‹ a bk k"
� � �"

"

1 ( 1)
'

   ( x 1) dx  (x 1) dxœ � � � �" "
# #�" !

! "' '

 x dx   1 dx x dx 1 dxœ � � � �" " " "
# # # #�" �" ! !

! ! " "' ' ' '

 (0 ( 1)) (1 0)œ � � � � � � � � �" " " "
# # # # # # # #

�Š ‹ Š ‹0 1 0( 1)# # ##

 .œ � "
#

 

 (b) av(g)  x 1  dx   (x 1) dxœ � œ �ˆ ‰ a bk k" "
� #" "

$ $

3 1
' '

  x dx   1 dx (3 1)œ � œ � � �" " " "
# # # # # #" "

$ $' ' Š ‹3 1# #

 1.œ

 

 (c) av(g)  x 1  dxœ �Š ‹ a bk k"
� � �"

$

3 ( 1)
'

  x 1  dx  x 1  dxœ � � �" "

�" "

" $

4 4
' 'a b a bk k k k

 ( 1 2)  (see parts (a) and (b) above).œ � � œ" "
4 4

 

62. (a) av(h)  x  dx ( x) dxœ � œ � �Š ‹ k k"
� � �" �"0 ( 1)

0 0' '

 x dx .œ œ � œ �'
�" # # #

� "
0

0 ( 1)# #
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 (b) av(h)   x  dx  x dxœ � œ �ˆ ‰ k k"
�

" "

1 0 0 0
' '

 .œ � � œ �Š ‹" "
# # #

# #0

 

 (c) av(h)   x  dxœ �Š ‹ k k"
� � �"

"

1 ( 1)
'

 x  dx x  dxœ � � �"
# �"

"Œ �k k k k' '0

0

  (see parts (a) and (b)œ � � � œ �" " " "
# # # #
ˆ ‰ˆ ‰

 above).

 

63. Consider the partition P that subdivides the interval a, b  into n subintervals of width x  and let c  be the rightÒ Ó ˜ œ b a
n k
�

 endpoint of each subinterval. So the partition is P a, a , a , . . . , a  and c  a .œ Ö � � � × œ �b a
n n n n

b a n b a k b a
k

� # � � �a b a b a b

 We get the Riemann sum f c x c n c b a . As n  and P! ! !a b a b
k k k

n n n

k
b a

n n n
c b a c b a

œ" œ" œ"

� � �˜ œ † œ " œ † œ � Ä _ m m Ä !a b a b

 this expression remains c b a . Thus, c dx c b a .a b a b� œ �'
a

b

64. Consider the partition P that subdivides the interval 0, 2  into n subintervals of width x  and let c  be theÒ Ó ˜ œ œ2 0 2
n n k
�

 right endpoint of each subinterval. So the partition is P 0, , 2 , . . . , n 2  and c  k . We get theœ Ö † † œ × œ † œ2 2 2 2 2k
n n n n nk

 Riemann sum f c x 2 1  1  k  1 n 2.! ! ! ! !a b ’ “ˆ ‰ ˆ ‰
k k k k k

n n n n n

k
2k 2 2 4k 8 2 8 2
n n n n n n n n n

n n 4 n

œ" œ" œ" œ" œ"

�" �"
#˜ œ � † œ � œ � œ † � † œ �2 2

a b a b

 As n  and P  the expression 2 has the value 4 2 6. Thus, 2x 1  dx 6.Ä _ m m Ä ! � � œ � œ4 n
n 0

2a b�" ' a b
65. Consider the partition P that subdivides the interval a, b  into n subintervals of width x  and let c  be the rightÒ Ó ˜ œ b a

n k
�

 endpoint of each subinterval. So the partition is P a, a , a , . . ., a  and c  a .œ Ö � � � × œ �b a
n n n n

b a n b a k b a
k

� # � � �a b a b a b

 We get the Riemann sum f c x c a a! ! ! !a b ˆ ‰ Š ‹ Š ‹
k k k k

n n n n

k k
b a b a b a

n n n n n n
k b a ak b a k b a

œ" œ" œ" œ"

# #� � �� # � �
#

˜ œ œ � œ � �a b a b a b# #

#

 a k k naœ � � œ † � † � †b a b a
n n n n n n

k k k

n n n
a b a b a a b a n n b a n n n� �

œ" œ" œ"

# # ## � � # � �" � �" # �"
# 'Œ �! ! !a b a b a b a b a b a ba b# # $

# # $

 b a a a b a b a a a b aœ � � � † � † œ � � � † � †a b a b a b a b# ## � �" # �" # ��"
' " ' "

"� #� �n
n n

b a n n b aa b a ba b a b$ $

#

" $ "

#n nn

 As n  and P  this expression has value b a a a b aÄ _ m m Ä ! � � � † " � † #a b a b# # �
'

a bb a $

 ba a ab a b a b b a ba a . Thus, x dx .œ � � � # � � � $ � $ � œ � œ �# $ # # $ $ # # $ #"
$ $ $ $ $a b b a b a

a

b
$ $ $ $'

66. Consider the partition P that subdivides the interval 1, 0  into n subintervals of width x  and let c  beÒ� Ó ˜ œ œ0 1
n n

1
k

� �a b

 the right endpoint of each subinterval. So the partition is P 1, 1 , 1 2 , . . ., 1 n 0  andœ Ö� � � � � † � � † œ ×1 1 1
n n n
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 c  1 k 1 . We get the Riemann sum f c x 1 1k k
1 k k k 1
n n n n n

k k

n n 2
œ � � † œ � � ˜ œ � � � � � †! !a b Š ‹ˆ ‰ ˆ ‰

œ" œ"

 1 1 1 k k nœ � � � � � œ � � � œ � † � † � †1 k 2k k 2 3 1 2 3 1
n n n n n n n n n n

k k k k

n n n n2 2 n n n n n! ! ! !Š ‹ˆ ‰
œ" œ" œ" œ"

�" �" # �"
# '2 3 2 3

a b a ba b

 2 . As n  and P  this expression has value 2 . Thus,œ � � � Ä _ m m Ä ! � � � œ �3 n n n
2n n 2 3 6

3 1 5a b a ba b�" �" # �"
' 2

 x x dx .'
�

#

1

0
5
6a b� œ �

67. Consider the partition P that subdivides the interval 1, 2  into n subintervals of width x  and let c  beÒ� Ó ˜ œ œ2 1
n n

3
k

� �a b

 the right endpoint of each subinterval. So the partition is P 1, 1 , 1 2 , . . ., 1 n 2  andœ Ö� � � � � † � � † œ ×3 3 3
n n n

 c  1 k 1 . We get the Riemann sum f c x 3 1 2 1 1k k
3 3k 3k 3k 3
n n n n n

k k

n n 2
œ � � † œ � � ˜ œ � � � � � � †! !a b Š ‹ˆ ‰ ˆ ‰

œ" œ"

 3 2 1 1  k  k nœ � � � � � œ � � œ † � † � †3 18k 27k 6k 18 72 81 18 72 81
n n n n n n n n n n

k k k k

n n n n
2 n n n n n! ! ! !Š ‹

œ" œ" œ" œ"

�" �" # �"
# '

2

2 2 3 2 3
a b a ba b

 18 . As n  and P  this expression has value 18 36 27 9. Thus,œ � � Ä _ m m Ä ! � � œ36 n 27 n n
n 2n

a b a ba b�" �" # �"
2

 3x 2x 1 dx 9.'
�

#

1

2 a b� � œ

68. Consider the partition P that subdivides the interval 1, 1  into n subintervals of width x  and let c  beÒ� Ó ˜ œ œ1 1
n n

2
k

� �a b

 the right endpoint of each subinterval. So the partition is P 1, 1 , 1 2 , . . ., 1 n 1  andœ Ö� � � � � † � � † œ ×2 2
n n n

#

 c 1 k 1 . We get the Riemann sum f c x c  1k k
2 2k 2 2 2k
n n n n n

k k k

n n n

k
3 3

œ � � † œ � � ˜ œ œ � �! ! !a b ˆ ‰ ˆ ‰
œ" œ" œ"

  1 1 k k kœ � � � � œ � � � �2 6k 12k 8k 2 6 12 8
n n n n n n n n

k k k k k

n n n n n
2 3! ! ! ! !Š ‹ Œ �

œ" œ" œ" œ" œ"

2 3

2 3 2 3

 n 2 6 4 4œ � † � † � † � † œ � � † � † � †2 12 24 16 n
n n n n n n n

n n n n n n n n n n
2

# $ #

a b a ba b a b a ba b a b�" �" # �" �" �" # �" �"
# ' #

�"
4 2

2Š ‹
 2 6 4 4 . As n  and P  this expression has value 2 6 8 4 0.œ � � † � † � † Ä _ m m Ä ! � � � � œ

"�

" "

#� � "� �" $ "

#n n nn
2 1
n 2

1

 Thus, x dx 0.'
�1

1
3 œ

69. Consider the partition P that subdivides the interval a, b  into n subintervals of width x  and let c  be the rightÒ Ó ˜ œ b a
n k
�

 endpoint of each subinterval. So the partition is P a, a , a , . . . , a b  andœ Ö � � � œ ×b a
n n n

b a n b a� # � �a b a b

 c  a . We get the Riemann sum f c x c ak k
k b a k b a

n n n n
k k k

n n n

k
3 b a b a

3
œ � ˜ œ œ �a b a b� �

œ" œ" œ"

� �! ! !a b ˆ ‰ Š ‹
 a a k k kœ � � � œ � � �b a b a

n n n n n n n n
k k k k k

n n n n n
3 3 2 33a k b a 3ak b a k b a 3a b a 3a b a b a� �

œ" œ" œ" œ" œ"

� � � � � �! ! ! ! !Š ‹ Œ �2 2 3 22 3 2 3

2 3 2 3
a b a b a b a b a b a b

 naœ † � † � † � †b a
n n n n

3 3a b a n n 3a b a n n n b a n n
2

� � �" � �" # �" � �"
# ' #

2 4

4
a b a b a b a ba b a b a b# $

# $ Š ‹
 b a aœ � � † � † � †a b 3 3a b a a b a n n b a n

2 n 2 n 4 n
n2 4 2

2
a b a b a ba b a b a b� � �" # �" � �"�"

# $

#

 b a a . As n  and P  this expression has valueœ � � † � † � † Ä _ m m Ä !a b 3 3a b a a b a b a
2 2 4 1

2
n n nn

4 2 1
n 2a b a b a b� � �"�

" "

#� � "� �# $" $ "

#

  b a a a b a . Thus, x dx .a b a b� � � � � œ � œ �3 33a b a b a
2 4 4 4 4 4

b a b a
a

b
2 4 4 4 4 4a b a b� $ �# '

70. Consider the partition P that subdivides the interval 0, 1  into n subintervals of width x  and let c  be theÒ Ó ˜ œ œ1 0 1
n n k
�

 right endpoint of each subinterval. So the partition is P 0, 0 , 0 2 , . . ., 0 n 1  and c 0 k .œ Ö � � † � † œ × œ � † œ1 1 1 1 k
n n n n nk

 We get the Riemann sum f c x 3c c  3  k  k! ! ! ! !a b a bˆ ‰ ˆ ‰Š ‹ Œ �
k k k k k

n n n n n

k k k
3 31 1 k k 1 3 1

n n n n n n n
3

œ" œ" œ" œ" œ"

˜ œ � œ † � œ � 3
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 . As n  and P  this expressionœ † � † œ † � † œ † � † Ä _ m m Ä !3 1 3 n 1 3 1
n n 2 n 4 n 2 4 1

n n n n n
2

2 4 2

2
n n

2 1
n 2a b a b a b�" �" �"

# # "
�" "� "� �Š ‹ "

 has value .  Thus, 3x x dx .3 1 5 5
2 4 4 40

1
3� œ � œ' a b

71. To find where x x 0, let x x 0  x(1 x) 0 x 0 or x 1.  If 0 x 1, then 0 x x  a 0�   � œ Ê � œ Ê œ œ � � � � Ê œ# # #

 and b 1 maximize the integral.œ

72. To find where x 2x 0, let x 2x 0  x x 2 0  x 0 or x 2.  By the sign graph,% # % # # #� Ÿ � œ Ê � œ Ê œ œ „a b È
  0   0  0  , we can see that x 2x 0 on 2 2   a 2 and b 2������ �� �� ������� � Ÿ � ß Ê œ � œ

� # #!È È ’ “È È È È% #

 minimize the integral.

73. f(x)  is decreasing on [0 1] maximum value of f occurs at 0  max f f(0) 1; minimum value of f occursœ ß Ê Ê œ œ"
�1 x#

 at 1 min f f(1) .  Therefore, (1 0) min f  dx (1 0) max f   dx 1.Ê œ œ œ � Ÿ Ÿ � Ê Ÿ Ÿ" " " " "
� # � # �

" "

1 1 1 x 1 x0 0# # #
' '

 That is, an upper bound 1 and a lower bound .œ œ "
#

74. See Exercise 73 above.  On [0 0.5], max f 1, min f 0.8.  Thereforeß œ œ œ œ" "
� �1 0 1 (0.5)# #

 (0.5 0) min f  f(x) dx (0.5 0) max f  dx .  On [0.5 1], max f 0.8 and� Ÿ Ÿ � Ê Ÿ Ÿ ß œ œ' '
0 0

0.5 0.5
2
5 1 x 1 (0.5)

" " "
� # �# #

 min f 0.5.  Therefore (1 0.5) min f  dx (1 0.5) max f   dx .œ œ � Ÿ Ÿ � Ê Ÿ Ÿ" " "
� � �

" "

1 1 1 x 4 1 x 50.5 0.5
1 2

# # #
' '

 Then  dx   dx    dx ." " " " "
� � # �

" "

4 5 1 x 1 x 5 20 1 x 10
2 2 13 9

0 0.5 0

0.5

� Ÿ � Ÿ � Ê Ÿ Ÿ' ' '
# # #

75. 1 sin x 1 for all x  (1 0)( 1) sin x  dx (1 0)(1) or sin x  dx 1  sin x  dx cannot� Ÿ Ÿ Ê � � Ÿ Ÿ � Ÿ Êa b a b# # # #
" " "' ' '

0 0 0

 equal 2.

76. f(x) x 8 is increasing on [ ]  max f f(1) 1 8 3 and min f f(0) 0 8 2 2 .œ � !ß " Ê œ œ � œ œ œ � œÈ È È È
 Therefore, (1 0) min f x 8 dx (1 0) max f  2 2 x 8 dx 3.� Ÿ � Ÿ � Ê Ÿ � Ÿ' '

0 0

" "È ÈÈ

77. If f(x) 0 on [a b], then min f 0 and max f 0 on [a b].  Now, (b a) min f f(x) dx (b a) max f.  ß     ß � Ÿ Ÿ �'
a

b

 Then b a  b a 0  (b a) min f 0  f(x) dx 0.  Ê �   Ê �   Ê  '
a

b

78. If f(x) 0 on [a b], then min f 0 and max f 0.  Now, (b a) min f f(x) dx (b a) max f.  ThenŸ ß Ÿ Ÿ � Ÿ Ÿ �'
a

b

  b a  b a 0  (b a) max f 0  f(x) dx 0.  Ê �   Ê � Ÿ Ê Ÿ'
a

b

79. sin x x for x 0 sin x x 0 for x 0 (sin x x) dx 0 (see Exercise 78) sin x dx x dx 0Ÿ   Ê � Ÿ   Ê � Ÿ Ê � Ÿ' ' '
0 0 0

" " "

 sin x dx x dx  sin x dx  sin x dx .  Thus an upper bound is .Ê Ÿ Ê Ÿ � Ê Ÿ' ' ' '
0 0 0 0

1 0
" " " "

# # # #
" "Š ‹# #
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80. sec x 1  on sec x 1 0 on sec x 1  dx 0 (see Exercise 77)  � � ß Ê � �   � ß Ê � �  x x x
0

# # #

# # # # # # #

"ˆ ‰ ˆ ‰Š ‹ ’ “Š ‹1 1 1 1 '

 since [0 1] is contained in sec x dx 1  dx 0 sec x dx 1ß � ß Ê � �   Ê   �ˆ ‰ Š ‹ Š ‹1 1

# # # #

" " " "' ' ' '
0 0 0 0

x x# #

 sec x dx 1 dx x  dx sec x dx (1 0) sec x dx . Thus a lower boundÊ   � Ê   � � Ê  ' ' ' ' '
0 0 0 0 0

1 7
3 6

" " " " "
" "
# #

# Š ‹$
 is .7

6

81. Yes, for the following reasons:  av(f)   f(x) dx is a constant K.  Thus av(f) dx  K dx K(b a)œ œ œ �"
�b a a a a

b b b' ' '

 av(f) dx (b a)K (b a) f(x) dx f(x) dx.Ê œ � œ � œ' ' '
a a a

b b b

b a†

"
�

82. All three rules hold.  The reasons:  On any interval [a b] on which f and g are integrable, we have:ß

 (a) av(f g)  [f(x) g(x)] dx f(x) dx g(x) dx f(x) dx g(x) dx� œ � œ � œ �" " " "
� � � �b a b a b a b aa a a a a

b b b b b' ' ' ' '” •
 av(f) av(g)œ �

 (b) av(kf)  kf(x) dx k f(x) dx k  f(x) dx k av(f)œ œ œ œ" " "
� � �b a b a b aa a a

b b b' ' '” • ” •
 (c) av(f)  f(x) dx  g(x) dx since f(x) g(x) on [a b], and  g(x) dx av(g).œ Ÿ Ÿ ß œ" " "

� � �b a b a b aa a a

b b b' ' '
 Therefore, av(f) av(g).Ÿ

83. (a) U max  x max  x max  x where max f(x ), max f(x ), , max f(x ) since f isœ � �á � œ œ á œ" # " " # #? ? ?n n n

 increasing on [a b]; L min  x min  x min  x where min f(x ), min f(x ), ,ß œ � �á � œ œ á" # " ! # "? ? ?n

 min  f(x ) since f is increasing on [a b].  Thereforen n 1œ ß
�

 U L (max min ) x (max min ) x (max min ) x� œ � � � �á � �" " # #? ? ?n n

 (f(x ) f(x )) x (f(x ) f(x )) x (f(x ) f(x )) x (f(x ) f(x )) x (f(b) f(a)) x.œ � � � �á � � œ � œ �" ! # " !? ? ? ? ?n n 1 n�

 (b) U max  x max  x max  x  where max f(x ), max f(x ), , max f(x ) since fœ � �á � œ œ á œ" " # # " " # #? ? ?n n n n

 is increasing on[a b]; L min  x min  x min  x  whereß œ � �á �" " # #? ? ?n n

 min f(x ), min f(x ), , min   f(x ) since f is increasing on [a b].  Therefore" ! # "œ œ á œ ßn n 1�

 U L (max min ) x (max min ) x (max min ) x� œ � � � �á � �" " " # # #? ? ?n n n

 (f(x ) f(x )) x (f(x ) f(x )) x (f(x ) f(x )) xœ � � � �á � �" ! " # " #? ? ?n n 1 n�

 (f(x ) f(x )) x (f(x ) f(x )) x (f(x ) f(x )) x .  ThenŸ � � � �á � �" ! # "? ? ?max max n n 1 max�

 U L (f(x ) f(x )) x (f(b) f(a)) x f(b) f(a)  x  since f(b) f(a).  Thus� Ÿ � œ � œ �  n max max max! ? ? ?k k
  lim  (U L)  lim  (f(b) f(a)) x 0, since x P .

l l l lP 0 P 0Ä Ä

� œ � œ œ? ?max max l l
84. (a) U max  x max  x max  x whereœ � �á �" #? ? ?n

 max f(x ), max f(x ), , max f(x )" ! # "œ œ á œn n�"

 since f is decreasing on [a b];ß

 L min  x min  x min  x whereœ � �á �" #? ? ?n

 min f(x ), min f(x ) , min  f(x )" " # #œ œ ß á œn n

 since f is decreasing on [a b].  Thereforeß

 U L (max min ) x (max min ) x� œ � � �" " # #? ?

 (max min ) x�á � �n n ?

 (f(x ) f(x )) x (f(x ) f(x )) xœ � � �! " " #? ?

  (f(x ) f(x )) x (f(x ) f(x )) x�á � � œ �n n n�" !? ?

 (f(a) f(b)) x.œ � ?
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 (b) U max  x max  x max  x  where max f(x ), max f(x ), , max f(x ) sinceœ � �á � œ œ á œ" " # # " ! # "? ? ?n n n n�"

 f is decreasing on[a b]; L min  x min  x min  x  whereß œ � �á �" " # #? ? ?n n

 min f(x ), min f(x ), , min   f(x ) since f is decreasing on [a b].  Therefore" " # #œ œ á œ ßn n

 U L (max min ) x (max min ) x (max min ) x� œ � � � �á � �" " " # # #? ? ?n n n

 (f(x ) f(x )) x (f(x ) f(x )) x (f(x ) f(x )) xœ � � � �á � �! " " " # #? ? ?n n n�"

 (f(x ) f(x )) x (f(a) f(b) x f(b) f(a) x  since f(b) f(a).  ThusŸ � œ � œ � Ÿ! n max max max? ? ?k k
  lim  (U L)  lim  f(b) f(a)  x 0, since x P .

l l l lP 0 P 0Ä Ä

� œ � œ œk k l l? ?max max

85. (a) Partition 0  into n subintervals, each of length x  with points x 0, x x,� ‘ß œ œ œ1 1

# # ! "? ?n

 x 2 x, , x n x .  Since sin x is increasing on 0 , the upper sum U is the sum of the areas# # #œ á œ œ ß? ?n
1 1� ‘

 of the circumscribed rectangles of areas f(x ) x (sin x) x, f(x ) x (sin 2 x) x, , f(x ) x" #? ? ? ? ? ? ?œ œ á n

 (sin n x) x.  Then U (sin x sin 2 x sin n x) x xœ œ � �á � œ? ? ? ? ? ? ?” •cos cos n x

 sin 

?

?

x

x
# #

"

#

� �

#

ˆ ‰ˆ ‰?

 œ œ œ” • ˆ ‰cos cos n  cos cos cos cos
 sin 4n sin 

1 1 1 1 1 1 1 1

1 1 1

1

4n 2n 4n 4n 4n 4n

4n 4n
sin 4n

4n

� � � � � �

#

ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰
Š ‹

"

# # #1

#n
1

 (b) The area is sin x dx  lim   1.'
!

�
1Î#

œ œ œ
n Ä _

cos cos1 1 1

1

1

4n 4n
sin 4n

4n

� �ˆ ‰
Š ‹

#
1 cos 

1

1

#

86. (a) The area of the shaded region is x m  which is equal to L.!
i

n

i i
œ"

˜ †

 (b) The area of the shaded region is x M  which is equal to U.!
i

n

i i
œ"

˜ †

 (c) The area of the shaded region is the difference in the areas of the shaded regions shown in the second part of the figure
 and the first part of the figure. Thus this area is U L.�

87. By Exercise 86, U L x M x m  where M max f x  on the ith subinterval  and� œ ˜ † � ˜ † œ Ö ×! ! a b
i i

n n

i i i i i
œ" œ"

 m min f x  on the ith subinterval . Thus U L M m x x  provided x  for eachi i i i i i
i i

n n
œ Ö × � œ � ˜ � † ˜ ˜ �a b a b! !

œ" œ"

% $

 i  , n. Since x  x b a  the result, U L b a  follows.œ "ß Þ Þ Þ † ˜ œ ˜ œ � � � �! ! a b a b
i i

n n

i i
œ" œ"

% % % %

88. The car drove the first 150 miles in 5 hours and the
 second 150 miles in 3 hours, which means it drove 300

 miles in 8 hours, for an average of  mi/hr300
8

 37.5 mi/hr.  In terms of average values of functions,œ

 the function whose average value we seek is

 v(t) , and the average value is
30,  0 t 5
50,  5 1 8

œ
Ÿ Ÿ
� Ÿœ

 37.5.(30)(5) (50)(3)
8
� œ
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89-94. Example CAS commands:
 :Maple
 with( plots );
 with( Student[Calculus1] );
 f := x -> 1-x;
 a := 0;
 b := 1;
 N :=[ 4, 10, 20, 50 ];
 P := [seq( RiemannSum( f(x), x=a..b, partition=n, method=random, output=plot ), n=N )]:
 display( P, insequence=true );

95-98. Example CAS commands:
 :Maple
 with( Student[Calculus1] );
 f := x -> sin(x);
 a := 0;
 b := Pi;
 plot( f(x), x=a..b, title="#95(a) (Section 5.3)" );
 N := [ 100, 200, 1000 ];                                            # (b)
 for n in N do
   Xlist := [ a+1.*(b-a)/n*i $ i=0..n ];
   Ylist := map( f, Xlist );
 end do:
 for n in N do                                                          # (c)
   Avg[n] := evalf(add(y,y=Ylist)/nops(Ylist));
 end do;
 avg := FunctionAverage( f(x), x=a..b, output=value );
 evalf( avg );
 FunctionAverage(f(x),x=a..b,output=plot);      # (d)
 fsolve( f(x)=avg, x=0.5 );
 fsolve( f(x)=avg, x=2.5 );
 fsolve( f(x)=Avg[1000], x=0.5 );
 fsolve( f(x)=Avg[1000], x=2.5 );

89-98. Example CAS commands:
 : (assigned function and values for a, b, and n may vary)Mathematica
 Sums of rectangles evaluated at left-hand endpoints can be represented and evaluated by this set of commands
 Clear[x, f, a, b, n]
 {a, b}={0, }; n =10; dx = (b a)/n;1 �

 f = Sin[x] ;2

 xvals =Table[N[x], {x, a, b dx, dx}];�

 yvals = f /.x  xvals;Ä

 boxes = MapThread[Line[{{#1,0},{#1, #3},{#2, #3},{#2, 0}]&,{xvals, xvals dx, yvals}];�

 Plot[f, {x, a, b}, Epilog  boxes];Ä

 Sum[yvals[[i]] dx, {i, 1, Length[yvals]}]//N
 Sums of rectangles evaluated at right-hand endpoints can be represented and evaluated by this set of commands.
 Clear[x, f, a, b, n]
 {a, b}={0, }; n =10; dx = (b a)/n;1 �

 f = Sin[x] ;2
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 xvals =Table[N[x], {x, a dx, b, dx}];�

 yvals = f /.x xvals;Ä

 boxes = MapThread[Line[{{#1,0},{#1, #3},{#2, #3},{#2, 0}]&,{xvals dx,xvals, yvals}];�

 Plot[f, {x, a, b}, Epilog boxes];Ä

 Sum[yvals[[i]] dx, {i, 1,Length[yvals]}]//N
 Sums of rectangles evaluated at midpoints can be represented and evaluated by this set of commands.
 Clear[x, f, a, b, n]
 {a, b}={0, }; n =10; dx = (b a)/n;1 �

 f = Sin[x] ;2

 xvals =Table[N[x], {x, a dx/2, b dx/2, dx}];� �

 yvals = f /.x xvals;Ä

 boxes = MapThread[Line[{{#1,0},{#1, #3},{#2, #3},{#2, 0}]&,{xvals dx/2, xvals dx/2, yvals}];� �

 Plot[f, {x, a, b},Epilog boxes];Ä

 Sum[yvals[[i]] dx, {i, 1, Length[yvals]}]//N

5.4  THE FUNDAMENTAL THEOREM OF CALCULUS

 1. (2x 5) dx x 5x 0 5(0) ( 2) 5( 2) 6'
�2

0

� œ � œ � � � � � œc d a b a b# # #!
�#

 2. 5  dx 5x 5(4) 5( 3)'
�3

4 ˆ ‰ ’ “ Š ‹ Š ‹� œ � œ � � � � œx x 4 133
4 4 4 4

( 3)
#

%

�$

�# # #

 3. x x 3  dx x 3x  dx' '
0 0

2 2a b a b ’ “ Š ‹ Š ‹� œ � œ � œ � � � œ �2 x 3x 10
3 2 3 2 3 2 3

2
2 3 2 0 3 03 2 3 2 3 2

!

a b a b a b a b

 4. x 2x 3  dx x 3x 1 3 1 ( 1) 3( 1)'
�1

1 a b a b a b’ “ Š ‹ Š ‹2 x 20
3 3 3 3

1

1

1 ( 1)� � œ � � œ � � � � � � � œ
3 3 3

# #

�

# �a b

 5. 3x  dx 8'
0

4Š ‹ ’ “ Š ‹ Š ‹� œ � œ � � � œx 3x x 4
4 16 16 16

3(4) 3(0) (0)$ # % %# # %

# # #

%

!

 6. x 2x 3  dx x 3x 2 3(2) ( 2) 3( 2) 12'
�2

2 a b ’ “ Š ‹ Š ‹$ # # #
#

�#

�� � œ � � œ � � � � � � � œx 2
4 4 4

( 2)% % %

 7. x x  dx x 0 1'
0

1ˆ ‰ ˆ ‰È ’ “# $Î#
"

!

"� œ � œ � � œx 2 2
3 3 3 3

$

 8.  x  dx 5x ( 5)'
1

32
�'Î& �"Î& $#

" # #œ � œ � � � œ� ‘ ˆ ‰5 5

 9. 2 sec x dx [2 tan x] 2 tan (2 tan 0) 2 3 0 2 3'
0

31Î
# Î$

!œ œ � œ � œ
1 1ˆ ‰ˆ ‰ È È

3

10. 1 cos x  dx [x sin x] sin 0 sin 0'
0

1a b a b a b� œ � œ � � � œ1

! 1 1 1

11. csc  cot  d [ csc ] csc csc 2 2 0'
1

1

Î

Î

4

3 4

) ) ) )œ � œ � � � œ � � � œ
$ Î%
Î%
1

1

1 1ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ È ÈŠ ‹3
4 4

12. 4 sec u tan u du [4 sec u] 4 sec 4 sec 0 4(2) 4(1) 4'
0

31Î

œ œ � œ � œ
1 1Î$
!

ˆ ‰
3
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13.  dt  cos 2t  dt t  sin 2t (0)  sin 2(0)  sin 2' '
1 1Î Î2 2

0 0
"� " " " " " " " "

# # # # # # # #

!

Î#
cos 2t

4 4 4 4œ � œ � œ � � � œ �ˆ ‰ � ‘ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰
1

1 1 1

14.  dt  cos 2t  dt t  sin 2t' '
� Î � Î

Î Î

1 1

1 1

3 3

3 3
"� " " " "

# # # #

Î$

� Î$
cos 2t

4œ � œ �ˆ ‰ � ‘ 1
1

  sin 2  sin 2  sin  sinœ � � � � � œ � � � œ �ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " " " " �
# #

1 1 1 1 1 1 1 1 1

3 4 3 3 4 3 6 4 3 6 4 3 3 4
2 2 3È

15. tan x dx sec x 1 dx [tan x x] tan tan 0 0 1' '
0 0

4 41 1Î Î
# # Î

!œ � œ � œ � � � œ �a b a bˆ ‰ˆ ‰ a b1 1 1 14
4 4 4

16. sec x tan x  dx sec x 2sec x tan x tan  x dx 2sec x 2sec x tan x 1 dx' ' '
0 0 0

6 6 61 1 1Î Î Îa b a b a b� œ � � œ � �2 2 2 2

 [2 tan x 2sec x x] 2 tan 2sec 2 tan 0 2sec 0 0 2 3 2œ � � œ � � � � � œ � �1Î6
!

ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ a b È1 1 1 1

6 6 6 6

17. sin 2x dx cos 2x cos 2 cos 2 0'
0

81Î

œ � œ � � � œ’ “ ˆ ‰ ˆ ‰ˆ ‰ a b" " "
# # #

Î

!

�
1

1
8

8 4
2 2È

18. 4 sec t  dt 4 sec t t  dt 4 tan t' '
� Î � Î

Î% Î%

1 1

1 1

3 3

� �
# # �# � Î%

� Î$
ˆ ‰ � ‘a b� œ � œ �1 1 1

1t t# 1

 4 tan 4 tan (4( 1) 4) 4 3 3 4 3 3œ � � � � œ � � � � � œ �Š ‹ Š ‹ Š ‹ˆ ‰ ˆ ‰ Š ‹È È1 1 1 1

4 3  ˆ ‰ ˆ ‰� �1 1

4 3

19. (r 1)  dr r 2r 1  dr r r ( 1) ( 1) 1 1' '
" "

�" �"
# # # # #

�"

"

�� œ � � œ � � œ � � � � � � � œ �a b ’ “ Š ‹ Š ‹r 1 8
3 3 3 3

( 1)$ $$

20. (t 1) t 4  dt t t 4t 4  dt 2t 4t' '
� �

# $ # #
$

� $È È

È È

3 3

3 3

� � œ � � � œ � � �a b a b ’ “t t
4 3

% $
È
È

 2 3 4 3 2 3 4 3 10 3œ � � � � � � � � � œ� � � �Š ‹ Š ‹ Š ‹È È È È ÈŠ ‹ Š ‹ Š ‹ Š ‹È È È È3 3 3 3

4 3 4 3

% $ % $

# #� �

21.  du u  du' '
È È2 2

" "

# #
" " " "�&

"

#
Š ‹ Š ‹ ’ “ Š ‹ � �u u u 1 3

u 16 16 16 44u 4(1)

2

4 2

( ( ) )

& % % %

)

� œ � œ � œ � � � œ �È
Š ‹È

Š ‹È

22.  dy y 2y  dy 2y' '
� �

� �

�

�

� �

� �3 3

1 1

3

1
1 3

1 3

y 2y y
y 3 3 3 3

2 2 1 2 2 225 3

3

3 3
� � �œ � œ � œ � � � œa b ’ “ Š ‹ Š ‹a b a b

a b a b

23.  ds 1 s  ds s 2 1 2 2 1' '
1 1

2 2È È
s s

s
2 2 2

s 2 1

#

#

� �$Î# $Î%
#

"

È
È È

È

ÉÈœ � œ � œ � � � œ � �ˆ ‰ ’ “ Š ‹� �È È
 2 8 1œ � �È È4

24.  dx  dx 2 x 2x x  dx' ' '
1 1 1

8 8 8ˆ ‰ˆ ‰x 1 2 x
x x

2x x 2 x 2 3 1 3 1 3
1 3 2 3

1 3 1 3

1 3 2 3Î Î

Î Î

Î Î� � � � � Î � Î Îœ œ � � � œˆ ‰
 2x x 3x x 2 8 8 3 8 8 2 1 1 3 1 1� ‘ Š ‹ Š ‹a b a b a b a b a b a b a b a b� � � œ � � � � � � �3 3 3 3 3 3

5 4 5 4 5 4
5 3 2 3 4 3 5 3 2 3 4 3 5 3 2 3 4 3Î Î Î Î Î Î Î Î Î

1

3

 œ � 137
20

25.  dx  dx cos x dx sin x sin sin 1' ' '
1 1 1

1 1 1

1

1

Î Î Î Î2 2 2 2

sin 2x 2 sin x cos x
2 sin x 2 sin x 2œ œ œ œ � œ �’ “ a ba b ˆ ‰ˆ ‰1

1
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26. cos x sec x  dx cos x 2 sec  x dx 2 sec  x dx' ' '
0 0 0

3 3 31 1 1Î Î Îa b a b ˆ ‰� œ � � œ � �2 2 2 2cos 2x 1
2
�

 cos 2x sec  x dx sin 2x x tan xœ � � œ � �'
0

3 31
1

Î Îˆ ‰ ’ “1 5 1 5
2 2 4 2

2

!

 sin 2 tan sin 2 0 0 tan 0œ � � � � � œ �ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ a b a b a b1 5 1 5 5
4 3 2 3 3 4 2 6 8

9 31 1 1 1
È

27.  x  dx  x  dx  x  dx   x dx  x dx 16' ' ' ' '
�% �% ! �% !

! !4 4 4k k k k k k ’ “ ’ “ Š ‹ Š ‹œ � œ � � œ � � œ � � � � œx x 0 4 0( 4)# # # # ##

# # # # # #

! %

�% !

�

28. cos x cos x   dx (cos x cos x) dx  (cos x cos x) dx cos x dx [sin x]' ' ' '
! ! Î# !

Î# Î#1 1 1 1

1

" " "
# # #

Î#
!a bk k� œ � � � œ œ
1

 sin sin 0 1œ � œ1

#

29. (a) cos t dt [sin t] sin x sin 0 sin x  cos t dt sin x cos x x' '
! !

È Èx x
x

œ œ � œ Ê œ œ
È
!

"
#

�"Î#È È È ÈŒ � ˆ ‰ ˆ ‰d d
dx dx

 œ
cos x

2 x

È
È

 (b) cos t dt cos x  x cos x xd d
dx dx

cos x
2 xŒ � ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰È È Èˆ ‰'

!

Èx

œ œ œ"
#

�"Î# È
È

30. (a) 3t  dt t sin x 1  3t  dt sin x 1 3 sin x cos x' '
1 1

sin x sin x
sin x# $ $ # $ #
"œ œ � Ê œ � œc d a bŒ �d d

dx dx

 (b) 3t  dt 3 sin x (sin x) 3 sin x cos xd d
dx dxŒ � a b ˆ ‰'

1

sin x
# # #œ œ

31. (a) u du u  du u t 0 t   u du t 4t' ' '
! ! !

t t t
t

% % %È È� ‘ ˆ ‰a b Œ �œ œ œ � œ Ê œ œ"Î# $Î# % ' ' &
!

$Î#2 2 2 d d 2
3 3 3 dt dt 3

%

 (b) u du t t t 4t 4td d
dt dtŒ �È È ˆ ‰a b a b'

!

t%

œ œ œ% % # $ &

32. (a) sec y dy [tan y] tan (tan ) 0 tan (tan )  sec y dy (tan (tan ))' '
! !

!

tan tan 
tan 

) )

)# #œ œ � œ Ê œ) ) )
d d
d d) )Œ �

 sec (tan ) secœ a b# #
) )

 (b) sec y dy sec (tan ) (tan ) sec (tan ) secd d
d d) )Œ � a b a bˆ ‰'

!

tan )
# # # #œ œ) ) ) )

33. y 1 t  dt  1 x  34. y  dt  , x 0œ � Ê œ � œ Ê œ �' '
!

x x

1
È È# # " "dy dy

dx t dx x

35. y sin t  dt sin t  dt  sin x x (sin x) xœ œ � Ê œ � œ � œ �' '
È

È

x

x!

!

# # �"Î## "
#

dy
dx dx

d sin x
2 x

Š ‹ˆ ‰ ˆ ‰ ˆ ‰È Èˆ ‰ È

36. y x sin t  dt  x sin t  dt 1 sin t  dt x sin x x sin t  dtœ Ê œ † � † œ † �' ' ' '
2 2 2 2

x x x x2 2 2 2

3 3 3 3dy
dx dx dx

d d3Œ � a b a b# #

 2x sin x sin t  dtœ �# 6 3'
2

x2

37. y  dt  dt  0œ � Ê œ � œ' '
�1 3

x x
t t x x

t 4 t 4 dx x 4 x 4
dy# # # #

# # # #� � � �
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38. y  t dt  3  t dt  t dt 3 x  t dtœ � " Ê œ � " � " œ � " � "Œ � Œ � Œ � Œ �a b a b a b a b a b' ' ' '
0 0 0 0

x x x x
3 3 3 3 310 10 10 10 10

3
dy
dx dx

d

39. y , x   (sin x) (cos x) 1 since xœ � Ê œ œ œ œ œ �'
!

sin x
dt d cos x cos x

1 t 1 sin x cos x

dy
dx dx cos x cos xÈ È È k k� �# #

" "
# # #

k k k kˆ ‰1 1

40. y    (tan x) sec x 1œ Ê œ œ œ'
!

tan x
dt d

1 t dx 1 tan x dx sec x
dy

� �
" " #

# # #
ˆ ‰ ˆ ‰ ˆ ‰ a b

41. x 2x 0  x(x 2) 0  x 0 or x 2; Area� � œ Ê � � œ Ê œ œ �#

 x 2x dx x 2x dx x 2x dxœ � � � � � � � � �' ' '
�$ �# !

�# ! #
# # #a b a b a b

 x x xœ � � � � � � � � �’ “ ’ “ ’ “x x x
3 3 3

$ $ $# # #
�# ! #

�$ �# !

 ( 2) ( 3)œ � � � � � � � �Š ‹Š ‹ Š ‹( 2) ( 3)
3 3

� �# #
$ $

 0 ( 2)� � � � � � �Š ‹Š ‹ Š ‹0
3 3

( 2)$ $
# #�

 2 0� � � � � � œŠ ‹Š ‹ Š ‹2 0 28
3 3 3

$ $# #
 

42. 3x 3 0  x 1  x 1; because of symmetry about# #� œ Ê œ Ê œ „

 the y-axis, Area 2 3x 3 dx 3x 3 dxœ � � � �Œ �a b a b' '
! "

" #
# #

 2 x 3x x 3x 2 1 3(1) 0 3(0)Š ‹c d c d c a ba b a b� � � � œ � � � �$ $ $ $" #
! "

 2 3(2) 1 3(1) 2(6) 12� � � � œ œdaa b a b$ $

 

43. x 3x 2x 0  x x 3x 2 0$ # #� � œ Ê � � œa b
  x(x 2)(x 1) 0  x 0, 1, or 2;Ê � � œ Ê œ

 Area x 3x 2x dx x 3x 2x dxœ � � � � �' '
! "

" #
$ # $ #a b a b

 x x x xœ � � � � �’ “ ’ “x x
4 4

% %$ # $ #
" #

! "

 1 1 0 0œ � � � � �Š ‹ Š ‹1 0
4 4

% %$ # $ #

 2 2 1 1� � � � � � œ’ “Š ‹ Š ‹2 1
4 4

% %$ # $ # "
#
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44. x x 0  x 1 x 0  x 0 or"Î$ "Î$ #Î$ "Î$� œ Ê � œ Ê œˆ ‰
 1 x 0  x 0 or 1 x   x 0 or� œ Ê œ œ Ê œ#Î$ #Î$

 1 x   x 0 or 1;œ Ê œ „#

 Area  x x dx x x dx x x dxœ � � � � � �' ' '
�"

! " )
"Î$ "Î$ "Î$

! "
ˆ ‰ ˆ ‰ ˆ ‰

 x x xœ � � � � � �’ “ ’ “ ’ “3 x 3 x 3 x
4 4 4

%Î$ %Î$ %Î$
# # #

! " )

�" ! "

# # #

 (0) ( 1)œ � � � � �’ “Š ‹ Š ‹3 0 3
4 4

( 1)%Î$ %Î$
# #

�# #

 (1) (0)� � � �’ “Š ‹ Š ‹3 1 3 0
4 4

%Î$ %Î$
# #

# #

 (8) (1)� � � �’ “Š ‹ Š ‹3 8 3 1
4 4

%Î$ %Î$
# #

# #

 2œ � � � ! � � œ" " $ "
#4 4 4 4

83ˆ ‰

 

45. The area of the rectangle bounded by the lines y 2, y 0, x , and x 0 is 2 .  The area under the curveœ œ œ œ1 1

 y 1 cos x on [0 ] is (1 cos x) dx [x sin x] ( sin ) (0 sin 0) .  Therefore the area ofœ � ß � œ � œ � � � œ1 1 1 1'
! !

1

1

 the shaded region is 2 .1 1 1� œ

46. The area of the rectangle bounded by the lines x , x , y sin sin , and y 0 isœ œ œ œ œ œ1 1 1 1

6 6 6 6
5 5"

#

 .  The area under the curve y sin x on  is  sin x dx [ cos x]"
#

& Î'
Î'

ˆ ‰ � ‘5 5
6 6 3 6 6
1 1 1 1 1 1

1
� œ œ ß œ �'

1

1

Î

Î

6

5 6

 cos cos 3.  Therefore the area of the shaded region is 3 .œ � � � œ � � � œ �ˆ ‰ ˆ ‰ Š ‹ È È5
6 6 3

3 31 1 1
È È
# #

47. On 0 :  The area of the rectangle bounded by the lines y 2, y 0, 0, and  is 2� ‘ ˆ ‰È È� ß œ œ œ œ �1 1 1

4 4 4) )

 .  The area between the curve y sec  tan  and y 0 is sec  tan  d [ sec ]œ œ œ � œ �1

1

È2
4 ) ) ) ) ) )'

� Î

!

1 4

!
� Î%

 ( sec 0) sec 2 1.  Therefore the area of the shaded region on  is 2 1 .œ � � � � œ � � ß ! � �ˆ ‰ � ‘ˆ ‰ È ÈŠ ‹1 1 1

4 4 4
2È

 On 0 :  The area of the rectangle bounded by , 0, y 2, and y 0 is 2 .  The area� ‘ ˆ ‰È Èß œ œ œ œ œ1 1 1 1

4 4 4 4
2

) )
È

 under the curve y sec  tan  is sec  tan  d [sec ] sec sec 0 2 1.  Therefore the areaœ œ œ � œ �) ) ) ) ) )'
!

Î1 4
1 1Î%
! 4

È
 of the shaded region on  is 2 1 .  Thus, the area of the total shaded region is� ‘ Š ‹È!ß � �1 1

4 4
2È

 2 1 2 1 .Š ‹ Š ‹È È1 1 1È È È2 2 2
4 4� � � � � œ #

48. The area of the rectangle bounded by the lines y 2, y 0, t , and t 1 is 2 1 2 .  Theœ œ œ � œ � � œ �1 1 1

4 4
ˆ ‰ˆ ‰

#

 area under the curve y sec t on  is sec t dt [tan t] tan 0 tan 1.  The areaœ � ß ! œ œ � � œ# # !
� Î%

� ‘ ˆ ‰1 1

14 4
'
� Î

!

1 4

 under the curve y 1 t  on [ ] is 1 t  dt t 1 0 .  Thus, the totalœ � !ß " � œ � œ � � � œ# #

!

"

!

' " a b ’ “ Š ‹ Š ‹t 1 0 2
3 3 3 3

$ $ $

 area under the curves on  is 1 .  Therefore the area of the shaded region is 2 .� ‘ ˆ ‰� ß " � œ � � œ �1 1 1

4 3 3 3 3
2 5 5

# #
"

49. y  dt 3   and y( )  dt 3 0 3 3  (d) is a solution to this problem.œ � Ê œ œ � œ � œ � Ê' '
1 1

1x
" " "
t dx x t

dy
1

50. y sec t dt 4   sec x and y( 1) sec t dt 4 0 4 4  (c) is a solution to this problem.œ � Ê œ � œ � œ � œ Ê' '
� �

�

1 1

x 1
dy
dx

51. y sec t dt 4  sec x and y(0) sec t dt 4 0 4 4  (b) is a solution to this problem.œ � Ê œ œ � œ � œ Ê' '
! !

!x
dy
dx
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52. y  dt 3   and y(1)  dt 3 0 3 3  (a) is a solution to this problem.œ � Ê œ œ � œ � œ � Ê' '
" "

"x
" " "
t dx x t

dy

53. y sec t dt 3 54. y 1 t  dt 2œ � œ � �' '
# "

x x È #

55. Area h x  dx hxœ � œ �'
� Î

Î Î

� Îb 2

b 2 b 2

b 2

ˆ ‰ˆ ‰ ’ “4h 4hx
b 3b# #

$#

 h hœ � � � �Œ � Œ �ˆ ‰ ˆ ‰b b4h 4h
3b 3b# #

�ˆ ‰ ˆ ‰b b
# #

$ $

# #

 bh bhœ � � � � œ � œˆ ‰ ˆ ‰bh bh bh bh bh 2
6 6 3 3# #

 

56. k 0  one arch of y sin kx will occur over the interval 0   the area sin kx dx   cos kx� Ê œ ß Ê œ œ �� ‘ � ‘1 1

k k
'

!

Î1 k
k" Î

!

  cos k  cos (0)œ � � � œ" "
k k k k

2ˆ ‰ ˆ ‰ˆ ‰1

57. x   c t dt t x;  c(100) c(1) 100 1 $9.00dc
dx x

œ œ Ê œ œ œ � œ � œ" " "
# # #

�"Î# �"Î# "Î#
È '

!

x
x

0
� ‘ È È È

58. r 2  dx 2 1  dx 2 x 2 3 0œ � œ � œ � œ � � �' '
! !

$ $Š ‹ Š ‹ ’ “� ‘ˆ ‰ Š ‹ Š ‹2 1
(x 1) (x 1) x 1 (3 1) (0 1)� � � � �

" � " "$

!# #

 2 3 1 2 2 4.5 or $4500œ � œ œ� ‘ ˆ ‰" "
4 4

59. (a) t 0 T 85 3 25 0 70 F; t 16 T 85 3 25 16 76 F;œ Ê œ � � œ œ Ê œ � � œÈ È‰ ‰

 t 25 T 85 3 25 25 85 Fœ Ê œ � � œÈ ‰

 (b) average temperatuve 85 3 25 t  dt 85t 2 25 tœ � � œ � �1 1
25 0 25

25
3 2

25

�
Î

!

'
0

Š ‹ ’ “È a b
 85 25 2 25 25 85 0 2 25 0 75 Fœ � � � � � œ1 1

25 25
3 2 3 2Š ‹ Š ‹a b a b a b a bÎ Î ‰

60. (a) t 0 H 0 1 5 0 1 ft; t 4 H 4 1 5 4 5 5 4 10.17 ft;œ Ê œ � � œ œ Ê œ � � œ � ¸È Èa b a b È È1 3 1 3Î Î 3

 t 8 H 8 1 5 8 13 ftœ Ê œ � � œÈ a b1 3Î

 (b) average height t 1 5 t  dt t 1 tœ � � œ � �1 1 2 15
8 0 8 3 4

8
1 3 4 33 2

8

�
Î ÎÎ

!

'
0
Š ‹ ’ “È a b

 8 1 8 0 1 0 9.67 ftœ � � � � � œ ¸1 2 15 1 2 15 29
8 3 4 8 3 4 3

3 2 4 3 3 2 4 3Š ‹ Š ‹a b a b a b a bÎ Î Î Î

61. f(t) dt x 2x 1  f(x)  f(t) dt x 2x 1 2x 2' '
1 1

x x

œ � � Ê œ œ � � œ �# #d d
dx dx a b

62. f(t) dt x cos x  f(x)  f(t) dt cos x x sin x  f(4) cos (4) (4) sin (4) 1' '
! !

x x

œ Ê œ œ � Ê œ � œ1 1 1 1 1 1 1
d

dx

63. f(x) 2  dt  f (x)   f (1) 3; f(1) 2  dt 2 0 2;œ � Ê œ � œ Ê œ � œ � œ � œ' '
# #

�" "�"x
9 9 9 9

1 t 1 (x 1) x 2 1 t� � � � �
w w�

 L(x) 3(x 1) f(1) 3(x 1) 2 3x 5œ � � � œ � � � œ � �
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64. g(x) 3 sec (t 1) dt  g (x) sec x 1 (2x) 2x sec x 1   g ( 1) 2( 1) sec ( 1) 1œ � � Ê œ � œ � Ê � œ � � �'
1

x#

w # # w #a b a b a ba b
 2; g( 1) 3 sec (t 1) dt 3 sec (t 1) dt 3 0 3; L(x) 2(x ( 1)) g( 1)œ � � œ � � œ � � œ � œ œ � � � � �' '

1 1

a b�" "
#

 2(x 1) 3 2x 1œ � � � œ � �

65. (a) True:  since f is continuous, g is differentiable by Part 1 of the Fundamental Theorem of Calculus.
 (b) True:  g is continuous because it is differentiable.
 (c) True, since g (1) f(1) 0.w œ œ

 (d) False, since g (1) f (1) 0.ww wœ �

 (e) True, since g (1) 0 and g (1) f (1) 0.w ww wœ œ �

 (f) False:  g (x) f (x) 0, so g  never changes sign.ww w wwœ �

 (g) True, since g (1) f(1) 0 and g (x) f(x) is an increasing function of x (because f (x) 0).w w wœ œ œ �

66. Let a x x x x b be any partition of a, b  and let F be any antiderivative of f.œ � � â � œ Ò Ó0 1 2 n

 (a) F x F x!� ‘a b a b
i 1

n

i i 1
œ

��

 F x F x F x F x F x F x F x F x F x F xœ � � � � � �â� � � �� ‘ � ‘ � ‘ � ‘ � ‘a b a b a b a b a b a b a b a b a b a b1 0 2 1 3 2 n 1 n 2 n n 1� � �

 F x F x F x F x F x F x F x F x F x F x F b F aœ � � � � � �â� � � œ � œ �a b a b a b a b a b a b a b a b a b a b a b a b0 1 1 2 2 n 1 n 1 n n 0� �

 (b) Since F is any antiderivative of f on a, b F is differentiable on a, b F is continuous on a, b . Consider anyÒ Ó Ê Ò Ó Ê Ò Ó

 subinterval x , x in a, b , then by the Mean Value Theorem there is at least one number c  in x , x  such thatÒ Ó Ò Ó Ð Ñi 1 i i i 1 i� �

 F x F x F c x x f c x x f c x . Thus F b F a F x F x� ‘ � ‘a b a b a ba b a ba b a b a b a b a b a b!i i 1 i i i 1 i i i 1 i i i i 1
i 1

n
� œ � œ � œ � œ �� � � �

w

œ

?

  f c x .œ ! a b
i 1

n

i i
œ

?

 (c) Taking the limit  of F b F a  f c x  we obtain  F b F a  f c xa b a b a b a b a b! !a b a b Œ �� œ � œ
i 1 i 1

n n

i i i i
P 0 P 0œ œm mÄ m mÄ

? ?lim lim

 F b F a f x dxÊ � œa b a b a b'
a

b

67-70. Example CAS commands:
 :Maple
 with( plots );
 f := x -> x^3-4*x^2+3*x;
 a := 0;
 b := 4;
 F := unapply( int(f(t),t=a..x), x );                             # (a)
 p1 := plot( [f(x),F(x)], x=a..b, legend=["y = f(x)","y = F(x)"], title="#67(a) (Section 5.4)" ):
 p1;
 dF := D(F);                                                                 # (b)
 q1 := solve( dF(x)=0, x );
 pts1 := [ seq( [x,f(x)], x=remove(has,evalf([q1]),I) ) ];
 p2 := plot( pts1, style=point, color=blue, symbolsize=18, symbol=diamond, legend="(x,f(x)) where F '(x)=0" ):
 display( [p1,p2], title="81(b) (Section 5.4)" );
 incr := solve( dF(x)>0, x );                                       # (c)
 decr := solve( dF(x)<0, x );
 df := D(f);                                                                   # (d)
 p3 := plot( [df(x),F(x)], x=a..b, legend=["y = f '(x)","y = F(x)"], title="#67(d) (Section 5.4)" ):
 p3;
 q2 := solve( df(x)=0, x );
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 pts2 := [ seq( [x,F(x)], x=remove(has,evalf([q2]),I) ) ];
 p4 := plot( pts2, style=point, color=blue, symbolsize=18, symbol=diamond, legend="(x,f(x)) where f '(x)=0" ):
 display( [p3,p4], title="81(d) (Section 5.4)" );

71-74. Example CAS commands:
 :Maple
 a := 1;
 u := x -> x^2;
 f := x -> sqrt(1-x^2);
 F := unapply( int( f(t), t=a..u(x) ), x );
 dF := D(F);                         # (b)
 cp := solve( dF(x)=0, x );
 solve( dF(x)>0, x );
 solve( dF(x)<0, x );
 d2F := D(dF);                     # (c)
 solve( d2F(x)=0, x );
 plot( F(x), x=-1..1, title="#71(d) (Section 5.4)" );

75. Example CAS commands:
 :Maple
 f := `f`;
 q1 := Diff( Int( f(t), t=a..u(x) ), x );
 d1 := value( q1 );

76. Example CAS commands:
 :Maple
 f := `f`;
 q2 := Diff( Int( f(t), t=a..u(x) ), x,x );
 value( q2 );

67-76. Example CAS commands:
 : (assigned function and values for a, and b may vary)Mathematica
 For transcendental functions the FindRoot is needed instead of the Solve command.
 The Map command executes FindRoot over a set of initial guesses
 Initial guesses will vary as the functions vary.
 Clear[x, f, F]
 {a, b}= {0, 2 }; f[x_] = Sin[2x] Cos[x/3]1

 F[x_] = Integrate[f[t], {t, a, x}]
 Plot[{f[x], F[x]},{x, a, b}]
 x/.Map[FindRoot[F'[x]==0, {x, #}] &,{2, 3, 5, 6}]
 x/.Map[FindRoot[f'[x]==0, {x, #}] &,{1, 2, 4, 5, 6}]
 Slightly alter above commands for 75 - 80.
 Clear[x, f, F, u]

 a=0;  f[x_] = x 2x 32 � �

 u[x_] = 1 x� 2

 F[x_] = Integrate[f[t], {t, a, u(x)}]
 x/.Map[FindRoot[F'[x]==0,{x, #}] &,{1, 2, 3, 4}]
 x/.Map[FindRoot[F''[x]==0,{x,#}] &,{1, 2, 3, 4}]
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 After determining an appropriate value for b, the following can be entered
 b = 4;
 Plot[{F[x], {x, a, b}]

5.5  INDEFINTE INTEGRALS AND THE SUBSTITUTION RULE

 1. Let u 2x 4 du 2 dx   du dxœ � Ê œ Ê œ"
2

 2 2x 4 dx  2u  du  u  du  u C 2x 4 C' ' 'a b a b� œ œ œ � œ � �
5 6

5 5 6
2 6 6
" " "

 2. Let u 7x 1 du 7 dx   du dxœ � Ê œ Ê œ"
7

 7 7x 1 dx 7 7x 1 dx  7u  du  u  du  u C  7x 1 C' ' ' 'È a b a b� œ � œ œ œ � œ � �1 2 3 21 2 1 2 3 2
7 3 3

2 2Î ÎÎ Î Î"

 3. Let u x 5 du 2x dx   du x dxœ � Ê œ Ê œ2
2
"

 2x x 5 dx  2 u  du  u  du  u C x 5 C' ' 'a b a b2 4 4 3 2
4 3

2 3 3� œ œ œ � � œ � � �
� �

� � �" " "

 4. Let u x 1 du 4x  dx   du x dxœ � Ê œ Ê œ4 3 3
4
"

 dx 4x x 1 dx  4 u  du  u  du  u C C' ' ' '4x 1
x 1

3 4 2 2 12
4 x 1

3

4 2 4a b�

� � � �" �
�œ � œ œ œ � � œ �a b

 5. Let u 3x 4x du 6x 4 dx 2 3x 2 dx   du 3x 2 dxœ � Ê œ � œ � Ê œ �2
2a b a b a b"

 3x 2 3 x 4x dx  u  du  u  du  u C  3x 4x C' ' ' a ba ba b� � œ œ œ � œ � �2 4 4 5 24
2 2 10 10

5
" " " "

 6. Let u 1 x du  dx  2 du dxœ � Ê œ Ê œÈ 1 1
2 x xÈ È

 dx 1 x dx  u  2 du 2  u  du 2  u C  1 x C' ' ' 'ˆ ‰È
È È

1 x
x x

1 3 4 31 3 31 3 1 3 4 3
4 2

� Î ÎÎ Î Î
1 3Î

œ � œ œ œ † � œ � �ˆ ‰ ˆ ‰È È
 7. Let u 3x  du 3 dx   du dxœ Ê œ Ê œ"

3

 sin 3x dx   sin u du  cos u C  cos 3x C ' 'œ œ � � œ � �" " "
3 3 3

 8. Let u 2x   du 4x dx   du x dxœ Ê œ Ê œ# "
4

 x sin 2x  dx  sin u du  cos u C  cos 2x C' 'a b# #" " "œ œ � � œ � �4 4 4

 9. Let u 2t  du 2 dt   du dtœ Ê œ Ê œ"
#

 sec 2t tan 2t dt  sec u tan u du  sec u C  sec 2t C' 'œ œ � œ �" " "
# # #

10. Let u 1 cos   du  sin  dt  2 du sin  dtœ � Ê œ Ê œt t t
2 2

"
# #

 1 cos sin  dt 2u  du u C 1 cos C' 'ˆ ‰ ˆ ‰ ˆ ‰� œ œ � œ � �t t 2 2 t
3 3# # #

# $# $

11. Let u 1 r   du 3r  dr  3 du 9r  drœ � Ê œ � Ê � œ$ # #

 3u  du 3(2)u C 6 1 r C' 9r  dr
1 r

#

$È �

�"Î# "Î# $ "Î#
œ � œ � � œ � � �' a b

12. Let u y 4y 1  du 4y 8y  dy  3 du 12 y 2y  dyœ � � Ê œ � Ê œ �% # $ $a b a b
 12 y 4y 1 y 2y  dy 3u  du u C y 4y 1 C' 'a b a b a b% # $ # $ % ## $

� � � œ œ � œ � � �
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13. Let u x 1  du x  dx   du x dxœ � Ê œ Ê œ$Î# "Î#
#
3 2

3
È

 x sin x 1  dx  sin u du  sin 2u C x 1  sin 2x 2 C' 'È ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰# $Î# # $Î# $Î#
#

" " "� œ œ � � œ � � � �2 2 u
3 3 4 3 6

14. Let u   du  dxœ � Ê œ" "
x x#

   cos  dx cos u  du cos u  du  sin 2u C  sin C' ' '" " " " "# # #
#x x 4 2x 4 x
u 2

#
ˆ ‰ ˆ ‰ ˆ ‰a b a bœ � œ œ � � œ � � � �

  sin Cœ � � �" "
2x 4 x

2ˆ ‰
15. (a) Let u cot 2   du 2 csc 2  d    du csc 2  dœ Ê œ � Ê � œ) ) ) ) )

# #"
#

  csc 2  cot 2  d u du C C  cot 2 C' '# #" " "
# # #) ) ) )œ � œ � � œ � � œ � �Š ‹u u

4 4

# #

 (b) Let u csc 2   du 2 csc 2  cot 2  d    du csc 2  cot 2  dœ Ê œ � Ê � œ) ) ) ) ) ) )
"
#

 csc 2  cot 2  d u du C C  csc 2 C' '# #" " "
# # #) ) ) )œ � œ � � œ � � œ � �Š ‹u u

4 4

# #

16. (a) Let u 5x 8  du 5 dx   du dxœ � Ê œ Ê œ"
5

   du u  du 2u C u C 5x 8 C' ' 'dx 2 2
5x 8 5 5 5 5 5uÈ È�

" " " "�"Î# "Î# "Î#œ œ œ � œ � œ � �Š ‹ ˆ ‰ È
 (b) Let u 5x 8  du (5x 8) (5) dx   duœ � Ê œ � Ê œÈ "

#
�"Î#

�
2 dx
5 5x 8È

   du u C 5x 8 C' 'dx 2 2 2
5x 8 5 5 5È �

œ œ � œ � �È
17. Let u 3 2s  du 2 ds   du dsœ � Ê œ � Ê � œ"

#

 3 2s ds u  du u  du u C (3 2s) C' ' 'È È ˆ ‰ ˆ ‰ ˆ ‰� œ � œ � œ � � œ � � �" " " "
# # #

"Î# $Î# $Î#2
3 3

18. Let u 5s 4  du 5 ds   du dsœ � Ê œ Ê œ"
5

   ds   du u  du 2u C 5s 4 C' ' '" " " " "
�

�"Î# "Î#
È È5s 4 u 5 5 5 5

2œ œ œ � œ � �ˆ ‰ ˆ ‰ ˆ ‰ È
19. Let u 1   du 2  d    du  dœ � Ê œ � Ê � œ) ) ) ) )

# "
#

 1 d u  du u  du u C 1 C' ' ') ) ) )È È ˆ ‰ ˆ ‰ ˆ ‰ a b4 4� œ � œ � œ � � œ � � �# " " "
# # #

"Î% &Î% # &Î%4 2
5 5

20. Let u 7 3y   du 6y dy   du 3y dyœ � Ê œ � Ê � œ# "
#

 3y 7 3y  dy u  du u  du u C 7 3y C' ' 'È È ˆ ‰ ˆ ‰ ˆ ‰ a b� œ � œ � œ � � œ � � �# " " " "
# # #

"Î# $Î# # $Î#2
3 3

21. Let u 1 x  du  dx  2 du  dxœ � Ê œ Ê œÈ " "
2 x xÈ È

   dx  C C' " �

"� �È Èˆ ‰ Èx x
2 du 2 2
u u 1 x# #œ œ � � œ �'

22. Let u 3z 4  du 3 dz  du dzœ � Ê œ Ê œ"
3

 cos (3z 4) dz (cos u)  du cos u du  sin u C  sin (3z 4) C' ' '� œ œ œ � œ � �ˆ ‰" " " "
3 3 3 3

23. Let u 3x 2  du 3 dx   du dxœ � Ê œ Ê œ"
3

 sec (3x 2) dx sec u  du sec u du  tan u C  tan (3x 2) C' ' '# # #" " " "� œ œ œ � œ � �a b ˆ ‰
3 3 3 3

24. Let u tan x  du sec x dxœ Ê œ #

 tan x sec x dx u  du u C  tan x C' '# # # $ $" "œ œ � œ �3 3
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25. Let u sin   du  cos  dx  3 du cos  dxœ Ê œ Ê œˆ ‰ ˆ ‰ ˆ ‰x x x
3 3 3 3

"

 sin  cos  dx u (3 du) 3 u C  sin C' '& & ' '" "
#

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰x x x
3 3 6 3œ œ � œ �

26. Let u tan   du  sec  dx  2 du sec  dxœ Ê œ Ê œˆ ‰ ˆ ‰ ˆ ‰x x x
# # # #

" # #

 tan  sec  dx u (2 du) 2 u C  tan C' '( # ( ) )
# # #

" "ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰x x x
8 4œ œ � œ �

27. Let u 1  du  dr  6 du r  drœ � Ê œ Ê œr r
18 6

$ # #

 r 1  dr u (6 du) 6 u  du 6 C 1 C' ' '# & &
& 'Š ‹ Š ‹ Š ‹r u r

18 6 18

$ ' $

� œ œ œ � œ � �

28. Let u 7   du r  dr  2 du r  drœ � Ê œ � Ê � œr
10

& "
#

% %

 r 7  dr u ( 2 du) 2 u  du 2 C 7 C' ' '% $ $
$ %

"
#Š ‹ Š ‹ Š ‹� œ � œ � œ � � œ � � �r u r

10 4 10

& % &

29. Let u x 1  du x  dx   du x  dxœ � Ê œ Ê œ$Î# "Î# "Î#
#
3 2

3

 x  sin x 1  dx (sin u)  du sin u du ( cos u) C  cos x 1 C' ' '"Î# $Î# $Î#ˆ ‰ ˆ ‰ ˆ ‰� œ œ œ � � œ � � �2 2 2 2
3 3 3 3

30. Let u csc   du  csc  cot  dv  2 du csc  cot  dvœ Ê œ � Ê � œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰v v v v v� " � � � �
# # # # # #
1 1 1 1 1

 csc  cot  dv 2 du 2u C 2 csc C' 'ˆ ‰ ˆ ‰ ˆ ‰v v v� � �
# # #
1 1 1œ � œ � � œ � �

31. Let u cos (2t 1)  du 2 sin (2t 1) dt   du sin (2t 1) dtœ � Ê œ � � Ê � œ �"
#

   dt  C C' 'sin (2t 1)
cos (2t 1) u u  cos (2t 1)

du�
� # # # �

" " "
# #œ � œ � œ �

32. Let u sec z  du sec z tan z dzœ Ê œ

   dz   du u  du 2u C 2 sec z C' ' 'sec z tan z
sec z uÈ Èœ œ œ � œ �" �"Î# "Î# È

33. Let u 1 t 1  du t  dt  du  dtœ � œ � Ê œ � Ê � œ" "�" �#
t t#

   cos 1  dt (cos u)( du) cos u du sin u C sin 1 C' ' '" " "
t t t#

ˆ ‰ ˆ ‰� œ � œ � œ � � œ � � �

34. Let u t 3 t 3  du t  dt  2 du  dtœ � œ � Ê œ Ê œÈ "Î# �"Î#" "
# Èt

   cos t 3  dt (cos u)(2 du) 2 cos u du 2 sin u C 2 sin t 3 C' ' '"
Èt

ˆ ‰ ˆ ‰È È� œ œ œ � œ � �

35. Let u sin   du cos  d   du  cos  dœ Ê œ � Ê � œ" " " " "
) ) ) ) )

ˆ ‰ ˆ ‰
# #) )

   sin  cos  d u du u C  sin C' '" " " " " "
# #

# #
) ) ) )# ) œ � œ � � œ � �

36. Let u csc   du csc  cot  d   2 du  cot  csc  dœ Ê œ � Ê � œÈ È È È ÈŠ ‹Š ‹) ) ) ) ) ) )
" "

#È È) )

   d   cot  csc  d 2 du 2u C 2 csc C C' ' 'cos 
 sin sin 

2È
È È È È

)

) ) ) )#
) ) ) ) )œ œ � œ � � œ � � œ � �" È È È

37. Let u 1 t   du 4t  dt   du t  dtœ � Ê œ Ê œ% $ $"
4

 t 1 t  dt u  du u C 1 t C' '$ % $ % %$ %" " " "a b a bˆ ‰ ˆ ‰� œ œ � œ � �4 4 4 16
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38. Let u 1   du  dxœ � Ê œ" "
x x#

   dx    dx  1  dx u du u  du u C 1 C' ' ' ' 'É É É È ˆ ‰x 1 x 1 2 2
x x x x x 3 3 x
� " � " " ""Î# $Î# $Î#
& # #œ œ � œ œ œ � œ � �

39. Let u 2   du  dxœ � Ê œ" "
x x#

  2  dx u du u  du u C 2 C' ' '" " ""Î# $Î# $Î#

x x 3 3 x
2 2

#
É È ˆ ‰� œ œ œ � œ � �

40. Let u 1   du  dx du  dxœ � Ê œ Ê œ" "
#x x x

2 1
# 3 3

  dx 1  dx u du u  du u C 1 C' ' ' '1 x 1 1 1 1
x x x x 3 3 x3 3É É È ˆ ‰#

# # #

� " " " "
# #

"Î# $Î# $Î#
œ � œ œ œ � œ � �

41. Let u 1   du  dx du  dxœ � Ê œ Ê œ3 9 1
x x 9 x3 4 4

"

  dx  dx 1  dx u du u  du u C 1 C' ' ' ' 'É É É È ˆ ‰x 3 1 x 3 1 3 2 2 3
x x x x x 9 9 27 27 x
3 3

11 4 3 4 3 3
� � " " "Î# $Î# $Î#

œ œ � œ œ œ � œ � �

42. Let u x 1  du 3x  dx du x  dxœ � Ê œ Ê œ3 2 2
3
"

  dx  dx  du u  du u C x 1 C' ' ' 'É a bx 1 2 2
x 1 3 3 3 3

x

x 1 u
1 34

3

2

3� �

" " �"Î# Î# $Î#
œ œ œ œ � œ � �È È

43. Let u x . Then du dx and x u . Thus x x dx u u du u u duœ � " œ œ � " � " œ � " œ �' ' 'a b a b a b10 10 11 10

 u u C x x Cœ � � œ � " � � " �1 1 1 1
12 11 12 11

12 11 12 11a b a b
44. Let u 4 x. Then du 1 dx and 1 du dx and x 4 u. Thus x 4 xdx 4 u u 1 duœ � œ � � œ œ � � œ � �a b a b a bÈ È' '

 4 u u du u 4u du u u C 4 x 4 x Cœ � � œ � œ � � œ � � � �' ' a ba b a b a bˆ ‰1 2 3 2 1 2 5 2 3 22 8 2 8
5 3 5 3

5 2 3 2Î Î Î Î Î Î Î

45. Let u x. Then du 1 dx and 1 du dx and x 1 u. Thus x 1 x dxœ " � œ � � œ œ � � " �a b a b a b' 2 5

 2 u u 1 du u 4u 4u du u u u Cœ � � œ � � � œ � � � �' 'a b a b a b2 5 7 6 5 8 7 61 4 2
8 7 3

 x x x Cœ � " � � " � � " � �1 4 2
8 7 3

8 7 6a b a b a b
46. Let u x 5. Then du dx and x u 5. Thus x 5 x 5 dx u 10 u du u 10u duœ � œ œ � � � œ � œ �' ' 'a ba b a b ˆ ‰1 3 1 3 4 3 1 3Î Î Î Î

 u u C x 5 x 5 Cœ � � œ � � � �3 15 3 15
7 2 7 2

7 3 4 3 7 3 4 3Î Î Î Îa b a b
47. Let u x . Then du x dx and du x dx and x u . Thus x x dx u u duœ � " œ # œ œ � " � " œ � "# # $" "

# #
#' 'È a b È

 u u du u u C u u C x x Cœ � œ � � œ � � œ � " � � " �" " # # " " " "
# # & $ & $ & $

$Î# "Î# &Î# $Î# &Î# $Î# # #&Î# $Î#' a b ’ “ a b a b
48. Let u x du 3x dx and x u . So 3 x dx u u du u u duœ � " Ê œ œ � " B � " œ � " œ �3 3 3# & $Î# "Î#' ' ' a bÈ a bÈ
 u u C x x Cœ � � œ � " � � " �# # # #

& $ & $
&Î# $Î# $ $&Î# $Î#a b a b

49. Let u x 4 du 2x dx and du x dx . Thus dx x 4 x dx u du u duœ � Ê œ œ œ � œ œ2 2 3 3x
x 4

3" " "
# # #�

� � �' ' ' '
a b2 3 a b

 u C x 4 Cœ � � œ � � �" "� �

4 4
2 2 2a b

50. Let u x 4 du dx and x u 4 . Thus dx x 4 x dx u u 4 du u 4u duœ � Ê œ œ � œ � œ � œ �' ' ' ' a bx
x 4

3 3 2 3
a b�

� � � �
3 a b a b

 u 2u C x 4 2 x 4 Cœ � � � œ � � � � �� � � �1 2 1 2a b a b
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51. (a) Let u tan x  du sec x dx; v u   dv 3u  du  6 dv 18u  du; w 2 v  dw dvœ Ê œ œ Ê œ Ê œ œ � Ê œ# $ # #

   dx   du   6 w  dw 6w C C' ' ' ' '18 tan x sec x 18u 6 dv 6 dw 6
2 tan x 2 u (2 v) w v

# # #

$ $# # # #a b a b� � � #�
�# �"œ œ œ œ œ � � œ � �

 C Cœ � � œ � �6 6
2 u 2 tan x� �$ $

 (b) Let u tan x  du 3 tan x sec x dx  6 du 18 tan x sec x dx; v 2 u  dv duœ Ê œ Ê œ œ � Ê œ$ # # # #

   dx   C C C' ' '18 tan x sec x 6 du 6 dv 6 6 6
2 tan x (2 u) v v 2 u tan x

# #

$ # # # $a b� � � #�œ œ œ � � œ � � œ � �

 (c) Let u 2 tan x  du 3 tan x sec x dx  6 du 18 tan x sec x dxœ � Ê œ Ê œ$ # # # #

   dx  C C' '18 tan x sec x 6 du 6 6
2 tan x u u 2 tan x

# #

$ # # $a b� �œ œ � � œ � �

52. (a) Let u x 1  du dx; v sin u  dv cos u du; w 1 v   dw 2v dv   dw v dvœ � Ê œ œ Ê œ œ � Ê œ Ê œ# "
#

 1 sin (x 1) sin (x 1) cos (x 1) dx 1 sin u sin u cos u du v 1 v  dv' 'È È È'� � � � œ � œ �# # #

 w dw w C 1 v C 1 sin u C 1 sin (x 1) Cœ œ � œ � � œ � � œ � � �' " " " " "
#

$Î# # # #$Î# $Î# $Î#È a b a b a b3 3 3 3

 (b) Let u sin (x 1)  du cos (x 1) dx; v 1 u   dv 2u du   dv u duœ � Ê œ � œ � Ê œ Ê œ# "
#

 1 sin (x 1) sin (x 1) cos (x 1) dx u 1 u  du v dv v  dv' ' ' 'È È È� � � � œ � œ œ# # " "
# #

"Î#

 v C v C 1 u C 1 sin (x 1) Cœ � œ � œ � � œ � � �ˆ ‰ˆ ‰ a b a b" " " "
#

$Î# $Î# # #$Î# $Î#2
3 3 3 3

 (c) Let u 1 sin (x 1)  du 2 sin (x 1) cos (x 1) dx   du sin (x 1) cos (x 1) dxœ � � Ê œ � � Ê œ � �# "
#

 1 sin (x 1) sin (x 1) cos (x 1) dx u du u  du u C' ' 'È È ˆ ‰� � � � œ œ œ �# " " "
# # #

"Î# $Î#2
3

 1 sin (x 1) Cœ � � �" # $Î#

3 a b
53. Let u 3(2r 1) 6 du 6(2r 1)(2) dr  du (2r 1) dr; v u dv  du   dv  duœ � � Ê œ � Ê œ � œ Ê œ Ê œ# " " " "

# # #1 6u 1 u
È È È

   dr  du (cos v)  dv  sin v C  sin u C' (2r 1) cos 3(2r 1) 6
3(2r 1) 6

cos u
u 1 6 6 6

� � �

� �
" " " "
#

È È
È È

#

#
œ œ œ � œ �' 'Š ‹ ˆ ‰ ˆ ‰ È

  sin 3(2r 1) 6 Cœ � � �" #
6

È
54. Let u cos   du sin  d   2 du  dœ Ê œ � Ê � œÈ ÈŠ ‹Š ‹) ) ) )

"

#È È
È

) )

)sin 

   d   d  2 u  du 2 2u C C' 'sin sin 

 cos cos

2 du 4
u u

È È
É ÉÈ È È È

) )

) ) ) )$ $
$Î#) )œ œ œ � œ � � � œ �' '� �$Î# �"Î#ˆ ‰

 Cœ �4

cos É È)

55. Let u 3t 1  du 6t dt  2 du 12t dtœ � Ê œ Ê œ#

 s 12t 3t 1  dt u (2 du) 2 u C u C 3t 1 C;œ � œ œ � œ � œ � �' 'a b a bˆ ‰# $ % % #$ %" " "
# #4

 s 3 when t 1  3 (3 1) C  3 8 C  C 5  s 3t 1 5œ œ Ê œ � � Ê œ � Ê œ � Ê œ � �" "
# #

% # %a b
56. Let u x 8  du 2x dx  2 du 4x dxœ � Ê œ Ê œ#

 y 4x x 8  dx u (2 du) 2 u C 3u C 3 x 8 C;œ � œ œ � œ � œ � �' 'a b a bˆ ‰# �"Î$ #Î$ #Î$ #�"Î$ #Î$

#
3

 y 0 when x 0  0 3(8) C  C 12  y 3 x 8 12œ œ Ê œ � Ê œ � Ê œ � �#Î$ # #Î$a b
57. Let u t   du dtœ � Ê œ1

1#

 s 8 sin t  dt 8 sin u du 8  sin 2u C 4 t 2 sin 2t C;œ � œ œ � � œ � � � �' '# #
# # #

"ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1

1 4 1 6
u

 s 8 when t 0  8 4 2 sin C  C 8 1 9œ œ Ê œ � � Ê œ � � œ �ˆ ‰ ˆ ‰1 1 1 1

1 6 3 3#

  s 4 t 2 sin 2t 9 4t 2 sin 2t 9Ê œ � � � � � œ � � �ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1

1 6 3 6#
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58. Let u   du dœ � Ê � œ1

4 ) )

 r 3 cos  d 3 cos u du 3  sin 2u C  sin 2 C;œ � œ � œ � � � œ � � � � �' '# #
# # #

"ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1

4 4 4 4
u 3 3

) ) ) )

 r  when 0   sin C  C   r  sin 2œ œ Ê œ � � � Ê œ � Ê œ � � � � � �1 1 1 1 1 1 1 1

8 8 8 4 4 4 4 4
3 3 3 3 3 3

) ) )# # # # #
ˆ ‰ ˆ ‰

  r  sin 2   r  cos 2Ê œ � � � � Ê œ � � �3 3 3 3 3 3
4 8 4 2 4 8 4# #) ) ) )ˆ ‰1 1 1

59. Let u 2t   du 2 dt  2 du 4 dtœ � Ê œ Ê � œ �1

#

 4 sin 2t  dt (sin u)( 2 du) 2 cos u C 2 cos 2t C ;ds
dt œ � � œ � œ � œ � �' 'ˆ ‰ ˆ ‰1 1

# #" "

 at t 0 and 100 we have 100 2 cos C   C 100  2 cos 2t 100œ œ œ � � Ê œ Ê œ � �ds ds
dt dt

ˆ ‰ ˆ ‰1 1

# #" "

  s 2 cos 2t 100  dt (cos u 50) du sin u 50u C sin 2t 50 2t C ;Ê œ � � œ � œ � � œ � � � �' 'ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰1 1 1

# # ## #

 at t 0 and s 0 we have 0 sin 50 C   C 1 25œ œ œ � � � � Ê œ �ˆ ‰ ˆ ‰1 1

# # # # 1

  s sin 2t 100t 25 (1 25 )  s sin 2t 100t 1Ê œ � � � � � Ê œ � � �ˆ ‰ ˆ ‰1 1

# #1 1

60. Let u tan 2x  du 2 sec 2x dx  2 du 4 sec 2x dx; v 2x  dv 2 dx   dv dxœ Ê œ Ê œ œ Ê œ Ê œ# # "
#

 4 sec 2x tan 2x dx u(2 du) u C tan 2x C ;dy
dx œ œ œ � œ �' '# # #

" "

 at x 0 and 4 we have 4 0 C   C 4  tan 2x 4 sec 2x 1 4 sec 2x 3œ œ œ � Ê œ Ê œ � œ � � œ �dy dy
dx dx" "

# # #a b
  y sec 2x 3  dx sec v 3  dv  tan v v C  tan 2x 3x C ;Ê œ � œ � œ � � œ � �' 'a b a b ˆ ‰# # " " "

# # # ## #
3

 at x 0 and y 1 we have 1 (0) 0 C   C 1  y  tan 2x 3x 1œ œ � � œ � � Ê œ � Ê œ � �" "
# ## #

61. Let u 2t  du 2 dt  3 du 6 dtœ Ê œ Ê œ

 s 6 sin 2t dt (sin u)(3 du) 3 cos u C 3 cos 2t C;œ œ œ � � œ � �' '
 at t 0 and s 0 we have 0 3 cos 0 C  C 3  s 3 3 cos 2t  s 3 3 cos ( ) 6 mœ œ œ � � Ê œ Ê œ � Ê œ � œˆ ‰1

# 1

62. Let u t  du  dt   du  dtœ Ê œ Ê œ1 1 1 1
#

 v  cos t dt (cos u)(  du)  sin u C  sin ( t) C ;œ œ œ � œ �' '1 1 1 1 1 1
#

" "

 at t 0 and v 8 we have 8 (0) C   C 8  v  sin ( t) 8  s (  sin ( t) 8) dtœ œ œ � Ê œ Ê œ œ � Ê œ �1 1 1 1 1" "
ds
dt

'

 sin u du 8t C cos ( t) 8t C ; at t 0 and s 0 we have 0 1 C   C 1œ � � œ � � � œ œ œ � � Ê œ'
# # # #1

   s 8t cos ( t) 1  s(1) 8 cos 1 10 mÊ œ � � Ê œ � � œ1 1

63. All three integrations are correct.  In each case, the derivative of the function on the right is the integrand on
 the left, and each formula has an arbitrary constant for generating the remaining antiderivatives.  Moreover,

 sin x C 1 cos x C   C 1 C ; also cos x C  C   C C C .# # #
" " # " # # $ # "# # # #

" " "� œ � � Ê œ � � � œ � � � Ê œ � œ �cos 2x

64. (a)  V  sin 120 t dt 60 V  cos (120 t) [cos 2 cos 0]Š ‹ � ‘ˆ ‰" "
�

"Î'!

! #"

60 0 120
V'

0

1 60

max max

Î

1 1 1œ � œ � �
1 1

max

 [1 1] 0œ � � œVmax

#1

 (b) V 2 V 2 (240) 339 voltsmax rmsœ œ ¸È È
 (c) V  sin 120 t dt V   dt  (1 cos 240 t) dt' ' '

0 0 0

1 60 1 60 1 60

max max

Î Î Îa b a b ˆ ‰# ## �
# #1 1œ œ �1 cos 240 t V1 a bmax

#

  t  sin 240 t  sin (4 ) 0  sin (0)œ � œ � � � œa b a b a bV V V
240 60 240 40 1 0

max max max
# # #

# # # #
" " " ""Î'!

!
� ‘ � ‘ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰

1 1 1
1 1
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5.6  SUBSTITUTION AND AREA BETWEEN CURVES

 1. (a) Let u y 1  du dy; y 0  u 1, y 3  u 4œ � Ê œ œ Ê œ œ Ê œ

 y 1 dy u  du u (4) (1) (8) (1)' '
0 1

3 4È � ‘ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� œ œ œ � œ � œ"Î# $Î# $Î# $Î#%

"
2 2 2 2 2 14
3 3 3 3 3 3

 (b) Use the same substitution for u as in part (a); y 1  u 0, y 0  u 1œ � Ê œ œ Ê œ

 y 1 dy u  du u (1) 0' '
�1 0

0 1È � ‘ ˆ ‰� œ œ œ � œ"Î# $Î# $Î#"

!
2 2 2
3 3 3

 2. (a) Let u 1 r   du 2r dr   du r dr; r 0  u 1, r 1  u 0œ � Ê œ � Ê � œ œ Ê œ œ Ê œ# "
#

 r 1 r  dr u du u 0 (1)' '
0 1

1 0È È � ‘ ˆ ‰� œ � œ � œ � � œ# " " " "
#

$Î# $Î#!

"3 3 3

 (b) Use the same substitution for u as in part (a); r 1  u 0, r 1  u 0œ � Ê œ œ Ê œ

 r 1 r  dr u du 0' '
�1 0

1 0È È� œ � œ# "
#

 3. (a) Let u tan x  du sec x dx; x 0  u 0, x   u 1œ Ê œ œ Ê œ œ Ê œ# 1

4

 tan x sec x dx u du 0' '
0 0

4 11Î
#

# # #

"

!

"œ œ œ � œ’ “u 1
 

# #

 (b) Use the same substitution as in part (a); x   u 1, x 0  u 0œ � Ê œ � œ Ê œ1

4

 tan x sec x dx u du 0' '
� Î �1 4 1

0 0
#

# # #

!

�"

" "œ œ œ � œ �’ “u#

 4. (a) Let u cos x  du sin x dx  du sin x dx; x 0  u 1, x   u 1œ Ê œ � Ê � œ œ Ê œ œ Ê œ �1

 3 cos x sin x dx 3u  du u ( 1) (1) 2' '
0 1

11

# # $ $ $
�

�"
"œ � œ � œ � � � � œc d a b

 (b) Use the same substitution as in part (a); x 2   u 1, x 3   u 1œ Ê œ œ Ê œ �1 1

 3 cos x sin x dx 3u  du 2' '
2 1

3 1

1

1

# #
�

œ � œ

 5. (a) u 1 t   du 4t  dt   du t  dt; t 0  u 1, t 1  u 2œ � Ê œ Ê œ œ Ê œ œ Ê œ% $ $"
4

 t 1 t  dt u  du' '
0 1

1 2
$ % $$ "

#

"
a b ’ “� œ œ œ � œ4 16 16 16 16

u 2 1 15% % %

 (b) Use the same substitution as in part (a); t 1  u 2, t 1  u 2œ � Ê œ œ Ê œ

 t 1 t  dt u  du 0' '
�1 2

1 2
$ % $$ "a b� œ œ4

 6. (a) Let u t 1  du 2t dt   du t dt; t 0  u 1, t 7  u 8œ � Ê œ Ê œ œ Ê œ œ Ê œ# "
#

È
 t t 1  dt u  du u (8) (1)' '

0 1

7 8È a b � ‘ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰# "Î$ %Î$ %Î$ %Î$"Î$ " "
# #

)

"
� œ œ œ � œ3 3 3 45

4 8 8 8

 (b) Use the same substitution as in part (a); t 7  u 8, t 0  u 1œ � Ê œ œ Ê œÈ
 t t 1  dt u  du  u  du' ' '

�

È7 8 1

0 1 8a b# "Î$ "Î$"Î$ " "
# #� œ œ � œ � 45

8

 7. (a) Let u 4 r   du 2r dr   du r dr; r 1  u 5, r 1  u 5œ � Ê œ Ê œ œ � Ê œ œ Ê œ# "
#

  dr 5 u  du 0' '
� �

"
#

�#

1 5

1 5
5r

4 ra b# # œ œ

 (b) Use the same substitution as in part (a); r 0  u 4, r 1  u 5œ Ê œ œ Ê œ

  dr 5  u  du 5 u 5 (5) 5 (4)' '
0 4

1 5
5r

4 r 8a b�
" " " " "
# # # #

�# �" �" �"&

%# # œ œ � œ � � � œ� ‘ ˆ ‰ ˆ ‰

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 5.6 Substitution and Area Between Curves 297

 8. (a) Let u 1 v   du v  dv   du 10 v dv; v 0  u 1, v 1  u 2œ � Ê œ Ê œ œ Ê œ œ Ê œ$Î# "Î#
#
3 20

3
È

  dv   du   u  du' ' '
0 1 1

1 2 2
10 v

1 v u 3 3 3 u 3 1 3
20 20 20 20 1 10È

a b�

" " "�# #

" #$Î# # #œ œ œ � œ � � œˆ ‰ � ‘ � ‘
 (b) Use the same substitution as in part (a); v 1  u 2, v 4  u 1 4 9œ Ê œ œ Ê œ � œ$Î#

  dv   du' '
1 2

4 9
10 v

1 v u 3 3 u 3 9 2 3 18 7
20 20 20 1 20 7 70È

a b�

" " "*

# #$Î# # #œ œ � œ � � œ � � œˆ ‰ � ‘ ˆ ‰ ˆ ‰
 9. (a) Let u x 1  du 2x dx  2 du 4x dx; x 0  u 1, x 3  u 4œ � Ê œ Ê œ œ Ê œ œ Ê œ# È
  dx  du 2u  du 4u 4(4) 4(1) 4' ' '

0 1 1

3 4 4È
4x 2

x 1 uÈ È# �
�"Î# "Î# "Î# "Î#%

"
œ œ œ œ � œ� ‘

 (b) Use the same substitution as in part (a); x 3  u 4, x 3  u 4œ � Ê œ œ Ê œÈ È
    dx  du 0' '

�

È

È

3 4

3 4
4x 2

x 1 uÈ È# �
œ œ

10. (a) Let u x 9  du 4x  dx   du x  dx; x 0  u 9, x 1  u 10œ � Ê œ Ê œ œ Ê œ œ Ê œ% $ $"
4

  dx u  du (2)u (10) (9)' '
0 9

1 10
x

x 9 4 4
10 3$

%È
È

�

" " " "�"Î# "Î# "Î# "Î#"!

* # # #
�œ œ œ � œ� ‘

     (b) Use the same substitution as in part (a); x 1  u 10, x 0  u 9œ � Ê œ œ Ê œ

   dx u  du  u  du' ' '
�1 10 9

0 9 10
x

x 9 4 4
3 10$

%È
È

�

" "�"Î# �"Î# �
#œ œ � œ

11. (a) Let u 1 cos 3t  du 3 sin 3t dt   du sin 3t dt; t 0  u 0, t   u 1 cos 1œ � Ê œ Ê œ œ Ê œ œ Ê œ � œ"
#3 6

1 1

 (1 cos 3t) sin 3t dt u du (1) (0)' '
0 0

6 11Î

� œ œ œ � œ" " " " "
#

"

!

# #
3 3 6 6 6

u’ “Š ‹#
 (b) Use the same substitution as in part (a); t   u 1, t   u 1 cos 2œ Ê œ œ Ê œ � œ1 1

6 3 1

 (1 cos 3t) sin 3t dt u du (2) (1)' '
1

1

Î

Î

6 1

3 2

� œ œ œ � œ" " " " "
#

#

"

# #
3 3 6 6 2

u’ “Š ‹#

12. (a) Let u 2 tan   du  sec   dt  2 du sec   dt; t   u 2 tan 1, t 0  u 2œ � Ê œ Ê œ œ Ê œ � œ œ Ê œt t t
4# # # # #

" � �# # 1 1ˆ ‰
 2 tan  sec   dt u (2 du) u 2 1 3' '

� Î1 2 1

0 2ˆ ‰ c d� œ œ œ � œt t
# #

# # # ##
"

 (b) Use the same substitution as in part (a); t   u 1, t   u 3œ Ê œ œ Ê œ�
# #
1 1

 2 tan  sec   dt 2 u du u 3 1 8' '
� Î

Î

1

1

2 1

2 3ˆ ‰ c d� œ œ œ � œt t
# #

# # # #$
"

13. (a) Let u 4 3 sin z  du 3 cos z dz   du cos z dz; z 0  u 4, z 2   u 4œ � Ê œ Ê œ œ Ê œ œ Ê œ"
3 1

  dz   du 0' '
0 4

2 41

cos z
4 3 sin z u 3È È�

" "œ œˆ ‰
 (b) Use the same substitution as in part (a); z   u 4 3 sin ( ) 4, z   u 4œ � Ê œ � � œ œ Ê œ1 1 1

   dz   du 0' '
�1

1

cos z
4 3 sin z u 3È È�

" "œ œ
4

4 ˆ ‰
14. (a) Let u 3 2 cos w  du 2 sin w dw   du sin w dw; w   u 3, w 0  u 5œ � Ê œ � Ê � œ œ � Ê œ œ Ê œ"

# #
1

   dw u  du u' '
� Î1 2 3

0 5
sin w

(3 2 cos w) 5 3 15� # # #
�# �"" " " " " "&

$# œ � œ œ � œ �ˆ ‰ ˆ ‰c d
 (b) Use the same substitution as in part (a); w 0  u 5, w   u 3œ Ê œ œ Ê œ1

#

  dw  u  du   u  du' '
!

Î1 2 3

5

5

3

sin w
(3 2 cos w) 15� # #

�# �#" " "
# œ � œ œˆ ‰ '
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15. Let u t 2t  du 5t 2  dt; t 0  u 0, t 1  u 3œ � Ê œ � œ Ê œ œ Ê œ& %a b
 t 2t 5t 2  dt u  du u (3) (0) 2 3' '

0 0

1 3È a b � ‘ È& % "Î# $Î# $Î# $Î#$

!
� � œ œ œ � œ2 2 2

3 3 3

16. Let u 1 y  du ; y 1  u 2, y 4  u 3œ � Ê œ œ Ê œ œ Ê œÈ dy
2 yÈ

  du u  du u' ' '
1 2 2

4 3 3
dy

2 y 1 y u 3 2 6
1 1

È Èˆ ‰�

" "�# �" $
## #œ œ œ � œ � � � œc d ˆ ‰ ˆ ‰

17. Let u cos 2   du 2 sin 2  d    du sin 2  d ; 0  u 1,   u cos 2œ Ê œ � Ê � œ œ Ê œ œ Ê œ œ) ) ) ) ) ) )
" "
# #

1 1

6 6
ˆ ‰

 cos 2  sin 2  d u  du  u  du' ' '
!

Î Î Î1 6 1 2 1 2

1 1

�$ �$ �$" " " " "
# # �#

"Î#

"
) ) ) œ � œ � œ � œ � œˆ ‰ ’ “Š ‹2 4(1) 4

u 3
4

�#

#

# #ˆ ‰1

18. Let u tan du  sec   d 6 du sec   d ; u tan ,  u tan 1œ Ê œ Ê œ œ Ê œ œ œ Ê œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰) ) ) 1 1 1

6 6 6 6 6 43
3" "# #
#) ) ) 1 )È

 cot  sec  d  u (6 du) 6 12' '
1

13 2 1

1 3

Î

Î

& # �&
�

"

"Î $

"

"Î $
#

ˆ ‰ ˆ ‰ � ‘’ “Š ‹ � �) )

6 6 4
u 3 3 3

2u 2(1)) œ œ œ � œ � � � œ
È

�%

% % %
"È È Š ‹È3

19. Let u 5 4 cos t du 4 sin t dt  du sin t dt; t 0 u 5 4 cos 0 1, t u 5 4 cos 9œ � Ê œ Ê œ œ Ê œ � œ œ Ê œ � œ"
4 1 1

 5 (5 4 cos t)  sin t dt 5u  du  u  du u 9 1' ' '
!

1

� œ œ œ œ � œ $ � ""Î% "Î% "Î% &Î% &Î% &Î#" *

"1 1

9 9ˆ ‰ � ‘ˆ ‰
4 4 4 5

5 5 4

20. Let u 1 sin 2t  du 2 cos 2t dt   du cos 2t dt; t 0  u 1, t   u 0œ � Ê œ � Ê � œ œ Ê œ œ Ê œ"
#

1

4

 (1 sin 2t)  cos 2t dt u  du u (0) (1)' '
!

Î1 4 0

1
� œ � œ � œ � � � œ$Î# $Î# &Î# &Î# &Î#" " "

#

!

"
� ‘ ˆ ‰ ˆ ‰ˆ ‰

2 5 5 5 5
2 1 1

21. Let u 4y y 4y 1  du 4 2y 12y  dy; y 0  u 1, y 1  u 4(1) (1) 4(1) 1 8œ � � � Ê œ � � œ Ê œ œ Ê œ � � � œ# $ # # $a b
 4y y 4y 1 12y 2y 4  dy u  du 3u 3(8) 3(1) 3' '

!

1 8

1
a b a b � ‘� � � � � œ œ œ � œ# $ # �#Î$ "Î$ "Î$ "Î$�#Î$ )

"

22. Let u y 6y 12y 9 du 3y 12y 12  dy  du y 4y 4  dy; y 0 u 9, y 1 u 4œ � � � Ê œ � � Ê œ � � œ Ê œ œ Ê œ$ # # #"a b a b3

 y 6y 12y 9 y 4y 4  dy u  du 2u (4) (9) (2 3)' '
!

1 4

9
a b a b � ‘ˆ ‰$ # # �"Î# "Î# "Î# "Î#�"Î# " " %

*
� � � � � œ œ œ � œ � œ �3 3 3 3 3 3

2 2 2 2

23. Let u   du  d    du  d ; 0  u 0,  uœ Ê œ Ê œ œ Ê œ œ Ê œ) ) ) ) ) ) ) 1 1
$Î# "Î#

#
#3 2

3
È È3

  cos  d cos u  du  sin 2u  sin 2 (0)' '
! !

È3
1 1
#È ˆ ‰ ˆ ‰ � ‘ ˆ ‰ˆ ‰) ) ) 1

# $Î# #
# #

" "
!

œ œ � œ � � œ2 2 u 2 2
3 3 4 3 4 3 3

1 1 1

24. Let u 1   du t  dt; t 1  u 0, t   u 1œ � Ê œ � œ � Ê œ œ � Ê œ �" "�#
#t

 t  sin 1  dt sin u du  sin 2u  sin ( 2)  sin 0' '
� !

� Î �

1

1 2 1
�# # #" " " " "�"

! # #
ˆ ‰ � ‘ ˆ ‰ ˆ ‰ˆ ‰ ’ “� œ � œ � � œ � � � � � �t 2 4 4 4

u 0

  sin 2œ �" "
# 4

25. Let u 4 x   du 2x dx   du x dx; x 2  u 0, x 0  u 4, x 2  u 0œ � Ê œ � Ê � œ œ � Ê œ œ Ê œ œ Ê œ# "
#

 A  x 4 x  dx x 4 x  dx u  du u  du 2 u  du u  duœ � � � � œ � � � � œ œ' ' ' ' ' '
� ! ! ! !2 4

0 2 4 0 4 4È È# # " " "
# # #

"Î# "Î# "Î# "Î#

 u (4) (0)œ œ � œ� ‘2 2 2 16
3 3 3 3

$Î# $Î# $Î#%

!

26. Let u 1 cos x  du sin x dx; x 0  u 0, x   u 2œ � Ê œ œ Ê œ œ Ê œ1

 (1 cos x) sin x dx u du 2' '
! !

1

� œ œ œ � œ
2 ’ “u 2 0

2

# # #
#

! # #
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27. Let u 1 cos x du sin x dx du sin x dx; x u 1 cos ( ) 0, x 0 u 1 cos 0 2œ � Ê œ � Ê � œ œ � Ê œ � � œ œ Ê œ � œ1 1

 A  3 (sin x) 1 cos x dx  3u ( du) 3 u  du 2u 2(2) 2(0) 2œ � � œ � � œ œ œ � œ' ' '
� ! !1

0 2 2È � ‘"Î# "Î# $Î# $Î# $Î# &Î##

!

28. Let u  sin x  du  cos x dx   du cos x dx; x   u  sin 0, x 0  uœ � Ê œ Ê œ œ � Ê œ � � œ œ Ê œ1 1 1 1 1 1
"

# #1

1 1ˆ ‰
 Because of symmetry about x , A 2 (cos x) (sin (  sin x)) dx 2 (sin u)  duœ � œ � œ1 1 1

1# # #
"' '

� Î !1

1

2

0

1 1 ˆ ‰
 sin u du [ cos u] ( cos ) ( cos 0) 2œ œ � œ � � � œ'

!

1

1

! 1

29. For the sketch given, a 0, b ; f(x) g(x) 1 cos x sin x ;œ œ � œ � œ œ1
# # �

#
1 cos 2x

 A  dx  (1 cos 2x) dx x [( 0) (0 0)]œ œ � œ � œ � � � œ' '
! !

1 1

( cos 2x) sin 2x"�
# # # # # #

" " "
!

� ‘1 1
1

30. For the sketch given, a , b ; f(t) g(t)  sec t 4 sin t  sec t 4 sin t;œ � œ � œ � � œ �1 1

3 3
" "
# #

# # # #a b
 A  sec t 4 sin t  dt sec t dt 4 sin t dt sec t dt 4  dtœ � œ � œ �' ' ' ' '

� Î � Î � Î � Î � Î

Î Î Î Î Î

1 1 1 1 1

1 1 1 1 1

3 3 3 3 3

3 3 3 3 3ˆ ‰" " "
# # # #

# # # # # "�( cos 2t)

 sec t dt 2 (1 cos 2t) dt [tan t] 2[t ] 3 4 3œ � � œ � � œ � � œ" "
# # #

# Î$

� Î$

Î$

� Î$
' '
� Î � Î

Î Î

1 1

1 1

3 3

3 3
1

1

1

1

1 1sin 2t 4
3 3

È È
†

31. For the sketch given, a 2, b 2; f(x) g(x) 2x x 2x 4x x ;œ � œ � œ � � œ �# % # # %a b
 A 4x x  dxœ � œ � œ � � � � � œ � œ œ'

�2

2 a b ’ “ ˆ ‰ � ‘ˆ ‰# %
#

�#

�4x x 32 32 32 32 64 64 320 192 128
3 5 3 5 3 5 3 5 15 15

$ &

32. For the sketch given, c 0, d 1; f(y) g(y) y y ;œ œ � œ �# $

 A y y  dy y  dy y  dyœ � œ � œ � œ � œ � œ' ' '
! ! !

1 1 1a b ’ “ ’ “# $ # $
" "

! !

"� "� " " "
#

y y ( 0) ( 0)
3 4 3 4 3 4 1

$ %

33. For the sketch given, c 0, d 1; f(y) g(y) 12y 12y 2y 2y 10y 12y 2y;œ œ � œ � � � œ � �a b a b# $ # # $

 A 10y 12y 2y  dy 10y  dy 12y  dy 2y dy y y yœ � � œ � � œ � �' ' ' '
! ! ! !

1 1 1 1a b � ‘ � ‘ � ‘# $ # $ $ % #" " "

! !! #
10 12 2
3 4

 0 (3 0) (1 0)œ � � � � � œˆ ‰10 4
3 3

34. For the sketch given, a 1, b 1; f(x) g(x) x 2x x 2x ;œ � œ � œ � � œ �# % # %a b
 A x 2x  dxœ � œ � œ � � � � � œ � œ œ'

�1

1 a b ’ “ ˆ ‰ � ‘ˆ ‰# %
"

�"

" " �x 2x 2 2 2 4 10 12 22
3 5 3 5 3 5 3 5 15 15

$ &

35. We want the area between the line y 1, 0 x 2, and the curve y ,  the area of a triangleœ Ÿ Ÿ œ 738?=x
4

#

 (formed by y x and y 1) with base 1 and height 1.  Thus, A 1  dx (1)(1) xœ œ œ � � œ � �'
!

2Š ‹ ’ “x x
4 1

# $" "
# # #

#

!

 2 2œ � � œ � � œˆ ‰8 2 5
1 3 6# # #

" "

36. We want the area between the x-axis and the curve y x , 0 x 1  the area of a triangle (formed by x 1,œ Ÿ Ÿ :6?= œ#

 x y 2, and the x-axis) with base 1 and height 1.  Thus, A x  dx (1)(1)� œ œ � œ � œ � œ'
!

1
# " " " "

# # #

"

!
’ “x 5

3 3 6

$

37. AREA A1 A2œ �

 A1: For the sketch given, a 3 and we find b by solving the equations y x 4 and y x 2xœ � œ � œ � �# #

 simultaneously for x:  x 4 x 2x  2x 2x 4 0  2(x 2)(x 1)  x 2 or x 1 so# # #� œ � � Ê � � œ Ê � � Ê œ � œ

 b 2:  f(x) g(x) x 4 x 2x 2x 2x 4  A1 2x 2x 4  dxœ � � œ � � � � œ � � Ê œ � �a b a b a b# # # #'
�

�

3

2
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 4x 4 8 ( 18 9 12) 9 ;œ � � œ � � � � � � � œ � œ’ “ ˆ ‰2x 2x 16 16 11
3 3 3 3

$ #

#

�#

�$

 A2: For the sketch given, a 2 and b 1:  f(x) g(x) x 2x x 4 2x 2x 4œ � œ � œ � � � � œ � � �a b a b# # #

  A2  2x 2x 4  dx x 4x 1 4 4 8Ê œ � � � œ � � � œ � � � � � � �'
�2

1 a b ’ “ ˆ ‰ ˆ ‰# #
"

�#

2x 2 16
3 3 3

$

 1 4 4 8 9;œ � � � � � � œ2 16
3 3

 Therefore, AREA A1 A2 9œ � œ � œ11 38
3 3

38. AREA A1 A2œ �

 A1: For the sketch given, a 2 and b 0:  f(x) g(x) 2x x 5x x 3x 2x 8xœ � œ � œ � � � � � œ �a b a b$ # # $

  A1 2x 8x  dx 0 (8 16) 8;Ê œ � œ � œ � � œ'
�2

0 a b ’ “$
#

!

�#

2x 8x
4

% #

 A2: For the sketch given, a 0 and b 2:  f(x) g(x) x 3x 2x x 5x 8x 2xœ œ � œ � � � � � œ �a b a b# $ # $

  A2 8x 2x  dx (16 8) 8;Ê œ � œ � œ � œ'
0

2a b ’ “$
#

!

8x 2x
2 4

# %

 Therefore, AREA A1 A2 16œ � œ

39. AREA A1 A2 A3œ � �

 A1: For the sketch given, a 2 and b 1:  f(x) g(x) ( x 2) 4 x x x 2œ � œ � � œ � � � � œ � �a b# #

  A1 x x 2  dx 2x 2 4 ;Ê œ � � œ � � œ � � � � � � � œ � œ œ'
�

�

2

1a b ’ “ ˆ ‰ ˆ ‰#
# # #

�"

�#

" " " � "x x 8 4 7 14 3 1
3 3 3 2 3 6 6

$ #

 A2: For the sketch given, a 1 and b 2:  f(x) g(x) 4 x ( x 2) x x 2œ � œ � œ � � � � œ � � �a b a b# #

  A2 x x 2  dx 2x 4 2 3 8 ;Ê œ � � � œ � � � œ � � � � � � � œ � � � œ'
�1

2 a b ’ “ ˆ ‰ ˆ ‰#
# # # #

#

�"

"x x 8 4 1 1 9
3 3 3 2

$ #

 A3: For the sketch given, a 2 and b 3:  f(x) g(x) ( x 2) 4 x x x 2œ œ � œ � � � � œ � �a b# #

  A3 x x 2  dx 2x 6 4 9 ;Ê œ � � œ � � œ � � � � � œ � �'
2

3a b ’ “ ˆ ‰ ˆ ‰#
# # #

$

#

x x 27 9 8 4 9 8
3 3 3 2 3

$ #

 Therefore, AREA A1 A2 A3 9 9œ � � œ � � � � œ � œ11 9 9 8 5 49
6 3 6 6# #

ˆ ‰
40. AREA A1 A2 A3œ � �

 A1: For the sketch given, a 2 and b 0:  f(x) g(x) x x x 4xœ � œ � œ � � œ � œ �Š ‹ a bx x x 4
3 3 3 3 3

$ $ " $

  A1 x 4x  dx 2x 0 (4 8) ;Ê œ � œ � œ � � œ" " "$ #
!

�#3 3 4 3 3
x 4'

�2

0 a b ’ “%

 A2: For the sketch given, a 0 and we find b by solving the equations y x and y  simultaneouslyœ œ � œx x
3 3

$

 for x:  x   x 0  (x 2)(x 2) 0  x 2, x 0, or x 2 so b 2:x x x 4 x
3 3 3 3 3

$ $

� œ Ê � œ Ê � � œ Ê œ � œ œ œ

 f(x) g(x) x x 4x   A2 x 4x  dx 4x x 2x� œ � � œ � � Ê œ � � œ � œ �x x x
3 3 3 3 3 3 4Š ‹ ’ “a b a b a b$ %" " " "$ $ $ #

#

!

' '
0 0

2 2

 (8 4) ;œ � œ"
3 3

4

 A3: For the sketch given, a 2 and b 3:  f(x) g(x) x x 4xœ œ � œ � � œ �Š ‹ a bx x
3 3 3

$ " $

  A3 x 4x  dx 2x 2 9 8 14 ;Ê œ � œ � œ � � � œ � œ" " " "$ #
$

#3 3 4 3 4 4 3 4 12
x 81 16 81 25'

2

3a b ’ “ � ‘ ˆ ‰ˆ ‰ ˆ ‰%

†

 Therefore, AREA A1 A2 A3œ � � œ � � œ œ4 4 25 32 25 19
3 3 12 1 4

�
#

41. a 2, b 2;œ � œ

 f(x) g(x) 2 x 2 4 x� œ � � œ �a b# #

  A 4 x dx 4x 8 8Ê œ � œ � œ � � � �'
�2

2 a b ’ “ ˆ ‰ ˆ ‰#
#

�#

x 8 8
3 3 3

$

 2œ � œ†

ˆ ‰24 8 32
3 3 3
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42. a 1, b 3;œ � œ

 f(x) g(x) 2x x ( 3) 2x x 3� œ � � � œ � �a b# #

  A 2x x 3  dx x 3xÊ œ � � œ � �'
�1

3 a b ’ “# #
$

�"

x
3

$

 9 9 1 3 11œ � � � � � œ � œˆ ‰ ˆ ‰27 1 32
3 3 3 3

"

 

43. a 0, b 2;œ œ

 f(x) g(x) 8x x   A 8x x  dx� œ � Ê œ �% %'
0

2a b
 16œ � œ � œ œ’ “8x x 32 80 32 48

2 5 5 5 5

# &
#

!

�

 

44. Limits of integration:  x 2x x  x 3x# #� œ Ê œ

  x(x 3) 0  a 0 and b 3;Ê � œ Ê œ œ

 f(x) g(x) x x 2x 3x x� œ � � œ �a b# #

  A 3x x  dxÊ œ � œ �'
0

3a b ’ “#
$

!

3x x
2 3

# $

 9œ � œ œ27 27 18 9
# # #

�  

45. Limits of integration:  x x 4x  2x 4x 0# # #œ � � Ê � œ

  2x(x 2) 0  a 0 and b 2;Ê � œ Ê œ œ

 f(x) g(x) x 4x x 2x 4x� œ � � � œ � �a b# # #

  A 2x 4x  dxÊ œ � � œ �'
0

2a b ’ “# �
#

!

2x 4x
3 2

$ #

 œ � � œ œ16 16 32 48 8
3 6 3#

� �

 

46. Limits of integration:  7 2x x 4  3x 3 0� œ � Ê � œ# # #

  3(x 1)(x 1) 0  a 1 and b 1;Ê � � œ Ê œ � œ

 f(x) g(x) 7 2x x 4 3 3x� œ � � � œ �a b a b# # #

  A 3 3x  dx 3 xÊ œ � œ �'
�1

1 a b ’ “#
"

�"

x
3

$

 3 1 1 6 4œ � � � � œ œ� ‘ ˆ ‰ˆ ‰ ˆ ‰" "
3 3 3

2

 

47. Limits of integration:  x 4x 4 x% # #� � œ

  x 5x 4 0  x 4 x 1 0Ê � � œ Ê � � œ% # # #a b a b
  (x 2)(x 2)(x 1)(x 1)   x 2, 1, 1, 2;Ê � � � � œ ! Ê œ � �

 f(x) g(x) x 4x 4 x x 5x 4 and� œ � � � œ � �a b% # # % #

 g(x) f(x) x x 4x 4 x 5x 4� œ � � � œ � � �# % # % #a b
  A x 5x 4 dx x 5x 4 dxÊ œ � � � � � �' '

� �

�

2 1

1 1a b a b% # % #

 x 5x 4 dx� � � �'
1

2a b% #

 4x 4x 4xœ � � � � � � � � �’ “ ’ “ ’ “x 5x x 5x x 5x
5 3 5 3 5 3

& $ & $ & $
�" " #

�# �" "

�  

 4 8 4 4 8 4œ � � � � � � � � � � � � � � � � � � � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " "
5 3 5 3 5 3 5 3 5 3 5 3

5 32 40 5 5 32 40 5

 8œ � � œ œ60 60 300 180
5 3 15

�
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48. Limits of integration:  x a x 0  x 0 orÈ # #� œ Ê œ

 a x 0  x 0 or a x 0  x a, 0, a;È # # # #� œ Ê œ � œ Ê œ �

 A x a x  dx x a x  dxœ � � � �' '
�a 0

0 aÈ È# # # #

 a x a xœ � � �" "
# #

# # # #$Î# $Î#!

� !
’ “ ’ “a b a b2 2

3 3
a

a

 a aœ � � œ" "# #$Î# $Î#

3 3 3
2aa b a b’ “ $

 

49. Limits of integration:  y x   and
x,  x 0

  x,  x 0
œ œ

� Ÿ

 
Èk k �ÈÈ

 5y x 6 or y ;  for x 0:  xœ � œ � Ÿ � œ �x 6 x 6
5 5 5 5

È
  5 x x 6  25( x) x 12x 36Ê � œ � Ê � œ � �È #

  x 37x 36 0  (x 1)(x 36) 0Ê � � œ Ê � � œ#

  x 1, 36 (but x 36 is not a solution);Ê œ � � œ �

 for x 0:  5 x x 6  25x x 12x 36  œ � Ê œ � �È #

  x 13x 36 0  (x 4)(x 9) 0Ê � � œ Ê � � œ#

  x 4, 9; there are three intersection points andÊ œ  

 A x dx x dx x  dxœ � � � � � �' ' '
�1 0 4

0 4 9ˆ ‰ ˆ ‰ ˆ ‰È È Èx 6 x 6 x 6
5 5 5
� � �

 ( x) x xœ � � � � � �’ “ ’ “ ’ “(x 6) (x 6) (x 6)
10 3 10 3 3 10

2 2 2� � �$Î# $Î# $Î#
! % *

�" ! %

# # #

 4 0 9 4œ � � � � � � � � � � œ � � œˆ ‰ ˆ ‰ ˆ ‰36 25 2 100 2 36 2 225 2 100 50 20 5
10 10 3 10 3 10 3 10 3 10 10 3 3† † †

$Î# $Î# $Î#

50. Limits of integration:

 y x 4
x 4,  x 2 or x 2

  4 x ,  2 x 2        
œ � œ

� Ÿ �  

� � Ÿ Ÿ
k k œ#

#

#

 for x 2 and x 2:  x 4 4Ÿ �   � œ �# x
2

#

  2x 8 x 8  x 16  x 4;Ê � œ � Ê œ Ê œ „# # #

 for 2 x 2:  4 x 4  8 2x x 8� Ÿ Ÿ � œ � Ê � œ �# # #
#
x#

  x 0  x 0; by symmetry of the graph,Ê œ Ê œ#

 

 A 2 4 4 x dx 2 4 x 4 dx 2 2 8xœ � � � � � � � œ � �' '
0 2

2 4’ “ ’ “ ’ “ ’ “Š ‹ Š ‹a b a bx x x x
2 2 2 6

# # $ $# #
# %

! #

 2 0 2 32 16 40œ � � � � � œ � œˆ ‰ ˆ ‰8 64 8 56 64
6 6 3 3#

51. Limits of integration:  c 0 and d 3;œ œ

 f(y) g(y) 2y 0 2y� œ � œ# #

  A 2y  dy 2 9 18Ê œ œ œ œ'
0

3
#

$

!
’ “2y

3

$

†
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52. Limits of integration:  y y 2  (y 1)(y 2) 0# œ � Ê � � œ

  c 1 and d 2; f(y) g(y) (y 2) yÊ œ � œ � œ � � #

  A y 2 y  dy 2yÊ œ � � œ � �'
�1

2 a b ’ “#
#

#

�"

y y
3

# $

 4 2 6 2œ � � � � � œ � � � � œˆ ‰ ˆ ‰4 8 8 9
3 3 3 3# # # #

" " " "

 

53. Limits of integration:  4x y 4 and 4x 16 yœ � œ �#

  y 4 16 y  y y 20 0 Ê � œ � Ê � � œ Ê# #

 (y 5)(y 4) 0  c 4 and d 5;� � œ Ê œ � œ

 f(y) g(y)� œ � œˆ ‰ Š ‹16 y y 4 y y 20
4 4 4
� � � � �# #

  A y y 20  dyÊ œ � � �" #
4
'
�4

5 a b
 20yœ � � �"

#

&

�%4 3
y y’ “$ #

 100 80œ � � � � � �" "
#4 3 2 4 3

125 25 64 16ˆ ‰ ˆ ‰
 180œ � � � œ"

4 3 2 8
189 9 243ˆ ‰

 

54. Limits of integration:  x y  and x 3 2yœ œ �# #

  y 3 2y   3y 3  3(y 1)(y 1) 0Ê œ � Ê œ Ê � � œ# # #

  c 1 and d 1; f(y) g(y) 3 2y yÊ œ � œ � œ � �a b# #

 3 3y 3 1 y   A 3 1 y  dyœ � œ � Ê œ �# # #a b a b'
�1

1

 3 y 3 1 3 1œ � œ � � � �’ “ ˆ ‰ ˆ ‰y
3 3 3

$
"

�"

" "

 3 2 1 4œ � œ†

ˆ ‰"
3

 

55. Limits of integration:  x y y and x 2y 2y 6œ � œ � �# #

 y y 2y 2y 6 y y 6 0Ê � œ � � Ê � � œ# # #

  y 3 y 2 0 c 2 and d 3;Ê � � œ Ê œ � œa ba b
  f(y) g(y) y y 2y 2y 6 y y 6� œ � � � � œ � � �a b a b# # #

  A y y 6  dy y 6yÊ œ � � � œ � � �'
�2

3 a b ’ “# "
# �

y
3

2
3

2

$

 9 18 2 12œ � � � � � � œˆ ‰ ˆ ‰9 8 125
2 3 6

 

56. Limits of integration:  x y  and x 2 yœ œ �#Î$ %

  y 2 y   c 1 and d 1;Ê œ � Ê œ � œ#Î$ %

 f(y) g(y) 2 y y� œ � �a b% #Î$

  A 2 y y  dyÊ œ � �'
�1

1 ˆ ‰% #Î$

 2y yœ � �’ “y
5 5

3&
&Î$

"

�"

 2 2œ � � � � � �ˆ ‰ ˆ ‰" "
5 5 5 5

3 3

 2 2œ � � œˆ ‰"
5 5 5

3 12
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57. Limits of integration:  x y 1 and x y 1 yœ � œ �# #k kÈ
  y 1 y 1 y   y 2y 1 y 1 yÊ � œ � Ê � � œ �# % # # ##k k a bÈ
  y 2y 1 y y   2y 3y 1 0Ê � � œ � Ê � � œ% # # % % #

  2y 1 y 1 0  2y 1 0 or y 1 0Ê � � œ Ê � œ � œa b a b# # # #

  y  or y 1  y  or y 1.Ê œ œ Ê œ „ œ „# #"
# #

È2

 Substitution shows that  are not solutions  y 1;„
#

È2 Ê œ „

 for 1 y 0, f(x) g(x) y 1 y y 1� Ÿ Ÿ � œ � � � �È a b# #

 1 y y 1 y , and by symmetry of the graph,œ � � �# # "Î#a b
 A 2 1 y y 1 y  dyœ � � �'

�1

0 ’ “a b# # "Î#

 

 2 1 y  dy 2 y 1 y  dy 2 y 2œ � � � œ � �' '
� �1 1

0 0a b a b ’ “ ˆ ‰ ” •# # "Î# !

�"

"
#

�
!

�"

y
3 3

2 1 y$ # $Î#a b

 2 ( 0) 1 0 2œ ! � � � � � � œ� ‘ ˆ ‰ˆ ‰"
3 3

2

58. AREA A1 A2œ �

 Limits of integration:  x 2y and x y y  œ œ � Ê$ #

 y y 2y  y y y 2 y(y 1)(y 2) 0$ # #� œ Ê � � œ � � œa b
  y 1, 0, 2:Ê œ �

  for 1 y 0, f(y) g(y) y y 2y� Ÿ Ÿ � œ � �$ #

  A1 y y 2y  dy yÊ œ � � œ � �'
�1

0 a b ’ “$ # #
!

�"

y y
4 3

% $

 0 1 ;œ � � � œˆ ‰" "
4 3 12

5

 for 0 y 2, f(y) g(y) 2y y yŸ Ÿ � œ � �$ #

  A2 2y y y  dy yÊ œ � � œ � �'
!

$ # #
#

!

2a b ’ “y y
4 3

% $

  4 0 ;Ê � � � œˆ ‰16 8 8
4 3 3

 Therefore, A1 A2� œ � œ5 8 37
12 3 12

 

59. Limits of integration:  y 4x 4 and y x 1œ � � œ �# %

  x 1 4x 4  x 4x 5 0Ê � œ � � Ê � � œ% # % #

  x 5 (x 1)(x 1) 0  a 1 and b 1;Ê � � � œ Ê œ � œa b#

 f(x) g(x) 4x 4 x 1 4x x 5� œ � � � � œ � � �# % # %

  A 4x x 5  dx 5xÊ œ � � � œ � � �'
�1

1 a b ’ “# %
"

�"

4x x
3 5

$ &

 5 5 2 5œ � � � � � � œ � � � œˆ ‰ ˆ ‰ ˆ ‰4 4 4 104
3 5 3 5 3 5 15

" " "
 

60. Limits of integration:  y x  and y 3x 4œ œ �$ #

  x 3x 4 0  x x 2 (x 2) 0Ê � � œ Ê � � � œ$ # #a b
  (x 1)(x 2) 0  a 1 and b 2;Ê � � œ Ê œ � œ#

 f(x) g(x) x 3x 4 x 3x 4� œ � � œ � �$ # $ #a b
  A x 3x 4  dx 4xÊ œ � � œ � �'

�1

2 a b ’ “$ #
#

�"

x 3x
4 3

% $

 8 4œ � � � � " � œˆ ‰ ˆ ‰16 24 1 27
4 3 4 4
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61. Limits of integration:  x 4 4y  and x 1 yœ � œ �# %

  4 4y 1 y   y 4y 3 0Ê � œ � Ê � � œ# % % #

  y 3 y 3 (y 1)(y 1) 0  c 1Ê � � � � œ Ê œ �Š ‹Š ‹È È
 and d 1 since x 0; f(y) g(y) 4 4y 1 yœ   � œ � � �a b a b# %

 3 4y y  A 3 4y y  dyœ � � Ê œ � �# % # %'
�1

1 a b
 3y 2 3œ � � œ � � œ’ “ ˆ ‰4y y

3 5 3 5 15
4 56$ &

"

�"

"

 

62. Limits of integration:  x 3 y  and xœ � œ �# y
4

#

  3 y   3 0  (y 2)(y 2) 0Ê � œ � Ê � œ Ê � � œ# y 3y
4 4 4

3# #

  c 2 and d 2; f(y) g(y) 3 yÊ œ � œ � œ � �a b Š ‹# �y
4

#

 3 1   A 3 1  dy 3 yœ � Ê œ � œ �Š ‹ Š ‹ ’ “y y y
4 4 1

# # $'
�2

2

#

#

�#

 3 2 2 3 4 12 4 8œ � � � � œ � œ � œ� ‘ ˆ ‰ˆ ‰ ˆ ‰8 8 16
12 12 12

 

63. a 0, b ; f(x) g(x) 2 sin x sin 2xœ œ � œ �1

  A (2 sin x sin 2x) dx 2 cos xÊ œ � œ � �'
0

1 � ‘cos 2x
2

1

!

 2( 1) 2 1 4œ � � � � � � œ� ‘ ˆ ‰" "
# #†

 

64. a , b ; f(x) g(x) 8 cos x sec xœ � œ � œ �1 1

3 3
#

  A 8 cos x sec x  dx [8 sin x tan x]Ê œ � œ �'
� Î

Î

1

1

3

3 a b# Î$
� Î$
1

1

 8 3 8 3 6 3œ � � � � œŠ ‹ Š ‹È È È
† †

È È3 3
# #

 

65. a 1, b 1; f(x) g(x) 1 x cosœ � œ � œ � �a b ˆ ‰#
#
1x

  A 1 x cos  dx x  sinÊ œ � � œ � �'
�1

1 � ‘ ˆ ‰ˆ ‰ ’ “#
# #

"

�"

1 1

1

x x 2 x
3

$

 1 1 2œ � � � � � � œ � œ �ˆ ‰ ˆ ‰ ˆ ‰" "
3 3 3 3

2 2 2 2 4 4
1 1 1 1

 

66. A A1 A2œ �

 a 1, b 0 and a 0, b 1;" " # #œ � œ œ œ

 f (x) g (x) x sin  and f (x) g (x) sin x" " # ## #� œ � � œ �ˆ ‰ ˆ ‰1 1x x

  by symmetry about the origin,Ê

 A A 2A   A 2 sin x  dx" # " #� œ Ê œ �'
0

1� ‘ˆ ‰1x

 2  cos 2 0 1 0œ � � œ � � � � �’ “ˆ ‰ � ‘ˆ ‰ ˆ ‰2 x x 2 2
1 1 1

1

# # #

"

!

"#

† †

 2 2œ � œ œˆ ‰ ˆ ‰2 4 4
21 1 1

1 1" � �
#
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67. a , b ; f(x) g(x) sec x tan xœ � œ � œ �1 1

4 4
# #

  A sec x tan x  dxÊ œ �'
� Î

Î

1

1

4

4 a b# #

 sec x sec x 1  dxœ � �'
� Î

Î

1

1

4

4 c da b# #

 1 dx [x]œ œ œ � � œ'
� Î

Î

1

1

4

4

†

1

1

1 1 1Î%
� Î% #4 4

ˆ ‰
 

68. c , d ; f(y) g(y) tan y tan y 2 tan yœ � œ � œ � � œ1 1

4 4
# # #a b

 2 sec y 1   A 2 sec y 1  dyœ � Ê œ �a b a b# #'
� Î

Î

1

1

4

4

 2[tan y y] 2 1 1œ � œ � � � �
1

1

1 1Î%
� Î%

� ‘ˆ ‰ ˆ ‰
4 4

 4 1 4œ � œ �ˆ ‰1
4 1

 

69. c 0, d ; f(y) g(y) 3 sin y cos y 0 3 sin y cos yœ œ � œ � œ1

#
È È

  A 3 sin y cos y dy 3 (cos y)Ê œ œ �'
0

21Î È � ‘2
3

$Î# Î#

!

1

 2(0 1) 2œ � � œ

 

70. a 1, b 1; f(x) g(x) sec xœ � œ � œ �# "Î$ˆ ‰1x
3

  A sec x  dx tan xÊ œ � œ �'
�1

1 � ‘ � ‘ˆ ‰ ˆ ‰# "Î$ %Î$ "

�"
1 1

1

x 3 x 3
3 3 4

 3 3œ � � � � œŠ ‹ ’ “È ÈŠ ‹3 3 3 3
4 4

6 3
1 1 1

È

 

71. A A Aœ �" #

 Limits of integration:  x y  and x y  y yœ œ Ê œ$ $

  y y 0  y(y 1)(y 1) 0  c 1, d 0Ê � œ Ê � � œ Ê œ � œ$
" "

 and c 0, d 1; f (y) g (y) y y and# # " "
$œ œ � œ �

 f (y) g (y) y y   by symmetry about the origin,# #
$� œ � Ê

 A A 2A   A 2 y y  dy 2" # #
$

#

"

!
� œ Ê œ � œ �'

0

1a b ’ “y y
4

# %

 2œ � œˆ ‰" " "
# #4

 

72. A A Aœ �" #

 Limits of integration:  y x  and y x   x xœ œ Ê œ$ & $ &

  x x 0  x (x 1)(x 1) 0  a 1, b 0Ê � œ Ê � � œ Ê œ � œ& $ $
" "

 and a 0, b 1; f (x) g (x) x x  and# # " "
$ &œ œ � œ �

 f (x) g (x) x x   by symmetry about the origin,# #
& $� œ � Ê

 A A 2A   A 2 x x  dx 2" # #
$ &

"

!
� œ Ê œ � œ �'

0

1a b ’ “x x
4 6

% '

 2œ � œˆ ‰" " "
4 6 6
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73. A A Aœ �" #

 Limits of integration:  y x and y   x , x 0œ œ Ê œ Á" "
x x# #

  x 1  x 1 , f (x) g (x) x 0 xÊ œ Ê œ � œ � œ$
" "

  A x dx ; f (x) g (x) 0Ê œ œ œ � œ �" # #

"

!

" "
#

'
0

1 ’ “x
2 x

#

#

 x   A x  dx 1 ;œ Ê œ œ œ � � œ�# �#
#

�" " "#

" # #
'

1

2 � ‘
x

 A A A 1œ � œ � œ" #
" "
# #  

74. Limits of integration:  sin x cos x  x   a 0œ Ê œ Ê œ1

4

 and b ; f(x) g(x) cos x sin xœ � œ �1

4

  A (cos x sin x) dx [sin x cos x]Ê œ � œ �'
0

41Î
1Î%
!

 (0 1) 2 1œ � � � œ �Š ‹ ÈÈ È2 2
# #

 

75. (a) The coordinates of the points of intersection of the

 line and parabola are c x   x c and y cœ Ê œ „ œ# È
 (b) f(y) g(y) y y 2 y  the area of the� œ � � œ ÊÈ È Èˆ ‰
 lower section is, A [f(y) g(y)] dyL

0

c

œ �'

 2 y dy 2 y c .  The area of theœ œ œ'
0

c
cÈ � ‘2 4

3 3
$Î# $Î#

!

 

 entire shaded region can be found by setting c 4: A 4 .  Since we want c to divide the regionœ œ œ œˆ ‰4 4 8 32
3 3 3

$Î# †

 into subsections of equal area we have A 2A  2 c   c 4œ Ê œ Ê œL
32 4
3 3

ˆ ‰$Î# #Î$

 (c) f(x) g(x) c x   A [f(x) g(x)] dx c x  dx cx 2 c� œ � Ê œ � œ � œ � œ �# # $Î#
L

c c

c c c

c

' '
� �

�

È È

È È

È
a b ’ “ ’ “x c

3 3

$ $Î#
È

 c .  Again, the area of the whole shaded region can be found by setting c 4  A .  From theœ œ Ê œ4 32
3 3

$Î#

 condition A 2A , we get c   c 4  as in part (b).œ œ Ê œL
4 32
3 3

$Î# #Î$

76. (a) Limits of integration:  y 3 x  and y 1œ � œ �#

  3 x 1  x 4  a 2 and b 2;Ê � œ � Ê œ Ê œ � œ# #

 f(x) g(x) 3 x ( 1) 4 x� œ � � � œ �a b# #

  A 4 x  dx 4xÊ œ � œ �'
�2

2 a b ’ “#
#

�#

x
3

$

 8 8 16œ � � � � œ � œˆ ‰ ˆ ‰8 8 16 32
3 3 3 3

 (b) Limits of integration:  let x 0 in y 3 xœ œ � #

  y 3; f(y) g(y) 3 y 3 yÊ œ � œ � � � �È Èˆ ‰
 2(3 y)œ � "Î#  

  A 2 (3 y)  dy 2 (3 y) ( 1) dy ( 2) 0 (3 1)Ê œ � œ � � � œ � œ � � �' '
� �1 1

3 3
"Î# "Î# $Î#�

$

�"
’ “ ˆ ‰ � ‘2(3 y)

3 3
4$Î#

 (8)œ œˆ ‰4 32
3 3
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77. Limits of integration:  y 1 x and yœ � œÈ 2
xÈ

  1 x , x 0  x x 2  x (2 x)Ê � œ Á Ê � œ Ê œ �È È2
xÈ

#

  x 4 4x x   x 5x 4 0Ê œ � � Ê � � œ# #

  (x 4)(x 1) 0  x 1, 4 (but x 4 does notÊ � � œ Ê œ œ

 satisfy the equation); y  and y   œ œ Ê œ2 x 2 x
x x4 4È È

  8 x x  64 x   x 4.Ê œ Ê œ Ê œÈ $

 Therefore, AREA A A :  f (x) g (x) 1 xœ � � œ � �" # " "
"Î#ˆ ‰ x

4

  A 1 x  dx x xÊ œ � � œ � �"
"Î# $Î#

"

!

'
0

1ˆ ‰ ’ “x 2 x
4 3 8

#

 

 1 0 ; f (x) g (x) 2x  A 2x  dx 4xœ � � � œ � œ � Ê œ � œ �ˆ ‰ ˆ ‰ ’ “2 37 x x x
3 8 24 4 4 8

"
# # #

�"Î# �"Î# "Î#
%

"

'
1

4
#

 4 2 4 4 ; Therefore, AREA A Aœ � � � œ � œ œ � œ � œ œ œˆ ‰ ˆ ‰
†

16 15 17 37 17 37 51 88 11
8 8 8 8 24 8 24 24 3

" �
" #

78. Limits of integration:  (y 1) 3 y  y 2y 1� œ � Ê � �# #

 3 y  y y 2 0  (y 2)(y 1) 0œ � Ê � � œ Ê � � œ#

  y 2 since y 0; also, 2 y 3 yÊ œ � œ �È
  4y 9 6y y   y 10y 9 0Ê œ � � Ê � � œ# #

  (y 9)(y 1) 0  y 1 since y 9 does notÊ � � œ Ê œ œ

 satisfy the equation;
 AREA A Aœ �" #

 f (y) g (y) 2 y 0 2y" "
"Î#� œ � œÈ  

  A 2 y  dy 2 ;  f (y) g (y) (3 y) (y 1)Ê œ œ œ � œ � � �" # #
"Î# #

"

!

'
0

1 ’ “2y
3 3

4$Î#

  A 3 y (y 1)  dy 3y y (y 1) 6 2 3 0 1 ;Ê œ � � � œ � � � œ � � � � � œ � � œ#
# # $" " " " " "

# # #

#

"
'

1

2c d � ‘ ˆ ‰ ˆ ‰
3 3 3 6

7

 Therefore, A A" #� œ � œ œ4 7 15 5
3 6 6 2

79. Area between parabola and y a :  A 2 a x  dx 2 a x x 2 a 0 ;œ œ � œ � œ � � œ# # # # $ $"
!

'
0

a
aa b � ‘ Š ‹3 3 3

a 4a$ $

 Area of triangle AOC:  (2a) a a ; limit of ratio  lim    which is independent of a."
#

# $a b œ œ œ
a Ä !�

a$
$Š ‹4a

3

3
4

80. A 2f(x) dx f(x) dx 2 f(x) dx f(x) dx f(x) dx 4œ � œ � œ œ' ' ' ' '
a a a a a

b b b b b

81. The lower boundary of the region is the line through the points z 1 z  and z 1 1 z 1 . The equation of thisa b a bŠ ‹ß � � ß � �2 2

 line is y 1 z x 1 2z 1 x 1 y 2z 1 x z z 1 .� � œ � œ � � � Ê œ � � � � �a b a b a ba b a b a b2 21 z 1 1 z
z 1 z

ˆ ‰ ˆ ‰a b� � � �

� �

2 2

 The area of theregion is given by 1 x 2z 1 x z z 1 dy'
z

1z
2 2

� a ba b a ba b a b� � � � � � �

 x 2z 1 x z z dy x 2z 1 x z z xœ � � � � � œ � � � � �'
z

1z
2 2 3 2 21

3
z 1

z

�
"
#

�a b a b a ba b � ‘
 z 1 2z 1 z 1 z z z 1 z 2z 1 z z z z . No matter where weœ � � � � � � � � � � � � � � œŠ ‹a b a ba b a ba b a b a bˆ ‰1 1 1

3 3 6
3 2 2 3 2 2" "

# #

 choose z, the area of  the region bounded by y 1 x  and the line through the points z 1 z  andœ � ß �2 2a b
 z 1 1 z 1  is always .Š ‹a b� ß � � 2 1

6

 
82. It is sometimes true.  It is true if f(x) g(x) for all x between a and b.  Otherwise it is false.  If the graph of f 

 lies below the graph of g for a portion of the interval of integration, the integral over that portion will be
 negative and the integral over [a b] will be less than the area between the curves (see Exercise 71).ß
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83. Let u 2x  du 2 dx   du dx; x 1  u 2, x 3  u 6œ Ê œ Ê œ œ Ê œ œ Ê œ"
#

  dx  du  du F(u) F(6) F(2)' ' '
1 2 2

3 6 6
sin 2x sin u sin u

x uœ œ œ œ �ˆ ‰u
#

ˆ ‰ c d"
#

'
#

84. Let u 1 x  du dx  du dx; x 0  u 1, x 1  u 0œ � Ê œ � Ê � œ œ Ê œ œ Ê œ

 f(1 x) dx f(u) ( du) f(u) du f(u) du f(x) dx' ' ' ' '
0 1 1 0 0

1 0 0 1 1

� œ � œ � œ œ

85. (a) Let u x  du dx; x 1  u 1, x 0  u 0œ � Ê œ � œ � Ê œ œ Ê œ

 f odd  f( x) f(x).  Then f(x) dx f( u) ( du) f(u) ( du) f(u) du  f(u) duÊ � œ � œ � � œ � � œ œ �' ' ' ' '
�1 1 1 1 0

0 0 0 0 1

 3œ �

 (b) Let u x  du  dx; x 1  u 1, x 0  u 0œ � Ê œ � œ � Ê œ œ Ê œ

 f even  f( x) f(x).  Then f(x) dx f( u) ( du) f(u) du f(u) du 3Ê � œ œ � � œ � œ œ' ' ' '
�1 1 1 0

0 0 0 1

86. (a) Consider f(x) dx when f is odd. Let u x du dx du dx and x a u a and x'
�a

0

œ � Ê œ � Ê � œ œ � Ê œ œ !

 u . Thus f(x) dx f( u) du f(u) du f(u) du f(x) dx.Ê œ ! œ � � œ œ � œ �' ' ' ' '
�a a a 0 0

0 0 0 a a

 Thus f(x) dx f(x) dx f(x) dx f(x) dx f(x) dx .' ' ' ' '
� �a a 0 0 0

a 0 a a a

œ � œ � � œ !

 (b) sin x dx [ cos x] cos cos .'
�1

1

/2

/2

œ � œ � � � œ ! � ! œ !
1

1

1 1Î#
� Î# # #

ˆ ‰ ˆ ‰

87. Let u a x  du dx; x 0  u a, x a  u 0œ � Ê œ � œ Ê œ œ Ê œ

 I  ( du)œ œ � œ œ' ' ' '
0 a 0 0

a 0 a a
f(x) dx f(a u) f(a u) du f(a x) dx

f(x) f(a x) f(a u) f(u) f(u) f(a u) f(x) f(a x)� � � � � � � �
� � �

  I I  dx dx [x] a 0 a.Ê � œ � œ œ œ œ � œ' ' ' '
0 0 0 0

a a a a
af(x) dx f(a x) dx f(x) f(a x)

f(x) f(a x) f(x) f(a x) f(x) f(a x)� � � � � �
� � �

!

 Therefore, 2I a  I .œ Ê œ a
#

88. Let u   du  dt   du  dt   du  dt; t x  u y, t xy  u 1.  Therefore,œ Ê œ � Ê � œ Ê � œ œ Ê œ œ Ê œxy xy
t t xy t u t

t
#

" " "

   dt  du  du  du  dt' ' ' ' '
x y y 1 1

xy 1 1 y y
" " " " "
t u u u tœ � œ � œ œ

89. Let u x c  du dx; x a c  u a, x b c  u bœ � Ê œ œ � Ê œ œ � Ê œ

  f(x c) dx  f(u) du  f(x) dx' ' '
a c a a

b c b b

�

�

� œ œ

90. (a)   (b)    (c)  
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91-94. Example CAS commands:
 :Maple
 f := x -> x^3/3-x^2/2-2*x+1/3;
 g := x -> x-1;
 plot( [f(x),g(x)], x=-5..5, legend=["y = f(x)","y = g(x)"], title="#91(a) (Section 5.6)" );
 q1 := [ -5, -2, 1, 4 ];                           # (b)
 q2 := [seq( fsolve( f(x)=g(x), x=q1[i]..q1[i+1] ), i=1..nops(q1)-1 )];
 for i from 1 to nops(q2)-1 do         # (c)
   area[i] := int( abs(f(x)-g(x)),x=q2[i]..q2[i+1] );
 end do;
 add( area[i], i=1..nops(q2)-1 );      # (d)
 : (assigned functions may vary)Mathematica
 Clear[x, f, g]

 f[x_] = x  Cos[x]2

 g[x_] = x  x3 �

 Plot[{f[x], g[x]}, {x, 2, 2}]�

 After examining the plots, the initial guesses for FindRoot can be determined.
 pts = x/.Map[FindRoot[f[x]==g[x],{x, #}]&, { 1, 0, 1}]�

 i1=NIntegrate[f[x] g[x], {x, pts[[1]], pts[[2]]}]�

 i2=NIntegrate[f[x] g[x], {x, pts[[2]], pts[[3]]}]�

 i1 i2�

CHAPTER 5 PRACTICE EXERCISES

 1. (a) Each time subinterval is of length t 0.4 sec.  The distance traveled over each subinterval, using the? œ

 midpoint rule, is h v v t, where v  is the velocity at the left endpoint and v  the velocity at? ?œ �"
# a bi i 1 i i 1� �

 the right endpoint of the subinterval.  We then add h to the height attained so far at the left endpoint v  to? i

 arrive at the height associated with velocity v  at the right endpoint.  Using this methodology we buildi 1�

 the following table based on the figure in the text:

 t (sec) 0 0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.2 3.6 4.0 4.4 4.8 5.2 5.6 6.0
v (fps) 0 10 25 55 100 190 180 165 150 140 130 115 105 90 76 65
h (ft) 0 2 9 25 56 114 188 257 320 378 432 481 525 564 592 620.2

 t (sec) 6.4 6.8 7.2 7.6 8.0
v (fps) 50 37 25 12 0
h (ft) 643.2 660.6 672 679.4 681.8

 NOTE:  Your table values may vary slightly from ours depending on the v-values you read from the graph.
 Remember that some shifting of the graph occurs in the printing process.
 The total height attained is about 680 ft.
 (b) The graph is based on the table in part (a).
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 2. (a) Each time subinterval is of length t 1 sec.  The distance traveled over each subinterval, using the? œ

 midpoint rule, is s v v t, where v  is the velocity at the left, and v  the velocity at the? ?œ �"
# a bi i 1 i i 1� �

 right, endpoint of the subinterval.  We then add s to the distance attained so far at the left endpoint v? i

 to arrive at the distance associated with velocity v  at the right endpoint.  Using this methodology wei 1�

 build the table given below based on the figure in the text, obtaining approximately 26 m for the total
 distance traveled:

 t (sec)    0      1      2      3      4      5      6      7      8      9     10  
v (m/sec) 0 0.5 1.2 2 3.4 4.5 4.8 4.5 3.5 2 0
s (m) 0 0.25 1.1 2.7 5.4 9.35 14 18.65 22.65 25.4 26.4

 (b) The graph shows the distance traveled by the
 moving body as a function of time for
 0 t 10.Ÿ Ÿ

 

 3. (a)    a ( 2)  (b)  (b 3a )  b 3  a 25 3( 2) 31! ! ! ! !10 10 10 10 10

k 1 k 1 k 1 k 1 k 1œ œ œ œ œ

a
4 4 4

k œ œ � œ � � œ � œ � � œ" " "
#k k k k k

 (c)  (a b 1)  a  b  2 25 (1)(10) 13! ! ! !10 10 10 10

k 1 k 1 k 1 k 1œ œ œ œ
k k k k� � œ � � " œ � � � œ

 (d)  b   b (10) 25 0! ! !ˆ ‰10 10 10

k 1 k 1 k 1œ œ œ

5 5 5
# # #� œ � œ � œk k

 4. (a)  3a 3  a 3(0) 0 (b)  (a b )  a   b 0 7 7! ! ! ! !20 20 20 20 20

k 1 k 1 k 1 k 1 k 1œ œ œ œ œ
k k k k k kœ œ œ � œ � œ � œ

 (c)     b (20) (7) 8! ! !ˆ ‰20 20 20

k 1 k 1 k 1œ œ œ

" " "
# # #� œ � œ � œ2b

7 7 7
2 2k

k

 (d)  a 2  a  2 0 2(20) 40! ! !a b20 20 20

k 1 k 1 k 1œ œ œ
k k� œ � œ � œ �

 5. Let u 2x 1  du 2 dx   du dx; x 1  u 1, x 5  u 9œ � Ê œ Ê œ œ Ê œ œ Ê œ"
#

 (2x 1)  dx u  du u 3 1 2' '
1 1

5 9

� œ œ œ � œ�"Î# �"Î# "Î#"
#

*

"
ˆ ‰ � ‘

 6. Let u x 1  du 2x dx   du x dx; x 1  u 0, x 3  u 8œ � Ê œ Ê œ œ Ê œ œ Ê œ# "
#

 x x 1  dx u  du u (16 0) 6' '
1 0

3 8a b ˆ ‰ � ‘# "Î$ %Î$"Î$ "
#

)

!
� œ œ œ � œ3 3

8 8

 7. Let u   2 du dx; x   u , x 0  u 0œ Ê œ œ � Ê œ � œ Ê œx
2 1 1

#

 cos  dx (cos u)(2 du) [2 sin u] 2 sin 0 2 sin 2(0 ( 1)) 2' '
� � Î1 1

0 0

2
ˆ ‰ ˆ ‰x
# #

!
� Î#œ œ œ � � œ � � œ
1

1

 8. Let u sin x  du cos x dx; x 0  u 0, x   u 1œ Ê œ œ Ê œ œ Ê œ1

#

 (sin x)(cos x) dx u du' '
0 0

2 11Î

œ œ œ’ “u
2

#
"

!

"
#
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 9. (a) f(x) dx 3 f(x) dx (12) 4 (b)  f(x) dx f(x) dx f(x) dx 6 4 2' ' ' ' '
� � � �2 2 2 2 2

2 2 5 5 2

œ œ œ œ � œ � œ" "
3 3

 (c) g(x) dx  g(x) dx 2 (d) (  g(x)) dx  g(x) dx (2) 2' ' ' '
5 2 2 2

2 5 5 5�

� � �

œ � œ � � œ � œ � œ �1 1 1 1

 (e)  dx f(x) dx g(x) dx (6) (2)' ' '
� � �2 2 2

5 5 5Š ‹f(x) g(x)
5 5 5 5 5 5

8� " " " "œ � œ � œ

10. (a) g(x) dx  7 g(x) dx (7) 1 (b) g(x) dx g(x) dx g(x) dx 1 2 1' ' ' ' '
0 0 1 0 0

2 2 2 2 1

œ œ œ œ � œ � œ �" "
7 7

 (c) f(x) dx f(x) dx  (d) 2 f(x) dx 2 f(x) dx 2 ( ) 2' ' ' '
2 0 0 0

0 2 2 2

œ � œ � œ œ œ1 1 1È È È È
 (e) [g(x) 3 f(x)] dx g(x) dx 3 f(x) dx 1 3' ' '

0 0 0

2 2 2

� œ � œ � 1

11. x 4x 3 0  (x 3)(x 1) 0  x 3  or x 1;# � � œ Ê � � œ Ê œ œ

 Area x 4x 3  dx x 4x 3  dxœ � � � � �' '
0 1

1 3a b a b# #

 2x 3x 2x 3xœ � � � � �’ “ ’ “x x
3 3

$ $# #
" $

! "

 2(1) 3(1) 0œ � � �’ “Š ‹" #$

3

 2(3) 3(3) 2(1) 3(1)� � � � � �’ “Š ‹ Š ‹3 1
3 3

$ $# #

 1 0 1œ � � � � œˆ ‰ � ‘ˆ ‰" "
3 3 3

8

 

12. 1 0  4 x 0  x 2;� œ Ê � � Ê œ „x
4

# #

 Area 1  dx 1  dxœ � � �' '
�2 2

2 3Š ‹ Š ‹x x
4 4

# #

 x xœ � � �’ “ ’ “x x
12 12

$ $
# $

�# #

 2 2 3 2œ � � � � � � � �’ “ ’ “Š ‹ Š ‹ Š ‹ Š ‹2 3 2
12 12 12 12

( 2)$ $ $$�

 œ � � � � œ� ‘ ˆ ‰ˆ ‰4 4 3 4 13
3 3 4 3 4

 

13. 5 5x 0  1 x 0  x 1;� œ Ê � œ Ê œ „#Î$ #Î$

 Area 5 5x  dx 5 5x  dxœ � � �' '
�1 1

1 8ˆ ‰ ˆ ‰#Î$ #Î$

 5x 3x 5x 3xœ � � �� ‘ � ‘&Î$ &Î$" )

�" "

 5(1) 3(1) 5( 1) 3( 1)œ � � � � �� ‘ˆ ‰ ˆ ‰&Î$ &Î$

 5(8) 3(8) 5(1) 3(1)� � � �� ‘ˆ ‰ ˆ ‰&Î$ &Î$

 [2 ( 2)] [(40 96) 2] 62œ � � � � � œ

 

14. 1 x 0  x 1;� œ Ê œÈ
 Area 1 x  dx 1 x  dxœ � � �' '

0 1

1 4ˆ ‰ ˆ ‰È È
 x x x xœ � � �� ‘ � ‘2 2

3 3
$Î# $Î#" %

! "

 1 (1) 0 4 (4) 1 (1)œ � � � � � �� ‘ � ‘ˆ ‰ ˆ ‰ ˆ ‰2 2 2
3 3 3

$Î# $Î# $Î#

 4 2œ � � � œ" "
3 3 3

16� ‘ˆ ‰
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15. f(x) x, g(x) , a 1, b 2  A [f(x) g(x)] dxœ œ œ œ Ê œ �"
x#

'
a

b

 x  dx 1 1œ � œ � œ � � � œ'
1

2ˆ ‰ ˆ ‰ ˆ ‰’ “" " " "
# # # #

#

"x x
x 4

#

#

 

16. f(x) x, g(x) , a 1, b 2  A [f(x) g(x)] dxœ œ œ œ Ê œ �"
Èx

'
a

b

 x dx 2 xœ � œ �'
1

2Š ‹ ’ “È"
#

#

"
Èx

x#

 2 2 2œ � � � œŠ ‹È ˆ ‰4
2

7 4 2"
# #

� È

 

17. f(x) 1 x , g(x) 0, a 0, b 1  A [f(x) g(x)] dx 1 x  dx 1 2 x x  dxœ � œ œ œ Ê œ � œ � œ � �ˆ ‰ ˆ ‰ ˆ ‰È È È# #' ' '
a 0 0

b 1 1

 1 2x x  dx x x 1 (6 8 3)œ � � œ � � œ � � œ � � œ'
0

1 ˆ ‰ ’ “"Î# $Î#
# #

"

!

" " "4 x 4
3 3 6 6

#

18. f(x) 1 x , g(x) 0, a 0, b 1  A [f(x) g(x)] dx 1 x  dx 1 2x x  dxœ � œ œ œ Ê œ � œ � œ � �a b a b a b$ $ $ '# #' ' '
a 0 0

b 1 1

 x 1œ � � œ � � œ’ “x x 9
7 7 14

% (

# #

"

!

" "

19. f(y) 2y , g(y) 0, c 0, d 3œ œ œ œ#

  A [f(y) g(y)] dy 2y 0  dyÊ œ � œ �' '
c 0

d 3a b#

 2 y  dy y 18œ œ œ'
0

3
# $ $

!
2
3 c d

 

20. f(y) 4 y , g(y) 0, c 2, d 2œ � œ œ � œ#

  A [f(y) g(y)] dy 4 y  dyÊ œ � œ �' '
c 2

d 2

�

a b#
 4y 2 8œ � œ � œ’ “ ˆ ‰y

3 3 3
8 32$

#

�#
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21. Let us find the intersection points:  y y 2
4 4

#

œ �

  y y 2 0  (y 2)(y 1) 0  y 1Ê � � œ Ê � � œ Ê œ �#

 or y 2  c 1, d 2; f(y) , g(y)œ Ê œ � œ œ œy 2 y
4 4
� #

  A [f(y) g(y)] dy  dyÊ œ � œ �' '
c 1

d 2

�

Š ‹y 2 y
4 4
� #

 y 2 y  dy 2yœ � � œ � �" "#
#

#

�"4 4 3
y y'

�1

2 a b ’ “# $

 4 2œ � � � � � œ" " "
# #4 3 3 8
4 8 9� ‘ˆ ‰ ˆ ‰

 

22. Let us find the intersection points:  y 4 y 16
4 4

# � �œ

  y y 20 0  (y 5)(y 4) 0  y 4Ê � � œ Ê � � œ Ê œ �#

 or y 5  c 4, d 5; f(y) , g(y)œ Ê œ � œ œ œy 16 y 4
4 4
� �#

  A [f(y) g(y)] dy  dyÊ œ � œ �' '
c 4

d 5

�

Š ‹y 16 y 4
4 4
� �#

  y 20 y  dy 20yœ � � œ � �" "#
#

&

�%4 4 3
y y'

�4

5 a b ’ “# $

 100 80œ � � � � �" "
# #4 3 3

25 125 6 64� ‘ˆ ‰ ˆ ‰
 180 63 117 (9 234)œ � � œ � œ � œ" " "

# #4 4 8 8
9 9 243ˆ ‰ ˆ ‰

 

23. f(x) x, g(x) sin x, a 0, bœ œ œ œ 1

4

  A [f(x) g(x)] dx (x sin x) dxÊ œ � œ �' '
a 0

b 41Î

 cos x 1œ � œ � �’ “ Š ‹x
3

2# #

# # #

Î%

!

1
1

È

 

24. f(x) 1, g(x) sin x , a , bœ œ œ � œk k 1 1

# 2

  A [f(x) g(x)] dx 1 sin x  dxÊ œ � œ �' '
a 2

b 2

� Î

Î

1

1 a bk k
 (1 sin x) dx (1 sin x) dxœ � � �' '

� Î

Î

1

1

2 0

0 2

 2 (1 sin x) dx 2[x cos x]œ � œ �'
0

21Î
1Î#
!

 2 1 2œ � œ �ˆ ‰1

# 1

 

25. a 0, b , f(x) g(x) 2 sin x sin 2xœ œ � œ �1

  A (2 sin x sin 2x) dx 2 cos xÊ œ � œ � �'
0

1 � ‘cos 2x
# !

1

 2 ( 1) 2 1 4œ � � � � � � œ� ‘ ˆ ‰
† †

" "
# #
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26. a , b , f(x) g(x) 8 cos x sec xœ � œ � œ �1 1

3 3
#

  A 8 cos x sec x  dx [8 sin x tan x]Ê œ � œ �'
� Î

Î

1

1

3

3 a b# Î$
� Î$
1

1

 8 3 8 3 6 3œ � � � � œŠ ‹ Š ‹È È È
† †

È È3 3
# #

 

27. f(y) y, g(y) 2 y, c 1, d 2œ œ � œ œÈ
  A [f(y) g(y)] dy y (2 y)  dyÊ œ � œ � �' '

c 1

d 2� ‘È
 y 2 y  dy y 2yœ � � œ � �'

1

2ˆ ‰È ’ “2
3

y$Î#
#

#

"

#

 2 4 2 2 2œ � � � � � œ � œŠ ‹È Èˆ ‰4 2 4 7
3 3 3 6 6

8 2 7"
#

�È

 

28. f(y) 6 y, g(y) y , c 1, d 2œ � œ œ œ#

  A [f(y) g(y)] dy 6 y y  dyÊ œ � œ � �' '
c 1

d 2a b#
 6y 12 2 6œ � � œ � � � � �’ “ ˆ ‰ ˆ ‰y y

3 3 3
8# $

# #

#

"

" "

 4œ � � œ œ7 24 14 3 13
3 6 6

" � �
#

 

29. f(x) x 3x x (x 3)  f (x) 3x 6x 3x(x 2)  fœ � œ � Ê œ � œ � Ê œ ��� ± ���� ± ���
! #

$ # # w # w

  f(0) 0 is a maximum and f(2) 4 is a minimum.  A x 3x  dx x 27Ê œ œ � œ � � œ � � œ � � œ'
0

3a b ’ “ ˆ ‰$ # $
$

!

x 81 27
4 4 4

%

30. A a x  dx a 2 a x x  dx ax a x a a a aœ � œ � � œ � � œ � �' '
0 0

a a a

0

ˆ ‰ ˆ ‰È È È È’ “"Î# "Î# "Î# $Î# ##

# #
4 x 4 a
3 3

# #

†

 a 1 (6 8 3)œ � � œ � � œ# "
#

ˆ ‰4 a a
3 6 6

# #

31. The area above the x-axis is A y y  dy"
#Î$œ �'

0

1ˆ ‰
 ; the area below the x-axis isœ � œ’ “3y y

5 10

&Î$ #

#

"

!

"

 A y y  dy#
#Î$

#

!

�"
œ � œ � œ'

�1

0 ˆ ‰ ’ “3y y
5 10

11&Î$ #

  the total area is A AÊ � œ" #
6
5
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32. A (cos x sin x) dx (sin x cos x) dxœ � � �' '
0 4

4 5 41 1

1

Î Î

Î

 (cos x sin x) dx [sin x cos x]� � œ �'
5 4

3 2

1

1

Î

Î
1Î%
!

 [ cos x sin x] [sin x cos x]� � � � �
& Î% $ Î#
Î% & Î%
1 1

1 1

 (0 1)œ � � � � � � � �’ “ ’ “Š ‹ Š ‹ Š ‹È È È È È È2 2 2 2 2 2
# # # # # #

 ( 1 0) 2 4 2 2� � � � � � œ � œ �’ “Š ‹ ÈÈ È È2 2 8 2
# # #

 

33. y x  dt  2x   2 ; y(1) 1   dt 1 and y (1) 2 1 3œ � Ê œ � Ê œ � œ � œ œ � œ# w" " " "' '
1 1

x 1

t dx x dx x t
dy d y#

# #

34. y 1 2 sec t  dt  1 2 sec x  2 (sec x) (sec x tan x) sec x (tan x);œ � Ê œ � Ê œ œ'
0

xˆ ‰ ˆ ‰È È Èdy d y
dx dx

#

#

"
#

�"Î#

 x 0  y 1 2 sec t  dt 0 and x 0  1 2 sec 0 3œ Ê œ � œ œ Ê œ � œ'
0

0ˆ ‰È Èdy
dx

35. y  dt 3  ; x 5  y  dt 3 3œ � Ê œ œ Ê œ � œ �' '
5 5

x 5
sin t sin x sin t

t dx x t
dy

36. y 2 sin t dt 2 so that 2 sin x; x 1  y 2 sin t dt 2 2œ � � œ � œ � Ê œ � � œ' '
� �

�

1 1

x 1È È È# # #dy
dx

37. Let u cos x  du sin x dx  du sin x dxœ Ê œ � Ê � œ

 2(cos x)  sin x dx 2u ( du) 2 u  du 2 C 4u C 4(cos x) C' ' '�"Î# �"Î# �"Î# "Î# "Î#œ � œ � œ � � œ � � œ � �Š ‹u"Î#
"
#

38. Let u tan x  du sec x dxœ Ê œ #

 (tan x)  sec x dx u  du C 2u C C' '�$Î# # �$Î# �"Î#
�

�œ œ � œ � � œ �u 2
(tan x)

�"Î#

"
#

"Î#ˆ ‰

39. Let u 2 1  du 2 d    du dœ � Ê œ Ê œ) ) )"
#

 [2 1 2 cos (2 1)] d (u 2 cos u)  du sin u C sin (2 1) C' ') ) ) )� � � œ � œ � � œ � � �ˆ ‰"
# " "

�u
4 4

(2 1)# #
)

 sin (2 1) C, where C C  is still an arbitrary constantœ � � � � œ �) ) )#
"

"
4

40. Let u 2   du 2 d    du dœ � Ê œ Ê œ) 1 ) )"
#

 2 sec ( )  d 2 sec u  du  u 2 sec u  du' Š ‹ Š ‹ ˆ ‰ ˆ ‰" " " "

�
# # �"Î# #

# #È È2 u) 1
� # � œ � œ �) 1 ) ' '

 (2 tan u) C u tan u C (2 ) tan (2 ) Cœ � � œ � � œ � � � �" "
# #

"Î# "Î#Š ‹u"Î#
"
#

) 1 ) 1

41. t t  dt t  dt t 4t  dt 4 C C' ' 'ˆ ‰ ˆ ‰ ˆ ‰ a b Š ‹� � œ � œ � œ � � œ � �2 2 4 t t t 4
t t t 3 1 3 t

# # �#
�#

$ �" $

42.  dt  dt  dt t 2t  dt 2 C C' ' ' '(t 1) 1
t t

t 2t 2 t t
t t ( 1) t t

� � � " " "�# �$
� �#

#

% %

# �" �#

# $ #œ œ � œ � œ � � œ � � �ˆ ‰ a b Š ‹

43. Let u t  du t dt du t dtœ # Ê œ $ Ê œ$Î# "
$

È È
 t sin t dt sin u du cos u C cos t C' 'È ˆ ‰ ˆ ‰# œ œ � � œ � # �$Î# $Î#" " "

$ $ $
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44. Let u sec du sec  tan  d sec  tan  sec d u du u C sec Cœ " � Ê œ Ê "� œ œ � œ " � �) ) ) ) ) ) ) ) )' 'È a b"Î# $Î## #
$ $

$Î#

45. 3x 4x 7  dx x 2x 7x 1 2(1) 7(1) ( 1) 2( 1) 7( 1) 6 ( 10) 16'
�1

1 a b c d c d c d# $ # $ # $ #"
�"� � œ � � œ � � � � � � � � œ � � œ

46. 8s 12s 5  ds 2s 4s 5s 2(1) 4(1) 5(1) 0 3'
0

1a b c d c d$ # % $ % $"
!� � œ � � œ � � � œ

47.  dv  4v  dv 4v 2' '
1 1

2 2
4 4 4
v 1# œ œ � œ � œ�# �" #

"
� �
#c d ˆ ‰ ˆ ‰

48. x  dx 3x 3(27) 3(1) 3 3(1) 2'
1

27
�%Î$ �"Î$ �"Î$ �"Î$#(

"
"œ � œ � � � œ � � œ� ‘ ˆ ‰ ˆ ‰
3

49.   t  dt 2t 1' ' '
1 1 1

4 4 4
dt dt 2

t t t 4 1
( 2)

È È Èœ œ œ � œ � œ
$Î#

�$Î# �"Î# %

"
� �� ‘

50. Let x 1 u  dx u  du  2 dx ; u 1  x 2, u 4  x 3œ � Ê œ Ê œ œ Ê œ œ Ê œÈ "
#

�"Î# du
uÈ

   du  x (2 dx) 2 x 3 2 4 3 2 3 3 2 2'
1

4

2

3ˆ ‰È
È

1 u
u

2 4 4 8 4
3 3 3 3 3

� "Î# $Î# $Î# $Î#$

#

"Î#

œ œ œ � œ � œ �' � ‘ ˆ ‰ ˆ ‰ˆ ‰ È ÈÈ ÈŠ ‹

51. Let u 2x 1  du 2 dx  18 du 36 dx; x 0  u 1, x 1  u 3œ � Ê œ Ê œ œ Ê œ œ Ê œ

 18u  du 8' '
0 1

1 3

36 dx 8u 9 9 9
(2x 1) 2 u 3 1� �

�$ " � � �
$

"

$

"$ # # #

�#

œ œ œ œ � œ’ “ � ‘ ˆ ‰ ˆ ‰

52. Let u 7 5r  du 5 dr   du dr; r 0  u 7, r 1  u 2œ � Ê œ � Ê � œ œ Ê œ œ Ê œ"
5

 (7 5r)  dr u  du 3u 7 2' ' '
0 0 7

1 1 2

dr 3
(7 5r) 5 5 5È3

3 3

�
�#Î$ �#Î$ "Î$" " #

(#
œ � œ � œ � œ �ˆ ‰ � ‘ Š ‹È È

53. Let u 1 x du x  dx  du x  dx; x u 1 , x 1 u 1 1 0œ � Ê œ � Ê � œ œ Ê œ � œ œ Ê œ � œ#Î$ �"Î$ �"Î$ #Î$
#

" " #Î$2 3 3
3 8 8 4

ˆ ‰
 x 1 x  dx u  du u (0)' '

1 8 3 4

1 0

Î Î

�"Î$ #Î$ $Î# &Î# &Î#$Î# !

#

!

$Î% $Î%

&Î#ˆ ‰ ˆ ‰ ˆ ‰ � ‘ ˆ ‰ ˆ ‰’ “Š ‹� œ � œ � œ � œ � � �3 3 u 3 3 3 3
2 5 5 5 4

&Î#

#
5

 œ 27 3
160

È

54. Let u 1 9x   du 36x  dx   du x  dx; x 0  u 1, x   u 1 9œ � Ê œ Ê œ œ Ê œ œ Ê œ � œ% $ $" " "
# #

%

36 16
25ˆ ‰

 x 1 9x  dx u  du u' '
0 1

1 2 25 16Î Î

$ % �$Î# �"Î#�$Î# " " "
�

#&Î"'

"

#&Î"'

"
a b ˆ ‰ � ‘’ “Š ‹� œ œ œ �36 36 18

u�"Î#
"
#

 (1)œ � � � œ" " "�"Î# �"Î#
18 16 18 90

25ˆ ‰ ˆ ‰

55. Let u 5r  du 5 dr   du dr; r 0  u 0, r   u 5œ Ê œ Ê œ œ Ê œ œ Ê œ"
5 1 1

 sin 5r dr sin u  du 0' '
0 0

51 1

# # " " &

! # # #œ œ � œ � � � œa b ˆ ‰ � ‘ ˆ ‰ ˆ ‰
5 5 2 4 0 20

u sin 2u sin 10 sin 01 1 1 1

56. Let u 4t   du 4 dt   du dt; t 0  u , t   uœ � Ê œ Ê œ œ Ê œ � œ Ê œ1 1 1 1

4 4 4 4 4
3"

 cos 4t  dt cos u  du' '
0 4

3 41 1

1

Î% Î

� Î

# # " " " "$ Î%

� Î%

�ˆ ‰ ˆ ‰ � ‘a b Š ‹ Š ‹� œ œ � œ � � � �1 1 11

14 4 4 2 4 4 8 4 4 8 4
u sin 2u 3 sin sinˆ ‰ ˆ ‰31 1

# #

 œ � � œ1 1

8 16 16 8
" "
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57. sec  d [tan ] tan tan 0 3'
0

1Î$

# Î$
!) ) )œ œ � œ
1 1

3
È

58. csc x dx [ cot x] cot cot 2'
1

1

Î

Î

4

3 4

# $ Î%
Î%œ � œ � � � œ
1

1

1 1ˆ ‰ ˆ ‰3
4 4

59. Let u   du  dx  6 du dx; x   u , x 3   uœ Ê œ Ê œ œ Ê œ œ Ê œx
6 6 6

"
#1 11 1

 cot   dx 6 cot u du 6 csc u 1  du [6( cot u u)] 6 cot 6 cot ' ' '
1 1 1

1 1 13 2 2

6 6

# # # Î#
Î' # #

x
6 6 6œ œ � œ � � œ � � � � �

Î Î

Î Î a b ˆ ‰ ˆ ‰1

1

1 1 1 1

 6 3 2œ �È 1

60. Let u   du  d   3 du d ; 0  u 0,   uœ Ê œ Ê œ œ Ê œ œ Ê œ) 1

3 3 3
" ) ) ) ) 1

 tan   d sec  1  d 3 sec  u 1  du [3 tan u 3u] 3 tan 3 (3 tan 0 0)' ' '
0 0 0

31 1 1

# # # Î$
!

) ) 1 11

3 3 3 3) )œ � œ � œ � œ � � �ˆ ‰ � ‘a b ˆ ‰Î

 3 3œ �È 1

61. sec x tan x dx [sec x] sec 0 sec 1 2 1'
� Î1 3

0

œ œ � � œ � œ �!
� Î$1

1ˆ ‰
3

62. csc z cot z dz [ csc z] csc csc 2 2 0'
1

1

Î

Î

4

3 4

œ � œ � � � œ � � œ
$ Î%
Î%
1

1

1 1ˆ ‰ ˆ ‰ È È3
4 4

63. Let u sin x  du cos x dx; x 0  u 0, x   u 1œ Ê œ œ Ê œ œ Ê œ1

#

 5(sin x)  cos x dx 5u  du 5 u 2u 2(1) 2(0) 2'
0

2

0

11Î

$Î# $Î# &Î# &Î# &Î# &Î#" "

! !
œ œ œ œ � œ' � ‘ � ‘ˆ ‰2

5

64. Let u 1 x   du 2x dx  du 2x dx; x 1  u 0, x 1  u 0œ � Ê œ � Ê � œ œ � Ê œ œ Ê œ#

 2x sin 1 x  dx sin u du 0' '
�1 0

1 0a b� œ � œ#

65. Let u sin 3x du 3 cos 3x dx  du cos 3x dx; x u sin 1, x u sin 1œ Ê œ Ê œ œ � Ê œ � œ œ Ê œ œ �"
# # # #3

3 31 1 1 1ˆ ‰ ˆ ‰
 15 sin 3x cos 3x dx 15u  du 5u  du u ( 1) (1) 2' ' '

� Î

Î � �

1

1

2 1 1

2 1 1
% % % & & &" �"

"œ œ œ œ � � œ �ˆ ‰ c d3

66. Let u cos du  sin  dx 2 du sin  dx; x 0 u cos 1, x u cosœ Ê œ � Ê � œ œ Ê œ œ œ Ê œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ Š ‹x x x 0 2
3# # # # # # #

" "1
2
3
1

 cos  sin  dx u ( 2 du) 2 (1) (8 1)' '
0 1

2 3 1 21Î Î
�% �% �$

# # � #

"Î#

"

" �$ˆ ‰ ˆ ‰ ˆ ‰’ “Š ‹x x u 2 2 2 14
3 3 3 3 3œ � œ � œ � œ � œ
�$

67. Let u 1 3 sin x du 6 sin x cos x dx  du 3 sin x cos x dx; x 0 u 1, x u 1 3 sin  4œ � Ê œ Ê œ œ Ê œ œ Ê œ � œ# #"
# # #

1 1

  dx   du  u  du u 4 1 1' ' '
0 1 1

2 4 41Î
3 sin x cos x u

1 3 sin x u 2È È�

" " " "
# #

�"Î# "Î# "Î# "Î#
%

"

%

"#

"Î#

"
#

œ œ œ œ œ � œˆ ‰ � ‘’ “Š ‹

68. Let u 1 7 tan x du 7 sec x dx  du sec x dx; x 0 u 1 7 tan 0 1, xœ � Ê œ Ê œ œ Ê œ � œ œ# #"
7 4

1

 u 1 7 tan 8Ê œ � œ1

4

  dx   du  u  du u (8) (1)' ' '
0 1 1

4 8 81Î
sec x u 3 3 3 3

(1 7 tan x) u 7 7 7 7 7 7 7

# "Î$

#Î$ #Î$ "� "
" " " "�#Î$ "Î$ "Î$ "Î$

)

"

)
œ œ œ œ œ � œˆ ‰ � ‘’ “Š ‹

3
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69. Let u sec   du sec  tan  d ; 0  u sec 0 1,   u sec 2œ Ê œ œ Ê œ œ œ Ê œ œ) ) ) ) ) ) 1 1

3 3

  d  d  d  du   u  du' ' ' ' '
0 0 0 1 1

3 3 3 2 21 1 1Î Î Î
tan sec  tan sec  tan 
2 sec sec 2 sec 2 (sec ) 2 u 2

) ) ) ) )

) ) ) )È È È È È) ) )œ œ œ œ
$Î# $Î#

" " �$Î#

 2 1œ œ � œ � � � œ �"
�

# #

" "
È È È Èˆ ‰2

u 2 2 2
2u 2(2) 2(1)

’ “ ’ “ Š ‹ È�"Î#

"
#

70. Let u sin t  du cos t t  dt  dt  2 du  dt; t   u sin ,œ Ê œ œ Ê œ œ Ê œ œÈ Èˆ ‰ ˆ ‰" "
# #

�"Î# cos t cos t
2 t t 36 6

È È
È È

1 1
#

 t   u sin 1œ Ê œ œ1 1
#

4 #

  dt  (2 du) 2 u  du 4 u 4 1 4 2 2 2' ' '
1

1

#

#

Î Î Î

Î

36 1 2 1 2

4 1 1
cos t

t sin t u

È
É È Èœ œ œ œ � œ �" "�"Î# "

"Î# #
� ‘È È ÈÉ Š ‹

71. (a) av(f)   (mx b) dx bx b(1) b( 1) (2b) bœ � œ � œ � � � � œ œ" " " "
� � # # # #

"

�"

�
1 ( 1) 2 2

mx m(1) m( 1)'
�1

1 ’ “ ’ “Š ‹ Š ‹# # #

 (b) av(f)   (mx b) dx bx b(k) b( k) (2bk) bœ � œ � œ � � � � œ œ" " " "
� � # # # #

�
k ( k) k 2 k 2 k

mx m(k) m( k)'
�

�

k

k k

k
’ “ ’ “Š ‹ Š ‹# # #

72. (a) y 3x dx 3 x  dx x (3) (0) 2 3 2av
0 0

3 3

œ œ œ œ � œ œ" "
�

"Î# $Î# $Î# $Î#$

!3 0 3 3 3 3 3 3 3
3 3 32 2 2' 'È È È� ‘ � ‘ Š ‹È È È

 (b) y  ax dx a x  dx x (a) (0) a a aav
0 0

a a
a

œ œ œ œ � œ œ" "
�

"Î# $Î# $Î# $Î#
!a 0 a a 3 a 3 3 a 3 3

a a a2 2 2 2 2' 'È È È� ‘ ˆ ‰ ˆ ‰È È È

73. f  f (x) dx [f(x)] [f(b) f(a)]  so the average value of f  over [a b] is thew w w" " "
� � � �

�
av aa

b
bœ œ œ � œ ßb a b a b a b a

f(b) f(a)'
 slope of the secant line joining the points (a f(a)) and (b f(b)), which is the average rate of change of f over [a b].ß ß ß

74. Yes, because the average value of f on [a b] is  f(x) dx.  If the length of the interval is 2, then b a 2ß � œ"
�b a
'

a

b

 and the average value of the function is  f(x) dx."
#
'

a

b

75. We want to evaluate

 f(x) dx sin x dx sin x dx dx" " # $( # #&
$'&�! $'& $'& $'& $'& $'&

' ' ' '
! ! ! !

$'& $'& $'& $'&

œ $( � "!" � #& œ � "!" �Œ �” • ” •a b a b1 1

 Notice that the period of y sin x  is  and that we are integrating this function over an iterval ofœ � "!" œ $'&” •a b# #
$'&
1 1

#

$'&

1

 length 365. Thus the value of sin x dx dx  is .$( # #& $( #&
$'& $'& $'& $'& $'&
' '

! !

$'& $'&

” •a b1 � "!" � † ! � † $'& œ #&

76. T T dT T" " #' "Þ)(
'(&�#! '&& #†"! $†"!#

�& #

#!

'(&

'
!

'(&a ba b ” •)Þ#( � "! #' � "Þ)( œ )Þ#( � �T T# $

& &

 œ )Þ#( '(& � � � )Þ#( #! � � ¸ $(#%Þ%% � "'&Þ%!" "
'&& #†"! $†"! #†"! $†"! '&&

#' '(& "Þ)( '(& #' #! "Þ)( #!Œ �” • ” •a b a b a ba b a b a b a b# $ # $

& & & &

 the average value of C  on [20, 675]. To find the temperature T at which C , solveœ &Þ%$ œ œ &Þ%$v v

 T T  for T. We obtain T T&Þ%$ œ )Þ#( � "! #' � "Þ)( "Þ)( � #' � #)%!!! œ !�& # #a b
 T . So T  or T . Only T  lies in theÊ œ œ œ �$)#Þ)# œ $*'Þ(# œ $*'Þ(#

#'„ #' �% "Þ)( �#)%!!!

# "Þ)( $Þ(%
#'„ #"#%**'Éa b a ba b

a b
È#

 interval [20, 675], so T C.œ $*'Þ(#‰

77. 2 cos xdy
dx œ �È $

78. 2 cos 7x 7x 14x 2 cos 7xdy
dx dx

3 2 3 2d 2œ � † œ �È Èa b a b a b
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79.  dtdy
dx dx

d
x

t xœ � œ �Œ �'
1

' '
$� $�% %

80.  dt  dt sec xdy
dx dx t dx t sec x dx sec x

d d d sec x tan x
sec x

sec x

œ œ � œ � œ �Œ � Œ � a b' '#
" " "
�" �" �" "�#

# # # #

81. Yes.  The function f, being differentiable on [a b], is then continuous on [a b].  The Fundamental Theorem ofß ß

 Calculus says that every continuous function on [a b] is the derivative of a function on [a b].ß ß

82. The second part of the Fundamental Theorem of Calculus states that if F(x) is an antiderivative of f(x) on [a b], thenß

 f(x) dx F(b) F(a).  In particular, if F(x) is an antiderivaitve of 1 x  on [0 1], then 1 x  dx' '
a 0

b 1

œ � � ß �È È% %

 F(1) F(0).œ �

83. y 1 t  dt 1 t  dt   1 t  dt 1 t  dt 1 xœ � œ � � Ê œ � � œ � � œ � �' ' ' '
x 1 1 1

1 x x x
dy
dx dx dx

d dÈ È È È È” • ” •# # # # #

84. y   dt   dt   dt   dtœ œ � Ê œ � œ �' ' ' '
cos x 0 0 0

0 cos x cos x cos x
" " " "
� � � �1 t 1 t dx dx 1 t dx 1 t

dy d d
# # # #” • ” •

 (cos x) ( sin x) csc xœ � œ � � œ œˆ ‰ ˆ ‰ ˆ ‰" " "
�1 cos x dx sin x sin x

d
# #

85. We estimate the area A using midpoints of the vertical intervals, and we will estimate the width of the parking lot on each
 interval by averaging the widths at top and bottom. This gives the estimate

 A ¸ "& † � � � � � � �ˆ ‰!�$' $'�&% &%�&" &"�%*Þ& %*Þ&� &% &%�'%Þ% '%Þ%� '(Þ& '(Þ&� %#
# # # # # # # #

 A  ft . The cost is Area ($2.10/ft ) 5961 ft $2.10/ft $12,518.10  the job cannot be done for $11,000.¸ &*'" ¸ œ Ê# # # #
† a b a b

86. (a) Before the chute opens for A, a 32 ft/sec .  Since the helicopter is hovering, v 0 ft/secœ � œ#
!

  v 32 dt 32t v 32t.  Then s 6400 ft  s 32t dt 16t s 16t 6400.Ê œ � œ � � œ � œ Ê œ � œ � � œ � �' '
! ! !

# #

 At t 4 sec, s 16(4) 6400 6144 ft when A's chute opens;œ œ � � œ#

 (b) For B, s 7000 ft, v 0, a 32 ft/sec   v 32 dt 32t v 32t  s 32t dt! ! !
#œ œ œ � Ê œ � œ � � œ � Ê œ �' '

 16t s 16t 7000.  At t 13 sec, s 16(13) 7000 4296 ft when B's chute opens;œ � � œ � � œ œ � � œ# # #
!

 (c) After the chutes open, v 16 ft/sec  s 16 dt 16t s .  For A, s 6144 ft and for B,œ � Ê œ � œ � � œ'
! !

 s 4296 ft.  Therefore, for A, s 16t 6144 and for B, s 16t 4296.  When they hit the ground,! œ œ � � œ � �

 s 0  for A, 0 16t 6144  t 384 seconds, and for B, 0 16t 4296  tœ Ê œ � � Ê œ œ œ � � Ê œ6144 4296
16 16

 268.5 seconds to hit the ground after the chutes open.  Since B's chute opens 58 seconds after A's opensœ

  B hits the ground first.Ê

CHAPTER 5  ADDITIONAL AND ADVANCED EXERCISES

 1. (a) Yes, because f(x) dx  7f(x) dx (7) 1' '
0 0

1 1

œ œ œ" "
7 7

 (b) No.  For example, 8x dx 4x 4, but 8x dx 2 2 1 0 4' '
0 0

1 1

œ œ œ œ � œ Ác d È ’ “È ÈŠ ‹ ˆ ‰# $Î# $Î#"
!

"

!

x 4 2 4 2
3 3

$Î#

#
3

È È

 2. (a) True:  f(x) dx  f(x) dx 3' '
5 2

2 5

œ � œ �

 (b) True:  [f(x) g(x)] dx f(x) dx g(x) dx f(x) dx f(x) dx g(x) dx 4 3 2 9' ' ' ' ' '
� � � � �2 2 2 2 2 2

5 5 5 2 5 5

� œ � œ � � œ � � œ
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 (c) False:  f(x) dx 4 3 7 2 g(x) dx  [f(x) g(x)] dx 0  [g(x) f(x)] dx 0.' ' ' '
� � � �2 2 2 2

5 5 5 5

œ � œ � œ Ê � � Ê � �

 On the other hand, f(x) g(x)  [g(x) f(x)] 0  [g(x) f(x)] dx 0 which is a contradiction.Ÿ Ê �   Ê �  '
�2

5

 3. y f(t) sin a(x t) dt f(t) sin ax cos at dt  f(t) cos ax sin at dtœ � œ �" " "
a a a
' ' '

0 0 0

x x x

 f(t) cos at dt  f(t) sin at dt  cos ax f(t) cos at dtœ � Ê œsin ax cos ax
a a dx

dy' ' '
0 0 0

x x xŒ �
  f(t) cos at dt sin ax  f(t) sin at dt  f(t) sin at dt� � �sin ax d cos ax d

a dx a dxŒ � Œ �' ' '
0 0 0

x x x

 cos ax  f(t) cos at dt (f(x) cos ax) sin ax f(t) sin at dt (f(x) sin ax)œ � � �' '
0 0

x x
sin ax cos ax

a a

   cos ax f(t) cos at dt sin ax  f(t) sin at dt.  Next,Ê œ �dy
dx

' '
0 0

x x

 a sin ax  f(t) cos at dt (cos ax)  f(t) cos at dt a cos ax  f(t) sin at dtd y
dx dx

d#

# œ � � �' ' '
0 0 0

x x xŒ �
 (sin ax)  f(t) sin at dt a sin ax f(t) cos at dt (cos ax)f(x) cos ax� œ � �Œ �d

dx
' '

0 0

x x

 a cos ax f(t) sin at dt (sin ax)f(x) sin ax a sin ax  f(t) cos at dt a cos ax  f(t) sin at dt f(x).� � œ � � �' ' '
0 0 0

x x x

 Therefore, y a y a cos ax f(t) sin at dt a sin ax  f(t) cos at dt f(x)ww #� œ � �' '
0 0

x x

 a   f(t) cos at dt   f(t) sin at dt f(x).  Note also that y (0) y(0) 0.� � œ œ œ# wŒ �sin ax cos ax
a a
' '

0 0

x x

 4. x  dt  (x)    dt   dt  from the chain ruleœ Ê œ œ' ' '
0 0 0

y y y
" " "

� � �È È È1 4t 1 4t 1 4t
d d d

dx dx dy dx
dy

# # #” •Š ‹
  1   1 4y .  Then 1 4y 1 4yÊ œ Ê œ � œ � œ �"

�
# # #È1 4y

dy dy d y dy
dx dx dx dx dy dx

d d
#

#

#Š ‹ Š ‹È È Èˆ ‰ ˆ ‰
 1 4y (8y) 4y.  Thus 4y, and the constant ofœ � œ œ œ œ"

#
# �"Î#

� �

�a b Š ‹dy d y
dx dx

4y

1 4y 1 4y

4y 1 4yŠ ‹
È È

ˆ ‰Èdy
dx

# #

# #

#

 proportionality is 4.

 5. (a)  f(t) dt x cos x   f(t) dt cos x x sin x  f x (2x) cos x x sin x' '
0 0

x x# #

œ Ê œ � Ê œ �1 1 1 1 1 1 1d
dx a b#

  f x .  Thus, x 2  f(4)Ê œ œ Ê œ œa b# � � "cos x x sin x cos 2 2  sin 2
2x 4 4

1 1 1 1 1 1

 (b) t  dt (f(x))   (f(x)) x cos x  (f(x)) 3x cos x  f(x) 3x cos x'
0

f(x) f(x)
# $ $ $

!

" "œ œ Ê œ Ê œ Ê œ’ “ Èt
3 3 3

$

1 1 13

  f(4) 3(4) cos 4 12Ê œ œÈ È3 31

 6. f(x) dx  sin a  cos a. Let F(a) f(t) dt  f(a) F (a).  Now F(a)  sin a  cos a' '
0 0

a a

œ � � œ Ê œ œ � �a a a a# #

# # # # # #
w1 1

  f(a) F (a) a  sin a  cos a  sin a  f  sin  cos  sin Ê œ œ � � � Ê œ � � � œ � � œw " " " "
# # # # # # # # # # # # # # #

a 1 1 1 1 1 1 1 1 1ˆ ‰ ˆ ‰1
#

 7. f(x) dx b 1 2  f(b)  f(x) dx b 1 (2b)   f(x)' '
1 1

b b

œ � � Ê œ œ � œ Ê œÈ È a b# "
#

# �"Î#

� �

d b x
db b 1 x 1È È# #

 8. The derivative of the left side of the equation is:   f(t) dt  du  f(t) dt; the derivative of the rightd
dx ” •” •' ' '

0 0 0

x u x

œ

 side of the equation is:  f(u)(x u) du   f(u) x du  u f(u) dud d d
dx dx dx” •' ' '

0 0 0

x x x

� œ �
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 x f(u) du  u f(u) du f(u) du x  f(u) du xf(x) f(u) du xf(x) xf(x)œ � œ � � œ � �d d d
dx dx dx” • ” •' ' ' ' '

0 0 0 0 0

x x x x x

 f(u) du.  Since each side has the same derivative, they differ by a constant, and since both sides equal 0œ '
0

x

 when x 0, the constant must be 0.  Therefore, f(t) dt  du  f(u)(x u) du.œ œ �' ' '
0 0 0

x u x” •

 9. 3x 2  y 3x 2  dx x 2x C.  Then (1 1) on the curve  1 2(1) C 1  C 4dy
dx œ � Ê œ � œ � � ß� Ê � � œ � Ê œ �# # $ $' a b

  y x 2x 4Ê œ � �$

10. The acceleration due to gravity downward is 32 ft/sec   v 32 dt 32t v , where v  is the initial� Ê œ � œ � �#
! !

'

 velocity  v 32t 32  s ( 32t 32) dt 16t 32t C.  If the release point, at t , is s 0, thenÊ œ � � Ê œ � � œ � � � œ ! œ' #

  C 0  s 16t 32t.  Then s 17  17 16t 32t  16t 32t 17 0.  The discriminant of thisœ Ê œ � � œ Ê œ � � Ê � � œ# # #

 quadratic equation is 64 which says there is no real time when s 17 ft.  You had better duck.� œ

11. f(x) dx x  dx 4 dx' ' '
� �8 8 0

3 0 3

œ � �#Î$

 x [ 4x]œ � �� ‘3
5

&Î$ $!

�) !

 0 ( 8) ( 4(3) 0) 12œ � � � � � œ �ˆ ‰3 96
5 5

&Î$

 œ 36
5

 

12. f(x) dx x dx x 4  dx' ' '
� �4 4 0

3 0 3

œ � � �È a b#

 ( x) 4xœ � � � �� ‘ ’ “2 x
3 3

$Î# !

�%

$

!

$

 0 (4) 4(3) 0œ � � � � �� ‘ˆ ‰ ’ “Š ‹2 3
3 3

$Î# $

 3œ � œ16 7
3 3

 

13. g(t) dt t dt sin t dt' ' '
0 0 1

2 1 2

œ � 1

  cos tœ � �’ “ � ‘t
2

#
"

!

" #

"1
1

 0  cos 2  cos œ � � � � �ˆ ‰ � ‘ˆ ‰" " "
# 1 1

1 1

 œ �"
#

2
1

 

14. h(z) dz 1 z dz (7z 6)  dz' ' '
0 0 1

2 1 2

œ � � �È �"Î$

 (1 z) (7z 6)œ � � � �� ‘ � ‘2 3
3 14

$Î# #Î$" #

! "

 (1 1) (1 0)œ � � � � �� ‘ˆ ‰2 2
3 3

$Î# $Î#

 (7(2) 6) (7(1) 6)� � � �� ‘3 3
14 14

#Î$ #Î$

 œ � � œ2 6 3 55
3 7 14 42

ˆ ‰
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15. f(x) dx dx 1 x  dx 2 dx' ' ' '
� � �

�

2 2 1 1

2 1 1 2

œ � � �a b#
 [x] x [2x]œ � � ��" #

�#

"

�"
"’ “x

3

$

 1 ( 2) 1 1 2(2) 2(1)œ � � � � � � � � � �a b ” •Š ‹ Š ‹ ’ “1
3 3

( 1)$ $�

 1  4 2œ � � � � � œ2 2 13
3 3 3

ˆ ‰

 

16. h(r) dr r dr 1 r  dr dr' ' ' '
� �1 1 0 1

2 0 1 2

œ � � �a b#
 r [r]œ � � �’ “ ’ “r r

2 3

# $
! "

�" !

#
"

 0 1 0 2 1œ � � � � � �Š ‹ Š ‹Š ‹ a b( 1) 1
3

�
#

# $

 1œ � � � œ"
#

2 7
3 6

 

17. Ave. value f(x) dx  f(x) dx x dx (x 1) dx xœ œ œ � � œ � �" " " " "
� #� # # #

" #

! "b a 0 2 2
x x' ' ' '

a 0 0 1

b 2 1 2” • ’ “ ’ “# #

 0 2 1œ � � � � � œ" "
# # # # #’ “Š ‹ Š ‹ Š ‹1 2 1# # #

18. Ave. value  f(x) dx  f(x) dx dx 0 dx dx [1 0 0 3 2]œ œ œ � � œ � � � � œ" " " "
� �b a 3 0 3 3 3

2' ' ' ' '
a 0 0 1 2

b 3 1 2 3” •

19. Let f(x) x  on [0 1].  Partition [0 1] into n subintervals with x .  Then , , ,  are theœ ß ß œ œ á& � " "? 1 0 2 n
n n n n n

 right-hand endpoints of the subintervals.  Since f is increasing on [0 1], U   is the upper sum forß œ ! Š ‹ ˆ ‰_

œj 1

j
n n

&
"

 f(x) x  on [0 1]   lim    lim    lim   œ ß Ê œ � �á � œ&
&

" " " � �á�& & &

n n nÄ _ Ä _ Ä _
! Š ‹ ’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰_

œj 1

j
n n n n n n n

2 n 1 2 n& & &

'

 x  dxœ œ œ'
0

1
&

"

!

"’ “x
6 6

'

20. Let f(x) x  on [0 1].  Partition [0 1] into n subintervals with x .  Then , , ,  are theœ ß ß œ œ á$ � " "? 1 0 2 n
n n n n n

 right-hand endpoints of the subintervals.  Since f is increasing on [0 1], U   is the upper sum forß œ ! Š ‹ ˆ ‰_

œj 1

j
n n

$
"

 f(x) x  on [0 1]   lim    lim    lim   œ ß Ê œ � �á � œ$
$

" " " � �á�$ $ $

n n nÄ _ Ä _ Ä _
! Š ‹ ’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰_

œj 1

j
n n n n n n

2 n 1 2 n
n

$ $ $

%

 x  dxœ œ œ'
0

1
$

"

!

"’ “x
4 4

%

21. Let y f(x) on [0 1].  Partition [0 1] into n subintervals with x .  Then , , ,  are theœ ß ß œ œ á? 1 0 2 n
n n n n n
� " "

 right-hand endpoints of the subintervals.  Since f is continuous on [ 1],  f  is a Riemann sum of!ß ! Š ‹ˆ ‰_

œj 1

j
n n

"

 y f(x) on [0 1]   lim   f  lim   f f f  f(x) dxœ ß Ê œ � �á � œ
n nÄ _ Ä _

! Š ‹ˆ ‰ � ‘ˆ ‰ ˆ ‰ ˆ ‰_

œj 1
0

1
j
n n n n n n

2 n" " " '

22. (a)  lim   [2 4 6 2n]  lim   2x dx x 1, where f(x) 2x
n nÄ _ Ä _

" " # "
!n n n n n n

2 4 6 2n
# � � �á � œ � � �á � œ œ œ œ� ‘ c d'

0

1

 on [0 1]  (see Exercise 21)ß
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 (b)  lim   1 2 n  lim   x  dx , where
n nÄ _ Ä _

" " ""& "& "& "&"& "& "& "

!n n n n n 16 16
1 2 n x

"'

"'c d ’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰� �á � œ � �á � œ œ œ'
0

1

 f(x) x  on [0 1]  (see Exercise 21)œ ß"&

 (c)  lim   sin sin sin sin n  dx  cos x  cos  cos 0
n Ä _

" " " ""

!n n n n
2 n� ‘ � ‘ ˆ ‰1 1 1

1 1 1
� �á � œ œ � œ � � �'

0

1

1 1 1

 , where f(x) sin x on [0 1]  (see Exercise 21)œ œ ß2
1

1

 (d)  lim   1 2 n  lim    lim   1 2 n  lim    x  dx
n n n nÄ _ Ä _ Ä _ Ä _

" " " ""& "& "& "& "& "& "&
n n n n"( "'c d c dŠ ‹Š ‹ Š ‹� �á � œ � �á � œ '

0

1

 0 0   (see part (b) above)œ œˆ ‰"
16

 (e)  lim   1 2 n  lim   1 2 n
n nÄ _ Ä _

" "& "& "& "& "& "&
n n

n
"& "'c d c d� �á � œ � �á �

  lim  n  lim   1 2 n  lim   n  x  dx   (see part (b) above)œ � �á � œ œ _Š ‹Š ‹ Š ‹c d
n n nÄ _ Ä _ Ä _

" "& "& "& "&
n"'

'
0

1

23. (a) Let the polygon be inscribed in a circle of radius r.  If we draw a radius from the center of the circle (and
 the polygon) to each vertex of the polygon, we have n isosceles triangles formed (the equal sides are equal

 to r, the radius of the circle) and a vertex angle of  where .  The area of each triangle is) )n n œ
2
n
1

 A r  sin   the area of the polygon is A nA  sin  sin .n n n nœ Ê œ œ œ"
# # #

# ) )nr nr 2
n

# #
1

 (b)  lim   A  lim    sin  lim    sin  lim   r  r   lim   r
n n n n 2 n 0Ä _ Ä _ Ä _ Ä _ Î Ä

œ œ œ œ œnr 2 n r 2
n 2 n

sin sin# #

#
# # #1 1 1

1
a b a b1 1 1

ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰

2 2
n n

2 2
n n

1 1

1 1

1

24. Partition [ 1] into n subintervals, each of length x  with the points x 0, x , x , , x 1.!ß œ œ œ œ á œ œ? 1 2 n
n n n n! " #

"
n

 The inscribed rectangles so determined have areas
 f(x ) x (0) x, f(x ) x x, f(x ) x x, , f(x ) x.  The sum of these areas! " #

# " �# # #
? ? ? ? ? ? ?œ œ œ á œˆ ‰ ˆ ‰ ˆ ‰

n n n
2 n 1

n 1�

 is S 0 x .  Thenn œ � � �á � œ � �á � œ � �á �Š ‹ Š ‹ˆ ‰ ˆ ‰ ˆ ‰# " � " "# # # � �"
n n n n n n n n n n

2 n 1 2 1 2(n 1) (n )
?

# # # #

# # # $ $ $

# #

  lim   S  lim   x  dx .
n nÄ _ Ä _n

0

1

œ � �á � œ œ œŠ ‹" "�" ## # $

$ $ $

#

n n n 3 3
2 1(n ) '

25. (a) g f t  dta b a b" œ œ !'
1

1

 (b) g f t  dta b a b a ba b$ œ œ � # " œ �"'
1

$

"
#

 (c) g f t  dt f t  dta b a b a b a b�" œ œ � œ � # œ �' '
1 1

1 1�

�

"
%

#1 1

 (d) g x f x x , ,  and the sign chart for g x f x  is   . So g has a
3 1 3

w wa b a b a b a bœ œ ! Ê œ �$ " $ œ ± ��� ± ��� ± ���
�

 relative maximum at x .œ "

 (e) g f  is the slope and g f t  dt , by (c). Thus the equation is y xw
�a b a b a b a b a b�" œ �" œ # �" œ œ � � œ # � "'

1

1

1 1

 y x .œ # � # � 1

 (f) g x f x  at x  and g x f x  is negative on  and positive on  so there is anww w ww wa b a b a b a b a b a bœ œ ! œ �" œ �$ß �" �"ß "

 inflection point for g at x . We notice that g x f x  for x on  and g x f x  for x onœ �" œ � ! �"ß # œ � !ww w ww wa b a b a b a b a b
 , even though g  does not exist, g has a tangent line at x , so there is an inflection point at x .a b a b#ß % # œ # œ #ww

 (g) g is continuous on  and so it attains its absolute maximum and minimum values on this interval. We saw in (d)Ò�$ß %Ó

 that g x x , , . We have thatwa b œ ! Ê œ �$ " $

 g f t  dt f t  dta b a b a b�$ œ œ � œ � œ �#' '
1

�$ "

�$

#
#

1
#

1

 g f t  dta b a b" œ œ !'
1

1

 g f t  dta b a b$ œ œ �"'
1

$

 g f t  dta b a b% œ œ �" � † " † " œ �'
1

%
" "
# #

 Thus, the absolute minimum is  and the absolute maximum is . Thus, the range is .�# ! Ò�# ß !Ó1 1
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26. y sin x cos 2t dt sin x cos 2t dt y cos x cos 2x ; when x  we haveœ � � " œ � � " Ê œ � œ' '
x

x1

1

w a b 1

 y cos cos 2 . And y sin x 2sin 2x ; when x , y sin cos 2t dtw wwœ � œ �" � " œ �# œ � � œ œ � � "1 1 1 1a b a b '
x

1

 .œ ! � ! � " œ "

27. f(x)  dt  f (x) xœ Ê œ � œ � � œ � œ'
1/x

x
" " " " " " " "w
t x dx dx x x x x x x

dx d 2ˆ ‰ ˆ ‰ ˆ ‰Š ‹ ˆ ‰
" #

x

28. f(x)  dt  f (x) (sin x) (cos x)œ Ê œ � œ �'
cos x

sin x
" " "
� � �

w
1 t 1 sin x dx 1 cos x dx cos x sin x

d d cos x sin x
# # # # #

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
 œ �" "

cos x sin x

29. g(y) sin t  dt  g (y) sin 2 y 2 y sin y yœ Ê œ � œ �'
È

È

y

2 y
# w # #Š ‹Š ‹ Š ‹Š ‹ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰È È È Èd d

dy dy y 2 y
sin 4y sin y
È È

30. f(x) t(5 t) dt  f (x) (x 3)( (x 3)) (x 3) x(5 x) (x 3)(2 x) x(5 x)œ � Ê œ � & � � � � � œ � � � �'
x

x 3�
w ˆ ‰ ˆ ‰d dx

dx dx

 6 x x 5x x 6 6x.  Thus f (x) 0  6 6x 0  x 1.  Also, f (x) 6   x 1 gives aœ � � � � œ � œ Ê � œ Ê œ œ � � ! Ê œ# # w ww

 maximum.
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CHAPTER 6  APPLICATIONS OF DEFINITE INTEGRALS

6.1  VOLUMES USING CROSS-SECTIONS

 1. A(x) 2x; a 0, b 4;œ œ œ œ œ
(diagonal) x x#

#

# #

� �ˆ ‰È Èˆ ‰

 V A(x) dx 2x dx x 16œ œ œ œ' '
a 0

b 4 c d# %
!

 2. A(x) 1 2x x ; a 1, b 1;œ œ œ œ � � œ � œ
1 1 1(diameter)

4 4 4
2 x x 2 1 x# # # ## #c d c da b a b� � � # %

1 a b
 V A(x) dx 1 2x x  dx x x 2 1œ œ � � œ � � œ � � œ' '

a 1

b 1

�

1 1 1a b ’ “ ˆ ‰# % $
"

�"

"2 x 2 16
3 5 3 5 15

&
1

 3. A(x) (edge) 1 x 1 x 2 1 x 4 1 x ; a 1, b 1;œ œ � � � � œ � œ � œ � œ# ## # #
# #’ “ Š ‹È È ÈŠ ‹ a b

 V A(x) dx 4 1 x  dx 4 x 8 1œ œ � œ � œ � œ' '
a 1

b 1

�

a b ’ “ ˆ ‰#
"

�"

"x 16
3 3 3

$

 4. A(x) 2 1 x ; a 1, b 1;œ œ œ œ � œ � œ
(diagonal) 1 x 1 x 2 1 x#

# # #
# #

# # #

� � � � �
#

’ “ Š ‹È È ÈŠ ‹ a b
 V A(x) dx 2 1 x  dx 2 x 4 1œ œ � œ � œ � œ' '

a 1

b 1

�

a b ’ “ ˆ ‰#
"

�"

"x 8
3 3 3

$

 5. (a) STEP 1) A(x) (side) (side) sin 2 sin x 2 sin x sin 3 sin xœ œ œ" "
# #† † † †

ˆ ‰ ˆ ‰Š ‹ Š ‹È È È1 1

3 3

 STEP 2) a 0, bœ œ 1

 STEP 3) V A(x) dx 3 sin x dx 3 cos x 3(1 1) 2 3œ œ œ � œ � œ' '
a 0

b È È È È’ “1 1

!

 (b) STEP 1) A(x) (side) 2 sin x 2 sin x 4 sin xœ œ œ# Š ‹Š ‹È È
 STEP 2) a 0, bœ œ 1

 STEP 3) V A(x) dx 4 sin x dx 4 cos x 8œ œ œ � œ' '
a 0

b 1 c d 1!
 6. (a) STEP 1) A(x) (sec x tan x) sec x tan x 2 sec x tan xœ œ � œ � �

1 1 1(diameter)
4 4 4

#
# # #a b

 sec x sec x 1 2 œ � � �1

4 cos x
sin x� ‘a b# #

#

 STEP 2) a , bœ � œ1 1

3 3

 STEP 3) V A(x) dx 2 sec x 1  dx 2 tan x x 2œ œ � � œ � � �' '
a 3

b 3

� Î

Î

1

1

1 1
1

14 cos x 4 cos x
2 sin xˆ ‰ � ‘ˆ ‰# " Î$

� Î$#

 2 3 2 2 3 2 4 3œ � � � � � � � � œ �1 1 1 1 1

4 3 3 4 3
2’ “ Š ‹È È ÈŠ ‹ Š ‹Š ‹" "

ˆ ‰ ˆ ‰" "

# #

 (b) STEP 1) A(x) (edge) (sec x tan x) 2 sec x 1 2 œ œ � œ � �# # #ˆ ‰sin x
cos x#

 STEP 2) a , bœ � œ1 1

3 3

 STEP 3) V A(x) dx 2 sec x 1  dx 2 2 3 4 3œ œ � � œ � œ �' '
a 3

b 3

� Î

Î

1

1 ˆ ‰ Š ‹È È# 2 sin x 2
cos x 3 3#

1 1

 7. (a) STEP 1) A(x) length height 6 3x 10 60 30xœ œ � œ �a b a b a b a b† †

 STEP 2) a 0, b 2œ œ

 STEP 3) V A(x) dx  60 30x  dx 60x 15x 120 60 0 60œ œ � œ � œ � � œ' '
a 0

b 2a b c d a b2 2
!
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 (b) STEP 1) A(x) length height 6 3x 6 3x 4 3x 24 6x 9xœ œ � œ � � œ � �a b a b a b a ba bŠ ‹† †

20 2 6 3x
2

2� �a b

 STEP 2) a 0, b 2œ œ

 STEP 3) V A(x) dx 24 6x 9x dx 24x 3x 3x 48 12 24 0 36œ œ � � œ � � œ � � � œ' '
a 0

b 2 a b c d a b2 3 2#
!

 8. (a) STEP 1) A(x) base height x 6 6 x 3xœ œ � œ �"
# a b a b a bˆ ‰È È

† †

x
2

 STEP 2) a 0, b 4œ œ

 STEP 3) V A(x) dx  6x 3x  dx 4x x 32 24 0 8œ œ � œ � œ � � œ' '
a 0

b 4ˆ ‰ � ‘ a b1 2 3 2 23
2

4Î Î
!

 (b) STEP 1) A(x) x x xœ † œ † œ † œ � �" "
# #

� � � Î
1 1ˆ ‰ ˆ ‰Š ‹diameter 1

2 2 2 4 8 4
2 x x x x2

3 2 2È x 1
2 4

3 2 2
1 1

Î

 STEP 2) a 0, b 4œ œ

 STEP 3) V A(x) dx x x x  dx x x x 8 0œ œ � � œ � � œ � � � œ' '
a 0

b 4
1 1 1 1

8 4 5 12 8 5 3 8
3 2 2 2 5 2 31 2 1 64 164ˆ ‰ � ‘ ˆ ‰ a bÎ Î"

# "&!

 9. A(y) (diameter) 5y 0 y ;œ œ � œ1 1 1

4 4 4
5# # %

#Š ‹È
 c 0, d 2; V A(y) dy y  dyœ œ œ œ' '

c 0

d 2
5
4
1 %

 2 0 8œ œ � œ’ “ˆ ‰ Š ‹ a b5
4 5 4

y1 1
&

#

!

&
1

 

10. A(y) (leg)(leg) 1 y 1 y 2 1 y 2 1 y ; c 1, d 1;œ œ � � � � œ � œ � œ � œ" " "
# # #

# # #
# # #� ‘ ˆ ‰È È Èˆ ‰ a b

 V A(y) dy 2 1 y  dy 2 y 4 1œ œ � œ � œ � œ' '
c 1

d 1

�

a b ’ “ ˆ ‰#
"

�"

"y
3 3 3

8$

11. The slices perpendicular to the edge labeled 5 are triangles, and by similar triangles we have h b. Theb 4 3
h 3 4œ Ê œ

 equation of the line through 5, 0  and 0, 4  is y x 4, thus the length of the base  x 4 and thea b a b œ � � œ � �4 4
5 5

 height x 4 x 3.Thus A x base height x 4 x 3 x x 6œ � � œ � � œ † œ � � † � � œ � �3 4 3 4 3 6 12
4 5 5 5 5 25 5

2ˆ ‰ ˆ ‰ ˆ ‰a b a b a b" "
# #

 and V A x  dx x x 6  dx x x 6x 10 30 30 0 10œ œ � � œ � � œ � � � œ' '
a 0

b 5
6 12 2 6

25 5 25 5
2 3 2 5

0a b a bˆ ‰ � ‘
12. The slices parallel to the base are squares. The cross section of the pyramid is a triangle, and by similar triangles we have

 b h. Thus A y base y y V A y  dy y  dy y 15 0 15b 3 3 3 9 9 3
h 5 5 5 25 25 25

2 2 52 2 3
c 0

d 5

0œ Ê œ œ œ œ Ê œ œ œ œ � œa b a b a bˆ ‰ � ‘' '

13. (a) It follows from Cavalieri's Principle that the volume of a column is the same as the volume of a right
 prism with a square base of side length s and altitude h.  Thus, STEP 1)  A(x) (side length) s ;œ œ# #

 STEP 2)  a 0, b h; STEP 3)  V A(x) dx s  dx s hœ œ œ œ œ' '
a 0

b h
# #

 (b) From Cavalieri's Principle we conclude that the volume of the column is the same as the volume of the prism
 described above, regardless of the number of turns  V s hÊ œ #
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14. 1) The solid and the cone have the same altitude of 12.
 2) The cross sections of the solid are disks of diameter

 x .  If we place the vertex of the cone at the� œˆ ‰x x
# #

 origin of the coordinate system and make its axis of
 symmetry coincide with the x-axis then the cone's cross
 sections will be circular disks of diameter

  (see accompanying figure).x x x
4 4� � œˆ ‰

#

 3) The solid and the cone have equal altitudes and identical
 parallel cross sections.  From Cavalieri's Principle we
 conclude that the solid and the cone have the same
 volume.

 

15. R(x) y 1   V [R(x)]  dx 1  dx 1 x  dx xœ œ � Ê œ œ � œ � � œ � �x x x x x
4 12# # #

# # #

!

' ' '
0 0 0

2 2 2

1 1 1 1ˆ ‰ Š ‹ ’ “# # $

 2œ � � œ1 ˆ ‰4 8 2
2 12 3

1

16. R(y) x   V  [R(y)]  dy  dy y  dy y 8 6œ œ Ê œ œ œ œ œ œ
3y 3y 9 3 3

4 4 4# #
# # $# #

!
' ' '

0 0 0

2 2 2

1 1 1 1 1 1ˆ ‰ � ‘
† †

17. R(y) tan y ; u y  du  dy  4 du  dy; y 0  u 0, y 1  u ;œ œ Ê œ Ê œ œ Ê œ œ Ê œˆ ‰1 1 1 1

4 4 4 41

 V  [R(y)]  dy tan y  dy 4 tan u du 4 1 sec u  du 4[ u tan u]œ œ œ œ � � œ � �' ' ' '
0 0 0 0

1 1 4 4

1 1
# # ## Î%

!
� ‘ˆ ‰ a b1 1

4

1 1Î Î

 4 1 0 4œ � � � œ �ˆ ‰1

4 1

18. R(x) sin x cos x; R(x) 0  a 0 and b  are the limits of integration; V  [R(x)]  dxœ œ Ê œ œ œ1

#
#'

0

21Î

1

  (sin x cos x)  dx    dx; u 2x  du 2 dx  ; x 0  u 0,œ œ œ Ê œ Ê œ œ Ê œ1 1
' '

0 0

2 21 1Î Î
# (sin 2x)

4 8 4
du dx# �

 x   u   V   sin u du  sin 2u 0 0‘ � ‘ � ‘ˆ ‰œ Ê œ Ä œ œ � œ � � œ1 1 1 1 1
1

# # #
" "#

!
1 1

'
0

1

8 8 4 8 16
u #

19. R(x) x   V  [R(x)]  dx  x  dxœ Ê œ œ# # # #' '
0 0

2 2

1 1 a b
  x  dxœ œ œ1 1

'
0

2
%

#

!
’ “x 32

5 5

&
1

 

20. R(x) x   V [R(x)]  dx x  dxœ Ê œ œ$ # $ #' '
0 0

2 2

1 1 a b
   x  dxœ œ œ1 1

'
0

2
'

#

!
’ “x 128

7 7

(
1
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21. R(x) 9 x   V [R(x)]  dx  9 x  dxœ � Ê œ œ �È a b# # #' '
� �3 3

3 3

1 1

 9x 2 9(3) 2 18 36œ � œ � œ œ1 1 1 1’ “ � ‘x 27
3 3

$
$

�$
† †

 

22. R(x) x x   V [R(x)]  dx x x  dxœ � Ê œ œ �# # # #' '
0 0

1 1

1 1 a b
 x 2x x  dxœ � � œ � �1 1

'
0

1a b ’ “# $ %
"

!

x 2x x
3 4 5

$ % &

 (10 15 6)œ � � œ � � œ1 ˆ ‰1
3 5 30 30

" "
#

1 1

 

23. R(x) cos x  V  [R(x)]  dx cos x dxœ Ê œ œÈ ' '
0 0

2 21 1Î Î

1 1
#

 sin x (1 0)œ œ � œ1 1 1c d 1Î#!

 

24. R(x) sec x  V [R(x)]  dx  sec x dxœ Ê œ œ' '
� Î � Î

Î Î

1 1

1 1

4 4

4 4

1 1
# #

 tan x [1 ( 1)] 2œ œ � � œ1 1 1c d 1
1

Î%
� Î%

 

25. R(x) 2 sec x tan x  V [R(x)]  dxœ � Ê œÈ '
0

41Î

1
#

  2 sec x tan x dxœ �1
'

0

41Î Š ‹È #

 2 2 2 sec x tan x sec x tan x  dxœ � �1
'

0

41Î Š ‹È # #

 2 dx 2 2 sec x tan x dx (tan x) sec x dxœ � �1Œ �È' ' '
0 0 0

4 4 41 1 1Î Î Î
# #

 [2x] 2 2 [sec x]œ � �1Œ �È ’ “1 1
1

Î% Î%
! !

Î%

!

tan x
3

$

 0 2 2 2 1 1 0 2 2œ � � � � � œ � �1 1’ “ Š ‹ˆ ‰ È È ÈŠ ‹ a b1 1

# #
" $
3 3

11
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26. R(x) 2 2 sin x 2(1 sin x)  V [R(x)]  dxœ � œ � Ê œ '
0

21Î

1
#

  4(1 sin x)  dx 4  1 sin x 2 sin x  dxœ � œ � �1 1
' '

0 0

2 21 1Î Î
# #a b

 4 1 (1 cos 2x) 2 sin x  dxœ � � �1
'

0

21Î � ‘"
#

 4 2 sin xœ � �1
'

0

21Î ˆ ‰3 cos 2x
2#

 4 x 2 cos xœ � �1 � ‘3 sin 2x
4#

Î#

!

1

 4 0 0 (0 0 2) (3 8)œ � � � � � œ �1 1 1� ‘ˆ ‰3
4
1

 

27. R(y) 5 y   V [R(y)]  dy  5y  dyœ Ê œ œÈ # # %' '
� �1 1

1 1

1 1

 y [1 ( 1)] 2œ œ � � œ1 1 1c d& "
�"

 

28. R(y) y   V [R(y)]  dy y  dyœ Ê œ œ$Î# # $' '
0 0

2 2

1 1

 4œ œ1 1’ “y
4

% #

!

 

29. R(y) 2 sin 2y  V [R(y)]  dyœ Ê œÈ '
0

21Î

1
#

 2 sin 2y dy cos 2yœ œ �1 1
'

0

21Î c d 1Î#!

 [1 ( 1)] 2œ � � œ1 1

 

30. R(y) cos   V [R(y)]  dyœ Ê œÉ 1y
4

'
�2

0

1
#

  cos  dy 4 sin 4[0 ( 1)] 4œ œ œ � � œ1
'
�2

0 ˆ ‰ � ‘1 1y y
4 4

!

�#

 

31. R(y)   V [R(y)]  dy 4   dyœ Ê œ œ2
y 1 y 1�

# "
�

' '
0 0

3 3

1 1 a b2

 4 4 1 3œ � œ � � � œ1 1 1’ “ � ‘a b1
y 1 4�

$

!

"
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32. R(y)   V [R(y)]  dy 2y y 1  dy;œ Ê œ œ �
È2y
y 1#�

# # �#' '
0 0

1 1

1 1 a b
 u y 1  du 2y dy; y 0  u 1, y 1  u 2c dœ � Ê œ œ Ê œ œ Ê œ#

  V u  du ( 1)Ä œ œ � œ � � � œ1 1 1
'

1

2
�# " "#

" # #
� ‘ � ‘

u
1

 

33. For the sketch given, a , b ; R(x) 1, r(x) cos x; V [R(x)] [r(x)]  dxœ � œ œ œ œ �1 1

# #
# #È a b'

a

b

1

 (1 cos x) dx 2 (1 cos x) dx 2 [x sin x] 2 1 2œ � œ � œ � œ � œ �' '
� Î

Î Î

1

1 1

2 0

2 2

1 1 1 1 1 1
1 1Î#
! #

#ˆ ‰
34. For the sketch given, c 0, d ; R(y) 1, r(y) tan y; V [R(y)] [r(y)]  dyœ œ œ œ œ �1

4
'

c

d

1 a b# #

 1 tan y  dy  2 sec y  dy [2y tan y] 1œ � œ � œ � œ � œ �1 1 1 1 1
' '

0 0

4 41 1Î Îa b a b ˆ ‰# # Î%
! # #
1 1 1

#

35. r(x) x and R(x) 1  V  [R(x)] [r(x)]  dxœ œ Ê œ �'
0

1

1 a b# #

 1 x  dx x 1 0œ � œ � œ � � œ'
0

1

1 1 1a b ’ “ � ‘ˆ ‰#
"

!

"x 2
3 3 3

$
1

 

36. r(x) 2 x and R(x) 2  V [R(x)] [r(x)]  dxœ œ Ê œ �È a b'
0

1

1
# #

 (4 4x) dx 4 x 4 1 2œ � œ � œ � œ1 1 1 1
'

0

1 ’ “ ˆ ‰x#

# #

"

!

"

 

37. r(x) x 1 and R(x) x 3œ � œ �#

  V [R(x)] [r(x)]  dxÊ œ �'
�1

2

1 a b# #

 (x 3) x 1  dxœ � � �1
'
�1

2 ’ “a b# # #

  x 6x 9 x 2x 1  dxœ � � � � �1
'
�1

2 c da b a b# % #

  x x 6x 8  dxœ � � � �1
'
�1

2 a b% #

 8xœ � � � �1 ’ “x x 6x
5 3

& $ #

#

#

�"

 

 16 8 3 28 3 8œ � � � � � � � � œ � � � � � œ œ1 1 1� ‘ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰32 8 24 6 33 5 30 33 117
5 3 5 3 5 5 5# #

" " �† 1
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38. r(x) 2 x and R(x) 4 xœ � œ � #

  V [R(x)] [r(x)]  dxÊ œ �'
�1

2

1 a b# #

 4 x (2 x)  dxœ � � �1
'
�1

2 ’ “a b# ##

  16 8x x 4 4x x  dxœ � � � � �1
'
�1

2 c da b a b# % #

 12 4x 9x x  dxœ � � �1
'
�1

2 a b# %

 12x 2x 3xœ � � �1 ’ “# $
#

�"

x
5

&

 

 24 8 24 12 2 3 15œ � � � � � � � � œ � œ1 1� ‘ ˆ ‰ˆ ‰ ˆ ‰32 33 108
5 5 5 5

" 1

39. r(x) sec x and R(x) 2œ œ È
  V [R(x)] [r(x)]  dxÊ œ �'

� Î

Î

1

1

4

4

1 a b# #

  2 sec x  dx [2x tan x]œ � œ �1 1
'
� Î

Î

1

1

4

4 a b# Î%
� Î%
1

1

 1 1 ( 2)œ � � � � œ �1 1 1� ‘ˆ ‰ ˆ ‰1 1

# #

 

40. R(x) sec x and r(x) tan xœ œ

  V [R(x)] [r(x)]  dxÊ œ �'
0

1

1 a b# #

  sec x tan x  dx  1 dx [x]œ � œ œ œ1 1 1 1
' '

0 0

1 1a b# # "
!

 

41. r(y) 1 and R(y) 1 yœ œ �

  V [R(y)] [r(y)]  dyÊ œ �'
0

1

1 a b# #

 (1 y) 1  dy  1 2y y 1  dyœ � � œ � � �1 1
' '

0 0

1 1c d a b# #

  2y y  dy y 1œ � œ � œ � œ1 1 1
'

0

1 a b ’ “ ˆ ‰# #
"

!

"y
3 3 3

4$
1

 

42. R(y) 1 and r(y) 1 y  V [R(y)] [r(y)]  dyœ œ � Ê œ �'
0

1

1 a b# #

 1 (1 y)  dy 1 1 2y y  dyœ � � œ � � �1 1
' '

0 0

1 1c d c da b# #

 2y y  dy y 1œ � œ � œ � œ1 1 1
'

0

1 a b ’ “ ˆ ‰# #
"

!

"y
3 3 3

2$
1
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43. R(y) 2 and r(y) yœ œ È
  V [R(y)] [r(y)]  dyÊ œ �'

0

4

1 a b# #

 (4 y) dy 4y (16 8) 8œ � œ � œ � œ1 1 1 1
'

0

4 ’ “y
2

#
%

!

 

44. R(y) 3 and r(y) 3 yœ œ �È È #

  V [R(y)] [r(y)]  dyÊ œ �'
0

3È

1 a b# #

  3 3 y  dy y  dyœ � � œ1 1
' '

0 0

3 3È Èc da b# #

 3œ œ1 1’ “ Èy
3

$
È$

!

 

45. R(y) 2 and r(y) 1 yœ œ �È
  V [R(y)] [r(y)]  dyÊ œ �'

0

1

1 a b# #

 4 1 y  dyœ � �1
'

0

1 ’ “ˆ ‰È #

  4 1 2 y y  dyœ � � �1
'

0

1 ˆ ‰È
  3 2 y y  dyœ � �1

'
0

1 ˆ ‰È
 3y yœ � �1 ’ “4

3
y$Î#
#

"

!

#

 3œ � � œ œ1 1ˆ ‰ ˆ ‰4 18 8 3 7
3 6 6

" � �
#

1

 

46. R(y) 2 y  and r(y) 1œ � œ"Î$

  V [R(y)] [r(y)]  dyÊ œ �'
0

1

1 a b# #

 2 y 1  dyœ � �1
'

0

1 ’ “ˆ ‰"Î$ #

 4 4y y 1  dyœ � � �1
'

0

1 ˆ ‰"Î$ #Î$

  3 4y y  dyœ � �1
'

0

1 ˆ ‰"Î$ #Î$

 

 3y 3y 3 3œ � � œ � � œ1 1’ “ ˆ ‰%Î$
"

!

3y
5 5 5

3 3&Î$
1

47. (a) r(x) x and R(x) 2œ œÈ
  V [R(x)] [r(x)]  dxÊ œ �'

0

4

1 a b# #

 (4 x) dx 4x (16 8) 8œ � œ � œ � œ1 1 1 1
'

0

4 ’ “x#

#

%

!

 (b) r(y) 0 and R(y) yœ œ #

  V [R(y)] [r(y)]  dyÊ œ �'
0

2

1 a b# #

 y  dyœ œ œ1 1
'

0

2
%

#

!
’ “y

5 5
32&

1

 

 (c) r(x) 0 and R(x) 2 x  V [R(x)] [r(x)]  dx 2 x  dxœ œ � Ê œ � œ �È Èa b ˆ ‰' '
0 0

4 4

1 1
# # #

 4 4 x x  dx 4x 16œ � � œ � � œ � � œ1 1 1
'

0

4 ˆ ‰ ˆ ‰È ’ “8x x 64 16 8
3 3 3

$Î# #

# #

%

!

1
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 (d) r(y) 4 y  and R(y) 4  V [R(y)] [r(y)]  dy  16 4 y  dyœ � œ Ê œ � œ � �# # # # #' '
0 0

2 2

1 1a b a b’ “
  16 16 8y y  dy  8y y  dy yœ � � � œ � œ � œ � œ1 1 1 1

' '
0 0

2 2a b a b ’ “ ˆ ‰# % # % $
#

!

8 64 32 224
3 5 3 5 15

y& 1

48. (a) r(y) 0 and R(y) 1œ œ �
y
#

  V [R(y)] [r(y)]  dyÊ œ �'
0

2

1 a b# #

 1  dy 1 y  dyœ � œ � �1 1
' '

0 0

2 2ˆ ‰ Š ‹y y
4#

# #

 yœ � � œ # � � œ1 1’ “ ˆ ‰y y
12 2 12 3

4 8 2# $

#

#

!

1

 (b) r(y) 1 and R(y) 2œ œ �
y
#

 

  V [R(y)] [r(y)]  dy  2 1  dy  4 2y 1  dyÊ œ � œ � � œ � � �' ' '
0 0 0

2 2 2

1 1 1a b ’ “ Š ‹ˆ ‰# #
#

#y y
4

#

 3 2y  dy 3y y 6 4 2œ � � œ � � œ � � œ � œ1 1 1 1
'

0

2 Š ‹ ’ “ ˆ ‰ ˆ ‰y y
4 12 12 3 3

8 2 8# $
#

#

!

1

49. (a) r(x) 0 and R(x) 1 xœ œ � #

  V [R(x)] [r(x)]  dxÊ œ �'
�1

1

1 a b# #

  1 x  dx  1 2x x  dxœ � œ � �1 1
' '
� �1 1

1 1a b a b# # %#

 x 2 1œ � � œ � �1 1’ “ ˆ ‰2x x 2 1
3 5 3 5

$ &
"

�"

 2œ œ1 ˆ ‰15 10 3 16
15 15

� � 1

 

 (b) r(x) 1 and R(x) 2 x   V [R(x)] [r(x)]  dx  2 x 1  dxœ œ � Ê œ � œ � �# # # # #' '
� �1 1

1 1

1 1a b a b’ “
  4 4x x 1  dx 3 4x x  dx 3x x 2 3œ � � � œ � � œ � � œ � �1 1 1 1

' '
� �1 1

1 1a b a b ’ “ ˆ ‰# % # % $
"

�"

4 x 4 1
3 5 3 5

&

 (45 20 3)œ � � œ2 56
15 15
1 1

 (c) r(x) 1 x  and R(x) 2  V [R(x)] [r(x)]  dx  4 1 x  dxœ � œ Ê œ � œ � �# # # # #' '
� �1 1

1 1

1 1a b a b’ “
  4 1 2x x  dx 3 2x x  dx 3x x 2 3œ � � � œ � � œ � � œ � �1 1 1 1

' '
� �1 1

1 1a b a b ’ “ ˆ ‰# % # % $
"

�"

2 x 2 1
3 5 3 5

&

 (45 10 3)œ � � œ2 64
15 15
1 1

50. (a) r(x) 0 and R(x) x hœ œ � �h
b

  V [R(x)] [r(x)]  dxÊ œ �'
0

b

1 a b# #

  x h  dxœ � �1
'

0

b ˆ ‰h
b

#

 x x h  dxœ � �1
'

0

b Š ‹h 2h
b b

# #

#

# #

 h x h b bœ � � œ � � œ1 1
# #

!
’ “ ˆ ‰x x b h b

3b b 3 3

$ # #

#

b
1

 

 (b) r(y) 0 and R(y) b 1   V [R(y)] [r(y)]  dy b 1  dyœ œ � Ê œ � œ �ˆ ‰ ˆ ‰a by y
h h

' '
0 0

h h

1 1
# # # #

 b 1  dy b y b h hœ � � œ � � œ � � œ1 1 1
# # #

!

'
0

h hŠ ‹ ’ “ ˆ ‰2y y y y
h h h 3h 3 3

h b h# # $

# #

#
1
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51. R(y) b a y  and r(y) b a yœ � � œ � �È È# # # #

  V [R(y)] [r(y)]  dyÊ œ �'
�a

a

1 a b# #

  b a y b a y  dyœ � � � � �1
'
�a

a ’ “ˆ ‰ ˆ ‰È È# # # #
# #

  4b a y  dy 4b a y  dyœ � œ �1 1
' '
� �a a

a aÈ È# # # #

 4b area of semicircle of radius a 4b 2a bœ œ œ1 1 1† †

1a#

#
# #

 

52. (a) A cross section has radius r y and area r y. The volume is ydy y .œ # œ # # œ œ #&È c d1 1 1 1 1
# # &

!
'

0

&

 (b) V h A h dh, so A h . Therefore A h , so .a b a b a b a bœ œ œ † œ † œ †' dV dV dV dh dh dh dV
dh dt dh dt dt dt A h dt

"
a b

 For h , the area is , so  .œ % # % œ ) œ † $ œ †1 1a b dh units units
dt sec sec

" $
) )1 1

$ $

53. (a) R(y) a y   V a y  dy a y a h a aœ � Ê œ � œ � œ � � � � �È a b ’ “ ’ “Š ‹# # # # # # $ $�
1 1 1
'
�

�
�

�

a

h a h a

a

y (h a)
3 3 3

a$ $ $

 a h h 3h a 3ha a a h h a haœ � � � � � œ � � � œ1 1’ “ Š ‹a b# $ # # $ # # #" �
3 3 3 3

a h h (3a h)$ $ #
1

 (b) Given 0.2 m /sec and a 5 m, find .  From part (a), V(h) 5 hdV dh h
dt dt 3 3

h (15 h)
œ œ œ œ �$ #�¸

h 4œ

1 1
# $

1

  10 h h   h(10 h)    m/sec.Ê œ � Ê œ œ � Ê œ œ œdV dV dV dh dh dh 0.2
dh dt dh dt dt dt 4 (10 4) (20 )(6) 1 01 1 1

#
� #

" "
†

¸
h 4œ 1 1 1

54. Suppose the solid is produced by revolving y 2 x aboutœ �

 the y-axis.  Cast a shadow of the solid on a plane parallel to
 the xy-plane.
 Use an approximation such as the Trapezoid Rule, to

 estimate R y  dy y.'
a

b

1 1c da b ! Œ �#

œ"

#

¸ ˜
k

n d
k̂
#

 

55. The cross section of a solid right circular cylinder with a cone removed is a disk with radius R from which a disk of radius
 h has been removed.   Thus its area is A R h R h . The cross section of the hemisphere is a disk of"

# # # #œ � œ �1 1 1 a b
 radius R h .  Therefore its area is A R h R h . We can see that A A .  The altitudes ofÈ ÈŠ ‹ a b# # # #

# " #

#
# #� œ � œ � œ1 1

 both solids are R.  Applying Cavalieri's Principle we find

 Volume of Hemisphere (Volume of Cylinder) (Volume of Cone) R R R R R .œ � œ � œa b a b1 1 1
# # $"

3 3
2

56. R(x) 36 x   V [R(x)]  dx 36 x  dx  36x x  dxœ � Ê œ œ � œ �x x
1 144 144#

# # # # %È a b a b' ' '
0 0 0

6 6 6

1 1

#
1

 12x 12 6 12  cm .  The plumb bob willœ � œ � œ � œ œ1 1 1 1 1

144 5 144 5 144 5 144 5 5
x 6 6 36 196 60 36 36’ “ Š ‹ ˆ ‰ ˆ ‰ ˆ ‰$ $ $

'

!

�& & $

†

†

 weigh about W (8.5) 192 gm, to the nearest gram.œ ¸ˆ ‰36
5
1

57. R(y) 256 y   V [R(y)]  dy 256 y  dy 256yœ � Ê œ œ � œ �È a b ’ “# # #
�(

�"'

' '
� �

� �

16 16

7 7

1 1 1
y
3

$

 (256)( 7) (256)( 16) 256(16 7) 1053  cm 3308 cmœ � � � � � œ � � � œ ¸1 1 1’ “ Š ‹Š ‹7 16 7 16
3 3 3 3

$ $ $ $ $ $
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58. (a) R(x) c sin x , so V [R(x)]  dx (c sin x)  dx c 2c sin x sin x  dxœ � œ œ � œ � �k k a b1 1 1
' ' '

0 0 0

1 1 1

# # # #

 c 2c sin x  dx c 2c sin x  dxœ � � œ � � �1 1
' '

0 0

1 1ˆ ‰ ˆ ‰# #� "
# # #

1 cos 2x cos 2x

 c x 2c cos x c 2c 0 (0 2c 0) c 4c .  Letœ � � � œ � � � � � � œ � �1 1 1 1 1� ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰# # #"
# # #!

sin 2x
4

1
1 1

 V(c) c 4c .  We find the extreme values of V(c):  (2c 4) 0  c  is a criticalœ � � œ � œ Ê œ1 1 1 1ˆ ‰#
#
1

1

dV 2
dc

 point, and V 4; Evaluate V at the endpoints:  V(0)  andˆ ‰ ˆ ‰ ˆ ‰2 4 8 4
1 1 1 1

1 1 1 1œ � � œ � œ � œ1 1# # # #

# #

 V(1) 4 (4 ) .  Now we see that the function's absolute minimum value is 4,œ � œ � � �1 1 1 1ˆ ‰3
# # #

1 1
# #

 taken on at the critical point c .  (See also the accompanying graph.)œ 2
1

 (b) From the discussion in part (a) we conclude that the function's absolute maximum value is , taken on at1
#

#

 the endpoint c 0.œ

 (c) The graph of the solid's volume as a function of c for
 0 c 1 is given at the right.  As c moves away fromŸ Ÿ

 [ ] the volume of the solid increases without bound.!ß "

 If we approximate the solid as a set of solid disks, we
 can see that the radius of a typical disk increases without
 bounds as c moves away from [0 1].ß  

59. Volume of the solid generated by rotating the region bounded by the x-axis and y f x  from x a to x b about theœ œ œa b
 x-axis is V [f(x)]  dx 4 , and the volume of the solid generated by rotating the same region about the lineœ œ'

a

b

1 1
#

 y 1 is V  [f(x) 1]  dx 8 . Thus  [f(x) 1]  dx [f(x)]  dx 8 4œ � œ � œ � � œ �' ' '
a a a

b b b

1 1 1 1 1 1
# # #

 [f(x)] 2f(x) [f(x)]  dx 4 2f(x)  dx 4 2 f(x) dx dx 4Ê � � " � œ Ê � " œ Ê � œ1 1
' ' ' '

a a a a

b b b ba b a b# #

 f(x) dx b a 2 f(x) dxÊ � � œ Ê œ' '
a a

b b
" � �
# #a b 4 b a

60. Volume of the solid generated by rotating the region bounded by the x-axis and y f x  from x a to x b about theœ œ œa b
 x-axis is V [f(x)]  dx 6 , and the volume of the solid generated by rotating the same region about the lineœ œ'

a

b

1 1
#

 y 2 is V  [f(x) 2]  dx 10 . Thus  [f(x) 2]  dx [f(x)]  dx 10 6œ � œ � œ � � œ �' ' '
a a a

b b b

1 1 1 1 1 1
# # #

 [f(x)] 4f(x) 4 [f(x)]  dx 4 4f(x) 4  dx 4 4 f(x) dx 4 dx 4Ê � � � œ Ê � œ Ê � œ1 1
' ' ' '

a a a a

b b b ba b a b# #

 f(x) dx b a 1 f(x) dx 1 b aÊ � � œ Ê œ � �' '
a a

b ba b
6.2  VOLUME USING CYLINDRICAL SHELLS

 1. For the sketch given, a 0, b 2;œ œ

 V 2  dx 2 x 1  dx 2 x  dx 2 2œ œ � œ � œ � œ �' ' '
a 0 0

b 2 2

1 1 1 1 1ˆ ‰ ˆ ‰Š ‹ Š ‹ Š ‹ ’ “shell shell
radius height 4 4 16 16

x x x x 4 16# $ # %

# #

#

!

 2 3 6œ œ1 1†

 2. For the sketch given, a 0, b 2;œ œ

 V 2  dx 2 x 2  dx 2 2x  dx 2 x 2 (4 1) 6œ œ � œ � œ � œ � œ' ' '
a 0 0

b 2 2

1 1 1 1 1 1ˆ ‰ Š ‹ Š ‹ Š ‹ ’ “shell shell
radius height 4 4 16

x x x# $ %#
#

!

 3. For the sketch given, c 0, d 2;œ œ È
 V 2  dy 2 y y dy 2 y  dy 2 2œ œ œ œ œ' ' '

c 0 0

d 2 2

1 1 1 1 1ˆ ‰ Š ‹ ’ “a bshell shell
radius height 4

y
È È

†

# $
#

!

%
È
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 4. For the sketch given, c 0, d 3;œ œ È
 V 2  dy 2 y 3 3 y  dy 2  y  dy 2œ œ � � œ œ œ' ' '

c 0 0

d 3 3

1 1 1 1ˆ ‰ Š ‹ ’ “c da bshell shell
radius height 4

y
3

9
È È

†

# $

! #

%
È

1

 5. For the sketch given, a 0, b 3;œ œ È
 V 2  dx 2 x x 1  dx;œ œ �' '

a 0

b 3

1 1ˆ ‰ Š ‹ Š ‹Èshell shell
radius height

È

†

#

 u x 1  du 2x dx; x 0  u 1, x 3  u 4’ “Èœ � Ê œ œ Ê œ œ Ê œ#

  V u  du u 4 1 (8 1)Ä œ œ œ � œ � œ1 1
'

1

4
"Î# $Î# $Î#%

"
� ‘ ˆ ‰ ˆ ‰2 2 2 14

3 3 3 3
1 1 1

 6. For the sketch given, a 0, b 3;œ œ

 V 2  dx 2 x  dx;œ œ' '
a 0

b 3

1 1ˆ ‰ Š ‹ Š ‹shell shell
radius height

9x
x 9È $ �

 u x 9  du 3x  dx  3 du 9x  dx; x 0  u 9, x 3  u 36c dœ � Ê œ Ê œ œ Ê œ œ Ê œ$ # #

  V 2  3u  du 6 2u 12 36 9 36Ä œ œ œ � œ1 1 1 1
'

9

36
�"Î# "Î# $'

*
� ‘ Š ‹È È

 7. a 0, b 2;œ œ

 V 2  dx 2 x x  dxœ œ � �' '
a 0

b 2

1 1ˆ ‰ � ‘Š ‹ ˆ ‰shell shell
radius height 2

x

 2 x  dx  3x  dx x 8œ œ œ œ' '
0 0

2 2

1 1 1 1
# # $

#

#
!†

3 c d

 

 8. a 0, b 1;œ œ

 V 2  dx 2 x 2x  dxœ œ �' '
a 0

b 1

1 1ˆ ‰ ˆ ‰Š ‹shell shell
radius height 2

x

  2  dx   3x  dx xœ œ œ œ1 1 1 1
'

0

1 1

0

Š ‹ ' c d3x#

#
# $ "

!

 

 9. a 0, b 1;œ œ

 V 2  dx 2 x (2 x) x  dxœ œ � �' '
a 0

b 1

1 1ˆ ‰ Š ‹ c dshell shell
radius height

#

 2 2x x x  dx 2 xœ � � œ � �1 1
'

0

1 a b ’ “# $ #
"

!

x x
3 4

$ %

 2 1 2œ � � œ œ œ1 1ˆ ‰ ˆ ‰" " � �
3 4 12 12 6

12 4 3 10 51 1

 

10. a 0, b 1;œ œ

 V 2  dx 2 x 2 x x  dxœ œ � �' '
a 0

b 1

1 1ˆ ‰ Š ‹ c da bshell shell
radius height

# #

 2 x 2 2x  dx 4 x x  dxœ � œ �1 1
' '

0 0

1 1a b a b# $

 4 4œ � œ � œ1 1 1’ “ ˆ ‰x x
4 2 4

# %

#

"

!

" "
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11. a 0, b 1;œ œ

 V 2  dx 2 x x (2x 1)  dxœ œ � �' '
a 0

b 1

1 1ˆ ‰ � ‘Š ‹ Èshell shell
radius height

 2 x 2x x  dx 2 x x xœ � � œ � �1 1
'

0

1 ˆ ‰ � ‘$Î# # &Î# $ #"
#

"

!
2 2
5 3

 2 2œ � � œ œ1 1ˆ ‰ ˆ ‰2 2 12 20 15 7
5 3 30 15

" � �
#

1

 

12. a , b 4;œ " œ

 V 2  dx 2 x x  dxœ œ' '
a 1

b 4

1 1ˆ ‰ ˆ ‰Š ‹shell shell
radius height 2

3 �"Î#

 3 x  dx 3 x 2 4œ œ œ � "1 1 1
'

1

4
"Î# $Î# $Î#%

"
� ‘ ˆ ‰2

3

 2 (8 1) 14œ � œ1 1

 

13. (a) xf(x)    xf(x)  ; since sin 0 0 we have
x ,  0 x

   x,  x 0
sin x,  0 x

    0,  x 0     
œ Ê œ œ

� Ÿ

œ

� Ÿ

œœ œ†

sin x
x 1 1

 xf(x)   xf(x) sin x, 0 x
sin x,  0 x
sin x,  x 0     

œ Ê œ Ÿ Ÿ
� Ÿ

œœ 1

1

 (b) V 2  dx 2 x f(x) dx and x f(x) sin x, 0 x  by part (a)œ œ œ Ÿ Ÿ' '
a 0

b

1 1 1ˆ ‰ Š ‹shell shell
radius height

1

† †

  V 2 sin x dx 2 [ cos x] 2 ( cos cos 0) 4Ê œ œ � œ � � œ1 1 1 1 1
'

0

1

1

!

14. (a) xg(x)    xg(x) ; since tan 0 0 we havex ,  0 x
   x 0,  x 0  

tan x,  0 x /4
    0,  x 0      

œ Ê œ œ
� Ÿ

œ

� Ÿ

œ
œ œ†

†

tan x
x 4

#
1 #

1

 xg(x)   xg(x) tan x, 0 x /4
tan x,  0 x /4
tan x,  x 0         

œ Ê œ Ÿ Ÿ
� Ÿ

œ
œ #

#
#1

1

 (b) V 2  dx 2 x g(x) dx and x g(x) tan x, 0 x /4 by part (a)œ œ œ Ÿ Ÿ' '
a 0

b 4

1 1 1ˆ ‰ Š ‹shell shell
radius height

1Î

† †

#

  V 2 tan x dx 2 sec x 1  dx 2 [tan x x] 2 1Ê œ œ � œ � œ � œ1 1 1 1
' '

0 0

4 41 1Î Î
# # Î%

!
�
#a b ˆ ‰1 1 1 1

4
4 #

15. c 0, d 2;œ œ

 V 2  dy 2 y y ( y)  dyœ œ � �' '
c 0

d 2

1 1ˆ ‰ � ‘Š ‹ Èshell shell
radius height

 2 y y  dy 2œ � œ �1 1
'

0

2 ˆ ‰ ’ “$Î# #
#

!

2y y
5 3

&Î# $

 2 2 2 16œ � œ � œ �1 1 1” •Š ‹ Š ‹ Š ‹È2 2 8
5 3 5 3 5 3

8 2 2
&

"$ È È

 3 2 5œ �16
15
1 Š ‹È
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16. c 0, d 2;œ œ

 V 2  dy 2 y y ( y) dyœ œ � �' '
c 0

d 2

1 1ˆ ‰ Š ‹ c dshell shell
radius height

#

 2 y y  dy 2 16œ � œ � œ �1 1 1
'

0

2 a b ’ “ ˆ ‰$ #
#

!

"y y
4 3 4 3

2% $

 16œ œ1 ˆ ‰5 40
6 3

1

 

17. c 0, d 2;œ œ

 V 2  dy 2 y 2y y dyœ œ �' '
c 0

d 2

1 1ˆ ‰ Š ‹ a bshell shell
radius height

#

 2 2y y  dy 2 2œ � œ � œ �1 1 1
'

0

2 a b ’ “ ˆ ‰# $
#

!

"2y y
3 4 3 4

16 6$ %

 32œ � œ œ1 ˆ ‰" "
3 4 12 3

32 81 1

 

18. c 0, d 1;œ œ

 V 2  dy 2 y 2y y y dyœ œ � �' '
c 0

d 1

1 1ˆ ‰ Š ‹ a bshell shell
radius height

#

 2 y y y  dy 2 y y  dyœ � œ �1 1
' '

0 0

1 1a b a b# # $

 2 2œ � œ � œ1 1’ “ ˆ ‰y y
3 4 3 4 6

1$ % "

!

" 1

 

19. c 0, d 1;œ œ

 V 2  dy 2 y[y ( y)]dyœ œ � �' '
c 0

d 1

1 1ˆ ‰ Š ‹shell shell
radius height

 2 2y  dy yœ œ œ1
'

0

1
# $ "

!
4 4
3 3
1 1c d

 

20. c 0, d 2;œ œ

 V 2  dy 2  y y dyœ œ �' '
c 0

d 2

1 1ˆ ‰ ˆ ‰Š ‹shell shell
radius height 2

y

 2  dy yœ œ œ1
'

0

2
y
2 3 3

3 2 82
1 1c d !

 

21. c 0, d 2;œ œ

 V 2  dy 2 y (2 y) y  dyœ œ � �' '
c 0

d 2

1 1ˆ ‰ Š ‹ c dshell shell
radius height

#

 2  2y y y  dy 2 yœ � � œ � �1 1
'

0

2 a b ’ “# $ #
#

!

y y
3 4

$ %

 2 4 (48 32 48)œ � � œ � � œ1 ˆ ‰8 16 16
3 4 6 3

1 1
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22. c 0, d 1;œ œ

 V 2  dy 2 y (2 y) y  dyœ œ � �' '
c 0

d 1

1 1ˆ ‰ Š ‹ c dshell shell
radius height

#

 2 2y y y  dy 2 yœ � � œ � �1 1
'

0

1 a b ’ “# $ #
"

!

y y
3 4

$ %

 2 1 (12 4 3)œ � � œ � � œ1 ˆ ‰1 1 5
3 4 6 6

1 1

 

23. (a) V 2 dx 2 x 3x dx 6 x  dx 2 x 16œ œ œ œ œ' ' '
a 0 0

b 2 2

1 1 1 1 1ˆ ‰Š ‹ a b c dshell shell
radius height

2 3 2
!

 (b) V 2 dx 2 4 x 3x dx 6 4x x dx 6 2x x 6 8 32œ œ � œ � œ � œ � œ' ' '
a 0 0

b 2 2

1 1 1 1 1 1ˆ ‰ � ‘ ˆ ‰Š ‹ a b a b a bshell shell
radius height 3 3

2 2 31 82

!

 (c) V 2 dx 2 x 1 3x dx 6 x x dx 6 x x 6 2 28œ œ � œ � œ � œ � œ' ' '
a 0 0

b 2 2

1 1 1 1 1 1ˆ ‰ � ‘ ˆ ‰Š ‹ a b a b a bshell shell
radius height 3 2 3

2 3 21 1 82

!

 (d) V 2 dy 2 y 2 y dy 2 2y y dy 2 y y 2 36 24 24œ œ � œ � œ � œ � œ' ' '
c 0 0

d 6 6

1 1 1 1 1 1ˆ ‰ ˆ ‰ ˆ ‰ � ‘Š ‹ a bshell shell
radius height 3 3 9

1 1 12 2 3 6

!

 (e) V 2 dy 2 7 y 2 y dy 2 14 y y dy 2 14y y yœ œ � � œ � � œ � �' ' '
c 0 0

d 6 6

1 1 1 1ˆ ‰ ˆ ‰ ˆ ‰ � ‘Š ‹ a bshell shell
radius height 3 3 3 6 9

1 13 1 13 12 2 3 6

!

 2 84 78 24 60œ � � œ1 1a b
 (f) V 2 dy 2 y 2 2 y dy 2 4 y y dy 2 4y y yœ œ � � œ � � œ � �' ' '

c 0 0

d 6 6

1 1 1 1ˆ ‰ ˆ ‰ ˆ ‰ � ‘Š ‹ a bshell shell
radius height 3 3 3 3 9

1 4 1 2 12 2 3 6

!

 2 24 24 24 48œ � � œ1 1a b
24. (a) V 2 dx 2 x 8 x dx 2 8x x dx 2 4x x 2 16œ œ � œ � œ � œ � œ' ' '

a 0 0

b 2 2

1 1 1 1 1ˆ ‰ � ‘ ˆ ‰Š ‹ a b a bshell shell
radius height 5 5 5

3 4 2 51 32 962

!
1

 (b) V 2 dx 2 3 x 8 x dx 2 24 8x 3x x dxœ œ � � œ � � �' ' '
a 0 0

b 2 2

1 1 1ˆ ‰Š ‹ a b a b a bshell shell
radius height

3 3 4

 2 24x 4x x x 2 48 16 12œ � � � œ � � � œ1 1� ‘ ˆ ‰2 4 53 1 32 264
4 5 5 5

2

!
1

 (c) V 2 dx 2 x 2 8 x dx 2 16 8x 2x x dxœ œ � � œ � � �' ' '
a 0 0

b 2 2

1 1 1ˆ ‰Š ‹ a b a b a bshell shell
radius height

3 3 4

 2 16x 4x x x 2 32 16 8œ � � � œ � � � œ1 1� ‘ ˆ ‰2 4 51 1 32 336
2 5 5 5

2

!
1

 (d) V 2 dy 2 y y dy 2 y dy y 128œ œ † œ œ œ œ' ' '
c 0 0

d 8 8

1 1 1ˆ ‰ � ‘Š ‹ a bshell shell
radius height 7 7 7

1 3 4 3 7 36 6 7688Î Î Î
!

1 1 1

 (e) V 2 dy 2 8 y y dy 2 8y y dy 2 6y yœ œ � œ � œ �' ' '
c 0 0

d 8 8

1 1 1 1ˆ ‰ ˆ ‰ � ‘Š ‹ a bshell shell
radius height 7

1 3 1 3 4 3 4 3 7 33  8Î Î Î Î Î
!

 2 96œ � œ1ˆ ‰384 576
7 7

1

 (f) V 2 dy 2 y 1 y dx 2 y y dy 2 y yœ œ � œ � œ �' ' '
c 0 0

d 8 8

1 1 1 1ˆ ‰ ˆ ‰ � ‘Š ‹ a bshell shell
radius height 7 4

1 3 4 3 1 3 7 3 4 33 3 8Î Î Î Î Î
!

 2 12œ � œ1ˆ ‰384 936
7 7

1

25. (a) V 2 dx 2 2 x x 2 x dx 2 4 3x x dx 2 4x x xœ œ � � � œ � � œ � �' ' '
a 1 1

b 2 2

1 1 1 1ˆ ‰ � ‘Š ‹ a b a b a bshell shell
radius height 4

2 2 3 3 41 2

1
� �

�

 2 8 8 4 2 4 1œ � � � � � � œ1 1a b ˆ ‰1 27
4 2

1

. (b) V 2 dx 2 x 1 x 2 x dx 2 2 3x x dx 2 2x x xœ œ � � � œ � � œ � �' ' '
a 1 1

b 2 2

1 1 1 1ˆ ‰ � ‘Š ‹ a b a b a bshell shell
radius height 2 4

2 3 2 43 1 2

1
� �

�

 2 4 6 4 2 2œ � � � � � � œ1 1a b ˆ ‰3 1 27
2 4 2

1

 (c) V 2 dy 2 y y y dy 2 y y y 2 dyœ œ � � � � �' ' '
c 0 1

d 1

1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹ È È Èˆ ‰ a bshell shell
radius height

4

 4 y dy 2 y y 2y dy y 2 y y yœ � � � œ � � �1 1 1
' '

0 1

1
3 2 3 2 2 5 2 5 2 3 2

4
8 2 1
5 5 3

1 4

1
Î Î Î Î

!
ˆ ‰ � ‘ � ‘1

 1 2 16 2 1œ � � � � � � œ8 64 64 2 1 72
5 5 3 5 3 5
1 1a b ˆ ‰ ˆ ‰1 1
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 (d) V 2 dy 2 4 y y y dy 2 4 y y y 2 dyœ œ � � � � � � �' ' '
c 0 1

d 1

1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹ a b a b a bÈ È Èˆ ‰shell shell
radius height

4

 4 4 y y dy 2 y y 6y 4 y 8 dyœ � � � � � �1 1
' '

0 1

1 ˆ ‰ ˆ ‰È È3 2 2 3 2
4

Î Î

 4 y y 2 y y 3y y 8yœ � � � � � �1 1� ‘ � ‘8 2 1 2 8
3 5 3 5 3

3 2 5 2 3 5 2 2 3 21 4

1
Î Î Î Î

!

 4 2 48 32 2 3 8œ � � � � � � � � � � � œ1 1 1ˆ ‰ ˆ ‰ ˆ ‰8 2 64 64 64 1 2 8 108
3 5 3 5 3 3 5 3 5

1

26. (a) V 2 dx 2 1 x 4 3x x dx 2 x x 3x 3x 4x 4 dxœ œ � � � œ � � � � �' ' '
a 1 1

b 1 1

1 1 1ˆ ‰Š ‹ a b a b a bshell shell
radius height

2 4 5 4 3 2
� �

 2 x x x x 2x 4x 2 1 2 4 2 1 2 4œ � � � � � œ � � � � � � � � � � � œ1 1 1� ‘ ˆ ‰ ˆ ‰1 1 3 1 1 3 1 1 3 56
6 5 4 6 5 4 6 5 4 5

6 5 4 3 2 1

1�
1

 (b) V 2 dy 2 y y y dy 2 y dyœ œ � � � � �' ' '
c 0 1

d 1

1 1 1ˆ ‰ ˆ ‰Š ‹ Š ‹È Èˆ ‰ ” •É Éshell shell
radius height 3 3

4
4 y 4 y4 4 � �

 4 y dy y 4 ydy u 4 y y 4 u du dy; y 1 u 3, y 4 u 0œ � � œ � Ê œ � Ê œ � œ Ê œ œ Ê œ1
' '

0 1

1
5 4 4

3

4
Î 1

È È c d
 y 4 u u du 1 4 u u du u uœ � � œ � � œ � �16 4 16 4 16 4 8 2

9 9 9 3 5
9 4 3 2 3 2 5 21 3

3 3 3

0 3

0
1 1 1 1 1 1� ‘ ˆ ‰ � ‘a b a bÈ ÈÎ Î Î Î

! È È È' '
3 0

 8 3 3œ � � œ � œ16 4 18 16 88 872
9 5 9 5 453
1 1 1 1 1

È Š ‹È È

27. (a) V 2  dy 2 y 12 y y  dy 24  y y  dy 24œ œ � œ � œ �' ' '
c 0 0

d 1 1

1 1 1 1ˆ ‰ Š ‹ ’ “a b a bshell shell
radius height 4 5

y y
†

# $ $ %
"

!

% &

 24œ � œ œ1 ˆ ‰1 1 24 6
4 5 20 5

1 1

 (b) V 2  dy 2 (1 y) 12 y y  dy 24 (1 y) y y  dyœ œ � � œ � �' ' '
c 0 0

d 1 1

1 1 1ˆ ‰ Š ‹ c d a ba bshell shell
radius height

# $ # $

 24 y 2y y  dy 24 24 24œ � � œ � � œ � � œ œ1 1 1 1
'

0

1 a b ’ “ ˆ ‰ ˆ ‰# $ %
"

!

" "y y y
3 2 5 3 2 5 30 5

1 1 4$ % &
1

 (c) V 2  dy 2 y 12 y y  dy 24  y y y  dyœ œ � � œ � �' ' '
c 0 0

d 1 1

1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹ c d a ba bshell shell
radius height 5 5

8 8# $ # $

 24 y y y  dy 24 y y 24 (32 39 12)œ � � œ � � œ � � œ � �1 1 1
'

0

1 ˆ ‰ ˆ ‰’ “8 13 8 13 8 13 1 24
5 5 15 20 5 15 20 5 60

y# $ % $ %
"

!

&
1

 2œ œ24
12
1

1

 (d) V 2  dy 2 y 12 y y  dy 24 y y y  dyœ œ � � œ � �' ' '
c 0 0

d 1 1

1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹ c d a ba bshell shell
radius height 5 5

2 2# $ # $

 24 y y y y  dy 24 y y y  dy 24 y yœ � � � œ � � œ � �1 1 1
' '

0 0

1 1ˆ ‰ ˆ ‰ ’ “$ % # $ # $ % $ %
"

!

2 2 2 3 2 3
5 5 5 5 15 20 5

y&

 24 (8 9 12) 2œ � � œ � � œ œ1 1ˆ ‰2 3 1 24 24
15 20 5 60 12

1 1

28. (a) V 2  dy 2 y  dy 2 y y  dy 2 y  dyœ œ � � œ � œ �' ' ' '
c 0 0 0

d 2 2 2

1 1 1 1ˆ ‰ Š ‹ ’ “ Š ‹ Š ‹Š ‹shell shell
radius height 4 4 4

y y y y y# % # % &

# #
# $

 2 2 32 32 32œ � œ � œ � œ � œ œ1 1 1 1 1’ “ Š ‹ ˆ ‰ ˆ ‰ ˆ ‰y y
4 24 4 24 4 24 4 6 24 3

2 2 4 2 8% ' % '
#

!

" " " 1

 (b) V 2  dy 2 (2 y)  dy 2 (2 y) y  dyœ œ � � � œ � �' ' '
c 0 0

d 2 2

1 1 1ˆ ‰ Š ‹ ’ “ Š ‹Š ‹shell shell
radius height 4 4

y y y y# % # %

# #
#

 2  2y y  dy 2 2œ � � � œ � � � œ � � � œ1 1 1
'

0

2 Š ‹ ’ “ ˆ ‰# $
#

#

!

y y 2y y y y
2 4 3 10 4 4 3 10 4 24 5

16 32 16 64 8% & $ & % '
1

 (c) V 2  dy 2 (5 y)  dy 2 (5 y) y  dyœ œ � � � œ � �' ' '
c 0 0

d 2 2

1 1 1ˆ ‰ Š ‹ ’ “ Š ‹Š ‹shell shell
radius height 4 4

y y y y# % # %

# #
#

 2 5y y y  dy 2 2 8œ � � � œ � � � œ � � � œ1 1 1 1
'

0

2 Š ‹ ’ “ ˆ ‰# % $
#

#

!

5 40 160 16 64
4 4 3 20 4 4 3 20 4 24

y 5y 5y y y& $ & % '

 (d) V 2  dy 2 y  dy 2 y y  dyœ œ � � � œ � �' ' '
c 0 0

d 2 2

1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹ ’ “ Š ‹Š ‹shell shell
radius height 8 4 8 4

5 5y y y y# % # %

# #
#

 2 y y y  dy 2 2 4œ � � � œ � � � œ � � � œ1 1 1 1
'

0

2 Š ‹ ’ “ ˆ ‰$ # %
# #

#

!

y y y 5y 5y
4 8 32 4 4 4 160 4 24 24 160

5 5 16 64 40 160& % ' $ &
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29. (a) About x-axis: V 2 dyœ '
c

d

1 ˆ ‰ Š ‹shell shell
radius height

 2 y y y dy 2 y y dyœ � œ �' '
0 0

1 1

1 1ˆ ‰ ˆ ‰È $Î# #

 2 y y 2œ � œ � œ1 1� ‘ ˆ ‰# " # " #
& $ & $ "&

&Î# $ "

!
1

 About y-axis: V 2 dxœ '
a

b

1 ˆ ‰ Š ‹shell shell
radius height

 2 x x x dx 2 x x dxœ � œ �' '
0 0

1 1

1 1a b a b# 2 3

 2 2œ � œ � œ1 1’ “ ˆ ‰x x$ %

$ % $ % '

"

!

" " 1

 

 (b) About x-axis: R x x and r x x  V R x r x dx x x dxa b a b a b a b c d� ‘œ œ Ê œ � œ �# # %# #' '
a 0

b 1

1 1

 œ � œ � œ1 1’ “ ˆ ‰x x$ &

$ & $ & "&

"

!

" " #1

 About y-axis:  R y y and r y y  V R y r y dy y y dya b a b a b a b c dÈ � ‘œ œ Ê œ � œ �' '
c 0

d 1

1 1
# # 2

 œ � œ � œ1 1’ “ ˆ ‰y y# $

# $ # $ '

"

!

" " 1

30. (a) V R x r x dx x dxœ � œ � # �' '
a 0

b

1 1� ‘ ˆ ‰a b a b ’ “# #
#

# #
%

x

 x x dx x xœ � � # � % œ � � � %1 1
'

0

%ˆ ‰ ’ “$
% %

# #
%

!

x$

 œ �"' � "' � "' œ "'1 1a b
 (b) V 2 dx x x dxœ œ # � # �' '

a 0

b

1 1ˆ ‰ ˆ ‰Š ‹shell shell
radius height

x
%

#

 x dx x dxœ # # � œ # # �' '
0 0

% %

1 1ˆ ‰ Š ‹x x
# #

#

 xœ # � œ # "' � œ1 1’ “ ˆ ‰#
' ' $

%

!

'% $#x$ 1

 

 (c) V 2 dx x x dx x dx x dxœ œ # % � � # � œ # % � # � œ # ) � % �' ' ' '
a 0 0 0

b

1 1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹ Š ‹a b a bshell shell
radius height

x x x
% % %

# # #

#

 x xœ # ) � # � œ # $# � $# � œ1 1’ “ ˆ ‰#
' ' $

%

!

'% '%x$ 1

 (d) V R x r x dx x dx x x x dxœ � œ ) � � ' � œ '% � "' � � $' � ' �' ' '
a 0 0

b

1 1 1� ‘ ˆ ‰a b a b a b a b’ “ ’ “Š ‹# # #
# %

# #
% %

x x#

 x x dx x x1 1 1 1 1
'

0

%ˆ ‰ ’ “ � ‘a ba b a ba b a ba b$
% %

# #
%

!
� "! � #) œ � & � #) œ "' � & "' � ( "' œ $ "' œ %)x$

31. (a) V 2  dy 2 y(y 1) dyœ œ �' '
c 1

d 2

1 1ˆ ‰ Š ‹shell shell
radius height

 2 y y  dy 2œ � œ �1 1
'

1

2a b ’ “#
#

#

"

y y
3

$ #

 2œ � � �1 � ‘ˆ ‰ ˆ ‰8 4
3 2 3

" "
#

 2 2 (14 12 3)œ � � œ � � œ1 ˆ ‰7 5
3 3 3

"
#

1 1

 

 (b) V 2  dx 2 x(2 x) dx 2 2x x  dx 2 xœ œ � œ � œ �' ' '
a 1 1

b 2 2

1 1 1 1ˆ ‰ Š ‹ ’ “a bshell shell
radius height 3

x# #
#

"

$

 2 4 1 2 2œ � � � œ � œ � œ1 1 1� ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰8 12 8 3 4 2 4
3 3 3 3 3 3 3

" � �" 1

 (c) V 2  dx 2 x (2 x) dx 2 x x  dxœ œ � � œ � �' ' '
a 1 1

b 2 2

1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹shell shell
radius height 3 3 3

10 20 16 #

 2 x x x 2 2 2œ � � œ � � � � � œ œ1 1 1 1� ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰20 8 40 32 8 20 8 3
3 3 3 3 3 3 3 3 3 3

# $" "#

"

 (d) V 2  dy 2 (y 1)(y 1) dy 2 (y 1) 2œ œ � � œ � œ œ' ' '
c 1 1

d 2 2

1 1 1 1ˆ ‰ Š ‹ ’ “shell shell
radius height 3 3

(y 1) 2# �
#

"

$
1
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32. (a) V 2  dy 2 y y 0  dyœ œ �' '
c 0

d 2

1 1ˆ ‰ Š ‹ a bshell shell
radius height

#

 2 y  dy 2 2 8œ œ œ œ1 1 1 1
'

0

2
$

#

!
’ “ Š ‹y

4 4
2% %

 (b) V 2  dxœ '
a

b

1 ˆ ‰ Š ‹shell shell
radius height

 2 x 2 x  dx 2 2x x  dxœ � œ �' '
0 0

4 4

1 1ˆ ‰ ˆ ‰È $Î#

 2 x x 2 16œ � œ �1 1� ‘ Š ‹# &Î# %

!
2 2 2
5 5

†

&

 2 16 (80 64)œ � œ � œ1 ˆ ‰64 2 32
5 5 5

1 1

 

 (c) V 2  dx 2 (4 x) 2 x  dx 2 8 4x 2x x  dxœ œ � � œ � � �' ' '
a 0 0

b 4 4

1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹ Èshell shell
radius height

"Î# $Î#

 2 8x x x x 2 32 16 (240 320 192) (112)œ � � � œ � � � œ � � œ œ1 1� ‘ ˆ ‰8 2 64 64 2 2 224
3 5 3 5 15 15 15

$Î# # &Î# %

!
1 1 1

 (d) V 2  dy 2 (2 y) y  dy 2  2y y  dy 2 yœ œ � œ � œ �' ' '
c 0 0

d 2 2

1 1 1 1ˆ ‰ Š ‹ ’ “a b a bshell shell
radius height 3 4

2 y# # $ $
#

!

%

 2 (4 3)œ � œ � œ1 ˆ ‰16 16 32 8
3 4 12 3

1 1

33. (a) V 2  dy 2 y y y  dyœ œ �' '
c 0

d 1

1 1ˆ ‰ Š ‹ a bshell shell
radius height

$

 2 y y  dy 2 2œ � œ � œ �'
0

1

1 1 1a b ’ “ ˆ ‰# %
"

!

" "y y
3 5 3 5

$ &

 œ 4
15
1

 (b) V 2  dyœ '
c

d

1 ˆ ‰ Š ‹shell shell
radius height

 2 (1 y) y y  dyœ � �'
0

1

1 a b$

 

 2  y y y y  dy 2 2 (30 20 15 12)œ � � � œ � � � œ � � � œ � � � œ1 1 1
'

0

1a b ’ “ ˆ ‰# $ %
# #

"

!

" " " "y y y y
3 4 5 3 4 5 60 30

2 7# $ % &
1 1

34. (a) V 2 dyœ '
c

d

1 ˆ ‰ Š ‹shell shell
radius height

 2 y 1 y y dyœ � �'
0

1

1 c da b$
 2  y y y  dy 2œ � � œ � �1 1

'
0

1a b ’ “# %
#

"

!

y y y
3 5

# $ &

 2 (15 10 6)œ � � œ � �1 ˆ ‰" " "
# 3 5 30

21

 œ 11
15
1

 

 (b) Use the washer method:

 V R (y) r (y)  dy 1 y y  dy  1 y y 2y  dy yœ � œ � � œ � � � œ � � �' ' '
c 0 0

d 1 1

1 1 1 1c d a b a b’ “ ’ “# # # $ # ' %# "

!

y y 2y
3 7 5

$ ( &

 1 (105 35 15 42)œ � � � œ � � � œ1 ˆ ‰" "
3 7 5 105 105

2 971 1

 (c) Use the washer method:

 V R (y) r (y)  dy 1 y y 0  dy 1 2 y y y y  dyœ � œ � � � œ � � � �' ' '
c 0 0

d 1 1

1 1 1c d c d a b a b’ “ ’ “a b# # $ $ $# #

 1 y y 2y 2y 2y  dy y y 1 1œ � � � � � œ � � � � � œ � � � � �1 1 1
'

0

1 a b ’ “ ˆ ‰# ' $ % #
# #

"

!

" " "y y y 2y
3 7 5 3 7 5

2$ ( % &

 (70 30 105 2 42)œ � � � œ1 1

210 210
121

†

 (d) V 2  dy 2 (1 y) 1 y y  dy 2  (1 y) 1 y y  dyœ œ � � � œ � � �' ' '
c 0 0

d 1 1

1 1 1ˆ ‰ Š ‹ c d a ba bshell shell
radius height

$ $

 2 1 y y y y y  dy 2 1 2y y y y  dy 2 y yœ � � � � � œ � � � � œ � � � �1 1 1
' '

0 0

1 1a b a b ’ “$ # % # $ % #
"

!

y y y
3 4 5

$ % &

 2 1 1 (20 15 12)œ � � � � œ � � œ1 ˆ ‰" " "
3 4 5 60 30

2 231 1
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35. (a) V 2 dy 2 y 8y y  dyœ œ �' '
c 0

d 2

1 1ˆ ‰ ˆ ‰Š ‹ Èshell shell
radius height

#

 2 2 2 y y  dy 2 yœ � œ �1 1
'

0

2 Š ‹ ’ “È $Î# $ &Î#
#

!

4 2 y
5 4

È %

 2 2œ � œ �1 1� � Š ‹4 2 2

5 4 5 4
2 4 2 4 4

È ÈŠ ‹†

†

&

% $†

 2 4 1 (8 5)œ � œ � œ1 †

ˆ ‰8 8 24
5 5 5

1 1

 

 (b) V 2  dx 2 x x  dx 2 x  dx 2 xœ œ � œ � œ �' ' '
a 0 0

b 4 4

1 1 1 1ˆ ‰ Š ‹ Š ‹ Š ‹ ’ “Èshell shell
radius height 8 8 5 32

x x 2 x# $ %$Î# &Î#
%

!

 2 2 (32 20)œ � œ � œ � œ œ œ1 1Š ‹ Š ‹2 2 4 2 2 2 2 3 2 3 48
5 3 5 32 160 160 5 5
† † † † † †

& % ' ) ( * %

#
1 1 1 1

36. (a) V 2  dxœ '
a

b

1 ˆ ‰ Š ‹shell shell
radius height

 2 x 2x x x  dxœ � �'
0

1

1 c da b#
 2  x x x  dx 2 x x  dxœ � œ �1 1

' '
0 0

1 1a b a b# # $

 2 2œ � œ � œ1 1’ “ ˆ ‰x x
3 4 3 4 6

$ %
"

!

" " 1

 

 (b) V 2  dx 2 (1 x) 2x x x  dx 2 (1 x) x x  dxœ œ � � � œ � �' ' '
a 0 0

b 1 1

1 1 1ˆ ‰ Š ‹ c d a ba bshell shell
radius height

# #

 2  x 2x x  dx 2 x 2 (6 8 3)œ � � œ � � œ � � œ � � œ1 1 1
'

0

1a b ’ “ ˆ ‰# $ $
"

!

"
#

x 2 x 1 2 2
2 3 4 2 3 4 1 6

# %
1 1

37. (a) V R (x) r (x)  dx  x 1  dxœ � œ �' '
a 1 16

b 1

1 1c d ˆ ‰# # �"Î#
Î

 2x x (2 1) 2œ � œ � � �1 1� ‘ � ‘ˆ ‰"Î# "

"Î"'
" "

† 4 16

 1œ � œ1 ˆ ‰7 9
16 16

1

 (b) V 2  dy 2 y  dyœ œ �' '
a 1

b 2

1 1ˆ ‰ Š ‹ Š ‹shell shell
radius height 16y

" "
%

 2 y  dy 2 yœ � œ � �1 1
'

1

2ˆ ‰ ’ “�$ �#
#

"

y y
16 2 32

1 #

 2 2œ � � � � � œ �1 1� ‘ ˆ ‰ˆ ‰ ˆ ‰" " " " " "
# #8 8 3 4 32

 (8 1)œ � œ2 9
32 16
1 1

 

38. (a) V R (y) r (y)  dy  dyœ � œ �' '
c 1

d 2

1 1c d Š ‹# # " "
y 16%

 yœ � � œ � � � � �1 1� ‘ � ‘ˆ ‰ ˆ ‰" " " " "�$ #

"3 16 24 8 3 16
y

 ( 2 6 16 3)œ � � � � œ1 1

48 48
11

 (b) V 2  dx 2 x  dxœ œ � "' '
a 1 4

b 1

1 1ˆ ‰ Š ‹ Š ‹shell shell
radius height xÎ

"
È

 2  x x  dx 2 xœ � œ �1 1
'

1 4

1

Î
ˆ ‰ ’ “"Î# $Î#

"

"Î%

2 x
3 2

#

 

 2 1 (4 16 48 8 3)œ � � � œ � � � œ � � � œ1 1� ‘ ˆ ‰ˆ ‰ ˆ ‰2 2 4 11
3 3 8 3 3 6 16 48 48

" " " " "
# #† †

1 1

39. (a) :  V V VH3=5 œ �" #

 V [R (x)]  dx and V [R (x)]  with R (x)  and R (x) x," " # # " #
# # �œ œ œ œ' '

a a

b b

" #

" #

1 1 É Èx 2
3

 a 2, b 1; a 0, b 1  two integrals are required" " # #œ � œ œ œ Ê
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 (b) :  V V V[+=2/< œ �" #

 V [R (x)] [r (x)]  dx with R (x)  and r (x) 0; a 2 and b 0;" " " " " " "
# # �œ � œ œ œ � œ'

a

b

"

"

1 a b É x 2
3

 V [R (x)] [r (x)]  dx with R (x)  and r (x) x; a 0 and b 1# # # # # # #
# # �œ � œ œ œ œ'

a

b

#

#

1 a b É Èx 2
3

  two integrals are requiredÊ

 (c) :  V 2  dy 2 y  dy where shell height y 3y 2 2 2y ;W2/66 œ œ œ � � œ �' '
c c

d d

1 1ˆ ‰ Š ‹ Š ‹ a bshell shell shell
radius height height

# # #

 c 0 and d 1.  Only  integral is required.  It is, therefore preferable to use the  method.œ œ 98/ =2/66

 However, whichever method you use, you will get V .œ 1

40. (a) k:  V V V VH3= œ � �" # $

 V [R (y)]  dy, i 1, 2, 3 with R (y) 1 and c 1, d 1; R (y) y and c 0 and d 1;i ic

d

œ œ œ œ � œ œ œ œ'
i

i

1
#

" " " # # #È
 R (y) ( y)  and c 1, d 0  three integrals are required$ $ $

"Î%œ � œ � œ Ê

 (b) :  V V V[+=2/< œ �" #

 V [R (y)] [r (y)]  dy, i 1, 2 with R (y) 1, r (y) y, c 0 and d 1;i i ic

d

œ � œ œ œ œ œ'
i

i

1a b È# #
" " " "

 R (y) 1, r (y) ( y) , c 1 and d 0  two integrals are required# # # #
"Î%œ œ � œ � œ Ê

 (c) :  V 2 dx 2 x dx, where shell height x x x x ,W2/66 œ œ œ � � œ �' '
a a

b b

1 1ˆ ‰ Š ‹ Š ‹ a bshell shell shell
radius height height

# % # %

 a 0 and b 1  only one integral is required.  It is, therefore preferable to use the  method.œ œ Ê =2/66

 However, whichever method you use, you will get V .œ 5
6
1

41. (a) V R x r x  dx 25 x 3 dx 25 x 9  dx 16 x dxœ � œ � � œ � � œ �' ' ' '
a 4 4 4

b 4 4 4

1 1 1 1c d a b c d a ba b a b ” •Š ‹È# #
#

#

� � �

2 2 2

 16x x 64 64œ � œ � � � � œ1 1 1� ‘ ˆ ‰ ˆ ‰1 64 64 256
3 3 3 3

3
4

%

�
1

 (b) Volume of sphere 5 Volume of portion removedœ œ Ê œ � œ4 500 500 256 244
3 3 3 3 3

3
1a b 1 1 1 1

42. V 2  dx 2 x sin x 1  dx; u x 1 du 2x dx; x 1 u 0,œ œ � Ò œ � Ê œ œ Ê œ' '
a 1

b

1 1ˆ ‰ Š ‹ a bshell shell
radius height

2 2
È"� 1

 x u sin u du cos u 1 1 2œ " � Ê œ Ó Ä œ � œ � � � œÈ c d a b1 1 1 1 1 1'
0

1
1

!

43. V 2  dx 2 x x h dx 2 x h x dx 2 x xœ œ � � œ � � œ � �' ' '
a 0 0

b r r

1 1 1 1ˆ ‰ ˆ ‰ ˆ ‰ � ‘Š ‹shell shell
radius height r r 3r 2

h h h h2 3 2 r

!

 2 r hœ � � œ1 1Š ‹r h r h 1
3 3

22 2

#

44. V 2 dy 2 y r y r y dy 4 y r y dyœ œ � � � � œ �' ' '
c 0 0

d

1 1 1ˆ ‰ ˆ ‰Š ‹ ” •È È Èshell shell
radius height

r r
2 2 2 2 2 2

  u r y du 2y dy; y 0 u r , y r u 0] 2 u du 2 u duÒ œ � Ê œ � œ Ê œ œ Ê œ Ä � œ2 2 2 1 2
r

r
1 1' '

2

20

0
È Î

 u rœ œ4 4
3 3

3 2 3r1 1� ‘Î
!

2
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6.3  ARC LENGTHS

 1. x 2 2x x 2 xdy
dx 3

3œ � œ �"
#

# "Î# #
† † †a b a bÈ

  L 1 x 2 x  dx 1 2x x  dxÊ œ � � œ � �' '
0 0

3$È a b È# # # %

 1 x  dx 1 x  dx xœ � œ � œ �' '
0 0

$ $Éa b a b ’ “# # #
$

!

x
3

$

 3 12œ � œ27
3

 

 2. x  L 1 x dx; u 1 x dy
dx 4 4

3 9 9œ Ê œ � œ �#
È É �'

0

4

  du  dx   du dx; x 0  u 1; x 4Ê œ Ê œ œ Ê œ œ9 4
4 9

  u 10   L u  du ud ˆ ‰ � ‘Ê œ Ä œ œ'
1

10
"Î# $Î# "!

"
4 4 2
9 9 3

 10 10 1œ �8
27 Š ‹È

 

 3. y   ydx dx
dy 4y dy 16yœ � Ê œ � �# %" " "

#

## %Š ‹
  L 1 y  dyÊ œ � � �'

1

3 É % " "
# 16y%

 y  dyœ � �'
1

3É % " "
# 16y%

 y  dy y  dyœ � œ �' '
1 1

3 3ÊŠ ‹ Š ‹# " "
#

#
4y 4y# #  

 9 9 9œ � œ � � � œ � � � œ � œ � œ’ “ ˆ ‰ ˆ ‰y y ( 1 4 3) ( 2)
3 4 3 1 3 4 1 3 4 1 1 6

27 53$ �"
$

"

" " " " " "
# # # #

� � � �

 4. y y   y 2dx dx
dy dy 4 yœ � Ê œ � �" " " "

# #
"Î# �"Î#

#Š ‹ Š ‹
  L 1 y 2  dyÊ œ � � �'

1

9 Ê Š ‹" "
4 y

 y 2  dy  y  dyœ � � œ �' '
1 1

9 9Ê Š ‹ Š ‹Ê È" " " "
#

#

4 y yÈ

 y y  dy y 2yœ � œ �" "
# #

"Î# �"Î# $Î# "Î# *

"
'

1

9ˆ ‰ � ‘2
3

 

 y 3 1 11œ � œ � � � œ � œ’ “ Š ‹ ˆ ‰y
3 3 3 3 3

3 32$Î# $"Î#
*

"

" "

 5. y   ydx dx
dy 4y dy 16yœ � Ê œ � �$ '" " "

#

#$ 'Š ‹
  L 1 y  dyÊ œ � � �'

1

2É ' " "
2 16y'

 y  dy y  dyœ � � œ �' '
1 1

2 2É ÊŠ ‹' $" "
#

2 16y 4
y

'

�$

 y  dyœ � œ �'
1

2Š ‹ ’ “$
#

"

y y y
4 4 8

�$ % �#

 

 4œ � � � œ � � � œ œŠ ‹ ˆ ‰16 128 1 8 4 123
4 (16)(2) 4 8 32 4 8 32 32

" " " " " " � � �
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 6.   y 2 ydx dx
dy y dy 4

yœ � Ê œ � �
#

## #
" "

#
% �%Š ‹ a b

  L 1 y 2 y  dyÊ œ � � �'
2

3 É a b" % �%
4

 y 2 y  dyœ � �'
2

3É a b" % �%
4

 y y  dy y y  dyœ � œ �" "
# #

# �# # # �#' '
2 2

3 3Éa b a b
 

 y 6œ � œ � � � œ � � œ � œ" " " " " " " "
# # # # # # #

�"
$

#
’ “ � ‘ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰y

3 3 3 3 3 3 4
27 8 26 8 13$

 7. x x   xdy dy
dx 4 dx 16

xœ � Ê œ � �"Î$ �"Î$ #Î$" "
#

#Š ‹ �#Î$

  L 1 x  dxÊ œ � � �'
1

8É #Î$ "
#

x
16
�#Î$

 x  dxœ � �'
1

8É #Î$ "
#

x
16
�#Î$

 x x  dx x x  dxœ � œ �' '
1 1

8 8Éˆ ‰ ˆ ‰"Î$ �"Î$" "# "Î$ �"Î$
4 4

 x x 2x xœ � œ �� ‘ � ‘3 3 3
4 8 8

%Î$ #Î$ %Î$ #Î$) )

" "

 2 2 2 (2 1) (32 4 3)œ � � � œ � � œ3 3 99
8 8 8c da b†

% #

 

 8. x 2x 1 x 2x 1  dy
dx (4x 4) 4 (1 x)

4œ � � � œ � � �# #
� �

" "
# #

 (1 x)    (1 x)œ � � Ê œ � � �# %" " " "
� #

#

�4 (1 x) dx
dy

16(1 x)# %Š ‹
  L 1 (1 x)  dxÊ œ � � � �'

0

2 É % "
#

�(1 x)
16

�%

 (1 x)  dxœ � � �'
0

2 É % "
#

�(1 x)
16

�%

 (1 x)  dxœ � �'
0

2 Ê’ “# �
#

(1 x)
4

�#
 

 (1 x)  dx; u 1 x  du dx; x 0  u 1, x 2  u 3œ � � œ � Ê œ œ Ê œ œ Ê œ'
0

2’ “ c d# �(1 x)
4

�#

  L u u  du u 9Ä œ � œ � œ � � � œ œ œ'
1

3 ˆ ‰ ˆ ‰ ˆ ‰’ “# �# �"" " " " " � � �
$

" #4 3 4 1 3 4 12 12 6
u 108 1 4 3 106 53$

 9. sec y 1  sec y 1dx dx
dy dyœ � Ê œ �È Š ‹%

#
%

  L 1 sec y 1  dy sec y dyÊ œ � � œ' '
� Î � Î

Î Î

1 1

1 1

4 4

4 4È a b% #

 tan y 1 ( 1) 2œ œ � � œc d 1
1

Î%
� Î%

 

10. 3x 1  3x 1dy dy
dx dxœ � Ê œ �È Š ‹%

#
%

  L 1 3x 1  dx 3 x  dxÊ œ � � œ' '
� �

� �

2 2

1 1È a b È% #

 3 1 ( 2) ( 8)œ œ � � � œ �" � œÈ ’ “ c dx
3 3 3 3

3 3 7 3$
�"

�#

$È È È
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11. (a) 2x  4xdy dy
dx dxœ Ê œŠ ‹#

#

  L 1  dxÊ œ �'
�1

2 Ê Š ‹dy
dx

#

 1 4x  dxœ �'
�1

2 È #

 (c) L 6.13¸

 (b) 

12. (a) sec x  sec xdy dy
dx dxœ Ê œ# %

#Š ‹
  L 1 sec x dxÊ œ �'

� Î1 3

0 È %

 (c) L 2.06¸

 (b) 

13. (a) cos y  cos ydx dx
dy dyœ Ê œŠ ‹#

#

  L 1 cos y dyÊ œ �'
0

1È #

 (c) L 3.82¸

 (b) 

14. (a)   dx dx
dy dy 1 y

y y
1 y

œ � Ê œÈ �

#

�#

#

#Š ‹
  L 1  dy  dyÊ œ � œ' '

� Î � Î

Î Î

1 2 1 2

1 2 1 2É Éy
1 y 1 y

#

# #a b� �
"

 1 y  dyœ �'
� Î

Î

1 2

1 2 a b# �"Î#

 (c) L 1.05¸

 (b) 

15. (a) 2y 2 2   (y 1)� œ Ê œ �dx dx
dy dyŠ ‹#

#

  L 1 (y 1)  dyÊ œ � �'
�1

3 È #

 (c) L 9.29¸

 (b) 
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16. (a) cos x - cos x + x sin x  x  sin xdy dy
dx dxœ Ê œŠ ‹#

# #

  L 1 x  sin x dxÊ œ �'
0

1È # #

 (c) L 4.70¸

 (b) 

17. (a) tan x  tan xdy dy
dx dxœ Ê œŠ ‹#

#

  L 1 tan x dx  dxÊ œ � œ' '
0 0

6 61 1Î ÎÈ É# �sin x cos x
cos x

# #

#

 sec x dxœ œ' '
0 0

6 61 1Î Î
dx

cos x

 (c) L 0.55¸

 (b) 

18. (a) sec y 1  sec y 1dx dx
dy dyœ � Ê œ �È Š ‹#

#
#

  L 1 sec y 1  dyÊ œ � �'
� Î

Î

1

1

3

4 È a b#

 sec y  dy sec y dyœ œ' '
� Î � Î

Î Î

1 1

1 1

3 3

4 4k k
 (c) L 2.20¸

 (b) 

19. (a) corresponds to  here, so take  as . Then y x C  and since ( ) lies on the curve, C 0.Š ‹ Èdy dy
dx 4x dx x

#
" "

#È œ � "ß " œ

 So y x from ( ) to (4 2).œ "ß " ßÈ
 (b) Only one. We know the derivative of the function and the value of the function at one value of x.

20. (a) corresponds to  here, so take  as .  Then x C and, since ( ) lies on the curve, C 1Š ‹dx
dy dx y yy

dy
#

" " "
% # œ � � !ß " œ

 So y .œ "
"� x

 (b) Only one. We know the derivative of the function and the value of the function at one value of x.

21. y cos2t dt cos2x  L 1 cos2x dx 1 cos2x dx 2cos x dxœ Ê œ Ê œ � œ � œ' ' ' '
0 0 0 0

x 4 4 4
dy
dx

2È È ÈÊ ’ “ È È1 1 1Î Î Î#

 2cos x dx 2 sin x 2sin 2sin 1œ œ œ � ! œ'
0

4 4
0 4

1
1 1

Î ÎÈ È È Èc d a bˆ ‰

22. y 1 x , x 1 1 x x  L 1 dxœ � Ÿ Ÿ Ê œ � � œ � Ê œ � �ˆ ‰ ˆ ‰ ˆ ‰ Ë ” •2 3 2 3 1 33 2 1 22 dy
4 dx 2 3

3 2 1 x
x x

1 1 xÎ Î � ÎÎ Î � �
#È ˆ ‰

È
a b2 3 1 2

1 3 1 3

2 3 1 2Î Î

Î Î

Î Î'
2 4Î

 1 dx 1 1 dx dx dx x dx xœ � œ � � œ œ œ œ' ' ' ' 'È È È È È È2 4 2 4 2 4 2 4 2 4 2 4Î Î Î Î Î Î

1 1 1 1 1
1 x 1 1 1 3

x x x x
1 3 2 3

2
É É É � ‘� � Î Î "2 3

2 3 2 3 2 3 1 3

Î

Î Î Î Î

 1 total length 8 6œ � œ � œ Ê œ œ3 3 3 3 1 3 3
2 2 4 2 2 2 4 4

2 3 2
2 3a b Š ‹ ˆ ‰ ˆ ‰Î
ÎÈ
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23. y 3 2x, 0 x 2 2  L 1 2 dx 5 dx 5 x 2 5.œ � Ÿ Ÿ Ê œ � Ê œ � � œ œ œdy
dx 0 0

2 2 2

0
' 'É a b È È È’ “#

 d 2 0 3 1 2 5œ � � � � œÉa b a ba b È2 2

24. Consider the circle x y r , we will find the length of the portion in the first quadrant, and multiply our result by 4.2 2 2� œ

 y r x , 0 x r  L 4 1 dx 4 1 dx 4 dxœ � Ÿ Ÿ Ê œ Ê œ � œ � œÈ Ë ” • É É2 2 dy
dx r x r x

x x x r
r x r x0 0 0

r r r
� �

� �

#

� �È È2 2 2 2

2 2

2 2 2 2
' ' '

 4 dx 4rœ œ' '
0 0

r r
r dx

r x r xÈ È2 2 2 2� �

25. 9x y y 3 9x y y 3 18x 2y y 3 y 3 3 y 3 y 12 22 2 2 y 3 y 1d d dx dx
dy dy dy dy 6xœ � Ê œ � Ê œ � � � œ � � Ê œa b a b a b a b a ba b’ “ ’ “ a ba b� �

 dx dy; ds dx dy dy dy dy dy dy dyÊ œ œ � œ � œ � œ �a ba b a ba b a b a b a b a b
a b

y 3 y 1 y 3 y 1 y 3 y 1 y 3 y 1
6x 6x 36x

2 2 2 2 2 2 2 2
2

4y y 3
� � � � � � � �

�
’ “ 2 2 2 2

2 2

 1 dy dy dyœ � œ œ’ “a b a by 1 y 1
4y 4y 4y

2 2 2y 2y 1 4y� �� � �
2 22

26. 4x y 64 4x y 64 8x 2y 0 dy dx; ds dx dy2 2 2 2 2 2 2d d 4x 4x
dx dx dx dx y y

dy dy� œ Ê � œ Ê � œ Ê œ Ê œ œ �’ “ ’ “
 dx dx dx dx 1 dx dx dx dx 5x 16 dxœ � œ � œ � œ œ œ œ �2 2 2 2 2 2 2 2 24x 16x 16x 4x 64 16x 20x 64 4

y y y y y y y

2
y 16x’ “ Š ‹ a b2 2 2 2 2

2 2 2 2 2 2

2 2� � � �

27. 2 x 1  dt, x 0 2 1 1 y f(x) x C where C is any realÈ ÈÊ ÊŠ ‹ Š ‹œ �   Ê œ � Ê œ „ Ê œ œ „ �'
0

x
dy dy dy
dt dx dx

# #

 number.

28. (a) From the accompanying figure and definition of the
 differential (change along the tangent line) we see that
 dy f (x ) x   length of kth tangent fin isœ ˜ Êw

k 1 k�

 ( x ) (dy) ( x ) [f (x ) x ] .È È˜ � œ ˜ � ˜k k k 1 k
# # # w #

�

 

 (b) Length of curve  lim    (length of kth tangent fin)  lim    ( x ) [f (x ) x ]œ œ ˜ � ˜
n nÄ _ Ä _

! !Èn n

k 1 k 1
k k 1 k

œ œ

�

# w #

  lim    1 [f (x )] x 1 [f (x)]  dxœ � ˜ œ �
n Ä _

!È Èn

k 1
k 1 k a

b

œ

�

w # w #'

29. x y 1 y 1 x ; P 0, , , , 1 L  x x y y 0 12 2 2 1 1 3 1
4 2 4 4 4i i 1 i i 1

2 2 2 15
2

� œ Ê œ � œ Ö × Ê ¸ � � � œ � � �È !Éa b a b Ê Š ‹ˆ ‰4

k 1œ
� �

È

 1 0 1.55225� � � � � � � � � � � � ¸Ê Š ‹ Ê Š ‹ Ê Š ‹ˆ ‰ ˆ ‰ ˆ ‰1 1 3 1 3
4 2 4 4 2 4 2 4 4

2 2 23 15 7 3 7
2 2 2

#

È È È È È

30. Let x , y  and x , y , with x x , lie on y m x b, where m , then m L 1 m dxa b a b È
1 1 2 2 2 1

y y dy
x x dx x

x
� œ � œ œ Ê œ �2 1

2 1 1

2�
�

#'

 1 m x 1 m x x 1 x x x xœ � œ � � œ � � œ �È Èc d a b a b a bÊ Š ‹ Ê# # �
�

#
� � �

�

x x x y y
x 2 1 2 1 2 1

y y
x x x x

2 2 1 2 1

1

2 1

2 1 2 1

a b a b
a b

# #

#

 x x x x y y .
Éa b a b

a b
x x y y

x x 2 1 2 1 2 1
2 1 2 1

2 1

� � �

�
# #

# # a b a b a bÉ� œ � � �
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31. y 2x 3x ; L x 1 3t dt 1 9t dt; u 1 9t du 9dt, t 0 u 1,œ Ê œ œ � œ � Ò œ � Ê œ œ Ê œ3 2 1 2dy
dx 0 0

x x
1 2Î Î Î #a b É � ‘ È' '

 t x u 1 9x] u du u 1 9x ; L 1 10œ Ê œ � Ä œ œ � � œ � œ1 2 2 2 2 2
9 27 27 27 27 27 271

1 9x
3 2 1 9x

1
3 2 3 2 2 10 10 1' �

Î � Î Î �È � ‘ a b a b a b Š ‹È

 

32. y x x x 2x 1 x 1 ;œ � � � Ê œ � � � œ � �x 1 1 1
3 4x 4 dx

2 2dy
4 x 1 4 x 1

23

2 2� � �a b a ba b
 L x 1 t 1 dt 1 dt 1 dta b a bË Ë” • ” • Êœ � � � œ � œ �' ' '

0 0 0

x x x2 4 t 1 11
4 t 1 4 t 1 16 t 1

4 t 1 1

a b a b a b
a b � ‘a b

� � �

# #
� � � �

2 2 4

4 4 #

 dt dt dtœ œ œ' ' '
0 0 0

x x x16 t 1 16 t 1 8 t 1 16 t 1 8 t 1
16 t 1 16 t 1 16 t 1

4 t 1 1Ê Ê Êa b a b a b a b a b
a b a b a b

� ‘a b� � � � � �" � � � �"

� � �

� �4 8 4 8 4

4 4 4

4 #

 dt t 1 dt; u t 1 du dt, t 0 u 1, t x u x 1œ œ � � Ò œ � Ê œ œ Ê œ œ Ê œ � Ó' '
0 0

x x4 t 1 1 2
4 t 1 4 t 1

1a b
a b a b
� �

� �

4

2 2” •a b
 u u du u u x 1 x 1 ;Ä � œ � œ � � � � œ � � �'

1

x 1
2 2 3 11 1 1 1 1 1 1 1 1 1

4 3 4 3 4 x 1 3 4 3 4 x 1 12
x 1

1
3 3�

� � �

� �” • � ‘ ˆ ‰Š ‹a b a ba b a b

 L 1a b œ � � œ8 1 1 59
3 8 12 24

33-38. Example CAS commands:
 :Maple
 with( plots );
 with( Student[Calculus1] );
 with( student );
 f := x -> sqrt(1-x^2);a := -1;
 b := 1;
 N := [2, 4, 8 ];
 for n in N do
   xx := [seq( a+i*(b-a)/n, i=0..n )];
   pts := [seq([x,f(x)],x=xx)];
   L := simplify(add( distance(pts[i+1],pts[i]), i=1..n ));                          # (b)
   T := sprintf("#33(a) (Section 6.3)\nn=%3d  L=%8.5f\n", n, L );
   P[n] := plot( [f(x),pts], x=a..b, title=T ):                                                  # (a)
 end do:
 display( [seq(P[n],n=N)], insequence=true, scaling=constrained );
 L := ArcLength( f(x), x=a..b, output=integral ):
 L = evalf( L );                                                                                               # (c)

33-38. Example CAS commands:
 : (assigned function and values for a, b, and n may vary)Mathematica
 Clear[x, f]

 {a, b} = { 1, 1}; f[x_] = Sqrt[1 x ]� � 2

 p1 = Plot[f[x], {x, a, b}]
 n = 8;
 pts = Table[{xn, f[xn]}, {xn, a, b, (b a)/n}]/ / N�

 Show[{p1,Graphics[{Line[pts]}]}]

 Sum[ Sqrt[ (pts[[i 1, 1]] pts[[i, 1]]) (pts[[i 1, 2]] pts[[i, 2]]) ], {i, 1, n}]� � � � �2 2

 NIntegrate[ Sqrt[ 1 f'[x] ],{x, a, b}]� 2
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6.4  AREAS OF SURFACES OF REVOLUTION

1. (a) sec x  sec xdy dy
dx dxœ Ê œ# %

#Š ‹
  S 2 (tan x) 1 sec x dxÊ œ �1'

0

41Î È %

 (c) S 3.84¸

 (b) 

 2. (a) 2x  4xdy dy
dx dx

2œ Ê œŠ ‹#

  S 2 x 1 4x  dxÊ œ �1'
0

2
# #È

 (c) S 53.23¸

 (b) 

 3. (a) xy 1  x     œ Ê œ Ê œ � Ê œ" " "
#

y dy y dy
dx dx

y# %Š ‹
  S 2 1 y  dyÊ œ �1'

1

2
" �%
y
È

 (c) S 5.02¸

 (b) 

 4. (a) cos y  cos ydx dx
dy dyœ Ê œŠ ‹#

#

  S 2 (sin y) 1 cos y  dyÊ œ �1'
0

1 È #

 (c) S 14.42¸

 (b) 

 5. (a) x y 3  y 3 x"Î# "Î# "Î# #
� œ Ê œ �ˆ ‰

  2 3 x xÊ œ � �dy
dx

ˆ ‰ ˆ ‰"Î# �"Î#"
#

  1 3xÊ œ �Š ‹ ˆ ‰dy
dx

#
�"Î# #

  S 2 3 x 1 1 3x  dxÊ œ � � �1'
1

4ˆ ‰ É a b"Î# # �"Î# #

 (c) S 63.37¸

 (b) 
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 6. (a) 1 y  1 ydx dx
dy dyœ � Ê œ ��"Î# �"Î#

# #Š ‹ ˆ ‰
  S 2  y 2 y 1 1 y  dxÊ œ � � �1 '

1

2ˆ ‰È É a b�"Î# #

 (c) S 51.33¸

 (b) 

 7. (a) tan y  tan ydx dx
dy dyœ Ê œŠ ‹#

#

  S 2 tan t dt  1 tan y dyÊ œ �1' '
0 0

3 y1Î Š ‹ È #

 2 tan t dt  sec y dyœ 1' '
0 0

3 y1Î Š ‹
 (c) S 2.08¸

 (b) 

 8. (a) x 1  x 1dy dy
dx dxœ � Ê œ �È Š ‹#

#
#

  S 2 t 1 dt  1 x 1  dxÊ œ � � �1' '
1 1

5 xÈ Š ‹È È a b# #

 2 t 1 dt  x dxœ �1' '
1 1

5 xÈ Š ‹È #

 (c) S 8.55¸

 (b) 

 9. y   ; S 2 y 1  dx  S 2 1  dx  x dxœ Ê œ œ � Ê œ � œx xdy dy
dx dx 4

5
# # # #

" "
#' ' '

a 0 0

b 4 4

1 1Ê Š ‹ ˆ ‰É 1È

 4 5; Geometry formula:  base circumference 2 (2), slant height 4 2 2 5œ œ œ œ � œ1È5 x
# #

%

!

# #’ “ È ÈÈ#

1 1

  Lateral surface area (4 ) 2 5 4 5 in agreement with the integral valueÊ œ œ"
# 1 1Š ‹È È

10. y   x 2y  2; S 2 x 1  dy 2 2y 1 2  dy 4 5 y dy 2 5 yœ Ê œ Ê œ œ � œ � œ œx dx dx
dy dy#

#
# # #

!
' ' '

c 0 0

d 2 2

1 1 1 1Ê Š ‹ È È È c d†

 2 5 4 8 5; Geometry formula:  base circumference 2 (4), slant height 4 2 2 5œ œ œ œ � œ1 1 1È È ÈÈ
†

# #

  Lateral surface area (8 ) 2 5 8 5 in agreement with the integral valueÊ œ œ"
# 1 1Š ‹È È

11. ; S 2 y 1  dx 2 1  dx (x 1) dx xdy dy (x 1)
dx dx

5 5 xœ œ � œ � œ � œ �" "
# # # # # #

# $
� #

"

' ' '
a 1 1

b 3 3

1 1Ê Š ‹ ’ “É ˆ ‰ 1 1È È #

 3 1 (4 2) 3 5; Geometry formula:  r 1, r 2,œ � � � œ � œ œ � œ œ � œ1 1È È5 59 3
# # # # # # # #

" " " "
" #� ‘ˆ ‰ ˆ ‰ È1

 slant height (2 1) (3 1) 5  Frustum surface area (r r ) slant height (1 2) 5œ � � � œ Ê œ � ‚ œ �È È È# #
" #1 1

 3 5 in agreement with the integral valueœ 1È

12. y   x 2y 1  2; S 2 x 1  dy 2 (2y 1) 1 4 dy 2 5 (2y 1) dyœ � Ê œ � Ê œ œ � œ � � œ �x dx dx
dy dy# #

"
#' ' '

c 1 1

d 2 2

1 1 1Ê Š ‹ È È
 2 5 y y 2 5 [(4 2) (1 1)] 4 5; Geometry formula:  r 1, r 3,œ � œ � � � œ œ œ1 1 1È È Èc d# #

" " #
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 slant height (2 1) (3 1) 5  Frustum surface area (1 3) 5 4 5 in agreement withœ � � � œ Ê œ � œÈ È È È# # 1 1

 the integral value

13.     S 1  dx;dy dy
dx 3 dx 9 9 9

x x 2 x xœ Ê œ Ê œ �
# % $ %Š ‹ É# '

0

2
1

 u 1   du x  dx   du  dx;’ œ � Ê œ Ê œx 4 x
9 9 4 9

% $$ "

 x 0  u 1, x 2   u ‘œ Ê œ œ Ê œ 25
9

  S 2  u  du uÄ œ œ1 '
1

25 9Î
"Î# $Î#"

#

#&Î*

"
† 4 3

21 � ‘
 1œ � œ œ1 1 1

3 27 3 27 81
125 125 27 98ˆ ‰ ˆ ‰�

 

14. x   dy dy
dx dx 4xœ Ê œ" "

#
�"Î#

#Š ‹
  S 2 x 1  dxÊ œ �'

3 4

15 4

Î

Î

1È É "
4x

 2 x  dx 2 xœ � œ �1 1'
3 4

15 4

Î

Î É ’ “ˆ ‰" " $Î# "&Î%

$Î%4 3 4
2

 1œ � � � œ �4 15 3 4 4
3 4 4 4 4 3 2
1 1’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰" "$Î# $Î# $

  (8 1)œ � œ4 28
3 3
1 1

 

15.   dy (2 2x) dy (1 x)
dx dx 2x x2x x 2x x

1 xœ œ Ê œ" �
# �

� �

� �

#

È È# #

#

#Š ‹
  S 2 2x x  1  dxÊ œ � �'

0 5

1 5

Þ

Þ

1È É# �
�

(1 x)
2x x

#

#

 2 2x x   dxœ �1'
0 5

1 5

Þ

Þ È # � � � �

�

È
È

2x x 1 2x x

2x x

# #

#

 2 dx 2 [x] 2œ œ œ1 1 1'
0 5

1 5

Þ

Þ

"Þ&
!Þ&

 

16.   dy dy
dx dx 4(x 1)2 x 1

œ Ê œ" "
�

#

�È Š ‹
  S 2 x 1 1  dxÊ œ � �'

1

5

1È É "
�4(x 1)

 2 (x 1)  dx 2 x  dxœ � � œ �1 1' '
1 1

5 5É É"
4 4

5

 2 x 5 1œ � œ � � �1 ’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰2 5 4 5 5
3 4 3 4 4

$Î# $Î# $Î#&

"

1

 œ � œ �4 25 9 4 5 3
3 4 4 3 2 2
1 1’ “ Š ‹ˆ ‰ ˆ ‰$Î# $Î# $ $

$ $

 (125 27)œ � œ œ1 1 1

6 6 3
98 49

 

17. y   y   S 1 y  dy;dx dx
dy dy 3

2 yœ Ê œ Ê œ �# %
#

%Š ‹ È'
0

1
1

$

 u 1 y   du 4y  dy   du y  dy; y 0� œ � Ê œ Ê œ œ% $ $"
4

  u 1, y 1  u 2   S 2 u  dud ˆ ‰ ˆ ‰Ê œ œ Ê œ Ä œ '
1

2

1
" ""Î#
3 4

 u  du u 8 1œ œ œ �1 1 1

6 6 3 9
2'

1

2
"Î# $Î# #

"
� ‘ Š ‹È
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18. x y y 0, when 1 y 3.  To get positiveœ � Ÿ Ÿ Ÿˆ ‰" $Î# "Î#
3

 area, we take x y yœ � �ˆ ‰" $Î# "Î#
3

  y y    y 2 yÊ œ � � Ê œ � �dx dx
dy dy 4

" "
#

"Î# �"Î# �"
#ˆ ‰ Š ‹ a b

  S 2 y y  1 y 2 y  dyÊ œ � � � � �'
1

3

1 ˆ ‰ É a b" "$Î# "Î# �"
3 4

 2 y y  y 2 y  dyœ � � � �1'
1

3ˆ ‰ É a b" "$Î# "Î# �"
3 4

 

 2 y y   dy y y 1 y  dy  y 1 (y 1) dyœ � � œ � � � œ � � �1 1 1' ' '
1 1 1

3 3 3ˆ ‰ ˆ ‰ ˆ ‰Š ‹" " " "$Î# "Î# "Î# "Î#�

#3 3 3

y y

y

Éa b"Î# �"Î# #

"Î#

 y  y 1  dy y 3 1 3 1œ � � � œ � � � œ � � � � � � œ � � � � �1 1 1 1'
1

3ˆ ‰ � ‘ ˆ ‰’ “ ˆ ‰ ˆ ‰" " " " "#
$

"3 3 9 3 9 3 9 3 9 3
2 27 9y y$ #

 ( 18 1 3)œ � � � � œ1 1

9 9
16

19.     S 2 2 4 y 1  dy 4 (4 y) 1 dydx dx
dy dy 4 y 4 y4 y

œ Ê œ Ê œ � � œ � ��" " "
�

#

� �È Š ‹ È É È' '
0 0

15 4 15 4Î Î

1 1†

 4  5 y dy 4 (5 y) 5 5 5œ � œ � � œ � � � œ � �1 1'
0

15 4Î È � ‘ ˆ ‰ ˆ ‰’ “ ’ “2 8 15 8 5
3 3 4 3 4

$Î# $Î# $Î#"&Î%

!

$Î# $Î#1 1

 5 5œ � œ œ8 8
3 8 3 8 3

5 5 40 5 5 5 35 51 1 1Š ‹ Š ‹È È È È È�

20.   S 2 2y 1 1  dy 2 (2y 1) 1 dy 2 2 y  dydx dx
dy dy 2y 1 2y 12y 1

œ Ê œ Ê œ � � œ � � œ" " "
�

#

� �
"Î#

È Š ‹ È É È È' ' '
5 8 5 8 5 8

1 1 1

Î Î Î
1 1 1

 2 2 y 1 1 16 2 5 5œ œ � œ � œ œ �1È È� ‘ ˆ ‰’ “ Š ‹ Š ‹ Š ‹È2 5
3 3 8 3 3 12

4 2 4 2 4 25 5 8 2 2 5 5
8 8 8 2 2

$Î# $Î#"

&Î)

$Î# �1 1 1 1
È È È È È

È È
È

†

†

21. S 2 2y 1 1  dy 2  2y 1 1  dy 2 2y 1  dyœ � � œ � � œ �1 1 1' ' '
1 2 1 2 1 2Î Î Î

1 1 1

2y 1 2y 1 2y 1
2yÈ È ÈÊ Š ‹ É É" "

�

#

� �È

 2  2y dy 2 2  y dy 2 2 y 2 2 1 2 2œ œ œ œ � œ �1 1 1 1 1' '
1 2 1 2 1 2Î Î Î

1 1
2 2 2 2
3 3 3 3

3 2 1 3 3

3 2
È È È È ÈÈ � ‘ ˆ ‰” •Š ‹ Š ‹È Œ �ÉÎ " "

# È

 2 2  2 2 1œ œ �È ÈŠ ‹ Š ‹1
2 2 1

3 2
2
3

È
È
� 1

22. y x 2   dy x x 2 dx  ds 1 2x x  dx  S 2 x 1 2x x  dxœ � Ê œ � Ê œ � � Ê œ � �" # $Î# # # % # %
3 a b a bÈ È È1'

0

2È

 2 x x 1  dx 2 x x 1  dx 2 x x  dx 2 2 4œ � œ � œ � œ � œ � œ1 1 1 1 1 1' ' '
0 0 0

2 2 2È È ÈÉa b a b a b ’ “ ˆ ‰# # # $
#

#

!

x x 4 2
4 4 2

% #
È

23. ds dx dy y 1 dy y 1 dy y  dyœ � œ � � œ � � � œ � �È ÊŠ ‹ Š ‹ Š ‹Ê Ê# # $ ' '" " " " "
#

# #4y 16y 16y$ ' '

 y  dy y  dy; S 2 y ds 2 y y  dy 2 y y  dyœ � œ � œ œ � œ �ÊŠ ‹ Š ‹ Š ‹ ˆ ‰$ " " " "
#

$ $ % �#
4y 4y 4y 4$ $ $

' ' '
1 1 1

2 2 2

1 1 1

 2 y 2 2 (8 31 5)œ � œ � � � œ � œ � œ1 1 1’ “ � ‘ ˆ ‰ˆ ‰ ˆ ‰y
5 4 5 8 5 4 5 8 40 20

32 31 2 253& " " " " "�"
#

"

1 1
†

24. y cos x  sin x  sin x  S 2  (cos x) 1 sin x dxœ Ê œ � Ê œ Ê œ �dy dy
dx dxŠ ‹ È#

# #1 '
� Î

Î

1

1

2

2

25. y a x   a x ( 2x)   œ � Ê œ � � œ Ê œÈ a b Š ‹# # " �
# �

# # �"Î#

�

#
dy dy
dx dx a x

x x
a xÈ a b# #

#

# #

  S 2 a x  1  dx 2 a x x  dx 2 a dx 2 a[x]Ê œ � � œ � � œ œ1 1 1 1' ' '
� � �

�a a a

a a a
a

a
È É Èa b# # # # #

�
x

a x
#

# #a b
 2 a[a ( a)] (2 a)(2a) 4 aœ � � œ œ1 1 1

#
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26. y x      S 2  x 1  dx 2 x  dxœ Ê œ Ê œ Ê œ � œr r r r r r h r
h dx h dx h h h h h

dy dyŠ ‹ É É#
�#

# # #

# # #

1 1' '
0 0

h h

  x dx h r h r r h rœ œ � œ � œ �2 r h r 2 r x 2 r h
h h h h
1 1 1É È È È’ “ Š ‹# #

# # #

# #� # # # # # #
# #

'
0

h h

0
1

27. The area of the surface of one wok is S 2 x 1  dy.  Now, x y 16   x 16 yœ � � œ Ê œ �'
c

d

1 Ê Š ‹ Èdx
dy

#
# # # # #

    ; S 2 16 y 1  dy 2 16 y y  dyÊ œ Ê œ œ � � œ � �dx dx
dy dy 16 y 16 y

y y y
16 y
�

�

#

� �
# # # # #È # #

#

# # # #

#Š ‹ È É Èa b' '
� �

� �

16 16

7 7

1 1

 2 16 dy 32 9 288 904.78 cm .  The enamel needed to cover one surface of one wok isœ œ œ ¸1 1 1'
�

�

16

7

†

#

 V S 0.5 mm S 0.05 cm (904.78)(0.05) cm 45.24 cm .  For 5000 woks, we needœ œ œ œ† †

$ $

 5000 V 5000 45.24 cm (5)(45.24)L 226.2L  226.2 liters of each color are needed.† †œ œ œ Ê$

28. y r x      ; S 2 r x  1  dxœ � Ê œ � œ Ê œ œ � �È ÈŠ ‹ É# # # #" �
# � �� �

#
dy
dx dy r x r x

2x x dx x x
r x r xÈ È# # # #

#

# # # #

#

1'
a

a h�

 2 r x x  dx 2 r dx 2 rh, which is independent of a.œ � � œ œ1 1 1' '
a a

a h a h� �Èa b# # #

29. y R x      ; S 2 R x  1  dxœ � Ê œ � œ Ê œ œ � �È ÈŠ ‹ É# # # #" �
# � �� �

#
dy
dx dy R x R x

2x x dx x x
R x R xÈ È# # # #

#

# # # #

#

1'
a

a h�

 2 R x x  dx 2 R dx 2 Rhœ � � œ œ1 1 1' '
a a

a h a h� �Èa b# # #

30. (a) x y 45   x 45 y     ;# # # # # �

�

#

�� œ Ê œ � Ê œ Ê œÈ Š ‹dx dx
dy dy 45 y

y y
45 yÈ # #

#

# #

 S 2 45 y  1  dy 2  45 y y  dy 2 45 dyœ � � œ � � œ' ' '
� Þ � Þ � Þ22 5 22 5 22 5

45 45 45

1 1 1È É Èa b# # # # #
�

y
45 y

#

# # †

 (2 )(45)(67.5) 6075  square feetœ œ1 1

 (b) 19,085 square feet

31. (a) An equation of the tangent line segment is
 (see figure) y f(m ) f (m )(x m ).œ � �k k k

w

 When x x  we haveœ k 1�

 r f(m ) f (m )(x m )"
wœ � �k k 1 k5�

 f(m ) f (m ) f(m ) f (m ) ;œ � � œ �k k k k
w w

# #
ˆ ‰? ?x xk k

 when x x  we haveœ k

 r f(m ) f (m )(x m )#
wœ � �k k k5

 f(m ) f (m ) ;œ �k k
w

#
?xk

 (b) L ( x ) (r r )k
# # #

# "œ � �? k

 ( x ) f (m ) f (m ) œ � � �? k k k
# w w

# #

#� ‘ˆ ‰? ?x xk k
 

 ( x ) [f (m ) x ]  L ( x ) [f (m ) x ] , as claimedœ � Ê œ �? ? ? ?k k k k k k
# w # # w #

k È
 (c) From geometry it is a fact that the lateral surface area of the frustum obtained by revolving the tangent

 line segment about the x-axis is given by S (r r )L [2f(m )] x [f (m ) x ]? 1 1 ? ?k k k k kœ � œ �" #
# w #

k Éa b
 using parts (a) and (b) above.  Thus, S 2 f(m ) 1 [f (m )]  x .? 1 ?k k k kœ �È w #

 (d) S  lim   S lim   2 f(m ) 1 [f (m )]  x 2 f(x) 1 [f (x)]  dxœ œ � œ �
n nÄ _ Ä _

! ! È Èn n

k 1 k 1
k k k k a

b

œ œ

? 1 ? 1w # w #'

32. y 1 x   1 x x   1œ � Ê œ � � œ � Ê œ œ �ˆ ‰ ˆ ‰ ˆ ‰ Š ‹#Î$ #Î$ �"Î$$Î# "Î#

#

� #
� "dy dy

dx 3 dx
3 2 1 x1 x

x x x

ˆ ‰#Î$ "Î#

"Î$ #Î$ #Î$

#Î$

  S 2 2 1 x 1 1  dx 4 1 x x  dxÊ œ � � � œ �' '
0 0

1 1

1 1ˆ ‰ ˆ ‰ ˆ ‰É È#Î$ #Î$$Î# $Î#" �#Î$
x#Î$
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 4 1 x x  dx; u 1 x   du x  dx   du x  dx; œ � œ � Ê œ � Ê � œ1'
0

1 ˆ ‰ �#Î$ �"Î$ #Î$ �"Î$ �"Î$$Î# 2 3
3 2

 x 0  u 1, x 1  u 0   S 4 u  du 6 u 6 0d ˆ ‰ � ‘ ˆ ‰œ Ê œ œ Ê œ Ä œ � œ � œ � � œ1 1 1'
1

0
$Î# &Î#

#

!

"
3 2 2 12

5 5 5
1

6.5  WORK AND FLUID FORCES

 1. The force required to stretch the spring from its natural length of 2 m to a length of 5 m is F(x) kx.  The work doneœ

 by F is W F(x) dx k x dx x .  This work is equal to 1800 J  k 1800  k 400 N/mœ œ œ œ Ê œ Ê œ' '
0 0

3 3
k 9k 9
# # #

# $
!c d

 2. (a) We find the force constant from Hooke's Law:  F kx  k   k 200 lb/in.œ Ê œ Ê œ œF 800
x 4

 (b) The work done to stretch the spring 2 inches beyond its natural length is W kx dx 200 x dx 200œ œ œ' '
0 0

2 2 ’ “x#

#

#

!

 200(2 0) 400 in lb 33.3 ft lbœ � œ œ† †

 (c) We substitute F 1600 into the equation F 200x to find 1600 200x  x 8 in.œ œ œ Ê œ

 3. We find the force constant from Hooke's law:  F kx.  A force of 2 N stretches the spring to 0.02 m 2 k (0.02)œ Ê œ †

 k 100 .  The force of 4 N will stretch the rubber band y m, where F ky y y y 0.04 mÊ œ œ Ê œ Ê œ Ê œN F 4N
m k 100 N

m

 4 cm.  The work done to stretch the rubber band 0.04 m is W kx dx 100 x dx 100œ œ œ œ' '
0 0

0 04 0 04Þ Þ ’ “x#

#

!Þ!%

!

 0.08 Jœ œ(100)(0.04)#

#

 4. We find the force constant from Hooke's law:  F kx  k   k   k 90 .  The work done to stretch theœ Ê œ Ê œ Ê œF 90 N
x 1 m

 spring 5 m beyond its natural length is W kx dx 90 x dx 90 (90) 1125 Jœ œ œ œ œ' '
0 0

5 5 ’ “ ˆ ‰x 25#

# #

&

!

 5. (a) We find the spring's constant from Hooke's law:  F kx  k   k 7238 œ Ê œ œ œ Ê œF lb
x 8 5 3 in

21,714 21,714
�

 (b) The work done to compress the assembly the first half inch is W kx dx 7238 x dx 7238œ œ œ' '
0 0

0 5 0 5Þ Þ ’ “x#

#

!Þ&

!

 (7238) 905 in lb.  The work done to compress the assembly the second half inch is:œ œ ¸(0.5) (7238)(0.25)#

# # †

 W kx dx 7238 x dx 7238 1 (0.5) 2714 in lbœ œ œ œ � œ ¸' '
0 5 0 5

1 0 1 0

Þ Þ

Þ Þ ’ “ c dx 7238 (7238)(0.75)#

# # #

"Þ!

!Þ&

#
†

 6. First, we find the force constant from Hooke's law:  F kx  k 16 150 2,400 .  If someoneœ Ê œ œ œ œF 150 lb
x inˆ ‰"

16
†

 compresses the scale x  in, he/she must weigh F kx 2,400 300 lb.  The work done to compress the scaleœ œ œ œ" "
8 8

ˆ ‰
 this far is W kx dx 2400 18.75 lb in.  ft lbœ œ œ œ œ'

0

1 8Î ’ “x 2400 25
2 64 16

#

#

"Î)

! †

† †

 7. The force required to haul up the rope is equal to the rope's weight, which varies steadily and is proportional to x, the

 length of the rope still hanging:  F(x) 0.624x.  The work done is:  W F(x) dx 0.624x dx 0.624œ œ œ œ' '
0 0

50 50 ’ “x#

#

&!

!

 780 Jœ

 8. The weight of sand decreases steadily by 72 lb over the 18 ft, at 4 lb/ft. So the weight of sand when the bag is x ft off the

 ground is F x x. The work done is:  W F(x) dx x dx 144x 2x 1944 ft lba b a b c dœ "%% � % œ œ "%% � % œ � œ' '
a 0

b 18
# ")

! †

 9. The force required to lift the cable is equal to the weight of the cable paid out:  F(x) (4.5)(180 x) where xœ �

 is the position of the car off the first floor.  The work done is:  W F(x) dx 4.5 (180 x) dxœ œ �' '
0 0

180 180
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 4.5 180x 4.5 180 72,900 ft lbœ � œ � œ œ’ “ Š ‹x 180 4.5 180# # #

# # #

")!

!

# †

†

10. Since the force is acting  the origin, it acts opposite to the positive x-direction.  Thus F(x) .  The work donetoward œ � k
x#

 is W  dx k  dx k kœ � œ � œ œ � œ' '
a a

b b b

a
k
x x x b a ab

k(a b)
# #

" " " " �� ‘ ˆ ‰
11. Let r the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a constant raœ te,
 the amount of water in the bucket is proportional to x , the distance the bucket is being raised. The leakage rate ofa b#! �

 the water is 0.8 lb/ft raised and the weight of the water in the bucket is F 0.8 x . So:œ #! �a b
 W 0.8 x  dx 0.8 20x 160 ft lb.œ #! � œ � œ †'

0

20 a b ’ “x#

#

#!

!

12. Let r the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a constant raœ te,
 the amount of water in the bucket is proportional to x , the distance the bucket is being raised. The leakage rate ofa b#! �

 the water is 2 lb/ft raised and the weight of the water in the bucket is F 2 x . So:œ #! �a b
 W 2 x  dx 2 20x 400 ft lb.œ #! � œ � œ †'

0

20 a b ’ “x#

#

#!

!

 Note that since the force in Exercise 12 is 2.5 times the force in Exercise 11 at each elevation, the total work is also 2.5
 times as great.

13. We will use the coordinate system given.
 (a) The typical slab between the planes at y and y y has�?

 a volume of V (10)(12) y 120 y ft .  The force? ? ?œ œ $

 F required to lift the slab is equal to its weight:
 F 62.4 V 62.4 120 y lb.  The distance throughœ œ? ?†

 which F must act is about y ft, so the work done lifting
 the slab is about W force distance? œ ‚

 62.4 120 y y ft lb.  The work it takes to lift allœ † † † †?

 the water is approximately W  W¸ !20

0

?

  62.4 120y y ft lb.  This is a Riemann sum forœ !20

0

† † †?

 

 the function 62.4 120y over the interval 0 y 20. The work of pumping the tank empty is the limit of these sums:† Ÿ Ÿ

 W 62.4 120y dy (62.4)(120) (62.4)(120) (62.4)(120)(200) 1,497,600 ft lbœ œ œ œ œ'
0

20

† †’ “ ˆ ‰y 400#

# #

#!

!

 (b) The time t it takes to empty the full tank with –hp motor is t 5990.4 sec 1.ˆ ‰5 W
11 250 250 

1,497,600 ft lbœ œ œ œft lb ft lb
sec sec
† †

† 664 hr

 t 1 hr and 40 minÊ ¸

 (c) Following all the steps of part (a), we find that the work it takes to lower the water level 10 ft is

 W 62.4 120y dy (62.4)(120) (62.4)(120) 374,400 ft lb and the time is tœ œ œ œ œ'
0

10

† †’ “ ˆ ‰y 100 W
250 

#

# #

"!

!
ft lb
sec
†

 1497.6 sec 0.416 hr 25 minœ œ ¸

 (d) In a location where water weighs 62.26 :lb
ft$

 a) W (62.26)(24,000) 1,494,240 ft lb.œ œ †

 b) t 5976.96 sec 1.660 hr  t 1 hr and 40 minœ œ ¸ Ê ¸1,494,240
250

 In a location where water weighs 62.59 lb
ft$

 a) W (62.59)(24,000) 1,502,160 ft lbœ œ †

 b) t 6008.64 sec 1.669 hr  t 1 hr and 40.1 minœ œ ¸ Ê ¸1,502,160
250
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14. We will use the coordinate system given.
 (a) The typical slab between the planes at y and y y has�?

 a volume of V (20)(12) y 240 y ft .  The force? ? ?œ œ $

 F required to lift the slab is equal to its weight:
 F 62.4 V 62.4 240 y lb.  The distance throughœ œ? ?†

 which F must act is about y ft, so the work done lifting
 the slab is about W force distance? œ ‚

 

 62.4 240 y y ft lb.  The work it takes to lift all the water is approximately W  Wœ ¸† † † †? ?!20

10

  62.4 240y y ft lb.  This is a Riemann sum for the function 62.4 240y over the intervalœ !20

10

† † † †?

 10 y 20.  The work it takes to empty the cistern is the limit of these sums:  W 62.4 240y dyŸ Ÿ œ '
10

20

†

 (62.4)(240) (62.4)(240)(200 50) (62.4)(240)(150) 2,246,400 ft lbœ œ � œ œ’ “y#

#

#!

"!
†

 (b) t 8168.73 sec 2.27 hours 2 hr and 16.1 minœ œ ¸ ¸ ¸W
275 

2,246,400 ft lb
275ft lb

sec
†

†

 (c) Following all the steps of part (a), we find that the work it takes to empty the tank halfway is

 W 62.4 240y dy (62.4)(240) (62.4)(240) (62.4)(240) 936,000 ft.œ œ œ � œ œ'
10

15

† ’ “ ˆ ‰ ˆ ‰y 225 100 125#

# # # #

"&

"!

 Then the time is t 3403.64 sec 56.7 minœ œ ¸ ¸W
275 

936,000
75ft lb

sec
† #

 (d) In a location where water weighs 62.26 :lb
ft$

 a) W (62.26)(240)(150) 2,241,360 ft lb.œ œ †

 b) t 8150.40 sec 2.264 hours 2 hr and 15.8 minœ œ œ ¸2,241,360
275

 c) W (62.26)(240) 933,900 ft lb; t 3396 sec 0.94 hours 56.6 minœ œ œ œ ¸ ¸ˆ ‰125 933,900
75# #†

 In a location where water weighs 62.59 lb
ft$

 a) W (62.59)(240)(150) 2,253,240 ft lb.œ œ †

 b) t 8193.60 sec 2.276 hours 2 hr and 16.56 minœ œ œ ¸2,253,240
275

 c) W (62.59)(240) 938,850 ft lb; t 3414 sec 0.95 hours 56.9 minœ œ œ ¸ ¸ ¸ˆ ‰125 938,850
275# †

15. The slab is a disk of area x , thickness y, and height below the top of the tank y . So the work to pump1 1
#

#

#
œ ˜ "! �ˆ ‰ a by

 the oil in this slab, W, is 57 y . The work to pump all the oil to the top of the tank is˜ "! �a b ˆ ‰1
y
#

#

 W y y dy 11,875  ft lb 37,306 ft lb.œ "! � œ � œ † ¸ †'
0

10
57 57

4 4
y y1 1a b ’ “# $ "!
$ %

"!

!

$ %

1

16. Each slab of oil is to be pumped to a height of 14 ft. So the work to pump a slab is y  and since the tank isa ba bˆ ‰"% � 1
y
#

#

 half full and the volume of the original cone is V r h  ft , half the volume  ft , andœ œ & "! œ œ" " #&! #&!
$ $ $ '

# #
1 1a ba b 1 13 3

 with half the volume the cone is filled to a height y, y y  ft. So W y y  dy#&! "
' $ %

&!!
# $1 1œ Ê œ &!! œ "% �1

y 57
4

#
$

$È a b'
0

È

 60,042 ft lb.œ � ¸ †57
4

y y1’ “"%
$ %

&!!

!

$ %

$È

17. The typical slab between the planes at y and and y y has a volume of V (radius) (thickness) y� œ œ? ? 1 1 ?
#

#

#ˆ ‰20

 100 y ft .  The force F required to lift the slab is equal to its weight: F 51.2 V 51.2 100 y lbœ œ œ1 ? ? 1?† †

$

  F 5120 y lb.  The distance through which F must act is about  (30 y) ft.  The work it takes to lift all theÊ œ �1?

 kerosene is approximately W  W  5120 (30 y) y ft lb which is a Riemann sum.  The work to pump the¸ œ �! !30 30

0 0

? 1 ? †

 tank dry is the limit of these sums:  W 5120 (30 y) dy 5120 30y 5120 (5120)(450 )œ � œ � œ œ'
0

30

1 1 1 1’ “ ˆ ‰y 900#

# #

$!

!

 7,238,229.48 ft lb¸ †
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18. (a) Follow all the steps of Example 5 but make the substitution of 64.5  for 57 .  Then,lb lb
ft ft$ $

 W (10 y)y  dy 8 2œ � œ � œ � œ �'
0

8
64.5 64.5 64.5 10 8 8 64.5 10

4 4 3 4 4 3 4 4 3
10y y1 1 1 1# $

)

!
’ “ Š ‹ ˆ ‰ ˆ ‰a b$ % $ %

†

 21.5 8 34,582.65 ft lbœ œ ¸64.5 8
3
1†

$

1 † †

$

 (b) Exactly as done in Example 5 but change the distance through which F acts to distance (13 y) ft.  Then¸ �

 W (13 y)y  dy 8 2œ � œ � œ � œ � œ'
0

8
57 57 57 13 8 8 57 13 57 8 7

4 4 3 4 4 3 4 4 3 3 4
13y y1 1 1 1 1# $

)

!
’ “ Š ‹ ˆ ‰ ˆ ‰a b$ % $ % $

† † †

†

 (19 ) 8 (7)(2) 53,482.5 ft lbœ ¸1 a b# †

19. The typical slab between the planes at y and y y has a volume of about V (radius) (thickness) y y ft .� œ œ? ? 1 1 ?
# $#ˆ ‰È

 The force F(y) required to lift this slab is equal to its weight:  F(y) 73 V 73 y y 73 y y lb. Theœ œ œ†? 1 ? 1 ?ˆ ‰È #

 distance through which F(y) must act to lift the slab to the top of the reservoir is about 4 y  ft, so the work done isa b�

 approximately W 73 y 4 y y  ft lb.  The work done lifting all the slabs  from y 0 ft to y 4 ft is? 1 ?¸ � œ œa b †

 approximately W  73 y 4 y y  ft lb. Taking the limit of these Riemann sums as n , we get¸ � Ä _! a bn

k 0œ

1 ?k k †

 W 73 y 4 y dy 73 4y y dy 73 2y y 73 32  ft lb.œ � œ � œ � œ � œ' '
0 0

4 4

1 1 1 1a b a b � ‘ ˆ ‰2 1 64 2336
3 3 3

4

0
# $ 1

†

20. The typical slab between the planes at y and y y has a volume of about V (length)(width)(thickness)� œ? ?

 2 25 y 10 y ft . The force F(y) required to lift this slab is equal to its weight:  F(y) 53 Vœ � œˆ ‰È a b2 ? ?
$

†

 53 2 25 y 10 y 1060 25 y y lb. The distance through which F(y) must act to lift the slab to theœ � œ �ˆ ‰È Èa b2 2? ?

 level of 15 m above the top of the reservoir is about 20 y  ft, so the work done is approximatelya b�

 W 1060 25 y 20 y y  ft lb.  The work done lifting all the slabs from y 5 ft to y 5 ft is? ?¸ � � œ � œÈ a b2
†

 approximately W  1060 25 y  20 y y  ft lb. Taking the limit of these Riemann sums as n , we get¸ � � Ä _! É a bn

k 0œ
k
2

k ? †

 W 1060 25 y 20 y dy 1060 20 y 25 y dy 1060 20 25 y dy y 25 y dyœ � � œ � � œ � � �' ' ' '
� � � �5 5 5 5

5 5 5 5È È È Èa b a b ” •2 2 2 2

 To evaluate the first integral, we use we can interpret 25 y dy as the area of the semicircle whose radius is 5, thus'
�5

5
2È �

 20 25 y dy 20 25 y dy 20 5 250 . To evaluate the second integral let u 25 y' '
� �5 5

5 5È È � ‘a b� œ � œ œ œ �2 2 2 2"
#1 1

 du 2y dy; y 5 u 0, y 5 u 0, thus y 25 y dy u du 0. Thus,Ê œ � œ � Ê œ œ Ê œ � œ � œ' '
�5 0

5 0È È2 "
#

 1060 20 25 y dy y 25 y dy 1060 250 0 265000 832522 ft lb.” •È È a b' '
� �5 5

5 5

� � � œ � œ ¸2 2 1 1 †

21. The typical slab between the planes at y and y y has a volume of about V (radius) (thickness)� œ? ? 1
#

 25 y y m .  The force F(y) required to lift this slab is equal to its weight:  F(y) 9800 Vœ � œ1 ? ?ˆ ‰È #
# $

†

 9800 25 y y 9800 25 y y N.  The distance through which F(y) must act to lift theœ � œ �1 ? 1 ?ˆ ‰È a b#
# #

 slab to the level of 4 m above the top of the reservoir is about (4 y) m, so the work done is approximately�

 W 9800 25 y (4 y) y N m.  The work done lifting all the slabs from y 5 m to y 0 m is? 1 ?¸ � � œ � œa b# †

 approximately W  9800 25 y (4 y) y N m.  Taking the limit of these Riemann sums, we get¸ � �! a b0

5�

1 ?
#

†

 W 9800 25 y (4 y) dy 9800  100 25y 4y y  dy 9800 100y y yœ � � œ � � � œ � � �' '
� �5 5

0 0

1 1 1a b a b ’ “# # $ # $
#

!

�&

25 4
3 4

y%

 9800 500 125 15,073,099.75 Jœ � � � � � ¸1 ˆ ‰25 25 4 625
3 4

†

# †

22. The typical slab between the planes at y and y y has a volume of about V (radius) (thickness)� œ? ? 1
#

 100 y y 100 y y ft .  The force is F(y) V 56 100 y y lb.  Theœ � œ � œ œ �1 ? 1 ? ? 1 ?ˆ ‰È a b a b#
# # $ #56 lb

ft$ †

 distance through which F(y) must act to lift the slab to the level of 2 ft above the top of the tank is about
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 (12 y) ft, so the work done is W 56 100 y (12 y) y lb ft.  The work done lifting all the slabs� ¸ � �? 1 ?a b# †

 from y 0 ft to y 10 ft is approximately W  56 100 y (12 y) y lb ft.  Taking the limit of theseœ œ ¸ � �! a b10

0

1 ?
#

†

 Riemann sums, we get W 56 100 y (12 y) dy 56 100 y (12 y) dyœ � � œ � �' '
0 0

10 10

1 1a b a b# #

 56 1200 100y 12y y  dy 56 1200œ � � � œ C � � �1 1'
0

10 a b ’ “# $
#

"!

!

100y 12y y
3 4

# $ %

 56 12,000 4 1000 (56 ) 12 5 4 (1000) 967,611 ft lb.œ � � � œ � � � ¸1 1ˆ ‰ ˆ ‰10,000 10,000
4

5
# #† †

 It would cost (0.5)(967,611) 483,805¢ $4838.05.  Yes, you can afford to hire the firm.œ œ

23. F m mv  by the chain rule  W mv  dx m v  dx m v (x)œ œ Ê œ œ œdv dv dv dv
dt dx dx dx

' '
x x

x x x

x
" "

# #
#

"

ˆ ‰ � ‘"
#

#

 m v (x ) v (x ) mv mv , as claimed.œ � œ �" " "
# # #

# # # #
# " # "c d

24. weight 2 oz  lb; mass  slugs; W  slugs (160 ft/sec) 50 ft lbœ œ œ œ œ œ ¸2
16 32 3 56 56

weight "

8
# # # #

" " " #ˆ ‰ ˆ ‰
†

25. 90 mph 132 ft/sec; m  slugs;œ œ œ œ90 mi 1 hr 1 min 5280 ft 0.3125 lb 0.3125
1 hr 60 min 60 sec 1 mi 32 ft/sec 32† † † #

 W (132 ft/sec) 85.1 ft lbœ ¸ˆ ‰ ˆ ‰"
#

#0.3125 lb
32 ft/sec# †

26. weight 1.6 oz 0.1 lb  m  slugs; W  slugs (280 ft/sec) 122.5 ft lbœ œ Ê œ œ œ œ0.1 lb
32 ft/sec 3 0 3 0#

" " "
# # #

#ˆ ‰ ˆ ‰
†

27. v 0 mph 0 , v 153 mph 224.4 ; 2 oz 0.125 lb m  slugs;1 2
ft ft 0.125 lb

sec sec 32 ft/sec 256œ œ œ œ œ Ê œ œ#

"

 W F x  dx mv mv 224.4 98.35 ft-lb.œ œ � œ � ! œ'
x

x

"

# a b a b a bˆ ‰ ˆ ‰" " " " " "
# # # #

# #
# 1 256 256

2 2

28. weight 6.5 oz  lb  m  slugs; W  slugs (132 ft/sec) 110.6 ft lbœ œ Ê œ œ ¸6.5 6.5 6.5
16 (16)(32) (16)(32)

ˆ ‰ Š ‹"
#

#
†

29. We imagine the milkshake divided into thin slabs by planes perpendicular to the y-axis at the points of a partition of the
 interval [ ].  The typical slab between the planes at y and y y has a volume of about V (radius) (thickness)!ß ( � œ? ? 1

#

 y in .  The force F(y) required to lift this slab is equal to its weight:  F(y) V y oz.œ œ œ1 ? ? ?ˆ ‰ ˆ ‰y 17.5 y 17.5
14 9 9 14

4 4� �# #$ 1

 The distance through which F(y) must act to lift this slab to the level of 1 inch above the top is about (8 y) in.  The work�

 done lifting the slab is about W 8 y y in oz. The work done lifting all the slabs from y 0 to? ?œ � œˆ ‰ a b4
9 14

y 17.51 a b� #

# †

 y 7 is approximately W  (y 17.5) (8 y) y in oz which is a Riemann sum. The work is the limit of theseœ œ � �!7

0

4
9 14

1

†

#

#
? †

 sums as the norm of the partition goes to zero: W y 17.5 8 y dyœ � �'
0

7
4

9 14
1

†

# a b a b#

  2450 26.25y 27y y dy 9y y 2450yœ � � � œ � � � �4 4 26.25
9 14 9 14 4

y1 1

† †

# #

%'
0

7a b ’ “# $ $ #
#

(

!

 9 7 7 2450 7 91.32 in ozœ � � � � ¸4 7 26.25
9 14 4

1

†

#

%’ “† † † †

$ #
#

30. Work   dr 1000 MG   1000 MGœ œ œ �' '
6 370 000 6 370 000

35 780 000 35 780 000

ß ß ß ß

ß ß ß ß

1000 MG dr
r r r# #

� ‘" $&ß()!ß!!!

'ß$(!ß!!!

 (1000) 5.975 10 6.672 10 5.144 10  Jœ � ¸ ‚a b a b Š ‹† †

#% �"" "!" "
6,370,000 35,780,000

31. To find the width of the plate at a typical depth y, we first find an equation for the line of the plate's
 right-hand edge:  y x 5.  If we let x denote the width of the right-hand half of the triangle at depth y, thenœ �

 x 5 y and the total width is L(y) 2x 2(5 y).  The depth of the strip is ( y).  The force exerted by theœ � œ œ � �

 water against one side of the plate is therefore F w( y) L(y) dy 62.4 ( y) 2(5 y) dyœ � œ � �' '
� �

� �

5 5

2 2

† † †
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 124.8 5y y  dy 124.8 y y 124.8 4 8 25 125œ � � œ � � œ � � � � �'
�

�

5

2a b � ‘ � ‘ˆ ‰ ˆ ‰# # $
# # #

" " "�#

�&
5 5 5

3 3 3† † † †

 (124.8) (124.8) 1684.8 lbœ � œ œˆ ‰ ˆ ‰105 117 315 234
3 6#

�

32. An equation for the line of the plate's right-hand edge is y x 3  x y 3.  Thus the total width isœ � Ê œ �

 L(y) 2x 2(y 3).  The depth of the strip is (2 y).  The force exerted by the water isœ œ � �

 F w(2 y)L(y) dy 62.4 (2 y) 2(3 y) dy 124.8 6 y y  dy 124.8 6yœ � œ � � œ � � œ � �' ' '
� � �3 3 3

0 0 0

† † a b ’ “#
#

!

�$

y y
3

# $

 ( 124.8) 18 9 ( 124.8) 1684.8 lbœ � � � � œ � � œˆ ‰ ˆ ‰9 27
# #

33. (a) The width of the strip is L y 4, the depth of the strip is 10 y F w F y dya b a b a bŠ ‹œ � Ê œ †'
a

b
strip
depth

 62.4 10 y 4 dy 249.6 10 y dy 249.6 10y 249.6 30 6364.8 lbœ � œ � œ � œ � œ' '
0 0

3 3
y

3

0

9
2a ba b a b ’ “ ˆ ‰#

#

 (b) The width of the strip is L y 3, the depth of the strip is 10 y F w F y dya b a b a bŠ ‹œ � Ê œ †'
a

b
strip
depth

 62.4 10 y 3 dy 187.2 10 y dy 187.2 10y 187.2 40 8 5990.4 lbœ � œ � œ � œ � œ' '
0 0

4 4
y

4

0
a ba b a b a b’ “##

34. The width of the strip is L y 2 25 y , the depth of the strip is 6 y F w F y dya b a b a bÈ Š ‹œ � � Ê œ †2
a

b
strip
depth

'

 62.4 6 y 2 25 y dy 124.8 6 y 25 y dy 124.8 6 25 y dy y 25 y dyœ � � œ � � œ � � �' ' ' '
0 0

5 5 5 5
2 2 2 2a b a bˆ ‰È È È È” •0 0

 To evaluate the first integral, we use we can interpret 25 y dy as the area of a quarter circle whose radius is 5, thus'
0

5
2È �

 6 25 y dy 6 25 y dy 6 5 . To evaluate the second integral let u 25 y' '
0 0

5 5
2 2

4 2
2 75 2È È � ‘a b� œ � œ œ œ �"

1
1

 du 2y dy; y 0 u 25, y 5 u 0, thus y 25 y dy u du u duÊ œ � œ Ê œ œ Ê œ � œ � œ' ' '
0 25 0

5 0 25
2 1 2È È" "

# #
Î

 u . Thus, 124.8 6 25 y dy y 25 y dy 124.8 9502.7 lb.œ œ � � � œ � ¸1 125 75 125
3 3 2 3

3 2 25

0

5 5
2 2� ‘ ˆ ‰” •È ÈÎ ' '

0 0

1

35. Using the coordinate system of Exercise 32, we find the equation for the line of the plate's right-hand edge to be

 y 2x 4  x  and L(y) 2x y 4.  The depth of the strip is (1 y).œ � Ê œ œ œ � �y 4�
#

 (a) F w(1 y)L(y) dy 62.4 (1 y)(y 4) dy 62.4 4 3y y  dy 62.4 4yœ � œ � � œ � � œ � �' ' '
� � �4 4 4

0 0 0

† a b ’ “#
#

!

�%

3y y
3

# $

 ( 62.4) ( 4)(4) ( 62.4) 16 24 1164.8 lbœ � � � � œ � � � � œ œ’ “ ˆ ‰(3)(16) ( 62.4)( 120 64)64 64
3 3 3#

� � �

 (b) F ( 64.0) ( 4)(4) 1194.7 lbœ � � � � œ ¸’ “(3)(16) ( 64.0)( 120 64)64
3 3#

� � �

36. Using the coordinate system given, we find an equation for
 the line of the plate's right-hand edge to be y 2x 4œ � �

  x  and L(y) 2x 4 y.  The depth of theÊ œ œ œ �4 y�
#

 strip is (1 y)  F w(1 y)(4 y) dy� Ê œ � �'
0

1

 62.4 y 5y 4  dy 62.4 4yœ � � œ � �'
0

1a b ’ “#
#

"

!

y 5y
3

$ #  

 (62.4) 4 (62.4) 114.4 lbœ � � œ œ œˆ ‰ ˆ ‰" � �
#3 6 6
5 2 15 24 (62.4)(11)
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37. Using the coordinate system given in the accompanying
 figure, we see that the total width is L(y) 63 and the depthœ

 of the strip is (33.5 y)  F w(33.5 y)L(y) dy� Ê œ �'
0

33

 (33.5 y) 63 dy (63) (33.5 y) dyœ � œ �' '
0 0

33 33
64 64
1 12#$ $† †

ˆ ‰
 (63) 33.5y (33.5)(33)œ � œ �ˆ ‰ ˆ ‰’ “ ’ “64 64 63 33

12 1
y

$ $

# #

# # #

$$

!

†

 1309 lbœ œ(64)(63)(33)(67 33)
( ) 12

�
# a b$

 

38. Using the coordinate system given in the accompanying

 figure, we see that the right-hand edge is x 1 yœ �È #

 so the total width is L(y) 2x 2 1 y  and the depthœ œ �È #

 of the strip is ( y).  The force exerted by the water is�

 therefore F w ( y) 2 1 y  dyœ � �'
�1

0

† †

È #

 

 62.4 1 y  d 1 y 62.4 1 y (62.4) (1 0) 41.6 lbœ � � œ � œ � œ'
�1

0 È a b a b’ “ ˆ ‰# # # $Î# !

�"

2 2
3 3

39. (a) F 62.4 8 ft 25 ft 12480 lbœ œˆ ‰a ba blb
ft

2
3

 (b) The width of the strip is L y 5, the depth of the strip is 8 y F w F y dya b a b a bŠ ‹œ � Ê œ †'
a

b
strip
depth

 62.4 8 y 5 dy 312 8 y dy 312 8y 312 40 8580 lbœ � œ � œ � œ � œ' '
0 0

5 5
y

5

0

25
2a ba b a b ’ “ ˆ ‰#

#

 (c) The width of the strip is L y 5, the depth of the strip is 8 y , the height of the strip is 2 dya b a b Èœ �

 F w F y dy 62.4 8 y 5 2 dy 312 2 8 y dy 312 2 8yÊ œ † œ � œ � œ �' ' '
a 0 0

b 5 2 5 2
strip
depth

y
5 2

0
Š ‹ ’ “a b a ba b a bÈ È ÈÎ Î

#

ÎÈ È È
#

 312 2 9722.3œ � œÈ Š ‹40 25
2 4È

40. The width of the strip is L y 2 3 y , the depth of the strip is 6 y , the height of the strip is dya b a bŠ ‹Èœ � �3 2
4 3 È

 F w F y dy 62.4 6 y 2 3 y dy 12 3 6y 2y 3 y dyÊ œ † œ � † � œ � � �' ' '
a 0 0

b 2 3 2 3
strip
depth 4

3 2 93.6
3 3 

2Š ‹ Š ‹ Š ‹a b a b È È ÈÈ È
È È

 12y 3 3y y 3 72 36 12 3 8 3 1571.04 lbœ � � � œ � � � ¸93.6 93.6
3 3 

2 2 y
3

2 3

0È È
È’ “ Š ‹È È È È3

41. The coordinate system is given in the text.  The right-hand edge is x y and the total width is L(y) 2x 2 y.œ œ œÈ È
 (a) The depth of the strip is (2 y) so the force exerted by the liquid on the gate is F w(2 y)L(y) dy� œ �'

0

1

 50(2 y) 2 y dy 100 (2 y) y dy 100 2y y  dy 100 y yœ � œ � œ � œ �' ' '
0 0 0

1 1 1

† È È ˆ ‰ � ‘"Î# $Î# $Î# &Î# "

!
4 2
3 5

 100 (20 6) 93.33 lbœ � œ � œˆ ‰ ˆ ‰4 2 100
3 5 15

 (b) We need to solve 160 w(H y) 2 y dy for h. 160 100 H 3 ftœ � œ � Ê œ Þ'
0

1

† È ˆ ‰2H 2
3 5

42. Suppose that h is the maximum height.  Using the coordinate system given in the text, we find an equation for

 the line of the end plate's right-hand edge is y x  x y.  The total width is L(y) 2x y and theœ Ê œ œ œ5 2 4
5 5#

 depth of the typical horizontal strip at level y is (h y).  Then the force is F w(h y)L(y) dy F ,� œ � œ'
0

h

max

 where F 6667 lb.  Hence, F w (h y) y dy (62.4) hy y  dymax 0 0

h h

œ œ � œ �max
4 4
5 5

' '
†

ˆ ‰ a b#
 (62.4) (62.4) (62.4) h (10.4) h   hœ � œ � œ œ Ê œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰’ “ Š ‹ É4 4 h h 4 4 5

5 3 5 3 5 6 5 4 10.4
hy y F# $ $ $

# #
" $ $

h

0

3 max
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 9.288 ft.  The volume of water which the tank can hold is V (Base)(Height) 30, whereœ ¸ œÉˆ ‰ ˆ ‰3 5 6667
4 10.4

"
# †

 Height h and (Base) h  V h (30) 12h 12(9.288) 1035 ft .œ œ Ê œ œ ¸ ¸"
#

# # # $2 2
5 5

ˆ ‰
43. The pressure at level y is p(y) w y  the averageœ Ê†

 pressure is p  p(y) dy w y dy wœ œ œ" " "
#b b b
y' '

0 0

b b b

0
† ’ “#

 .  This is the pressure at level , whichœ œˆ ‰ Š ‹w b wb b
b

#

# # #

 is the pressure at the middle of the plate.  

44. The force exerted by the fluid is F w(depth)(length) dy w y a dy (w a) y dy (w a)œ œ œ œ' ' '
0 0 0

b b b b

0
† † † † ’ “y#

#

 w (ab) p Area, where p is the average value of the pressure.œ œ œŠ ‹ ˆ ‰ab wb#

# # †

45. When the water reaches the top of the tank the force on the movable side is (62.4) 2 4 y ( y) dy'
�2

0 ˆ ‰È � �#

 (62.4) 4 y ( 2y) dy (62.4) 4 y (62.4) 4 332.8 ft lb.  The forceœ � � œ � œ œ'
�2

0 a b a b’ “ ˆ ‰ ˆ ‰# # $Î#"Î# $Î# !

�#

2 2
3 3 †

 compressing the spring is F 100x, so when the tank is full we have 332.8 100x  x 3.33 ft.  Therefore theœ œ Ê ¸

 movable end does not reach the required 5 ft to allow drainage  the tank will overflow.Ê

46. (a) Using the given coordinate system we see that the total
 width is L(y) 3 and the depth of the strip is (3 y).œ �

 Thus, F w(3 y)L(y) dy (62.4)(3 y) 3 dyœ � œ �' '
0 0

3 3

†

 (62.4)(3) (3 y) dy (62.4)(3) 3yœ � œ �'
0

3 ’ “y#

#

$

!

 (62.4)(3) 9 (62.4)(3) 842.4 lbœ � œ œˆ ‰ ˆ ‰9 9
# #

 

 (b) Find a new water level Y such that F (0.75)(842.4 lb) 631.8 lb.  The new depth of the strip is (Y y) and Y isY œ œ �

 the new upper limit of integration.  Thus, F w(Y y)L(y) dy 62.4 (Y y) 3 dyY 0 0

Y Y

œ � œ �' '
†

 (62.4)(3) (Y y) dy (62.4)(3) Yy (62.4)(3) Y (62.4)(3) .  Therefore,œ � œ � œ � œ'
0

Y Y

0
’ “ Š ‹ Š ‹y Y Y# # #

# # #
#

 Y 6.75 2.598 ft.  So, Y 3 Y 3 2.598 0.402 ft 4.8 inœ œ œ ¸ œ � ¸ � ¸ ¸É É È2F
(62.4)(3) 187.2

1263.6Y ?

6.6  MOMENTS AND CENTERS OF MASS

 1. Since the plate is symmetric about the y-axis and its density is
 constant, the distribution of mass is symmetric about the y-axis
 and the center of mass lies on the y-axis.  This means that

 x 0. It remains to find y .  We model the distribution ofœ œ M
M

x

 mass with  strips.  The typical strip has center of mass:@/<>3-+6

 ( x y ) x , length:  4 x , width:  dx, area:µ µß œ ß �Š ‹x 4# �
#

#

 

 dA 4 x  dx, mass:  dm  dA 4 x  dx.  The moment of the strip about the x-axis isœ � œ œ �a b a b# #
$ $

   dm 4 x  dx 16 x  dx.  The moment of the plate about  the x-axis is M  dmC œ � œ � œ Cµ µŠ ‹ a b a bx 4#�
# #

# %
$

$
x

'

 16 x  dx 16x 16 2 16 2 32 .  The mass of theœ � œ � œ � � � � œ � œ'
�2

2
$ $ $ $ $

# # # #
%

#

�#
a b ’ “ ’ “Š ‹ Š ‹ ˆ ‰x 2 2 2 32 128

5 5 5 5 5

& & &

† †

†
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 plate is M  4 x  dx 4x 2 8 .  Therefore y .  The plate's center ofœ � œ � œ � œ œ œ œ' $ $ $a b ’ “ ˆ ‰#
#

�#

x 8 32 Mx 12
3 3 3 M 5

$
$

Š ‹
Š ‹

128
5

32
3

$

$

 mass is the point (x y) .ß œ !ßˆ ‰12
5

 2. Applying the symmetry argument analogous to the one in

 Exercise 1, we find x 0.  To find y , we use theœ œ M
M

x

  strips technique.  The typical strip has center of@/<>3-+6

 mass:  ( x y ) x , length:  25 x , width:  dx,µ µß œ ß �Š ‹25 x�
#

##

 area:  dA 25 x dx, mass:  dm  dA 25 x  dx.œ � œ œ �a b a b# #
$ $

 The moment of the strip about the x-axis is

 

 y dm 25 x  dx 25 x  dx.  The moment of the plate about the x-axis is M y dmµ µœ � œ � œŠ ‹ a b a b25 x�
# #

# # ##

$
$

x
'

 25 x  dx  625 50x x  dx 625x x 2 625 5 5œ � œ � � œ � � œ � �' '
� �5 5

5 5
$ $ $ $

# # # #
# # % $ $# &

�&
a b a b ’ “ Š ‹50 x 50 5

3 5 3 5

& &

† † †

 625 5 1 625 .  The mass of the plate is M  dm  25 x  dx 25xœ � � œ œ œ � œ �$ $ $ $† † †

ˆ ‰ ˆ ‰ a b ’ “10 8 x
3 3 3

' '
�5

5
#

&

�&

$

 2 5 5 .  Therefore y 10.  The plate's center of mass is the point (x y) ( 10).œ � œ œ œ œ ß œ !ß$ $Š ‹$ $5 4
3 3 M

M$

†

x
$

$

† †

† †

5

5

%

$

ˆ ‰
ˆ ‰

8
3
4
3

 3. Intersection points:  x x x  2x x 0� œ � Ê � œ# #

  x(2 x) 0  x 0 or x 2.  The typical Ê � œ Ê œ œ @/<>3-+6

 strip has center of mass:  ( x y ) xµ µß œ ßŠ ‹a bx  x   ( x)� � �
#

#

 x , length:  x x ( x) 2x x , width:  dx,œ ß� � � � œ �Š ‹ a bx#

#
# #

 area:  dA 2x x  dx, mass:  dm  dA 2x x  dx.œ � œ œ �a b a b# #
$ $

 The moment of the strip about the x-axis is

 

 y dm 2x x  dx; about the y-axis it is x dm x 2x x  dx.  Thus, M  y dmµ µ µœ � � œ � œŠ ‹ a b a bx#

#
# #

$ $† x
'

   x 2x x  dx 2x x  dx 2 2 1œ � � œ � � œ � � œ � � œ � �' '
0 0

2 2ˆ ‰ ˆ ‰a b a b ’ “ Š ‹$ $ $ $ $

# # # # # #
# # $ % $ $

#

!

x x 2 4
5 5 5

% & &

†

 ; M x dm x 2x x  dx 2x x x 2 ;œ � œ œ � œ � œ � œ � œ œµ4 2 x 2 2 2 4
5 3 4 3 4 1 3
$ $ $

y 0 0

2 2
' ' '

† †$ $ $ $a b a b ’ “ Š ‹# # $ $
#

! #

% $ % %
†

 M  dm 2x x  dx 2x x  dx x 4 .  Therefore, xœ œ � œ � œ � œ � œ œ' ' '
0 0

2 2

$ $ $ $a b a b ’ “ ˆ ‰# # #
#

!

x 8 4
3 3 3 M

M$
$ y

 1 and y   (x y) 1  is the center of mass.œ œ œ œ � œ � Ê ß œ ß�ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰4 3 4 3 3 3
3 4 M 5 4 5 5

M$ $

$ $

x

 4. Intersection points:  x 3 2x   3x 3 0# # #� œ � Ê � œ

  3(x 1)(x 1) 0  x 1 or x 1.  Applying theÊ � � œ Ê œ � œ

 symmetry argument analogous to the one in Exercise 1, we
 find x 0.  The typical  strip has center of mass:œ @/<>3-+6

 ( x y ) x x ,µ µß œ ß œ ßŠ ‹ Š ‹� � �
# #

� �2x   x   3 x   3# # #a b

 length:  2x x 3 3 1 x , width:  dx,� � � œ �# # #a b a b
 area:  dA 3 1 x  dx, mass:  dm  dA 3 1 x  dx.œ � œ œ �a b a b# #

$ $

 The moment of the strip about the x-axis is

 

 y dm x 3 1 x  dx x 3x x 3  dx x 2x 3  dx; M  y dmµ µœ � � � œ � � � œ � � œ3 3 3
# # #

# # % # # % #
$ $ $a b a b a b a b x

'

 x 2x 3  dx 3x 2 3 3 ;œ � � œ � � œ � � œ œ �3 3 x 2x 3 2 3 10 45 32
5 3 5 3 15 5# # #

% #
"

�"

" � �
$ $ $ $'

�1

1 a b ’ “ ˆ ‰ ˆ ‰& $

† †

$
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 M  dm 3 1 x  dx 3 x 3 2 1 4 .  Therefore, yœ œ � œ � œ � œ œ œ � œ �' $ $ $ $'
�1

1 a b ’ “ ˆ ‰#
"

�"

"x 32 8
3 3 M 5 4 5

M$

†

x $

$

†

† †

  (x y) 0  is the center of mass.Ê ß œ ß�ˆ ‰8
5

 5. The typical  strip has center of mass:29<3D98>+6

 ( x y ) y , length:  y y , width:  dy,µ µß œ ß �Š ‹y y�
#

$
$

 area:  dA y y  dy, mass:  dm dA y y  dy.œ � œ œ �a b a b$ $
$ $

 The moment of the strip about the y-axis is

 x dm y y  dy y y  dyµ œ � œ �$ Š ‹ a b a by y�
# #

$ $ #$
$

 y 2y y  dy; the moment about the x-axis isœ � �$

#
# % 'a b

 

 y dm y y y  dy y y  dy.  Thus, M y dm y y  dy ;µ µœ � œ � œ œ � œ � œ � œ$ $ $ $ $a b a b a b ’ “ ˆ ‰$ # % # %
"

!

" "
x 0

1
' ' y y

3 5 3 5 15
2$ &
$

 M x dm y 2y y  dy ; M dmy 0

1

œ œ � � œ � � œ � � œ œ œµ' '$ $ $ $ $

# # # #
# % '

"

!

" " � �' a b ’ “ ˆ ‰ ˆ ‰y 2y y
3 5 7 3 5 7 3 5 7 105

2 35 42 15 4$ & (

† †

 y y  dy .  Therefore, x  and yœ � œ � œ � œ œ œ œ œ œ$ $ $'
0

1a b ’ “ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰$
# #

"

!

" "y y
4 4 4 M 105 105 M 15

 M 4 4 16 2 4M# %
$ $ $

$ $

y x

  (x y)  is the center of mass.œ Ê ß œ ß8 16 8
15 105 15

ˆ ‰
 6. Intersection points:  y y y  y 2y 0œ � Ê � œ# #

  y(y 2) 0  y 0 or y 2.  The typicalÊ � œ Ê œ œ

  strip has center of mass:29<3D98>+6

  ( x y ) y y ,µ µß œ ß œ ßŠ ‹ Š ‹a by y y
2

y# #� �
#

 length:  y y y 2y y , width:  dy,� � œ �a b# #

 area:  dA 2y y  dy, mass:  dm  dA 2y y  dy.œ � œ œ �a b a b# #
$ $

 The moment about the y-axis is x dm y 2y y  dyµ œ �$

#
# #

† a b

 

 2y y  dy; the moment about the x-axis is y dm y 2y y  dy 2y y  dy.  Thus,œ � œ � œ �µ$

#
$ % # # $a b a b a b$ $

 M y dm 2y y  dy (4 3) ; M x dmx y0

2

œ œ � œ � œ � œ � œ œµ µ' '' $ $ $a b ’ “ ˆ ‰# $
#

! #
2y y
3 4 3 4 1 3

16 16 16 4$ %
$ $

 2y y  dy 8 ; M dm 2y y  dyœ � œ � œ � œ œ œ œ �' '
0 0

2 2
$ $ $ $ $

# # # #
$ % #

#

!

�a b a b’ “ ˆ ‰ ˆ ‰y y
2 5 5 5 5

32 40 32 4% & ' $

 y 4 .  Therefore, x  and y 1œ � œ � œ œ œ œ œ œ œ$ $’ “ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰#
#

!

y
3 3 3 M 5 4 5 M 3 4

8 4 4 3 3 4 3M M$
$ $ $

$ $

y x

  (x y)  is the center of mass.Ê ß œ ß "ˆ ‰3
5

 7. Applying the symmetry argument analogous to the one used
 in Exercise 1, we find x 0.  The typical  strip hasœ @/<>3-+6

 center of mass:  ( x y ) x , length:  cos x, width:  dx,µ µß œ ßˆ ‰cos x
#

 area:  dA cos x dx, mass:  dm  dA  cos x dx.  Theœ œ œ$ $

 moment of the strip about the x-axis is y dm cos x dxµ œ $ † †

cos x
#

  cos x dx  dx (1 cos 2x) dx; thus,œ œ œ �$ $ $

# # #
# �ˆ ‰1 cos 2x

4

 

 M y dm (1 cos 2x) dx x 0 ; M dm  cos x dxx 2 2

2 2

œ œ � œ � œ � � � œ œ œµ' '' '
� Î � Î

Î Î

1 1

1 1

$ $ $ 1 1 $11

14 4 4 4
sin 2x� ‘ � ‘ˆ ‰ ˆ ‰
# # #

Î#

� Î#
$

 [sin x] 2 .  Therefore, y   (x y)  is the center of mass.œ œ œ œ œ Ê ß œ !ß$ $
1

1

$1 1 1

$

Î#
� Î# #

M
M 4 8 8

x
†

ˆ ‰
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 8. Applying the symmetry argument analogous to the one used
 in Exercise 1, we find x 0.  The typical vertical strip hasœ

 center of mass:  ( x y ) x , length:  sec x, width:  dx,µ µß œ ßŠ ‹sec x#

#
#

 area:  dA sec x dx, mass:  dm  dA  sec x dx.  Theœ œ œ# #
$ $

 moment about the x-axis is y dm  sec x  dxµ œ Š ‹ a bsec x#

#
#

$

  sec x dx.  M  y dm  sec x dxœ œ œµ$ $

# #
% %

x 4 4

4 4' '
� Î � Î

Î Î

1 1

1 1

 

 tan x 1 sec x  dx  (tan x) sec x  dx sec x dx [tan x]œ � œ � œ �$ $ $ $ $
1

1

1

1# # # #
# # # # #

Î

� Î

Î%
� Î%

' ' '
� Î � Î � Î

Î Î Î

1 1 1

1 1 1

4 4 4

4 4 4a b a b a b ’ “2 3
(tan x)

4

4

$

 [1 ( 1)] ; M dm  sec x dx [tan x] [1 ( 1)] 2 .œ � � � � � œ � œ œ œ œ œ � � œ$ $ $ $ 1

12 3 3 3 3
4 4

4
� ‘ˆ ‰" "

#
# Î

� Î$ $ $ $ $' '
� Î

Î

1

1

4

4

 Therefore, y   (x y)  is the center of mass.œ œ œ Ê ß œ !ßM
M 3 2 3 3

4 2 2x ˆ ‰ ˆ ‰ ˆ ‰$

$

"

 9. Since the plate is symmetric about the line x 1 and itsœ

 density is constant, the distribution of mass is symmetric
 about this line and the center of mass lies on it.  This means
 that x 1.  The typical  strip has center of mass:œ @/<>3-+6

 ( x y ) x x ,µ µß œ ß œ ßŠ ‹ Š ‹a b a b2x x 2x 4x x 2x� � �
# #

�# # #

 length: 2x x 2x 4x 3x 6x 3 2x x ,a b a b a b� � � œ � � œ �# # # #

 width:  dx, area:  dA 3 2x x  dx, mass:  dm  dAœ � œa b# $

 3 2x x  dx.  The moment about the x-axis isœ �$ a b#
 y dm x 2x 2x x  dx x 2x  dxµ œ � � œ � �3 3

# #
# # # #

$ $a b a b a b

 

 x 4x 4x  dx.  Thus, M y dm x 4x 4x  dx x xœ � � � œ œ � � � œ � � �µ3 3 3 x 4
2 2 5 3#

% $ # % $ # % $
#

!
$ $ $a b a b ’ “x 0

2
' ' &

 2 2 2 1  2 ; M dmœ � � � œ � � � œ � œ � œ3 2 4 3 2 2 3 6 15 10 8
2 5 3 5 3 15 5$ $ $Š ‹ ˆ ‰ ˆ ‰& % $ % %

# #
� �

† † †

$ '

 3 2x x  dx 3 x 3 4 4 .  Therefore, yœ � œ � œ � œ œ œ � œ �'
0

2

$ $ $ $a b ’ “ ˆ ‰ ˆ ‰ ˆ ‰# #
#

!

"x 8 8 2
3 3 M 5 4 5

M$
x $

$

  (x y) 1  is the center of mass.Ê ß œ ß�ˆ ‰2
5

10. (a) Since the plate is symmetric about the line x y andœ

 its density is constant, the distribution of mass is
 symmetric about this line.  This means that x y.  Theœ

 typical  strip has center of mass:@/<>3-+6

 ( x y ) x , length:  9 x , width:  dx,µ µß œ ß �Š ‹ ÈÈ9 x�
#

##

 area:  dA 9 x  dx,œ �È #

 mass: dm  dA 9 x  dx.œ œ �$ $È #

 The moment about the x-axis is

 

  y dm 9 x  dx 9 x  dx.  Thus, M y dm 9 x  dx 9xµ µœ � œ � œ œ � œ �$ Š ‹ ’ “È a b a bÈ9 x x
3

�
# # # #

# # #
$

!

# $
$ $ $

x 0

3
' '

 (27 9) 9 ; M dm  dA  dA (Area of a quarter of a circle of radius 3) .œ � œ œ œ œ œ œ œ$ 1 1$

# $ $ $ $ $' ' ' ˆ ‰9 9
4 4

 Therefore, y (9 )   (x y)  is the center of mass.œ œ œ Ê ß œ ßM
M 9

4 4 4 4x $ ˆ ‰ ˆ ‰
1$ 1 1 1
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 (b) Applying the symmetry argument analogous to the one
 used in Exercise 1, we find that x 0.  The typicalœ

 vertical strip has the same parameters as in part (a).

 Thus, M y dm 9 x  dxx 3

3

œ œ �µ' '
�

$

#
#a b

 9 x  dx 2(9 ) 18 ;œ # � œ œ'
0

3
$

#
#a b $ $

 M dm  dA  dAœ œ œ' ' '$ $

 

 (Area of a semi-circle of radius 3) .  Therefore, y (18 ) , the same yœ œ œ œ œ œ$ $ $ˆ ‰ ˆ ‰9 9 2 4
2 2 M 9

M1 1$

1$ 1

x

 as in part (a)  (x y) 0  is the center of mass.Ê ß œ ßˆ ‰4
1

11. Since the plate is symmetric about the line x y and itsœ

 density is constant, the distribution of mass is symmetric
 about this line.  This means that x y.  The typical œ @/<>3-+6

 strip has

 center of mass:  ( x y ) x ,µ µß œ ßŠ ‹3 9 x� �
#

È #

 length:  3 9 x , width:  dx,� �È #

 area:  dA 3 9 x  dx,œ � �Š ‹È #

 mass:  dm  dA 3 9 x  dx.œ œ � �$ $ Š ‹È #

 The moment about the x-axis is
 

  y dm  dx 9 9 x  dx  dx.  Thus, M  dx x .  The areaµ œ œ � � œ œ œ œ$
Š ‹Š ‹È È3 9 x 3 9 x x x 9

6

� � � �

# # # # #
# $ $

!

# #
# #

$ $ $ $ $c d c da b x 0

3'
 equals the area of a square with side length 3 minus one quarter the area of a disk with radius 3  A 3Ê œ �# 19

4

 (4 )  M A (4 ).  Therefore, y   (x y)  is theœ � Ê œ œ � œ œ œ Ê ß œ ß9 9 9 4 2 2 2
4 4 M 9 (4 ) 4 4 4

M1 $ 1$ $

$ 1 1 1 1

x ˆ ‰ ˆ ‰’ “# � � � �

 center of mass.

12. Applying the symmetry argument analogous to the one used
 in Exercise 1, we find that y 0.  The typical  stripœ @/<>3-+6

 has center of mass:  ( x y ) x (x 0),µ µß œ ß œ ßŒ �" "

$ $x x
�

#

 length:  , width:  dx, area:  dA  dx," "
x x x x

2 2
$ $ $ $� � œ œˆ ‰

 mass:  dm  dA  dx.  The moment about the y-axis isœ œ$ 2
x
$
$

 x dm x  dx  dx.  Thus, M x dm  dxµ µœ œ œ œ†

2 2 2
x x x
$ $ $
$ # #y 1

a
' '

 

 2 2 1 ;  M dm  dx 1 .  Therefore,œ � œ � � œ œ œ œ � œ � � œ$ $ $ $� ‘ ˆ ‰ � ‘ ˆ ‰" " " "
" "

� �
x a a x x a a

2 (a 1) 2 a 1a a

1

a
$ $ $' '

$ # # #

#a b

  x   (x y) 0 .  Also,  lim   x 2.œ œ œ Ê ß œ ß œ
M
M a a 1 a 1 a 1

2 (a 1) a 2a 2ay ’ “ ’ “ ˆ ‰$

$

�
� � �

#

#a b a Ä _

13. M y dm  dxx 1

2

œ œ †µ' ' Š ‹2
x#

## $ † ˆ ‰2
x

 x  dx  dx 2 x  dxœ œ œ' ' '
1 1 1

2 2 2ˆ ‰ ˆ ‰a b" # �#
x x x

2 2
# # #

 2 x 2 ( 1) 2 1;œ � œ � � � œ œc d � ‘ ˆ ‰ˆ ‰�" #
"

" "
# #

 M x dm x  dxy 1

2

œ œµ' '
† †$ ˆ ‰2

x#

 x x  dx 2 x dx 2œ œ œ' '
1 1

2 2a b ˆ ‰ ’ “#
#

#

"

2 x
x#

#

 

 2 2 4 1 3;  M dm  dx x  dx 2 dx 2[x] 2(2 1) 2.  Soœ � œ � œ œ œ œ œ œ œ � œˆ ‰ ˆ ‰ ˆ ‰"
#

# #
"

' ' ' '
1 1 1

2 2 2

$ 2 2
x x# #

  x  and y   (x y)  is the center of mass.œ œ œ œ Ê ß œ ß
M
M M

3 3My x
# # # #

" "ˆ ‰
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14. We use the  strip approach:@/<>3-+6

 M y dm x x  dxx 0

1

œ œ �µ' ' a bx x�
#

#
# a b † $

  x x 12x dxœ �"
#

# %'
0

1a b †
 6 x x  dx 6œ � œ �'

0

1a b ’ “$ &
"

!

x x
4 6

% '

 6 1 ;œ � œ � œˆ ‰" " "
#4 6 4

6

 

 M x dm x x x  dx x x 12x dx 12 x x  dx 12 12y 0 0 0

1 1 1

œ œ � œ � œ � œ � œ �µ' ' ' 'a b a b a b ’ “ ˆ ‰# # $ $ %
"

!

" "
† †$ x x

4 5 4 5

% &

 ; M dm x x  dx 12 x x  dx 12 12 1.  Soœ œ œ œ � œ � œ � œ � œ œ12 3 x x 12
0 5 3 4 3 4 12#

# # $
"

!

" "' ' '
0 0

1 1a b a b ’ “ ˆ ‰
† $

$ %

 x  and y    is the center of mass.œ œ œ œ Ê ß
M
M 5 M 5

3 3My x " "
# #

ˆ ‰

15. (a) We use the shell method: V 2  dx 2 x  dx 16  dxœ œ � � œ' ' '
a 1 1

b 4 4

1 1 1ˆ ‰ Š ‹ ’ “Š ‹shell shell
radius height

4 4 x
x x xÈ È È

 16 x  dx 16 x 16 8 (8 1)œ œ œ � œ � œ1 1 1'
1

4
"Î# $Î# %

"
� ‘ ˆ ‰2 2 2 32 224

3 3 3 3 3†

1 1

 (b) Since the plate is symmetric about the x-axis and its density (x)  is a function of x alone, the distribution of its$ œ "
x

 mass is symmetric about the x-axis.  This means that y 0.  We use the vertical strip approach to find x:œ

 M x dm x  dx x  dx 8 x  dx 8 2x 8(2 2 2) 16;y 1 1 1

4 4 4

œ œ � � œ œ œ œ � œµ' ' ' '
† † † † †’ “Š ‹ � ‘4 4 8

x x x xÈ È È$ " �"Î# "Î# %

"

 M dm  dx 8  dx 8 x  dx 8 2x 8[ 1 ( 2)] 8.œ œ � œ œ œ � œ � � � œ' ' ' '
1 1 1

4 4 4’ “ Š ‹Š ‹ ˆ ‰ � ‘4 4
x x x xÈ È È

� " " �$Î# �"Î# %

"
† $

 So x 2  (x y) (2 0) is the center of mass.œ œ œ Ê ß œ ß
M
M 8

16y

 (c) 

16. (a) We use the disk method:  V R (x) dx  dx 4 x  dx 4 4 ( 1)œ œ œ œ � œ � �' ' '
a 1 1

b 4 4

1 1 1 1 1# �# " �"%

"
ˆ ‰ � ‘ � ‘4

x x 4#

 [ 1 4] 3œ � � œ1 1

 (b) We model the distribution of mass with vertical strips:  M y dm  dx x dxx 1 1

4 4

œ œ œµ' ' 'ˆ ‰2
x
2 x x

2 2
† † †

ˆ ‰ È$ #

 2 x  dx 2 2[ 1 ( 2)] 2; M x dm x  dx 2 x  dx 2œ œ œ � � � œ œ œ œ œ œµ' ' '
1 1 1

4 4 4

y
�$Î# "Î#�

% %

" "
’ “ ’ “2 2 2x

x x 3È '
† † $

$Î#

 2 ; M dm  dx 2  dx 2 x  dx 2 2x 2(4 2) 4.  So� ‘ � ‘16 2 28 2
3 3 3 x x

x
� œ œ œ œ œ œ œ � œ' ' ' '

1 1 1

4 4 4

† $
È �"Î# "Î# %

"

  x  and y   (x y)  is the center of mass.œ œ œ œ œ œ Ê ß œ ß
M
M 4 3 M 4 3

7 2 7My
28
3 x

ˆ ‰ " "
# #

ˆ ‰
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 (c) 

17. The mass of a horizontal strip is dm  dA L dy, where L is the width of the triangle at a distance of y aboveœ œ$ $

 its base on the x-axis as shown in the figure in the text.  Also, by similar triangles we have L
b h

h y
œ

�

  L (h y).  Thus, M y dm y (h y) dy hy y  dyÊ œ � œ œ � œ � œ �µb b b b
h h h h 3

hy y
x 0 0

h h h
' ' '$ ˆ ‰ a b ’ “$ $#

# !

# $

 bh ; M dm (h y) dy h y  dy hyœ � œ � œ œ œ � œ � œ �$ $ $ $b h h bh b b b
h 3 3 6 h h h 2

yŠ ‹ ’ “ˆ ‰ ˆ ‰ a b$ $ # #

# #
# " "

!
$ $' ' '

0 0

h h h

 h .  So y   the center of mass lies above the base of theœ � œ œ œ œ Ê$ $ $

$

b h bh bh 2 h
h 2 2 M 6 bh 3

MŠ ‹ Š ‹ ˆ ‰# # #
x

 triangle one-third of the way toward the opposite vertex.  Similarly the other two sides of the triangle can be
 placed on the x-axis and the same results will occur.  Therefore the centroid does lie at the intersection of the
 medians, as claimed.

18. From the symmetry about the y-axis it follows that x 0.œ

 It also follows that the line through the points ( ) and!ß !

 ( ) is a median  y (3 0) 1  (x y) ( ).!ß $ Ê œ � œ Ê ß œ !ß ""
3

 

19. From the symmetry about the line x y it follows thatœ

 x y.  It also follows that the line through the points ( )œ !ß !

 and  is a median  y x 0ˆ ‰ ˆ ‰" " " "
# # #ß Ê œ œ � œ2

3 3†

  (x y) .Ê ß œ ßˆ ‰" "
3 3  

20. From the symmetry about the line x y it follows thatœ

 x y.  It also follows that the line through the point ( )œ !ß !

 and  is a median  y x 0 aˆ ‰ ˆ ‰a a 2 a
3 3# # #

"ß Ê œ œ � œ

  (x y) .Ê ß œ ßˆ ‰a a
3 3  

21. The point of intersection of the median from the vertex (0 b)ß

 to the opposite side has coordinates ˆ ‰!ß a
#

  y (b 0)  and xÊ œ � œ œ � ! œ† †

"
#3 3 3 3

b a 2 aˆ ‰
  (x y) .Ê ß œ ßˆ ‰a b

3 3
 

22. From the symmetry about the line x  it follows thatœ a
#

 x .  It also follows that the line through the pointsœ a
#

  and b  is a median  y (b 0)ˆ ‰ ˆ ‰a a b
3 3# #
"ß ! ß Ê œ � œ

  (x y) .Ê ß œ ßˆ ‰a b
3#
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23. y x   dy x  dxœ Ê œ"Î# �"Î#"
#

  ds (dx) (dy) 1  dx ;Ê œ � œ �È É# # "
4x

 M x 1  dxx 0

2

œ �$' È É "
4x

 x  dx xœ � œ �$'
0

2É ’ “ˆ ‰" " $Î# #

!4 3 4
2$

 2œ � �2
3 4 4
$ ’ “ˆ ‰ ˆ ‰" "$Î# $Î#

 

 œ � œ � œ2 9 2 27 13
3 4 4 3 8 8 6
$ $ $’ “ˆ ‰ ˆ ‰ ˆ ‰$Î# " "$Î#

24. y x   dy 3x  dxœ Ê œ$ #

  dx (dx) 3x  dx 1 9x  dx;Ê œ � œ �É a b È# # %#

 M x 1 9x  dx;x 0

1

œ �$' $ %È
 [u 1 9x   du 36x  dx   du x  dx;œ � Ê œ Ê œ% $ $"

36

 x 0  u 1, x 1  u 10]œ Ê œ œ Ê œ

  M u  du u 10 1Ä œ œ œ �x 1

10

$' " "Î# $Î# $Î#"!

"36 36 3 54
2$ $� ‘ ˆ ‰

 

25. From Example 4 we have M a(a sin )(k sin ) d a k sin  d (1 cos 2 ) dx 0 0 0
œ œ œ � œ �' ' '1 1 1

) ) ) ) ) ) ) )# #
# # # !

a k a k sin 2# # � ‘) 1

 ; M a(a cos )(k sin ) d a k sin  cos  d sin 0; M ak sin  d ak[ cos ]œ œ œ œ œ œ œ �a k a k# #
1 1

# #
# #

!y 0 0 0
' ' '1 1 1

1) ) ) ) ) ) ) ) ) )c d
!

 2ak.  Therefore, x 0 and y    is the center of mass.œ œ œ œ œ œ Ê !ß
M
M M 2 2ak 4 4

M a k a ay x Š ‹ ˆ ‰ ˆ ‰#
1 1 1"

26. M y dm (a sin ) a dx 0
œ œµ' ' 1

) $ )† †

 a  sin 1 k cos  dœ �'
0

1a b a bk k# ) ) )

 a (sin )(1 k cos ) dœ �#'
0

21Î

) ) )

      a (sin )(1 k cos ) d� �#'
1

1

Î2
) ) )

 

 a sin  d a k sin  cos  d  a sin  d a k sin  cos  dœ � � �# # # #' ' ' '
0 0 2 2

2 21 1 1 1

1 1

Î Î

Î Î
) ) ) ) ) ) ) ) ) )

 a [ cos ]  a k a [ cos ] a kœ � � � � �# # # #Î#
! # #

Î#

! Î#
Î#) )

1 ) )
1 1

1

1
1

’ “ ’ “sin sin# #

 a [0 ( 1)] a k 0 a [ ( 1) 0] a k 0 a a 2a a k a (2 k);œ � � � � � � � � � � œ � � � œ � œ �# # # # # # # # #" "
# # # #

ˆ ‰ ˆ ‰ a k a k# #

 M x dm (a cos ) a d a  cos 1 k cos  dy 0 0
œ œ œ �µ' ' '1 1

) $ ) ) ) )† † a b a bk k#

 a (cos )(1 k cos ) d a (cos )(1 k cos ) dœ � � �# #' '
0 2

21 1

1

Î

Î
) ) ) ) ) )

 a  cos  d a k   d a cos  d a k  dœ � � �# # # #� �
# #

' ' '
0 2 2

2 2

0

1 1 1
1

1 1

Î Î

Î Î
) ) ) ) ) )' ˆ ‰ ˆ ‰1 cos 2 1 cos 2) )

 a [sin ] a [sin ]œ � � � � �# #Î#
! # # # #

Î#

! Î#Î#) ) ) )
1 ) )1 1

1

1 1

a k sin 2 a k sin 2# #� ‘ � ‘
 a (1 0) 0 ( 0) a (0 1) ( 0) 0 a a 0;œ � � � � ! � � � � � � � œ � � � œ# # # #

# # # #
a k a k a k a k

4 4

# # # #� ‘ � ‘ˆ ‰ ˆ ‰1 1 1 11

 M a d a (1 k cos ) d a (1 k cos ) d a (1 k cos ) dœ œ � œ � � �' ' ' '
0 0 0 2

21 1 1 1

1

$ ) ) ) ) ) ) )† k k Î

Î

 a[ k sin ] a[ k sin ] a k 0 a ( 0) kœ � � � œ � � � � � �) ) ) ) 1
1 1

1

1 1Î#
! Î# # #

� ‘ � ‘ˆ ‰ ˆ ‰
 ak a k a 2ak a( 2k).  So x 0 and yœ � � � œ � œ � œ œ œ œ œa M

M M a( k) k
M a (2 k) a(2 k)1 1

1 1# # �# �#
� �ˆ ‰ 1 1 y x

#

 0  is the center of mass.Ê ßˆ ‰2a ka
k

�
�#1
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27. f x x 6, g x x , f x g x x 6 xa b a b a b a bœ � œ œ Ê � œ2 2

 x x 6 0 x 3, x 2; 1Ê � � œ Ê œ œ � œ2 $

 M x 6 x dx x 6x xœ � � œ � �'
�2

3
2 2 31

3
3

2c da b � ‘"
# �

 18 9 2 12œ � � � � � œˆ ‰ ˆ ‰9 8 125
2 3 6

  x x x 6 x dx x 6x x dxœ � � œ � �1 6
125 6 125

3 3
2 2 3

Î
' '
� �2 2

c d c da b
 x 3x xœ � �6 1 1

125 3 4
3 2 4 3

2
� ‘

�

 

 9 27 12 4 ;  y x 6 x dx x 12x 36 x dxœ � � � � � � œ œ � � œ � � �6 81 6 8 1 1 1 3
125 4 125 3 2 125 6 2 125

3 32 2 2 42ˆ ‰ ˆ ‰ ’ “a b a b c dÎ
' '
� �2 2

 x 6x 36x x 9 54 108 24 72 4œ � � � œ � � � � � � � � œ3 1 1 3 243 3 8 32
125 3 5 125 5 125 3 5

3 2 5 3

2
� ‘ ˆ ‰ ˆ ‰

�

 , 4  is the center of mass.Ê ˆ ‰1
2

28. f x 2, g x x x 1 , f x g x 2 x x 1a b a b a b a b a b a bœ œ � œ Ê œ �2 2

 x x 2 0 x 1; 1Ê � � œ Ê œ œ3 2 $

 M 2 x x 1  dx 2 x x  dxœ � � œ � �' '
0 0

1 1
2 3 2c d c da b

 2x x x 2 0œ � � œ � � � œ� ‘ ˆ ‰" "
4 3 4 3 12

4 31 1 171

0

  x x 2 x x 1 dx 2x x x dxœ � � œ � �1 12
17 12 17

1 1
2 4 3

Î
' '

0 0
c d c da b

 x x xœ � �12 1 1
17 5 4

2 5 4 1

0
� ‘

 

 1 0 ; y 2 x x 1 dx 4 x 2x x dxœ � � � œ œ � � œ � � �12 1 1 33 1 1 6
17 5 4 85 17 12 2 17

1 1
2 2 6 5 42ˆ ‰ ’ “a b c da bÎ

' '
0 0

 4x x x x 4 0 ,  is the center of mass.œ � � � œ � � � � œ Ê6 1 1 1 6 1 1 1 698 33 698
17 7 3 5 17 7 3 5 595 85 595

7 6 5 1

0
� ‘ ˆ ‰ ˆ ‰

29. f x x , g x x x 1 , f x g x x x x 1a b a b a b a b a b a bœ œ � œ Ê œ �2 2 2 2

 x 2x 0 x 0, x 2; 1Ê � œ Ê œ œ œ3 2 $

 M x x x 1 dx 2x x dxœ � � œ �' '
0 0

2 2
2 2 2 3c d c da b

 x x 4 0œ � œ � � œ� ‘ ˆ ‰2 16 4
3 4 3 3

3 4 2

0
"

  x x x x x 1 dx 2x x dxœ � � œ �1 3
4 3 4

2 2
2 2 3 4

Î
' '

0 0
c d c da b

 x x 8 0 ;œ � œ � � œ3 1 3 32 6
4 2 5 4 5 5

4 5 2

0
� ‘ ˆ ‰"

 

  y x x x 1 dx 2x x dx x x 0œ � � œ � œ � œ � � œ1 1 3 3 1 3 64 28 8
4 3 2 8 8 3 7 8 3 7 7

2 2
2 2 5 6 6 72 2 2

0Î
" "' '

0 0
’ “a b a b c da b � ‘ ˆ ‰

 ,  is the center of mass.Ê ˆ ‰6 8
5 7

30. f x 2 sin x, g x 0, x 0, x 2 ; 1;a b a bœ � œ œ œ œ1 $

 M 2 sin x dx 2x cos xœ � œ �'
0

2 2
0

1
1c d c d

 4 1 0 1 4œ � � � œa b a b1 1

  x x 2 sin x 0 dx 2x x sin x dxœ � � œ �1 1
4 4

2 2

1 1

1 1' '
0 0

c d c d
 2x dx x sin xdxœ �1 1

4 4

2 2

1 1

1 1' '
0 0

 x sin x x cos xœ � �1 1
4 4

2 2
0 0

2
1 1

1 1c d c d

 

 4 0 0 2 0 ; y 2 sin x 0 dx 4 4 sin x sin x dxœ � � � � œ œ � � œ � �1 1 2 1 1 1 1
4 4 2 4 2 8

2 2
2 22 2

1 1 1 1

1
1 1a b a b a b a b c d’ “1 1 � ' '

0 0

 4 4 sin x dx sin x dx 4 4 sin x dx dxœ � � œ � �1 1 1 1 1 cos 2x
8 8 8 8 2

2 2 2 2
2

1 1 1 1

1 1 1 1' ' ' '
0 0 0 0

c d c d c d � ‘�

 4x 4cos x dx cos 2x dx [u 2x du 2dx, x 0 u 0, x 2 u 4 ]œ � � � � œ Ê œ œ Ê œ œ Ê œ1 1 1
8 16 16

2
0

2 2

1 1 1

1
1 1c d ' '

0 0
1 1
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 4x 4cos x x cos u du 4x 4cos x x sin uÄ � � � œ � � �1 1 1 1 1 1
8 16 32 8 16 32

2 2 2 2 4
0 0 0 0 0

4

1 1 1 1 1 1

1 1 1 1 1
1c d c d c d c d c d'

0

 8 4 0 4 2 0 0 ,  is the center of mass.œ � � � � � � œ Ê1 1 1 9 2 1 9
8 8 16 8 2 81 1 1

1a b a b a b ˆ ‰1 1 �

31. Consider the curve as an infinite number of line segments joined together.  From the derivation of arc length we have that

 the length of a particular segment is ds dx dy .  This implies that M y ds, M x ds andœ � œ œÉa b a b# #
x y

' '$ $

 M  ds.  If  is constant, then x  and y .œ œ œ œ œ œ œ' $ $
M
M length M length

x ds x ds y ds y ds

ds ds
My x

' ' ' '
' '

32. Applying the symmetry argument analogous to the one used in Exercise 1, we find that x 0.  The typical vertical stripœ

 has center of mass:  ( x y ) x , length:  a , width:  dx, area:  dA a  dx, mass:  dm  dAµ µß œ ß � œ � œŒ � Š ‹a

2 4p 4p
x x� x

4p

#

# #

$

 a  dx. Thus, M y dm a a  dx a  dxœ � œ œ � � œ �µ$ $Š ‹ Š ‹Š ‹ Š ‹x x x x
4p 4p 4p 16p

# # # %

#x 2 pa 2 pa

2 pa 2 pa
' ' '

� �
È È

È È
"
# #

#$

 a x 2 a x 2a pa 2a pa 1 2a paœ � œ � œ � œ � œ$ $

# #
# # # # #

#
�"’ “ ’ “ Š ‹È È Èˆ ‰ ˆ ‰x x 16 80 6

80p 80p 80p 80 80
2 p a pa& &

# # #

& # #È Èpa 2 pa

2 pa 0�
È

È

† $ $ $

 2a pa ; M dm a  dx ax 2 axœ œ œ œ � œ � œ �#$ $ $ $È ˆ ‰ Š ‹ ’ “ ’ “64 x x x
80 5 4p 12p 12p

8a pa#
# $ $$È ' '

�

� !
2 pa

2 pa 2 pa

2 pa

2 pa

È

È È

È

È

†

 2 2a pa 4a pa 1 4a pa .  So yœ � œ � œ œ œ œ$ $ $Š ‹ Š ‹Š ‹È È Èˆ ‰ ˆ ‰2 pa pa 8a pa 8a pa
12p 12 1 3 M 5

4 12 4 3M
8a pa

$ #È È È
È

�
#

$ $

$

x

 a, as claimed.œ 3
5

33. The centroid of the square is located at ( ).  The volume is V (2 ) y (A) (2 )(2)(8) 32  and the surface area is#ß # œ œ œ1 1 1a b
 S (2 ) y (L) (2 )(2) 4 8 32 2  (where 8 is the length of a side).œ œ œ1 1 1a b Š ‹È ÈÈ

34. The midpoint of the hypotenuse of the triangle is 3ˆ ‰3
# ß

  y 2x is an equation of the median  the lineÊ œ Ê

 y 2x contains the centroid.  The point  isœ ß $ˆ ‰3
#

   units from the origin  the x-coordinate of the3 5È
# Ê

 centroid solves the equation x (2x 3)Éˆ ‰� � �3
#

# #

   x 3x 4x 12x 9œ Ê � � � � � œ
È5 9 5

4 4#
# #ˆ ‰ a b

  5x 15x 9 1Ê � � œ �#  

  x 3x 2 (x 2)(x 1) 0  x 1 since the centroid must lie inside the triangle  y 2. By theÊ � � œ � � œ Ê œ Ê œ#

 Theorem of Pappus, the volume is V (distance traveled by the centroid)(area of the region) 2 5 x (3)(6)œ œ �1 a b � ‘"
#

 (2 )(4)(9) 72œ œ1 1

35. The centroid is located at ( )  V (2 ) x (A) (2 )(2)( ) 4#ß ! Ê œ œ œ1 1 1 1a b #

36. We create the cone by revolving the triangle with vertices
 (0 0), (h r) and (h 0) about the x-axis (see the accompanyingß ß ß

 figure).  Thus, the cone has height h and base radius r.  By
 Theorem of Pappus, the lateral surface area swept out by the

 hypotenuse L is given by S 2 yL 2 h rœ œ �1 1 ˆ ‰Èr
#

# #

 r r h .  To calculate the volume we need the positionœ �1 È # #

 of the centroid of the triangle.  From the diagram we see that 

 the centroid lies on the line y x.  The x-coordinate of the centroid solves the equation (x h) xœ � � �r r r
2h 2h

É ˆ ‰#
#

#
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 h   x x 0  x  or   x , since the centroid must lieœ � Ê � � � œ Ê œ Ê œ" � �# # �
3 4 4h 2h 4 9 3 3 3

r 4h r 4h r r 2h 4h 2h2 r 4hÉ Š ‹ Š ‹# # # # # #

#

# #a b

 inside the triangle  y x .  By the Theorem of Pappus, V 2  hr r h.Ê œ œ œ œr r r
2h 3 3 3

� ‘ ˆ ‰ˆ ‰1 1" "
#

#

37. S 2 y L  4 a 2 y ( a)  y , and by symmetry x 0œ Ê œ Ê œ œ1 1 1 1# a b 2a
1

38. S 2 L  2 a ( a) 2 a ( 2)œ Ê � œ �13 1 1 1 1� ‘ˆ ‰2a
1

#

39. V 2 yA  ab 2 y   y  and by symmetry x 0œ Ê œ Ê œ œ1 1 14 ab 4b
3 3

#
#a b ˆ ‰1

1

40. V 2 A  V 2 aœ Ê œ � œ13 1� ‘ˆ ‰ Š ‹4a a
3 3

a (3 4)
1

1 1 1# $

#
�

41. V 2 A (2 )(area of the region) (distance from the centroid to the line y x a).  We must find the distance fromœ œ œ �13 1 †

 0  to y x a.  The line containing the centroid and perpendicular to y x a has slope 1 and contains the pointˆ ‰ß œ � œ � �4a
31

 .  This line is y x .  The intersection of y x a and y x  is the point .  Thus,ˆ ‰ ˆ ‰!ß œ � � œ � œ � � ß4a 4a 4a 4a 3a 4a 3a
3 3 3 6 61 1 1 1 1

1 1� �

 the distance from the centroid to the line y x a is œ � � � � œÉˆ ‰ ˆ ‰4a 3a 4a 4a 3a
6 3 6 6 6

2 (4a 3a )� # # �1 1

1 1 1 1 1

1È

 V (2 )Ê œ œ1 Š ‹Š ‹È È2 (4a 3a ) 2 a (4 3 )
6 6

a� �
#

1 1 1

1

1
# $

42. The line perpendicular to y x a and passing through the centroid  has equation y x .  The intersectionœ � !ß œ � �ˆ ‰2a 2a
1 1

 of the two perpendicular lines occurs when x a x   x   y .  Thus the distance from the� œ � � Ê œ Ê œ2a 2a a 2a a
2 21 1 1

1 1� �

 centroid to the line y x a is 0 . Therefore, by the Theorem of Pappus theœ � � � � œÉˆ ‰ ˆ ‰2a a 2a a 2a
2 2

a(2 )
2

� �# #

#
�1 1 1

1È

 surface area is S 2 ( a) 2 a (2 ).œ œ �1 1 1 1’ “ Èa(2 )
2
� #1

1È

43. If we revolve the region about the y-axis: r a, h b A ab, V   a b and x. By the Theorem of Pappus:œ œ Ê œ œ ß œ1 1
2 3

21 3

  a b 2 x ab x ; If we revolve the region about the x-axis: r b, h a A ab, V   b a and1 1 a 1 1
3 2 3 2 3

2 21 1 1œ Ê œ œ œ Ê œ œ ßˆ ‰
 y. By the Theorem of Pappus: b a 2 y ab y ,  is the center of mass.3 1 1œ œ Ê œ Ê1 1 b a b

3 2 3 3 3
2 ˆ ‰ ˆ ‰

44. Let O 0, 0 , P a, c , and Q a, b  be the vertices of the given triangle. If we revolve the region about the x-axis: Let R bea b a b a b
 the point R a, 0 . The volume is given by the volume of the outer cone, radius RP c, minus the volume of the innera b œ œ

 cone, radius RQ b, thus V c a b a a c b , the area is given by the area of triangle OPR minusœ œ œ � œ �1 1 1
3 3 3

2 2 2 21 1 1 a b
 area of triangle OQR, A ac ab a c b , and y. By the Theorem of Pappus: a c bœ � œ � œ �" " "

# # # a b a b3 11
3

2 2

 2 y a c b y ; If we revolve the region about the y-axis: Let S and T be the points S 0, c  and T 0, b ,œ � Ê œ1 ’ “a b a b a b" �
#

c b
3

 respectively. Then the volume is the volume of the cylinder with radius OR a and height RP c, minus the sum of theœ œ

 volumes of the cone with radius SP a and height OS c and the portion of the cylinder with height OT b andœ œ œ œ œ œ

 radius TQ a with a cone of height OT b and radius TQ a removed. Thusœ œ œ œ œ œ

 V a c a c a a b a c a b a a b . The area of the triangle is the same asœ � � , � œ � œ �1 1 1 1 1 1 12 2 2 2 2 2 21 1 2 2 2
3 3 3 3 3’ “ˆ ‰ a b

 before,  A ac ab a c b , and x. By the Theorem of Pappus: a a b 2 x a c bœ � œ � œ � œ �" " " "
# # # #a b a b a b’ “3 1 12

3
2

 x ,  is the center of mass.Ê œ Ê
2a a b 2a a b
3 c b 3 c b 2

c ba b a b
a b a b

� �
� �

�Š ‹
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CHAPTER 6 PRACTICE EXERCISES

 1. A(x) (diameter) x xœ œ �1 1

4 4
# # #ˆ ‰È

 x 2 x x x ; a 0, b 1œ � � œ œ1

4
ˆ ‰È

†

# %

  V A(x) dx x 2x x  dxÊ œ œ � �' '
a 0

b 1
1

4
ˆ ‰&Î# %

 xœ � � œ � �1 1

4 7 5 4 7 5
x 4 x 4’ “ ˆ ‰# &

# #
(Î#

"

!

" "

 (35 40 14)œ � � œ1 1

4 70 280
9

†

 

 2. A(x) (side) sin 2 x xœ œ �"
#

# #ˆ ‰ ˆ ‰È1

3 4
3È

 4x 4x x x ; a 0, b 4œ � � œ œ
È3

4
ˆ ‰È #

  V A(x) dx 4x 4x x  dxÊ œ œ � �' '
a 0

b 4È3
4

ˆ ‰$Î# #

 2x x 32œ � � œ � �
È È3 3

4 5 3 4 5 3
8 x 8 32 64’ “ ˆ ‰# &Î#

%

!

$
†

 1 (15 24 10)œ � � œ � � œ
32 3 8 3 8 3

4 5 3 15 15
8 2È È Èˆ ‰

 

 3. A(x) (diameter) (2 sin x 2 cos x)œ œ �1 1

4 4
# #

 4 sin x 2 sin x cos x cos xœ � �1

4 † a b# #

 (1 sin 2x); a , bœ � œ œ1 1 1

4 4
5

  V A(x) dx  (1 sin 2x) dxÊ œ œ �' '
a 4

b 5 4

1
1

1

Î

Î

 xœ �1 � ‘cos 2x
#

& Î%

Î%

1

1

 œ � � � œ1 1’ “Š ‹ Š ‹5
4 4

cos cos 1 1
51 1

# #

# #
#

 

 4. A(x) (edge) 6 x 0 6 x 36 24 6 x 36x 4 6 x x ;œ œ � � œ � œ � � � �# $Î# #
# %#

Œ �Š ‹ Š ‹È È È ÈÈ È È
 a 0, b 6  V A(x) dx 36 24 6 x 36x 4 6 x x  dxœ œ Ê œ œ � � � �' '

a 0

b 6Š ‹È ÈÈ $Î# #

 36x 24 6 x 18x 4 6 x 216 16 6 6 6 18 6 6 6 6œ � � � � œ � � � �’ “È È È È È È
† † † † † †

2 2 x 8 6
3 5 3 5 3

$Î# # &Î# # #
'

!

$ $

 216 576 648 72 360œ � � � � œ � œ œ1728 1728 1800 1728 72
5 5 5 5

�

 5. A(x) (diameter) 2 x 4x x ; a 0, b 4  V A(x) dxœ œ � œ � � œ œ Ê œ1 1 1

4 4 4 4 16
x x# &Î#

#Š ‹ Š ‹È # % '
a

b

 4x x  dx 2x x 32 32 32œ � � œ � � œ � �1 1 1

4 16 4 7 5 16 4 7 5
x 2 x 8 2'

0

4Š ‹ ’ “ ˆ ‰&Î# # (Î#
%

!

% &

†

† †

 1 (35 40 14)œ � � œ � � œ32 8 2 8 72
4 7 5 35 35
1 1 1ˆ ‰

 6. A(x) (edge)  sin 2 x 2 xœ œ � �"
#

# #ˆ ‰ � ‘È Èˆ ‰1

3 4
3È

 4 x 4 3 x; a 0, b 1œ œ œ œ
È3

4
ˆ ‰È È#

  V A(x) dx 4 3 x dx 2 3 xÊ œ œ œ' '
a 0

b 1 È È’ “# "

!

 2 3œ È
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 7. (a)  :.3=5 7/>29.

 V R (x) dx 3x  dx  9x  dxœ œ œ' ' '
a 1 1

b 1 1

1 1 1# % )#

� �

a b
 x 2œ œ1 1c d* "

�"

 
 (b)  :=2/66 7/>29.

 V 2  dx 2 x 3x  dx 2 3 x  dx 2 3œ œ œ œ œ' ' '
a 0 0

b 1 1

1 1 1 1 1ˆ ‰ Š ‹ ’ “a bshell shell
radius height 6

x% &
"

!
† †

'

 Note:  The lower limit of integration is 0 rather than 1.�

 (c)  :=2/66 7/>29.

 V 2  dx 2 (1 x) 3x  dx 2 2œ œ � œ � œ � � � � œ' '
a 1

b 1

1 1 1 1ˆ ‰ � ‘Š ‹ ’ “a b ˆ ‰ ˆ ‰shell shell
radius height 5 2 5 5 5

3x x 3 3 12
�

%
"

�"

" "
# #

& '
1

 (d)  :A+=2/< 7/>29.

 R(x) 3, r(x) 3 3x 3 1 x   V R (x) r (x)  dx 9 9 1 x  dxœ œ � œ � Ê œ � œ � �% % # # % #a b c d a b’ “' '
a 1

b 1

1 1
�

 9  1 1 2x x  dx 9  2x x  dx 9 18œ � � � œ � œ � œ � œ œ1 1 1 1' '
� �1 1

1 1c d a ba b ’ “ � ‘% ) % )
"

�"

"2x x 2 2 13 26
5 9 5 9 5 5

& *
1 1†

 8. (a)  :A+=2/< 7/>29.

 R(x) , r(x)  V R (x) r (x)  dx  dx xœ œ Ê œ � œ � œ � �4 4 16 x
x x 5 4$ $

" "
# #

# # �&# ##

"
' '

a 1

b 2

1 1 1c d ’ “ˆ ‰ ˆ ‰ � ‘
 ( 2 10 64 5)œ � � � � œ � � � � œ � � � � œ1 1� ‘ ˆ ‰ˆ ‰ ˆ ‰� " " " " "

# # #
16 16 16 57

5 32 5 4 10 5 4 20 0†

1 1

 (b)  :=2/66 7/>29.

 V 2 x  dx 2 4x 2 1 4 2œ � œ � � œ � � � � � œ œ1 1 1 1'
1

2 ˆ ‰ � ‘ ˆ ‰’ “ ˆ ‰ ˆ ‰4 x 4 5 5
x 4 4 4$

#" "
# # #

�"
#

"

1

 (c)  :=2/66 7/>29.

 V 2  dx 2 (2 x)  dx 2 1  dxœ œ � � œ � � �1 1 1' ' '
a 1 1

b 2 2ˆ ‰ ˆ ‰ ˆ ‰Š ‹shell shell
radius height x x x

4 8 4 x
$ $ #

"
# #

 2 x 2 ( 1 2 2 1) 4 4 1œ � � � � œ � � � � � � � � � œ1 1’ “ � ‘ˆ ‰4 4 x 3
x x 4 4#

#
#

"

"
#
1

 (d)  :A+=2/< 7/>29.

 V R (x) r (x)  dxœ �'
a

b

1c d# #

  4  dxœ � �1 '
1

2’ “ˆ ‰ ˆ ‰7 4
x#

# #
$

 16 1 2x x  dxœ � � �49
4
1 1'

1

2a b�$ �'

 16 x xœ � � �49 x
4 5
1 1 ’ “�#

#

"

�&

 16 2 1 1œ � � � � � �49
4 4 5 3 5
1 1 � ‘ˆ ‰ ˆ ‰" " "

#†

 16œ � � �49
4 4 160 5
1 1 ˆ ‰" " "

 (40 1 32)œ � � � œ � œ49 16 49 71 103
4 160 4 10 20
1 1 1 1 1

 

9. (a)  :.3=5 7/>29.

 V  x 1  dx (x 1) dx xœ � œ � œ �1 1 1' '
1 1

5 5Š ‹ ’ “È # &

# "

x#

 5 1 4 8œ � � � œ � œ1 1 1� ‘ ˆ ‰ˆ ‰ ˆ ‰25 24
# # #

"

  (b)  :A+=2/< 7/>29.

 R(y) 5, r(y) y 1  V R (y) r (y)  dy  25 y 1  dyœ œ � Ê œ � œ � �# # # # #' '
c 2

d 2

1 1c d a b’ “
�

 25 y 2y 1  dy  24 y 2y  dy 24y y 2 24 2 8œ � � � œ � � œ � � œ � �1 1 1 1' '
� �2 2

2 2a b a b ’ “ ˆ ‰% # % # $
#

�#

y
5 3 5 3

2 32 2&

† †

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



378 Chapter 6 Applications of Definite Integrals

 32 3 (45 6 5)œ � � œ � � œ1 ˆ ‰2 32 1088
5 3 15 15

" 1 1

 (c)  :.3=5 7/>29.

 R(y) 5 y 1 4 yœ � � œ �a b# #

  V R (y) dy 4 y  dyÊ œ œ �' '
c 2

d 2

1 1# # #

�

a b
  16 8y y  dyœ � �1 '

�2

2 a b# %

 16y 2 32œ � � œ � �1 1’ “ ˆ ‰8y y
3 5 3 5

64 32$ &
#

�#

 64 1 (15 10 3)œ � � œ � � œ1 ˆ ‰2 64 512
3 5 15 15

" 1 1

 

10. (a)  :=2/66 7/>29.

 V 2  dy 2 y y  dyœ œ �' '
c 0

d 4

1 1ˆ ‰ Š ‹ Š ‹shell shell
radius height 4

y#

 2 y  dy 2 2œ � œ � œ �1 1 1'
0

4Š ‹ ’ “ ˆ ‰#
%

!

y y y
4 3 16 3 4

64 64$ $ %

 64œ œ2 32
1 3
1 1

# †

 
 (b)  :=2/66 7/>29.

 V 2  dx 2 x 2 x x  dx 2 2x x  dx 2 xœ œ � œ � œ �' ' '
a 0 0

b 4 4

1 1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹ ’ “Èshell shell
radius height 5 3

4 x$Î# # &Î#
%

!

$

 2 32œ � œ1 ˆ ‰4 64 128
5 3 15†

1

 (c)  :=2/66 7/>29.

 V 2  dx 2 (4 x) 2 x x  dx 2 8x 4x 2x x  dxœ œ � � œ � � �' ' '
a 0 0

b 4 4

1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹ Èshell shell
radius height

"Î# $Î# #

 2 x 2x x 2 8 32 32 64 1œ � � � œ � � � œ � � �1 1 1’ “ ˆ ‰ ˆ ‰16 4 x 16 4 64 4 4 2
3 5 3 3 5 3 3 5 3

$Î# # &Î#
%

!

$

† †

 64 1œ � œ1 ˆ ‰4 64
5 5

1

 (d)  :=2/66 7/>29.

 V 2  dy 2 (4 y) y  dy 2 4y y y  dyœ œ � � œ � � �' ' '
c 0 0

d 4 4

1 1 1ˆ ‰ Š ‹ Š ‹ Š ‹shell shell
radius height 4 4

y y# $
# #

 2 4y 2y  dy 2 2y y 2 32 64 16 32 2 1œ � � œ � � œ � � œ � � œ1 1 1 1'
0

4Š ‹ ’ “ ˆ ‰ ˆ ‰# # $
%

!

y y
4 3 16 3 3 3

2 2 8 32$ %

†

1

11.  :.3=5 7/>29.

 R(x) tan x, a 0, b   V  tan x dx sec x 1  dx [tan x x]œ œ œ Ê œ œ � œ � œ1 1 1 1

3 3

3 3
1 1 1' '

0 0

3 31 1Î Î
# # Î$

!

�a b Š ‹È

12.  :.3=5 7/>29.

 V (2 sin x)  dx  4 4 sin x sin x  dx 4 4 sin x  dxœ � œ � � œ � �1 1 1' ' '
0 0 0

1 1 1

# # �
#a b ˆ ‰1 cos 2x

 4x 4 cos x 4 4 0 (0 4 0 0) 8 (9 16)œ � � � œ � � � � � � � œ � œ �1 1 1 1 1� ‘ � ‘ ˆ ‰ˆ ‰x sin 2x 9
4# # # #!

1 1 1 1

13. (a)  :.3=5 7/>29.

 V x 2x  dx x 4x 4x  dx x x 16œ � œ � � œ � � œ � �1 1 1 1' '
0 0

2 2a b a b ’ “ ˆ ‰# % $ # % $# #

!

x 4 32 32
5 3 5 3

&

 (6 15 10)œ � � œ16 16
15 15
1 1

 (b)  :A+=2/< 7/>29.

 V 1 x 2x  dx dx x  dxœ � � � " œ � � " œ # � œ # � † œ' ' '
0 0 0

2 2 2

1 1 1 1 1 1 1’ “ ’ “a b a b# # # % �"
& & &

#

!

# )a bx &

1

 (c)  :=2/66 7/>29.

 V 2  dx 2 (2 x) x 2x  dx 2 (2 x) 2x x  dxœ œ � � � œ � �' ' '
a 0 0

b 2 2

1 1 1ˆ ‰ Š ‹ c d a ba bshell shell
radius height

# #
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 2 4x 2x 2x x  dx 2 x 4x 4x  dx 2 x 2x 2 4 8œ � � � œ � � œ � � œ � �1 1 1 1' '
0 0

2 2a b a b ’ “ ˆ ‰# # $ $ # $ #
#

!

x 4 32
4 3 3

%

 (36 32)œ � œ2 8
3 3
1 1

 (d)  :A+=2/< 7/>29.

 V  2 x 2x  dx 2  dx 4 4 x 2x x 2x  dx 8œ � � � œ � � � � �1 1 1 1' ' '
0 0 0

2 2 2c d a b a ba b ’ “# # # ## #

 4 4x 8x x 4x 4x  dx 8 x 4x 8x 4  dx 8œ � � � � � � œ � � � �1 1 1 1' '
0 0

2 2a b a b# % $ # % $

 x 4x 4x 8 16 16 8 8 (32 40) 8œ � � � � œ � � � � œ � � œ � œ1 1 1 1 1’ “ ˆ ‰x 32 72 40 32
5 5 5 5 5 5

& % #
#

!

1 1 1 1

14.  :.3=5 7/>29.

 V 2 4 tan x dx 8 sec x 1  dx 8 [tan x x] 2 (4 )œ œ � œ � œ �1 1 1 1 1' '
0 0

4 41 1Î Î
# # Î%

!a b 1

15. The material removed from the sphere consists of a cylinder
 and two "caps." From the diagram, the height of the cylinder

 is 2h, where h , i.e. h . Thus# #
#

� $ œ # œ "Š ‹È
 V h  ft . To get the volume of a cap,cyl œ # $ œ 'a b Š ‹È1 1

#
$

 use the disk method and x y : V x dy# # # #
"

� œ # œcap ' 2

1

 y dy yœ % � œ % �'
"

#
#

"

2

1 1a b ’ “y
3

3

 8  ft . Therefore,œ � � % � œ1� ‘ˆ ‰ ˆ ‰8
3 3 3

" & $1

 V V V ft .removed cyl cap 3 3œ � # œ ' � œ1 "! #) $1 1  

16. We rotate the region enclosed by the curve y 12 1  and the x-axis around the x-axis.  To find theœ �É ˆ ‰4x
121

#

 volume we use the  method:  V R (x) dx 12 1  dx  12 1  dx.3=5 œ œ � œ �' ' '
a 11 2 11 2

b 11 2 11 2

1 1 1#
#

� Î � Î

Î ÎŠ ‹ Š ‹É ˆ ‰4x 4x
121 121

# #

 12 1  dx 12 x 24 132 1œ � œ � œ � œ �1 1 1 1'
� Î

Î

11 2

11 2 Š ‹ ’ “ ’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰ Š ‹4x 4x 11 4 11 4 11
121 363 2 363 363 4

# $ #
""Î#

�""Î# #

$

 132 1 88 276 inœ � œ œ ¸1 1ˆ ‰" $
3 3

2641

17. y x   x x   2 x   L 1 2 x  dxœ � Ê œ � Ê œ � � Ê œ � � �"Î# �"Î# "Î#" " " " " "
# #

#
x

3 dx dx 4 x 4 x
dy dy$Î# Š ‹ ˆ ‰ ˆ ‰É'

1

4

  L 2 x  dx x x  dx x x  dx 2x xÊ œ � � œ � œ � œ �' ' '
1 1 1

4 4 4É ˆ ‰ ˆ ‰ � ‘É a b" " " " "�"Î# "Î# #

# #
�"Î# "Î# "Î# $Î# %

"4 x 4 3
2

 4 8 2 2œ � � � œ � œ" "
# #
� ‘ ˆ ‰ˆ ‰ ˆ ‰2 2 14 10

3 3 3 3†

18. x y   y     L 1  dy 1  dyœ Ê œ Ê œ Ê œ � œ �#Î$ �"Î$
# #

dx 2 dx dx 4
dy 3 dy 9 dy

4y
9yŠ ‹ Š ‹Ê É�#Î$

#Î$
' '

1 1

8 8

  dy 9y 4 y  dy; u 9y 4 du 6y  dy; y 1 u 13,œ œ � œ � Ê œ œ Ê œ' '
1 1

8 8È9y 4
3y 3

#Î$

"Î$

� " #Î$ �"Î$ #Î$ �"Î$È ˆ ‰ �
 y 8 u 40   L  u  du u 40 13 7.634d � ‘ � ‘œ Ê œ Ä œ œ œ � ¸" " ""Î# $Î# $Î# $Î#%!

"$ #18 18 3 7
2'

13

40

19. y x x   x x   x 2 xœ � Ê œ � Ê œ � �5 5
12 8 dx dx 4

dy dy'Î& %Î& "Î& �"Î& #Î& �#Î&" " "
# #

#Š ‹ ˆ ‰
  L 1 x 2 x  dx  L x 2 x  dx  x x  dxÊ œ � � � Ê œ � � œ �' '

1 1

32 32 32

1

É Éa b a b a b' É" " "#Î& �#Î& #Î& �#Î& "Î& �"Î& #

4 4 4

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



380 Chapter 6 Applications of Definite Integrals

 x x  dx x x 2 2œ � œ � œ � � � œ �'
1

32
" " " "
# # # #

"Î& �"Î& 'Î& %Î& ' %$#

"
ˆ ‰ � ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰5 5 5 5 5 5 315 75

6 4 6 4 6 4 6 4† †

 (1260 450)œ � œ œ"
48 48 8

1710 285

20. x y   y   y   L 1 y  dyœ � Ê œ � Ê œ � � Ê œ � � �" " " " " " " " " "
# # #

$ # %
#

%
1 y dy 4 y dy 16 16

dx dx
y y# % %Š ‹ Š ‹Ê'

1

2

 y  dy y  dy y  dy yœ � � œ � œ � œ �' ' '
1 1 1

2 2 2É ÊŠ ‹ Š ‹ ’ “" " " " " " " " "% #
# #

# #
# $

"16 4 y 4 y 1 yy% # #

 1œ � � � œ � œˆ ‰ ˆ ‰8 7 13
12 1 1 12

" " "
# # # #

21. S 2 y 1  dx;      S 2 2x 1 1  dxœ � œ Ê œ Ê œ � �' '
a 0

b 3

1 1Ê Š ‹ Š ‹ È Édy dy dy
dx dx dx x 1 x 12x 1

# #
" " "
� # � # �È

 2 2x 1  dx 2 2 x 1 dx 2 2 (x 1) 2 2 (8 1)œ � œ � œ � œ � œ1 1 1 1' '
0 0

3 3È ÈÉ È È È� ‘2x 2 2 2
2x 1 3 3 3

28 2�
�

$Î# $

!
†

1È

22. S 2 y 1  dx;  x   x   S 2 1 x  dx 1 x 4x  dxœ � œ Ê œ Ê œ � œ �' ' '
a 0 0

b 1 1

1 1Ê Š ‹ Š ‹ È È a bdy dy dy
dx dx dx 3 6

x
# #

# % $% %
†

$
1

  1 x  d 1 x 1 x 2 2 1œ � � œ � œ �1 1 1

6 6 3 9
2'

0

1È a b a b’ “ ’ “È% % % $Î# "

!

23. S 2 x 1  dy;   1œ � œ œ Ê � œ œ'
c

d

1 Ê Š ‹ Š ‹dx dx dx 4
dy dy dy 4y y 4y y

(4 2y)

4y y 4y y
2 y 4y y 4 4y y

# #�

� �

� � � � �
� �

ˆ ‰
È È
"

#

# #

# #

# #

  S 2 4y y  dy 4 dx 4Ê œ � œ œ' '
1 1

2 2

1 1 1È É#
�
4

4y y#

24. S 2 x 1  dy;   1 1   S 2 y  dyœ � œ Ê � œ � œ Ê œ' '
c 2

d 6

1 1Ê Š ‹ Š ‹ Èdx dx 1 dx
dy dy 2 y dy 4y 4y

4y 1 4y 1
4y

# #
" � �

È È
È

†

 4y 1 dy (4y 1) (125 27) (98)œ � œ � œ � œ œ1'
2

6È � ‘1 1 1 1

4 3 6 6 3
2 49$Î# '

#

25. The equipment alone:  the force required to lift the equipment is equal to its weight F (x) 100 N.Ê œ"

 The work done is W F (x) dx 100 dx [100x] 4000 J; the rope alone:  the force required" "
%!
!œ œ œ œ' '

a 0

b 40

 to lift the rope is equal to the weight of the rope paid out at elevation x  F (x) 0.8(40 x).  The workÊ œ �#

 done is W F (x) dx 0.8(40 x) dx 0.8 40x 0.8 40 640 J;# # # # #

%!

!

#œ œ � œ � œ � œ œ' '
a 0

b 40 ’ “ Š ‹x 40 (0.8)(1600)# #

 the total work is W W W 4000 640 4640 Jœ � œ � œ" #

26. The force required to lift the water is equal to the water's weight, which varies steadily from 8 800 lb to†

 8 400 lb over the 4750 ft elevation.  When the truck is x ft off the base of Mt. Washington, the water weight is†

 F(x) 8 800 (6400) 1  lb.  The work done is W F(x) dxœ œ � œ† †

ˆ ‰ ˆ ‰2 4750 x x
2 4750 9500
†

†

� '
a

b

 6400 1  dx 6400 x 6400 4750 (6400)(4750)œ � œ � œ � œ'
0

4750 ˆ ‰ ˆ ‰’ “ Š ‹x x 4750 3
9500 2 9500 4 4750 4

# #

† †

%(&!

!

 22,800,000 ft lbœ †

27. Force constant:  F kx  20 k 1  k 20 lb/ft; the work to stretch the spring 1 ft isœ Ê œ Ê œ†

 W kx dx k x dx 20 10 ft lb; the work to stretch the spring an additional foot isœ œ œ œ' '
0 0

1 1 ’ “x#

#

"

!
†

 W kx dx k x dx 20 20 20 30 ft lbœ œ œ œ � œ œ' '
1 1

2 2 ’ “ ˆ ‰ ˆ ‰x 4 3#

# # # #

#

"

"
†
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28. Force constant:  F kx  200 k(0.8)  k 250 N/m; the 300 N force stretches the spring xœ Ê œ Ê œ œ F
k

 1.2 m; the work required to stretch the spring that far is then W F(x) dx 250x dxœ œ œ œ300
250

' '
0 0

1 2 1 2Þ Þ

 [125x ] 125(1.2) 180 Jœ œ œ# "Þ# #
!

29. We imagine the water divided into thin slabs by planes
 perpendicular to the y-axis at the points of a partition of the
 interval [0 8].  The typical slab between the planes at y andß

 y y has a volume of about V (radius) (thickness)� œ? ? 1 #

 y y y y ft .  The force F(y) required toœ œ1 ? ?ˆ ‰5 25
4 16

# # $1

 lift this slab is equal to its weight:  F(y) 62.4 Vœ ?

 y y lb.  The distance through which F(y)œ
(62.4)(25)

16 1 ?#

 must act to lift this slab to the level 6 ft above the top is

 

 about (6 8 y) ft, so the work done lifting the slab is about W y (14 y) y ft lb.  The work done� � œ �? 1 ?(62.4)(25)
16

#
†

 lifting all the slabs from y 0 to y 8 to the level 6 ft above the top is approximatelyœ œ

 W  y  (14 y) y ft lb so the work to pump the water is the limit of these Riemann sums as the norm of¸ �!8

!

(62.4)(25)
16 1 ?#

†

 the partition goes to zero:   W y (14 y) dy  14y y  dy (62.4) yœ � œ � œ �' '
0 0

8 8
(62.4)(25) (62.4)(25) y

(16) 16 16 3 4
25 141 # # $ $

)

!

1 1a b ˆ ‰ ’ “%
 (62.4) 8 418,208.81 ft lbœ � ¸ˆ ‰ Š ‹25 14 8

16 3 4
1

† †

$ %

30. The same as in Exercise 29, but change the distance through which F(y) must act to (8 y) rather than (6 8 y).  Also� � �

 change the upper limit of integration from 8 to 5.  The integral is:W y (8 y) dyœ �'
0

5
(62.4)(25)

16
1 #

 (62.4) 8y y  dy (62.4) y (62.4) 5 54,241.56 ft lbœ � œ � œ � ¸ˆ ‰ ˆ ‰ ˆ ‰a b ’ “ Š ‹25 25 8 25 8 5
16 16 3 4 16 3 4

y1 1 1'
0

5
# $ $ $

&

!

% %

† †

31. The tank's cross section looks like the figure in Exercise 29 with right edge given by x y . A typical horizontalœ œ5
10

y
#

 slab has volume V (radius) (thickness) y y y.  The force required to lift thisslab is its weight:? 1 1 ? ?œ œ œ# #
#

#ˆ ‰y
4
1

  F(y) 60 y y.  The distance through which F(y) must act is (2 10 y) ft, so the work to pump the liquid isœ � �†

1

4
# ?

 W 60 12 y dy 15 22,500  ft lb; the time needed to empty the tank isœ � œ � œ'
0

10

1 1 1a bŠ ‹ ’ “y 12y y
4 3 4

# $ % "!

!
†

 257 sec22,500  ft lb
275 ft lb/sec

1 †

†

¸

32. A typical horizontal slab has volume about V (20)(2x) y (20) 2 16 y y and the force required to lift this? ? ?œ œ �ˆ ‰È #

 slab is its weight F(y) (57)(20) 2 16 y y.  The distance through which F(y) must act is (6 4 y) ft, so theœ � � �ˆ ‰È # ?

 work to pump the olive oil from the half-full tank is W 57 (10 y)(20) 2 16 y  dyœ � �'
�4

0 ˆ ‰È #

 2880 10 16 y  dy 1140 16 y ( 2y) dyœ � � � �' '
� �4 4

0 0È a b# # "Î#

 22,800 (area of a quarter circle having radius 4) (1140) 16 y (22,800)(4 ) 48,640œ � � œ �†

2
3 ’ “a b# $Î# !

�%
1

 335,153.25 ft lbœ †
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33. Intersection points:  3 x 2x   3x 3 0� œ Ê � œ# # #

  3(x 1)(x 1) 0  x 1 or x 1.  SymmetryÊ � � œ Ê œ � œ

 suggests that x 0.  The typical  strip hasœ @/<>3-+6

 center of mass:  ( x y ) x x ,µ µß œ ß œ ßŠ ‹ Š ‹2x 3 x x 3# # #� �
# #

�a b

 length:  3 x 2x 3 1 x , width:  dx,a b a b� � œ �# # #

 area:  dA 3 1 x  dx, and mass:  dm dAœ � œa b# $ †

 3 1 x  dx  the moment about the x-axis isœ � Ê$ a b#  

  y dm x 3 1 x  dx x 2x 3  dx  M y dm x 2x 3  dxµ µœ � � œ � � � Ê œ œ � � �3 3 3
# # #

# # % # % #
"

$ $ $a b a b a b a bx 1
' '

�

 3x 3 3 ( 3 10 45) ; M dm 3  1 x  dxœ � � � œ � � � œ � � � œ œ œ �3 x 2x 2 3 32
5 3 5 3 15 5#

"

�"

"
"

#$ $ $’ “ ˆ ‰ a b& $
$ $ ' '

�1

 3 x 6 1 4  y .  Therefore, the centroid is (x y) .œ � œ � œ Ê œ œ œ ß œ !ß$ $ $’ “ ˆ ‰ ˆ ‰x 32 8 8
3 3 M 5 4 5 5

M$
"

�"

" x $

$†

34. Symmetry suggests that x 0.  The typical œ @/<>3-+6

 strip has center of mass:  ( x y ) x , length:  x ,µ µß œ ßŠ ‹x#

#
#

 width:  dx, area:  dA x  dx, mass:  dm dA x  dxœ œ œ# #$ $†

  the moment about the x-axis is y dm x x  dxÊ œµ $

#
# #
†

 x  dx  M y dm  x  dx xœ Ê œ œ œµ$ $ $

# #
% % & #

�#x 2

2
' '

�

10 c d
 

35. The typical  strip has:  center of mass:  ( x y )@/<>3-+6 ßµ µ

 x ,  length:  4 , width:  dx,œ ß �Œ �4 x
4

�

#

x
4

#
#

 area:  dA 4 dx,  mass:  dm dAœ � œŠ ‹x
4

#

$ †

 4  dx  the moment about the x-axis isœ � Ê$ Š ‹x
4

#

 y dm 4  dx 16  dx; theµ œ � œ �$ †
Š ‹4 x x

4 16

�

# #

x
4

#

# %Š ‹ Š ‹$
 

 moment about the y-axis is x dm 4 x dx 4x  dx.  Thus, M y dm 16  dxµ µœ � œ � œ œ �$ $Š ‹ Š ‹ Š ‹x x x
4 4 16

# $ %

† x 0

4
' $

#
'

 16x 64 ; M x dm  4x  dx 2xœ � œ � œ œ œ � œ �µ$ $ $

2 5 16 5 5 4 16
x 64 128 x x’ “ Š ‹ ’ “� ‘& $ %

†

% %

! !#
#

y 0

4
' $ $'

 (32 16) 16 ; M dm  4  dx 4x 16œ � œ œ œ � œ � œ � œ$ $ $ $ $' '
0

4Š ‹ ’ “ ˆ ‰x x 64 32
4 12 1 3

# $
%

! #
$

  x  and y .  Therefore, the centroid is (x y) .Ê œ œ œ œ œ œ ß œ ß
M
M 32 2 5 32 5 5

16 3 3 128 3 12 3 12y † † †

† † †

$ $

$ $

M
M

x †
#

ˆ ‰

36. A typical  strip has:29<3D98>+6

 center of mass:  ( x y ) y , length:  2y y ,µ µß œ ß �Š ‹y 2y# �
#

#

 width:  dy, area:  dA 2y y  dy, mass:  dm dAœ � œa b# $ †

 2y y  dy; the moment about the x-axis isœ �$ a b#
 y dm y 2y y  dy 2y y ; the momentµ œ � œ �$ $† † a b a b# # $

 about the y-axis is x dm 2y y  dyµ œ �$ † †

a by 2y# �
#

#a b
 4y y  dy  M y dm  2y y  dyœ � Ê œ œ �µ$

#
# % # $a b a bx 0

2
' $ '

 

 y 8 ; M x dm 4y y  dy yœ � œ � œ � œ œ œ œ � œ �µ$ $ $’ “ ’ “ˆ ‰ ˆ ‰ a b2 2 16 16 16 16 4 4
3 4 3 4 3 4 12 3 3 5

y y$ # % $
# #

! !# #

% &

†

$ $ $ $†

y 0

2
' '

 ; M dm 2y y  dy y 4   x  andœ � œ œ œ � œ � œ � œ Ê œ œ œ$ $ $ $

$#
# #

#

!
ˆ ‰ ˆ ‰a b ’ “4 8 32 32 8 4 32 3 8

3 5 15 3 3 3 M 15 4 5
y M

† † †

† †

' $ $ $'
0

2 $
y

  y 1.  Therefore, the centroid is (x y) 1 .œ œ œ ß œ ßM
M 3 4 5

4 3 8x † †

† †

$

$
ˆ ‰
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37. A typical horizontal strip has:  center of mass:  ( x y )µ µß

 y , length:  2y y , width:  dy,œ ß �Š ‹y 2y#�
#

#

 area:  dA 2y y  dy,  mass:  dm dAœ � œa b# $ †

 (1 y) 2y y  dy  the moment about theœ � � Êa b#
 x-axis is y dm y(1 y) 2y y  dyµ œ � �a b#
 2y 2y y y  dyœ � � �a b# $ $ %

 2y y y  dy; the moment about the y-axis isœ � �a b# $ %
 

 x dm (1 y) 2y y  dy 4y y (1 y) dy 4y 4y y y  dyµ œ � � œ � � œ � � �Š ‹ a b a b a by 2y# �
# # #

# # % # $ % &" "

  M y dm 2y y y  dy y 16Ê œ œ � � œ � � œ � � œ � �µ
x 0

2
' ' a b ’ “ ˆ ‰ ˆ ‰# $ % $

#

!

" "2 16 16 32 2
3 4 5 3 4 5 3 4 5

y y% &

 (20 15 24) (11) ; M x dm 4y 4y y y  dy y yœ � � œ œ œ œ � � � œ � � �µ16 4 44 4
60 15 15 3 5 6

y y
y 0

2
' ' " "

# #
# $ % & $ %

#

!
a b ’ “& '

 2 4 2 4 2 ; M dm (1 y) 2y y  dyœ � � � œ � � � œ � œ œ œ � �"
#

% #Š ‹ ˆ ‰ ˆ ‰ a b4 2 2 2 4 4 8 4 24
3 5 6 3 5 6 5 5
†

$ & ' ' '
0

2

 2y y y  dy y 4   x  and yœ � � œ � � œ � � œ Ê œ œ œ œ'
0

2a b ’ “ ˆ ‰ ˆ ‰ ˆ ‰# $ #
#

!

y y
3 4 3 4 3 M 5 8 5 M

8 16 8 24 3 9M M$ %
y x

 . Therefore, the center of mass is (x y) .œ œ œ ß œ ßˆ ‰ ˆ ‰ ˆ ‰44 3 44 11 9 11
15 8 40 10 5 10

38. A typical vertical strip has:  center of mass:  ( x y ) x , length:  , width:  dx, area:  dA  dx,µ µß œ ß œˆ ‰3 3 3
2x x x$Î# $Î# $Î#

 mass:  dm dA  dx  the moment about the x-axis is y dm  dx  dx; the moment aboutœ œ Ê œ œµ$ $ $† † †

3 3 3 9
x x x 2x$Î# $Î# $Î# $#

$

 the y-axis is x dm x  dx  dx.µ œ œ† $ 3 3
x x$Î# "Î#

$

 (a) M  dx ; M x  dx 3 2x 12 ;x y1 1

9 9

œ œ � œ œ œ œ$ $ $ $' '"
# # #

*

"

"Î# *

"
ˆ ‰ ˆ ‰ � ‘’ “9 9 x 20 3

x 9 x$

�#

$Î#
$ $

 M  dx 6 x 4   x 3 and yœ œ � œ Ê œ œ œ œ œ œ$ $ $'
1

9
3 12 5

x
M
M 4 M 4 9

M
$Î#

� ‘�"Î# *

"
y x$

$ $

ˆ ‰20
9
$

 (b) M  dx 4; M x  dx 2x 52; M  x  dxx y1 1 1

9 9 9

œ œ � œ œ œ œ œ' ' 'x 9 9 3 3
x x x x# #

" *

"
# $Î# *

"
ˆ ‰ � ‘ ˆ ‰ � ‘ ˆ ‰

$ $Î# $Î#

 6 x 12  x and yœ œ Ê œ œ œ œ� ‘"Î# *

"
"M

M 3 M 3
13 My x

39. F W L(y) dy  F 2 (62.4)(2 y)(2y) dy 249.6 2y y  dy 249.6 yœ Ê œ � œ � œ �' ' '
a 0 0

b 2 2

† †Š ‹ ’ “a bstrip
depth 3

y# #
#

!

$

 (249.6) 4 (249.6) 332.8 lbœ � œ œˆ ‰ ˆ ‰8 4
3 3

40. F W L(y) dy  F 75 y (2y 4) dy 75 y 2y 4y  dyœ Ê œ � � œ � � �' ' '
a 0 0

b 5 6 5 6

† †Š ‹ ˆ ‰ ˆ ‰strip
depth 6 3 3

5 5 10
Î Î

#

 75 y 2y  dy 75 y y y (75)œ � � œ � � œ � �'
0

5 6Î ˆ ‰ � ‘ � ‘ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰10 7 10 7 2 50 7 25 2 125
3 3 3 6 3 18 6 36 3 216

# # $ &Î'

!

 (75) (25 216 175 9 250 3) 118.63 lb.œ � � œ � � œ ¸ˆ ‰ ˆ ‰25 175 250 75
9 216 3 16 9 16 9 16

(75)(3075)
† † †# # #† † †

41. F W L(y) dy  F 62.4 (9 y) 2  dy 62.4 9y 3y  dyœ Ê œ � œ �' ' '
a 0 0

b 4 4

† † †Š ‹ Š ‹ ˆ ‰strip
depth 2

yÈ "Î# $Î#

 62.4 6y y (62.4) 6 8 32 (48 5 64) 2196.48 lbœ � œ † � œ � œ œ� ‘ ˆ ‰ ˆ ‰$Î# &Î# %

!
2 2 62.4
5 5 5 5

(62.4)(176)
† †

42. Place the origin at the bottom of the tank.  Then F W L(y) dy, h the height of the mercury column,œ œ'
0

h

† †Š ‹strip
depth

 strip depth h y, L(y) 1  F 849(h y)  dy (849) (h y) dy 849 hy 849 hœ � œ Ê œ � " œ � œ � œ �' '
0 0

h h h’ “ Š ‹y h# #

# #!

#

 h . Now solve h 40000 to get h 9.707 ft. The volume of the mercury is s h 1 9.707 9.707 ftœ œ ¸ œ † œ Þ849 849
2 2

2 2# # $
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CHAPTER 6 ADDITIONAL AND ADVANCED EXERCISES

 1. V  f(x)  dx b ab  f(t)  dt x ax for all x a  [f(x)] 2x a  f(x)œ œ � Ê œ � � Ê œ � Ê œ1 1 1' '
a a

b xc d c d É# ## # # �2x a
1

 2. V  [f(x)]  dx a a   [f(t)]  dt x x for all x a  [f(x)] 2x 1  f(x)œ œ � Ê œ � � Ê œ � Ê œ1 1 1' '
0 0

a x
# # # # # �É 2x 1

1

 3. s(x) Cx 1 [f (t)]  dt Cx 1 [f (x)] C f (x) C 1 for C 1œ Ê � œ Ê � œ Ê œ �  '
0

x È È Èw # w # #w

 f(x) C 1 dt k.  Then f(0) a  a 0 k  f(x) C 1 dt a  f(x) x C 1 a,Ê œ � � œ Ê œ � Ê œ � � Ê œ � �' '
0 0

x xÈ È È# # #

 where C 1. 

 4. (a) The graph of f(x) sin x traces out a path from ( ) to ( sin ) whose length is L 1 cos  d .œ !ß ! ß œ �! ! ) )'
0

!È #

 The line segment from (0 0) to ( sin ) has length ( 0) (sin 0) sin .  Since theß ß � � � œ �! ! ! ! ! !È È# # # #

 shortest distance between two points is the length of the straight line segment joining them, we have

 immediately that 1 cos  d sin  if 0 .'
0

!È È� � � � Ÿ# # #
#) ) ! ! ! 1

 (b) In general, if y f(x) is continuously differentiable and f(0) 0, then 1 [f (t)]  dt f ( )œ œ � � �'
0

! È Èw # # #! !

 for 0.! �

 5. We can find the centroid and then use Pappus' Theorem to calculate the volume. f x x, g x x ,  f x g xa b a b a b a bœ œ œ2

 x x x x 0 x 0, x 1; 1; M x x dx x x 0Ê œ Ê � œ Ê œ œ œ œ � œ � œ � � œ2 2 2 2 3
1

1 1 1
3 3 6

1

0$ '
0
c d � ‘ ˆ ‰" "

# #

  x x x x dx 6 x x dx 6 x x 6 0œ � œ � œ � œ � � œ1 1 1 1 1 1
1 6 3 4 3 4 2

1 1
2 2 3 3 4 1

0Î
' '

0 0
c d c d � ‘ ˆ ‰

  y x x dx 3 x x dx 3 x x 3 0 The centroid is , .œ � œ � œ � œ � � œ Ê1 1 1 1 1 1 2 1 2
1 6 2 3 5 3 5 5 2 5

1 1
2 2 2 4 3 52 1

0Î
' '

0 0
’ “a b c d � ‘ ˆ ‰ ˆ ‰

  is the distance from ,  to the axis of rotation, y x. To calculate this distance we must find the point on y x that3 ˆ ‰1 2
2 5 œ œ

 also lies on the line perpendicular to y x that passes through , . The equation of this line is y 1 xœ � œ � �ˆ ‰ ˆ ‰1 2 2 1
2 5 5 2

 x y . The point of intersection of the lines x y  and y x is , . Thus,Ê � œ � œ œ9 9 9 9
10 10 20 20

ˆ ‰
  . Thus V 2 .3 1œ � � � œ œ œÉˆ ‰ ˆ ‰ ˆ ‰Š ‹9 1 9 2 1 1 1

20 2 20 5 6
2 2

10 2 10 2 30 2È È È
1

 6. Since the slice is made at an angle of 45 , the volume of the wedge is half the volume of the cylinder of radius  and‰ "
#

 height 1. Thus, V 1  .œ œ" "
# #’ “ˆ ‰ a b1

2
8
1

 7. y 2 x  ds 1 dx  A 2 x 1 dx (1 x)œ Ê œ � Ê œ � œ � œÈ ÈÉ É � ‘" " $Î# $

!x x 3 3
4 28'

0

3

 8. This surface is a triangle having a base of 2 a and a height of 2 ak.  Therefore the surface area is1 1

 (2 a)(2 ak) 2 a k."
#

# #1 1 1œ

 9. F ma t   a   v C; v 0 when t 0  C 0    x C ;œ œ Ê œ œ Ê œ œ � œ œ Ê œ Ê œ Ê œ �#
"

d x t dx t dx t t
dt m dt 3m dt 3m 12m

# # $ $ %

#

 x 0 when t 0  C 0  x .  Then x h  t (12mh) .  The work done isœ œ Ê œ Ê œ œ Ê œ"
"Î%t

12m

%

 W F dx F(t)  dt t  dt (12mh)œ œ œ œ œ' ’ “ ˆ ‰' '
0 0

12mh 12mh 12mh)

 0

Ð Ñ Ð Ñ Ð"Î% "Î% "Î%

† †

dx t t
dt 3m 3m 6 18m

# 'Î%" "$ '

 2 3mh 3mhœ œ œ œ
(12mh)

18m 18m 3 3
12mh 12mh 2h 4h$Î#

†

È
†

È È
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10. Converting to pounds and feet, 2 lb/in 24 lb/ft.  Thus, F 24x  W 24x dxœ œ œ Ê œ2 lb 12 in
1 in 1 ft†

'
0

1 2Î

 12x 3 ft lb.  Since W mv mv , where W 3 ft lb, m  lbœ œ œ � œ œc d ˆ ‰ ˆ ‰# # #"Î#
!

" " " "
# # #! "† † 10 3  ft/sec#

  slugs, and v 0 ft/sec, we have 3  v   v 3 640.  For the projectile height,œ œ œ Ê œ" " "
" # #

# #
!320 3 0

ˆ ‰ ˆ ‰
!

†

 s 16t v t (since s 0 at t 0)  v 32t v .  At the top of the ball's path, v 0  tœ � � œ œ Ê œ œ � � œ Ê œ#
! ! #

ds
dt 3

v!

 and the height is s 16 v 30 ft.œ � � œ œ œˆ ‰ ˆ ‰v v
3 3 64 64

v 3 640! ! !

#

# #

#
!

†

11. From the symmetry of y 1 x , n even, about the y-axis for 1 x 1, we have x 0.  To find y , weœ � � Ÿ Ÿ œ œn M
M

x

 use the vertical strips technique.  The typical strip has center of mass:  ( x y ) x , length:  1 x ,µ µß œ ß �ˆ ‰1 x
2
� n n

 width:  dx, area:  dA 1 x  dx, mass:  dm 1 dA 1 x  dx.  The moment of the strip about theœ � œ œ �a b a bn n
†

 x-axis is y dm  dx  M  dx 2 1 2x x  dx xµ œ Ê œ œ � � œ � �
a b a b1 x 1 x 2x x

n 1 n 1
� �
# # # � # �

" "

!

n n# #

x 1 0

1 1
n 2n' '

�

a b � ‘n 1 2n 1� �

 1 .œ � � œ œ œ2 2n 3n 1 4n 2 n 1 2n
n 1 n 1 (n 1)( n 1) (n 1)( n 1) (n 1)( n 1)

(n 1)(2n 1) 2(2n ) (n 1)
� # � � # � � # � � # �

" � � � � � �� � � �" � � # #

 Also, M dA 1 x  dx 2 1 x  dx 2 x 2 1 .  Therefore,œ œ � œ � œ � œ � œ' ' '
� �1 1 0

1 1 1
n na b a b � ‘ ˆ ‰x 2n

n 1 n 1 n 1

n 1�

� � �

"

!
"

 y    is the location of the centroid.  As n  , y   soœ œ œ Ê !ß Ä _ ÄM
M (n 1)(2n 1) 2n 2n 1 n 1

2n n n(n 1)x
#

� � � # � #
� "

†

ˆ ‰
 the limiting position of the centroid is .ˆ ‰!ß "

#

12. Align the telephone pole along the x-axis as shown in the
 accompanying figure.  The slope of the top length of pole is

 (14.5 9) .  Thus,
ˆ ‰14.5 9

8 81 1
� " "

40 8 40 8 40 8 80
5.5 11œ � œ œ

1 1 1
† †

† †

 y x 9 x  is an equation of theœ � œ �9 11 11
8 8 80 8 801 1 1†

" ˆ ‰
 line representing the top of the pole.  Then,

 M x y  dx x 9 x  dxy œ œ �' '
a 0

b 40

† 1 1# " #� ‘ˆ ‰
8 80

11
1

 x 9 x  dx; M y  dxœ � œ" # #
64 80

11
1
' '

0 a

40 bˆ ‰ 1

 

  9 x  dx  9 x  dx.  Thus, x 23.06 (using a calculator to computeœ � œ � œ ¸ ¸1 ' '
0 0

40 40� ‘ ˆ ‰ˆ ‰" "# #

8 80 64 80 M
11 11 M 129,700

5623.31 1

y

 the integrals).  By symmetry about the x-axis, y 0 so the center of mass is about 23 ft from the top of the pole.œ

13. (a) Consider a single vertical strip with center of mass ( x y ).  If the plate lies to the right of the line, thenµ µß

 the moment of this strip about the line x b is (x b) dm (x b)  dA  the plate's first momentœ � œ � Êµ µ $

 about x b is the integral (x b)  dA x dA b dA M b A.œ � œ � œ �' '$ $ $ $' y

 (b) If the plate lies to the left of the line, the moment of a vertical strip about the line x b isœ

 b x  dm b x  dA  the plate's first moment about x b is (b x)  dA b dA x dAa b a b� œ � Ê œ � œ �µ µ $ $ $ $' ' '

 b A M .œ �$ y

14. (a) By symmetry of the plate about the x-axis, y 0.  A typical vertical strip has center of mass:œ

 ( x y ) (x 0), length:  4 ax, width:  dx, area:  4 ax dx, mass:  dm  dA kx 4 ax dx, for someµ µß œ ß œ œÈ È È$ †

 proportionality constant k.  The moment of the strip about the y-axis is M x dm 4kx ax dxy 0

a

œ œµ' ' #È
 4k a x  dx 4k a x 4ka a .  Also, M dm 4kx ax dxœ œ œ œ œ œÈ È È� ‘' '

0 0

a aa

0
&Î# (Î# "Î# (Î#2 2 8ka

7 7 7†

% '

 4k a x  dx 4k a x 4ka a .  Thus, x aœ œ œ œ œ œ œÈ È � ‘'
0

a a

0
$Î# &Î# "Î# &Î#2 2 8ka 8ka 5 5

5 5 5 M 7 8ka 7
M

† †

$ %

$

y

  (x y) 0  is the center of mass.Ê ß œ ßˆ ‰5a
7

 (b) A typical horizontal strip has center of mass:  ( x y ) y y , length:  a ,µ µß œ ß œ ß �Œ � Š ‹y
4a

#

�

#
�a y 4a y
8a 4a

# # #

 width:  dy, area:  a  dy,  mass: dm  dA y  a  dy.  Thus, M y dmŠ ‹ Š ‹k k� œ œ � œ µy y
4a 4a

# #

$ x
'

 y y  a  dy y a  dy y a  dyœ � œ � � � �' ' '
� �2a 2a 0

2a 0 2ak k Š ‹ Š ‹ Š ‹y y y
4a 4a 4a

# # #
# #
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 ay  dy ay  dy y yœ � � � � œ � � � �' '
�2a 0

0 2a

a

aŠ ‹ Š ‹ ’ “ ’ “# # $ $
# #

! #

�# !

y y y y
4a 4a 3 0a 3 0a

a a% % & &

 0; M x dm  y  a  dyœ � � � � œ œ œ �µ8a 32a 8a 32a
3 20a 3 0a 8a 4a

y   4a y% & % & # # #

#
�

y 2a

2a
' '

�

Š ‹ Š ‹k k
  y  y 4a  dy   y  16a y  dyœ � œ �" "# # % %�

8a 4a 32a
4a   y'

�

�

2a

2a 2a

2a

k k a b k k a bŠ ‹ '# #

#

  16a y y  dy  16a y y  dy 8a y 8a yœ � � � � œ � � � �" " "
# # #

% & % & % # % #
! #

�# !3 a 32a 3 a 6 3 a 6
y y1

# # # #

' '' '
�2a 0

0 2a

a

aa b a b ’ “ ’ “
 8a 4a 8a 4a 32a 32a a ;œ � � � œ � œ œ" " " "% # % # ' ' %

32a 6 32a 6 16a 3 16a 3 3
64a 64a 32a 2 4

# # # #

' ' '’ “ ’ “ Š ‹ a b† † †

 M dm y   dy  y 4a y  dyœ œ œ �' ' '
� �2a 2a

2a 2ak k k k a bŠ ‹4a y
4a 4a

# #� " # #

  4a y y  dy  4a y y  dy 2a y 2a yœ � � � � œ � � � �" " " "# $ # $ # # # #
! #

�# !4a 4a 4a 4 4a 4
y y' '

�2a 0

0 2a

a

aa b a b ’ “ ’ “% %

 2 2a 4a 8a 4a 2a .  Therefore, x a  andœ � œ � œ œ œ œ† †

" " "# # % % $ %
#4a 4 a M 3 2a 3

16a 4 2aMŠ ‹ a b ˆ ‰ ˆ ‰%

$

y

 y 0 is the center of mass.œ œM
M

x

15. (a) On [0 a] a typical  strip has center of mass:  ( x y ) x, ,ß @/<>3-+6 ß œµ µ Š ‹È Èb x a x# # # #� � �
#

 length:  b x a x , width:  dx, area:  dA b x a x  dx, mass:  dm  dAÈ È È ÈŠ ‹# # # # # # # #� � � œ � � � œ $

 b x a x  dx.  On [a b] a typical  strip has center of mass:œ � � � ß @/<>3-+6$ Š ‹È È# # # #

 ( x y ) x , length:  b x , width:  dx, area:  dA b x  dx,µ µß œ ß � œ �Š ‹ È ÈÈb x# #�
#

# # # #

 mass:  dm  dA b x  dx.  Thus, M y dmœ œ � œ µ$ $È '# #
x

 b x a x b x a x  dx  b x b x  dxœ � � � � � � � � �' '
0 a

a b
" "
# #

# # # # # # # # # # # #Š ‹ Š ‹È È È È È È$ $

  b x a x  dx  b x  dx b a  dx b x  dxœ � � � � � œ � � �$ $ $ $

# # # #
# # # # # # # # # #' ' ' '

0 a 0 a

a b a bc d a b a b a ba b a b
 b a x b x b a a b b aœ � � � œ � � � � �$ $ $ $

# # # #
# # # # # $ #

!c d c da b a b’ “ ’ “Š ‹ Š ‹a
b

x b a
3 3 3a

$ $ $

 ab a b ab ; M x dmœ � � � � œ � œ œ µ$ $ $ $

# #
# $ $ # �a b Š ‹ Š ‹ '2 a b a b   a

3 3 3 3 3

$ $ $ $ $

$ y

 x b x a x  dx x b x  dxœ � � � � �' '
0 a

a b

$ $Š ‹È È È# # # # # #

 x b x  dx  x a x  dx x b x  dxœ � � � � �$ $ $' ' '
0 0 a

a a ba b a b a b# # # # # #"Î# "Î# "Î#

 œ � ��
# # #

� � �

!

$ $ $” • ” • ” •2 b x 2 a x 2 b x
3 3 3

a b a b a b# # # # # #$Î# $Î# $Î#
a a b

0 a

 b a b 0 a 0 b a M ;œ � � � � � � � � œ � œ œ$ $ $ $ $ $

3 3 3 3 3 3
b a b a’ “ ’ “ ’ “a b a b a b a b# # # # # #$Î# $Î# $Î# $Î# �$ $ $ $a b

x

 We calculate the mass geometrically:  M A b a .  Thus, xœ œ � œ � œ$ $ $Š ‹ Š ‹ a b1 1 $1b a
4 4 4 M

M# # # # y

 ; likewiseœ œ œ œ
$

$1 1 1 1

a b a b a b
a b

b a (b a) a ab b 4 a ab b
3 b a 3 b a 3 (b a)(b a) 3 (a b)

4 4 b a 4$ $ # # # #

# # # #

$ $� � � � � �
� � � � �

�
† Š ‹

 y .œ œM
M 3 (a b)

4 a ab bx a b# #� �
�1

 (b)  lim     (x y)  is the limiting
b aÄ

4 a ab b 4 a a a 4 3a 2a 2a 2a
3 a b 3 a a 3 2a1 1 1 1 1 1

Š ‹ Š ‹ Š ‹ˆ ‰ ˆ ‰ ˆ ‰# # # # # #� � � �
� �œ œ œ Ê ß œ ß

 position of the centroid as b  a.  This is the centroid of a circle of radius a (and we note the two circlesÄ

 coincide when b a).œ
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16. Since the area of the traingle is 36, the diagram may be
 labeled as shown at the right. The centroid of the triangle is

 , . The shaded portion is 144 36 108. Writeˆ ‰a 24
3 a � œ

 ,  for the centroid of the remaining region. The centroida bx y

 of the whole square is obviously 6, 6 . Think of the squarea b
 as a sheet of uniform density, so that the centroid of the
 square is the average of the centroids of the two regions,
 weighted by area:

  and ' œ ' œ
$' �"!) $' �"!)

"%% "%%

ˆ ‰ ˆ ‰a b a ba 24
3 ax y

 which we solve to get  and . Setx yœ ) � œa a
a*

) �"a b

 7 in. (Given). It follows that a , whence x yœ œ * œ '%
*

 

 7  in. The distances of the centroid ,  from the other sides are easily computed. (Note that if we set 7 in.œ œ"
* a bx y y

 above, we will find 7 .)x œ "
*

17. The submerged triangular plate is depicted in the figure
 at the right.  The hypotenuse of the triangle has slope 1�

  y ( 2) (x 0)  x (y 2) is an equationÊ � � œ � � Ê œ � �

 of the hypotenuse.  Using a typical horizontal strip, the fluid

 pressure is F (62.4)  dyœ '
† †Š ‹ Š ‹strip strip

depth length

 (62.4)( y)[ (y 2)] dy 62.4 y 2y  dyœ � � � œ �' '
� �

� �

6 6

2 2a b#

 62.4 y (62.4) 4 36œ � œ � � � � �’ “ � ‘ˆ ‰ ˆ ‰y
3 3 3

8 216$
#

�#

�'

 (62.4) 32 2329.6 lbœ � œ ¸ˆ ‰208
3 3

(62.4)(112)  

18. Consider a rectangular plate of length  and width w.j

 The length is parallel with the surface of the fluid of
 weight density .  The force on one side of the plate is=

 F ( y)( ) dy .  Theœ � j œ � j œ= ='
�w

0

w
’ “y w# #

# #

!

�

j=

 average force on one side of the plate is F   ( y)dyav w

0

œ �=

w
'
�

 .  Therefore the force œ � œ= = =

w
y w w’ “# #

# # #

!

�

j

w

 

 ( w) (the average pressure up and down) (the area of the plate).œ j œˆ ‰=w
# †
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NOTES:
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CHAPTER 7  TRANSCENDENTAL FUNCTIONS

7.1  INVERSE FUNCTIONS AND THEIR DERIVATIVES

 1. Yes one-to-one, the graph passes the horizontal line test.

 2. Not one-to-one, the graph fails the horizontal line test.

 3. Not one-to-one since (for example) the horizontal line y 2 intersects the graph twice.œ

 4. Not one-to-one, the graph fails the horizontal line test.

 5. Yes one-to-one, the graph passes the horizontal line test

 6. Yes one-to-one, the graph passes the horizontal line test

 7. Not one-to-one since the horizontal line y 3 intersects the graph an infinite number of times.œ

 8. Yes one-to-one, the graph passes the horizontal line test

 9. Yes one-to-one, the graph passes the horizontal line test

10. Not one-to-one since (for example) the horizontal line y 1 intersects the graph twice.œ

11. Domain:  0 x 1, Range:  0 y 12. Domain:  x 1, Range:  y 0� Ÿ Ÿ � �

  

13. Domain:  1 x 1, Range:  y  14. Domain:  x , Range:  y� Ÿ Ÿ � Ÿ Ÿ �_ � � _ � � Ÿ1 1 1 1

# # # #
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15. Domain:  0 x 6, Range:  0 y 3 16. Domain:  2 x 1, Range:  1 y 3Ÿ Ÿ Ÿ Ÿ � Ÿ Ÿ � Ÿ �

  

17. The graph is symmetric about y x.œ

 

 (b) y 1 x   y 1 x   x 1 y   x 1 y   y 1 x f (x)œ � Ê œ � Ê œ � Ê œ � Ê œ � œÈ ÈÈ# # ## # # # �"

18. The graph is symmetric about y x.œ

 

 y   x   y f (x)œ Ê œ Ê œ œ" " " �"
x y x

19. Step 1: y x 1  x y 1  x y 1œ � Ê œ � Ê œ �# # È
 Step 2: y x 1 f (x)œ � œÈ �"

20. Step 1: y x   x y, since x .œ Ê œ � Ÿ !# È
 Step 2: y x f (x)œ � œÈ �"

21. Step 1: y x 1  x y 1  x (y 1)œ � Ê œ � Ê œ �$ $ "Î$

 Step 2: y x 1 f (x)œ � œ$ �"È
22. Step 1: y x 2x 1  y (x 1)   y x 1,  since x 1  x 1 yœ � � Ê œ � Ê œ �   Ê œ �# # È È
 Step 2: y 1 x f (x)œ � œÈ �"

23. Step 1: y (x 1)   y x 1,  since x 1  x y 1œ � Ê œ �   � Ê œ �# È È
 Step 2: y x 1 f (x)œ � œÈ �"

24. Step 1: y x   x yœ Ê œ#Î$ $Î#

 Step 2: y x f (x)œ œ$Î# �"
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25. Step 1: y x   x yœ Ê œ& "Î&

 Step 2: y x f (x);œ œÈ5 �"

 Domain and Range of f :  all reals;�"

 f f (x) x x and f (f(x)) x xa b a bˆ ‰�" "Î& �" && "Î&
œ œ œ œ

26. Step 1: y x   x yœ Ê œ% "Î%

 Step 2: y x f (x);œ œ% �"È
 Domain of f :  x 0, Range of f :  y 0;�" �"   

 f f (x) x x and f (f(x)) x xa b a bˆ ‰�" "Î% �" %% "Î%
œ œ œ œ

27. Step 1:  y x 1  x y 1  x (y 1)œ � Ê œ � Ê œ �$ $ "Î$

 Step 2: y x 1 f (x);œ � œ$ �"È
 Domain and Range of f :  all reals;�"

 f f (x) (x 1) 1 (x 1) 1 x and f (f(x)) x 1 1 x xa b a b a bˆ ‰ a b�" "Î$ �" $ $$ "Î$ "Î$
œ � � œ � � œ œ � � œ œ

28. Step 1: y x   x y   x 2y 7œ � Ê œ � Ê œ �" "
# # # #

7 7

 Step 2:  y 2x 7 f (x);œ � œ �"

 Domain and Range of f :  all reals;�"

 f f (x) (2x 7) x x and f (f(x)) 2 x 7 (x 7) 7 xa b ˆ ‰ ˆ ‰�" �"" "
# # # # # #œ � � œ � � œ œ � � œ � � œ7 7 7 7

29. Step 1: y   x   xœ Ê œ Ê œ" " "#
x y y# È

 Step 2: y f (x)œ œ" �"Èx

 Domain of f :  x 0, Range of f :  y 0;�" �"� �

 f f (x) x and f (f(x)) x since x 0a b�" �"" " " "œ œ œ œ œ œ �Š ‹ Š ‹ Š ‹É" " "

Èx x x
#

"

#x

30. Step 1: y   x   xœ Ê œ Ê œ" " "$
x y y$ "Î$

 Step 2: y f (x);œ œ œ" " �"
x x"Î$ É3

 Domain of f :  x 0, Range of f :  y 0;�" �"Á Á

 f f x x and f f x xa b a ba b a b ˆ ‰ ˆ ‰�" �"" " " "�"Î$ �"
œ œ œ œ œ œa bx x x x�"Î$ $ �" $

31. Step 1: y y x 2 x 3 x y 2y x 3 x y x 2y 3 xœ Ê � œ � Ê � œ � Ê � œ � Ê œx 3
x 2 y 1

2y 3�
� �

�a b
 Step 2: y f x ;œ œ2x 3

x 1
1�

�
� a b

 Domain of f :  x 1, Range of f :  y 2;�" �"Á Á

 f f x x and f f xa b a ba b a b�" �"� �

� �

� � � � � �
� � � � � �œ œ œ œ œ œ œ

ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰a b a b a b a ba b a b a b a b
2x 3 x 3
x 1 x 2

2x 3 x 3
x 1 x 2

� �

� �

� �

� �

3 2 3
2 1

2x 3 3 x 1 2 x 3 3 x 2
2x 3 2 x 1 5 x 3 x 2

5x 5x
5 œ x

32. Step 1: y y x 3 x y x 3y x y x x 3y xœ Ê � œ Ê � œ Ê � œ Ê œ
ÈÈ x
x 3

3y
y 1

2

� �
ˆ ‰È È È È È È Š ‹

 Step 2: y f x ;œ œˆ ‰ a b3x
x 1

2 1
�

�

 Domain of f :  , 0 1, , Range of f :  0, 9 9, ;�" �"Ð�_ Ó � _ Ò Ñ � _a b a b
 f f x ; If x 1 or x 0 0 x anda ba b�"

� �
� � ��

œ � Ÿ Ê   Ê œ œ œ œ
É Éˆ ‰ ˆ ‰

É Éˆ ‰ ˆ ‰ a b
3x 3x

x 1 x 1
2 2

3x 3x
x 1 x 1

2 2

3x
x 1

3x
x 1

� �

� �

�

�3 3

3x 3x 3x
x 1 3x 3 x 1 33

 f f x x�"

� � �
a ba b � �œ œ œ œ

3

1

2

9x 9x
x x 3 9

Š ‹
Š ‹ ˆ ‰È Èˆ ‰

È
È
È
È

x
x 3

x
x 3

2
�

�
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33. Step 1: y x 2x, x 1 y 1 x 1 , x 1 y 1 x 1, x 1 x 1 y 1œ � Ÿ Ê � œ � Ÿ Ê � � œ � Ÿ Ê œ � �2 2a b È È
 Step 2: y 1 x 1 f x ;œ � � œÈ a b�1

 Domain of f :  1, , Range of f :  , 1 ;�" �"Ò� _Ñ Ð�_ Ó

 f f x 1 x 1 2 1 x 1 1 2 x 1 x 1 2 2 x 1 x anda ba b Š ‹ Š ‹È È È È�" œ � � � � � œ � � � � � � � œ
2

 f f x 1 x 2x 1, x 1 1 x 1 , x 1 1 x 1 1 1 x x�"a b a b a b a ba b È Éœ � � � Ÿ œ � � Ÿ œ � l � l œ � � œ2 2

34. Step 1: y 2x 1 y 2x 1 y 1 2x x xœ � Ê œ � Ê � œ Ê œ Ê œa b É3 5 3 5 3 31 5 y 1 y 1
2 2

Î � �5 3 5

 Step 2: y f x ;œ œÉ a b3 5x 1
2

1� �

 Domain of f :  , , Range of f :  , ;�" �"a b a b�_ _ �_ _

 f f x 2 1 2 1 x 1 1 x x anda b a b a ba b a bŒ �Š ‹ Š ‹É Š ‹�" � �
Î Î Î Î

œ � œ � œ � � œ œ3 5 5x 1 x 1
2 2

3 1 5 1 5
5 51 5 1 5

 f f x x�"
� � � �a ba b Ê É Éœ œ œ œ

3 3 1 5 5

3 3 3 3’ “a b a b2x 1 1

2 2 2
2x 1 1 2x

Î

35. (a) y 2x 3  2x y 3œ � Ê œ �

  x   f (x)Ê œ � Ê œ �y 3 x 3
# # # #

�"

 (c) 2, ¸ ¹df df
dx dxx 1 x 1œ�

œ

œ œ
�" "

#

 (b) 

36. (a) y x 7  x y 7œ � Ê œ �" "
5 5

  x 5y 35  f (x) 5x 35Ê œ � Ê œ ��"

 (c) , 5¸ ¹df df
dx 5 dxx 1 xœ�

œ$%Î&
œ œ" �"

 (b) 

37. (a) y 5 4x  4x 5 yœ � Ê œ �

  x   f (x)Ê œ � Ê œ �5 5 x
4 4 4 4

y �"

 (c) 4, ¸ ¹df df
dx dx 4x 1 x 3œ Î#

œ
œ � œ �

�" "

 (b) 

38. (a) y 2x   x yœ Ê œ# # "
#

  x y  f (x)Ê œ Ê œ" �"
#È2
xÈ È

 (c) 4x 20,¸ kdf
dx x x 5œ& œ

œ œ

 x¹ ¹df
dx 02

�"

x 0 x 50œ& œ

œ œ" "

#
�"Î#

#È

 (b) 
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39. (a) f(g(x)) x x, g(f(x)) x xœ œ œ œˆ ‰È È3 3$ 3

 (c) f (x) 3x   f (1) 3, f ( 1) 3;w # w wœ Ê œ � œ

 g (x) x   g (1) , g ( 1)w �#Î$ w w" " "œ Ê œ � œ3 3 3

 (d) The line y 0 is tangent to f(x) x  at ( );œ œ !ß !$

 the line x 0 is tangent to g(x) x at (0 0)œ œ ß$È

 (b) 

40. (a) h(k(x)) (4x) x,œ œ" "Î$ $

4
ˆ ‰

 k(h(x)) 4 xœ œŠ ‹†

x
4

$
"Î$

 (c) h (x)   h (2) 3, h ( 2) 3;w w wœ Ê œ � œ3x
4

#

 k (x) (4x)   k (2) , k ( 2)w �#Î$ w w" "œ Ê œ � œ4
3 3 3

 (d) The line y 0 is tangent to h(x)  at ( );œ œ !ß !x
4

$

 the line x 0 is tangent to k(x) (4x)  atœ œ "Î$

 ( )!ß !

 (b) 

41. 3x 6x   42. 2x 4  df df df df
dx dx 9 dx dx 6œ � Ê œ œ œ � Ê œ œ# " "¹ ¹º º�" �"

x f(3) x f(5)x 3 x 5œ œ

œ œ

" "
df df
dx dx

43. 3 44. ¹ ¹ ¹ ¹º ºdf df
dx dx dx dx 2

dg dg�" �"

"

�" �"

x 4 x f(2) x 0 x f(0)x 2 x 0œ œ œ œ

œ œ

œ œ œ œ œ œ œ" "
df dg
dx dx

" "ˆ ‰
3

45. (a) y mx  x y  f (x) xœ Ê œ Ê œ" "�"
m m

 (b) The graph of y f (x) is a line through the origin with slope .œ �" "
m

46. y mx b  x   f (x) x ; the graph of f (x) is a line with slope  and y-intercept .œ � Ê œ � Ê œ � �y
m m m m m m

b b b�" �"" "

47. (a) y x 1  x y 1  f (x) x 1œ � Ê œ � Ê œ ��"

 (b) y x b  x y b  f (x) x bœ � Ê œ � Ê œ ��"

 (c) Their graphs will be parallel to one another and lie on
 opposite sides of the line y x equidistant from thatœ

 line.

 

48. (a) y x 1   x y 1  f (x)  1 x;œ � � Ê œ � � Ê œ ��"

 the lines intersect at a right angle
 (b) y x b  x y b  f (x) b x;œ � � Ê œ � � Ê œ ��"

 the lines intersect at a right angle
 (c) Such a function is its own inverse.
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49. Let x x  be two numbers in the domain of an increasing function f.  Then, either x x  or" # " #Á �

 x x  which implies f(x ) f(x ) or f(x ) f(x ), since f(x) is increasing.  In either case," # " # " #� � �

 f(x ) f(x ) and f is one-to-one.  Similar arguments hold if f is decreasing." #Á

50. f(x) is increasing since x x   x x ;   3# " # "
" " " "� Ê � � � œ Ê œ œ3 6 3 6 dx 3 dx

5 5 df df�"
"ˆ ‰
3

51. f(x) is increasing since x x   27x 27x ; y 27x   x y   f (x) x ;# "
$ $ $ "Î$ �" "Î$
# "

" "� Ê � œ Ê œ Ê œ3 3

 81x   xdf df
dx dx 81x 99xœ Ê œ œ œ# �#Î$" " "�"

# #Î$
¸

1
3 x"Î$

52. f(x) is decreasing since x x   1 8x 1 8x ; y 1 8x   x (1 y)   f (x) (1 x) ;# "
$ $ $ "Î$ �" "Î$
# "

" "
# #� Ê � � � œ � Ê œ � Ê œ �

 24x   (1 x)df df
dx dx 24x 66( x)œ � Ê œ œ œ � �# �#Î$" �" "

� "�

�"

# #Î$
¸

1
2 Ð � Ñ1 x "Î$

53. f(x) is decreasing since x x   (1 x ) (1 x ) ; y (1 x)   x 1 y   f (x) 1 x ;# " # "
$ $ $ "Î$ �" "Î$� Ê � � � œ � Ê œ � Ê œ �

 3(1 x)   xdf df
dx dx 3(1 x) 33xœ � � Ê œ œ œ �# �#Î$" �" "

� �

�"

# #Î$¹
1 x� "Î$

54. f(x) is increasing since x x   x x ; y x   x y   f (x) x ;# "
&Î$ &Î$
# "

&Î$ $Î& �" $Î&� Ê � œ Ê œ Ê œ

 x   xdf 5 df 3 3
dx 3 dx 5x 5xœ Ê œ œ œ#Î$ �#Î&"�"

#Î$ #Î&¹5
3 x$Î&

55. The function g(x) is also one-to-one.  The reasoning:  f(x) is one-to-one means that if x x  then f(x ) f(x ), so" # " #Á Á

 f(x ) f(x ) and therefore g(x ) g(x ).  Therefore g(x) is one-to-one as well.� Á � Á" # " #

56. The function h(x) is also one-to-one.  The reasoning:  f(x) is one-to-one means that if x x  then f(x ) f(x ), so" # " #Á Á

 , and therefore h(x ) h(x )." "
" #f(x ) f(x )" #

Á Á

57. The composite is one-to-one also.  The reasoning:  If x x  then g(x ) g(x ) because g is one-to-one.  Since" # " #Á Á

 g(x ) g(x ), we also have f(g(x )) f(g(x )) because f is one-to-one.  Thus, f g is one-to-one because" # " #Á Á ‰

 x x   f(g(x )) f(g(x ))." # " #Á Ê Á

58. Yes, g must be one-to-one.  If g were not one-to-one, there would exist numbers x x  in the domain of g with" #Á

 g(x ) g(x ).  For these numbers we would also have f(g(x )) f(g(x )), contradicting the assumption that" # " #œ œ

 f g is one-to-one.‰

59. (g f)(x) x  g(f(x)) x  g (f(x))f (x) 1‰ œ Ê œ Ê œw w

60. W(a) f (y) a  dy 0 2 x[f(a) f(x)] dx S(a); W (t) f (f(t)) a f (t)œ � œ œ � œ œ �' '
f(a) a

f(a) a

1 1 1’ “ ’ “a b a b�" # w �" # w# #

 t a f (t); also S(t) 2 f(t) x dx 2 xf(x) dx f(t)t f(t)a 2 xf(x) dx  S (t)œ � œ � œ � � Ê1 1 1 1 1 1a b c d# # w # # w' ' '
a a a

t t t

 t f (t) 2 tf(t) a f (t) 2 tf(t) t a f (t)  W (t) S (t).  Therefore, W(t) S(t) for all t [a b].œ � � � œ � Ê œ œ − ß1 1 1 1 1
# w # w # # w w wa b

61-68. Example CAS commands:
 :Maple
 with( plots );#63
 f := x -> sqrt(3*x-2);
 domain := 2/3 .. 4;
 x0 := 3;
 Df := D(f);                                     # (a)
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 plot( [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[1,3], legend=["y=f(x)","y=f '(x)"],
        title="#61(a) (Section 7.1)" );
 q1 := solve( y=f(x), x );               # (b)
 g := unapply( q1, y );
 m1 := Df(x0);                                # (c)
 t1 := f(x0)+m1*(x-x0);
 y=t1;
 m2 := 1/Df(x0);                             # (d)
 t2 := g(f(x0)) + m2*(x-f(x0));
 y=t2;
 domaing := map(f,domain);       # (e)
 p1 := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[1,9], thickness=[3,0] ):
 p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ):
 p3 := plot( t1, x=x0-1..x0+1, color=red, linestyle=4, thickness=0 ):
 p4 := plot( t2, x=f(x0)-1..f(x0)+1, color=blue, linestyle=7, thickness=1 ):
 p5 := plot( [ [x0,f(x0)], [f(x0),x0] ], color=green ):
 display( [p1,p2,p3,p4,p5], scaling=constrained, title="#63(e) (Section 7.1)" );
 (assigned function and values for a, b, and x0 may vary)Mathematica:
 If a function requires the odd root of a negative number, begin by loading the RealOnly package that allows Mathematica
 to do this. See section 2.5 for details.
 <<Miscellaneous `RealOnly`
 Clear[x, y]
 {a,b} = { 2, 1}; x0 = 1/2 ;�

 f[x_] = (3x 2) / (2x 11)� �

 Plot[{f[x], f'[x]}, {x, a, b}]
 solx = Solve[y == f[x], x]
 g[y_] = x /. solx[[1]]
 y0 = f[x0]
 ftan[x_] = y0 f'[x0] (x-x0)�

 gtan[y_] = x0 1/ f'[x0] (y y0)� �

 Plot[{f[x], ftan[x], g[x], gtan[x], Identity[x]},{x, a, b},
 Epilog Line[{{x0, y0},{y0, x0}}], PlotRange {{a,b},{a,b}}, AspectRatio Automatic]Ä Ä Ä

69-70. Example CAS commands:
 :Maple
 with( plots );
 eq := cos(y) = x^(1/5);
 domain := 0 .. 1;
 x0 := 1/2;
 f := unapply( solve( eq, y ), x );   # (a)
 Df := D(f);
 plot( [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[1,3], legend=["y=f(x)","y=f '(x)"],
        title="#70(a) (Section 7.1)" );
 q1 := solve( eq, x );                        # (b)
 g := unapply( q1, y );
 m1 := Df(x0);                                   # (c)
 t1 := f(x0)+m1*(x-x0);
 y=t1;
 m2 := 1/Df(x0);                                # (d)
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 t2 := g(f(x0)) + m2*(x-f(x0));
 y=t2;
 domaing := map(f,domain);          # (e)
 p1 := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[1,9], thickness=[3,0] ):
 p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ):
 p3 := plot( t1, x=x0-1..x0+1, color=red, linestyle=4, thickness=0 ):
 p4 := plot( t2, x=f(x0)-1..f(x0)+1, color=blue, linestyle=7, thickness=1 ):
 p5 := plot( [ [x0,f(x0)], [f(x0),x0] ], color=green ):
 display( [p1,p2,p3,p4,p5], scaling=constrained, title="#70(e) (Section 7.1)" );
 (assigned function and values for a, b, and x0 may vary)Mathematica:
 For problems 69 and 70, the code is just slightly altered. At times, different "parts" of solutions need to be used, as in the
 definitions of f[x] and g[y]
 Clear[x, y]
 {a,b} = {0, 1}; x0 = 1/2 ;

 eqn = Cos[y] == x1/5

 soly = Solve[eqn, y]
 f[x_] = y /. soly[[2]]
 Plot[{f[x], f'[x]}, {x, a, b}]
 solx = Solve[eqn, x]
 g[y_] = x /. solx[[1]]
 y0 = f[x0]
 ftan[x_] = y0 f'[x0] (x x0)� �

 gtan[y_] = x0 1/ f'[x0] (y y0)� �

 Plot[{f[x], ftan[x], g[x], gtan[x], Identity[x]},{x, a, b},
 Epilog Line[{{x0, y0},{y0, x0}}], PlotRange {{a, b}, {a, b}}, AspectRatio Automatic]Ä Ä Ä

7.2  NATURAL LOGARITHMS

 1. (a) ln 0.75 ln ln 3 ln 4 ln 3 ln 2 ln 3 2 ln 2œ œ � œ � œ �3
4

#

 (b) ln ln 4 ln 9 ln 2 ln 3 2 ln 2 2 ln 34
9 œ � œ � œ �# #

 (c) ln ln 1 ln 2 ln 2 (d) ln 9  ln 9  ln 3  ln 3" " "
#

#œ � œ � œ œ œÈ3

3 3 3
2

 (e) ln 3 2 ln 3 ln 2 ln 3  ln 2È œ � œ �"Î# "
#

 (f) ln 13.5  ln 13.5  ln ln 3 ln 2 (3 ln 3 ln 2)È a bœ œ œ � œ �" " " "
# # # # #

$27

 2. (a) ln ln 1 3 ln 5 3 ln 5 (b) ln 9.8 ln ln 7 ln 5 2 ln 7 ln 5" #
125 5

49œ � œ � œ œ � œ �

 (c) ln 7 7 ln 7  ln 7 (d) ln 1225 ln 35 2 ln 35 2 ln 5 2 ln 7È œ œ œ œ œ �$Î# #
#
3

 (e) ln 0.056 ln ln 7 ln 5 ln 7 3 ln 5 (f) œ œ � œ � œ œ7 ln 5  ln 7  ln 7
125 ln 25  ln 5

ln 35  ln $ � � � "
# #

"

7

 3. (a) ln sin ln ln ln 5 (b) ln 3x 9x ln ln ln (x 3)) � œ œ � � œ œ �ˆ ‰ ˆ ‰� � a b Š ‹sin sin 3x   9x
5 3x 3x
) )Š ‹sin 

5
)

# " �#

 (c)  ln 4t ln 2 ln 4t ln 2 ln 2t ln 2 ln ln t"
# #

% # #%a b a bÈ Š ‹� œ � œ � œ œ2t#

 4. (a) ln sec ln cos ln [(sec )(cos )] ln 1 0) ) ) )� œ œ œ

 (b) ln (8x 4) ln 2 ln (8x 4) ln 4 ln ln (2x 1)� � œ � � œ œ �# �ˆ ‰8x  4
4

 (c) 3 ln t 1 ln (t 1) 3 ln t 1 ln (t 1) 3  ln t 1 ln (t 1) ln
$È a b a bˆ ‰ Š ‹# # #"Î$ " � � "

�� � � œ � � � œ � � � œ3 (t  1)
(t  1)(t  )

 ln (t 1)œ �
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 5. y ln 3x  y (3)   6. y ln kx  y (k)œ Ê œ œ œ Ê œ œw w" " "ˆ ‰ ˆ ‰1
3x x kx x

 7. y ln t   (2t)   8. y ln t   tœ Ê œ œ œ Ê œ œa b ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰# $Î# "Î#" "
#

dy dy
dt t t dt 2t

2 3 3
t# $Î#

 9. y ln ln 3x   3xœ œ Ê œ � œ �3
x dx 3x x

dy�" �#" "ˆ ‰ a b�"

10. y ln ln 10x   10xœ œ Ê œ � œ �10
x dx 10x x

dy�" �#" "ˆ ‰ a b�"

11. y ln ( 1)  (1)  12. y ln (2 2)  (2)œ � Ê œ œ œ � Ê œ œ) )
dy dy
d   1   1 d   2   1) ) ) ) ) )

ˆ ‰ ˆ ‰" " " "
� � # � �

13. y ln x   3x  14. y (ln x)   3(ln x) (ln x)œ Ê œ œ œ Ê œ œ$ # $ #"dy dy 3(ln x)
dx x x dx dx x

3 dˆ ‰ a b$

#

†

15. y t(ln t)   (ln t) 2t(ln t) (ln t) (ln t) (ln t) 2 ln tœ Ê œ � œ � œ �# # # #dy
dt dt t

d 2t ln t
†

16. y t ln t t(ln t)   (ln t) t(ln t) (ln t) (ln t)œ œ Ê œ � œ �È "Î# "Î# �"Î# "Î#"
# #

dy t(ln t)
dt dt t

d
†

�"Î#

 (ln t)œ �"Î# "
#(ln t)"Î#

17. y  ln x   x  ln x x  ln xœ � Ê œ � � œx x x 4x
4 16 dx 4 x 16

dy% % % $$ $"
†

18. y x  ln x   4 x  ln x x 2x ln x 4x ln x x 2x ln x 4x ln x 8x ln xœ Ê œ † � œ � œ �a b a b a b a b a b a bˆ ‰2 2 2 6 7 74 3dy
dx x

1 3 3 4

19. y   œ Ê œ œln t
t dt

dy t (ln t)(1)
t t

1 ln tˆ ‰"
# #

t � �

20. y   œ Ê œ œ œ �"� "� �ln t 1 ln t ln t
t dt t t

dy t ( ln t)(1)
t

ˆ ‰"
#

t � "�

# #

21. y   yœ Ê œ œ œln x
1 ln x x(1 ln x)

(1 ln x) (ln x)

(1 ln x) (1 ln x)� �
w �

� �
"ˆ ‰ ˆ ‰" " "

x x x x x
ln x ln x

� � �

# # #

22. y   y 1œ Ê œ œ œ �x ln x ln x
1 ln x (1 ln x) (1 ln x)

(1 ln x) (x ln x)

(1 ln x)
( ln x) ln x

� � �
w �

�
"� �ˆ ‰ ˆ ‰ln x x� �†

" "

x x
#

#

# #

23. y ln (ln x)  yœ Ê œ œw " " "ˆ ‰ ˆ ‰
ln x x x ln x

24. y ln (ln (ln x))  y (ln (ln x)) (ln x)œ Ê œ œ œw " " " "
ln (ln x) dx ln (ln x) ln x dx x (ln x) ln (ln x)

d d
† † †

25. y [sin (ln ) cos (ln )]  [sin (ln ) cos (ln )] cos (ln ) sin (ln )œ � Ê œ � � �) ) ) ) ) ) ) )
dy
d) ) )

� ‘
† †

" "

 sin (ln ) cos (ln ) cos (ln ) sin (ln ) 2 cos (ln )œ � � � œ) ) ) ) )

26. y ln (sec tan )  sec œ � Ê œ œ œ) ) )
dy sec (tan sec )
d sec tan tan sec 

sec  tan sec
) ) ) ) )

) ) ) ) ) )�
� �

�#

27. y ln ln x  ln (x 1)  yœ œ � � � Ê œ � � œ � œ �" " " " " �
� # # � � �

w � �

x x 1 x x 1 2x(x 1) 2x(x 1)
2(x 1) x 3x 2È ˆ ‰

28. y  ln ln (1 x) ln (1 x)   y ( 1)œ œ � � � Ê œ � � œ œ" � " " " " " � � � "
# � # # � � # � "� �

w1 x 1 x 1 x
1 x 1 x 1 x (1 x)( x) 1 xc d � ‘ˆ ‰ ’ “ #
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29. y   œ Ê œ œ œ1 ln t 2
1 ln t dt (1 ln t) (1 ln t) t(1 ln t)

dy�
� � � �

(1 ln t) (1 ln t)� � � � � �ˆ ‰ ˆ ‰" �" " "

t t t t t t
ln t ln t

# # #

30. y ln t ln t   ln t ln t ln t tœ œ Ê œ œÉ È ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰"Î# "Î# "Î# "Î# "Î#"Î# �"Î# �"Î#" " "
# #

dy
dt dt dt

d d
t† † †

"Î#

 ln t tœ œ" " " "
# #

"Î# �"Î#�"Î#ˆ ‰
† †t 4t ln t

"Î# É È

31. y ln (sec (ln ))  (sec (ln )) (ln )œ Ê œ œ œ) ) )
dy sec (ln ) tan (ln ) tan (ln )
d sec (ln ) d sec (ln ) d

d d
) ) ) ) ) )

) ) )"
† †

32. y ln (ln sin ln cos ) ln (1 2 ln )  œ œ � � � Ê œ � �
Èsin  cos 

1 2 ln d sin cos 1  ln 
dy cos sin ) )

) ) ) ) )

) )

� # # �#
" "

) ) ) ˆ ‰ 2
)

 cot tan œ � �"
# �’ “) )

4
(1 2 ln )) )

33. y ln 5 ln x 1  ln (1 x)  y ( 1)œ œ � � � Ê œ � � œ �Š ‹ a b ˆ ‰a bÈx 1

1 x
5 2x 10x

x 1 1 x x 1 (1 x)

# &

# #

�

�
# w" " " "

# � # � � # �
†

34. y ln [5 ln (x 1) 20 ln (x 2)]  yœ œ � � � Ê œ � œÉ ˆ ‰ ’ “(x 1) (x 2) 4(x 1)
(x 2) x 1 x (x 1)(x 2)

5 20 5� � � �
� # # � �# # � �

" "w&

#!

 œ � 5 3x 2
(x 1)(x )# � �#

�’ “
35. y  ln t dt  ln x x ln 2x ln x x ln œ Ê œ � œ �'

x 2

x

#

#

Î
È Š ‹ Š ‹ Š ‹È a b k kÉdy

dx dx dx
d x d x x

2
# #

# #† †

# # k kÈ

36. y ln t dt  ln x x ln x x ln x x ln x xœ Ê œ � œ �'
Èx

È3
3 3 3

x
dy
dx dx dx 3

d dˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰È È È È È È
† †

" "�#Î$ �"Î#
#

 œ �
ln x ln x

3 x 2 x

È ÈÈ È
3

3 2

37.  dx ln x ln 2 ln 3 ln  38.  dx ln 3x 2 ln 2 ln 5 ln ' '
� �

�

3 1

2 0
" �# !

�$ �"�#x 3 3x 5
2 3 2œ œ � œ œ � œ � œc d c dk k k k

39.  dy ln y 25 C 40.  dr ln 4r 5 C' '2y
y 25 4r 5

8r
# #� �

# #œ � � œ � �k k k k
41.  dt ln 2 cos t ln 3 ln 1 ln 3; or let u 2 cos t  du sin t dt with t 0'

0

1

sin t
2 cos t� !œ � œ � œ œ � Ê œ œc dk k 1

  u 1 and t   u 3  dt   du ln u ln 3 ln 1 ln 3Ê œ œ Ê œ Ê œ œ œ � œ1 ' '
0 1

31

sin t
2 cos t u�

" $
"c dk k

42.  d ln 1 4 cos ln 1 2 ln 3 ln ; or let u 1 4 cos   du 4 sin  d'
0

31Î
4 sin 

1 4 cos 3
)

)

1

�
Î$

!
"

) ) ) ) )œ � œ � œ � œ œ � Ê œc d k kk k
 with 0  u 3 and   u 1   d   du ln u ln 3 ln ) ) )œ Ê œ � œ Ê œ � Ê œ œ œ � œ1 )

)3 1 4 cos u 3
4 sin ' '

0 3

3 11Î �

��
" "�"

�$c dk k
43. Let u ln x  du  dx; x 1  u 0 and x 2  u ln 2;œ Ê œ œ Ê œ œ Ê œ"

x

  dx 2u du u (ln 2)' '
1 0

2 ln 2 ln 2

0
2 ln x

x œ œ œc d# #

44. Let u ln x  du  dx; x 2  u ln 2 and x 4   u ln 4;œ Ê œ œ Ê œ œ Ê œ"
x

  du ln u ln (ln 4) ln (ln 2) ln ln ln ln 2' '
2 ln 2

4 ln 4
ln 4
ln 2

dx ln 4 ln 2 2 ln 2
x ln x u ln 2 ln 2 ln 2œ œ œ � œ œ œ œ" c d ˆ ‰ ˆ ‰Š ‹#
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45. Let u ln x  du  dx; x 2  u ln 2 and x 4  u ln 4;œ Ê œ œ Ê œ œ Ê œ"
x

 u  du' '
2 ln 2

4 ln 4 ln 4

ln 2
dx

x(ln x) u ln 4 ln ln ln 2 2 ln ln  ln 2 ln 4# #œ œ � œ � � œ � � œ � � œ œ�# " " " " " " " " "
# # # # #

� ‘
46. Let u ln x  du  dx; x 2  u ln 2 and x 16  u ln 16;œ Ê œ œ Ê œ œ Ê œ"

x

  u  du u ln 16 ln 2 4 ln 2 ln 2 2 ln 2 ln 2 ln 2' '
2 ln 2

16 ln 16 ln 16

ln 2
dx

2x ln xÈ œ œ œ � œ � œ � œ"
#

�"Î# "Î#� ‘ È È È È È È È
47. Let u 6 3 tan t  du 3 sec t dt;œ � Ê œ #

  dt ln u C ln 6 3 tan t C' '3 sec t du
6 3 tan t u

#

� œ œ � œ � �k k k k
48. Let u 2 sec y  du sec y tan y dy;œ � Ê œ

  dy ln u C ln 2 sec y C' 'sec y tan y
sec y u

du
#� œ œ � œ � �k k k k

49. Let u cos   du  sin  dx  2 du sin  dx; x 0  u 1 and x   u ;œ Ê œ � Ê � œ œ Ê œ œ Ê œx x x
2# # # # #

" "1 È
 tan  dx  dx 2 2 ln u 2 ln 2 ln 2 ln 2' ' '

0 0 1

2 2 1 2
1 2
1

1 1Î Î Î
Îx dusin 

cos u 2#
"œ œ � œ � œ � œ œ

x

x
#

#

È
Èc dk k ÈÈ

50. Let u sin t  du cos t dt; t   u  and t   u 1;œ Ê œ œ Ê œ œ Ê œ1 1

4 2
"

#È
 cot t dt   dt ln u ln ln 2' ' '

1 1

1 1

Î Î Î

Î Î

4 4 1 2

2 2 1

œ œ œ œ � œcos t du
sin t u 2È c dk k È"

"Î #
"È È

51. Let u sin   du  cos  d   6 du 2 cos  d ;   u  and   u ;œ Ê œ Ê œ œ Ê œ œ Ê œ) ) ) 1

3 3 3 3
3" "

# # #) ) ) ) 1
È

 2 cot  d  d 6  6 ln u 6 ln ln 6 ln 3 ln 27' ' '
1 1

1 1

Î Î Î

Î
Î

Î2 2 1 2

3 2
3 2

1 2
)

3 u
2 cos 

sin 
du 3

) )œ œ œ œ � œ œ
)

)

3

3

È
Èc dk k Š ‹ ÈÈ

# #
"

52. Let u cos 3x  du 3 sin 3x dx  2 du 6 sin 3x dx; x 0   u 1 and x   u ;œ Ê œ � Ê � œ œ Ê œ œ Ê œ1

1 2#
"È

 6 tan 3x dx  dx 2 2 ln u 2 ln ln 1 2 ln 2 ln 2' ' '
0 0 1

12 12 1 2
1 2
1

1 1Î Î Î
Îœ œ � œ � œ � � œ œ6 sin 3x du

cos 3x u 2

È
Èc dk k È"È

53.   ; let u 1 x  du  dx;  ln u C' ' 'dx dx dx du
2 x 2x 2 x 1 x x 2 x 1 x uÈ È È È È Èˆ ‰ ˆ ‰� � # �

"œ œ � Ê œ œ œ �È k k'
 ln 1 x C ln 1 x Cœ � � œ � �¸ ¸ ˆ ‰È È
54. Let u sec x tan x  du sec x tan x sec x  dx (sec x)(tan x sec x) dx  sec x dx ;œ � Ê œ � œ � Ê œa b# du

u

  (ln u)  du 2(ln u) C 2 ln (sec x tan x) C' sec x dx du
ln (sec x tan x) u ln u uÈ È�

�"Î# "Î#"œ œ œ � œ � �' ' È
†

55. y x(x 1) (x(x 1))   ln y  ln (x(x 1))  2 ln y ln (x) ln (x 1)  œ � œ � Ê œ � Ê œ � � Ê œ �È "Î# " " "
# �

2y
y x x 1

w

  y x(x 1)Ê œ � � œ œw " " " � "
# � �

� �

�
ˆ ‰ ˆ ‰È

x x 1 2x(x 1)
x(x 1) (2x 1) 2x

2 x(x 1)

È È

56. y x 1 (x 1)   ln y ln x 1 2 ln (x 1)   œ � � Ê œ � � � Ê œ �Èa b c da b ˆ ‰# # " "
# # � �

# y
y x 1 x 1

2x 2w

#

  y x +1 (x 1) x 1 (x 1)Ê œ � � œ � � œw # # # #
� � � �

" � � � � � �

� �
È Èa b a bˆ ‰ ’ “x x x x 1

x 1 x 1 x 1 (x 1)
2x x 1  x 1

x 1 (x 1)# #

# # #

#a b a b k kÈ

57. y   ln y [ln t ln (t 1)]   œ œ Ê œ � � Ê œ �É ˆ ‰ ˆ ‰t t
t 1 t 1 y dt t t 1

dy
� � # # �

"Î# " " " " "

  Ê œ � œ œdy
dt t 1 t t 1 t 1 t(t 1)

t t
2 t (t 1)

" " " " " "
# � � # � � �
É Éˆ ‰ ’ “ È $Î#
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58. y [t(t 1)]   ln y [ln t ln (t 1)]   œ œ � Ê œ � � Ê œ � �É ˆ ‰1
t(t 1) y dt t t 1

dy
� # # �

�"Î# " " " " "

  Ê œ � œ �dy
dt t(t 1) t(t 1)

1 2t 2t 1
2 t t

" �" �
# � � �
É ’ “ a b# $Î#

59. y 3 (sin ) ( 3)  sin   ln y  ln ( 3) ln (sin )   œ � œ � Ê œ � � Ê œ �È) ) ) ) ) )
"Î# " " "

# # �y d ( 3) sin 
dy cos 
) ) )

)

  3 (sin ) cot Ê œ � �dy
d 2( 3)) )

È ’ “) ) )
"
�

60. y (tan ) 2 1 (tan )(2 1)   ln y ln (tan )  ln (2 1)   œ � œ � Ê œ � � Ê œ �) ) ) ) ) )È ˆ ‰ ˆ ‰"Î# " " "
# # # �y d tan 1

dy sec 2
) ) )

)
#

  (tan ) 2 1 sec 2 1Ê œ � � œ � �dy
d tan 1

sec tan 
2 1) ) )

) )

)
) ) ) )È ÈŠ ‹ a b# "

# �
#

�È

61. y t(t 1)(t 2)  ln y ln t ln (t 1) ln (t 2)   œ � � Ê œ � � � � Ê œ � �" " " "
� �#y dt t t 1 t

dy

  t(t 1)(t+2) t(t 1)(t 2) 3t 6t 2Ê œ � � � œ � � œ � �dy (t 1)(t 2) t(t 2) t(t 1)
dt t t 1 t t(t 1)(t 2)

ˆ ‰ ’ “" " "
� �# � �

� � � � � � #

62. y   ln y ln 1 ln t ln (t 1) ln (t 2)   œ Ê œ � � � � � Ê œ � � �" " " " "
� � � �#t(t 1)(t 2) y dt t t 1 t

dy

  Ê œ � � � œdy (t 1)(t 2) t(t 2) t(t 1)
dt t(t 1)(t 2) t t 1 t t(t 1)(t ) t(t 1)(t 2)

" " " " �"
� � � �# � �# � �

� � � � � �� ‘ ’ “
 œ � 3t 6t 2

t 3t 2t

#

$ # #

� �
� �a b

63. y ln y ln ( 5) ln ln (cos )  tan œ Ê œ � � � Ê œ � � Ê œ � �) ) )

) ) ) ) ) ) ) ) ) ) )

� " " " � " "
� �

5 sin 5
 cos y d 5 cos d  cos 5

dy dy
) ) ) )ˆ ‰ ˆ ‰

64. y   ln y ln ln (sin )  ln (sec )   œ Ê œ � � Ê œ � �) ) )

) ) ) ) )

) ) sin cos 
sec y d sin 2 sec 

dy (sec )(tan )È ) ) )
" " "
# ’ “

  cot  tan Ê œ � �dy
d

 sin 
sec ) )

) )

)È ˆ ‰" "
#) )

65. y   ln y ln x  ln x 1  ln (x 1)  œ Ê œ � � � � Ê œ � �x x 1 y
(x 1)

2 x 2
3 y x x 1 3(x 1)

È #

#Î$

w

#
�

�
" "
# � �

#a b
  yÊ œ � �w �

�
"

� �
x x 1
(x 1) x x 1 3(x 1)

x 2È #

#Î$ #’ “
66. y   ln y [10 ln (x 1) 5 ln (2x 1)]  œ Ê œ � � � Ê œ �É (x 1) y

(2x 1) y x 1 2x 1
5 5�

� # � �
""!

&

w

  yÊ œ �w �
� � �

É ˆ ‰(x 1)
(2x 1) x 1 2x 1

5 5"!

&

67. y   ln y ln x ln (x 2) ln x 1   œ Ê œ � � � � Ê œ � �É c da b ˆ ‰3 x(x 2) y
x 1 3 y 3 x x x 1

2x�
� �# �

" " " "#
# #

w

  yÊ œ � �w " " "�
� �# �3 x 1 x x x 1

x(x 2) 2xÉ ˆ ‰3
# #

68. y  ln y ln x ln (x 1) ln (x 2) ln x 1 ln (2x 3)œ Ê œ � � � � � � � �É c da b3 x(x 1)(x 2)
x 1 (2x 3) 3

� �
� �

" #a b#

  yÊ œ � � � �w " " " "� �
� � � �# � �3 x 1 (2x 3) x x 1 x x 1 2x 3

x(x 1)(x 2) 2x 2É ˆ ‰3 a b# #

69. (a) f(x) ln (cos x)  f (x) tan x 0  x 0; f (x) 0 for x 0 and f (x) 0 forœ Ê œ � œ � œ Ê œ � � Ÿ � �w w wsin x
cos x 4

1

 0 x   there is a relative maximum at x 0 with f(0) ln (cos 0) ln 1 0; f ln cos� Ÿ Ê œ œ œ œ � œ �1 1 1

3 4 4
ˆ ‰ ˆ ‰ˆ ‰

 ln  ln 2 and f ln cos ln ln 2.  Therefore, the absolute minimum occurs atœ œ � œ œ œ �Š ‹ ˆ ‰ ˆ ‰ˆ ‰" " "
# #È2 3 3

1 1

 x  with f ln 2 and the absolute maximum occurs at x 0 with f(0) 0.œ œ � œ œ1 1

3 3
ˆ ‰
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 (b) f(x) cos (ln x)  f (x) 0  x 1; f (x) 0 for x 1 and f (x) 0 for 1 x 2œ Ê œ œ Ê œ � Ÿ � � � Ÿw w w� "
#

sin (ln x)
x

  there is a relative maximum at x 1 with f(1) cos (ln 1) cos 0 1; f cos lnÊ œ œ œ œ œˆ ‰ ˆ ‰ˆ ‰" "
# #

 cos ( ln 2) cos (ln 2) and f(2) cos (ln 2).  Therefore, the absolute minimum occurs at x  andœ � œ œ œ "
#

 x 2 with f f(2) cos (ln 2), and the absolute maximum occurs at x 1 with f(1) 1.œ œ œ œ œˆ ‰"
#

70. (a) f(x) x ln x  f (x) 1 ; if x 1, then f (x) 0 which means that f(x) is increasingœ � Ê œ � � �w w"
x

 (b) f(1) 1 ln 1 1  f(x) x ln x 0, if x 1 by part (a)  x ln x if x 1œ � œ Ê œ � � � Ê � �

71. (ln 2x ln x) dx ( ln x ln 2 ln x) dx (ln 2) dx (ln 2)(5 1) ln 2 ln 16' ' '
1 1 1

5 5 5

� œ � � � œ œ � œ œ%

72. A tan x dx tan x dx  dx  dx ln cos x ln cos xœ � � œ � œ �' ' ' '
� Î � Î

Î Î

1 1

1 1

4 0 4 0

0 3 0 3
� � !

� Î%
Î$

!
sin x sin x

cos x cos x c d c dk k k k
1

1

 ln 1 ln ln ln 1 ln 2 ln 2  ln 2œ � � � œ � œŠ ‹ ˆ ‰ È" "
# #È2

3

73. V  dy 4   dy 4 ln y 1 4 (ln 4 ln 1) 4  ln 4œ œ œ � œ � œ1 1 1 1 1' '
0 0

3 3Š ‹ c dk k2
y 1 y 1È �

#
"
�

$
!

74. V  cot x dx    dx ln (sin x) ln 1 ln  ln 2œ œ œ œ � œ1 1 1 1 1' '
1 1

1 1

Î Î

Î Î

6 6

2 2
cos x
sin x c d ˆ ‰1

1

Î#
Î'

"
#

75. V 2 x  dx 2   dx 2 ln x 2 ln 2 ln 2 (2 ln 2)  ln 2  ln 16œ œ œ œ � œ œ œ1 1 1 1 1 1 1' '
1 2 1 2

2 2

Î Î
ˆ ‰ ˆ ‰c dk k" " "#

"Î# #
%

x x#

76. V  dx 27  dx 27 ln x 9 27 (ln 36 ln 9) 27 (ln 4 ln 9 ln 9)œ œ œ � œ � œ � �1 1 1 1 1' '
0 0

3 3Š ‹ c da b9x
x 9È $ �

#
$ $

!

 27  ln 4 54  ln 2œ œ1 1

77. (a) y ln x  1 y 1 1   L 1 y  dxœ � Ê � œ � � œ � œ Ê œ �x x x 4 x 4
8 4 x 4x 4x

# # #a b a bˆ ‰ Š ‹ Š ‹ Éw # " � �# # #
w #'

4

8

  dx  dx ln x (8 ln 8) (2 ln 4) 6 ln 2œ œ � œ � œ � � � œ �' '
4 4

8 8
x 4 x x

4x 4 x 8

# #� "
)

%
ˆ ‰ ’ “k k

 (b) x 2 ln     1 1 1œ � Ê œ � Ê � œ � � œ � œˆ ‰ ˆ ‰ Š ‹ Š ‹ Š ‹ Š ‹y y y y y 16 y 16
4 4 dy 8 y dy 8 y 8y 8y

dx 2 dx 2# # # # #
� �# #

  L 1  dy  dy  dy 2 ln y (9 2 ln 12) (1 2 ln 4)Ê œ � œ œ � œ � œ � � �' ' '
4 4 4

12 12 12Ê Š ‹ Š ‹ ’ “dx 2
dy 8y 8 y 16

y 16 y y
# "#

�

%

# #

 8 2 ln 3 8 ln 9œ � œ �

78. L 1  dx    y ln x C ln x C since x 0  0 ln 1 C  C 0  y ln xœ � Ê œ Ê œ � œ � � Ê œ � Ê œ Ê œ'
1

2É k k" "
x dx x

dy
#

79. (a) M x  dx 1, M  dx   dx , M  dx ln x ln 2y x1 1 1 1

2 2 2 2

œ œ œ œ œ � œ œ œ œ' ' ' 'ˆ ‰ ˆ ‰ ˆ ‰ � ‘ c dk k" " " " " " " "
#

#

"
#
"x 2x x x 2x 4 x#

  x 1.44 and y 0.36Ê œ œ ¸ œ œ ¸
M
M ln 2 M ln 2

My x 4" ˆ ‰"
 (b) 
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80. (a) M x  dx x  dx x 42; M  dx   dxy x1 1 1 1

16 16 16 16

œ œ œ œ œ œ' ' ' 'Š ‹ Š ‹Š ‹� ‘" " " " ""Î# $Î# "'

" #È È Èx 2 x x
2
3 x

 ln x ln 4, M  dx 2x 6  x 7 and yœ œ œ œ œ Ê œ œ œ œ" "
#

"'
"

"Î# "'

"
c dk k � ‘'

1

16

Èx
M
M M 6

M ln 4y x

 (b) M x  dx 4 dx 60, M  dx  x  dxy x1 1 1 1

16 16 16 16

œ œ œ œ œ #' ' ' 'Š ‹Š ‹ Š ‹Š ‹Š ‹" " " �$Î#È È È È Èx x 2 x x x
4 4

 4 x 3, M  dx 4  dx 4 ln x 4 ln 16  x   andœ � œ œ œ œ œ Ê œ œ� ‘ Š ‹Š ‹ c dk k�"Î# "'

"
" " "'

"
' '

1 1

16 16

È Èx x
4 15

x M ln 16
My

 y œ œM
M 4 ln 16

3x

81. f x ln x 1 , domain of f: 1, f x ; f x 0 3x 0 x 0, not in the domain;a b a b a b a b a bœ � _ Ê œ œ Ê œ Ê œ3 23x
x 1

w w
�

2

3

 f x undefined x 1 0 x 1, not in domain. On 1, , f x 0 f is increasing on 1, w wa b a b a b a bœ Ê � œ Ê œ _ � Ê _3

 f is one-to-oneÊ

82. g x x ln x, domain of g: x 0.652919 g x ; g x 0 2x 1 0 no reala b a b a bÈœ � � Ê œ œ œ Ê � œ Ê2 2x

2 x ln x 2x x ln x
2x 1 2w w�

� �

�
1
x

2 2

2È È
 solutions; g x undefined 2x x ln x 0 x 0 or x 0.652919, neither in domain. On x 0.652919,wa b Èœ Ê � œ Ê œ ¸ �2

 g x 0 g is increasing for x 0.652919 g is one-to-onewa b � Ê � Ê

83. 1  at ( 3)  y x ln x C; y 3 at x 1  C 2  y x ln x 2dy
dx xœ � "ß Ê œ � � œ œ Ê œ Ê œ � �" k k k k

84. sec x  tan x C and 1 tan 0 C  tan x 1  y (tan x 1) dxd y dy dy
dx dx dx

#

# œ Ê œ � œ � Ê œ � Ê œ �# '
 ln sec x x C  and 0 ln sec 0 0 C   C 0  y ln sec x xœ � � œ � � Ê œ Ê œ �k k k k k k" " "

85. (a) L(x) f(0) f (0) x, and f(x) ln (1 x)  f (x) 1  L(x) ln 1 1 x  L(x) xœ � œ � Ê œ œ Ê œ � Ê œw w "
�† †k ¸

x 0  x 0œ
œ

1 x

 (b) Let f x ln x . Since f x  on , the graph of f is concave down on this interval and thea b a b a bœ � " œ � � ! Ò!ß !Þ"Óww "
�"a bx #

 largest error in the linear approximation will occur when x . This error is ln  to fiveœ !Þ" !Þ" � "Þ" ¸ !Þ!!%'*a b
 decimal places.
 (c) The approximation y x for ln (1 x) is best for smallerœ �

 positive values of x; in particular for 0 x 0.1 in theŸ Ÿ

 graph.  As x increases, so does the error x ln (1 x).� �

 From the graph an upper bound for the error is
 0.5 ln (1 0.5) 0.095; i.e., E(x) 0.095 for� � ¸ Ÿk k
 0 x 0.5.  Note from the graph that 0.1 ln (1 0.1)Ÿ Ÿ � �

 0.00469 estimates the error in replacing ln (1 x) by¸ �

 x over 0 x 0.1.  This is consistent with the estimateŸ Ÿ

 given in part (b) above.  

86. For all positive values of x,  and 0 . Since  and  haveln lnln a ln x ln a ln xd 1 a 1 d 1 1
dx x x dx x x

a a
x xc d c dœ † � œ � œ � œ �� �a

x
2

 the same derivative, then ln ln a ln x C for some constant C. Since this equation holds for all positve values of x,a
x œ � �

 it must be true for x 1 ln ln 1 ln x C 0 ln x C ln ln x C. By part 3 we know thatœ Ê œ � � œ � � Ê œ � �1 1
x x

 ln ln x C 0 ln ln a ln x.1 a
x xœ � Ê œ Ê œ �
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87. (a)  (b) y . Since sin x  and cos x  are less thanw
�œ l l l lcos x

a sin x

 or equal to 1, we have for a � "

 y  for all x.�" "
�" �"

w
a aŸ Ÿ

 Thus, y for all x the graph of y lookslim
aÄ�_

w œ ! Ê

 more and more horizontal as a .Ä �_

88. (a) The graph of y x ln x  to be concaveœ �È appears

 upward for all x 0.�

 

 (b) y x ln x  y   y 1 0  x 4  x 16.œ � Ê œ � Ê œ � � œ � � œ Ê œ Ê œÈ ÈŠ ‹w ww" " " " "
#È

È
x x x x 44x

x
$Î# # #

 Thus, y 0 if 0 x 16 and y 0 if x 16 so a point of inflection exists at x 16.  The graph ofww ww� � � � � œ

 y x ln x closely resembles a straight line for x 10 and it is impossible to discuss the point ofœ �  È
 inflection visually from the graph.

7.3  EXPONENTIAL FUNCTIONS

 1. (a) e 27  ln e ln 3   ( 0.3t) ln e 3 ln 3  0.3t 3 ln 3  t 10 ln 3� Þ � Þ $0 3t 0 3tœ Ê œ Ê � œ Ê � œ Ê œ �

 (b) e   ln e ln 2 kt ln e ln 2  tkt kt ln 2
kœ Ê œ œ œ � Ê œ �"

#
�"

 (c) e 0.4  e 0.4  0.2 0.4  ln 0.2 ln 0.4  t ln 0.2 ln 0.4  tÐ Þ Ñ Þln 0 2 t ln 0 2 t tt ln 0.4
ln 0.2œ Ê œ Ê œ Ê œ Ê œ Ê œˆ ‰

 2. (a) e 1000  ln e ln 1000  ( 0.01t) ln e ln 1000 0.01t ln 1000  t 100 ln 1000� Þ � Þ0 01t 0 01tœ Ê œ Ê � œ Ê � œ Ê œ �

 (b) e   ln e ln 10 kt ln e ln 10  kt ln 10  tkt kt
10 k

ln 10œ Ê œ œ œ � Ê œ � Ê œ �" �"

 (c) e   e 2   2 2   t 1Ð Ñ �" �""
#

ln 2 t ln 2 tt
œ Ê œ Ê œ Ê œ �ˆ ‰

 3. e x   ln e ln x   t 2 ln x  t 4(ln x)È Èt tœ Ê œ Ê œ Ê œ# # #È
 4. e e e   e e   ln e ln e   t x 2x 1x 2x 1 t x 2x 1 t x 2x 1 t# # #� � � � � #œ Ê œ Ê œ Ê œ � �

 5. y e   y e  ( 5x)  y 5e  œ Ê œ � Ê œ �� w � w �5x 5x 5xd
dx

 6. y e   y e    y eœ Ê œ Ê œ2x 3 2x 3 2x 3d 2x 2
dx 3 3

Î w Î w Îˆ ‰
 7. y e   y e  (5 7x)  y 7eœ Ê œ � Ê œ �5 7x 5 7x 5 7xd

dx
� w � w �

 8. y e   y e  4 x x   y 2x eœ Ê œ � Ê œ �ˆ ‰ ˆ ‰ ˆ ‰È È ÈÈ4 x x 4 x x 4 x xd 2
dx x

� w � # w �# # #ˆ ‰È Š ‹
 9. y xe e   y e xe e xe  œ � Ê œ � � œx x x x x xw a b
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10. y (1 2x) e   y 2e (1 2x)e  ( 2x)  y 2e 2(1 2x) e 4xeœ � Ê œ � � � Ê œ � � œ �� w � � w � � �2x 2x 2x 2x 2x 2xd
dx

11. y x 2x 2 e   y (2x 2)e x 2x 2 e x eœ � � Ê œ � � � � œa b a b# w # #x x x x

12. y 9x 6x 2 e y (18x 6)e 9x 6x 2 e  (3x) y (18x 6)e 3 9x 6x 2 eœ � � Ê œ � � � � Ê œ � � � �a b a b a b# w # w #3x 3x 3x 3x 3xd
dx

 27x eœ # 3x

13. y e (sin cos )  y e (sin cos ) e (cos sin ) 2e  cos œ � Ê œ � � � œ) ) ) )
) ) ) ) ) ) )

w

14. y ln 3 e ln 3 ln ln e ln 3 ln   1œ œ � � œ � � Ê œ �ˆ ‰) ) ) )
� � ") )

) )

dy
d

15. y cos e   sin e  e sin e e  2 e  sin eœ Ê œ � œ � � œŠ ‹ Š ‹ Š ‹ Š ‹Š ‹ Š ‹Š ‹ a b� � � � � # � �) ) ) ) ) ) )

) ) )

# # # # # # #dy
d d d

d d
) )

16. y e  cos 5   3 e  cos 5  cos 5 e  ( 2 ) 5(sin 5 ) eœ Ê œ � � �) ) ) ) ) ) ) ) )
$ �# # �# $ �# $ �#) ) ) )

) )

dy
d d

da b a bˆ ‰ ˆ ‰
 e (3 cos 5 2  cos 5 5  sin 5 )œ � �) ) ) ) ) )

# �#)

17. y ln 3te ln 3 ln t ln e ln 3 ln t t  1œ œ � � œ � � Ê œ � œa b� � " �t t dy
dt t t

1 t

18. y ln 2e  sin t ln 2 ln e ln sin t ln 2 t ln sin t  1  (sin t) 1œ œ � � œ � � Ê œ � � œ � �a b ˆ ‰� � "t t dy
dt sin t dt sin t

d cos t

 œ cos t sin t
sin t
�

19. y ln ln e ln 1 e ln 1+e   1  1 e 1œ œ � � œ � Ê œ � � œ � œe d e
1 e 1 e 1 e 1 e

dy
d d

) )

) ) ) )� � � �
" ") ) ) )

) )
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰)

20. y ln ln ln 1     1œ œ � � Ê œ � �
ÈÈ È È)

) ) )) ) )1 1
dy
d d d

d d
� �

" "È È È ÈŠ ‹ Š ‹ Š ‹ Š ‹ Š ‹) ) ) )

 œ � œ œ œŠ ‹Š ‹ Š ‹Š ‹" " " " " "

# � #

� �

� # � # �È È È È
Š ‹È È

Š ‹ Š ‹È È a b) ) ) )

) )

) ) ) ) ) )1

1

2 1 1 1 "Î#

21. y e e e te   e te  (cos t) (1 t sin t) eœ œ œ Ê œ � œ �Ð � Ñcos t ln t cos t ln t cos t cos t cos t cos tdy
dt dt

d

22.  y e ln t 1   e (cos t) ln t 1 e e ln t 1 (cos t)œ � Ê œ � � œ � �sin t sin t sin t sin tdy
dt t t

2 2a b a b a b� ‘# # #

23.  sin e  dt  y sin e (ln x)'
0

ln x
t ln x d sin x

dx xÊ œ œw ˆ ‰
†

24. y  ln t dt  y ln e e ln e e (2x) 2e 4 x e 4 xœ Ê œ � œ �'
e

e
2x 2x 4 x 4 x 2x 4 xd d d

dx dx dx4 x

2x

È
w a b a b a bŠ ‹ Š ‹ Š ‹ˆ ‰ ˆ ‰È È

† † †

È È È
 4xe 4 x e 4xe 8eœ � œ �2x 4 x 2x 4 x2

x
È Š ‹È ÈÈ

25. ln y e  sin x  y y e (sin x) e  cos x  y e  sin x e  cos xœ Ê œ � Ê � œy y y y y
y yŠ ‹ Š ‹a b" "w w w

  y e  cos x  yÊ œ Ê œw w�
�Š ‹1 ye  sin x ye  cos x

y 1 ye  sin x
yy y

y

26. ln xy e   ln x ln y e   y 1 y e   y e eœ Ê � œ Ê � œ � Ê � œ �x y x y x y x y x y
x y y x

� � w w � w � �" " " "Š ‹ Š ‹a b
  y   yÊ œ Ê œw w� �" �"

�Š ‹1 ye
y x x 1 ye

xe y xex y x y x y

x y

� � �

�

a ba b

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



Section 7.3 Exponential Functions  405

27. e sin (x 3y) 2e 1 3y  cos (x 3y) 1 3y 3y 1 y2x 2x 2e 2e
cos (x 3y) cos (x 3y) 3 cos (x 3y)

2e cos (x 3y)œ � Ê œ � � Ê � œ Ê œ � Ê œa bw w w w
� � �

� �2x 2x 2x

28. tan y e ln x  sec y y e   yœ � Ê œ � Ê œx x
x x

xe  cos ya b# w w" � "a bx #

29. e 5e  dx 5e C 30. 2e 3e  dx 2e e C' 'a b a b3x x x x 2x x 2xe 3
3� œ � � � œ � �� � � �

#

3x

31. e  dx e e e 3 2 1 32. e  dx e e e 1 2 1' '
ln 2 ln 2

ln 3
x x ln 3 ln 2 x x ln 2ln 3

ln 2 ln 2œ œ � œ � œ œ � œ � � œ � � œc d c d
�

� � !
�

0
0

33. 8e  dx 8e C 34. 2e  dx e C' 'Ð � Ñ Ð � Ñ Ð � Ñ Ð � Ñx 1 x 1 2x 1 2x 1œ � œ �

35. e  dx 2e 2 e e 2 e e 2(3 2) 2'
ln 4

ln 9
x 2 x 2 ln 9 2 ln 4) 2 ln 3 ln 2ln 9

ln 4
Î Î Ð ÑÎ Ð Îœ œ � œ � œ � œ� ‘ � ‘ ˆ ‰

36. e  dx 4e 4 e e 4 e 1 4(2 1) 4'
0

ln 16
x 4 x 4 ln 16 4 0 ln 2ln 16

0
Î Î Ð ÑÎœ œ � œ � œ � œ� ‘ ˆ ‰ ˆ ‰

37. Let u r   du r  dr  2 du r  dr;œ Ê œ Ê œ"Î# �"Î# �"Î#"
#

  dr e r  dr 2 e  du 2e C 2e C 2e C' 'e
r

r u u r rÈrÈ Èœ œ œ � œ � œ �' "Î# "Î#
†

�"Î#

38. Let u r   du r  dr  2 du r  dr;œ � Ê œ � Ê � œ"Î# �"Î# �"Î#"
#

  dr e r  dr 2 e  du 2e C 2e C' ' 'e
r

r u r r� "Î# "Î#ÈrÈ Èœ œ � œ � � œ � �� �"Î# � �
†

39. Let u t   du 2t dt  du 2t dt;œ � Ê œ � Ê � œ#

 2te  dt e  du e C e C' '� �t u u t# #

œ � œ � � œ � �

40. Let u t   du 4t  dt   du t  dt;œ Ê œ Ê œ% $ $"
4

 t e  dt e  du e C' '$ " "t u t
4 4

% %
œ œ �

41. Let u   du  dx  du  dx;œ Ê œ � Ê � œ" " "
x x x# #

  dx e  du e C e C' 'e
x

u u 1 x1 xÎ

# œ � œ � � œ � �Î

42. Let u x   du 2x  dx   du x  dx;œ � Ê œ Ê œ�# �$ �$"
#

  dx e x  dx e  du e C e C e C' ' 'e
x

x u u x 1 x� Î #

$

�# �# #1 x
œ œ œ � œ � œ �� �$ � � Î" " " "

# # # #†

43. Let u tan   du sec  d ; 0  u 0,   u 1;œ Ê œ œ Ê œ œ Ê œ) ) ) ) )
# 1

4

 1 e  sec  d sec  d e  du tan e tan tan (0) e e' ' '
0 0 0

4 4 1
tan u u4

0 4

1 1
) 1 1

Î Î
# # " !Î "

!
ˆ ‰ � ‘c d c d a bˆ ‰� œ � œ � œ � � �) ) ) ) )

 (1 0) (e 1) eœ � � � œ

44. Let u cot   du csc  d ;   u 1,   u 0;œ Ê œ � œ Ê œ œ Ê œ) ) ) ) )
# 1 1

4 2

 1 e  csc  d csc  d e  du cot e cot cot e e' ' '
1 1

1 1
) 1

1

1 1

Î Î

Î Î
# # ! "Î

Î
!
"4 4 1

2 2 0
cot u u2

4 2 4
ˆ ‰ � ‘c d c d a bˆ ‰ ˆ ‰� œ � œ � � œ � � � �) ) ) ) )

 (0 1) (1 e) eœ � � � œ

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



406 Chapter 7 Transcendental Functions

45. Let u sec t  du  sec t tan t dt  sec t tan t dt;œ Ê œ Ê œ1 1 1 1 1 1
du
1

 e sec ( t) tan ( t) dt  e  du C C' 'sec t u e eÐ Ñ "1

1 1 1
1 1 œ œ � œ �

u sec ta b1

46. Let u csc ( t)  du csc ( t) cot ( t) dt;œ � Ê œ � � �1 1 1

 e csc ( t) cot ( t) dt e  du e C e C' 'csc t u u csc tÐ � Ñ Ð � Ñ1 1
1 1� � œ � œ � � œ � �

47. Let u e   du e  dv  2 du 2e  dv; v ln   u , v ln   u ;œ Ê œ Ê œ œ Ê œ œ Ê œv v v
6 6
1 1 1 1

# #

 2e  cos e  dv 2 cos u du 2 sin u 2 sin sin 2 1 1' '
ln 6 6

ln 2 2
v v 2

6 6Ð Î Ñ Î

Ð Î Ñ Î Î
Î # #

"
1 1

1 1
1

1

1 1œ œ œ � œ � œc d � ‘ ˆ ‰ˆ ‰ ˆ ‰
48. Let u e   du 2xe  dx; x 0  u 1, x ln   u e ;œ Ê œ œ Ê œ œ Ê œ œx x ln# # È 1 1

1

 2xe  cos e  dx cos u du sin u sin ( ) sin (1) sin (1) 0.84147' '
0 1

ln 
x x

È 1 1
1# #Š ‹ c dœ œ œ � œ � ¸ �" 1

49. Let u 1 e   du e  dr;œ � Ê œr r

  dr  du ln u C ln 1 e C' 'e
1 e u

rr

r�
"œ œ � œ � �k k a b

50.  dx  dx;' '"
� �1 e e 1

e
x x

x
œ

�

�

 let u e 1  du e  dx   du e  dx;œ � Ê œ � Ê � œ� � �x x x

  dx  du ln u C ln e 1 C' 'e
e 1 u

x�

�

x

x �
" �œ � œ � � œ � � �k k a b

51. e  sin e 2   y e  sin e 2  dt;dy
dt

t t t tœ � Ê œ �a b a b'

 let u e 2  du e  dt  y sin u du cos u C cos e 2 C; y(ln 2) 0œ � Ê œ Ê œ œ � � œ � � � œt t t' a b
  cos e 2 C 0  cos (2 2) C 0  C cos 0 1; thus, y 1 cos e 2Ê � � � œ Ê � � � œ Ê œ œ œ � �ˆ ‰ a bln 2 t

52. e  sec e   y e  sec e  dt;dy
dt

t t t tœ Ê œ� # � � # �a b a b1 1'

 let u e   du e  dt   du e  dt  y sec u du  tan u Cœ Ê œ � Ê � œ Ê œ � œ � �1 1
� � � #" " "t t t

1 1 1
'

  tan e C; y(ln 4)    tan e C    tan Cœ � � œ Ê � � œ Ê � � œ" " " "� �
1 1 1 1 1 1

a b ˆ ‰ ˆ ‰1 1 1
t ln 42 2 2

4†

  (1) C   C ; thus, y  tan eÊ � � œ Ê œ œ �" " �
1 1 1 1 1

2 3 3 ta b1

53. 2e   2e C; x 0 and 0  0 2e C  C 2; thus 2e 2d y dy dy dy
dx dx dx dx

x x x#

# œ Ê œ � � œ œ Ê œ � � Ê œ œ � �� � ! �

  y 2e 2x C ; x 0 and y 1  1 2e C   C 1  y 2e 2x 1 2 e x 1Ê œ � � œ œ Ê œ � Ê œ � Ê œ � � œ � �� ! � �
" " "

x x xa b
54. 1 e   t e C; t 1 and 0  0 1 e C  C e 1; thusd y dy dy

dt dt dt
2t 2t#

# œ � Ê œ � � œ œ Ê œ � � Ê œ �" " "
# # #

# #

 t e e 1  y t e e 1 t C ; t 1 and y 1  e e 1 Cdy
dt 4 4

2t 2tœ � � � Ê œ � � � � œ œ � Ê �" œ � � � �" " " " " " " "
# # # # # #

# # # # #
" "ˆ ‰

  C e   y t e e 1 t eÊ œ � � Ê œ � � � � �"
" " " " " " "
# # # #

# # # #
4 4 4

2t ˆ ‰ ˆ ‰
55. y 2   y 2  ln 2 56. y 3   y 3 (ln 3)( 1) 3  ln 3œ Ê œ œ Ê œ � œ �x x x x xw w� � �

57. y 5   5 (ln 5) s 5œ Ê œ œÈ È Ès s sdy
ds

ln 5
2 s

ˆ ‰ Š ‹"
#

�"Î# È

58. y 2   2 (ln 2)2s ln 2 s2 (ln 4)s2œ Ê œ œ œs s s sdy
ds

# # # #a b Š ‹#
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59. y x   y x  60. y t   (1 e) tœ Ê œ œ Ê œ �1 1w
1

Ð � Ñ � �1 1 e edy
dt

61. y (cos )   2 (cos ) (sin )œ Ê œ �) ) )
È Š ‹È2 2 1dy

d)
È �

62. y (ln )   (ln )œ Ê œ œ) 1 )
1 1dy (ln )

d) ) )

1 )Ð � Ñ1 ˆ ‰" Ð � Ñ1 1

63. y 7  ln 7  7  ln 7 (ln 7)(sec  tan ) 7 (ln 7) (sec  tan )œ Ê œ œsec sec sec) ) )dy
d) a b ) ) ) )

#

64. y 3  ln 3  3  ln 3 (ln 3) sec 3 (ln 3) secœ Ê œ œtan tan tan) ) )dy
d) a b # # #

) )

65. y 2   2  ln 2 (cos 3t)(3) (3 cos 3t) 2 (ln 2)œ Ê œ œsin 3t sin 3t sin 3tdy
dt a b a b

66. y 5   5  ln 5 (sin 2t)(2) (2 sin 2t) 5 (ln 5)œ Ê œ œ� � �cos 2t cos 2t cos 2tdy
dt a b a b

67. y log  5   (5)œ œ Ê œ œ2 )
ln 5
ln d ln 5  ln 

dy)

) ) )# # #
" " "ˆ ‰ ˆ ‰

68. y log  (1  ln 3)   (ln 3)œ � œ Ê œ œ3 )
ln (1  ln 3) dy

ln 3 d ln 3 1  ln 3 1  ln 3
� " " "

� �
)

) ) )
ˆ ‰ ˆ ‰

69. y 2 3   yœ � œ � œ Ê œln x ln x ln x ln x ln x 3
ln 4 ln 4 ln 4 ln 4 ln 4 x ln 4

# w

70. y (x ln x)  y 1œ � œ � œ � Ê œ � œx ln e ln x x ln x x 1
ln 5 2 ln 5  ln 5 2 ln 5  ln 5  ln 5 x 2x ln 5# # # #

" " " �wˆ ‰ ˆ ‰ ˆ ‰
71. y x log x x x ln x y x 3x ln x x 3x x 3x log xœ œ œ Ê œ † � œ � œ �3 3 3 3 2 2 2 2 2

10 10
ln x 1 1 1 1 ln x 1

ln 10 ln 10 ln 10 x ln 10 ln 10 ln 10
ˆ ‰ ˆ ‰w

72. y log  r log  r   (2 ln r)œ œ œ Ê œ œ3 9†

ˆ ‰ ˆ ‰ ˆ ‰’ “ln r ln r ln r 2 ln r
ln 3 ln 9 (ln 3)(ln 9) dr (ln 3)(ln 9) r r(ln 3)(ln 9)

dy# " "

73. y log  ln ln (x 1) ln (x 1)œ œ œ œ œ � � �3
ln 3Š ‹ˆ ‰ ˆ ‰x 1 x 1

x 1 ln 3 ln 3 x 1

(ln 3) ln
� �
� �

ln ˆ ‰x 1
x 1

ln 3 x 1
x 1

�

�

�

�
Š ‹

  Ê œ � œdy
dx x 1 x 1 (x 1)(x 1)

2" " �
� � � �

74. y log   log   lnœ œ œ œ œ5 5
ln 5 ln 5 2Éˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰” •7x 7x ln 5 7x

3x 2 3x 2 ln 5 ln 5 3x� � # # �#
"Ð ÑÎ ln lnˆ ‰ ˆ ‰7x 7x

3x 2 3x 2
ln 5 2

� �

Ð ÑÎ

  ln 7x  ln (3x 2)  œ � � Ê œ � œ œ" " "
# # � � �

� �dy (3x 2) 3x
dx 2 7x 2 (3x 2) 2x(3x 2) x(3x 2)

7 3
† †

75. y  sin (log  )  sin   sin cos sin (log  )  cos (log  )œ œ Ê œ � œ �) ) ) ) ) )7 7 7ˆ ‰ ˆ ‰ � ‘ ˆ ‰ˆ ‰ln ln ln 
ln 7 d ln 7 ln 7  ln 7 ln 7

dy) ) )

) )

" "

76. y log  œ œ œ7 ˆ ‰sin  cos 
e

ln (sin ) ln (cos ) ln e ln 2 ln (sin ) ln (cos )  ln 2
ln 7 ln 7

) ) ) ) ) ) ) )

)#
� � � � � �

)

) )

  (cot tan 1 ln 2)Ê œ � � � œ � � �dy
d (sin )(ln 7) (cos )(ln 7) ln 7 ln 7 ln 7

cos sin ln 2
) ) )

) ) " "ˆ ‰ ) )

77. y log e   yœ œ œ Ê œ10
ln e x
ln 10 ln 10 ln 10

x x w "

78. y  yœ œ Ê œ œ) )

)

) ) ) )† †
� �

w � † � � † �

�

� � �5 5
2 log 2

2 5 ln 5 5 1 5

2

5 ln 5 2 log ln 5 1 5
ln 5

) )

)

) ) ) )

)

)

) )

5
ln 
ln 5

ln 1
ln 5 ln 5

ln 
ln 5

2
5ˆ ‰ˆ ‰ ˆ ‰ˆ ‰a bˆ ‰ a ba ba b2 log� 5

2
)
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79. y 3 3   3 (ln 3) log  3 3œ œ Ê œ œlog t ln t ln 2 ln t ln 2 log t
2

2 2Ð ÑÎÐ Ñ Ð ÑÎÐ Ñdy
dt t ln 2 tc d a bˆ ‰" "

80. y 3 log  (log  t)   œ œ œ Ê œ œ œ8 2
3 ln (log  t) dy

ln 8 ln 8 dt ln 8 (ln t)/(ln 2) t ln t(ln t)(ln 8) t(ln t)(ln )
3 ln 3 32

ln t
ln 2

ˆ ‰ ˆ ‰ ˆ ‰’ “" " "
# #

81. y log  8t 3 ln t  œ œ œ œ � Ê œ2
ln 2a b ln 8 ln t

ln ln dt t
3 ln 2 (ln 2)(ln t) dy�

# #
� "ˆ ‰ln 2

82. y t sin t  sin t t cos tœ œ œ œ Ê œ �
t ln e

ln 3 ln 3 ln 3 dt
t ln 3 t(sin t)(ln 3) dyŠ ‹ˆ ‰ ˆ ‰ln 3 sin t

sin t

83. 5  dx C ' x œ �5
ln 5

x

84. Let u 3 3 du 3 ln 3 dx du 3 dx;œ � Ê œ � Ê � œx x x1
ln 3

 dx du ln u C C' '3 1 1 1
3 3 ln 3 u ln 3 ln 3

ln 3 3x

x

x

�
l � lœ � œ � l l � œ � �

85. 2  d  d' '
0 0

1 1
�)

) )œ œ œ � œ � œ œˆ ‰ – —" " �" "
# � #

"

!

) Š ‹
Š ‹ Š ‹ Š ‹ Š ‹
"

#

" " " "
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" "
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)

ln ln ln ln 2(ln 1 ln 2)  ln 2

86. 5  d  d (1 25)' '
�

�

2 2
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)

) )œ œ œ � œ � œ œ
�

" " " �

!

�#

�
ˆ ‰ – —5 ln 1 ln 5 ln 5ln ln ln ln

24 24) Š ‹ Š ‹
Š ‹ Š ‹ Š ‹ Š ‹
" "

" " " "

5 5

5 5 5 5

) �#

87. Let u x   du 2x dx   du x dx; x 1  u 1, x 2  u 2;œ Ê œ Ê œ œ Ê œ œ Ê œ# "
#

È
 x2  dx 2  du 2 2' '

1 1

2 2
u

È a bx 2
ln 2 ln 2 ln 

#

œ œ œ � œˆ ‰ � ‘ ˆ ‰ a b" " " "
# # # #

#

"
# "u

88. Let u x   du x  dx  2 du ; x 1  u 1, x 4  u 2;œ Ê œ Ê œ œ Ê œ œ Ê œ"Î# �"Î#"
#

dx
xÈ

  dx 2 x  dx 2 2  du 2 2' ' '
1 1 1

4 4 2
x u2 2 4

x ln ln ln 

ÈxÈ œ œ œ œ � œ
"Î#

†

�"Î# $ #
# # #

#

"

"’ “ ˆ ‰ a bÐ � Ñu 1

89. Let u cos t  du sin t dt   du sin t dt; t 0  u 1, t   u 0;œ Ê œ � Ê � œ œ Ê œ œ Ê œ1

#

 7 sin t dt 7  du 7 7' '
0 1

2 0
cos t u

1Î

œ � œ � œ � œ� ‘ ˆ ‰ a b7 6
ln 7 ln 7 ln 7

u !

"
�" !

90. Let u tan t  du sec t dt; t 0  u 0, t   u 1;œ Ê œ œ Ê œ œ Ê œ# 1

4

 sec t dt  du' '
0 0

4 1tan t u1Î "ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰– — ’ “" " " " "#

"

!

!

3 3 ln 3 3 3 3 ln 3ln

2œ œ œ � � œ
Š ‹
Š ‹
"

"

3

3

u

91. Let u x   ln u 2x ln x   2 ln x (2x)   2u(ln x 1)   du x (1 ln x) dx;œ Ê œ Ê œ � Ê œ � Ê œ �2x 2x" " "
#u dx x dx

du duˆ ‰
 x 2  u 2 16, x 4  u 4 65,536;œ Ê œ œ œ Ê œ œ% )

 x (1 ln x) dx   du u (65,536 16) 32,760' '
2 16

4 65 536
2x 65 536

16
� œ œ œ � œ œ" " "

# # # #

ß

ßc d 65,520

92. Let u 1 2 du 2 2x ln 2 dx du 2 x dxœ � Ê œ Ê œx x x1
2 ln 2

2 2 2a b
 dx du ln u C C' 'x 2 1 1 1

1 2 2 ln 2 u 2 ln 2 2 ln 2

ln 1 2x2

x2

x2

�

�
œ œ l l � œ �

Š ‹

93. 3x  dx C 94. x  dx C' 'È Š ‹È3 2 1œ � œ �3x x
3 1 2

Š ‹È È3 1 2�È È�

�
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95. 2 1 x  dx x 3  96. x  dx' '
0 1

3 e
2 ln 2 12 2 e

1
Š ‹ ’ “È � ‘� œ œ œ œ œ œ

È Š ‹ Š ‹È È�" �" Ð Ñ�
$

! # #
� � "x e 1 2 1

ln ln 2 ln 2 ln 

ln 2 ln 2 ln 2

97.   dx  dx; u ln x  du  dx' 'log  x
x ln 10 x x

ln x10 œ œ Ê œˆ ‰ ˆ ‰ � ‘" "

   dx  u du u C CÄ œ œ � œ �' 'ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ln x
ln 10 x ln 10 ln 10 2 ln 10

(ln x)" " " "
#

#
#

98.  dx  dx; u ln x  du  dx; x 1  u 0, x 4  u ln 4' '
1 1

4 4
log  x

x ln x x
ln x2 œ œ Ê œ œ Ê œ œ Ê œˆ ‰ ˆ ‰ � ‘

#
" "

   dx u du u (ln 4) ln 4Ä œ œ œ œ œ œ' '
1 0

4 ln 4 ln 4

0
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ � ‘ ˆ ‰ � ‘ln x

ln x ln ln ln 2 ln ln 4
(ln 4) (ln 4)

# # # # # # #
" " " " " "# #

# #

99.  dx  dx  dx (ln x) (ln 4) (ln 1) (ln 4) (2 ln 2) 2(ln 2)' ' '
1 1 1

4 4 4
ln 2 log  x

x x ln x
ln 2 ln x ln x2 œ œ œ œ � œ œ œˆ ‰ ˆ ‰ � ‘ c d# # # # #

" " " "# # # # # #%

"

100.  dx  dx (ln x) (ln e) (ln 1) 1' '
1 1

e e e

1
2 ln 10 (log  x) (ln 10)(2 ln x)

x (ln 10) x
10 œ œ œ � œˆ ‰ c d" # # #

101.  dx  ln (x 2)  dx' '
0 0

2 2
log  (x  2) (ln (x  2)) (ln 4) (ln 2)

x  ln x  ln ln 
2 � �
� # # � # # # # # #

" " " "
#

!
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# # # #ln 

4(ln 2) (ln 2) 3# #

102.  dx  ln (10x)  dx' '
1 10 1 10

10 10
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log  (10x) (ln (10x)) (ln 100) (ln 1)
x ln 10 10x ln 10 0 ln 10 0

0 0 010 œ œ œ �" " " "
# # #
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  ln 10œ œ #ˆ ‰ ’ “"
#

0
ln 10 0

4(ln 10)#

103.  dx ln (x 1)  dx ln 10' '
0 0

9 9
2 log (x 1) (ln (x 1)) (ln 10) (ln )

x 1 ln 10 x 1 ln 10 ln 10 2
2 2 210 � � "

� � # #
"

*

!
œ � œ œ � œˆ ‰ ˆ ‰ ˆ ‰’ “ ’ “# # #

104.  dx  ln (x 1)  dx ln 2' '
2 2
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2 log (x 1) (ln (x 1)) (ln 2) (ln )

x 1 ln 2 x 1 ln 2 ln 2 2
2 2 22 � � "

� � # #
"

$

#
œ � œ œ � œˆ ‰ ˆ ‰ ˆ ‰’ “ ’ “# # #

105.   dx (ln 10)  dx; u ln x  du  dx' ' 'dx ln 10
x log  x ln x x ln x x x10

œ œ œ Ê œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ � ‘" " " "

  (ln 10)  dx (ln 10)   du (ln 10) ln u C (ln 10) ln ln x CÄ œ œ � œ �' 'ˆ ‰ ˆ ‰ k k k k" " "
ln x x u

106.   (ln 8)    dx (ln 8)  C C' ' 'dx dx
x (log  x) x 1 ln xx

(ln x) (ln x) (ln 8)
8

# #

�# �" #

œ œ œ � œ � �ˆ ‰ln x
ln 8

# #
�

107.  dt ln t ln ln x ln 1 ln (ln x), x 1'
1

ln x
"
t

ln x
1œ œ � œ �c d k kk k

108.  dt ln t ln e ln 1 x ln e x'
1

e
e x

x
x"

t 1œ œ � œ œc dk k
109.  dt ln t ln ln 1 ln 1 ln x ln 1 ln x, x 0'

1

1/x
x

1
" "
t xœ œ � œ � � œ � �c d a bk k k k¸ ¸"Î

110.   dt  ln t log  x, x 0" " "
ln a t ln a ln a ln a

ln x ln 1'
1

x x

1 aœ œ � œ �� ‘k k
111. y (x 1)   ln y ln (x 1) x ln (x 1)  ln (x 1) x   y (x 1) ln (x 1)œ � Ê œ � œ � Ê œ � � Ê œ � � �x x xy

y (x 1) x 1
xw

†

"
� �

w � ‘
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112. y x x y x x ln y x ln x 2x ln x y 2x 2x 2 ln x 2 2ln xœ � Ê � œ Ê � œ œ Ê � œ † � † œ �2 2x 2 2x 2 2x 1 1
y x xa b a b�

w
2

 y 2x y x 2 2ln x y x x x 2 2ln x 2x 2 x x x ln xÊ � œ � � Ê œ � � � � œ � �w wa ba b a ba b a ba b2 2 2x 2 2x 2x

113. y t t t ln y ln t  ln t  (ln t)œ œ œ Ê œ œ Ê œ � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰È t t t t"Î# Î#
# # # # #

" " " "Î# t t ln t
y dt t

dy

 tÊ œ �dy
dt

ln tˆ ‰ ˆ ‰È t

# #
"

114. y t t ln y ln t t (ln t)  t (ln t) t tœ œ Ê œ œ Ê œ � œ Ê œÈ Èˆ ‰ ˆ ‰t t t t"Î# "Î# ˆ ‰ ˆ ‰ ˆ ‰ Š ‹"Î# �"Î# "Î#" " " � �
#y dt t dt

dy dyln t 2 ln t 2
2 t 2 tÈ È

115. y (sin x)   ln y ln (sin x) x ln (sin x)  ln (sin x) x   y (sin x) ln (sin x) x cot xœ Ê œ œ Ê œ � Ê œ �x x xy
y sin x

cos xw ˆ ‰ c dw

116. y x   ln y ln x (sin x)(ln x)  (cos x)(ln x) (sin x)œ Ê œ œ Ê œ � œsin x sin x y sin x x (ln x)(cos x)
y x x

w ˆ ‰" �

  y xÊ œw �sin x ’ “sin x x(ln x)(cos x)
x

117. y sin x y cos x  x ; if u x ln u ln x x ln x x 1 ln x 1 ln xœ Ê œ œ Ê œ œ Ê œ † � † œ �x x x x xw d u 1
dx u xa b w

 u x 1 ln x y cos x x 1 ln x x cos x 1 ln xÊ œ � Ê œ † � œ �w wx x x x xa b a b a b
118. y (ln x) ln y (ln x) ln (ln x) ln (ln x) (ln x)  (ln x)œ Ê œ Ê œ � œ �ln x y ln (ln x)

y x ln x dx x x
dw ˆ ‰ ˆ ‰" " "

 y (ln x)Ê œw � "Š ‹ln (ln x)
x

ln x

119. f(x) e 2x f (x) e 2; f (x) 0 e 2 x ln 2; f(0) 1, the absolute maximum; f(ln 2) 2 2 ln 2œ � Ê œ � œ Ê œ Ê œ œ œ �x x xw w

 0.613706, the absolute minimum; f(1) e 2 0.71828, a relative or local maximum since f (x) e  is always¸ œ � ¸ œww x

 positive.

120. The function f(x) 2e  has a maximum whenever sin 1 and a minimum whenever sin 1. Therefore theœ œ œ �sin x 2 x xÐ Î Ñ
# #

 maximums occur at x 2k(2 ) and the minimums occur at x 3 2k(2 ), where k is any integer.  The maximumœ � œ �1 1 1 1

 is 2e 5.43656 and the minimum is 0.73576.¸ ¸2
e

121. f x x e f x x e 1 e e x e f x e x e 1 e x e 2ea b a b a b a b a ba bœ Ê œ � � œ � Ê œ � � � � œ �� w � � � � ww � � � � �x x x x x x x x x x

 (a) f x 0 e x e e 1 x 0 e 0 or 1 x 0 x 1, f 1 1 e ; using secondw � � � � �a b a b a b a bœ Ê � œ � œ Ê œ � œ Ê œ œ œx x x x 1 1
e

 derivative test, f 1 1 e 2e 0 absolute maximum at 1, ww � �a b a b ˆ ‰œ � œ � � Ê1 1 1 1
e e

 (b) f x 0 x e 2e e x 2 0 e 0 or x 2 0 x 2, f 2 2 e ; sinceww � � � � �a b a b a b a bœ Ê � œ � œ Ê œ � œ Ê œ œ œx x x x 2 2
e2

 f 1 0 and f 3 e 3 2 0 point of inflection at 2, ww ww �a b a b a b ˆ ‰� œ � œ � Ê3 1 2
e e3 2

122. f x f x f xa b a b a bœ Ê œ œ Ê œe e e
1 e

1 e e e 2e 1 e e 3e e e 2 1 e 2e

1 e 1 e 1 e

x x 3x

2x 2 2 2

2x x x 2x 2x x 3x x 3x 2x 2x

2x 2x

2

2x 2�
w ww� � � � � � �

� �

�

�

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰
a b a b ’ “a b

 œ
e 1 6e e

1 e

x 2x 4x

2x 3

ˆ ‰
a b� �

�

 (a) f x 0 e e 0 e 1 e 0 e 1 x 0; f 0 ;w
�

a b a b a bœ Ê � œ Ê � œ Ê œ Ê œ œ œx 3x x 2x 2x e 1
1 e 2

0

2 0a b

 f x undefined 1 e 0 e 1 no real solutions. Using the second derivative test,wa b a bœ Ê � œ Ê œ � Ê2x 2x2

 f 0 0 absolute maximum at 0, ww � �

�

�a b ˆ ‰œ œ � Ê
e 1 6e e

1 e
4 1

8 2

0 2 0 4 0

2 0 3

ˆ ‰
a b

a b a b

a b

 (b) f x 0 e 1 6e e e 0 or 1 6e e 0 e 3 2 2,ww � � „ �a b a b Èœ Ê � � Ê œ � � œ Ê œ œ „x 2x 4x x 2x 4x 2x 6 36 4
2

a b È

 x  or x . f  and f ;Ê œ œ œ œ
ln 3 2 2 ln 3 2 2 ln 3 2 2 ln 3 2 2

2 2 2 2

3 2 2 3 2 2

4 2 2 4 2 2

Š ‹ Š ‹ Š ‹ É Š ‹ ÉÈ È È ÈÈ È
È È

� � � �� �

� �� � � �
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 since f 1 0,  f 0 0, and f 1 0 points of inflection at ,  andww ww ww
� �

�
a b a b a b � �� � � � Ê

ln 3 2 2

2

3 2 2

4 2 2

Š ‹ ÉÈ È
È

 , .� �ln 3 2 2

2

3 2 2

4 2 2

Š ‹ ÉÈ È
È

� �

�

123. f(x) x  ln f (x) 2x ln x x 2x ln x x(2 ln x 1); f (x) 0 x 0 or ln x .œ Ê œ � � œ � œ � � œ Ê œ œ �# w # �# w" " " " "
#x x xŠ ‹ a b"

x

 Since x 0 is not in the domain of f, x e .  Also, f (x) 0 for 0 x  and f (x) 0 for x .œ œ œ � � � � ��"Î# w w" " "È È Èe e e

 Therefore, f  ln e  ln e  ln e  is the absolute maximum value of f assumed at x .Š ‹ È" " " " " ""Î#
# #È Èe ee e e eœ œ œ œ œ

124. f(x) (x 3) e   f (x) 2(x 3) e (x 3) eœ � Ê œ � � �# w #x x x

 (x 3) e (2 x 3) (x 1)(x 3) e ; thusœ � � � œ � �x x

 f (x) 0 for x 1 or x 3, and f (x) 0 forw w� � � �

 1 x 3  f(1) 4e 10.87 is a local maximum and� � Ê œ ¸

 f(3) 0 is a local minimum.  Since f(x) 0 for all x,œ  

 f(3) 0 is also an absolute minimum.œ

 

125. e e  dx e e e 3 1 2 2'
0

ln 3a b ’ “ Š ‹ Š ‹ ˆ ‰ ˆ ‰2x x x ln 3e e e 9 8
ln 3

0
� œ � œ � � � œ � � � œ � œ

2x 2 ln 3

# # # # # #
! "!

126. e e  dx 2e 2e 2e 2e 2e 2e (4 1) (2 2) 5 4 1'
0

2 ln 2ˆ ‰ � ‘ ˆ ‰ a bx 2 x 2 x 2 x 2 ln 2 ln 22 ln 2

0
Î � Î Î � Î � ! !� œ � œ � � � œ � � � œ � œ

127. L 1  dx    y e C; y(0) 0  0 e C  C 1  y e 1œ � Ê œ Ê œ � œ Ê œ � Ê œ � Ê œ �'
0

1
x 2É e e

4 dx
dy x 2 0x x 2Î

#
Î Î

128. S 2  1  dy 2   1 e 2 e  dyœ � œ � � �1 1' '
0 0

ln 2 ln 2ˆ ‰ ˆ ‰ ˆ ‰É É a be e e e e e
4

2y 2yy y y yy y� � � "
# # #

# �
� �

�

 2   dy 2   dy  e 2 e dyœ œ œ � �1 1' '
0 0

ln 2 ln 2ˆ ‰ ˆ ‰ ˆ ‰É ' a be e e e e e
0
ln 2 2y 2yy y y yy y� � �

# # # #

# # �� �

� 1

 e 2y e e 2 ln 2 e 0œ � � œ � � � � �1 1

# # # # # # # #
" " " " " "� �� ‘ � ‘ˆ ‰ ˆ ‰2y 2y 2 ln 2 2 ln 2ln 2

0

 4 2 ln 2 2 2 ln 2  ln 2œ � � œ � � œ �1 1

# # # #
" " " "ˆ ‰ ˆ ‰ ˆ ‰
† † 4 8 16

15
1

129. y e e e e ; L 1 e e  dx 1  dxœ � Ê œ � œ � � œ � � �" " " "
# # # #

� � �a b a b a bÉ ˆ ‰ Éx x x xdy
dx 4 4

x x 2 e e' '
0 0

1 1 2x 2x�

  dx e e  dx e e  dx e e e 0œ � � œ � œ � œ � œ � � œ' ' '
0 0 0

1 1 1É Éˆ ‰ ˆ ‰a b a b c de e 1 e 1
4 4 e 2e

x x 2 x x x x 1
0

2x 2x 2" " " " " �
# # # # #

� � ��

130. y ln e 1 ln e 1 ; L 1  dx 1  dxœ � � � Ê œ � œ œ � œ �a b a b É ˆ ‰ Éx x dy
dx e 1 e 1 e 1 e 1

e e 2e 2e 4e2

e 1

x x x

x x 2x 2x 2

x 2x

2x� � � � �
' '

ln 2 ln 2

ln 3 ln 3

a b
  dx  dx  dx  dxœ œ œ œ œ' ' ' ' '

ln 2 ln 2 ln 2 ln 2 ln 2

ln 3 ln 3 ln 3 ln 3 ln 3É É Êe 2e 1 4e e 2e 1 e 1
e 1 e 1 e 1

e 1
e 1

4x 2x 2x 4x 2x

2x 2x 2x2 2 2 2x

2x 2 2x e 12x
� � � � � �

� � �

�
�a b a b a ba b �

ex

e 12x
ex
�

 dx

  dx; let u e e du e e dx, x ln 2 u e e 2 , x ln 3œ œ � Ê œ � œ Ê œ � œ � œ œ'
ln 2

ln 3
e e 1 3
e e 2 2

x x x x ln 2 ln 2x x

x x
�
�

� � ��

� ’ a b
 u e e 3 du ln u ln ln lnÊ œ � œ � œ Ä œ l l œ � œln 3 ln 3 1 8 1 8 3 16

3 3 u 3 2 9
8 3
3 2

� Î
Î“ c d ˆ ‰ ˆ ‰ ˆ ‰'

3 2

8 3

Î

Î

131. y ln cos x tan x; L 1 tan x  dx 1 tan x dx sec x dxœ Ê œ œ � œ � � œ � œdy
dx cos x

sin x
4 4 42 2 2�

Î Î Î' ' '
0 0 0

1 1 1É a b È È
 sec x dx ln sec x tan x ln sec tan 0 ln 2 1œ œ l � l œ l � l � œ �'

0

1
1 1 1

Î Î4 4
0 4 4c d a bˆ ‰ˆ ‰ ˆ ‰ Š ‹È
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412 Chapter 7 Transcendental Functions

132. y ln csc x cot x; L 1 cot x  dx 1 cot x dx csc x dxœ Ê œ œ � œ � � œ � œdy
dx csc x

csc x cot x
4 4 42 2 2�

Î Î Î' ' '
1 1 1Î Î Î6 6 6

1 1 1É a b È È
 csc x dx ln csc x cot x ln csc cot ln csc cotœ œ � l � l œ � l � l � l � l'

1Î6

1
1

1

1 1 1 1
Î Î

Î

4 4
6 4 4 6 6c d ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

 ln 2 1 ln 2 3 lnœ � � � � œŠ ‹ Š ‹ Š ‹È È 2 3
2 1
�

�

ÈÈ

133. (a) (x ln x x C) x ln x 1 0 ln xd
dx x� � œ � � � œ†

"

 (b) average value ln x dx x ln x x [(e ln e e) (1 ln 1 1)] (e e 1)œ œ � œ � � � œ � � œ" " " " "
� � � � �e 1 e 1 e 1 e 1 e 1

e
1

'
1

e c d
134. average value  dx ln x ln 2 ln 1 ln 2œ œ œ � œ" "

�
#
"2 1 x

'
1

2 c dk k
135. (a) f(x) e   f (x) e ; L(x) f(0) f (0)(x 0)  L(x) 1 xœ Ê œ œ � � Ê œ �x xw w

 (b) f(0) 1 and L(0) 1  error 0; f(0.2) e 1.22140 and L(0.2) 1.2  error 0.02140œ œ Ê œ œ ¸ œ Ê ¸0 2Þ

 (c) Since y e 0, the tangent lineww œ �x

 approximation always lies below the curve y e .œ x

 Thus L(x) x 1 never overestimates e .œ � x

 

136. (a) y e   y e 0 for all x  the graph of y e  is always concave upwardœ Ê œ � Ê œx x xww

 (b) area of the trapezoid ABCD e  dx area of the trapezoid AEFD  (AB CD)(ln b ln a)� � Ê � �'
ln a

ln b
x "

#

 e  dx (ln b ln a).  Now (AB CD) is the height of the midpoint� � � �'
ln a

ln b
x Š ‹e eln a ln b� "

# #

 M e  since the curve containing the points B and C is linear  e (ln b ln a)œ Ê �Ð � ÑÎ Ð � ÑÎln a ln b 2 ln a ln b 2

 e  dx (ln b ln a)� � �'
ln a

ln b
x Š ‹e eln a ln b�

#

 (c) e  dx e e e b a, so part (b) implies that'
ln a

ln b
x x ln b ln aln b

ln aœ œ � œ �c d
 e (ln b ln a) b a (ln b ln a)  eÐ � ÑÎ Ð � ÑÎ� � �

# � #
ln a ln b 2 ln a ln b 2e e b a a b

ln b ln a� � � � � Ê � �Š ‹ln a ln b

  e e   e e   abÊ � � Ê � � Ê � �ln a 2 ln b 2 b a a b b a a b b a a b
ln b ln a ln b ln a ln b ln a

ln a ln bÎ Î � � � � � �
� # � # � #†

È È È
137. A  dx 2  dx; u 1 x   du 2x dx; x 0  u 1, x 2  u 5œ œ œ � Ê œ œ Ê œ œ Ê œ' '

�2 0

2 2
2x 2x

1 x 1 x� �
#

# # c d
  A 2   du 2 ln u 2(ln 5 ln 1) 2 ln 5Ä œ œ œ � œ'

1

5
" &

"u c dk k

138. A  2  dx 2  dx 2 2œ œ œ œ � � œ � � œ' '
� �

" "
# # # # # #

"

�"
1 1

1 1
1 x xÐ � Ñ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰– —Š ‹

Š ‹
"

#

"

#

x

ln

2 2 3 3
ln ln ln 
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139. From zooming in on the graph at the right,  we estimate
 the third root to be x 0.76666¸ �

 

140. The functions f(x) x  and g(x) 2  appear toœ œln 2 ln x

 have identical graphs for x 0.  This is no accident,�

 because x e e 2 .ln 2 ln 2 ln x ln 2 ln xln xœ œ œ† a b

 

141. (a) f(x) 2   f (x) 2  ln 2; L(x) 2  ln 2 x 2 x ln 2 1 0.69x 1œ Ê œ œ � œ � ¸ �x xw ! !a b
 (b)                      

142. (a) f(x) log  x  f (x) , and f(3)   L(x) (x 3) 1 0.30x 0.09œ Ê œ œ Ê œ � � œ � � ¸ �3
w " " "

x ln 3 ln 3 3 ln 3 ln 3 3 ln 3 ln 3
ln 3 ln 3 x

 (b)                     

143. (a) The point of tangency is p  ln p  and m  since . The tangent line passes through thea b a bß œ œ !ß ! Êtangent p dx x
dy" "

 equation of the tangent line is y x. The tangent line also passes through p  ln p ln p p p e, andœ ß Ê œ œ " Ê œ" "
p pa b

 the tangent line equation is y x.œ "
e

 (b)  for x y ln x is concave downward over its domain. Therefore, y ln x lies below the graph ofd y
dx x

#

# #œ � Á ! Ê œ œ"

 y x for all x , x e, and ln x  for x , x e.œ � ! Á � � ! Á"
e e

x

 (c) Multiplying by e, e ln x x or ln x x.� �e

 (d) Exponentiating both sides of ln x x, we have e e , or x e  for all positive x e.e ln x x e x� � � Á
e

 (e) Let x  to see that e . Therefore, e  is bigger.œ �1 1
e 1 1
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414 Chapter 7 Transcendental Functions

144. Using Newton's Method: f x ln x f x x x x x ln x .a b a b a b a b’ “œ � " Ê œ Ê œ � Ê œ # �w "
�" �"x n n n n n

ln xa bn

x

�"
"

8

 Then, x 2, x 2.61370564, x 2.71624393, and x 2.71828183. Many other methods may be used. For1 2 3œ œ œ œ&

 example, graph y ln x  and determine the zero of y.œ � "

7.4  EXPONENTIAL CHANGE AND SEPARABLE DIFFERENTIAL EQUATIONS

 1. (a) y e   y e   2y 3y 2 e 3e eœ Ê œ � Ê � œ � � œ� � � � �x x x x xw w a b
 (b) y e e   y e e   2y 3y 2 e e 3 e e eœ � Ê œ � � Ê � œ � � � � œ� � Î � � Î � � Î � � Î �x 3x 2 x 3x 2 x 3x 2 x 3x 2 xw w

# #
3 3ˆ ‰ a b

 (c) y e Ce   y e Ce   2y 3y 2 e Ce 3 e Ce eœ � Ê œ � � Ê � œ � � � � œ� � Î � � Î � � Î � � Î �x 3x 2 x 3x 2 x 3x 2 x 3x 2 xw w
# #
3 3ˆ ‰ a b

 2. (a) y   y yœ � Ê œ œ � œ" " "w ##

x x x#
ˆ ‰

 (b) y   y yœ � Ê œ œ � œ" " "
� � �

w #
#

x 3 (x 3) (x 3)# ’ “
 (c) y   y yœ Ê œ œ � œ" " "

� � �
w ##

x C (x C) x C#
� ‘

 3. y    dt y  dt x y  dt e x   dt e xy eœ Ê œ � � Ê œ � � œ � � œ � �" " " "w # w
x t x t x x t x t1 1 1 1

e e e e e' ' ' 'x x x x
x x xt t x t t

#
ˆ ‰ ˆ ‰ Š ‹

 x y xy eÊ � œ# w x

 4. y  1 t  dt  y 1 t  dt 1 xœ � Ê œ � � � �" " "

� �
% % %w

#
�

È ÈŠ ‹È1 x 1 x1 1
4x

1 x
% %

$

%
$

' 'x xÈ È È– — Š ‹
  y  1 t  dt 1  y y 1  y y 1Ê œ � � Ê œ � Ê � œw w w� " �

� � ��
%Š ‹Š ‹ Š ‹È2x 2x 2x

1 x 1 x 1 x1 x 1

$ $ $

% % %%È ' x

†

 5. y e  tan 2e   y e  tan 2e e 2e e  tan 2eœ Ê œ � � œ � �� � � �x x x x x x x x�" w �" �""
� �a b a b a b a b’ “

1 2e
2

1 4ea bx 2x#

  y y   y y ; y( ln 2) e  tan 2e 2 tan 1 2Ê œ � � Ê � œ � œ œ œ œw w �" �"
� � #

2 2
1 4e 1 4e 42x 2x

�Ð� Ñ �ln 2 ln 2a b ˆ ‰1 1

 6. y (x 2) e   y e 2xe (x 2)  y e 2xy; y(2) (2 2) e 0œ � Ê œ � � � Ê œ � œ � œ� � � � �x x x x 2# # # # #w wˆ ‰
 7. y y y y xy sin x y xy y sin x;œ Ê œ Ê œ � � Ê œ � � Ê œ � � Ê � œ �cos x x sin x cos x sin x cos x sin x

x x x x x x x
yw w w w w� � "

#
ˆ ‰

 y 0ˆ ‰1 1

1# œ œcos ( /2)
( /2)

 8. y   y   y   x y   x y xy y ; y(e) e.œ Ê œ Ê œ � Ê œ � Ê œ � œ œx x x e
ln x (ln x) ln x (ln x) ln x (ln x) ln e

ln x x
w w # w # w #

�
" "

Š ‹"x
# # #

# #

 9. 2 xy 1 2x y  dy dx 2y  dy x  dx 2y  dy x  dx 2 y 2x CÈ ˆ ‰dy
dx 3

2œ Ê œ Ê œ Ê œ Ê œ �"Î# "Î# "Î# �"Î# "Î# �"Î# $Î# "Î#
"

' '
 y x C, where C CÊ � œ œ2

3
$Î# "Î# "

# "

10. x y dy x y  dx y  dy x  dx y  dy x  dx 2y C 2y x Cdy
dx 3 3

xœ Ê œ Ê œ Ê œ Ê œ � Ê � œ# # "Î# �"Î# # �"Î# # "Î# "Î# $"È ' ' $

11. e   dy e e  dx  e  dy e  dx  e  dy e  dx  e e C  e e Cdy
dx œ Ê œ Ê œ Ê œ Ê œ � Ê � œx y x y y x y x y x y x� � ' '

12. 3 e  dy 3 e dx  e  dy 3 dx e  dy 3 dx e C  e Cdy
dx œ Ê œ Ê œ Ê œ Ê œ � Ê � œx x x x x x# # # #� �y y y y y y3 3' '
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13. y cos y dy y cos y dx dy dx dy dx. In the integral on the left-handdy
dx y y

sec y sec y
œ Ê œ Ê œ Ê œÈ È È Èˆ ‰# #

# #È ÈÈ È' '

 side, substitute u y du dy 2 du dy, and we have sec u du dx 2 tan u x Cœ Ê œ Ê œ œ Ê œ �È 1 1
2 y yÈ È ' '#

 x 2 tan y CÊ � � œÈ
14. 2xy 1 dy  dx 2 ydy  dx 2 y  dy x  dx 2 y  dy x  dxÈ È È ÈÈdy

dx
1 1
2xy x

1/2 1/2 1/2 1/2œ Ê œ Ê œ Ê œ Ê œÈ È � �' '

 2  dy  C 2 y 3 x C 2 y 3 x C, where C CÊ œ � Ê œ � Ê � œ œÈ È ÈÈ Èˆ ‰Èy x 3 3
1 1 1

3/2
2 2

33/2

3
2

1/2

"

#

15. x e  dy dx e  dy   dx e  dy  dx In the integral on the right-È dy dy
dx dx

e e e e e e
x x x x

œ Ê œ Ê œ Ê œ Ê œ Þy x�È y yÈ È È Èx x x xÈ È È È� �y y' '

 hand side, substitute u x du  dx 2 du  dx, and we have  e  dy 2 e  du e 2e Cœ Ê œ Ê œ œ Ê � œ �È " "
#È Èx x 1' '� �y u y u

 e 2e C,  where C CÊ � œ � œ ��y xÈ
1

16. sec x  e e cos x dy e e cos x dx e  dy e  cos x dxa b a bdy dy
dx dxœ Ê œ Ê œ Ê œy sin x y sin x y sin x y sin x� � �

 e  dy e  cos x dx  e e C e e C,  where C CÊ œ Ê � œ � Ê � œ œ �' '� � �y y ysin x sin x sin x
1 1

17. 2x 1 y dy 2x 1 y dx 2x dx 2x dx  sin y x C  since ydy dy dy
dx

2 2
1 y 1 y

œ � Ê œ � Ê œ Ê œ Ê œ � � "È È k kÈ È� �
�" #

2 2
' '

 y sin x CÊ œ �a b2

18. dy dx dy dx dx e  dy e  dx e  dy e  dx e Cdy
dx e e e e e

e e e e e e2y x 2y x x
1œ Ê œ Ê œ œ Ê œ Ê œ Ê œ �

2x y 2x y 2x y x 2y

x y x y x y 2y

� � �

� �
' '

#

 e 2e C where C 2CÊ � œ œ2y x
1

19. y 3x y 6x y dy 3x y 2 dx dy 3x dx dy 3x dx ln y 2 x C2 2 3 2 2 2 3 2 2 3 3dy y y
dx y 2 y 2 3

1œ � Ê œ � Ê œ Ê œ Ê l � l œ �a b 2 2

3 3� �
' '

20. x y 3x 2y 6 y 3 x 2 dy x 2 dx dy x 2 dxdy
dx y 3 y 3

1 1œ � � � œ � � Ê œ � Ê œ �a ba b a b a b� �
' '

 ln y 3 x 2x CÊ l � l œ � �"
#

2

21. ye 2 y e e y 2 y dy x e dx dy x e dx1 1 1
x dx y 2 y y 2 y

dy x x x x xœ � œ � Ê œ Ê œ
2 2 2 2 2È Èˆ ‰

� �È È' '

 dy x e dx 2 ln y 2 e C 4 ln y 2 e C 4 ln y 2 e CÊ œ Ê l � l œ � Ê l � l œ � Ê � œ �' '1
y y 2

x x x xÈ Èˆ ‰�
"
#

2 2 2 2È È Èˆ ‰

22. e e e 1 e 1 e 1 dy e 1 dx dy e 1 dxdy
dx e 1 e 1

x y x y y x x x1 1œ � � � œ � � Ê œ � Ê œ �� � �
� �a ba b a b a b

� �y y
' '

 dy e 1 dx ln 1 e e x C ln 1 e e x CÊ œ � Ê l � l œ � � Ê � œ � �' 'e
1 e

x y x y xy

y� a b a b
23. (a) y y e   0.99y y e   k 0.00001œ Ê œ Ê œ ¸ �! ! !

kt 1000k ln 0.99
1000

 (b) 0.9 e   ( 0.00001)t ln (0.9)  t 10,536 yearsœ Ê � œ Ê œ ¸Ð� Þ0 00001)t ln (0.9)
0.00001�

 (c) y y e y e y (0.82)  82%œ ¸ œ Ê! ! !
Ð ß Ñ � Þ20 000 k 0 2

24. (a) kp  p p e  where p 1013; 90 1013e   k 0.121dp ln (90) ln (1013)
dh 20œ Ê œ œ œ Ê œ ¸ �! !

�kh 20k

 (b) p 1013e 2.389 millibarsœ ¸� Þ6 05

 (c) 900 1013e   0.121h ln   h 0.977 kmœ Ê � œ Ê œ ¸Ð� Þ Ñ0 121 h ˆ ‰900
1013 0.121

ln (1013) ln (900)�

25. 0.6y  y y e ; y 100  y 100e   y 100e 54.88 grams when t 1 hrdy
dt œ � Ê œ œ Ê œ Ê œ ¸ œ! !

� Þ � Þ � Þ0 6t 0 6t 0 6
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416 Chapter 7 Transcendental Functions

26. A A e   800 1000e   k   A 1000e , where A represents the amount of sugar thatœ Ê œ Ê œ Ê œ!
kt 10k ln (0 8 10 tln (0.8)

10
Ð Þ ÑÎ Ñ

 remains after time t.  Thus after another 14 hrs, A 1000e 585.35 kgœ ¸Ð Ð Þ ÑÎ Ñln 0 8 10 24

27. L(x) L e   L e   ln 18k  k 0.0385  L(x) L e ; when the intensity isœ Ê œ Ê œ � Ê œ ¸ Ê œ! ! !# #
"� � � Þkx 18k 0 0385xL ln 2

18
!

 one-tenth of the surface value, L e   ln 10 0.0385x  x 59.8 ftL
10
! œ Ê œ Ê ¸!

� Þ0 0385x

28. V(t) V e   0.1V V e  when the voltage is 10% of its original value  t 40 ln (0.1) 92.1 secœ Ê œ Ê œ � ¸! ! !
� Î � Ît 40 t 40

29. y y e  and y 1  y e   at y 2 and t 0.5 we have 2 e   ln 2 0.5k  k ln 4.œ œ Ê œ Ê œ œ œ Ê œ Ê œ œ! !
kt kt 0 5kÞ ln 2

0.5

 Therefore, y e   y e 4 2.81474978 10  at the end of 24 hrsœ Ê œ œ œ ‚Ð Ñln 4 t 24 ln 4 24 14

30. y y e  and y(3) 10,000  10,000 y e ; also y(5) 40,000 y e .  Therefore y e 4y eœ œ Ê œ œ œ œ! ! ! ! !
kt 3k 5k 5k 3k

  e 4e   e 4  k ln 2.  Thus, y y e   10,000 y e y e   10,000 8yÊ œ Ê œ Ê œ œ Ê œ œ Ê œ5k 3k 2k ln 2 t 3 ln 2 ln 8
! ! ! !

Ð Ñ

  y 1250Ê œ œ!
10,000

8

31. (a) 10,000e 7500  e 0.75  k ln 0.75 and y 10,000e .  Now 1000 10,000ek 1 k ln 0 75 t ln 0 75 tÐ Ñ Ð Þ Ñ Ð Þ Ñœ Ê œ Ê œ œ œ

  ln 0.1 (ln 0.75)t  t 8.00 years (to the nearest hundredth of a year)Ê œ Ê œ ¸ln 0.1
ln 0.75

 (b) 1 10,000e   ln 0.0001 (ln 0.75)t  t 32.02 years (to the nearest hundredth of a year)œ Ê œ Ê œ ¸Ð Þ Ñln 0 75 t ln 0.0001
ln 0.75

32. (a) There are (60)(60)(24)(365) 31,536,000 seconds in a year.  Thus, assuming exponential growth,œ

 P 257,313,431e  and 257,313,432 257,313,431e ln k 0.0087542œ œ Ê œ Ê ¸kt 14k 31 536 000Ð Î ß ß Ñ Š ‹257,313,432
257,313,431 31,536,000

14k

 (b) P 257,313,431e 293,420,847 (to the nearest integer).  Answers will vary considerably with theœ ¸Ð Ñ0.0087542 a b"&

 number of decimal places retained.

33. 0.9P P e   k ln 0.9; when the well's output falls to one-fifth of its present value P 0.2P! ! !œ Ê œ œk

  0.2P P e   0.2 e   ln (0.2) (ln 0.9)t  t 15.28 yrÊ œ Ê œ Ê œ Ê œ ¸! !
Ð Þ Ñ Ð Þ Ñln 0 9 t ln 0 9 t ln 0.2

ln 0.9

34. (a) p   dx  ln p x C  p e e e C e ;dp dp
dx 100 p 100 100œ � Ê œ � Ê œ � � Ê œ œ œ" " "

"
Ð� Þ � Ñ � Þ � Þ0 01x C C 0 01x 0 01x

 p(100) 20.09  20.09 C e   C 20.09e 54.61  p(x) 54.61e  (in dollars)œ Ê œ Ê œ ¸ Ê œ" "
Ð� Þ ÑÐ Ñ � Þ0 01 100 0 01x

 (b) p(10) 54.61e $49.41, and p(90) 54.61e $22.20œ œ œ œÐ� Þ ÑÐ Ñ Ð� Þ ÑÐ Ñ0 01 10 0 01 90

 (c) r(x) xp(x)  r (x) p(x) xp (x);œ Ê œ �w w

 p (x) .5461e   r (x)w wœ � Ê� Þ0 01x

 (54.61 .5461x)e .  Thus, r (x) 0œ � œ� Þ0 01x w

  54.61 .5461x  x 100.  Since r 0Ê œ Ê œ �w

 for any x 100 and r 0 for x 100, then� � �w

 r(x) must be a maximum at x 100.œ
 

35. A A e  and A 10 A 10 e , 5 10 e k 0.000028454 A 10 e ,œ œ Ê œ œ Ê œ ¸ � Ê œ! !
�kt kt k 24360 tÐ Ñ ln (0.5)

24360
0.000028454

 then 0.2 10 10 e  t 56563 yearsÐ Ñ œ Ê œ ¸�
�

0.000028254 ln 0.2
0.000028454

t

36. A A e  and A A e e k 0.00499; then 0.05A A eœ œ Ê œ Ê œ ¸ � œ! ! ! ! !
" "
# #

kt 139k 139k 0 00499tln (0.5)
139

� Þ

 t 600 daysÊ œ ¸ln 0.05
0.00499�

37. y y e y e y e (0.05)(y )  after three mean lifetimes less than 5% remainsœ œ œ œ � œ Ê! ! ! !
� �Ð ÑÐ Î Ñ �kt k 3 k 3 y y

e 20
! !

$
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 Section 7.4 Exponential Change and Separable Differential Equations 417

38. (a) A A e   e   k 0.262œ Ê œ Ê œ ¸!
"
# #

� � Þkt 2 645k ln 2
.645

 (b) 3.816 years"
k ¸

 (c) (0.05)A A exp t   ln 20 t  t 11.431 yearsœ � Ê � œ � Ê œ ¸ˆ ‰ ˆ ‰ln 2 ln 2 2.645 ln 20
2.645 2.645 ln #

39. T T (T T ) e , T 90°C, T 20°C, T 60°C 60 20 70e e k 0.05596� œ � œ œ œ Ê � œ Ê œ Ê œ ¸s s s
kt 10k 10k

! !
� � �4

7 10
ln ˆ ‰7

4

 (a) 35 20 70e t 27.5 min is the total time  it will take 27.5 10 17.5 minutes longer to reach 35°C� œ Ê ¸ Ê � œ� Þ0 05596t

 (b) T T (T T ) e , T 90°C, T 15°C  35 15 105e   t 13.26 min� œ � œ œ � Ê � œ Ê ¸s s s
kt 0 05596t

! !
� � Þ

40. T 65° (T 65°) e 35° 65° (T 65°) e  and 50° 65° (T 65°) e .  Solving� œ � Ê � œ � � œ �! ! !
� � �kt 10k 20k

 30° (T 65°) e  and 15° (T 65°) e  simultaneously  (T 65°) e 2(T 65°) e� œ � � œ � Ê � œ �! ! ! !
� � � �10k 20k 10k 20k

  e 2  k  and 30°   30° e 65° 60° 5°Ê œ Ê œ � œ Ê � œ � œ10k 10 ln 2ln 2
10 e

T 65°!�
10k

ln 2
10� ‘ˆ ‰

œ � Ê œ �T 65°  T 65° 30° e! !
ˆ ‰

41. T T (T T ) e   39 T (46 T ) e  and 33 T (46 T ) e   e  and� œ � Ê � œ � � œ � Ê œs s s s s s
kt 10k 20k 10k

!
�
�

� � � �

39 T
46 T

s

s

 e e     (33 T )(46 T ) (39 T )   1518 79T T33 T 33 T 39 T
46 T 46 T 46 T

� � �
� � �

#
#

# #s s

s s
œ œ Ê œ Ê � � œ � Ê � �� �20k 10k

s s s s sa b Š ‹s

s

 1521 78T T   T 3  T 3°Cœ � � Ê � œ Ê œ �s s ss
#

42. Let x represent how far above room temperature the silver will be 15 min from now, y how far above room temperature the
 silver will be 120 min from now, and t  the time the silver will be 10°C above room temperature.  We then have the!

 following time-temperature table:

  time in min. 0 20 (Now) 35 140 t
temperature   T 70° T 60° T x T y T 10°

!

s s s s s� � � � �

 T T (T T ) e   (60 T ) T (70 T ) T e   60 70e   k  ln 0.00771� œ � Ê � � œ � � Ê œ Ê œ � ¸s s s s s s
kt 20k 20k

!
"

� � �c d ˆ ‰ ˆ ‰
20 7

6

 (a) T T (T T ) e   (T x) T (70 T ) T e   x 70e 53.44°C� œ � Ê � � œ � � Ê œ ¸s s s s s s
0 00771t 0 00771 35 0 26985

!
� Þ �Ð Þ ÑÐ Ñ � Þc d

 (b) T T (T T ) e   (T y) T (70 T ) T e   y 70e 23.79°C� œ � Ê � � œ � � Ê œ ¸s s s s s s
0 00771t 0 00771 140 1 0794

!
� Þ �Ð Þ ÑÐ Ñ � Þc d

 (c) T T (T T ) e   (T 10) T (70 T ) T e   10 70e� œ � Ê � � œ � � Ê œs s s s s s
0 00771t 0 00771 t 0 00771t

!
� Þ �Ð Þ Ñ � Þc d ! !

  ln 0.00771t   t  ln 252.39  252.39 20 232 minutes from now theÊ œ � Ê œ � œ Ê � ¸ˆ ‰ ˆ ‰ ˆ ‰" " "
! !7 0.00771 7

 silver will be 10°C above room temperature

43. From Example 4, the half-life of carbon-14 is 5700 yr c c e k 0.0001216 c c eÊ œ Ê œ ¸ Ê œ"
# ! ! !

� Ð Ñ � Þk 5700 0 0001216tln 2
5700

 (0.445)c c e   t 6659 yearsÊ œ Ê œ ¸! ! �
� Þ0 0001216t ln (0.445)

0.0001216

44. From Exercise 43, k 0.0001216 for carbon-14.¸

 (a) c c e  (0.17)c c e   t 14,571.44 years  12,571 BCœ Ê œ Ê ¸ Ê! ! !
� Þ � Þ0 0001216t 0 0001216t

 (b) (0.18)c c e   t 14,101.41 years  12,101 BC! !œ Ê ¸ Ê� Þ0 0001216t

 (c) (0.16)c c e   t 15,069.98 years  13,070 BC! !œ Ê ¸ Ê� Þ0 0001216t

45. From Exercise 43, k 0.0001216 for carbon-14 y y e . When t 5000¸ Ê œ œ0
0.0001216t�

 y y e 0.5444y 0.5444 approximately 54.44% remainsÊ œ ¸ Ê ¸ Ê0 0
0.0001216 5000 y

y
� a b

0

46. From Exercise 43, k 0.0001216 for carbon-14.  Thus, c c e (0.995)c c e¸ œ Ê œ! ! !
� Þ � Þ0 0001216t 0 0001216t

 t 41 years oldÊ œ ¸ln (0.995)
0.0001216�
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7.5  INDETERMINATE FORMS AND L'HOPITAL'S RULE^

 1. l'Hopital:   lim    or  lim    lim    lim   ^
x 2 x 2 x 2 x 2Ä Ä Ä Ä

x 2 x 2 x 2
x 4 x 4 x 4 x x x 4x

� " " � � " "
� # � �# �# �#œ#

# #œ œ œ œ œ¹ a ba b

 2. l'Hopital:   lim   5 or  lim   5  lim   5 1 5
5

^
x 0 x 0 x 0Ä Ä Ä

sin 5x 5 cos 5x sin 5x sin 5x
x 1 x 5xx

œ œ œ œ † œ¹
œ!

 3. l'Hopital:   lim    lim    lim    or  lim    lim   ^
x x x x xÄ _ Ä _ Ä _ Ä _ Ä _

5x 3x 0x 3 10 5 5x 3x 5
7x 1 14x 14 7 7x 1 7

5

7

# #

# #

#

� " � �
� �

�

�
œ œ œ œ œ

3
x
"

x

 4. l'Hopital:   lim    lim    or  lim    lim   ^
x 1 x 1 x 1 x 1Ä Ä Ä Ä

x 1 3x 3 x 1
4x x 3 12x 1 11 4x x 3 x 4x + 4x + 3

x x x$ # $

$ # $

#� �
� � � � � �"

�" � �"œ œ œ a ba ba ba b2

  lim   œ œ
x 1Ä

a ba bx x
4x + 4x + 3 11

3# � �"
2

 5. l'Hopital:   lim    lim    lim    or  lim    lim   ^
x x x x xÄ ! Ä ! Ä ! Ä ! Ä !

1 cos x sin x cos x 1 cos x cos x
x 2x 2 x x co

cos x� " � "�
# "�

"�
# #œ œ œ œ ” ˆ ‰a b

2 s x •
  lim    lim   œ œ œ

x xÄ ! Ä !
sin  x sin x sin x

x cos x x x cos x

#

2a b"� "� #
" "” •ˆ ‰ˆ ‰ˆ ‰

 6. l'Hopital:   lim    lim    lim    or  lim    lim   ^
x x x x xÄ _ Ä _ Ä _ Ä _ Ä _

# �$ % � % # � !
� � $ �" ' � � "

�

"� �
x x x 3 x 3x

x x 1 x x x x 1

# #

$ # $œ œ œ ! œ œ œ !
#

#

" "

# $

x
3

x

x x

 7.  lim    lim     8.  lim    lim   10
x 2 x 2 x 5 x 5Ä Ä Ä � Ä �

x 2 x 25 2x
x 4 x 4 x 5 1
� " " �
� # �#

#

œ œ œ œ �

 9.  lim    lim   
t 3 t 3Ä � Ä �

t 4t 15 3t 4 23
t t 12 2t 1 2( 3) 1 7

3( 3) 4$ #

#

#� � �
� � � � �

� �œ œ œ �

10.  lim    lim   
t 1 t 1Ä Ä

t 1 3t 3
4t t 3 12t 1 11

$ #

$ #

�
� � �œ œ

11.  lim    lim    lim    lim   x x x xÄ _ Ä _ Ä _ Ä _
5x 2x 5x 2 30x 30 5
7x 3 21x 42x 42 7

3 2

3 2
� " �
� œ œ œ œ

12.  lim    lim    lim   x x xÄ _ Ä _ Ä _
x 8x 1 6x 16 2

12x 5x 24x 5 24 3
� �" �
� �

#

# œ œ œ �

13.  lim    lim   0 14.  lim    lim   
t 0 t 0 t 0 t 0Ä Ä Ä Ä

sin t sin 5t 5 cos 5t 5
t 1 2t 2 2

cos t (2t)# #

œ œ œ œa b

15.  lim    lim    lim   16
x 0 x 0 x 0Ä Ä Ä

8x 16x 16 16
cos x 1 sin x cos x 1

#

� � � �œ œ œ œ �

16.  lim    lim   lim    lim   
x 0 x 0 x 0 x 0Ä Ä Ä Ä

sin x x cos x sin x cos x
x 3x 6x 6 6
� �" � � "
$ #œ œ œ œ �

17.  lim    lim   2
) 1 ) 1Ä Î Ä Î2 2

2 2 2
cos (2 ) sin (2 ) sin

) 1

1 ) 1 )

�
� �œ œ œ �ˆ ‰31

#

18.  lim    lim   3
) 1 ) 1Ä � Î Ä � Î3 3

3 3
sin cos

) 1

) )

�
� �ˆ ‰ ˆ ‰1 1

3 3
œ œ

19.  lim    lim    lim   
) 1 ) 1 ) 1Ä Î Ä Î Ä Î2 2 2

1 sin cos sin 
1 cos 2 2 sin 2 4 cos 2 ( 4)( 1) 4

� � " "
� � � � �

) ) )

) ) )
œ œ œ œ
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20.  lim    lim  
x 1 x 1Ä Ä

x
ln x sin ( x) 1 cos ( x)

�" " "
� ��1 11 1

œ œ"

x

21.  lim    lim    lim    lim   2
x 0 x 0 x 0 x 0Ä Ä Ä Ä

x 2x 2x 2 2
ln (sec x) tan x sec x 1

#

# #œ œ œ œ œˆ ‰sec x tan x
sec x

22.  lim    lim    lim    lim   
x 2 x 2 x 2 x 2Ä Î Ä Î Ä Î Ä Î1 1 1 1

ln (csc x)

x 2 x 2 x
cot x csc x 1ˆ ‰ˆ ‰

ˆ ‰ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰�

�

� �
� "

# # #1
1 1

#

#

# #

# #

œ œ œ œ œ
csc x cot x

csc x

23.  lim    lim    lim    lim   
t 0 t 0 t 0 t 0Ä Ä Ä Ä

t(1 cos t) (1 cos t) t(sin t) sin t (sin t t cos t)
t sin t 1 cos t sin t

cos t cos t cos t� � � � �
� �

� �œ œ œ � � �"�t sin t 1 1 0
cos t 1œ œ 3

24.  lim    lim    lim   2
t 0 t 0 t 0Ä Ä Ä

t sin t sin t t cos t
1 cos t sin t cos t 1

cos t (cos t t sin t) 1 (1 0)
�

� � � � �œ œ œ œ

25.  lim  x  sec x  lim    lim  1
x 2 x 2 x 2Ä Ð Î Ñ Ä Ð Î Ñ Ä Ð Î Ñ1 1 1

� � �

ˆ ‰ ˆ ‰� œ œ œ œ �1

# � �

� " "ˆ ‰x
cos x sin x 1

1

#

26.  lim  x  tan x  lim    lim   lim  sin x 1
x 2 x 2 x 2 x 2Ä Ð Î Ñ Ä Ð Î Ñ Ä Ð Î Ñ Ä Ð Î Ñ1 1 1 1

� � � �

ˆ ‰ ˆ ‰1

# �

� �" #� œ œ œ œ
ˆ ‰1

#

#

x
cot x csc x

27.  lim    lim   ln 3
) )Ä Ä0 0

3 3 (ln 3)(cos )
1 1

3 (ln 3)(1)sin sin) )�"
)

)œ œ œa b!

28.  lim    lim   ln ln 1 ln 2 ln 2
) )Ä Ä0 0

ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰" " "

# # #

) )
� "

#

1 ln
1)

œ œ œ � œ �ˆ ‰
29.  lim    lim   

x 0 x 0Ä Ä

x 2 1 2 0
2 1 (ln 2) 2 (ln 2) 2 ln 

(1) 2 (x)(ln 2) 2x

x x

x x

� #
� � "œ œ œa b a ba b †

†

!

!

30.  lim    lim   
x 0 x 0Ä Ä

3 3  ln 3 3 ln 3 ln 3
2 1 2  ln 2 2 ln 2 ln 

x x

x x
�"
� #œ œ œ

!

!

†

†

31.  lim    lim   (ln 2)  lim   (ln 2)  lim   (ln 2)  lim   ln 2x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
ln (x 1) ln (x 1)

log  x x 1 1
x 1� �
�2

œ œ œ œ œˆ ‰ ˆ ‰ˆ ‰ln x
ln 

x 1

x#

"

�

"

32.  lim    lim     lim     lim   x x x xÄ _ Ä _ Ä _ Ä _
log  x

log (x 3) ln ln (x 3) ln 
ln 3 ln x ln 3 l2

3

ln x
ln 

ln (x 3)
ln 3

x

x 3
� # � #œ œ œ œ

ˆ ‰
Š ‹

ˆ ‰ˆ ‰#

�

"

"

�

ˆ ‰ ˆ ‰ ˆ ‰n 3 x 3
ln x#

�  lim   x Ä _

   lim   œ œˆ ‰ln 3 ln 3
ln 1 ln # #

"
x Ä _

33.  lim    lim    lim    lim    lim   1
x x x x xÄ ! Ä ! Ä ! Ä ! Ä !� � � � �

ln x 2x
ln x x 2x 2x 2

2x 2x 4x 2 2a b Š ‹
ˆ ‰

#
�

# �

"

#

#

� � �
� � #œ œ œ œ œ

2x 2
x 2x

x

34.  lim    lim    lim    lim   1
x x x xÄ ! Ä ! Ä ! Ä !� � � �

ln e
ln x e 1 e 1

xe e xe 1 0a b Š ‹
ˆ ‰

x
ex

e 1x

x

x x x

x x
�"

�
� �œ œ œ œ œ

�

"

35.  lim    lim    lim    lim   
y 0 y 0 y 0 y 0Ä Ä Ä Ä

È ˆ ‰ È5y 25 5
y y 1

(5y 25) 5 (5y 25) (5) 5
2 5y 25

� � � � �

�
"
#œ œ œ œ

"Î# "
#

�"Î#

36.  lim    lim    lim    lim   , a 0
y 0 y 0 y 0 y 0Ä Ä Ä Ä

È a b ˆ ‰ a b Èay a a
y y 1

ay a a ay a (a) a
2 ay a

� � � � �

�
"
#

# # "Î# "
#

# �"Î#

#œ œ œ œ �

37.  lim   [ln 2x ln (x 1)]  lim  ln ln  lim   ln  lim   ln 2x x x xÄ _ Ä _ Ä _ Ä _
� � œ œ œ œˆ ‰ Š ‹ Š ‹2x 2x 2

x 1 x 1 1� �
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38.  lim  (ln x ln sin x)  lim  ln ln  lim   ln  lim   ln 1 0
x x x xÄ ! Ä ! Ä ! Ä !� � � �

� œ œ œ œ œˆ ‰ Š ‹ Š ‹x x
sin x sin x cos x

"

39. 1lim lim lim lim
x 0 x 0 x 0 x 0

ln x 2 ln x sin x 2 ln x
ln sin x x cos x cos x x

2 ln x sin x

Ä Ä Ä Ä� � � �

a b a ba b a ba b a bˆ ‰2 1
x

cos x
sin x

œ œ œ † œ �_ † œ �_’ “
40.  lim   lim   lim   

x x xÄ ! Ä ! Ä !� � �

ˆ ‰ Š ‹3x
x sin x x sin x sin x x cos x

(3x 1)(sin x) x 3 sin x (3x 1)(cos x) 1�" " � � � � �
�� œ œ

  lim   3œ œ œ œ
x Ä !�

Š ‹3 cos x 3 cos x (3x 1)( sin x) 3 3 (1)(0)
cos x cos x x sin x 1 1 0

6� � � � � �
� � � � #

41.  lim   lim   lim   lim  
x 1 x 1 x 1 x 1Ä Ä Ä Ä� � � �

ˆ ‰ Š ‹ Š ‹ Š ‹" " �
� � � �

� � �"

� �x 1 ln x (x 1)(ln x) (x ln x) x 1
ln x (x 1)

(ln x) (x 1)
1 x� œ œ œ

"

"

x

x
ˆ ‰

  lim  œ œ œ �
x 1Ä �

Š ‹�" �" "
� � � � #(ln x 1) 1 (0 1) 1

42.  lim  (csc x cot x cos x)  lim  cos x  lim  
x x xÄ ! Ä ! Ä !� � �

� � œ � � œˆ ‰ Š ‹" � �
sin x sin x sin x

cos x (1 cos x) (sin x)(cos x)

  lim  1œ œ œ
x Ä !�

Š ‹sin x cos x sin x 0 1 0
cos x 1

� � � �# #

43.  lim    lim    lim   1
) ) )Ä Ä Ä0 0 0

cos sin cos 
e 1 e 1 e

) ) )

)

�" � �
� � �) ) )œ œ œ �

44.  lim    lim    lim   
h 0 h 0 h 0Ä Ä Ä

e ( h)
h h

e eh h h� "� �" "
# # ## œ œ œ

45.  lim    lim    lim    lim   1
t t t tÄ _ Ä _ Ä _ Ä _

e t e 2t e 2 e
e 1 e e e

t t t t

t t t t
� � �
�

#

œ œ œ œ

46.  lim  x e  lim    lim    lim   0x x x xÄ _ Ä _ Ä _ Ä _
# �x x 2x 2

e e eœ œ œ œ
#

x x x

47. 0lim lim lim
x 0 x 0 x 0

x sin x 1 cos x sin x 0
x tan x x sec x tan x 2x sec x tan x 2sec x 2Ä Ä Ä

� �
� �œ œ œ œ2 2 2

48. 1lim lim lim lim
x 0 x 0 x 0 x 0

e 1 2 e 1 e
x sin x x cos x sin x x cos x sin x x sin x 2cos x 2

2e 2e 4e 2e 2

Ä Ä Ä Ä

� �
� � � �

� �a b a bx x x2 2x x 2x x
œ œ œ œ œ

49. 2 cos 2lim lim lim lim
) ) ) )

) ) ) ) ) )

) ) ) )Ä Ä Ä Ä

� � �
� �"0 0 0 0

sin cos 1 sin cos 2sin
tan sec tan

2œ œ œ œ
2 2 2

2 2 )

50. lim lim lim lim
x 0 x 0 x 0 x 0

sin 3x 3x x 3cos 3x 3 2x 3cos 3x 3 2x 9sin 3x 2
sin x sin 2x 2sin x cos 2x cos x sin 2x sin x cos 2x sin 3x 2sin x sin 2xÄ Ä Ä Ä

� � � � � � � �
� � �

2
œ œ œ � �cos x cos 2x 3cos 3x 4 2

2 1œ œ

51. The limit leads to the indeterminate form 1 .  Let f x x   ln f x ln x .  Now_ ÎÐ � Ñ ÎÐ � Ña b a b a bœ Ê œ œ1 1 x 1 1 x ln x
1 x�

  lim  ln f x  lim   lim  1. Therefore  lim  x  lim  f x  lim  e e
x 1 x 1 x 1 x 1 x 1 x 1Ä Ä Ä Ä Ä Ä� � � � � �

ÎÐ � Ña b a bœ œ œ � œ œ œ œln x
1 x 1 e

ln f x
� �

�" "ˆ ‰ a b"

x 1 1 x

52. The limit leads to the indeterminate form 1 .  Let f x x   ln f x ln x .  Now_ ÎÐ � Ñ ÎÐ � Ña b a b a bœ Ê œ œ1 x 1 1 x 1 ln x
x 1�

  lim  ln f x  lim    lim   1.  Therefore  lim  x  lim  f x  lim  e e e
x 1 x 1 x 1 x 1 x 1 x 1Ä Ä Ä Ä Ä Ä� � � � � �

ÎÐ � Ña b a bœ œ œ œ œ œ œln x
x 1 1

ln f x
�

"ˆ ‰ a b"

x 1 x 1

53. The limit leads to the indeterminate form .  Let f x (ln x)   ln f x ln (ln x) .  Now_ œ Ê œ œ! a b a b1 x 1 xÎ Î ln (ln x)
x

  lim  ln f x  lim    lim   0.  Therefore  lim  (ln x)  lim  f x  lim e e 1x x x x x x  
Ä _ Ä _ Ä _ Ä _ Ä _ Ä _

a b a bœ œ œ œ œ œ œln (ln x)
x 1

ln f xˆ ‰ a b"

x ln x 1 xÎ !
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54. The limit leads to the indeterminate form 1 .  Let f x (ln x)   ln f x  lim  ln f x_ ÎÐ � Ñ

�
a b a b a bœ Ê œ œ1 x e ln (ln x)

x e� x eÄ

  lim   lim   .  Therefore (ln x)  lim  f x  lim  e eœ œ œ œ œ œ
x e x e x e x eÄ Ä Ä Ä� � � �

ÎÐ � Ñln (ln x)
x e 1 e

ln f x e
�

" "Îˆ ‰ a b"

x ln x 1 x e a b
55. The limit leads to the indeterminate form 0 .  Let f x x   ln f x 1.  Therefore! a b a bœ Ê œ � œ �� Î1 ln x ln x

ln x

  lim  x  lim   f x  lim  e e
x x xÄ ! Ä ! Ä !� � �

� Î1 ln x œ œ œ œa b ln f x
e

a b �" "

56. The limit leads to the indeterminate form .  Let f x x   ln f x 1.  Therefore  lim  x_ œ Ê œ œ! a b a b1 ln x 1 ln xÎ Îln x
ln x x Ä _

  lim  f x  lim  e e eœ œ œ œx xÄ _ Ä _
a b 1n f xa b "

57. The limit leads to the indeterminate form .  Let f x (1 2x)   ln f x_ œ � Ê œ! �a b a b1 2 ln xÎÐ Ñ ln (1 2x)
2 ln x

   lim  ln f x  lim    lim    lim   .  Therefore  lim  (1 2x)Ê œ œ œ œ �x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
a b ln (1 2x)

2 ln x 1 2x
x�
� # #

" " 1 2 ln xÎÐ Ñ

  lim  f x  lim  e eœ œ œx xÄ _ Ä _
a b ln f xa b "Î#

58. The limit leads to the indeterminate form 1 .  Let f x e x   ln f x_ Î �a b a b a bœ � Ê œx 1 x ln e x
x

a bx

   lim  ln f x  lim    lim   2.  Therefore  lim  e x  lim  f x  lim  e eÊ œ œ œ � œ œ œ
x 0 x 0 x 0 x 0 x 0 x 0Ä Ä Ä Ä Ä Ä

a b a b a bln e x
x e x

e 1 ln f xa b a bx x

x
� �

�
#x 1 xÎ

59. The limit leads to the indeterminate form 0 .  Let f x x   ln f x x ln x  ln f x! a b a b a bœ Ê œ Ê œx ln xˆ ‰"
x

  lim  ln f x  lim    lim    lim  ( x) 0.  Therefore  lim  x  lim  f xœ œ œ œ � œ œ
x x x x x xÄ ! Ä ! Ä ! Ä ! Ä ! Ä !� � � � � �

a b a bln xˆ ‰ ˆ ‰
Š ‹"

"

"

#x

x

x
�

x

  lim  e e 1œ œ œ
x Ä !�

ln f xa b !

60. The limit leads to the indeterminate form .  Let f x 1   ln f x    lim  ln f x_ œ � Ê œ Ê! " �a b a b a bˆ ‰
x x

ln 1 xx a b�"

�"

x Ä !�

  lim    lim    lim   0.  Therefore  lim  1  lim  f xœ œ œ œ � œ
x x x x xÄ ! Ä ! Ä ! Ä ! Ä !� � � � �

Š ‹�

�#

� �"

�# �"

x
1 x

� � �
" "

x 1 x x 1 x
x ˆ ‰ a bx

  lim  e e 1œ œ œ
x Ä !�

ln f xa b !

61. The limit leads to the indeterminate form 1 .  Let f x ln f x ln x ln   ln f x_ � � �
� � � Ä_

a b a b a bˆ ‰ ˆ ‰ ˆ ‰œ Ê œ œ Êx 2 x 2 x 2
x 1 x 1 x 1

x x

x
lim

   x ln         œ œ œ œ œlim lim lim lim lim
x x x x x

x 2
x 1

ln ln x 2 ln x 1

Ä_ Ä_ Ä_ Ä_ Ä_

�
�

� � � �

� �
ˆ ‰ Š ‹ Š ‹ Œ � Œ �ˆ ‰ a b a bx 2

x 1
1 1 1 1
x x

1 1
x 2 x 1

x x2 2

3
x 2 x 1

�

� � �

�

� �a ba b

       3. Therefore,       f x    e eœ œ œ œ œ œ œlim lim lim lim lim lim
x x x x x x

3x 6x 6 x 2
x 2 x 1 2x 1 2 x 1

x ln f x 3
Ä_ Ä_ Ä_ Ä_ Ä_ Ä_� � � �

�Š ‹ ˆ ‰ ˆ ‰ ˆ ‰ a b2a ba b a b

62. The limit leads to the indeterminate form .  Let f x ln f x ln ln _ œ Ê œ œ! � � �
� � �

Î Îa b a bŠ ‹ Š ‹ Š ‹x 1 x 1 1 x 1
x 2 x 2 x x 2

1 x 1 x2 2 2

   ln f x   ln         Ê œ œ œ œ œlim lim lim lim lim lim
x x x x x x

1 x 1 x 4x 1
x x 2 x x 1

ln ln x 1 ln x 2

Ä_ Ä_ Ä_ Ä_ Ä_ Ä_

� � �
�

� � � �a b Š ‹2 2
x 12

x 2
2 2x 1

x 12 x 2
Š ‹ ˆ ‰ a b a

�

�
� � ba bx 1 x 22 � �

       0. Therefore,      f x   eœ œ œ œ œ œ œlim lim lim lim lim lim
x x x x x x

x 4x 1 2x 4 2 x 1
x 2x x 2 3x 4 x 1 6 x 4 x 2

1 x
ln f x

Ä_ Ä_ Ä_ Ä_ Ä_ Ä_

� � � �
� � � � � � �

Î2 2

3 2 2 Š ‹ a b a b e 10 œ

63.   x ln x         0lim lim lim lim lim
x 0 x 0 x 0 x 0 x 0

2 ln x x 3x
2x 2Ä Ä Ä Ä Ä�� � � � �

œ œ œ � œ � œŒ � Œ � Š ‹ Š ‹1 2
x x2 3

1
x

3 2

64.   x ln x             lim lim lim lim lim lim lim
x 0 x 0 x 0 x 0 x 0 x 0 x 0

2 ln x 2 ln x 2 ln x 2x
xÄ Ä Ä Ä Ä Ä Ä� �� � � � � � �

a b a bŠ ‹ Š ‹ Š ‹Œ � Œ �œ œ œ œ œ œa b a b2

1 1 1 1
x x

1 2
x x

x x2 2

2
2x 0œ
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422 Chapter 7 Transcendental Functions

65.   x tan x     1lim lim lim
x 0 x 0 x 02 1

x 1 1
cot x csc xÄ Ä Ä� �� � �

ˆ ‰ Š ‹ Š ‹1 � œ œ œ œˆ ‰ ˆ ‰1 1

2 2
2

66.   sin x ln x         0lim lim lim lim lim
x 0 x 0 x 0 x 0 x 0

ln x sin x tan x sin x sec x cos x tan x 0
csc x csc x cot x x 1 1Ä Ä Ä Ä Ä�

�
� � � � �

† œ œ œ � œ � œ œˆ ‰ ˆ ‰Š ‹ Š ‹1
x

2

67.  lim    lim    lim   9 3x x xÄ _ Ä _ Ä _

ÈÈ9x 1
x 1

9x 1 9
x 1 1

�

�
�
�œ œ œ œÉ É È

68.  lim   1
x Ä !� Ä!

ÈÈ x

sin x  lim   1œ œ œÊ É" "

x �

sin x
x

69.  lim    lim   lim   1
x 2 x 2 x 2Ä Î Ä Î Ä Î1 1 1

� � �

sec x cos x
tan x cos x sin x sin xœ œ œˆ ‰ ˆ ‰" "

70.  lim    lim    lim  cos x 1
x x xÄ ! Ä ! Ä !� � �

cot x
csc x œ œ œ

ˆ ‰ˆ ‰
cos x
sin x

sin x
"

71.  lim    lim   0x xÄ _ Ä _
2 3
3 4

1

1

x x

x x

2
3

x

4
3

x
�
�

�

�
œ œ

ˆ ‰ˆ ‰

72.  lim    lim    lim   1x x xÄ �_ Ä �_ Ä �_
2 4 1 2 1 0
5 2 0 1

1

1 1

x x x

x x

4
2

x

5 5
2 2

x x
� � �
� �

�

� �
œ œ œ œ �

ˆ ‰ˆ ‰ ˆ ‰

73.  lim    lim     lim     lim    x x x xÄ _ Ä _ Ä _ Ä _
e e e
x e x x 1

e 2x 1x x x x x 12 2

x

x x 1

œ œ œ œ _
� �

�a b a ba b�

74.  lim    lim     lim     lim    e
x x x xÄ ! Ä ! Ä ! Ä !� � � �

x e
e

e
1 x

� Î

Î
Î

1 x

1 x

1 1
x

1 x 1
x2

x2
œ œ œ œ _

Š ‹�

�
Î

75. Part (b) is correct because part (a) is neither in the  nor  form and so l'Hopital's rule may not be used.^0
0

_
_

76. Part (b) is correct; the step  lim    lim    in part (a) is false because  lim    is 
x 0 x 0 x 0Ä Ä Ä

2x 2 2 2x 2
2x cos x sin x 2x cos x

� �
� #� �œ not an

 indeterminate quotient form.

77. Part (d) is correct, the other parts are indeterminate forms and cannot be calculated by the incorrect arithmetic

78. (a) We seek c in  so that . Since f c  and g c c we have that a b a b a b�#ß ! œ œ œ � œ " œ # œ �f c f f
g c g g c

w

w

a b a b a ba b a b a b! � �#
! � �# !�% # # #

!�# " " "w w

  c .Ê œ �"

 (b) We seek c in a b  so that . Since f c  and g c c we have that a b a b a bß œ œ œ œ " œ # œf c f b f a
g c g b g a b a b a c b a

b aw

w # #

a b a b a ba b a b a b�
� � � # �

� " " "w w

 c .Ê œ b a�
#

 (c) We seek c in  so that . Since f c c  and g c c we have thata b a b a b!ß $ œ œ œ � œ � % œ #f c f f
g c g g

w

w

a b a b a ba b a b a b$ � !
$ � ! *�! $

�$�! " w # w

  c c .c
c

# �% "
# $ $ $

�"„ $( �"� $(œ � Ê œ Ê œ
È È

79. If f(x) is to be continuous at x 0, then  lim  f(x) f(0)  c f(0)  lim    lim   œ œ Ê œ œ œ
x 0 x 0 x 0Ä Ä Ä

9x 3 sin 3x 9 9 cos 3x
5x 15x

� �
$ #

  lim    lim   .œ œ œ
x 0 x 0Ä Ä

27 sin 3x 81 cos 3x 27
30x 30 10
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80.       will be in  form iflim lim lim
x 0 x 0 x 0

tan 2x a sin bx tan 2x ax x sin bx 2sec 2x a bx cos bx 2x sin bx 0
x x x x 3x 0Ä Ä Ä

� � � � �ˆ ‰ Š ‹ Š ‹3 2 3 2

2 2 2
� � œ œ

   2sec 2x a bx cos bx 2x sin bx a 2 0 a 2;   lim lim
x 0 x 0

2 2 2sec 2x 2 bx cos bx 2x sin bx
3xÄ Ä

� � �a b Š ‹� � � œ � œ Ê œ �
2 2

2

     œ œlim lim
x 0 x 0

8sec 2x tan 2x b x sin bx 4bx cos bx 2sin bx 32sec 2x tan 2x 16sec 2x b x cos bx 6b x sin bx 6b cos bx
6x 6Ä Ä

� � � � � � �Š ‹ Š ‹2 2 2 2 2 4 3 2 2

 0 16 6b 0 bœ œ Ê � œ Ê œ �16 6b 8
6 3
�

81. (a) 

 (b) The limit leads to the indeterminate form :_�_

   lim   x x x  lim   x x x  lim    lim   x x x xÄ _ Ä _ Ä _ Ä _
Š ‹ Š ‹Š ‹ Š ‹È È� � œ � � œ œ# # � �

� � � � � �

� � �x x x
x x x x x x x x x

x x x xÈÈ È Èa b#

# # #

# #

   lim   œ œ œ �x Ä _
�" �" "

"� "� "� "�! #É È"

x

82.   x 1 x   x   x   x 1lim lim lim lim
x x x x

2 x 1
x x x x x x

x x 1 x 1 1

Ä Ä Ä Ä

� �

_ _ _ _

Š ‹ Š ‹ Š ‹ Š ‹È È É È É É� � œ � œ � œ � � œ _
È È2 2

2 2 2

83. The graph indicates a limit near 1.  The limit leads to the�

 indeterminate form :  lim   0
0 x 1

2x (3x 1) x 2

x 1Ä

# � � �

�

È

  lim    lim   œ œ
x 1 x 1Ä Ä

2x 3x x 2
x 1 1

4x x x# $Î# "Î# "Î# �"Î#
� � �

�

� �9
# #

"

 1œ œ œ �
4

1 1
4 5� � �

9
# #

"

 

84. (a) The limit leads to the indeterminate form 1 .  Let f(x) 1   ln f(x) x ln 1    lim  ln f(x)_ " "œ � Ê œ � Êˆ ‰ ˆ ‰
x x

x

x Ä _

  lim    lim    lim    lim   1œ œ œ œ œ œx x x xÄ _ Ä _ Ä _ Ä _
ln 1 ln 1 x

x x 1 01

ˆ ‰ˆ ‰ ˆ ‰a b Š ‹� �
� �

" "
�

"

" "

�"

�" �#

� �#

� �"x

x x

x
1 x

   lim  1  lim  f(x)  lim  e e eÊ � œ œ œ œx x xÄ _ Ä _ Ä _
ˆ ‰" Ð Ñ "

x
x ln f x

 (b) x 1ˆ ‰� "
x

x

  10 2.5937424601
100 2.70481382942
1000 2.71692393224
10,000 2.71814592683
100,000 2.71826823717

 

 Both functions have limits as x approaches
 infinity.  The function f has a maximum but
 no minimum while g has no extrema.  The limit
 of f(x) leads to the indeterminate form 1 ._
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424 Chapter 7 Transcendental Functions

 (c) Let f(x) 1   ln f(x) x ln 1 xœ � Ê œ �ˆ ‰ a b" �#
x

x
#

   lim  ln f(x)  lim    lim    lim    lim    lim   0.Ê œ œ œ œ œ œx x x x x xÄ _ Ä _ Ä _ Ä _ Ä _ Ä _
ln 1 x

x x x x 3x 1 6x
2x 4x 4a b Š ‹

a b a b�
� � �

�#

�" �# $ #

� �$

� �# #
2x

1 x

 Therefore  lim  1  lim  f(x)  lim  e e 1x x xÄ _ Ä _ Ä _
ˆ ‰� œ œ œ œ" Ð Ñ !

x
x ln f x

#

85. Let f(k) 1   ln f(k)    lim    lim    lim   œ � Ê œ Ê œ œˆ ‰r r
k k k k 1 rk

k ln 1 rk ln 1 rka b a b Š ‹� �
� �

�" �"

�" �" �# �"

� �#

� �"

k k kÄ _ Ä _ Ä _

rk
1 rk

  lim    lim   r.  Therefore  lim  1  lim  f(k)  lim  e e .œ œ œ � œ œ œ
k k k k kÄ _ Ä _ Ä _ Ä _ Ä _

rk r r
k r 1 k

k ln f k r
�

Ð Ñˆ ‰
86. (a) y x   ln y     y x .  The sign pattern isœ Ê œ Ê œ Ê œ1 x 1 xÎ Îln x 1 ln x

x y x x
y (x) ln xw "

# #

ˆ ‰
x � w �ˆ ‰ a b

 y  which indicates a maximum value of y e  when x ew œ ± � � � � � ± � � � � œ œ
! e

1 eÎ

 (b) y x   ln y     y x .  The sign pattern isœ Ê œ Ê œ Ê œ1 x ln x 1 2 ln x
x y x

y x 2x ln x
x

Î w� �#

# $

w " #

%

ˆ ‰ a bx ˆ ‰ a b1 xÎ #

 y  which indicates a maximum of y e  when x ew œ ± � � � ± � � � � œ œ
! È È

e

1 2eÎ

 (c) y x   ln y   y x .  The sign pattern isœ Ê œ œ Ê œ1 x 1 xln x
x x x

x (ln x) nx x (1 n ln x)Î w Î� �n n

n 2n 2n
x

n n 1 n 1ˆ ‰ ˆ ‰a b" � �

†

 y  which indicates a maximum of y e  when x e
e

w Îœ ± � � � ± � � � � œ œ
! È È

n

n1 ne

 (d)  lim  x  lim  e  lim  e exp  lim   exp  lim  e 1x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
1 x ln x ln x x1 x ln x

x nx
Î Ð ÑÎ !Î "n nn

n nœ œ œ œ œ œˆ ‰ ˆ ‰Š ‹ Š ‹

87. (a) y x tan ,   x tan    sec 1;   x tanœ œ œ œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰Š ‹ � �1 1 1 1
x x x xx x x x x

tan sec
2lim lim lim lim lim

Ä Ä Ä Ä Ä�

�

�_ _ _ _ _

ˆ ‰ ˆ ‰Š ‹
Š ‹

1
x

1
x

2 1 1
x x2

1
x2

    sec 1 the horizontal asymptote is y 1 as x  and asœ œ œ œ Ê œ Ä _lim lim lim
x x x

tan sec
2 1

xÄ� Ä� Ä�

�

�_ _ _

Š ‹ � � ˆ ‰ˆ ‰ ˆ ‰Š ‹
Š ‹

1
x

1
x

2 1 1
x x2

1
x2

 x .Ä �_

 (b) y ,            0;   œ œ œ œ œ3x e 3x e 3 2e 4e 4 3x e
2x e 2x e 2 3e 9e 9e 2x ex x x x x

� � � �
� � � �Ä Ä Ä Ä Ä�

2x 2x 2x 2x 2x

3x 3x 3x 3x xlim lim lim lim lim
_ _ _ _ _

Š ‹ Š ‹ Š ‹ Š ‹ˆ ‰ 3x

     the horizontal asymptotes are y 0 as x  and y  as x .œ œ Ê œ Ä _ œ Ä �_lim
x

3 2e 3 3
2 3e 2 2Ä�

�
�

_

Š ‹2x

3x

88. f 0              w

Ä Ä Ä Ä Ä Ä

� � � �

�
a b Š ‹ Š ‹� �œ œ œ œ œ œlim lim lim lim lim lim

h 0 h 0 h 0 h 0 h 0 h 0

f 0 h f 0
h h h

e 0 e h
e 2ee

a b a b
Š ‹

� Î � Î

Î ÎÎ

1 h 1 h2 2 1
h h

1 h 1 h2 2

1
2

1 h2 2
h3

   e 0œ œlim
h 0

h
2

1 h

Ä

� ÎŠ ‹2

89. (a) We should assign the value 1 to f(x) (sin x)  toœ x

 make it continuous at x 0.œ

 

 (b) ln f(x) x ln (sin x)    lim  ln f(x)  lim    lim   œ œ Ê œ œln (sin x) ln (sin x) (cos x)ˆ ‰ ˆ ‰ ˆ ‰
Š ‹" "

"

"

#x x

sin x

xx x xÄ ! Ä ! Ä !� � � �

  lim    lim   0   lim  f(x) e 1œ œ œ Ê œ œ
x 0 x 0 x 0Ä Ä Ä

� � !x 2x
tan x sec x

#

#

 (c) The maximum value of f(x) is close to 1 near the point x 1.55 (see the graph in part (a)).¸
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 (d) The root in question is near 1.57.  

90. (a) When sin x 0 there are gaps in the sketch.  The width�

 of each gap is .1
 

 (b) Let f(x) (sin x)   ln f(x) (tan x) ln (sin x)œ Ê œtan x

   lim  ln f(x)  lim   Ê œ
x 2 x 2Ä Î Ä Î1 1

� �

ln (sin x)
cot x

  lim    lim   0œ œ œ
x 2 x 2Ä Î Ä Î1 1

� �

ˆ ‰"

#

sin x (cos x)
csc x ( csc x)

cos x
� �

   lim  f(x) e 1.  Similarly,Ê œ œ
x 2Ä Î1 �

!

  lim  f(x) e 1.  Therefore,  lim  f(x) 1.
x 2 x 2Ä Î Ä Î1 1�

œ œ œ!

 

 (c) From the graph in part (b) we have a minimum of about 0.665 at x 0.47 and the maximum is about 1.491 at¸

 x 2.66.¸

7.6  INVERSE TRIGONOMETRIC FUNCTIONS

 1. (a)  (b)  (c)   2. (a)  (b)  (c) 1 1 1 1 1 1

4 3 6 4 3 6� � �

 3. (a)  (b)  (c)   4. (a)  (b)  (c) � � �1 1 1 1 1 1

6 4 3 6 4 3

 5. (a)  (b)  (c)   6. (a)  (b)  (c) 1 1 1 1 1 1

3 4 6 4 3 6
3 �

 7. (a)  (b)  (c)   8. (a)  (b)  (c) 3 2 3 2
4 6 3 4 6 3
1 1 1 1 1 1

 9. sin cos  sin  10. sec cos  sec 2Š ‹ ˆ ‰ ˆ ‰ ˆ ‰�" �"
# #

" "È È2
4 32

œ œ œ œ1 1

11. tan sin  tan  12. cot sin cotˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ Š ‹Š ‹�" �"" " "
# #� œ � œ � � œ � œ �1 1

6 33 3
3È ÈÈ

13.  lim  sin x  14.  lim  cos x
x 1 x 1Ä Ä �� �

�" �"
#œ œ1 1

15.  lim  tan x  16.  lim  tan xx xÄ _ Ä �_
�" �"

# #œ œ �1 1

17.  lim  sec x  18.  lim  sec x  lim  cosx x xÄ _ Ä �_ Ä �_
�" �" �"

# #
"œ œ œ1 1ˆ ‰
x

19.  lim  csc x  lim  sin 0 20.  lim  csc x  lim  sin 0x x x xÄ _ Ä _ Ä �_ Ä �_
�" �" �" �"" "œ œ œ œˆ ‰ ˆ ‰

x x
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21. y cos x    22. y cos sec  x  œ Ê œ � œ œ œ Ê œ�" # �" �"

�

� " "

� �
a b ˆ ‰dy dy

dx x dx
2x 2x

1 x 1 x x  x 1É a b È Èk k# # % #

23. y sin 2t   24. y sin (1 t)  œ Ê œ œ œ � Ê œ œ�" �"

�
� �

�" �"
� �

È dy 2 2 dy
dt dt

1 2t
1 2t 2t t1 (1 t)

È È
Ê Š ‹È È È È# # ##

25. y sec (2s 1)  œ � Ê œ œ œ�"
� � � � � � �

"dy
ds

2 2
2s 1  (2s 1) 1 2s 1  4s 4s 2s 1  s sk k È È Èk k k k# # #

26. y sec 5s  œ Ê œ œ�"
�

"

�

dy
ds

5
5s  (5s) 1 s  25s 1k k È Èk k# #

27. y csc x 1   œ � Ê œ � œ�" #

� � �

�

� �
a b dy

dx
2x 2x

x 1  x 1 1 x 1  x 2xk k a bÉ a b È# # # # % #

28. y csc   œ Ê œ � œ œ�"
#

�

�" �

�
ˆ ‰x 2dy

dx  1 x  x  x 4

Š ‹
É Éˆ ‰ k k k k È

"

#

# #

# �¸ ¸x x x 4
4

# #

29. y sec cos t  œ œ Ê œ�" �"" �"

�
ˆ ‰

t dt
dy

1 tÈ #

30. y sin csc   œ œ Ê œ � œ œ�" �"

�

� �

�
ˆ ‰ Š ‹3 t 2t 6

t 3 dt
dy

 1 t  t t 9
#

#

#
#

%

ˆ ‰
¹ ¹ Š ‹

2t
3

t t
3 3

t 9
9

# #
% �Ê É È

31. y cot t cot t   œ œ Ê œ � œ�" �" "Î#

�

�"
# �

È dy
dt

t

1 t t(1 t)

Š ‹
a b È

"

#

�"Î#

"Î# #

32. y cot t 1 cot (t 1)   œ � œ � Ê œ � œ œ�" �" "Î#
�

� �

�" �"

� � � �
È dy

dt

(t 1)

1 (t 1) 2 t 1 (1 t 1) 2t t 1

Š ‹
c d È È

"

#

�"Î#

"Î# #

33. y ln tan x   œ Ê œ œa b�" "
�

dy
dx tan x tan x 1 x

Š ‹
a b a b

"

� #1 x
�" �" #

34. y tan (ln x)  œ Ê œ œ�"
� �

"dy
dx 1 (ln x) x 1 (ln x)

ˆ ‰"
x

# #c d

35. y csc e   œ Ê œ � œ�"

�

�"

�
a bt dy

dt
e

e  e 1 e 1

t

t t 2tk k a bÉ È#

36. y cos e   œ Ê œ � œ�" � �

� �
a bt dy

dt
e e

1 e 1 e

� �

� # �

t t

t 2tÉ a b È

37. y s 1 s cos s s 1 s cos s  1 s s 1 s ( 2s)œ � � œ � � Ê œ � � � � �È a b a b a bˆ ‰# �" # �" # #"Î# "Î# �"Î#" "
# �

dy
ds 1 sÈ #

 1 s 1 sœ � � � œ � � œ œÈ È# #
� � � � �

" � � � � �s s 1 1 s s 1 2s
1 s 1 s 1 s 1 s 1 s

# # # # #

# # # # #È È È È È

38. y s 1 sec s s 1 sec s  s 1 (2s)œ � � œ � � Ê œ � � œ �È a b a bˆ ‰# �" # �" #"Î# �"Î#" " "
# � � �

dy
dx s  s 1 s 1 s  s 1

sk k k kÈ È È# # #

 œ s s 1

s  s 1

k kk k È �

�#
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39. y tan  x 1 csc x tan x 1 csc x  œ � � œ � � Ê œ ��" �" �" # �"# "Î# �

� �

"

�
È a b dy

dx

x 1 (2x)

1 x 1 x  x 1

Š ‹ a b
’ “a b k k È

"

#

# �"Î#

# "Î#
# #

 0, for x 1œ � œ �" "

� �x x 1 x  x 1È Èk k# #

40. y cot tan x tan x tan x  0 0œ � œ � � Ê œ � � œ � œ�" �" �" �" �"" � " " "
# � � ��

ˆ ‰ a bx dx 1 x x 1 1 x
dy x

1 x
1

�#

�" # # # #a b

41. y x sin x 1 x x sin x 1 x   sin x x 1 x ( 2x)œ � � œ � � Ê œ � � � ��" �" # �" ## "Î# �"Î#" "

� #
È a b a bŠ ‹ ˆ ‰dy

dx 1 xÈ #

 sin x sin xœ � � œ�" �"

� �

x x
1 x 1 xÈ È# #

42. y ln x 4 x tan tan x tan tanœ � � Ê œ � � œ � � œ �a b ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰– —# �" �" �" �"
# � # � # � #�

x 2x x 2x x 2x xdy
dx x 4 x 4 4 x1

# # ##

Š ‹
ˆ ‰
"

#

#

x

43.  dx sin C' "

�

�"È9 x
x
3#

œ �ˆ ‰
44.  dx  dx , where u 2x and du 2 dx' ' '" " "

� �# #�È È È1 4x 1 u
2 du

1 (2x)# ##
œ œ œ œ

  sin u C  sin (2x) Cœ � œ �" "
# #

�" �"

45.  dx  dx  tan  C' '" " "
�

�

�"
17 x

17 x 17 17
x

# #
#

œ œ �Š ‹È È È

46.  dx  dx  tan C  tan C' '" " " "
�

�

�" �"
9 3x 3 9

3 x 3 3 3 3
x x3

# #
#

œ œ � œ �Š ‹È È È ÈÈŠ ‹ Š ‹

47. , where u 5x and du 5 dx' 'dx du
x 25x 2 u u 2È È# #� �

œ œ œ

  sec  C  sec  Cœ � œ �" "�" �"È È È È2 2 2 2
u 5x¹ ¹ ¹ ¹

48. , where u 5x and du 5 dx' 'dx du
x 5x 4 u u 4È È# #� �

œ œ œÈ È
  sec  C  sec  Cœ � œ �" "

# # # #
�" �"¸ ¸ ¹ ¹u 5xÈ

49. 4 sin  4 sin  sin 0 4 0'
0

1
4 ds s 2
4 s 6 3È �

�" �" �"
# #

"

!
"

#
œ œ � œ � œ� ‘ ˆ ‰ ˆ ‰1 1

50.   , where u 2s and du 2 ds; s 0  u 0, s   u' '
0 0

3 2 4 3 2 4È ÈÎ Î
ds du

9 4s 9 u

3 2 3 2
4È È È È

� �

"
# ## #

œ œ œ œ Ê œ œ Ê œ

  sin  sin  sin 0 0œ œ � œ � œ� ‘ ˆ ‰Š ‹" " "
# # # #

�" �" �"u
3 4 8

23 2 2

0

È Î È
1 1

51.  , where u 2t and du 2 dt; t 0  u 0, t 2  u 2 2' '
0 0

2 2 2
dt du

8 2t 8 u2� �
"

# #œ œ œ œ Ê œ œ Ê œÈ
È È È È

  tan  tan  tan 0 tan 1 tan 0 0œ œ � œ � œ � œ’ “ Š ‹ a b ˆ ‰" " " " "�" �" �" �" �"
# #

!
È È È È

È È
2 8 8 8

u
4 4 4 4 16

2 2
†

1 1
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52.    , where u 3t and du 3 dt; t 2  u 2 3, t 2  u 2 3' '
� �2 2 3

2 2 3
dt du

4 3t 4 u3� �
"

# #œ œ œ œ � Ê œ � œ Ê œÈ È

È È È È È
  tan  tan 3 tan 3œ œ � � œ � � œ’ “ ’ “È ÈŠ ‹ � ‘ˆ ‰" " " "

# #
�" �" �"

# $

�# $ # #È È È È
È
È3 3 3 3 3

u
3 3†

1 1 1

53. , where u 2y and du 2 dy; y 1  u 2, y   u 2' '
� �

� Î �

1 2

2 2 2È È
dy 2

y 4y 1
du

u u 1È È È
# #� � #œ œ œ œ � Ê œ � œ � Ê œ �È

 sec  u sec  2 sec  2œ œ � � � œ � œ �c d k kk k ¹ ¹È�" �" �"� #
�# #

È
1 1 1

4 3 1

54.  , where u 3y and du 3 dy; y   u 2, y   u 2' '
� Î �

� Î �

2 3 2

2 3 2È È
dy 2

y 9y 1
du 2

u u 1 3 3È È È
# #� �

œ œ œ œ � Ê œ � œ � Ê œ �È
 sec  u sec  2 sec  2œ œ � � � œ � œ �c d k kk k ¹ ¹È�" �" �"� #

�# #

È
1 1 1

4 3 1

55.  , where u 2(r 1) and du 2 dr' '3 dr 3 du
1 4(r 1) 1 uÈ È� � # �# #

œ œ � œ

  sin u C  sin 2(r 1) Cœ � œ � �3 3
# #

�" �"

56. 6  , where u r 1 and du dr' '6 dr du
4 (r 1) 4 uÈ È� � �# #

œ œ � œ

 6 sin  C 6 sin Cœ � œ ��" �"
# #

�u r 1ˆ ‰
57.  , where u x 1 and du dx' 'dx du

2 (x 1) 2 u� � �# #œ œ � œ

  tan  C  tan Cœ � œ �" " ��" �"È È È È2 2 2 2
u x 1Š ‹

58.  , where u 3x 1 and du 3 dx' 'dx du
1 (3x 1) 3 1 u� � �

"
# #œ œ � œ

  tan u C  tan (3x 1) Cœ � œ � �" "�" �"
3 3

59. , where u 2x 1 and du 2 dx' 'dx du
(2x 1) (2x 1) 4 u u 4� � �

"
# �È È# #

œ œ � œ

  sec  C  sec  Cœ � œ �" " " �
# # # #

�" �"
†

¸ ¸ ¸ ¸u 2x 1
4

60. , where u x 3 and du dx' 'dx du
(x 3) (x 3) 25 u u 25� � � �È È# #

œ œ � œ

  sec  C  sec  Cœ � œ �" " ��" �"
5 5 5 5

u x 3¸ ¸ ¸ ¸
61. 2  , where u sin  and du cos  d ; u , u' '

� Î �

Î

1

1

2 1

2 1
2 cos  d du

1 (sin ) 1 u
) ) 1 1

)� � # ## #œ œ œ œ � Ê œ �" œ Ê œ ") ) ) ) )

 2 tan u 2 tan 1 tan ( 1) 2œ œ � � œ � � œc d a b � ‘ˆ ‰�" �" �""
�"

1 1

4 4 1

62.   , where u cot x and du csc x dx; x   u 3 , x   u 1' '
1

1

Î

Î

6 3

4 1
csc x dx du

1 (cot x) 1 u 6 4

#

# #� �
#œ � œ œ � œ Ê œ œ Ê œÈ

1 1È
 tan u tan 1 tan 3œ � œ � � œ � � œc d È�" �" �""

$ #È 1 1 1

4 3 1

63.   , where u e  and du e  dx; x 0  u 1, x ln 3  u 3' '
0 1

ln 3 3
x x

È È
e  dx du

1 e 1 u

x

2x� �œ œ œ œ Ê œ œ Ê œ#
È È

 tan u tan 3 tan 1œ œ � œ � œc d È�" �" �"$
" #

È
1 1 1

3 4 1
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64. 4 , where u ln t and du  dt; t 1  u 0, t e   u' '
1 0

e 4
4

1Î%

4 dt du
t 1 ln t 1 u t 4a b� �

"
# #œ œ œ œ Ê œ œ Ê œ

1

1

Î
Î 1

 4 tan u 4 tan  tan 0 4 tan  œ œ � œc d ˆ ‰�" �" �" �"Î%
!
1 1 1

4 4

65. , where u y  and du 2y dy' 'y dy
1 y

du
1 uÈ È�

"
# �

#
% #
œ œ œ

  sin u C  sin y Cœ � œ �" "
# #

�" �" #

66. , where u tan y and du sec y dy' 'sec y dy
1 tan y

du
1 u

#

# #È È� �

#œ œ œ

 sin u C sin (tan y) Cœ � œ ��" �"

67. sin (x 2) C' ' 'dx dx dx
x 4x 3 1 x 4x 4 1 (x 2)È È Èa b� � � � � � � �

�"
# # #

œ œ œ � �

68. sin (x 1) C' ' 'dx dx dx
2x x 1 x 2x 1 1 (x 1)È È Èa b� � � � � �

�"
# # #
œ œ œ � �

69.  6 6 6 sin' ' '
� � �� � � � � � �

�" �
#

!

�"1 1 1

0 0 0
6 dt dt dt t 1

3 2t t 4 t 2t 1 2 (t 1)È È Èa b# # # #
œ œ œ � ‘ˆ ‰

 6 sin sin 0 6 0œ � œ � œ� ‘ ˆ ‰ˆ ‰�" �""
#

1

6 1

70.  3 3 3 sin' ' '
1 2 1 2 1 2

1 1 1

Î Î Î

6 dt 2 dt 2 dt 2t 1
3 4t 4t 4 4t 4t 1 2 (2t 1)È È Èa b� � � � � � �

�" �
#

"

"Î## # # #
œ œ œ � ‘ˆ ‰

 3 sin sin 0 3 0œ � œ � œ� ‘ ˆ ‰ˆ ‰�" �""
# #

1 1

6

71.  tan C' ' 'dy dy dy y 1
y 2y 5 4 y 2y 1 (y 1)# # # #� � � � � # � � # #

" �" �œ œ œ �ˆ ‰
72. tan (y 3) C' ' 'dy dy dy

y 6y 10 1 y 6y 9 1 (y 3)# # #� � � � � � �
�"œ œ œ � �a b

73. 8 8 8 tan (x 1) 8 tan 1 tan 0 8 0 2' ' '
1 1 1

2 2 2
8 dx dx dx

x 2x 2 1 x 2x 1 1 (x 1) 4# # #� � � � � � �
�" �" �"#

"œ œ œ � œ � œ � œa b c d a b ˆ ‰1 1

74.  2  2  2 tan (x 3) 2 tan 1 tan ( 1) 2' ' '
2 2 2

4 4 4
2 dx dx dx

x 6x 10 1 x 6x 9 1 (x 3) 4 4# # #� � � � � � �
�" �" �"%

#œ œ œ � œ � � œ � � œa b c d c d � ‘ˆ ‰1 1 1

75. dx dx dx; dx du where u x 4 du 2x dx du x dx' ' ' ' 'x 4 x 4 x 1
x 4 x 4 x 4 x 4 u
� " "
� � � � # #

#
# # # #œ � œ œ � Ê œ Ê œ

 dx ln x 4 2 tan CÊ œ � � �' x 4 1 x
x 4 2 2

1�
�

# �
# a b ˆ ‰

76. dt dt Let w t 3 w 3 t dw dt dw dw dw;' ' ' ' 't t w 1 w 1
t 6t 10 w w wt 3 1

�# �# �
� � �" �" �"� �# # # ##œ œ � Ê � œ Ê œ Ä œ �a b ’ “

 dw du where u w 1 du 2w dw du w dw dw dw' ' ' 'w 1 w 1
w u w w# # #�" # # �" �"

" "#œ œ � Ê œ Ê œ Ê �

 ln w 1 tan w C ln t 3 1 tan t 3 C ln t 6t 10 tan t 3 Cœ � � � œ � � � � � œ � � � � �1 1 1
2 2 2

1 1 1a b a b a b a b a b a bˆ ‰# � � # �#

77. dx 1 dx dx dx 10 dx; dx du where u x 9' ' ' ' ' ' 'a bx 2x 1 2x 10 2x 1 2x 1
x 9 x 9 x 9 x 9 x 9 u

#

# # # # #

� � �
� � � � �

#œ � œ � � œ œ �

 du 2x dx dx dx 10 dx x ln x 9 tan CÊ œ Ê � � œ � � � �' ' '2x 1 10 x
x 9 x 9 3 3

1
# #� �

# �a b ˆ ‰
78. dt t 2 dt t 2 dt dt 2 dt; dt du where u t 1' ' ' ' ' ' 'a b a bt 2t 3t 4 2t 2 2t 1 2t 1

t 1 t 1 t 1 t 1 t 1 u

3 2� � � �
� � � � �

#
# # # # #œ � � œ � � � œ œ �

 du 2t dt t 2 dt dt 2 dt t 2t ln t 1 2 tan t CÊ œ Ê � � � œ � � � � �' ' 'a b 2t 1 1
t 1 t 1 2

2 1
# #� �

# �a b a b
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79.  , where u x 1 and du dx' ' ' 'dx dx dx du
(x 1) x 2x (x 1) x 2x 1 1 (x 1) (x 1) 1 u u 1� � � � � � � � � �È È È È# # # #

œ œ œ œ � œ

 sec  u C sec  x 1 Cœ � œ � ��" �"k k k k
80.  du, where u x 2 and du dx' ' ' 'dx dx dx

(x 2) x 4x 3 (x 2) x 4x 4 1 (x 2) (x 2) 1 u u 1� � � � � � � � � �
"

�È È È È# # # #
œ œ œ œ � œ

 sec  u C sec  x 2 Cœ � œ � ��" �"k k k k
81.  dx e  du, where u sin x and du' 'e dx

1 x 1 x

sin x�"

# #È È� �

�"œ œ œu

 e C e Cœ � œ �u sin x�"

82.  dx e  du, where u cos x and du' 'e dx
1 x 1 x

cos x�"

# #È È� �

�" �œ � œ œu

 e C e Cœ � � œ � �u cos x�"

83.  dx u  du, where u sin x and du' 'a bÈ Èsin x

1 x 1 x
dx�" #

# #� �

# �"œ œ œ

 C Cœ � œ �u
3 3

sin x$ �" $a b

84.  dx u  du, where u tan x and du' 'Ètan x
1 x 1 x

dx�"

# #� �
"Î# �"œ œ œ

 u C tan x C tan x Cœ � œ � œ �2 2 2
3 3 3

$Î# �" $Î# �" $a b a bÉ

85.  dy  dy  du, where u tan y and du' '" "
� �

�"a b a b
Š ‹

tan y 1 y tan y u 1 y
dy

�" # �" #œ œ œ œ' "

� #1 y

 ln u C ln tan y Cœ � œ �k k k k�"

86.   dy  dy  du, where u sin y and du' '" "
� �

�"a bÈ È
� �

sin y 1 y 1 ysin y u
dy

�" # #�"œ œ œ œ'
"

� #É1 y

 ln u C ln sin y Cœ � œ �k k k k�"

87.   dx sec u du, where u sec x and du ; x 2  u , x 2  u' '
È2 4

2 3sec sec x

x x 1 x x 1
dx

4 3

# �"

# #

a bÈ È� �

# �"œ œ œ œ Ê œ œ Ê œ
1

1

Î

Î È 1 1

 tan u tan tan 3 1œ œ � œ �c d È1

1

1 1Î$
Î4 3 4

88.   dx cos u du, where u sec x and du ; x   u , x 2  u' '
2

cos sec x

x x 1 x x 1
dx 2

3 6 3Î Î

Î

È3 6

2 3a bÈ È È
�"

# #� �

�"œ œ œ œ Ê œ œ Ê œ
1

1

1 1

 sin u sin sin œ œ � œc d 1
1

1 1Î$
Î'

�"
#3 6

3È

89.  dx 2 du where u tan x du dx 2du dx' '" "

� �
�

�
�È Èa b ” •ˆ ‰ ˆ ‰È È Èa b

x x 1 tan x 9
u 9

1 1 1 1
1 + x 2 x 1 x x

�1 2 2 2œ œ Ê œ Ê œÈ
 tan Cœ �2

3 3
1 tan x� Š ‹�1È

90.  dx u du where u sin e du e dx' 'e  sin e 1
1 e 1 e

x xx x

x x

�"

# #È È� �

�"œ œ Ê œ

 sin e Cœ �"
#

�"a bx 2

91.  lim    lim   5
x 0 x 0Ä Ä

sin 5x
x 1

�"

œ œ
Š ‹5

1 25xÈ
� #
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92.  lim    lim    lim    lim  x x 1
x 1 x 1 x 1 x 1Ä Ä Ä Ä� � � �

È a b Š ‹ a b
Œ �

x 1
sec x sec x

x 1 x 1 (2x)#

�" �"

# "Î# # �"Î#

� � �
œ œ œ œ

"

#

"

# �k k Èx  x 1

k k

93.  lim  x tan  lim    lim    lim   2x x x xÄ _ Ä _ Ä _ Ä _
�"

� �
ˆ ‰2 2

x x x 1 4x
tan 2xœ œ œ œ

�" �"

�" �# �#

a b Š ‹� �#

� �#

2x
1 4x

94.  lim    lim    lim   
x 0 x 0 x 0Ä Ä Ä

2 tan 3x 6 6
7x 14x 77 1 9x

�" #

# %œ œ œ
Š ‹

a b
12x

1 9x� %

�

95.       lim lim lim
x 0 x 0 x 0

tan x 2
x sin x 2x sin xÄ Ä Ä�

�

� � �
�

�

�

� �

�

� �

�
Î

� �

� Î

1 2

1 1 2 0 2

2x
1 x4

1 x2
1

2 3x 14

1 x4 2

x 2

1 x2 3 2

2 0 1
12

1 0 3 2
œ œ œ œ œŒ � Î ÑÐ Ó

Ï ÒÈ

Š ‹

Š ‹

Š ‹

a b

a b
1

96.         lim lim lim lim
x x x x

e tan e
e x 2e 1 4e

e tan e
e tan e e tan e

Ä_ Ä_ Ä_ Ä_� �

�
� � �

x 1 x

2x 2x 2x

x 1 x e2x

e 12x

x 1 x x 1 xe 2e2x 2x

e 12x 2
e 12x

e e2x

�

�

�

� �

�
�

œ œ œ
Š ‹

Š ‹2x 3

e 12x 2

2x

�

�Š ‹
4e

     0 0 0œ � œ � œ � œlim lim
x x

tan e tan e
4e 4e

e 3 1 3e

4 e 1 4 e eÄ_ Ä_

� �

� �– — – —� �

�

�

1 x 1 x

x 2 x 2

2x 2x

2x x x

ˆ ‰ ˆ ‰
a b a b

97.         lim lim lim lim
x 0 x 0 x 0 x 0

tan x

x x 1 x 1 3

tan x 2tan x

Ä Ä Ä Ä� � �� � � �

� �

� �

�

�

�

�

�’ “ˆ ‰È
È È

ˆ ‰È ˆ ‰È
a b

1
2

1 1
x 1 x x 1 x

x
2 x 1

tan x1

3x 2
2 x 1

1

œ œ œ
È Èa b a b

È

ˆ ‰È

È
Š ‹

x 2 x x 1 x 0� � ÄÈ È œ   lim
�

�

� �

�

� �1
x 1 x

12x 13x 22

2 x x 1

È a b

È È

   1œ œ œlim
x 0

2 2
12x 13x 2 x 1 2Ä � � ��

Š ‹a bÈ2

98.         lim lim lim lim
x 0 x 0 x 0 x 0

sin x

sin x 2 sin x
x 1

sin x 1 x sin x 1 xÄ Ä Ä Ä� † � �� � � �

�

�

�

�

�

� �

� �

1 2

1 2 1

2x

1 x4

1
1 x2

1 2 1 2x 1
1 x2 1 x2

ˆ ‰
a b a b È Èœ œ œŒ � Œ �Š ‹È

È È È
œ

   1œ œ œlim
x 0

1 x 1 x

1 x x 1 x sin x
1
1Ä

� �

� � �� �
Š ‹È ÈÈ2 2

2 2 1

99. If y ln x  ln 1 x C, then dy  dxœ � � � � œ � �" "
# �

#
�a b – —tan x x

x x 1 x x

tan x
�"

# #

�"Š ‹x
1 x� #

  dx  dx  dx,œ � � � œ œŠ ‹" "
� � �

� � � � �
x 1 x x 1 x x x 1 x x

x tan x tan xx 1 x x x tan x 1 x
# # # # # #

�" �"# $ �" #

a b a ba b a ba b
 which verifies the formula

100. If y  cos 5x  dx, then dy x  cos 5x  dxœ � œ � �x 5 x x 5 5 x
4 4 4 41 25x 1 25x 1 25x

% % % %

# # #

�" $ �"

� � �

�' È È È’ “Š ‹Š ‹ Š ‹
 x  cos 5x  dx, which verifies the formulaœ a b$ �"

101. If y x sin x 2x 2 1 x  sin x C, thenœ � � � �a b È�" �"# #

 dy sin x 2  sin x 2 1 x  dx sin x  dx, which verifiesœ � � � � � œ’ “a b a bÈ Š ‹�" �" �"# #

� � �

� "#2x sin x

1 x 1 x 1 x
2xa bÈ È È�"

# # #

 the formula

102. If y x ln a x 2x 2a tan C, then dy ln a x 2  dxœ � � � � œ � � � �a b a bˆ ‰ – —# # �" # #
� �

x 2x 2
a a x 1

#

# # Š ‹x
a

#

#

 ln a x 2 2  dx ln a x  dx, which verifies the formulaœ � � � œ �’ “a b a bŠ ‹# # # #�
�

a x
a x

# #

# #

103.   dy   y sin x C; x 0 and y 0  0 sin 0 C  C 0  y sin xdy
dx 1 x 1 x

dxœ Ê œ Ê œ � œ œ Ê œ � Ê œ Ê œ"

� �

�" �" �"È È# #
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104. 1 dy 1  dx y tan (x) x C; x 0 and y 1 1 tan 0 0 Cdy
dx x 1 1 xœ � Ê œ � Ê œ � � œ œ Ê œ � �" "

� �
�" �"

# #
ˆ ‰

  C 1  y tan (x) x 1Ê œ Ê œ � ��"

105.   dy   y sec  x C; x 2 and y   sec 2 C  C sec 2dy
dx x x 1 x x 1

dxœ Ê œ Ê œ � œ œ Ê œ � Ê œ �"

� �

�" �" �"È È# #
k k 1 1 1

   y sec (x) , x 1œ � œ Ê œ � �1 1 1 1

3 3 3
2 2�"

106.   dy  dx  y tan x 2 sin x C; x 0 and y 2dy
dx 1 x 1 x

2 2
1 x 1 x

œ � Ê œ � Ê œ � � œ œ" "
� �� �

�" �"
# #

# #È ÈŠ ‹
  2 tan 0 2 sin 0 C  C 2  y tan x 2 sin x 2Ê œ � � Ê œ Ê œ � ��" �" �" �"

107. (a) The angle  is the large angle between the wall and the right end of the blackboard minus the small angle  between!

 the left end of the blackboard and the wall  cot cot .Ê œ �! �" �"ˆ ‰ ˆ ‰x x
15 3

 (b) ; 0 540 12x 0 x 3 5d 15 3 540 12x d
dt 225 x 9 x 225 x 9 x dt1 1

2! !œ � � œ � � œ œ Ê � œ Ê œ „
1 1

15 3
x x

15 3
2 2 2 2 2 2

2

� � � � � �
�ˆ ‰ ˆ ‰ a ba b È

 Since x 0, consider only x 3 5 3 5 cot cot 0.729728 41.8103 .  Using� œ Ê œ � ¸ ¸È ÈŠ ‹ Š ‹ Š ‹! �" �" ‰3 5 3 5
15 3

È È

 the first derivative test, 0 and 0 local maximum of  41.8103  whend 132 d 132
dt 565 dt 5x 1 x 10

! !¹ ¹
œ œ (!)

‰œ � œ � � Ê

 x 3 5 6.7082 ft.œ ¸È
108. V 2 (sec y)  dy 4y tan y 3œ � œ � œ �1 1 1'

0

31Î c d c d Š ‹È# # Î$
!
1 14

3

109. V r h (3 sin ) (3 cos ) 9 cos cos , where 0œ œ œ � Ÿ Ÿˆ ‰ ˆ ‰ a b" "# # $
#3 31 1 ) ) 1 ) ) ) 1

 9 (sin ) 1 3 cos sin 0 or cos   the critical points are:  0, cos , andÊ œ � � œ ! Ê œ œ „ ÊdV
d 3 3)

1 ) ) ) )a b Š ‹# �"" "È È
 cos ; but cos  is not in the domain.  When 0, we have a minimum and when cos�" �" �"" " "Š ‹ Š ‹ Š ‹� � œ œÈ È È3 3 3

) )

 54.7°, we have a maximum volume.¸

110. 65° (90° ) (90° ) 180°  65° 65° tan 65° 22.78° 42.22°� � � � œ Ê œ � œ � ¸ � ¸" ! ! " �" ˆ ‰21
50

111. Take each square as a unit square.  From the diagram we have the following:  the smallest angle  has a!

 tangent of 1  tan 1; the middle angle  has a tangent of 2  tan 2; and the largest angle Ê œ Ê œ! " " #�" �"

 has a tangent of 3  tan 3.  The sum of these three angles is   Ê œ Ê � � œ# 1 ! " # 1�"

  tan 1 tan 2 tan 3 .Ê � � œ�" �" �" 1

112. (a) From the symmetry of the diagram, we see that sec x is the vertical distance from the graph of y sec x to1 � œ�" �"

 the line y  and this distance is the same as the height of y sec x above the x-axis at x;œ œ �1 �"

 i.e., sec x sec ( x).1 � œ ��" �"

 (b) cos ( x) cos x, where 1 x 1  cos cos , where x 1 or x 1�" �" �" �"" "� œ � � Ÿ Ÿ Ê � œ �   Ÿ �1 1ˆ ‰ ˆ ‰
x x

  sec ( x) sec xÊ � œ ��" �"1

113. sin (1) cos (1) 0 ; sin (0) cos (0) 0 ; and sin ( 1) cos ( 1) .�" �" �" �" �" �"
# # # # # #� œ � œ � œ � œ � � � œ � � œ1 1 1 1 1 11

 If x ( 0) and x a, then sin (x) cos (x) sin ( a) cos ( a) sin a cos a− �"ß œ � � œ � � � œ � � ��" �" �" �" �" �"a b1

 sin a cos a  from Equations (3) and (4) in the text.œ � � œ � œ1 1a b�" �"
# #
1 1
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114.    tan x and tan   tan x tan   .Ê œ œ Ê œ � œ �! " ! "" "
#

�" �"
x x

1

115. csc u sec u  csc u sec u 0 , u 1�" �" �" �"
# # � �

œ � Ê œ � œ � œ � �1 1d d
dx dx u  u 1 u  u 1
a b k kˆ ‰ du du

dx dxk k k kÈ È# #

116. y tan x  tan y x  (tan y) (x)œ Ê œ Ê œ�" d d
dx dx

  sec y  1  Ê œ Ê œ œa b# " "

�

dy dy
dx dx sec y

1 x
#

#
#Š ‹È

 , as indicated by the triangleœ "
�1 x#

 

117. f(x) sec x  f (x) sec x tan x   .œ Ê œ Ê œ œ œw

œ

" " "

„ �"

df
dx sec sec  b tan sec  bx b b b

�"

œ �"

�" �"
#

¹
df
dx x f b
¹ Š ‹a b a b È

a b

 Since the slope of sec  x is always positive, we the right sign by writing sec  x .�" �" "

l l � "

d
dx x x

œ È #

118. cot u tan u  cot u tan u 0�" �" �" �"
# # � �œ � Ê œ � œ � œ �1 1d d

dx dx 1 u 1 ua b ˆ ‰ du du
dx dx

# #

119. The functions f and g have the same derivative (for x 0), namely .  The functions therefore differ  "
�Èx (x 1)

 by a constant.  To identify the constant we can set x equal to 0 in the equation f(x) g(x) C, obtainingœ �

 sin ( 1) 2 tan (0) C  0 C  C .  For x 0, we have sin 2 tan x .�" �" �" �"
# # � #

�� œ � Ê � œ � Ê œ �   œ �1 1 1ˆ ‰ Èx 1
x 1

120. The functions f and g have the same derivative for x 0, namely .  The functions therefore differ by a� �"
�1 x#

 constant for x 0.  To identify the constant we can set x equal to 1 in the equation f(x) g(x) C, obtaining� œ �

 sin tan 1 C  C  C 0.  For x 0, we have sin  tan  .�" �" �" �"" " "

�
Š ‹È È2 x 14 4 xœ � Ê œ � Ê œ � œ1 1

#

121. V   dx   dx tan x tan 3 tanœ œ œ œ � �1 1 1 1' '
� Î � Î � ÎÈ È

È È È
È

3 3 3 3

3 3 3

3 3Š ‹ ’ “c d È Š ‹" "

�

#

�
�" �" �"È È

1 x 1 x 3
3

# #

 œ � � œ1 � ‘ˆ ‰1 1 1

3 6

#

#

122. Consider y r x ; Since  is undefined at x r and x r, we will find the length from x 0œ � Ê œ œ œ � œÈ 2 2 dy dy
dx dx

x
r x
�

�È 2 2

 to x  (in other words, the length of  of a circle) L 1 dx 1 dxœ Ê œ � œ �r 1 x x
8 r x

r 2 r 2

r x

2

È È
È È

#

Î Î
�

� �
' '

0 0
Ê Š ‹ É

2 2

2

2 2

 dx dx r sin r sin r sin 0œ œ œ œ �' '
0 0 0

r 2 r 2
r r x

r x r rr x
1 1 1r 2 r 2Î Î

� �

� � �Î Î
È È

È
È ÈÉ � ‘ˆ ‰ Š ‹ a b2

2 2 2 2

 r sin 0 r . The total circumference of the circle is C 8L 8 2 r.œ � œ œ œ œ œ�1 1 r r
2 4 4 4Š ‹ ˆ ‰ ˆ ‰È 1 1 1 1

123. (a) A(x) (diameter)   V  A(x) dx  œ œ � � œ Ê œ œ1 1 1 1

4 4 1 x 1 x1 x 1 x
 dx# " "

� �

#

� �’ “Š ‹È È# # # #
' '

a 1

b 1

�

 tan x ( )(2)œ œ œ1 1c d ˆ ‰�" "
�" #

1 1

4

#

 (b) A(x) (edge)   V A(x) dxœ œ � � œ Ê œ œ# " "

� �

#

� �’ “Š ‹È È1 x 1 x
4 4 dx

1 x 1 x# # # #
' '

a 1

b 1

�

 4 tan  x 4 tan (1) tan ( 1) 4 2œ œ � � œ � � œc d c d � ‘ˆ ‰�" �" �""
�"

1 1

4 4 1
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124. (a) A(x) (diameter) 0   V A(x) dxœ œ � œ œ Ê œ1 1 1 1

4 4 4
2 4

1 x 1 x 1 x
#

�

#

� �
Š ‹ Š ‹%

# # #È È È '
a

b

   dx sin x sin sinœ œ œ � � œ � � œ'
� Î

Î
Î

� ÎÈ

È È

È2 2

2 2 2 2

2 2
1 1 1 1È È È

1 x

2 2
4 4�

�" �" �"
# # ##

#

1 1 1c d ’ “Š ‹ Š ‹ � ‘ˆ ‰
 (b) A(x) 0   V A(x) dx   dxœ œ � œ Ê œ œ(diagonal)

2 2
1 2 2 2

1 x 1 x 1 x

#

%
# # #

Š ‹È È È�

#

� �
' '

a 2 2

b 2 2

� Î

Î

È

È

 2 sin x 2 2œ œ œc d ˆ ‰�" È

È
2 2

2 2

Î

� Î
1

4 † 1

125. (a) sec 1.5 cos  0.84107 (b) csc ( 1.5) sin 0.72973�" �" �" �"" "œ ¸ � œ � ¸ �1.5 1.5
ˆ ‰

 (c) cot 2 tan 2 0.46365�" �"
#œ � ¸1

126. (a) sec ( 3) cos 1.91063 (b) csc 1.7 sin 0.62887�" �" �" �"" "� œ � ¸ œ ¸ˆ ‰ ˆ ‰
3 1.7

 (c) cot ( 2) tan ( 2) 2.67795�" �"
#� œ � � ¸1

127. (a) Domain:  all real numbers except those having
 the form k  where k is an integer.1

# � 1

 Range:  y� � �1 1

# #

 

 (b) Domain:  x ; Range:  y�_ � � _ �_ � � _

 The graph of y tan (tan x) is periodic, theœ �"

 graph of y tan tan x x for x .œ œ �_ Ÿ � _a b�"

 

128. (a) Domain:  x ; Range:  y�_ � � _ � Ÿ Ÿ1 1

# #  

 (b) Domain:  x 1; Range:  y 1�" Ÿ Ÿ �" Ÿ Ÿ

 The graph of y sin (sin x) is periodic; theœ �"

 graph of y sin sin x x for x 1.œ œ �" Ÿ Ÿa b�"

 

129. (a) Domain:  x ; Range:  0 y�_ � � _ Ÿ Ÿ 1  

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 7.6 Inverse Trigonometric Functions 435

 (b) Domain:  1 x 1; Range:  y 1� Ÿ Ÿ �" Ÿ Ÿ

 The graph of y cos (cos x) is periodic; theœ �"

 graph of y cos cos x x for x 1.œ œ �" Ÿ Ÿa b�"

 

130. Since the domain of sec x is ( 1] [ ), we�" �_ß� � "ß_

 have sec sec x x for x 1.  The graph ofa b k k�" œ  

 y sec sec x  is the line y x with the openœ œa b�"

 line segment from ( ) to ( ) removed.�"ß�" "ß "

 

131. The graphs are identical for y 2 sin 2 tan xœ a b�"

 4 sin tan x cos tan x 4œ œc d c da b a b Š ‹Š ‹�" �"
� �

"x
x 1 x 1È È# #

  from the triangle   œ 4x
x 1# �

 

132. The graphs are identical for y cos 2 sec xœ a b�"

 cos sec x sin sec xœ � œ �# �" # �" " �a b a b x x
x 1

# #

#

  from the triangle   œ 2 x
x
� #

#

 

133. The values of f increase over the interval [ 1] because�"ß

 f 0, and the graph of f steepens as the values of fw w�

 increase towards the ends of the interval.  The graph of f
 is concave down to the left of the origin where f 0,ww �

 and concave up to the right of the origin where f 0.ww �

 There is an inflection point at x 0 where f 0 andœ œww

 f  has a local minimum value.w
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134. The values of f increase throughout the interval ( )�_ß_

 because f 0, and they increase most rapidly near thew �

 origin where the values of f  are relatively large.  Thew

 graph of f is concave up to the left of the origin where
 f 0, and concave down to the right of the originww �

 where f 0.  There is an inflection point at x 0ww � œ

 where f 0 and f  has a local maximum value.ww wœ

 

7.7  HYPERBOLIC FUNCTIONS

 1. sinh x   cosh x 1 sinh x 1 1 , tanh x ,œ � Ê œ � œ � � œ � œ œ œ œ œ �3 3 9 25 5 sinh x 3
4 4 16 16 4 cosh x 5

È É ˆ ‰ É É# # �ˆ ‰ˆ ‰
3
4

5
4

 coth x , sech x , and csch xœ œ � œ œ œ œ �" " "
tanh x 3 cosh x 5 sin x 3

5 4 4

 2. sinh x   cosh x 1 sinh x 1 , tanh x , coth x ,œ Ê œ � œ � œ œ œ œ œ œ œ4 16 25 5 sinh x 4 5
3 9 9 3 cosh x 5 tanh x 4

È É É# "ˆ ‰ˆ ‰
4
3
5
3

 sech x , and csch xœ œ œ œ" "
cosh x 5 sinh x 4

3 3

 3. cosh x , x 0  sinh x cosh x 1 1 1 , tanh xœ � Ê œ � œ � œ � œ œ œ œ17 17 289 64 8 sinh x
15 15 225 225 15 cosh x

È Éˆ ‰ É É# # ˆ ‰ˆ ‰
8

15
17
15

 , coth x , sech x , and csch xœ œ œ œ œ œ œ8 17 15 15
17 tanh x 8 cosh x 17 sinh x 8

" " "

 4. cosh x , x 0  sinh x cosh x 1 1 , tanh x ,œ � Ê œ � œ � œ œ œ œ œ13 169 144 12 sinh x 12
5 25 25 5 cosh x 13

È É É#
ˆ ‰ˆ ‰

12
5

13
5

 coth x , sech x , and csch xœ œ œ œ œ œ" " "
tanh x 12 cosh x 13 sinh x 12

13 5 5

 5. 2 cosh (ln x) 2 e xœ œ � œ �Š ‹e e ln x
e x

ln x ln x

ln x
� " "
#

�

 6. sinh (2 ln x) œ œ œ œe e e e xx

x

2 ln x 2 ln x ln x ln x x� � �"
# # # #

�
� %

# �#
# "

#

#

Š ‹

 7. cosh 5x sinh 5x e   8. cosh 3x sinh 3x e� œ � œ � œ � œe e e e e e e e5x 3x5x 5x 5x 5x 3x 3x 3x 3x� � � �
# # # #

�� � � �

 9. (sinh x cosh x) e e� œ � œ œ% � �
# #

% %ˆ ‰ a be e e e x 4xx x x x� �

10. ln (cosh x sinh x) ln (cosh x sinh x) ln cosh x sinh x ln 1 0� � � œ � œ œa b# #

11. (a) sinh 2x sinh (x x) sinh x cosh x cosh x sinh x 2 sinh x cosh xœ � œ � œ

 (b) cosh 2x cosh (x x) cosh x cosh x sinh x sin x cosh x sinh xœ � œ � œ �# #

12. cosh x sinh x e e e e e e e e 2e 2e# # � � � � �� � " "
# #

# #
� œ � œ � � � � � � œˆ ‰ ˆ ‰ c d c d a b a ba b a b a b a be e e e

4 4
x x x x x x x x x xx x x x� �

 4e (4) 1œ œ œ" "!
4 4a b

13. y 6 sinh   6 cosh 2 cosh œ Ê œ œx x x
3 dx 3 3 3

dy ˆ ‰ ˆ ‰"
14. y  sinh (2x 1)  [cosh (2x 1)](2) cosh (2x 1)œ � Ê œ � œ �" "

# #
dy
dx

15. y 2 t tanh t 2t  tanh t sech t t 2t tanh t t sech tœ œ Ê œ � œ �È È È� ‘ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰"Î# "Î# # "Î# �"Î# "Î# "Î# �"Î# #"
#

dy
dt

tanh t
t

ÈÈ

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



Section 7.7 Hyperbolic Functions  437

16. y t  tanh t  tanh t sech t t t (2t) tanh t sech  2t tanh œ œ Ê œ � � œ � �# # �" # �" �# # �" #" " "
t dt t t

dy c d a b a b a ba b
17. y ln (sinh z)  coth z 18. y ln (cosh z)  tanh zœ Ê œ œ œ Ê œ œdy dy

dz sinh z dz cosh z
cosh z sinh z

19. y (sech )(1 ln sech ) (sech ) ( sech  tanh )(1 ln sech )œ � Ê œ � � � �) ) ) ) ) )dy
d sech 

sech  tanh 
) )

) )ˆ ‰�

 sech  tanh (sech  tanh )(1 ln sech ) (sech  tanh )[1 (1 ln sech )] (sech  tanh )(ln sech )œ � � œ � � œ) ) ) ) ) ) ) ) ) ) )

20. y (csch )(1 ln csch ) (csch ) (1 ln csch )( csch  coth )œ � Ê œ � � � �) ) ) ) ) )dy
d csch 

csch  coth 
) )

) )ˆ ‰�

 csch  coth (1 ln csch )(csch  coth ) (csch  coth )(1 1 ln csch ) (csch  coth )(ln csch )œ � � œ � � œ) ) ) ) ) ) ) ) ) ) )

21. y ln cosh v  tanh v (2 tanh v) sech v tanh v (tanh v) sech vœ � Ê œ � œ �" "
# #

# # #dy
dv cosh v

sinh v ˆ ‰ a b a b
 (tanh v) 1 sech v (tanh v) tanh v tanh vœ � œ œa b a b# # $

22. y ln sinh v  coth v (2 coth v) csch v coth v (coth v) csch vœ � Ê œ � � œ �" "
# #

# # #dy
dv sinh v

cosh v ˆ ‰ a b a b
 (coth v) 1 csch v (coth v) coth v coth vœ � œ œa b a b# # $

23. y x 1  sech (ln x) x 1 x 1 x 1 2x  2œ � œ � œ � œ � œ Ê œa b a b a b a bˆ ‰ ˆ ‰ ˆ ‰# # # #
� � �
2 2 2x

e e x x x 1 dx
dy

ln x ln x� �" #

24. y 4x 1  csch (ln 2x) 4x 1 4x 1 4x 1 4x  4œ � œ � œ � œ � œ Ê œa b a b a b a bˆ ‰ ˆ ‰Š ‹# # # #
� � �
2 2 4x

e e 2x (2x) 4x 1 dx
dy

ln 2x ln 2x� �" #

25. y sinh x sinh x   œ œ Ê œ œ œ�" �" "Î#

�

" "
# � # �

È ˆ ‰ dy
dx

x

1 x x 1 x x(1 x)

Š ‹
É a b È È È

"

#

�"Î#

"Î# #

26. y cosh  2 x 1 cosh 2(x 1)   œ � œ � Ê œ œ œ�" �" "Î#
�

� �

" "
� � � �

È ˆ ‰ dy
dx

(2) (x 1)

2(x 1) 1 x 1 4x 3 4x 7x 3

Š ‹
Éc d È È È

"

#

�"Î#

"Î# # #

27. y (1 ) tanh   (1 ) ( 1) tanh tanhœ � Ê œ � � � œ �) ) ) ) )�" �" �"" "
� �

dy
d 1 1) ) )

ˆ ‰
#

28. y 2  tanh ( 1) 2 (2 2) tanh ( 1) (2 2) tanh ( 1)œ � � Ê œ � � � � œ � � �a b a b ’ “) ) ) ) ) ) ) ) )# �" # �" �"" �
� � � �

dy
d 1 ( 1) 2

2
) ) ) )

) )
# #

#

 (2 2) tanh ( 1) 1œ � � �) )�"

29. y (1 t) coth t (1 t) coth t   (1 t) ( 1) coth t coth tœ � œ � Ê œ � � � œ ��" �" "Î# �" "Î# �"

�

"
#

È Èˆ ‰ ˆ ‰– —dy
dt

t

1 t t

Š ‹
a b È

"

#

�"Î#

"Î# #

30. y 1 t  coth t  1 t ( 2t) coth t 1 2t coth tœ � Ê œ � � � œ �a b a b ˆ ‰# �" # �" �""
�

dy
dt 1 t#

31. y cos x x sech x  x (1) sech x sech x sech xœ � Ê œ � � œ � � œ ��" �" �" �" �"�" �" �" "

� � � �

dy
dx 1 x x 1 x 1 x 1 xÈ È È È# # # #

’ “Š ‹
32. y ln x 1 x  sech x ln x 1 x  sech xœ � � œ � �È a b# �" # �""Î#

 1 x 1 x ( 2x) sech x  sech x  sech xÊ œ � � � � � œ � � œdy
dx x x xx 1 x 1 x 1 x

x x" �" " " " �# # �" �" �""Î# �"Î#

� � �#a b a bŠ ‹ ˆ ‰È È È# # #

33. y csch   œ Ê œ � œ � œ�" "
#

�

�

� �

ˆ ‰)
)

dy ln (1) ln (2)
d

ln

1 1 1

ln 2’ “ Š ‹Š ‹
Š ‹ Š ‹Ë ” • Ê ÊŠ ‹ Š ‹

" "

# #

" "

# #

" "

# #

)

) )
) )# # #

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



438 Chapter 7 Transcendental Functions

34. y csch 2   œ Ê œ � œ�"

�

�

�

)

)

dy (ln 2) 2
d 2 1 2

ln 2
1 2

)

) )
)É a b È# #

35. y sinh (tan x)  sec xœ Ê œ œ œ œ œ�"
�

dy
dx sec x sec x

sec x sec x sec x
1 (tan x) sec x

sec x  sec x# # #

# #È È k k k kk k k k k k
36. y cosh (sec x)  sec x, 0 xœ Ê œ œ œ œ � ��"

� #
dy (sec x)(tan x) (sec x)(tan x) (sec x)(tan x)
dx tan xsec x 1 tan xÈ È k k# #

1

37. (a) If y tan (sinh x) C, then sech x, which verifies the formulaœ � œ œ œ�"
�

dy
dx 1 sinh x cosh x

cosh x cosh x
# #

 (b) If y sin (tanh x) C, then sech x, which verifies the formulaœ � œ œ œ�"

�

dy
dx sech x

sech x sech x
1 tanh x

# #

#È

38. If y  sech x 1 x C, then x sech x x sech x,  which verifies theœ � � � œ � � œx x 2xdy
dx x 1 x 4 1 x

# #

# ## # #
�" �" �"" �"#

� �
È Š ‹È È

 formula

39. If y  coth x C, then x coth x x coth x, which verifies the formulaœ � � œ � � œx x xdy
dx 1 x

# #

#

�" �" " "
# # # � #

�" �" �"Š ‹ ˆ ‰
40. If y x tanh x  ln 1 x C, then tanh x x tanh x, which verifies the formulaœ � � � œ � � œ�" # �" �"" " " �

# � # �a b ˆ ‰ ˆ ‰dy
dx 1 x 1 x

2x
# #

41. sinh 2x dx sinh u du, where u 2x and du 2 dx' 'œ œ œ"
#

 C Cœ � œ �cosh u cosh 2x
# #

42. sinh  dx 5 sinh u du, where u  and du  dx' 'x x
5 5 5œ œ œ "

 5 cosh u C 5 cosh Cœ � œ �x
5

43. 6 cosh ln 3  dx 12 cosh u du, where u ln 3 and du  dx' 'ˆ ‰x x
# # #

"� œ œ � œ

 12 sinh u C 12 sinh ln 3 Cœ � œ � �ˆ ‰x
#

44. 4 cosh (3x ln 2) dx cosh u du, where u 3x ln 2 and du 3 dx' '� œ œ � œ4
3

  sinh u C  sinh (3x ln 2) Cœ � œ � �4 4
3 3

45. tanh  dx 7   du, where u  and du  dx' 'x sinh u x
7 cosh u 7 7œ œ œ "

 7 ln cosh u C 7 ln cosh C 7 ln C 7 ln e e 7 ln 2 Cœ � œ � œ � œ � � �k k ¸ ¸ ¸ ¸¹ ¹" " " "
�
#

Î � Îx e e
7

x 7 x 7x 7 x 7Î � Î

 7 ln e e Cœ � �k kx 7 x 7Î � Î

46. coth  d 3  du, where u  and du' ') ) )È È È3 3 3
cosh u d
sinh u) œ œ œÈ

 3 ln sinh u C 3 ln sinh C 3 ln Cœ � œ � œ �È È Èk k ¹ ¹ ¹ ¹" " "
�
#

)È3
e e) )Î $ � Î $È È

 3 ln e e 3 ln 2 C 3 ln e e Cœ � � � œ � �È È È¹ ¹ ¹ ¹) ) ) )Î $ � Î $ Î � Î
"

È È È È3 3

47.  sech x  dx sech u du, where u x  and du dx' '# #" "
# #

ˆ ‰ ˆ ‰� œ œ � œ

 tanh u C tanh x Cœ � œ � �ˆ ‰"
#
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48. csch (5 x) dx csch u du, where u (5 x) and du dx' '# #� œ � œ � œ �

 ( coth u) C coth u C coth (5 x) Cœ � � � œ � œ � �

49.   dt 2 sech u tanh u du, where u t t  and du' 'sech t tanh t
t 2 t

dtÈ ÈÈ Èœ œ œ œÈ "Î#

 2( sech u) C 2 sech t Cœ � � œ � �È
50.   dt csch u coth u du, where u ln t and du' 'csch (ln t) coth (ln t)

t t
dtœ œ œ

 csch u C csch (ln t) Cœ � � œ � �

51. coth x dx  dx   du ln u ln ln ln ln ,' ' '
ln 2 ln 2 3 4

ln 4 ln 4 15 8

œ œ œ œ � œ œcosh x 15 3 15 4 5
sinh x u 8 4 8 3Î

Î
" "&Î)

$Î% #c dk k ¸ ¸ ¸ ¸ ¸ ¸
†

 where u sinh x, du cosh x dx, the lower limit is sinh (ln 2)  and the upperœ œ œ œ œe e 32

4

ln 2 ln 2�
# #

�
�

Š ‹"
#

 limit is sinh (ln 4) œ œ œe e 154

8

ln 4 ln 4�
# #

�
�

Š ‹"4

52. tanh 2x dx  dx    du ln u ln ln 1  ln , where' ' '
0 0 1

ln 2 ln 2 17 8

œ œ œ œ � œsinh 2x 17 17
cosh 2x u 8 8

" " " " "
# # # #

"(Î)
"

Î c dk k � ‘ˆ ‰
 u cosh 2x, du 2 sinh (2x) dx, the lower limit is cosh 0 1 and the upper limit is cosh (2 ln 2) cosh (ln 4)œ œ œ œ

 œ œ œe e 174

8

ln 4 ln 4�
# #

�
�

Š ‹"4

53. 2e  cosh  d  2e  d e 1  d' ' '
� � �

� � �

�ln 4 ln 4 ln 4

ln 2 ln 2 ln 2
2 ln 2

ln 4
) )) ) ) ) )œ œ � œ �Š ‹ a b � ‘e e) )�

#

�

) e2)

#

�

 ln 2 ln 4 ln 2 ln 4 ln 2 2 ln 2 ln 2œ � � � œ � � � œ � � œ �Š ‹ Š ‹ ˆ ‰ ˆ ‰e e 3 3
8 32 32 3

� �2 ln 2 2 ln 4

# # #
" "

54. 4e  sinh  d 4e  d 2 1 e  d 2' ' '
0 0 0

ln 2 ln 2 ln 2
2

ln 2

0

� � �) ) )) ) ) ) )œ œ � œ �Š ‹ ’ “a be e e) ) )�
# #

� �#

 2 ln 2 0 2 ln 2 2 ln 2 1 ln 4œ � � � œ � � œ � � œ �’ “Š ‹ Š ‹ ˆ ‰e e 3
8 4 4

�2 ln 2 0

# # #
" " "

55. cosh (tan ) sec  d cosh u du sinh u sinh (1) sinh ( 1)' '
� Î �

Î

1

1

4 1

4 1

) ) )# "
�"

� �
# #œ œ œ � � œ �c d Š ‹ Š ‹e e e e" �" �" "

 e e , where u tan , du sec  d , the lower limit is tan 1 and the upperœ œ � œ œ � œ �e e e e
4

� � �
#

�" #�" �"

) ) ) ˆ ‰1
 limit is tan 1ˆ ‰1

4 œ

56. 2 sinh (sin ) cos  d 2 sinh u du 2 cosh u 2(cosh 1 cosh 0) 2 1' '
0 0

2 11Î

) ) ) œ œ œ � œ �c d Š ‹"
!

�
#

e e�"

 e e 2, where u sin , du cos  d , the lower limit is sin 0 0 and the upper limit is sin 1œ � � œ œ œ œ�"
#) ) ) ˆ ‰1

57.  dt cosh u du sinh u sinh (ln 2) sinh (0) 0 , where' '
1 0

2 ln 2
ln 2
0

cosh (ln t)
t 4

e e 32
œ œ œ � œ � œ œc d ln 2 ln 2�

# #

��

"

#

 u ln t, du  dt, the lower limit is ln 1 0 and the upper limit is ln 2œ œ œ"
t

58.  dx 16 cosh u du 16 sinh u 16(sinh 2 sinh 1) 16' '
1 1

4 28 cosh x
x

e e e eÈÈ œ œ œ � œ �c d ’ “Š ‹ Š ‹#
"

� �
# #

# �# �"

 8 e e e e , where u x x , du x dx , the lower limit is 1 1 and the upperœ � � � œ œ œ œ œa b È È# �# �" "Î# �"Î#"
#

dx
2 xÈ

 limit is 4 2È œ
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59. cosh  dx  dx (cosh x 1) dx sinh x x' ' '
� � �

�ln 2 ln 2 ln 2

0 0 0
0

ln 2
#

# # # #
�" " "ˆ ‰ c dx cosh xœ œ � œ �

 [(sinh 0 0) (sinh ( ln 2) ln 2)] (0 0) ln 2 ln 2œ � � � � œ � � � œ � �" " � "
# # # # #

�’ “Š ‹ – —e e 2
� ln 2 ln 2 Š ‹"

#

 1 ln 2  ln 2 ln 2œ � � œ � œ �" " "
# #
ˆ ‰ È

4 8 8
3 3

60. 4 sinh  dx 4  dx 2 (cosh x 1) dx 2 sinh x x' ' '
0 0 0

ln 10 ln 10 ln 10
ln 10
0

#
# #

�ˆ ‰ ˆ ‰ c dx cosh x 1œ œ � œ �

 2[(sinh (ln 10) ln 10) (sinh 0 0)] e e 2 ln 10 10 2 ln 10 9.9 2 ln 10œ � � � œ � � œ � � œ �ln 10 ln 10�
"

10

61. sinh ln 1 ln  62. cosh ln 1 ln 3�" �"�
#

ˆ ‰ ˆ ‰ ˆ ‰Š ‹ Š ‹É É5 5 25 2 5 5 25
1 12 144 3 3 3 9œ � � � œ œ � � œ

63. tanh  ln  64. coth  ln  ln 9 ln 3�" �"" " " "
# # � # # #

�ˆ ‰ ˆ ‰Š ‹ Š ‹� œ œ � œ œ œ1 (1/2) (9/4)
1 (1/2) 4 (1/4)

ln 3 5

65. sech ln ln 3 66. csch ln 3 ln 3 2�" �"� � "ˆ ‰ Š ‹ Š ‹ Š ‹� �È È3
5 (3/5)

1 1 (9/25)

3
4/3

1/ 3
œ œ � œ � � œ � �

È ÈÈ Š ‹È

67. (a) sinh  sinh 3 sinh 0 sinh 3'
0

2 3 2 3

0

È Èdx x
4 xÈ �

�" �" �"
##

œ œ � œ� ‘ È È
 (b) sinh 3 ln 3 3 1 ln 3 2�" È È ÈŠ ‹ Š ‹Èœ � � œ �

68. (a) 2 , where u 3x, du 3 dx, a 1' '
0 0

1 3 1Î
6 dx dx
1 9x a uÈ È� �# # #

œ œ œ œ

 2 sinh u 2 sinh 1 sinh 0 2 sinh 1œ œ � œc d a b�" �" �" �""
!

 (b) 2 sinh 1 2 ln 1 1 1 2 ln 1 2�" #œ � � œ �Š ‹ Š ‹È È

69. (a)   dx coth x coth 2 coth  '
5 4

2

Î

"
�

�" �" �"#
&Î%1 x 4

5
# œ œ �c d

 (b) coth 2 coth  ln 3 ln  ln �" �" " " "
# #� œ � œ5 9/4

4 1/4 3
� ‘ˆ ‰

70. (a)   dx tanh x tanh  tanh 0 tanh  '
0

1 2Î
" " "
� # #

�" �" �" �""Î#
!1 x# œ œ � œc d

 (b) tanh   ln  ln 3�" " " "
# # � #

�œ œŠ ‹1 (1/2)
1 (1/2)

71. (a)   , where u 4x, du 4 dx, a 1' '
1 5 4 5

3 13 12 13

Î Î

Î Î
dx du

x 1 16x u a uÈ È� �# # #
œ œ œ œ

 sech u sech  sech  œ � œ � �c d�" �" �"12 13

4 5

Î

Î
12 4
13 5

 (b) sech  sech  ln ln� � œ � ��" �" � � � �12 4
13 5 (12/13) (4/5)

1 1 (12/13) 1 1 (4/5)Š ‹ Š ‹È È# #

 ln ln ln ln ln 2 ln ln 2 ln œ � � œ � œ � œ œŠ ‹ Š ‹ ˆ ‰ ˆ ‰ ˆ ‰13 169 144 5 25 16
1 4 4 12 3 3

5 3 13 5 3 2 4� � � �
# #

� �È È
†

72. (a)  csch  csch 1 csch  csch  csch 1'
1

2
dx x

x 4 xÈ �

" " " " "
# # # # # #

�" �" �" �" �"#

"#
œ � œ � � œ �� ‘ ˆ ‰ ˆ ‰¸ ¸

 (b) csch  csch 1 ln 2 ln 1 2  ln" " " "
# # # #

�" �" �

�
ˆ ‰ ’ “ Š ‹Š ‹ Š ‹È� œ � � � œ

È ÈÈ5/4
(1/2)

2 5
1 2

73. (a)    dx   du sinh u sinh 0 sinh 0 0, where u sin x, du cos x dx' '
0 0

01

cos x
1 sin x 1 uÈ È� �

" �" �" �"!
!# #

œ œ œ � œ œ œc d
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 (b) sinh 0 sinh 0 ln 0 0 1 ln 0 0 1 0�" �"� œ � � � � � œŠ ‹ Š ‹È È

74. (a)  , where u ln x, du  dx, a 1' '
1 0

e 1
dx du

x 1 (ln x) a u xÈ È� �

"
# # #
œ œ œ œ

 sinh u sinh 1 sinh 0 sinh 1œ œ � œc d�" �" �" �""
!

 (b) sinh 1 sinh 0 ln 1 1 1 ln 0 0 1 ln 1 2�" �" # #� œ � � � � � œ �Š ‹ Š ‹ Š ‹È È È
75. Let E(x)  and O(x) .  Then E(x) O(x) f(x).  Also,œ œ � œ � œ œf(x) f( x) f(x) f( x) f(x) f( x) f(x) f( x) 2f(x)� � � � � � � �

# # # # #

 E( x) E(x)  E(x) is even, and O( x) O(x)� œ œ œ Ê � œ œ � œ �f( x) f( ( x)) f(x) f( x) f( x) f( ( x)) f(x) f( x)� � � � � � � � � � � �
# # # #

 O(x) is odd.  Consequently, f(x) can be written as a sum of an even and an odd function.Ê

 f(x)  because 0 if f is even and f(x)  because 0 if f is odd.œ œ œ œf(x) f( x) f(x) f( x) f(x) f( x) f(x) f( x)� � � � � � � �
# # # #

 Thus, if f is even f(x) 0 and if f is odd, f(x) 0œ � œ �2f(x) 2f(x)
# #

76. y sinh x  x sinh y  x    2x e   2xe e 1  e 2xe 1 0œ Ê œ Ê œ Ê œ � Ê œ � Ê � � œ�" � "
#

e e y
e

y y

y

� y 2y 2y y

  e   e x x 1  sinh x y ln x x 1 .  Since e 0, we cannotÊ œ Ê œ � � Ê œ œ � � �y y y2x 4x 4„ �
#

# #�"È # È ÈŠ ‹
 choose e x x 1 because x x 1 0.y œ � � � � �È È# #

77. (a) v tanh t sech t g sech t .œ Ê œ œÉ ÉŒ � Œ � Œ � Œ �É É É É” •mg gk mg gk gk gk
k m dt k m m m

dv # #

 Thus m mg sech t mg tanh t mg kv . Also, since tanh x  when x , vdv
dt m m

gk gkœ œ " � œ � œ ! œ ! œ !# # #Œ � Œ �É ÉŒ �
 when t .œ !

 (b)  lim  v  lim   tanh t   lim  tanh t (1)
t t tÄ _ Ä _ Ä _

œ œ œ œÉ É É ÉŒ � Œ �É Émg kg mg kg mg mg
k m k m k k

 (c) 80 5 178.89 ft/secÉ É È160 400
0.005 5

160,000
5

œ œ œ ¸È

78. (a) s(t) a cos kt b sin kt  ak sin kt bk cos kt  ak  cos kt bk  sin ktœ � Ê œ � � Ê œ � �ds d s
dt dt

#

#

# #

 k (a cos kt b sin kt) k s(t)  acceleration is proportional to s.  The negative constant kœ � � œ � Ê �# # #

 implies that the acceleration is directed toward the origin.

 (b) s(t) a cosh kt  b sinh kt  ak sinh kt bk cosh kt  ak  cosh kt bk  sinh ktœ � Ê œ � Ê œ �ds d s
dt dt

#

#

# #

 k (a cosh kt b sinh kt) k s(t)  acceleration is proportional to s.  The positive constant k  impliesœ � œ Ê# # #

 that the acceleration is directed away from the origin.

79. V cosh x sinh x  dx 1 dx 2  œ � œ œ1 1 1' '
0 0

2 2a b# #

80. V 2  sech x dx 2 tanh x 2œ œ œ œ1 1 1 1'
0

ln 3
ln 3
0

È
È#

�

�
c d – —È ÈŠ ‹

È ÈŠ ‹
3 1/ 3

3 1/ 3

81. y  cosh 2x  y sinh 2x  L 1 (sinh 2x)  dx cosh 2x dx  sinh 2xœ Ê œ Ê œ � œ œ" "
# #

w #' '
0 0

ln 5 ln 5 ln 5

0

È È ÈÈ � ‘
 5œ œ � œ’ “Š ‹ ˆ ‰" � " "

# #
e e 6

4 5 5

2x 2x�

ln 5

0

È
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82. (a)  lim tanh x  lim  lim  lim  lim 1x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
œ œ œ † œ œ œe e 1 0

e e 1 0
e e

e e 1

1x x

x x 1 1 1 1

x x1 1 1
e e e ex x x 2x

x x
e e ex x x

1

e2x

� �
� �

� �

� � �

��

�

ˆ ‰ˆ ‰
 (b)  lim tanh x  lim  lim  lim  lim 1x x x x xÄ �_ Ä �_ Ä �_ Ä �_ Ä �_

œ œ œ † œ œ œ �e e e e 1 0 1
e e e e 1 0 1

e e

e e

x x x 2x

x x 1 1 x 2x

x x1 1
e ex x

x x
e ex x

� � �
� � �

� �

� �

�

�

ˆ ‰ˆ ‰
 (c)  lim sinh x  lim  lim  lim 0x x x xÄ _ Ä _ Ä _ Ä _

œ œ œ � œ _� œ _e e e 1
2 2 2 2e

ex x xx 1
ex

x
� �� ˆ ‰

 (d)  lim sinh x  lim  lim 0x x xÄ �_ Ä �_ Ä �_
œ œ � œ �_ œ �_e e e e

2 2 2

x x x x� � �ˆ ‰
 (e)  lim sech x  lim  lim  limx x x xÄ _ Ä _ Ä _ Ä _

œ œ † œ œ œ !2 2 0
e e 1 0e 1x x 1 1 1x

e ex x

1 2
e ex x

e2x� �� ��

 (f)  lim coth x  lim  lim  lim  lim 1x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
œ œ œ † œ œ œe e 1 0

e e 1 0
e e

e e 1

1x x

x x 1 1 1 1

x x1 1 1
e e e ex x x 2x

x x
e e ex x x

1

e2x

� �
� �

� �

� � �

��

�

ˆ ‰ˆ ‰
 (g)  lim coth x  lim  lim  lim

x 0 x 0 x 0 x 0Ä Ä Ä Ä� � � �
œ œ † œ œ �_e e e e 1

e e e e 1
e

e

x x x 2x

x x 1 x 2x

x 1
ex

x
ex

� �
� �

�

�

�

�

 (h)  lim coth x  lim  lim  lim
x 0 x 0 x 0 x 0Ä Ä Ä Ä� � � �

œ œ † œ œ �_e e e e 1
e e e e 1

e

e

x x x 2x

x x 1 x 2x

x 1
ex

x
ex

� �
� �

�

�

�

�

 (i)  lim csch x  lim  lim  limx x x xÄ �_ Ä �_ Ä �_ Ä �_
œ œ † œ œ œ !2 2 e 2e 0

e e e e 1 0 1ex x 1 x 2xx
ex

x x

� � ���

83. (a) y  cosh x   tan  sinh x sinh xœ Ê œ œ œH w H w w w
w H dx w H H H

dyˆ ‰ ˆ ‰ � ‘ ˆ ‰ˆ ‰9

 (b) The tension at P is given by T cos H  T H sec H 1 tan H 1 sinh x9 9 9œ Ê œ œ � œ �È É ˆ ‰# #w
H

 H cosh x w  cosh x wyœ œ œˆ ‰ ˆ ‰ ˆ ‰w H w
H w H

84. s  sinh ax  sinh ax as  ax sinh as  x  sinh as; y  cosh ax cosh axœ Ê œ Ê œ Ê œ œ œ" " " "�" �" #
a a a a

È
 sinh ax 1 a s 1 sœ � œ � œ �" " "# # # #

a a a
È È É

#

85. To find the length of the curve:  y  cosh ax  y sinh ax  L 1 (sinh ax)  dxœ Ê œ Ê œ �" w #
a

'
0

bÈ
  L cosh ax dx  sinh ax  sinh ab.  The area under the curve is A  cosh ax dxÊ œ œ œ œ' '

0 0

b bb

0
� ‘" " "

a a a

  sinh ax  sinh ab  sinh ab  which is the area of the rectangle of height  and length Lœ œ œ� ‘ ˆ ‰ ˆ ‰" " " " "
a a a a a# #

b

0

 as claimed, and which is illustrated below.
 

86. (a) Let the point located at (cosh u 0) be called T.  Then A(u) area of the triangle OTP minus the areaß œ ?

 under the curve y x 1 from A to T  A(u)  cosh u sinh u x 1 dx.œ � Ê œ � �È È# #"
#

'
1

cosh u

 (b) A(u)  cosh u sinh u x 1 dx  A (u) cosh u sinh u cosh u 1 (sinh u)œ � � Ê œ � � �" "
# #

# #w # #'
1

cosh uÈ a b Š ‹È
  cosh u  sinh u sinh u cosh u sinh u (1)œ � � œ � œ œ" " " " "

# # # # #
# # # # #a b ˆ ‰

 (c) A (u)   A(u) C, and from part (a) we have A(0) 0  C 0  A(u)   u 2Aw "
# # #œ Ê œ � œ Ê œ Ê œ Ê œu u
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7.8  RELATIVE RATES OF GROWTH

 1. (a) slower,  lim    lim   0x xÄ _ Ä _
œ œx 3

e e
� "

x x

 (b) slower,  lim    lim    lim    lim   0 by thex x x xÄ _ Ä _ Ä _ Ä _
œ œ œ œx sin x 3x 2 sin x cos x 6x 2 cos 2x 6 4 sin 2x

e e e e

$ # #� � � �
x x x x

 Sandwich Theorem because  for all reals and  lim   0  lim   x x
2 6 4 sin 2x 10 2 0
e e e e ex x x x xŸ Ÿ œ œ

Ä _ Ä _
� "

 (c) slower,  lim    lim    lim    lim   0x x x xÄ _ Ä _ Ä _ Ä _
œ œ œ œ

È Š ‹
Èx

e e e
x x

x ex x x x

"Î#
�"Î#"

# "
#

 (d) faster,  lim    lim    since 1x xÄ _ Ä _
œ œ _ �4 4 4

e e e
xx

x ˆ ‰
 (e) slower,  lim    lim  0 since 1x xÄ _ Ä _

œ œ �
Š ‹3
#

x

xe 2e 2e
3 3xˆ ‰

 (f) slower,  lim    lim   0x xÄ _ Ä _
œ œe

e e

x 2

x x 2

Î

Î
"

 (g) same,  lim    lim   x xÄ _ Ä _
œ œ

Š ‹ex

#

ex
" "
# #

 (h) slower,  lim    lim    lim    lim   0x x x xÄ _ Ä _ Ä _ Ä _
œ œ œ œlog  x

e (ln 10) e (ln 10) e (ln 10)xe
ln x10

x x x x

"

x "

 2. (a) slower,  lim    lim    lim    lim    lim   0x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
œ œ œ œ œ10x 30x 1 40x 30 20x 240x 240

e e e e e

% $ #� � � "
x x x x x

 (b) slower,  lim    lim    lim    lim    lim   x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
œ œ œ œx ln x x ln x 1 1 ln x

e e e e e
x (ln x 1) ln x 1 x

� � �� � �

x x x x x

Š ‹"x

  lim    lim   0x xœ œ œ
Ä _ Ä _

Š ‹"x
e xex x

"

 (c) slower,  lim    lim    lim    lim    lim    lim   x x x x x xÄ _ Ä _ Ä _ Ä _ Ä _ Ä _
œ œ œ œ œ

È1 x
e e 2e 4e 8e 16e

1 x 4x 12x 24x 24� �% % $ #

x 2x 2x 2x 2x 2xÉ É É É É
 0 0œ œÈ
 (d) slower,  lim    lim  0 since 1x xÄ _ Ä _

œ œ �
Š ‹5
#

x

xe e 2e
5 5xˆ ‰
#

 (e) slower,  lim    lim   0x xÄ _ Ä _
œ œe

e e

�x

x 2x
"

 (f) faster,  lim    lim  xx xÄ _ Ä _
œ œ _xe

e

x

x

 (g) slower, since for all reals we have 1 cos x 1  e e e    and also� Ÿ Ÿ Ê Ÿ Ÿ Ê Ÿ Ÿ�" "cos x e e e
e e e

�" "

x x x

cos x

  lim   0  lim   , so by the Sandwich Theorem we conclude that  lim   0x x xÄ _ Ä _ Ä _
œ œ œe e e

e e e

�" "

x x x

cos x

 (h) same,  lim    lim    lim   x x xÄ _ Ä _ Ä _
œ œ œe

e e ee

x 1

x x x 1

�

Ð � � Ñ
" " "

 3. (a) same,  lim    lim    lim   1x x xÄ _ Ä _ Ä _
œ œ œx 4x 2x 4 2

x 2x

#

#
� �

#

 (b) faster,  lim    lim  x 1x xÄ _ Ä _
œ � œ _x x

x

& #

#
� $a b

 (c) same,  lim    lim    lim  1 1 1x x xÄ _ Ä _ Ä _
œ œ � œ œ

Èx x
x x

x x
x

% $

#

% $

%

� � "É É ˆ ‰ È
 (d) same,  lim    lim    lim   1x x xÄ _ Ä _ Ä _

œ œ œ(x 3) 2(x 3)
x x

2� �
# #

#

#

 (e) slower,  lim    lim    lim   0x x xÄ _ Ä _ Ä _
œ œ œx ln x ln x

x x 1#

Š ‹"x
 (f) faster,  lim    lim    lim   x x xÄ _ Ä _ Ä _

œ œ œ _2
x 2x

(ln 2) 2 (ln 2) 2x x x

#

#

#

 (g) slower,  lim    lim    lim   0x x xÄ _ Ä _ Ä _
œ œ œx e x

x e e

$ �

#

x

x x
"

 (h) same,  lim    lim  8 8x xÄ _ Ä _
œ œ8x

x

#

#

 4. (a) same,  lim    lim  1 1x xÄ _ Ä _
œ � œ

x x
x x

#

# $Î#

� "È ˆ ‰
 (b) same,  lim    lim  10 10x xÄ _ Ä _

œ œ"0x
x

#

#

 (c) slower,  lim    lim   0x xÄ _ Ä _
œ œx e

x e

# �

#

x

x
"
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 (d) slower,  lim    lim     lim     lim     lim   0x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
œ œ œ œ œlog  x

x x ln 10 x ln 10 2x ln 10 x
2 ln x 210

#

# # # #

Š ‹ Š ‹ln x
ln 10 x

#
"

" " "

 (e) faster,  lim    lim  (x 1)x xÄ _ Ä _
œ � œ _x x

x

$ #

#

�

 (f) slower,  lim    lim   0x xÄ _ Ä _
œ œ

Š ‹"

10

x

xx 10 x# #

"

 (g) faster,  lim    lim    lim   x x xÄ _ Ä _ Ä _
œ œ œ _(1.1) (ln 1.1)(1.1) (ln 1.1) (1.1)

x x

x x x

#

#

# #

 (h) same,  lim    lim  1 1x xÄ _ Ä _
œ � œx 100x 100

x x

#

#

� ˆ ‰

 5. (a) same,  lim    lim    lim   x x xÄ _ Ä _ Ä _
œ œ œlog  x

ln x ln x ln 3 ln 3
3

Š ‹ln x
ln 3 " "

 (b) same,  lim    lim   1x xÄ _ Ä _
œ œln 2x

ln x

ˆ ‰
ˆ ‰

2
x

x

#

"

 (c) same,  lim    lim    lim   x x xÄ _ Ä _ Ä _
œ œ œ

ln x
ln x ln x

 ln xÈ Š ‹"
# " "

# #

 (d) faster,  lim    lim    lim    lim    lim   x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
œ œ œ œ œ _

È ÈŠ ‹
Š ‹ Èx x

ln x ln x
x xx

x

"Î#
�"Î#"

#

"

x
# #

 (e) faster,  lim    lim    lim  xx x xÄ _ Ä _ Ä _
œ œ œ _x

ln x
"Š ‹"x

 (f) same,  lim    lim  5 5x xÄ _ Ä _
œ œ5 ln x

ln x

 (g) slower,  lim    lim   0x xÄ _ Ä _
œ œ

Š ‹"x
ln x x ln x

"

 (h) faster,  lim    lim    lim  xex x xÄ _ Ä _ Ä _
œ œ œ _e e

ln x
xx x

x
ˆ ‰"

 6. (a) same,  lim    lim     lim     lim     lim  2x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
œ œ œ œ œlog  x

ln x ln x ln ln x ln ln x ln 
ln x 2 ln x 22

# #Š ‹ln x
ln 2

#

" " "
# # # ln #

 (b) same,  lim    lim     lim     lim     limx x x x xÄ _ Ä _ Ä _ Ä _
œ œ œ œlog  10x

ln x ln x ln 10 ln x ln 10 ln 10
ln 10x10

Š ‹ Š ‹
Š ‹

ln 10x 0
ln 10 10x

x

" " "
"

" Ä _
œ 1 "

ln 10

 (c) slower,  lim    lim   0x xÄ _ Ä _
œ œ

Š ‹
ˆ ‰È

"

Èx

ln x x (ln x)
"

 (d) slower,  lim    lim   0x xÄ _ Ä _
œ œ

Š ‹"

#x
ln x x  ln x

"
#

 (e) faster,  lim    lim  2  lim   2  lim   2  lim  x 2x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
œ � œ � œ � œ � œ _x 2 ln x x x

ln x ln x ln x
� "ˆ ‰ Š ‹ Š ‹� �Š ‹"x

 (f) slower,  lim    lim   0x xÄ _ Ä _
œ œe

ln x e  ln x

�x

x
"

 (g) slower,  lim    lim    lim   0x x xÄ _ Ä _ Ä _
œ œ œln (ln x)

ln x ln x

Š ‹
Š ‹
"

"

/x
ln x

x

"

 (h) same,  lim    lim    lim    lim    lim  1 1x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
œ œ œ œ œln (2x 5)

ln x 2x 5
2x 2�
� #

Š ‹
Š ‹

2
2x 5

x

�

"

 7.  lim    lim  e   e  grows faster than e ; since for x e  we have ln x e and  lim   x x xÄ _ Ä _ Ä _
œ œ _ Ê � �e

e
x 2 x x 2 e (ln x)

e

x

x 2

x

xÎ
Î Î

  lim    (ln x)  grows faster than e ; since x ln x for all x 0 and  lim    lim  x x xœ œ _ Ê � � œ
Ä _ Ä _ Ä _

ˆ ‰ ˆ ‰ln x x x
e (ln x) ln x

x x x xx

x

   x  grows faster than (ln x) .  Therefore, slowest to fastest are: e , e , (ln x) , x  so the order is d, a, c, bœ _ Ê x x x 2 x x xÎ

 8.  lim    lim    lim     lim  (ln 2) 0x x x xÄ _ Ä _ Ä _ Ä _
œ œ œ œ(ln 2) (ln (ln 2))(ln 2) (ln (ln 2)) (ln 2) (ln (ln 2))

x x
xx x x

#

# #

# # #

  (ln 2)  grows slower than x ;  lim    lim    lim   0  x  grows slower than 2 ;x x xÊ œ œ œ Ê
Ä _ Ä _ Ä _

x xx 2x 2
2 (ln )2 (ln 2)

# #
# #

#

#x x x

  lim    lim  0  2  grows slower than e .  Therefore, the slowest to the fastest is:  (ln 2) , x , 2x xÄ _ Ä _
œ œ Ê2 2

e e
x x x x xx

x ˆ ‰ #

 and e  so the order is c, b, a, dx
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 9. (a) false;  lim   1x Ä _
œx

x

 (b) false;  lim   1x Ä _
œ œx

x 5 1�
"

 (c) true; x x 5  1 if x 1 (or sufficiently large)� � Ê � �x
x 5�

 (d) true; x 2x  1 if x 1 (or sufficiently large)� Ê � �x
2x

 (e) true;  lim    lim   0x x 0Ä _
œ œ

Ä
e
e e

x

2x x
"

 (f) true; 1 1 1 2 if x 1 (or sufficiently large)x ln x ln x
x x x

x
x

� "œ � � � œ � � �
È È

 (g) false;  lim    lim    lim  1 1x x xÄ _ Ä _ Ä _
œ œ œln x

ln 2x

Š ‹
Š ‹

"

#

x

2
x

 (h) true; 1 6 if x 1 (or sufficiently large)
È Èx 5

x x x x
(x 5) x 5 5# #� � �� � œ � � �

10. (a) true; 1 if x 1 (or sufficiently large)
Š ‹
Š ‹
"

�

"

x 3

x

œ � �x
x 3�

 (b) true; 1 2 if x 1 (or sufficiently large)
Š ‹

Š ‹
" "

#

"

x x

x

�

œ � � �"
x

 (c) false;  lim    lim  1 1x xÄ _ Ä _
œ � œ

Š ‹
Š ‹

" "

#

"

x x

x

� ˆ ‰"
x

 (d) true; 2 cos x 3   if x is sufficiently large� Ÿ Ê Ÿ2 cos x 3�
# #

 (e) true; 1  and   0 as x    1 2 if x is sufficiently largee x x x x
e e e e

x

x x x x
� œ � Ä Ä _ Ê � �

 (f) true;  lim    lim    lim   0x x xÄ _ Ä _ Ä _
œ œ œx ln x ln x

x x 1#

Š ‹"x
 (g) true; 1 if x is sufficiently largeln (ln x)

ln x ln x
ln x� œ

 (h) false;  lim    lim    lim    lim  x x x xÄ _ Ä _ Ä _ Ä _
œ œ œ � œln x x

ln x 1 x xa b
Š ‹

Š ‹# # #

#

� # # # #
�" " " "

"

# �

x

2x
x 1

ˆ ‰

11. If f(x) and g(x) grow at the same rate,  then  lim   L 0   lim   0.  Thenx xÄ _ Ä _
œ Á Ê œ Áf(x) g(x)

g(x) f(x) L
"

 L 1 if x is sufficiently large  L 1 L 1  L 1 if x is sufficiently large¹ ¹ k kf(x) f(x) f(x)
g(x) g(x) g(x)� � Ê � � � � Ê Ÿ �

  f O(g).  Similarly, 1  g O(f).Ê œ Ÿ � Ê œg(x)
f(x) L

¸ ¸"
12. When the degree of f is less than the degree of g since in that case  lim   0.x Ä _

œf(x)
g(x)

13. When the degree of f is less than or equal to the degree of g since  lim   0 when the degree of f is smallerx Ä _
œf(x)

g(x)

 than the degree of g, and  lim    (the ratio of the leading coefficients) when the degrees are the same.x Ä _
œf(x)

g(x) b
a

14. Polynomials of a greater degree grow at a greater rate than polynomials of a lesser degree.  Polynomials of the
 same degree grow at the same rate.

15.  lim    lim    lim    lim   1 and  lim    lim   x x x x x xÄ _ Ä _ Ä _ Ä _ Ä _ Ä _
œ œ œ œ œln (x ) ln (x 999)

ln x x 1 1 ln x
x�" �
�

"
Š ‹ Š ‹
Š ‹ Š ‹
" "

� �

" "

x 1 x 999

x x

  lim   1xœ œ
Ä _

x
x 999�

16.  lim    lim    lim    lim   1.  Therefore, the relative rates are the same.x x x xÄ _ Ä _ Ä _ Ä _
œ œ œ œln (x a)

ln x x a 1
x�
�

"
Š ‹
Š ‹
"

�

"

x a

x
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17.  lim    lim   10 and  lim    lim   1 1.  Since the growth ratex x x xÄ _ Ä _ Ä _ Ä _
œ œ œ œ œ

È ÈÈ È10x 1 x 1
x x

0x 1 x 1
x x

� �" � �É ÉÈ È
 is transitive, we conclude that 10x 1 and x 1 have the same growth rate that of x .È È ˆ ‰È� �

18.  lim    lim   1 and  lim    lim   1.  Since the growth rate isx x x xÄ _ Ä _ Ä _ Ä _
œ œ œ œ

È Èx x
x x

x x x x
x x

x x%

# #

% % $

% %

% $� � ��É É
 transitive, we conclude that x x and x x  have the same growth rate that of x .È È a b% % $ #� �

19.  lim    lim    lim   0  x o e  for any non-negative integer nx x xÄ _ Ä _ Ä _
œ œ á œ œ Ê œx nx n!

e e e
n xn n 1

x x x

� a b
20. If p(x) a x a x a x a , then  lim   a   lim   a   lim   x x xœ � �á � � œ � �á

Ä _ Ä _ Ä _n n 1 n n 1
n n 1 p(x)

e e e
x x

� " ! �
�

x x x

n n 1�

 a   lim   a   lim    where each limit is zero (from Exercise 19).  Therefore,  lim   0x x x� � œ
Ä _ Ä _ Ä _" !

"x
e e e

p(x)
x x x

  e  grows faster than any polynomial.Ê x

21. (a)  lim    lim     lim  x   ln x o x  for any positive integer nx x xÄ _ Ä _ Ä _
œ œ œ _ Ê œx x

ln x nn
1 n 1 n1 n 1 n n

x

Î Ð � ÑÎ

"ˆ ‰ ˆ ‰ ˆ ‰" Î Î

 (b) ln e 17,000,000 e e 24,154,952.75a b Š ‹17 000 000
1 10

ß ß "(‚"! "(
Î

œ � œ ¸
'

'

 (c) x 3.430631121 10¸ ‚ "&

 (d) In the interval 3.41 10 3.45 10  we havec d‚ ß ‚"& "&

 ln x 10 ln (ln x).  The graphs cross at aboutœ

 3.4306311 10 .‚ "&

 

22.  lim    lim   x xÄ _ Ä _
œ œ œln x

a x a x a x a a a n

 lim   lim  x x

 lim  a  x
n n 1 n n

n n 1
n

� �á� �
Ä_ Ä_

Ä_
� �á� �

"
� " !

�

Š ‹ ’ “
Š ‹ a b a b

ln x
xn

a an 1
x x

a

xn 1 n

1 x
nxn 1

� "
�

!

Î
�

xn œ 0

 ln x grows slower than any non-constant polynomial (n 1)Ê  

23. (a)  lim    lim   0  n log  n growsn nÄ _ Ä _
œ œ Ên log  n

n log  n log  n 2
2

2 2a b# "

 slower than n (log  n) ;  lim    lim   n n2
n log  n

n n
#

Ä _ Ä _
œ2

$Î# "Î#

Š ‹ln n
ln 2

   lim     lim   0n nœ œ œ
Ä _ Ä _

" "
# #ln ln n

2
n

Š ‹
ˆ ‰

"

n
"

#
�"Î# "Î#

  n log  n grows slower than n .  Therefore,  n log  nÊ 2 2
$Î#

 grows at the slowest rate  the algorithm that takesÊ

 O(n log  n) steps is the most efficient in the long run.2

 (b)  

24. (a)  lim    lim    lim   n n nÄ _ Ä _ Ä _
œ œ(log  n) (ln n)

n n n(ln 2)
2

# #

#

#

Š ‹ln n
ln 2

  lim     lim   n nœ œ
Ä _ Ä _

2(ln n)

(ln 2) (ln 2) n
2 ln nŠ ‹"n

# #

   lim   0 (log  n)  grows slowernœ œ Ê
Ä _

2
(ln 2) 1 2#

Š ‹"n #

 than n;    lim    lim   n nÄ _ Ä _
œ(log  n) log  n

n log  n n
2 2

2

#È È
  lim     lim   n nœ œ

Ä _ Ä _

Š ‹ln n
ln 2

n nln 
ln n

"Î# "Î#
"
#

 (b)  

   lim     lim   0  (log  n)  grows slower than n log  n.  Therefore (log  n)  growsx nœ œ œ Ê
Ä _ Ä _

" "
# #

# #
ln ln n

2
n 2 2 2

Š ‹
ˆ ‰

"

n
"

#
�"Î# "Î#

È
 at the slowest rate  the algorithm that takes O (log  n)  steps is the most efficient in the long run.Ê a b2

#
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25. It could take one million steps for a sequential search, but at most 20 steps for a binary search because
 2 524,288 1,000,000 1,048,576 2 ."* #!œ � � œ

26. It could take 450,000 steps for a sequential search, but at most 19 steps for a binary search because
 2 262,144 450,000 524,288 2 .") "*œ � � œ

CHAPTER 7 PRACTICE EXERCISES

 1. y 10e (10) e 2e   2. y 2 e   2 2 e 2eœ Ê œ � œ � œ Ê œ œ� Î � Î � Îx 5 x 5 x 5 2x 2x 2xdy dy
dx 5 dx

ˆ ‰ È È ÈŠ ‹Š ‹" È È È

 3. y xe e   x 4e e (1) 4e xe e e xeœ � Ê œ � � œ � � œ" " " " " "
4 16 dx 4 16 4 4

dy4x 4x 4x 4x 4x 4x 4x 4x 4xc d a ba b
 4. y x e x e   x 2x e e (2x) (2 2x)e 2e (1 x)œ œ Ê œ � œ � œ �# # # �#� Î � � � � � Î2 x 2x 2x 2x 2x 2 x�" �" �" �"dy

dx c da b
 5. y ln sin   2 cot œ Ê œ œ œa b# ) )dy 2(sin )(cos )

d sin sin 
2 cos 

) ) )

) ) )
#

 6. y ln sec   2 tan œ Ê œ œa b# ) )dy 2(sec )(sec  tan )
d sec) )

) ) )
#

 7. y log    œ œ Ê œ œ2 Š ‹ � �x x 2ln

ln dx ln (ln 2)x
dy#

#

#

#

#

# # #
"

Š ‹
Š ‹

x

x

 8. y log  (3x 7)   œ � œ Ê œ œ5
ln (3x 7) dy

ln 5 dx ln 5 3x 7 (ln 5)(3x 7)
3 3� "
� �

ˆ ‰ ˆ ‰
 9. y 8   8 (ln 8)( 1) 8 (ln 8) 10. y 9   9 (ln 9)(2) 9 (2 ln 9)œ Ê œ � œ � œ Ê œ œ� � �t t t 2t 2t 2tdy dy

dt dt

11. y 5x   5(3.6)x 18xœ Ê œ œ$Þ' #Þ' #Þ'dy
dx

12. y 2 x   2 2 x 2xœ Ê œ � œ �È È ÈŠ ‹Š ‹� � � � �È Š ‹ Š ‹È È2 2 1 2 1dy
dx

13. y (x 2)   ln y ln (x 2) (x 2) ln (x 2)  (x 2) (1) ln (x 2)œ � Ê œ � œ � � Ê œ � � �x 2 x 2� � y
y x

w ˆ ‰"
�#

  (x 2) ln (x 2) 1Ê œ � � �dy
dx

x 2� c d
14. y 2(ln x)   ln y ln 2(ln x) ln (2)  ln (ln x)  0 (ln (ln x))œ Ê œ œ � Ê œ � �x 2 x 2Î Îc d ˆ ‰ ˆ ‰ ˆ ‰’ “x xy

y ln x# # #
"w "ˆ ‰

x

  y ln (ln x) 2 (ln x) (ln x) ln (ln x)Ê œ � œ �w " " "
# #

� ‘ � ‘ˆ ‰
 ln x ln x

x 2 x 2Î Î

15. y sin 1 u sin 1 u   œ � œ � Ê œ œ œ�" �" ## "Î# � �

� �

� �

� � � �
È a b dy

du
1 u ( 2u)

1 1 u

u u
1 u 1 1 u u 1 u

"

#
#

# "Î#
# # # #

a b
Ê ’ “a b È ÈÈ a b k k

� Î1 2

 , 0 u 1œ œ � �� �"

� �

u
u 1 u 1 uÈ È# #

16. y sin sin v   œ œ Ê œ œ œ œ œ�" �" �"Î#" �" �" �"�

� �

�

� �
Š ‹È È È ÈÉ Éa b

È
v

dy
dv

v

1 v 2v 1 v 2v

v

2v v 1 2v v 1

"

#

�

�$Î#

�"Î# # $Î# �" $Î# $Î#v 1
v

17. y ln cos x   yœ Ê œ œa b�" w �"

�

Š ‹
È

�"

� #È1 x
cos x 1 x  cos x�"

# �"
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18. y z cos z 1 z z cos z 1 z   cos z 1 z ( 2z)œ � � œ � � Ê œ � � � ��" �" # �" ## "Î# �"Î#

�

"
#

È a b a bˆ ‰dy
dz

z
1 zÈ #

 cos z cos zœ � � œ�" �"

� �

z z
1 z 1 zÈ È# #

19. y t tan t  ln t  tan t t tan tœ � Ê œ � � œ � ��" �" �"" " " " "
# � # �

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰dy
dt 1 t t 1 t 2t

t
# #

20. y 1 t  cot 2t  2t cot 2t 1 tœ � Ê œ � �a b a b ˆ ‰# �" �" # �
�

dy
dt 1 4t

2
#

21. y z sec z z 1 z sec z z 1   z sec z (1) z 1 (2z)œ � � œ � � Ê œ � � ��" �" # �" ## "Î# �"Î#" "

� #
È a b a b a bŠ ‹dy

dz z z 1k kÈ #

 sec z sec z, z 1œ � � œ � �z z 1 z
z z 1 z 1 z 1k kÈ È È# # #� � �

�" �"�

22. y 2 x 1 sec x 2(x 1)  sec xœ � œ �È È ˆ ‰�" "Î# �" "Î#

  2 (x 1)  sec x (x 1) 2Ê œ � � � œ � œ �dy
dx x x

x

x x 1 2 x 1 x 1

sec x sec x– —ˆ ‰ ˆ ‰ � � Š ‹" " "
# #

�"Î# �" "Î# "Î#
� � �

Š ‹
È È È ÈÈ È"

#

�"Î# �" �"

23. y csc (sec )  1, 0œ Ê œ œ � œ � � ��" �

� #) )dy
d tan 

sec  tan tan 
sec sec 1) )

) ) ) 1

) )k kÈ k k#

24. y 1 x e   y 2xe 1 x 2xe eœ � Ê œ � � œ �a b a b Š ‹# w #
�

tan x tan x tan x tan xe
1 x

�" �" �" �"
�"

#

tan x

25. y   ln y ln ln (2) ln x 1  ln (cos 2x)  0œ Ê œ œ � � � Ê œ � �2 x 1 2 x 1

cos 2x cos 2x
y ( 2 sin 2x)
y x 1 cos 2x

2xa b a bÈ È
# # w

#

� � # " "
# � #

�Š ‹ a b ˆ ‰
  y tan 2x y tan 2xÊ œ � œ �w

� �
�ˆ ‰ ˆ ‰2x 2x

x 1 x 1
2 x 1

cos 2x# #

#a bÈ

26. y   ln y ln ln (3x 4) ln (2x 4)   œ Ê œ œ � � � Ê œ �É É c d ˆ ‰"! "!
w3x 4 3x 4 3 2

2x 4 2x 4 10 y 10 3x 4 2x 4
y� � " "

� � � �

  y yÊ œ � œ �w " " � " "
� � � � �10 3x 4 x 2 2x 4 10 3x 4 x 2
3 3x 4 3ˆ ‰ ˆ ‰ ˆ ‰É"!

27. y   ln y 5 ln (t 1) ln (t 1) ln (t 2) ln (t 3)   œ Ê œ � � � � � � � Ê’ “ Š ‹Š ‹c d(t 1)(t 1) dy
(t 2)(t 3) y dt
� �
� �

&
"

 5   5œ � � � Ê œ � � �ˆ ‰ ˆ ‰’ “" " " " " " " "
� � �# � � � � � �# �

� �
&

t 1 t 1 t t 3 dt (t 2)(t 3) t 1 t 1 t t 3
dy (t 1)(t 1)

28. y   ln y ln 2 ln u u ln 2  ln u 1   ln 2œ Ê œ � � � � Ê œ � �2u2 2u
u 1 y du u u 1

dyuÈ # #
�

" " " "
# # �

#a b Š ‹Š ‹ ˆ ‰
  ln 2Ê œ � �dy

du u u 1
2u2 u
u 1

uÈ # #
�

"
�

ˆ ‰
29. y (sin )   ln y  ln (sin )   ln (sin )œ Ê œ Ê œ �) ) ) ) ) )

È)

) )

)È ÈŠ ‹Š ‹ ˆ ‰" "
#

�"Î#
y d sin 

dy cos 

  (sin )  cot Ê œ �dy ln (sin )
d 2)

) )

)
) ) )

È ÈŠ ‹È

30. y (ln x)   ln y  ln (ln x)  ln (ln x)œ Ê œ Ê œ �1 ln x
ln x y ln x ln x x (ln x) x

yÎ " " " " �" "ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰’ “w

#

  y (ln x)Ê œw Î �1 ln x 1 ln (ln x)
x(ln x)’ “#

31. e  sin e  dx sin u du, where u e  and du e  dx' 'x x x xa b œ œ œ

 cos u C cos e Cœ � � œ � �a bx
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32. e  cos 3e 2  dt  cos u du, where u 3e 2 and du 3e  dt' 't t t t
3a b� œ œ � œ"

  sin u C  sin 3e 2 Cœ � œ � �" "
3 3

ta b
33. e  sec e 7  dx sec u du, where u e 7 and du e  dx' 'x x x x# #a b� œ œ � œ

 tan u C tan e 7 Cœ � œ � �a bx

34. e  csc e 1  cot e 1  dy csc u cot u du, where u e 1 and du e  dy' 'y y y y ya b a b� � œ œ � œ

 csc u C csc e 1 Cœ � � œ � � �a by

35. sec x e  dx e  du, where u tan x and du sec x dx' 'a b# #tan x uœ œ œ

 e C e Cœ � œ �u tan x

36. csc x e  dx e  du, where u cot x and du csc x dx' 'a b# #cot x œ � œ œ �u

 e C e Cœ � � œ � �u cot x

37.    dx   du, where u 3x 4, du 3 dx; x 1  u 7, x 1  u 1' '
� �

�

1 7

1 1
" " "
�3x 4 3 uœ œ � œ œ � Ê œ � œ Ê œ �

 ln u ln 1 ln 7 [0 ln 7]œ œ � � � œ � œ �" " "�"
�(3 3 3 3

ln 7c d c dk k k k k k
38.   dx  u  du, where u ln x, du  dx; x 1  u 0, x e  u 1' '

1 0

e 1Èln x
x xœ œ œ œ Ê œ œ Ê œ"Î# "

 u 1 0œ œ � œ� ‘ � ‘2 2 2 2
3 3 3 3

$Î# $Î# $Î#"

!

39. tan  dx  dx 3  du, where u cos , du  sin  dx; x 0  u 1, x' ' '
0 0 1

1 21 1ˆ ‰ ˆ ‰ ˆ ‰x x x
3 u 3 3 3

sin

cos
œ œ � œ œ � œ Ê œ œ

ˆ ‰ˆ ‰
x
3
x
3

Î
" " 1

  uÊ œ "
#

 3 ln u 3 ln ln 1 3 ln ln 2 ln 8œ � œ � � œ � œ œc d k kk k � ‘¸ ¸"Î#
"

" "
# #

$

40.  2 cot x dx 2   dx    du, where u sin x, du  cos x dx; x   u , x' ' '
1 6 1 6 1 2

1 4 1 4 1 2

Î Î Î

Î Î Î

1 1 1 1œ œ œ œ œ Ê œ œcos x 2
sin x u 6 4

1

1 1

È
" " " "

#

  uÊ œ "È2

 ln u ln ln ln 1  ln 2 ln 1 ln 2  ln 2œ œ � œ � � � œ œ2 2 2 2 ln 2
21 1 1 1 1

c dk k ’ “¹ ¹ ¸ ¸ � ‘ � ‘1 2
1 2
Î

Î

È " " " "
# # #È

41.   dt   du, where u t 25, du 2t dt; t 0  u 25, t 4  u 9' '
0 25

4 9
2t

t 25 u# �
" #œ œ � œ œ Ê œ � œ Ê œ �

�

�

 ln u ln 9 ln 25 ln 9 ln 25 ln œ œ � � � œ � œc d k k k kk k �*
�#&

9
25

42.  dt    du, where u 1 sin t, du cos t dt; t   u 2, t   u' '
� Î

Î Î

1

1

2 2

6 1 2
cos t

1 sin t u 6� # #
" "œ � œ � œ � œ � Ê œ œ Ê œ1 1

 ln u ln ln 2 ln 1 ln 2 ln 2 2 ln 2 ln 4œ � œ � � œ � � � œ œc d k kk k � ‘¸ ¸"Î#
#

"
#

43.   dv tan u du   du, where u ln v and du  dv' tan (ln v)
v cos u v

sin uœ œ œ œ' ' "

 ln cos u C ln cos (ln v) Cœ � � œ � �k k k k
44.   dv   du, where u ln v and du  dv' " " "

v ln v u vœ œ œ'

 ln u C ln ln v Cœ � œ �k k k k
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45.   dx u  du, where u ln x and du  dx' (ln x)
x x

�$

œ œ œ' �$ "

 C (ln x) Cœ � œ � �u�#

�# #
" �#

46.   dx u du, where u ln (x 5) and du  dx' ln (x 5)
x 5 x 5

�
� �

"œ œ � œ'

 C Cœ � œ �u ln (x 5)
2

#
#

#
�c d

47.   csc (1 ln r) dr csc u du, where u 1 ln r and du  dr' " "# #
r r� œ œ � œ'

 cot u C cot (1 ln r) Cœ � � œ � � �

48.   dv cos u du, where u 1 ln v and du  dv' cos (1 ln v)
v v
� "œ � œ � œ �'

 sin u C sin (1 ln v) Cœ � � œ � � �

49. x3  dx 3  du, where u x  and du 2x dx' 'x u#

œ œ œ"
#

#

 3 C 3 Cœ � œ �" "
# # ln 3  ln 3

u xa b Š ‹#

50. 2  sec x dx 2  du, where u tan x and du sec x dx' 'tan x u# #œ œ œ

 2 C Cœ � œ �"
# #ln ln 

u 2a b tan x

51.   dx 3   dx 3 ln x 3 ln 7 ln 1 3 ln 7' '
1 1

7 7
3
x xœ œ œ � œ" (

"c d a bk k
52.  dx   dx ln x ln 32 ln 1  ln 32 ln 32 ln 2' '

1 1

32 32
" " " " " "$#

"5x 5 x 5 5 5œ œ œ � œ œ œc d a bk k Š ‹È&

53.  dx x  dx x ln x ln 4 ln 1  ln 4' '
1 1

4 4ˆ ‰ ˆ ‰ � ‘ � ‘k k ˆ ‰ ˆ ‰x 16 15
8 x 4 x 8 8 8 16� œ � œ � œ � � � œ �" " " " " " " " "

# # # # #
# %

"

 ln 4 ln 2œ � œ �15 15
16 16

È
54.  dx 12x  dx ln x 12x ln 8 (ln 1 12)' '

1 1

8 8ˆ ‰ ˆ ‰ � ‘c dk k ˆ ‰2 8 2 2 2 12
3x x 3 x 3 3 8� œ � œ � œ � � �#

" �# �" )
"

 ln 8 12 ln 8 (ln 8) 7 ln 8 7 ln 4 7œ � � œ � œ � œ � œ �2 3 2 21 2
3 3 3
ˆ ‰ ˆ ‰ ˆ ‰

# #
#Î$

55. e  dx e  du, where u (x 1), du dx; x 2  u 1, x 1  u 0' '
�

�

2 1

1 0
u�Ð � Ñx 1 œ � œ � � œ � œ � Ê œ œ � Ê œ

 e e e e 1œ � œ � � œ �c d a bu !
"

! "

56. e  dw  e  du, where u 2w, du 2 dw; w ln 2  u ln , w 0  u 0' '
� Ð Î Ñln 2 n 1 4

0 0
2w uœ œ œ œ � Ê œ œ Ê œ" "

# l 4

 e e e 1œ œ � œ � œ" " " "
# # #

!c d c d ˆ ‰u ln 1 40
ln 1 4Ð Î Ñ

Ð Î Ñ

4 8
3

57. e 3e 1  dr u  du, where u 3e 1, du 3e dr; r 0  u 4, r ln 5  u 16' '
1 4

ln 5 16
r r r ra b� œ œ � œ œ Ê œ œ Ê œ�$Î# " �$Î#

3

 u 16 4œ � œ � � œ � � œ � � œ2 2 2 2
3 3 3 4 3 4 6
� ‘ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰�"Î# �"Î# �"Î#"'

%
" " " "

#

58. e e 1  d u  du, where u e 1, du e  d ; 0  u 0, ln 9  u 8' '
0 0

ln 9 8
) ) ) )a b� œ œ � œ œ Ê œ œ Ê œ"Î# "Î#) ) ) )

 u 8 0 2 0œ œ � œ � œ œ2 2 2 2
3 3 3 3 3

32 2� ‘ ˆ ‰ ˆ ‰$Î# $Î# $Î# *Î#)

!

""Î# È
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59.  (1 7 ln x)  dx u  du, where u 1 7 ln x, du  dx, x 1  u 1, x e  u 8' '
1 1

e 8
" "�"Î$ �"Î$
x 7 x

7� œ œ � œ œ Ê œ œ Ê œ

 u 8 1 (4 1)œ œ � œ � œ3 3 3 9
14 14 14 14
� ‘ ˆ ‰ ˆ ‰#Î$ #Î$ #Î$)

"

60.  dx  (ln x)   dx u  du, where u ln x, du  dx; x e  u 1, x e   u 2' ' '
e e 1

e e 2# #

" " "�"Î# �"Î# #
x ln x x xÈ œ œ œ œ œ Ê œ œ Ê œ

 2 u 2 2 1 2 2 2œ œ � œ �� ‘ Š ‹È È"Î# #

"

61.  dv [ln (v 1)]   dv u  du, where u ln (v 1), du dv;' ' '
1 1 ln 2

3 3 ln 4
[ln (v 1)]

v 1 v 1 v 1
�
� � �

# #" "#

œ � œ œ � œ

 v 1  u ln 2, v 3  u ln 4;œ Ê œ œ Ê œ

 u (ln 4) (ln 2) (2 ln 2) (ln 2) (8 1) (ln 2)œ œ � œ � œ � œ" " "$ $ $ $ $ $
3 3 3 3 3

(ln 2) 7c d c d c dln 4

ln 2

$

62. (1 ln t)(t ln t) dt (t ln t)(1 ln t) dt u du, where u t ln t, du (t) (ln t)(1)  dt' ' '
2 2 2 ln 2

4 4 4 ln 4

� œ � œ œ œ �ˆ ‰ˆ ‰"
t

 (1 ln t) dt; t 2  u 2 ln 2, t 4œ � œ Ê œ œ

  u 4 ln 4Ê œ

 u (4 ln 4) (2 ln 2) (8 ln 2) (2 ln 2) (16 1) 30 (ln 2)œ œ � œ � œ � œ" " "
# # # #

# # # # # #c d c d c d4 ln 4

2 ln 2
(2 ln 2)#

63.  d (ln )  d  u du, where u ln , du  d , 1  u 0, 8  u ln 8' ' '
1 1 0

8 8 ln 8
log  

ln 4 ln 4
4 )

) ) )
) ) ) ) ) ) )œ œ œ œ œ Ê œ œ Ê œ" " " "ˆ ‰

 u (ln 8) 0œ œ � œ œ" "
#

# # #
 ln 4 ln 16 4 ln 2 4

(3 ln 2) 9 ln 2c d c dln 8

!

#

64.   d  d 8 (ln )  d 8 u du, where u ln , du  d ;' ' ' '
1 1 1 0

e e e 1
8(ln 3)(log  ) 8(ln 3)(ln )

(ln 3)
3 ) )

) ) ) )
) ) ) ) ) )œ œ œ œ œˆ ‰" "

 1  u 0, e  u 1) )œ Ê œ œ Ê œ

 4 u 4 1 0 4œ œ � œc d a b# # #"
!

65.  dx 3  dx 3  du, where u 2x, du 2 dx;' ' '
� Î � Î � Î

Î Î Î

3 4 3 4 3 2

3 4 3 4 3 2
6 2

9 4x 3 u3 (2x)È È È� ��
"

# # ## #
œ œ œ œ

 x   u , x   uœ � Ê œ � œ Ê œ3 3 3 3
4 4# #

 3 sin 3 sin sin 3 3œ œ � � œ � � œ œ� ‘ � ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰�" �" �"$Î#

�$Î#
" "
# #

u
3 6 6 3

1 1 1 1

66.   dx     dx  du, where u 5x, du 5 dx;' ' '
� Î � Î �

Î Î

1 5 1 5 1

1 5 1 5 1
6 6 5 6

4 25x 2 u5 52 (5x)È È È� ��
"

# # ## #
œ œ œ œ

 x   u 1, x   u 1œ � Ê œ � œ Ê œ1 1
5 5

 sin sin sinœ œ � � œ � � œ œ6 u 6 6 6 2
5 2 5 5 6 6 5 3 5
� ‘ � ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰�" �" �""

�"
" "
# #

1 1 1 1

67.   dt 3   dt 3  du, where u 3t, du 3 dt;' ' '
� � �2 2 2 3

2 2 2 3
3

4 3t 2 u
3

2 3t
� �

�

"
# # #

#
#œ œ œ œÈ È È ÈÈ

Š ‹È È

È

 t 2  u 2 3, t 2  u 2 3œ � Ê œ � œ Ê œÈ È
 3  tan tan 3 tan 3œ œ � � œ � � œÈ È È� ‘ � ‘ˆ ‰ ˆ ‰’ “Š ‹ Š ‹"

# # #
�" �" �"u

2 3 3
3 3

3

2 3

2 3

È

È
�

È È È1 1 1

68.   dt  dt  tan tan 3 tan 1' '
È È È3 3

3 3 3

3

" " " " "
�

�

�" �" �"
3 t 3 4 36

3 t 3 3 3 3
t 3

# #
#

œ œ œ � œ � œŠ ‹È È È È È È’ “ Š ‹Š ‹ È ˆ ‰1 1 1

69.   dy   dy   du, where u 2y and du 2 dy' ' '" "
� � �y 4y 1 (2y) (2y) 1

2
u u 1È È È# # #

œ œ œ œ

 sec  u C sec  2y Cœ � œ ��" �"k k k k
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70.   dy 24   dy 24  sec  C 6 sec  C' '24
y y 16 y y 4 4 4 4

y yÈ È# # #� �
" " �" �"œ œ � œ �ˆ ‰ ¸ ¸¸ ¸

71.   dy  dy  du, where u 3y, du 3 dy;' ' '
È È È2 3 2 3 2

2 3 2 3 2

Î Î

Î Î
" "

� � �k k k kÈ È Èk ky 9y 1 3y (3y) 1
3

u u 1# # #
œ œ œ œ

 y   u 2, y   u 2œ Ê œ œ Ê œ
È2

3 3
2È

 sec u sec 2 sec 2œ œ � œ � œc d ’ “È�" �" �"2

2È
1 1 1

3 4 12

72.  dy   dy  du,' ' '
� � �

� Î � Î �

2/ 5 2/ 5 2

6 5 6 5 6

È È

È È ÈÈ È
" "

�
� � � �

k k È
È

È È È ÈÊŠ ‹ Š ‹ Ê Š ‹y  5y 3
5

5y 5y 3 u u 3
# # # #

#

œ œ

 where u 5y, du 5 dy; y   u 2, y   u 6œ œ œ � Ê œ � œ � Ê œ �È È È2
5 5

6È ÈÈ

  sec  sec 2 sec  œ � œ � œ � œ � œ œ’ “ ’ “¹ ¹ È ˆ ‰ � ‘" � �" �" ��" �" �"
#

�È È È È È È È È
3 3 3 3 3 3 12 3

u 1 2 3 2
4 6 12 1 36

3
�

�

È6

2

1 1 1 1 1 1

73.   dx  dx  dx  du, where u x 1 and' ' ' '" " " "

� � �� � � � �È È È Èa b2x x 1 u1 x 2x 1 1 (x 1)# ## #
œ œ œ œ �

 du dxœ

 sin u C sin (x 1) Cœ � œ � ��" �"

74.  dx  dx  dx   du' ' ' '" " " "

� � � � � �
� � �

È È a b ÊŠ ‹ ÊŠ ‹È Èx 4x 1 3 x 4x 4
3 (x 2) 3 u

# # # #
# #

œ œ œ

 where u x 2 and du dxœ � œ

 sin C sin Cœ � œ ��" �" �Š ‹ Š ‹u x 2
3 3È È

75.  dv 2  dv 2  dv 2  du,' ' ' '
� � �

� � �

2 2 2 0

1 1 1 1
2

v 4v 5 1 v 4v 4 1 (v 2) 1 u# # # #� � � � � � � �
" " "œ œ œa b

 where u v 2, du dv; v 2  u 0, v 1  u 1œ � œ œ � Ê œ œ � Ê œ

 2 tan u 2 tan 1 tan 0 2 0œ œ � œ � œc d a b ˆ ‰�" �" �""
! #

1 1

4

76.   dv   dv   dv   du' ' ' '
� � � � Î

Î

1 1 1 1 2

1 1 1 3 2
3 3 3 3

4v 4v 4 4 4 4v v v u
#

#
# #

#
#

� �
" " "

� � � � � �

œ œ œ3
4 4 3 3Š ‹ Œ � Œ �Š ‹"

# # #

"
È È

 where u v , du dv; v 1  u , v 1  uœ � œ œ � Ê œ � œ Ê œ" "
# # #

3

  tan tan 3 tanœ œ � � œ � � œ � œ3 2 2u 2
4 3 6 6 63 3 3

3 3 3 3’ “ ’ “Š ‹ Š ‹È � ‘ ˆ ‰ˆ ‰È È ÈÈ È È È�" �" �"
$Î#

�"Î# # # # # #
" 1 1 1 1 1

†

 œ
È3

4
1

77.   dt   dt   dt   du' ' ' '" " " "

� � � � � � � � � � �(t 1) t 2t 8 (t 1) t 2t 1 9 (t 1) (t 1) 3 u u 3È È È Èa b# # # # # #
œ œ œ

 where u t 1 and du dtœ � œ

  sec  C  sec  Cœ � œ �" " ��" �"
3 3 3 3

u t 1¸ ¸ ¸ ¸
78.   dt  dt   dt   du' ' ' '" " " " "

� � � � � � � � � �(3t 1) 9t 6t (3t 1) 9t 6t 1 1 (3t 1) (3t 1) 1 3 u u 1È È È Èa b# # # # #
œ œ œ

 where u 3t 1 and du 3 dtœ � œ

  sec  u C  sec  3t 1 Cœ � œ � �" "�" �"
3 3k k k k

79. 3 2   ln 3 ln 2   y(ln 3) (y 1) ln 2  (ln 3 ln 2)y ln 2  ln y ln 2  yy y 1 y y 1 3 ln 2

ln
œ Ê œ Ê œ � Ê � œ Ê œ Ê œ� �

#
ˆ ‰ Š ‹3

#
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80. 4 3 ln 4 ln 3 y ln 4 y 2  ln 3 2 ln 3 ln 3 ln 4 y ln 12 y 2 ln 3� � � �y y 2 y y 2œ Ê œ Ê � œ � Ê � œ � Ê œ �a b a b a b
 yÊ œ � ln 9

ln 12

81. 9e x   e   ln e ln   2y(ln e) ln   y  ln ln ln ln x ln 32y 2y 2yx x x x x x
9 9 9 9 9 3œ Ê œ Ê œ Ê œ Ê œ œ œ œ �# "

#

# # # # #Š ‹ Š ‹ Š ‹ É ¸ ¸ k k
82. 3 3 ln x  ln 3 ln (3 ln x)  y ln 3 ln (3 ln x)  yy y ln (3 ln x) ln 3 ln (ln x)

ln 3 ln 3œ Ê œ Ê œ Ê œ œ �

83. ln (y 1) x ln y e e e e y 1 ye y ye 1 y 1 e 1 y� œ � Ê œ œ Ê � œ Ê � œ Ê � œ Ê œln y 1 x ln y x ln y x x x
1 e

Ð � Ñ Ð � Ñ "
�a b x

84. ln (10 ln y) ln 5x  e e   10 ln y 5x  ln y   e e   y eœ Ê œ Ê œ Ê œ Ê œ Ê œln 10 ln y ln 5x ln y x 2 x 2xÐ Ñ Î Î
#

85.  lim    lim  5 86.  lim    lim  
x x x xÄ " Ä " Ä " Ä "

x   x  x  x ax a
x  bx bx

# �"

�"

� $ � % # � $ �"
� " " �"

œ œ œ œ
a a

b b

87.  lim    88.  lim    lim   x x xÄ Ä ! Ä !1

tan x tan tan x sec  x
x x sin x   cos xœ œ ! œ œ œ1

1 � " � "�" #
" "#

89.  lim    lim    lim    lim   
x x x xÄ ! Ä ! Ä ! Ä !

sin  x sin x cos x
tan x x sec x x sec x x sec x tan x x  

sin x cos x#

# # # # # # # #a b a b a b a ba b a ba b a bœ œ œ# †
# # # # †# �

# # #
 sec x# !�#†"

#
# #a b œ œ "

90.  lim    lim   
x xÄ ! Ä !

sin mx m cos mx
sin nx n cos nx n

ma b a ba b a bœ œ

91. lim  sec x cos x lim  lim  
x x xÄ Î# Ä Î# Ä Î#1 1 1

� � �

a b a b( $ œ œ œcos x sin x
cos x sin x

a b a ba b a b$ �$ $
( �( ( (

$

92.  lim   x sec x  lim   
x xÄ ! Ä !� �

È œ œ œ !
Èx

cos x
!
"

93.  lim   csc x cot x  lim    lim   
x x xÄ ! Ä ! Ä !

a b� œ œ œ œ !" � !
"

  cos x sin x
sin x cos x

94.  lim    lim    lim   x  lim   x  lim   
x x x x xÄ ! Ä ! Ä ! Ä ! Ä !

ˆ ‰ Š ‹ a b a b" " " � " "# #
x x x xx

  x
% % % %#

#

� œ œ " � † œ " � œ œ " † _ œ _

95.  lim   x x x x  lim   x x x xx xÄ _ Ä _
Š ‹ Š ‹È ÈÈ È# # # # � � "� �

� � " � �
� � " � � œ � � " � � †

È ÈÈ Èx   x  x   x

x   x    x   x

# #

# #

  lim   œ x Ä _
# � "

� � " � �

x  
x   x    x   xÈ È# #

 Notice that x x  for x  so this  is equivalent toœ � !È #

  lim    lim   œ œ œ œ "x xÄ _ Ä _

# � " "

# #� � " �

# #

" " "

#

x  
x x

x   x  x   x
x x x xx

É É ÉÉ�

# �

" � � � " �

  

        

#

"� "È È

96.  lim    lim    lim    lim    lim   x x x xxÄ _ Ä _ Ä _ Ä _Ä
Š ‹x x x x

x   x   x   x   x
x x     x x   

x   

$ $ $ #

# # # # $

$ # $ #

%� " � " � " � " %
� " � � " # ' "#

� "
� œ œ œ œ

_
a b a ba ba b x

x"# #

  lim    lim   œ œ œ !x xÄ _ Ä _
"# "
#% #x x

97. The limit leads to the indeterminate form :   lim    lim   ln 10
x 0

0 10 1
0 x 1

(ln 10)10

x 0Ä

x x� œ œ
Ä

98. The limit leads to the indeterminate form :   lim    lim   ln 30 3 1
0 1

(ln 3)3

) )Ä Ä0 0

) )�
)

œ œ

99. The limit leads to the indeterminate form :   lim    lim   ln 2
x 0

0 2 1
0 e 1 e

2 (ln 2)(cos x)

x 0Ä

sin x

x x

sin x�
� œ œ

Ä
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100. The limit leads to the indeterminate form :   lim    lim   ln 20 2
0 e 1 e

2 (ln 2)( cos x)

x 0Ä

�

�sin x

x x

sin x�"
�

�œ œ �
x 0Ä

101. The limit leads to the indeterminate form :   lim    lim    lim   5
x 0

0 5 5 cos x 5 sin x 5 cos x
0 e x 1 e 1 ex 0Ä

�
� � �x x xœ œ œ

Äx 0Ä

102. The limit leads to the indeterminate form :  lim    lim    lim   0 x sin x 2x cos x sin x 2x cos x s
0 tan x 3tan x sec xx 0 x 0 x 0Ä Ä Ä

2 2 2 2 2 2

3 2 2œ œ� � in x
3tan x 3tan x

2

4 2�

  lim    lim    lim   œ œ œ
x 0 x 0 x 0Ä Ä Ä

6x cos x 4x sin x 6x cos x 4x sin x
12tan x sec x 6tan x sec x 12tan x 18tan x 6tan x

6 8x cos x 24x si2 3 2 2 3 2

3 2 2 5 3

4 2 2
� �
� � �

� �ˆ ‰ n x
60tan x sec x 54tan x sec x 6sec x 6

6
2

4 2 2 2 2� � œ œ 1

103. The limit leads to the indeterminate form :   lim   0
0 t

t ln (1 2t)
2tt

 lim   
tÄ ! Ä !

� �

�� �
# œ œ �_

Š ‹1 2
1 2t�

104. The limit leads to the indeterminate form :   lim    lim   
x 4

0
0 e 3 x e 1

sin ( x) 2 (sin x)(cos x)

x 4Ä

#

� �

1 1 1 1
x 4 x 4� � �œ

Ä

  lim    lim   2
x 4 x 4

œ œ œ
Ä Ä

1 1 1 1 sin (2 x) 2  cos (2 x)
e 1 ex 4 x 4� �

#

�
#

1

105. The limit leads to the indeterminate form :   lim   lim   lim   10 e e e
0 t t t 1t t tÄ ! Ä ! Ä !

� � �
Š ‹ Š ‹t t t

� œ œ œ" �"

106. The limit leads to the indeterminate form :   lim  e  ln y  lim    lim   _
_

� Î

�y y yÄ ! Ä ! Ä !
� � �

1 y ln y y
e e

œ œy y y�" �" �#

�"

ˆ ‰

  lim   0œ � œ
y Ä !

�
Š ‹y

ey�"

107. Let f(x)   ln f(x) ln x ln   lim  ln f(x)  lim   ln x ln ; this is limit is currently ofœ Ê œ Ê œˆ ‰ ˆ ‰ ˆ ‰e 1 e 1 e 1
e 1 e 1 e 1

lnx x x

x x x
� � �
� � �

x

x xÄ _ Ä _

 the form 0 . Before we put in one of the indeterminate forms, we rewrite coth ; the limit is† _ œ œe 1 e e x
e 1 2e e

x x 2 x 2

x x 2 x 2
� �
� �

Î � Î

Î � Î
ˆ ‰

  lim   ln x ln coth  lim  ; the limit leads to the indeterminate form :   lim  x x xÄ _ Ä _ Ä _
ˆ ‰x 0

2 0
 ln coth  ln coth

œ
ˆ ‰ ˆ ‰x x

2 2
1 1

ln x ln x

  lim    lim    lim    lim   œ œ œ œx x x xÄ _ Ä _ Ä _ Ä _

Î ÑÐ Ó
Ï Ò Š ‹ Š ‹ Š ‹

csch2 x
2

coth x
2
1 1

ln x 2 x

2 2

x x
2 2

Š ‹
Š ‹

a b

ˆ ‰
ˆ ‰ a b a bˆ ‰ ˆ ‰ a b�

�

"

# x ln x x ln x
2 sinh cosh sinh x

2x ln x ln x
cosh x

ˆ ‰ a b1
x

2�

  lim    lim    lim    lim   œ œ œ œx x x xÄ _ Ä _ Ä _ Ä _
Š ‹ Š ‹ Š ‹ˆ ‰2ln x ln x

cosh x sinh x x sinh x x cosh x sinh x
2 2 ln x 2 2ln x� � �

�
a b ˆ ‰ ˆ ‰a b2 1 1 2

x x x

  lim   0   lim   lim  e e 1œ œ Ê œ œ œx x xÄ _ Ä _ Ä _
ˆ ‰ ˆ ‰2 e 1

x  cosh x x sinh x e 1
ln 0

2 x

x

� �
� x ln f xÐ Ñ

108. Let f(x) 1   ln f(x) x ln 1    lim  ln f(x)  lim   ; the limit leads to theœ � Ê œ � Ê œˆ ‰ ˆ ‰3 3
x x x

ln 1 3xx

x xÄ ! Ä !� �

a b� �"

�"

 indeterminate form :   lim    lim   0   lim  1  lim  e e 1_
_ � �

!

x x x xÄ ! Ä ! Ä ! Ä !� � � �

Ð Ñ
Š ‹�

�#

� �"

3x
1 3x

x x 3 x
3x 3

�# œ œ Ê � œ œ œˆ ‰x ln f x

109. (a)  lim    lim    lim     same ratex x xÄ _ Ä _ Ä _
log  x
log  x ln 2 ln 

ln 3 ln 32

3
œ œ œ Ê

Š ‹
Š ‹

ln x
ln 2

ln x
ln 3

#

 (b)  lim    lim    lim    lim  1  same ratex x x xÄ _ Ä _ Ä _ Ä _
x x 2x

x x 1 x� � #Š ‹"x œ œ œ " œ Ê
#

#

 (c)  lim    lim    lim     fasterx x xÄ _ Ä _ Ä _

ˆ ‰x
100

xe 100x 100
xe e

�x

x x
œ œ œ _ Ê

 (d)  lim     fasterx Ä _
x

tan x�" œ _ Ê

 (e)  lim    lim    lim    lim   1  same ratex x x xÄ _ Ä _ Ä _ Ä _
csc x sin x

x x
1

�" �" �"

�" �#Š ‹
a b

Ê Š ‹"

�
�#

� �"
#

"

#
x

x

1 x

x

œ œ œ œ Ê

Š ‹
Ê Š ‹

�
"

�
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 (f)  lim    lim    lim     same ratex Ä _
sinh x e

e e
e e

x x

x x 2x
œ œ œ Êx xÄ _ Ä _

a b�
# # #

"� "�

�

110. (a)  lim    lim   0  slowerx xÄ _ Ä _
3 2
2 3

�

�

x

x œ œ Êˆ ‰x

 (b)  lim    lim    lim    same ratex x xÄ _ Ä _ Ä _
ln 2x ln 2 ln x ln 2
ln x 2 (ln x)  ln x# œ œ � œ Ê� " "

# # #
ˆ ‰

 (c)  lim    lim    lim    lim   0  slowerx x x xÄ _ Ä _ Ä _ Ä _
10x 2x 30x 4x 60x 4 60

e e e e

$ # #� � �
x x xœ œ œ œ Êx

 (d)  lim    lim    lim    lim   1  same ratex x x xÄ _ Ä _ Ä _ Ä _

tan tan x
x x 1

�"
�" �"

�" �#

Š ‹ Š ‹
Š ‹

a b" �

"

�#

� �#

"

#

x

x

x
1 x

x

œ œ œ œ Ê�
"
�

 (e)  lim    lim    lim    lim     fasterx x x xÄ _ Ä _ Ä _ Ä _

sin sin x
x 2x

x

2 1

�"
�" �"

�# �$

�
�#

� �" #

"

#

Š ‹
Š ‹

a b � �
É

"

"

#

x

x

œ œ œ œ _ Ê

x

1 x

x

É ˆ ‰
� �

 (f)  lim    lim    lim    lim   2  same ratex x x xÄ _ Ä _ Ä _ Ä _
sech x 2 2

e e e e e 1 e� � � � �x x x x x 2xœ œ œ œ Ê
Š ‹

a b
2

e ex x� �

� �
ˆ ‰

111. (a) 1 2 for x sufficiently large  true
Š ‹

Š ‹
" "

# %

"

#

x x

x

�
"œ � Ÿ Êx#

 (b) x 1 M for any positive integer M whenever x M  false
Š ‹

Š ‹
" "

# %

"

%

x x

x

�
#œ � � � ÊÈ

 (c)  lim    lim   1  the same growth rate  falsex xÄ _ Ä _
x

x ln x 1�
"
�

œ œ Ê Ê"

x

 (d)  lim    lim    lim   0  grows slower  truex x xÄ _ Ä _ Ä _
ln (ln x)

ln x ln xœ œ œ Ê Ê
– —
ˆ ‰
Š ‹"x
ln x

"

x

"

 (e)  for all x  truetan x
1

�"

Ÿ Ê1

#

 (f) 1 e (1 1) 1 if x 0  truecosh x
ex œ � Ÿ � œ � Ê" "

# #a b�2x

112. (a) 1 if x 0  true
Š ‹

Š ‹
"

%

" "

# %

x

x x
�

"
�œ Ÿ � Êx 1#

 (b)  lim  lim  0  truex xÄ _ Ä _

Š ‹
Š ‹

"

%

" "

# %

x

x x
�

"
�œ œ Êˆ ‰

x 1#

 (c)  lim    lim   0  truex xÄ _ Ä _
ln x

x 1 1� œ œ Ê
Š ‹"x

 (d) 1 1 1 2 if x 2  trueln 2x ln 2
ln x ln xœ � Ÿ � œ   Ê

 (e)  if x 1  truesec x
1 1 1

cos
�"

�"

#œ Ÿ œ � Ê
Š ‹ ˆ ‰"

x
1

1

#

 (f) 1 e  if x 0  truesinh x
ex œ � Ÿ � Ê" "

# #a b�2x

113. e 1    df df df
dx dx dx e 1 1 3œ � Ê œ Ê œ œ œx Š ‹ Š ‹�" �"

x f ln 2 x f ln 2œ Ð Ñ œ Ð Ñ

" " " "
� #�Š ‹ a bdf

dx x ln 2
x ln 2

œ

œ

x

114. y f(x)  y 1   y 1  x   f (x) ; f (f(x)) x andœ Ê œ � Ê œ � Ê œ Ê œ œ œ œ" " " " " "
� �

�" �"

� �x x y 1 x 1 1 1Š ‹ Š ‹" "

x x

 f f (x) 1 1 (x 1) x; x ;a b ¹ ¹�" #" �" �"
�

� �
œ � œ � � œ œ œ œ �Š ‹ ’ “Š ‹"

�
"

x 1 x

df
dx (x 1)

1 1

�"

# #

f x f xÐ Ñ Ð Ñ

 f (x)   w " "œ � Ê œx dx f (x)
df

# w

�" ¹
f xÐ Ñ
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115. y x ln 2x x  y x ln (2x) 1 ln 2x;œ � Ê œ � � œw ˆ ‰2
2x

 solving y 0  x ; y 0 for x  and y 0 forw w w" "
# #œ Ê œ � � �

 x   relative minimum of  at x ; f� Ê � œ œ �" " " " "
# # # #

ˆ ‰
e e

 and f 0  absolute minimum is  at x  andˆ ‰e
# # #

" "œ Ê � œ

 the absolute maximum is 0 at x œ e
#

 

116. y 10x(2 ln x)  y 10(2 ln x) 10xœ � Ê œ � �w "ˆ ‰
x

 20 10 ln x 10 10(1 ln x); solving y 0œ � � œ � œw

  x e; y 0 for x e and y 0 for x eÊ œ � � � �w w

  relative maximum at x e of 10e;  y  on e  andÊ œ   ! Ð!ß Ó#

 y e 10e (2 2 ln e) 0  absolute minimum is 0a b# #œ � œ Ê

 at x e  and the absolute maximum is 10e at x eœ œ#

 

117. A   dx  2u du u 1, where u ln x and du  dx; x 1  u 0, x e  u 1œ œ œ œ œ œ œ Ê œ œ Ê œ' '
1 0

e 1
2 ln x

x xc d# "
!

"

118. (a) A   dx ln x ln 20 ln 10 ln ln 2, and A   dx ln x ln 2 ln 1 ln 2" #
" "#! #

"! "œ œ œ � œ œ œ œ œ � œ' '
10 1

20 2

x 10 x
20c d c dk k k k

 (b) A  dx ln x ln kb ln ka ln ln ln b ln a, and A  dx ln x ln b ln a" #
" "œ œ œ � œ œ œ � œ œ œ �' '

ka a

kb b
kb b
ka ax ka a x

kb bc d c dk k k k
119. y ln x  ;     x    m/secœ Ê œ œ Ê œ œ Ê œdy dy dy dy dy

dx x dt dx dt dt x dt e
dx

x
" " " "ˆ ‰ È ¹È

e#

120. y 9e   3e ;   ; x 9  y 9eœ Ê œ � œ Ê œ œ Ê œ� Î � Îx 3 x 3dy (dy/dt)
dx dt (dy/dx) dt 3e

dx dx 9 yŠ ‹È� �

�
�$

"

4
� Îx 3

  e e 1 5 ft/secÊ œ œ � ¸¸ È Èdx
dt 4

9

x 9œ

Š ‹É
Š ‹

� �

�

" $ $
"

$

$

4
9
e

3
e

121. A xy xe   e (x)( 2x) e e 1 2x .  Solving 0  1 2x 0œ œ Ê œ � � œ � œ Ê � œ� � � �x x x x# # # #dA dA
dx dxa b# #

  x ; 0 for x  and 0 for 0 x   absolute maximum of e  atÊ œ � � � � � Ê œ" " " " "�"Î#È È È È È2 2 2 2
dA dA
dx dx 2e

 x  units long by y e  units high.œ œ œ" "�"Î#È È2 e

122.  A xy x   .  Solving 0  1 ln x 0  x e;œ œ œ Ê œ � œ œ Ê � œ Ê œˆ ‰ln x ln x dA ln x 1 ln x dA
x x dx x x x dx# # # #

" �

 0 for x e and 0 for x e  absolute maximum of  at x e units long and y  units high.dA dA ln e
dx dx e e e� � � � Ê œ œ œ" "

#

123. (a) y   yœ Ê œ � œln x ln x 2 ln x
x x x 2x x2xÈ È Èw " �

$Î#

 y x (2 ln x) x x  ln x 2 ;Ê œ � � � œ �ww �&Î# �&Î# �&Î#"
#

3 3
4 4

ˆ ‰
 solving y 0 ln x 2 x e ; y 0 for x e  andw # w #œ Ê œ Ê œ � �

 and y 0 for x e   a maximum of ; y 0w # ww� � Ê œ2
e

 ln x x e ; the curve is concave down onÊ œ Ê œ8
3

)Î$

 0 e  and concave up on e ; so there is anˆ ‰ ˆ ‰ß ß_)Î$ )Î$

 inflection point at e .ˆ ‰)Î$ )
$

ß e%Î$
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 (b) y e   y 2xe y 2e 4x eœ Ê œ � Ê œ � �� w � ww � # �x x x x# # # #

 4x 2 e ; solving y 0 x 0; y 0 forœ � œ Ê œ �a b# � w wx#

 x 0 and y 0 for x 0  a maximum at x 0 of� � � Ê œw

 e 1; there are points of inflection at x ; the! "œ œ „ È2

 curve is concave down for x  and concave� � �" "È È2 2

 up otherwise.

 

 (c) y (1 x) e   y e (1 x) e xeœ � Ê œ � � œ �� � � �x x x xw

 y e xe (x 1) e ; solving y 0Ê œ � � œ � œww w� � �x x x

 xe 0 x 0; y 0 for x 0 and y 0Ê � œ Ê œ � � ��x w w

 for x 0 a maximum at x 0 of (1 0) e 1;� Ê œ � œ!

 there is a point of inflection at x 1 and the curve isœ

 concave up for x 1 and concave down for x 1.� �

 

124. y x ln x  y ln x x ln x 1; solving y 0œ Ê œ � œ � œw w"ˆ ‰
x

 ln x 1 0  ln x 1 x e ; y 0 forÊ � œ Ê œ � Ê œ ��" w

 x e  and y 0 for x e a minimum of e  ln e� � � Ê�" w �" �" �"

  at x e . This minimum is an absolute minimumœ � œ" �"
e

 since y  is positive for all x .ww "œ � !x

 

125. y cos y dx 2tan y x C y tandy dy
dx y cos y 2

2 1 x C 2
œ Ê œ Ê œ � Ê œÈ È È ˆ ‰ˆ ‰È È2

� �

126. y dy 3 x 1 dx y ln y x 1 Cw � �
�œ Ê œ � Ê � œ � �3y x 1 y 1 2 3

y 1 y
a b a b2 a b a b

127. yy sec y sec x sec x dx tan x C sin y 2tan x Cw œ Ê œ Ê œ � Ê œ �a b a b2 2 2 2y dy
sec y 2

sin y
1a b ˆ ‰

2

2

128. y cos x  dy sin x dx 0 y dy dx C y C2 sin x 1 2
cos x 2 cos x cos x

y
1a b É� œ Ê œ � Ê œ � � Ê œ „ �2

2

a b a b a b�

129. e e dy e dx e e C. We have y 0 2, so e e C C 2e  anddy
dx

x y 2 y x 2 y x 2 2 2 2œ Ê œ Ê œ � � œ � œ � � Ê œ� � � � � � � � � �a b a b a b
 e e 2e y ln e 2ey x 2 2 x 2 2œ � � Ê œ � �� � � � � �a b a bˆ ‰
130. ln ln y tan x C y e . We have y 0 e e edy y ln y dy

dx 1 x y ln y 1 x
dx 1 e 2 2 eœ Ê œ Ê œ � Ê œ œ Ê œ� �

�
2 2

tan x C tan 0 C1 1a b a b a b� �

� �a b a b

 e 2 tan 0 C ln 2 0 C ln 2 C ln 2 y eÊ œ Ê � œ Ê � œ Ê œ Ê œtan 0 C 1 e� �
�1 tan x ln 21a b� � a b a b

131. x dy y y dx 0 2ln y 1 ln x C. We have y 1 1 2 ln 1 1 ln 1 C� � œ Ê œ Ê � œ � œ Ê � œ �ˆ ‰ ˆ ‰È È a b Š ‹Èdy
y y

dx
xˆ ‰È�

 2 ln 2 C ln 2 ln 4. So 2 ln y 1 ln x ln 4 ln 4x ln y 1 ln 4x ln 4xÊ œ œ œ � œ � œ Ê � œ œ2 1/2ˆ ‰ ˆ ‰È Èa b a b a b"
#

 e e y 1 2 x y 2 x 1Ê œ Ê � œ Ê œ �ln y 1 ln 4x 2ˆ ‰È a b� 1/2 È È Èˆ ‰
132. y dx e e C. We have y 0 1 e e C C .� �

�
�2 x x 0 0dx e e 1 1

dy e 1 e y 3 3 3
dy y 1œ Ê œ Ê œ � � œ Ê œ � � Ê œ

x 2x

2x x 2

3 3

�

a b a b
 So e e y 3 e e 1 y 3 e e 1y

3 3
x x 3 x x x x1 1/33

œ � � Ê œ � � Ê œ � �� � �a b c da b
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458 Chapter 7 Transcendental Functions

133. Since the half life is 5700 years and A(t) A e  we have A e   e   ln (0.5) 5700kœ œ Ê œ Ê œ! !# #
"kt 5700k 5700kA!

  k .  With 10% of the original carbon-14 remaining we have 0.1A A e   0.1 eÊ œ œ Ê œln (0.5)
5700 ! !

ln 0 5 ln 0 5
5700 5700
Ð Þ Ñ Ð Þ Ñt t

  ln (0.1) t  t 18,935 years (rounded to the nearest year).Ê œ Ê œ ¸ln (0.5) (5700) ln (0.1)
5700 ln (0.5)

134. T T (T T ) e 180 40 220 40 e , time in hours, k 4 ln 4 ln 70 40� œ � Ê � œ � Ê œ � œ Ê �s o s
kt k 4� � Îa b ˆ ‰ ˆ ‰7 9

9 7

 220 40 e t 1.78 hr 107 min, the total time the time it took to cool from 180° F toœ � Ê œ ¸ ¸ Êa b � Ð Î Ñ4 ln 9 7  t ln 6
4 ln ˆ ‰9

7

 70° F was 107 15 92 min� œ

135. cot cot , 0 x 50  ) 1œ � � � � � Ê œ ��" �"

�

�

�

ˆ ‰ ˆ ‰x 5 x d
60 3 30 dx 1 1

)
Š ‹ Š ‹
ˆ ‰ Š ‹
1
60 30

x
60

50 x
30

# #

"

�

 30 ; solving 0  x 200x 3200 0  x 100 20 17, butœ � œ Ê � � œ Ê œ „’ “ È2 d
60 x 30 (50 x) dx# # # #� � �

" #)

 100 20 17 is not in the domain; 0 for x 20 5 17  and 0 for 20 5 17 x 50� � � � � � � �È È ÈŠ ‹ Š ‹d d
dx dx
) )

  x 20 5 17 17.54 m maximizes Ê œ � ¸Š ‹È )

136. v x  ln x (ln 1 ln x) x  ln x  2x ln x x x(2 ln x 1); solving 0œ œ � œ � Ê œ � � œ � � œ# # # #" "ˆ ‰ ˆ ‰
x dx x dx

dv dv

  2 ln x 1 0  ln x   x e ; 0 for x e  and 0 for x e   a relativeÊ � œ Ê œ � Ê œ � � � � Ê"
#

� Î � Î � Î1 2 1 2 1 2dv dv
dx dx

 maximum at x e ; x and r 1  h e e 1.65 cmœ œ œ Ê œ œ ¸� Î Î1 2 1 2r
h

È
CHAPTER 7  ADDITIONAL AND ADVANCED EXERCISES

 1.  lim   dx  lim  sin x  lim  sin b sin 0  lim  sin b 0  lim  sin b
b 1 b 1 b 1 b 1 b 1Ä Ä Ä Ä Ä� � � � �

'
0

b b

0
"

�

�" �" �" �" �"
#È1 x#

œ œ � œ � œ œc d a b a b 1

 2.  lim    tan t dt  lim     formx xÄ _ Ä _
" _�"

_x x

tan t dt'
0

x

œ
'

0

x
�" ˆ ‰

  lim   œ œx Ä _
tan x

1

�"
1

#

 3. y cos x   ln y  ln cos x  and  lim    lim     lim   œ Ê œ œ œˆ ‰ ˆ ‰È È1 xÎ

� � �

" �"�

#x x
ln cos x sin x tan x

2 x cos x xx x xÄ ! Ä ! Ä !

ˆ ‰ È ÈÈ È È È
   lim      lim  cos x eœ � œ � Ê œ œ" " "

# #x xÄ ! Ä !� �

Î � Î
"

#
�"Î# #

"
#

�"Î#

x  sec x
x e

È Èˆ ‰È 1 x 1 2

 4. y x e   ln y    lim  ln y  lim    lim    lim   2œ � Ê œ Ê œ œ œ œa bx 2 xÎ 2 ln x e 2 1 e
x x e 1 e e

2e 2ea b a b� �
� �

x x

x x x

x x

x x x xÄ _ Ä _ Ä _ Ä _

   lim  x e  lim  e eÊ � œ œx xÄ _ Ä _
a bx y2 xÎ #

 5.  lim   lim  x xÄ _ Ä _
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� �– — – — – —" " " " " "

� �# # � � �n 1 n n n n n
1 1 1

1 1 2 1 n
� �á � œ � �á �Š ‹ Š ‹ Š ‹" " "

n n n

 which can be interpreted as a Riemann sum with partitioning x    lim  ? œ Ê � �á �" " " "
� �# #n n 1 n nx Ä _

ˆ ‰
   dx ln (1 x) ln 2œ œ � œ'

0

1
"
�

"
!1 x c d

 6.  lim   e e e  lim  e e e  which can be interpreted as ax xÄ _ Ä _
" " " "
n n n nc d � ‘ˆ ‰ ˆ ‰ ˆ ‰1 n 2 n 1 n 2 1 n n 1 nÎ Î Ð Î Ñ Ð Î Ñ Ð Î Ñ� �á � œ � �á �

 Riemann sum with partitioning x    lim   e e e e  dx e e 1? œ Ê � �á � œ œ œ �" " "
!n nx Ä _

c d c d1 n 2 n x x

0

1
Î Î '
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 7. A(t) e  dx e 1 e , V(t) e  dx e 1 eœ œ � œ � œ œ � œ �' '
0 0

t t
x x t 2x 2x 2tt

0

t

0
� � � � � �c d a b� ‘1

1 1

# #

 (a)  lim  A(t)  lim  1 e 1
t tÄ _ Ä _

œ � œa b�t

 (b)  lim    lim   
t tÄ _ Ä _

V(t)
A(t) 1 e

1 e
œ œ

1

#

�

�

ˆ ‰�

� #

2t

t
1

 (c)  lim    lim    lim    lim   1 e
t t t tÄ ! Ä ! Ä ! Ä !� � � �

�V(t)
A(t) 1 e 1 e

1 e 1 e 1 e
œ œ œ � œ

1 1

# #

� � �

� �

ˆ ‰ a b a ba b� � �

� � #

2t t t

t t
1 a bt 1

 8. (a)  lim  log  2  lim   0;
a aÄ ! Ä !� �

a œ œln 2
ln a

  lim  log  2  lim   ;
a 1 a 1Ä Ä� �a œ œ �_ln 2

ln a

  lim  log  2  lim   ;
a 1 a 1Ä Ä� �

a œ œ _ln 2
ln 1

  lim  log  2  lim   0
a aÄ _ Ä _a œ œln 2

ln a

 (b) 

 9. A   dx   dx ; A  dx   dx" #
"
#œ œ œ œ œ œ' ' ' '

1 1 1 1

e e e ee

1

2 log  x (ln x) 2 log  x
x ln 2 x ln 2 ln 4 ln 4 x

2 ln x 2 ln x2 4’ “#
   A : A 2 : 1œ œ Ê œ’ “(ln x)

2 ln  ln 2

#

# #
"

" #

e

1

10. y tan x tan   yœ � Ê œ ��" �" w" "
�

�

�
ˆ ‰

x 1 x 1
#

"

#

Š ‹
Š ‹

"

#x

x

 0  tan x tan  is aœ � œ Ê �" " "
� �

�" �"
1 x 1 x x# #

ˆ ‰
 constant and the constant is  for x 0; it is  for1 1

# #� �

 x 0 since tan x tan  is odd.  Next the� ��" �" "ˆ ‰
x

   lim  tan x tan
x Ä !�

� ‘ˆ ‰�" �" "
# #� œ ! � œx
1 1

 

 and   lim  tan x tan 0
x Ä !�

ˆ ‰ ˆ ‰ˆ ‰�" �" "
# #� œ � � œ �x
1 1

11. ln x x  ln x and ln x x ln x x  ln x; then, x  ln x x  ln x x x ln x  x x   or ln xa bx x x x x x xxx
œ œ œ œ Ê � œ ! Ê œ œ !Þa b a b# # # #

 ln x x ;  x x  x ln x 2 ln x  x 2.  Therefore, x x  when x 2 or x .œ ! Ê œ " œ Ê œ Ê œ œ œ œ "x x x x# a bx a b
12. In the interval x 2  the function sin x 01 1� � �

  (sin x)  is not defined for all values in thatÊ sin x

 interval or its translation by 2 .1

 

13. f(x) e   f (x) e  g (x), where g (x)   f (2) eœ Ê œ œ Ê œ œg x g x x 2 2
1 x 1 16 17

Ð Ñ w Ð Ñ w w w !
� �%

ˆ ‰
14. (a) e 2x (b) f(0)  dt 0df 2 ln e 2 ln t

dx e t
xœ œ œ œ

x

x †

'
1

1

 (c) 2x  f(x) x C; f(0) 0  C 0  f(x) x   the graph of f(x) is a paraboladf
dx œ Ê œ � œ Ê œ Ê œ Ê# #

15. (a) g(x) h(x) 0  g(x) h(x); also g(x) h(x) 0  g( x) h( x) 0   g(x) h(x) 0� œ Ê œ � � œ Ê � � � œ Ê � œ

  g(x) h(x); therefore h(x) h(x)  h(x) 0  g(x) 0Ê œ � œ Ê œ Ê œ
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 (b) f (x);f(x) f( x) f (x) f (x) f (x) f (x)f (x) f ( x) f ( x)� � � � �
# # #

� � � �œ œ œc dE O OE E O E O(x) f
E

� � ‘

 f (x)f(x) f( x) f (x) f (x) f (x) f (x)f (x) f (x) f ( x) f ( x)� � � � �
# # #

� � � � �œ œ œc d c dE O E O E O E O
O

 (c) Part b such a decomposition is unique.Ê

16. (a) g(0 0)   1 g (0) g(0) 2g(0)  g(0) g (0) 2g(0)  g (0) g(0) 0� œ Ê � œ Ê � œ Ê � œg(0) g(0)
1 g(0) g(0)

�
�

# $ $c d
  g(0) g (0) 1 0  g(0) 0Ê � œ Ê œc d#

 (b) g (x)  lim    lim    lim   w � � � � ��

�œ œ œ
h 0 h 0 h 0Ä Ä Ä

g(x h) g(x) g(x) g(h) g(x) g (x) g(h)
h h h 1 g(x) g(h)

g(x)’ “
c d

g(x) g(h)
1 g(x) g(h)

�

�
#

  lim  1 1 g (x) 1 g (x) 1 [g(x)]œ œ � œ � œ �
h 0Ä

’ “ ’ “ c dg(h) 1 g (x)
h 1 g(x) g(h)

�
�

# # #
#

†

 (c) 1 y   dx  tan y x C  tan (g(x)) x C; g(0) 0  tan 0 0 Cdy dy
dx 1 yœ � Ê œ Ê œ � Ê œ � œ Ê œ �# �" �" �"

� #

  C 0  tan (g(x)) x  g(x) tan xÊ œ Ê œ Ê œ�"

17. M  dx 2 tan x  and M  dx ln 1 x ln 2  xœ œ œ œ œ � œ Ê œ' '
0 0

1 1

y
2 2x

1 x 1 x M
M

� # �
�" #"

! !
"

# #c d c da b1 y

 ; y 0 by symmetryœ œ œln 2 ln 4ˆ ‰1
#

1

18. (a) V   dx   dx ln x ln 4 ln  ln 16  ln 2  ln 2œ œ œ œ � œ œ œ1 1' '
1 4 1 4

4 4

Î Î
Š ‹ c d a bk k ˆ ‰" " "

#

#
%
"Î%

%Èx 4 x 4 4 4 4 4
1 1 1 1 1

 (b) M x  dx   x  dx x ;y 1 4 1 4

4 4

œ œ œ œ � œ œ' '
Î Î

Š ‹ � ‘ ˆ ‰" " " �
#

"Î# $Î# %

"Î% #Èx
1 8 64 1 63
2 3 3 24 4 24

 M  dx   dx ln x  ln 16  ln 2;x 1 4 1 4

4 4

œ œ œ œ œ' '
Î Î

" " " " " " "
# ##

%

"Î%
Š ‹Š ‹ � ‘k kÈ Èx 2 x

1
8 x 8 8

 M  dx x  dx x 2 ; therefore, x  andœ œ œ œ � œ œ œ œ œ' '
1 4 1 4

4 4

Î Î

" " "
#

�"Î# "Î# %

"Î% # # #Èx 2 M 24 3 1 4
3 63 2 21 7M� ‘ ˆ ‰ ˆ ‰y

 y  ln 2œ œ œM
M 3 3

2 ln 2x ˆ ‰ ˆ ‰"
#

19. (a) L k   k ; solving 0œ � Ê œ � œˆ ‰ Š ‹a b cot b csc dL b csc b csc  cot dL
R r R rd d

� ) ) ) ) )

) )% % % %

#

  r b csc bR  csc  cot 0  (b csc ) r  csc R  cot 0; but b csc 0 sinceÊ � œ Ê � œ Á% # % % %
) ) ) ) ) ) )a b

   r  csc R  cot 0  cos   cos , the critical value of ) ) ) ) ) )Á Ê � œ Ê œ Ê œ1

#
% % �"r r

R R

% %

% %Š ‹
 (b) cos cos (0.48225) 61°) œ ¸ ¸�" �"%ˆ ‰5

6

20. In order to maximize the amount of sunlight, we need to maximize the angle  formed by extending the two red line)

 segments to their vertex. The angle between the two lines is given by . From trig we have) 1 ) 1 )œ � � �a ba b1 #

 tan tan  and tan tan) ) 1 ) 1 )1 1
350 350 200 200

450 x 450 x x x
1 1œ Ê œ � œ Ê � œ� �

� �
# #ˆ ‰ ˆ ‰a b a b

  tan tanÊ œ � � � œ � �) 1 ) 1 ) 1a ba b ˆ ‰ ˆ ‰1
1 1350 200

450 x x#
� �

�

 Ê œ � † � † � œ �d 1 350 1 200 350 200
dx x x 400001 1450 x 450 x 122500
)

� �� � �
�

�ˆ ‰ ˆ ‰a b a b350 200
450 x x

2 2 2 2 2 2
�

ˆ ‰
 0 0 200 450 x 122500 350 x 40000d 350 200

dx x 40000450 x 122500
2 2) œ Ê � œ Ê � � œ ��

� � �a b2 2 Š ‹a b a b
 3x 3600x 1020000 0 x 600 100 70. Since x 0, consider only x 600 100 70.Ê � � œ Ê œ � „ � œ � �2 È È
 Using the first derivative test, 0 and 0 local max whend 9 d 9

dx 3500 dx 5000x 100 x 400

) )¹ ¹
œ œ

�œ � œ � Ê

 x 600 100 70 236.67 ft.œ � � ¸È
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CHAPTER 8  TECHNIQUES OF INTEGRATION

8.1  INTEGRATION BY PARTS

 1. u x, du dx; dv sin  dx, v 2 cos ;œ œ œ œ �x x
# #

 x sin  dx 2x cos 2 cos  dx 2x cos 4 sin C' 'x x x x x
# # # # #œ � � � œ � � �ˆ ‰ ˆ ‰ ˆ ‰

 2. u , du d ; dv cos  d , v  sin ;œ œ œ œ) ) 1) ) 1)
"
1

  cos  d  sin  sin  d  sin  cos C' ') 1) ) 1) 1) ) 1) 1)œ � œ � �) )

1 1 1 1

" "
#

 3.  cos t

 t sin t# ïïïïî
Ð�Ñ

 2t  cos tïïïïî �
Ð�Ñ

 2  sin tïïïïî �
Ð�Ñ

 0 t  cos t dt t  sin t 2t cos t 2 sin t C' # #œ � � �

 4. sin x

 x cos x# ïïïïî �
Ð�Ñ

 2x  in xsïïïïî �
Ð�Ñ

 2 cos xïïïïî
Ð�Ñ

 0 x  sin x dx x  cos x 2x sin x 2 cos x C' # #œ � � � �

 5. u ln x, du ; dv x dx, v ;œ œ œ œdx x
x

#

#

 x ln x dx  ln x  2 ln 2 2 ln 2 ln 4' '
1 1

2 2

œ � œ � œ � œ �’ “ ’ “x x dx x 3 3
x 4 4 4

# # #

# #

# #

" "

 6. u ln x, du ; dv x  dx, v ;œ œ œ œdx x
x 4

$ %

 x  ln x dx  ln x  ' '
1 1

e ee e

1 1

$ �œ � œ � œ’ “ ’ “x x dx e x 3e 1
4 4 x 4 16 16

% % % % %

 7. u x, du dx ; dv e dx, v e ;œ œ œ œx x

 x e dx x e e dx x e e C' 'x x x x xœ � œ � �

 8. u x, du dx ; dv e dx, v e ;œ œ œ œ3x 3x1
3

 x e dx e e dx e e C' '3x 3x 3x 3x 3xx 1 x 1
3 3 3 9œ � œ � �
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462 Chapter 8 Techniques of Integration

 9.  e�x

 x e# �ïïïïî �
Ð�Ñ

x

 2x  eïïïïî
Ð�Ñ

�x

 2  eïïïïî �
Ð�Ñ

�x

 0 x e  dx x e 2x e 2 e C' # � # � � �x x x xœ � � � �

10. e2x

 x 2x 1  e# � � ïïïïî
Ð�Ñ

1
2

2x

 2x 2           e� ïïïïî
Ð � Ñ

1
4

2x

 2                      eïïïïî
Ð�Ñ

1
8

2x

 0 x 2x 1 e  dx x 2x 1 e 2x 2 e e C' a b a b a b# #� � œ � � � � � �2x 2x 2x 2x1 1 1
2 4 4

 x x e Cœ � � �ˆ ‰1 3 5
2 2 4

2x#

11. u tan y, du ; dv dy, v y;œ œ œ œ�"
�
dy

1 y#

 tan y dy y tan y y tan y  ln 1 y C y tan y ln 1 y C' '�" �" �" # �"
� #

" #œ � œ � � � œ � � �y dy
1 ya b# a b È

12. u sin y, du ; dv dy, v y;œ œ œ œ�"
�

dy
1 yÈ #

 sin y dy y sin y y sin y 1 y C' '�" �" �"
�

#œ � œ � � �y dy
1 yÈ #

È
13. u x, du dx; dv sec x dx, v tan x;œ œ œ œ#

 x sec x dx x tan x tan x dx x tan x ln cos x C' # œ � œ � �' k k
14. 4x sec 2x dx; [y 2x]  y sec y dy y tan y tan y dy y tan y ln sec y C' ' '# #œ Ä œ � œ � �k k
 2x tan 2x ln sec 2x Cœ � �k k
15. ex

 x   e$ ïïïïî
Ð�Ñ

x

 3x   e# ïïïïî
Ð�Ñ

x

 6x   eïïïïî
Ð�Ñ

x

 6     eïïïïî
Ð�Ñ

x

 0  x e  dx x e 3x e 6xe 6e C x 3x 6x 6 e C' $ $ # $ #x x x x x xœ � � � � œ � � � �a b
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 Section 8.1 Integration by Parts 463

16. e�p

 p     e
 

% ïïïïî �
Ð�Ñ

�p

 4p     
 

e$ ïïïïî
Ð�Ñ

�p

 12p e# ïïïïî �
Ð�Ñ

�p

 24p    eïïïïî
Ð�Ñ

�p

 24    eïïïïî �
Ð�Ñ

�p

 0  p e  dp p e 4p e 12p e 24pe 24e C' % % $ #� � � � � �p p p p p pœ � � � � � �

 p 4p 12p 24p 24 e Cœ � � � � � �a b% $ # �p

17.  ex

 x 5x e# � ïïïïî
Ð�Ñ

x

 2x 5     e� ïïïïî
Ð�Ñ

x

 2            eïïïïî
Ð�Ñ

x

 0 x 5x e  dx x 5x e (2x 5)e 2e C x e 7xe 7e C' a b a b# # #� œ � � � � � œ � � �x x x x x x x

 x 7x 7 e Cœ � � �a b# x

18.  er

 r r 1 e# � � ïïïïî
Ð�Ñ

r

 2r 1          e� ïïïïî
Ð�Ñ

r

 2                 eïïïïî
Ð�Ñ

r

 0 r r 1 e  dr r r 1 e (2r 1) e 2e C' a b a b# #� � œ � � � � � �r r r r

 r r 1 (2r 1) 2 e C r r 2 e Cœ � � � � � � œ � � �c d a ba b# #r r

19. ex

 x       e& ïïïïî
Ð�Ñ

x

 5x       e% ïïïïî
Ð�Ñ

x

 20x   e$ ïïïïî
Ð�Ñ

x

 60x     e# ïïïïî
Ð�Ñ

x

 120x   eïïïïî
Ð�Ñ

x

 120     ee ïïïïî
Ð�Ñ

x

 0  x e  dx x e 5x e 20x e 60x e 120xe 120e C' & & % $ #x x x x x x xœ � � � � � �

 x 5x 20x 60x 120x 120 e Cœ � � � � � �a b& % $ # x
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464 Chapter 8 Techniques of Integration

20. e4t

 t  e# "ïïïïî
Ð�Ñ

4
4t

 2t    eïïïïî
Ð�Ñ

"
16

4t

 2  eïïïïî
Ð�Ñ

"
64

4t

 0 t e  dt e e e C e e e C' # "
#

4t 4t 4t 4t 4t 4t 4tœ � � � œ � � �t 2t 2 t t
4 16 64 4 8 3

# #

 e Cœ � � �Š ‹t t
4 8 3

# "
#

4t

21. I e  sin  d ; u sin , du cos  d ; dv e  d , v e I e  sin  e  cos  d ;œ œ œ œ œ Ê œ �' ) ) ) ) )
) ) ) ) ) ) ) ) )c d '

 u cos , du sin  d ; dv e  d , v e  I e  sin e  cos e  sin  dc d Š ‹œ œ � œ œ Ê œ � �) ) ) ) ) ) ) )
) ) ) ) )'

 e  sin e  cos I C  2I e  sin e  cos C   I e  sin e  cos C, where C  isœ � � � Ê œ � � Ê œ � � œ) ) ) ) ) )
) ) ) ) ) )

w w "
# #a b a b Cw

 another arbitrary constant

22. I e  cos y dy; u cos y, du sin y dy; dv e  dy, v eœ œ œ � œ œ �' � � �y y yc d
  I e  cos y e ( sin y)  dy e  cos y e  sin y dy; u sin y, du cos y dy;Ê œ � � � � œ � � œ œ� � � �y y y y' 'a b c
 dv e  dy, v e   I e  cos y e  sin y e  cos y dy e  cos y e  sin y I Cd a bŠ ‹œ œ � Ê œ � � � � � œ � � � �� � � � � �y y y y y y y' w

  2I e (sin y cos y) C   I e  sin y e  cos y C, where C  is another arbitrary constantÊ œ � � Ê œ � � œ� � �y y yw "
# #a b Cw

23. I e  cos 3x dx; u cos 3x; du 3 sin 3x dx, dv e  dx; v eœ œ œ � œ œ' 2x 2x 2x� ‘"
#

  I e  cos 3x e  sin 3x dx; u sin 3x, du 3 cos 3x, dv e  dx; v eÊ œ � œ œ œ œ" "
# # #

2x 2x 2x 2x3 ' � ‘
  I e  cos 3x e  sin 3x e  cos 3x dx e  cos 3x  e  sin 3x I CÊ œ � � œ � � �" " "

# # # # #
w2x 2x 2x 2x 2x3 3 3 9

4 4Š ‹'

  I e  cos 3x e  sin 3x C   (3 sin 3x 2 cos 3x) C, where C CÊ œ � � Ê � � œ13 3 e 4
4 4 13 13

"
#

w w2x 2x 2x

24. e  sin 2x dx; [y 2x]  e  sin y dy I; u sin y, du cos y dy; dv e  dy, v e' '� � � �2x y y yœ Ä œ œ œ œ œ �"
# c d

  I e  sin y e  cos y dy  u cos y, du sin y; dv e  dy, v eÊ œ � � œ œ � œ œ �"
# Š ‹ c d� � � �y y y y'

  I e  sin y e  cos y e ( sin y) dy e (sin y cos y) I CÊ œ � � � � � � œ � � � �" " "
# # #

w� � � �y y y yŠ ‹a b'

  2I e (sin y cos y) C   I e (sin y cos y) C (sin 2x cos 2x) C, where CÊ œ � � � Ê œ � � � œ � � � œ" "
# #

w� �y y
4 4

e C�2x w

25. e  ds;   e x dx xe  dx; u x, du dx; dv e  dx, v e ;
3s 9 x
ds x dx

' ' 'È3s 9 x x x x� ” • c d� œ

œ
Ä œ œ œ œ œ

#

2
3

2 2
3 3†

 xe  dx xe e  dx xe e C 3s 9 e e C2 2 2 2
3 3 3 3
' Š ‹ Š ‹a b Èx x x x x 3s 9 3s 9œ � œ � � œ � � �' È È� �

26. u x, du dx; dv 1 x dx, v (1 x) ;œ œ œ � œ � �È È2
3

$

 x 1 x dx (1 x) x  (1 x)  dx (1 x)' '
0 0

1 1È � ‘ � ‘È È� œ � � � � œ � � œ2 2 2 2 4
3 3 3 5 15

$ $
"

! !
&Î# "

27. u x, du dx; dv tan x dx, v tan x dx  dx  dx  dxœ œ œ œ œ œ œ �# # "�' ' ' ' 'sin x cos x dx
cos x cos x cos x

# #

# # #

 tan x x; x tan x dx x(tan x x) (tan x x) dx 3 ln cos xœ � œ � � � œ � � �' '
0 0

3 31 1Î Î
# Î$

! #

Î$

!
c d k kŠ ‹ ’ “È1 1 1

1

3 3
x#

 3 ln ln 2œ � � � œ � �1 1 1 11

3 3 18 3 18
3Š ‹È "

#

# #È
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28. u ln x x , du ; dv dx, v x; ln x x  dx x ln x x x dxœ � œ œ œ � œ � �a b a b a b# # #�
� �

�"(2x 1) dx
x x x(x 1)

2x
#

' '
†

 x ln x x x ln x x  dx x ln x x 2x ln x 1 Cœ � � œ � � œ � � � � �a b a b a b k k# # #� � �"
� �

' '(2x 1) dx 2(x 1)
x 1 x 1

29. sin (ln x) dx; du  dx   (sin u) e  du.  From Exercise 21, (sin u) e  du e C
u ln x

dx e  du

' ' 'Ô ×
Õ Ø ˆ ‰œ

œ Ä œ �

œ

" �
#x

sin u cos u

u

u u u

 x cos (ln x) x sin (ln x) Cœ � � �"
# c d

30. z(ln z)  dz; du  dz   e u e  du e u  du;
u ln z

dz e  du

' ' '# # #"
Ô ×
Õ Ø

œ

œ Ä œ

œ
z

u u 2u

u

† † †

 e2u

 u  e# "ïïïïî
Ð�Ñ

2
2u

 2u    
 

eïïïïî
Ð�Ñ

"
4

2u

 2    eïïïïî
Ð�Ñ

"
8

2u

 0 u e  du e e e C 2u 2u 1 C' # #
# #

"2u 2u 2u 2uœ � � � œ � � �u u e
4 4

# 2u c d
 2(ln z) 2 ln z 1 Cœ � � �z

4

# c d#

31. x sec x  dx Let u x , du 2x dx du x dx x sec x  dx sec u du ln sec u tan u C' ' '# # #’ “œ œ Ê œ Ä œ œ l � l �1 1 1
2 2 2

 ln sec x tan x Cœ l � l �1
2

# #

32. dx Let u x, du dx 2du dx  dx 2 cos u du 2 sin u C 2 sin x C' ' 'cos x cos x
x 2 x x x

1 1È È
È È È È’ “È Èœ œ Ê œ Ä œ œ � œ �

33. x ln x  dx; du  dx   e u e  du e u  du;
u ln x

dx e  du

' ' 'a b Ô ×
Õ Ø# " # #

œ

œ Ä œ

œ
x

u u 2u

u

† † †

 e2u

 u  e# "ïïïïî
Ð�Ñ

2
2u

 2u    
 

eïïïïî
Ð�Ñ

"
4

2u

 2    eïïïïî
Ð�Ñ

"
8

2u

 0 u e  du e e e C 2u 2u 1 C' # #
# #

"2u 2u 2u 2uœ � � � œ � � �u u e
4 4

# 2u c d
 2(ln x) 2 ln x 1 C ln x ln x Cœ � � � œ � � �x x x x

4 2 2 4

# # # #c d a b# #

34. dx Let u ln x, du dx  dx  du C C' ' '" "
x ln x x ln x

1 1 1
x u ln x

1

ua b a b# #’ “œ œ Ä œ œ � � œ � �2

35. u ln x, du dx; dv  dx, v ;œ œ œ œ �1 1 1
x x x2

 dx  dx C' 'ln x ln x ln x 1
x x x x x2 œ � � œ � � �"

#

36. dx Let u ln x, du dx  dx u  du u C ln x C' ' 'a b a bln x ln x 4
x x x 4 4

1 1 13 4
3 3’ “ a bœ œ Ä œ œ � œ �
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37. x e dx Let u x , du 4x dx du x dx x e dx e  du e C e C' ' '3 x 4 3 3 3 x u u x1 1 1 1
4 4 4 4

4 4 4’ “œ œ Ê œ Ä œ œ � œ �

38. u x , du 3x dx; dv x e  dx, v e ;œ œ œ œ3 2 2 x x1
3

3 3

 x e dx x e x dx x e e 3x dx x e e C' ' '5 x 3 x 2 3 x x 2 3 x x1 1 1 1
3 3 3 3

3 3 3 3 3 3
œ œ � œ � �

39. u x , du 2x dx; dv x 1 x dx, v x 1 ;œ œ œ � œ �2 22 1
3

3 2È a b Î

 x x 1 dx x x 1 x 1 2x dx x x 1 x 1 C' '3 2 2 2 2 2 22 1 1 1 2
3 3 3 15

3 2 3 2 3 2 5 2È a b a b a b a b� œ � � � œ � � � �
Î Î Î Î

40. x sin x dx Let u x , du 3x dx du x dx x sin x dx sin u du cos u C' ' '2 3 3 2 2 2 31 1 1
3 3 3’ “œ œ Ê œ Ä œ œ � �

 cos x Cœ � �1
3

3

41. u sin 3x, du 3cos 3x dx; dv cos 2x dx, v sin 2x ;œ œ œ œ 1
2

 sin 3x cos 2x dx sin 3x sin 2x cos 3x sin 2x dx' 'œ �1 3
2 2

 u cos 3x, du 3sin 3x dx; dv sin 2x dx, v cos 2x ;œ œ � œ œ � 1
2

 sin3x cos 2x dx sin 3x sin 2x cos 3x cos 2x sin3x cos 2x dx' 'œ � � �1 3 1 3
2 2 2 2” •

 sin 3x sin 2x cos 3x cos 2x sin 3x cos 2x dx sin 3x cos 2x dx sin 3x sin 2x cos 3x cos 2xœ � � Ê � œ �1 3 9 5 1 3
2 4 4 4 2 4

' '

 sin 3x cos 2x dx sin 3x sin 2x cos 3x cos 2x CÊ œ � � �' 2 3
5 5

42. u sin 2x, du 2cos 2x dx; dv cos 4x dx, v sin 4x ;œ œ œ œ 1
4

 sin 2x cos 4x dx sin 2x sin 4x cos 2x sin 4x dx' 'œ �1 1
4 2

 u cos 2x, du 2sin 2x dx; dv sin 4x dx, v cos 4x ;œ œ � œ œ � 1
4

 sin 2x cos 4x dx sin 2x sin 4x cos 2x cos 4x sin 2x cos 4x dx' 'œ � � �1 1 1 1
4 2 4 2” •

 sin 2x sin 4x cos 2x cos 4x sin 2x cos 4x dx sin 2x cos 4x dx sin 2x sin 4x cos 2x cos 4xœ � � Ê œ �1 1 1 3 1 1
4 8 4 4 4 8

' '

 sin 2x cos 4x dx sin 2x sin 4x cos 2x cos 4x CÊ œ � �' 1 1
3 6

43. e sin e dx Let u e , du e dx e sin e dx sin u du cos u C cos e C' ' 'x x x x x x x’ “œ œ Ä œ œ � � œ � �

44. dx Let u x, du dx 2du dx dx 2 e  du 2e C 2e C' ' 'e e

x x
1 1

2 x x
u u x

È Èx x

È ÈÈ È È’ “Èœ œ Ê œ Ä œ œ � œ �

45. cos x dx;   cos y 2y dy 2y cos y dy;

y x
dy  dx

dx 2y dy

' ' 'È Ô ×Ö Ù
Õ Ø

Èœ

œ

œ

Ä œ"
2 xÈ

 u 2y, du 2 dy; dv cos y dy, v sin y ;œ œ œ œ

 2y cos y dy 2y sin y 2 sin y dy 2y sin y 2 cos y C 2 x sin x 2 cos x C' 'œ � œ � � œ � �È È È
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46. x e  dx;   y e 2y dy 2y e dy;

y x
dy  dx

dx 2y dy

' ' 'È Ô ×Ö Ù
Õ Ø

È
È Èx y 2 y

2 x

œ

œ

œ

Ä œ"

   ey

 2y    e# ïïïïî
Ð�Ñ

y

 4y     
 

 eïïïïî
Ð�Ñ

y

 4      eïïïïî
Ð�Ñ

y

 0 2y e dy 2y e 4y e 4 e C 2x e 4 x e 4e C' 2 y y y y x x xœ � � � œ � � �# È È ÈÈ
47. sin 2)

   cos 2) )
# "ïïïïî �

Ð�Ñ
2

 2      sin 2) )ïïïïî �
Ð�Ñ

"
4

 2    cos 2ïïïïî
Ð�Ñ

"
8 )

 0  sin 2  d  cos 2  sin 2  cos 2'
0

21Î

) ) ) ) ) )
#

# #
"

Î#

!
œ � � �’ “) )

1
#

4

 ( 1) 0 ( 1) 0 0 1œ � � � � � � � � œ � œ’ “ � ‘1 1 1 1
# # #

8 4 4 4 8 8
4

† † † †

" " " �
#

48. cos 2x

 x    sin 2x$ "ïïïïî
Ð�Ñ

2

 3x    cos 2x# "ïïïïî �
Ð�Ñ

4

 6x    sin 2xïïïïî �
Ð�Ñ

"
8

 6      os 2x cïïïïî
Ð�Ñ

"
16

 0  x  cos 2x dx  sin 2x  cos 2x  sin 2x  cos 2x'
0

21Î
$

#

Î#

!
œ � � �’ “x 3x 3x 3

4 4 8

$ #
1

 0 ( 1) 0 ( 1) 0 0 0 1œ � � � � � � � � � œ � � œ’ “ � ‘1 1 1 1 1$ # # #

16 16 8 8 8 16 4 16
3 3 3 3 3 3 3 4

† † † † †

a b�

49. u sec t, du ; dv t dt, v ;œ œ œ œ�"

� #
dt t

t t 1È #

#

  t sec t dt  sec t  2  ' ' '
2 3 2 3 2 3

2 2 2

Î Î ÎÈ È È
�" �"

# #

#

#Î $ � �
œ � œ � �’ “ Š ‹ ˆ ‰t t dt 2 t dt

t t 1 2 t 13 3 6

# #

# #È È È† †

1 1

 t 1 3 1 3œ � � œ � � � œ � � œ � œ5 5 4 5 5
9 9 3 9 3 9 3 9

3 3 5 3 31 1 1 1 1’ “ Š ‹ Š ‹È È ÈÉ" " "
# # #

#
#

#Î $

�

È
È È È

50. u sin x , du ; dv 2x dx, v x ;œ œ œ œ�" # #

�
a b 2x dx

1 xÈ %

 2x sin x  dx x  sin x x' ' '
0 0 0

1 2 1 2 1 2Î Î ÎÈ È È
�" # # �" # #"Î #

! � �

"
#

�a b c da b ˆ ‰ ˆ ‰œ � œ �
È

È È
ˆ ‰

†

2x dx
1 x 2 1 x6

d 1 x
% %

%
1

 1 x 1œ � � œ � � œ1 1 1

1 1 4 1
3 6 3 12

# # #
%

"Î #

!

� �’ “È ÉÈ È

51. (a) u x, du dx; dv sin x dx, v cos x;œ œ œ œ �

 S x sin x dx [ x cos x] cos x dx [sin x]" ! !œ œ � � œ � œ' '
0 0

1 1

1 1
1 1
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 (b) S x sin x dx [ x cos x] cos x dx 3 [sin x] 3#
# #œ � œ � � � œ � � � œ' '

1 1

1 12 2” • c d1 1
1 11 1

 (c) S x sin x dx [ x cos x] cos x dx 5 [sin x] 5$
$ $
# #œ œ � � œ � œ' '

2 2

3 3

1 1

1 1

1 1

1 1
1 1

 (d) S ( 1) x sin x dx ( 1) [ x cos x] [sin x]8�" œ � œ � � �n 1 n 1 n 1 n 1

n

n 1

n n
� � Ð � Ñ Ð � Ñ

Ð � Ñ'
1

1

1 1

1 1
c d

 ( 1) (n 1) ( 1) n ( 1) 0 (2n 1)œ � � � � � � � œ �n 1 n n 1� �c d1 1 1

52. (a) u x, du dx; dv cos x dx, v sin x;œ œ œ œ

 S x cos x dx [x sin x] sin x dx [cos x] 2" # #œ � œ � � œ � � � � œ' '
1 1

1 1

1 1

1 1Î Î

Î Î
Î Î

Î Î2 2

3 2 3 2
3 2 3 2

2 2” • ˆ ‰31 1
1

 (b) S x cos x dx [x sin x] sin x dx [cos x] 4# # #œ œ � œ � � � œ' '
3 2 3 2

5 2 5 2
2 2
2 2

1 1

1 1

1 1

1 1Î Î

Î Î
& Î & Î

$ Î $ Î
� ‘ˆ ‰5 31 1

1

 (c) S x cos x dx [x sin x] sin x dx [cos x] 6$ # #œ � œ � � œ � � � � œ' '
5 2 5 2

7 2 7 2
2 2
2 2

1 1

1 1

1 1

1 1Î Î

Î Î
( Î ( Î

& Î & Î” • ˆ ‰7 51 1
1

 (d) S ( 1) x cos x dx ( 1) [x sin x] sin x dxn
n n n

2n 1 2 2n 1 2

2n 1 2 2n 1 2
n 1 2

2n 1 2œ � œ � �' '
Ð � Ñ Î Ð � Ñ Î

Ð � Ñ Î Ð � Ñ Î
Ð# � Ñ Î

Ð � Ñ Î
1 1

1 1

1

1” •
 ( 1) ( 1) ( 1) [cos x] (2n 2n ) 2nœ � � � � � œ � � � œn n n 1 n 1 2

2n 1 2’ “(2n 1) (2n 1)� �
# # #

"1 1
�

Ð# � Ñ Î

Ð � Ñ Î

1

1
1 1 1 1 1

53. V 2 (ln 2 x) e  dx 2  ln 2 e  dx 2 xe  dxœ � œ �' ' '
0 0 0

ln 2 ln 2 ln 2
x x x

1 1 1

 (2  ln 2) e 2 xe e  dxœ � �1 1c d c dŒ �x x xln 2 ln 2
0 0 0

ln 2'

 2  ln 2 2 2 ln 2 e 2  ln 2 2 2 (1 ln 2)œ � � œ � � œ �1 1 1 1 1ˆ ‰c dx ln 2
0

 

54. (a) V 2 xe  dx 2 xe e  dxœ œ � �' '
0 0

1 1
x x x

1 1
� � �Œ �c d "!

 2 e 2 1œ � � � œ � � �1 1Š ‹c d ˆ ‰" " ""
!e e e

�x

 2œ �1
4
e
1

 

 (b) V 2 (1 x)e  dx; u 1 x, du dx; dv e  dx,œ � œ � œ � œ'
0

1
x x

1
� �

  v e  ; V 2 (1 x) e e  dxœ � œ � � �� � �x x x

0

1

1 ” •c da b "
!

'

 2 [0 1( 1)] e 2 1 1œ � � � œ � � œ1 1’ “c d ˆ ‰�x "
!

"
e e

21

 

55. (a) V 2 x cos x dx 2 [x sin x] sin x dxœ œ �' '
0 0

2 21 1Î Î

1 1Œ �1Î#
!

 2 [cos x] 2 0 1 ( 2)œ � œ � � œ �1 1 1 1Š ‹ ˆ ‰1 11

# #
Î#

!

 

 (b) V 2 x  cos x dx; u x, du dx; dv cos x dx, v sin x;œ � œ � œ � œ œ'
0

21Î

1 ˆ ‰1 1

# #

 V 2 x  sin x 2 sin x dx 0 2 [ cos x] 2 (0 1) 2œ � � œ � � œ � œ1 1 1 1 1� ‘ˆ ‰1 1 1

#

Î#

!

Î#
!

'
0

21Î
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56. (a) V 2 x(x sin x) dx;œ '
0

1

1

 sin x

 x cos x# ïïïïî �
Ð�Ñ

 2x   in xsïïïïî �
Ð�Ñ

 2  cos xïïïïî
Ð�Ñ

 0  V 2 x  sin x dx 2 x  cos x 2x sin x 2 cos x 2 4Ê œ œ � � � œ �1 1 1 1'
0

1

# # #
!c d a b1

 (b) V 2 ( x)x sin x dx 2 x sin x dx 2  x  sin x dx 2 [ x cos x sin x] 2 8œ � œ � œ � � � �' ' '
0 0 0

1 1 1

1 1 1 1 1 1 1
# # # $

!
1 a b

 8œ 1

57. (a) A ln x dx x ln x dxœ œ �' '
1 1

e e’ “ e

1

 e ln e 1 ln 1 x e e 1 1œ � � œ � � œa b a b’ “ e

1

 (b) V ln x dx x ln x 2 ln x dxœ œ �' '
1 1

e e

1 1a b a bŠ ‹’ “2 2
e

1

 e ln e 1 ln 1 2x ln x 2 dxœ � � �1” •Š ‹ Š ‹a b a b ’ “2 2
e

1
'

1

e

 e 2e ln e 2 1 ln 1 2xœ � � �1” •Š ‹a ba b ’ “ e

1

 e 2e 2e 2 e 2œ � � � œ �1 1” •a b a ba b

 

 (c) V 2 x 2 ln x dx 2 x 2 ln x dx 2 x 2x ln x x 2 dxœ � œ � œ � � �' ' '
1 1 1

e e e

1 1 1a b a b Œ �” •ˆ ‰ ˆ ‰1 1
2 2

2
e

1

 2 e 2e ln e 2 ln 1 x 2x 2 e 2e e 2e e 9œ � � � � � œ � � � � œ �1 1Œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰” • ˆ ‰ ˆ ‰ˆ ‰ a b1 1 1 1 1 9
2 2 4 2 4 4 2

2 2 2 2 2
e

1

1

 (d) M ln x dx 1 (from part (a));  x x ln x dx x ln x x dx e ln e 1 ln 1 xœ œ œ œ � œ � �' ' '
1 1 1

e e e
1 1 1 1 1 1
1 2 2 2 2 4

2 2 2
e e

1 1

2” • ” •Š ‹a b
 e e 1 e 1 ; y ln x dx x ln x 2 ln x dxœ � � œ � œ œ �1 1 1 1 1 1 1

2 4 4 4 1 2 2
2 2 22 2 2

e

1
Š ‹a b a b a b a bŒ �” •' '

1 1

e e

 e ln e 1 ln 1 2x ln x 2 dx e 2e ln e 2 1 ln 2xœ � † � � œ � � " �1 1
2 2

2 2
e

1

e

1
Œ �Š ‹ Š ‹a b a b a bŒ �” • Š ‹a b ’ “'

1

e

 e 2e 2e 2 e 2  x y  is the centroid.œ � � � œ � Ê ß œ ß1 1 e 1 e 2
2 2 4 2a b a b a b Š ‹2 � �

58. (a) A tan x dx x tan x dxœ œ �' '
0 0

1 1
� �

�
1 1

1

0

x
1 x” • 2

 tan 1 0 ln 1 xœ � � �a b a b” •�1 21
2

1

0

 ln 2 ln 1 ln 2œ � � œ �1 1

4 2 4 2
1 1a b

 (b) V 2 x tan x dxœ '
0

1

1
�1

 2 tan x dxœ �1� �” •x x
2 1 x

1
1

0

2 2

2
� "

# �
'

0

1

 

 2 tan 1 0 1 dx 2 x tan x 2 1 tan 1 0 0œ � � � œ � � œ � � � �1 1 1Œ �ˆ ‰ ˆ ‰� �” • a ba b1 1
2 1 x 8 8

1 1 1
1

0

� � �" " "
# � # #
'

0

1

2
1 1

 2 1œ � � œ1ˆ ‰ˆ ‰1 1 1 1

8 4 2
2"

#
�a b
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59. av(y)  2e  cos t dtœ "
#1
'

0

2
t

1

�

 eœ " �
#

#

!1

1� ‘ˆ ‰�t sin t cos t

 (see Exercise 22) av(y) 1 eÊ œ �"
#1 a b�21

 

60. av(y) 4e (sin t cos t) dtœ �"
#1
'

0

2
t

1

�

  e  sin t dt  e  cos t dtœ �2 2
1 1
' '

0 0

2 2
t t

1 1

� �

 e eœ �2 sin t cos t sin t cos t
1

1� ‘ˆ ‰ ˆ ‰� �t t� � �
# #

#

!

 e  sin t 0œ � œ2
1

1c d�t #
!

 

61. I x cos x dx; u x , du nx  dx; dv cos x dx, v sin xœ œ œ œ œ' n n nc d�"

 I x sin x nx sin x dxÊ œ �n n' �"

62. I x sin x dx; u x , du nx  dx; dv sin x dx, v cos xœ œ œ œ œ �' n n nc d�"

 I x cos x nx cos x dxÊ œ � �n n' �"

63. I x e  dx; u x , du nx  dx; dv e  dx, v eœ œ œ œ œ' n ax n n ax ax
a

� ‘�" "

 I e x e  dx, aÊ œ � Á !x e n
a a

ax n axn ax ' �"

64. I ln x  dx; u ln x , du  dx; dv  dx, v xœ œ œ œ " œ' a b a b’ “n n n ln x
x

a bn�"

 I x ln x n ln x  dxÊ œ �a b a bn n' �"

65. x a f x dx; u x a, du dx; dv f x dx, v f t dt f t dt' ' '
a b x

b x ba b a b a b a b a b’ “� œ � œ œ œ œ �

 x a f t dt f t dt dx b a f t dt a a f t dt f t dt dxœ � � œ � � � � �” •a b a b a b a b a b a b a b a bŠ ‹ Œ � Œ �' ' ' ' ' ' '
b a b b b a x

x b x b a b b

a

b

 0 f t dt dx f t dt dxœ � œ' ' ' '
a x a x

b b b bŒ � Œ �a b a b

66. 1 x dx; u 1 x , du dx; dv dx, v x'È È’ “� œ � œ œ œ2 2 x
1 x
�

�È 2

 x 1 x dx x 1 x dx x 1 x dx dxœ � � œ � � œ � � �È È È Š ‹2 2 2x x x
1 x 1 x 1 x 1 x

' ' ' '� "� �" "� "

� � � �

2 2 2

2 2 2 2È È È È
 x 1 x 1 x dx dxœ � � � �È È2 2

1 x
' ' "

�È 2

 1 x dx x 1 x dx 1 x dx 2 1 x dx x 1 x dxÊ � œ � � � � Ê � œ � �' ' ' ' 'È È È È È2 2 2 2 2
1 x 1 x
" "

� �È È2 2

 1 x dx 1 x dx CÊ � œ � � �' 'È È2 2x 1
2 2 1 x

"

�È 2

67. sin x dx x sin x sin y dy x sin x cos y C x sin x cos sin x C' '�" �" �" �" �"œ � œ � � œ � �a b
68. tan x dx x tan x tan y dy x tan x ln cos y C x tan x ln cos tan x C' '�" �" �" �" �"œ � œ � � œ � �k k k ka b
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69. sec x dx x sec x sec y dy x sec x ln sec y tan y C' '�" �" �"œ � œ � � �k k
 x sec x ln sec sec x tan sec x C x sec x ln x x 1 Cœ � � � œ � � � ��" �" �" �" #k ka b a b ¹ ¹È

70. log  x dx x log  x 2  dy x log  x C x log  x C' '
2 2 2 2

yœ � œ � � œ � �2 x
ln ln 

y

# #

71. Yes, cos x is the angle whose cosine is x which implies sin cos x 1 x .�" �" #a b Èœ �

72. Yes, tan x is the angle whose tangent is x which implies sec tan x 1 x .�" �" #a b Èœ �

73. (a) sinh x dx x sinh x sinh y dy x sinh x cosh y C x sinh x cosh sinh x C;' '�" �" �" �" �"œ � œ � � œ � �a b
 check:  d x sinh x cosh sinh x C sinh x sinh sinh x   dxc d a ba b ’ “�" �" �" �"

� �

"� � œ � �x
1 x 1 xÈ È# #

 sinh x dxœ �"

 (b) sinh x dx x sinh x x  dx x sinh x 1 x 2x dx' ' '�" �" �" #" "

� #

�"Î#
œ � œ � �Š ‹ a bÈ1 x#

 x sinh x 1 x Cœ � � ��" # "Î#a b
 check:  d x sinh x 1 x C sinh x  dx sinh x dx’ “ ’ “a b�" # �" �""Î#

� �
� � � œ � � œx x

1 x 1 xÈ È# #

74. (a) tanh x dx x tanh x tanh y dy x tanh x ln cosh y C x tanh x ln cosh tanh x C;' '�" �" �" �" �"œ � œ � � œ � �k k k ka b
 check:  d x tanh x ln cosh tanh x C tanh x   dxc dk ka b ’ “�" �" �"

� �
"� � œ � �x

1 x cosh tanh x 1 x
sinh tanh x

# �" #

�"a ba b
 tanh x  dx tanh x dxœ � � œ� ‘�" �"

� �
x x

1 x 1 x# #

 (b) tanh x dx x tanh x  dx x tanh x  dx x tanh x  ln 1 x C' ' '�" �" �" �" #
� # � #

" "œ � œ � œ � � �x 2x
1 x 1 x# # k k

 check:  d x tanh x  ln 1 x C tanh x  dx tanh x dx� ‘ � ‘k k�" # �" �""
# � �� � � œ � � œx x

1 x 1 x# #

8.2  TRIGONOMETRIC INTEGRALS

 1. cos 2x dx cos 2x 2dx sin 2x C' 'œ † œ �" "
# #

 2. 3 sin dx 9  sin dx 9 cos 9 cos cos 0 9 1' '
0 0

1 1 1
1x x 1 x 9

3 3 3 3 30
œ † œ � œ � � œ � � œ’ “ ˆ ‰ ˆ ‰"

# #

 3. cos x sin x dx cos x sin x dx cos x C' '3 3 41
4œ � � œ � �a b

 4. sin 2x cos 2x dx sin 2x cos 2x 2dx sin 2x C' '4 4 51
10œ † œ �"

#

 5. sin x dx sin x sin x dx 1 cos x sin x dx sin x dx cos x sin x dx cos x cos x C' ' ' ' 'a b3 2 2 2 31
3œ œ � œ � œ � � �

 6. cos 4x dx cos 4x cos 4x dx 1 sin 4x cos 4x 4dx cos 4x 4dx sin 4x cos 4x 4dx' ' ' ' 'a b3 2 2 21 1 1
4 4 4œ œ � † œ † � †

 sin 4x sin 4x Cœ � �1 1
4 12

3

 7. sin x dx sin x sin x dx cos x sin x dx 2cos x cos x sin x dx' ' ' '5 4œ œ " � œ " � �a b a b a b# # ## #

 sin x dx 2cos x sin x dx cos x sin x dx cos x cos x cos x Cœ � � œ � � � �' ' '# #4 3 5
3 5

1
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 8. sin dx (using Exercise 7) sin dx 2cos sin dx cos sin dx' ' ' '
0 0 0 0

1 1 1 1
5 4x x x x x x

2 2 2 2 2 2
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰œ � �#

 cos cos cosœ �# � � œ ! � �# � � œ� ‘ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ a bx x x
2 3 2 5 2

3 5% # % # "'
$ & "&

1

0

 9. cos x dx cos x cos x dx sin x cos x dx cos x dx sin x cos x dx sin x sin x C' ' ' ' '3 31
3œ œ " � œ � œ � �a b a b# # #

10. 3cos 3x dx cos 3x cos 3x 3dx sin 3x cos 3x 3dx sin 3x sin 3x cos 3x 3dx' ' ' '
0 0 0 0

/6 /6 /6 /6
5

1 1 1 1

œ † œ " � † œ " � # � †a b a b a b# # # %# #

 cos 3x 3dx sin 3x cos 3x 3dx sin 3x cos 3x 3dx sin 3xœ † � # † � † œ � # �' ' '
0 0 0

/6 /6 /6
sin 3x sin 3x

3 5

61 1 1 1
# %

Î’ “3 5

0

 œ " � � � ! œˆ ‰ a b2
$ & "&

" )

11. sin x cos x dx sin x cos x cos xdx sin x 1 sin x cos x dx sin x cos x dx sin x cos x dx' ' ' ' '3 3 3 2 3 2 3 5œ œ � œ �a b
 sin x sin x Cœ � �1 1

4 6
4 6

12. cos 2x sin 2x dx cos 2x sin 2x 2dx cos 2x cos 2x sin 2x 2dx 1 sin 2x sin 2x cos 2x 2dx' ' ' '3 5 3 5 2 5 2 5œ † œ † œ � †" " "
# # # a b

 sin 2x cos 2x 2dx sin 2x cos 2x 2dx sin 2x sin 2x Cœ † � † œ � �" "
# #
' '5 7 6 81 1

12 16

13. cos x dx  dx 1 cos 2x dx dx cos 2x dx dx cos 2x 2dx' ' ' ' ' ' 'a b2 1 cos 2x
2 4œ œ � œ � œ � †� " " " " "

# # # #

 x sin 2x Cœ � �" "
# 4

14. sin x dx  dx 1 cos 2x dx dx cos 2x dx dx cos 2x 2dx' ' ' ' ' ' 'a b
0 0 0 0 0 0 0

/2 /2 /2 /2 /2 /2 /2
2 1 cos 2x

2 4

1 1 1 1 1 1 1

œ œ � œ � œ � †� " " " " "
# # # #

 x sin 2x sin 2 0 sin 2 0 0 0 0œ � œ � � � œ � � � œ� ‘ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ a b a b a b" " " " " "
# # #

Î

4 2 4 2 4 4 4
21 1 1 1 1

0

15. sin y dy sin y sin y dy cos y  sin y dy sin y dy cos y sin y dy' ' ' ' '
0 0 0 0 0

/2 /2 /2 /2 /2
7 6 2 2

1 1 1 1 1

œ œ " � œ � $a b$
 cos y sin y dy cos y sin y dy cos y� $ � œ � � $ � $ � œ ! � �" � " � � œ' '

0 0

/2 /2
4 6 cos y cos y cos y

3 5

1 1 1’ “ a b ˆ ‰3 & (

( & ( $&

Î#
$ " "'

0

16. 7cos t dt (using Exercise 15) 7 cos t dt sin t cos t dt sin t cos t dt sin t cos t dt' ' ' ' '7 2 4 6œ � $ � $ �’ “
 7 sin t C 7sin t 7sin t sin t sin t Cœ � $ � $ � � œ � � � �Š ‹sin t sin t sin t 21

3 5 5
33 & (

(
& (

17. sin x dx dx cos x cos x dx dx cos x dx dx' ' ' ' ' '
0 0 0 0 0 0

1 1 1 1 1 1

) œ ) œ # " � # # � # œ # � # # † # � #4 cos x cos 4xˆ ‰ a b"� # "�
# #

# #

 x sin x dx cos 4x dx x sin 4xœ # � # # � � œ # � � œ # � œ $c d � ‘1
1 1

1

0 0 0 0
' ' 1 1 1 1

"
#

18. cos 2 x dx dx cos 4 x cos 4 x dx dx cos 4 x dx dx' ' ' ' ' ') œ ) œ # " � # � œ # � % � #4 cos 4 x cos x
1 1 1 1ˆ ‰ a b"� "� )

# #

# #1 1

 3 dx cos 4 x dx cos x dx 3x sin 4 x sin x Cœ � % � ) œ � � ) �' ' '1 1 1 1
" "

)1 1

19. 16 sin x cos x dx 16 dx cos 2x dx dx dx' ' ' ' '# # #"� # "� # "�
# #œ œ % " � œ % � %ˆ ‰ˆ ‰ ˆ ‰a bcos x cos x cos 4x

2

 4x 2 dx 2 cos 4x dx 4x 2x sin 4x C 2x sin 4x C 2x sin 2x cos 2x Cœ � � œ � � � œ � � œ � �' ' " "
2 2

 2x 2sin x cos x 2cos x 1 C 2x 4sin x cos x 2sin x cos x Cœ � � � œ � � �a b2 3
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20. 8 sin y cos y dy 8  dy dy cos y dy cos y dy cos y dy' ' ' ' ' '
0 0 0 0 0 0

1 1 1 1 1 1
4 cos y cos y# # $"� # "� #

# #

#
œ œ � # � # � #ˆ ‰ ˆ ‰

 y sin 2y dy sin y cos y dy dy cos 4y dy cos y dyœ � � � " � # # œ � � � #� ‘ ˆ ‰ a b" " ""�
# # #

#
2

cos 4y1
1 1 1 1 1

0 0 0 0 0 0
' ' ' ' '1

 sin y cos y dy y sin 4y sin 2y� # # œ � � � � � † œ � œ'
0 0

1 1
1 1# " " " "

# ) # # # #1 1’ “sin 2y
3

3

21. 8cos 2 sin 2  d 8 C cos 2 C' 3 4cos 2
4) ) ) )œ � � œ � �ˆ ‰"

#

4
)

22. sin 2 cos 2  d sin 2 sin 2 cos 2  d sin 2 cos 2  d sin 2 cos 2  d' ' ' '
0 0 0 0

1 1 1 1/2 /2 /2 /2
2 3 2 2 2 4
) ) ) ) ) ) ) ) ) ) ) ) )œ " � œ �a b

 œ † � † œ !’ “" "
# #

sin 2 sin 2
3 5

/23 5
) )

1

0

23.  dx  sin  dx  sin dx cos ' ' '
0 0 0 0

2 2 2
cos x x x x 21 1 1

1É ¹ ¹ � ‘"�
# # # #œ œ œ �# œ # � # œ %

24. cos 2x dx  sin 2x dx sin 2x dx cos 2x' ' '
0 0 0 0

1 1 1 1È È È È È È È’ “" � œ # l l œ # œ � # œ # � # œ # #

25. sin t dt  cos t dt cos t dt cos t dt sin t sin t' ' ' '
0 0 0 0

1 1 1 1

1

1 1

1
È c d c d" � œ l l œ � œ � œ " � ! � ! � " œ ##

/2

/2
/2

/2

26. cos  d  sin  d sin  d cos ' ' '
0 0 0 0

1 1 1
1È c d" � œ l l œ œ � œ " � " œ ##) ) ) ) ) ) )

27. dx dx dx dx' ' ' '
1 1 1 1

1 1 1 1

Î Î Î Î

Î Î Î Î

"� "�

"� "� "�

"� "�3 3 3 3

2 2 2 2
sin x sin x

cos x cos x

cos x sin x cos x sin x cos x
cos x cos x sin x

2 2 2 2

2 2È È È È È
È È È

œ œ œ

 sin x cos x dx cos x cos cosœ " � œ � " � œ � " � � " � œ � �'
1

1

1

1
1 1

Î

Î
Î

Î

Î Î Î Î

3

2
2 2 2 2 2 3
3 3 2 3 3 3 3 2

3 2

3

2 3 2 3 2 3 2È ’ “a b ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰
 œ �É 3 2

2 3

28. sin x dx dx dx dx dx' ' ' ' '
0 0 0 0 0

6 6 6 6 6sin x
1

sin x
sin x sin x sin x sin x

sin x cos x cos x
1 1 1 1 1Î Î Î Î Î
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"�È" � œ œ œ œ
È È È È
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 2 sin x 2 sin 2 sin 0 2 2 1 2 2œ � " � œ � " � � " � œ � � œ �’ “a b É ˆ ‰ È É È È1 2

0

6

6
1Î

Î

#

1
1

29. dx dx dx dx' ' ' '
5 6 5 6 5 6 5 6

cos x cos x
sin x sin x

sin x cos x sin x cos x sin x
sin x sin x cos x1 1 1 1

1 1 1 1

Î Î Î Î"� "�

"� "� "�

"� "�

4 4 4 4

2 2È È È È È
È È È

œ œ œ

 dx cos x sin x dx cos x sin x sin x dxœ œ � " � œ � " � " �' ' '
5 6 5 6 5 6

cos x sin x
cos x

3 2
1 1 1

1 1 1

Î Î Î

"�
�

4 È È Èa b
 cos x sin x dx cos x sin x sin x dx; u u duœ � " � � " �' '

5 6 5 6
2 2

1 1

1 1

Î Î
È È È

 Let u 1 sin x u 1 sin x du cos x dx, x  u 1 sin , x  u 1 sin 1 ’ “ˆ ‰œ � Ê � œ Ê œ œ Ê œ � œ œ Ê œ � œ5 5 3
6 6 2
1 1

1 1

 sin x u 1 u du sin x u 2u u duœ � " � � � œ � " � � � �’ “ ’ “a b a b a bÈ Èˆ ‰2 2
3 3

3 2 2 3 2

5 6 5 63 2 3 2

1 1
5 2 3 2Î Î

Î ÎÎ Î
Î Î

1 1

1 1' '

 sin sin u u uœ � " � � " � � � �Š ‹a b ˆ ‰ � ‘ˆ ‰2 2 5 2 4 2
3 3 6 7 5 3

3 2 3 2 7 2 5 2 3 2
3 2

1
1

Î Î Î Î Î
Î

1

 œ � � � � � � � � œ � �Š ‹ Š ‹ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2 2 3 2 4 2 2 3 4 3 2 3 4 3 2 3 18
3 3 2 7 5 3 7 2 5 2 3 2 5 2 7 2 35

3 2 7 2 5 2 3 2 5 2 7 2Î Î Î Î Î Î

30. 1 sin 2x dx dx dx dx' ' ' '
1 1 1 1

1 1 1 1

Î Î Î Î

Î Î Î Î
� �

� � �

�

2 2 2 2

7 12 7 12 7 12 7 12
1 sin 2x

1
1 sin 2x
1 sin 2x 1 sin 2x 1 sin 2x

1 sin 2x cos 2xÈ � œ œ œ
È È È È

È È È
2 2

 dx 1 sin 2x 1 sin 2 1 sin 2 1 1œ œ � � œ � � � � œ � � œ � œ'
1

1

1

1
1 1

Î

Î
� "
� Î

Î

#
�

2

7 12
cos 2x 7 1

1 sin 2x 2

7 12

12 2 2 2
2 1È È È
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31. cos 2  d  sin   d  sin  d cos sin ' ' '
0 0 0 0

1 1 1
1

/2 /2 /2 /2
) ) ) ) ) ) ) ) ) ) ) )È È È È È Èc d a b" � œ # l l œ # œ # � � œ # " œ #

32. cos t  dt sin t  dt sin t  dt sin t dt sin t dt cos t sin t dt' ' ' ' ' '
� � � � ! �

# # $ $ $ #$Î# $Î# ! !

1 1 1 1 1

1 1 1 1a b a b a b¸ ¸" � œ œ œ � � œ � " �

 cos t sin t dt sin t dt cos t sin t dt sin t dt cos t sin t dt cos t� " � œ � � � � œ �' ' ' ' '
! � � ! !

# # #
! ! !

�

1 1 1

1 1 1

a b ’ “cos t
3

3

 cos t� � � œ " � � " � � " � � " � œ’ “ ˆ ‰ ˆ ‰cos t
3

3 1

!

" " " " )
$ $ $ $ $

33. sec x tan x dx tan x sec x dx tan x C' '2 2 21
2œ œ �

34. sec x tan x dx sec x tan x tan xdx; u tan x, du sec  x dx, dv sec x tan x dx, v sec x;' '2 2œ œ œ œ œ

 sec x tan x sec x dx sec x tan x sec x sec xdx sec x tan x tan x 1 sec xdxœ � œ � œ � �' ' ' a b3 2 2

 sec x tan x tan x sec xdx sec xdx sec x tan x ln sec x tan x tan x sec xdxœ � � œ � l � l �Š ‹' ' '2 2

 sec x tan x dx sec x tan x ln sec x tan x tan x sec xdxÊ œ � l � l �' '2 2

 2 tan x sec xdx sec x tan x ln sec x tan x tan x sec xdx sec x tan x ln sec x tan x CÊ œ � l � l Ê œ � l � l �' '2 2 " "
# #

35. sec x tan x dx sec x sec x tan x dx sec x C' '3 2 31
3œ œ �

36. sec x tan x dx sec x tan x sec x tan x dx sec x sec x 1 sec x tan x dx' ' '3 3 2 2 2 2œ œ �a b
 sec x sec x tan x dx sec x sec x tan x dx sec x sec x Cœ � œ � �' '4 2 5 31 1

5 3

37. sec x tan x dx tan x sec x dx tan x C' '2 2 2 2 31
3œ œ �

38. sec x tan x dx sec x tan x sec x dx tan x 1 tan x sec x dx tan x sec x dx tan x sec x dx' ' ' ' 'a b4 2 2 2 2 2 2 2 4 2 2 2œ œ � œ �

 tan x tan x Cœ � �1 1
5 3

5 3

39. 2 sec x dx; u sec x, du sec x tan x dx, dv sec x dx, v tan x;'
�

!
$ #

1/3
œ œ œ œ

 2 sec x dx 2 sec x tan x sec x tan x dx sec x sec x dx' ' '
� � �

! ! !
$ !

� Î$1 1 11/3 /3 /3
2 2œ � # œ # † " † ! � # † # † $ � # � "c d a bÈ

 sec x dx sec x dx; 2 2 sec x dx ln sec x + tan xœ % $ � # � # œ % $ � # l lÈ È c d' ' '
� � �

! ! !
$ $ !

� Î$1 1 1 1/3 /3 /3

  2 2 sec x dx ln  + ln  ln  '
�

!
$

1/3
œ % $ � # l " !l � # l # � $ l œ % $ � # # � $È È È ÈŠ ‹

  2 sec x dx ln  '
�

!
$

1/3
œ # $ � # � $È ÈŠ ‹

40. e sec e dx; u sec e , du sec e tan e e dx, dv sec e e dx, v tan e .' x x x x x x x x x$ #a b a b a b a b a b a bœ œ œ œ

 e sec e dx sec e tan e sec e tan e e dx' 'x x x x x x x$ #a b a b a b a b a bœ �

 sec e tan e sec e sec e e dxœ � � "a b a b a ba ba bx x x x x' #

 sec e tan e sec e e dx sec e e dxœ � �a b a b a b a bx x x x x x' '$

 2 e sec e dx sec e tan e ln sec e tan e C' x x x x x x$a b a b a b a b a b¸ ¸œ � � �

 e sec e dx sec e tan e ln sec e tan e C' x x x x x x$ "
#a b a b a b a b a bˆ ‰¸ ¸œ � � �
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41. sec  d tan sec  d sec  d tan sec  d tan tan C' ' ' '4 2 2 2 2 2 31
3) ) ) ) ) ) ) ) ) ) ) )œ " � œ � œ � �a b

 tan tan sec 1 C tan sec tan Cœ � � � œ � �) ) ) ) ) )
1 1 2
3 3 3

2 2a b
42. 3sec 3x  dx tan 3x sec 3x 3dx sec 3x 3dx tan 3x sec 3x 3dx tan 3x tan 3x C' ' ' '4 2 2 2 2 2 31

3a b a b a b a b a b a b a b a ba bœ " � œ � œ � �

43. csc  d cot csc  d csc  d cot csc  d cot' ' ' '
1 1 1 1

1 1 1 1
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1

1/4 /4 /4 /4

/2 /2 /2 /2
4 cot

3

2

/4
) ) ) ) ) ) ) ) ) ) )œ " � œ � œ � �a b ’ “# # # # #

Î
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 œ ! � �" � œa b ˆ ‰" %
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44. sec x dx sec x sec x dx tan x 1 sec x dx tan x 2tan x 1 sec x dx' ' ' 'a b a b6 4 2 2 2 4 2 2
2

œ œ � œ � �

 tan x sec x dx 2 tan x sec x dx sec x dx tan x tan x tan x Cœ � � œ � � �' ' '4 2 2 2 2 5 31 2
5 3

45. 4 tan x dx 4  sec x tan x dx 4 sec x tan x dx 4 tan x dx ln sec x C' ' ' '3 tan xœ � " œ � œ % � % l l �a b# #
#

#

 2 tan x 4 ln sec x C 2 tan x 2 ln sec  x C 2 tan x 2 ln 1 tan  x Cœ � l l � œ � l l � œ � � �# # #2 2a b
46. 6 tan x dx 6  sec x tan x dx 6  sec x tan x dx 6  tan x dx' ' ' '

� � � �
# #

1 1 1 1

1 1 1 1

/4 /4 /4 /4

/4 /4 /4 /4
4 2 2 2œ � " œ �a b

 6  sec x tan x dx 6  sec x 1 dx 6 sec x dx 6  dxœ � � œ ' � �' ' ' '
� � � �$

Î

� Î

#
1 1 1 1

1 1 1 11

1/4 /4 /4 /4

/4 /4 /4 /4
2 2 2 tan x

4

4
a b ’ “$

 tan x xœ # " � �" � ' � ' œ % � ' " � �" � � œ $ � )a b c d c d a ba b a b1 1

1 1

1 1Î Î
� Î � Î
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# #

4 4
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47. tan x dx tan x tan x dx sec x 1 tan x dx sec x 2sec x 1 tan x dx' ' ' 'a b a b5 4 2 4 2
2

œ œ � œ � �

 sec x tan x dx 2 sec x tan x dx tan x dx sec x sec x tan x dx 2 sec x sec x tan x dx tan x dxœ � � œ � �' ' ' ' ' '4 2 3

 sec x sec x ln sec x C tan x 1 tan x 1 ln sec x C tan x tan x ln sec x Cœ � � l l � œ � � � � l l � œ � � l l �1 1 1
4 4 4

4 2 2 2 4 2
2a b a b "

#

48. cot 2x dx cot 2x cot 2x dx cot 2x csc 2x 1  dx cot 2x csc 2x dx cot 2x dx' ' ' ' '6 4 2 4 2 4 2 4œ œ � œ �a b
 cot 2x csc 2x dx cot 2x cot 2x dx cot 2x csc 2x dx cot 2x csc 2x 1 dxœ � œ � �' ' ' '4 2 2 2 4 2 2 2a b
 cot 2x csc 2x dx cot 2x csc 2x dx cot 2x dxœ � �' ' '4 2 2 2 2

 cot 2x csc 2x dx cot 2x csc 2xdx csc 2x 1 dxœ � � �' ' '4 2 2 2 2a b
 cot 2x csc 2x dx cot 2x csc 2xdx csc 2x dx dx cot 2x cot 2x cot 2x x Cœ � � � œ � � � � �' ' ' '4 2 2 2 2 5 31 1

10 6
"
#

49. cot x dx csc x  cot x dx csc x cot x dx cot x dx ln csc x' ' ' '
1 1 1 1

1 1 1 1 1

1/6 /6 /6 /6

/3 /3 /3 /3
3 2 2 cot x

3

6
œ � " œ � œ � � l la b ’ “#

#

Î

Î

 ln ln lnœ � � $ � � # œ � $" " # %
# $ $$
ˆ ‰ Š ‹ ÈÈ

50. 8 cot t dt 8 csc t  cot t dt 8 csc t cot t dt 8 cot t dt cot t 8 csc t  dt' ' ' ' '4 2 2 2 2 2 3 28
3œ � " œ � œ � � � "a b a b

 cot t 8 cot t 8t Cœ � � � �8
3

3

51. sin 3x cos 2x dx sin x sin 5x  dx cos x cos 5x C' 'œ � œ � � �" " "
# #a b 10

52. sin 2x cos 3x dx sin x sin 5x  dx sin x sin 5x  dx cos x cos 5x C' ' 'œ � � œ � � œ � �" " " "
# # #a b a ba b 10
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53. sin 3x sin 3x dx cos cos 6x  dx dx cos 6x dx x sin 6x' ' ' '
� � � �

" " " " "
# # # # "# # #�1 1 1 1

1 1 1 1
1

1
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54. sin x cos x dx sin sin 2x  dx sin 2x dx cos 2x' ' '
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55. cos 3x cos 4x dx cos x cos 7x  dx cos x cos 7x  dx sin x sin 7x C' ' 'œ � � œ � œ � �" " " "
# #a b a ba b 2 14

56. cos 7x cos x dx cos 6x cos 8x  dx sin 6x sin 8x 0' '
� Î � Î

Î Î
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#
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� Î1 1
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57. sin   cos 3  d  cos 3  d cos 3  d cos 2  cos 3  d' ' ' '2 1 cos 2
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58. cos  2  sin  d 2cos  1  sin  d 4cos  4cos  1 sin  d' ' '2 2 4 22
) ) ) ) ) ) ) ) ) )œ � œ � �a b a b

 4cos  sin  d 4cos  sin  d sin  d cos  cos  cos Cœ � � œ � � � �' ' '4 2 5 34 4
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59. cos   sin 2  d cos   2sin cos  d 2 cos   sin  d cos  C' ' '3 3 4 52
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60. sin   cos 2  d sin   cos 2  sin  d 1 cos  2cos  1 sin  d' ' ' a b3 2 2 2
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�" �"" %
$ $

#ˆ ‰ ˆ ‰ È Èsec
tan 

#
)

)

    sec  d ln sec tan ' ' '
0 tan 1 3 tan 1 3

ln 4 tan 4 3 tan 4 3
tan 4e  dt 3 tan sec  d

e 9 tan 3 sec 

t

2tÈ �
œ œ œ �

�" �"

�" �"

�"

Ð Î Ñ Ð Î Ñ

Ð Î Ñ Ð Î Ñ
Ð Î) ) )

) )

†

†

#

) ) ) )c dk k 3
tan 1 3

Ñ

Ð Î Ñ�"

 ln ln ln 9 ln 1 10œ � � � œ � �ˆ ‰ Š ‹ Š ‹È5 4
3 3 3 3

10È "

36. Let e tan , t ln (tan ), tan tan , dt  d , 1 e 1 tan sec ;t 2tœ œ Ÿ Ÿ œ � œ � œ) ) ) ) ) )
�" �" # #ˆ ‰ ˆ ‰3 4 sec

4 3 tan 

#
)

)

    cos  d sin ' ' '
ln 3 4 tan 3 4 tan 3 4

ln 4 3 tan 4 3 tan 4 3
tan 4

Ð Î Ñ Ð Î Ñ Ð Î Ñ

Ð Î Ñ Ð Î Ñ Ð Î Ñ
Ðe  dt

1 e

(tan )  d

sec

t

2ta b
Š ‹

� $Î# $œ œ œ
�" �"

�" �"

�") )

)

sec
tan 

#
)

)

) ) )c d Î Ñ

Ð$Î%Ñ

3
tan�" œ � œ4 3

5 5 5
"

37.  ; u 2 t, du  dt   ; u tan , , du sec  d , 1 u sec ;' '
1 12 1 3

1 4 1

Î Î

Î
2 dt 2 du

t 4t t t 1 u 6 4È È È�
"

�
# # #’ “Èœ œ Ä œ Ÿ Ÿ œ � œÈ # ) ) ) ) )

1 1

     2 2' '
1 3 6

1 4

Î Î

Î

È
2 du 2 sec  d

1 u sec 4 6 6�
Î%
Î'# #

#

œ œ œ � œ
1

1

) ) 1 1 1

)

1

1
c d ˆ ‰)

38. y e , 0 , dy e sec  d , 1 (ln y) 1 tan sec ;œ Ÿ Ÿ œ � œ � œtan tan
4

) )1
) ) ) ) )

# # #È È
   d sec  d ln sec tan ln 1 2' ' '

1

e 4 4
dy

y 1 (ln y) 0 0
e sec
e sec È �

Î%
!#

#

œ œ œ � œ �
1 1Î Îtan

tan

)

)

)

)

1
) ) ) ) )c dk k Š ‹È

39. x sec , 0 , dx sec  tan  d , x 1 sec 1 tan ;œ � � œ � œ � œ) ) ) ) ) ) )
1

#
# #È È

 C sec  x C' 'dx sec  tan  d
x x 1 sec  tan È # �

�"œ œ � œ �) ) )

) )
)

40. x tan , dx sec  d , 1 x sec ;œ œ � œ) ) ) )
# # #

 C tan x C' 'dx sec  d
x 1 sec# #

#

�
�"œ œ � œ �) )

)
)

41. x sec , dx sec  tan  d , x 1 sec 1 tan ;œ œ � œ � œ) ) ) ) ) )È È# #

 sec  d tan C x 1 C' ' 'x dx sec sec  tan  d
x 1 tan È # �

# #œ œ œ � œ � �) ) ) )

)

†

) ) ) È
42. x sin , dx cos  d ,  ;œ œ � � �) ) ) )

1 1

# #

 C sin x C' 'dx cos  d
1 x cos È �

�"
#
œ œ � œ �) )

)
)

43. Let x tan , 0  , 2x dx sec   d x dx sec   d ; 1 x 1 tan  sec 2 2 2 4 2œ Ÿ � œ Ê œ � œ � œ) ) ) ) ) ) ) )
1

# #
" È È

 dx d sec d ln sec tan C ln 1 x x C' ' 'x sec  
1 x sec 

4 2È �

" " " "
# # # #4

2
œ œ œ l � l � œ l � � l �)

)
) ) ) ) ) È
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44. Let ln x sin ,   0 or 0 , dx cos d , 1 ln x cosœ � Ÿ � � Ÿ œ � œ) ) ) ) ) )
1 1

# #
1
x

2É a b
 dx d d csc d sin d ln csc cot cos C' ' ' ' 'É a b1 ln x

x ln x sin sin
cos 1 sin� �

2
2 2

œ œ œ � œ � l � l � �) )

) )
) ) ) ) ) ) ) ) )

 ln 1 ln x C ln 1 ln x Cœ � � � � � œ � � � �» » » »É Éa b a b1
ln x ln x ln x

1 ln x 1 1 ln x2 2É Éa b a b� � �2 2

45. Let u x x u dx 2u du dx 2u du 2 4 u du;œ Ê œ Ê œ Ê œ œ �È É É È2 4 x 4 u
x u

2' ' '� � 2

2

 u 2 sin , du 2 cos  d , 0  , 4 u 2 cos œ œ � Ÿ � œ) ) ) ) )
1

#
È 2

 2 4 u du 2 2 cos 2 cos  d 8 cos  d 8 d 4 d 4 cos 2 d' ' ' ' ' 'a bÈ a b� œ œ œ œ �2 2 1 cos 2

2
) ) ) ) ) ) ) ) )

� )

 4 2 sin 2 C 4 4 sin cos C 4 sin 4 C 4 sin x 4 x Cœ � � œ � � œ � � œ � � �) ) ) ) )
� ��1 1u u

2 2 2 2
4 u xˆ ‰ ˆ ‰Š ‹ Š ‹ È ÈÈ È2

 4 sin 4x x Cœ � � ��1 x
2

2Š ‹ ÈÈ

46. Let u x x u dx u duœ Ê œ Ê œ3 2 2 3 1 32
3

Î Î � Î

 dx u du du du sin u C sin x C' ' ' 'È É ˆ ‰ ˆ ‰ ˆ ‰x u 2 u 2 2 1 2 2
1 x 3 3 3 31 u 1 u 1 u

1 3 1 1 3 2
3u� � � �

� Î � � Î
3 3

2 3

2 3

1 3

1 3œ œ œ œ � œ �
Î

Î # #

Î

Îa b È È

47. Let u x x u dx 2u du x 1 x dx u 1 u 2u du 2 u 1 u du;œ Ê œ Ê œ Ê � œ � œ �È È È È È2 22 2' ' '
 u sin , du cos  d ,  , 1 u cos œ œ � � Ÿ � œ) ) ) ) )

1 1

# #
È 2

 2 u 1 u du 2 sin  cos cos  d 2 sin  cos  d sin  2 d d' ' ' ' '2 2 2 2 22 1 1 1 cos 4
2 2 2

È � œ œ œ œ) ) ) ) ) ) ) ) ) )
� )

 d cos 4 d sin 4 C sin 2 cos 2 C sin cos 2cos 1 Cœ � œ � � œ � � œ � � �1 1 1 1 1 1 1 1
4 4 4 16 4 8 4 4

2' ') ) ) ) ) ) ) ) ) ) ) )a b
 sin cos sin cos C sin u u 1 u u 1 u Cœ � � � œ � � � � �1 1 1 1 1 1

4 2 4 4 2 4
3 1 2 3 2 2) ) ) ) )

� Îa b È
 sin x x 1 x x 1 x Cœ � � � � �1 1 1

4 2 4
1 3 2� ÎÈ È Èa b È

48. Let w x 1 w x 1 2w dw dx dx 2w dw 2 w 1 dwœ � Ê œ � Ê œ Ê œ œ �È È2 x 2
x 1

w 1
w

2' ' 'È È
È �

�

�2

 w sec , dx sec tan  d , 0  , w 1 tan œ œ � � � œ) ) ) ) ) )
1

#
È 2

 2 w 1 dw 2 tan sec tan d ; u tan , du sec   d , dv sec  tan  d , v sec ' 'È 2 2� œ œ œ œ œ) ) ) ) ) ) ) ) ) ) )

 2 tan sec tan d 2 sec  tan 2 sec d 2 sec  tan 2 sec sec d' ' ') ) ) ) ) ) ) ) ) ) ) ) )œ � œ �3 2

 2 sec  tan 2 tan 1 sec d 2 sec  tan 2 tan sec d sec dœ � � œ � �) ) ) ) ) ) ) ) ) ) ) )' ' 'a b2 2Š ‹
 2sec  tan 2ln sec tan 2 tan sec d 2 tan sec d sec  tan ln sec tan Cœ � l � l � Ê œ � l � l �) ) ) ) ) ) ) ) ) ) ) ) ) )' '2 2

 w w 1 ln w w 1 C x 1 x 2 ln x 1 x 2 Cœ � � l � � l � œ � � � l � � � l �È È È È È È2 2

49. x x 4; dy x 4 ; y  dx; 

x 2 sec , 0
dx 2 sec  tan  d

x 4 2 tan 

dy
dx x x

dx x 4œ � œ � œ

œ � �

œ

� œ

È È Ô ×Ö Ù
Õ ØÈ# # �

#

#

' È #

) )

) ) )

)

1

  y 2 tan  d 2 sec 1  d 2(tan ) CÄ œ œ œ � œ � �' ' '(2 tan )(2 sec  tan ) d
2 sec 

) ) ) )

)

# #
) ) ) ) ) )a b

 2 sec C; x 2 and y 0  0 0 C  C 0  y 2 sec  œ � � œ œ Ê œ � Ê œ Ê œ �’ “ ’ “ˆ ‰È Èx 4 x 4x x# #� �
# # # #

�" �"
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50. x 9 1, dy ; y ;   y

x 3 sec , 0
dx 3 sec  tan  d

x 9 3 tan 

È Ô ×Ö Ù
Õ ØÈ#

� �

#

#

� œ œ œ Ä œ

œ � �

œ

� œ

dy
dx 3 tan 

dx dx 3 sec  tan  d
x 9 x 9È È# #

' '
) )

) ) )

)

1

) ) )

)

 sec  d ln sec tan C ln C; x 5 and y ln 3  ln 3 ln 3 C  C 0œ œ � � œ � � œ œ Ê œ � Ê œ' ) ) ) )k k ¹ ¹x
3 3

x 9È # �

  y ln Ê œ �¹ ¹x
3 3

x 9È # �

51. x 4  3, dy ; y 3  tan  C; x 2 and y 0  0  tan 1 Ca b# �" �"
� � # # #� œ œ œ œ � œ œ Ê œ �dy

dx x 4 x 4
3 dx dx 3 x 3
# #

'
  C   y  tanÊ œ � Ê œ �3 3 x 3

8 8
1 1

# #
�" ˆ ‰

52. x 1  x 1, dy ; x tan , dx sec  d , x 1 sec ;a b a bÈ# # # $# $Î##
�

� œ � œ œ œ � œdy
dx

dx
x 1a b# $Î# ) ) ) )

 y cos  d sin C tan  cos C C C; x 0 and y 1œ œ œ � œ � œ � œ � œ œ' 'sec  d tan x
sec sec x 1

#

$ #

) ) )

) )
) ) ) ) ) È �

  1 0 C  y 1Ê œ � Ê œ �x
x 1È # �

53. A   dx; x 3 sin , 0 , dx 3 cos  d , 9 x 9 9 sin 3 cos ;œ œ Ÿ Ÿ œ � œ � œ'
0

3 È9 x
3
�

#
# ##

) ) ) ) ) )
1 È È

 A  3 cos  d sin  cos œ œ œ � œ' '
0 0

2 21 1Î Î
3 cos 3 cos  d 3 3

3 4
) ) ) 11
† #

#
Î#

!) ) ) ) )c d
54. 1 y b 1 ; A 4  b 1  dx 4b  1  dxx x x x

a b a a a
y2

2 2 2 2 2

2 2 2 2
� œ Ê œ „ � œ � œ �É É É' '

0 0

a a

 x a sin , , dx a cos  d , 1 cos , x 0 a sin 0, x a a sin ’ “Éœ � Ÿ Ÿ œ � œ œ œ Ê œ œ œ Ê œ) ) ) ) ) ) ) ) )
1 1 1

# #
x
a 2

2

2

 4b  1  dx 4b  cos  a cos  d 4ab  cos d 4ab  d' ' ' '
0 0 0 0

a É a b� œ œ œx 1 cos2
a

2 2 2
22

2

1 1 1
)

Î Î Î
�

#) ) ) ) ) )

 2ab  d 2ab  cos2 d 2ab ab sin 2 2ab 0 ab sin sin 0 abœ � œ � œ � � � œ' '
0 0 0 0

1 1 1 1
1

Î Î Î Î2 2 2 2

2) ) ) ) ) 1 1’ “ ’ “ ˆ ‰ a b

55. (a) A  sin x dx u  sin x, du dx, dv dx, v xœ œ œ œ œ'
0

1 2
1 1 1

1 x

Î
� �

�
’ “È 2

 x sin x   dx sin 1 xœ � œ œ � ! � � œ’ “ ’ “ˆ ‰ È� �
Î ÎÎ

�

" "
# # #

� �1 1
1 2 1 21 2

x
1 x

2 6 3 12
1

0 00
' È

È
2

1

 (b) M  sin x dx ; x  x sin x dx  x sin x dxœ œ œ œ' ' '
0 0 0

1 2 1 2 1 2
1 1 16 3 12

1
1 12

6 3 12

Î Î Î
� � �� �

# � �

1

1

È
È1� �

#

6 3 12
1

È

 u  sin x, du dx, dv x dx, v x’ “œ œ œ œ�

�

"
#

1 21
1 xÈ 2

 x sin x   dxœ �12 x
6 3 12

2 1
1 2 1 2

1 x1� �

" "
# #

�
Î Î

�È ÈŒ �’ “
0 0

' 2

2

 x sin , , dx cos  d , 1 x cos , x 0 sin 0, x sin’ “Èœ � � � œ � œ œ œ Ê œ œ œ Ê œ) ) ) ) ) ) ) ) )
1 1 1

# # #
"2

6

 sin 0   cos  d  sin  dœ � � œ �12 sin 12
6 3 12 6 3 12

2 1 2
6 6

cos 481 1

1 1
) 1

)� � � �

" " " " "
# # # # #

�
Î Î

È ÈŒ � Œ �Š ‹ˆ ‰ ˆ ‰ ' '
0 0

2
) ) ) )

   d  d  cos 2  dœ � œ � �12 1 cos 2 12
6 3 12 6 3 1248 2 48 4 4

6 6 6

1 1

1 ) 1
1 1 1

� � � �

" � " "
#

Î Î Î

È ÈŒ � Œ �' ' '
0 0 0

) ) ) )

 sin 2 ;  y  sin x dxœ � � � œ œ12 1
6 3 12 48 4 8

6
3 3

4 6 3 12

1 2
1 2

1

1 )
1

1

1� �

" "
Î

�

� �

Î

#
�È

È
Š ‹ÈŒ �’ “ a b)

0 01� �

#

6 3 12
1

È
'

 u  sin x , du dx, dv dx, v x’ “a bœ œ œ œ�

�

1 2 2 sin x
1 x

�1

2È
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  x sin x dx  dxœ �6 2x sin x
6 3 12

1 2
1 2 1 2

1 x1� �
�

Î Î

�È È� �” •a b
0

0
' �1

2

 u  sin x, du dx, dv dx, v 2 1 x’ “Èœ œ œ œ � ��

� �

1 1 2x
1 x 1 x

2È È2 2

 sin 0 2 1 x sin x  dxœ � � � �6
6 3 12

1 12 2
1 2 1 2

2 1 x
1 x1� �

" "
# #

� �
Î Î

�

�È È
È� �Š ‹ˆ ‰ˆ ‰ ” •È

0
0
' 2

2

 2 1 sin 0 2x  1œ � � � � œ � � œ6 6
6 3 12 6 3 1272 72 6

2 1
1 2

3 12 3 72

12 6 3 121 1

1 1 1 1 1

1� � � �

" "
# #

�
Î

� �

� �È È
È È

Š ‹ÈŒ �Œ �É ˆ ‰ ˆ ‰ ’ “ Š ‹2 2 2

0

56. V  x tan x  dx  x tan x dx u  tan x, du dx, dv x dx, v xœ œ œ œ œ œ' '
0 0

1 1
1

2
1 1 21

1 x1 1Š ‹È ’ “� � �
� #

"
2

 x tan x   dx tan 1 0  1 dx  1 dxœ � œ � � � œ � �1 1 1Œ � Œ � Œ �’ “ ˆ ‰ ˆ ‰ ˆ ‰" " " " "
# # � # # � # �

� �2 1 1
1 1 1 1

x 1 1
1 x 1 x 8 1 x

0 0 0 0
' ' '2

2 2 2
1

 dx dx x tan x tan 1 0 0œ � � œ � � � œ � � � � � œ1 1 1Œ � Œ �’ “ ˆ ‰ˆ ‰1 1 1 1 1

8 1 x 8 8 4

1 1
1 1 1

1
2" " " " " "

# # � # # # #
� � �' '

0 0 0
2

a b

57. (a)  Integration by parts:  u  x , du 2x dx, dv x 1 x dx, v 1 xœ œ œ � œ � �2 22 1
3

3 2È a b Î

  x 1 x dx x 1 x  1 x 2x dx x 1 x 1 x C' '3 2 2 2 2 2 22 1 1 1 2
3 3 3 15

3 2 3 2 3 2 5 2È a b a b a b a b� œ � � � � œ � � � � �
Î Î Î Î

 (b) Substitution:  u  1 x x 1 u du 2x dx du x dxœ � Ê œ � Ê œ � Ê � œ2 2 "
#

  x 1 x dx  x 1 x x dx 1 u u du u u du u u C' ' ' '3 2 3 2 3 2 5 22 2 1
3 5

È È a bÈ Èˆ ‰� œ � œ � � œ � � œ � � �" " "
# #

Î Î Î

 1 x 1 x Cœ � � � � �1
3 5

2 23 2 5 2a b a bÎ Î"

 (c) Trig substitution: x sin , , dx cos  d , 1 x cos œ Ÿ Ÿ œ � œ) ) ) ) )
1 1

# #
È 2

  x 1 x dx  sin cos cos  d  sin cos   sin d 1 cos  cos   sin d' ' ' '3 3 2 2 2 22È a b� œ œ œ �) ) ) ) ) ) ) ) ) ) ) )

 cos   sin d cos   sin d cos  cos  C 1 x 1 x Cœ � œ � � � œ � � � � �' '2 4 3 5 2 21 1
3 5 3 5

3 2 5 2
) ) ) ) ) ) ) )

" "Î Îa b a b
58. (a) The slope of the line tangent to y f x  is given by f x . Consider the triangle whose hypotenuse is the 30 ft rope,œ a b a bw

 the length of the base is x and the height h 900 x  The slope of the tangent line is also , thusœ � Þ �È 2 900 x
x

È � 2

 f x .w �a b œ �
È900 x

x

2

 (b) f x dx    x 30 sin , 0 , dx 30 cos  d , 900 x 30 cos a b ’ “Èœ � œ � Ÿ œ � œ' È900 x
x

2�
#

2
) ) ) ) )

1

 30 cos  d 30 d 30 d 30 csc d 30 sin dœ � œ � œ � œ � �' ' ' ' '30 cos cos  
30 sin sin sin

1 sin  ) )

) ) )

)
) ) ) ) ) ) ) )

2 2ˆ ‰�

 30 ln csc cot 30 cos C 30 ln 900 x C; f 30 0œ l � l � � œ � � � � œ) ) ) º º È a b30
x x

900 x 2È � 2

 0 30 ln 900 30 C C f x 30 ln 900 xÊ œ � � � � œ Ê œ � � �º º º ºÈ Èa b30 30
30 30 x x

900 30 900 x2 2È È� �2 2

8.4  INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS

 1.   5x 13 A(x 2) B(x 3) (A B)x (2A 3B)5x  13 A B
(x  3)(x  2) x  3 x  2

�
� � � �œ � Ê � œ � � � œ � � �

   B (10 13)  B 3  A 2; thus, 
A B 5

2A 3B 13
Ê Ê � œ � Ê œ Ê œ œ �

� œ
� œ � 5x  13 2 3

(x  3)(x  2) x  3 x  
�

� � � � #

 2.   5x 7 A(x 1) B(x 2) (A B)x (A 2B)5x  7 5x  7 A B
x   3x  2 (x  2)(x  1) x  2 x  1

� �
� � � � � �# œ œ � Ê � œ � � � œ � � �

   B 2  A 3; thus, 
A B 5
A 2B 7

Ê Ê œ Ê œ œ �
� œ
� œ � 5x  7 3 2

x   3x  2 x  2 x  1
�

� � � �#
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 3.   x 4 A(x 1) B Ax (A B)   A 1 and B 3;
A 1

A B 4
x  4 A B

(x  1) x  1 (x  1)
�
� � �# #œ � Ê � œ � � œ � � Ê Ê œ œ

œ
� œ �

 thus, x  4 1 3
(x  1) x  1 (x  1)

�
� � �# #œ �

 4.   2x 2 A(x 1) B Ax ( A B) 
A 2

A B 2
2x  2 2x  2 A B

x   2x  1 (x  1) x  1 (x  1)
� �

� � � � �# # #œ œ � Ê � œ � � œ � � � Ê
œ

� � œ �
  A 2 and B 4; thus, Ê œ œ œ �2x  2 2 4

x   2x  1 x  1 (x  1)
�

� � � �# #

 5.   z 1 Az(z 1) B(z 1) Cz   z 1 (A C)z ( A B)z Bz  1 A B C
z (z  1) z z z  1

�
� �

# #
# #œ � � Ê � œ � � � � Ê � œ � � � � �

    B 1  A 2  C 2; thus, 
A C 0
A B 1

B 1
Ê Ê œ � Ê œ � Ê œ œ � �

� œ
� � œ
� œ

Þ
ßà

z  2 2
z (z  1) z z z  1

� " � �"
� �# #

6.   1 A(z 2) B(z 3) (A B)z (2A 3B)z A B
z   z   6z z   z  6 (z  3)(z  2) z  3 z  $ # #� � � � � � � � #

" "œ œ œ � Ê œ � � � œ � � �

    5B 1  B   A ; thus, 
A B 0

2A 3B 1
Ê Ê � œ Ê œ � Ê œ œ �

� œ
� œ � " "

� � � �

�

5 5 z   z   6z z  3 z  2
z

$ #

" "

5 5

 7. 1  (after long division); t   8 5t  2 5t  2 5t  2 A B
t   5t  6 t   5t  6 t   5t  6 (t  3)(t  2) t  3 t  2

#

# # #

� � � �
� � � � � � � � � �œ � œ œ �

  5t 2 A(t 2) B(t 3) (A B)t ( 2A 3B)    B (10 2) 12
A B 5
2A 3B 2

Ê � œ � � � œ � � � � Ê Ê � œ � œ
� œ

� � œ �
  B 12  A 17; thus, 1Ê œ � Ê œ œ � �t   8 17 12

t   5t  6 t  3 t  2

#

#

� �
� � � �

 8. 1 1  (after long division); t   9 9t   9 9t   9 9t   9 A B Ct D
t   9t t   9t t t   9 t t   9 t t t   9

% # # #

% # % # # # # # # #

� � � � � � � �
� � � � �œ � œ � œ � �a b a b

  9t 9 At t 9 B t 9 (Ct D)t (A C)t (B D)t 9At 9BÊ � � œ � � � � � œ � � � � �# # # # $ #a b a b
    A 0  C 0; B 1  D 10; thus, 1

A C 0
B D 9

9A 0
9B 9

Ê Ê œ Ê œ œ Ê œ � œ � �

� œ
� œ �

œ
œ

Þááßááà
t   9 10

t   9t t t   9

%

% # # #

� " �
� �

 9.   1 A(1 x) B(1 x); x 1  A ; x 1  B ;" " "
� � � # #1  x 1  x 1  x

A B
# œ � Ê œ � � � œ Ê œ œ � Ê œ

 ln 1 x ln 1 x C' ' 'dx dx dx
1  x 1  x 1  x� # � # � #

" " "
# œ � œ � � � �c dk k k k

10.   1 A(x 2) Bx; x 0  A ; x 2  B ;" " "
� � # #x   2x x x  2

A B
# œ � Ê œ � � œ Ê œ œ � Ê œ �

 ln x ln x 2 C' ' 'dx dx dx
x   2x x x  2# � # # � #

" " "œ � œ � � �c dk k k k
11.   x 4 A(x 1) B(x 6); x 1  B ; x 6  A ;x  4 A B 5 2 2

x   5x  6 x  6 x  1 7 7 7
� �

� � � � �# œ � Ê � œ � � � œ Ê œ œ � Ê œ œ

  dx  ln x 6  ln x 1 C  ln (x 6) (x 1) C' ' 'x  4 2 dx 5 dx 2 5
x   5x  6 7 x  6 7 x  1 7 7 7

� "
� � � �

# &
# œ � œ � � � � œ � � �k k k k k k

12.   2x 1 A(x 3) B(x 4); x 3  B 7 ; x 4  A 9;2x  1 A B 7 9
x   7x  12 x  4 x  3 1 1

�
� � � � �# œ � Ê � œ � � � œ Ê œ œ � œ Ê œ œ

  dx 9 7 9 ln x 4 7 ln x 3 C ln C' ' '2x  1 dx dx
x   7x  12 x  4 x  3

(x  4)
(x  3)

�
� � � �

�
�#

*

(œ � œ � � � � œ �k k k k ¹ ¹
13.   y A(y 1) B(y 3); y 1  B ; y 3  A ;y

y   2y  3 y  3 y  1 4 4 4
A B 1 3

# � � � � �
� "œ � Ê œ � � � œ � Ê œ œ œ Ê œ

  ln y 3  ln y 1  ln 5  ln 9  ln 1  ln 5' ' '
4 4 4

8 8 8
y dy dy dy

y   2y  3 4 y  3 4 y  1 4 4 4 4 4 4
3 3 3 3

# � � � �
" " " ")

%
œ � œ � � � œ � � �� ‘ ˆ ‰ ˆ ‰k k k k

  ln 5  ln 3œ � œ" "
# # #

ln 15
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14.   y 4 A(y 1) By; y 0  A 4; y 1  B 3 ;y  4
y   y y y  1 1

A B 3�
� � �# œ � Ê � œ � � œ Ê œ œ � Ê œ œ �

   dy 4  3  4 ln y 3 ln y 1 (4 ln 1 3 ln 2) 4 ln 3 ln ' ' '
1 2 1 2 1 2

1 1 1

Î Î Î

y  4 dy dy
y   y y y  1

3�
� � # #

"
"Î#

"
# œ � œ � � œ � � �c dk k k k ˆ ‰

 ln ln ln ln 16 ln œ � � œ œ" " "
8 16 8 8 8 4

27 27 27ˆ ‰
† †

15.   1 A(t 2)(t 1) Bt(t 1) Ct(t 2); t 0  A ; t 2" "
� � � � #t t 2t t t 2 t 1

A B C
$ # œ � � Ê œ � � � � � � œ Ê œ � œ �

  B ; t 1  C ; Ê œ œ Ê œ œ � � �1 dt dt dt dt
6 3 t t 2t t 6 t 2 3 t 1

" " " "
� � # � �

' ' ' '
$ #

  ln t  ln t 2  ln t 1 Cœ � � � � � �" " "
# k k k k k k6 3

16.   (x 3) A(x 2)(x 2) Bx(x 2) Cx(x 2); x 0  A ; x 2x  3 A B C 3
2x   8x x x  2 x  8

� "
� � � # # �$ œ � � Ê � œ � � � � � � œ Ê œ œ �

  B ; x 2  C ;  dxÊ œ œ Ê œ œ � � �" � "
� � �16 16 2x   8x 8 x 16 x  2 16 x  2

5 x  3 3 dx dx 5 dx' ' ' '
$

  ln x  ln x 2  ln x 2 C  ln Cœ � � � � � � œ �3 5
8 16 16 16 x

(x  2) (x  2)k k k k k k ¹ ¹" " � �&

'

17. (x 2)  (after long division);   3x 2 A(x 1) Bx 3x  2 3x  2 A B
x   2x  1 (x  1) (x  1) x  1 (x  1)

$

# # # #� � � � � �
� �œ � � œ � Ê � œ � �

 Ax (A B)  A 3, A B 2  A 3, B 1; œ � � Ê œ � œ Ê œ œ � '
0

1
x  dx

x   2x  1

$

# � �

 (x 2) dx 3 2x 3 ln x 1œ � � � œ � � � �' ' '
0 0 0

1 1 1
dx dx x

x  1 (x  1) x  1� � # �
"

"

!
#

#’ “k k
 2 3 ln 2 (1) 3 ln 2 2œ � � � � œ �ˆ ‰" "

# #

18. (x 2)  (after long division);   3x 2 A(x 1) Bx 3x  2 3x  2 A B
x   2x  1 (x  1) (x  1) x  1 (x  1)

$

# # # #� � � � � �
� �œ � � œ � Ê � œ � �

 Ax ( A B)  A 3, A B 2  A 3, B 1;  œ � � � Ê œ � � œ � Ê œ œ '
�1

0
x  dx

x   2x  1

$

# � �

 (x 2) dx 3 2x 3 ln x 1œ � � � œ � � � �' ' '
� � �1 1 1

0 0 0
dx dx x

x  1 (x  1) x  1� � # �
"

!

�"
#

#’ “k k
 0 0 3 ln 1 2 3 ln 2 2 3 ln 2œ � � � � � � � œ �Š ‹ Š ‹" " "

� # �#( 1) ( )

19. 1 A(x 1)(x 1) B(x 1)(x 1) C(x 1) D(x 1) ;"
� � � � �

# # # #
a bx   1

A B C D
x  1 x  1 (x  1) (x  1)# # # #œ � � � Ê œ � � � � � � � � �

 x 1  C ; x 1  D ; coefficient of x A B  A B 0; constant A B C Dœ � Ê œ œ Ê œ œ � Ê � œ œ � � �" " $
4 4

  A B C D 1  A B ; thus, A   B ; Ê � � � œ Ê � œ œ Ê œ �" " "
# �4 4

dx
x   1

' a b# #

  ln Cœ � � � œ � �" " " " " �
� � � � � �4 x  1 4 x  1 4 (x  1) 4 (x  1) 4 x  1 2 x   1
dx dx dx dx x  1 x' ' ' '

# # #
¸ ¸ a b

20.   x A(x 1) B(x 1)(x 1) C(x 1); x 1x A B C
(x  1) x   2x  1 x  1 x  1 (x  1)

#

# #� � � � � �
# #a b œ � � Ê œ � � � � � � œ �

  C ; x 1  A ; coefficient of x A B  A B 1  B ; Ê œ � œ Ê œ œ � Ê � œ Ê œ" " #
� � �2 4 4 (x  1) x   2x  1

3 x  dx' #

#a b
  ln x 1  ln x 1 C Cœ � � œ � � � � � œ � �" " " " "

� � � # � �
� �

4 x  1 4 x  1 2 (x  1) 4 4 (x  1) 4 2(x  1)
dx 3 dx dx 3 ln (x  1)(x  1)' ' '

#

$k k k k k k

21.   1 A x 1 (Bx C)(x 1); x 1  A ; coefficient of x1 A Bx  C
(x  1) x   1 x  1 x   1� � � � #

� "# #a b# #œ � Ê œ � � � � œ � Ê œa b
 A B  A B 0  B ; constant A C  A C 1  C ; œ � Ê � œ Ê œ � œ � Ê � œ Ê œ1 dx

2 (x  1) x   1
"
# � �
'

0

1

a b#

   dx  ln x 1  ln x 1  tan xœ � œ � � � �" " " " "
� # � # #

� � # �" "

!2 x  1 x   1 4
dx ( x  1)' '

0 0

1 1

#
� ‘k k a b

  ln 2  ln 2  tan 1  ln 1  ln 1  tan 0  ln 2œ � � � � � œ � œˆ ‰ ˆ ‰ ˆ ‰" " " " " " " "
# # # # #

�" �" �
4 4 4 4 8

(   2 ln 2)1 1

22.   3t t 4 A t 1 (Bt C)t; t 0  A 4; coefficient of t3t   t  4 A Bt  C
t   t t t   1

#

$ #

� � �
� �

# # #œ � Ê � � œ � � � œ Ê œa b
 A B  A B 3  B 1; coefficient of t C  C 1;   dtœ � Ê � œ Ê œ � œ Ê œ '

1

3È
3t   t  4

t   1

#

$

� �
�
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 4   dt 4 ln t  ln t 1 tan tœ � œ � � �' '
1 1

3 3È È
dt
t t   1 2

( t  1)� �
�

" # �" $

"#
� ‘k k a b È

 4 ln 3  ln 4 tan 3 4 ln 1  ln 2 tan 1 2 ln 3 ln 2  ln 2œ � � � � � œ � � � �Š ‹È È ˆ ‰" " "
# # #

�" �" 1 1

3 4

 2 ln 3  ln 2 lnœ � � œ �"
# # #

1 1

1 1
9

2
Š ‹È

23.   y 2y 1 (Ay B) y 1 Cy Dy   2y  1 Ay  B Cy  D
y   1 y   1y   1

#

# ## ##

� � � �

� ��
# #

a b a bœ � Ê � � œ � � � �a b
 Ay By (A C)y (B D)  A 0, B 1; A C 2  C 2; B D 1  D 0;œ � � � � � Ê œ œ � œ Ê œ � œ Ê œ$ #

  dy  dy 2  dy tan y C' ' 'y   2y  1 y
y   1 y   1y   1 y   1

#

# ## ## #

� �

� �
" "
� �

�"
a b a bœ � œ � �

24.   8x 8x 2 (Ax B) 4x 1 Cx D8x   8x  2 Ax  B Cx  D
4x   1 4x   14x   1

#

# ## ##

� � � �
� ��

# #
a b a bœ � Ê � � œ � � � �a b

 4Ax 4Bx (A C)x (B D); A 0, B 2; A C 8  C 8; B D 2  D 0;œ � � � � � œ œ � œ Ê œ � œ Ê œ$ #

  dx 2 8 tan 2x C' ' '8x   8x  2 dx x dx
4x   1 4x   14x   1 4x   1

#

# ## ## #

� � "
� �� �

�"
a b a bœ � œ � �

25.   2s 22s  2 As  B C D E
s   1 (s  1) s   1 s  1 (s  1) (s  1)

� �
� � � � � �a b# $ # # $œ � � � Ê �

 (As B)(s 1) C s 1 (s 1) D s 1 (s 1) E s 1œ � � � � � � � � � �$ # # # #a b a b a b
 As ( 3A B)s (3A 3B)s ( A 3B)s B C s 2s 2s 2s 1 D s s s 1œ � � � � � � � � � � � � � � � � � �c d a b a b% $ # % $ # $ #

 E s 1� �a b#

 (A C)s ( 3A B 2C D)s (3A 3B 2C D E)s ( A 3B 2C D)s ( B C D E)œ � � � � � � � � � � � � � � � � � � � � �% $ #

   summing all eq

   A        C            0
3A  B 2C D      0

  3A 3B 2C D E 0
 A 3B 2C D     2
       B  C D E 2

Ê

� œ
� � � � œ

� � � � œ
� � � � œ

� � � � œ

Þááááßááááà
uations  2E 4  E 2;Ê œ Ê œ

 summing eqs (2) and (3)  2B 2 0  B 1; summing eqs (3) and (4)  2A 2 2  A 0; C 0Ê � � œ Ê œ Ê � œ Ê œ œ

 from eq (1); then 1 0 D 2 2 from eq (5)  D 1;� � � � œ Ê œ �

  ds 2 (s 1) (s 1) tan s C' ' ' '2s  2 ds ds ds
s   1 (s  1) s   1 (s  1) (s  1)

�
� � � � �

�# �" �"a b# $ # # $œ � � œ � � � � � �

26.   s 81 A s 9 (Bs C)s s 9 (Ds E)ss   81 A Bs  C Ds  E
s s   9 s   9s s   9

%

# ## ##

� � �
� ��

% # ##

a b a bœ � � Ê � œ � � � � � �a b a b
 A s 18s 81 Bs Cs 9Bs 9Cs Ds Esœ � � � � � � � �a b a b% # % $ # #

 (A B)s Cs (18A 9B D)s (9C E)s 81A  81A 81 or A 1; A B 1  B 0;œ � � � � � � � � Ê œ œ � œ Ê œ% $ #

 C 0; 9C E 0  E 0; 18A 9B D 0  D 18;  ds 18œ � œ Ê œ � � œ Ê œ � œ �' ' 's 81 ds s ds
s s   9 s   9s

%

# ## #

�
� �a b a b

 ln s Cœ � �k k 9
s   9a b# �

27. x x 2 A x x 1 Bx C x 1 A B x A B C x A Cx x 2 A Bx C
x 1 x 1 x x 1

2 2 22

3 2
� � �
� � � �œ � Ê � � œ � � � � � œ � � � � � �a b a ba b a b a b a b

 A B 1 A B C 1, A C 2 adding eq(2) and eq(3) 2A B 1, add this equation to eq(1)Ê � œ ß � � œ � � œ Ê Ê � œ

 3A 2 A B 1 A C 1 A B ; dx dxÊ œ Ê œ Ê œ � œ Ê œ � � � œ � œ �2 1 4 x x 2
3 3 3 x 1 x 1 x x 1

2 3 1 3 x 4 3' '2

3 2
� �
� � � �

Î Î � ÎŠ ‹a b

 dx dx  u x u x du dxœ � œ � Ê � œ Ê œ2 1 1 x 4
3 x 1 3 x
' '

� # #
� " "

� �ˆ ‰"
#

2 3
4

’ “
 dx du dx du duœ � œ � �2 1 1 2 1 1 u 3 1

3 x 1 3 3 x 1 3 2
u
u u u

' ' ' ' '
� �

�

� � �

9
2

2 2 23 3 3
4 4 4

 ln x 1 ln x tan C ln x 1 ln x x 1 3tan Cœ l � l � � � � � œ l � l � l � � l � �2 1 3 3 2 1 2x 1
3 6 4 3 6

2

3 3 2 3
1 2 1x¹ ¹ˆ ‰ Š ‹ Š ‹È" �

#
� ��

ÎÈ È È
"

#
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28. 1 A x 1 x x 1 B x x x 1 C x D x x 11 A B Cx D
x x x x 1 x x 1

2 2
4 2� � � �

�œ � � Ê œ � � � � � � � � �a ba b a b a b a b
 A B C x B C D x B D x A A 1, B D 0 D B, B C D 0œ � � � � � � � � � Ê œ � œ Ê œ � � � � œa b a b a b3 2

 2B C 0 C 2B, A B C 0 1 B 2B 0 B C D ;Ê � � œ Ê œ � � œ Ê � � œ Ê œ � Ê œ � Ê œ1 2 1
3 3 3

 dx dx dx dx dx' ' ' ' 'a b1 1 1 1 1 1 2x 1
x x x x 1 x x 1 x 3 x 1 3 x x 1

1 3 2 3 x 1 3
4 2 2� � � � � � �

Î � Î � Î �œ � � œ � �a b

 ln x ln x 1 ln x x 1 Cœ l l � l � l � l � � l �1 1
3 3

2

29. x A x 1 x 1 B x 1 x 1 + Cx D x 1 x 1x A B Cx D
x 1 x 1 x 1 x 1

2 2 22

4 2� � � �
�œ � � Ê œ � � � � � � � �a ba b a ba b a ba ba b

 A B C x A B D x A B C x A B D A B C 0, A B D 1,œ � � � � � � � � � � � � Ê � � œ � � � œa b a b a b3 2

 A B C 0, A B D 0 adding eq(1) to eq (3) gives 2A 2B 0, adding eq(2) to eq(4) gives� � œ � � � œ Ê � œ

 2A 2B 1, adding these two equations gives 4B 1 B , using 2A 2B 0 A , using� � œ œ Ê œ � œ Ê œ �1 1
4 4

 A B D 0 D , and using A B C 0 C 0; dx dx� � � œ Ê œ � � œ Ê œ œ � �1 x
2 x 1 x 1 x 1 x 1

1 4 1 4 1 2' ' a b2

4 2� � � �
� Î Î Î

 dx dx dx ln x 1 ln x 1 tan x C ln tan x Cœ � � � œ � l � l � l � l � � œ � �1 1 1 1 1 1 1 1 1 1 x 1 1
4 x 1 4 x 1 2 x 1 4 4 2 4 x 1 2

1 1' ' '
� � � �

� ��
2 ¹ ¹

30. x x A x 2 x 1 B x 2 x 1 + Cx D x 2 x 2x x A B Cx D
x  3x 4 x 2 x 2 x 1

2 2 22

4 2 2
� �

� � � � �œ � � Ê � œ � � � � � � � �a ba b a ba b a ba ba b
 A B C x 2A 2B D x A B 4C x 2A 2B 4D A B C 0, 2A 2B D 1,œ � � � � � � � � � � � Ê � � œ � � œa b a b a b3 2

 A B 4C 1, 2A 2B 4D 0 subtractin eq(1) from eq (3) gives 5C 1 C , subtacting eq(2) from� � œ � � œ Ê � œ Ê œ � 1
5

 eq(4) gives 5D 1 D , substituting for C in eq(1) gives A B , and substituting for D in eq(4) gives� œ � Ê œ � œ1 1
5 5

  2A 2B A B , adding this equation to the previous equatin gives 2A A B ;� œ Ê � œ œ Ê œ Ê œ �4 2 3 3 1
5 5 5 10 10

  dx dx dx dx dx dx' ' ' ' ' 'x x 3 1 1 1 1 x 1 1
x  3x 4 x 2 x 2 x 1 10 x 2 10 x 2 5 x 1 5 x 1

3 10 1 10 1 5 x 1 52

4 2 2 2 2
�

� � � � � � � � �
Î Î � Î � Îœ � � œ � � �Š ‹a b

 ln x 2 ln x 2 ln x 1 tan x C3 1 1 1
10 10 10 5

2 1l � l � l � l � l � l � ��

31.   2 5 8 4 (A B) 2 2 C D2   5   8   4 A   B C   D
  2   2   2   2    2

) ) ) ) )

) ) ) )) )

$ #

# ## ##

� � � � �
� � � �� # �

$ # #
a b a bœ � Ê � � � œ � � � � �) ) ) ) ) ) )a b

 A (2A B) (2A 2B C) (2B D)  A 2; 2A B 5  B 1; 2A 2B C 8  C 2;œ � � � � � � � Ê œ � œ Ê œ � � œ Ê œ) ) )
$ #

 2B D 4  D 2;  d  d  d� œ Ê œ œ �' ' '2   5   8   4 2   1 2   2
  2   2   2   2  2   2

) ) ) ) )

) ) ) )) )

$ #

# ## ##

� � � � �
� � � �� �a b a ba b) ) )

  dœ � � œ � �' ' ' ' '2   2 d d
  2   2   2     2   (   1)   1   2   

d   2   2 d   2   2
  2   2

) ) )

) ) ) ) ) ) ) ) )

) ) ) )

) )

� "
� � � � # � � # � � � � #

� � � �

� �# # # # #

# #

# #)
a b a b

a b
 ln 2 2 tan ( 1) Cœ � � � � � ��"

� � #
# �"

) )#  2   a b) ) )

32.    4 2 3 1) ) ) ) ) ) )

) ) ))

% $ #

# # #$ # $#

  4   2   3   1 A   B C   D E   F
  1   1   1  1

� � � � � � �
� � ��

% $ #
a b a b a bœ � � Ê � � � �) ) ) )

 (A B) 1 (C D) 1 E F (A B) 2 1 C D C D E Fœ � � � � � � � œ � � � � � � � � �) ) ) ) ) ) ) ) ) ) ) )a b a b a b a b# # % # $ ##

 A B 2A 2B A B C D C D E Fœ � � � � � � � � � � �a b a b) ) ) ) ) ) ) ) )
& % $ # $ #

 A B (2A C) (2B D) (A C E) (B D F)  A 0; B 1; 2A C 4œ � � � � � � � � � � � Ê œ œ � œ �) ) ) ) )
& % $ #

  C 4; 2B D 2  D 0; A C E 3  E 1; B D F 1  F 0;Ê œ � � œ Ê œ � � œ � Ê œ � � œ Ê œ

  d 4 tan 2 1 1 C' ' ' ') ) ) ) ) ) ) ) )

) ) ))

% $ #

# # #$ # $#

  4   2   3   1 d  d  d
  1   1   1  1 4

� � � � "
� � ��

�" # #�" �#

a b a b a b) ) ) )œ � � œ � � � � �a b a b
33. 2x 2x ;   1 A(x 1) Bx; x 0  A 1;2x   2x   1 A B

x   x x   x x(x  1) x(x  1) x x  1

$ #

# #

� � " " "
� � � � �œ � œ � œ � Ê œ � � œ Ê œ �

 x 1  B 1; 2x dx x ln x ln x 1 C x ln Cœ Ê œ œ � � œ � � � � œ � �' ' ' '2x   2x   1 dx dx x  1
x   x x x  1 x

$ #

#

� � �
� �

# #k k k k ¸ ¸
34. x 1 x 1 ;   1 A(x 1) B(x 1);x A B

x   1 x   1 (x  1)(x  1) (x  1)(x  1) x  1 x  1

%

# #� � � � � � � �
# #" " "œ � � œ � � œ � Ê œ � � �a b a b

 x 1  A ; x 1  B ;  dx x 1  dxœ � Ê œ � œ Ê œ œ � � �" " " "
# # � # � # �

#' ' ' 'x dx dx
x   1 x  1 x  1

%

# a b
 x x  ln x 1  ln x 1 C x  ln Cœ � � � � � � œ � � �" " " " �$

# # # �3 3 x  1
x x  1k k k k ¸ ¸$
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35. 9  (after long division); 9x   3x  1 9x   3x  9x   3x  1 A B C
x   x x (x  1) x (x  1) x x x  1

$ # #

$ # # # #

� � � � " � �
� � � �œ � œ � �

  9x 3x 1 Ax(x 1) B(x 1) Cx ; x 1  C 7; x 0  B 1; A C 9  A 2;Ê � � œ � � � � œ Ê œ œ Ê œ � � œ Ê œ# #

  dx 9 dx 2 7 9x 2 ln x 7 ln x 1 C' ' ' ' '9x   3x  1 dx dx dx
x   x x x x 1 x

$

$ # #

� � "
� �œ � � � œ � � � � �k k k k

36. (4x 4) ;   12x 4 A(2x 1) B16x 12x  4 12x  4 A B
4x   4x  1 4x   4x  1 (2x  1) 2x  1 (2x  1)

$

# # # #� � � � � � �
� �œ � � œ � Ê � œ � �

  A 6; A B 4  B 2;  dx 4 (x 1) dx 6 2Ê œ � � œ � Ê œ œ � � �' ' ' '16x dx dx
4x   4x  1 2x  1 (2x  1)

$

# #� � � �

 2(x 1) 3 ln 2x 1 C 2x 4x 3 ln 2x 1 (2x 1) C, where C 2 Cœ � � � � � œ � � � � � � œ �# # �""
� " "k k k k2x  1

37. y ;   1 A y 1 (By C)y (A B)y Cy Ay   y   1 By  C
y   y y y   1 y y   1 y y   1

A% #

$ # # #

� � �
� � � �

" " # #œ � œ � Ê œ � � � œ � � �a b a b a b
 7  A 1; A B 0  B 1; C 0;  dy y dyÊ œ � œ Ê œ � œ œ � �' ' ' 'y   y   1 dy y dy

y   y y y   1

% #

$ #

� �
� �

 ln y  ln 1 y Cœ � � � �y#

# #
" #k k a b

38. 2y 2 ; 2y By  C
y   y   y  1 y   y   y  1 y   y   y  1 y   1 (y  1) y  1 y   1

2 2 2 A%

$ # $ # $ # # #� � � � � � � � � � � � �
�œ � � œ œ �a b

  2 A y 1 (By C)(y 1) Ay A By Cy By C (A B)y ( B C)y (A C)Ê œ � � � � œ � � � � � œ � � � � � �a b a b a b# # # #

  A B 0, B C 0 or C B, A C A B 2  A 1, B 1, C 1;Ê � œ � � œ œ � œ � œ Ê œ œ � œ �

  dy 2 (y 1) dy  dy' ' ' ' '2y dy y dy
y   y   y  1 y  1 y   1 y   1

%

$ # # #� � � � � �œ � � � �

 (y 1) ln y 1  ln y 1 tan y C y 2y ln y 1  ln y 1 tan y C,œ � � � � � � � œ � � � � � � �# # �" # # �"" "
# #"k k a b k k a b

 where C C 1œ �"

39. e y  ln C ln C' ' ' 'e  dt e   1
e   3e   2 y   3y  2 y  1 y  2 y  2 e   

dy dy dy y  1t t

2t t t� � � � � � � � #
� �œ œ œ � œ � œ �c d ¹ ¹ Š ‹t

#

40.  dt e dt;   dy y  dy
y e

dy e  dt
' ' ' ' 'e   2e   e e   2e   1

e   1 e   1 y   1 y   1 2 y   1
y   2y  1 y  1 y y4t 2t t 3t t

2t 2t

3 2� � � �
� � � � �

� � �œ Ä œ � œ �
œ
œ

t
t

t” • Š ‹# # #  dy � ' dy
y   1# �

  ln y 1 tan y C e  ln e 1 tan e Cœ � � � � œ � � � �y
2 2

2t 2t t2 " " "
# #

# �" �"a b a b a b
41. ; [sin y t, cos y dy dt]   dt  ln C' ' 'cos y dy dy

sin y  sin y  6 t   t  6 5 t  2 t  3 5 t  3
t  2

# #� � � � � � �
" " " " �œ œ Ä œ � œ �ˆ ‰ ¸ ¸

  ln Cœ �" �
�5 sin y  3

sin y  2¹ ¹
42. ; cos y   ln C  ln ' ' ' 'sin  d cos   2

cos   cos   2 y   y  2 3 y  2 3 y  1 3 y  1 3 cos   1
dy dy dy y  2) ) )

) ) )# #� � � � � � � �
" " " " ��c d ¹ ¹ ¸ ¸) œ Ä � œ � œ � œ � C

  ln C  ln Cœ � œ � �" � " �
� �3 1  cos 3 cos   2

2  cos cos   1¸ ¸ ¸ ¸) )

) )

43.  dx  dx 3  dx' ' '(x  2)  tan (2x)  12x   3x tan (2x)
4x   1 (x  2) 4x   1 (x  2)

x� � �
� � � �

# �" $ �"

# # # #a b œ �

 tan (2x) d tan (2x) 3 6 3 ln x 2 Cœ � � œ � � � �"
# � � �

�" �"' ' 'a b k kdx dx 6
x  2 (x  2) 4 x  2

tan 2x
#

�" #a b

44.  dx  dx  dx' ' '(x  1)  tan (3x)  9x   x tan (3x)
9x   1 (x  1) 9x   1 (x  1)

x� � �
� � � �

# �" $ �"

# # # #a b œ �

 tan (3x) d tan (3x) ln x 1 Cœ � � œ � � � �" �" �"
� � �3 x  1 (x  1) 6 x  1
dx dx 1tan 3x' ' 'a b k k#

�" #a b

45. dx dx Let u x du dx 2 du dx du;' ' '1 1 1 1 2
x x x x 1 2 x x u 13 2 2Î � � �È È È Èa bœ œ Ê œ Ê œ Ä’ “È

 2 A u 1 B u 1 A B u A B A B 0, A B 22 A B
u 1 u 1 u 12 � � �œ � Ê œ � � � œ � � � Ê � œ � � œa b a b a b
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 B 1 A 1; du du du du ln u 1 ln u 1 CÊ œ Ê œ � œ � œ � � œ � l � l � l � l �' ' ' 'a b2 1 1 1 1
u 1 u 1 u 1 u 1 u 12 � � � � �

�

 ln Cœ �º ºÈ
È

x 1
x 1
�

�

46. dx Let x u dx 6u du 6u du du 6 du' ' ' ' a b1 1 6u 6
x 1 x

6 5 5
u 1 u u 1 u 1a bÈ a b1 3 2 3 2 2

2

Î � � � �’ “œ Ê œ Ä œ œ �

 6 du du; 6 A u 1 B u 1 A B u A B A B 0,œ � œ � Ê œ � � � œ � � � Ê � œ' ' 6 6 A B
u 1 u 1 u 1 u 12 2� � � � a b a b a b

  A B 6 B 3 A 3; 6 du du 6u du 6u 3 du 3 du� � œ Ê œ Ê œ � � œ � � œ � �' ' ' ' 'a b6 3 3 1 1
u 1 u 1 u 1 u 1 u 12 � � � � �

�

 6u 3 ln u 1 3 ln u 1 C 6x 3 ln Cœ � l � l � l � l � œ � �1 6 x 1
x 1

Î �
�º º1 6

1 6

Î

Î

47. dx Let x 1 u dx 2u du 2u du du 2 du' ' ' ' a bÈx 1
x u 1 u 1 u 1

2 u 2u 2�
� � �’ “� œ Ê œ Ä œ œ �2 2 2

2

 2 du du; 2 A u 1 B u 1 A B u A B A B 0,œ � œ � Ê œ � � � œ � � � Ê � œ' ' 2 2 A B
u 1 u 1 u 1 u 12 2� � � � a b a b a b

  A B 2 B 1 A 1; 2 du du 2u du 2u du du� � œ Ê œ Ê œ � � œ � � œ � �' ' ' ' 'a b2 1 1
u 1 u 1 u 1 u 1 u 12 � � � � �

�" "

 2u ln u 1 ln u 1 C 2 x 1 ln Cœ � l � l � l � l � œ � � �È º ºÈ
Èx 1 1

x 1 1
� �

� �

48. dx Let x 9 u dx 2u du 2u du du;  ' ' '1 1 2 2 A B
x x 9

2
u 9 u u 9 u 9 u 3 u 3È a b� � � � � �’ “� œ Ê œ Ä œ œ �2 2 2

 2 A u 3 B u 3 A B u 3A 3B A B 0, 3A 3B 2 A B ;Ê œ � � � œ � � � Ê � œ � œ Ê œ Ê œ �a b a b a b 1 1
3 3

 du du du du ln u 3 ln u 3 C ln C' ' ' 'a b2 1 1 1 1 1 1 1
u 9 u 3 u 3 3 u 3 3 u 3 3 3 3

1 3 1 3 x 9 3
x 9 32 � � � � �

Î Î � �

� �
œ � œ � œ l � l � l � l � œ �º ºÈ

È

49. dx dx Let u x du 4x dx du; ' ' '1 x 1 1 1 A B
x x 1 x x 1 4 u u 1 u u 1 u u 1

4 3a b a b a b a b4 4 4

3

� � � � �œ œ Ê œ Ä œ �’ “
 1 A u 1 Bu A B u A A 1 B 1; du duÊ œ � � œ � � Ê œ Ê œ � œ �a b a b 1 1 1 1

4 u u 1 4 u u 1
' ' a ba b� �

"

 du du ln u ln u 1 C ln Cœ � œ l l � l � l � œ �1 1 1 1 1 1 1 x
4 u 4 u 1 4 4 4 x 1
' '

� �Š ‹4

4

50. dx dx Let u x du 5x dx du; ' ' '1 x 1 1 1 A B C
x x 4 x x 4 5 u u 4 u u 4 u u u 4

5 4
6 5 10 5 2 2 2

4

a b a b a b a b� � � � �œ œ œ Ê œ Ä œ � �’ “
 1 Au u 4 B u 4 Cu A C u 4A B u 4B A C 0, 4A B 0, 4B 1 BÊ œ � � � � œ � � � � Ê � œ � œ œ Ê œa b a b a b a b2 2 1

4

 A C ; du du du du duÊ œ � Ê œ œ � � � œ � � �1 1 1 1 1 1 1 1 1 1 1
16 16 5 u u 4 5 u u u 4 80 u 20 u 80 u 4

1 16 1 4 1 16' ' ' ' '
2 2 2a b� � �

Î Î ÎŠ ‹
 ln u ln u 4 C ln x ln x 4 C ln Cœ � l l � � l � l � œ � l l � � l � l � œ � �1 1 1 1 1 1 1 x 4 1

80 20u 80 80 20x 80 80 x 20x
5 5

5 5 5

5¹ ¹�

51. t 3t 2  1; x ln C; Ce ; t 3 and x 0a b ¸ ¸#
� � � � � �

� �� � œ œ œ � œ � œ œ œdx dt dt dt t  2 t  2
dt t   3t  2 t  2 t  1 t  1 t  1

x' ' '
#

  C  e   x ln 2 ln t 2 ln t 1 ln 2Ê œ Ê œ Ê œ œ � � � �" � " �
# � # �

t  2 t  2
t  1 t  1

x ¸ ¸ˆ ‰ k k k k
52. 3t 4t 1  2 3; x 2 3 3 3a b È È È È% #

� � � �� � œ œ œ �dx dt dt dt
dt t   13t   4t  1 t   

' ' '
% # # " # 

3

 3 tan 3t 3 tan t C; t 1 and x   C  Cœ � � œ œ Ê � œ � � Ê œ ��" �" �Š ‹È È 1 1È È È3 3 3
4 4 41 1 1

  x 3 tan 3t 3 tan tÊ œ � ��" �"Š ‹È È 1
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53. t 2t  2x 2;    ln x 1     ln x 1 ln C;a b k k k k' ' ¸ ¸# " " " "
# � � # # # � � #� œ � œ Ê � œ � Ê � œ �dx dx dt dt dt t

dt x  1 t   2t t t 2 t  
' '

#

 t 1 and x 1  ln 2 ln C  C ln 2 ln 3 ln 6  ln x 1 ln 6   x 1œ œ Ê œ � Ê œ � œ Ê � œ Ê � œ"
� � #3 t  2 t  
t 6tk k ¸ ¸

  x 1, t 0Ê œ � �6t
t  � #

54. (t 1) x 1    tan x ln t 1 C; t 0 and x 0  tan  0 ln 1 C� œ � Ê œ Ê œ � � œ œ Ê œ �dx dx dt
dt x   1 t  1

# �" �"
� �

' '
# k k k k

  C tan  0 0  tan x ln t 1  x tan (ln (t 1)), t 1Ê œ œ Ê œ � Ê œ � � ��" �" k k
55. V  y  dx   dx 3  dx 3  ln 3  ln 25œ œ œ � � œ œ1 1 1 1 1' ' '

0 5 0 5 0 5Þ Þ Þ

#Þ& #Þ& #Þ&

#
� � �

" " #Þ&

!Þ&
9 x

3x  x x  3 x x  3# Š ‹ˆ ‰ � ‘¸ ¸

56. V 2  xy dx 2  dx 4  dxœ œ œ � �1 1 1' ' '
0 0 0

1 1 1
2x 2

(x  1)(2  x) 3 x  1 3 2  x� � � �
" " "ˆ ‰ˆ ‰ ˆ ‰

 ln x 1 2 ln 2 x (ln 2)œ � � � � œ� ‘a bk k k k4 4
3 3
1 1"

!

57. A tan x dx x tan x  dxœ œ �' '
0 0

3 33

0

È ÈÈ�" �"
�c d x

1  x#

  ln x 1 ln 2;œ � � œ �1 1È È3 3
3 3

� ‘a b"
#

#
È3

0

 x  x tan x dxœ " �"
A
'

0

3È

 x  tan x   dxœ �" " "
# # �

# �"
A 1  x

xŒ �� ‘È È
3

0 0

3' #

#

 x tan xœ � �" "
# #

�"
A ’ “� ‘a b1

È3

0

 1.10œ � � œ � œµ" "
# # #A 6 A 3

3 32Š ‹ Š ‹1 1 1
È È

 

58. A  dx 3 2 3 ln x ln x 3 2 ln x 1 ln ;œ œ � � œ � � � � œ' ' ' '
3 3 3 3

5 5 5 5
4x   13x  9 dx dx dx 125
x   2x   3x x x  3 x  1 9

#

$ #

� �
� � � �

&
$c dk k k k k k

 x   dx 4x 3 2 (8 11 ln 2 3 ln 6) 3.90œ œ � � œ � � œµ" " "� � &
� � � �$A x   2x   3x A x  3 x  1 A

x 4x   13x  9 dx dx' ' '
3 3 3

5 5 5a b#

$ # Š ‹c d
59. (a) kx(N x) k dt  k dt   ln kt C;dx dx dx dx x

dt x(N x) N x N N x N N xœ � Ê œ Ê � œ Ê œ �' ' ' ' '
� � �

" " " ¸ ¸
 k , N 1000, t 0 and x 2   ln C   ln  lnœ œ œ œ Ê œ Ê œ �" " " " "

�250 1000 998 1000 1000 x 250 1000 499
2 x t¸ ¸ ¸ ¸ ˆ ‰

  ln 4t  e   499x e (1000 x)  499 e x 1000e   xÊ œ Ê œ Ê œ � Ê � œ Ê œ¸ ¸ a b499x 499x 1000e
1000 x 1000 x 499 e

4t 4t 4t 4t
� � �

4t

4t

 (b) x N 500  500   500 499 500e 1000e   e 499  t  ln 499 1.55 daysœ œ Ê œ Ê � œ Ê œ Ê œ ¸" "
# �

1000e
499 e 4

4t 4t 4t4t

4t †

60. k(a x)(b x)  k dtdx dx
dt (a x)(b x)œ � � Ê œ� �

 (a) a b:  k dt  kt C; t 0 and x 0  C  ktœ œ Ê œ � œ œ Ê œ Ê œ �' 'dx
(a x) a x a a x a� � �

" " " "
#

    a x   x aÊ œ Ê � œ Ê œ � œ" �"
� � � �a x a akt 1 akt 1 akt 1

akt a a a kt#

 (b) a b:  k dt  k dt   ln kt C;Á œ Ê � œ Ê œ �' ' ' ' 'dx dx dx b x
(a x)(b x) b a a x b a b x b a a x� � � � � � � �

" " " �¸ ¸
 t 0 and x 0   ln C  ln (b a)kt ln   eœ œ Ê œ Ê œ � � Ê œ" � �

� � �
Ð � Ñ

b a a a x a a x a
b b x b b x b b a kt¸ ¸ ˆ ‰

  xÊ œ
ab 1 e

a be

� ‘�

�

Ð � Ñ

Ð � Ñ

b a kt

b a kt

8.5  INTEGRAL TABLES AND COMPUTER ALGEBRA SYSTEMS

 1.  tan  C' dx 2 x 3
x x 3 3 3È È�

�" �œ �É
      (We used FORMULA 13(a) with a 1, b 3)œ œ
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 2.  ln C  ln C' dx
x x 4 x 4 24 x 4 4

x 4 4 x 4 2È È È È
È ÈÈ
È� � �

" "� � � �

� � #œ � œ �¹ ¹ ¹ ¹
      (We used FORMULA 13(b) with a 1, b 4)œ œ

 3. 2 x 2  dx 2 x 2  dx' ' ' ' 'x dx dx
x 2 x 2 x 2

(x 2) dxÈ È È� � �

�
" �"

œ � œ � � �Š ‹ Š ‹È È
  2  x 2 4 Cœ � œ � � �ˆ ‰ ˆ ‰ È ’ “2 2

1 3 1 1 3

x 2 x 2 2(x 2)Š ‹ Š ‹È È� � �

$ "

      (We used FORMULA 11 with a 1, b 2, n 1 and a 1, b 2, n 1)œ œ � œ œ œ � œ �

 4. ' ' ' ' 'x dx 3 dx dx 3 dx
(2x 3) (2x 3) (2x 3)

(2x 3) dx
2x 3 2x 3� � �

" "
# # # #

�

� �
$Î# $Î# $Î# $œ � œ �È ˆ ‰È

 2x 3  dx 2x 3  dx   Cœ � � � œ � �" "
# # # # # # �

�" �$ � �' 'Š ‹ Š ‹È È ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰3 2 3 22x 3 2x 3
1 ( 1)

ˆ ‰ ˆ ‰È È" �"

 (2x 3 3) C Cœ � � � œ �"
# � �

�È È2x 3 2x 3
(x 3)

      (We used FORMULA 11 with a 2, b 3, n 1 and a 2, b 3, n 3)œ œ œ � œ œ œ �

 5. x 2x 3 dx (2x 3) 2x 3 dx 2x 3 dx 2x 3  dx 2x 3  dx' ' ' ' 'È È È È ÈŠ ‹ Š ‹� œ � � � � œ � � �" "
# # # #

$ "
3 3

   C 1 C Cœ � � œ � � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ � ‘" �
# # # # #

� � � � �2 3 2 2x 32x 3 2x 3

5 3 5 5
(2x 3) (2x 3) (x 1)Š ‹ Š ‹È È& $

$Î# $Î#

      (We used FORMULA 11 with a 2, b 3, n 3 and a 2, b 3, n 1)œ œ � œ œ œ � œ

 6. x(7x 5)  dx (7x 5)(7x 5)  dx (7x 5)  dx 7x 5  dx 7x 5  dx' ' ' ' '� œ � � � � œ � � �$Î# $Î# $Î#" " & $

7 7 7 7
5 5ˆ ‰ ˆ ‰È È

   C 2 Cœ � � œ � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ’ “ ’ “" � � � �
7 7 7 7 7 5 49 7

2 5 27x 5 7x 5 (7x 5) 2(7x 5)ˆ ‰ ˆ ‰È È( &
&Î#

 Cœ �’ “ ˆ ‰(7x 5)
49 7

14x 4� �&Î#

      (We used FORMULA 11 with a 7, b 5, n 5 and a 7, b 5, n 3)œ œ œ œ œ œ

 7.  dx C' 'È È
È9 4x 9 4x

x x
( 4) dx

x 9 4x
� � �

# �
# œ � � �

      (We used FORMULA 14 with a 4, b 9)œ � œ

 2  ln Cœ � � �
È È È

È È È9 4x 9 4x 9
x 9 9 4x 9
� � �"

� �
Š ‹ ¹ ¹

      (We used FORMULA 13(b) with a 4, b 9)œ � œ

  ln Cœ � �� � � �

� �

È È
È9 4x 9 4x 3

x 3
2

9 4x 3
¹ ¹

 8. C' 'dx 4 dx
x 4x 9 x 4x 9

4x 9
( 9)x 18#È È

È
� �

�
�œ � � �

      (We used FORMULA 15 with a 4, b 9)œ œ �

  tan  Cœ � �
È

È4x 9
9x 9 9

2 2 4x 9
9

� �" �ˆ ‰ Š ‹ É
      (We used FORMULA 13(a) with a 4, b 9)œ œ

  tan  Cœ � �
È4x 9

9x 27 9
4 4x 9� �" �É

 9. x 4x x  dx x 2 2x x  dx  sin C' 'È È ˆ ‰� œ � œ � �# # � � �
# #

�" �
†

(x 2)(2x 3 2) 2 2 x x
6

2 x 2† † †

È # $

 4 sin C 4 sin Cœ � � œ � �(x 2)(2x 6) 4x x (x 2)(x 3) 4x x
6 3

x 2 x 2� � � � � ��" �"� �
# #

È È# #ˆ ‰ ˆ ‰
      (We used FORMULA 51 with a 2)œ
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10.  dx  dx 2 x x  sin C x x  sin (2x 1) C' 'È Éx x
x x

2 x x x� � " " "
# # #

# #�" �"�#
"

#

# "

#

"

#

œ œ � � � œ � � � �
† É Š ‹ È

†

      We used FORMULA 52 with aˆ ‰œ "
#

11.   ln C  ln C' 'dx dx
x 7 x

x 7 x
7 7

7 7 x

x x
7 7 xÈ È ÈÊŠ ‹È

È ÈÊŠ ‹ È È
�

�

" "
� �

� �
# #

#

#
#

#

œ œ � � œ � �

â ââ ââ ââ ââ ââ â ¹ ¹
      We used FORMULA 26 with a 7Š ‹Èœ

12.  ln C  ln C' 'dx dx
x 7 x

x 7 x
7 7

7 7 x

x x
7 7 xÈ È ÈÊŠ ‹È

È ÈÊŠ ‹ È È
�

�

" "
� �

� �
# #

#

#
#

#

œ œ � � œ � �

â ââ ââ ââ ââ ââ â ¹ ¹
      We used FORMULA 34 with a 7Š ‹Èœ

13.  dx  dx 2 x 2 ln C 4 x 2 ln C' 'È È È È4 x 2 x 2 2 x 2 4 x
x x x x
� � � � � �# # ## # # # # #

œ œ � � � œ � � �È È¹ ¹ ¹ ¹
      (We used FORMULA 31 with a )œ #

14.  dx  dx x 2 2 sec  C x 4 2 sec  C' 'È Èx 4 x 2
x x

x x# # #� � # # #�" �"
# #œ œ � � � œ � � �È È¸ ¸ ¸ ¸

      (We used FORMULA 42 with a )œ #

15. e  cos 3t dt (2 cos 3t 3 sin 3t) C (2 cos 3t 3 sin 3t) C' 2t œ � � œ � �e e
2 3 13

2t 2t

# #�

      (We used FORMULA 108 with a 2, b 3)œ œ

16. e  sin 4t dt ( 3 sin 4t 4 cos 4t) C (  sin 4t 4 cos 4t) C' �3t œ � � � œ �$ � �e e
( 3) 4 25

� �

# #

3t 3t

� �

      (We used FORMULA 107 with a 3, b 4)œ � œ

17. x cos x dx x  cos x dx  cos x  cos x' ' ' '�" " �" �" �"
� � # #

" "

� �
œ œ � œ �x x  dx x x  dx

1 1 1 1 1 x 1 x

1 1 1 1� �

È È# #

# #

      (We used FORMULA 100 with a 1, n 1)œ œ

  cos x  sin x x 1 x C  cos x  sin x x 1 x Cœ � � � � œ � � � �x x
4 4

# #

# # # # # #
�" �" �" �"" " " " " "# #ˆ ‰ Š ‹È È

      (We used FORMULA 33 with a 1)œ

18. x tan x dx x  tan x  dx  tan x  tan x' ' ' '�" " �" �" �"
� � # # �

" "
� "

œ " œ " � œ �a b a bx x  dx x x  dx
1 1 1 1 1 x1 x

1 1 1 1� �

a b# #

# #

#

      (We used FORMULA 101 with a 1, n 1)œ œ

  tan x dx  (after long division)œ � " �x  
1 x

#

## # �
�" " "' ˆ ‰

  tan x dx dx  tan x x  tan x C x tan x x Cœ � � œ � � � œ � " � �x  x
1 x

# #

## # # � # # # #
�" �" �" # �"" " " " " "' ' a ba b

19. x  tan x dx  tan x  dx  tan x  dx' ' '# �" �" �"
� � � �

" "œ � œ �x x x x
2  1 2  1 1  x 3 3 1  x

2 1 2 1� � $ $

# #

      (We used FORMULA 101 with a 1, n 2);œ œ

  dx x dx  ln 1 x C  x  tan x dx' ' ' 'x x dx x
1  x 1  x

$ #

# #� � # #
" # # �"œ � œ � � � Êa b

  tan x  ln 1 x Cœ � � � �x x
3 6 6

$ #�" #" a b
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20.   dx x  tan x dx  tan x  dx  tan x  dx' ' ' 'tan x x x x x
x ( 2  1) ( 2  1) 1  x ( 1) 1  x

�" �" �"

# # #œ œ � œ ��# �" �" �"
� � � � � � �

"Ð� � Ñ Ð� � Ñ2 1 2 1

a b
      (We used FORMULA 101 with a 1, n 2);œ œ �

 ln x  ln 1 x C' ' ' 'x  dx dx dx x dx
1 x x 1  x x 1 x

�"

# # #� � � #
" #œ œ � œ � � �a b k k a b

  dx  tan x ln x  ln 1 x CÊ œ � � � � �' tan x
x x

�"

#

" "�" #
#k k a b

21. sin 3x cos 2x dx C' œ � � �cos 5x cos x
10 #

      (We used FORMULA 62(a) with a 3, b 2)œ œ

22. sin 2x cos 3x dx C' œ � � �cos 5x cos x
10 #

      (We used FORMULA 62(a) with a 2, b 3)œ œ

23. 8 sin 4t sin  dx  sin  sin C 8 C' t 8 7t 8 9t
7 9 7 9

sin sin

# # #œ � � œ � �ˆ ‰ ˆ ‰ – —Š ‹ Š ‹7t 9t
# #

      (We used FORMULA 62(b) with a 4, b )œ œ "
#

24. sin  sin  dt 3 sin sin C' t t t t
3 6 6œ � �ˆ ‰ ˆ ‰

#

       (We used FORMULA 62(b) with a , b )œ œ" "
3 6

25. cos  cos  d 6 sin  sin C' ) ) ) )

3 4 12 7 1
6 7

) œ � �ˆ ‰ ˆ ‰
#

       (We used FORMULA 62(c) with a , b )œ œ" "
3 4

26. cos  cos 7  d  sin  sin C C' ) ) )

2 13 2 15 13 15
13 1 15 sin sin

) ) œ � � œ � �"
#

ˆ ‰ ˆ ‰ Š ‹ Š ‹13 15) )

# #

       (We used FORMULA 62(c) with a , b 7)œ œ"
2

27.  dx' ' ' ' 'x   x  1 x dx dx dx
x   1 x   1 x   1x   1 x   1

d x   1$

# # ## # ## #

#� � "
� � �� # �

�

a b a b a b
a bœ � œ �

  ln x 1  tan x Cœ � � � �" "
# � #

# �"a b x
2 1  xa b#

      (For the second integral we used FORMULA 17 with a 1)œ

28.  dx 3  3' ' ' ' ' ' 'x   6x dx 6x dx 3 dx dx dx
x   3 x   3 x   3 x   3x   3

x   3

d x   3

x   3

#

# # # ## # # # # ##
#

#

#
#

�
� � � ��

�

�

�
a b a b a b a bŠ ‹È

a b
” •Š ‹Èœ � � œ � �

  tan 3  tan Cœ � � � �" "�" �"
�

�
È È Èa b Š ‹ Š ‹È ÈŒ � Š ‹È3 3 3

x 3 x x
x   3

2 3 3   x 2 3
Š ‹ Š ‹Î Ñ

Ï Ò# # #
#

$

      For the first integral we used FORMULA 16 with a 3; for the third integral we used FORMULA 17 withŠ Èœ

       a 3‹Èœ

  tan Cœ � � �" �"
� �2 3 3

x 3 x
x   3 2 x   3È È a bŠ ‹ # #

29. sin x dx;    2 u  sin u du 2  sin u  du
u x
x u

dx 2u du

' ' '�" " �" �"#
� �

"

�
È Ô ×

Õ Ø
È Š ‹œ

œ
œ

Ä œ �u u
1 1 1 1 1  u

1 1 1 1� �

È #
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 u  sin uœ �# �"

�
' u  du

1  u

#

#È
      (We used FORMULA 99 with a 1, n 1)œ œ

 u  sin u  sin u u 1 u C u  sin u u 1 u Cœ � � � � œ � � � �# �" �" # �"" " " "
# # # #

# #Š ‹È Èˆ ‰
      (We used FORMULA 33 with a 1)œ

 x  sin x x x Cœ � � � �ˆ ‰ È È" "
# #

�" #

30.  dx;   2u du 2 cos u du 2 u cos u 1 u C
u x
x u

dx 2u du

' ' 'cos x
x

cos u
u 1

�" �"È
È

Ô ×
Õ Ø

È Š ‹Èœ

œ
œ

Ä œ œ � � �# �" �" " #
†

      (We used FORMULA 97 with a 1)œ

 2 x cos x 1 x Cœ � � �Š ‹È È È�"

31.  dx;    du 2  du 2  sin u u 1 u C
u x
x u

dx 2u du

' ' 'È
È È È

x

1  x
u 2u u
1  u 1  u�

#
� �

" "
# #

�" #
Ô ×
Õ Ø

È Š ‹Èœ

œ
œ

Ä œ œ � � �†

# #

#

 sin u u 1 u Cœ � � ��" #È
      (We used FORMULA 33 with a 1)œ

 sin x x 1 x C sin x x x Cœ � � � œ � � ��" �" #È È ÈÈ È

32.  dx;   2u du 2 2 u  du
u x
x u

dx 2u du

' ' 'È È
È2  x

x
2  u

u
� # �

#
#

Ô ×
Õ Ø

È ÊŠ ‹Èœ

œ
œ

Ä œ �
#

†

 2 2 u  sin C u 2 u 2 sin Cœ � � � œ � � �– —ÊŠ ‹ Š ‹ Š ‹È Èu u u2

2 2# #

#
# #�" �"

Š ‹È
È È

#

      We used FORMULA 29 with a 2Š ‹Èœ

 2x x 2 sin Cœ � � �È È# �"
#
x

33. (cot t) 1 sin t dt ;   
u sin t

du cos t dt
' ' 'È ” •� œ Ä

œ
œ

# � �È È1  sin t (cos t) dt
sin t u

1  u  du# #

 1 u ln Cœ � � �È ¹ ¹# � �1  1  u
u

È #

      (We used FORMULA 31 with a 1)œ

 1 sin t ln Cœ � � �È ¹ ¹# � �1  1  sin t
sin t

È #

34. ;   ln C
u sin t

du cos t dt
' ' 'dt cos t dt du

(tan t) 4  sin t (sin t) 4  sin t u 4  u
2  4  u

uÈ È È
È

� � �

"
#

� �
# # #

#

œ Ä œ � �
œ
œ” • ¹ ¹

      (We used FORMULA 34 with a 2)œ

  ln Cœ � �"
#

� �¹ ¹2  4  sin t
sin t

È #

35. ;   ln u 3 u C
u ln y
y e

dy e  du

' ' 'dy
y 3  (ln y)

e  du du
e 3  u 3  uÈ È È� � �

#
# # #

Ô ×
Õ Ø ¹ ¹Èœ

œ
œ

Ä œ œ � � �u

u

u

u

 ln ln y 3 (ln y) Cœ � � �¸ ¸È #

      We used FORMULA 20 with a 3Š ‹Èœ
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36. tan y dy;   2 t tan t dt 2  tan t  dt t  tan t  dt
t y

y t
dy 2t dt

' ' ' '�" �" �" # �"#
# # � �

"È Ô ×
Õ Ø

È ’ “œ

œ
œ

Ä œ � œ �t t t
1  t 1  t

# # #

# #

      (We used FORMULA 101 with n 1, a 1)œ œ

 t  tan t  dt t  tan t t tan t C y tan y tan y y Cœ � � œ � � � œ � � �# �" # �" �" �" �"�
� �

' 't   1 dt
t   1 1  t

#

# #
È È È

37. dx dx;  dt
t x 1
dt dx

' ' '1 1 1
x 2x 5 t 4x 1 4

È ÈÉa b2 22� � �� �
œ Ä

œ �
œ” •

      (We used FORMULA 20 with a 2)œ

 ln t t 4 C ln x 1 x 1 4 C ln x 1 x 2x 5 Cœ � � � œ � � � � � œ � � � � �¹ ¹ ¹ ¹ ¹È Èa b a b a bÉ2 22

38. dx dx;  dt dt dt dt dt
t x 2
dt dx

' ' ' ' ' ' 'x x t 4t 2 t 4t 4
x 4x 5 x 2 + 1

t 2

t + 1 t + 1 t + 1 t + 1 t + 1

2 2 2 2

2 2

2

2 2 2 2 2È È È È È ÈÉa b
a b

� � �

� � �œ Ä œ œ � �
œ �
œ” •

      (We used FORMULA 25 with a 1)                   (We used FORMULA 20 with a 1)œ œ

 ln t t 1 4 t 1 4 ln t t 1 Cœ � � � � � � � � � �– —¹ ¹ ¹ ¹È È È” •1
2 2

2 2 2t t 1È 2�

 ln x 2 x 2 1 4 x 2 1 4 ln x 2 x 2 1 Cœ � � � � � � � � � � � � � � �1
2 2

2 2 2x 2 x 2 1¹ ¹ ¹ ¹a b a b a b a b a bÉ É Éa b a bÉ� � �2

 ln x 2 x 4x 5 Cœ � � � � � �7
2 2

2 x 6 x 4x 5¹ ¹a b È a bÈ� � �2

39. 5 4x x dx 9 x 2 dx;  9 t dt;
t x 2
dt dx

' ' 'È ÈÉ a b ” •� � œ � � Ä �
œ �
œ

2 22

      (We used FORMULA 29 with a 3)œ

 9 t sin C 9 x 2 sin C 5 4x x sin Cœ � � � œ � � � � œ � � � �t 3 t x 2 9 x 2 x 2 9 x 2
2 2 3 2 2 3 2 2 3

2 21 1 12È Èˆ ‰ ˆ ‰ ˆ ‰É a b2 � � �� � � �

40. x 2x x dx x 1 x 1 dx;   t 1 1 t dt t 2t 1 1 t dt
t x 1
dt dx

' ' ' 'a b a b2 2 22 2 22 2È É a b ” • È È� œ � � Ä � � œ � � �
œ �
œ

 t 1 t dt 2t 1 t dt 1 t dtœ � � � � �' ' '2 2 2 2È È È
            (We used FORMULA 30 with a 1)                   (We used FORMULA 29 with a 1)œ œ

 sin t 1 t 1 2t 1 t 1 t sin Cœ � � � � � � � � �” • ” •ˆ ‰ ˆ ‰È Èa b a b1 t 1 2 t 1 t
8 1 8 3 2 2 1

1 2 2 2 12 23 24 2� �Î

 sin x 1 x 1 1 x 1 1 2 x 1 1 x 1 1 x 1œ � � � � � � � � � � � � �" ��
Î

8 8 3 2
1 21 2 x 12 2 2 2

3 2a b a b a b a b a b a bÉ ÉŠ ‹ Š ‹
 sin x 1 C sin x 1 2x x 2x x 2x 4x 5 C� � � œ � � � � � � � �1 5 2 x 1

2 8 3 8
1 1 2 23 2 2� � Î �a b a b a b a bÈ

41. sin 2x dx sin 2x dx sin 2x dx' ' '& $
# #

� �œ � � œ � � � �sin 2x cos 2x 5  1 sin 2x cos 2x 4 sin 2x cos 2x 3  1
5 5 10 5 3 3

% % #

† †

’ “
      (We used FORMULA 60 with a 2, n 5 and a 2, n 3)œ œ œ œ

  sin 2x cos 2x  cos 2x C Cœ � � � � � œ � � � �sin 2x cos 2x 2 8 sin 2x cos 2x 2 sin 2x cos 2x 4 cos 2x
10 15 15 10 15 15

% % ## "
#

ˆ ‰
42. 8 cos 2 t dt 8 cos 2 t dt' '% #�

1 1œ �Š ‹cos 2 t sin 2 t 4  1
4 2 4

$
1 1

1†

      (We used FORMULA 61 with a 2 , n 4)œ œ1

 6 Cœ � � �cos 2 t sin 2 t t sin (2 2 t)
4 2

$
1 1

1 1

1’ “#
† †

†

      (We used FORMULA 59 with a 2 )œ 1

 3t C 3t Cœ � � � œ � � �cos 2 t sin 2 t 3 sin 4 t cos 2 t sin 2 t 3 cos 2 t sin 2 t
4 2

$ $
1 1 1 1 1 1 1

1 1 1 1
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43. sin 2  cos 2  d sin 2  cos 2  d' '# $ #
# � � #

�
) ) ) ) ) )œ �sin 2  cos 2 3  1

(2 3) 3  

$ #
) )

      (We used FORMULA 69 with a 2, m 3, n 2)œ œ œ

 sin 2  cos 2  d sin 2  d(sin 2 ) Cœ � œ � œ � �sin 2  cos 2 2 sin 2  cos 2 2 sin 2  cos 2 sin 2
10 5 10 5 10 15

$ # $ # $ # $
) ) ) ) ) ) )' '# #"

#) ) ) ) )’ “
44. 2 sin t sec t dt 2 sin t cos t dt 2 cos t dt' ' '# % # �% �%

� �
�œ œ � �Š ‹sin t cos t 2  1

2  4 2  4

�$

      (We used FORMULA 68 with a 1, n 2, m 4)œ œ œ �

 sin t cos t cos t dt sin t cos t sec t dt sin t cos t sec t dtœ � œ � œ � ��$ �% �$ % �$ #
� �

�' ' 'Š ‹sec t tan t 4  2
4  1 4  1

#

      (We used FORMULA 92 with a 1, n 4)œ œ

 sin t cos t  tan t C  sec t tan t  tan t C  tan t sec t 1 Cœ � � � œ � � œ � ��$ # #Š ‹ a bsec t tan t 2 2 2 2
3 3 3 3 3

#

  tan t Cœ �2
3

$

 An easy way to find the integral using substitution:

 2 sin t cos t dt 2 tan t sec t dt 2 tan t d(tan t)  tan t C' ' '# �% # # # $œ œ œ �2
3

45. 4 tan 2x dx 4 tan 2x dx tan 2x 4 tan 2x dx' ' '$ #
#œ � œ �Š ‹tan 2x

2

#

†

      (We used FORMULA 86 with n 3, a 2)œ œ

  tan 2x  ln sec 2x C tan 2x 2 ln sec 2x Cœ � � œ � �# #
#
4 k k k k

46. 8 cot t dt 8 cot t dt' '% #œ � �Š ‹cot t
3

$

      (We used FORMULA 87 with a 1, n 4)œ œ

 8  cot t cot t t Cœ � � � �ˆ ‰" $
3

      (We used FORMULA 85 with a 1)œ

47. 2 sec x dx 2 sec x dx ' '$
� �

�
1 1œ �’ “sec x tan x 3  2

(3 1) 3  1
1 1

1

      (We used FORMULA 92 with n 3, a )œ œ 1

  sec x tan x  ln sec x tan x Cœ � � �" "
1 1

1 1 1 1k k
      (We used FORMULA 88 with a )œ 1

48. 3 sec 3x dx 3 sec 3x dx' '% #
� �

�œ �’ “sec 3x tan 3x 4  2
3(4  1) 4  1

#

      (We used FORMULA 92 with n 4, a 3)œ œ

  tan 3x Cœ � �sec 3x tan 3x 2
3 3

#

      (We used FORMULA 90 with a 3)œ

49. csc x dx  csc x dx csc x dx' ' '& $
� � � �

� �œ � � œ � � � �csc x cot x 5  2 csc x cot x 3 csc x cot x 3  2
5  1 5  1 4 4 3  1 3  1

$ $ Š ‹
      (We used FORMULA 93 with n 5, a 1 and n 3, a 1)œ œ œ œ

  csc x cot x  csc x cot x  ln csc x cot x Cœ � � � � �" $
4 8 8

3 3 k k
      (We used FORMULA 89 with a 1)œ

50. 16x (ln x)  dx 16 x  ln x dx 16 x  dx' ' '$ # $ $" "
#œ � œ � �’ “ ’ “’ “x (ln x) x (ln x) x (ln x)

4 4 4 4 4
2% # % # %

      (We used FORMULA 110 with a 1, n 3, m 2 and a 1, n 3, m 1)œ œ œ œ œ œ

 16 C 4x (ln x) 2x  ln x Cœ � � � œ � � �Š ‹x (ln x) x (ln x)
4 8 3

x x% # % % %

# #
% # %
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51. e  sec e  dt;   sec x dx sec x dx
x e
dx e  dt

' ' 't t
t

t
sec x tan x 3 2

3 1 3 1
$ $

� �
�a b ” •� " Ä œ �

œ � "
œ

      (We used FORMULA 92 with a 1, n 3)œ œ

  ln sec x tan x C sec e 1  tan e 1 ln sec e 1 tan e 1 Cœ � � � œ � � � � � � �sec x tan x t t t t
# # #

" "k k c da b a b k ka b a b

52.  d ;   2 csc t dt 2 csc t dt
t

t
d 2t dt

' ' 'csc csc t cot t 3 2
3 1 3 1

$ È
È )

)
)

)

)

)

Ô ×
Õ Ø

È ’ “œ

œ
œ

Ä œ � �# $
� �

�

      (We used FORMULA 93 with a 1, n 3)œ œ

 2  ln csc t cot t C csc  cot ln csc cot Cœ � � � � œ � � � �� ‘k k È È È È¹ ¹csc t cot t
# #

"
) ) ) )

53. 2 x 1 dx; x tan t   2 sec t sec t dt 2 sec t dt 2  sec t dt' ' ' '
0 0 0 0

1 4 4 4È c d ” •� ‘# # $
� �

Î%

!
�� œ Ä œ œ �

1 1 1Î Î Î

†

sec t tan t 3 2
3 1 3 1
†

1

      (We used FORMULA 92 with n 3, a 1)œ œ

 sec t tan t ln sec t tan t 2 ln 2 1œ � � œ � �c dk k È ÈŠ ‹†

1Î%
!

54.  ; y sin x    sec x dx  sec x dx' ' ' '
0 0 0 0

3 2 3 3 3È Î Î Î Î
dy

1 y
cos x dx sec x tan x 4 2
cos x 4 1 4 1a b�

% #
� �

Î$

!

�
# &Î# &

#c d ’ “œ Ä œ œ �
1 1 11

      (We used FORMULA 92 with a 1, n 4)œ œ

  tan x 3 3 2 3œ � œ � œ’ “ ˆ ‰ ˆ ‰È È Èsec x tan x 2 4 2
3 3 3 3

#
1Î$

!

55.  dr; r sec   (sec  tan ) d tan  d tan  d' ' ' '
1 0 0 0

2 3 3 3a br 1
r sec 4 1

tan tan# $Î# $ $� % #
�

Î$

!
c d ’ “œ Ä œ œ �) ) ) ) ) ) ) )

1 1 1Î Î Î
) )

)

1

 tan 3œ � � œ � � œ’ “ Ètan
3 3 3 3

3 3$
) 1 1

1

) )
Î$

!

È

      (We used FORMULA 86 with a 1, n 4 and FORMULA 84 with a 1)œ œ œ

56.  ; t tan    cos  d   cos  d' ' ' '
0 0 0 0

1 3 6 6 6Î Î Î ÎÈ
dt sec  d cos  sin 5 1

t 1 sec 5 5a b# (Î#

# %

(
�

& $
Î'

!

�c d ’ “ ˆ ‰œ Ä œ œ �) ) ) ) )
1 1 1

) ) ) )

)

1

  cos  d  cos  sin  sin œ � � œ � �’ “ ’ “ ’ “” •ˆ ‰cos  sin 4 cos  sin 3 1 cos  sin 4 8
5 5 3 3 5 15 15

% # %
) ) ) ) ) )

1 1 1Î' Î' Î'

! ! !

� #'
0

61Î

) ) ) ) )

     (We used FORMULA 61 with a 1, n 5 and a 1, n 3)œ œ œ œ

 œ � � œ � � œ œ
Š ‹ ˆ ‰ ÈÈ3

# #

%
"

5 15 15 160 10 15 480 480
4 8 9 4 3 9 48 32 4 2033ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹# # #

#
" " " � �† †

57. S 2 y 1 (y )  dxœ �'
0

2È

1 È w #

 2  x 2 1  dxœ � �1 '
0

2È È É#
�

x
x 2

#

#

 2 2  x 1 dxœ �È È1 '
0

2È
#

 2 2  ln x x 1œ � � �È È’ “¹ ¹1
x x 1È # �

# #
" #

 2

 0

È

 
      (We used FORMULA 21 with a 1)œ

 2 6 ln 2 3 2 3 2 ln 2 3œ � � œ � �È È È È’ “ Š ‹È È È ÈŠ ‹1 1 1

58. L 1 (2x)  dx 2 x  dx 2 x  ln x xœ � œ � œ � � � �' '
0 0

3 2 3 2 3 2

0

È È ÈÎ Î ÎÈ É É É’ “ˆ ‰ ˆ ‰ Š ‹# # # #" " " " "
# #4 4 4 4
x

      We used FORMULA 2 with aˆ ‰œ "
#
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 1 4x  ln x 1 4x 1 4  ln 1 4  ln œ � � � � œ � � � � �’ “ Š ‹È ÈŠ ‹ É Éˆ ‰ ˆ ‰x 3 3
4 4 4 4 4 4

3 3
# # # # #

# #" " " " " "
È3 2

0

Î È È

 (2)  ln 1  ln 2  ln 3 2œ � � � œ � �
È È È3 3 3

4 4 4 4
" " "

# #Š ‹ Š ‹È

59. A  2 x 1 2; x  œ œ � œ œ' '
0 0

3 3
dx x dx
x 1 x 1AÈ È� �

$

!

"’ “È
  x 1 dxœ � �" "

�A A
dx
x 1

' '
0 0

3 3È È
 (x 1) 1 ;œ � � œ"

#
$Î# $

!
†

2 4
3 3
� ‘

      (We used FORMULA 11 with a 1, b 1, n 1 andœ œ œ

 a 1, b 1, n 1)œ œ œ �

 y  ln (x 1)  ln 4  ln 2 ln 2œ œ � œ œ œ" " " "
# � #

$
!A x 1 4 4

dx'
0

3 c d È 

60. M x  dx 18  dx 54  18x 27 ln 2x 3y 0 0 0

3 3 3

œ œ � œ � �' ' 'ˆ ‰ c dk k36 2x 3 dx
2x 3 2x 3 2x 3� � �

� $
!

 18 3 27 ln 9 ( 27 ln 3) 54 27 2 ln 3 27 ln 3 54 27 ln 3œ � � � œ � � œ �† †

61. S 2  x 1 4x  dx;œ �1 '
�1

1
# #È

    u 1 u  du
u 2x

du 2 dx” • Èœ
œ

Ä �1

4
'
�2

2
# #

 1 2u 1 u  ln u 1 uœ � � � � �1

4 8 8
u’ “a bÈ ÈŠ ‹# # #"

#

�#

      (We used FORMULA 22 with a 1)œ

 (1 2 4) 1 4  ln 2 1 4œ � � � � �1

4 8 8
2’ Š ‹È È

†

"

 (1 2 4) 1 4  ln 2 1 4 “È ÈŠ ‹� � � � � � �2
8 8†

"

 5  ln 7.62œ � ¸1

4 8
9 2 5

2 5
’ “È Š ‹#

" �

� �

È
È

 

62. (a) The volume of the filled part equals the length of the
 tank times the area of the shaded region shown in the
 accompanying figure.  Consider a layer of gasoline
 of thickness dy located at height y where
 r y r d.  The width of this layer is� � � � �

 2 r y .  Therefore, A 2 r y  dyÈ È# # # #� œ �'
�

� �

r

r d

 and V L A 2L r y  dyœ œ �†

'
�

� �

r

r dÈ # #

 

 (b) 2L r y  dy 2L  sin  '
�

� � � �

�
r

r d r d

r

È ’ “# # �
# #

�"� œ �
y r y r y

r

È # # #

      (We used FORMULA 29 with a r)œ

 2L 2rd d  sin 2L 2rd d sinœ � � � œ � � �’ “ ’ “È Èˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹ ˆ ‰(d r) r d r r d-r r d r
r r

�
# # # # # # #

# #�" �"� �# # #
1 1

63. The integrand f(x) x x  is nonnegative, so the integral is maximized by integrating over the function'sœ �È #

 entire domain, which runs from x 0 to x 1œ œ
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  x x  dx 2 x x  dx 2 x x  sinÊ � œ � œ � �' '
0 0

1 1È É É” •Š ‹# # #" "
# # # #

� ��"
"

!

† †

ˆ ‰ ˆ ‰x x" " "

# # #

#

"

#

      We used FORMULA 48 with aˆ ‰œ "
#

 x x  sin (2x 1)œ � � � œ � � œ’ “È ˆ ‰ˆ ‰x
8 8 8 8

�

# # #
# " " "�"

"

!

"

#
†

1 1 1

64. The integrand is maximized by integrating g(x) x 2x x  over the largest domain on which g isœ �È #

 nonnegative, namely [ 2]!ß

  x 2x x  dx  sin (x 1)Ê � œ � �'
0

2 È ’ “# � � � "
#

�"
#

!

(x 1)(2x 3) 2x x
6

È #

      (We used FORMULA 51 with a )œ "

 œ � � œ" "
# # # # #†

1 1 1ˆ ‰
CAS EXPLORATIONS

65. Example CAS commands:
 :Maple
 q1 := Int( x*ln(x), x );                                                 # (a)
 q1 = value( q1 );
 q2 := Int( x^2*ln(x), x );                                             # (b)
 q2 = value( q2 );
 q3 := Int( x^3*ln(x), x );                                             # (c)
 q3 = value( q3 );
 q4 := Int( x^4*ln(x), x );                                             # (d)
 q4 = value( q4 );
 q5 := Int( x^n*ln(x), x );                                             # (e)
 q6 := value( q5 );
 q7 := simplify(q6) assuming n::integer;
 q5 = collect( factor(q7), ln(x) );

66. Example CAS commands:
 :Maple
 q1 := Int( ln(x)/x, x );                                                       # (a)
 q1 = value( q1 );
 q2 := Int( ln(x)/x^2, x );                                                   # (b)
 q2 = value( q2 );
 q3 := Int( ln(x)/x^3, x );                                                   # (c)
 q3 = value( q3 );
 q4 := Int( ln(x)/x^4, x );                                                   # (d)
 q4 = value( q4 );
 q5 := Int( ln(x)/x^n, x );                                                   # (e)
 q6 := value( q5 );
 q7 := simplify(q6) assuming n::integer;
 q5 = collect( factor(q7), ln(x) );
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67. Example CAS commands:
 :Maple
 q := Int( sin(x)^n/(sin(x)^n+cos(x)^n), x=0..Pi/2 );       # (a)
 q = value( q );
 q1 := eval( q, n=1 ):                                                          # (b)
 q1 = value( q1 );
 for N in [1,2,3,5,7] do
   q1 := eval( q, n=N );
   print( q1 = evalf(q1) );
 end do:
 qq1 := PDEtools[dchange]( x=Pi/2-u, q, [u] );              # (c)
 qq2 := subs( u=x, qq1 );
 qq3 := q + q = q + qq2;
 qq4 := combine( qq3 );
 qq5 := value( qq4 );
 simplify( qq5/2 );

65-67. Example CAS commands:
 : (functions may vary)Mathematica
 In Mathematica, the natural log is denoted by Log rather than Ln, Log base 10 is Log[x,10]
 Mathematica does not include an arbitrary constant when computing an indefinite integral,
 Clear[x, f, n]
 f[x_]:=Log[x] / xn

 Integrate[f[x], x]
 For exercise 67, Mathematica cannot evaluate the integral with arbitrary n. It does evaluate the integral (value is /4 in1

 each case) for small values of n, but for large values of n, it identifies this integral as Indeterminate

65. (e) x  ln x dx x  dx, n 1' 'n nx  ln x
n 1 n 1œ � Á �

n 1�

� �
"

      (We used FORMULA 110 with a 1, m 1)œ œ

 C ln x Cœ � � œ � �x  ln x x x
n 1 (n 1) n 1 n 1

n 1 n 1 n 1� � �

#� � � �
"ˆ ‰

66. (e) x  ln x dx x  dx, n 1' '� �
� � � �

"n nx  ln x
n 1 ( n) 1œ � Á

� �n 1

      (We used FORMULA 110 with a 1, m 1, n n)œ œ œ �

 C ln x Cœ � � œ � �x  ln x x x
1 n 1 n 1 n 1 n 1 n

1 n 1 n 1 n� � �

� � � � �
" "Š ‹ ˆ ‰

67. (a) Neither MAPLE nor MATHEMATICA can find this integral for arbitrary n.
 (b) MAPLE and MATHEMATICA get stuck at about n 5.œ

 (c) Let x u  dx du; x 0  u , x   u 0;œ � Ê œ � œ Ê œ œ Ê œ1 1 1

# # #

 I    œ œ œ œ' ' ' '
0 2 0 0

2 0 2 21 1 1

1

Î Î Î

Î

sin x dx cos u du cos x dx
sin x cos x cos u sin u cos x sin x

sin u  du
sin u cos u

n n n

n n n n n n

n

n n� � �

� �

� � �

ˆ ‰
ˆ ‰ ˆ ‰

1

1 1

#

# #

  I I  dx dx   IÊ � œ œ œ Ê œ' '
0 0

2 21 1Î Îˆ ‰sin x cos x
sin x cos x 4

n n

n n
�
� #

1 1
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8.6  NUMERICAL INTEGRATION

 1. x dx'
1

2

 I. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 2 1 x

n 4 4 8
� � " "

#
?

  mf(x ) 12  T (12) ;!
i œ Ê œ œ"

#8
3

 f(x) x  f (x) 1  f 0  M 0œ Ê œ Ê œ Ê œw ww

  E 0Ê œk kT

    x     f(x )    m   mf(x )
x 1 1 1 1
x 5/4 5/4 2 5/2
x 3/2 3/2 2 3
x 7/4 7/4 2 7/2
x 2 2 1 2

i i i

!

"

#

$

%

 (b) x dx 2   E x dx T 0' '
1 1

2 2

Tœ œ � œ Ê œ � œ’ “ k kx 3
2

#
#

"

"
# #

 (c) 100 0%k kE
True Value

T ‚ œ

 II. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 2 1 x

n 4 4 3 12
� � " "?

  mf(x ) 18  S (18) ;!
i œ Ê œ œ"

#12
3

 f (x) 0  M 0  E 0Ð%Ñ œ Ê œ Ê œk kS

 (b) x dx   E x dx S 0' '
1 1

2 2

Sœ Ê œ � œ � œ3 3 3
# # #k k

 (c) 100 0%k kE
True Value

S ‚ œ

    x     f(x )    m   mf(x )
x 1 1 1 1
x 5/4 5/4 4 5
x 3/2 3/2 2 3
x 7/4 7/4 4 7
x 2 2 1 2

i i i

!

"

#

$

%

 2. (2x 1) dx'
1

3

�

 I. (a) For n 4, x   ;œ œ œ œ œ Ê œ?
b a 3 1 2 x

n 4 4 2 4
� � " "

#
?

  mf(x ) 24  T (24) 6 ;!
i œ Ê œ œ"

4

 f(x) 2x 1  f (x) 2  f 0  M 0œ � Ê œ Ê œ Ê œw ww

  E 0Ê œk kT

    x     f(x )    m   mf(x )
x 1 1 1 1
x 3/2 2 2 4
x 2 3 2 6
x 5/2 4 2 8
x 3 5 1 5

i i i

!

"

#

$

%

 (b) (2x 1) dx x x (9 3) (1 1) 6  E  (2x 1) dx T 6 6 0' '
1 1

3 3

T� œ � œ � � � œ Ê œ � � œ � œc d k k# $
"

 (c) 100 0%k kE
True Value

T ‚ œ

 II. (a) For n 4, x   ;œ œ œ œ œ Ê œ?
b a 3 1 2 x

n 4 4 2 3 6
� � " "?

  mf(x ) 36  S (36) 6 ;!
i œ Ê œ œ"

6

 f (x) 0  M 0  E 0Ð%Ñ œ Ê œ Ê œk kS

 (b) (2x 1) dx 6  E (2x 1) dx S' '
1 1

3 3

S� œ Ê œ � �k k
 6 6 0œ � œ

 (c) 100 0%k kE
True Value

S ‚ œ

    x     f(x )    m   mf(x )
x 1 1 1 1
x 3/2 2 4 8
x 2 3 2 6
x 5/2 4 4 16
x 3 5 1 5

i i i

!

"

#

$

%

 3. x 1  dx'
�

#
1

1 a b�

 I. (a) For n 4, x   œ œ œ œ œ Ê œ à?
b a 2 x

n 4 4 4
1 ( 1)� " "� �

# #
?

  mf(x ) 11  T (11) 2.75!
i œ Ê œ œ à"

4

 f(x) x 1  f (x) 2x  f (x) 2  M 2œ � Ê œ Ê œ Ê œ# w ww

  E (2)  or 0.08333Ê Ÿ œk k ˆ ‰T
1 ( 1)

1 1
� �

# # #
" "#

    x     f(x )    m   mf(x )
x 1 2 1 2
x 1/2 5/4 2 5/2
x 0 1 2 2
x 1/2 5/4 2 5/2
x 1 2 1 2

i i i

!

"

#

$

%

�
�

 (b) x 1  dx x 1 1   E x 1  dx T' '
� �

# #
"

�"

"
#1 1

1 1

Ta b a b’ “ ˆ ‰ ˆ ‰� œ � œ � � � � œ Ê œ � � œ � œ �x 1 1 8 8 11
3 3 3 3 3 4 1

$

  E 0.08333Ê œ � ¸k k ¸ ¸T
"
#1

 (c) 100 100 3%k kE
True Value

T ‚ œ ‚ ¸Š ‹"

#1
8
3
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 II. (a) For n 4, x   œ œ œ œ œ Ê œ à?
b a 2 x

n 4 4 3 6
1 ( 1)� " "� �

#
?

  mf(x ) 16  S (16) 2.66667 ;!
i œ Ê œ œ œ"

6 3
8

 f (x) 0  f (x) 0  M 0  E 0Ð$Ñ Ð%Ñœ Ê œ Ê œ Ê œk kS

 (b) x 1  dx x'
�

#
"

�"1

1 a b ’ “� œ � œx 8
3 3

$

  E x 1  dx S 0Ê œ � � œ � œk k a bS 1

1'
�

# 8 8
3 3

 (c) 100 0%k kE
True Value

S ‚ œ

    x     f(x )    m   mf(x )
x 1 2 1 2
x 1/2 5/4 4 5
x 0 1 2 2
x 1/2 5/4 4 5
x 1 2 1 2

i i i

!

"

#

$

%

�
�

 4. x 1  dx'
�

#
2

0 a b�

 I. (a) For n 4, x   œ œ œ œ œ Ê œ?
b a 2 x

n 4 4 4
0 ( 2)� " "� �

# #
?

  mf(x ) 3  T (3) ;!
i œ Ê œ œ"

4 4
3

 f(x) x 1  f (x) 2x  f (x) 2œ � Ê œ Ê œ# w ww

   M 2  E (2) 0.08333Ê œ Ê Ÿ œ œk k ˆ ‰T
0 ( 2)

1 1
� �

# # #
" "#

    x     f(x )    m   mf(x )
x 2 3 1 3
x 3/2 5/4 2 5/2
x 1 0 2 0
x 1/2 3/4 2 3/2
x 0 1 1 1

i i i

!

"

#

$

%

�
�
�
� � �

� �

 (b) x 1  dx x 0 2   E x 1  dx T' '
� �

# #
!

�#

"
2 2

0 0

Ta b a b’ “ ˆ ‰� œ � œ � � � œ Ê œ � � œ � œ �x 8 2 2 3
3 3 3 3 4 12

$

  EÊ œk kT
"

12

 (c) 100 100 13%k kE
True Value

T ‚ œ ‚ ¸Š ‹"

12
2
3

 II. (a) For n 4, xœ œ œ œ œ?
b a 2

n 4 4
0 ( 2)� "� �

#

  ;   mf(x ) 4  S (4) ;Ê œ œ Ê œ œ?x 2
3 6 6 3

" "!
i

 f (x) 0  f (x) 0  M 0  E 0Ð$Ñ Ð%Ñœ Ê œ Ê œ Ê œk kS

 (b) x 1  dx   E x 1  dx S' '
� �

# #
2 2

0 0

Sa b k k a b� œ Ê œ � �2
3

 0œ � œ2 2
3 3

 (c) 100 0%k kE
True Value

S ‚ œ

    x     f(x )    m   mf(x )
x 2 3 1 3
x 3/2 5/4 4 5
x 1 0 2 0
x 1/2 3/4 4 3
x 0 1 1 1

i i i

!

"

#

$

%

�
�
�
� � �

� �

 5. t t  dt'
0

2a b$ �

 I. (a) For n 4, xœ œ œ œ œ?
b a 2 0 2

n 4 4 2
� � "

  ;  mf(t ) 25  T (25) ;Ê œ œ Ê œ œ?x 25
4 4 4#
" "!

i

 f(t) t t  f (t) 3t 1  f (t) 6tœ � Ê œ � Ê œ$ w # ww

  M 12 f (2)  E (12)Ê œ œ Ê Ÿ œww � " "
# #

#k k ˆ ‰T
2 0
12

    t     f(t )    m   mf(t )
t 0 0 1 0
t 1/2 5/8 2 5/4
t 1 2 2 4
t 3/2 39/8 2 39/4
t 2 10 1 10

i i i

!

"

#

$

%

 (b) t t  dt 0 6  E t t  dt T 6   E' '
0 0

2 2

T Ta b k k a b k k’ “ Š ‹$ $
# #

#

!

" "� œ � œ � � œ Ê œ � � œ � œ � Ê œt t 2 2 25
4 4 4 4 4

% # % #

 (c) 100 100 4%k k ¸ ¸E
True Value 6

T ‚ œ ‚ ¸
� "

4

 II. (a) For n 4, x ;œ œ œ œ œ Ê œ?
b a 2 0 2 x

n 4 4 2 3 6
� � " "?

  mf(t ) 36  S (36) 6 ;!
i œ Ê œ œ"

6

 f (t) 6  f (t) 0  M 0  E 0Ð$Ñ Ð%Ñœ Ê œ Ê œ Ê œk kS

 (b) t t  dt 6  E t t  dt S' '
0 0

2 2

Sa b k k a b$ $� œ Ê œ � �

 6 6 0œ � œ

 (c) 100 0%k kE
True Value

S ‚ œ

    t     f(t )    m   mf(t )
t 0 0 1 0
t 1/2 5/8 4 5/2
t 1 2 2 4
t 3/2 39/8 4 39/2
t 2 10 1 10

i i i

!

"

#

$

%
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 6. t 1  dt'
�

$
1

1 a b�

 I. (a) For n 4, xœ œ œ œ œ?
b a 2

n 4 4
1 ( 1)� "� �

#

  ;   mf(t ) 8  T (8) 2 ;Ê œ œ Ê œ œ?x
4 4#
" "!

i

 f(t) t 1  f (t) 3t   f (t) 6tœ � Ê œ Ê œ$ w # ww

  M 6 f (1)  E (6)Ê œ œ Ê Ÿ œww � �
# #

" "#k k ˆ ‰T
1 ( 1)

1 4

    t     f(t )    m   mf(t )
t 1 0 1 0
t 1/2 7/8 2 7/4
t 0 1 2 2
t 1/2 9/8 2 9/4
t 1 2 1 2

i i i

!

"

#

$

%

�
�

 (b) t 1  dt t 1 ( 1) 2  E t 1  dt T 2 2 0' '
� �

$ $
"

�"

�

1 1

1 1

Ta b k k a b’ “ Š ‹ Š ‹� œ � œ � � � � œ Ê œ � � œ � œt 1
4 4 4

( 1)% % %

 (c) 100 0%k kE
True Value

T ‚ œ

 II. (a) For n 4, xœ œ œ œ œ?
b a 2

n 4 4
1 ( 1)� "� �

#

  ;   mf(t ) 12  S (12) 2 ;Ê œ œ Ê œ œ?x
3 6 6

" "!
i

 f (t) 6  f (t) 0  M 0  E 0Ð$Ñ Ð%Ñœ Ê œ Ê œ Ê œk kS

 (b) t 1  dt 2  E t 1  dt S' '
� �

$ $
1 1

1 1

Sa b k k a b� œ Ê œ � �

 2 2 0œ � œ

 (c) 100 0%k kE
True Value

S ‚ œ

    t     f(t )    m   mf(t )
t 1 0 1 0
t 1/2 7/8 4 7/2
t 0 1 2 2
t 1/2  9/8 4 9/2
t 1 2 1 2

i i i

!

"

#

$

%

�
�

 7.  ds'
1

2
"
s#

 I. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 2 1 x

n 4 4 8
� � " "

#
?

  mf(s )   T! Š ‹i œ Ê œ œ179,573 179,573 179,573
44,100 8 44,100 352,800

"

 0.50899; f(s)   f (s)¸ œ Ê œ �" w
s s

2
# $

  f (s)   M 6 f (1)Ê œ Ê œ œww ww6
s%

  E (6) 0.03125Ê Ÿ œ œk k ˆ ‰T
2

1 4 3
�" " "
# #

#

    s     f(s )    m   mf(s )
s 1 1 1 1
s 5/4 16/25 2 32/25
s 3/2 4/9 2 8/9
s 7/4 16/49 2 32/49
s 2 1/4 1 1/4

i i i

!

"

#

$

%

 (b)  ds s  ds   E  ds T 0.50899 0.00899' ' '
1 1 1

2 2 2

T
" " " " "�# #

" # # #s s 1 s
1 1

# #œ œ � œ � � � œ Ê œ � œ � œ �� ‘ ˆ ‰
  E 0.00899Ê œk kT

 (c) 100 100 2%k kE
True Value 0.5

0.00899T ‚ œ ‚ ¸

 II. (a) For n 4, x ;œ œ œ œ Ê œ?
b a 2 1 x

n 4 4 3 12
� � " "?

  mf(s )   S! Š ‹i œ Ê œ œ264,821 264,821 264,821
44,100 12 44,100 529,200

"

 0.50042; f (s)   f (s)¸ œ � Ê œÐ$Ñ Ð%Ñ24 120
s s& '

   M 120  E (120)Ê œ Ê Ÿk k ¸ ¸ ˆ ‰S
2
180 4
�" " %

 0.00260œ ¸"
384

    s     f(s )    m   mf(s )
s 1 1 1 1
s 5/4 16/25 4 64/25
s 3/2 4/9 2 8/9
s 7/4 16/49 4 64/49
s 2 1/4 1 1/4

i i i

!

"

#

$

%

 (b)  ds   E  ds S 0.50042 0.00042  E 0.00042' '
1 1

2 2

S S
" " "

# #s s
1

# #œ Ê œ � œ � œ � Ê œk k
 (c) 100 100 0.08%k kE

True Value 0.5
0.0004S ‚ œ ‚ ¸

 8.  ds'
2

4
"
�(s 1)#

 I. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 4 2 x

n 4 2 4
� � " "

#
?

  mf(s )!
i œ 1269

450

  T 0.70500;Ê œ œ œ"
4 450 1800

1269 1269ˆ ‰
 f(s) (s 1)   f (s)œ � Ê œ ��# w

�
2

(s 1)$

  f (s)   M 6Ê œ Ê œww
�
6

(s 1)%

  E (6) 0.25Ê Ÿ œ œk k ˆ ‰T
4 2

1 4
� " "
# #

#

    s     f(s )    m   mf(s )
s 2 1 1 1
s 5/2 4/9 2 8/9
s 3 1/4 2 1/2
s 7/2 4/25 2 8/25
s 4 1/9 1 1/9

i i i

!

"

#

$

%
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 (b)  ds   E  ds T 0.705 0.03833' '
2 2

4 4

T
" �" �" �" "
� � � #� �

%

#(s 1) (s 1) 4 1 1 3 (s 1) 3
2 2

# #œ œ � œ Ê œ � œ � ¸ �’ “ ˆ ‰ ˆ ‰
  E 0.03833Ê ¸k kT

 (c) 100 100 6%k k ˆ ‰E
True Value

0.03833T ‚ œ ‚ ¸2
3

 II. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 4 2 x

n 4 2 3 6
� � " "?

  mf(s )!
i œ 1813

450

  S 0.67148;Ê œ œ ¸"
6 450 2700

1813 1813ˆ ‰
 f (s)   f (s)   M 120Ð$Ñ Ð%Ñ�

� �œ Ê œ Ê œ24 120
(s 1) (s 1)& '

  E (120) 0.08333Ê Ÿ œ ¸k k ˆ ‰S
4 2
180 12
� " "

#

%

    s     f(s )    m   mf(s )
s 2 1 1 1
s 5/2 4/9 4 16/9
s 3 1/4 2 1/2
s 7/2 4/25 4 16/25
s 4 1/9 1 1/9

i i i

!

"

#

$

%

 (b)  ds   E  ds S 0.67148 0.00481  E 0.00481' '
2 2

4 4

S S
" "
� �(s 1) 3 (s 1) 3

2 2
# #œ Ê œ � ¸ � œ � Ê ¸k k

 (c) 100 100 1%k k ˆ ‰E
True Value

0.00481S ‚ œ ‚ ¸2
3

 9.  sin t dt'
0

1

 I. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 0 x

n 4 4 8
� �

#
1 1 ? 1

  mf(t ) 2 2 2 4.8284! È
i œ � ¸

  T 2 2 2 1.89612;Ê œ � ¸1

8 Š ‹È
 f(t) sin t  f (t) cos t  f (t) sin tœ Ê œ Ê œ �w ww

   M 1  E (1)Ê œ Ê Ÿ œk k ˆ ‰T
1 1 1�

# #

#0
1 4 19

$

 0.16149¸

    t     f(t )    m   mf(t )
t 0 0 1 0

t /4 2/2 2 2
t /2 1 2 2

t 3 /4 2/2 2 2
t 0 1 0

i i i

!

"

#

$

%

1

1

1

1

È È
È È

 (b)  sin t dt [ cos t] ( cos ) ( cos 0) 2  E  sin t dt T 2 1.89612 0.10388' '
0 0T

1 1

œ � œ � � � œ Ê œ � ¸ � œ1
! 1 k k

 (c) 100 100 5%k kE
True Value 2

0.10388T ‚ œ ‚ ¸

 II. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 0 x

n 4 4 3 12
� �1 1 ? 1

  mf(t ) 2 4 2 7.6569! È
i œ � ¸

  S 2 4 2 2.00456;Ê œ � ¸1

12 Š ‹È
 f (t) cos t  f (t) sin tÐ$Ñ Ð%Ñœ � Ê œ

   M 1  E (1) 0.00664Ê œ Ê Ÿ ¸k k ˆ ‰S
1 1� %0
180 4

    t     f(t )    m   mf(t )
t 0 0 1 0

t /4 2/2 4 2 2
t /2 1 2 2

t 3 /4 2/2 4 2 2
t 0 1 0

i i i

!

"

#

$

%

1

1

1

1

È È
È È

 (b)  sin t dt 2  E  sin t dt S 2 2.00456 0.00456  E 0.00456' '
0 0S S

1 1

œ Ê œ � ¸ � œ � Ê ¸k k
 (c) 100 100 0%k kE

True Value 2
0.00456S ‚ œ ‚ ¸

10.  sin t dt'
0

1

1

 I. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 1 0 1 x 1

n 4 4 8
� �

#
?

  mf(t ) 2 2 2 4.828! È
i œ � ¸

  T 2 2 2 0.60355; f(t) sin tÊ œ � ¸ œ1
8 Š ‹È 1

  f (t)  cos tÊ œw
1 1

   f (t)  sin t  MÊ œ � Ê œww # #
1 1 1

  E 0.05140Ê Ÿ ¸k k a bˆ ‰T
1 0 1

1 4
�
#

# #
1

    t     f(t )    m   mf(t )
t 0 0 1 0

t 1/4 2/2 2 2
t 1/2 1 2 2

t 3/4 2/2 2 2
t 1 0 1 0

i i i

!

"

#

$

%

È È
È È

 (b) sin t dt [  cos t]  cos  cos 0 0.63662  E sin t dt T' '
0 0

1 1

T1 1 1 1œ � œ � � � œ ¸ Ê œ �" " ""
!1 1 1 1

ˆ ‰ ˆ ‰ k k2

  0.60355 0.03307¸ � œ2
1

 (c) 100 100 5%k k ˆ ‰E
True Value

0.03307T ‚ œ ‚ ¸2
1
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 II. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 1 0 1 x 1

n 4 4 3 12
� � ?

  mf(t ) 2 4 2 7.65685! È
i œ � ¸

  S 2 4 2 0.63807;Ê œ � ¸1
12 Š ‹È

 f (t)  cos t  f (t)  sin tÐ$Ñ $ Ð%Ñ %œ � Ê œ1 1 1 1

   M   E 0.00211Ê œ Ê Ÿ ¸1 1
% %� %k k a bˆ ‰S

1 0 1
180 4

    t     f(t )    m   mf(t )
t 0 0 1 0

t 1/4 2/2 4 2 2
t 1/2 1 2 2

t 3/4 2/2 4 2 2
t 1 0 1 0

i i i

!

"

#

$

%

È È
È È

 (b) sin t dt 0.63662  E sin t dt S 0.63807 0.00145  E 0.00145' '
0 0

1 1

S S1 1œ ¸ Ê œ � ¸ � œ � Ê ¸2 2
1 1

k k
 (c) 100 100 0%k k ˆ ‰E

True Value
0.00145S ‚ œ ‚ ¸2

1

11. (a) M 0 (see Exercise 1):  Then n 1  x 1  E (1) (0) 0 10œ œ Ê œ Ê œ œ �? k kT
"
#

# �%
1

 (b) M 0 (see Exercise 1):  Then n 2 (n must be even)  x   E (0) 0 10œ œ Ê œ Ê œ œ �?
" " "
# #

% �%k k ˆ ‰S 180

12. (a) M 0 (see Exercise 2):  Then n 1  x 2  E (2) (0) 0 10œ œ Ê œ Ê œ œ �? k kT
2

1#
# �%

 (b) M 0 (see Exercise 2):  Then n 2 (n must be even)  x   E (1) (0) 0 10œ œ Ê œ " Ê œ œ �? k kS
2

180
% �%

13. (a) M 2 (see Exercise 3):  Then x   E (2) 10   n 10   n 10œ œ Ê Ÿ œ � Ê � Ê �?
2 2 2 4 4 4
n 12 n 3n 3 3k k a b a bˆ ‰ ÉT

# �% # % %
#

  n 115.4, so let n 116Ê � œ

 (b) M 0 (see Exercise 3):  Then n 2 (n must be even)  x   E (1) (0) 0 10œ œ Ê œ " Ê œ œ �? k kS
2

180
% �%

14. (a) M 2 (see Exercise 4):  Then x   E (2) 10   n 10   n 10œ œ Ê Ÿ œ � Ê � Ê �?
2 2 2 4 4 4
n 12 n 3n 3 3k k a b a bˆ ‰ ÉT

# �% # % %
#

  n 115.4, so let n 116Ê � œ

 (b) M 0 (see Exercise 4):  Then n 2 (n must be even)  x   E (1) (0) 0 10œ œ Ê œ " Ê œ œ �? k kS
2

180
% �%

15. (a) M 12 (see Exercise 5):  Then x   E (12) 10   n 8 10   n 8 10œ œ Ê Ÿ œ � Ê � Ê �?
2 2 2 8
n 12 n nk k a b a bˆ ‰ È

T
# �% # % %

#

  n 282.8, so let n 283Ê � œ

 (b) M 0 (see Exercise 5):  Then n 2 (n must be even)  x   E (1) (0) 0 10œ œ Ê œ " Ê œ œ �? k kS
2

180
% �%

16. (a) M 6 (see Exercise 6):  Then x   E (6) 10   n 4 10   n 4 10œ œ Ê Ÿ œ � Ê � Ê �?
2 2 2 4
n 12 n nk k a b a bˆ ‰ È

T
# �% # % %

#

 200, so let n 201œ œ

 (b) M 0 (see Exercise 6):  Then n 2 (n must be even)  x   E (1) (0) 0 10œ œ Ê œ " Ê œ œ �? k kS
2

180
% �%

17. (a) M 6 (see Exercise 7):  Then x   E (6) 10   n 10   n 10œ œ Ê Ÿ œ � Ê � Ê �?
1 1 1 1
n 12 n 2nk k a b a bˆ ‰ ÉT

# �% # %" "
# #

%
#

  n 70.7, so let n 71Ê � œ

 (b) M 120 (see Exercise 7):  Then x   E (120) 10   n 10œ œ Ê œ œ � Ê �?
" " % �% % %
n 180 n 3

1 2 2
3nk k a bˆ ‰S %

  n  10  n 9.04, so let n 10 (n must be even)Ê � Ê � œÉ a b4 2
3

%

18. (a) M 6 (see Exercise 8):  Then x   E (6) 10   n 4 10   n 4 10œ œ Ê Ÿ œ � Ê � Ê �?
2 2 2 4
n 12 n nk k a b a bˆ ‰ È

T
# �% # % %

#

  n 200, so let n 201Ê � œ

 (b) M 120 (see Exercise 8):  Then x   E (120) 10   n 10œ œ Ê Ÿ œ � Ê �?
2 2 2 64 64
n 180 n 33nk k a bˆ ‰S

% �% % %
%

  n  10  n 21.5, so let n 22 (n must be even)Ê � Ê � œÉ a b4 64
3

%
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19. (a) f(x) x 1  f (x) (x 1)   f (x) (x 1)   M .œ � Ê œ � Ê œ � � œ � Ê œ œÈ w �"Î ww � Î" "

�2 4 4
2 3 2 1 1 1

4 x 1 4 1ˆ ‰È Š ‹È3 3

 Then x   E 10   n 10   n 10   n 75,? œ Ê Ÿ œ � Ê � Ê � Ê �3 3 3 1 9 9 9
n 12 n 4 16n 16 16

2 4 2 4 4k k a b a bˆ ‰ ˆ ‰ ÉT 2
�

 so let n 76œ

 (b) f (x) (x 1)   f (x) (x 1)   M .  Then xÐ$Ñ �&Î# Ð%Ñ �(Î#

�
œ � Ê œ � � œ � Ê œ œ œ3 15 15 15 15 3

8 16 16 n16 x 1 16 1ˆ ‰È Š ‹È( ( ?

  E 10   n   n   n 10.6, so letÊ Ÿ œ � Ê � Ê � Ê �k k ˆ ‰ ˆ ‰ ÉS
3 3 15

180 n 16 16(180) 16(180)
3 (15)

16(180)n
3 (15) 10 3 (15) 10% �% %

5 5 5

%

% % %ˆ ‰ a b

 n 12 (n must be even)œ

20. (a) f(x)   f (x) (x 1)   f (x) (x 1)   M .œ Ê œ � � Ê œ � œ Ê œ œ" "
�

w �$Î# w �&Î#
#

w

�È ˆ ‰È Š ‹Èx 1
3 3 3 3
4 44 x 1 4 1

& &

 Then x E 10 n n   n 129.9, so let n 130? œ Ê Ÿ œ � Ê � Ê � Ê � œ3 3 3 3 3
n 12 n 4 48n 48 48

3 10 3 10k k ˆ ‰ ˆ ‰ ÉT
# �% #%

#

% % % %ˆ ‰ a b

 (b) f (x) (x 1)   f (x) (x 1)   M .  Then xÐ$Ñ �(Î# Ð%Ñ �*Î#

�
œ � � Ê œ � œ Ê œ œ œ15 105 105 105 105 3

8 16 16 n16 x 1 16 1ˆ ‰È Š ‹È* * ?

  E 10   n   n   n 17.25, soÊ Ÿ œ � Ê � Ê � Ê �k k ˆ ‰ ˆ ‰ ÉS
3 3 105

180 n 16 16(180) 16(180)
3 (105)

16(180)n
3 (105) 10 3 (105) 10% �% %

&

%

& % % & %ˆ ‰ a b

 let n 18 (n must be even)œ

21. (a) f(x) sin (x 1)  f (x) cos (x 1)  f (x) sin (x 1)  M 1.  Then x   E (1)œ � Ê œ � Ê œ � � Ê œ œ Ê Ÿw ww #
?

2 2 2
n 12 nk k ˆ ‰T

 10   n   n   n 81.6, so let n 82œ � Ê � Ê � Ê � œ8
12n 12 1

8 10 8 10
#

% %�% #
#

ˆ ‰ a bÉ
 (b) f (x) cos (x 1)  f (x) sin (x 1)  M 1.  Then x   E (1) 10Ð$Ñ Ð%Ñ �%%

œ � � Ê œ � Ê œ œ Ê Ÿ œ �?
2 2 2 32
n 180 n 180nk k ˆ ‰S %

  n   n   n 6.49, so let n 8 (n must be even)Ê � Ê � Ê � œ% 32 10
180 180

32 10ˆ ‰ a b% % %É
22. (a) f(x) cos (x )  f (x) sin (x )  f (x) cos (x )  M 1.  Then xœ � Ê œ � � Ê œ � � Ê œ œ1 1 1 ?

w ww 2
n

  E (1) 10   n   n   n 81.6, so let n 82Ê Ÿ œ � Ê � Ê � Ê � œk k ˆ ‰ ÉT
2 2 8

12 n 12n 12 1
8 10 8 10# �% #

##

% %ˆ ‰ a b

 (b) f (x) sin (x )  f (x) cos (x )  M 1.  Then x   E (1) 10Ð$Ñ Ð%Ñ �%%
œ � Ê œ � Ê œ œ Ê Ÿ œ �1 1 ?

2 2 2 32
n 180 n 180nk k ˆ ‰S %

  n   n   n 6.49, so let n 8 (n must be even)Ê � Ê � Ê � œ% 32 10
180 180

32 10ˆ ‰ a b% % %É
23. 6.0 2 8.2 2 9.1 2 12.7 13.0 30 15,990 ft .5

2
3a ba ba b a b a b� � Þ Þ Þ � � œ

24. Use the conversion 30 mph 44 fps (ft perœ

 sec) since time is measured in seconds.  The
 distance traveled as the car accelerates from,
 say, 40 mph 58.67 fps to 50 mph 73.33 fpsœ œ

 in (4.5 3.2) 1.3 sec is the area of the� œ

 trapezoid (see figure) associated with that time

 interval:  (58.67 73.33)(1.3) 85.8 ft.  The"
# � œ

 total distance traveled by the Ford Mustang
 Cobra is the sum of all these eleven trapezoids

 (using  and the table below):?t
#

 

  v (mph)    0     30     40      50      60        70         80        90      100     110    120 130
v (fps) 0 44 58.67 73.33 88 102.67 117.33 132 146.67 161.33 176 190.67
t (sec) 0 2.2 3.2 4.5 5.9 7.8 10.2 12.7 16 20.6 26.2 37.1

t/2 0 1.1 0.5 0.65 0.7 0.95 1.2 1.25 1.65 2.3 2.8 5.45?
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 s (44)(1.1) (102.67)(0.5) (132)(0.65) (161.33)(0.7) (190.67)(0.95) (220)(1.2) (249.33)(1.25)œ � � � � � �

 (278.67)(1.65) (308)(2.3) (337.33)(2.8) (366.67)(5.45) 5166.346 ft 0.9785 mi� � � � œ ¸

25. Using Simpson's Rule, x 1  ;? œ Ê œ?x
3 3

"

  my 33.6  Cross Section Area (33.6)!
i œ Ê ¸ "

3

 11.2 ft . Let x be the length of the tank.  Then theœ #

 Volume V (Cross Sectional Area) x 11.2x.œ œ

 Now 5000 lb of gasoline at 42 lb/ft$

  V 119.05 ftÊ œ œ5000
42

$

  119.05 11.2x  x 10.63 ftÊ œ Ê ¸

     x          y          m        my   
 x  0 1.5 1 1.5
 x 1 1.6 4 6.4
 x 2 1.8 2 3.6
 x 3 1.9 4 7.6
 x 4 2.0 2 4.0
 x 5 2.1 4 8.4
 x 6 2.1 1 2.1

i i i   

5

!

"

#

$

%

'

26. 4.2 L0.019 2 0.020 2 0.021 2 0.031 0.03524
2 c da b a b a b� � � Þ Þ Þ � � œ

27. (a) E x M; n 4 x ; f 1  M 1  E (1) 0.00021k k a b k k¸ ¸ ˆ ‰S SŸ œ Ê œ œ Ÿ Ê œ Ê Ÿ ¸b a
180 4 8 180 8

0 0� % Ð%Ñ� � %
? ?

1 1

# #1 1
ˆ ‰

 (b) x   ;? œ Ê œ1 ? 1

8 3 4
x

#

  mf(x ) 10.47208705!
i œ

  S (10.47208705) 1.37079Ê œ ¸1

#4

 x f(x ) m mf(x )
x 0 1 1 1
x /8 0.974495358 4 3.897981432
x /4 0.900316316 2 1.800632632
x 3 /8 0.784213303 4 3.136853212
x /2 0.636619772 1 0.63

i i i1

!

"

#

$

%

1

1

1

1 6619772

 (c) 100 0.015%¸ ‚ ¸ˆ ‰0.00021
1.37079

28. (a) x 0.1 erf 1 y 4y 2y 4y 4y y? œ œ œ Ê œ � � � � Þ Þ Þ � �b a 1 0 2 0.1
n 10 33 0 1 2 3 9 10
� � a b a bˆ ‰È

 e 4e 2e 4e 4e e 0.8432
30

0 0.01 0.04 0.09 0.81 1È1
a b� � � � Þ Þ Þ � � ¸� � � � �

 (b) E 0.1 12 6.7 10k k a b a bS Ÿ ¸ ‚1 0
180

4 6� �

29. T y 2y 2y 2y 2y y  where x  and f is continuous on [a, b]. Soœ � � � � Þ Þ Þ � � œ?x b a
2 n0 1 2 3 n 1 na b�

�
?

 T .œ œ � � Þ Þ Þ �b a b a
n 2 n 2 2 2

y y y y y y y y f x f x f x f x f x f x� �� � � � � Þ Þ Þ � � � � � �a b a b a b a b a b a b a b0 1 1 2 2 n 1 n 1 n 0 1 1 2 n 1 n� � �Š ‹
 Since f is continuous on each interval [x , x ], and  is always between f x  and f x , there is a point c  k 1 k k 1 k k

f x f x
� �

�
#

a b a bk 1 k� a b a b in

 [x , x ] with f c ; this is a consequence of the Intermediate Value Theorem. Thus our sum isk 1 k k
f x f x

�
�
#a b œ a b a bk 1 k�

  f c  which has the form  x f c  with x  for all k. This is a Riemann Sum for f on [a, b].! !ˆ ‰ a b a b
k 1 k 1

n n
b a b a

n nk k k k
œ œ

� �
? ? œ

30. S y 4y 2y 4y 2y 4y y  where n is even,  x  and f is continuous on [a, b]. Soœ � � � � Þ Þ Þ � � � œ?x b a
3 n0 1 2 3 n 2 n 1 na b� �

�
?

 S œ � � � Þ Þ Þ �b a
n 3 3 3 3

y 4y y y 4y y y 4y y y 4y y� � � � � � � � �ˆ ‰0 1 2 2 3 4 4 5 6 n 2 n 1 n� �

 œ � � � Þ Þ Þ �b a f x 4f x f x f x 4f x f x f x 4f x f x f x 4f x f x
6 6 6 6

� � � � � � � � �
n
2

0 1 2 2 3 4 4 5 6 n 2 n 1 nŠ ‹a b a b a b a b a b a b a b a b a b a b a b a b
� �

  is the average of the six values of the continuous function on the interval [x , x ], so it is bf x 4f x f x
6 2k 2k 2

a b a b a b2k 2k 1 2k 2� �
�

� � etween

 the minimum and maximum of f on this interval. By the Extreme Value Theorem for continuous functions, f takes on its
 maximum and minimum in this interval, so there are x  and x  with x x , x x  anda b 2k a b 2k 2Ÿ Ÿ �

 f x f x . By the Intermediate Value Theorem, there is c  in [x , x ]  witha b a ba b k 2k 2k 2
f x 4f x f x

6Ÿ Ÿa b a b a b2k 2k 1 2k 2� �
�

� �

 f c . So our sum has the form  x f c  with x  a Riemann sum for f on [a, b].a b a b!k k k k
f x 4f x f x

6 n/2
k 1

n/2
b aœ œ ßa b a b a b a b2k 2k 1 2k 2� �

œ

�� �
? ?

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 8.6 Numerical Integration 509

31. (a) a 1, e   Length 4 1  cos t dtœ œ Ê œ �" "
#

#'
0

21Î É 4

 2 4 cos t dt f(t) dt; use theœ � œ' '
0 0

2 21 1Î ÎÈ #

 Trapezoid  Rule with n 10  tœ Ê œ œ?
b a

n 10
0� �ˆ ‰1

#

 .  4 cos t dt  mf(x ) 37.3686183œ � ¸ œ1

#
#

0
'

0

2 10

n 0
n

1Î

œ

È !
  T (37.3686183) (37.3686183)Ê œ œ? 1t

40#

 2.934924419  Length 2(2.934924419)œ Ê œ

 5.870¸

 (b) f (t) 1  M 1k kww � Ê œ

  E t M 1 0.0032Ê Ÿ Ÿ Ÿk k a b ˆ ‰T
b a

1 1 0
0�

# # #
# � #

?
ˆ ‰1
# 1

     x           f(x )        m          mf(x )  
 x  0 1.732050808 1 1.732050808
 x /20 1.739100843 2 3.478201686
 x /10 1.759400893 2 3.

i i i

!

"

#

1

1 518801786
 x 3 /20 1.790560631 2 3.581121262
 x /5 1.82906848 1 3.658136959
 x /4 1.870828693 1 3.741657387
 x 3 /10 1.911676881 2 3.823353762

$

%

'

1

1

1

1

5

 x 7 /20 1.947791731 2 3.895583461
 x 2 /5 1.975982919 2 3.951965839
 x 9 /20 1.993872679 2 3.987745357
 x /2 2 1 2

(

)

*

"!

1

1

1

1

32. x ;  mf(x ) 29.184807792? œ œ Ê œ œ1 1 ? 1� 0 x
8 8 3 24

!
i

 S 29.18480779 3.82028Ê œ ¸1

24 a b
     x        f(x )        m       mf(x )  

 x  0 1.414213562 1 1.414213562
 x /8 1.361452677 4 5.445810706
 x /4 1.224744871 2 2.44948974

i i i

!

"

#

1

1 3
 x 3 /8 1.070722471 4 4.282889883
 x /2 1 2 2
 x 5 /8 1.070722471 4 4.282889883
 x 3 /4 1.224744871 2 2.449489743
 x 7 /8 1.361452677 4 5.4458107

$

%

'

(

1

1

1

1

1

5

06
 x 1.414213562 1 1.414213562) 1

33. The length of the curve y sin x  from 0 to 20 is:  L  1  dx;  cos x   œ œ � œ Êˆ ‰ ˆ ‰Ê Š ‹ Š ‹3 3 3
0 dx dx 0 0 dx

dy dy dy1 1 1

# # #

# #'
0

20

  cos x   L 1  cos x  dx. Using numerical integration we find L 21.07 inœ Ê œ � ¸9 3 9 3
400 0 400 0
1 1 1 1
# ##

# #
#ˆ ‰ ˆ ‰É'

0

20

34. First, we'll find the length of the cosine curve:  L 1  dx;  sinœ � œ �'
�25

25 Ê Š ‹ ˆ ‰dy dy
dx dx 50 50

25 x
#

1 1

   sin   L  1  sin  dx.  Using a numerical integrator we findÊ œ Ê œ �Š ‹ ˆ ‰ ˆ ‰Édy
dx 4 50 4 50

x x
#

# #1 1 1 1
# #'

�25

25

 L 73.1848 ft.  Surface area is:  A length width (73.1848)(300) 21,955.44 ft.¸ œ ¸ œ†

 Cost 1.75A (1.75)(21,955.44) $38,422.02.  Answers may vary slightly, depending on the numericalœ œ œ

 integration used.

35. y sin x  cos x  cos x  S 2 (sin x) 1 cos x dx; a numerical integration givesœ Ê œ Ê œ Ê œ �dy dy
dx dxŠ ‹ È#

# #'
0

1

1

 S 14.4¸

36. y       S 2 1  dx; a numerical integration gives S 5.28œ Ê œ Ê œ Ê œ � ¸x x x x x
4 dx dx 4 4 4

dy dy# # # #

#

#Š ‹ Š ‹É'
0

2

1

37. A calculator or computer numerical integrator yields sin 0.6 0.643501109.�" ¸

38. A calculator or computer numerical integrator yields 3.1415929.1 ¸
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8.7  IMPROPER INTEGRALS

 1.  lim   lim  tan x  lim  tan b tan 0 0' '
0 0

b b

0

_

dx dx
x   1 x   1# #� � # #

�" �" �"œ œ œ � œ � œ
b b bÄ _ Ä _ Ä _

c d a b 1 1

 2.  lim   lim  1000x  lim  1000 1000' '
1 1

b
0 001 b

_

� Þ

"

dx dx 1000
x x b1 001 1 001 0 001Þ Þ Þ

œ œ � œ � œ
b b bÄ _ Ä _ Ä _

c d ˆ ‰�

 3.  lim   x  dx  lim  2x  lim  2 2 b 2 0 2' '
0 b

1 1
1 2

b
dx

xÈ œ œ œ � œ � œ
b b 0 b 0Ä ! Ä Ä

� � �

Î "�"Î# c d Š ‹È

 4.  lim   4 x dx  lim  2 4 b 2 4 0 4 4' '
0 0

4 b
dx
4  xÈ �

�"Î#œ � œ � � � � œ � œ
b 4 b 4Ä Ä

� �

a b ’ “È Š ‹È

 5.      lim  3x  lim  3x' ' '
� �

�
� �1 1 0

1 0 1 b

1 c
dx dx dx

x x x#Î$ #Î$ #Î$œ � œ �
b cÄ ! Ä !

� ‘ � ‘"Î$ "Î$ "

  lim  3b 3( 1)  lim  3(1) 3c (0 3) (3 0) 6œ � � � � œ � � � œ
b cÄ ! Ä !

� �

� ‘ � ‘"Î$ "Î$ "Î$ "Î$

 6.  lim  x  lim  x' ' '
� � � �) �8 8 0

1 0 1 b

c
dx dx dx 3 3

x x x"Î$ "Î$ "Î$œ � œ �
b cÄ ! Ä !

� ‘ � ‘
# #

#Î$ #Î$ "

  lim  b ( 8)  lim  (1) c 0 (4) 0œ � � � � œ � � � œ �
b cÄ ! Ä !

� �

� ‘ � ‘ � ‘ ˆ ‰3 3 3 3 3 3 9
# # # # # # #

#Î$ #Î$ #Î$ #Î$

 7.  lim  sin x  lim  sin b sin 0 0'
0

1 b

0
dx

1  xÈ �

�" �" �"
# ##

œ œ � œ � œ
b 1 b 1Ä Ä

� �

c d a b 1 1

 8.  lim  1000r  lim  1000 1000b 1000 0 1000'
0

1
0 001 0 0011

b
dr

r0 999Þ

œ œ � œ � œ
b bÄ ! Ä !

� �

Þ Þc d a b
 9.   lim  ln x 1  lim  ln x 1  lim  ln ' ' '

�_ �_ �_

� � �
� � �#

2 2 2
2 2

b b b

2 dx dx dx x  1
x   1 x  1 x  1 x  1# � � � �

�œ � œ � � � œ
b b bÄ �_ Ä �_ Ä �_

c d c dk k k k � ‘¸ ¸
  lim  ln ln ln 3 ln  lim   ln 3 ln 1 ln 3œ � œ � œ � œ

b bÄ �_ Ä �_

ˆ ‰¸ ¸ ¸ ¸ Š ‹� � � "
� � �

3 b  1 b  
1 b  1 b  1

10.  lim  tan   lim  tan 1 tan'
�_

2 2

b
2 dx x b 3

x   4 2 4 4# � # #
�" �" �"œ œ � œ � � œ

b bÄ �_ Ä �_

� ‘ ˆ ‰ ˆ ‰1 1 1

11.   lim  2 ln  lim  2 ln 2 ln 2 ln (1) 2 ln 0 2 ln 2 ln 4'
2

b_

#

2 dv v  b  2  
v   v v b# � # #

� " � " � " "œ œ � œ � œ � œ
b bÄ _ Ä _

� ‘ ˆ ‰ ˆ ‰¸ ¸ ¸ ¸ ¸ ¸
12.   lim  ln  lim  ln ln ln (1) ln 0 ln 3 ln 3'

2

b_

#

2 dt t  b  2  
t   1 t  1 b  1   1 3# � � � # �

� " � " � " "œ œ � œ � œ � œ
b bÄ _ Ä _

� ‘ ˆ ‰ ˆ ‰¸ ¸ ¸ ¸ ¸ ¸

13.  ;    lim   lim  
u x 1
du 2x dx

' ' ' ' '
�_ �_ _

_ _ _

2x dx 2x dx 2x dx du du
x   1 x   1 x   1 u u u ua b a b a b# # ## # # # #� � �

#
" "œ � Ä � œ � � �

œ �
œ

0 1

0 1

1 c

b 1” • � ‘ � ‘
b cÄ _ Ä _

  lim  1  lim  ( 1) ( 1 0) (0 1) 0œ � � � � � � œ � � � � œ
b cÄ _ Ä _

ˆ ‰ � ‘" "
b c

14.   ;     
u x 4
du 2x dx

' ' ' ' '
�_ �_ _

_ _ _

x dx x dx x dx du du
x   4 x   4 x   4 2u 2ua b a b a b# # #$Î# $Î# $Î# $Î# $Î#� � �

#

œ � Ä �
œ �
œ

0 4

0 4” •
  lim   lim   lim   lim  0 0 0œ � � � œ � � � � � œ � � � � œ

b bc cÄ _ Ä _Ä _ Ä _
’ “ ’ “ Š ‹ Š ‹ ˆ ‰ ˆ ‰" " " " " " " "

# # # #È È È Èu u cb

%

%b

c
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15.  d ;    lim   lim  u  lim  3 b 3 0
u 2

du 2( ) d
' ' '

0 0 b

1 3 3 3

b
)

) )

  du du
  2 2 u 2 u
� "

�

#

È È È#
)

) )

) )
” • � ‘È Š ‹È ÈÈœ �

œ � "
Ä œ œ œ � œ �

b b bÄ ! Ä ! Ä !
� � �

 3œ È
16.  ds   ;    lim  

u 4 s
du 2s ds

' ' ' ' '
0 0 0 4 0

2 2 2 0 c
s  2s ds ds du ds
4  s 4  s 4  s 4  su
� " " "

� � � �# #

#

È È È È È# # # #
œ � Ä � �

œ �
œ �” •

c 2Ä
�

  lim  lim   lim  u  lim  sin  œ � œ �
b bc 2 c 2Ä ! Ä !Ä Ä� �� �

' '
b 0

4 c 4

b

cdu ds s
2 u 4  sÈ È �

�"
# !#

� ‘ � ‘È
  lim  2 b  lim  sin  sin 0 (2 0) 0œ � � � œ � � � œ

b c 2Ä ! Ä� �
Š ‹È ˆ ‰ ˆ ‰�" �"

# # #
�c 4  1 1

17. ;     lim   lim  2 tan u
u x

du
' ' '

0 0 0

b b

0

_ _

dx 2 du 2 du
(1  x) x dx

2 x
u   1 u   1� � �

�"È È– —È c dœ

œ
Ä œ œ# #

b bÄ _ Ä _

  lim  2 tan b 2 tan 0 2 2(0)œ � œ � œ
b Ä _

a b ˆ ‰�" �"
#
1

1

18.   lim   lim  ' ' ' ' '
1 1 2 b 2

2 2 c_ _

�

dx dx dx dx dx
x x   1 x x   1 x x   1 x x   1 x x   1È È È È È# # # # #� � � � �

œ � œ �
b 1 cÄ Ä _

  lim  sec  x  lim  sec  x  lim  sec 2 sec b  lim  sec c sec 2œ � œ � � �
b 1 b 1c cÄ ÄÄ _ Ä _� �

c d c d a b a bk k k k�" �" �" �" �" �"2 c

b 2

 0œ � � � œˆ ‰ ˆ ‰1 1 1 1

3 3# #

19.  lim  ln 1 tan v  lim  ln 1 tan b ln 1 tan 0'
0

b

0

_

dv
1  v 1  tan va b a b� �

�" �" �"
# �" œ � œ � � �

b bÄ _ Ä _
c d c d k kk k k k

 ln 1 ln (1 0) ln 1œ � � � œ �ˆ ‰ ˆ ‰1 1

# #

20.  dx  lim  8 tan x  lim  8 tan b 8 tan 0 8 8(0) 2'
0

b

0

_

16 tan x
1  x

�"

#� #
�" �" �" ## # # #

œ œ � œ � œ
b bÄ _ Ä _

’ “ ’ “a b a b a b ˆ ‰1 1

21. e  d  lim  e e 0 e e  lim  be e 1  lim  '
�_

0 0

b
b b

) ) )
) ) )œ � œ � � � œ � �

b b bÄ �_ Ä �_ Ä �_

� ‘ ˆ ‰a b c d†

! ! � "b  
e�b

 1  lim       (l'Hopital's rule for  form)^œ � �
b Ä �_

ˆ ‰" _
� _e�b

 1 0 1œ � � œ �

22. 2e  sin  d  lim  2e  sin  d' '
0 0

b_

� �) )
) ) ) )œ

b Ä _

  lim  2  ( sin cos )      (FORMULA 107 with a 1, b 1)œ � � œ � œ
b Ä _

’ “e
1  1

�)

� ) )
b

0

  lim   0 1œ � œ � œ
b Ä _

� � � �2(sin b  cos b) 2(sin 0  cos 0) 2(0  1)
2e 2e 2b !

23. e  dx e  dx  lim   e  lim  1 e (1 0) 1' '
�_ �_

�

0 0
x x x b

b
k k œ œ œ � œ � œ

b bÄ �_ Ä �_
c d a b!

24. 2xe  dx 2xe  dx 2xe  dx  lim  e  lim  e' ' '
�_ �_

_ _

� � � � �x x x x x
0

0

0 c

b 0

# # # # #

œ � œ � � �
b cÄ �_ Ä _

c d c d
  lim  1 e  lim  e ( 1) ( 1 0) (0 1) 0œ � � � � � � � œ � � � � œ

b cÄ �_ Ä _
c d c da b� �b c# #

25. x ln x dx  lim   ln x  ln 1  lim   ln b  lim   0'
0

1 1

b
œ � œ � � � œ � � �

b b bÄ ! Ä ! Ä !
� � �
’ “ Š ‹ˆ ‰x x b b ln b

4 4 4 4

# # # #

#

# # #
" " "

Š ‹2
b

  lim    lim  0œ � � œ � � œ � � œ �" " " "

�4 4 4 4 4
b

b bÄ ! Ä !
� �

Š ‹
Š ‹

"

$

b

4
b

Š ‹#

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



512 Chapter 8 Techniques of Integration

26. ( ln x) dx  lim  x x ln x 1 1 ln 1  lim  b b ln b 1 0  lim   1  lim   '
0

1

b� œ � œ � � � œ � � œ �
b b b bÄ ! Ä ! Ä ! Ä !

� � � �
c d c d c d"

�

ln b

Š ‹ Š ‹
Š ‹

" "

"

#b

b

b

 1  lim  b 1 0 1œ � œ � œ
b Ä !

�

27.  lim  sin   lim  sin  sin 0 0'
0

2 b

0
ds s b

4  sÈ �

�" �" �"
# # # ##

œ œ � œ � œ
b 2 b 2Ä Ä

� �

� ‘ ˆ ‰ 1 1

28.  lim  2 sin r  lim  2 sin b 2 sin 0 2 0'
0

1 b

0
4r dr
1  rÈ �

�" # �" # �"
#%

œ œ � œ � œ
b 1 b 1Ä Ä

� �

c d c da b a b †

1
1

29.  lim  sec s sec 2  lim  sec b 0'
1

2

b
ds

s s   1 3 3È # �

�" �" �"œ œ � œ � œ
b 1 b 1Ä Ä

� �

#c d 1 1

30.  lim   sec   lim   sec   sec 0'
2

4

b
dt t 4 b

t t   4 3 6È # �

" " " " "
# # # # # # # #

�" �" �"œ œ � œ � œ
b 2 b 2Ä Ä

� �

%� ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰ 1 1
†

31.  lim   lim   lim  2 x  lim  2 x' ' '
� � �1 1 c

4 b 4 b 4

1 c
dx dx dx

x x xÈ È Èk k œ � œ � � �
b bc cÄ ! Ä !Ä ! Ä !

� �� ��

� ‘ � ‘È È
  lim  2 b 2 ( 1) 2 4  lim  2 c 0 2 2 2 0 6œ � � � � � � � � œ � � � œ

b cÄ ! Ä !
� �
Š ‹È ˆ ‰È È È

†

32.  lim  2 1 x  lim  2 x 1' ' '
0 0 1

2 1 2 b

c

dx dx dx
x  1 1  x x  1È È Èk k� � �

œ � œ � � � �
b 1 c 1Ä Ä

�

!
�

#’ “ ’ “È È
  lim  2 1 b 2 1 0 2 2 1  lim  2 c 1 0 2 2 0 4œ � � � � � � � � � œ � � � œ

b 1 c 1Ä Ä
� �
Š ‹ Š ‹ Š ‹È È ÈÈ

33.   lim  ln  lim  ln ln 0 ln ln 2'
�

_

�1

b

1

d   2 b  2   2
  5   6   3 b  3 1  3

) )

) ) )# � � � � � � #
� � �" � "œ œ � œ � œ

b bÄ _ Ä _

� ‘ � ‘ ¸ ¸ ˆ ‰¸ ¸ ¸ ¸

34.  lim   ln x 1  ln x 1  tan x  lim   ln  tan x'
0

b

0

b

0

_

dx x  1
(x  1) x   1 4 x   1� � # # # #

" " " " � "# �" �"
�a b È# #

œ � � � � œ �
b bÄ _ Ä _

� ‘k k a b ’ “Š ‹
  lim   ln  tan b  ln  tan 0  ln 1  ln 1 0œ � � � œ � � � œ

b Ä _
’ “ ’ “Š ‹" � " " " " " " " " "
# # # # # # # # #�

�" �"b  
b   1 1 4È È#

† †

1 1

35. tan  d  lim  ln cos  lim  ln cos b ln 1  lim  ln cos b , the integral diverges'
0

2

2 2 2

b
0

1

1 1 1

Î

� � �
) ) )œ � œ � � œ � œ �_

b b bÄ Ä Ä
c d c d c dk k k k k k

36. cot  d  lim  ln sin ln 1  lim  ln sin b  lim  ln sin b , the integral diverges'
0

2

b

1

1

Î

� � �

Î#
) ) )œ œ � œ � œ �_

b 0 b 0 b 0Ä Ä Ä

c d c d c dk k k k k k
37. ; x    .  Since 0  for all 0 x  and  converges, then' ' ' '

0 0 0

01 1 1

1

sin  d sin x dx sin x dx sin x dx
  x x x x x
) )

1 )È È È È È È�

"c d1 ) 1� œ Ä � œ Ÿ Ÿ Ÿ Ÿ

   dx converges by the Direct Comparison Test.'
0

1

sin x
xÈ

38.  ;    .  Since 0
x 2

d

' ' '
� Î

Î

1 1

1 1

2 2 0

2 0 2
cos  d

( 2 ) 2x x 2x 2
x

dx

cos  dx sin  dx sin ) )

1 )

1

� ## #

#

� "
"Î$ "Î$ "Î$ "Î$

Ô ×
Õ Ø

œ �
œ �

œ �

Ä œ Ÿ Ÿ

1 )

)

)

ˆ ‰ ˆ ‰1

# # # #
�

x x x

x"Î$  for all 0 x 2  andŸ Ÿ 1

    converges, then  converges by the Direct Comparison Test.' '
0 0

2 21 1

dx
2x x

sin  dx
"Î$ "Î$

x
#

#

39. x e  dx; y   e  dy  lim  e  lim  e e' ' '
0 1 ln 2

ln 2 1 ln 2
1 x y y b 1 ln 2b

1 ln 2
�# "

�
� Î � � � � Î

_ Î

Î _

Î
� ‘ c d c d c dx y

y e  dyœ Ä œ œ � œ � � �
# �

#

y

b bÄ _ Ä _

 0 e e , so the integral converges.œ � œ� Î � Î1 ln 2 1 ln 2
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40.  dx; y x   2 e  dy 2 , so the integral converges.' '
0 0

1 1
ye 2

x e

�

Èx

È � ‘Èœ Ä œ ��

41. .  Since for 0 t , 0  and  converges, then the original integral converges as well by' '
0 0

1 1

dt dt
t sin t t sin t t tÈ È È È� �

" "Ÿ Ÿ Ÿ Ÿ1

 the Direct Comparison Test.

42. ; let f(t)  and g(t) , then  lim    lim    lim    lim   '
0

1
dt t 3t 6t

t sin t t sin t t g(t) t sin t 1 cos t sin t
f(t)

� � � �
" "œ œ œ œ œ$

$ #

t 0 t 0 t 0 t 0Ä Ä Ä Ä

  lim   6.  Now,   lim   lim  , which diverges   divergesœ œ œ � œ � � � œ �_ Ê
t 0 b bÄ Ä ! Ä !

6 dt dt
cos t t t b t sin t

' '
0 0

1 11

b$ # #
� �

� ‘ � ‘" " "
# # # �

 by the Limit Comparison Test.

43.  and   lim   ln  lim   ln 0 , which' ' ' '
0 0 1 0

2 1 2 1 b

0
dx dx dx dx 1 x b

1 x 1 x 1 x 1 x 1 x 1 b� � � � # � # �
" � " "�

# # # #œ � œ œ � œ _
b 1 b 1Ä Ä

� �

� ‘ � ‘¸ ¸ ¸ ¸
 diverges   diverges as well.Ê '

0

2
dx

1 x� #

44.   and  lim  ln (1 x)  lim  ln (1 b) 0 , which diverges' ' ' '
0 0 1 0

2 1 2 1
b
0

dx dx dx dx
1 x 1 x 1 x 1 x� � � �œ � œ � � œ � � � œ _

b 1 b 1Ä Ä
� �

c d c d
    diverges as well.Ê '

0

2
dx

1 x�

45. ln x  dx ln ( x) dx ln x dx; ln x dx  lim  x ln x x [1 0 1]  lim  [b ln b b]' ' ' '
� �

� �1 1 0 0

1 0 1 1
1
bk k c dœ � � œ � œ � � �

b bÄ ! Ä !

†

 1 0 1; ln ( x) dx 1  ln x  dx 2 converges.œ � � œ � � œ � Ê œ �' '
� �1 1

0 1 k k
46. x ln x   dx x ln ( x)  dx ( x ln x) dx  lim   ln x  lim   ln x' ' '

� �

� �1 1 0

1 0 1 1 1

b c
a b c dk k ’ “ ’ “� œ � � � � œ � � �

b cÄ ! Ä !

x x x x
4 4

# # # #

# #

  ln 1  lim   ln b  ln 1 -  lim   ln c 0 0 0  the integralœ � � � � � � � œ � � � � œ Ê� ‘ � ‘’ “ ’ “" " " " " "
# # # #4 4 4 4 4 4

b b c c

b cÄ ! Ä !
� �

# # # #

 converges (see Exercise 25 for the limit calculations).

47.  ; 0  for 1 x  and  converges   converges by the Direct Comparison Test.' ' '
1 1 1

_ _ _

dx dx dx
1 x x 1 x x 1 x� � �

" "
$ $ $ $ $Ÿ Ÿ Ÿ � _ Ê

48. ;  lim    lim    lim   1 and  lim  2 x ,' '
4 4

b

4

_ _

dx dx
x 1 x 1 x

x

1 1 0È È È
Š ‹
Š ‹

È
� �

" "
� �x x x bÄ _ Ä _ Ä _ Ä _

1
x 1

x x

È

È È

�

" "œ œ œ œ œ œ _� ‘È
 which diverges   diverges by the Limit Comparison Test.Ê '

4

_

dx
x 1È �

49. ;  lim    lim    lim   1 and   lim  2 v ,' '
2 2

b_ _

#

dv dv
v 1 v 1 1 0

v

1 vÈ È È È
Š ‹
Š ‹

È
É� � �

" "

�v v v bÄ _ Ä _ Ä _ Ä _

1
v 1

v

È

È

�

"
œ œ œ œ œ œ _

"

v

� ‘È
 which diverges  diverges by the Limit Comparison Test.Ê '

2

_

dv
v 1È �

50. ; 0  for 0  and  lim  e  lim  e 1 1  converges' ' '
0 0 0

b
0

b
_ _ _

� �d d d
1 e 1 e e e e

) ) )

� �
" "

) ) ) ) )Ÿ Ÿ Ÿ � _ œ � œ � � œ Ê)
b bÄ _ Ä _

c d a b)

  converges by the Direct Comparison Test.Ê '
0

_

d
1 e

)

� )

51.  and  lim  ' ' ' ' ' '
0 0 1 0 1 1

1 1 b

1

_ _ _ _

dx dx dx dx dx dx
x 1 x 1 x 1 x 1 x x 2xÈ È È È' ' ' ' $ $ #

� � � �

"œ � � � œ �
b Ä _

� ‘
  lim     converges by the Direct Comparison Test.œ � � œ Ê

b Ä _

ˆ ‰" " "
# # # �b

dx
x 1# '

'
0

_

È
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52. ;  lim    lim    lim   1;  dx  lim  ln b ,' '
2 2

b
2

_ _

dx x
x 1 x 1 1 xÈ È

Š ‹
Š ‹ É# #� �

" "

�x x x bÄ _ Ä _ Ä _ Ä _

"

# �

" "

#

Èx 1

x x

œ œ œ œ œ _c d
 which diverges   diverges by the Limit Comparison Test.Ê '

2

_

dx
x 1È # �

53.  dx;  lim    lim    lim   1;  dx' ' '
1 1 1

_ _ _È È ÈŒ �
Œ � È É

x 1
x x

x x

x 1 1

dx
x

�

�
"

�
# # $Î#x x xÄ _ Ä _ Ä _

È

È

x

x

x 1
x x

#

�

#

"
œ œ œ œ

  lim  2x  lim  2 2  dx converges by the Limit Comparison Test.œ � œ � œ Ê
b bÄ _ Ä _

� ‘ Š ‹�"Î# � �b

1 1

2
b

x 1
xÈ

È' _

#

54. ;  lim    lim    lim   1;  lim  ln x ,' ' '
2 2 2

b
2

_ _ _

x dx x dx dx
x 1 x 1 x

x

1 xÈ È È
Š ‹
Š ‹

È
É% % %

%

� �

"

�x x x bÄ _ Ä _ Ä _ Ä _

x

x 1
x

x x

È

È

% �

%

"

%

œ œ œ œ œ œ _c d
 which diverges   diverges by the Limit Comparison Test.Ê '

2

_

x dx
x 1È % �

55.   dx; 0  for x  and  lim  ln x , which diverges' '
1 1

1

_ _

2 cos x 2 cos x dx
x x x x

� " �� Ÿ   œ œ _1
b Ä _

c d b

  dx diverges by the Direct Comparison Test.Ê '
1

_

2 cos x
x

�

56.  dx; 0  for x  and   dx  lim   lim  ' '
1 1 1

_ _

1 sin x sin x 2 2 2 2 2 2
x x x x x b

� "�
# # # #Ÿ Ÿ   œ � œ � � œ1

b bÄ _ Ä _

� ‘ ˆ ‰b

1 1

   converges   dx converges by the Direct Comparison Test.Ê Ê' '
1 1

_ _

2 dx 1 sin x
x x# #

�

57. ;  lim   1 and  lim  4t  lim  2 2   converges' ' '
4 4 4

b

4

_ _ _

2 dt t 2 dt 4 2 dt
t 1 t 1 t tb$Î# $Î# $Î# $Î#

$Î#

� �
�"Î# �

t b bÄ _ Ä _ Ä _
œ œ � œ � œ Ê� ‘ Š ‹È

  converges by the Limit Comparison Test.Ê '
4

_

2 dt
t 1$Î# �

58. ; 0  for x 2 and  diverges  diverges by the Direct Comparison Test.' ' '
2 2 2

_ _ _

dx dx dx
ln x x ln x x ln x� � � Ê" "

59.  dx; 0  for x 1 and  diverges   diverges by the Direct Comparison Test.' ' '
1 1 1

_ _ _

e e dx e  dx
x x x x x

x x x

� � � Ê"

60. ln (ln x) dx; x e   (ln y) e  dy; 0 ln y (ln y) e  for y e and ln y dy  lim  y ln y y ,' ' '
e e e

y y y b
ee

_ _ _c d c dœ Ä � �   œ � œ _
b Ä _

 which diverges ln e  dy diverges  ln (ln x) dx diverges by the Direct Comparison Test.Ê Ê' '
e e

y
_ _

e

61. ;  lim    lim    lim   1; e  dx' ' '
1 1 1

x 2
_ _ _

� Îdx dx
e x e x

e

1 1 0È È È È
Š ‹
Š ‹

È
Éx x

x

� �
" "

� �x x xÄ _ Ä _ Ä _

"

�

"

È

È

e x

e
x
e

x

x x
xœ œ œ œ œ

e

  lim  2e  2e 2e   e  dx converges   convergesœ � � � œ Ê Ê
b

 lim
bÄ _

œ
Ä _

c d a b� Î � Î � Î � Î
"

_ _
x 2 b 2 1 2 x 2b

1 1

2 dx
e e xÈ È' '

x �

 by the Limit Comparison Test.

62. ;  lim    lim    lim   1 and  lim  e' '
1 1

x b
1

_ _

�dx e dx
e 2 e 2 1 0 e1

x xx x� � �
" "

�x x x bÄ _ Ä _ Ä _ Ä _

ˆ ‰
ˆ ‰

"

�

"

e 2

e
2
e

x x

x
œ œ œ œ œ �

x

x x Š ‹ c d
  lim  e e    converges    converges by the Limit Comparison Test.œ � � œ Ê Ê

b Ä _
a b�

_ _

b

1 1

�" "
�e e e 2

dx dx' '
x x x

63. 2  ;   and' ' ' ' ' ' '
�_

_ _ _ _ _

dx dx dx dx dx dx dx
x 1 x 1 x 1 x 1 x 1 x 1 xÈ È È È È È% % % % % % #

� � � � � �
œ œ � � �

0 0 0 1 0 1

1 1

  lim   lim  1 1   converges by the Direct Comparison Test.' '
1

b

1

_ _

�_

dx dx
x x b x 1# %

œ � œ � � œ Ê
b bÄ _ Ä _

� ‘ ˆ ‰" "

�È
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64. 2  ; 0  for x 0;   converges  2  converges by the' ' ' '
�_

_ _ _ _

dx dx dx dx
e e e e e e e e e ex x x x xx x x x� � � �

" "
� � � �

œ � � � Ê
0 0 0

x

 Direct Comparison Test.

65. (a) ; t ln x   lim  t  lim   (ln 2)' '
1 0

2 ln 2
1 p 1 p

ln 2

b

dx dt b
x(ln x) t p 1 p 1 1 pp p

1 pc d ’ “œ Ä œ œ �
b bÄ ! Ä !

� �

� �" "
� � � �

�

  the integral converges for p 1 and diverges for p 1Ê �  

 (b)  ; t ln x    and this integral is essentially the same as in Exercise 65(a):  it converges' '
2 ln 2

_ _

dx dt
x(ln x) tp pc dœ Ä

 for p 1 and diverges for p 1� Ÿ

66.   lim  ln x 1  lim  ln b 1 0  lim  ln b 1   the integral    dx' '
0

b

0

_ _

�_

2x dx 2x
x 1 x 1# #� �

# # #œ � œ � � œ � œ _ Ê
b b bÄ _ Ä _ Ä _

c d c d a ba b a b
 diverges.  But  lim   lim  ln x 1  lim  ln b 1 ln b 1  lim  ln

b b b bÄ _ Ä _ Ä _ Ä _

'
�_

�

b b

b
2x dx b
x 1 b 1# #

#

� �
# # # �"œ � œ � � � œc d c da b a b a b Š ‹

  lim  (ln 1) 0œ œ
b Ä _

67. A e  dx  lim  e  lim  e eœ œ � œ � � �'
0

x x b 0b
0

_

� � � �

b bÄ _ Ä _
c d a b a b

 0 1 1œ � œ

 

68. x  xe  dx  lim  xe e  lim  be e 0 e e 0 1 1;œ œ � � œ � � � � � œ � œ"
A
'

0

x x x b b 0 0b
0

_

� � � � � � �

b bÄ _ Ä _
c d a b a b†

 y  e  dx  e  dx  lim   e  lim   e e 0œ œ œ � œ � � � œ � œ" " " " " " " " " "#
# # # # # # #2A 4 4

' '
0 0

x 2x 2x 2b 2 0b

0

_ _

� � � � �a b � ‘ ˆ ‰ ˆ ‰
b bÄ _ Ä _

†

69. V 2 xe  dx 2  xe  dx 2   lim  xe e 2  lim  be e 1 2œ œ œ � � œ � � � œ' '
0 0

x x x x b bb
0

_ _

� � � � � �

1 1 1 1 1
b bÄ _ Ä _

c d a b’ “
70. V e  dx  e  dx   lim  e   lim  eœ œ œ � œ � � œ' '

0 0

x 2x 2x 2bb

0

_ _

� � � �

1 1 1 1a b � ‘ ˆ ‰# " " "
# # # #b bÄ _ Ä _

1

71. A (sec x tan x) dx  lim  ln sec x tan x ln sec x  lim  ln 1 ln 1 0œ � œ � � œ � � �'
0

2

2 2

b
0

1

1 1

Î

� �b bÄ Ä
c d k kk k k k ˆ ‰¸ ¸tan b

sec b

  lim  ln 1 sin b ln 2œ � œ
b Ä

1

2
�

k k

72. (a) V  sec x dx  tan x dx  sec x tan x  dx sec x sec x 1  dxœ � œ � œ � �' ' ' '
0 0 0 0

2 2 2 21 1 1 1Î Î Î Î

1 1 1 1
# # # # # #a b c da b

  dxœ œ1 '
0

21Î
1
#

#

 (b) S 2  sec x 1 sec x tan x dx 2  sec x(sec x tan x) dx   lim  tan xouter 0 0

2 2

2

b

0œ �   œ' '1 1

1

Î Î

�
1 1 1È c d# # #

b Ä

  lim  tan b 0   lim  tan b   S  diverges; S 2  tan x 1 sec x dxœ � œ œ _ Ê œ �1 1 1” •c d a b È
b bÄ Ä

1 1

1

2 2
outer inner 0

2

� �

Î
# # %'

 2  tan x sec x dx   lim  tan x  lim  tan b 0   lim  tan b  œ œ � œ œ _'
0

2

2 2 2

b

0

1

1 1 1

Î

� � �
1 1 1 1

# # # #

b b bÄ Ä Ä
c d c d a b” •

  S  divergesÊ inner
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73. (a) e  dx  lim  e  lim  e e 0 e e'
3

3x 3x 3b 3 3 9 9b

3

_

� � � � � �œ � œ � � � œ � œ
b bÄ _ Ä _

� ‘ ˆ ‰ ˆ ‰" " " " "
3 3 3 3 3

†

†

 0.0000411 0.000042.  Since e e  for x 3, then e  dx 0.000042 and therefore¸ � Ÿ � �� � �

_

x 3x x

3

# #'

 e  dx can be replaced by e  dx without introducing an error greater than 0.000042.' '
0 0

3_

� �x x# #

 (b) e  dx = 0.88621'
0

3
�x# µ

74. (a) V  dx   lim   lim  (0 1)œ œ � œ � � � œ � œ'
1

b

1

_

1 1 1 1 1ˆ ‰ � ‘ ˆ ‰ ˆ ‰’ “" " " "#

x x b 1b bÄ _ Ä _

 (b) When you take the limit to , you are no longer modeling the real world which is finite.  The comparison_

 step in the modeling process discussed in Section 4.2 relating the mathematical world to the real world fails to hold.

75. (a) 

 (b) > int((sin(t))/t, t=0..infinity);  answer is ˆ ‰1
#

 

76. (a)  (b) > f:= 2*exp( t^2)/sqrt(Pi);�

 > int(f, t=0..infinity);  (answer is 1)

77. (a) f x ea b œ 1
2

x /2È 1

� 2

 f is increasing on ( , 0]. f is decreasing on [0, ).�_ _

 f has a local maximum at 0, f 0a ba b Š ‹œ !ß 1
2È 1
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 (b) Maple commands:
 >f: exp( x^2/2)(sqrt(2*pi);œ �

 >int(f, x 1..1);  0.683œ � ¸

 >int(f, x 2..2);  0.954œ � ¸

 >int(f, x 3..3);  0.997œ � ¸

 (c) Part (b) suggests that as n increases, the integral approaches 1. We can take f(x) dx as close to 1 as we want by'
�n

n

 choosing n 1 large enough. Also, we can make f(x) dx and f(x) dx as small as we want by choosing n large� ' '
n

n_ �

�_

 enough. This is because 0 f x e  for x 1. (Likewise, 0 f x e  for x 1.)� � � � � � �a b a b�x/2 x/2

 Thus, f(x) dx e dx.' '
n n

_ _

� �x/2

 e dx e dx 2e2e 2e 2e' '
n n

_

� � �

Ä_ Ä_ Ä_

� � �x/2 x/2 n/2
c c c

c
x/2 c/2 n/2c

nœ œ œ œ� � �lim lim limc d c d
 As n , 2e 0, for large enough n, f(x) dx is as small as we want. Likewise for large enough n,Ä _ Ä�n/2 '

n

_

 f(x) dx is as small as we want.'
�_

�n

78. (a) The statement is true since f(x) dx f(x) dx f(x) dx, f(x) dx f(x) dx f(x) dx' ' ' ' ' '
�_ �_

_ _b a b b

a b a a
œ � œ �

 and f(x) dx exists since f(x) is integrable on every interval [a b].'
a

b

ß

 (b) f(x) dx f(x) dx f(x) dx f(x) dx f(x) dx f(x) dx' ' ' ' ' '
�_ �_

_ _a a b b

a a a a
� œ � � �

 f(x) dx f(x) dx f(x) dx f(x) dx f(x) dxœ � � œ �' ' ' ' '
�_ �_

_ _b a b

b a b

79. Example CAS commands:
 :Maple
 f := (x,p) -> x^p*ln(x);
 domain := 0..exp(1);
 fn_list := [seq( f(x,p), p=-2..2 )];
 plot( fn_list, x=domain, y=-50..10, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0],
           legend=["p= -2","p = -1","p = 0","p = 1","p = 2"], title="#79 (Section 8.7)" );
 q1 := Int( f(x,p), x=domain );
 q2 := value( q1 );
 q3 := simplify( q2 ) assuming p>-1;
 q4 := simplify( q2 ) assuming p<-1;
 q5 := value( eval( q1, p=-1 ) );
 i1 := q1 = piecewise( p<-1, q4, p=-1, q5, p>-1, q3 );

80. Example CAS commands:
 :Maple
 f := (x,p) -> x^p*ln(x);
 domain := exp(1)..infinity;
 fn_list := [seq( f(x,p), p=-2..2 )];
 plot( fn_list, x=exp(1)..10, y=0..100, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0],
           legend=["p = -2","p = -1","p = 0","p = 1","p = 2"], title="#80 (Section 8.7)" );
 q6 := Int( f(x,p), x=domain );
 q7 := value( q6 );
 q8 := simplify( q7 ) assuming p>-1;
 q9 := simplify( q7 ) assuming p<-1;
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 q10 := value( eval( q6, p=-1 ) );
 i2 := q6 = piecewise( p<-1, q9, p=-1, q10, p>-1, q8 );

81. Example CAS commands:
 :Maple
 f := (x,p) -> x^p*ln(x);
 domain := 0..infinity;
 fn_list := [seq( f(x,p), p=-2..2 )];
 plot( fn_list, x=0..10, y=-50..50, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0],
           legend=["p = -2","p = -1","p = 0","p = 1","p = 2"], title="#81 (Section 8.7)" );
 q11 := Int( f(x,p), x=domain ):
 q11 = lhs(i1+i2);
 `` = rhs(i1+i2);
 `` = piecewise( p<-1, q4+q9, p=-1, q5+q10, p>-1, q3+q8 );
 `` = piecewise( p<-1, -infinity, p=-1, undefined, p>-1, infinity );

82. Example CAS commands:
 :Maple
 f := (x,p) -> x^p*ln(abs(x));
 domain := -infinity..infinity;
 fn_list := [seq( f(x,p), p=-2..2 )];
 plot( fn_list, x=-4..4, y=-20..10, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9],
           legend=["p = -2","p = -1","p = 0","p = 1","p = 2"], title="#82 (Section 8.7)" );
 q12 := Int( f(x,p), x=domain );
 q12p := Int( f(x,p), x=0..infinity );
 q12n := Int( f(x,p), x=-infinity..0 );
 q12 = q12p + q12n;
 `` = simplify( q12p+q12n );

79-82. Example CAS commands:
 : (functions and domains may vary)Mathematica
 Clear[x, f, p]
 f[x_]:= x  Log[Abs[x]]p

 int = Integrate[f[x], {x, e, 100)]
 int /. p  2.5Ä

 In order to plot the function, a value for p must be selected.
 p = 3;
 Plot[f[x], {x, 2.72, 10}]
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     x           f(x )        m       mf(x )  
 x  0 0 1 0
 x 15 36 4 144
 x 30 54 2 108
 x 45 51 4 204
 x 60 49.5 2 99
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u 1 u 1 u 12 � � �œ � Ê œ � � � œ � � � Ê � œ � œa b a b a b

 A 1 B 1; 2 du 2 du duÊ œ Ê œ � � œ � �' ' ' a bˆ ‰2 1 1
u 1 u 1 u 12 � � �

 2u ln u 1 ln u 1 C 2 1 x ln Cœ � l � l � l � l � œ � � �È º º1
2

1 x 1
1 x 1

È
È � �

� �

113. (a) f a x dx; u a x du dx, x 0 u a, x a u 0 f u du f u du, which is' ' '
0 a 0

a 0 aa b a b a b’ “� œ � Ê œ � œ Ê œ œ Ê œ Ä � œ

 the same integral as f x dx.'
0

a a b
 (b) dx dx' ' '

0 0 0

2 2 2sin x
sin x cos x

sin x sin cos x cos sin x
sin x cos x sin cos x cos sin x cos cos x si

1 1 1Î Î Î

�

� �

� � � � � �
œ œ

ˆ ‰ ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

1 1 1

1 1 1 1 1

2 2 2

2 2 2 2 2 n sin xˆ ‰1
2

dx

 dx 2 dx dx dx dx dxœ Ê œ � œ œ' ' ' ' ' '
0 0 0 0 0 0

2 2 2 2 2 2cos x sin x sin x cos x sin x cos x
cos x sin x sin x cos x sin x cos x cos x sin x sin x cos x

1 1 1 1 1 1Î Î Î Î Î Î

� � � � �
�

 x 2 dx dxœ œ Ê œ Ê œ’ “
0

2

2 sin x cos x 2 sin x cos x 40 0

2 2sin x sin x1
1 1 1

1 1Î Î Î

� �
' '

114. dx dx dx dx dx' ' ' ' 'sin x sin x cos x cos x sin x sin x sin x cos x cos x sin x sin x
sin x cos x sin x cos x sin x cos x sin x cos x sin x cos x� � � � �

� � � � � � � �œ œ � �

 dx dx dx x ln sin x cos x dxœ � � œ � l � l �' ' ' 'cos x sin x sin x sin x
sin x cos x sin x cos x sin x cos x

�
� � �

 2 dx x ln sin x cos x dx ln sin x cos x CÊ œ � l � l Ê œ � l � l �' 'sin x sin x x 1
sin x cos x sin x cos x 2 2� �

115. dx dx dx dx d' ' ' ' 'sin x tan x tan x sec x sec x tan x sec x
1 sin x sec x tan x sec x tan x sec x tan x

2 2 2 2 2 2 2

2 2 2 2 2 2 2 2

sin x2

cos x2

1 sin x
cos x cos x2 2

� � � ��

� � �œ œ œ œ x dx� ' sec x
sec x tan x

2

2 2�

 dx dx x tan 2 tan x Cœ � œ � �' ' sec x 1
1 2tan x 2

12

2�
�È Š ‹È

116. dx dx dx dx dx dx' ' ' ' ' '1 cos x 1 2cos x cos x 1 2cos x cos x
1 cos x 1 cos x sin x sin x sin x sin x

1 cos x� � �
� �

�œ œ œ � �a b2

2 2 2 2 2

2 2

 csc x dx 2 csc x cot x dx cot x dx cot x 2csc x csc x 1 dx 2cot x 2csc x x Cœ � � œ � � � � œ œ � � � �' ' ' ' a b2 2 2

CHAPTER 8 ADDITIONAL AND ADVANCED EXERCISES

 1. u sin x , du ; dv dx, v x;œ œ œ œa b�" #

�

2 sin x dx
1 x

�"

#È
 sin x  dx x sin x  ;' 'a b a b�" �"# #

�
œ � 2x sin x dx

1 x

�"

#È
 u sin x, du ; dv , v 2 1 x ;œ œ œ � œ ��"

� �
#dx 2x dx

1 x 1 xÈ È# #

È
 2 sin x 1 x 2 dx 2 sin x 1 x 2x C; therefore� œ � � œ � � �' '2x sin x dx

1 x

�"

#È �

�" �"# #a b a bÈ È
 sin x  dx x sin x 2 sin x 1 x 2x C' a b a b a bÈ�" �" �"# # #œ � � � �

 2. ," "
x xœ

 ," " "
� �x(x 1) x x 1œ �

 ," " " "
� � � # �x(x 1)(x 2) 2x x 1 (x 2)œ � �
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 ," " " " "
� � � # � # � �x(x 1)(x 2)(x 3) 6x (x 1) (x 2) 6(x 3)œ � � �

   the following pattern:" " " " " "
� � � � # � �# � �x(x 1)(x 2)(x 3)(x 4) 4x 6(x 1) 4(x ) 6(x 3) 24(x 4)œ � � � � Ê

  ; therefore "
� � â � � � � � â �

�"
x(x 1)(x 2) (x m) (k!)(m k)!(x k) x(x 1)(x 2) (x m)

( ) dxœ !m

k 0œ

k '

   ln x k Cœ � �! ’ “k km

k 0œ

( )
(k!)(m k)!

�"
�

k

 3. u sin x, du ; dv x dx, v ;œ œ œ œ�"

� #
dx x

1 xÈ #

#

 x sin x dx  sin x  ;   x sin x dx  sin x
x sin 

dx cos  d
' ' ' '�" �" �" �"

# #�
œ � Ä œ �

œ
œ

x x  dx x sin  cos  d
2 1 x 2 cos 

# # # #

#È ” •)

) )

) ) )

)

  sin x sin  d  sin x C  sin x Cœ � œ � � � œ � �x x sin 2 x sin  cos 
4 4

# # #

# # # # # #
�" # �" �"" " �' ) ) ˆ ‰) ) ) ) )

  sin x Cœ � �x x 1 x sin x
4

# # �"

#
�" � �È

 4. sin y dy;   2z sin z dz; from Exercise 3, z sin z dz
z y

dz
' ' '�" �" �"È – —Èœ

œ
Ädy

2 yÈ
 C  sin y dy y sin y Cœ � � Ê œ � �z  sin z z 1 z sin z

4
y 1 y sin y# �" # �"

�"

# #
� � �" �" � �È È ÈÈ' È È

 y sin y Cœ � � ��" �
# #

È È Èy y sin y# �"

 5. ;   ;   
t sin 

dt cos  d

u tan 
du sec  d

d

' ' ' 'dt cos  d d du
t 1 t sin cos tan 1 (u 1) u 1

du
u 1

� � � � � �
#

�

È a b#

#

#” • Ô ×
Õ Ø

œ
œ

Ä œ Ä

œ

œ

œ

)

) )

)

) )

)

) ) )

) ) )

  ln  tan u C  ln Cœ � � œ � � œ � �" " " " � " " �" "
# � # � # � # # # #�

�"' ' 'du du u du u 1 tan 
u 1 u 1 u 1 sec u 1# # #

¹ ¹ ¸ ¸È )

)
)

  ln t 1 t  sin t Cœ � � � �" "
# #

# �"Š ‹È

 6.  dx  dx  dx' ' '" " "
� � � � � � �x 4 x 2 4x x 2x 2 x 2x 2% # ## # #œ œa b a b a b

  dxœ � � �" � �
� � � � � �# � �16 x 2x 2 (x 1) 1 x 2x (x 1) 1
2x 2 2 2x 2 2' ’ “# # # #

  ln tan (x 1) tan (x 1) Cœ � � � � �" � � "
� �#

�" �"
16 x 2x 8

x 2x 2¹ ¹ c d#

#

 7.  lim   sin t dt  lim  cos t  lim  cos x cos ( x)  lim  cos x cos x  lim  0 0x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
'
�

�x

x
x
 xœ � œ � � � œ � � œ œc d c d a b

 8.  lim   dt;  lim    lim   1   lim   dt diverges since  diverges
x t t xÄ ! Ä ! Ä ! Ä !

� � � �

' ' '
x x 0

1 1 1
cos t cos t dt

t cos t t t# # #

Š ‹
Š ‹

"

#

#

t
cos t

t

œ œ Ê" ; thus

  lim  x  dt is an indeterminate 0  form and we apply l'Hopital's rule:^
x Ä !

�

'
x

1
cos t

t# †_

  lim  x  dt  lim    lim    lim  cos x 1
x x x xÄ ! Ä ! Ä ! Ä !

� � � �

'
x

1
cos t

t

  dt
# œ œ œ œ

� �

�

'
1

x cos t
t

x

cos x
x

x

#

"

#

"

#

Š ‹
Š ‹

 9.  lim    ln 1  lim   ln 1 k ln (1 x) dx; 
u 1 x, du dx

x 0  u 1, x 1  u 2n nÄ _ Ä _
! !É ˆ ‰ ˆ ‰ˆ ‰ ” •n n

k 1 k 1
0

1

œ œ

n

� œ � œ �
œ � œ

œ Ê œ œ Ê œ
k
n n n

" " '

  ln u du u ln u u (2 ln 2 2) (ln 1 1) 2 ln 2 1 ln 4 1Ä œ � œ � � � œ � œ �'
1

2 c d #"

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



530 Chapter 8 Techniques of Integration

10.  lim      lim    lim    
n n nÄ _ Ä _ Ä _

! ! !Š ‹ˆ ‰ ˆ ‰Î Ñ
Ï Ò

n 1 n 1 n 1

k 0 k 0 k 0

� � �

œ œ œ

" " " "

� �
�

È È Ê ’ “Š ‹n k n k
n

n n
1 k

# # # # #
œ œ

"

n

  dx sin xœ œ œ'
0

1
"

�

�" "
! #È1 x#

c d 1

11. cos 2x  1 1 cos 2x 2 cos x; L 1 cos 2t  dt 2 cos t dtdy dy
dx dxœ Ê � œ � œ œ � œÈ ÈŠ ‹ Š ‹Ê È È# #

# #' '
0 0

4 41 1Î Î

 2 sin t 1œ œÈ c d 1Î%!

12.   1 ; L 1  dxdy dy dy
dx 1 x dx 1 x dx

2x 1 2x x 1 x1 x 4x
1 x 1 x

œ Ê � œ œ œ œ �� � � �
� �

# # #
� �

� �# #

# ##

# ## #

# % #Š ‹ Š ‹ Š ‹Êa b
a b a b '

0

1 2Î

  dx 1  dx 1  dx x ln œ œ � � œ � � � œ � �' ' '
0 0 0

1 2 1 2 1 2Î Î ÎŠ ‹ ˆ ‰ ˆ ‰ � ‘¸ ¸"� " " �
� � � � �

"Î#

!
x 2 1 x

1 x 1 x 1 x 1 x 1 x

#

# #

 ln 3 (0 ln 1) ln 3œ � � � � œ �ˆ ‰" "
# #

13. V 2  dx 2 xy dxœ œ' '
a 0

b 1

1 1ˆ ‰ Š ‹shell shell
radius height

 6  x 1 x dx; 
u 1 x
du dx

x (1 u)
œ �

œ �
œ �

œ �
1 '

0

1
#

# #

È Ô ×
Õ Ø

  6  (1 u) u duÄ � �1 '
1

0
#È

 6  u 2u u  duœ � � �1 '
1

0ˆ ‰"Î# $Î# &Î#

 6 u u u 6œ � � � œ � �1 1� ‘ ˆ ‰2 4 2 2 4 2
3 5 7 3 5 7

$Î# &Î# (Î# !

"

 6 6œ œ œ1 1ˆ ‰ ˆ ‰70 84 30 16 32
105 105 35

� � 1

 

14. V y  dx  œ œ' '
a 1

b 4

1 1
#

�
25 dx

x (5 x)#

  œ � �1 '
1

4ˆ ‰dx 5 dx dx
x x 5 x# �

 ln ln 4 ln 5œ � œ � � �1 1 1� ‘ ˆ ‰ ˆ ‰¸ ¸x 5 5
5 x x 4 4�

%

"
"

 2  ln 4œ �15
4
1

1

 

15. V 2  dx 2 xe  dxœ œ' '
a 0

b 1
x

1 1ˆ ‰ Š ‹shell shell
radius height

 2 xe e 2œ � œ1 1c dx x "
!
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16. V 2 (ln 2 x) e 1  dxœ � �'
0

ln 2
x

1 a b
 2  (ln 2) e ln 2 xe x  dxœ � � �1 '

0

ln 2
x xc d

 2 (ln 2) e (ln 2)x xe eœ � � � �1 ’ “x x x
ln 2

0

x#

#

 2 2 ln 2 (ln 2) 2 ln 2 2 2 (ln 2 1)œ � � � � � �1 1’ “#
#

(ln 2)#

 2 ln 2 1œ � � �1 ’ “(ln 2)#

#

 

17. (a) V 1 (ln x)  dxœ �'
1

e

1 c d#
 x x(ln x) 2 ln x dx œ � �1 1c d# e

1 1

e'
 (FORMULA 110)
 x x(ln x) 2(x ln x x)œ � � �1 c d# e

1

 x x(ln x) 2x ln xœ � � �1 c d# e

1

 e e 2e ( 1)œ � � � � � œ1 1c d  

 (b) V (1 ln x)  dx 1 2 ln x (ln x)  dxœ � œ � �' '
1 1

e e

1 1
# #c d

 x 2(x ln x x) x(ln x) 2 ln x dxœ � � � �1 1c d# e

1 1

e'
 x 2(x ln x x) x(ln x) 2(x ln x x)œ � � � � �1 c d# e

1

 5x 4x ln x x(ln x)œ � �1 c d# e

1

 (5e 4e e) (5) (2e 5)œ � � � œ �1 1c d
 

18. (a) V  e 1  dy e 1  dy y 1œ � œ � œ � œ � � œ1 1 1 1' '
0 0

1 1
y 2y� ‘ � ‘ ˆ ‰a b a b ’ “# �

# # # #

"

!
"e e e 32y # #

1 a b

 (b) V e 1  dy e 2e 1  dy 2e y 2e 1 2œ � œ � � œ � � œ � � � �1 1 1 1' '
0 0

1 1
y 2y y ya b a b � ‘ ˆ ‰’ “Š ‹#

# # #

"

!
"e e2y #

 2eœ � � œ1 Š ‹e 5 e 4e 5# #

# # #
� �1 a b

19. (a)  lim  x ln x 0   lim  f(x) 0 f(0)  f is continuous
x xÄ ! Ä !

� �
œ Ê œ œ Ê

 (b) V x (ln x)  dx;    lim  (ln x) (2 ln x) 

u (ln x)
du (2 ln x) 

dv x dx

v

œ Ä �

œ

œ

œ

œ

' '
0 0

2 2

b
1 1

# # #

#

#

#

Ô ×Ö ÙÖ ÙÖ Ù
Õ Ø

Œ �’ “ Š ‹dx
x

x
3

x x dx
3 3 x

$

$ $

b Ä !
�

 (ln 2)   lim   ln xœ � � œ � �1 1” •ˆ ‰ ˆ ‰ ’ “ ’ “8 2 x x 16
3 3 3 9 3 9 27

8(ln 2) 16(ln 2)#

b Ä !
�

$ $ #
2

b

20. V ( ln x)  dxœ �'
0

1

1
#

  lim  x(ln x) 2 ln x dxœ �1Œ �c d
b Ä !

�

# 1

b 0

1'

 2   lim  x ln x x 2œ � � œ1 1
b Ä !

�
c d 1

b
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21. M ln x dx x ln x x (e e) (0 1) 1;œ œ � œ � � � œ'
1

e
e
1c d

 M (ln x)  dx (ln x)  dxx 1 1

e e

œ œ' 'ˆ ‰ln x
# #

" #

 x(ln x) 2 ln x dx (e 2);œ � œ �" "
# #

#Š ‹c d e

1 1

e'

 M x ln x dx x dxy 1 1

e ee

1
œ œ �' '’ “x  ln x#

# #
"

 x  ln x e e 1 ;œ � œ � � œ �" " " "
# # # # #

# # #’ “ ’ “Š ‹ a bx e
4

# #
e

1

 therefore, x  and yœ œ œ œ
M
M 4 M

e 1 e 2My x
# � �

#

 

22. M 2 sin x ;œ œ œ'
0

1
2 dx
1 xÈ �

�" "
!#

c d 1

 M 2 1 x 2;y 0

1

œ œ � � œ' 2x dx
1 xÈ �

#
"

!
#

’ “È
 therefore, x  and y 0 by symmetryœ œ œ

M
M

2y

1

 

23. L 1  dx  dx;   L
x tan 

dx sec  d
œ � œ Ä œ

œ

œ
' ' '

1 1 4

e e tan eÉ ” •" �
#x x tan 

x 1 sec sec  d
#

# #È )

) ) 1Î

�"

) ) )

)

†

   d  (tan  sec csc ) d sec ln csc cot œ œ � œ � �' '
1 1

1Î Î Î4 4

tan e tan e
tan e

4

�" �"

�"(sec ) tan 1
tan 

) )

)

a b# �
) ) ) ) ) ) ) )c dk k

 1 e ln 2 ln 1 2 1 e ln 2 ln 1 2œ � � � � � � œ � � � � � �Š ‹ ’ “ Š ‹ Š ‹È È È È È È¹ ¹ Š ‹# #� �" "È È1 e 1 e
e e e e

# #

24. y ln x  1 1 x   S 2 x 1 x  dy  S 2 e 1 e  dy; 
u e

du e  dy
œ Ê � œ � Ê œ � Ê œ �

œ
œ

Š ‹ È È ” •dx
dy

#
# #1 1' '

c 0

d 1
y 2y

y

y

  S 2 1 u  du;   2   sec sec  d
u tan 

du sec  d
Ä œ � Ä

œ

œ
1 1 ) ) )

)

) )
' '

1 4

e tan eÈ ” •#
#

#
1Î

�"

†

 2 sec  tan ln sec tan 1 e e ln 1 e e 2 1 ln 2 1œ � � œ � � � � � � �1 ) ) ) ) 1 1ˆ ‰ c dk k ’ “ ’ “Š ‹ ¹ ¹ Š ‹È È È È"
#

# #tan e�"

1Î%
†

 e 1 e ln 2œ � � �1 ’ “È ÈŠ ‹# � �

�

È
È1 e e

2 1

#

25. S 2  f(x) 1 f (x)  dx; f(x) 1 x   f (x) 1   S 2  1 xœ � œ � Ê � œ Ê œ �1 1' '
� �1 1

1 1É c d c dˆ ‰ ˆ ‰w # #Î$ w #Î$$Î# $Î## "
x

dx
x#Î$ #Î$

† È

 4 1 x  dx;   4  (1 u)  du 6 (1 u) d(1 u)
u x

du
œ � Ä � œ � � �

œ

œ
1 1 1' ' '

0 0 0

1 1 1ˆ ‰ ˆ ‰ – —#Î$ $Î# $Î#$Î# "
#Î$

#x 2 dx
3 x

3
"Î$

"Î$

†

 6 (1 u)œ � � œ1 †

2 12
5 5
� ‘&Î# "

!
1

26. y t 1 dt x 1 L 1 x 1 dx 1 x 1 dxœ � Ê œ � Ê œ � � œ � �' ' '
1 1 1

x 16 16dy
dx

2ÉÈ É É ÉÈ È ÈÊ Š ‹
 x dx x 16 1œ œ œ � œ'

1

16 4 4 4 124
5 5 5 5

5 4

1

16 5 4 5 4È ’ “ a b a b4 Î Î Î

27.  dx  lim   dx  lim   ln x 1  ln x  lim   ln ' '
1 1

b b

1

b

1

_ˆ ‰ ˆ ‰ � ‘a b ’ “ax ax a
x 1 x x 1 x x

x 1
# #

#

� # � # # # #
" " " "# �� œ � œ � � œ

b b bÄ _ Ä _ Ä _

a ba

  lim   ln ln 2 ;  lim    lim    lim  b  if a   the improperœ � � œ œ _ � Ê
b b b bÄ _ Ä _ Ä _ Ä _

" "
# #

� �’ “a b a bb 1 b 1
b b b

b# #a a
2aa 2 aˆ ‰

�

1
2

 integral diverges if a ; for a :   lim    lim  1 1   lim   ln ln 2� œ œ � œ Ê �" " " "
# # #

� � "Î#

b b bÄ _ Ä _ Ä _

È a bb 1
b b b

b 1#

#

# "Î#É ” •

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Chapter 8 Additional and Advanced Exercises 533

 ln 1  ln 2 ; if a :  0  lim    lim    lim  (b 1) 0œ � œ � � Ÿ � œ � œ" " "
# # # �

� �ˆ ‰ ln 2
4 b b 1

b 1 (b 1)

b b bÄ _ Ä _ Ä _

a b# a 2a
2a 1�

   lim  ln   the improper integral diverges if a ; in summary, the improper integralÊ œ �_ Ê �
b Ä _

a bb 1
b

# � "
#

a

  dx converges only when a  and has the value '
1

_ˆ ‰ax ln 2
x 1 x 4# � # #

" "� œ �

28. G(x)  lim  e  dt  lim  e  lim   if x 0  xG(x) x 1 if x 0œ œ � œ œ œ � Ê œ œ �
b b bÄ _ Ä _ Ä _

'
0

b
xt xt b

0
� �� ‘ ˆ ‰Š ‹" � � " "

x x x x x
1 e 1 0�xb

29. A  converges if p 1 and diverges if p 1.  Thus, p 1 for infinite area. The volume of the solid of revolutionœ � Ÿ Ÿ'
1

_

dx
xp

 about the x-axis is V  dx   which converges if 2p 1 and diverges if 2p 1.  Thus we wantœ œ � Ÿ' '
1 1

_ _

1 1ˆ ‰" #

x x
dx

p 2p

 p  for finite volume.  In conclusion, the curve y x  gives infinite area and finite volume for values of p satisfying� œ"
#

�p

 p 1."
# � Ÿ

30. The area is given by the integral A ;œ '
0

1
dx
xp

 p 1:  A  lim  ln x  lim  ln b , diverges;œ œ œ � œ _
b bÄ ! Ä !

� �
c d 1

b

 p 1:  A  lim  x 1  lim  b , diverges;� œ œ � œ �_
b bÄ ! Ä !

� �

� �c d1 p 1 p1
b

 p 1:  A  lim  x  lim  b 1 0, converges; thus, p 1 for infinite area.� œ œ " � œ �  
b bÄ ! Ä !

� �

� �c d1 p 1 p1
b

      The volume of the solid of revolution about the x-axis is V   which converges if  2p 1 orx 0

1

œ �1' dx
x2p

      p , and diverges if p .  Thus, V  is infinite whenever the area is infinite (p 1).�    " "
# # x

      The volume of the solid of revolution about the y-axis is V  R(y)  dy   whichy 1 1
œ œ1 1' '_ _c d# dy

y2 pÎ

      converges if 1  p 2 (see Exercise 29).  In conclusion, the curve y x  gives infinite area and finite2
p � Í � œ �p

      volume for values of p satisfying 1 p 2, as described above.Ÿ �

31. (a) (1) e  dt  lim  e  dt  lim  e  lim  ( 1) 0 1 1> œ œ œ � œ � � � œ � œ' '
0 0

t t t
b

b
0

_

� � �

b b bÄ _ Ä _ Ä _
c d � ‘"

eb

 (b) u t , du xt  dt; dv e  dt, v e ; x fixed positive realœ œ œ œ � œx x 1 t t� � �

  (x 1) t e  dt  lim  t e x t e  dt  lim  0 e x (x) x (x)Ê � œ œ � � œ � � � œ> > >' '
0 0

x t x t x 1 tb
0

_ _

� � � �

b bÄ _ Ä _
c d ˆ ‰b

e
xx

b
!

 (c) (n 1) n (n) n!:> >� œ œ

 n 0:  (0 1) (1) 0!;œ � œ œ> >

 n k:  Assume (k 1) k! for some k 0;œ � œ �>

 n k 1:  (k 1 1) (k 1) (k 1) from part (b)œ � � � œ � �> >

 (k 1)k! induction hypothesisœ �

 (k 1)! definition of factorialœ �

 Thus, (n 1) n (n) n! for every positive integer n.> >� œ œ

32. (a) (x)  and n (n) n!  n! n 2n> > 1¸ œ Ê ¸ œˆ ‰ ˆ ‰ ˆ ‰É É Èx 2 n 2 n
e x e n e

x n n1 1

 (b)  n                  2n                         calculator            
10 3598695.619 3628800
20 2.4227868 10 2.432902 10

ˆ ‰ Èn
e

n
1

‚ ‚") ")

$# $#

%( %(

'% '%

)" )"

30 2.6451710 10 2.652528 10
40 8.1421726 10 8.1591528 10
50 3.0363446 10 3.0414093 10
60 8.3094383 10 8.3209871 10

‚ ‚

‚ ‚

‚ ‚

‚ ‚
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 (c) n                   2n                   2n e        calculator       
10 3598695.619 3628810.051 3628800

ˆ ‰ ˆ ‰È Èn n
e e

n n 1 12n      
1 1

Î

33. e   cos 3x2x Ð�Ñ

 2e    sin 3x2 1
3

x Ð�Ñ

 4e   cos 3x
 

2 1
9

x Ð�Ñ �

 I  sin 3x  cos 3x I  I (3 sin 3x 2 cos 3x)  I (3 sin 3x 2 cos 3x) Cœ � � Ê œ � Ê œ � �e 2e 4 13 e e
3 9 9 9 9 13

2x 2x 2x 2x

34. e   sin 4x3x Ð�Ñ

 3e     cos 4x3
4

x Ð�Ñ � "

 9e    sin 4x
 

3
16

x Ð�Ñ � "

 I  cos 4x  sin 4x I  I (3 sin 4x 4 cos 4x)  I (3 sin 4x 4 cos 4x) Cœ � � � Ê œ � Ê œ � �e 3e 9 25 e e
4 16 16 16 16 25

3x 3x 3x 3x

35.    sin 3x  sin xÐ�Ñ

 3 cos 3x  cos xÐ�Ñ �

 9 sin 3x  sin x
   

� Ð�Ñ �

 I sin 3x cos x 3 cos 3x sin x 9I  8I sin 3x cos x 3 cos 3x sin xœ � � � Ê � œ � �

  I CÊ œ �sin 3x cos x 3 cos 3x sin x
8

�

36.    cos 5x  sin 4xÐ�Ñ

  sin 5x     cos 4x� Ð�Ñ � "
4

 25cos 5x   sin 4
      

� Ð�Ñ � "
16

 I  cos 5x cos 4x  sin 5x sin 4x I  I  cos 5x cos 4x  sin 5x sin 4xœ � � � Ê � œ � �" "
4 16 16 16 4 16

5 25 9 5

  I (4 cos 5x cos 4x 5 sin 5x sin 4x) CÊ œ � �"
9

37. e   sin bxax Ð�Ñ

 ae       cos bxax Ð�Ñ � "
b

 a e    sin bx
   

# "ax Ð�Ñ � b#

 I  cos bx  sin bx I  I (a sin bx b cos bx)œ � � � Ê œ �e ae a a b e
b b b b b

ax ax ax

# # # #

# # #Š ‹�

  I (a sin bx b cos bx) CÊ œ � �e
a b

ax

# #�
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38. e   cos bxax Ð�Ñ

 ae       sin bxax Ð�Ñ "
b

 a e    cos bx
   

# "ax Ð�Ñ � b#

 I  sin bx  cos bx I  I (a cos bx b sin bx)œ � � Ê œ �e ae a a b e
b b b b b

ax ax ax

# # # #

# # #Š ‹�

  I (a cos bx b sin bx) CÊ œ � �e
a b

ax

# #�

39. ln (ax)     1Ð�Ñ

            x
     

"
x Ð � Ñ

 I x ln (ax) x dx x ln (ax) x Cœ � œ � �' ˆ ‰"
x

40. ln (ax)       xÐ�Ñ #

            x
     

" " $
x 3Ð � Ñ

 I x  ln (ax)  dx x  ln (ax) x Cœ � œ � �" " " "$ $ $
3 x 3 3 9

x' ˆ ‰ Š ‹$

41. C C' ' 'dx 2 dz 2 2
1 sin x (1 z) 1 z1 1 tan� � �� �

œ œ œ � œ �
Š ‹
Š ‹ ˆ ‰
2 dz

1 z
2z

1 z

� #

� #

#

#

x

42. ln 1 z C' ' ' 'dx 2 dz dz
1 sin x cos x 1 z 2z 1 z 1 z1� � � � � � �� �

œ œ œ œ � �
Š ‹

Š ‹
2 dz

1 z
2z 1 z

1 z 1 z

� #

� �# #

� # # # k k
 ln tan 1 Cœ � �¸ ¸ˆ ‰x

#

43. (1 2) 1' ' '
0 0 0

2 1 11Î
dx 2 dz 2

1 sin x (1 z) 1 z1� � ��

"

!
œ œ œ � œ � � œ

Š ‹
Š ‹
2 dz

1 z
2z

1 z

� #

� #

#
� ‘

44.    3 1' ' '
1

1

Î Î Î

Î

3 1 3 1 3

2 1 1
dx dz 1

1 cos x z z1� �

"

"Î $
œ œ œ � œ �È È

Š ‹
Š ‹ È
2 dz

1 z
1 z
1 z

� #

� #

� #

#
� ‘ È

45. tan   tan  ' ' ' '
0 0 0 0

2 1 1 11Î
d 2 dz 2 dz 2 z 2

2 cos 2 2z 1 z z 32 3 3 3 3
)

)� � � � ��

�" �"
"

!

"œ œ œ œ œ
Š ‹
Š ‹ È È È È
2 dz

1 z
1 z
1 z

� #

� #

� #

# # # ’ “
 œ œ1 1

3 3
3
9È

È

46.    ' ' ' '
1

1

Î

Î

2 1 1 1

2 3 3 3 3
cos  d 1

sin  cos sin 2z 2z 2z 2z
2 1 z  dz) )

) ) )� � � �

�

� �œ œ œ
È È ÈŠ ‹Š ‹

Ô ×
Õ ØŠ ‹

a b1 z 2 dz
1 z 1 z

2z 1 z

1 z

2z
1 z

� #

� �# #

� #

� #
# #�

Š ‹
Š ‹

#

$ $

z
2z

#

 dz

  ln z   ln 3 0 (ln 3 2) ln 3 1œ � œ � � � œ � œ � œ �’ “ Š ‹ Š ‹È Èˆ ‰" " " " " "
# # # #

$

"

z 3 ln 3
4 4 4 4 4

#
È

47.  ln C' ' ' 'dt 2 dz 2 dz
sin t cos t 2z 1 z (z 1) 2 2 z 1 2

z 1 2
� � � � ��

" � �

� �
œ œ œ œ �

Š ‹
Š ‹ È È

È2 dz
1 z

2z 1 z
1 z 1 z

� #

� �# #

� # # # ¹ ¹
  ln Cœ �" � �

� �È È
ˆ ‰ È
ˆ ‰2 tan 1 2

tan 1 2º ºt

t
#

#
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48. ' ' ' 'cos t dt
1 cos t 1 z 1 z 1 z1

2 1 z  dz 2 1 z  dz
1 z 1 z 1 z� � � � ��

� �

� � � �
œ œ œ

Š ‹Š ‹
Š ‹

a b a b
a b a b a b a b a b

1 z 2 dz
1 z 1 z

1 z
1 z

� #

� �# #

� #

� #

# #

# # ## # # #

 2 2 tan z C cot t Cœ œ � œ � œ � � � œ � � �' ' ' ' 'a ba b a b1 z  dz
1 z z z 1 z 1 z z z 1 z

dz dz dz dz t�
� � � � #

" �"
#

# # # # # # #
ˆ ‰

49. sec  d' ' ' ' ' ' ') ) œ œ œ œ œ �d 2 dz 2 dz dz dz
cos 1 z (1 z)(1 z) 1 z 1 z

)

)

Š ‹
Š ‹

2 dz
1 z
1 z
1 z

� #

� #

� #
� � � � �#

 ln 1 z ln 1 z C ln Cœ � � � � œ �k k k k » »1 tan

1 tan

�

�

Š ‹
Š ‹
)

)

#

#

50. csc  d ln z C ln tan C' ' ' ') ) œ œ œ œ � œ �d dz
sin z
) )

)

Š ‹
Š ‹

2 dz
1 z

2z
1 z

� #

� #

k k ¸ ¸
#
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CHAPTER 9  FIRST-ORDER DIFFERENTIAL EQUATIONS

9.1  SOLUTIONS, SLOPE FIELDS AND EULER'S METHOD

 1. y x y slope of 0 for the line y x.w œ � Ê œ �

 For x, y 0, y x y slope 0 in Quadrant I.� œ � Ê �w

 For x, y 0, y x y slope 0 in Quadrant III.� œ � Ê �w

 For y x , y 0, x 0, y x y slope 0 ink k k k� � � œ � Ê �w

 Quadrant II above y x.œ �

 For y x , y 0, x 0, y x y slope 0 ink k k k� � � œ � Ê �w

 Quadrant II below y x.œ �

 For y x , x 0, y 0, y x y slope 0 ink k k k� � � œ � Ê �w

 Quadrant IV above y x.œ �

 For y x , x 0, y 0, y x y slope 0 ink k k k� � � œ � Ê �w

 Quadrant IV below y x.œ �

 All of the conditions are seen in slope field (d).

 

 2. y y 1 slope is constant for a given value of y, slopew œ � Ê

 is 0 for y 1, slope is positive for y 1 and negative forœ � �

 y 1. These characteristics are evident in slope field (c).� �

 

 3. y slope 1 on y x and 1 on y x.w œ � Ê œ œ � � œx
y

 y slope 0 on the y-axis, excluding 0, 0 ,w œ � Ê œx
y a b

 and is undefined on the x-axis. Slopes are positive for
 x 0, y 0 and x 0, y 0 (Quadrants II and IV),� � � �

 otherwise negative. Field (a) is consistent with these
 conditions.

 

 4. y y x slope is 0 for y x and for y x.w œ � Ê œ œ �2 2

 For y x  slope is positive and for y x  slope isk k k k k k k k� �

 negative. Field (b) has these characteristics.
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538 Chapter 9 First-Order Differential Equations

 5.   6. 

 7. y 1 t y t dt x y x ; y 1 1 t y t dt 1; x y, y 1 1œ � � � Ê œ � œ � � � œ � œ � œ �' '
1 1

x 1dy dy
dx dxa b a b a b a b a ba b a b

 8. y dt ; y 1 dt 0; , y 1 0œ Ê œ œ œ œ œ' '
1 1

x 11 1 1 1
t dx x t dx x

dy dya b a b

 9. y 2 1 y t sin t dt 1 y x sin x; y 0 2 1 y t sin t dt 2; 1 y sin x,œ � � Ê œ � � œ � � œ œ � �' '
0 0

x 0dy dy
dx dxa b a b a b a b a ba b a b a b

 y 0 2a b œ

10. y 1 y t dt y x ; y 0 1 y t dt 1; y, y 0 1œ � Ê œ œ � œ œ œ' '
0 0

x 0dy dy
dx dxa b a b a b a b a b

11. y y 1  dx 1 1 (.5) 0.25," !
�
#œ � � œ � � � œ �Š ‹ ˆ ‰y

x
1!

!

 y y 1  dx 0.25 1 (.5) 0.3,# "
�œ � � œ � � � œŠ ‹ ˆ ‰y

x 2.5
0.25"

"

 y y 1  dx 0.3 1 (.5) 0.75;$ #œ � � œ � � œŠ ‹ ˆ ‰y
x 3

0.3#

#

 y 1  P(x) , Q(x) 1  P(x) dx  dx ln x ln x, x 0  v(x) e xdy
dx x x x� œ Ê œ œ Ê œ œ œ � Ê œ œˆ ‰ k k" " "' ' ln x

  y  x 1 dx C ; x 2, y 1  1 1   C 4  yÊ œ œ � œ œ � Ê � œ � Ê œ � Ê œ �" "
# #x x 2 x
x C x 4'

† Š ‹#

  y(3.5) 0.6071Ê œ � œ ¸3.5 4 4.25
3.5 7#

12. y y x (1 y ) dx 0 1(1 0)(.2) .2," ! ! !œ � � œ � � œ

 y y x (1 y ) dx .2 1.2(1 .2)(.2) .392,# " " "œ � � œ � � œ

 y y x (1 y ) dx .392 1.4(1 .392)(.2) .5622;$ # # #œ � � œ � � œ

 x dx  ln 1 y C; x 1, y 0  ln 1 C  C   ln 1 ydy
1 y

x x
� # # # # #

" " "œ Ê � � œ � œ œ Ê � œ � Ê œ � Ê � œ � �k k k k# #

  y 1 e   y(1.6) .5416Ê œ � Ê ¸a b1 x 2� Î#

13. y y (2x y 2y ) dx 3 [2(0)(3) 2(3)](.2) 4.2," ! ! ! !œ � � œ � � œ

 y y (2x y 2y ) dx 4.2 [2(.2)(4.2) 2(4.2)](.2) 6.216,# " " " "œ � � œ � � œ

 y y (2x y 2y ) dx 6.216 [2(.4)(6.216) 2(6.216)](.2) 9.6969;$ # # # #œ � � œ � � œ

 2y(x 1)  2(x 1) dx  ln y (x 1) C; x 0, y 3  ln 3 1 C  C ln 3 1dy dy
dx yœ � Ê œ � Ê œ � � œ œ Ê œ � Ê œ �k k #

   ln y (x 1) ln 3 1  y e e e 3e   y(.6) 14.2765Ê œ � � � Ê œ œ œ Ê ¸# Ð � Ñ � � � Ð � Ñx 1 ln 3 1 ln 3 x 2x x x 2# #

14. y y y (1 2x ) dx 1 1 [1 2( 1)](.5) .5," ! !
# #
!œ � � œ � � � œ

 y y y (1 2x ) dx .5 (.5) [1 2( .5)](.5) .5,# " "
# #
"œ � � œ � � � œ

 y y y (1 2x ) dx .5 (.5) [1 2(0)](.5) .625;$ # #
# #
#œ � � œ � � œ

 (1 2x) dx  x x C; x 1, y 1  1 1 ( 1) C  C 1  1 x xdy
y y y# œ � Ê � œ � � œ � œ Ê � œ � � � � Ê œ � Ê œ � �" "# # #

  y   y(.5) 4Ê œ Ê œ œ" "
� � � �1 x x 1 .5 (.5)# #
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15. y y 2x e  dx 2 2(0)(.1) 2," ! !œ � œ � œx#
!

 y y 2x e  dx 2 2(.1) e (.1) 2.0202,# " "œ � œ � œx 1# #

"
Þ

 y y 2x e  dx 2.0202 2(.2) e (.1) 2.0618,$ # #œ � œ � œx 2#

#
#Þ

 dy 2xe  dx  y e C; y(0) 2  2 1 C  C 1  y e 1  y(.3) e 1 2.0942œ Ê œ � œ Ê œ � Ê œ Ê œ � Ê œ � ¸x x x 3# # # #Þ

16. y y y e  dx 2 2 e (.5) 3," ! !œ � œ � † œa b a bx! 0

 y y y e  dx 3 3 e (.5) 5.47308,2 1 1
0.5œ � œ � † œa b a bx1

 y y y e  dx 5.47308 5.47308 e (.5) 12.9118,3 2 2
1.0œ � œ � † œa b a bx2

 y e   e  dx ln y e C; x 0, y 2 ln 2 1 C C ln 2 1 ln y e ln 2 1dy dy
dx y

x x x xœ Ê œ Ê l l œ � œ œ Ê œ � Ê œ � Ê l l œ � �

  y 2e y 1.5 2e 65.0292Ê œ Ê œ ¸e ex 1.5�" �"a b

17. y 1 1(.2) 1.2," œ � œ

 y 1.2 (1.2)(.2) 1.44,# œ � œ

 y 1.44 (1.44)(.2) 1.728,$ œ � œ

 y 1.728 (1.728)(.2) 2.0736,% œ � œ

 y 2.0736 (2.0736)(.2) 2.48832;& œ � œ

 dx  ln y x C   y Ce ; y(0) 1  1 Ce   C 1  y e   y(1) e 2.7183dy
y

x xœ Ê œ � Ê œ œ Ê œ Ê œ Ê œ Ê œ ¸"
!

18. y 2 (.2) 2.4," œ � œˆ ‰2
1

 y 2.4 (.2) 2.8,# œ � œˆ ‰2.4
1.2

 y 2.8 (.2) 3.2,$ œ � œˆ ‰2.8
1.4

 y 3.2 (.2) 3.6,% œ � œˆ ‰3.2
1.6

 y 3.6 (.2) 4;& œ � œˆ ‰3.6
1.8

   ln y ln x C  y kx; y(1) 2  2 k  y 2x  y(2) 4dy
y x

dxœ Ê œ � Ê œ œ Ê œ Ê œ Ê œ

19. y 1 (.5) .5,"
�œ � � œ �’ “( 1)

1

#

È

 y .5 (.5) .39794,#
�œ � � œ �’ “( .5)

1.5

#

È

 y .39794 (.5) .34195,$
�œ � � œ �’ “( .39794)

2

#

È

 y .34195 (.5) .30497,%
�œ � � œ �’ “( .34195)

2.5

#

È

 y .27812, y .25745, y .24088, y .2272;& ' ( )œ � œ � œ � œ �

   2 x C; y(1) 1  1 2 C  C 1  y   y(5) .2880dy
y y

dx
x 1 x 1 5# œ Ê � œ � œ � Ê œ � Ê œ � Ê œ Ê œ ¸ �È È È

" " "
�# �#

È

20. y 1 0 sin 1 1,"
"œ � † œa b ˆ ‰
3

 y 1 sin 1 1.09350,#
" "œ � † œˆ ‰ ˆ ‰
3 3

 y 1.09350 sin 1.09350 1.29089,$
"œ � † œˆ ‰ ˆ ‰2

3 3

 y 1.29089 sin 1.29089 1.61125,%
"œ � † œˆ ‰ ˆ ‰3

3 3

 y 1.61125 sin 1.61125 2.05533,&
"œ � † œˆ ‰ ˆ ‰4

3 3

 y 2.05533 sin 2.05533 2.54694;'
"œ � † œˆ ‰ ˆ ‰5

3 3

 y x sin y csc y dy x dx ln csc y cot y x C csc y cot y e Cew � � �œ Ê œ Ê � l � l œ � Ê � œ œ1
2

2 x C x1 1
2 2

2 2

 Ce cot Ce ; y 0 1 cot Ce C cot cot eÊ œ Ê œ œ Ê œ œ Ê œ1 cos y y y
sin y 2 2 2 2

x x 0 x1 1� � � �1 1 1
2 2 2

2 2 2ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b
 y 2 cot cot e , y 2 2 cot cot e 2.65591Ê œ œ œ� � � �1 x 1 21 1

2 2Š ‹ˆ ‰ ˆ ‰a b ˆ ‰1
2

2
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540 Chapter 9 First-Order Differential Equations

21. y 1 x 1 x y e y x 1 x 1 x y e 1 x 1 x y 1 yœ � � � � � Ê œ � � � � � œ � � � � � œa b a b a b a ba b0 0 0 0 0 0 0 0 0 0
x x x x� �0 0 0

 1 1 x y e y 1 x 1 x y e x x ydy dy dy
dx dx dx0 0 0 0

x x x xœ � � � � Ê œ � � � � � œ � Ê œ �a b a b� �0 0

22. y f x , y x y y f t dt C, y x f t dt C C C y y f t dt yw œ œ Ê œ � œ � œ Ê œ Ê œ �a b a b a b a b a b a b0 0 0 0 0x x x

x x x' ' '
0 0 0

0

23-34. Example CAS commands:
 :Maple
 ode := diff( y(x), x ) = y(x);
 icA := [0, 1];
 icB := [0, 2];
 icC := [0,-1];
 DEplot( ode, y(x), x=0..2, [icA,icB,icC], arrows=slim, linecolor=blue, title="#23 (Section 9.1)" );
 :Mathematica
 To plot vector fields, you must begin by loading a graphics package.
 <<Graphics`PlotField`
 To control lengths and appearance of vectors, select the Help browser, type PlotVectorField and select Go.
 Clear[x, y, f]
 yprime = y (2 y);�

 pv = PlotVectorField[{1, yprime}, {x, 5, 5}, {y, 4, 6}, Axes True, AxesLabel {x, y}];� � Ä Ä

 To draw solution curves with Mathematica, you must first solve the differential equation. This will be done with
 the DSolve command. The y[x] and x at the end of the command specify the dependent and independent variables.
 The command will not work unless the y in the differential equation is referenced as y[x].
 equation = y'[x] == y[x] (2 y[x]) ;�

 initcond = y[a] == b;
 sols = DSolve[{equation, initcond}, y[x], x]
 vals = {{0, 1/2}, {0, 3/2},  {0, 2}, {0, 3}}
 f[{a_, b_}] = sols[[1, 1, 2]];
 solnset = Map[f, vals]
 ps = Plot[Evaluate[solnset, {x, 5, 5}];�

 Show[pv, ps, PlotRange  { 4, 6}];Ä �

 The code for problems such as 31 & 32 is similar for the direction field, but the analytical solutions involve
 complicated inverse functions, so the numerical solver NDSolve is used. Note that a domain interval is
 specified.
 equation = y'[x] == Cos[2x y[x]] ;�

 initcond = y[0] == 2;
 sol = NDSolve[{equation, initcond}, y[x], {x, 0, 5}]
 ps = Plot[Evaluate[y[x]/.sol, {x, 0, 5}];
 N[y[x] /. sol/.x 2]Ä

 Show[pv, ps, PlotRange  {0, 5}];Ä

 Solutions for 34 can be found one at a time and plots named and shown together. No direction fields here.
 For 34, the direction field code is similar, but the solution is found implicitly using integrations. The plot
 requires loading another special graphics package.
 <<Graphics`ImplicitPlot`
 Clear[x,y]

 solution[c_] = Integrate[2 (y 1), y] == Integrate[3x 4x 2, x] c� � � �2

 values =  { 6, 4, 2, 0, 2, 4, 6};� � �

 solns = Map[solution, values];
 ps = ImplicitPlot[solns, {x, 3, 3}, {y, 3, 3}]� �

 Show[pv, ps]

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 9.1 Solutins, Slope Fields and Euler's Method 541

23.  24. 

25.  26. 

27.  28. 

35. 2xe , y 0 2 y y 2x e dx y 2x e 0.1 y 0.2x edy
dx n 1 n n n n n nœ œ Ê œ � œ � œ �x x x x2 2 2

n n na b a b�
2

 On a TI-84 calculator home screen, type the following commands:
 2 STO > y: 0 STO > x: y (enter)
 y 0.2*x*e^(x^2) STO > y: x 0.1 STO > x: y (enter, 10 times)� �

 The last value displayed gives y 1 3.45835Eulera b ¸
 The exact solution:  dy 2xe dx y e C; y 0 2 e C C 1 y 1 eœ Ê œ � œ œ � Ê œ Ê œ �x x x2 2 2a b 0

 y 1 1 e 3.71828Ê œ � ¸exacta b

36. 2y x 1 , y 2 y y 2y x 1 dx y 0.2 y x 1dy
dx 2

2 2 21
n 1 n n n nn nœ � œ � Ê œ � � œ � �a b a b a b a b�

 On a TI-84 calculator home screen, type the following commands:
 0.5 STO > y: 2 STO > x: y (enter)�

 y 0.2*y x 1  STO > y: x 0.1 STO > x: y (enter, 10 times)� � �2a b
 The last value displayed gives y 2 0.19285Eulera b ¸ �

 The exact solution: 2y x 1 2x 2 dx x 2x C x 2x Cdy dy
dx y y y

2 2 21 1œ � Ê œ � Ê � œ � � Ê œ � � �a b a b2

 y 2 2 2 2 C C C 2 x 2x 2 ya b a b a bœ � Ê œ � � � œ Ê œ � Ê œ � � � Ê œ1 1 1 1
2 1 2 y x 2x 2

2 2
� Î � � �2

 y 3 0.2a b œ œ �1
3 2 3 2� � �a b a b2
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37. , y 0 y 0 y y dx y 0.1 y 0.dy
dx y y y y

x
n 1 n n n

x x x
œ � ß œ " Ê œ � œ � œ � "

È È È Èa b a b�
n n n

n n n

 On a TI-84 calculator home screen, type the following commands:
 1 STO > y: 0 STO > x: y (enter)

 y 0.1*( x /y) STO > y: x 0.1 STO > x: y (enter, 10 times)� �È
 The last value displayed gives y 1 1.5000Eulera b ¸
 The exact solution:  dy dx y dy x dx x C; 0 C Cœ Ê œ Ê œ � œ œ œ � Ê œ

È a ba bx
y 2 3 2 2 2 3 2

y 2 1 1 2 13/2  y 0 3/2È a b2 2 2

 x y x 1 y 1 1 1.5275Ê œ � Ê œ � Ê " œ � ¸y
2 3 2 3 3

2 1 4 43/2 3/2
exact

3/22 É a b a bÉ

38. 1 y , y 0 0 y y 1 y dx y 1 y 0.1 y 0.1 1 ydy
dx

2 2 2 2
n 1 n n nn n nœ � œ Ê œ � � œ � � œ � �a b a b a ba b a b�

 On a TI-84 calculator home screen, type the following commands:
 0 STO > y: 0 STO > x: y (enter)

 y 0.1*(1 y ) STO > y: x 0.1 STO > x: y (enter, 10 times)� � �2

 The last value displayed gives y 1 1.3964Eulera b ¸
 The exact solution:  dy 1 y dx dx tan y x C; tan y 0 tan 0 0 0 C C 0œ � Ê œ Ê œ � œ œ œ � Ê œa b a b2 1 1 1dy

1 y�
� � �

2

 tan y x y tan x y tan 1 1.5574Ê œ Ê œ Ê " œ ¸�1
exacta b

39. Example CAS commands:
 :Maple
 ode := diff( y(x), x ) = x + y(x);ic := y(0)=-7/10;
 x0 := -4;x1 := 4;y0 := -4; y1 := 4;
 b := 1;
 P1 := DEplot( ode, y(x), x=x0..x1, y=y0..y1, arrows=thin, title="#39(a) (Section 9.1)" ):
 P1;
 Ygen := unapply( rhs(dsolve( ode, y(x) )), x,_C1 );                                                                # (b)
 P2 := seq( plot( Ygen(x,c), x=x0..x1, y=y0..y1, color=blue ), c=-2..2 ):                                  # (c)
 display( [P1,P2], title="#39(c) (Section 9.1)" );
 CC := solve( Ygen(0,C)=rhs(ic), C );                                                                                         # (d)
 Ypart := Ygen(x,CC);
 P3 := plot( Ypart, x=0..b, title="#39(d) (Section 9.1)" ):
 P3;
 euler4 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(x1-x0)/4 ):    # (e)
 P4 := odeplot( euler4, [x,y(x)], x=0..b, numpoints=4, color=blue ):
 display( [P3,P4], title="#39(e) (Section 9.1)" );
 euler8 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(x1-x0)/8 ):     # (f)
 P5 := odeplot( euler8, [x,y(x)], x=0..b, numpoints=8, color=green ):
 euler16 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(x1-x0)/16 ):
 P6 := odeplot( euler16, [x,y(x)], x=0..b, numpoints=16, color=pink ):
 euler32 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(x1-x0)/32 ):
 P7 := odeplot( euler32, [x,y(x)], x=0..b, numpoints=32, color=cyan ):
 display( [P3,P4,P5,P6,P7], title="#39(f) (Section 9.1)" );
 < <  N | h          | `percent error` >,                                                                                                 # (g)
   <  4 | (x1-x0)/ 4 | evalf[5]( abs(1-eval(y(x),euler4(b))/eval(Ypart,x=b))*100 ) >,
   <  8 | (x1-x0)/ 8 | evalf[5]( abs(1-eval(y(x),euler8(b))/eval(Ypart,x=b))*100 ) >,
   < 16 | (x1-x0)/16 | evalf[5]( abs(1-eval(y(x),euler16(b))/eval(Ypart,x=b))*100 ) >,
   < 32 | (x1-x0)/32 | evalf[5]( abs(1-eval(y(x),euler32(b))/eval(Ypart,x=b))*100 ) > >;
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39-42. Example CAS commands:
 : (assigned functions, step sizes, and values for initial conditions may vary)Mathematica
 Problems 39 - 42 involve use of code from Problems 23 - 34 together with the above code for Euler's method.

9.2  FIRST-ORDER LINEAR DIFFERENTIAL EQUATIONS

 1. x y e y , P(x) , Q(x)dy dy
dx dx x x x x

x e e� œ Ê � œ œ œˆ ‰" "x x

 P(x) dx  dx ln x ln x, x 0 v(x) e e x' 'œ œ œ � Ê œ œ œ"
x k k ' P x  dxÐ Ñ ln x

 y  v(x) Q(x) dx  x  dx e C , x 0œ œ œ � œ �" " " �
v(x) x x x x

e e C' ' ˆ ‰ a bx x x

 2. e  2e y 1 2y e , P(x) 2, Q(x) ex dy dy
dx dx

x x x� œ Ê � œ œ œ� �

 P(x) dx 2 dx 2x v(x) e e' 'œ œ Ê œ œ
' P x  dxÐ Ñ 2x

 y  e e  dx  e  dx e C e Ceœ œ œ � œ �" " "
e e e2x 2x 2x

' 2x x x x x 2x
†

� � �' a b

 3. xy 3y , x 0 y , P(x) , Q(x)w � œ � Ê � œ œ œsin x 3 sin x 3 sin x
x dx x x x x

dy
# $ $

ˆ ‰
  dx 3 ln x ln x , x 0 v(x) e x' 3

x œ œ � Ê œ œk k $ $ln x$

 y  x  dx  sin x dx ( cos x C) , x 0œ œ œ � � œ �" " " �$
x x x x x

sin x C cos x
$ $ $ $ $
' ˆ ‰ '

 4. y (tan x) y cos x, x (tan x) y cos x, P(x) tan x, Q(x) cos xw # # #
# #� œ � � � Ê � œ œ œ1 1 dy

dx

 tan x dx  dx ln cos x ln (cos x) , x v(x) e (cos x)' 'œ œ � œ � � � Ê œ œsin x
cos x k k �" �"

# #
1 1 ln cos xÐ Ñ�"

 y (cos x) cos x dx (cos x) cos x dx (cos x)(sin x C) sin x cos x C cos xœ œ œ � œ �" �" #
(cos x)�"

' '
†

 5. x 2y 1 , x 0 y , P(x) , Q(x)dy dy
dx x dx x x x x x x

2 2� œ � � Ê � œ � œ œ �" " " " "ˆ ‰
# #

  dx 2 ln x ln x , x 0 v(x) e x' 2
x œ œ � Ê œ œk k # #ln x#

 y x  dx (x 1) dx x C , x 0œ � œ � œ � � œ � � �" " " " " " "#
# #x x x x x x x
x C

# # # # #

#' 'ˆ ‰ Š ‹

 6. (1 x) y y x y , P(x) , Q(x)� � œ Ê � œ œ œw " "
� � � �

È ˆ ‰dy
dx 1 x 1 x 1 x 1 x

x xÈ È

  dx ln (1 x), since x 0 v(x) e 1' "
�1 x œ � � Ê œ œln 1 xÐ � Ñ

 y  (1 x)  dx  x dx x Cœ � œ œ � œ �" " "
� � � � � �

$Î#
1 x 1 x 1 x 1 x 3 3(1 x) 1 x

x 2 2x C' 'Š ‹ È ˆ ‰ ˆ ‰È $Î#

 7. y e   P(x) , Q(x) e  P(x) dx x  v(x) edy
dx � œ Ê œ � œ Ê œ � Ê œ" " " " "

# # # # #
x 2 x 2 x 2Î Î � Î'

  y  e e  dx e  dx e x C xe CeÊ œ œ œ � œ �" " " " "
# # # #e� Îx 2

' '� Î Î Î Î Î Îx 2 x 2 x 2 x 2 x 2 x 2ˆ ‰ ˆ ‰

 8. 2y 2xe   P(x) 2, Q(x) 2xe  P(x) dx 2 dx 2x  v(x) edy
dx � œ Ê œ œ Ê œ œ Ê œ� �2x 2x 2x' '

  y e 2xe  dx 2x dx e x C x e CeÊ œ œ œ � œ �" " # #
e e2x 2x
' '2x 2x 2x 2x 2xa b a b� � � �

 9. y 2 ln x  P(x) , Q(x) 2 ln x P(x) dx  dx ln x, x 0dy
dx x x x� œ Ê œ � œ Ê œ � œ � �ˆ ‰" " "' '

  v(x) e   y x (2 ln x) dx x (ln x) C x (ln x) CxÊ œ œ Ê œ œ � œ �� ln x " " # #
x x

' ˆ ‰ c d
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10. y , x 0  P(x) , Q(x)  P(x) dx  dx 2 ln x ln x , x 0dy
dx x x x x x

2 cos x 2 cos x 2� œ � Ê œ œ Ê œ œ œ �ˆ ‰ k k# #
' ' #

  v(x) e x   y x  dx cos x dx (sin x C)Ê œ œ Ê œ œ œ � œln x# # #" " " �
x x x x x

cos x sin x C
# # # # #
' 'ˆ ‰

11. s   P(t) , Q(t)   P(t) dt  dt 4 ln t 1 ln (t 1)ds 4 t 1 4 t 1 4
dt t 1 (t 1) t 1 (t 1) t 1� œ Ê œ œ Ê œ œ � œ �ˆ ‰ k k� � � � �

� � %
$ $

' '

  v(t) e (t 1)   s  (t 1)  dt t 1  dtÊ œ œ � Ê œ � œ �ln t 1Ð � Ñ% % % #" �" "
� ��(t 1) (t 1)

t
(t 1)% %$

' '’ “ a b
 t Cœ � � œ � �"

� � � �(t 1) 3(t 1) (t 1) (t 1)
t t t C
3% % % %

$ $Š ‹

12. (t 1) 2s 3(t 1)   s 3   P(t) , Q(t) 3 (t 1)� � œ � � Ê � œ � Ê œ œ � �ds ds 2 2
dt (t 1) dt t 1 (t 1) t 1

" "
� � � �

�$
# $

ˆ ‰
  P(t) dt  dt 2 ln t 1 ln (t 1)   v(t) e (t 1)Ê œ œ � œ � Ê œ œ �' ' 2

t 1�
# #k k ln t 1Ð � Ñ#

  s  (t 1) 3 (t 1)  dt 3(t 1) (t 1)  dtÊ œ � � � œ � � �" "
� �

# �$ # �"
(t 1) (t 1)# #

' 'c d c d
 (t 1) ln t 1 C (t 1) (t 1)  ln (t 1) , t 1œ � � � � œ � � � � � � �"

� �
$ �#

(t 1) (t 1)
C

# #c dk k

13. (cot ) r sec   P( ) cot , Q( ) sec   P( ) d cot  d ln sin   v( ) edr
d) � œ Ê œ œ Ê œ œ Ê œ) ) ) ) ) ) ) ) ) ) ) )' ' k k ln sin k k)

 sin  because 0   r  (sin )(sec ) d  tan  d ln sec Cœ � � Ê œ œ œ �) ) ) ) ) ) ) )
1

) ) )#
" " "

sin sin sin 
' ' a bk k

 (csc ) ln sec Cœ �) )a bk k

14. tan  r sin     (cot ) r sin  cos   P( ) cot , Q( ) sin  cos ) ) ) ) ) ) ) ) ) )
dr dr r sin dr
d d tan tan d) ) ) ) )

)� œ Ê � œ Ê � œ Ê œ œ# #

  P( ) d cot  d ln sin ln (sin ) since 0   v( ) e sin Ê œ œ œ � � Ê œ œ' ') ) ) ) ) ) ) ) )k k 1

#
ln sinÐ Ñ)

  r (sin ) (sin  cos ) d sin  cos  d CÊ œ œ œ � œ �" " "#
sin sin sin 3 3 sin 

sin sin C
) ) ) )

) )' ') ) ) ) ) ) ) ˆ ‰ Š ‹$ #

15. 2y 3  P(t) 2, Q(t) 3 P(t) dt 2 dt 2t  v(t) e   y  3e  dtdy
dt e� œ Ê œ œ Ê œ œ Ê œ Ê œ' '' 2t 2t"

2t

 e C ; y(0) 1  C 1  C   y eœ � œ Ê � œ Ê œ � Ê œ �" " "
# # # # #e
3 3 3

2t ˆ ‰2t 2t�

16. t   P(t) , Q(t) t  P(t) dt 2 ln t   v(t) e t   y t t  dtdy 2y
dt t t t

2� œ Ê œ œ Ê œ Ê œ œ Ê œ# # # # #"' 'k k a b a bln t#
#

  t  dt C ; y(2) 1  1  C   yœ œ � œ � œ Ê � œ Ê œ � Ê œ �" "%
t t 5 5 t 5 4 5 5 5t

t t C 8 C 12 t 12
# # # #

& $ $' Š ‹

17. y   P( ) , Q( )  P( ) d ln   v( ) edy
d

sin sin 
) ) ) ) )

) )� œ Ê œ œ Ê œ Ê œ œˆ ‰ k k k k" "
) ) ) ) ) ) )' ln k k)

  y   d  d  for 0  y sin  d ( cos C)Ê œ œ Á Ê œ œ � �" " " "
k k) ) ) ) ) )

) )' ' 'k k ˆ ‰ ˆ ‰) ) ) ) ) ) ) )
sin sin 

  cos ; y 1  C   y  cos œ � � œ Ê œ Ê œ � �" "
# #) ) ) )

1 1 1
) )

C
2

ˆ ‰

18. y  sec  tan   P( ) , Q( )  sec  tan   P( ) d 2 ln   v( ) edy
d

2 2
) ) )
� œ Ê œ � œ Ê œ � Ê œˆ ‰ k k) ) ) ) ) ) ) ) ) ) ) )

# # ' �2 ln k k)

   y  sec  tan  d sec  tan  d (sec C)  sec C ;œ Ê œ œ œ � œ �) ) ) ) ) ) ) ) ) ) ) ) ) ) )
�# �# # # # # #"

)�#
' 'a b a b

 y 2  2 (2) C   C 2  y  sec 2ˆ ‰ ˆ ‰Š ‹ Š ‹1 1 1

1 13 9 9
18 18œ Ê œ � Ê œ � Ê œ � �

# #

# #) ) )
# #

19. (x 1) 2 x x y   2 y   2xy   P(x) 2x,� � � œ Ê � œ Ê � œ Ê œ �dy dy x(x 1) dy
dx x 1 dx x 1 (x 1) dx (x 1)

e e ea b ’ “#
� � � �

�x x x# #

# #

#

 Q(x)   P(x) dx 2x dx x   v(x) e   y e  dxœ Ê œ � œ � Ê œ Ê œe e
(x 1) (x 1)

x
e

x x# #

# #

#

� �
# � "' ' '

� #

#

x
�x ’ “

 e  dx e C Ce ; y(0) 5  C 5  C 5œ œ � œ � � œ Ê � � œ Ê �" � œx x x
(x 1) 1 x 1 0 1

(x 1) e 1# # #

#

�" #' "
� � � �

�’ “ x

  C 6  y 6eÊ œ Ê œ �x e
x 1

#
#x

�
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20. xy x  P(x) x, Q(x) x P(x) dx x dx   v(x) e   y e x dxdy
dx

x x 2 x 2
e

� œ Ê œ œ Ê œ œ Ê œ Ê œ' ' '# # #

#Î#
Î Î"

x 2 †

 e C 1 ; y(0) 6  1 C 6  C 7  y 1œ � œ � œ � Ê � œ � Ê œ � Ê œ �" Î
e e e

x 2 C 7
x 2 x 2 x 2# # #Î Î Î

#Š ‹

21. ky 0  P(t) k, Q(t) 0 P(t) dt k dt kt  v(t) edy
dt

kt� œ Ê œ � œ Ê œ � œ � Ê œ' ' �

  y  e (0) dt e (0 C) Ce ; y(0) y   C y   y y eÊ œ œ � œ œ Ê œ Ê œ" �
! ! !e

kt kt kt kt
�kt
' ˆ ‰

22. (a) u 0  P(t) , Q(t) 0  P(t) dt  dt t   u(t) edu k k k k kt
dt m m m m m� œ Ê œ œ Ê œ œ œ Ê œ' ' kt mÎ

  y  e 0 dt ; u(0) u   u   C u   u u eÊ œ œ œ Ê œ Ê œ Ê œ" Î �Ð Î Ñ
! ! ! !e e e

kt m k m tC C
kt m kt m k 0 mÎ Î Ð ÑÎ

'
†

 (b) u  dt ln u t C u e u e e . Let e Cdu k du k k
dt m u m m

k m t C k m t C C
1œ � Ê œ � Ê œ � � Ê œ Ê œ † œ Þ� Î � �Ð Î Ña b

 Then u C  and u 0 u C C . So u u  eœ † œ œ † œ œ1 1
e e1 0 1 1 0

k m t
Ð Î Ñ Ð Î Ñk m t k m 0a b a b

�Ð Î Ñ

23. x  dx x ln x C x ln x Cx  (b) is correct' "
x œ � œ � Êa b k kk k

24.  cos x dx (sin x C) tan x   (b) is correct" "
cos x cos x cos x

C' œ � œ � Ê

25. Steady State  and we want i   1 e   1 e   eœ œ Ê œ � Ê œ � Ê � œ �V V V V
R R R R

" " " "
# # # #
ˆ ‰ ˆ ‰ a b� Î � Î � ÎRt L Rt L Rt L

  ln    ln t  t  ln 2 secÊ œ � Ê � œ Ê œ" "
# #

Rt L L
L R R

26. (a) i 0   di  dt  ln i C   i e e Ce ; i(0) I I Cdi R R Rt
dt L i L L� œ Ê œ � Ê œ � � Ê œ œ œ Ê œ"

"
C Rt L" � Î � ÎRt L

  i Ie  ampÊ œ � ÎRt L

 (b) I I e  e   ln ln 2  t  ln 2 sec" " "
# # #œ Ê œ Ê � œ œ � Ê œ� Î � ÎRt L Rt L Rt L

L R

 (c) t   i I e I e  ampœ Ê œ œL
R

Ð� Î ÑÐ Î ÑRt L L R �t

27. (a) t   i 1 e 1 e 0.9502  amp, or about 95% of the steady state valueœ Ê œ � œ � ¸3L V V V
R R R Ra b a bÐ� ÑÐ Î ÑR/L 3L R �3

 (b) t   i 1 e 1 e 0.8647  amp, or about 86% of the steady state valueœ Ê œ � œ � ¸2L V V V
R R R Ra b a bÐ� ÑÐ Î ÑR/L 2L R �2

28. (a) i   P(t) , Q(t)   P(t) dt  dt   v(t) edi R V R V R Rt
dt L L L L L L� œ Ê œ œ Ê œ œ Ê œ' ' Rt LÎ

  i  e  dt e C CeÊ œ œ � œ �" "
e L e R L R

V L V V
Rt L Rt LÎ Î
' Rt L Rt L R L tÎ Î �Ð Î Ñˆ ‰ � ‘ˆ ‰

 (b) i(0) 0  C 0  C   i eœ Ê � œ Ê œ � Ê œ �V V V V
R R R R

� ÎRt L

 (c) i   0  i 0   i  is a solution of Eq. (11); i Ceœ Ê œ Ê � œ � œ Ê œ œV di di R R V V V
R dt dt L L R L R

ˆ ‰ ˆ ‰ �Ð Î ÑR L t

29. y y y ; we have n 2, so let u y y . Then y u  and 1y yw � � � �� œ � œ œ œ œ œ � Ê œ �2 1 2 1 1 2 2du du
dx dx dx dx

dy dy

 u u u u 1. With e e  as the integrating factor, we haveÊ � � œ � Ê � œ œ� � �2 1 2 dx xdu du
dx dx

'

 e u e u e . Integrating, we get e u e C u 1 yx x x x xdu d C 1 1 e
dx dx e y e C1

ˆ ‰ a b� œ œ œ � Ê œ � œ Ê œ œx C x
ex

x

� �

30. y y xy ; we have n 2, so let u y . Then y u  and y y u .w � � � �� œ œ œ œ œ � Ê œ � œ �2 1 1 2 2 2du du du
dx dx dx dx dx

dy dy

 Substituting: u u xu u x. Using e e  as an integrating factor:� � œ Ê � œ � œ� � �2 1 2 dx xdu du
dx dx

'

 e u e u x e  e u e 1 x C u y ux x x x x 1du d e
dx dx e e xe C

e 1 x Cˆ ‰ a b a b� œ œ � Ê œ � � Ê œ Ê œ œ
x

x x x

xa b� � �
� �

31. xy y y y y y . Let u y y y u  and y u .w � w � � � � �� œ Ê � œ œ œ Ê œ œ2 2 1 2 3 1/3 2 2/31 1
x x

ˆ ‰ ˆ ‰ a b

 3y y y u . Thus we havedu 1 du 1 du
dx dx dx 3 dx 3 dx

2 2 2/3dy dyœ Ê œ œ œw � �ˆ ‰ˆ ‰ ˆ ‰ˆ ‰ˆ ‰a b
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 u u u u 1. The integrating factor, v x , isˆ ‰ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ a b1 du 1 1 du 3 3
3 dx x x dx x x

2/3 1/3 2/3� �� œ Ê � œ

 e e e x . Thus x u x 3x x u x C u 1 y' 3
x

3

3
dx 3ln x ln x 3 3 3 2 3 3 3d 3 C

dx x xœ œ œ œ œ Ê œ � Ê œ � œa b ˆ ‰
 y 1Ê œ �ˆ ‰C

x
1/3

3

32. x  y 2xy y y y y . P x , Q x , n 3. Let u y y .2 3 3 1 3 22 1 2 1
x x x x

w w � �� œ Ê � œ œ œ œ œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b a b2 2

 Substituting gives 2 u 2  u .  Let the integrating factor, v x , bedu 2 1 du 4 2
dx x x dx x x� � œ � Ê � œa b a bˆ ‰ ˆ ‰ ˆ ‰2 2

� �

 e e x .  Thus x  u 2x x  u x C u Cx y' a b�
�

4
x

4dx ln x 4 4 6 4 5 4 2d 2 2
dx 5 5xœ œ œ � Ê œ � Ê œ � œ� � � � � �a b

 y CxÊ œ �ˆ ‰2
5x

4 1/2�

9.3  APPLICATIONS

 1. Note that the total mass is 66 7 73 kg, therefore, v v e v 9e� œ œ Ê œ0
k m t 3.9t 73� Î � Îa b

 (a) s t 9e dt e Ca b œ œ � �' � Î � Î3.9t 73 3.9t 732190
13

 Since s 0 0 we have C  and s t 1 e 168.5a b a b ˆ ‰œ œ œ � œ ¸2190 2190 2190
13 13 13t t

3.9t 73lim lim
Ä_ Ä_

� Î

 The cyclist will coast about 168.5 meters.

 (b) 1 9e ln 9 t 41.13 secœ Ê œ Ê œ ¸� Î3.9t 73 3.9t 73 ln 9
73 3.9

 It will take about 41.13 seconds.

 2. v v e v 9e v 9eœ Ê œ Ê œ0
k m t 59,000 51,000,000 t 59t 51,000� Î � Î � Îa b a b

 (a) s t 9e dt  e Ca b œ œ � �' � Î � Î59t 51,000 59t 51,000459,0000
59

 Since s 0 0 we have C  and s t 1 e 7780 ma b a b ˆ ‰œ œ œ � œ ¸459,0000 459,0000 459,0000
59 59 59t t

59t 51,000lim lim
Ä_ Ä_

� Î

 The ship will coast about 7780 m, or 7.78 km.

 (b) 1 9e ln 9 t 1899.3 secœ Ê œ Ê œ ¸� Î59t 51,000 59t
51,000 59

51,000 ln 9

 It will take about 31.65 minutes.

 3. The total distance traveled 4.91 k 22.36. Therefore, the distance traveled is given by theœ Ê œ Ê œv m
k k

2.75 39.920 a ba b

 function s t 4.91 1 e . The graph shows s t  and the data points.a b a bˆ ‰œ � �a b22.36/39.92 t

 

 4. coasting distance 1.32 kv m
k k 33

0.80 49.90 9980 œ Ê œ Ê œa ba b

 We know that 1.32 and .v m
k m 33 49.9 33

k 998 200 œ œ œa b

 Using Equation 3, we have: s t 1 e 1.32 1 e 1.32 1 ea b a bˆ ‰ ˆ ‰œ � œ � ¸ �v m
k

k/m t 20t/33 0.606t0 � � �a b
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 5. y mx m 0 y . So forœ Ê œ Ê œ Ê œy xy y y
x x x

w � w
2

 orthogonals: y dy x dx Cdy y
dx y 2 2

x xœ � Ê œ � Ê � œ
2 2

 x y CÊ � œ2 2
1

 

 6. y cx c 0 x y 2xyœ Ê œ Ê œ Ê œ2 2y x y 2xy
x x2 4

2 w � w

 y . So for the orthogonals: Ê œ œ �w 2y dy
x dx 2y

x

 2ydy xdx y C y C,Ê œ � Ê œ � � Ê œ „ �2 x x
2 2

2 2É
 C 0�

 

 7. kx y 1 1 y kx k2 2 2 2 1 y
x� œ Ê � œ Ê œ� 2

2

 0 2yx y 1 y 2xÊ œ Ê � œ �
x 2y y 1 y 2x

x
2 2

2 2a b ˆ ‰w

%

� � w a ba b
 y . So for the orthogonals:Ê œ œw � �

� �

ˆ ‰ ˆ ‰a b1 y 2x 1 y
2xy xy

2 2

2

 dy x dx ln y Cdy xy y
dx 1 y y 2 2

1 y xœ Ê œ Ê � œ ��

�
2

2 2 2ˆ ‰

 

 8. 2x y c 4x 2yy 0 y . For2 2 2 4x 2x
2y y� œ Ê � œ Ê œ � œ �w w

 orthogonals: ln y ln x Cdy y dy
dx 2x y 2x

dxœ Ê œ Ê œ �"
#

 ln y ln x ln C y C  xÊ œ � Ê œ1/2
1 1

1/2k k

 

 9. y ce cœ Ê œ Ê œ !�x y
e�x

e y y e 1
e

� w �

�

x x

x 2
� �a ba b
a b

 e y ye y y. So for the orthogonals:Ê œ � Ê œ �� w � wx x

 y dy dx x Cdy y
dx y 2

1œ Ê œ Ê œ �
2

 y 2x C y 2x CÊ œ � Ê œ „ �2
1 1È
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10. y e ln y kx k 0œ Ê œ Ê œ Ê œkx ln y
x

x y ln y

x

Š ‹1
y

2

w
�

 y ln y 0 y . So for the orthogonals:Ê � œ Ê œŠ ‹x
y x

y ln yw w

 y ln y dy x dxdy
dx y ln y

xœ Ê œ ��

 y ln y y x CÊ � œ � �" "
# #

2 2 21
4 a b ˆ ‰

 y ln y x CÊ � œ � �2 2y
2 1
2

 

11. 2x 3y 5 and y x  intersect at 1, 1 . Also, 2x 3y 5 4x 6y y 0 y y 1, 12 2 2 3 2 2 4x 2
6y 3� œ œ � œ Ê � œ Ê œ � Ê œ �a b a bw w w

 y x 2y y 3x y y 1, 1 . Since y y 1, the curves are orthogonal.1
2 3 2

1 1 1 1 1
3x 3 2 3
2y 2 3 2œ Ê œ Ê œ Ê œ † œ � œ �w w w w w2

1
a b ˆ ‰ˆ ‰

12. (a) x dx y dy 0 C is the general equation� œ Ê � œx
2 2

y2 2

 of the family with slope y . For the orthogonals:w œ � x
y

 y ln y ln x C or y C xw œ Ê œ Ê œ � œy dy
x y x

dx
1

 (where C e is the general equation of the1
Cœ Ñ

 orthogonals.

 

 (b) x dy 2y dx 0 2y dx x dy� œ Ê œ Ê œdy
2y x

dx

 ln y ln x C y C x  isÊ œ Ê œ � Ê œ" "
# #Š ‹dy

y x
dx

1
2

 the equation for the solution family.

 ln y ln x C 0 y" "
# #

w� œ Ê � œ Ê œy 2y
y x x

1w

 slope of orthogonals is Ê œ �dy
dx 2y

x

 2y dy x dx y C is the generalÊ œ � Ê œ � �2 x
2

2

 equation of the orthogonals.

 

13. Let y(t) the amount of salt in the container and V(t) the total volume of liquid in the tank at time t.œ œ

 Then, the departure rate is  (the outflow rate).y(t)
V(t)

 (a) Rate entering 10 lb/minœ œ2 lb
gal min

5 gal
†

 (b) Volume V(t) 100 gal (5t gal 4t gal) (100 t) galœ œ � � œ �

 (c) The volume at time t is (100 t) gal.  The amount of salt in the tank at time t is y lbs.  So the�

 concentration at any time t is  lbs/gal.  Then, the rate leaving  (lbs/gal) 4 (gal/min)y y
100 t 100 t� �œ †

  lbs/minœ 4y
100 t�

 (d) 10   y 10  P(t) , Q(t) 10  P(t) dt  dtdy 4y dy
dt 100 t dt 100 t 100 t 100 t

4 4 4œ � Ê � œ Ê œ œ Ê œ� � � �
ˆ ‰ ' '

 4 ln (100 t)  v(t) e (100 t)   y  (100 t) (10 dt)œ � Ê œ œ � Ê œ �4 ln 100 tÐ � Ñ % %"
�(100 t)%

'

 C 2(100 t) ; y(0) 50  2(100 0) 50œ � œ � � œ Ê � � œ10 C C
(100 t) (100 t) (100 0)

(100 t)
5� � �
�

% % %

&Š ‹
  C (150)(100)   y 2(100 t)   y 2(100 t)Ê œ � Ê œ � � Ê œ � �%

� �

(150)(100)
(100 t)

150
1

%

% %ˆ ‰t
100
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 (e) y(25) 2(100 25) 188.56 lbs  concentration 1.5 lb/galœ � � ¸ Ê œ ¸ ¸(150)(100) y(25)
(100 25) volume 125

188.6%

%�

14. (a) 5 3 2 V 100 2tdV
dt œ � œ Ê œ �a b

 The tank is full when V 200 100 2t t 50 minœ œ � Ê œ

 (b) Let y t  be the amount of concentrate in the tank at time t.a b
 5 3 ydy gal y gal dy y dy

dt gal min 100 2t gal min dt 2 2 50 t dt 2 t 50 2
lb lb 5 3 3 5œ � Ê œ � Ê � œŠ ‹Š ‹ Š ‹Š ‹ ˆ ‰"

# � � �a b

 Q(t) ; P(t)  P(t) dt  dt ln t 50  since t 50 0œ œ Ê œ œ � � �5 3 1 3 1 3
2 2 50 t 2 t 50 2

ˆ ‰ a b� �
' '

 v t e e t 50a b a bœ œ œ �
' P(t) dt ln t 50 3/23

2 a b�

 y t t 50  dt t 50 y t t 50t 50 Ca b a b a b a b� ‘a bœ � œ � Ê œ � �� �1 5 C
t 50 t 502

3/2 3/2 5/2
a b a b� �

�
3/2 3/2
'

 Apply the initial condition (i.e., distilled water in the tank at t 0):œ

 y 0 0 50 C 50 y t t 50 . When the tank is full at t 50,a b a bœ œ � Ê œ � Ê œ � � œC 50
50

5/2
t 503/2 3/2

5/2

a b�

 y 50 100 83.22 pounds of concentrate.a b œ � ¸50
100

5/2

3/2

15. Let y be the amount of fertilizer in the tank at time t.  Then rate entering 1 1 1  and theœ œlb lb
gal min min

gal
†

 volume in the tank at time t is V(t) 100 (gal) [1 (gal/min) 3 (gal/min)]t min (100 2t) gal.  Henceœ � � œ �

 rate out 3  lbs/min  1  lbs/min  y 1œ œ Ê œ � Ê � œˆ ‰ ˆ ‰ ˆ ‰y 3y dy 3y dy
100 2t 100 2t dt 100 2t dt 100 2t

3
� � � �

  P(t) , Q(t) 1  P(t) dt  dt   v(t) eÊ œ œ Ê œ œ Ê œ3 3
100 2t 100 2t

3 ln (100 2t)
� � �#

�' ' Ð� Ð � ÑÑ3 ln 100 2t 2

 (100 2t)   y  (100 2t)  dt (100 2t) Cœ � Ê œ � œ � ��$Î# �$Î# �$Î#"
�

� �
�#(100 2t)

2(100 2t)
�$Î#

�"Î#' ’ “
 (100 2t) C(100 2t) ; y(0) 0  [100 2(0)] C[100 2(0)]   C(100) 100œ � � � œ Ê � � � Ê œ �$Î# $Î# $Î#

  C (100)   y (100 2t) .  Let 0  2Ê œ � œ � Ê œ � � œ Ê œ � ��"Î# " � � �

10 10 dt dt 10
(100 2t) dy dy (100 2t) ( 2)$Î#

#
"Î#ˆ ‰3

 2 0  20 3 100 2t  400 9(100 2t)  400 900 18t  500 18tœ � � œ Ê œ � Ê œ � Ê œ � Ê � œ �3 100 2t
10

È � È
  t 27.8 min, the time to reach the maximum.  The maximum amount is thenÊ ¸

 y(27.8) [100 2(27.8)] 14.8 lbœ � � ¸[100 2(27.8)]
10

� $Î#

16. Let y y(t) be the amount of carbon monoxide (CO) in the room at time t.  The amount of CO entering theœ

 room is  ft /min, and the amount of CO leaving the room is  ft /min.ˆ ‰ ˆ ‰ ˆ ‰4 3 12 3
100 10 1000 4500 10 15,000

y y‚ œ œ$ $

 Thus,   y   P(t) , Q(t)   v(t) edy y dy
dt 1000 15,000 dt 15,000 1000 15,000 1000

12 12 12œ � Ê � œ Ê œ œ Ê œ" " t 15 000Î ß

  y  e  dt  y e e C e 180e C ;Ê œ Ê œ � œ �"
e 1000 1000

12 12 15,000
t 15 000Î ß

' t 15 000 t 15,000 t 15 000 t 15 000Î ß Î � Î ß Î ß� Î ßt 15 000 ˆ ‰ a b†

 y(0) 0  0 1(180 C)  C 180  y 180 180e .  When the concentration of CO is 0.01%œ Ê œ � Ê œ � Ê œ � � Î ßt 15 000

 in the room, the amount of CO satisfies   y 0.45 ft .  When the room contains this amount wey
4500 100

.01œ Ê œ $

 have 0.45 180 180e   e   t 15,000 ln 37.55 min.œ � Ê œ Ê œ � ¸� Î ßt 15 000 179.55 179.55
180 180

� Î ßt 15 000 ˆ ‰

9.4 GRAPHICAL SOUTIONS OF AUTONOMOUS  EQUATIONS

 1. y y 2 y 3w œ � �a ba b
 (a) y 2 is a stable equilibrium value and y 3 is an unstable equilibrium.œ � œ

 (b) y 2y 1 y 2 y 2 y y 3ww wœ � œ � � �a b a b a bˆ ‰1
2
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 (c) 

 2. y y 2 y 2w œ � �a ba b
 (a) y 2 is a stable equilibrium value and y 2 is an unstable equilibrium.œ � œ

 (b) y 2yy 2 y 2 y y 2ww wœ œ � �a b a b

 
 (c) 

 3. y y y y 1 y y 1w œ � œ � �3 a b a b
 (a) y 1 and y 1 is an unstable equilibrium and y 0 is a stable equilibrium value.œ � œ œ

 (b) y 3y 1 y 3 y 1 y y y y 1ww wœ � œ � � � �a b a b a bŠ ‹ Š ‹2 1 1
3 3È È

 
 (c) 
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 4. y y y 2w œ �a b
 (a) y 0 is a stable equilibrium value and y 2 is an unstable equilibrium.œ œ

 (b) y 2y 2 y 2y y 1 y 2ww wœ � œ � �a b a ba b

 
 (c) 

 5. y y, y 0w œ �È
 (a) There are no equilibrium values.

 (b) y  y yww w "
#œ œ œ1 1

2 y 2 yÈ È È
 

 (c) 

 6. y y y, y 0w œ � �È
 (a) y 1 is an unstable equilibrium.œ

 (b) y 1  y 1 y y y y 1ww w "
#œ � œ � � œ � �Š ‹ Š ‹ˆ ‰ ˆ ‰ˆ ‰È È È1 1

2 y 2 yÈ È
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 (c) 

 7. y y 1 y 2 y 3w œ � � �a ba ba b
 (a) y 1 and y 3 is an unstable equilibrium and y 2 is a stable equilibrium value.œ œ œ

 (b) y 3y 12y 11 y 1 y 2 y 3 3 y 1 y y 2 y y 3ww � �œ � � � � � œ � � � � �a ba ba ba b a b a b a bŠ ‹ Š ‹2 6 3 6 3
3 3

È È

 

 (c) 

 8. y y y y y 1w œ � œ �3 2 2a b
 (a) y 0 and y 1 is an unstable equilibrium.œ œ

 (b) y 3y 2y y y y 3y 2 y 1ww œ � � œ � �a ba b a ba b2 3 2 3

 
 (c) 
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 9. 1 2P has a stable equilibrium at P . 2 2 1 2PdP d P dP
dt dt dtœ � œ œ � œ � �"

#

2

2 a b

 

 

10. P 1 2P  has an unstable equilibrium at P 0 and a stable equilibrium at P .dP
dt œ � œ œa b "

#

 1 4P P 1 4P 1 2Pd P dP
dt dt

2

2 œ � œ � �a b a ba b

 

 

11. 2P P 3  has a stable equilibrium at P 0 and an unstable equilibrium at P 3.dP
dt œ � œ œa b

 2 2P 3 4P 2P 3 P 3d P dP
dt dt

2

2 œ � œ � �a b a ba b
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12. 3P 1 P P  has a stable equilibria at P 0 and P 1 an unstable equilibrium at P .dP
dt œ � � œ œ œa bˆ ‰" "

# #

 6P 6P+1 P P P P P 1d P 3 dP 3
dt dt 6 6

2 3 3 3 32

2 œ � � œ � � � �# # #
� �"a b a bŠ ‹ Š ‹ˆ ‰È È

 

 

13. 

 Before the catastrophe, the population exhibits logistic growth and P t M , the stable equilibrium. After thea b Ä 0

  catastrophe, the population declines logistically and P t M , the new stable equilibrium.a b Ä 1

14. rP M P P m , r, M, m 0dP
dt œ � � �a ba b

 
 The model has 3 equilibrium points. The rest point P 0, P M are asymptotically stable while P m is unstable. Forœ œ œ

 initial populations greater than m, the model predicts P approaches M for large t. For initial populations less than m, the

 model predicts extinction. Points of inflection occur at P a and P b where a  andM m M mM mœ œ œ � � � �
"
3

2 2� ‘È
 b .M m M mM mœ � � � �

"
3

2 2� ‘È
 (a) The model is reasonable in the sense that if P m, then P 0 as t ; if m P M, then P M as t ; if� Ä Ä _ � � Ä Ä _

 P M, then P M as t .� Ä Ä _

 (b) It is different if the population falls below m, for then P 0 as t  (extinction). If is probably a more realisticÄ Ä _

 model for that reason because we know some populations have become extinct after the population level became too
 low.
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 (c) For P M we see that rP M P P m  is negative. Thus the curve is everywhere decreasing. Moreover,� œ � �dP
dt a ba b

 P M is a solution to the differential equation. Since the equation satisfies the existence and uniqueness conditions,´

 solution trajectories cannot cross. Thus, P M as t .Ä Ä _

 (d) See the initial discussion above.
 (e) See the initial discussion above.

15. g v , g, k, m 0 and v t 0dv k
dt m

2œ � �  a b
 Equilibrium:  g v 0 vdv k

dt m k
2 mgœ � œ Ê œ É

 Concavity:  2 v 2 v g vd v k dv k k
dt m dt m m

22

2 œ � œ � �ˆ ‰ ˆ ‰ˆ ‰
 (a) 

 (b) 

 (c) v 178.9 122 mphterminal
160 ft

0.005 sœ œ œÉ

16. F F Fœ �p r

 ma mg k vœ � È
 g v, v 0 vdv k

dt m 0œ � œÈ a b
 Thus, 0 implies v , the terminal velocity. If v , the object will fall faster and faster, approaching thedv

dt k k
mg mg2 2

0œ œ �ˆ ‰ ˆ ‰
 terminal velocity; if v , the object will slow down to the terminal velocity.0

mg
k

2
� ˆ ‰

17. F F Fœ �p r

 ma 50 5 vœ � k k
 50 5 vdv 1

dt mœ �a bk k
 The maximum velocity occurs when 0 or v 10 .dv ft

dt secœ œ

18. (a) The model seems reasonable because the rate of spread of a piece of information, an innovation, or a cultural fad is
 proportional to the product of the number of individuals who have it (X) and those who do not (N X). When X is�

 small, there are only a few individuals to spread the item so the rate of spread is slow. On the other hand, when
 (N X) is small the rate of spread will be slow because there are only a few indiciduals who can receive it during the�

 interval of time. The rate of spread will be fastest when both X and (N X) are large because then there are a lot of�

 individuals to spread the item and a lot of individuals to receive it.
 (b) There is a stable equilibrium at X N and an unstable equilibrium at X 0.œ œ

 k N X kX k X N X N 2X inflection points at X 0, X , and X N.d X dX dX N
dt dt dt 2

22

2 œ � � œ � � Ê œ œ œa b a ba b
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 (c) 

 (d) The spread rate is most rapid when x . Eventually all of the people will receive the item.œ N
2

19. L Ri V i i , V, L, R 0di di V R R V
dt dt L L L R� œ Ê œ � œ � �ˆ ‰

 Equilibrium:  i 0 idi R V V
dt L R Rœ � œ Ê œˆ ‰

 Concavity:  id i R di R V
dt L dt L R

22

2 œ � œ � �ˆ ‰ ˆ ‰ ˆ ‰
 Phase Line:   

 If the switch is closed at t 0, then i 0 0, and the graph of the solution looks like this:œ œa b
 

 As t , it i . (In the steady state condition, the self-inductance acts like a simple wire connector and, asÄ _ Ä œsteady state
V
R

 a result, the current throught the resistor can be calculated using the familiar version of Ohm's Law.)

20. (a) Free body diagram of the pearl:   

 (b) Use Newton's Second Law, summing forces in the direction of the acceleration:

 mg Pg kv ma g v.� � œ Ê œ �dv m P k
dt m m

ˆ ‰�

 (c) Equilibrium:  v 0dv k
dt m k

m P gœ � œŠ ‹a b�

 vÊ œterminal
m P g

k
a b�

 Concavity:  vd v k dv k
dt m dt m k

2 m P g2

2 œ � œ � �ˆ ‰ Š ‹a b�
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 (d) 

 (e) The terminal velocity of the pearl is .a bm P g
k
�

9.5 SYSTEMS OF EQUATIONS AND PHASE PLANES

 1. Seasonal variations, nonconformity of the environments, effects of other interactions, unexpected disasters, etc.

 2. x r cos r sin cos y x x x y  r sin r cos r cosœ Ê œ � � œ � � � œ � �) ) ) ) ) )
dx d dr
dt dt dt

2 2 3) a b
 y r sin r cos sin x y x x y r cos r sin r sinœ Ê œ � œ � � � � œ � � �) ) ) ) ) )

dy
dt dt dt

d dr 2 2 3) a b
 Solve for  by adding cos  eq(1) to sin  eq(2):dr

dt ) )‚ ‚

 cos sin cos r sin r cos r cos sin r cos r sin r sin2 2 3 3dr dr
dt dt) ) ) ) ) ) ) ) ) )� œ � � � � � �a b a b

 r sin cos r cos r cos r sin cos r sin r sin r r r 1 rÊ œ � � � � � œ � œ �dr
dt

2 3 2 3 2 3 2
) ) ) ) ) ) ) ) a b

 Solve for  by adding sin eq(1) to cos eq(2):d
dt
) a b� ‚ ‚) )

 r sin r cos sin r sin r cos r cos cos r cos r sin r sin2 2 3 3d d
dt dt) ) ) ) ) ) ) ) ) )
) )� œ � � � � � � �a b a b

 r r sin r sin cos r sin cos r cos r sin cos r sin cos r 1Ê œ � � � � � � œ � Ê œ �d d
dt dt

2 3 2 3) )
) ) ) ) ) ) ) ) ) )

 If r 1 (that is, the trajectory starts on the circle x y 1), then 1 1 1 0, thus the trajectoryœ � œ œ � œ2 2 dr
dt r 1

2¹ a b a bŠ ‹
œ

 remains on the circle, and rotates around the circle in a clockwise direction, since 1. The solution is periodic sinced
dt
) œ �

 at any point x, y  on the trajectory, x, y r cos , r sin 1 cos , 1 sin cos , sin both x and y area b a b a b a b a bœ œ œ Ê) ) ) ) ) )

 periodic.

 3. This model assumes that the number of interactions is porportional to the product of x and y:

 a b y x, a 0, m 1 y n x y y m y n xdx m
dt dt M M

dy yœ � � œ � � œ � � Þa b ˆ ‰ ˆ ‰
 To find the equilibrium points:

 0 a b y x 0 x 0 or ydx a
dt bœ Ê � œ Ê œ œa b

                                                                (remember  0);a
b �

 0 y m y n x y 0 or y x M;dy
dt M m

m Mnœ Ê � � Ê œ œ � �ˆ ‰
 Thus there are two equlibrium points, both occur when
 x 0, 0, 0  and 0, M .œ a b a b
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 Implies coexistence is not possible because eventually trout
 die out and bass reach their population limit.

 

 4. The coefficients a, b, m, and n need to be determined by sampling or by analyzing historical data. Then, more specific
 graphical predictions can be made. These predictions would then have to be compared to actual population growth
 patterns. If the predictions match actual results, we have partially validated our model. If necessary, more tests could be
 run. However, it should be remembered that the primary purpose of a graphical analysis is to analyze the behavior
 qualitatively. With reference to Figure 9.29, attempt to maintain the fish populations in Region B through stocking and
 regulation (open and closed seasons). For example, should Regions A or D be entered, restocking the appropriate species
 can cause a return to Region B.

 5. (a) Logistic growth occurs in the absence of the competitor, and simple interaction of the species: growth dominates the
 competition when either population is small so it is difficult to drive either species to extinction.
 (b) a per capita growth rate for troutœ

 m per capita growth rate for bassœ

 b intensity of competition to the troutœ

 n intensity of competition to the bassœ

 k environmental carrying capacity for the trout1 œ

 k environmental carrying capacity for the bass2 œ

 (c) 0 a 1 x b x y a 1 b y x 0 x 0 or  a 1 b y 0 x 0 ordx x x x
dt k k kœ Ê � � œ � � œ Ê œ � � œ Ê œŠ ‹ Š ‹ Š ‹’ “

1 1 1

 y x; 0 m 1 y n x y m 1 n x y 0 y 0 orœ � œ Ê � � œ � � œ Ê œa a
b b k dt k k

dy y y
1 2 2

Š ‹ Š ‹’ “
 m 1 n x 0 y 0 or y k x. There are five cases to consider.Š ‹� � œ Ê œ œ �y

k m2
n k

2

2

 Case I: k  and k .a m
b n2 1� �

        By picking k  and k  we ensure an equilibrium point exists inside the first quadrant.a m
b n2 1� �

                

        Graphical analysis implies four equilibrium points exist: 0, 0 , k , 0 , 0, k , and , a b a b a b Š ‹1 2
a m k b m k k a m k a n k

a m b n k k
1 1 2 2

1 2

� �
�

1 2

1 2

k
a m b n k k�

        (the point of intersection of the two boundaries in the first quadrant). All of these equilibrium points are unstable
        except for the point of intersection. The possibility of coexistence is predicted by this model.
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 Case II: k  and k .a m
b n2 1� �

        0, k :  unstablea b2

        k , 0 :  stablea b1

        0, 0 :  unstablea b
        Trout wins: k , 0a b1

        Not sensitive
        No coexistence

 

 Case III: k  and k .a m
b n2 1� �

        0, k :  stablea b2

        k , 0 :  unstablea b1

        0, 0 :  unstablea b
        Bass wins: 0, ka b2

        Not sensitive
        No coexistence

 

 Case IV: k  and k .a m
b n2 1� �

        0, k :  stablea b2

        k , 0 :  stablea b1

        0, 0 :  unstablea b
        , :  unstableŠ ‹a m k b m k k a m k a n k k

a m b n k k a m b n k k
1 1 2 2 1 2

1 2 1 2

� �
� �

        Bass or trout: 0, k  or k , 0a b a b2 1

        Very sensitive
        Coexistence is  but not predictedpossible

 

        If we assume k  and k  then graphical analysis implies four equilibrium poins exist: 0, k ,  k , 0 ,a m
b n2 1 2 1� � a b a b

        0, 0 , and  ,  (the point of intersection of the two boundaries in the first a b Š ‹a m k b m k k a m k a n k k
a m b n k k a m b n k k

1 1 2 2 1 2

1 2 1 2

� �
� � quadrant).

 Case V: k  and  (lines coincide).a a
b b k m2

n kœ œ
1

2

        0, k :  stablea b2

        k , 0 :  stablea b1

        0, 0 :  unstablea b
        Line segment joining 0, k  and  k , 0 :  stablea b a b2 1

        Bass wins: 0, ka b2

        Not sensitive
        Coexistence is likely outcome

 

        Note that all points on the line segment joining 0, k  and  k , 0  are rest points.a b a b2 1

 6. For a fixed price, as Q increases,  gest smaller and, possibly, becomes negative. This observation implies that as thedP
dt

 quantity supplied increases, the price will not rise as fast. If Q gets high enough, then the price will decrease. Next,

 consider : For a fixed quantity, as P increases, gets larger. Thus, as the market price increases, the quantitydQ dQ
dt dt

 supplied will increase at a faster rate. If P is too small,  will be negative and the quantity supplied will decrease.dQ
dt

 This observation is the traditional explanation of the effect of market price levels on the quantity supplied.
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 (a) 0 and 0 gives the equilibrium points P, Q :  0, 0  and 25.8, 775 .dP
dt dt

dQœ œ a b a b a b
 Now 0 when PQ 20,000 and P 0; 0 otherwise. 0 when P  and Q 0; 0 otherwise.dP dP

dt dt dt 30 dt
dQ Q dQ� � � � � � � �

 (b) These considerations give the following graphical analysis:

         
I 0 0
II 0 0
III 0 0
IV 0 0

Region dP
dt dt

dQ

� �
� �
� �
� �

 

 The equilibrium point 0, 0  is unstable. The graphical analysis for the point 25.8, 775  is inconclusive: trajectoriesa b a b
 near the point may be periodic, or may spiral toward or away from the point.

 (c) The curve 0  or PQ 20000 can be thought of as the demand curve; 0 or Q 30P can be viewed as thedP
dt dt

dQœ œ œ œ

 supply curve.

 7. (a) a x b x y a b y x and m y n x y m n x ydx dx
dt dt dt dx dt dx a b y x

dy dy dy dy m n x yœ � œ � œ � œ � Ê œ Ê œ œa b a b dy
dt
dx
dt

a b
a b

�
�

 (b) b dy n dx b dy n dx a ln y b y m ln x n x Cdy
dx a b y x y x y x

m n x y a m a mœ Ê � œ � Ê � œ � Ê l l � œ l l � �a b
a b

�
� Š ‹ Š ‹ˆ ‰ ˆ ‰' '

 ln y ln e ln x ln e ln e ln y e ln x e e y e x e e , let K eÊ l l � œ l l � � Ê l l œ l l Ê œ œa b y m n x C a b y m n x C a b y m n x C C� � � � � �

 y e Kx eÊ œa b y m n x� �

 (c) f y y e  f y a y e b y e y e a b y  and f y 0 y 0 or y ;a b a b a b a bœ Ê œ � œ � œ Ê œ œa b y a 1 b y a b y a 1 b y a
b

� w � � � � � w

 f b e 0 f y  has a unique max of M   when y .  g x x eww � ��ˆ ‰ ˆ ‰ ˆ ‰a b a ba a a a
b b e b b

a 1 aa m n x
yœ � � Ê œ œ œ

 g x m x e n x e x e m n x  and g x 0 x 0 or x ;Ê œ � œ � œ Ê œ œw � � � � � wa b a b a bm 1 n x m n x m 1 n x m
n

 g n e 0 g x  has a unique max of M   when x .ww ��ˆ ‰ ˆ ‰ ˆ ‰a bm m m m
n n e n n

m 1 mm
xœ � � Ê œ œ

                               

 (d) Consider trajectory x, y , . y e Kx e K, taking the limit of  both sidesa b ˆ ‰Ä œ Ê † œm a e
n b x

a b y m n x y
e

� �
a

b y

n x

m

         K K.  Thus,  represents the equation any solutionÊ † œ Ê œ œlim lim
x m n x m n
y a b y a b

y y
e e

e x
x M M e

M M

Ä Î Ä Î

Ä Î Ä Î

Š ‹a a

b y b y

n x m

m n x
y y

x x

 trajectory must satisfy if the trajectory approaches the rest point asymptotically.
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 (e) Pick initial condition y . Then, from the figure at0
a
b�

 right, f y M  implies M  and thusa b0 y y
M
M e

x y
e

� œ �y

x

m

n x
0
a

b y0

 M . From the figure for g x ,  there exists ax
e x

m

n x � a b
 unique x  satisfying M . That is, for each0 x

m x
n e� �

m

n x

 y  there is a unique x satisfying . Thus,� œa x
b M e

y
e

Ma

b y
y

x

m

n x

 there can exist only one trajectory solution approaching

 , . (You can think of the point x , y  as the initialˆ ‰ a bm a
n b 0 0

 condition for that trajectory.)

 

 (f) Likewise there exists a unique trajectory when y . Again, f y M  implies M  and thus0 0 y y
a x
b M e

M y
e

� � œ �a b y

x

m

n x
0
a

b y0

 M . From the figure for g x ,  there exists a unique x  satisfying M . That is, for each y  there isx m x a
e n e bx 0 x

m m

n x n x� � � �a b
 a unique x satisfying . Thus, there can exist only one trajectory solution approaching , .y

e
M
M e n b

x m aa

b y
y

x

m

n xœ ˆ ‰

 8. Let z y z y , then given the differential equation y F x, y, y , we can write it as the followingœ œ Ê œ œ œw w ww ww wdy
dx dx

dz a b
 system of first order differential equations:   zdy

dx œ

                                                                                F x, y, zdz
dx œ a b

 In general, for the n  order differential equation given by y F x, y, y , y , . . ., y , let z yth n n 1
1

dy
dx

a b a bœ œ œˆ ‰w ww � w

 z y , let z z y , z y , . . ., let z z y z y . This gives us theÊ œ œ œ œ Ê œ œ œ œ Ê œdz dz
dx dx1 1 2 n 2 n 12 n 1

n 1 n1 2w ww w ww w www w � w
� � �

a b a b

 following system of first order differential equations: zdy
dx 1œ

 z                                                                                              dz
dx 2

1 œ

 z                                                                                              dz
dx 3

2 œ

                                                                                                         ã

 z                                                                                              dz
dx n 1
n 2� œ �

 F x, y, z , z , . . ., z                                                                                              dz
dx 1 2
n 1� œ a bn 1�

 9. In the absence of foxes b 0 a x and the population of rabbits grows at a rate proportional to the number ofÊ œ Ê œdx
dt

 rabbits.

10. In the absence of rabbits d 0 c y and the population of foxes decays (since the foxes have no food source)Ê œ Ê œ �dy
dt

 at a rate proportional to the number of foxes.

11. a b y x 0 y  or x 0; c d x y 0 x  or y 0 equilibrium points at 0, 0  ordx a c
dt b dt d

dyœ � œ Ê œ œ œ � � œ Ê œ œ Êa b a b a b
 , . For the point 0, 0 , there are no rabbits and no foxes. It is an unstable equilibrium point, if there are no foxes, ˆ ‰ a bc a

d b but

 a few rabbits are introduced, then a the rabbit population will grow exponentially away from 0, 0dx
dt œ Ê a b

12. Let x t  and y t  both be positive and suppose that they satisfy the differential equations a b y x anda b a b a bdx
dt œ �

 c d x y. Let C t a ln y t b y t d x t c ln x t C t a b y t d x t cdy
dt y t x t

y t x tœ � � œ � � � Ê œ � � �a b a b a b a b a b a b a b a b a bw w w
w wa b a b
a b a b

 b y t d x t b c d x t x t d a b y t y t 0œ � � � œ � � � � � � œŠ ‹ Š ‹ Š ‹ Š ‹a b a b a b a b a b a ba b a ba c a c
y t x t y t x ta b a b a b a b

w w

 Since C t 0 C t constant.wa b a bœ Ê œ

13. Consider a particular trajectory and suppose that x , y  is such that x  and y , then 0 and 0 thea b0 0 0 0
c a dx
d b dt dt

dy� � � � Ê

 rabbit population is increasing while the fox population is decreasing, points on the trajectory are moving down and to the

 right; if  x  and y , then 0 and 0 both the rabbit and fox populations are increasing, points on the0 0
c a dx
d b dt dt

dy� � � � Ê

 trajectory are moving up and to the right; if x  and y , then 0 and 0 the rabbit population is0 0
c a dx
d b dt dt

dy� � � � Ê

 decreasing while the fox population is increasing, points on the trajectory are moving up and to the left; and finally if
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 x  and y , then 0 and 0 both the rabbit and fox populations are decreasing, points on the trajectory0 0
c a dx
d b dt dt

dy� � � � Ê

 are moving down and to the left. Thus, points travel around the trajectory in a counterclockwise direction. Note that we
 will follow the same trajectory if x , y  starts at a different point on the trajectory.a b0 0

14.  There are three possible cases: If the rabbit population begins (before the wolf) and ends (after the wolf) at a value larger
 than the equilibrium level of x , then the trajectory moves closer to the equilibrium and the maximum value of theœ c

d

 foxes is smaller. If the rabbit population begins (before the wolf) and ends (after the wolf) at a value smaller than the
 equilibrium level of x , but greater than 0, then the trajectory moves further from the equilibrium and the maximumœ c

d

 value of the foxes is greater. If the rabbit population begins and ends very near the equilibrium value, then the trajectory
 will stay near the equilibrium value, since it is a stable equilibrium, and the fox population will remain roughly the same.

CHAPTER 9 PRACTICE EXERCISES

 1. y xe x 2 e dy x x 2 dx e C e Cw � � �� � � � �œ � Ê œ � Ê � œ � Ê œ �y y y y2 x 2 3x 4 2 x 2 3x 4
15 15

È È a b a b a b a b3/2 3/2

 y ln C y ln CÊ � œ � Ê œ � �’ “ ’ “� � � � � �2 x 2 3x 4 2 x 2 3x 4
15 15

a b a b a b a b3/2 3/2

 2. y xye e x dx ln y e Cw "
#œ Ê œ Ê œ �x x xdy

y
2 2 2

 3. sec x dy x cos y dx 0 tan y cos x x sin x C� œ Ê œ � Ê œ � � �2 dy
cos y sec x

x dx
2

 4. 2x dx 3 y csc x dy 0 3 y dy dx 2y 2 2 x cos x 4x sin x C2 3/2 22x
csc x� œ Ê œ Ê œ � � �È È a b2

 y 2 x cos x 2x sin x CÊ œ � � �3/2 2
1a b

 5. y ye dy y 1 e ln x  Cw � �œ Ê œ Ê � œ � �e dx
xy x

y yy a b k k

 6. y xe csc y y csc y dy x e dx sin y cos y x 1 e Cw � wœ Ê œ Ê œ Ê � œ � �x y x xx e e e
e csc y 2

x y y

y a b a b

 7. x x 1 dy y dx 0 x x 1 dy y dx ln y ln x 1 ln x Ca b a b a b a b� � œ Ê � œ Ê œ Ê œ � � �dy
y x x 1

dx
a b�

 ln y ln x 1 ln x ln C ln y ln yÊ œ � � � Ê œ Ê œa b a b Š ‹1
C x 1 C x 1

x x
1 1a b a b� �

 8. y y 1 x ln x C ln 2ln x ln C C xw �
� � �

� �œ � Ê œ Ê œ � Ê œ � Ê œa ba b Š ‹2 1 2dy y 1 y 1
y 1 x 2 y 1 y 1

dx
1 12

lnŠ ‹y 1
y 1
�

�

 9. 2y y xe y y e .w w "
#� œ Ê � œx/2 x/2x

2

 p x , v x e e .a b a bœ � œ œ"
#

�' ˆ ‰
�

"

#
dx x/2

 e  y e  y e e e  y e  y C y e C� w � � � �"
#

x/2 x/2 x/2 x/2 x/2 x/2 x/2x x d x x x
2 2 dx 2 4 4� œ œ Ê œ Ê œ � Ê œ �ˆ ‰ˆ ‰ˆ ‰ ˆ ‰ Š ‹2 2

10. y e sin x y 2y 2e sin x.y
2

x xw

� œ Ê � œ� w �

 p x 2, v x e e .a b a bœ œ œ' 2dx 2x

 e y 2e y 2e e sin x 2e sin x e  y 2e sin x e  y e sin x cos x C2x 2x 2x x x 2x x 2x xd
dx

w �� œ œ Ê œ Ê œ � �a b a b
  y e sin x cos x CeÊ œ � �� �x 2xa b
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11. xy 2y 1 x y y .w � w� œ � Ê � œ �1 2 1 1
x x x

ˆ ‰ 2

 v x e e e x .a b œ œ œ œ2 2ln x ln x 2' dx
x

2

 x y 2xy x 1 x y x 1 x y x C y2 2 2d x 1 C
dx 2 x x

w "
#� œ � Ê œ � Ê œ � � Ê œ � �a b 2

2

12. xy y 2x ln x y y 2 ln x.w w� œ Ê � œˆ ‰1
x

 v x e e .  y y ln xa b ˆ ‰ ˆ ‰œ œ œ � œ Ê� � w' dx
x ln x 1 1 1 2

x x x x
2

 y ln x y C y x Cxln x ln xd 1 2 1
dx x x x

2 2ˆ ‰ c d c d† œ Ê † œ � Ê œ �

13. 1 e dy ye e dx 0 1 e y e y e y y .a b a b a b� � � œ Ê � � œ � Ê œ œx x x x x x e e
1 e 1 e

� w � w
� �

�x x

x x

�

a b

 v x e e e 1.a b œ œ œ �
' e dxx

1 ex x
a b� ln e 1 xa b�

 e 1 y e 1 y e 1 e e 1 y e Ce 1 ya b a b a b c d a bˆ ‰ a bx x x x x xe e d
1 e 1 e dx

x� � � œ � Ê œ � Ê � œ ��w � �
� �

�x x

x x

�

a b

 yÊ œ œe C e C
e 1 1 e

� �x x

x x
� �
� �

14. e dy e y 4x dx 0 y 4x e p x 1, v x e e e y e 4x e� �x x x dx x x x 2xdy dy
dx dx� � œ Ê � œ Ê œ œ œ Ê � œa b a b a b ' 1

 y e 4x e y e 4x e dx y e 2x e e C y 2x e e C eÊ œ Ê œ Ê œ � � Ê œ � �d
dx

x 2x x 2x x 2x 2x x x xa b ' �

15. x 3y dy y dx 0 x dy y dx 3y dy xy 3y dy xy y Ca b a b� � œ Ê � œ � Ê œ � Ê œ � �2 2 2 3d
dx

16. x dy 3y x cos x dx 0 y y x cos x. Let v y e e e x .� � œ Ê � œ œ œ œ œa b a bˆ ‰� w �2 3 3ln x ln x 33
x

' 3dx
x

3

 Then x y 3x y cos x and x y cos x dx sin x C. So y x sin x C3 2 3 3w �� œ œ œ � œ �' a b

17. x 1 2y x y y . Let v x e e e x 1 .a b a b a bˆ ‰� � œ Ê � œ œ œ œ œ �dy
dx x 1 x 1

2 x dx 2ln x 1 ln x 1 2w � �
� �

' 2
x 1

2
�

a b a b

 So y x 1 x 1 y x 1 x x 1 y x 1 x x 1 dxy x 1w
� �a b a b a b a b a b a b� ‘a b� � � œ � Ê œ � Ê � œ ��

2 2 2 22 x d
x 1 x 1 dx

2
a b a b

'
 y x 1 C y x 1 C . We have y 0 1 1 C. SoÊ � œ � � Ê œ � � � œ Ê œa b a b a bŠ ‹2 2x x x x

3 2 3 2

3 2 3 2�

 y x 1 1œ � � �a b Š ‹�2 x x
3 2

3 2

18. x 2y x 1 y y x . Let v x e e x . So x y 2xy x xdy
dx x x

2 ln x 2 2 32 1 dx� œ � Ê � œ � œ œ œ � œ �w wˆ ‰ a b ' ˆ ‰2
x

2

 x y x x x y C y . We have y 1 1 1 C C .Ê œ � Ê œ � � Ê œ � � œ Ê œ � � Ê œd x x x C 1 1
dx 4 2 4 x 4 4

2 3 2a b a b4 2 2

2
" "
# #

 So y œ � � œx 1 x 2x 1
4 4x 4x

2 4 2

2 2
" � �
#

19. 3x y x . Let v x e e . So e y 3x e y x e e y x e e y e C.dy
dx dx 3

2 2 3x dx x x 2 x 2 x x 2 x x xd 1� œ œ œ � œ Ê œ Ê œ �a b Š ‹' 2 3 3 3 3 3 3 3 3w

 We have y 0 1 e 1 e C 1 C C  and e y e y ea b a bœ � Ê � œ � Ê � œ � Ê œ � œ � Ê œ �0 0 x x x1 1 4 1 4 1 4
3 3 3 3 3 3 3

3 3 3 3 3�

20. xdy y cos x dx 0 xy y cos x 0 y y . Let v x e e x.� � œ Ê � � œ Ê � œ œ œ œa b a bˆ ‰w w 1 cos x
x x

dx ln x' 1
x

 So xy x y cos x xy cos x xy cos x dx xy sin x C. We have y 0 0 1 Cw � œ Ê œ Ê œ Ê œ � œ Ê œ �ˆ ‰ ˆ ‰ ˆ ‰a b1 d
x dx 2 2

' 1 1

 C 1. So xy 1 sin x yÊ œ � œ � � Ê œ � �1 sin x
x

21. xy x 2 y 3x e y y 3x e . Let v x e e . Sow � w � ��� � œ Ê � œ œ œ œa b a bˆ ‰3 x 2 x dx x 2ln xx 2 e
x x

' ˆ ‰x 2
x

x

2

�

 y y 3 y 3 y 3x C. We have y 1 0 0 3 1 C C 3e e x 2 d e e
x x x dx x x

x x x x

2 2 2 2
w �� œ Ê † œ Ê † œ � œ Ê œ � Ê œ �ˆ ‰ ˆ ‰ a b a b

 y 3x 3 y x e 3x 3Ê † œ � Ê œ �e
x

2 xx

2
� a b
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22. y dx 3x xy 2 dy 0 0 x 1 x .� � � œ Ê � œ Ê � � œ � Ê � � œ �a b Š ‹dx dx 3x 2 dx 3 2
dy y dy y y dy y y

3x xy 2� �

 P y 1 P y dy 3ln y y v y e y ea b a b a bœ � Ê œ � Ê œ œ3
y

3ln y y 3 y' � �

 y e x y e 1 x 2y e y e x 2y e dy 2e y 2y 2 C3 y 3 y 2 y 3 y 2 y y 23
y

� w � � � � �� � œ � Ê œ � œ � � �Š ‹ a b'
 y .  We have y 2 1 1 C 4e andÊ œ œ � Ê � œ Ê œ �3 2 y 2y 2 Ce

x 2
2 1 2 2 Ceˆ ‰ a b2 y 1� � � � � �a b �

 yÊ œ3 2 y 2y 2 4e
x

ˆ ‰2 y 1� � � �

23. To find the approximate values let y y y cos x 0.1  with x 0, y 0, and 20 steps. Use an n 1 n 1 n 1 0 0œ � � œ œ� � �a ba b
 spreadsheet, graphing calculator, or CAS to obtain the values in the following table.

     x           y          
   0      0
0.1 0.1000
0.2 0.2095
0.3 0.3285
0.4 0.4568
0.5 0.5946
0.6 0.7418
0.7 0.8986
0.8 1.0649
0.9 1.2411
1.0 1.4273

  x           y       
1.1 1.6241
1.2 1.8319
1.3 2.0513
1.4 2.2832
1.5 2.5285
1.6 2.7884
1.7 3.0643
1.8 3.3579
1.9 3.6709
2.0 4.0057

24. To find the approximate values let y y 2 y 2x 3 0.1  with x 3, y 1, and 20 steps. Use an n 1 n 1 n 1 0 0œ � � � œ � œ� � �a ba ba b
 spreadsheet, graphing calculator, or CAS to obtain the values in the following table.

      x            y       
3.0    1.0000
2.9    0.7000
2.8    0.3360
2.7 0.0966
2.6 0.5998
2.5 1.1718
2.4 1.8062
2.3 2.4913
2.2 3.

�
�
�
� �
� �
� �
� �
� �
� � 2099

2.1 3.9393
2.0 4.6520

     x           y       
1.9 5.3172
1.8 5.9026
1.7 6.3768
1.6 6.7119
1.5 6.8861
1.4 6.8861
1.3 6.7084

� �
� �

� �
� �
� �
� �
� �
� �
� �
� �
� �
� �

1.2 6.3601
1.1 5.8585
1.0 5.2298

25. To estimate y 3 , let y y 0.05  with initial values x 0, y 1, and 60 steps. Use a spreadsheet,a b a bŠ ‹œ � œ œn 1 0 0
x 2y

x 1�
�
�

n 1 n 1

n 1

� �

�

 graphing calculator, or CAS to obtain y 3 0.8981.a b ¸

26. To estimate y 4 , let z y 0.05  with initial values x 1, y 1, and 60 steps. Use aa b a bŠ ‹n n 1 0 0
x 2y 1

xœ � œ œ�
� �2

n 1 n 1

n 1

�

�

�

 spreadsheet, graphing calculator, or CAS to obtain y 4 4.4974.a b ¸
27. Let y y dx  with starting values x 0 and y 2, and steps of 0.1 and 0.1. Use a spreadsheet,n n 1 0 0

1
eœ � œ œ �� ˆ ‰a bx y 2n 1 n 1� �

� �

 programmable calculator, or CAS to generate the following graphs.
 (a) 
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 (b) Note that we choose a small interval of x-values because the y-values decrease very rapidly and our calculator cannot
 handle the calculations for x 1. (This occurs because the analytic solution is y 2 ln 2 e , which has anŸ � œ � � �a b�x

 asymptote at x ln 2 0.69. Obviously, the Euler approximations are misleading for x 0.7.)œ � ¸ Ÿ �

 

28. Let y y dx  with starting values x 0 and y 0, and steps of 0.1 and 0.1. Use a spreadsheet,n n 1 0 0
x y
e xœ � œ œ ��

�
�Š ‹a b2

n 1 n 1
yn 1 n 1

� �

�
�

 programmable calculator, or CAS to generate the following graphs.
 (a)  (b) 

29. x 1 1.2 1.4 1.6 1.8 2.0
y 1 0.8 0.56 0.28 0.04 0.4� � � �

 x dy x dx y C; x 1 and y 1dy
dx 2

xœ Ê œ Ê œ � œ œ �
2

 1 C C y exactÊ � œ � Ê œ � Ê œ �"
#

3 x 3
2 2 2a b 2

 y 2  is the exact value.Ê œ � œa b 2 3
2 2

2 "
#

 

30. x 1 1.2 1.4 1.6 1.8 2.0
y 1 0.8 0.6333 0.4904 0.3654 0.2544� � � � � �

 dy dx y ln x C; x 1 and y 1dy
dx x x

1 1œ Ê œ Ê œ � œ œ �k k
 1 ln 1 C C 1 y exact ln x 1Ê � œ � Ê œ � Ê œ �a b k k
 y 2 ln 2 1 0.3069 is the exact value.Ê œ � ¸ �a b

 

31. x 1 1.2 1.4 1.6 1.8 2.0
y 1 1.2 0.488 1.9046 2.5141 3.4192� � � � � �

 xy x dx ln y Cdy dy
dx y 2

xœ Ê œ Ê œ �k k 2

 y e e e C e ; x 1 and y 1Ê œ œ † œ œ œ �
x x x2 2 2

2 2 2�C C
1

 1 C e C e y exact e eÊ � œ Ê œ � œ � †1 1
1/2 1/2 1/2a b x2

2

 e y 2 e 4.4817 is theœ � Ê œ � ¸ �ˆ ‰x 1 /2 3/22� a b
  exact value.  
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32. x 1 1.2 1.4 1.6 1.8 2.0
y 1 1.2 1.3667 1.5130 1.6452 1.7688� � � � � �

 y dy dx x C; x 1 and y 1dy y
dx y 2

1œ Ê œ Ê œ � œ œ �
2

 1 C C y 2x 1" "
# #œ � Ê œ � Ê œ �2

 y exact 2x 1 y 2 3 1.7321 is theÊ œ � Ê œ � ¸ �a b a bÈ È
 exact value.

 

33. y 1 y y 1 y 1 . We have y 0 y 1 0, y 1 0  y 1, 1.dy
dx

2œ � Ê œ � � œ Ê � œ � œ Ê œ �w wa ba b a b a b
 (a) Equilibrium points are 1 (stable) and 1 (unstable)�

 (b) y y 1 y 2yy y 2y y 1 2y y 1 y 1 .  So y 0 y 0, y 1, y 1.w ww w ww wwœ � Ê œ Ê œ � œ � � œ Ê œ œ � œ2  2a b a ba b
 

 (c) 

34. y y y y 1 y . We have y 0 y 1 y 0 y 0, 1 y 0  y 0, 1.dy
dx

2œ � Ê œ � œ Ê � œ Ê œ � œ Ê œw wa b a b
 (a) The equilibrium points are 0 and 1. So, 0 is unstable and 1 is stable.
 (b) Let increasing, decreasing.ïî œ íï œ

 y
y y y

0 1
qqíïïïïïqqñqqïïïïïîqqñqqíïïïïïqqp

� ! � ! � !   w w w

 y y y y y 2yy y y y 2y y y y y 2y 2y y 2y 3y yw ww w w ww wwœ � Ê œ � Ê œ � � � œ � � � Ê œ � �2  2 2 2 2 3 3 2a b a b
  y 2y 3y 1 y y 2y 1 y 1 .  So, y 0 y 0, 2y 1 0, y 1 0 y 0, y ,œ � � Ê œ � � œ Ê œ � œ � œ Ê œ œa b a ba b2 ww ww "

#

 y 1.œ

 Let concave up, concave down.ïî œ íï œ

 y
y y y y

0 11/2
qíïïïïïqqñqqïïïïïîqqñqqíïïïïïqqñqqïïïïïîqp

� ! � ! � ! � !ww ww ww ww

 (c) 

35. (a) Force Mass times Acceleration (Newton's Second Law) or F ma. Let a v . Thenœ œ œ œ † œdv dv ds dv
dt ds dt ds

 ma mgR s a gR s v gR s v dv gR s ds v dv gR s dsœ � Ê œ � Ê œ � Ê œ � Ê œ �2 2 2 2 2 2 2 2 2 2dv
ds

� � � � �' '
 C v 2C C. When t 0, v v  and  s R v CÊ œ � Ê œ � œ � œ œ œ Ê œ �v

2 s s s R
gR 2gR 2gR 2gR

1 1 0
2 2

0
2 2 2 2 2

 C v 2gR v v 2gRÊ œ � Ê œ � �2 2 2
0 0

2gR
s

2
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 (b) If v 2gR, then v v , since v 0 if v 2gR. Then s ds 2gR  dt0 0
2 2gR 2gR

s s dt
ds 2gR

s
2œ œ Ê œ     œ Ê œÈ ÈÉ È È2 2 2È

È

 s ds 2gR  dt s 2gR t C s 2gR t C; t 0 and s RÊ œ Ê œ � Ê œ � œ œ' '1/2 3/2 3/22 2 22 3
3 21È È Èˆ ‰

 R 2gR 0 C C R s 2gR t R R 2g t RÊ œ � Ê œ Ê œ � œ �3/2 3/2 3/2 3/2 3/23 3 3
2 2 2

2 2ˆ ‰ ˆ ‰ ˆ ‰È Èa b È
 R R t 1 R s RR 2g t 1 t 1 1 tœ œ � œ Ê œ� � �3/2 3/2 3/23

2
1/2 3 2gR

2R
3v 3v
2R 2R

2/3� ‘ � ‘ � ‘ˆ ‰È ’ “Š ‹ ˆ ‰ ˆ ‰� È
0 0

36. coasting distance 0.97 k 27.343.  s t 1 e s t 0.97 1 ev m v m
k k k

0.86 30.84 k/m t 27.343/30.84 t0 0œ Ê œ Ê ¸ œ � Ê œ �a ba b a b a ba b a bˆ ‰ ˆ ‰� �

 s t 0.97 1 e .  A graph of the model is shown superimposed on a graph of the data.Ê œ �a b a b�0.8866t

 

CHAPTER 9  ADDITIONAL AND ADVANCED EXERCISES

 1. (a) k c y dy k y c dt k dt k dt ln y c k t Cdy dy dy
dt V V y c V y c V V

A A A A A
1œ � Ê œ � � Ê œ � Ê œ � Ê � œ � �a b a b k k� �

' '
 y c e e . Apply the initial condition, y 0 y y c C C y cÊ � œ „ œ Ê œ � Ê œ �C k t

0 0 0
1

A
V� a b

 y c y c e .Ê œ � �a b0
k t� A

V

 (b) Steady state solution: y y t c y c 0 cc y c e_
Ä_ Ä_

�œ œ œ � � œ� �lim lim
t t 0

k t
0a b a ba b� ‘a b A

V

 2. F v u F v u F m v v u F m u .d mv d mv
dt dt dt dt dt dt dt dt dt dt

dm dm dv dm dm dm dv dma b a bœ � � Ê œ � � Ê œ � � � Ê œ �a b a b
  b m b t C. At t 0, m m , so C m  and m m b t.dm

dt 0 0 0œ � Ê œ � � œ œ œ œ �k k k k
 Thus, F m b t u b m b t g g v gt u ln Cœ � � œ � � Ê œ � � Ê œ � � �a b k k a bk kk k k k Š ‹0 0 1

dv dv
dt dt m b t m

u b m b tk k k k
k k0 0

0

�
�

 v 0 at t 0 C 0. So v gt u ln y dt and u c, y 0 atgt u lnœ œ Ê œ œ � � œ Ê œ œ œ� �1
m b t

m dt
dy m b t

mŠ ‹ Š ‹0

0

0

0

� �k k k k' ’ “
 t 0 y gt c t lnœ Ê œ � � �"

#

� �2 m b t m b t
b m’ “Š ‹ Š ‹0 0

0

k k k k
k k

 3. (a) Let y be any function such that v x y v x Q x dx C, v x e . Thena b a b a b a bœ � œ' ' P x dxa b

 v x y v x y y v x v x Q x . We have v x e v x e P x v x P x .d
dx

P x dx P x dxa b a b a b a b a b a b a b a b a b a ba b † œ † � † œ œ Ê œ œ œw w w' 'a b a b

 Thus v x y y v x P x v x Q x y y P x Q x the given y is a solution.a b a b a b a b a b a b a b† � † œ Ê � œ Êw w

 (b) If v and Q are continuous on  and x a, b , then v t Q t dt v x Q xa, bc d a b a b a b a b a b’ “− œd
dx x

x'
0

 v t Q t dt v x Q x dx. So C y v x v x Q x dx. From part (a), v x y v x Q x dx C.Ê œ œ � œ �'
x

x
0 0

0

a b a b a b a b a b a b a b a b a b a b' ' '
 Substituting for C:  v x y v x Q x dx y v x v x Q x dx v x y y v x  when x x .a b a b a b a b a b a b a b a bœ � � Ê œ œ' '0 0 0 0 0

 4. (a) y P x y 0, y x 0. Use v x e  as an integrating factor. Then v x y 0 v x y Cw � œ œ œ œ Ê œa b a b a b a b a ba b0
P x  dx d

dx
' a b

 y Ce  and y C e , y C e , y x y x 0, y y C C eÊ œ œ œ œ œ � œ �� � � �
#

' ' ' 'P x  dx P x  dx P x  dx P x  dx
1 1 2 1 0 2 0 1 2 1 2

a b a b a b a ba b a b a b
 C e  and y y 0 0 0. So y y  is a solution to y P x y 0 with y x 0.œ � œ � œ � � œ œ3 1 2 1 2 0

P x  dx� w' a b a b a b
 (b) v x e C C C .y x y x e C Cd d d d

dx dx dx dx1 2
P x  dx P x  dx

1 2 1 2 3a b a b a ba bc da b a b Š ‹� ‘a b� œ œ � œ œ !�
' 'a b a b�

 v x dx v x dx Cy x y x y x y x' 'd
dx 1 2 1 2a b a ba bc d a bc da b a b a b a b� �œ œ ! œ
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 (c) y C e , y C e , y y y . So y x 0 C e C e1 1 2 1 2 0 1
P x  dx P x  dx P x  dx P x  dxœ œ œ � œ Ê � œ !� � � �

# #
' ' ' 'a b a b a b a ba b

 C C 0 C C y x y x  for a x b.Ê � œ Ê œ Ê œ � �1 2 1 2 1 2a b a b

 5. x y dx x y dy 0 F F v v 0a b a bˆ ‰2 2 dy y y y
dx x y y x y x x x v x v F v

x y x 1 1 dx dv� � œ Ê œ œ � � œ � � œ Ê œ � � Ê � œ
� �

Î �

ˆ ‰
a b

2 2

 0 C ln x ln 2v 1 C 4ln x ln 2 1 CÊ � œ Ê � œ Ê l l � l � l œ Ê l l � l � l œdx dv dx v dv 1
x x 2v 1 4 xv    v

2 y 2

� � � �ˆ ‰1 2
v

' ' ˆ ‰
 ln x ln C ln x 2y x C x 2y x e x 2y x CÊ l l � œ Ê � œ Ê � œ Ê � œ4 2 2 2 2 2 2 C 2 2 22y x

xº º ¹ ¹a b a b a b2 2

2
�

 6. x dy y x y dx 0 F F v v v 02 2 2dy dy y y y
dx x dx x x x x v  v v

y x y 2 dx dv� � œ Ê œ Ê œ � � œ Ê œ � � Ê � œa b a bˆ ‰ ˆ ‰� �

� � �

ˆ ‰
a b

2

2 2

 C ln x C ln x C ln x CÊ � œ Ê l l � œ Ê l l � œ Ê l l � œ' 'dx dv 1 1 x
x v v y x y2 Î

 7. x e y dx x dy 0 e F F v e v 0ˆ ‰ ˆ ‰ a by x y x vdy x e y y y
dx x x x x v  e v

dx dvÎ Î�
� �� � œ Ê œ œ � œ Ê œ � Ê � œ

y x

v

Î

a b

 C ln x e C ln x e CÊ � œ Ê l l � œ Ê l l � œ' 'dx dv
x e

v y x
v

� � Î

 8. x y dy x y dx 0 F F v 0a b a b a bˆ ‰� � � œ Ê œ œ œ Ê œ Ê � œdy y
dx x y x 1 v x

x y 1
1

v 1 dx dv
v  

� �
� �

�

�
�

�

a b
ˆ ‰

y
x

y
x

v 1
1 v
�

�

 0 0 ln x tan v ln v 1 CÊ � œ Ê � � œ Ê l l � � l � l œ' ' ' ' 'dx dx dv v dv 1
x v  1 x v  1 v  1 2

1 v dv 1 2a b�
� � �

�
2 2 2

 2 ln x 2 tan v ln 1 C ln x 2 tan ln C 2 tan ln y x CÊ l l � � � œ Ê l l � � œ Ê � � œ� � ��1 2 1 1 2 2y y y x y
x x x x

2¹ ¹ ¹ ¹ˆ ‰ ˆ ‰ ˆ ‰º º2 2

2

 9. y cos cos 1 F F v v cos v 1 0w �
� � �œ � œ � � œ Ê œ � � Ê � œy y x y y y

x x x x x x v  v  cos v  1
dx dvˆ ‰ ˆ ‰ ˆ ‰ a b a b a ba b

 sec v 1 dv 0 ln x ln sec v 1 tan v 1 C ln x ln sec 1 tan 1 CÊ � � œ Ê l l � l � � � l œ Ê l l � � � � œ' 'dx
x x x

y ya b a b a b ¹ ¹ˆ ‰ ˆ ‰

10. x sin y cos dx x cos dy 0 tan F F v v tan vˆ ‰ ˆ ‰ a by y y dy y y y
x x x dx x x x

x sin y cos
x cos� � œ Ê œ œ � œ Ê œ �

� �ˆ ‰y y
x x

y
x

 0 cot v dv 0 ln x ln sin v C ln x ln sin CÊ � œ Ê � œ Ê l l � l l œ Ê l l � œdx dv dx
x v  v tan v x x

y
� �a b

' ' ¹ ¹
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CHAPTER 10  INFINITE SEQUENCES AND SERIES

10.1  SEQUENCES

 1. a 0, a , a , a" # $ %
� "� " � �

#œ œ œ œ � œ œ � œ œ �1 1 2 1 3 2 1 4 3
1 4 3 9 4 16# # # #

 2. a 1, a , a , a" # $ %
" "
#œ œ œ œ œ œ œ œ1 1 1 1 1

1! ! 2 3! 6 4! 24

 3. a 1, a , a , a" # $ %
� �" � �
#� � � �

" " "œ œ œ œ � œ œ œ œ �( 1) ( ) ( 1) ( 1)
1 4 1 3 6 1 5 8 1 7

# $ % &

 4. a 2 ( 1) 1, a 2 ( 1) 3, a 2 ( 1) 1, a 2 ( 1) 3" # $ %
" # $ %œ � � œ œ � � œ œ � � œ œ � � œ

 5. a , a , a , a" # $ %# # # # #
" " " "

#
œ œ œ œ œ œ œ œ2 2 2 2

2 2# $ &

# $ %

%

 6. a , a , a , a" # $ %
�" " � � �"
# #œ œ œ œ œ œ œ œ2 2 1 3 2 1 7 2 15

2 4 2 8 162

# $ %

# $ %

 7. a 1, a 1 , a , a , a , a ," # $ % & '
" " " "
# # # # # #

œ œ � œ œ � œ œ � œ œ � œ œ3 3 7 7 15 15 31 63
4 4 8 8 16 32# $ %

 a , a , a , a( ) * "!œ œ œ œ127 255 511 1023
64 128 256 512

 8. a 1, a , a , a , a , a , a , a ," # $ % & ' ( )
" " " " " " "
# # # #œ œ œ œ œ œ œ œ œ œ œ

ˆ ‰ ˆ ‰ ˆ ‰" " "

# #

3 6 4 4 5 1 0 7 0 5040 40,320
6 4

 a , a* "!
" "œ œ362,880 3,628,800

 9. a 2, a 1, a , a , a ," # $ % &
� �

# # # #
" " "� � � �

œ œ œ œ œ � œ œ � œ œ( 1) (2) ( 1) (1)
2 4 8

( 1) ( 1)# $ % "

#

& "ˆ ‰ ˆ ‰
4

 a , a , a , a , a' ( ) * "!
" " " " "

# #œ œ � œ � œ œ16 3 64 1 8 256

10. a 2, a 1, a , a , a , a ," # $ % & '
� �
# #

� �" "œ � œ œ � œ œ � œ œ � œ œ � œ �1 ( 2) 2 ( 1)
3 3 4 5 5 3

2 23 4
† †

† †

ˆ ‰ ˆ ‰2
3

"

#

 a , a , a , a( ) * "!
" "œ � œ � œ � œ �2 2

7 4 9 5

11. a 1, a 1, a 1 1 2, a 2 1 3, a 3 2 5, a 8, a 13, a 21, a 34, a 55" # $ % & ' ( ) * "!œ œ œ � œ œ � œ œ � œ œ œ œ œ œ

12. a 2, a 1, a , a , a 1, a 2, a 2, a 1, a , a" # $ % & ' ( ) * "!
" " " "
# � # # #

�

�
œ œ � œ � œ œ œ œ � œ � œ œ � œ � œ

ˆ ‰ ˆ ‰ˆ ‰
" "

# #

"

#
1

13. a ( 1) , n 1, 2,  14. a ( 1) , n 1, 2, n n
n 1 nœ � œ á œ � œ á�

15. a ( 1) n , n 1, 2,  16. a , n 1, 2, n n
n 1 ( )

nœ � œ á œ œ á� # �" n 1�

#

17. a , n 1, 2,  18. a , n 1, 2, n n
2 2n 5

3 n 2 n n 1œ œ á œ œ á
n 1�a b a b� �

�

19. a n 1, n 1, 2,  20. a n 4 , n 1, 2, n nœ � œ á œ � œ á#

21. a 4n 3, n 1, 2,  22. a 4n 2 , n 1, 2, n nœ � œ á œ � œ á

23. a , n 1, 2,  24. a , n 1, 2, n n
3n 2 n

n! 5œ œ á œ œ á� 3

n 1�

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



570 Chapter 10 Infinite Sequences and Series

25. a , n 1, 2,  26. a , n 1, 2, n n
1 ( 1) n ( 1) nœ œ á œ œ Ú Û œ á� �

# # #

� � �n 1 n� " "

# #
ˆ ‰

27.  lim  2 (0.1) 2  converges (Theorem 5, #4)
n Ä _

� œ Ên

28.  lim    lim  1 1  converges
n nÄ _ Ä _

n ( ) ( 1)
n n

� �" �n n

œ � œ Ê

29.  lim    lim    lim   1  converges
n n nÄ _ Ä _ Ä _

"� �
�# #

�

�
2n 2

1 n
2
2

œ œ œ � Ê
ˆ ‰ˆ ‰
"

"

n

n

30.  lim    lim     diverges
n nÄ _ Ä _

2n
1 3 n

2 n  

3

�"
�

�

�È
È Š ‹
Š ‹œ œ �_ Ê

"

"

È

È

n

n

31.  lim    lim   5  converges
n nÄ _ Ä _

"�
�

�

�
5n

n 8n

5

1

%

% $

"

%

œ œ � Ê
Š ‹

ˆ ‰n
8
n

32.  lim    lim    lim   0  converges
n n nÄ _ Ä _ Ä _

n 3 n 3
n 5n 6 (n 3)(n 2) n

� � "
� � � � �## œ œ œ Ê

33.  lim    lim    lim  (n 1)   diverges
n n nÄ _ Ä _ Ä _

n 2n 1
n 1 n 1

(n 1)(n 1)# � �
� �

� �œ œ � œ _ Ê

34  lim    lim     diverges
n nÄ _ Ä _

"�
�

�

�

n
70 4n

n

4

$

# œ œ _ Ê
Š ‹
Š ‹

"

#

#

n
70
n

35.  lim  1 ( 1)  does not exist  diverges 36.  lim  ( 1) 1  does not exist  diverges
n nÄ _ Ä _

a b ˆ ‰� � Ê � � Ên n "
n

37.  lim  1  lim  1   converges
n nÄ _ Ä _

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰n
n n n n
�" " " " " "
# # # #� œ � � œ Ê

38.  lim  2 3 6  converges 39.  lim   0  converges
n nÄ _ Ä _

ˆ ‰ ˆ ‰� � œ Ê œ Ê" "
# # # �

�"
n n

n 1( )
n 1

�

40.  lim   lim   0  converges
n nÄ _ Ä _

ˆ ‰� œ œ Ê"
# #

�"n ( )n

n

41.  lim   lim    lim  2  converges
n n nÄ _ Ä _ Ä _

É É Ê Š ‹ È2n 2n
n 1 n 1� �œ œ œ Ê2

1� "

n

42.  lim    lim    diverges
n nÄ _ Ä _

" "
(0.9) 9

0
n œ œ _ Êˆ ‰n

43.  lim  sin sin  lim  sin 1  converges
n nÄ _ Ä _

ˆ ‰ ˆ ‰Š ‹1 1 1

# # #
" "� œ � œ œ Ên n

44.  lim  n  cos (n )  lim  (n )( 1)  does not exist  diverges
n nÄ _ Ä _

1 1 1œ � Ên

45.  lim   0 because   converges by the Sandwich Theorem for sequences
n Ä _

sin n sin n
n n n nœ � Ÿ Ÿ Ê" "

46.  lim   0 because 0   converges by the Sandwich Theorem for sequences
n Ä _

sin n sin n# #

# # #
"

n n nœ Ÿ Ÿ Ê

47.  lim    lim   0  converges (using l'Hopital's rule)^
n nÄ _ Ä _

n
 ln 2# #
"

n nœ œ Ê
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48.  lim    lim    lim    lim     diverges (using l'Hopital's rule)^
n n n nÄ _ Ä _ Ä _ Ä _

3 3  ln 3
n 3n 6n 6

3 (ln 3) 3 (ln 3)n n n n

$ #

# $

œ œ œ œ _ Ê

49.  lim    lim    lim    lim   0  converges
n n n nÄ _ Ä _ Ä _ Ä _

ln (n )
n

2 n
n 1 1

�"
� �È È Š ‹

Š ‹œ œ œ œ Ê
ˆ ‰
Š ‹

"

�

"

#

"

n 1

n

2
n

nÈ

È

50.  lim    lim   1  converges
n nÄ _ Ä _

ln n
ln 2n œ œ Ê

ˆ ‰
ˆ ‰

"

n
2
2n

51.  lim  8 1  converges (Theorem 5, #3)
n Ä _

1 nÎ œ Ê

52.  lim  (0.03) 1  converges (Theorem 5, #3) n Ä _
1 nÎ œ Ê

53.  lim  1 e   converges (Theorem 5, #5)
n Ä _

ˆ ‰� œ Ê7
n

n (

54.  lim  1  lim  1 e   converges (Theorem 5, #5)
n nÄ _ Ä _

ˆ ‰ ’ “� œ � œ Ê" �" �"
n n

( )n n

55.  lim  10n  lim  10 n 1 1 1  converges (Theorem 5, #3 and #2)
n nÄ _ Ä _

Èn œ œ œ Ê1 n 1 nÎ Î
† †

56.  lim  n  lim  n 1 1  converges (Theorem 5, #2)
n nÄ _ Ä _

È ˆ ‰Èn n# # #œ œ œ Ê

57.  lim  1  converges (Theorem 5, #3 and #2)
n Ä _

ˆ ‰3
n 1

1 n  lim  3

 lim  n

Î "œ œ œ Ên

n

Ä_

Ä_

1 n

1 n

Î

Î

58.  lim  (n 4)  lim  x 1  converges; (let x n 4, then use Theorem 5, #2)
n xÄ _ Ä _

� œ œ Ê œ �1 n 4 1 xÎÐ � Ñ Î

59.  lim     diverges (Theorem 5, #2)
n Ä _

ln n
n  lim  n

 lim  ln n

11 n 1 nÎ Îœ œ œ _ Ên

n

Ä_

Ä_

_

60.  lim  ln n ln (n 1)  lim  ln ln  lim   ln 1 0  converges
n n nÄ _ Ä _ Ä _

c d ˆ ‰ Š ‹� � œ œ œ œ Ên n
n 1 n 1� �

61.  lim  4 n  lim  4 n 4 1 4  converges (Theorem 5, #2)
n nÄ _ Ä _

È Èn nn œ œ œ Ê†

62.  lim  3  lim  3  lim  3 3 9 1 9  converges (Theorem 5, #3)
n n nÄ _ Ä _ Ä _

Èn 2n 1 2 1 n 1 n� � Î # Îœ œ œ œ Êa b
† †

63.  lim    lim    lim  0 and 0   lim   0 converges
n n n nÄ _ Ä _ Ä _ Ä _

n! n! n!
n n n n n n n n n

2 3 (n 1)(n)
n n nœ Ÿ œ   Ê œ Ê" â �

â
"† †

† † †

ˆ ‰
64.  lim   0  converges (Theorem 5, #6)

n Ä _
( 4)

n!
� n

œ Ê

65.  lim    lim     diverges (Theorem 5, #6)
n nÄ _ Ä _

n!
106n (10 )n

n!

œ œ _ Ê"Š ‹'

66.  lim    lim     diverges (Theorem 5, #6)
n nÄ _ Ä _

n!
2 3n n 6n

n!

œ œ _ Ê"ˆ ‰

67.  lim   lim  exp  ln  lim  exp e   converges
n n nÄ _ Ä _ Ä _

ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰" " " �ÎÐ Ñ �"
n ln n n ln n

1 ln n ln 1 ln nœ œ œ Ê
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68.  lim  ln 1 ln  lim  1 ln e 1  converges (Theorem 5, #5)
n nÄ _ Ä _

ˆ ‰ ˆ ‰Š ‹� œ � œ œ Ê" "
n n

n n

69.  lim   lim  exp n ln  lim  exp
n n nÄ _ Ä _ Ä _

ˆ ‰ ˆ ‰ˆ ‰ Š ‹3n 3n
3n 1 3n 1

n ln (3n 1) ln (3n 1)�" �"
� �

� � �œ œ "

n

  lim  exp  lim  exp exp e   convergesœ œ œ œ Ê
n nÄ _ Ä _� � Š ‹ ˆ ‰3 3

3n 1 3n 1

n

� �

"

#

�

�Š ‹
6n 6

(3n 1)(3n 1) 9

#

� �
#Î$

70.  lim   lim  exp n ln  lim  exp  lim  exp
n n n nÄ _ Ä _ Ä _ Ä _

ˆ ‰ ˆ ‰ˆ ‰ Š ‹ � �n n
n 1 n 1

n ln n ln (n 1)
� �

� �œ œ œˆ ‰ Š ‹"

" "

�

"

#n

n n 1

n

�

�

  lim  exp e   convergesœ � œ Ê
n Ä _

Š ‹n
n(n 1)

#

�
�"

71.  lim   lim  x x  lim  exp  ln x  lim  exp
n n n nÄ _ Ä _ Ä _ Ä _

ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ Š ‹x
2n 1 n 1 n n 1 n

1 n 1 n ln (2n 1)n

� # � # �

Î " " "Î � �œ œ œ

 x  lim  exp xe x, x 0  convergesœ œ œ � Ê
n Ä _

ˆ ‰�
�

!2
2n 1

72.  lim  1  lim  exp n ln 1  lim  exp  lim  exp
n n n nÄ _ Ä _ Ä _ Ä _

ˆ ‰ ˆ ‰ˆ ‰ � � – —� œ � œ œ" "
n n

n
# #

ln 1 1Š ‹ ‚
ˆ ‰

Š ‹ Š ‹
Š ‹

� �

�

"

#

"

$ #

"

"

#

n

n

2
n n

n

  lim  exp e 1  convergesœ œ œ Ê
n Ä _

ˆ ‰�
�

!2n
n 1#

73.  lim    lim   0  converges (Theorem 5, #6)
n nÄ _ Ä _

3 6 36
2 n! n!

n n n

n
†

†

� œ œ Ê

74.  lim    lim    lim   0  converg
n n nÄ _ Ä _ Ä _

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
10 12 10 120
11 11 11 121

n n n n

9 11 12 9 12 11 108
10 12 11 10 11 12 110

n n n n n n n
� � �

œ œ œ Ê
1

es

 (Theorem 5, #4)

75.  lim  tanh n  lim    lim    lim    lim  1  converges
n n n n nÄ _ Ä _ Ä _ Ä _ Ä _

œ œ œ œ " œ Êe e e 2e
e e e 1 2e

n n 2n 2n

n n 2n 2n
� �"
� �

�

�

76.  lim  sinh (ln n)  lim    lim     diverges
n n nÄ _ Ä _ Ä _

œ œ œ _ Êe e
2

nln n ln n
n� �

#

�
"ˆ ‰

77.  lim    lim    lim    lim     converges
n n n nÄ _ Ä _ Ä _ Ä _

n  sin
2n 1

# "ˆ ‰
n

� #
"œ œ œ œ Ê

sin coscosˆ ‰ ˆ ‰
Š ‹ Š ‹

ˆ ‰ˆ ‰ Š ‹
ˆ ‰

" "

"

# # $

" "

#n n
2 2 2
n n n n

n n
2
n� � �

� �

�#�

78.  lim  n 1 cos  lim    lim    lim  sin 0  converges
n n n nÄ _ Ä _ Ä _ Ä _

ˆ ‰ ˆ ‰� œ œ œ œ Ê" "
n n

ˆ ‰
ˆ ‰

� ‘ˆ ‰ Š ‹
Š ‹

"� cos sin"

"

" "

#

"

#

n

n

n n

n

79.  lim  n sin  lim   lim   lim  cos cos 0 1 converges
n n n nÄ _ Ä _ Ä _ Ä _

È Š ‹ Š ‹1 1
n n

sin cos

È È
Š ‹ Š ‹Š ‹

œ œ œ œ œ Ê
1 1 1

n n
1 1

n

2n3 2

2n3 2

È È

È

�

�

Î

Î

80.  lim  3 5  lim  exp ln 3 5  lim  exp  lim  exp
n n n nÄ _ Ä _ Ä _ Ä _

a b a b’ “ ’ “ – —n n n n1 n 1 n ln 3 5
n 1� œ � œ œÎ Î �a bn n 3 ln 3 5 ln 5n n

3 5n n
�

�

  lim  exp  lim  exp exp ln 5 5œ œ œ œ
n nÄ _ Ä _

’ “ ’ “ a bŠ ‹
ˆ ‰ ˆ ‰ˆ ‰3n

5n

3 3n n
5 5n

3
5

nln 3 ln 5

1 1

ln 3 ln 5�

� �

�

81.  lim  tan n   converges 82.  lim    tan n 0 0  converges
n nÄ _ Ä _

�" �"
# #

"œ Ê œ œ Ê1 1Èn
†
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83.  lim   lim  0  converges (Theorem 5, #4)
n nÄ _ Ä _

ˆ ‰ ˆ ‰Š ‹Š ‹" " " "
3 3

n n

2 2

n
� œ � œ ÊÈ Èn

84.  lim  n n  lim  exp  lim  exp e 1  converges
n n nÄ _ Ä _ Ä _

È ’ “ ˆ ‰n # � �
�

!� œ œ œ œ Êln n n
n n n

2n 1a b#

#

85.  lim    lim    lim    lim   0  converges
n n n nÄ _ Ä _ Ä _ Ä _

(ln n) 200 (ln n) 200 199 (ln n)
n n n n

200!#!! "** "*)

œ œ œ á œ œ Ê†

86.  lim    lim   lim    lim    lim   0  converges
n n n n nÄ _ Ä _ Ä _ Ä _ Ä _

(ln n) 10(ln n) 80(ln n)
n n n n

3840& % $È È È Èœ œ œ œ á œ œ Ê– —Š ‹
Š ‹

5(ln n)
n

n

%

"

#È

87.  lim  n n n  lim  n n n  lim    lim   
n n n nÄ _ Ä _ Ä _ Ä _

Š ‹ Š ‹Š ‹È È� � œ � � œ œ# # � �

� � � �

"

� �

n n n
n n n n n n

n

1 1

ÈÈ È É
#

# # "

n

   convergesœ Ê"
#

88.  lim    lim   lim   
n n nÄ _ Ä _ Ä _

" "

� � � � � � � � �

� � � � � �
� �È È ÈÈ È ÈÈ ÈÈ È

n 1 n n n 1 n n n 1 n n

n 1 n n n 1 n n
1 n# # # # # #

# # # #

œ œŠ ‹Š ‹
  lim   2  convergesœ œ � Ê

n Ä _

É É
ˆ ‰

1 1

1

� � �

� �

" "

#

"

n n

n

89.  lim     dx  lim    lim   0  converges (Theorem 5, #1)
n n nÄ _ Ä _ Ä _

" " "
n x n n

ln n'
1

n

œ œ œ Ê

90.  lim   dx  lim    lim   1  if p 1  converges
n n nÄ _ Ä _ Ä _

'
1

n n

1

" " " " " "
� � �x 1 p x 1 p n p 1p p 1 p 1œ œ � œ � Ê’ “ ˆ ‰

� �

91. Since a  converges  lim a L  lim a  lim L L 1 L 72 L L 72 0n n n 1
72 72

1 a 1 L
2Ê œ Ê œ Ê œ Ê � œ Ê � � œ

n n nÄ _ Ä _ Ä _� � �n
a b

 L 9 or L 8; since a 0 for n 1 L 8Ê œ � œ �   Ê œn

92. Since a  converges  lim a L  lim a  lim L L L 2 L 6 L L 6 0n n n 1
a 6
a 2 L 2

L 6 2Ê œ Ê œ Ê œ Ê � œ � Ê � � œ
n n nÄ _ Ä _ Ä _�

�
� �

�n

n
a b

 L 3 or L 2; since a 0 for n 2 L 2Ê œ � œ �   Ê œn

93. Since a  converges  lim a L  lim a  lim 8 2a L 8 2L L 2L 8 0 L 2n n n 1 n
2Ê œ Ê œ � Ê œ � Ê � � œ Ê œ �

n n nÄ _ Ä _ Ä _� È È
 or L 4; since a 0 for n 3 L 4œ �   Ê œn

94. Since a  converges  lim a L  lim a  lim 8 2a L 8 2L L 2L 8 0 L 2n n n 1 n
2Ê œ Ê œ � Ê œ � Ê � � œ Ê œ �

n n nÄ _ Ä _ Ä _� È È
 or L 4; since a 0 for n 2 L 4œ �   Ê œn

95. Since a  converges  lim a L  lim a  lim 5a L 5L L 5L 0 L 0 or L 5; sincen n n 1 n
2Ê œ Ê œ Ê œ Ê � œ Ê œ œ

n n nÄ _ Ä _ Ä _� È È
 a 0 for n 1 L 5n �   Ê œ

96. Since a  converges  lim a L  lim a  lim 12 a L 12 L L 25L 144 0n n n 1 n
2Ê œ Ê œ � Ê œ � Ê � � œ

n n nÄ _ Ä _ Ä _� ˆ ‰È Š ‹È
 L 9 or L 16; since 12 a 12 for n 1 L 9Ê œ œ � �   Ê œÈ n

97. a 2 , n 1, a 2. Since a  converges  lim a L  lim a  lim 2 L 2n 1 1 n n n 1
1 1 1
a a L� �œ �   œ Ê œ Ê œ � Ê œ �

n nn n nÄ _ Ä _ Ä _
Š ‹

 L 2L 1 0 L 1 2; since  a 0 for n 1 L 1 2Ê � � œ Ê œ „ �   Ê œ �2
n

È È
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98. a 1 a , n 1, a 1. Since a  converges  lim a L  lim a  lim 1 a L 1 Ln 1 n 1 n n n 1 n� �œ �   œ Ê œ Ê œ � Ê œ �È ÈÈ È
n n nÄ _ Ä _ Ä _

 L L 1 0 L ; since  a 0 for n 1 LÊ � � œ Ê œ �   Ê œ2 1 5 1 5
2 2n

„ �È È

99. 1, 1, 2, 4, 8, 16, 32, 1, 2 , 2 , 2 , 2 , 2 , 2 ,   x 1 and x 2  for n 2á œ á Ê œ œ  ! " # $ % &
" n

n 2�

100. (a) 1 2(1) 1, 3 2(2) 1; let f(a b) (a 2b) 2(a b) a 4ab 4b 2a 4ab 2b# # # # # # # # # #� œ � � œ ß œ � � � œ � � � � �

 2b a ; a 2b 1  f(a b) 2b a 1; a 2b 1  f(a b) 2b a 1œ � � œ � Ê ß œ � œ � œ Ê ß œ � œ �# # # # # # # # # #

 (b) r 2 2   r 2# � � � � � � „" "
� � �

# � �
#

n n� œ � œ œ œ Ê œ „ˆ ‰ Ê Š ‹a 2b a 4ab 4b 2a 4ab 2b
a b (a b) (a b) y y

a 2b# # # #

# # #

# #a b
n n

 In the first and second fractions, y n.  Let  represent the (n 1)th fraction where 1 and b n 1n   �     �a a
b b

 for n a positive integer 3.  Now the nth fraction is  and a b 2b 2n 2 n  y n.  Thus,  �     �   Ê  a 2b
a b
�
� n

  lim  r 2.
n Ä _ n œ È

101. (a)  f(x) x 2; the sequence converges to 1.414213562 2œ � ¸# È
 (b)  f(x) tan (x) 1; the sequence converges to 0.7853981635œ � ¸ 1

4

 (c)  f(x) e ; the sequence 1, 0, 1, 2, 3, 4, 5,  divergesœ � � � � � áx

102. (a)   lim  nf  lim    lim   f (0), where x
n x xÄ _ Ä ! Ä !

ˆ ‰" "� � w
n x x n

f( x) f(0 x) f(0)œ œ œ œ
? ?� �

? ?

? ?
?

 (b)   lim  n tan f (0) 1, f(x) tan x
n Ä _

�" w �"" "
�

ˆ ‰
n 1 0œ œ œ œ#

 (c)   lim  n e 1 f (0) e 1, f(x) e 1
n Ä _

a b1 n xÎ � œ œ œ œ �w !

 (d)   lim  n ln 1 f (0) 2, f(x) ln (1 2x)
n Ä _

ˆ ‰� œ œ œ œ �2 2
n 1 2(0)

w
�

103. (a)  If a 2n 1, then b 2n 2n 2n 2n, c 2n 2nœ � œ Ú Û œ Ú Û œ Ú � � Û œ � œ Ü Ý œ Ü � � Ýa 4n 4n 1 a# # #

# # # # #
� � " "# # #

  2n 2n 1 and a b (2n 1) 2n 2n 4n 4n 1 4n 8n 4nœ � � � œ � � � œ � � � � �# # # # # # % $ ##a b
  4n 8n 8n 4n 1 2n 2n 1 c .œ � � � � œ � � œ% $ # # ##a b
 (b)   lim    lim   1 or  lim    lim  sin  lim  sin 1

a a a a 2Ä _ Ä _ Ä _ Ä _ Ä Î

Ú Û Ú Û

Ü Ý Ü Ý

a a

a a

# #

# #

# #

# #

œ œ œ œ œ2n 2n
2n 2n 1

#

#

�
� � ) )

) 1

104. (a)   lim  (2n )  lim  exp  lim  exp  lim  exp e 1;
n n n nÄ _ Ä _ Ä _ Ä _

1
1 2n ln 2n

2n n
Î !

# #
"a b Š ‹

œ œ œ œ œˆ ‰ ˆ ‰� �1

2
2n
1

1

 n!  2n , Stirlings approximation  n! (2n )  for large values of n¸ Ê ¸ ¸ˆ ‰ ˆ ‰È Èn n n
e e e

1 2nn n
1 1

Î a b
 (b)    n                  n!                                                     

40 15.76852702 14.71517765
50 19.48325423 18.393

Èn n
e

97206
60 23.19189561 22.07276647

105. (a)   lim    lim    lim   0
n n nÄ _ Ä _ Ä _

ln n
n cn cnc c 1 cœ œ œ

ˆ ‰"
n
�

"

 (b)  For all 0, there exists an N e  such that n e   ln n   ln n ln% � œ � Ê � � Ê ��Ð ÑÎ �Ð ÑÎ "ln c ln c cln 
c

% % %

%
ˆ ‰

  n     0    lim   0nÊ � Ê � Ê � � Ê œ
Ä _

c
n n n

" " " "
% c c c% %¸ ¸

106. Let {a } and {b } be sequences both converging to L.  Define {c } by c b  and c a , wheren n n 2n n 2n 1 nœ œ
�

 n 1, 2, 3,  .  For all 0 there exists N  such that when n N  then a L  and there exists Nœ á � � � �% %" " #k kn

 such that when n N  then b L .  If n 1 2max{N N }, then  c L , so {c } converges to L.� � � � � ß � �# " #k k k kn n n% %
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107.  lim  n   lim  exp  ln n  lim  exp e 1
n n nÄ _ Ä _ Ä _

1 n
n n

Î !" "œ œ œ œˆ ‰ ˆ ‰
108.  lim  x   lim  exp  ln x e 1, because x remains fixed while n gets large

n nÄ _ Ä _
1 n

n
Î !"œ œ œˆ ‰

109. Assume the hypotheses of the theorem and let  be a positive number.  For all  there exists a N  such that% % "

 when n N  then a L   a L   L a , and there exists a N  such that when� � � Ê � � � � Ê � �" #k kn n n% % % %

 n N  then c L   c L   c L .  If n max{N N }, then� � � Ê � � � � Ê � � � ß# " #k kn n n% % % %

 L a b c L   b L    lim  b L.� � Ÿ Ÿ � � Ê � � Ê œ% % %n n n n nk k
n Ä _

110. Let . We have f continuous at L there exists  so that x L f(x) f(L) . Also, a L there% $ $ %� ! Ê � � Ê � � Ä Êk k k k n

 exists N so that for n N a L . Thus for n N,  f(a ) f(L)   f(a )  f(L).� � � � � � Ê Äk k k kn n n$ %

111. a a       3n 3n 4n 4 3n 6n n 2n 1 n
3(n 1) 1
(n 1) 1 n 1 n n 1

3n 1 3n 4 3n 1
�

� �
� � � �# �

� � � # #  Ê � Ê � Ê � � � � � � �

  4 2; the steps are reversible so the sequence is nondecreasing; 3  3n 1 3n 3Ê � � Ê � � �3n
n 1
�"
�

  1 3; the steps are reversible so the sequence is bounded above by 3Ê �

112. a a       n 1 n
(2(n 1) 3)! (2n 3)! (2n 5)! (2n 3)! (2n 5)! (n 2)!
((n 1) 1)! (n 1)! (n 2)! (n 1)! (2n 3)! (n 1)!�

� � � � � � �
� � � � � � �  Ê � Ê � Ê �

  (2n 5)(2n 4) n 2; the steps are reversible so the sequence is nondecreasing; the sequence is notÊ � � � �

 bounded since (2n 3)(2n 2) (n 2) can become as large as we please(2n 3)!
(n 1)!

�
� œ � � â �

113. a a       2 3 n 1 which is true for n 5; the steps aren 1 n
2 3 2 3 2 3
(n 1)! n! 2 3 n!

(n 1)!
� �

�Ÿ Ê Ÿ Ê Ÿ Ê Ÿ �  
n 1 n 1 n n n 1 n 1

n n

� � � �

†

 reversible so the sequence is decreasing after a , but it is not nondecreasing for all its terms;  a 6, a 18,& " #œ œ

 a 36, a 54, a 64.8  the sequence is bounded from above by 64.8$ % &œ œ œ œ Ê324
5

114. a a   2 2     ; the steps aren 1 n
2 2 2 2 2

n 1 n n n 1 n(n 1)� � # # � # # � #
" " " " "  Ê � �   � � Ê �   � Ê   �n 1 n n 1 n n 1� � �

 reversible so the sequence is nondecreasing; 2 2  the sequence is bounded from above� � Ÿ Ê2
n

"
#n

115. a 1  converges because   0 by Example 1; also it is a nondecreasing sequence bounded above by 1n œ � Ä" "
n n

116. a n  diverges because n   and   0 by Example 1, so the sequence is unboundedn œ � Ä _ Ä" "
n n

117. a 1  and 0 ; since   0 (by Example 1)    0, the sequence converges; also it isn
2 1

2 n nœ œ � � � Ä Ê Ä
n

n n n n
� " " " " "

# # #

 a nondecreasing sequence bounded above by 1

118. a ; the sequence converges to  by Theorem 5, #4n
2 1 2

3 3 3
n

œ œ � !
n

n n
� "ˆ ‰

119. a ( 1) 1  diverges because a 0 for n odd, while for n even a 2 1  converges to 2; itn n n
n n 1

n nœ � � œ œ �a b ˆ ‰ ˆ ‰� "

 diverges by definition of divergence

120. x max {cos 1 cos 2 cos 3 cos n} and x max {cos 1 cos 2 cos 3 cos (n 1)} x  with x 1n n 1 n nœ ß ß ßá ß œ ß ß ßá ß �   Ÿ�

 so the sequence is nondecreasing and bounded above by 1  the sequence converges.Ê

121. a a     n 1 2n 2n n 2n 2n  n 1 nn n 1
1 2n

n
2(n 1)

n 1
  Í   Í � � �   � � Í �  �

� "� �

�
# #

È ÈÈ È È ÈÈ ÈÈ È
 and 2 ; thus the sequence is nonincreasing and bounded below by 2  it converges1 2n

n
�ÈÈ   ÊÈ È
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122. a a     n 2n 1 n 2n  1 0 and 1; thus the sequence isn n 1
n 1 n 1

n n 1 n
(n 1)  Í   Í � �   � Í    �

� �� �"
�

# #

 nonincreasing and bounded below by 1  it convergesÊ

123. 4  so a a   4 4     1  and4 3 3 3 3 3 3 3
4 4 4 4 4 4 4

n n n n n 1
n n 1

n 1 n

n

� �
�

�" �
œ �   Í �   � Í   Í  ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

 4 4; thus the sequence is nonincreasing and bounded below by 4  it converges�   Êˆ ‰3
4

n

124. a 1, a 2 3, a 2(2 3) 3 2 2 3, a 2 2 2 3 3 2 2 1 3," # $ %
# # $ $œ œ � œ � � œ � � " œ � � " � œ � �a b a b a ba b2 2

† †

 a 2 2 2 1 3 3 2 2 1 3, , a 2 2 1 3 2 3 2 3&
$ $ % % �" �" �" �œ � � � œ � � á œ � � œ � �c d a b a ba b n

n n n n 1
†

 2 (1 3) 3 2 3; a a   2 3 2 3  2 2   1 2œ � � œ � �   Í � �   � � Í �   � Í Ÿn 1 n n n 1 n n 1
n n 1

� � �
�

 so the sequence is nonincreasing but not bounded below and therefore diverges

125. Let 0 M 1 and let N be an integer greater than .  Then n N  n   n nM M� � � Ê � Ê � �M M
1 M 1 M� �

  n M nM  n M(n 1)  M.Ê � � Ê � � Ê �n
n 1�

126. Since M  is a least upper bound and M  is an upper bound, M M .  Since M  is a least upper bound and M" # " # # "Ÿ

 is an upper bound, M M .  We conclude that M M  so the least upper bound is unique.# " " #Ÿ œ

127. The sequence a 1  is the sequence , , , ,  .  This sequence is bounded above by ,n
( ) 3 3 3œ � á�"
# # # # # #

" "n

 but it clearly does not converge, by definition of convergence.

128. Let L be the limit of the convergent sequence {a }.  Then by definition of convergence, for  theren
%

#

 corresponds an N such that for all m and n, m N  a L  and n N  a L .  Now� Ê � � � Ê � �k k k km n
% %

# #

 a a a L L a a L L a  whenever m N and n N.k k k k k k k km n m n m n� œ � � � Ÿ � � � � � œ � �% %

# # %

129. Given an 0, by definition of convergence there corresponds an N such that for all n N,% � �

 L a  and L a .  Now L L L a a L L a a L 2 .k k k k k k k k k k k k" # # " # " # "� � � � � œ � � � Ÿ � � � � � œn n n n n n% % % % %

 L L 2  says that the difference between two fixed values is smaller than any positive number 2 .k k# "� � % %

 The only nonnegative number smaller than every positive number is 0, so L L 0 or L L .k k" # " #� œ œ

130. Let k(n) and i(n) be two order-preserving functions whose domains are the set of positive integers and whose
 ranges are a subset of the positive integers.  Consider the two subsequences a  and a , where a   L ,k n i n k nÐ Ñ Ð Ñ Ð Ñ "Ä

 a   L  and L L .  Thus a a L L 0. So there does not exist N such that for all m, n Ni n k n i nÐ Ñ Ð Ñ Ð Ñ# " # " #Ä Á � Ä � � �¸ ¸ k k
 a a . So by Exercise 128, the sequence a  is not convergent and hence diverges.Ê � � Ö ×k km n n%

131. a   L  given an 0 there corresponds an N  such that 2k N   a L .  Similarly,2k 2kÄ Í � � Ê � �% %" "c dk k
 a   L  2k 1 N   a L .  Let N max{N N }.  Then n N  a L  whether2k 1 2k 1 n� # � " #Ä Í � � Ê � � œ ß � Ê � �c d k kk k % %

 n is even or odd, and hence a   L.n Ä

132. Assume a   0.  This implies that given an 0 there corresponds an N such that n N  a 0n nÄ � � Ê � �% %k k
  a   a   a 0   a   0.  On the other hand, assume a   0.  This implies thatÊ � Ê � Ê � � Ê Ä Äk k k k k k k k k kk k k kn n n n n% % %

 given an 0 there corresponds an N such that for n N, a 0   a   a% % % %� � � � Ê � Ê �k k k k k kk k k kn n n

  a 0   a   0.Ê � � Ê Äk kn n%

133. (a) f(x) x a  f (x) 2x  x x   xœ � Ê œ Ê œ � Ê œ œ œ# w
� �

� � � �
# #

�
n 1 n n 1

x a 2x x a x a
x 2x 2x

x# # # #

n n n n n

n n n

n
a

xa b ˆ ‰
 (b) x 2, x 1.75, x 1.732142857, x 1.73205081, x 1.732050808; we are finding the positive" # $ % &œ œ œ œ œ

 number where x 3 0; that is, where x 3, x 0, or where x 3 .# #� œ œ � œ È
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134. x 1, x 1 cos (1) 1.540302306, x 1.540302306 cos (1 cos (1)) 1.570791601," # $œ œ � œ œ � � œ

 x 1.570791601 cos (1.570791601) 1.570796327  to 9 decimal places.  After a few steps, the% #œ � œ œ 1

 arc x  and line segment cos x  are nearly the same as the quarter circle.a b a bn 1 n 1� �

135-146.  Example CAS Commands:
 : (sequence functions may vary):Mathematica
 Clear[a, n]

 a[n_]; = n1 / n

 first25= Table[N[a[n]],{n, 1, 25}]
 Limit[a[n], n 8]Ä

Mathematica: (sequence functions may vary):
 Clear[a, n]

 a[n_]; = n1 / n

 first25= Table[N[a[n]],{n, 1, 25}]
 Limit[a[n], n 8]Ä

 The last command (Limit) will not always work in Mathematica. You could also explore the limit by enlarging your table
 to more than the first 25 values.
 If you know the limit (1 in the above example), to determine how far to go to have all further terms within 0.01 of the
 limit, do the following.
 Clear[minN, lim]
 lim= 1
 Do[{diff=Abs[a[n] lim], If[diff < .01, {minN= n, Abort[]}]}, {n, 2, 1000}]�

 minN
 For sequences that are given recursively, the following code is suggested. The portion of the command a[n_]:=a[n] stores
 the elements of the sequence and helps to streamline computation.
 Clear[a, n]
 a[1]= 1;

 a[n_]; = a[n]= a[n 1] (1/5)� � (n 1)�

 first25= Table[N[a[n]], {n, 1, 25}]
 The limit command does not work in this case, but the limit can be observed as 1.25.
 Clear[minN, lim]
 lim= 1.25
 Do[{diff=Abs[a[n] lim], If[diff < .01, {minN= n, Abort[]}]}, {n, 2, 1000}]�

 minN

10.2  INFINITE SERIES

 1. s    lim  s 3n n
a 1  r

(1  r)
2 1  

1  1  
2œ œ Ê œ œa b ˆ ‰ˆ ‰ˆ ‰ ˆ ‰�

�

�

� �

n
3

n

3 3

"

" "n Ä _

 2. s    lim  sn n
a 1  r

(1  r) 11
1  

1  1  
œ œ Ê œ œa b ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ˆ ‰ ˆ ‰�

�

�

� �
"n 9 9

100 100 100
n

100 100

"

" "n Ä _

 3. s    lim  sn n
a 1  r

(1  r) 3
1  
1  

2œ œ Ê œ œa b ˆ ‰ˆ ‰ ˆ ‰�
�

� �

� �
"n n

3

"

#

"

# #
n Ä _

 4. s , a geometric series where r 1  divergencen
1  ( 2)
1  ( 2)œ � Ê� �
� �

n k k
 5.   s    lim  s" " " " " " " " " " " "

� � # � � # # � � # # � # #(n  1)(n  ) n  1 n  3 3 4 n  1 n  n  n nœ � Ê œ � � � �á � � œ � Ê œˆ ‰ ˆ ‰ ˆ ‰
n Ä _
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 6.   s 5 55 5 5 5 5 5 5 5 5 5 5 5 5
n(n  1) n n  1 2 2 3 3 4 n  1 n n n  1 n  1n� � � � �œ � Ê œ � � � � � �á � � � � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

   lim  s 5Ê œ
n Ä _ n

 7. 1 , the sum of this geometric series is � � � �á œ œ" " " " "
� � �4 16 64 51  1  

4ˆ ‰ ˆ ‰" "

4 4

 8. , the sum of this geometric series is " " " "
� #16 64 256 11  

� � �á œ
ˆ ‰̂ ‰

"

"

16

4

 9. , the sum of this geometric series is 7 7 7 7
4 16 64 31  
� � �á œ

ˆ ‰̂ ‰
7
4

4� "

10. 5 , the sum of this geometric series is 4� � � �á œ5 5 5 5
4 16 64 1  � �ˆ ‰"

4

11. (5 1) , is the sum of two geometric series; the sum is� � � � � � � �áˆ ‰ ˆ ‰ ˆ ‰5 5 5
3 4 9 8 7# #
" " "

 105 3 23
1  1  � �

"
# #ˆ ‰ ˆ ‰" "

#

� œ � œ
3

12. (5 1) , is the difference of two geometric series; the sum is� � � � � � � �áˆ ‰ ˆ ‰ ˆ ‰5 5 5
3 4 9 8 7# #
" " "

 105 3 17
1  1  � �

"
# #ˆ ‰ ˆ ‰" "

#

� œ � œ
3

13. (1 1) , is the sum of two geometric series; the sum is� � � � � � � �áˆ ‰ ˆ ‰ ˆ ‰1 1 1
5 4 25 8 1 5# #
" " "

 21 5 17
1  1  6 6� �

"ˆ ‰ ˆ ‰" "

#

� œ � œ
5

14. 2 2 1 ; the sum of this geometric series is 2� � � �á œ � � � �á œ4 8 16 2 4 8 10
5 25 125 5 25 125 31  

ˆ ‰ Š ‹"
� ˆ ‰2

5

15. Series is geometric with r 1 Converges to œ Ê � Ê œ2 2 1 5
5 5 31

¹ ¹
� 2

5

16. Series is geometric with r 3 3 1 Divergesœ � Ê � � Ê¹ ¹
17. Series is geometric with r 1 Converges to œ Ê � Ê œ1 1 1

8 8 71
¹ ¹ 1

8
1
8�

18. Series is geometric with r 1 Converges to œ � Ê � � Ê œ �2 2 2
3 3 51

¹ ¹ �

� �

2
3

2
3

ˆ ‰

19. 0.23   20. 0.234  œ œ œ œ œ œ! !ˆ ‰ ˆ ‰_ _

œ œn 0 n 0

23 23 234 234
100 10 99 1000 10 999

n n

1  1  

" "
� �

# $

Š ‹ Š ‹
ˆ ‰ Š ‹
23 234
100 1000

1000
" "

100

21. 0.7   22. 0.d  œ œ œ œ œ œ! !ˆ ‰ ˆ ‰_ _

œ œn 0 n 0

7 7 d d
10 10 9 10 10 9

n n

1  1  

" "

� �

Š ‹ Š ‹
Š ‹ Š ‹
7 d
10 10

10 10
" "

23. 0.06  œ œ œ œ! ˆ ‰ ˆ ‰ ˆ ‰_

œn 0

1 6 6
10 10 10 90 15

n

1  

" "

�

Š ‹
Š ‹
6

100

10
"

24. 1.414 1  1 1œ � œ � œ � œ! ˆ ‰_

œn 0

414 414 413
1000 10 999 999

n

1  

" "

�
$

Š ‹
Š ‹
414
1000

1000
"
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25. 1.24123  œ � œ � œ � œ � œ œ124 123 124 124 123 124 123
100 10 10 100 100 10 10 100 99,900 99,900 33,300

n

1  

123,999 41,333! ˆ ‰_

œn 0
& $ & #

"

� �

Š ‹
Š ‹
123
10

10

&

"

$

26. 3.142857 3 3 3œ � œ � œ � œ œ! ˆ ‰_

œn 0

142,857 142,857 3,142,854 116,402
10 10 10 1 999,999 37,037

n

1
' ' '

"

� �

Š ‹
Š ‹

142,857
10

10

'

"

'

27.     1 0 divergeslim lim
n n

n 1
n 10 1Ä_ Ä_� œ œ Á Ê

28.            1 0 divergeslim lim lim lim
n n n n

n n 1
n 2 n 3 n 5n 6 2n 5 2

n n 2n 1 2

Ä_ Ä_ Ä_ Ä_

�
� � � � �

� �a ba ba b œ œ œ œ Á Ê
2

2

29.   0 test inconclusivelim
n

1
n 4Ä_ � œ Ê

30.     0 test inconclusivelim lim
n n

n 1
n 3 2nÄ_ Ä_�2 œ œ Ê

31.   cos  cos 0 1 0 divergeslim
n

1
nÄ_
œ œ Á Ê

32.          1 0 divergeslim lim lim lim
n n n n

e e e 1
e n e 1 e 1Ä_ Ä_ Ä_ Ä_� �

n n n

n n nœ œ œ œ Á Ê

33.   ln  0 divergeslim
n

1
nÄ_
œ �_ Á Ê

34.   cos n  does not exist divergeslim
nÄ_

1 œ Ê

35. s 1 1   lim  sk k2 2 3 3 4 k  1 k k k  1 k  1œ � � � � � �á � � � � œ � Êˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " " " " " " " "
� � � k Ä _

  lim  1 1, series converges to 1œ � œ
k Ä _

ˆ ‰"
�k  1

36. s 3   lim  sk k
3 3 3 3 3 3 3 3 3 3 3
1 4 4 9 9 16 k kk  1 k  1 k  1

œ � � � � � �á � � � � œ � Êˆ ‰ ˆ ‰ ˆ ‰ Š ‹ Š ‹a b a b a b� � �2 2 2 2 2
k Ä _

  lim  3 3, series converges to 3œ � œ
k Ä _

Š ‹3
k  1a b� 2

37. s ln 2 ln 1 ln 3 ln 2 ln 4 ln 3 ln k ln k 1 ln k 1 ln kk œ � � � � � �á � � � � � �Š ‹ Š ‹ Š ‹ Š ‹ Š ‹È È È ÈÈ È È È ÈÈ
 ln k 1 ln 1 ln k 1   lim  s  lim  ln k 1 ; series divergesœ � � œ � Ê œ � œ _È È ÈÈ

k kÄ _ Ä _
k

38. s tan 1 tan 0 tan 2 tan 1 tan 3 tan 2 tan k tan k 1 tan k 1 tan kk œ � � � � � �á � � � � � �a b a b a b a b a ba b a b
 tan k 1 tan 0 tan k 1   lim  sk  lim  tan k 1 does not exist; series divergesœ � � œ � Ê œ � œa b a b a b

k kÄ _ Ä _

39. s cos cos cos cos cos cosk
1 1 1 1 1 11 1 1 1 1 1

2 3 3 4 4 5œ � � � � � �áˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� � � � � �

         cos cos cos cos cos� � � � œ �ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� � � � �
� � �# �#

1 1 1 1 11 1 1 1 1
k k 1 k 1 k 3 k

1

   lim  s  lim  cos , series converges to Ê œ � œ � œ
k kÄ _ Ä _

k 3 k 3 2 6 6
1 1’ “ˆ ‰1 1 1 1 1�

�#

40. s 5 4 6 5 7 6 k 3 k 2 k 4 k 3k œ � � � � � �á � � � � � � � �Š ‹ Š ‹ Š ‹ Š ‹ Š ‹È È ÈÈ È È È È È È
 k 4 2   lim  s  lim  k 4 2 ; series divergesœ � � Ê œ � � œ _È È’ “

k kÄ _ Ä _
k
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41.   s 14
(4n  3)(4n  1) 4n  3 4n  1 5 5 9 9 13 4k  7 4k  3k� � � � � �

" " " " " " " " "œ � Ê œ � � � � � �á � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
 1    lim  s  lim  1 1� � œ � Ê œ � œˆ ‰ ˆ ‰" " " "

� � � �4k  3 4k  1 4k  1 4k  1k
k kÄ _ Ä _

42.   A(2n 1) B(2n 1) 6 (2A 2B)n (A B) 66 A B
(2n  1)(2n  1) 2n  1 2n  1 (2n  1)(2n  1)

A(2n  1)  B(2n  1)
� � � � � �

� � �œ � œ Ê � � � œ Ê � � � œ

  2A 6 A 3 and B 3.  Hence, 3 
2A 2B 0 A B 0
 A  B 6 A B 6

Ê Ê Ê œ Ê œ œ � œ �
� œ � œ
� œ � œœ œ ! !ˆ ‰k k

n 1 n 1œ œ

6
(2n  1)(2n  1) n  1 n  1� � # � # �

" "

 3 3 1   the sum isœ � � � � � �á � � � œ � ÊŠ ‹ ˆ ‰" " " " " " " " " "
# � � � # � # �1 3 3 5 5 7 (k  1)  1 2k  1 k  1 k  1

   lim  3 1 3
k Ä _

ˆ ‰� œ"
# �k  1

43. 40n A B C D
(2n 1) (2n 1) (2n 1) (2n 1) (2n 1) (2n 1) (2n 1) (2n 1)

A(2n 1)(2n 1)   B(2n 1)   C(2n 1)(2n 1)   D(2n 1)
� � � � � � � �

� � � � � � � � �
# # # # # #

# # # #

œ � � � œ

  A(2n 1)(2n 1) B(2n 1) C(2n 1)(2n 1) D(2n 1) 40nÊ � � � � � � � � � œ# # # #

  A 8n 4n 2n 1 B 4n 4n 1 C 8n 4n 2n 1 D 4n 4n 1 40nÊ � � � � � � � � � � œ � � œa b a b a b a b$ # # $ # #

  (8A 8C)n (4A 4B 4C 4D)n ( 2A 4B 2C 4D)n ( A B C D) 40nÊ � � � � � � � � � � � � � � � œ$ #

    

               8A 8C  0              8A 8C  0
  4A 4B 4C 4D  0   A  B C  D  0

2A 4B 2C 4D 40 A 2
 A  B  C  D  0

Ê Ê

� œ � œ
� � � œ � � � œ

� � � � œ � �
� � � � œ

Ú ÚÝ ÝÝ ÝÛ ÛÝ ÝÝ ÝÜ Ü B C 2D 20 2B 2D 20
A  B C  D  0

    4B 20  B 5
 B  D  0

� � œ � œ
� � � � œ

Ê Ê œ Ê œ
� œœ

 and D 5    C 0 and A 0.  Hence,  
            A C 0
A 5 C 5 0

œ � Ê Ê œ œ
� œ

� � � � œœ ! ’ “k

n 1œ

40n
( n 1) (2n 1)# � �# #

 5 5œ � œ � � � � �á � � �!’ “ Š ‹k

n 1œ

" " " " " " " " " "
# � # � # # � � # � # �( n 1) ( n 1) 1 9 9 5 5 (2(k 1)  1) ( k 1) ( k 1)# # # # #

 5 1   the sum is  lim  5 1 5œ � Ê � œŠ ‹ Š ‹" "
� �(2k 1) (2k 1)# #n Ä _

44.   s 12n  1
n (n  1) n (n  1) 4 4 9 9 16 (k  1) k k (k  1)k

� " " " " " " " " " " "
� � � �# # # # # # # #œ � Ê œ � � � � � �á � � � �ˆ ‰ ˆ ‰ ˆ ‰ ’ “ ’ “

   lim  s  lim  1 1Ê œ � œ
k kÄ _ Ä _

k (k  1)’ “"
� #

45. s 1 1k 2 2 43 3 k  1 k k k  1 k  1
œ � � � � � �á � � � � œ �Š ‹ Š ‹ Š ‹ Š ‹ Š ‹" " " " " " " " " "

� � �È È È È È È È È È È
   lim  s  lim  1 1Ê œ � œ

k kÄ _ Ä _
k k  1

Š ‹"
�È

46. s  k œ � � � � � �á � � � � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " " " " " " " " " "
# ## # # # # # # # # #"Î# "Î# "Î$ "Î$ "Î% ÎÐ � Ñ Î Î ÎÐ � Ñ ÎÐ � Ñ1 k 1 1 k 1 k 1 k 1 1 k 1

   lim  sÊ œ � œ �
k Ä _

k 1
" " "
# #

47. sk ln 3 ln ln 4 ln 3 ln 5 ln 4 ln (k  1) ln k ln (k  2) ln (k  1)œ � � � � � �á � � � �ˆ ‰ ˆ ‰ ˆ ‰ Š ‹ Š ‹" " " " " " " " " "
# � � �

    lim  sœ � � Ê œ �" " "
# � #ln ln (k  2) ln k

k Ä _

48. s tan (1) tan (2) tan (2) tan (3) tan (k 1) tan (k)k œ � � � �á � � �c d c d c d�" �" �" �" �" �"

 tan (k) tan (k 1) tan (1) tan (k 1)   lim  s tan (1)� � � œ � � Ê œ � œ � œ �c d�" �" �" �" �"
# #k Ä _

k 4 4
1 1 1 1

49. convergent geometric series with sum 2 2"

� �1  

2
2 1Š ‹
ÈÈ"

È2

œ œ �È

50. divergent geometric series with r 2 1 51. convergent geometric series with sum 1k k Èœ � œ
Š ‹
Š ‹
3
#

"

#
1  � �
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52.  lim  ( 1) n 0  diverges 53.  lim  cos (n )  lim  ( 1) 0  diverges
n n nÄ _ Ä _ Ä _

� Á Ê œ � Á Ên 1 n�
1

54. cos (n ) ( 1)   convergent geometric series with sum 1 œ � Ê œn

1  

5
6

"

� Š ‹� "

5

55. convergent geometric series with sum "

� �1  

e
e 1Š ‹"

#e

œ
#

#

56.  lim  ln 0  diverges
n Ä _

"
3n œ �_ Á Ê

57. convergent geometric series with sum 22 20 18 2

1  9 9 9� Š ‹"

10

� œ � œ

58. convergent geometric series with sum "

� �1  

x
x  1Š ‹"x œ

59. difference of two geometric series with sum 3" "

� � # #1  1  

3 3Š ‹ Š ‹2
3 3

� œ � œ
"

60.  lim  1  lim  1 e 0  diverges
n nÄ _ Ä _

ˆ ‰ ˆ ‰� œ � œ Á Ê" �" �"
n n

n n

61.  lim   0  diverges 62.  lim    lim    lim  n   diverges
n n n nÄ _ Ä _ Ä _ Ä _

n! n n n n
1000 n! 1 nn

n
œ _ Á Ê œ � œ _ Ê†

†

â
#â

63. ; both  and  are geometric series, and both conve! ! ! ! ! ! !ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰_ _ _ _ _ _ _

œ œ œ œ œ œ œn 1 n 1 n 1 n 1 n 1 n 1 n 1

2 3 2 3 1 3 1 3
4 4 4 2 4 2 4

n n n nn n n n

n n n
� œ � œ � œ rge

 since r 1 and r 1, respectivley 1 and  3œ Ê � œ Ê � Ê œ œ œ œ Ê1 1 3 3 1 3
2 2 4 4 2 4

n n

1 1
¹ ¹ ¹ ¹ ! !ˆ ‰ ˆ ‰_ _

œ œn 1 n 1

1 3
2 4

1 3
2 4� �

 1 3 4 by Theorem 8, part (1)!_
œn 1

2 3
4

n n

n
� œ � œ

64.          1 0 diverges by n  term test for divergencelim lim lim
n n n

2 4 1
3 4 1

th
Ä_ Ä_ Ä_

�
�

�" �"

�" �"

n n

n n

2 1n

4 2n
3 3n n
4 4n

n

œ œ œ œ Á Ê
ˆ ‰ˆ ‰

65.  ln ln (n) ln (n 1)   s ln (1) ln (2) ln (2) ln (3) ln (3) ln (4)! !ˆ ‰ c d c d c d c d_ _

œ œn 1 n 1

n
n  1� œ � � Ê œ � � � � � �ák

 ln (k 1) ln (k) ln (k) ln (k 1) ln (k 1)   lim  s ,  diverges� � � � � � œ � � Ê œ �_ Êc d c d
k Ä _

k

66.  lim  a  lim  ln ln 0  diverges
n nÄ _ Ä _n

n
2n  1œ œ Á Êˆ ‰ ˆ ‰

� #
"

67. convergent geometric series with sum "
� �1    eˆ ‰e

1

œ 1

1

68. divergent geometric series with r 1k k œ ¸ �e 23.141
22.459

1

1e

69.  ( 1) x  ( x) ; a 1, r x; converges to  for x 1! ! k k_ _

œ œn 0 n 0
� œ � œ œ � œ �n n n " "

� � �1  ( x) 1  x

70.   ( 1) x  x ; a 1, r x ; converges to  for x 1! ! a b k k_ _

œ œn 0 n 0
� œ � œ œ � �n 2n n

1  x
# # "

� #
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71. a 3, r ; converges to  for 1 1 or 1 x 3œ œ œ � � � � � �x  1 3 6 x

1  3  x
� �"
# � #� Š ‹x  � "

#

72.    ; a , r ; converges to ! !ˆ ‰ ˆ ‰_ _

œ œn 0 n 0

( 1)
3  sin x 3  sin x 3  sin x

n n

1  

�
# � # � # �

" " �" " �"

�

n

œ œ œ
ˆ ‰

Š ‹
"

#

�"

�3  sin x

  for all x since  for all xœ œ Ÿ Ÿ3  sin x 3  sin x
2(4  sin x) 8  2 sin x 4 3  sin x

� � " " "
� � � #

ˆ ‰
73. a 1, r 2x; converges to  for 2x 1 or xœ œ � �" "

� #1  2x k k k k
74. a 1, r ; converges to  for 1 or x 1.œ œ � œ � �" "

� �x x   1 x1  

x 1
# # #

#

Š ‹�"

#x

¸ ¸ k k
75. a 1, r (x 1) ; converges to  for x 1 1 or 2 x 0œ œ � � œ � � � � �n

1  (x  1)   x
" "

� � # � k k
76. a 1, r ; converges to  for 1 or 1 x 5œ œ œ � � �3  x 2 3  x

1  x  1
� " �
# � #� Š ‹3  x�

#

¸ ¸

77. a 1, r sin x; converges to  for x (2k 1) , k an integerœ œ Á �"
� #1  sin x

1

78. a 1, r ln x; converges to  for ln x 1 or e x eœ œ � � �"
�

�"
1  ln x k k

79. (a)   (b)   (c)  ! ! !_ _ _

œ� œ œn 2 n 0 n 5

" " "
� � � � � �#(n 4)(n 5) (n 2)(n 3) (n 3)(n )

80. (a)   (b)   (c)  ! ! !_ _ _

œ� œ œn 1 n 3 n 20

5 5 5
(n 2)(n 3) (n 2)(n 1) (n 19)(n 18)� � � � � �

81. (a) one example is 1" " " "
# �
� � � �á œ œ4 8 16 1

Š ‹
Š ‹
"

#

"

#

 (b) one example is 3� � � � �á œ œ �3 3 3 3
4 8 16 1#

�

�

Š ‹
Š ‹

3
#

"

#

 (c) one example is 1  1 0.� � � � �á œ � œ" " " "
# �4 8 16 1

Š ‹
Š ‹
"

#

"

#

82. The series   k   is a geometric series whose sum is  k where k can be any positive or negative number.! ˆ ‰_

œn 0

1
2

n 1

1

�

�

Š ‹
Š ‹
k
#

"

#

œ

83. Let a b .  Then  a  b  1, while   (1) diverges.n n n n
n n a

bœ œ œ œ œ œˆ ‰ ˆ ‰! ! ! ! !Š ‹" "
# #

_ _ _ _ _

œ œ œ œ œn 1 n 1 n 1 n 1 n 1

n

n

84. Let a b .  Then  a  b  1, while  a b  AB.n n n n n n
n n n

4 3œ œ œ œ œ œ œ Áˆ ‰ ˆ ‰ ˆ ‰! ! ! ! !a b" " " "
# #

_ _ _ _ _

œ œ œ œ œn 1 n 1 n 1 n 1 n 1

85. Let a  and b .  Then A  a , B  b 1 and   1 .n n n n4 3 b B
n n na Aœ œ œ œ œ œ œ œ Áˆ ‰ ˆ ‰ ˆ ‰! ! ! !Š ‹" " " "

# #

_ _ _ _

œ œ œ œn 1 n 1 n 1 n 1

n

n

86. Yes:    diverges.  The reasoning:   a  converges  a   0        diverges by the! ! !Š ‹ Š ‹" " "
a a an n

n n n
Ê Ä Ê Ä _ Ê

 nth-Term Test.
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87. Since the sum of a finite number of terms is finite, adding or subtracting a finite number of terms from a series
 that diverges does not change the divergence of the series.

88. Let A a a a  and  lim  A A.  Assume  a b  converges to S.  Letn n n n nœ � �á � œ �" # n Ä _
! a b

 S (a b ) (a b ) (a b )  S (a a a ) (b b b )n n n n n nœ � � � �á � � Ê œ � �á � � � �á �" " # # " # " #

  b b b S A    lim  b b b S A   b  converges.  ThisÊ � �á � œ � Ê � �á � œ � Ê" # " #n n n n nn Ä _
a b !

 contradicts the assumption that  b  diverges; therefore,  a b  diverges.! ! a bn n n�

89. (a) 5  1 r  r ; 2 2 22 2 3 3 3
1 r 5 5 5 5�

#
œ Ê œ � Ê œ � � �áˆ ‰ ˆ ‰

 (b) 5  1 r  r ;  
Š ‹13

2

1 r 10 10 2 10 10 10
13 3 13 13 3 13 3 13 3

� # # #

# $
œ Ê œ � Ê œ � � � � �áˆ ‰ ˆ ‰ ˆ ‰

90. 1 e e 9  1 e   e   b ln� � �á œ œ Ê œ � Ê œ Ê œb 2b b b
1 e 9 9 9

8 8" "
� b

ˆ ‰
91. s 1 2r r 2r r 2r r 2r , n 0, 1, n

2n 2n 1œ � � � � � �á � � œ á# $ % & �

  s 1 r r r 2r 2r 2r 2r    lim  sÊ œ � � �á � � � � �á � Ê œ �n n
2n 2n 1

1 r 1 r
2ra b a b# % $ & � "

� �n Ä _ # #

 , if r 1 or r 1œ � �1 2r
1 r
�
�

#
# k k k k

92. L s� œ � œn
a ar

1 r 1 r 1 r
a 1 r

� � �
�a bn n

93. area 2 2 (1) 4 2 1 8 mœ � � � �á œ � � � �á œ œ# # #
# #

" "
# �

Š ‹ Š ‹È È2
4

1 "

#

94. (a) L 3, L 3 , L 3 , , L 3    lim  L  lim  3" # $
#

œ œ œ á œ Ê œ œ _ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰4 4 4 4
3 3 3 3n n

n 1 n 1� �

n nÄ _ Ä _

 (b) Using the fact that the area of an equilateral triangle of side length s is s , we see that A ,
È È3 3

4 4
2

" œ

 A A 3 , A A 3 4 ,# " $ #
" "

# #œ � œ � œ � œ � �Š ‹ Š ‹ˆ ‰ ˆ ‰a bÈ È È È È È È3 3 3 3 3 3 3
4 3 4 1 4 3 4 12 7

2 2
2

 A A 3 4 , A A 3 4 , . . . ,% $
" "œ � œ �a b a bŠ ‹ Š ‹ˆ ‰ ˆ ‰2 33 3

4 3 4 3
2 2

5 4
È È

3 4

 A  3 4  3 3 4 3 3  .n

n n n

k 2 k 2 k 2

œ � œ � œ �
È È È È3 3 3 3

4 4 3 4 9 4
k 2 kk 1 k 1 4

9
! ! !a b a bŠ ‹ˆ ‰ ˆ ‰È È Œ �
œ œ œ

� �$" "� �
2

k

k 1

�$

�

   lim   A  lim   3 3  3 3 3 3 1
n nÄ _ Ä _n

n

k 2

œ � œ � œ � œ �Œ � Œ �È È ÈŒ �! ˆ ‰ ˆ ‰È È È È3 3 3 3
4 4 4 20 4 5

4 1 3
9 1

œ

k

k 1

�$

�

1
36

4
9�

 Aœ œ
È3

4 5 5
8 8ˆ ‰ "

10.3  THE INTEGRAL TEST

 1. f x  is positive, continuous, and decreasing for x 1;  dx  lim    dx  lim   a b ’ “œ   œ œ �1 1 1 1
x x x x2 2 2

' '
1 1

b

1

b_

b bÄ _ Ä _

  lim   1 1  dx converges  convergesœ � � œ Ê Ê
b Ä _

ˆ ‰ !1 1 1
b x n

n 1

'
1

_

2 2

œ

_

 2. f x  is positive, continuous, and decreasing for x 1;  dx  lim    dx  lim   xa b ’ “œ   œ œ1 1 1 5
x x x 4

0.8
0.2 0.2 0.2

' '
1 1

b

1

b_

b bÄ _ Ä _

  lim   b  dx diverges  divergesœ � œ _ Ê Ê
b Ä _

ˆ ‰ !5 5 1 1
4 4 x n

0.8

n 1

'
1

_

0.2 0.2

œ

_
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 3. f x  is positive, continuous, and decreasing for x 1; dx  lim    dx  lim   tana b ’ “œ   œ œ1 1 1 1 x
x 4 x 4 x 4 2 2

1
2 2 2� � �

�' '
1 1

b

1

b_

b bÄ _ Ä _

  lim   tan tan tan dx converges  convergesœ � œ � Ê Ê
b Ä _

ˆ ‰ !1 b 1 1 1 1 1 1
2 2 2 2 4 2 2 x 4 n 4

1 1 1

n 1

� � �
� �

œ

_
1 '

1

_

2 2

 4. f x  is positive, continuous, and decreasing for x 1;  dx  lim    dx  lim   ln x 4a b ’ “œ   œ œ l � l1 1 1
x 4 x 4 x 4� � �

' '
1 1

b

1

b_

b bÄ _ Ä _

  lim   ln b 4 ln 5 dx diverges  divergesœ l � l � œ _ Ê Ê
b Ä _

a b !'
1

_

1 1
x 4 n 4

n 1
� �

œ

_

 5. f x e  is positive, continuous, and decreasing for x 1; e dx  lim   e  dx  lim   ea b ’ “œ   œ œ �� � � �2x 2x 2x 2x1
2

' '
1 1

b

1

b_

b bÄ _ Ä _

  lim   e dx converges e  convergesœ � � œ Ê Ê
b Ä _

ˆ ‰ !1 1 1
2e 2e 2e

2x 2n

n 1
2b 2 2

'
1

_

� �

œ

_

 6. f x  is positive, continuous, and decreasing for x 2; dx  lim    dx  lim   a b ’ “œ   œ œ �1 1 1 1
x ln x x ln x x ln x ln xa b a b a b2 2 2

' '
2 2

b

2

b_

b bÄ _ Ä _

  lim   dx converges  convergesœ � � œ Ê Ê
b Ä _

ˆ ‰ !1 1 1 1 1
ln b ln 2 ln 2 x ln x n ln n

n 2

'
2

_

a b a b2 2

œ

_

 7. f x  is positive and continuous for x 1, f x 0 for x 2, thus f is decreasing for x 3;a b a bœ   œ � �  x 4 x
x 4 x 42 2

2

2�
w �

�a b
 dx  lim    dx  lim   ln x 4  lim   ln b 4 ln 13 dx' ' '

3 3 3

b

3

b_ _

x x 1 1 1 x
x 4 x 4 2 2 2 x 4

2 2
2 2 2� � �œ œ � œ � � œ _ Ê

b b bÄ _ Ä _ Ä _
’ “a b a b a bˆ ‰

 diverges  diverges   divergesÊ Ê œ � �! ! !
n 3 n 1 n 3

n n 1 2 n
n 4 n 4 5 8 n 4

œ œ œ

_ _ _

� � �2 2 2

 8. f x  is positive and continuous for x 2, f x 0 for x e, thus f is decreasing for x 3;a b a bœ   œ � �  ln x 2 ln x
x x

2 2

2
w �

 dx  lim    dx  lim   2 ln x  lim   2 ln b 2 ln 3 dx' ' '
3 3 3

b

3

b_ _

ln x ln x ln x
x x x

2 2 2
œ œ œ � œ _ Ê

b b bÄ _ Ä _ Ä _
’ “a b a ba b a b

 diverges  diverges   divergesÊ Ê œ �! ! !
n 3 n 2 n 3

ln n ln n ln 4 ln n
n n 2 n

œ œ œ

_ _ _
2 2 2

 9. f x  is positive and continuous for x 1, f x 0 for x 6, thus f is decreasing for x 7;a b a bœ   œ � �  x
e 3e

x x 62

x 3 x 3Î Î
w � �a b

 dx  lim    dx  lim    lim   ' '
7 7

b

7

b_

x x 3x 18x 54 3b 18b 54 327
e e e e e e e

2 2 2 2

x 3 x 3 x 3 x 3 x 3 b 3 7 3Î Î Î Î Î Î Îœ œ � � � œ � œ
b b bÄ _ Ä _ Ä _

’ “ Š ‹� � �

  lim    lim   dx converges  convergesœ � œ � œ Ê Ê
b bÄ _ Ä _

Š ‹ ˆ ‰ !3 6b 18
e e e e e e e

327 54 327 327 x n

n 7

a b� � �

œ

_

b 3 7 3 b 3 7 3 7 3 x 3 n 3

2 2

Î Î Î Î Î Î Î
'

7

_

    convergesÊ œ � � � � � �! !
n 1

n 1 4 9 16 25 36 n
e e e e e ee e

n 7œ

_ _

œ

2 2

n 3 1 3 2 3 4 3 5 3 n 31 2Î Î Î Î Î Î

10. f x   is continuous for x 2, f is positive for x 4, and f x 0 for x 7, thus f isa b a bœ œ   � œ � �x 4 x 4 7 x
x 2x 1 x 1 x 1

� � �
� � � �

w
2 2 3a b a b

 decreasing for x 8; dx  lim    dx  dx  lim    dx  dx  œ � œ �' ' ' ' '
8 8 8 8 8

b b b b_

x 4 x 1 3 1 3
x 1 x 1 x 1 x 1x 1
� �
� � � ��a b a b a b a b2 2 2 2

b bÄ _ Ä _
” • ” •

  lim   ln x 1  lim   ln b 1 ln 7 dx divergesœ l � l � œ l � l � � � œ _ Ê
b bÄ _ Ä _

’ “ ˆ ‰3 3 3 x 4
x 1 b 1 7 x 1� �

�
�8

b

8
' _

a b2

  diverges  2 0   divergesÊ Ê œ � � � � � � �! ! !
n 8 n 2 n 8

n 4 n 4 1 1 2 3 n 4
n 2n 1 n 2n 1 4 16 25 36 n 2n 1

œ œ œ

_ _ _
� � �

� � � � � �2 2 2

11. converges; a geometric series with r 1 12. converges; a geometric series with r 1œ � œ �" "
10 e

13. diverges; by the nth-Term Test for Divergence,  lim   1 0
n Ä _

n
n 1� œ Á
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14. diverges by the Integral Test;  dx 5 ln (n 1) 5 ln 2  dx  ' '
1 1

n
5 5

x 1 x 1� �œ � � Ê Ä _
_

15. diverges;  3  , which is a divergent p-series (p )! !_ _

œ œn 1 n 1

3
n nÈ Èœ œ" "

#

16. converges;   2  , which is a convergent p-series (p )! !_ _

œ œn 1 n 1

� "
#

2 3
n n nÈ œ � œ

$Î#

17. converges; a geometric series with r 1œ �"
8

18. diverges;   8     and since    diverges, 8     diverges! ! ! !_ _ _ _

œ œ œ œn 1 n 1 n 1 n 1

� "8 1 1
n n n nœ � �

19. diverges by the Integral Test:   dx ln n ln 2    dx  ' '
2 2

n
ln x ln x

x xœ � Ê Ä _"
#

#a b _

20. diverges by the Integral Test:   dx;   te  dt  lim  2te 4e
t ln x
dt

dx e  dt

' '
2 ln 2

_ _

ln x
x

dx
x
t

t 2 t 2 t 2È
Ô ×
Õ Ø � ‘œ

œ

œ

Ä œ �Î Î Î

b Ä _

b

ln 2

  lim  2e (b 2) 2e (ln 2 2)œ � � � œ _
b Ä _

� ‘b 2 ln 2 2Î Ð ÑÎ

21. converges; a geometric series with r 1œ �2
3

22. diverges;  lim    lim    lim  0
n n nÄ _ Ä _ Ä _

5 5  ln 5 ln 5 5
4 3 4  ln 4 ln 4 4

nn n

n n� œ œ œ _ Áˆ ‰ ˆ ‰
23. diverges;   2   , which diverges by the Integral Test! !_ _

œ œn 0 n 0

� "
� �

2
n 1 n 1œ �

24. diverges by the Integral Test:   ln (2n 1)   as n  '
1

n
dx

2x 1� #
"œ � Ä _ Ä _

25. diverges;  lim  a  lim    lim   0
n n nÄ _ Ä _ Ä _n

2 2  ln 2
n 1 1œ œ œ _ Á

n n

�

26. diverges by the Integral Test:  ; ln n 1 ln 2  as n
u x

du
' '

1 2

n n 1
dx du

x x 1 dx
x

uÈ Èˆ ‰ È� – —È ˆ ‰Èœ � "

œ
Ä œ � � Ä _ Ä _

È �

27. diverges;  lim    lim    lim   0
n n nÄ _ Ä _ Ä _

È ÈŠ ‹
Š ‹

n n
ln n œ œ œ _ Á

"

"

2 n

n

È

#

28. diverges;  lim  a  lim  1 e 0
n nÄ _ Ä _n n

n
œ � œ Áˆ ‰"

29. diverges; a geometric series with r 1.44 1œ ¸ �"
#ln 

30. converges; a geometric series with r 0.91 1œ ¸ �"
ln 3

31. converges by the Integral Test:   dx;    du
u ln x

du  dx
' '

3 ln 3

_ _Š ‹
È È

"

x

(ln x) (ln x) 1
x

u u 1# #� "
"

�
” •œ

œ
Ä
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  lim  sec  u  lim  sec b sec (ln 3)  lim  cos sec (ln 3)œ œ � œ �
b b bÄ _ Ä _ Ä _

c d c dk k � ‘ˆ ‰�" �" �" �" �""b
ln 3 b

 cos (0) sec (ln 3) sec (ln 3) 1.1439œ � œ � ¸�" �" �"
#
1

32. converges by the Integral Test:   dx   dx;    du
u ln x

du  dx
' ' '

1 1 0

_ _ _

" "
� � �"x 1 ln x 1 (ln x) 1 u

x
a b

Š ‹
# # #œ Ä

œ

œ

"

x ” •
  lim  tan u  lim  tan b tan 0 0œ œ � œ � œ

b bÄ _ Ä _
c d a b�" �" �"

# #

b

0
1 1

33. diverges by the nth-Term Test for divergence;  lim  n sin  lim    lim   1 0
n n x 0Ä _ Ä _ Ä

ˆ ‰"
n x

sin xœ œ œ Á
sin ˆ ‰
ˆ ‰

"

"

n

n

34. diverges by the nth-Term Test for divergence;  lim  n tan  lim    lim   
n n nÄ _ Ä _ Ä _

ˆ ‰"
n œ œ

tan  secˆ ‰
ˆ ‰

Š ‹ ˆ ‰
Š ‹

"

"

"

#

# "

"

#

n

n

n n

n

�

�

  lim  sec sec 0 1 0œ œ œ Á
n Ä _

# #"ˆ ‰
n

35. converges by the Integral Test:   dx;      du  lim  tan u
u e

du e  dx
' '

1 e

x

x

_ _

e
1 e 1 u

x

2x� �
" �"” • c dœ

œ
Ä œ# n Ä _

b
e

  lim  tan b tan e tan e 0.35œ � œ � ¸
b Ä _

a b�" �" �"
#
1

36. converges by the Integral Test:   dx;   du  du
u e

du e  dx
dx  du

' ' '
1 e e

_ _ _

2 2 2 2
1 e u(1 u) u u 1

x

x

u

� � �
"

x

Ô ×
Õ Ø ˆ ‰œ

œ

œ
Ä œ �

  lim  2 ln  lim  2 ln 2 ln 2 ln 1 2 ln 2 ln 0.63œ œ � œ � œ � ¸
b bÄ _ Ä _

� ‘ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰u b e e e
u 1 b 1 e 1 e 1 e 1� � � � �

b

e

37. converges by the Integral Test:   dx;   8u du 4u 4
u tan x
du

' '
1 4

2 2

4

_ Î

Î

Î

Î
8 tan x 3

1 x 4 16 4dx
1 x

�" # # #

#

#

�

�"

�

#” • c d Š ‹œ

œ
Ä œ œ � œ

1

1
1

1

1 1 1

38. diverges by the Integral Test:   dx;     lim   ln u  lim   (ln b ln 2)
u x 1
du 2x dx

' '
1 2

_ _

x du
x 1 4#� # # #

#
" " "” • � ‘œ �

œ
Ä œ œ � œ _

b bÄ _ Ä _

b

2

39. converges by the Integral Test:  sech x dx 2  lim   dx 2  lim  tan e' '
1 1

b b

1

_

œ œ
b bÄ _ Ä _

e
1 e

xx

x�
�"a b# c d

 2  lim  tan e tan e 2 tan e 0.71œ � œ � ¸
b Ä _

a b�" �" �"b
1

40. converges by the Integral Test:  sech x dx  lim  sech x dx  lim  tanh x  lim  (tanh b tanh 1)' '
1 1

b
b
1

_

# #œ œ œ �
b b bÄ _ Ä _ Ä _

c d
 1 tanh 1 0.76œ � ¸

41.  dx  lim  a ln x 2 ln x 4  lim  ln ln ;'
1

_ˆ ‰ ˆ ‰c dk k k ka 3
x 2 x 4 b 4 5

(b 2)
� � �

" �� œ � � � œ �
b bÄ _ Ä _

b
1

a a

  lim   a  lim  (b 2)   the series converges to ln  if a 1 and diverges to  if
, a 1

1,  a 1b bÄ _ Ä _

(b 2)
b 4 3

a 1 5�
�

�
a

œ � œ Ê œ _
_ �

œœ ˆ ‰
 a 1.  If a 1, the terms of the series eventually become negative and the Integral Test does not apply.  From� �

 that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges.

42.  dx  lim  ln  lim  ln ln ;  lim   '
3

b

3

_ˆ ‰ ˆ ‰’ “¹ ¹" � � �"
� � � � �x 1 x 1 (x 1) (b 1) 4 (b 1)

2a x 1 b 1 2 b� œ œ �
b b bÄ _ Ä _ Ä _

2a 2a 2a 2a

  lim     the series converges to ln ln 2 if a  and diverges to  if
1,  a

, a
œ œ Ê œ œ _

œ

_ �b Ä _

" "
# � # #

"
#
"
#

a(b 1)
4

2a 1� � ˆ ‰

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 10.3 The Integral Test 587

 if a .  If a , the terms of the series eventually become negative and the Integral Test does not apply.� �" "
# #

 From that point  on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges.

43. (a)      

 (b) There are (13)(365)(24)(60)(60) 10  seconds in 13 billion years; by part (a) s 1 ln n wherea b* n Ÿ �

 n (13)(365)(24)(60)(60) 10   s 1 ln (13)(365)(24)(60)(60) 10œ Ê Ÿ �a b a ba b* *
n

 1 ln (13) ln (365) ln (24) 2 ln (60) 9 ln (10) 41.55œ � � � � � ¸

44. No, because     and   diverges! ! !_ _ _

œ œ œn 1 n 1 n 1

" " " "
nx x n nœ

45. Yes.  If   a  is a divergent series of positive numbers, then   a   also diverges and a .! ! !ˆ ‰ ˆ ‰_ _

œ œn 1 n 1
n n n

a a"
# # #

_

n 1œ

œ �n n

 There is no “smallest" divergent series of positive numbers:  for any divergent series  a  of positive numbers!_
œn 1

n

   has smaller terms and still diverges.! ˆ ‰_

œn 1

an
#

46. No, if   is a convergent series of positive numbers, then 2 a  2a   also converges, and 2a a .! ! !_ _ _

œ œ œn 1 n 1 n 1
 a   n n n n nœ  

 There is no “largest" convergent series of positive numbers.

47. (a) Both integrals can represent the area under the curve f x , and the sum s  can be considered ana b œ 1
x 1 50È �

 approximation of either integral using rectangles with x 1. The sum s  is an overestimate of the? œ œ50
1

n 1
!50

n 1œ

 È �

 integral  dx. The sum s  represents a left-hand sum (that is, the we are choosing the left-hand endpoint of'
1

51
1

x 1 50È �

 each subinterval for c ) and because f is a decreasing function, the value of f is a maximum at the left-hand endpoint ofi

 each sub interval. The area of each rectangle overestimates the true area, thus dx . In a similar'
1

51
1 1

x 1 n 1È È� �
� !50

n 1œ

 

 manner, s  underestimates the integral dx. In this case, the sum s  represents a right-hand sum and because50 50
1

x 1
'

0

50

È �

 f is a decreasing function, the value of f is aminimum at the right-hand endpoint of each subinterval. The area of each

 rectangle underestimates the true area, thus  dx. Evaluating the integrals we find dx!50

n 1œ

 1 1 1
n 1 x 1 x 1È È È� � �

� ' '
0 1

50 51

 2 x 1 2 52 2 2 11.6 and dx 2 x 1 2 51 2 1 12.3. Thus,œ � œ � ¸ œ � œ � ¸’ “ ’ “È ÈÈ ÈÈ È
1 0

51 50

0

50' 1
x 1È �

 11.6 12.3.� �!50

n 1œ

 1
n 1È �

 (b) s 1000 dx 2 x 1 2 n 1 2 2 1000 n 500 2 2 251414.2n

n
1

x 1

n 2
� Ê œ � œ � � � Ê � � � ¸'

1

1

1

1� �

È �
’ “È È È ÈŠ ‹

 n 251415.Ê  
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48. (a) Since we are using s  to estimate  , the error is given by . We can consider this sum as 30
1 1 1
n n nœ ! ! !30

n 1 n 1 n 31œ œ œ

_ _

   4 4 4 an estimate

 of the area under the curve f x  when x 30 using rectangles with x 1 and c  is the right-hand endpoint ofa b œ   œ1
x i4 ?

 each subinterval. Since f is a decreasing function, the value of f is a minimum at the right-hand endpoint of each

 subinterval, thus  dx dx 1.23 10 .! ’ “ Š ‹_

œn 31
 1 1 1 1 1 1
n x x 3x 3bb b b

b b

3 30
5

4 4 4 3 3 3� œ œ � œ � � ¸ ‚' '
30 30 30

_

Ä_ Ä_ Ä_

�lim lim lim a b
 Thus the error 1.23 10� ‚ Þ�5

 (b) We want S s 0.000001 dx 0.000001 dx dx� � Ê � Ê œ œ �n
1 1 1 1
x x x 3xb b

b b' ' '
n n n n

_ _

Ä_ Ä_
4 4 4 3lim lim ’ “

 0.000001 n 69.336 n 70.œ � � œ � Ê � ¸ Ê  lim
b

1 1 1 1000000
3b 3n 3n 3Ä_

ˆ ‰ É3 3 3
3

49. We want S s 0.01 dx 0.01 dx dx� � Ê � Ê œ œ � œ � �n
1 1 1 1 1 1
x x x 2x 2b 2nb b b

b b' ' '
n n n n

_ _

Ä_ Ä_ Ä_
3 3 3 2 2 2lim lim lim’ “ ˆ ‰

 0.01 n 50 7.071 n 8 S s 1.195œ � Ê � ¸ Ê   Ê ¸ œ ¸1 1
2n n82 3

È !8

n 1œ

 

50. We want S s 0.1 dx 0.1 dx tan� � Ê � Ê œn
1 1 1 x

x 4 x 4 2 2b b

b
1

b' '
n n n

_

� �Ä_ Ä_

�
2 2lim lim ’ “ˆ ‰

 tan tan tan 0.1 n 2tan 0.2 9.867 n 10 S sœ � œ � � Ê � � ¸ Ê   Ê ¸lim
b

1 b 1 n 1 n
2 2 2 2 4 2 2 2

1 1 1
10

Ä_

� � �ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ 1 1

 0.57œ ¸!10

n 1œ

 1
n 42 �

51. S s 0.00001 dx 0.00001 dx dx� � Ê � Ê œ œ � œ � �n
1 1 1 10 10 10

x x x x b nb b b

b b' ' '
n n n n

_ _

Ä_ Ä_ Ä_
1.1 1.1 1.1 0.1 0.1 0.1lim lim lim’ “ ˆ ‰

 0.00001 n 1000000 n 10œ � Ê � Ê �10
n

10 60
0.1

52. S s 0.01 dx 0.01 dx dx� � Ê � Ê œ œ �n
1 1 1 1

x ln x x ln x x ln x 2 ln xb b

b b' ' '
n n n n

_ _

Ä_ Ä_a b a b a b a b3 3 3 2lim lim ’ “
 0.01 n e 1177.405 n 1178œ � � œ � Ê � ¸ Ê  lim

b

1 1 1
2 ln b 2 ln n 2 ln n

50

Ä_
Š ‹a b a b a b È

2 2 2

53. Let A  and B 2 a , where {a } is a nonincreasing sequence of positive terms converging ton k n k
k

2œ œ! !n n

k 1 k 1œ œ

 a  a bk

 0.  Note that {A } and {B } are nondecreasing sequences of positive terms.  Now,n n

 B 2a 4a 8a 2 a 2a 2a 2a 2a 2a 2a 2an
n

2œ � � �á � œ � � � � � � �á# % ) # % % ) ) ) )a bn a b a b
 2a 2a 2a 2a 2a 2a 2a 2a 2a 2a 2a� � �á � Ÿ � � � � � � � �áðóóóóóóóóóóóóóóñóóóóóóóóóóóóóóòˆ ‰ a b a ba b a b a b2 2 2n n n " # $ % & ' ( )

 2  termsn 1�

 2a 2a 2a 2A 2 a .  Therefore if  a  converges,� � �á � œ Ÿˆ ‰ ! !a b a b a b a b2 2 1 2 2 k kn 1 n 1 n n
� � �

_

œk 1
 

 then {B } is bounded above   2 a  converges.  Conversely,n Ê ! k
2a bk

 A a a a a a a a a a 2a 4a 2 a a B a 2 a .n n n
n k

2 2œ � � � � � � �á � � � � �á � œ � � �" # $ % & ' ( " # % " "a b a b !a b a bn k

_

œk 1
 

 Therefore, if  2 a   converges, then {A } is bounded above and hence converges.!_
œk 1

k
2 na bk

54. (a) a    2 a  2     , which divergesa b a ba b2 22  ln 2 2 n(ln 2) n(ln 2) ln n
n n

n nn n n nœ œ Ê œ œ" " " " "
# #† †

! ! !_ _ _

œ œ œn 2 n 2 n 2

     diverges.Ê !_
œn 2

"
n ln n
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 (b) a    2 a   2    , a geometric series thata b a b a b2 2
n n

2

n
n nnp np p 1 p 1nœ Ê œ œ œ" " " "

# # #
! ! ! ! ˆ ‰_ _ _ _

œ œ œ œn 1 n 1 n 1 n 1
†

� �

 converges if 1 or p 1, but diverges if p 1."
#p 1� � � Ÿ

55. (a) ;   u  du  lim   lim  b (ln 2)
u ln x
du

' '
2 ln 2

p
b

ln 2

_ _

�dx u
x(ln x) p 1 1 pdx

x

p 1 p 1
p

p 1” • ’ “ Š ‹ c dœ

œ
Ä œ œ �

b bÄ _ Ä _

� �

� � �
" � � � �

   the improper integral converges if p 1 and diverges if p 1.
(ln 2) , p 1

, p
œ Ê � �

�

_ � "
œ "

�p 1
� �p 1

 For p 1:   lim  ln (ln x)  lim  ln (ln b) ln (ln 2) , so the improper integral diverges ifœ œ œ � œ _'
2

b
2

_

dx
x ln x b bÄ _ Ä _

c d c d
 p 1.œ

 (b) Since the series and the integral converge or diverge together,    converges if and only if p 1.!_
œn 2

"
n(ln n)p �

56. (a) p 1  the series divergesœ Ê

 (b) p 1.01  the series convergesœ Ê

 (c)      ; p 1  the series diverges! !_ _

œ œn 2 n 2

" " "
n ln n 3 n(ln n)a b$ œ œ Ê

 (d) p 3  the series convergesœ Ê

57. (a) From Fig. 10.11(a) in the text with f(x)  and a , we have  dx 1œ œ Ÿ � � �á �" " " " " "
#x k x 3 nk '

1

n 1�

 1 f(x) dx  ln (n 1) 1 1 ln n  0 ln (n 1) ln nŸ � Ê � Ÿ � � �á � Ÿ � Ê Ÿ � �'
1

n
" " "
# 3 n

 1 ln n 1.  Therefore the sequence 1 ln n  is bounded above byŸ � � �á � � Ÿ � � �á � �ˆ ‰ ˜ ™ˆ ‰" " " " " "
# #3 n 3 n

 1 and below by 0.

 (b) From the graph in Fig. 10.11(b) with f(x) ,   dx ln (n 1) ln nœ � œ � �" " "
�x n 1 x

'
n

n 1�

  0 ln (n 1) ln n 1 ln (n 1) 1 ln n .Ê � � � � œ � � �á � � � � � � �á � �" " " " " " "
� # � #n 1 3 n 1 3 nc d ˆ ‰ ˆ ‰

 If we define a 1 ln n, then 0 a a   a a   {a } is a decreasing sequence ofn n 1 n n 1 n n3 nœ � œ � � � � Ê � Ê" " "
# � �

 nonnegative terms.

58. e e  for x 1, and e  dx  lim  e  lim  e e e  e  dx converges by� � � � �x x x b 1# #

Ÿ   œ � œ � � œ Ê' '
1 1

x 1 x
_ _

� � �

b bÄ _ Ä _
c d ˆ ‰b

"

 the Comparison Test for improper integrals   e 1  e  converges by the Integral Test.Ê œ �! !_ _

œ œn 0 n 1

� �n n# #

59. (a) s   1.97531986;   dx  lim x  dx  lim  lim  and10

10

n x 2 2b 242 242
1 x 1 1 13œ œ œ œ � œ � � œ! ’ “ ˆ ‰

n 1

b

11œ

" �
3 3 2

2' '
11 11

b_

b b bÄ _ Ä _ Ä _

�

   dx  lim x  dx  lim  lim' '
10 10

b_

1 x 1 1 1
x 2 2b 200 200

3
3 2

2
œ œ � œ � � œ

b b bÄ _ Ä _ Ä _
� ’ “ ˆ ‰�

b

10

 1.97531986 s 1.97531986 1.20166 s 1.20253Ê � � � � Ê � �1 1
242 200

 (b) s   1.202095; error 0.000435œ ¸ œ Ÿ œ!_ " � �

n 1œ
n 2 2

1.20166 1.20253 1.20253 1.20166
3

60. (a) s   1.082036583;   dx  lim x  dx  lim  lim  and10

10

n x 3 3b 3993 3993
1 x 1 1 14œ œ œ œ � œ � � œ! ’ “ ˆ ‰

n 1

b

11œ

" �
4 4 3

3' '
11 11

b_

b b bÄ _ Ä _ Ä _

�

   dx  lim x  dx  lim  lim' '
10 10

b_

1 x 1 1 1
x 3 3b 3000 3000

4
4 3

3
œ œ � œ � � œ

b b bÄ _ Ä _ Ä _
� ’ “ ˆ ‰�

b

10

 1.082036583 s 1.082036583 1.08229 s 1.08237Ê � � � � Ê � �1 1
3993 3000

 (b) s   1.08233; error 0.00004œ ¸ œ Ÿ œ!_ " � �

n 1œ
n 2 2

1.08229 1.08237 1.08237 1.08229
4
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10.4  COMPARISON TESTS

 1. Compare with    , which is a convergent p-series, since p 2 1. Both series have nonnegative terms for n 1. For!_
œn 1

"
n2 œ �  

 n 1, we have n n 30 .  Then by Comparison Test,    converges.  Ÿ � Ê  2 2 1 1 1
n n 30 n 302 2 2� �

!_
œn 1

 2. Compare with    , which is a convergent p-series, since p 3 1. Both series have nonnegative terms for n 1. For!_
œn 1

"
n3 œ �  

 n 1, we have n n 2 .  Then by Comparison Test,      Ÿ � Ê   Ê   Ê    4 4 1 1 n n 1 n n 1 n 1
n n 2 n n 2 n n 2 n 2 n 24 4 4 4 3 4 4 4� � � � �

� �!_
œn 1

 converges.

 3. Compare with    , which is a divergent p-series, since p 1. Both series have nonnegative terms for n 2. For!_
œn 2

" "
#Èn

œ Ÿ  

 n 2, we have n 1 n .  Then by Comparison Test,     diverges.  � Ÿ Ê  È È !1 1 1
n 1 n n 1È È È� �

_

œn 2

 4. Compare with    , which is a divergent p-series, since p 1 1. Both series have nonnegative terms for n 2. For!_
œn 2

"
n œ Ÿ  

 n 2, we have n n n .  Thus    diverges.  � Ÿ Ê   Ê   œ Ê    2 2 1 1 n n 1 n 2 n 1 n 2
n n n n n n n n n n n n n n2 2 2 2 2 2 2� � � � �

� �!_
œn 2

 5. Compare with    , which is a convergent p-series, since p 1. Both series have nonnegative terms for n 1.!_
œn 1

"
n

3
23 2Î œ �  

 For n 1, we have 0 cos n 1 .  Then by Comparison Test,     converges.  Ÿ Ÿ Ê Ÿ2 cos n 1 cos n
n n n

2 2

3 2 3 2 3 2Î Î Î
!_
œn 1

 6. Compare with    , which is a convergent geometric series, since r 1. Both series have nonnegative terms for! ¹ ¹_

œn 1

"
3 3

1
n l l œ �

 n 1. For n 1, we have n 3 3 .  Then by Comparison Test,     converges.    †   Ê Ÿn n 1 1 1
n 3 3 n 3† †n n n

!_
œn 1

 7. Compare with    . The series     is a convergent p-series, since p 1, and the series    ! ! !_ _ _

œ œ œn 1 n 1 n 1

È È5 5
n n n

1 3
23 2 3 2 3 2Î Î Îœ �

 5    converges by Theorem 8 part 3. Both series have nonnegative terms for n 1. For n 1, we haveœ    È !_
œn 1

1
n3 2Î

 n n 4n 4n n 4n n 4n 5n n 4n 5n 20 5 n 4 5.3 4 3 4 4 3 4 4 4 4 3 4 4 n 4n
n 4Ÿ Ê Ÿ Ê � Ÿ � œ Ê � Ÿ � œ � Ê Ÿa b 4 3

4
�
�

 5   Then by Comparison Test,     converges.Ê Ÿ Ê Ÿ Ê Ÿ œn n 4
n 4 n 4 n n 4 n n 4

n 4 5 n 4 5 n 45
n

3

4 4 3 4 3 43 2
a b È�
� � � �

� � �É ÉÉ !
Î

_

œn 1

 8. Compare with    , which is a divergent p-series, since p 1. Both series have nonnegative terms for n 1. For!_
œn 1

" "
#Èn

œ Ÿ  

 n 1, we have n 1 2 n 2 2 n 1 3 n 2 n 1 3n 3 2 n n n 3    Ê   Ê �   Ê �     Ê �  È È È È Èˆ ‰
 n 2 n n n n 3 1Ê � �   � Ê   Ê   Ê   Ê  2 2 n n 2 n 1 n 1 n 1

n 3 n 3 n n 3 n n 3 n
n 2 n 1 1 1 1È Ê Éˆ ‰ È ˆ ‰ ˆ ‰È È È� � � �

� � � �

� �
2 2 2 2

2 2

 .  Then by Comparison Test,    diverges.Ê  
È ÈÈ È Èn 1 n 1

n 3 n 3
1

n
� �

� �2 2
!_
œn 1
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 9. Compare with    , which is a convergent p-series, since p 2 1. Both series have positive terms for n 1.   !_
œn 1

"

Ä_n bn

a
2

n

n
œ �   lim

           1 0. Then by Limit Comparison Teœ œ œ œ œ œ �lim lim lim lim lim
n n n n n1 n n n 3 3n 2n 6n 2 6

n 2n 3n 4n 6n 4 6

Ä_ Ä_ Ä_ Ä_ Ä_Î � � � �
� � �

n 2
n n 33 2

2 3 2 2

3 2 2
�

� � st,

     converges.!_
œn 1

n 2
n n 3

�
� �3 2

10. Compare with    , which is a divergent p-series, since p 1. Both series have positive terms for n 1.   !_
œn 1

" "
# Ä_Èn n

a
bœ Ÿ   lim n

n

           1 1 0. Then by Limit Comparisonœ œ œ œ œ œ œ �lim lim lim lim lim
n n n n n1 n

n n n n 2n 1 2
n 2 n 2 2n 2Ä_ Ä_ Ä_ Ä_ Ä_Î

� � �
� �

É
È
n 1

n 22 2 2

2 2

�

� É É É É È
 Test,     diverges.! É_

œn 1

n 1
n 2
�
�2

11. Compare with    , which is a divergent p-series, since p 1 1. Both series have positive terms for n 2.   !_
œn 2

"

Ä_n bn

aœ Ÿ   lim n

n

           1 0. Then by Limit Compœ œ œ œ œ œ �lim lim lim lim lim
n n n n n1 n n n n 1 3n 2n 1 6n 2 6

n + n 3n 2n 6n 2 6

Ä_ Ä_ Ä_ Ä_ Ä_Î � � � � � �
� �

n n 1

n 1 n 12 3 2 2

3 2 2

a b
Š ‹a b

�

� �

arison

 Test,     diverges.!_
œn 2

n n 1
n 1 n 1

a ba ba b�
� �2

12. Compare with    , which is a convergent  geometric series, since r 1. Both series have positive terms for! ¹ ¹_

œn 1

"
2 2

1
n l l œ �

 n 1.          1 0. Then by Limit Comparison Test,    conver  œ œ œ œ �lim lim lim lim
n n n n

a
b 1 2 3 4 4 ln 4 3 4

4 4 ln 4 2

Ä_ Ä_ Ä_ Ä_Î � �
n

n

2n

3 4n
n n n n

n n n
� !_

œn 1
ges.

13. Compare with    , which is a divergent p-series, since p 1. Both series have positive terms for n 1.   !_
œn 1

"

Ä_Èn
1
2 bn

aœ Ÿ   lim n

n

        . Then by Limit Comparison Test,     diverges.œ œ œ œ _lim lim lim
n n n1 n n 4

5 5 5
4 4

n

Ä_ Ä_ Ä_Î †

5n

n 4n n n

n n

È
†È Èˆ ‰ !_

œn 1

14. Compare with    , which is a convergent  geometric series, since r 1. Both series have positive terms for! ˆ ‰ ¹ ¹_

œn 1

2 2
5 5

n
l l œ �

 n 1.        exp  ln exp  n ln  œ œ œ œlim lim lim lim lim
n n n n n

a
b 10n 8 10n 8 10n 82 5

10n 15 10n 15 10n 15n n

Ä_ Ä_ Ä_ Ä_ Ä_Î
� � �
� � �

n

n

2n 3
5n 4

n

n

ˆ ‰
a b
�

� ˆ ‰ ˆ ‰ ˆ ‰
 exp  exp  exp  exp  œ œ œ œlim lim lim lim

n n n n

ln
1 n 1 n 10n 15 10n 8 100n 230n 120

70n 70n

Ä_ Ä_ Ä_ Ä_Î � Î � � � �

�ˆ ‰ a ba b
10n 15 10 10
10n 8 10n 15 10n 8

2 2

2 2�

� � �

 exp  exp  e 0.  Then by Limit Comparison Test,    converges.œ œ œ �lim lim
n n

140n 140 2n 3
200n 230 200 5n 4

7 10 n

Ä_ Ä_� �
Î �! ˆ ‰_

œn 1

15. Compare with    , which is a divergent p-series, since p 1 1. Both series have positive terms for n 2.   !_
œn 2

"

Ä_n bn

aœ Ÿ   lim n

n

         n  . Then by Limit Comparison Test,     diverges.œ œ œ œ œ _lim lim lim lim
n n n n1 n ln n 1 n ln n

n 1

Ä_ Ä_ Ä_ Ä_Î Î
"

"

ln n !_
œn 2

16. Compare with    , which is a convergent p-series, since p 2 1. Both series have positive terms for n 1.   !_
œn 1

"

Ä_n bn

a
2

n

n
œ �   lim

        1 0. Then by Limit Comparison Test,    ln 1  convergœ œ œ œ � �lim lim lim
n n n

ln 1

1 n n
1

1Ä_ Ä_ Ä_

�

Î

�

� �
"

Š ‹ Š ‹
Š ‹

"
�

"

"

n2

2 2

1 2
1

n2
n3

2
n3 n2

! ˆ ‰_

œn 1
es.
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17. diverges by the Limit Comparison Test (part 1) when compared with   , a divergent p-series:!_
œn 1

"Èn

  lim    lim    lim  
n n nÄ _ Ä _ Ä _

Œ �
Š ‹

"

# � $

"

È È

È

n n

n

œ œ œ
ÈÈ Èn

2 n n n�
" "

#� #$ � Î
ˆ ‰

1 6

18. diverges by the Direct Comparison Test since n n n n n 0  , which is the nth� � � � � Ê �È 3
n n n�

"È
 term of the divergent series    or use Limit Comparison Test with b!_

œn 1

" "
n nn œ

19. converges by the Direct Comparison Test; , which is the nth term of a convergent geometric seriessin n
2

#

n nŸ "
#

20. converges by the Direct Comparison Test;  and the p-series   converges1 cos n 2
n n n

� "
# # #Ÿ !

21. diverges since  lim   0
n Ä _

2n 2
3n 1 3� œ Á

22. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"
n$Î#

  lim   lim  1
n nÄ _ Ä _

Š ‹
Š ‹

n
n n

n

�"
#

"
$Î#

È
œ œˆ ‰n

n
�"

23. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"
n#

  lim    lim    lim    lim   10
n n n nÄ _ Ä _ Ä _ Ä _

Š ‹
Š ‹
10n

n(n 1)(n 2)

n

�"

� �

"

#

œ œ œ œ10n n 20n 1 20
n 3n 2 2n 3 2

#

#

� �
� � �

24. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"
n#

  lim    lim    lim    lim   5
n n n nÄ _ Ä _ Ä _ Ä _

� �
Š ‹

5n 3n

n (n 2) n 5

n

$ �

# #� �

"

#

Š ‹
œ œ œ œ5n 3n 15n 3 30n

n 2n 5n 10 3n 4n 5 6n 4

$ #

$ # #
� �

� � � � � �

25. converges by the Direct Comparison Test; , the nth term of a convergent geometric seriesˆ ‰ ˆ ‰ ˆ ‰n n
3n 1 3n 3

n n n
�

"� œ

26. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"
n$Î#

  lim    lim   lim  1 1
n n nÄ _ Ä _ Ä _

Š ‹
Š ‹

"

$Î#

"
$ �

n

n 2È

œ œ � œÉ Én 2 2
n n
$

$ $

�

27. diverges by the Direct Comparison Test; n ln n  ln n ln ln n   and     diverges� Ê � Ê � �" " " "
n ln n ln (ln n) n

!_
œn 3

28. converges by the Limit Comparison Test (part 2) when compared with   , a convergent p-series:!_
œn 1

"
n#

  lim    lim    lim   2  lim   0
n n n nÄ _ Ä _ Ä _ Ä _

’ “
Š ‹
(ln n)

n

n

n

#

$

"

#

"

œ œ œ œ(ln n)
n 1 n

2(ln n) ln n# Š ‹

29. diverges by the Limit Comparison Test (part 3) with , the nth term of the divergent harmonic series:"
n

  lim    lim    lim    lim   
n n n nÄ _ Ä _ Ä _ Ä _

’ “ Š ‹
ˆ ‰ ˆ ‰

1
n ln n 2 n

n n

È È
" "

"

œ œ œ œ _
È Èn n
ln n 2
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30. converges by the Limit Comparison Test (part 2) with , the nth term of a convergent p-series:"
n&Î%

  lim    lim    lim   8  lim   8  lim   32  l
n n n n nÄ _ Ä _ Ä _ Ä _ Ä _

’ “
Š ‹ Š ‹ Š ‹

ˆ ‰ ˆ ‰(ln n)

n

n 4n 4n

2 ln n
n n

#

$Î#

" " "
&Î% $Î% $Î%

"

œ œ œ œ œ(ln n)
n n

ln n#

"Î% "Î% im   32 0 0
n Ä _

"
n"Î% œ œ†

31. diverges by the Limit Comparison Test (part 3) with , the nth term of the divergent harmonic series:"
n

  lim    lim    lim    lim  n
n n n nÄ _ Ä _ Ä _ Ä _

ˆ ‰ˆ ‰
"

�

" "

1 ln n

n n

œ œ œ œ _n
1 ln n�

"Š ‹

32. diverges by the Integral Test:   dx u du  lim  u  lim   b ln 3' '
2 ln 3

_ _

ln (x 1)
x 1 2

�
� #

" "# # #œ œ œ � œ _
b bÄ _ Ä _

� ‘ a bb

ln 3

33. converges by the Direct Comparison Test with , the nth term of a convergent p-series:  n 1 n for" #
n$Î# � �

 n 2  n n 1 n   n n 1 n    or use Limit Comparison Test with .  Ê � � Ê � � Ê �# # $ $Î## " "

�
a b È

n n n 1
1
n$Î# # #È

34. converges by the Direct Comparison Test with , the nth term of a convergent p-series:  n 1 n" # #
n$Î# � �

  n 1 nn   n    or use Limit Comparison Test with  .Ê � � Ê � Ê �# $Î# $Î#� " "
�

È n 1
n

n
n 1 n n

#

# $Î# $Î#È È

35. converges because        which is the sum of two convergent series:! ! !_ _ _

œ œ œn 1 n 1 n 1

"� " �"
#

n
n2 n2n n nœ �

    converges by the Direct Comparison Test since , and    is a convergent geometric series! !_ _

œ œn 1 n 1

" " " �"
# #n2 n 2n n n n�

36. converges by the Direct Comparison Test:      and , the sum of! ! ˆ ‰_ _

œ œn 1 n 1

n 2
n 2 n2 n n2 n n
� " " " " " "

#

n

n n n n# # # #œ � � Ÿ �

 the nth terms of a convergent geometric series and a convergent p-series

37. converges by the Direct Comparison Test:  , which is the nth term of a convergent geometric series" "
�3 1 3n 1 n 1� ��

38. diverges;  lim   lim  0
n nÄ _ Ä _

Š ‹ ˆ ‰3
3 3 3 3

n 1

n n

� �" " " "œ � œ Á

39. converges by Limit Comparison Test: compare with   , which is a convergent geometric series with r 1,! ˆ ‰_

œn 1

1 1
5 5

n
l l œ �

  lim   lim   lim  0.
n n nÄ _ Ä _ Ä _

Š ‹
a b
n 1 1

n 3n2 5n

n 2

�

�
†

Î
�
� �1 5

n 1 1
n 3n 2n 3œ œ œ

40. converges by Limit Comparison Test: compare with   , which is a convergent geometric  series with r 1,! ˆ ‰_

œn 1

3 1
4 5

n
l l œ �

  lim   lim   lim  1 0.
n n nÄ _ Ä _ Ä _

Š ‹
a b ˆ ‰ˆ ‰
2 3n n

3 4n n

n n
n n

n n

8
12

n

9
12

�

�

3 4
8 12 1
9 12 1

1

1Î
�
�

�

�
œ œ œ œ �

41. diverges  by Limit Comparison Test: compare with    , which is a divergent p-series,   lim   lim!_
œn 1

1 2
n 1 nn nÄ _ Ä _

Š ‹2 nn

n 2n n
�

†

Î œ � n
2n

  lim   lim  1 0.œ œ œ �
n nÄ _ Ä _

2 ln 2 1
2 ln 2

2 ln 2
2 ln 2

n

n 2

n 2

n
� a ba b

42. diverges by the definition of an infinite series:  ln  ln n ln n 1 , s ln 1 ln 2 ln 2 ln 3! !ˆ ‰ � ‘a b a b a b_ _

œ œn 1 n 1

n
n 1 k� œ � � œ � � �

 ln k 1 ln k ln k ln k 1 ln k 1  lim s� Þ Þ Þ � � � � � � œ � � Ê œ �_a b a b a ba b a b
k Ä _

k
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43. converges by Comparison Test with     which converges since       , and! ! ! ’ “_ _ _

œ œ œn 2 n 2 n 2

1 1 1 1
n n 1 n n 1 n 1 na b a b� � �œ �

 s 1 1  lim s 1; for n 2, n 2 ! 1k k
1 1 1 1 1 1 1 1
2 2 3 k 2 k 1 k 1 k kœ � � � � Þ Þ Þ � � � � œ � Ê œ   �  ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ a b� � � k Ä _

 n n 1 n 2 ! n n 1 n! n n 1Ê � �   � Ê   � Ê Ÿa ba b a b a b 1 1
n! n n 1a b�

44. converges by Limit Comparison Test: compare with   , which is a convergent p-series,   lim  !_
œn 1

1
n 1 n3 3

n 1
n 2

n Ä _

a b
a b
� x

� x

Î

  lim   lim   lim   lim  1 0œ œ œ œ œ �
n n n nÄ _ Ä _ Ä _ Ä _

n n 1
n 2 n 1 n n 1 n 3n 2 2n 3 2

n 2n 23 2

2
a ba ba b a b� x

� � � x � � �

45. diverges by the Limit Comparison Test (part 1) with , the nth term of the divergent harmonic series:"
n

  lim    lim   1
n x 0Ä _ Ä

ˆ ‰ˆ ‰sin "
"

n

n
œ œsin x

x

46. diverges by the Limit Comparison Test (part 1) with , the nth term of the divergent harmonic series:"
n

  lim    lim    lim   1 1 1
n n x 0Ä _ Ä _ Ä

ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰tan sin 

cos 

" "

" ""

n n

n nn
œ œ œ œŠ ‹ ˆ ‰ ˆ ‰" "

cos x x
sin x

†

47. converges by the Direct Comparison Test:   and       is the product of atan n
n n n n

�"

1.1 1.1 1.1 1.1� œ
1 1

# #! !_ _

œ œn 1 n 1

1

#
"

 convergent p-series and a nonzero constant

48. converges by the Direct Comparison Test:  sec n    and      is the�"
# #

"� Ê � œ1 1sec n
n n n n

�"
# #

1 3 1 3 1 3 1 3Þ Þ Þ Þ

ˆ ‰ ˆ ‰1 1! !_ _

œ œn 1 n 1

 product of a convergent p-series and a nonzero constant

49. converges by the Limit Comparison Test (part 1) with :   lim    lim  coth n  lim   " �
�n e e

e e
# �

�

n n nÄ _ Ä _ Ä _

Š ‹
Š ‹
coth n

n

n

#

"

#

œ œ
n n

n n

  lim   1œ œ
n Ä _

"�
�

e
1 e

�

�

2n

2n

50. converges by the Limit Comparison Test (part 1) with :   lim    lim  tanh n  lim   " �
�n e e

e e
# �

�

n n nÄ _ Ä _ Ä _

Š ‹
Š ‹
tanh n

n

n

#

"

#

œ œ
n n

n n

  lim   1œ œ
n Ä _

"�
�

e
1 e

�

�

2n

2n

51. diverges by the Limit Comparison Test (part 1) with :  lim    lim   1.1 1
n nn nÄ _ Ä _

Š ‹
ˆ ‰

1
n nn

1
n

È
œ œÈn

52. converges by the Limit Comparison Test (part 1) with :   lim    lim  n 1"
n#

#

"

#
n nÄ _ Ä _

Š ‹
Š ‹

n n

n

n

n

È

œ œÈ

53. . The series converges by the Limit Comparison Test (part 1) with :" "
� � �á� �1 2 3 n n(n 1) n

2œ œ"ˆ ‰n(n 1)�

#

#

   lim    lim   lim   lim  2.
n n n nÄ _ Ä _ Ä _ Ä _

Š ‹
Š ‹

2
n n 1

n

a b�

"

#

œ œ œ œ2n 4n 4
n n 2n 1 2

#

# � �

54.   the series converges by the Direct Comparison Test"
� � �á� � �1 2 3 n n(n 1)(2n 1) n

6 6
# # # $œ œ Ÿ Ê"

n(n 1)(2n 1)
6

� �
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55. (a) If  lim   0, then there exists an integer N such that for all n N, 0 1  1 1
n Ä _

a a a
b b b

n n n

n n n
œ � � � Ê � � �¹ ¹

  a b .  Thus, if  b  converges, then  a  converges by the Direct Comparison Test.Ê �n n n n! !
 (b) If  lim   , then there exists an integer N such that for all n N, 1  a b .  Thus, if

n Ä _
a a
b b n n

n n

n n
œ _ � � Ê �

  b  diverges, then  a  diverges by the Direct Comparison Test.! !n n

56. Yes,    converges by the Direct Comparison Test because a!_
œn 1

a a
n n n
n n �

57.  lim     there exists an  integer N such that for all n N, 1  a b .  If  a  converges,
n Ä _

a a
b b n n n

n n

n n
œ _ Ê � � Ê � !

 then  b  converges by the Direct Comparison Test! n

58.  a  converges   lim  a 0  there exists an  integer N such that for all n N, 0 a 1  a a! n n n nnÊ œ Ê � Ÿ � Ê �
n Ä _

#

   a  converges by the Direct Comparison TestÊ ! #
n

59. Since a 0 and  lim  a 0, by n  term test for divergence,  a  diverges.n n n
th� œ _ Á

n Ä _
!

60. Since a 0 and  lim  n a 0, compare a  with  , which is a convergent p-series;  lim   n n n
2

n 1 n
a� † œ

n nÄ _ Ä _
a b ! ! "

Î#

n
2

  lim  n a 0 a  converges by Limit Comparison Testœ † œ Ê
n Ä _

a b !2
n n

61. Let q  and p 1. If q 0, then      , which is a convergent p-series. If q 0, compare with�_ � � _ � œ œ Á! !_ _

œ œn 2 n 2

a bln n
n n

1
q

p p

    where 1 r p, then   lim    lim  , and p r 0. If q 0 q 0 and  lim  !_
œn 2

1
n 1 n n n

ln n ln n
r r p r p r

ln n q

np
q q

� � œ � � � Ê � �
n n nÄ _ Ä _ Ä _

a b

Î
a b a b

� �

  lim  0. If q 0,  lim   lim   lim  . If q 1 0 1 q 0œ œ � œ œ � Ÿ Ê �  
n n n nÄ _ Ä _ Ä _ Ä _

1
ln n n

ln n q ln n
n p r n p r n

q ln na b a b a ba b ˆ ‰a b a b�

�
� � � �

�

�

q p r

q q 1

p r p r 1 p r

q 1 1
n

� �  and

  lim   lim  0, otherwise, we apply L'Hopital's Rule again.  lim  
n n nÄ _ Ä _ Ä _

q ln n
p r n

q
p r n ln n

q q 1 ln na ba b a b a b a ba b ˆ ‰q 1

p r 1 qp r

q 2 1
n

�

� �

�

�

� �

�
œ œ a bp r n� 2 p r 1� �

   lim  . If q 2 0 2 q 0 and   lim   lim  0; otœ � Ÿ Ê �   œ œ
n n nÄ _ Ä _ Ä _

q q 1 ln n q q 1 ln n q q 1
p r n p r n p r n ln n

a ba b a ba b a ba b a b a b a b� � �

� � �

q 2 q 2

2 2 2 2 qp r p r p r

� �

� � �

�

herwise, we

 apply L'Hopital's Rule again. Since q is finite, there is a positive integer k such that q k 0 k q 0. Thus, after k� Ÿ Ê �  

 applications of L'Hopital's Rule we obtain  lim    lim  0
n nÄ _ Ä _

q q 1 q k 1 ln n q q 1 q k 1
p r n p r n ln n

a b a ba b a b a ba b a b a b� â � � � â � �

� �

q k

k k k qp r p r

�

� �

�

œ œ . Since the limit is

 0 in every case, by Limit Comparison Test, the series  converges.!
n 1

ln n
n

œ

_ a bq

p

62. Let q  and p 1. If q 0, then      , which is a divergent p-series. If q 0, compare with�_ � � _ Ÿ œ œ �! !_ _

œ œn 2 n 2

a bln n
n n

1
q

p p

   , which is a divergent p-series. Then   lim    lim  ln n . If q 0 q 0, compare with   ,! !a b_ _

œ œn 2 n 2

1 1
n 1 n n

q
p p r

ln n q

np

n nÄ _ Ä _

a b

Î œ œ _ � Ê � �

 where 0 p r 1.  lim    lim   lim   since r p 0. Apply L'Hopital's to obtain� � Ÿ œ œ � �
n n nÄ _ Ä _ Ä _

a bln n q

np
r p r

q r p
q1 n n

ln n n
ln nÎ

a b a b�

�

�

  lim   lim  . If q 1 0 q 1 0 and  lim  ,
n n nÄ _ Ä _ Ä _

a b a b a b a ba ba b a ba bˆ ‰ a br p n r p n r p n ln n
q ln n q ln n q
� � �

� � �

r p 1 r p r p

q 1 q 11
n

q 1
� � � �

� � � �

�

œ � � Ÿ Ê �   œ _

 otherwise, we apply L'Hopital's Rule again to obtain  lim   lim  
n nÄ _ Ä _

a b a ba ba ba b a ba ba bˆ ‰r p n r p n
q q 1 ln n q q 1

� �

� � � � � �

2 2r p 1 r p

q 2 1
n

� � �

� �

œ
ln n � �q 2 . If

 q 2 0 q 2 0 and  lim   lim  , otherwise, we� � Ÿ Ê �   œ œ _
n nÄ _ Ä _

a b a b a ba ba ba b a ba br p n r p n ln n
q q 1 ln n q q 1

� �

� � � � � �

2 2 q 2r p r p

q 2

� �

� �

�

 apply L'Hopital's Rule again. Since q is finite, there is a positive integer k such that q k 0 q k 0. Thus, after� � Ÿ Ê �  

 k applications of L'Hopital's Rule we obtain  lim    lim  
n nÄ _ Ä _

a b a b a ba ba b a ba b a ba br p n r p n ln n
q q 1 q k 1 ln n q q

� �

� � � â � � � � �

k k q kr p r p

q k

� �

� �

�

œ � â � � �1 q k 1a b œ _.
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 Since the limit is  if q 0 or if q 0 and p 1, by Limit comparison test, the series  diverges. Finally if q 0_ � � � �!
n 1

ln n
n

œ

_ a bq

p r�

 and p 1 then       . Compare with   , which is a divergent p-series. For n 3,  ln n 1œ œ    ! ! !_ _ _

œ œ œn 2 n 2 n 2

a b a bln n ln n
n n n

1
q q

p

  ln n 1  . Thus     diverges by Comparison Test. Thus, if q  and p 1,Ê   Ê   �_ � � _ Ÿa b !q ln n ln n
n n n

1a b a bq q_

œn 2

 the series  diverges.!
n 1

ln n
n

œ

_ a bq

p r�

63. Converges by Exercise 61 with q 3 and p 4.œ œ

64. Diverges by Exercise 62 with q  and p .œ œ1 1
2 2

65. Converges by Exercise 61 with q 1000 and p 1.001.œ œ

66. Diverges by Exercise 62 with q  and p 0.99.œ œ1
5

67. Converges by Exercise 61 with q 3 and p 1.1.œ � œ

68. Diverges by Exercise 62 with q  and p .œ � œ1 1
2 2

69. Example CAS commands:
 :Maple
 a := n -> 1./n^3/sin(n)^2;
 s := k -> sum( a(n), n=1..k );                                                    # (a)]
 limit( s(k), k=infinity );
 pts := [seq( [k,s(k)], k=1..100 )]:                                              # (b)
 plot( pts, style=point, title="#69(b) (Section 10.4)" );
 pts := [seq( [k,s(k)], k=1..200 )]:                                              # (c)
 plot( pts, style=point, title="#69(c) (Section 10.4)" );
 pts := [seq( [k,s(k)], k=1..400 )]:                                              # (d)
 plot( pts, style=point, title="#69(d) (Section 10.4)" );
 evalf( 355/113 );
 :Mathematica
 Clear[a, n, s, k, p]

 a[n_]:= 1 / ( n  Sin[n]  )3 2

 s[k_]= Sum[ a[n], {n, 1, k}]
 points[p_]:= Table[{k, N[s[k]]}, {k, 1, p}]
 points[100]
 ListPlot[points[100]]
 points[200]
 ListPlot[points[200]
 points[400]
 ListPlot[points[400], PlotRange All]Ä

 To investigate what is happening around k = 355, you could do the following.
 N[355/113]
 N[   355/113]1 �

 Sin[355]//N
 a[355]//N
 N[s[354]]
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 N[s[355]]
 N[s[356]]

70. (a) Let S , which is a convergent p-series. By Example 5 in Section 10.2,  converges to 1. By Theorem 8,œ ! !_ _

œ œn 1 n 1

1 1
n n n 12 a b�

  S         also converges.œ œ � � œ � �! ! ! ! ! ! Š ‹_ _ _ _ _ _

œ œ œ œ œ œn 1 n 1 n 1 n 1 n 1 n 1

1 1 1 1 1 1 1
n n n 1 n n n 1 n n 1 n n n 12 2 2a b a b a b a b� � � �

 (b) Since   converges to 1 (from Example 5 in Section 10.2), S 1  1! ! !Š ‹_ _ _

œ œ œn 1 n 1 n 1

1 1 1 1
n n 1 n n n 1 n n 1a b a b a b� � �œ � � œ �2 2

 (c) The new series is comparible to , so it will converge faster because its terms 0  faster than the terms of  ! !_ _

œ œn 1 n 1

1 1
n3 Ä n2 .

 (d) The series 1  gives a better approximation. Using Mathematica, 1 1.644933568, while� � œ! !1000 1000

n 1 n 1œ œ

1 1
n n 1 n n 12 2a b a b� �

     1.644933067. Note that 1.644934067. The error is 4.99 10  compared with 1 10 .!1000000

n 1œ

1
n 6

7 6
2

2
œ œ ‚ ‚1 � �

10.5  THE RATIO AND ROOT TESTS

 1. 0 for all n 1;         0 1  converges2 2 2 n! 2 2
n! n n! 2 n n!n n n n 1

n n n
2n

n !
2n
n!

n�   œ † œ œ � Êlim lim lim
Ä_ Ä_ Ä_

†
�" † � "

œ

_Œ � Š ‹ ˆ ‰ !�"

�"a b a b

 2. 0 for all n 1;          1  convn 2 n 3 3 n 3 1 1 n 2
3 3 3 n 2 3n 6 3 3 3n n n n n 1

� � � �

Ä_ Ä_ Ä_ Ä_† � �
œ

_

n n 2 n n

n 1 2
3n 1

3n

n
�   œ † œ œ œ � Êlim lim lim limŒ � ˆ ‰ ˆ ‰ ˆ ‰ !a b� �

�

� erges

 3. 0 for all n 1;         a b a b a ba b a b a bn 1 ! n n 1 ! n
n 1 n 2n n nn 1 !

n� † � �"

� �Ä_ Ä_ Ä_�
�

2 2

n 1 1 !

n 1 1 2

n 1 !

n 1 2

2 3
�   œ † œlim lim limŒ � Š ‹ Š ‹a ba b

a ba b
a b

a b

� �

� �

�

�

2n n 3n 4n 1
n 4n 4 2n 4n

2 2

2
� � �

� � �Ä_
œ   lim Š ‹

   1  divergesœ œ _ � Êlim
n

6n 4
2

n 1

n 1 !
n 1Ä_

�

œ

_
�

�
ˆ ‰ ! a ba b2

 4. 0 for all n 1;         2 2 2 n 3 2n
n 3 n 1 3 3 2 3n n n

n 1 n 1 n 1

n 1 n 1 n 1 n 1

2 n 1 1

n 1 3 n 1 1

2
n 3n 1

� � �

� � � �

� �

� †
� �

† �

† � † †Ä_ Ä_ Ä_

† †�   œ † œlim lim lim� � Š ‹ ˆ ‰a b

a b a b a b n 3 3 3n

2 2
� Ä_

œ œ �  1lim ˆ ‰
  convergesÊ !

n 1

2
n 3

œ

_

†

n 1

n 1

�

�

 5. 0 for all n 1;         n 4 n 4n 6n 4n 1
4 4 4 n 4nn n n

n 14 n 4 3 2

n 4 n 4 4

n 1 4

4n 1

n
4n

4

�   œ † œlim lim lim
Ä_ Ä_ Ä_

�
†

� � � �Œ � Š ‹ Š ‹a b�

� a b

   1  convergesœ � � � � œ � Êlim
n

1 1 3 1 1 1 n
4 n 2n n 4n 4 4

n 1Ä_ œ

_ˆ ‰ !
2 3 4 n

4

 6. 0 for all n 2;          3 3 3 ln n 3 ln n
ln n ln n 1 3 ln n 1n n n n

n 2 n 2
3 n 1 2

ln n 1

3n 2 n 2 1
ln n

3
n

� �

� �

�

� ��   œ † œ œlim lim lim lim
Ä_ Ä_ Ä_ Ä_

†
� �Œ � Š ‹ Š ‹ Š ‹a b

a b a b a b
n 1�

œ  lim
n

3n 3
nÄ_

�ˆ ‰
  3 1  divergesœ œ � Êlim

n

3 3
1 ln n

n 2Ä_ œ

_ˆ ‰ ! n 2�

 7. 0 for all n 1;       n n 2 ! n 1 n 3 n 2 !
n 3 n 1 n 3 3n n

2

2n 2 2n

n 1 n 1 2 !2

n 1 32 n 1

n n 2 !
n 32n

2a b a b a ba ba b� � � �
x � † x †Ä_ Ä_

�   œlim lim� � Š ‹a b a ba b

a b a b

a b

� � �

� x �

�

x

2 2 3 2

2n 3 2
† œn 3 n 5n 7n 3

n n 2 ! 9n 9nn

x � � �
� �Ä_a b   lim Š ‹

    1  convergesœ œ œ œ � Êlim lim lim
n n n

3n 15n 7 6n 15 6 1
27n 18n 54n 18 54 9 n 3

n 1

n n 2 !

Ä_ Ä_ Ä_

� � �
� � x

œ

_
�Š ‹ ˆ ‰ ˆ ‰ !2

2 2n

2a b
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 8. 0 for all n 1;        n 5
2n 3 ln n 1 2n 5 lnn n

n 1 5 5†
� � �Ä_ Ä_

� † †n
n 1 5n 1

2 n 1 3 ln n 1 1
n 5n

2n 3 ln n 1

n

a b a b a b aa b�   œlim limŒ � Š ‹a b
a b a ba b a b

a b a b

� †
�

� � � �

†

� �
b a b a b

n 2 n 5
2n 3 ln n 1

� †
� �† n

               œ † œ † œ †lim lim lim lim
n n n n

5 n 1 2n 3 ln n 1 ln n 1
n 2n 5 ln n 2 2n 5n ln n 2 4n 5

10n 25n 15 20n 25

Ä_ Ä_ Ä_ Ä_

� † � � �
� � � � �

� � �Š ‹ Š ‹ Š ‹ ˆ ‰a b a b a b a ba b a b a b2

2 lim
nÄ_

Š ‹1
n 1

1
n 2

�

�

      5    5 1 5 1  divergesœ † œ † œ † œ � Êlim lim lim
n n n

20 n 2 1 n 5
4 n 1 1 2n 3 ln n 1

n 2Ä_ Ä_ Ä_

� †
� � �

œ

_ˆ ‰ ˆ ‰ ˆ ‰ ! na b a b

 9. 0 for all n 1;        0 1  converges7 7 7
2n 5 2n 5 2n 5n n

7
2n 5

n 1
a b a b a bÈ

� � �Ä_ Ä_ �
œ

_

n n n
n

n

    œ œ � Êlim limÉ Š ‹ !

10. 0 for all n 1;        0 1  converges4 4 4 4
3n 3n 3nn n 3n

n 1

n n
n n n

n
na b a b a b    œ œ � Êlim lim

Ä_ Ä_ œ

_É ˆ ‰ !

11. 0 for all n 2;           1  divergesˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰É !4n 3 4n 3 4n 3 4 4 4n 3
3n 5 3n 5 3n 5 3 3 3n 5

n n n

n n n n 1

� � � �
� � � �Ä_ Ä_ Ä_ œ

_

    œ œ œ � Êlim lim limn

12. ln e 0 for all n 1;    ln e    ln e ln e 2 1’ “ Ê’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰ a b2 2 21 1 1
n n n

n 1 n 1 1 1 n

n n
2�     � œ � œ œ �

� � � Î

Ä_ Ä_
lim limn

 ln e  divergesÊ �!’ “ˆ ‰
n 1

2 1
n

n 1

œ

_ �

13. 0 for all n 1;        1  converges8 8 1 8
3 3 3 3n n

8
9

n 1
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

È
� � � �Ä_ Ä_ œ

_

1 1 1 1
n n n n

2n 2n 2 2n
n

n

    œ œ � Êlim limÉ Œ � !

14. sin 0 for all n 1;    sin    sin sin 0 0 1 sin  converges’ “ ’ “ ’ “Š ‹ Š ‹ Š ‹ Š ‹Ê a b !1 1 1 1
n n n n

n n n

n n n 1
È È È È    œ œ œ � Êlim lim

Ä_ Ä_ œ

_
n

15. 1 0 for all n 1;    1    1  e 1 1  convergesˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰É !�     � œ � œ � Ê �1 1 1 1
n n n n

n n n n

n n
1

n 1

2 2
n 2

lim lim
Ä_ Ä_

�

œ

_

16. 0 for all n 2;          0 1  converges" " "

Ä_ Ä_ Ä_ œ

_

n n nn n n

1 1
n n n

n 2
1 n 1 n 1 n

n
n n

1 n 1 n� � �Î �    œ œ œ � Êlim lim limÉ Š ‹ Š ‹ !È ÈÈ

17. converges by the Ratio Test:   lim   lim   lim  lim  1
n n n nÄ _ Ä _ Ä _ Ä _

a
a n

(n 1) 2
n

2n 1

n

2

n 1

n

2
�

�œ œ œ � œ
” •
” •

(n  1) 2

2n 1

n 2
n

�

�

#

È

È
�
# # #

" " "
È

È†

ˆ ‰ ˆ ‰È
� 1

18. converges by the Ratio Test:   lim    lim    lim    1 1
n n n

 limnÄ _ Ä _ Ä _
œ

Ä _
a
a e n n e e

(n 1) en 1

n

2

n 1 2

n
�

�œ œ � œ �
Š ‹
Š ‹
(n 1)2

en 1

n
en

�

�

#

� " " "#
†

ˆ ‰ ˆ ‰

19. diverges by the Ratio Test:   lim    lim    lim    lim   
n n n nÄ _ Ä _ Ä _ Ä _

a
a e n! e

(n )! e nn 1

n
n 1

n
�

�œ œ œ œ _
Š ‹
ˆ ‰
(n 1)!
en 1

n!
en

�

� �" �"
†

20. diverges by the Ratio Test:   lim    lim    lim    lim   
n n n nÄ _ Ä _ Ä _ Ä _

a
a 10 n! 10

(n )! 10 nn 1

n
n 1

n
�

�œ œ œ œ _
Š ‹
ˆ ‰
(n 1)!
10n 1

n!
10n

�

� �"
†

21. converges by the Ratio Test:   lim   lim   lim   lim  1
n n n nÄ _ Ä _ Ä _ Ä _

a
a 10 n n 1

(n ) 10n 1

n
n 1

n
�

"!

� "!œ œ œ �
Š ‹
Š ‹
(n 1)
10n 1

n
10n

�
"!

�

"!

�" " ""!
†

ˆ ‰ ˆ ‰
0 10œ �" 1
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22. diverges;  lim  a  lim   lim  1 e 0
n n nÄ _ Ä _ Ä _n

n 2 2
n n

n n
œ œ � œ Áˆ ‰ ˆ ‰� � �#

23. converges by the Direct Comparison Test:  2 ( 1) (3) which is the n  term of a convergent2 ( 1)
(1.25) 5 5

4 4n nn th� � n

n œ � � Ÿˆ ‰ ˆ ‰c d
 geometric series

24. converges; a geometric series with r 1k k ¸ ¸œ � �2
3

25. diverges;  lim  a  lim  1  lim  1 e 0.05 0
n n nÄ _ Ä _ Ä _n

3 3
n n

n n
œ � œ � œ ¸ Áˆ ‰ ˆ ‰� �$

26. diverges;  lim  a  lim  1  lim  1 e 0.72 0
n n nÄ _ Ä _ Ä _n 3n n

n
n

œ � œ � œ ¸ Áˆ ‰ � �"
�

�"Î$
Š ‹"3

27. converges by the Direct Comparison Test:   for n 2, the n  term of a convergent p-series.ln n n
n n n

th
$ $ #� œ  "

28. converges by the nth-Root Test:   lim  a  lim   lim   lim   lim  0
n n n n nÄ _ Ä _ Ä _ Ä _ Ä _

È Én n n

n

n 1 n

n 1 nn
(ln n)

n n 1
(ln n)

n
ln nœ œ œ œ œ �a ba b

Š ‹Î

Î

"

n 1

29. diverges by the Direct Comparison Test:   for n 2 or by the Limit Comparison Test (part 1)" " � " "
#n n n n

n 1� œ � �# #
ˆ ‰

 with ."n

30. converges by the nth-Root Test:   lim  a  lim   lim   lim  0 1
n n n nÄ _ Ä _ Ä _ Ä _

È Éˆ ‰ ˆ ‰ ˆ ‰ˆ ‰n n
n n n n n n n

n n 1 n
œ � œ � œ � œ �" " " " " "Î

# # #

31. diverges by the Direct Comparison Test:   for n 3ln n
n n�  "

32. converges by the Ratio Test:   lim    lim   1
n nÄ _ Ä _

a
a n ln (n)

(n 1) ln (n 1) 2n 1

n
n 1

n
�

�œ œ �� �
# #

"
†

33. converges by the Ratio Test:   lim    lim   0 1
n nÄ _ Ä _

a
a (n 1)! (n 1)(n 2)

(n 2)(n 3) n!n 1

n

� œ œ �� �
� � �†

34. converges by the Ratio Test:   lim    lim   1
n nÄ _ Ä _

a
a e n e

(n 1) en 1

n
n 1

n
�

$

� $œ œ �� "
†

35. converges by the Ratio Test:   lim    lim    lim   1
n n nÄ _ Ä _ Ä _

a
a 3! (n 1)! 3 (n 3)! 3(n 1) 3

(n 4)! 3! n! 3 n 4n 1

n
n 1

n
�

�œ œ œ ��
� � �

� "
†

36. converges by the Ratio Test:   lim   lim   lim  1
n n nÄ _ Ä _ Ä _

a
a 3 (n 1)! n2 (n 1)! n 3 n 1 3

(n 1)2 (n 2)! 3 n! n 1 2 n 2 2n 1

n

n 1

n 1 n

n
�

�

�œ œ œ �� �
� � �

� �
†

ˆ ‰ ˆ ‰ ˆ ‰
37. converges by the Ratio Test:   lim    lim    lim   0 1

n n nÄ _ Ä _ Ä _
a
a (2n 3)! n! (2n 3)(2n 2)

(n 1)! (2n 1)! nn 1

n

� œ œ œ �� �
� � �

�"
†

38. converges by the Ratio Test:   lim    lim    lim    lim   
n n n nÄ _ Ä _ Ä _ Ä _

a
a (n 1) n! n 1

(n 1)! n n nn 1

n
n 1

n
�

�œ œ œ�
� �

"
†

ˆ ‰ ˆ ‰n
n

n� "

  lim   1œ œ �
n Ä _

" "ˆ ‰1� "

n
n e

39. converges by the Root Test:   lim  a  lim   lim    lim   0 1
n n n nÄ _ Ä _ Ä _ Ä _

È Én n
n

n

n
n

(ln n) ln n ln n
n

œ œ œ œ �
È "
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40. converges by the Root Test:   lim  a  lim   lim   0 1
n n nÄ _ Ä _ Ä _

È Én n
n 2

n n

n
n

(ln n)
n

ln n  lim  ln n

 lim  n
œ œ œ œ �Î

ÈÈ È
È

n

n

Ä_

Ä_

  lim  n 1Š ‹È
n Ä _

n œ

41. converges by the Direct Comparison Test:  n! ln n ln n n
n(n 2)! n(n 1)(n 2) n(n 1)(n 2) (n 1)(n ) n� � � � � � �#

" "œ � œ � #

 which is the nth-term of a convergent p-series

42. diverges by the Ratio Test:   lim    lim    lim   1
n n nÄ _ Ä _ Ä _

a
a (n 1) 2 3 (n 1)

3 n 2 n 3 3n 1

n

n 1 n 3

n 1 n 3
�

� $

$ �œ œ œ �� � # #†

ˆ ‰
43. converges by the Ratio Test:   lim    lim    lim    lim   

n n n nÄ _ Ä _ Ä _ Ä _
a
a (2n 2)(2n 1)

n 1
2(n 1)

2n n 1

n
nn 1

n

2

2

2 2
� œ œ œ

� ‘a b� ‘ a b a b� ‘� x

� x

x �

x � �†

� �
� �

2n 1 1
4n 6n 2 42 œ � 1

44. converges by the Ratio Test:   lim    lim    lim  
n n nÄ _ Ä _ Ä _

a
a 3 2 2n 3 2 3 2n 3

2n 5 2 3 3 2 2n 5 2 6 4 2 3 3n 1

n

n 1

n 1 n

n n n
�

�

�œ œ †
a bˆ ‰ a ba b� �

� � � �
� � † � † � †

† ’ n

n n n
�

† � † � † �
6

3 6 9 3 2 2 6“
  lim   lim  1 1œ † œ † œ �

n nÄ _ Ä _
’ “ ’ “2n 5 2 6 4 2 3 3 6 2 2

2n 3 3 6 9 3 2 2 6 3 3
� † � † � † �
� † � † � † �

n n n

n n n

45. converges by the Ratio Test:   lim    lim   0 1
n nÄ _ Ä _

a
a a

an 1

n n

n n� œ œ �
ˆ ‰1 sin n�

46. converges by the Ratio Test:   lim    lim    lim   0 since the numerator
n n nÄ _ Ä _ Ä _

a
a a n

a tan nn 1

n n

n
�

�"

œ œ œ
Š ‹1 tan n

n
�

�"

"�

 approaches 1  while the denominator tends to � _1

#

47. diverges by the Ratio Test:   lim    lim    lim   1
n n nÄ _ Ä _ Ä _

a
a a 2n 5

a 3n 1 3n 1 2n 5

n n

n� �œ œ œ �
ˆ ‰3n 1�

�
� #

48. diverges;  a a   a  a   a  an 1 n n 1 n 1 n 1 n 2
n n n 1 n n 1 n 2

n 1 n 1 n n 1 n n 1� � � � �� � � �
� � �œ Ê œ Ê œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

  a a   a   a , which is a constant times theÊ œ â Ê œ Ê œn 1 n 1 n 1
n n 1 n 2 3

n 1 n n 1 n 1 n 1
a

� " � �� � # � �
� � "ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ "

 general term of the diverging harmonic series

49. converges by the Ratio Test:   lim    lim    lim   0 1
n n nÄ _ Ä _ Ä _

a
a a n

a 2n 1

n n

n
� œ œ œ �

Š ‹2
n

50. converges by the Ratio Test:   lim    lim    lim   1
n n nÄ _ Ä _ Ä _

a
a a n

a
n 1

n n

n
� œ œ œ �

Œ �Èn n
n# Èn "

#

51. converges by the Ratio Test:   lim    lim    lim    lim   0 1
n n n nÄ _ Ä _ Ä _ Ä _

a
a a n n

a ln nn 1

n n

n
� œ œ œ œ �

Š ‹1 ln n
n
�

"� "

52. 0 and a   a 0; ln n 10 for n e   n ln n n 10  1n ln n n ln n
n 10 n 10n
� " �
� # �"

"!� œ Ê � � � Ê � � � Ê �

  a  a a ; thus a a    lim  a 0, so the series diverges by the nth-Term TestÊ œ � �   Ê Án 1 n n n 1 n n
n ln n
n 10� �
� "
� # n Ä _

53. diverges by the nth-Term Test:  a , a , a , a , ," # $ %
" " " " " "œ œ œ œ œ œ á3 3 3 3 3 3É É É É ÉÊ ÊË2 2 23 36 !% %

 a    lim  a 1 because  is a subsequence of  whose limit is 1 by Table 8.1n nœ Ê œÉ É Éš › š ›n! n! n" " "
3 3 3n Ä _
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54. converges by the Direct Comparison Test:  a , a , a , a ," # $ %
" " " " " "
# # # # # #

# # ' ' #%$ %

œ œ œ œ œ œ áˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹ Š ‹
  a  which is the nth-term of a convergent geometric seriesÊ œ �n

n! nˆ ‰ ˆ ‰" "
# #

55. converges by the Ratio Test:   lim    lim    lim   
n n nÄ _ Ä _ Ä _

a
a (2n  2)! 2 n! n! (2n

2 (n  1)! (n  1)! (2n)! 2(n  1)(n  1)n 1

n

n 1

n
�

�

œ œ� � � �
� †   )(2n  1)� # �

  lim   1œ œ �
n Ä _

n  
2n  1

� " "
� #

56. diverges by the Ratio Test:   lim    lim   
n nÄ _ Ä _

a
a (n  1)! (n  2)! (n  3)! (3n)!

(3n  3)! n! (n  1)! (n  2)!n 1

n

� œ � � �
� � � †

  lim    lim  3 3 3 3 27 1œ œ œ œ �
n nÄ _ Ä _

(3n  3)(3  2)(3n  1)
(n  1)(n  2)(n  3) n  n  3

3n  2 3n  1� � �
� � � � # �

� �ˆ ‰ ˆ ‰
† †

57. diverges by the Root Test:   lim  a  lim   lim   1
n n nÄ _ Ä _ Ä _

È Én n
n

nn
(n!)
n

n!
n´ œ œ _ �a b# #

58. converges by the Root Test:   lim   lim   lim    lim  
n n n nÄ _ Ä _ Ä _ Ä _

É É ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰n
n n

n
n

n n n
(n!) (n!)
n n

n! 2 3 n  1 n
n n n n n n# œ œ œ âa b " �

  lim  0 1Ÿ œ �
n Ä _

"
n

59. converges by the Root Test:   lim  a  lim   lim    lim   0 1
n n n nÄ _ Ä _ Ä _ Ä _

È Én n
n

n n nn
n n
2  ln 2œ œ œ œ �# # #

"

60. diverges by the Root Test:   lim  a  lim   lim   1
n n nÄ _ Ä _ Ä _

È Én n
n

nn
n n

4œ œ œ _ �a b# #

61. converges by the Ratio Test:   lim   lim   lim   
n n nÄ _ Ä _ Ä _

a
a 4 2 (n  1)! 1 3 (2n  1)

1 3 (2n  1)(2n  1) 4 2 n! 2nn 1

n
n 1 n 1

n n
�

� �œ œ† † †

† † †

â � �
� â �†

  
(4 )(n  1) 4

� " "
# �†

œ � 1

62. converges by the Ratio Test:  an
1 3 (2n  1) 1 2 3 4 (2n  1)(2n) (2n)!

(2 4 n) 3   1 (2 4 2n) 3   1 2 n! 3   1
œ œ œ† † † †

† †

â � â �
â# � â � �a b a b a b a bn n n n# #

   lim    lim   Ê œ
n nÄ _ Ä _

(2n  2)!
2 (n  1)! 3   1

2 n! 3   1 (2n  )(2n  2) 3   1
(2n)! 2 (n  1) 3   1

�

� �

� � " � �
� �c d a b a b a b a ba bn 1 n 1

n n n

n 1� �#

#

# # �†

  lim   1 1œ œ œ �
n Ä _

Š ‹4n   6n  2
4n   8n  4 3  3 3 3

1  3#

# �

�� � " "
� � �

�a ba b
n

n †

63. Ratio:   lim    lim    lim  1 1  no conclusion
n n nÄ _ Ä _ Ä _

a
a (n  1) 1 n  1

n n pn 1

n
p

p
� œ œ œ œ Ê"

� �†

ˆ ‰ p

 Root:   lim  a  lim   lim   1  no conclusion
n n nÄ _ Ä _ Ä _

È Én n
p pn pn n (1)n

œ œ œ œ Ê" " "ˆ ‰È

64. Ratio:   lim    lim    lim   lim    lim   
n n n n nÄ _ Ä _ Ä _ Ä _ Ä _

a
a (ln (n 1)) 1 ln (n 1) n

(ln n) ln n n
p pp

n 1

n
p

p
� œ œ œ œ" �"

� �† ’ “ Š ‹” •ˆ ‰ˆ ‰
"

"

�

n

n 1

 (1) 1  no conclusionœ œ Êp

 Root:   lim  a  lim  ; let f(n) (ln n) , then ln f(n)
n nÄ _ Ä _

È Én n
p pn (ln n) n  

1 n ln (ln n)œ œ œ œ" " ÎŠ ‹lim (ln n)nÄ_

1 nÎ

   lim  ln f(n)  lim    lim    lim   0   lim  (ln n)Ê œ œ œ œ Ê
n n n n nÄ _ Ä _ Ä _ Ä _ Ä _

ln (ln n)
n 1 n ln n

1 nˆ ‰"

n ln n " Î

  lim  e e 1; therefore  lim  a 1  no conclusionœ œ œ œ œ œ Ê
n nÄ _ Ä _

ln f n
n

 (1)
Ð Ñ ! " "Èn

p pŠ ‹ lim (ln n)nÄ_

1 nÎ

65. a  for every n and the series    converges by the Ratio Test since  lim   1n
n n 2
2 2 n

(n )Ÿ œ �n n n 1

n!_
œn 1

# #
�" "

n Ä _ � †

   a  converges by the Direct Comparison TestÊ !_
œn 1

n
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66. 0 for all n 1;             2 2 n! 2 2 4
n! n 1 n! n 1 n 1n n n n2

n n 2n 1 2n 1 n2 22 n 1 2

n 1 !

2n n2 2

n!

�   œ † œ œ œlim lim lim lim
Ä_ Ä_ Ä_ Ä_� † � �

†� � Š ‹ Š ‹ ˆ ‰a b

a b

�

�
� � �a b lim

n

2 4 ln 4
1Ä_

†ˆ ‰n

 1  divergesœ _ � Ê !
n 1

2
n!

œ

_
n2

10.6  ALTERNATING SERIES, ABSOLUTE AND CONDITIONAL CONVERGENCE

1. converges by the Alternating Convergence Test since: u 0 for all n 1; n 1 n 1 n n 1 nn
1

n
œ �     Ê �   Ê �  È È È

 u u ;    u     0.Ê Ÿ Ê Ÿ œ œ1 1 1
n 1 n nn 1 n n

n nÈ È È� �
Ä_ Ä_
lim lim

 2. converges absolutely  converges by the Alternating Convergence Test since  a    which is aÊ œ! !k k_ _

œ œn 1 n 1
n n

"
$Î#

 convergent p-series

 3. converges converges by Alternating Series Test since: u 0 for all n 1; n 1 n 1 n 3 3Ê œ �     Ê �   Ê  n
1

n3
n 1 n

n
�

 n 1 3 n 3 u u ;    u     0.Ê �   Ê Ÿ Ê Ÿ œ œa b n 1 n 1 1 1
n 1 3 n 3 n 3n 1 n n

n n
�

� �
Ä_ Ä_a b n 1 n n� lim lim

 4. converges converges by Alternating Series Test since: u 0 for all n 2; n 2 n 1 nÊ œ �     Ê �  n
4

ln na b2

 ln n 1 ln n ln n 1 ln n u u ;Ê �   Ê �   Ê Ÿ Ê Ÿ Ê Ÿa b a b a ba b 2 2 1 1 4 4
ln n 1 ln n ln n 1 ln n n 1 na b a b a b a ba b a b� � �2 2 2 2

     u      0.lim lim
n n

n
4

ln nÄ_ Ä_
œ œa b2

 5. converges converges by Alternating Series Test since: u 0 for all n 1; n 1 2n 2n n n 1Ê œ �     Ê �   � �n
n

n 1
2 2

2 �

 n 2n 2n n n n 1 n n 2n 2 n n n 1 n n 1 1 n 1 n 1Ê � �   � � � Ê � �   � � � Ê � �   � �3 2 3 2 2 3 2 22a b a b a ba bŠ ‹
 u u ;    u      0.Ê   Ê Ÿ œ œn n 1 n

n 1 n 1n 1 1 n 1 n n
n n

2 2 2� �
�

� � �
Ä_ Ä_a b lim lim

 6. diverges diverges by n  Term Test for Divergence since:     1     1 does not existÊ œ Ê � œth
n n

n 5 n 5
n 4 n 4

n 1lim lim
Ä_ Ä_

� �
� �

�2 2

2 2a b
 7. diverges diverges by n  Term Test for Divergence since:         1 does not existÊ œ _ Ê � œth

n n

2 2
n n

n 1lim lim
Ä_ Ä_

�n n

2 2a b

 8. converges absolutely  converges by the Absolute Convergence Test since  a  , which converges by theÊ œ! !k k_ _

œ œn 1 n 1
n

10
n 1

na b� x

 Ratio Test, since         0 1lim lim
n n

a
a n 2

10

Ä_ Ä_ �
n 1

n

� œ œ �

 9. diverges by the nth-Term Test since for n 10  1   lim  0   ( 1)  diverges� Ê � Ê Á Ê �n n n
10 10 10

n nn 1
n Ä _

ˆ ‰ ˆ ‰!_
œn 1

�

10. converges by the Alternating Series Test because f(x) ln x is an increasing function of x   is decreasingœ Ê "
ln x

  u u  for n 1; also u 0 for n 1 and  lim   0Ê         œn n 1 n ln n�
"

n Ä _

11. converges by the Alternating Series Test since f(x)   f (x) 0 when x e  f(x) is decreasingœ Ê œ � � Êln x 1 ln x
x x

w �
#

  u u ; also u 0 for n 1 and  lim  u  lim    lim   0Ê       œ œ œn n 1 n n
ln n

n 1� n n nÄ _ Ä _ Ä _

Š ‹"n
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12. converges by the Alternating Series Test since f(x) ln 1 x   f (x) 0 for x 0  f(x) is decreasingœ � Ê œ � � Êa b�" w �"
�x(x 1)

  u u ; also u 0 for n 1 and  lim  u  lim  ln 1 ln  lim  1 ln 1 0Ê       œ � œ � œ œn n 1 n n n n�
" "

n n nÄ _ Ä _ Ä _
ˆ ‰ ˆ ‰Š ‹

13. converges by the Alternating Series Test since f(x)   f (x) 0  f(x) is decreasingœ Ê œ � Ê
È ÈÈx 1 x 2 x

x 1 2 x (x 1)
�" � �

�
w

� #

  u u ; also u 0 for n 1 and  lim  u  lim   0Ê       œ œn n 1 n� n nÄ _ Ä _n
n

n 1

È �"

�

14. diverges by the nth-Term Test since  lim    lim   3 0
n nÄ _ Ä _

3 n 1
n 1

3 1

1

ÈÈ
É
Š ‹

�

�

�

�
œ œ Á

"

"

n

nÈ

15. converges absolutely since   a   a convergent geometric series! !k k ˆ ‰_ _

œ œn 1 n 1
n 10

n
œ "

16. converges absolutely by the Direct Comparison Test since  which is the nth term¹ ¹ ˆ ‰( 1) (0.1)
n (10) n 10

n� " "n 1 n

n

�

œ �

 of a convergent geometric series

17. converges conditionally since 0 and  lim   0  convergence; but  a   " " " "
�È È Èn nn 1 n n� � œ Ê œ

n Ä _
! !k k_ _

œ œn 1 n 1
"Î#

 is a divergent p-series

18. converges conditionally since 0 and  lim   0  convergence; but" " "
� �� �1 n 1 n1 n 1È È È� � œ Ê

n Ä _

  a    is a divergent series since  and   is a divergent p-series! ! !k k_ _ _

œ œ œn 1 n 1 n 1
n 1 n 1 n n nœ  " " " "

� � #È È È "Î#

19. converges absolutely since   a    and  which is the nth-term of a converging p-series! !k k_ _

œ œn 1 n 1
n

n n
n 1 n 1 nœ �$ $ #� �

"

20. diverges by the nth-Term Test since  lim   
n Ä _

n!
#n œ _

21. converges conditionally since 0 and  lim   0  convergence; but  a" " "
� � � �n 3 (n 1) 3 n 3 n� � œ Ê

n Ä _
! k k_

œn 1

    diverges because  and    is a divergent seriesœ  ! !_ _

œ œn 1 n 1

" " " "
� �n 3 n 3 4n n

22. converges absolutely because the series    converges by the Direct Comparison Test since ! ¸ ¸ ¸ ¸_

œn 1

sin n sin n
n n n# # #Ÿ "

23. diverges by the nth-Term Test since  lim   1 0
n Ä _

3 n
5 n
�
� œ Á

24. converges absolutely by the Direct Comparison Test since 2  which is the nth term¹ ¹ ˆ ‰( 2)
n 5 n 5 5

2 2 n�
� �

n 1

n n

n 1� �

œ �

 of a convergent geometric series

25. converges conditionally since f(x)   f (x) 0  f(x) is decreasing and henceœ � Ê œ � � � Ê" " "w
x x x x

2
# $ #

ˆ ‰
 u u 0 for n 1 and  lim  0  convergence; but   a   n n 1 n� �   � œ Ê œ� n Ä _

ˆ ‰ ! !k k" " �
n n n

1 n
# #

_ _

œ œn 1 n 1

      is the sum of a convergent and divergent series, and hence divergesœ �! !_ _

œ œn 1 n 1

" "
n n#
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26. diverges by the nth-Term Test since  lim  a  lim  10 1 0
n nÄ _ Ä _n

1 nœ œ ÁÎ

27. converges absolutely by the Ratio Test:   lim   lim  1
n nÄ _ Ä _

Š ‹ ” •u
u 3

2n 1

n

� œ œ �
(n )

n

�" #
�

#

ˆ ‰ˆ ‰
2
3

n 1

2
3

n

28. converges conditionally since f(x)   f (x) 0  f(x) is decreasingœ Ê œ � � Ê" w �
x ln x (x ln x)

ln (x) 1c d
#

  u u 0 for n 2 and  lim   0  convergence; but by the Integral Test,Ê � �   œ Ên n 1� n Ä _
"

n ln n

   lim   dx  lim  ln (ln x)  lim  ln (ln b) ln (ln 2)' '
2 2

b
b
2

_

dx
x ln x ln xœ œ œ � œ _

b b bÄ _ Ä _ Ä _� � c d c dŠ ‹"x

   a    divergesÊ œ! !k k_ _

œ œn 1 n 1
n n ln n

"

29. converges absolutely by the Integral Test since tan x  dx  lim  '
1

b

1

_a b ˆ ‰ ’ “�" "
� #1 x

tan x
#

�" #

œ
b Ä _

a b

  lim  tan b tan 1œ � œ � œ
b Ä _

’ “ ’ “a b a b ˆ ‰ ˆ ‰�" �"# # "
# #

# #1 1 1

4 32
3 #

30. converges conditionally since f(x)   f (x)œ Ê œln x
x ln x (x ln x)

(x ln x) (ln x) 1

� �
w

� � �Š ‹ Š ‹" "

x x
#

 0  u u 0 when n e and  lim   œ œ � Ê   � �
1 ln x

(x ln x) (x ln x) n ln n
1 ln x ln n

n n 1
� � �

� � �
�

�

Š ‹ Š ‹ln x ln x
x x

# # n Ä _

  lim   0  convergence; but n ln n n     so thatœ œ Ê � � Ê � Ê �
n Ä _

Š ‹
Š ‹
"

"

n

n1 n ln n n n ln n n
ln n

�

" " "
� �

  a    diverges by the Direct Comparison Test! !k k_

œn 1
n

ln n
n ln nœ

_

œn 1
�

31. diverges by the nth-Term Test since  lim   1 0
n Ä _

n
n 1� œ Á

32. converges absolutely since  a   is a convergent geometric series! !k k ˆ ‰_ _

œ œn 1 n 1
n 5

n
œ "

33. converges absolutely by the Ratio Test:   lim   lim    lim   0 1
n n nÄ _ Ä _ Ä _

Š ‹u
u (n 1)! (100) n 1

( 00) n! 00n 1

n

n 1

n
�

�

œ œ œ �"
� �

"
†

34. converges absolutely by the Direct Comparison Test since  a    and  which is the! !k k_ _

œ œn 1 n 1
n n 2n 1 n 2n 1 nœ �" " "

� � � �# # #

 nth-term of a convergent p-series

35. converges absolutely since  a      is a convergent p-series! ! !k k ¹ ¹_ _ _

œ œ œn 1 n 1 n 1
n

( 1)
n n nœ œ� "nÈ $Î#

36. converges conditionally since      is the convergent alternating harmonic series, but! !_ _

œ œn 1 n 1

cos n
n n

( 1)1 œ � n

  a    diverges! !k k_ _

œ œn 1 n 1
n nœ "

37. converges absolutely by the Root Test:   lim   a  lim    lim   1
n n nÄ _ Ä _ Ä _

Èk k Š ‹n
n

nn œ œ œ �(n 1)
(2n) n

1 n
n�

Î
�" "
# #
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38. converges absolutely by the Ratio Test:   lim   lim    lim  
n n nÄ _ Ä _ Ä _

¹ ¹a
a ((2n 2)!) (n!) (2n 2)(2n 1)

(n 1)! (2n)! (n 1)n 1

n

�

#

#

#

œ œ œa b�
� � �

�
†

"
4 � 1

39. diverges by the nth-Term Test since  lim   a  lim    lim   
n n nÄ _ Ä _ Ä _

k kn
(2n)! (n )(n 2) (2n)
2 n! n 2 nœ œn

�" � â
n

  lim    lim  0œ � œ _ Á
n nÄ _ Ä _

(n 1)(n 2) (n (n 1)) n 1 n 1� � â � �
# #

� �
n 1� ˆ ‰

40. converges absolutely by the Ratio Test:   lim    lim   
n nÄ _ Ä _

¹ ¹a
a (2n 3)! n! n! 3

(n 1)! (n 1)! 3 (2n 1)!n 1

n

n 1

n
�

�

œ � � �
� †

  lim   1œ œ �
n Ä _

(n 1) 3
(2n 2)(2n 3) 4

3�
� �

#

41. converges conditionally since  and  is a
È ÈÈ ÈÈ È ÈÈ È Èn 1 n n 1 n

1 n 1 n n 1 n n 1 n

� � � �

� � � � � �
" "

† œ š ›
 decreasing sequence of positive terms which converges to 0     converges; butÊ !_

œn 1

( )
n 1 n

�"

� �

nÈ È
   a      diverges by the Limit Comparison Test (part 1) with ; a divergent p-series:! !k k_ _

œ œn 1 n 1
n n 1 n n
œ " "

� �È ÈÈ

  lim    lim    lim   
n n nÄ _ Ä _ Ä _� �

"

� �

"

È È

È

n 1 n

n
1
n

œ œ œ
ÈÈ È É

n

n 1 n
1

1 1� � � �

"
#

42. diverges by the nth-Term Test since  lim  n n n  lim  n n n
n nÄ _ Ä _

Š ‹ Š ‹ Š ‹È È# # � �

� �
� � œ � � †

ÈÈn n n
n n n

#

#

  lim    lim   0œ œ œ Á
n nÄ _ Ä _

n
n n n 1 1È É# "� �

" "

� � #
n

43. diverges by the nth-Term Test since  lim  n n n  lim  n n n
n nÄ _ Ä _

Š ‹ Š ‹É ÉÈ È È È– —� �� � œ � �
É È È
É È È

n n n

n n n

� �

� �

  lim    lim   0œ œ œ Á
n nÄ _ Ä _

È
É ÉÈ È

n

n n n 1 1� �

" "

� � #"

Èn

44. converges conditionally since  is a decreasing sequence of positive terms converging to 0š ›"
� �È Èn n 1

    converges; but  lim    lim    lim   Ê œ œ œ!_
œn 1

( )
n n 1 n n 1

n

1 1

�"

� � � �
" "

� � #

n

n
È ÈÈ ÈÈ Én n nÄ _ Ä _ Ä _

Š ‹
Š ‹

"

� �

"

È È

È

n n 1

n
"

 so that    diverges by the Limit Comparison Test with   which is a divergent p-series! !_ _

œ œn 1 n 1

" "
� �È È Èn n 1 n

45. converges absolutely by the Direct Comparison Test since sech (n)  which is theœ œ � œ2 2e 2e 2
e e e 1 e en n 2n 2n n

n n

� ��

 nth term of a convergent geometric series

46. converges absolutely by the Limit Comparison Test (part 1):   a   ! !k k_ _

œ œn 1 n 1
n

2
e eœ n n� �

 Apply the Limit Comparison Test with , the n-th term of a convergent geometric series:1
en

  lim    lim    lim   2
n n nÄ _ Ä _ Ä _Œ �2

e en n
1
en

�

�

œ œ œ2e 2
e e 1 e

n

n n 2n� �� �

47.   ; converges by Alternating Series Test since: u 0 for all n 1;1 1 1 1 1 1 1
4 6 8 10 12 14 2 n 1 2 n 1

( )
n� � � � � � Þ Þ Þ œ œ �  !_

œn 1

�"
� �

n 1�

a b a b
 n 2 n 1 2 n 2 2 n 1 u u ;    u     0.�   � Ê �   � Ê Ÿ Ê Ÿ œ œa b a b 1 1 1

2 n 1 1 2 n 1 2 n 1n 1 n n
n na b a b a ba b� � � ��
Ä_ Ä_
lim lim
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48. 1  a ; converges by the Absolute Convergence Test since  a   � � � � � � � � Þ Þ Þ œ œ1 1 1 1 1 1 1
4 9 16 25 36 49 64 nn n! ! !k k_ _ _

œ œ œn 1 n 1 n 1

"
#

 which is a convergent p-series

49. error ( 1) 0.2 50. error ( 1) 0.00001k k k k¸ ¸ ¸ ¸ˆ ‰ ˆ ‰� � œ � � œ' '" "
5 10&

51. error ( 1) 2 10  52. error ( 1) t t 1k k k k k k¹ ¹� � œ ‚ � � œ �' �"" % % %(0.01)
5

&

53. error 0.001 u 0.001 0.001 n 1 3 1000 n 1 997 30.5753 n 31k k a b È� Ê � Ê � Ê � � � Ê � � � ¸ Ê  n 1
1

n 1 3
2

� � �a b2

54. error 0.001 u 0.001 0.001 n 1 1 1000 n 1 nk k a b a b� Ê � Ê � Ê � � � � Ê �n 1
n 1

n 1 1
2 998 998 4 998

2�
�

� �

� �a b
È a b

2

2

 998.9999 n 999¸ Ê  

55. error 0.001 u 0.001 0.001 n 1 3 n 1 1000k k a bŠ ‹È� Ê � Ê � Ê � � � �n 1
1

n 1 3 n 1

3

�
� � �ˆ ‰a b È 3

 n 1 3 n 1 10 0 n 1 2 n 3 n 4Ê � � � � � Ê � œ � œ Ê œ Ê  Š ‹È È È2
3 9 40

2
� �È

56. error 0.001 u 0.001 0.001 ln ln n 3 1000 n 3 e 5.297 10k k a ba b� Ê � Ê � Ê � � Ê � � � ¸ ‚n 1
1

ln ln n 3
e 323228467

� �a ba b 1000

 which is the maximum arbitrary-precision number represented by Mathematica on the particular computer solving this
 problem..

57.   (2n)! 200,000  n 5  1 0.54030" " " " "
#(2n)! 10 5 ! 4! 6! 8!

5 10� Ê � œ Ê   Ê � � � � ¸'

'

58.   n!  n 9  1 1 0.367881944" " " " " " " "
#n! 10 5 ! 3! 4! 5! 6! 7! 8!

5 10� Ê � Ê   Ê � � � � � � � � ¸'

'

59. (a) a a  fails since n n 1 3  ��
" "

#

 (b) Since   a       is the sum of two absolutely convergent! ! ! !k k � ‘ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰_ _ _ _

œ œ œ œn 1 n 1 n 1 n 1
n 3 3

n n n n
œ � œ �" " " "

# #

 series, we can rearrange the terms of the original series to find its sum:

 1ˆ ‰ ˆ ‰" " " " " " " "
# # #� �3 9 27 4 8 1 1

� � �á � � � �á œ � œ � œ �
ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰
" "

" "

#

#

3

3

60. s 1 0.6687714032  s 0.692580927#! #!
" " " " " " "
# # #œ � � � �á � � ¸ Ê � ¸3 4 19 20 1†

61. The unused terms are  ( 1) a ( 1) a a ( 1) a a! a b a b_

œ �

� � �

� � � �

j n 1

j 1 n 1 n 3
j n 1 n 2 n 3 n 4� œ � � � � � �á

 ( 1) a a a a .  Each grouped term is positive, so the remainderœ � � � � �án 1
n 1 n 2 n 3 n 4

�

� � � �c da b a b
 has the same sign as ( 1) , which is the sign of the first unused term.� n 1�

62. s     n 1 2 3 3 4 n(n 1) k(k 1) k k 1œ � � �á � œ œ �" " " " " " "
# � � �† † †

! ! ˆ ‰n n

k 1 k 1œ œ

 1  which are the first 2n termsœ � � � � � � � �á � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " " " " " " "
# # �3 3 4 4 5 n n 1

 of the first series, hence the two series are the same.  Yes, for

 s   1 1n k k 1 3 3 4 4 5 n 1 n n n 1 n 1œ � œ � � � � � � � �á � � � � œ �! ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰n

k 1œ

" " " " " " " " " " " " " "
� # # � � �
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   lim  s  lim  1 1  both series converge to 1.  The sum of the first 2n 1 terms of the firstÊ œ � œ Ê �
n nÄ _ Ä _n n 1

ˆ ‰"
�

 series is 1 1.  Their sum is  lim  s  lim  1 1.ˆ ‰ ˆ ‰� � œ œ � œ" " "
� � �n 1 n 1 n 1nn nÄ _ Ä _

63. Theorem 16 states that  a  converges   a  converges. But this is equivalent to   a  diverges  a  div! ! ! !k k k k_ _ _ _

œ œ œ œn 1 n 1 n 1 n 1
n n n nÊ Ê erges

64. a a a a a a  for all n; then  a  converges   a  converges and these imply thatk k k k k k k k k k! !" # " #� �á � Ÿ � �á � Ên n n n

_ _

œ œn 1 n 1

  a  aº º! ! k k_ _

œ œn 1 n 1
n nŸ

65. (a)   a b  converges by the Direct Comparison Test since a b a b  and hence! k k k k k k k k_

œn 1
n n n n n n� � Ÿ �

 a b  converges absolutely!a b_

œn 1
n n�

 (b)  b  converges   b   converges absolutely; since  a  converges absolutely and! ! !k k_ _ _

œ œ œn 1 n 1 n 1
n n nÊ �

 b   converges absolutely, we have a ( b ) a b   converges absolutely by part (a)! ! !c d a b_ _ _

œ œ œn 1 n 1 n 1
� � � œ �n n n n n

 (c)  a  converges  k  a ka  converges  ka  converges absolutely! ! ! !k k k k k k k k_ _ _ _

œ œ œ œn 1 n 1 n 1 n 1
n n n nÊ œ Ê

66. If a b ( 1)  , then  ( 1)   converges, but  a b    divergesn n n n
n n

n n nœ œ � � œ" " "È È! ! !_ _ _

œ œ œn 1 n 1 n 1

67. s , s 1 ," #
" " "
# # #œ � œ � � œ

 s 1 0.5099,$
" " " " " " " " " " "
# # # #œ � � � � � � � � � � � � ¸ �4 6 8 10 1 14 16 18 0 2

 s s 0.1766,% $
"œ � ¸ �3

 s s 0.512,& %
" " " " " " " " " " "
# # # #œ � � � � � � � � � � � ¸ �4 6 8 30 3 34 36 38 40 42 44

 s s 0.312,' &
"œ � ¸ �5

 s s 0.51106( '
" " " " " " " " " " "œ � � � � � � � � � � � ¸ �46 48 50 52 54 56 58 60 62 64 66

 

68. (a) Since   a  converges, say to M, for 0 there is an integer N  such that   a M! !k k k kº ºn n% � � �" #

N 1

n 1

"�

œ

%

     a    a  a       a     a .  Also,  aÍ � � � Í � � Í �» » » »! ! ! ! ! !k k k k k k k k k k� �N 1 N 1

n 1 n 1 n N n N n N

" "

" " "

� �

œ œ œ œ œ

_ _ _

n n n n n n
% % %

# # #

 converges to L  for 0 there is an integer N  (which we can choose greater than or equal to N ) suchÍ �% # "

 that s L .  Therefore,   a  and s L .k k k k k k!N N# #
� � � � �% % %

# # #

_

œn N"

n
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 (b) The series  a  converges absolutely, say to M.  Thus, there exists N  such that   a M! !k k k kº º_

œ œn 1 n 1

k

n n" � � %

 whenever k N .  Now all of the terms in the sequence b  appear in a .  Sum together all of the� " e f e fk k k kn n

 terms in b , in order, until you include all of the terms a , and let N  be the largest index in thee f e fk k k kn n
N
n 1
"

œ #

 sum   b  so obtained.  Then   b M  as well  b  converges to M.! ! !k k k k k kº ºN N

n 1 n 1 n 1

# #

œ œ œ

_

n n n� � Ê%

10.7  POWER SERIES

 1.  lim   1   lim   1  x 1  1 x 1; when x 1 we have  ( 1) , a divergent
n nÄ _ Ä _

¹ ¹ ¹ ¹ k k !u
u x

xn 1

n

n 1

n
�

�

� Ê � Ê � Ê � � � œ � �
_

œn 1

n

 series; when x 1 we have  1, a divergent seriesœ !_
œn 1

 (a) the radius is 1; the interval of convergence is 1 x 1� � �

 (b) the interval of absolute convergence is 1 x 1� � �

 (c) there are no values for which the series converges conditionally

 2.  lim   1   lim   1  x 5 1  6 x 4; when x 6 we have
n nÄ _ Ä _

¹ ¹ ¹ ¹ k ku
u (x 5)

(x 5)n 1

n

n 1

n
�

�

� Ê � Ê � � Ê � � � � œ ��
�

  ( 1) , a divergent series; when x 4 we have  1, a divergent series! !_ _

œ œn 1 n 1
� œ �n

 (a) the radius is 1; the interval of convergence is 6 x 4� � � �

 (b) the interval of absolute convergence is 6 x 4� � � �

 (c) there are no values for which the series converges conditionally

 3.  lim   1   lim   1  4x 1 1  1 4x 1 1 x 0; when x  we
n nÄ _ Ä _

¹ ¹ ¹ ¹ k ku
u (4x 1)

(4x 1)n 1

n

n 1

n
�

�

� Ê � Ê � � Ê � � � � Ê � � � œ ��
� # #

" "

 have ( 1) ( 1)  ( 1)  1 , a divergent series; when x 0 we have  ( 1) (1) ( 1) ,! ! ! ! !_ _ _ _ _

œ œ œ œ œn 1 n 1 n 1 n 1 n 1
� � œ � œ œ � œ �n n 2n n n n n

 a divergent series

 (a) the radius is ; the interval of convergence is x 0" "
#4 � � �

 (b) the interval of absolute convergence is x 0� � �"
#

 (c) there are no values for which the series converges conditionally

 4.  lim   1   lim   1  3x 2   lim  1  3x 2 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k kˆ ‰u
u n 1 (3x 2) n 1

(3x 2) n nn 1

n

n 1

n
�

�

� Ê � Ê � � Ê � ��
� � �†

  1 3x 2 1  x 1; when x  we have    which is the alternating harmonic series and isÊ � � � � Ê � � œ" " �"
3 3 n

( )!_
œn 1

n

 conditionally convergent; when x 1 we have   , the divergent harmonic seriesœ !_
œn 1

"
n

 (a) the radius is ; the interval of convergence is x 1" "
3 3 Ÿ �

 (b) the interval of absolute convergence is x 1"
3 � �

 (c) the series converges conditionally at x œ "
3

 5.  lim   1   lim   1  1  x 2 10  10 x 2 10
n nÄ _ Ä _

¹ ¹ ¹ ¹ k ku
u 10 (x 2) 10

(x 2) 10 x 2n 1

n

n 1

n 1 n

n
�

�

�� Ê � Ê � Ê � � Ê � � � ��
�

�
†

k k

  8 x 12; when x 8 we have   ( ) , a divergent series; when x 12 we have 1, a divergent seriesÊ � � � œ � �" œ! !_ _

œ œn 1 n 1

n

 (a) the radius is 0; the interval of convergence is 8 x 12" � � �

 (b) the interval of absolute convergence is 8 x 12� � �

 (c) there are no values for which the series converges conditionally
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 6.  lim   1   lim   1   lim   2x 1  2x 1  x ; when x  we have
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k ku
u (2x)

(2x)n 1

n

n 1

n
�

�

� Ê � Ê � Ê � Ê � � � œ �" " "
# # #

  ( ) , a divergent series; when x  we have 1, a divergent series! !_ _

œ œn 1 n 1
�" œn "

#

 (a) the radius is ; the interval of convergence is x" " "
# # #� � �

 (b) the interval of absolute convergence is x� � �" "
# #

 (c) there are no values for which the series converges conditionally

 7.  lim   1   lim   1  x   lim   1  x 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k ku
u (n 3) nx (n 3)(n)

(n 1)x (n 2) (n 1)(n 2)n 1

n

n 1

n
�

�

� Ê � Ê � Ê �� � � �
� �†

  1 x 1; when x 1 we have  ( )  , a divergent series by the nth-term Test; when x  weÊ � � � œ � �" œ "!_
œn 1

n n
n�#

 have  , a divergent series!_
œn 1

n
n�#

 (a) the radius is ; the interval of convergence is x" �" � � "

 (b) the interval of absolute convergence is x�" � � "

 (c) there are no values for which the series converges conditionally

 8.  lim   1   lim   1  x 2   lim  1  x 2 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k kˆ ‰u
u n 1 (x 2) n 1

(x 2) n nn 1

n

n 1

n
�

�

� Ê � Ê � � Ê � ��
� � �†

  1 x 2 1  3 x 1; when x 3 we have   , a divergent series; when x  we haveÊ � � � � Ê � � � � œ � œ �"!_
œn 1

"
n

   , a convergent series!_
œn 1

( 1)
n

� n

 (a) the radius is ; the interval of convergence is 3 x" � � Ÿ �"

 (b) the interval of absolute convergence is 3 x� � � �"

 (c) the series converges conditionally at x 1œ �

 9.  lim   1   lim   1   lim    lim   1
n n n nÄ _ Ä _ Ä _ Ä _

¹ ¹ ¹ ¹ Š ‹Š ‹Éu
u x 3 n 1 n 1

x n n
(n 1) n 1 3

n n 3 xn 1

n

n 1

n 1

n

n
�

�

�
� Ê � Ê �

� � � �È È k k
†

  (1)(1) 1  x 3  3 x 3; when x 3 we have  , an absolutely convergent series;Ê � Ê � Ê � � � œ �k kx
3

( )
nk k !_

œn 1

�" n

$Î#

 when x 3 we have   , a convergent p-seriesœ !_
œn 1

1
n$Î#

 (a) the radius is 3; the interval of convergence is 3 x 3� Ÿ Ÿ

 (b) the interval of absolute convergence is 3 x 3� Ÿ Ÿ

 (c) there are no values for which the series converges conditionally

10.  lim   1   lim   1  x 1  lim   1  x 1 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k kÉu
u (x 1) n 1

(x 1)
n 1

n nn 1

n

n 1

n
�

�

� Ê � Ê � � Ê � ��

� � �È È
†

  1 x 1 1  0 x 2; when x 0 we have   , a conditionally convergent series; when x 2Ê � � � � Ê � � œ œ!_
œn 1

( )
n
�" n

"Î#

 we have   , a divergent series!_
œn 1

1
n"Î#

 (a) the radius is 1; the interval of convergence is 0 x 2Ÿ �

 (b) the interval of absolute convergence is 0 x 2� �

 (c) the series converges conditionally at x 0œ

11.  lim   1   lim   1  x   lim  1 for all x
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k ˆ ‰u
u (n 1)! x n 1

x n!n 1

n

n 1

n
�

�

� Ê � Ê �� �
"

†

 (a) the radius is ; the series converges for all x_
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 (b) the series converges absolutely for all x
 (c) there are no values for which the series converges conditionally

12.  lim   1   lim   1  3 x   lim  1 for all x
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k ˆ ‰u
u (n 1)! 3 x n 1

3 x n!n 1

n

n 1 n 1

n n
�

� �

� Ê � Ê �� �
"

†

 (a) the radius is ; the series converges for all x_

 (b) the series converges absolutely for all x
 (c) there are no values for which the series converges conditionally

13.  lim   1   lim   1  x   lim  4x 1 x
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ˆ ‰u
u n 1 4 x n 1 4

4 x n 4n 1n 1

n

n 1 2n 2

n 2n
�

� �

� Ê � Ê œ � Ê �� �
# # #

†

  x ; when x  we have  , a divergent p-series; when x  we haveÊ � � � œ � � œ œ1 1 1 4 1 1 1
2 2 2 n 2 n 2

2n! !ˆ ‰_ _

œ œn 1 n 1

n

     , a divergent p-series! !ˆ ‰_ _

œ œn 1 n 1

4 1 1
n 2 n

2nn
œ

 (a) the radius is ; the interval of convergence is x1 1 1
2 2 2� � �

 (b) the interval of absolute convergence is x� � �1 1
2 2

 (c) there are no values for which the series converges conditionally

14.  lim   1   lim   1  x 1   lim  x 1 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ Š ‹u
u (x 1) 3

(x 1)
n 1 3 3 n 1

n 3 n 1n 1

n

n 1

2 n 2n 1

2 n 2
�

�

�
� Ê � Ê l � l œ l � l ��

� ��a b a b†

 2 x 4; when x 2 we have , an absolutely convergent series; when x 4 we haveÊ � � � œ � œ œ! !_ _

œ œn 1 n 1

( 3) ( 1)
n 3 n
� �n n

2 n 2

 , an absolutely convergent series.! !_ _

œ œn 1 n 1

(3)
n 3 n

1n

2 n 2œ

 (a) the radius is 3; the interval of convergence is 2 x 4� Ÿ Ÿ

 (b) the interval of absolute convergence is 2 x 4� Ÿ Ÿ

 (c) there are no values for which the series converges conditionally

15.  lim   1   lim   1  x   lim     x 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k kÉu
u x n 2n 4

x n 3
(n 1) 3

n 3n 1

n

n 1

n
�

�

#

# #

#� Ê � Ê � " Ê �È È
� �

� �
� �†

  1 x 1; when x 1 we have   , a conditionally convergent series; when x 1 we haveÊ � � � œ � œ!_
œn 1

( )
n 3
�"

�

nÈ #

   , a divergent series!_
œn 1

"

�Èn 3#

 (a) the radius is 1; the interval of convergence is 1 x 1� Ÿ �

 (b) the interval of absolute convergence is 1 x 1� � �

 (c) the series converges conditionally at x 1œ �

16.  lim   1   lim   1  x   lim     x 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k kÉu
u x n 2n 4

x n 3
(n 1) 3

n 3n 1

n

n 1

n
�

�

#

# #

#� Ê � Ê � " Ê �È È
� �

� �
� �†

  1 x 1; when x 1 we have   , a divergent series; when x 1 we have   ,Ê � � � œ � œ! !_ _

œ œn 1 n 1

"

� �

�"È Èn 3 n 3
( )

# #

n

 a conditionally convergent series
 (a) the radius is 1; the interval of convergence is 1 x 1� � Ÿ

 (b) the interval of absolute convergence is 1 x 1� � �

 (c) the series converges conditionally at x 1œ
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17.  lim   1   lim   1    lim  1  1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ˆ ‰u
u 5 n(x 3) 5 n 5

(n 1)(x 3) 5 nx 3 x 3n 1

n

n 1

n 1 n

n
�

�

�� Ê � Ê � Ê �� �
�

� ��"
†

k k k k

  x 3 5  5 x 3 5  8 x 2; when x 8 we have    ( 1) n, a divergentÊ � � Ê � � � � Ê � � � œ � œ �k k ! !_ _

œ œn 1 n 1

n( 5)
5
� n

n
n

 series; when x 2 we have   n, a divergent seriesœ œ! !_ _

œ œn 1 n 1

n5
5

n

n

 (a) the radius is 5; the interval of convergence is 8 x 2� � �

 (b) the interval of absolute convergence is 8 x 2� � �

 (c) there are no values for which the series converges conditionally

18.  lim   1   lim   1    lim  1  x 4
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ¹ ¹ k ku
u 4 n 2n 2 nx 4 n n 2n 2

(n 1)x 4 n 1 (n 1) n 1xn 1

n

n 1

n 1 n

n
�

�

� # #

# #

� Ê � Ê � Ê ��
� � � �

� � �a b a ba b a bk k
†

  4 x 4; when x 4 we have   , a conditionally convergent series; when x 4 we have   ,Ê � � � œ � œ! !_ _

œ œn 1 n 1

n( 1)
n 1 n 1

n�
� �

n

# #

 a divergent series
 (a) the radius is 4; the interval of convergence is 4 x 4� Ÿ �

 (b) the interval of absolute convergence is 4 x 4� � �

 (c) the series converges conditionally at x 4œ �

19.  lim   1   lim   1    lim  1  1  x 3
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ É ˆ ‰ k ku
u 3 3 n 3

n 1 x x x3 n 1
n x

n 1

n

n 1

n 1

n

n
�

�

�� Ê � Ê � Ê � Ê �
È È k k k k� �

†

 3 x 3; when x 3 we have  ( 1) n , a divergent series; when x 3 we have   n, a divergent seriesÊ � � � œ � � œ! !È È_ _

œ œn 1 n 1

n

 (a) the radius is 3; the interval of convergence is 3 x 3� � �

 (b) the interval of absolute convergence is 3 x 3� � �

 (c) there are no values for which the series converges conditionally

20.  lim   1   lim   1  2x 5   lim  1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ Š ‹k ku
u

n  1 (2x 5) n  1
n (2x 5) n

n 1

n

n 1 n 1n 1

n nn
�

� ��

� Ê � Ê � �
È ÈÈ È� � �

�

  2x 5  1  2x 5 1  1 2x 5 1  3 x 2; when x 3 we haveÊ � � Ê � � Ê � � � � Ê � � � � œ �k k k kŒ � lim  t

 lim  n
t

n

Ä_

Ä_

È
È
t

n

 ( 1) n, a divergent series since  lim  n 1; when x 2 we have n, a divergent series! !È È È_ _

œ œn 1 n 1
� œ œ �n n n

n Ä _

 (a) the radius is ; the interval of convergence is 3 x 2"
# � � � �

 (b) the interval of absolute convergence is 3 x 2� � � �

 (c) there are no values for which the series converges conditionally

21. First, rewrite the series as   2 ( 1) x 1  2 x 1  ( 1) x 1 . For the series! ! !a ba b a b a b_ _ _

œ œ œn 1 n 1 n 1
� � � œ � � � �n nn 1 n 1 n 1� � �

  2 x 1 :  lim   1  lim   1 x 1  lim   1 x 1 1 2 x 0; For the! a b ¹ ¹ ¹ ¹_

œn 1
� � Ê � Ê l � l œ l � l � Ê � � �n 1 2 x 1u

u 2 x 1
� �

�n n nÄ _ Ä _ Ä _
n 1

n

n

n 1
�

�

a ba b
 series  ( 1) x 1 :  lim   1  lim   1 x 1  lim   1 x 1 1! a b ¹ ¹ ¹ ¹_

œn 1
� � � Ê � Ê l � l œ l � l �n n 1 ( 1) x 1u

u ( 1) x 1
� � �

� �n n nÄ _ Ä _ Ä _
n 1

n

n 1 n

n n 1
�

�

�

a ba b
 2 x 0; when x 2 we have  2 ( 1) 1 , a divergent series; when x 0 we haveÊ � � � œ � � � � œ! a ba b_

œn 1

n n 1�

   2 ( 1) , a divergent series! a b_

œn 1
� � n

 (a) the radius is 1; the interval of convergence is 2 x 0� � �

 (b) the interval of absolute convergence is 2 x 0� � �

 (c) there are no values for which the series converges conditionally
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22.  lim   1  lim   1 x 2  lim   9 x 2 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹u
u 3 n 1 n 1

( 1) 3 x 2 3n 9n
( 1) 3 x 2

n 1

n

n 1 2n 2 n 1

n 2n n
�

� � �

� Ê † � Ê l � l œ l � l �� �
� �� �
a ba b a b

 x ; when x  we have   , a divergent series; when x  we haveÊ � � œ � œ œ17 19 17 1 1 19
9 9 9 3n 9 3n 9

( 1) 3 n! !ˆ ‰_ _

œ œn 1 n 1

� n 2n

    , a conditionally convergent series.! !ˆ ‰_ _

œ œn 1 n 1

( 1) 3 ( 1)
3n 9 3n

1 n� �n 2n n

œ

 (a) the radius is ; the interval of convergence is x1 17 19
9 9 9� Ÿ

 (b) the interval of absolute convergence is x17 19
9 9� �

 (c) the series converges conditionally at x œ 19
9

23.  lim   1   lim   1  x  1  x 1  x 1
n nÄ _ Ä _

¹ ¹ » » � �k k k k k kˆ ‰u
u e

1 x  lim  1

1 x  lim  1

en 1

n n

n 1 t
n 1

n n
�

�
�

� Ê � Ê � Ê � Ê �
Š ‹ Š ‹

Š ‹ Š ‹
� �

� �

" "

�

" "

n 1 t

n n

t

n

Ä_

Ä_

  1 x 1; when x 1 we have  ( 1) 1 , a divergent series by the nth-Term Test sinceÊ � � � œ � � �! ˆ ‰_

œn 1

n
n

n"

  lim  1 e 0; when x 1 we have  1 , a divergent series
n Ä _

ˆ ‰ ˆ ‰!� œ Á œ �" "
n n

n n_

œn 1

 (a) the radius is ; the interval of convergence is 1 x 1" � � �

 (b) the interval of absolute convergence is 1 x 1� � �

 (c) there are no values for which the series converges conditionally

24.  lim   1   lim   1  x   lim   1  x   lim  1  x 1
n n n nÄ _ Ä _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k k k kº º ˆ ‰u
u x  ln n n 1

ln (n 1)x nn 1

n

n 1

n
�

�

� Ê � Ê � Ê � Ê ��
�

ˆ ‰ˆ ‰
"

�

"

n 1

n

 1 x 1; when x 1 we have ( 1)  ln n, a divergent series by the nth-Term Test since  lim  ln n 0;Ê � � � œ � � Á!_
œn 1

n
n Ä _

 when x 1 we have  ln n, a divergent seriesœ !_
œn 1

 (a) the radius is 1; the interval of convergence is 1 x 1� � �

 (b) the interval of absolute convergence is 1 x 1� � �

 (c) there are no values for which the series converges conditionally

25.  lim   1   lim   1  x   lim  1  lim  (n 1) 1
n n n nÄ _ Ä _ Ä _ Ä _

¹ ¹ ¹ ¹ Š ‹Š ‹k k ˆ ‰u
u n x n

(n 1) x nn 1

n

n 1 n 1

n n
�

� �

� Ê � Ê � � �� "

  e x   lim  (n 1) 1  only x 0 satisfies this inequalityÊ � � Ê œk k
n Ä _

 (a) the radius is 0; the series converges only for x 0œ

 (b) the series converges absolutely only for x 0œ

 (c) there are no values for which the series converges conditionally

26.  lim   1   lim   1  x 4   lim  (n 1) 1  only x 4 satisfies this inequality
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k ku
u n! (x 4)

(n 1)! (x 4)n 1

n

n 1

n
�

�

� Ê � Ê � � � Ê œ� �
�

 (a) the radius is 0; the series converges only for x 4œ

 (b) the series converges absolutely only for x 4œ

 (c) there are no values for which the series converges conditionally

27.  lim   1   lim   1    lim  1  1  x 2 2
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ˆ ‰ k ku
u (n 1) 2 (x 2) n 1

(x 2) n2 nx 2 x 2n 1

n

n 1

n 1 n

n
�

�

�� Ê � Ê � Ê � Ê � ��
� � # � #

� �
†

k k k k

  2 x 2 2  4 x 0; when x 4 we have , a divergent series; when x 0 we have ,Ê � � � � Ê � � � œ � œ! !_ _

œ œn 1 n 1

�" �
n n

( 1)n 1�

 the alternating harmonic series which converges conditionally
 (a) the radius is 2; the interval of convergence is 4 x 0� � Ÿ

 (b) the interval of absolute convergence is 4 x 0� � �

 (c) the series converges conditionally at x 0œ
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28.  lim   1   lim   1  2 x 1   lim  1  2 x 1 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k kˆ ‰u
u ( 2) (n 1)(x 1) n 1

( 2) (n 2)(x 1) n 2n 1

n

n 1 n 1

n n
�

� �

� Ê � Ê � � Ê � �� � �
� � � �

�

  x 1   x 1   x ; when x  we have (n 1) , a divergent series; when xÊ � � Ê � � � � Ê � � œ � œk k !" " " " "
# # # # # # #

3 3
_

œn 1

 we have ( 1) (n 1), a divergent series!_
œn 1

n� �

 (a) the radius is ; the interval of convergence is x" "
# # #� � 3

 (b) the interval of absolute convergence is x"
# #� � 3

 (c) there are no values for which the series converges conditionally

29.  lim   1   lim   1   x    lim   lim   1
n n n nÄ _ Ä _ Ä _ Ä _

¹ ¹ ¹ ¹ Š ‹Š ‹k ku
u x n 1 ln (n 1)

x n ln n
(n 1) ln (n 1)

n(ln n)n 1

n

n 1

n
�

�

#

#

� Ê � Ê �
� � � �

#

a b †

  x (1)  lim   1  x   lim   1  x 1  1 x 1; when x 1 we haveÊ � Ê � Ê � Ê � � � œ �k k k k k kŒ � Š ‹n nÄ _ Ä _

ˆ ‰ˆ ‰
"

"

�

n

n 1

#
�

#
n 1

n

   which converges absolutely; when x 1 we have    which converges! !_ _

œ œn 1 n 1

( 1)
n(ln n) n(ln n)
� "n

# #œ

 (a) the radius is ; the interval of convergence is 1 x 1" � Ÿ Ÿ

 (b) the interval of absolute convergence is 1 x 1� Ÿ Ÿ

 (c) there are no values for which the series converges conditionally

30.  lim   1   lim   1   x    lim   lim   1
n n n nÄ _ Ä _ Ä _ Ä _

¹ ¹ ¹ ¹ Š ‹Š ‹k ku
u (n 1) ln (n 1) x n 1 ln (n 1)

x nn ln (n) ln (n)n 1

n

n 1

n
�

�

� Ê � Ê �� � � �†

  x (1)(1) 1  x 1  1 x 1; when x 1 we have   , a convergent alternating series;Ê � Ê � Ê � � � œ �k k k k !_
œn 2

( 1)
n ln n
� n

 when x 1 we have    which diverges by Exercise 38, Section 9.3œ !_
œn 2

"
n ln n

 (a) the radius is ; the interval of convergence is 1 x 1" � Ÿ �

 (b) the interval of absolute convergence is 1 x 1� � �

 (c) the series converges conditionally at x 1œ �

31.  lim   1   lim   1   (4x 5)  lim  1  (4x 5) 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ Š ‹u
u (4x 5) n 1

(4x 5)
(n 1)

n nn 1

n

2n 3

2n 1
�

�

$Î#

$Î#

�� Ê � Ê � � Ê � ��
� � �

# #
$Î#

†

  4x 5 1  1 4x 5 1  1 x ; when x 1 we have       which isÊ � � Ê � � � � Ê � � œ œk k ! !3 ( 1)
n n#

� �"
_ _

œ œn 1 n 1

2n 1�

$Î# $Î#

 absolutely convergent; when x  we have  , a convergent p-seriesœ 3 ( )
n#
"!_

œn 1

2n 1�

$Î#

 (a) the radius is ; the interval of convergence is 1 x"
#4
3Ÿ Ÿ

 (b) the interval of absolute convergence is 1 xŸ Ÿ 3
#

 (c) there are no values for which the series converges conditionally

32.  lim   1   lim   1   3x 1   lim  1  3x 1 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k kˆ ‰u
u 2n 4 (3x 1) 2n 4

(3x 1) 2n 2 2n 2n 1

n

n 2

n 1
�

�

�� Ê � Ê � � Ê � ��
� � �

� �
†

  1 3x 1 1  x 0; when x  we have  , a conditionally convergent series;Ê � � � � Ê � � � œ �2 2
3 3 2n 1

( 1)!_
œn 1

�
�

n 1�

 when x 0 we have     , a divergent seriesœ œ! !_ _

œ œn 1 n 1

( )
2n 1 n 1
"
� # �

"n 1�

 (a) the radius is ; the interval of convergence is x 0"
3 3

2� Ÿ �

 (b) the interval of absolute convergence is x 0� � �2
3

 (c) the series converges conditionally at x œ � 2
3
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33.  lim   1   lim   1   x   lim  1 for all x
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k ˆ ‰u
u 2 4 6 2n 2 n 1 x 2n 2

x 12 4 6 2nn 1

n

n 1

n
�

�

� Ê � Ê �† † â � �
† † âa ba ba b a b

†

 (a) the radius is ; the series converges for all x_

 (b) the series converges absolutely for all x
 (c) there are no values for which the series converges conditionally

34.  lim   1   lim   1 x   lim  1 
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ Š ‹k ku
u 3 5 7 2n 1 x

3 5 7 2n 1 2 n 1 1 x 2n 3 n
n 1 2 2 n 1

n 2n 1

n

n 2 2

2 n 1 2n 1

2 n
�

�

� �� Ê � Ê �† † â � � � �

� �† † â �
a ba b a ba ba b a ba b† Ê  only

 x 0 satisfies this inequalityœ

 (a) the radius is 0; the series converges only for x 0œ

 (b) the series converges absolutely only for x 0œ

 (c) there are no values for which the series converges conditionally

35. For the series  x , recall 1 2 n  and 1 2 n  so that we can!_
œn 1

1 2 n
1 2 n 2 6

n 2 2 2n n 1 n n 1 2n 1� �â�
� �â�

� � �
2 2 2 � � â� œ � � â� œa b a ba b

 rewrite the series as  x  x ; then  lim   1   lim   ! !Œ � ˆ ‰ ¹ ¹ ¹ ¹_ _

œ œn 1 n 1

n n 1
2

n n 1 2n 1
6

n 1

n

n 1a b

a ba b

�

� �

�
�n n3 3x

2n 1 u 2 n 1 1
u 2nœ � Ê� � �n nÄ _ Ä _ a ba b a b

†

� 1
3xn � 1

 x    lim   1 x 1 1 x 1; when x 1 we have  1 , a conditionallyÊ � Ê � Ê � � � œ � �k k k k a b¹ ¹ ! ˆ ‰
n Ä _

a ba b2n 1 n
2n 3 2n 1

3�
� �

_

œn 1

 convergent series; when x 1 we have  , a divergent series.œ ! ˆ ‰_

œn 1

3
2n 1�

 (a) the radius is 1; the interval of convergence is 1 x 1� Ÿ �

 (b) the interval of absolute convergence is 1 x 1� � �

 (c) the series converges conditionally at x 1œ �

36. For the series  n 1 n x 3 , note that n 1 n   so that we! Š ‹È ÈÈ Èa b_

œn 1
� � � � � œ † œn n 1 n n 1 n

1 n 1 n n 1 n
1È ÈÈ ÈÈ ÈÈ È� � � �

� � � �

 can rewrite the series as  ; then   lim   1  lim   1! ¹ ¹ ¹ ¹_

œn 1

a b a bÈ È ÈÈ
È Èa bx 3 x 3

n 1 n n 2 n 1
u
u

n 1 n
x 3

� �

� � � � �

� �

�

n n 1
n 1

n
nn nÄ _ Ä _

�

�

� Ê �†

 x 3  lim   1 x 3 1 2 x 4; when x 2 we have  , a conditionallyÊ l � l � Ê l � l � Ê � � œ
n Ä _

È ÈÈ È È a b Èn 1 n

n 2 n 1 n 1 n
1� �

� � � � �

�!_
œn 1

n

 convergent series; when x 4 we have  , a divergent series;œ !_
œn 1

1
n 1 nÈ È� �

 (a) the radius is 1; the interval of convergence is 2 x 4Ÿ �

 (b) the interval of absolute convergence is 2 x 4� �

 (c) the series converges conditionally at x 2œ

37.  lim   1  lim   1 x  lim   1 1 x 3 R 3
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ¹ ¹u
u 3 6 9 3n 3 n 1 n x 3 n 1 3

n 1 x 3 6 9 3n n 1 xn 1

n

n 1

n
�

�

� Ê � Ê l l � Ê � Ê l l � Ê œa b a b a ba ba b a ba b� x † † â �
† † â � x �

l l
†

38.  lim   1  lim   1 x  lim
n n nÄ _ Ä _ Ä

¹ ¹ ¹ ¹u
u

2 4 6 2n 2 n 1 x 2 5 8 3n 1
2 5 8 3n 1 3 n 1 1 2 4 6 2n x

n 1

n

2 2n 1

2 2 n
�

�

� Ê � Ê l la b a ba ba b a ba ba b a ba ba b a ba b† † â � † † â �

† † â � � � † † â
†

_
  1 1¹ ¹a ba b2n 2

3n 2
4 x

9
�

�

l l2

2 � Ê �

 x RÊ l l � Ê œ9 9
4 4

39.  lim   1  lim   1 x  lim   1 1 x 8
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ¹ ¹u
u 2 2 n 1 2 2n 2 2n 1 8

n 1 x 2 2n n 1
n x

xn 1

n

2 2n 1 n

n 1 2 n
�

�

�� Ê � Ê l l � Ê � Ê l l � Êa b a b a ba ba b a ba ba b a b� x x �
� x � �x

l l
† R 8œ

40.  lim   u 1  lim   x 1 x  lim   1 x e 1 x e R e
n n nÄ _ Ä _ Ä _

È Éˆ ‰ ˆ ‰n n
2

n
n n

n 1 n 1
n nn 1� Ê � Ê l l � Ê l l � Ê l l � Ê œ� �

�
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41.  lim   1   lim   1   x   lim   3 1  x   x ; at x  we have
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹u
u 3 x 3 3 3 3

3 x 1 1 1 1n 1

n

n 1 n 1

n n
�

� �

� Ê � Ê l l � Ê l l � Ê � � � œ �

  3  1 , which diverges; at x  we have  3  1 , which diverges. The series  3 x! ! ! ! !ˆ ‰ ˆ ‰a b_ _ _ _ _

œ œ œ œ œn 0 n 0 n 0 n 0 n 0

n n n n1 1 1
3 3 3

n nn� œ � œ œ

  3x  is a convergent geometric series when x  and the sum is .œ � � �! a b_

œn 0

n 1 1 1
3 3 1 3x�

42.  lim   1   lim   1 e 4   lim   1 1 e 4 1 3 e 5 ln 3 x ln 5;
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹u
u

e 4
e 4

x x xn 1

n

x n 1

x n
�

�

� Ê � Ê l � l � Ê l � l � Ê � � Ê � �a ba b�
�

 at x ln 3 we have  e 4  1 , which diverges; at x ln 5 we have  e 4  1, whichœ � œ � œ � œ! ! ! !ˆ ‰ ˆ ‰a b_ _ _ _

œ œ œ œn 0 n 0 n 0 n 0

ln 3 ln 5n nn

 diverges. The series  e 4  is a convergent geometric series when ln 3 x ln 5 and the sum is .! a b_

œn 0

x n 1 1
1 e 4 5 e� � � œ� � �a bx x

43.  lim   1   lim   1     lim   1 1  (x 1) 4  x 1 2
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k ku
u 4 (x 1) 4

(x 1) (x 1)4n 1

n

2n 2

n 1 2n

n
�

� #

�� Ê � Ê � Ê � � Ê � �� �
�

#
†

  2 x 1 2  1 x 3; at x 1 we have    1, which diverges; at x 3Ê � � � � Ê � � � œ � œ œ œ! ! !_ _ _

œ œ œn 0 n 0 n 0

( 2)
4 4

4� 2n

n n

n

 we have     1, a divergent series; the interval of convergence is 1 x 3; the series! ! !_ _ _

œ œ œn 0 n 0 n 0

2 4
4 4

2n n

n nœ œ � � �

     is a convergent geometric series when 1 x 3 and the sum is! ! Š ‹ˆ ‰_ _

œ œn 0 n 0

(x )
4

x 1
n

�" �
#

#2n

n œ � � �

 " "

�
� � � � �

1

4 4
4 x 2x 1 3 2x xŠ ‹ ’ “x 4 (x )

4
� "

#

� �" #
# # #œ œ œ

44.  lim   1   lim   1     lim  1 1  (x 1) 9  x 1 3
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k ku
u 9 (x 1) 9

(x 1) (x 1)9n 1

n

2n 2

n 1 2n

n
�

� #

�� Ê � Ê � Ê � � Ê � �� �
�

#
†

  3 x 1 3  4 x 2; when x 4 we have   1 which diverges; at x 2 we haveÊ � � � � Ê � � � œ � œ œ! !_ _

œ œn 0 n 0

( 3)
9

� 2n

n

    which also diverges; the interval of convergence is 4 x 2; the series! !_ _

œ œn 0 n 0

3
9

2n

n œ " � � �

    is a convergent geometric series when 4 x 2 and the sum is! ! Š ‹ˆ ‰_ _

œ œn 0 n 0

(x 1)
9 3

x 1
n

� � #2n

n œ � � �

 " "

�
� � � � �

1

9 9
9 x 2x 1 8 2x xŠ ‹ ’ “x 1

3
9 (x 1)

9
� � � ## # #œ œ œ

45.  lim   1   lim   1  x 2 2  2 x 2 2  0 x 4
n nÄ _ Ä _

¹ ¹ º º ¸ ¸È È Èu
u 2

x 2 2
x 2

n 1

n

n 1

n 1

n
n

�

�

�� Ê � Ê � � Ê � � � � Ê � �
ˆ ‰È ˆ ‰È�

�
†

  0 x 16; when x 0 we have  ( 1) , a divergent series; when x 16 we have  (1) , a divergentÊ � � œ � œ! !_ _

œ œn 0 n 0

n n

 series; the interval of convergence is 0 x 16; the series   is a convergent geometric series when� � ! Š ‹_

œn 0

Èx 2�

#

n

 0 x 16 and its sum is � � œ œ" "

�
�

1

2
4 xŒ � Œ � ÈÈ Èx 2 2 x 2� � �

# #

46.  lim   1   lim   1  ln x 1  1 ln x 1  e x e; when x e  or e we
n nÄ _ Ä _

¹ ¹ ¹ ¹ k ku
u (ln x)

(ln x)n 1

n

n 1

n
�

�

� Ê � Ê � Ê � � � Ê � � œ�" �"

 obtain the series  1  and  ( 1)  which both diverge; the interval of convergence is e x e;  (ln x)! ! !_ _ _

œ œ œn 0 n 0 n 0

n n
1 ln x� � � œ�" "
�

n

 when e x e�" � �
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47.  lim   1   lim   1    lim   1 1  1  x 2
n n nÄ _ Ä _ Ä _

¹ ¹ Š ‹º ºˆ ‰ k ku
u 3 x 1 3 3

x 1 3 x
n 1 n x 1n 1

n

�
# #

#

#

� Ê � Ê � Ê � Ê �� �"
�

�
� #

†

a b

  x 2  2 x 2 ; at x 2 we have  (1)  which diverges; the interval of convergence isÊ � Ê � � � œ „k k È È È È !_
œn 0

n

 2 x 2 ; the series   is a convergent geometric series when 2 x 2 and its sum is� � � � � �È È È È! Š ‹_

œn 0

x 1
3

n
# �

 " "

� #�1

3
xŠ ‹ Š ‹x 1 3 x 1

3 3
# #� � �

œ œ #

48.  lim   1   lim   1  x 1 2  3 x 3 ; when x 3 we
n nÄ _ Ä _

¹ ¹ ¹ ¹ k k È È Èu
u 2

x 1 2
x 1

n 1

n

n 1

n 1

n
n

�
# �

� #� Ê � Ê � � Ê � � � œ „a b a b�
�

#
†

 have  1 , a divergent series; the interval of convergence is 3 x 3 ; the series   is a! !È È Š ‹_ _

œ œn 0 n 0

n � � � x 1
2

n
# �

 convergent geometric series when 3 x 3 and its sum is � � � œ œÈ È " "

� �1

2
3 xŠ ‹ � �x 1

2
2 x 1#� � �#

#

Š ‹ #

49.  lim   1  x 3 2  1 x 5; when x 1 we have  (1)  which diverges;
n Ä _

¹ ¹ k k !(x 3) 2
(x 3)

n�
# �

n 1

n 1 n

n�

� † � Ê � � Ê � � œ
_

œn 1

 when x 5 we have ( 1)  which also diverges; the interval of convergence is 1 x 5; the sum of thisœ � � �!_
œn 1

n

 convergent geometric series is .  If f(x) 1 (x 3) (x 3) (x 3)" " " "

� � # #
#

1

2
x 1 4

n nŠ ‹x 3�
#

œ œ � � � � �á � � � �áˆ ‰
  then f (x) (x 3) n(x 3)  is convergent when 1 x 5, and divergesœ œ � � � �á � � � �á � �2

x 1
n n 1

� # # #
w �" " "ˆ ‰

 when x 1 or 5.  The sum for f (x) is , the derivative of .œ w �
� �

2 2
(x 1) x 1#

50. If f(x) 1 (x 3) (x 3) (x 3)  then f(x) dxœ � � � � �á � � � �á œ" " "
# # �

#
4 x 1

n n 2ˆ ‰ '

 x   .  At x 1 the series  diverges; at x 5œ � � �á � � �á œ œ(x 3) (x 3) (x 3)
4 12 n 1 n 1

n 2� � �" �
# � �

# $ �ˆ ‰ !n 1 _

œn 1

 the series  converges.  Therefore the interval of convergence is 1 x 5 and the sum is!_
œn 1

( 1) 2
n 1
�
�

n

� Ÿ

 2 ln x 1 (3 ln 4), since  dx 2 ln x 1 C, where C 3 ln 4 when x 3.k k k k� � � œ � � œ � œ' 2
x 1�

51. (a) Differentiate the series for sin x to get cos x 1œ � � � � � �á3x 5x 7x 9x 11x
3! 5! 7! 9! 11!

# % ' ) "!

 1  .  The series converges for all values of x sinceœ � � � � � �áx x x x x
! 4! 6! 8! 10!

# % ' ) "!

#

  lim   x   lim  0 1 for all x.
n nÄ _ Ä _

¹ ¹ Š ‹x
(2n 2)! x 2n 1 2n 2

n ! 22n 2�

#8� � �
# "

†

a b a ba bœ œ �

 (b) sin 2x 2x 2xœ � � � � � �á œ � � � � � �á2 x 2 x 2 x 2 x 2 x 8x 32x 128x 512x 2048x
3! 5! 7! 9! 11! 3! 5! 7! 9! 11!

$ $ & & ( ( * * "" "" $ & ( * ""

 (c) 2 sin x cos x 2 (0 1) (0 0 1 1)x 0 1 0 0 1 x 0 0 1 0 0 1 xœ � � � � � � � � �� ˆ ‰ ˆ ‰
† † † † † † † † † †

�" " "
# #

# $
3!

 0 1 0 0 0 0 1 x 0 0 1 0 0 0 0 1 x� � � � � � � � � � �ˆ ‰ ˆ ‰
† † † † † † † † † † †

" " " " " " "
# #

% &
4! 3! 4! 3! 5!

 0 1 0 0 0 0 0 0 1 x 2 x� � � � � � � �á œ � � �á‘ˆ ‰ ’ “† † † † † † †

" " " " "
#

'
6! 4! 3! 5! 3! 5!

4x 16x$ &

 2xœ � � � � � �á2 x 2 x 2 x 2 x 2 x
3! 5! 7! 9! 11!

$ $ & & ( ( * * "" ""

52. (a) e 1 1 x e ; thus the derivative of e  is e  itselfd 2x 3x 4x 5x x x x
x 2! 3! 4! 5! ! 3! 4!

x x x xa b œ � � � � �á œ � � � � �á œ
# $ % # $ %

#

 (b) e  dx e C x C, which is the general antiderivative of e' x x x x x x
3! 4! 5!œ � œ � � � � �á �

# $ % &

#
x

 (c) e 1 x  ; e e 1 1 (1 1 1 1)x 1 1 1 1 x� #
# # #

" "x x x x x
! 3! 4! 5! ! !œ � � � � � �á œ � � � � �
# $ % &

�x x
† † † † † † †

ˆ ‰
 1 1 1 1 x 1 1 1 1 x� � � � � � � � �ˆ ‰ ˆ ‰

† † † † † † † † †

" " " " " " " " " "
# # # #

$ %
3! ! ! 3! 4! 3! ! ! 3! 4!

 1 1 1 1 x 1 0 0 0 0 0� � � � � � �á œ � � � � � �áˆ ‰
† † † † † †

" " " " " " " "
# #

&
5! 4! ! 3! 3! ! 4! 5!
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 Section 10.8 Taylor and Maclaurin Series 617

53. (a) ln sec x C tan x dx x  dxk k Š ‹� œ œ � � � � �á' ' x 2x 17x 62x
3 15 315 2835

$ & ( *

 C; x 0  C 0  ln sec x ,œ � � � � �á � œ Ê œ Ê œ � � � � �áx x x 17x 31x x x x 17x 31x
1 45 2520 14,175 12 45 2520 14,175

# % ' ) "! # % ' ) "!

# # #k k
 converges when x� � �1 1

# #

 (b) sec x x 1 x , converges# #œ œ � � � � �á œ � � � � �ád(tan x)
dx dx 3 15 315 2835 3 45 315

d x 2x 17x 62x 2x 17x 62xŠ ‹$ & ( * % ' )

 when x� � �1 1

# #

 (c) sec x (sec x)(sec x) 1 1#
# #œ œ � � � �á � � � �áŠ ‹Š ‹x 5x 61x x 5x 61x

24 720 24 720

# % ' # % '

 1 x x xœ � � � � � � � � � �áˆ ‰ ˆ ‰ ˆ ‰" " "
# #

# % '5 5 61 5 5 61
24 4 24 720 48 48 720

 1 x , xœ � � � � �á � � �#
# #

2x 17x 62x
3 45 315

% ' )
1 1

54. (a) ln sec x tan x C sec x dx 1  dxk k Š ‹� � œ œ � � � �á' ' x 5x 61x
2 24 720

# % '

 x C; x 0  C 0  ln sec x tan xœ � � � � �á � œ Ê œ Ê �x x 61x 277x
6 24 5040 72,576

$ & ( * k k
 x , converges when xœ � � � � �á � � �x x 61x 277x

6 24 5040 72,576

$ & ( *
1 1

# #

 (b) sec x tan x 1 x , convergesœ œ � � � �á œ � � � �ád(sec x)
dx dx 24 720 6 120 1008

d x 5x 61x 5x 61x 277xŠ ‹# % ' $ & (

#

 when x� � �1 1

# #

 (c) (sec x)(tan x) 1 xœ � � � �á � � � �áŠ ‹Š ‹x 5x 61x x 2x 17x
24 720 3 15 315

# % ' $ & (

#

 x x x x x ,œ � � � � � � � � � �á œ � � � �áˆ ‰ ˆ ‰ ˆ ‰" " " "
#

$ & (
3 15 6 24 315 15 72 720 6 120 1008

2 5 17 5 61 5x 61x 277x$ & (

 x� � �1 1

# #

55. (a) If f(x)  a x , then f (x)  n(n 1)(n 2) (n (k 1)) a x  and f (0) k!aœ œ � � â � � œ! !_ _

œ œn 0 n k
n n k

n k n k kÐ Ñ � Ð Ñ

  a ; likewise if f(x)  b x , then b   a b  for every nonnegative integer kÊ œ œ œ Ê œk n k k k
f (0) f (0)

k! k!
nÐ Ñ Ð Ñk k!_

œn 0

 (b) If f(x)  a x  0 for all x, then f (x) 0 for all x  from part (a) that a 0 for every nonnegative integer kœ œ œ Ê œ!_
œn 0

n k
n kÐ Ñ

10.8  TAYLOR AND MACLAURIN SERIES

 1. f(x) e , f (x) 2e , f (x) 4e , f (x) 8e ; f(0) e , f (0) 2, f (0) 4,  f (0) 8  P (x) 1,œ œ œ œ œ œ " œ œ œ Ê œ2x 2x 2x 2x 2 0w ww www w ww www
!

a b
 P (x) 1 2x, P (x) 1 x 2x , P (x) 1 x 2x x" # $

# #œ � œ � � œ � � � 4
3

3

 2. f(x) sin x, f (x) cos x , f (x) sin x , f (x) cos x; f(0) sin 0 0, f (0) 1, f (0) 0,  f (0) 1œ œ œ � œ � œ œ œ œ œ �w ww www w ww www

   P (x) 0, P (x) x, P (x) x, P (x) x xÊ œ œ œ œ �! " # $
1
6

3

 3. f(x) ln x, f (x) , f (x) , f (x) ; f(1) ln 1 0, f (1) 1, f (1) 1,  f (1) 2  P (x) 0,œ œ œ � œ œ œ œ œ � œ Ê œw ww www w ww www" "
!x x x

2
# $

 P (x) (x 1), P (x) (x 1) (x 1) , P (x) (x 1) (x 1) (x 1)" # $
" " "
# #

# # $œ � œ � � � œ � � � � �3

 4. f(x) ln (1 x), f (x) (1 x) , f (x) (1 x) , f (x) 2(1 x) ; f(0) ln 1 0,œ � œ œ � œ � � œ � œ œw �" ww �# www �$"
�1 x

 f (0) 1, f (0) (1) 1, f (0) 2(1) 2 P (x) 0, P (x) x, P (x) x , P (x) xw ww �# www �$
! " # $# #œ œ œ � œ � œ œ Ê œ œ œ � œ � �1 x x x

1 3

# # $

 5. f(x) x , f (x) x , f (x) 2x , f (x) 6x ; f(2) , f (2) , f (2) , f (x)œ œ œ � œ œ � œ œ � œ œ �" " " "�" w �# ww �$ www �% w ww www
#x 4 4 8

3

 P (x) , P (x) (x 2), P (x) (x 2) (x 2) ,Ê œ œ � � œ � � � �! " #
" " " " " "
# # #

#
4 4 8

 P (x) (x 2) (x 2) (x 2)$
" " " "
#

# $œ � � � � � �4 8 16
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 6. f(x) (x 2) , f (x) (x 2) , f (x) 2(x 2) , f (x) 6(x 2) ; f(0) (2) , f (0) (2)œ � œ � � œ � œ � � œ œ œ ��" w �# ww �$ www �% �" w �#"
#

 , f (0) 2(2) , f (0) 6(2)   P (x) , P (x) , P (x) ,œ � œ œ œ � œ � Ê œ œ � œ � �" " " " "ww �$ www �%
! " ## # #4 4 8 4 4 8

3 x x x#

 P (x)$
"
#œ � � �x x x

4 8 16

# $

 7. f(x) sin x, f (x) cos x, f (x) sin x, f (x) cos x; f sin , f cos ,œ œ œ � œ � œ œ œ œw ww www w
# #

ˆ ‰ ˆ ‰1 1 1 1

4 4 4 4
2 2È È

 f sin , f cos   P , P (x) x ,ww www
# # # # #! "ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1

4 4 4 4 4
2 2 2 2 2œ � œ � œ � œ � Ê œ œ � �

È È È È È
 P (x) x x , P (x) x x x# $# # # # #

# # $
œ � � � � œ � � � � � �

È È È È È È È2 2 2 2 2 2 2
4 4 4 4 4 4 1 4

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1

 8. f(x) tan x, f (x) sec  x, f (x) 2sec  x tan x, f (x) 2sec  x 4sec  x tan  x; f tan 1 ,œ œ œ œ � œ œw ww www2 2 4 2 2
4 4

ˆ ‰1 1

 f sec 2 , f 2sec tan 4 , f 2sec  4sec  tan 16 P (x) 1 ,w ww www
!ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1 1 1 1 1

4 4 4 4 4 4 4 4 4
2 2 4 2 2œ œ œ œ œ � œ Ê œ

 P (x) 1 2 x , P (x) 1 2 x 2 x , P (x) 1 2 x 2 x x" # $œ � � œ � � � � œ � � � � � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1 1

4 4 4 4 4 3 4
2 2 38

 9. f(x) x x , f (x) x , f (x) x , f (x) x ; f(4) 4 2,œ œ œ œ � œ œ œÈ ˆ ‰ ˆ ‰ ˆ ‰ È"Î# w �"Î# ww �$Î# www �&Î#" "
# 4 8

3

 f (4) 4 , f (4) 4 ,f (4) 4   P (x) 2, P (x) 2 (x 4),w �"Î# ww �$Î# www �&Î#" " " " "
# ! "œ œ œ � œ � œ œ Ê œ œ � �ˆ ‰ ˆ ‰ ˆ ‰

4 4 32 8 256 4
3 3

 P (x) 2 (x 4) (x 4) , P (x) 2 (x 4) (x 4) (x 4)# $
" " " " "# # $

#œ � � � � œ � � � � � �4 64 4 64 51

10. f(x) (1 x) , f (x) (1 x) , f (x) (1 x) , f (x) (1 x) ; f(0) (1) 1,œ � œ � � œ � � œ � � œ œ"Î# w �"Î# ww �$Î# www �&Î# "Î#" "
# 4 8

3

 f (0) (1) , f (0) (1) , f (0) (1)   P (x) 1,w �"Î# ww �$Î# www �&Î#" " " "
# # !œ � œ � œ � œ � œ � œ � Ê œ4 4 8 8

3 3

 P (x) 1 x, P (x) 1 x x , P (x) 1 x x x" # $
" " " " "# # $œ � œ � � œ � � �2 2 8 2 8 16

1

11. f(x) e , f (x) e , f (x) e , f (x) e   f (x) 1 e ; f(0) e , f (0) 1,œ œ � œ œ � Ê á œ � œ œ " œ �� w � ww � www � � � wx x x x x 0kÐ Ñk a b a b
 f (0) 1,  f (0) 1, f (0) ( 1)  e 1 x x x  xww www � # �œ œ � á ß œ � Ê œ � � � �á œÐ Ñk k x 3 n1 1

2 6 n!
( 1)!_

œn 0

n

12. f(x) x e , f (x) x e e , f (x) x e 2e , f (x) x e 3e   f (x) x e k e ; f(0) 0 e 0,œ œ � œ � œ � Ê á œ � œ œx x x x x x x x x 0w ww www Ð Ñk a b a b
 f (0) 1, f (0) 2,  f (0) 3,  f (0) k  x x x  xw ww www #

�œ œ œ á ß œ Ê � � �á œÐ Ñk 1 1
2 n 1 !

3 n!_
œn 0

a b

13. f(x) (1 x)   f (x) (1 x) , f (x) 2(1 x) , f (x) 3!(1 x)    f (x)œ � Ê œ � � œ � œ � � Ê á�" w �# ww �$ www �% Ð Ñk

 ( 1) k!(1 x) ; f(0) 1, f (0) 1, f (0) 2, f (0) 3!, f (0) ( 1) k!œ � � œ œ � œ œ � á ß œ �k k 1� � w ww www Ð Ñk k

  1 x x x  ( x)  ( 1) xÊ � � � �á œ � œ �# $ ! !_ _

œ œn 0 n 0

n n n

14. f(x)   f (x) , f (x) 6(1 x) , f (x) 18(1 x)    f (x) 3 k! (1 x) ; f(0) 2,œ Ê œ œ � œ � Ê á œ � œ2 x 3
1 x (1 x)
�
� �

w ww �$ www �%
#

Ð Ñ � �k k 1a b
 f (0) 3, f (0) 6, f (0) 18, f (0) 3 k!  2 3x 3x 3x 2  3xw ww www # $œ œ œ á ß œ Ê � � � �á œ �Ð Ñk a b !_

œn 1

n

15. sin x    sin 3x   3xœ Ê œ œ œ � � �á! ! !_ _ _

œ œ œn 0 n 0 n 0

( ) x ( ) (3x) ( ) 3 x
( n 1)! ( n 1)! ( n 1)! 3! 5!

3 x 3 x�" �" �"
# � # � # �

n 2n 1 n 2n 1 n 2n 1 2n 1� � � � $ $ & &

16. sin x    sin    œ Ê œ œ œ � � �á! ! !_ _ _

œ œ œn 0 n 0 n 0

( ) x ( ) x
( n 1)! ( n 1)! (2n 1)! 2 3! 2 5!

x x x x( )�" �"
# � # # � # � #

�"n 2n 1 n 2n 1n x 2n 1

2n 1

� �
#

�

� $ &

$ &ˆ ‰
† †

17. 7 cos ( x) 7 cos x 7  7 , since the cosine is an even function� œ œ œ � � � �á!_
œn 0

( ) x
(2n)! ! 4! 6!

7x 7x 7x�"
#

n 2n # % '
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18. cos x     5 cos x 5  5œ Ê œ œ � � � �á! !_ _

œ œn 0 n 0

( 1) x ( 1) ( x)
(2n)! ( n)! 2! 4! 6!

5 x 5 x 5 x� �
#

n 2n n 2n

1
1 1 1 1

# # % % ' '

19. cosh x 1 x 1 x 1œ œ � � � � �á � � � � � �á œ � � � �áe e x x x x x x x x x
! 3! 4! ! 3! 4! ! 4! 6!

x x� "
# # # # #

#� # $ % # $ % # % '’ “Š ‹ Š ‹
  œ !_

œn 0

x
(2n)!

2n

20. sinh x 1 x 1 x xœ œ � � � � �á � � � � � �á œ � � � �áe e x x x x x x x x x
! 3! 4! ! 3! 4! 3! 5! 6!

x x� "
# # # #

� # $ % # $ % $ & '’ “Š ‹ Š ‹
  œ !_

œn 0

x
(2n 1)!

2n 1�

�

21. f(x) x 2x 5x 4  f (x) 4x 6x 5, f (x) 12x 12x, f (x) 24x 12, f (x) 24œ � � � Ê œ � � œ � œ � œ% $ w $ # ww # www Ð Ñ4

  f (x) 0 if n 5; f(0) 4, f (0) 5, f (0) 0, f (0) 12, f (0) 24, f (0) 0 if n 5Ê œ   œ œ � œ œ � œ œ  Ð Ñ w ww www Ð Ñ Ð Ñn 4 n

  x 2x 5x 4 4 5x x x x 2x 5x 4Ê � � � œ � � � œ � � �% $ $ % % $12 24
3! 4!

22. f(x)   f (x) ; f (x) ;  f (x)   f (x) ; f(0) 0, f (0) 0, f (0) 2,œ Ê œ œ œ Ê œ œ œ œx 2x x 2 6
x 1 x 1 x 1 x 1 x 1

n 1 n# #

��
w ww www Ð Ñ w ww� �

� � � �

� xa b a b a b a ba b
2 3 4 n 1

n

 f (0) 6, f (0) 1 n  if n 2  x x x x  1 xwww Ð Ñ #œ � œ � x   Ê � � � � Þ Þ Þ œ �n 3 4 5 nn na b a b!_
œn 2

23. f(x) x 2x 4  f (x) 3x 2, f (x) 6x, f (x) 6  f (x) 0 if n 4; f(2) 8, f (2) 10,œ � � Ê œ � œ œ Ê œ   œ œ$ w # ww www Ð Ñ wn

 f (2) 12, f (2) 6, f (2) 0 if n 4  x 2x 4 8 10(x 2) (x 2) (x 2)ww www Ð Ñ $ # $œ œ œ   Ê � � œ � � � � � �n 12 6
2! 3!

 8 10(x 2) 6(x 2) (x 2)œ � � � � � �# $

24. f(x) 2x x 3x 8  f (x) 6x 2x 3, f (x) 12x 2, f (x) 12  f (x) 0 if n 4; f(1) 2,œ � � � Ê œ � � œ � œ Ê œ   œ �$ # w # ww www Ð Ñn

 f (1) 11, f (1) 14, f (1) 12, f (1) 0 if n 4  2x x 3x 8w ww www Ð Ñ $ #œ œ œ œ   Ê � � �n

 2 11(x 1) (x 1) (x 1) 2 11(x 1) 7(x 1) 2(x 1)œ � � � � � � � œ � � � � � � �14 12
2! 3!

# $ # $

25. f(x) x x 1  f (x) 4x 2x, f (x) 12x 2, f (x) 24x, f (x) 24, f (x) 0 if n 5;œ � � Ê œ � œ � œ œ œ  % # w $ ww # www Ð Ñ Ð Ñ4 n

 f( 2) 21, f ( 2) 36, f ( 2) 50, f ( 2) 48, f ( 2) 24, f ( 2) 0 if n 5  x x 1� œ � œ � � œ � œ � � œ � œ   Ê � �w ww www Ð Ñ Ð Ñ % #4 n

 21 36(x 2) (x 2) (x 2) (x 2) 21 36(x 2) 25(x 2) 8(x 2) (x 2)œ � � � � � � � � œ � � � � � � � �50 48 24
2! 3! 4!

# $ % # $ %

26. f(x) 3x x 2x x 2  f (x) 15x 4x 6x 2x, f (x) 60x 12x 12x 2,œ � � � � Ê œ � � � œ � � �& % $ # w % $ # ww $ #

 f (x) 180x 24x 12, f (x) 360x 24, f (x) 360, f (x) 0 if n 6; f( 1) 7,www # Ð Ñ Ð Ñ Ð Ñœ � � œ � œ œ   � œ �4 5 n

 f ( 1) 23, f ( 1) 82, f ( 1) 216, f ( 1) 384, f ( 1) 360, f ( 1) 0 if n 6w ww www Ð Ñ Ð Ñ Ð Ñ� œ � œ � � œ � œ � � œ � œ  4 5 n

  3x x 2x x 2 7 23(x 1) (x 1) (x 1) (x 1) (x 1)Ê � � � � œ � � � � � � � � � � �& % $ # # $ % &82 216 384 360
2! 3! 4! 5!

 7 23(x 1) 41(x 1) 36(x 1) 16(x 1) 3(x 1)œ � � � � � � � � � � �# $ % &

27. f(x) x   f (x) 2x , f (x) 3! x , f (x) 4! x   f (x) ( 1) (n 1)! x ;œ Ê œ � œ œ � Ê œ � ��# w �$ ww �% www �& Ð Ñ � �n n n 2

 f(1) 1, f (1) 2, f (1) 3!, f (1) 4!, f (1) ( 1) (n 1)! œ œ � œ œ � œ � � Êw ww www Ð Ñ "n n
x#

 1 2(x 1) 3(x 1) 4(x 1)  ( 1) (n 1)(x 1)œ � � � � � � �á œ � � �# $ !_
œn 0

n n

28. f(x)  f (x) 3(1 x) , f (x) 12(1 x) , f (x) 60 (1 x)   f (x) (1 x) ;œ Ê œ � œ � œ � Ê œ �1
1 x

4 5 6 n n 3n 2 !
2a b a b

�
w � ww � www � Ð Ñ � ��

3

 f 0 1, f 0 3, f 0 12, f 0 60, , f 0  1 3x 6x 10xa b a b a b a b a bœ œ œ œ á œ Ê œ � � � �áw ww www Ð Ñ #�

�
n 3n 2 !

2
1

1 x
a b a b3

   xœ !_
œn 0

a ba bn 2 n 1
2

n� �
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29. f(x) e   f (x) e , f (x) e   f (x) e ; f(2) e , f (2) e ,  f (2) eœ Ê œ œ Ê œ œ œ á œx x x n x nw ww Ð Ñ # w # Ð Ñ #

  e e e (x 2) (x 2) (x 2)   (x 2)Ê œ � � � � � � �á œ �x ne e e
3! n!

# # # $
#

# $ #!_
œn 0

30. f(x) 2   f (x) 2  ln 2, f (x) 2 (ln 2) , f (x) 2 (ln 2)   f (x) 2 (ln 2) ; f(1) 2, f (1) 2 ln 2,œ Ê œ œ œ Ê œ œ œx x x x 3 n x nw ww # www Ð Ñ w

 f (1) 2(ln 2) , f (1) 2(ln 2) , , f (1) 2(ln 2)ww # www $ Ð Ñœ œ á œn n

 2 2 (2 ln 2)(x 1) (x 1) (x 1)  Ê œ � � � � � � �á œx 32(ln 2) 2(ln 2) 2(ln 2) (x 1)
3! n!

#

#
# �3 n n!_

œn 0

31. f(x) cos 2x , f (x) 2 sin 2x , f (x) 4 cos 2x , f (x) 8 sin 2x ,œ � œ � � œ � � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1

2 2 2 2
w ww www

 f x 2  cos 2x  f x 2 sin 2x  . . ; f 1, f 0,  f 4, f 0, f 2 ,a b a b a b4 4 5 5 4 4
2 2 4 4 4 4 4a b a bˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰œ � ß œ � � ß œ � œ œ œ œ1 1 1 1 1 1 1w ww www

 f 0, . . ., f 1 2  cos 2x 1 2 x x . . .a b5 2n 2n
4 4 2 4 3 4

n 2 42ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b1 1 1 1 1œ œ � Ê � œ � � � � � �Ð Ñ

   xœ �! ˆ ‰_

œn 0

a ba b�
x

1 2
2n 4

2nn 2n
1

32. f(x) x 1, f (x) x 1 , f (x) x 1 , f (x) x 1 , f (x) x 1 , . . .;œ � œ � œ � � œ � œ � �È a b a b a b a bw ww www� Î � Î � Î � Î1 1 3 15
2 4 8 16

1 2 3 2 5 2 7 24a b
 f(0) 1, f (0) , f (0) , f (0) , f (0) , . . . x 1 1 x x x xœ œ œ � œ œ � Ê � œ � � � � � Þ Þ Þw ww www1 1 3 15 1 1 1 5

2 4 8 16 2 8 16 128
4 2 3 4a b È

33. The Maclaurin series generated by cos x is  x  which converges on ,  and the Maclaurin series generated! a b_

œn 0

a ba b�
x

1
2n

2n
n

�_ _

 by  is 2  x  which converges on 1, 1 . Thus the Maclaurin series generated by  f x cos x  is given by2 2
1 x 1 x

n
� �

! a b a b_

œn 0
� œ �

  x 2  x 1 2x x  which converges on the intersection of ,  and 1, 1 , so the! ! a b a b_ _

œ œn 0 n 0

a ba b�
x

1
2n 2

2n n 25
n

� œ � � � � Þ Þ Þ Þ �_ _ �

 interval of convergence is 1, 1 .a b�

34. The Maclaurin series generated by e  is   which converges on , . The Maclaurin series generated byx x
n

! a b_

œn 0

n

x �_ _

 f x 1 x x e  is given by 1 x x   1 x x  which converges on , a b a b a b a b!œ � � � � œ � � Þ Þ Þ Þ �_ _ Þ2 x 2 2 3x 1 2
n 2 3

_

œn 0

n

x

35. The Maclaurin series generated by sin x is  x  which converges on ,  and the Maclaurin series! a b_

œn 0

a ba b�
� x

�1
2n 1

2n 1
n

�_ _

 generated by ln 1 x  is  x  which converges on 1, 1 . Thus the Maclaurin series genereated bya b a b!� �
_

œn 1

a b�1
n

n
n 1�

 f x sin x ln 1 x  is given by  x  x x x x  which converges ona b a b Œ �Œ �! !œ † � œ � � � Þ Þ Þ Þ
_ _

œ œn 0 n 1

a b a ba b� �
� x

�1 1
2n 1 n 2 6

2n 1 n 2 3 41 1
n n 1�

 the intersection of ,  and 1, 1 , so the interval of convergence is 1, 1 .a b a b a b�_ _ � �

36. The Maclaurin series generated by sin x is  x  which converges on , . The Maclaurin series! a b_

œn 0

a ba b�
� x

�1
2n 1

2n 1
n

�_ _

 genereated by f x x sin x is given by x  x x  x  xa b Œ � Œ �Œ �! ! !œ œ2 2n 1 2n 1 2n 11 1 1
2n 1 2n 1 2n 1

2
_ _ _

œ œ œn 0 n 0 n 0

a b a b a ba b a b a b� � �
� x � x � x

� � �
n n n

 x x x . . . which converges on , œ � � � �_ _ Þ3 5 71 2
3 45 a b

37. If e  (x a)  and f(x) e , we have f (a) e  f or all n 0, 1, 2, 3, x œ � œ œ œ á!_
œn 0

f (a)
n!

n x n aÐ Ñn
Ð Ñ

  e e e 1 (x a)  at x aÊ œ � � �á œ � � � �á œx a a(x a) (x a) (x a) (x a)
0! 1! 2! 2!’ “ ’ “� � � �! " # #
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38. f(x) e   f (x) e  for all n  f (1) e for all n 0, 1, 2, œ Ê œ Ê œ œ áx n x nÐ Ñ Ð Ñ

  e e e(x 1) (x 1) (x 1) e 1 (x 1)Ê œ � � � � � � �á œ � � � � �áx e e
! 3! 2! 3!

(x 1) (x 1)
#

# $ � �’ “# $

39. f(x) f(a) f (a)(x a) (x a) (x a)   f (x)œ � � � � � � �á Êw # $ w
#

f (a) f (a)
3!

ww www

 f (a) f (a)(x a) 3(x a)   f (x) f (a) f (a)(x a) 4 3(x a)œ � � � � �á Ê œ � � � � �áw ww # ww ww www #f (a) f (a)
3! 4!

www Ð Ñ4

†

  f (x) f (a) f (a)(x a) (x a)Ê œ � � � � �áÐ Ñ Ð Ñ Ð � Ñ #
#

n n n 1 f (a)Ð � Ñn 2

  f(a) f(a) 0, f (a) f (a) 0, , f (a) f (a) 0Ê œ � œ � á œ �w w Ð Ñ Ð Ñn n

40. E(x) f(x) b b (x a) b (x a) b (x a) b (x a)œ � � � � � � � �á � �! " # $
# $

n
n

  0 E(a) f(a) b   b f(a); from condition (b),Ê œ œ � Ê œ! !

 lim   0
x aÄ

f(x) f(a) b (x a) b (x a) b (x a) b (x a)
(x a)

� � � � � � � �á� �
�

" # $
# $

n
n

n œ

   lim   0Ê œ
x aÄ

f (x) b 2b (x a) 3b (x a) nb (x a)
n(x a)

w # �
" # $

�

� � � � � �á� �
�

n
n 1

n 1

  b f (a)   lim   0Ê œ Ê œ"
w � � � �á� �" �

� �x aÄ
f (x) 2b 3! b (x a) n(n )b (x a)

n(n 1)(x a)

ww �
# $

�

n
n 2

n 2

  b f (a)   lim   0Ê œ Ê œ#
"
# � �# �

ww � �á� � � �

x aÄ
f (x) 3! b n(n 1)(n 2)b (x a)

n(n 1)(n )(x a)

www �
$

�

n
n 3

n 3

 b f (a)   lim   0  b f (a); therefore,œ œ Ê œ Ê œ$
" "www Ð Ñ�
3! n! n!

f (x) n! b
n

n
x aÄ

Ð Ñn
n

 g(x) f(a) f (a)(x a) (x a) (x a) P (x)œ � � � � �á � � œw #f (a) f (a)
2! n!

n
n

ww Ð Ñn

41. f(x) ln (cos x)  f (x) tan x and f (x) sec x; f(0) 0, f (0) 0, f (0) 1 L(x) 0 and Q(x)œ Ê œ � œ � œ œ œ � Ê œ œ �w ww # w ww x
2

#

42. f(x) e   f (x) (cos x)e  and f (x) ( sin x)e (cos x) e ; f(0) 1, f (0) 1, f (0) 1œ Ê œ œ � � œ œ œsin x sin x sin x sin xw ww # w ww

 L(x) 1 x and Q(x) 1 xÊ œ � œ � � x#

#

43. f(x) 1 x   f (x) x 1 x  and f (x) 1 x 3x 1 x ; f(0) 1, f (0) 0,œ � Ê œ � œ � � � œ œa b a b a b a b# w # ww # # # w�"Î# �$Î# �$Î# �&Î#

 f (0) 1  L(x) 1 and Q(x) 1ww
#œ Ê œ œ � x#

44. f(x) cosh x  f (x) sinh x and f (x) cosh x; f(0) 1, f (0) 0, f (0) 1  L(x) 1 and Q(x) 1œ Ê œ œ œ œ œ Ê œ œ �w ww w ww
#
x#

45. f(x) sin x  f (x) cos x and f (x) sin x; f(0) 0, f (0) 1, f (0) 0  L(x) x and Q(x) xœ Ê œ œ � œ œ œ Ê œ œw ww w ww

46. f(x) tan x  f (x) sec x and f (x) 2 sec x tan x; f(0) 0, f (0) 1, f 0  L(x) x and Q(x) xœ Ê œ œ œ œ œ Ê œ œw # ww # w ww

10.9  CONVERGENCE OF TAYLOR SERIES

 1. e 1 x     e 1 ( 5x) 1 5x   x 5xx x 5 x 5 x
! n! ! ! 3! n!

( 5x) ( 1) 5 xœ � � �á œ Ê œ � � � �á œ � � � �á œ
# # # $ $#

# # #
� � �! !_ _

œ œn 0 n 0

n n n n

 2. e 1 x     e 1 1  x x 2x x x x x x
! n! ! 2 ! 2 3! 2 n!

( 1) xœ � � �á œ Ê œ � � �á œ � � � �á œ
# # $

#

#

# $# # # # #
� Î � � �! !ˆ ‰_ _

œ œn 0 n 0

n x n n

n

ˆ ‰

 3. sin x x    5 sin ( x) 5 ( x)œ � � �á œ Ê � œ � � � �á œx x
3! 5! ( n 1)! 3! 5! ( n 1)!

( 1) x ( x) ( x) 5( 1) x$ & � $ & � �! !’ “_ _

œ œn 0 n 0

� � � �
# � # �

n 2n 1 n 1 2n 1

 4. sin x x    sin œ � � �á œ Ê œ � � � �á œx x x x
3! 5! ( n 1)! 3! 5! 7! 2 ( n 1)!

( 1) x ( 1) x$ & � � �
# # #

$ & (

�
! !_ _

œ œn 0 n 0

� �
# � # # # �

n 2n 1 n 2n 1 2n 1x x x

2n 1
1 1 1ˆ ‰ ˆ ‰ ˆ ‰1 1 1
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 5. cos x    cos 5x   1œ Ê œ œ œ � � � �á! ! !_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) 5 x
(2n)! (2n)! (2n)! ! 4! 6!

2 ( 1) 5x 25x 625x 15625x� ��

#

n 2n n 2n 4nn 2 2n
4 8 12� ‘

 6. cos x   cos cos     œ Ê œ œ œ! ! !Š ‹ Š ‹Œ �_ _

œ œn 0 n 0

a b È
a b Œ �Š ‹

�
# #

"Î# � _

œ

�1 x
(2n)! ( n)! 2 (2n)!

x x
2

1

n 0

( 1) xn 2n
n x

2n

n 3n

n

$Î# $

$

#

"Î#

 1œ � � � �áx x x
2 2! 2 4! 2 6!

$ ' *

# $
† † †

 7. ln 1 x  ln 1 x   x . . .a b a b! ! !� œ Ê � œ œ œ � � � �
_ _ _

œ œ œn 1 n 1 n 1

a b a ba b ˆ ‰� ��1 x 1 x
n n n 2 3 4

2 21 x x x x
n 1 n 1n 2nn 1 2 n

4 6 8� �

�

 8. tan x  tan 3x   3x 9x x x . . .� �� �
� �

�1 1 4 4 12 20 281 x 1 3 x
2n 1 2n 1 n 5 7

1 3x 243 2187œ Ê œ œ œ � � � �! ! !a b_ _ _

œ œ œn 0 n 0 n 0

a b a ba b ˆ ‰n n2n 1 2n 1 8n 4n 4 2n 1
� � �

�

 9.  1 x  1 x  1 x 1 x x x . . .1 1 3 3 3 9 27
1 x 4 4 4 16 64

n n nn 3 3n 3 6 9
1 x

n n
� �

œ � Ê œ � œ � œ � � � �! ! !a b a b a bˆ ‰ ˆ ‰_ _ _

œ œ œn 0 n 0 n 0
3
4

3

10.  x  x  x x x x . . .1 1 1 1 1 1
1 x 2 x 4 8 16

n n 2 3
1 x

n n 1
� � # # # # #

" " " " "
�

�
œ Ê œ œ œ œ � � � �! ! !ˆ ‰ ˆ ‰_ _ _

œ œ œn 0 n 0 n 0
"

#

11. e     xe x     x xx xx x x x x x
n! n! n! ! 3! 4!

n 0
œ Ê œ œ œ � � � � �á! ! !Œ �_ _

œ œn 0 n 0

n n n 1
_

œ

#
#

� $ % &

12. sin x    x  sin x x    xœ Ê œ œ œ � � � �á! ! !Œ �_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) x ( 1) x
(2n 1)! ( n 1)! (2n 1)! 3! 5! 7!

x x x� � �
� # � �

# # $
n 2n 1 n 2n 1 n 2n 3� � � & ( *

13. cos x    1 cos x 1   1 1œ Ê � � œ � � œ � � � � � � � �á! !_ _

œ œn 0 n 0

( 1) x ( 1) x
(2n)! ( n)! 2 4! 6! 8! 10!

x x x x x x x x� �
# # # #

n 2n n 2n# # # # % ' ) "!

 œ � � � �á œx x x x
4! 6! 8! 10! ( n)!

( 1) x% ' ) "! !_
œn 2

�
#

n 2n

14. sin x    sin x x   xœ Ê � � œ � �! !Œ �_ _

œ œn 0 n 0

( 1) x ( 1) x
(2n 1)! 3! ( n 1)! 3!

x x� �
� # �

n 2n 1 n 2n 1� �$ $

 x x  œ � � � � � �á � � œ � � � �á œŠ ‹ !x x x x x x x x x x
3! 5! 7! 9! 11! 3! 5! 7! 9! 11! (2n 1)!

( 1) x$ & ( * "" $ & ( * "" �
_

œn 2

�
�

n 2n 1

15. cos x    x cos x x   xœ Ê œ œ œ � � � �á! ! !_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) ( x) ( ) x
(2n)! ( n)! ( n)! 2! 4! 6!

x x x� � �"
# #

n 2n n 2n n 2n 2n 1

1
1 1 1 1 1

� # $ % & ' (

16. cos x    x  cos x x    xœ Ê œ œ œ � � � �á! ! !a b_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( ) x
(2n)! ( n)! ( n)! 2! 4! 6!

( 1) x x x x� �"# # # #�
# #

n 2n n 4n 2n 2na b# � ' "! "%

17. cos x  1# " " " " "
# # # # # #

�œ � œ � œ � � � � � �ácos 2x ( 1) (2x) (2x) (2x) (2x) (2x)
(2n)! 2! 4! 6! 8!

! ’ “_

œn 0

n 2n # % ' )

 1 1  1  œ � � � � �á œ � œ �(2x) (2x) (2x) (2x) ( 1) (2x) ( 1)  2  x
2 2! 2 4! 2 6! 2 8! 2 (2n)! (2n)!

# % ' ) �

† † † † †

! !_ _

œ œn 1 n 1

� �n 2n n 2n 1 2n

18. sin x  cos 2x 1# � " " " "
# # # # # #œ œ � œ � � � � �á œ � � �áˆ ‰ Š ‹1 cos 2x (2x) (2x) (2x) (2x) (2x) (2x)

! 4! 6! 2 2! 2 4! 2 6!

# % ' # % '

† † †

   œ œ! !_ _

œ œn 1 n 1

( 1) (2x) ( 1)  2  x
(2n)! (2n)!

� �
#

n 1 2n n 2n 1 2n� �

†

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 10.9 Convergence of Taylor Series 623

19. x x  (2x) 2 x x 2x 2 x 2 xx
1 2x 1 2x

n n n 2#

� �
# # � # $ # % $ &"œ œ œ œ � � � �áˆ ‰ ! !_ _

œ œn 0 n 0

20. x ln (1 2x) x   2x� œ œ œ � � � �á! !_ _

œ œn 1 n 1

( 1) (2x) ( 1) 2 x
n n 4 5

2 x 2 x 2 x� � #
#

n 1 n n 1 n n 1� � � # $ $ % % &

21.  x 1 x x x   1 2x 3x  nx  (n 1)x" " "
� � �

# $ # �
_

œ
1 x dx 1 x (1 x)

n n 1 nd

n 0
œ œ � � � �á Ê œ œ � � �á œ œ �! ! !ˆ ‰_ _

œ œn 0 n 1
#

22. 1 2x 3x 2 6x 12x n(n 1)x2 d d d
1 x dx 1 x dx (1 x) dx

n 2a b�
" "
� �

# # �
$

#

# #œ œ œ � � �á œ � � �á œ �ˆ ‰ Š ‹ a b !_
œn 2

  (n 2)(n 1)xœ � �!_
œn 0

n

23. tan x x x x x x tan x x x x x x� �1 3 5 7 1 2 2 2 2 21 1 1 1 1 1
3 5 7 3 5 7

3 5 7
œ � � � � Þ Þ Þ Ê œ � � � � Þ Þ ÞŠ ‹a b a b a b

 x x x x  œ � � � � Þ Þ Þ œ3 7 11 151 1 1
3 5 7 2n 1

1 x!_
œn 1

a b�
�

n 4n 1�

24.  sin x x sin x cos x sin 2x 2xœ � � � �á Ê † œ œ � � � �áx x x
3! 5! 7! 3! 5! 7!

2x 2x 2x3 5 7 3 5 7
" "
# #Š ‹a b a b a b

 x x  œ � � � �á œ � � � �á œ4 x 16 x 64 x 2 x 2x 4 x
3! 5! 7! 3 15 315 ( n 1)!

( 1) 2 x3 5 7 3 5 7 n 2n 2n 1!_
œn 0

�
# �

�

25. e 1 x  and 1 x x x ex 2 3 xx x 1 1
2! 3! 1 x 1 xœ � � � �á œ � � � �á Ê �

2 3

� �

 1 x 1 x x x 2 x x x 1 xœ � � � �á � � � � �á œ � � � �á œ � �Š ‹ a b a b!ˆ ‰x x 3 5 25 1
2! 3! 2 6 24 n!

2 3 2 3 4 nn2 3
_

œn 0

26. sin x x  and cos x 1 cos x sin xœ � � � �á œ � � � �á Ê �x x x x x x
3! 5! 7! 2! 4! 6!

3 5 7 2 4 6

 1 x 1 xœ � � � �á � � � � �á œ � � � � � � � �áŠ ‹ Š ‹x x x x x x x x x x x x
2! 4! 6! 3! 5! 7! 2! 3! 4! 5! 6! 7!

2 4 6 3 5 7 2 3 4 5 6 7

 œ �!Š ‹_

œn 0

( 1) x ( 1) x
(2n)! ( n 1)!
� �

# �

n 2n n 2n 1�

27. ln 1 x x x x x ln 1 x x x x xa b a b a b a b a bŠ ‹� œ � � � �á Ê � œ � � � �á1 1 1 x x 1 1 1
2 3 4 3 3 2 3 4

2 3 4 2 2 2 2 22 3 4

 x x x x xœ � � � �á œ1 1 1 1
3 6 9 12 3n

3 5 7 9 2n 11!_
œn 1

a b� �
n 1�

28. ln 1 x x x x x  and ln 1 x x x x x ln 1 x ln 1 xa b a b a b a b� œ � � � �á � œ � � � � �á Ê � � �1 1 1 1 1 1
2 3 4 2 3 4

2 3 4 2 3 4

 x x x x x x x x 2x x x xœ � � � �á � � � � � �á œ � � �á œˆ ‰ ˆ ‰ !1 1 1 1 1 1 2 2 2
2 3 4 2 3 4 3 5 2n 1

2 3 4 2 3 4 3 5 2n 1
_

œn 0
�

�

29. e 1 x  and sin x x e sin xx xx x x x x
2! 3! 3! 5! 7!œ � � � �á œ � � � �á Ê †

2 3 3 5 7

 1 x x x x x xœ � � � �á � � � �á œ � � � � Þ Þ Þ ÞŠ ‹Š ‹x x x x x 1 1
2! 3! 3! 5! 7! 3 30

2 3 52 3 3 5 7

30. ln 1 x x x x x  and 1 x x x  ln 1 xa b a b� œ � � � �á œ � � � �á Ê œ � †1 1 1
2 3 4 1 x 1 x 1 x

2 3 4 ln 1 x" "
� � �

# $ �a b
 x x x x 1 x x x x x x xœ � � � �á � � � �á œ � � � � Þ Þ Þ Þˆ ‰a b1 1 1 1 5 7

2 3 4 2 6 12
2 3 4 2 3 4# $
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31. tan x x x x x tan x tan x tan x� � � �1 3 5 7 1 1 11 1 1
3 5 7

2
œ � � � � Þ Þ Þ Ê œa b a ba b

 x x x x x x x x x x x xœ � � � � Þ Þ Þ � � � � Þ Þ Þ œ � � � � Þ Þ Þ Þˆ ‰ˆ ‰1 1 1 1 1 1 2 23 44
3 5 7 3 5 7 3 45 105

3 5 7 3 5 7 2 4 6 8

32. sin x x  and cos x 1 cos x sin x cos x cos x sin xœ � � � �á œ � � � �á Ê † œ † †x x x x x x
3! 5! 7! 2! 4! 6!

23 5 7 2 4 6

 cos x sin 2x 1 2x x x x xœ † œ � � � �á � � � �á œ � � � � Þ Þ Þ" "
# #Š ‹Š ‹x x x 7 61 1247

2! 4! 6! 3! 5! 7! 6 120 5040
2x 2x 2x 3 5 72 4 6 3 5 7a b a b a b

33. sin x x  and e 1 xœ � � � �á œ � � � �áx x x x x
3! 5! 7! 2! 3!

x3 5 7 2 3

 e 1 x x xÊ œ � � � � �á � � � � �á � � � � �á �ásin x x x x 1 x x x 1 x x x
3! 5! 7! 2 3! 5! 7! 6 3! 5! 7!

2 3Š ‹ Š ‹ Š ‹3 5 7 3 5 7 3 5 7

 1 x x xœ � � � � Þ Þ Þ Þ1 1
2 8

2 4

34. sin x x  and tan x x x x x sin tan x x x x xœ � � � �á œ � � � � Þ Þ Þ Ê œ � � � � Þ Þ Þx x x 1 1 1 1 1 1
3! 5! 7! 3 5 7 3 5 7

1 3 5 7 1 3 5 73 5 7 � �a b ˆ ‰
       x x x x x x x x x x x x� � � � � Þ Þ Þ � � � � � Þ Þ Þ � � � � � Þ Þ Þ �á1 1 1 1 1 1 1 1 1 1 1 1

6 3 5 7 120 3 5 7 5040 3 5 7
3 5 7 3 5 7 3 5 73 5 7ˆ ‰ ˆ ‰ ˆ ‰

 x x x xœ � � � � Þ Þ Þ1 3 5
2 8 16

3 5 7

35. Since n 3, then f x sin x, f x M on 0, 0.1 sin x 1 on 0, 0.1 M 1. Then R 0.1 1œ œ l l Ÿ Ò Ó Ê l l Ÿ Ò Ó Ê œ l l Ÿa b a b4 4
3

0.1 0
4a b a b a b l � l
x

4

 4.2 10 error 4.2 10œ ‚ Ê Ÿ ‚� �6 6

36. Since n 4, then f x e , f x M on 0, 0.5 e e on 0, 0.5 M 2.7. Thenœ œ l l Ÿ Ò Ó Ê l l Ÿ Ò Ó Ê œa b a b5 x 5 xa b a b È
  R 0.5 2.7 7.03 10 error 7.03 10l l Ÿ œ ‚ Ê Ÿ ‚4

0.5 0
5

4 4a b l � l
x

� �
5

37. By the Alternating Series Estimation Theorem, the error is less than   x 5! 5 10 x 600 10k kx
5!

&

Ê � ‚ Ê � ‚k k a b a b k k& &�% �%

  x 6 10 0.56968Ê � ‚ ¸k k È5 �#

38. If cos x 1  and x 0.5, then the error is less than 0.0026, by Alternating Series Estimation Theorem;œ � � œx (.5)
24

# %

# k k ¹ ¹
 since the next term in the series is positive, the approximation 1  is too small, by the Alternating Series Estimation� x#

#

 Theorem

39. If sin x x and x 10 , then the error is less than 1.67 10 , by Alternating Series Estimation Theorem;œ � ¸ ‚k k �$ �a b10
3!

10�$ $

 The Alternating Series Estimation Theorem says R (x) has the same sign as .  Moreover, x sin x# � �x
3!

$

  0 sin x x R (x)  x 0  10 x 0.Ê � � œ Ê � Ê � � �#
�$

40. 1 x 1  .  By the Alternating Series Estimation Theorem the errorÈ k k ¹ ¹� œ � � � �á � �x x x x
8 16 8 8

(0.01)
#

�# $ # #

 1.25 10œ ‚ �&

41. R (x) 1.87 10 , where c is between 0 and xk k ¹ ¹#
�œ � � ‚e x

3! 3!
3 (0.1) 4c 0 1$ Ð Þ Ñ $

42. R (x) 1.67 10 , where c is between 0 and xk k ¹ ¹#
�%œ � œ ‚e x

3! 3!
(0.1)c $ $

43. sin x  cos 2x 1# � " " " "
# # # # # #œ œ � œ � � � � �á œ � � �áˆ ‰ Š ‹1 cos 2x 2x 2 x 2 x(2x) (2x) (2x)

2! 4! 6! ! 4! 6!

# % ' # $ % & '

  sin x 2x   2 sin x cos xÊ œ � � �á œ � � � �á Êd d 2x 2 x 2 x
dx dx 2! 4! 6! 3! 5! 7!

(2x) (2x) (2x)a b Š ‹# # $ % & ' $ & (

 2x sin 2x, which checksœ � � � �á œ(2x) (2x) (2x)
3! 5! 7!

$ & (
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44. cos x cos 2x sin x 1# #
# #œ � œ � � � � �á � � � � �áŠ ‹ Š ‹(2x) (2x) (2x) (2x)

! 4! 6! 8! ! 4! 6! 8!
2x 2 x 2 x 2 x# % ' ) # $ % & ' ( )

 1 1 x x x xœ � � � �á œ � � � � �á2x 2 x 2 x 2
! 4! 6! 3 45 315

# $ % & '

#
# % ' )" "

45. A special case of Taylor's Theorem is f(b) f(a) f (c)(b a),  where c is between a and b f(b) f(a) f (c)(b a),œ � � Ê � œ �w w

 the Mean Value Theorem.

46. If f(x) is twice differentiable and at x a there is a point of inflection, then f (a) 0.  Therefore,œ œww

 L(x) Q(x) f(a) f (a)(x a).œ œ � �w

47. (a) f 0, f (a) 0 and x a interior to the interval I  f(x) f(a) (x a) 0 throughout Iww w #
#Ÿ œ œ Ê � œ � Ÿf (c )ww

#

  f(x) f(a) throughout I  f has a local maximum at x aÊ Ÿ Ê œ

 (b) similar reasoning gives f(x) f(a) (x a) 0 throughout I  f(x) f(a) throughout I  f has a� œ �   Ê   Êf (c )ww
#

#
#

 local minimum at x aœ

48. f(x) (1 x)   f (x) (1 x)   f (x) 2(1 x)   f (x) 6(1 x)œ � Ê œ � Ê œ � Ê œ ��" w �# ww �$ Ð Ñ �%3

  f (x) 24(1 x) ; therefore 1 x x x . x 0.1    Ê œ � ¸ � � � � Ê � � Ê �Ð Ñ �& # $" " "
� � �

&4
1 x 11 1 x 9 (1 x) 9

10 10 10k k ¹ ¹ ˆ ‰
&

  x   the error  e (0.1) 0.00016935 0.00017, since .Ê � Ê Ÿ � œ � œ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ˆ ‰ ˆ ‰x 10 10
(1 x) 9 4! 9 4! (1 x)

max f (x) x f (x)%

& &

Ð Ñ % Ð Ñ

� �
% %& &

$
"4 4

49. (a) f(x) (1 x)   f (x) k(1 x)   f (x) k(k 1)(1 x) ; f(0) 1, f (0) k, and f (0) k(k 1)œ � Ê œ � Ê œ � � œ œ œ �k k 1 k 2w � ww � w ww

  Q(x) 1 kx xÊ œ � � k(k )�"
#

#

 (b) R (x) x   x   0 x  or 0 x .21544k k k k¸ ¸#
" " " "$ $œ � Ê � Ê � � � �3 2

3! 100 100 100
† †

"Î$

50. (a) Let P x   x P .5 10  since P approximates  accurate to n decimals.  Then,œ � Ê œ � � ‚1 1 1k k k k �n

 P sin P ( x) sin ( x) ( x) sin x (x sin x)  (P sin P)� œ � � � œ � � œ � � Ê � �1 1 1 1 1k k
 sin x x 10 .5 10   P sin P gives an approximation to  correct to 3n decimals.œ � Ÿ � ‚ � ‚ Ê �k k k kx

3! 3!
0.125 3n 3n

$

� �
1

51. If f(x)  a x , then f (x)  n(n 1)(n 2) (n k 1)a x  and f (0) k! aœ œ � � â � � œ! !_ _

œ œn 0 n k
n n k

n k n k kÐ Ñ � Ð Ñ

  a  for k a nonnegative integer.  Therefore, the coefficients of f(x) are identical with the correspondingÊ œk
f (0)

k!

Ð Ñk

 coefficients in the Maclaurin series of f(x) and the statement follows.

52. :  f even  f( x) f(x)  f ( x) f (x)  f ( x) f (x)  f  odd;Note Ê � œ Ê � � œ Ê � œ � Êw w w w w

 f odd  f( x) f(x)  f ( x) f (x)  f ( x) f (x)  f  even;Ê � œ � Ê � � œ � Ê � œ Êw w w w w

 also, f odd  f( 0) f(0)  2f(0) 0  f(0) 0Ê � œ Ê œ Ê œ

 (a) If f(x) is even, then any odd-order derivative is odd and equal to 0 at x 0.  Therefore,œ

 a a a 0; that is, the Maclaurin series for f contains only even powers." $ &œ œ œ á œ

 (b) If f(x) is odd, then any even-order derivative is odd and equal to 0 at x 0.  Therefore,œ

 a a a 0; that is, the Maclaurin series for f contains only odd powers.! # %œ œ œ á œ

53-58.  Example CAS commands:
 :Maple
 f := x -> 1/sqrt(1+x);
 x0 := -3/4;
 x1 :=  3/4;
 # Step 1:
 plot( f(x), x=x0..x1, title="Step 1: #53 (Section 10.9)" );
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 # Step 2:
 P1 := unapply( TaylorApproximation(f(x), x = 0, order=1), x );
 P2 := unapply( TaylorApproximation(f(x), x = 0, order=2), x );
 P3 := unapply( TaylorApproximation(f(x), x = 0, order=3), x );
 # Step 3:
 D2f := D(D(f));
 D3f := D(D(D(f)));
 D4f := D(D(D(D(f))));
 plot( [D2f(x),D3f(x),D4f(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green], title="Step 3: #57 (Section 9.9)" );
 c1 := x0;
 M1 := abs( D2f(c1) );
 c2 := x0;
 M2 := abs( D3f(c2) );
 c3 := x0;
 M3 := abs( D4f(c3) );
 # Step 4:
 R1 := unapply( abs(M1/2!*(x-0)^2), x );
 R2 := unapply( abs(M2/3!*(x-0)^3), x );
 R3 := unapply( abs(M3/4!*(x-0)^4), x );
 plot( [R1(x),R2(x),R3(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green], title="Step 4: #53 (Section 10.9)" );
 # Step 5:
 E1 := unapply( abs(f(x)-P1(x)), x );
 E2 := unapply( abs(f(x)-P2(x)), x );
 E3 := unapply( abs(f(x)-P3(x)), x );
 plot( [E1(x),E2(x),E3(x),R1(x),R2(x),R3(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green],
         linestyle=[1,1,1,3,3,3], title="Step 5: #53 (Section 10.9)" );
 # Step 6:
 TaylorApproximation( f(x), view=[x0..x1,DEFAULT], x=0, output=animation, order=1..3 );
 L1 := fsolve( abs(f(x)-P1(x))=0.01, x=x0/2 );                 # (a)
 R1 := fsolve( abs(f(x)-P1(x))=0.01, x=x1/2 );
 L2 := fsolve( abs(f(x)-P2(x))=0.01, x=x0/2 );
 R2 := fsolve( abs(f(x)-P2(x))=0.01, x=x1/2 );
 L3 := fsolve( abs(f(x)-P3(x))=0.01, x=x0/2 );
 R3 := fsolve( abs(f(x)-P3(x))=0.01, x=x1/2 );
 plot( [E1(x),E2(x),E3(x),0.01], x=min(L1,L2,L3)..max(R1,R2,R3), thickness=[0,2,4,0], linestyle=[0,0,0,2],
        color=[red,blue,green,black], view=[DEFAULT,0..0.01], title="#53(a) (Section 10.9)" );
 abs(`f(x)`-`P`[1](x) ) <= evalf( E1(x0) );                           # (b)
 abs(`f(x)`-`P`[2](x) ) <= evalf( E2(x0) );
 abs(`f(x)`-`P`[3](x) ) <= evalf( E3(x0) );
 : (assigned function and values for a, b, c, and n may vary)Mathematica
 Clear[x, f, c]

 f[x_]=  (1 x)� 3/2

 {a, b}= { 1/2, 2};�

 pf=Plot[ f[x], {x, a, b}];
 poly1[x_]=Series[f[x], {x,0,1}]//Normal
 poly2[x_]=Series[f[x], {x,0,2}]//Normal
 poly3[x_]=Series[f[x], {x,0,3}]//Normal
 Plot[{f[x], poly1[x],  poly2[x], poly3[x]}, {x, a, b},
 PlotStyle {RGBColor[1,0,0], RGBColor[0,1,0], RGBColor[0,0,1], RGBColor[0,.5,.5]}];Ä
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 The above defines the approximations. The following analyzes the derivatives to determine their maximum values.
 f''[c]
 Plot[f''[x], {x, a, b}];
 f'''[c]
 Plot[f'''[x], {x, a, b}];
 f''''[c]
 Plot[f''''[x], {x, a, b}];
 Noting the upper bound for each of the above derivatives occurs at x = a, the upper bounds m1, m2, and m3 can be defined
 and bounds for remainders viewed as functions of x.
 m1=f''[a]
 m2=-f'''[a]
 m3=f''''[a]

 r1[x_]=m1 x  /2!2

 Plot[r1[x], {x, a, b}];

 r2[x_]=m2 x  /3!3

 Plot[r2[x], {x, a, b}];

 r3[x_]=m3 x  /4!4

 Plot[r3[x], {x, a, b}];
 A three dimensional look at the error functions, allowing both c and x to vary can also be viewed. Recall that c must be a
 value between 0 and x, so some points on the surfaces where c is not in that interval are meaningless.

 Plot3D[f''[c] x  /2!, {x, a, b}, {c, a, b}, PlotRange All]2 Ä

 Plot3D[f'''[c] x  /3!, {x, a, b}, {c, a, b}, PlotRange All]3 Ä

 Plot3D[f''''[c] x  /4!, {x, a, b}, {c, a, b}, PlotRange All]4 Ä

10.10  THE BINOMIAL SERIES

 1. (1 x) 1 x 1 x x x� œ � � � �á œ � � � �á"Î# # $" " " "
# # #

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " "

# # # # #

# $� � �x x
! 3! 8 16

3

 2. (1 x) 1 x 1 x x x� œ � � � �á œ � � � �á"Î$ # $" " "
#3 ! 3! 3 9 81

5ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" "# $

3 3 3 3 3
2 2 5

� � �x x

 3. (1 x) 1 ( x) 1 x x x� œ � � � � �á œ � � � �á�"Î# # $" "
# # #

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� � � � � � �
" "

# # # # #

# $3 3 5( x) ( x)
! 3! 8 16

3 5

 4. (1 2x) 1 ( 2x) 1 x x x� œ � � � � �á œ � � � �á"Î# # $"
# #

� � �ˆ ‰ ˆ ‰" "

# #

#
" "

# # #� �( 2x)
! 3! 2 2

( 2x) 1 1Š ‹Š ‹Š ‹3 $

 5. 1 1 1 x x xˆ ‰ ˆ ‰� œ � # � � �á œ � � �x x 3
! 3! 4# # # #

�# # $"( 2)( 3) ( 2)( 3)( 4)� � � � �ˆ ‰ ˆ ‰x x
# #

# $

 6. 1 1 4 0 1 x x x xˆ ‰ ˆ ‰� œ � � � � � � �á œ � � � �x x 4 2 4 1
3 3 ! 3! 4! 3 3 27 81

4 2 3 4(4)(3) (4)(3)(2) (4)(3)(2)(1)ˆ ‰ ˆ ‰ ˆ ‰� � �
x x x
3 3 3

4# $

#

 7. 1 x 1 x 1 x x xa b� œ � � � �á œ � � � �á$ $ $ ' *�"Î# " "
# # #

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b a b� � � � �
" "

# # # # #

$ $# $3 3 5x x
! 3! 8 16

3 5

 8. 1 x 1 x 1 x x xa b� œ � � � �á œ � � � �á# # # % '�"Î$ " "
#3 ! 3! 3 9 81

2 14ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b a b� � � � �
" "# ## $

3 3 3 3 3
4 4 7x x

 9. 1 1 1ˆ ‰ ˆ ‰� œ � � � �á œ � � � �á1 1 1
x x ! 3! x 8x 16x

"Î# " " "
# # #

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " "

# # # # #

# $

� � �
1 3 1
x x

# $
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10. x 1 x x 1 x x x x xx 1 2 14
1 x

3
! 3! 3 9 81

3 4È3 �

�"Î
#

#œ � œ � � � �á œ � � � �áa b Œ �ˆ ‰
�

" � � � � �

3
x xˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" "# $

3 3 3 3 3
4 4 7

11. (1 x) 1 4x 1 4x 6x 4x x� œ � � � � œ � � � �% # $ %
#

(4)(3)x (4)(3)(2)x (4)(3)(2)x
! 3! 4!

# $ %

12. 1 x 1 3x 1 3x 3x xa b� œ � � � œ � � �# # # % '$

#
(3)(2) x (3)(2)(1) x

! 3!
a b a b# ## $

13. (1 2x) 1 3( 2x) 1 6x 12x 8x� œ � � � � œ � � �$ # $� �
#

(3)(2)( 2x) (3)(2)(1)( 2x)
! 3!

# $

14. 1 1 4 1 2x x x xˆ ‰ ˆ ‰� œ � � � � � œ � � � �x x 3
! 3! 4! 2 16# # # #

% # $ %" "(4)(3) (4)(3)(2) (4)(3)(2)(1)ˆ ‰ ˆ ‰ ˆ ‰� � �
x x x
# # #

# $ %

15. sin x  dx x  dx 0.00267 with error' '
0 0

0 2 0 2Þ Þ

# #
!Þ# !Þ#

! !
œ � � �á œ � �á ¸ ¸Š ‹ ’ “ ’ “x x x x x

3! 5! 3 7 3! 3

' "! $ ( $

†

 E 0.0000003k k Ÿ ¸(.2)
7 3!

(

†

16.  dx  1 x 1  dx 1  dx' ' '
0 0 0

0 2 0 2 0 2Þ Þ Þ

e   x x x x x x
x x ! 3! 4! 6 24

� # $ % # $x � " "
# #œ � � � � �á � œ � � � � �áŠ ‹ Š ‹

 x 0.19044 with error E 0.00002œ � � � �á ¸ � Ÿ ¸’ “ k kx x
4 18 96

(0.2)# $ %!Þ#

!

17.  dx 1  dx x [x] 0.1 with error' '
0 0

0 1 0 1Þ Þ

"

�

!Þ"

!

!Þ"
!È1  x

x 3x x
2 8 10%

% ) &

œ � � �á œ � �á ¸ ¸Š ‹ ’ “
 E 0.000001k k Ÿ œ(0.1)

10

&

18.   1 x  dx 1  dx x x 0.25174 with error' '
!

!Þ#&
$ #

!Þ#& !Þ#&

! !

È Š ‹ ’ “ ’ “� œ � � �á œ � � �á ¸ � ¸
0

0 25Þ

x x x x x
3 9 9 45 9

# % $ & $

 E 0.0000217k k Ÿ ¸(0.25)
45

&

19.  dx 1  dx x x' '
0 0

0 1 0 1Þ Þ

sin x x x x x x x x x
x 3! 5! 7! 3 3! 5 5! 7 7! 3 3! 5 5!œ � � � �á œ � � � �á ¸ � �Š ‹ ’ “ ’ “# % ' $ & ( $ &

† † † † †

!Þ" !Þ"

! !

 0.0999444611, E 2.8 10¸ Ÿ ¸ ‚k k (0.1)
7 7!

127

†
�

20. exp x  dx 1 x  dx x x' '
0 0

0 1 0 1Þ Þa b Š ‹ ’ “ ’ “� œ � � � � �á œ � � � �á ¸ � � �# #
!Þ" !Þ"

! !

x x x x x x x x x
2! 3! 4! 3 10 42 3 10 42

% ' ) $ & ( $ & (

 0.0996676643, E 4.6 10¸ Ÿ ¸ ‚k k (0.1)
216

129
�

21. 1 x (1) (1) x (1) x (1) xa b a b a b a b� œ � � �% "Î# �"Î# % �$Î# % �&Î# %"Î# # $

#

Š ‹"
#

" " " "

# # # # #

1 ! 3!

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� � �
3

 (1) x 1� �á œ � � � � �á
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" "

# # # #
� � �

3 5

4! 8 16 128
x x x 5x�(Î# % %

#a b % ) "# "'

  1  dx x 0.100001, E 1.39 10Ê � � � � �á ¸ � ¸ Ÿ ¸ ‚'
0

0 1Þ Š ‹ ’ “ k kx x x 5x x
8 16 128 10 72

(0.1) 11% ) "# "' &

#

!Þ"

!

�
9

22.  dx  dx' '
0 0

1 1ˆ ‰ Š ‹ ’ “1 cos x x x x x x x x x x
x 4! 6! 8! 10! 3 4! 5 6! 7 8! 9 10!

� "
# #

"

!
#

# % ' ) $ & ( *

œ � � � � �á ¸ � � � �
† † † †

 0.4863853764,  E 1.9 10¸ Ÿ ¸ ‚k k 1
11 12!

10
†

�

23. cos t  dt 1  dt t   error .00011' '
0 0

1 1
#

#

"

!

"œ � � � �á œ � � � �á Ê � ¸Š ‹ ’ “ k kt t t t t t
4! 6! 10 9 4! 13 6! 13 6!

% ) "# & * "$

† † †
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24. cos t dt 1  dt t' '
0 0

1 1È Š ‹ ’ “œ � � � � �á œ � � � � �át t t t t t t t
4! 6! 8! 4 3 4! 4 6! 5 8!#

"

!

# $ % # $ % &

† † †

  error 0.000004960Ê � ¸k k "
5 8!†

25. F(x) t  dt  œ � � � �á œ � � � �á ¸ � �'
0

x xŠ ‹ ’ “#

!

t t t t t t t x x x
3! 5! 7! 3 7 3! 11 5! 15 7! 3 7 3! 11 5!

' "! "% $ ( "" "& $ ( ""

† † † † †

  error 0.000013Ê � ¸k k "
15 7!†

26. F(x) t t  dtœ � � � � � �á œ � � � � � �á'
0

x xŠ ‹ ’ “# %

!

t t t t t t t t t t
2! 3! 4! 5! 3 5 7 2! 9 3! 11 4! 13 5!

' ) "! "# $ & ( * "" "$

† † † †

   error 0.00064¸ � � � � Ê � ¸x x x x x
3 5 7 2! 9 3! 11 4! 13 5!

$ & ( * ""

† † † †

k k "

27. (a) F(x) t  dt   error .00052œ � � � �á œ � � �á ¸ � Ê � ¸'
0

x xŠ ‹ ’ “ k kt t t t t t x x
3 5 7 2 1 30 1 30

(0.5)$ & ( # % ' # % '

# # #!

 (b) error .00089 when F(x) ( 1)  k k � ¸ ¸ � � � �á � �"
#

"&
33 34 3 4 5 6 7 8 31 32

x x x x x
† † † † †

# % ' ) $#

28. (a) F(x) 1  dt t xœ � � � �á œ � � � � �á ¸ � � � �'
0

x xŠ ‹ ’ “t t t t t t t x x x x
2 3 4 2 2 3 3 4 4 5 5 3 4 5

# $ # $ % & # $ % &

# # # #
† † † † ! #

  error .00043Ê � ¸k k (0.5)
6

'

#

 (b) error .00097 when F(x) x ( 1)  k k � ¸ ¸ � � � �á � �"
#

$"
32 3 4 31

x x x x
# # # # #

# $ % $"

29. e (1 x) 1 x 1 x    lim   " " "
# #

� �
x x 3! 3! 4! x

x x x x x e (1 x)
# # #

# $ #a b Š ‹Š ‹� � œ � � � �á � � œ � � �á Ê
x 0Ä

x

  lim  œ � � �á œ
x 0Ä

Š ‹" "
# #

x x
3! 4!

#

30. e e 1 x 1 x 2x" " "�
# #x x ! 3! 4! ! 3! 4! x 3! 5! 7!

x x x x x x x x 2x 2x 2xa b ’ “ Š ‹Š ‹ Š ‹� œ � � � � �á � � � � � �á œ � � � �á
# $ % # $ % $ & (

 2    lim    lim  2 2œ � � � �á Ê œ � � � �á œ2x 2x 2x e e 2x 2x 2x
3! 5! 7! x 3! 5! 7!

# % ' � # % '

x 0 xÄ Ä _

x x� Š ‹

31. 1 cos t 1 1    lim   " " "
# # #

"� �

t t t
t t t t t t t

4! 6! 4! 6! 8!

cos t
% % %

# # # % ' # %Š ‹ ’ “Š ‹� � œ � � � � � �á œ � � � �á Ê
t 0Ä

Š ‹t#

#

  lim  œ � � � �á œ �
t 0Ä

Š ‹" "
4! 6! 8! 24

t t# %

32. sin    lim   " " "
� �

) ) )

) ) ) ) ) )
) )

& & &

$ $ $ & # %Š ‹ Š ‹� � � œ � � � � � �á œ � � �á Ê) ) ) )6 6 3! 5! 5! 7! 9!

sin 

) Ä 0

Š ‹)
$

6

  lim  œ � � �á œ
) Ä 0

Š ‹" "
#5! 7! 9! 1 0

) )
# %

33. y tan y y y    lim    lim  " " " "�" �
y y 3 5 3 5 7 y 3 5 7

y y y y y tan y y y
$ $ $

$ & # % �" # %a b ’ “ Š ‹Š ‹� œ � � � �á œ � � �á Ê œ � � �á
y 0 y 0Ä Ä

 œ "
3

34. tan y sin y
y  cos y y  cos y y  cos y cos y

y y
�"

$ $ $

�
� � �á � � � �á � � �á � � �á

œ œ œ
Œ � Œ � Œ � Œ �y y y y y 23y 23y

3 5 3! 5! 6 5! 6 5!

$ & $ & $ & #
"

   lim    lim   Ê œ œ �
y 0 y 0Ä Ä

tan y sin y
y  cos y cos y 6

�"

$

�
� � �á

"
Œ �"

#

6 5!
23y

35. x 1 e x 1 1 1    lim  x e 1# � Î # # � Î" " " " "
# #Š ‹ Š ‹ˆ ‰� � œ � � � � � �á œ � � � �á Ê �1 x 1 x

x 6x xx 6x
# #

# ' #% % x Ä _

  lim  1 1œ � � � �á œ �x Ä _
ˆ ‰" "

#x 6x# %
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36. (x 1) sin (x 1) 1� œ � � � �á œ � � �áˆ ‰ Š ‹" " " " " "
� � � � � �x 1 x 1 3!(x 1) 5!(x 1) 3!(x 1) 5!(x 1)$ & # %

   lim  (x 1) sin  lim  1 1Ê � œ � � �á œx xÄ _ Ä _
ˆ ‰ Š ‹" " "

� � �x 1 3!(x 1) 5!(x 1)# %

37.  lim   lim   ln 1 x ln 1 x
1 cos x 1 cos x

x 1 1

1 1

a b a bŒ � Œ � Œ �
Š ‹ Š ‹ Š ‹

� �
� �

� � �á � � �á � � �á

� � � �á � �á

# #

#

œ œ Ê œ

x x x x x x
3 3 3

x x
! 4! ! 4!

x

% ' # % # %

# # #

# %

#

" "

# #

#
x 0 x 0Ä Ä ! 4!

x� �á
# œ œ2! 2

38.    lim   x 4 x 2 x 4
ln (x 1) ln (x 1)

(x 2)(x 2)

(x 2) 1

# #� � �
� �

� �

� � � �á � � �á
œ œ Ê’ “ ’ “(x 2) (x 2) (x 2)

3 3
x 2� � �

# $ #

# #

� x 2Ä

  lim   4œ œ
x 2Ä

x 2

1

�

� � �á’ “x 2 (x 2)
3

�

#

� #

39. sin 3x 3x x x . . .  and 1 cos 2x 2x x x . . .  lim   2 2 6 10 2 4 69 81 2 4 sin 3x
2 40 3 45 1 cos 2xœ � � � � œ � � � Ê

x 0Ä

2

�

  lim    lim   œ œ œ
x 0 x 0Ä Ä

3x x x . . . 3 x x . . .

2x x x . . . 2 x x . . .
3
2

2 6 10 4 89 81 9 81
2 40 2 40

2 4 6 2 42 4 2 4
3 45 3 45

� � � � � �

� � � � � �

40. ln 1 x x . . .  and  x sin x x x x x  lim   a b� œ � � � � œ � � � � Þ Þ Þ Ê3 3 2 3 7 11 15x x x 1 1 1
2 3 4 6 120 5040 x sin x

ln 1 x6 9 12 3

2
x 0Ä

ˆ ‰�

  lim    lim   1œ œ œ
x 0 x 0Ä Ä

x . . . 1 . . .

x x x x 1 x x x

3 x x x x x x6 9 12 3 6 9

2 3 4 2 3 4
3 7 11 15 4 8 121 1 1 1 1 1

6 120 5040 6 120 5040

� � � � � � � �

� � � � Þ Þ Þ � � � � Þ Þ Þ

41. 1 1 e e� � � � � Þ Þ Þ œ œ1 1 1
2 3 4

1
x x x

42. 1ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰” •1 1 1 1 1 1 1 1 1 4 1
4 4 4 4 4 4 64 1 1 4 64 3 48

3 4 5 3 2
� � � Þ Þ Þ œ � � � Þ Þ Þ œ œ œ� Î

43. 1 1 cos� � � � Þ Þ Þ œ � � � � Þ Þ Þ œ3 3 3 1 3 1 3 1 3 3
4 2 4 4 4 6 2 4 4 4 6 4 4

2 4 62 4 6

2 4 6x x x x x x
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

44. ln 1 ln1 1 1 1 1 1 1 1 1 1 1 1 3
2 2 2 3 2 4 2 2 2 3 4 2 2

2 3 4
� � � � Þ Þ Þ œ � � � � Þ Þ Þ œ � œ† † † # # #2 3 4 ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

45. sin1 1 1 1 1 1 1 1 1

3 3 3 3 5 3 7 3 3 3 5 3 7 3 3 2
1 1 13 5 7 3� � � � Þ Þ Þ œ � � � � Þ Þ Þ œ œ

3 5 7

3 5 7x x x x x x
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ È

46. tan2 2 2 2 2 1 2 1 2 1 2 2
3 3 3 3 5 3 7 3 3 3 5 3 7 3 3

3 5 7 1� � � � Þ Þ Þ œ � � � � Þ Þ Þ œ
3 5 7

3 5 7† † †
�ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

47. x x x x x 1 x x x x3 4 5 6 3 2 3 3 1 x
1 x 1 x� � � � Þ Þ Þ œ � � � � Þ Þ Þ œ œa b ˆ ‰
� �

3

48. 1 1 3x 3x 3x cos 3x� � � � Þ Þ Þ œ � � � � Þ Þ Þ œ3 x 3 x 3 x 1 1 1
2 4 6 2 4 6

2 4 62 2 4 4 6 6

x x x x x xa b a b a b a b
49. x x x x x 1 x x x x3 5 7 9 3 2 2 2 32 3 1 x

1 + x 1 + x� � � � Þ Þ Þ œ � � � � Þ Þ Þ œ œŠ ‹a b a b ˆ ‰2 2

3

50. x 2x x 1 2x x e2 3 2 2 2x2 x 2 x 2 x
2 3 4 2 3 4

2x 2x 2x� � � � � Þ Þ Þ œ � � � � � Þ Þ Þ œ
2 4 3 5 4 6 2 3 4

x x x x x x
�Š ‹a b a b a b

51. 1 2x 3x 4x 5x 1 x x x x x� � � � � � Þ Þ Þ œ � � � � � � Þ Þ Þ œ œ2 3 4 2 3 4 5d d 1 1
dx dx 1 x 1 x
a b ˆ ‰

�
�
�a b2

52. 1 x ln 1 x� � � � � Þ Þ œ � � � � � � � Þ Þ œ � � œ �x x x x 1 x x x x 1
2 3 4 5 x 2 3 4 5 x x

ln 1 x2 3 4 2 3 4 5Š ‹ a b a b�
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53. ln ln (1 x) ln (1 x) x x 2 xˆ ‰ Š ‹ Š ‹ Š ‹1 x x x x x x x x x
1 x 3 4 3 4 3 5
�
� # #œ � � � œ � � � �á � � � � � �á œ � � �á

# $ % # $ % $ &

54. ln (1 x) x   error  when  x 0.1;� œ � � � �á � �á Ê œ œ œx x x
3 4 n n n10

( 1) x ( ) x# $ % � �

#
� �" "n 1 n n 1 n

nk k ¹ ¹
   n10 10  when n 8  7 terms" " )

n10 10
n

n � Ê �   Ê)

55. tan x x   error  when x 1;�" �" �
� � # �

"œ � � � � �á � �á Ê œ œ œx x x x
3 5 7 9 2n 1 2n 1 n 1

( ) x ( 1) x$ & ( * � � � �n 1 2n 1 n 1 2n 1k k ¹ ¹
   n 500.5  the first term not used is the 501   we must use 500 terms" "

# � #n 1 10
1001� Ê � œ Ê Ê$

st

56. tan x x  and  lim   x   lim   x�" # #�
� � # �

� �œ � � � � �á � �á œ œx x x x x 2n 1 2n 1
3 5 7 9 2n 1 2n 1 x n 1

( 1) x$ & ( * �� �

�

n 1 2n 1 2n 1

2n 1n nÄ _ Ä _
¹ ¹ ¸ ¸

†

  tan x converges for x 1; when x 1 we have    which is a convergent series; when x 1Ê � œ � œ�" �
�k k !_

œn 1

( 1)
2n 1

n

 we have   which is a convergent series  the series representing tan x diverges for x 1! k k_

œn 1

( 1)
2n 1
�

�
�"

n 1�

Ê �

57. tan x x  and when the series representing 48 tan  has an�" �"�
�

"œ � � � � �á � �áx x x x
3 5 7 9 2n 1 18

( 1) x$ & ( * � �n 1 2n 1 ˆ ‰
 error less than 10 , then the series representing the sum" �'

3 †

 48 tan 32 tan 20 tan  also has an error of magnitude less than 10 ; thus�" �" �" �'" " "
#

ˆ ‰ ˆ ‰ ˆ ‰
18 57 39� �

 error 48   n 4  using a calculator  4 termsk k œ � Ê   Ê
Š ‹"

18

2n 1�

'# � †
"

n 1 3 10

58. ln (sec x) tan t dt t  dtœ œ � � �á ¸ � � �á' '
0 0

x xŠ ‹t 2t x x x
3 15 12 45

$ & # % '

#

59. (a) 1 x 1   sin x x ; Using the Ratio Test:a b� ¸ � � � Ê ¸ � � �# �"�"Î#

#
x 3x 5x x 3x 5x

8 16 6 40 112

# % ' $ & (

  lim   1  x   lim   
n nÄ _ Ä _

¹ ¹ ¹ ¹1 3 5 (2n 1)(2n 1)x 2 4 6 (2n)(2n )
2 4 6 (2n)(2n 2)(2n 3) 1 3 5 (2n 1)x
† † † †

† † † †

â � � â �"
â � � â �

#
2n 3

2n 1

�

�† � Ê
(2n 1)(2n 1)
(2n 2)

� �

� (2n 3)�
� 1

  x 1  the radius of convergence is 1. See Exercise 69.Ê � Êk k
 (b) cos x 1 x   cos x sin x x xd x 3x 5x x 3x 5x

dx 6 40 112 6 40 112a b a b Š ‹�" # �" �"�"Î#

# # #œ � � Ê œ � ¸ � � � � ¸ � � � �1 1 1
$ & ( $ & (

60. (a) 1 t (1) (1) ta b a bˆ ‰� ¸ � � � �# �"Î# �$Î# #�"Î# � � � � �"
# #

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b a b" "

# # # # #
�&Î# # �(Î# ## $3 3 5(1) t (1) t

! 3!

 1   sinh x 1  dt xœ � � � Ê ¸ � � � œ � � �t 3t 3 5t t 3t 5t x 3x 5x
2 2! 2 3! 8 16 6 40 112

# % ' # % ' $ & (

# $# #
�"

† †

† '
0

xŠ ‹
 (b) sinh 0.24746908; the error is less than the absolute value of the first unused�" " " "ˆ ‰

4 4 384 40,960
3¸ � � œ

 term, , evaluated at t  since the series is alternating  error 2.725 105x
112 4 112

5(
" (

œ Ê � ¸ ‚" �'k k ˆ ‰
4

61. 1 x x x   1 x x x�" " � "
� � � � �

# $ # $
1 x 1 ( x) dx 1 x 1 x dx

d 1 dœ � œ � � � � �á Ê œ œ � � � � �áˆ ‰ a b#

 1 2x 3x 4xœ � � � �á# $

62. 1 x x x   1 x x x 2x 4x 6x" "
� �

# % ' # % ' $ &
�1 x dx 1 x dx

d 2x d
1 x# # # #œ � � � �á Ê œ œ � � � �á œ � � �áˆ ‰ a ba b
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632 Chapter 10 Infinite Sequences and Series

63. Wallis' formula gives the approximation 4  to produce the table1 ¸ ’ “2 4 4 6 6 8 (2n 2) (2n)
3 3 5 5 7 7 (2n 1) (2n 1)

† † † † † †

† † † † † †

â �
â � �

  n  µ 1

  10 3.221088998
  20 3.181104886
  30 3.167880758
  80 3.151425420
  90 3.150331383
  93 3.150049112
  94 3.149959030
  95 3.149870848
 100 3.149456425 
 At n 1929 we obtain the first approximation accurate to 3 decimals:  3.141999845.  At n 30,000 we still doœ œ

 not obtain accuracy to 4 decimals:  3.141617732, so the convergence to  is very slow.  Here is a  CAS1 Maple
 procedure to produce these approximations:
 pie  :=
 proc(n)
 local  i,j;
 a(2)  := evalf(8/9);
 for  i  from  3  to n do  a(i)  :=  evalf(2*(2*i 2)*i/(2*i 1)^2*a(i 1))  od;� � �

 [[j,4*a(j)]  $  (j  =  n 5  ..  n)]�

 end

64. (a) f x 1 x f x k x  1 x f x 1 x k xa b a b a b a b a b! ! !ˆ ‰ ˆ ‰ ˆ ‰œ � Ê œ Ê � † œ �
_ _ _

œ œ œk k k1 1 1

m m m
k k k

k k 1 k 1w � w �

 k x x k x k x k x 1 x k x k xœ � † œ � œ � �! ! ! ! ! !ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b_ _ _ _ _ _

œ œ œ œ œ œk k k k k k1 1 1 1 2 1

m m m m m m m
k k k k 1 k k

k 1 k 1 k 1 k 0 k 1 k� � � �

 m  k x  k x    Note that:  k x  k 1 x .œ � � œ �! ! ! !ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b_ _ _ _

œ œ œ œk k k k2 1 2 1

m m m m
k k k k 1

k 1 k k 1 k� �
�

 Thus, 1 x f x m  k x  k x m  k 1 x  k xa b a b a b! ! ! !ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� † œ � � œ � � �w �
�

_ _ _ _

œ œ œ œk k k k2 1 1 1

m m m m
k k k 1 k

k 1 k k k

 m  k 1 x k x m  k 1 k x .œ � � � œ � � �! !’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰a b a bˆ ‰ ˆ ‰_ _

œ œk k1 1

m m m m
k 1 k k 1 k

k k k
� �

 Note that: k 1 k k 1 kˆ ‰ ˆ ‰a b a bm m
k 1 k k 1 ! k!

m m m k 1 1 m m m k 1
� �

† �" â � � � † �" â � �� � œ � �a b a b a b a ba ba b
 k m k k m m .œ � œ � � œ œm m m k m m m k 1 m m m k 1 m m m k 1

k! k! k! k! k
m† � " â � † �" â � � † �" â � � † �" â � �a b a b a b a b a b a b a b a ba ba b ˆ ‰

 Thus, 1 x f x m  k 1 k x m  m x m m xa b a b a b! ! !’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰� † œ � � � œ � œ �w
�

_ _ _

œ œ œk k k1 1 1

m m m m
k 1 k k k

k k k

 m 1 x m f x f x  if x 1.œ � œ † Ê œ �" � �Œ �!ˆ ‰ a b a b_

œk 1

m
k 1 x

k m f xw †
�
a ba b

 (b) Let g x 1 x f x g x m 1 x f x 1 x f xa b a b a b a b a b a b a b a bœ � Ê œ � � � �� � � �w wm m 1 m

 m 1 x f x 1 x m 1 x f x 1 x m f x 0.œ � � � � † œ � � � � † † œa b a b a b a b a b a b a b� � � † � � � �
�

m 1 m m f x m 1 m 1
1 x
a ba b

 (c) g x 0 g x c 1 x f x c f x c 1 x . Since f x 1 xw �
�

a b a b a b a b a b a b a b !ˆ ‰œ Ê œ Ê � œ Ê œ œ � œ �m mc
1 x

m
k

ka b�m

_

œk 1

 f 0 1 0 1 0 1 c 1 0 1 c 1 f x 1 x .Ê œ � œ � œ Ê � œ Ê œ Ê œ �a b a b a b a b a b!ˆ ‰_

œk 1

m
k

k m m

65. 1 x 1 x (1) (1) xa b a b a ba b ˆ ‰� œ � � œ � � � �# # �"Î# �$Î# #�"Î# �"Î# "
# #

ˆ ‰ ˆ ‰ a b� � �
"

# #

�&Î# # #3 (1) x
!

 1 1  � �á œ � � � �á œ �
ˆ ‰ ˆ ‰ ˆ ‰ a b� � � �

"
# # #

�(Î# # $3 5 (1) x
3! 2 ! 2 3! n!

x 1 3x 1 3 5x 1 3 5 (2n 1)x# % '

# $# # #
â �

† † †

† † †

† †!_
œn 1

2n

n
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  sin x 1 t  dt 1   dt x  ,Ê œ � œ � œ ��" # �"Î# â � â �
# # â �

' '
0 0

x xa b Œ �! !_ _

œ œn 1 n 1

1 3 5 (2n 1)x 1 3 5 (2n 1)x
n! 4 (2n)(2n 1)

† † † †

† †

2n 2n 1

n

�

 where x  1k k �

66. tan t tan x  dt  1  dtc d – — ˆ ‰�" �"_

# �
" " " "

x x x x
œ � œ œ œ � � � �á1 ' ' '_ _ _

dt
1 t t t tt# # # '%

Š ‹
Š ‹
1
t

t

#

"

#
1�

  dt  lim   œ � � � �á œ � � � � �á œ � � � �á'
x

b

x

_ˆ ‰ � ‘" " " " " " " " " " " "
t t t t 3t 5t x 3x 5xt 7t 7x# ' ) $ & $ &% ( (

b Ä _

  tan x , x 1; tan t tan x   Ê œ � � � �á � œ � œ�" �" �"
# # �

" " "1 1

x 3x 5x 1 t
dt

$ & #c d x x

�_
�_

'
  lim     tan x ,œ � � � � �á œ � � � � �á Ê œ � � � � �á

b Ä �_
� ‘" " " " " " " " " " "�"

#t 3t 5t x 3x 5x x 3x 5x7t 7x$ & $ & $ &( (

x

b
1

 x 1� �

67. (a) e cos ( ) i sin ( ) 1 i(0) 1�i1 œ � � � œ � � œ �1 1

 (b) e cos i sin (1 i)i 4
4 4 2 2 2

i1 1 1Î " "œ � œ � œ �ˆ ‰ ˆ ‰ Š ‹È È È
 (c) e cos i sin 0 i( 1) i� Î

# #
i 21 1 1œ � � � œ � � œ �ˆ ‰ ˆ ‰

68. e cos i sin   e e cos ( ) i sin ( ) cos i sin ;i i i( )) ) )œ � Ê œ œ � � � œ �) ) ) ) ) )
� �

 e e cos i sin cos i sin 2 cos   cos ;i i e e) )� œ � � � œ Ê œ� �
#) ) ) ) ) )

i i) )�

 e e cos i sin (cos i sin ) 2i sin   sin i i e e
i

) )� œ � � � œ Ê œ� �
#) ) ) ) ) )

i i) )�

69. e 1 x   e 1 i  andx ix x x
! 3! 4! 2! 3! 4!

(i ) (i ) (i )œ � � � � �á Ê œ � � � � �á
# $ % # $ %

#
) ) ) )

)

 e 1 i 1 i� � � �
#

i ( i ) ( i ) ( i ) (i ) (i ) (i )
2! 3! 4! ! 3! 4!

) ) ) ) ) ) )œ � � � � �á œ � � � � �á) )
# $ % # $ %

  Ê œe ei i) )�
# #

�

Š ‹ Š ‹1 i 1 i� � � � �á � � � � � �á) )
(i ) (i ) (i ) (i ) (i ) (i )

! 3! 4! ! 3! 4!
) ) ) ) ) )
# $ % # $ %

# #

 1 cos ;œ � � � �á œ) ) )
# % '

#! 4! 6! )

 e e
i i

i i) )�
# #

�

œ
Š ‹ Š ‹1 i 1 i� � � � �á � � � � � �á) )

(i ) (i ) (i ) (i ) (i ) (i )
! 3! 4! ! 3! 4!
) ) ) ) ) )
# $ % # $ %

# #

 sin œ � � � �á œ) )
) ) )
$ & (

3! 5! 7!

70. e cos i sin   e e cos ( ) i sin ( ) cos i sin i i i) ) )œ � Ê œ œ � � � œ �) ) ) ) ) )
� Ð� Ñ

 (a) e e (cos i sin ) (cos i sin ) 2 cos   cos cosh ii i e e) )� œ � � � œ Ê œ œ� �
#) ) ) ) ) ) )

i i) )�

 (b) e e (cos i sin ) (cos i sin ) 2i sin   i sin sinh ii i e e
2

) )� œ � � � œ Ê œ œ� �
) ) ) ) ) ) )

i i) )�

71. e  sin x 1 x xx x x x x x x
! 3! 4! 3! 5! 7!œ � � � � �á � � � �áŠ ‹Š ‹# $ % $ & (

#

 (1)x (1)x x x x x x x x ;œ � � � � � � � � � � �á œ � � � �á# $ % & # $ &" " " " " " " " "
# # # #

ˆ ‰ ˆ ‰ ˆ ‰
6 6 6 1 0 1 4 3 30

 e e e e (cos x i sin x) e  cos x i e  sin x   e  sin x is the series of the imaginary partx ix 1 i x x x x x
† œ œ � œ � ÊÐ � Ñ a b

 of e  which we calculate next; e   1 (x ix)Ð � Ñ Ð � Ñ � � � �
#

1 i x 1 i x (x ix) (x ix) (x ix) (x ix)
n! ! 3! 4!œ œ � � � � � �á!_

œn 0

n # $ %

 1 x ix 2ix 2ix 2x 4x 4x 4ix 8ix   the imaginary partœ � � � � � � � � � � � � �á Ê" " " " "
#

# $ $ % & & '
! 3! 4! 5! 6!a b a b a b a b a b

 of e  is x x x x x x x x x x  in agreement with ourÐ � Ñ # $ & ' # $ & '
#

" " "1 i x 2 2 4 8
! 3! 5! 6! 3 30 90� � � � �á œ � � � � �á

 product calculation. The series for e sin x converges for all values of x.x

72. e e (cos bx i sin bx) ae (cos bx i sin bx) e ( b sin bx bi cos bx)d d
dx dx

a ib ax ax axˆ ‰ c dÐ � Ñ œ � œ � � � �

 ae (cos bx i sin bx) bie (cos bx i sin bx) ae ibe (a ib)eœ � � � œ � œ �ax ax a ib x a ib x a ib xÐ � Ñ Ð � Ñ Ð � Ñ
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73. (a) e e (cos i sin )(cos i sin ) (cos cos sin sin ) i(sin cos sin cos )i i) )" # œ � � œ � � �) ) ) ) ) ) ) ) ) ) ) )" " # # " # " # " # # "

 cos( ) i sin( ) eœ � � � œ) ) ) )" # " #
Ð � Ñi ) )" #

 (b) e cos( ) i sin( ) cos i sin (cos i sin )� � " "
� �

i cos i sin 
cos i sin cos i sin e

) ) )

) ) ) )
œ � � � œ � œ � œ œ) ) ) ) ) ) ˆ ‰

i)

74. e C iC e (cos bx i sin bx) C iCa bi a bi
a b a b

a bi x ax� �
� �

Ð � Ñ
" # " ## # # #� � œ � � �ˆ ‰

 (a cos bx ia sin bx ib cos bx b sin bx) C iCœ � � � � �e
a b

ax

# #� " #

 [(a cos bx b sin bx) (a sin bx b cos bx)i] C iCœ � � � � �e
a b

ax

# #� " #

 C iC ;œ � � �e (a cos bx b sin bx) ie (a sin bx b cos bx)
a b a b

ax ax� �
� �" ## # # #

 e e e e (cos bx i sin bx) e  cos bx ie  sin bx, so that givenÐ � Ña bi x ax ibx ax ax axœ œ � œ �

 e  dx e C iC  we conclude that e  cos bx dx C' 'Ð � Ñ Ð � Ñ�
� �" # "

�a bi x a bi x axa bi
a b a b

e (a cos bx b sin bx)œ � � œ �# # # #

ax

 and e  sin bx dx C' ax e (a sin bx b cos bx)
a bœ �

ax �
� ## #

CHAPTER 10 PRACTICE EXERCISES

 1. converges to 1, since  lim  a  lim  1 1
n nÄ _ Ä _n

( 1)
nœ � œŠ ‹� n

 2. converges to 0, since 0 a ,  lim  0 0,  lim   0 using the Sandwich Theorem for SequencesŸ Ÿ œ œn
2 2

n nÈ Èn nÄ _ Ä _

 3. converges to 1, since  lim  a  lim   lim  1 1� œ œ � œ �
n n nÄ _ Ä _ Ä _n

1 2
2

ˆ ‰ ˆ ‰� "
#

n

n n

 4. converges to 1, since  lim  a  lim  1 (0.9) 1 0 1
n nÄ _ Ä _n œ � œ � œc dn

 5. diverges, since sin 0 1 0 1 0 1˜ ™ e fn1
# œ ß ß ß� ß ß ßá

 6. converges to 0, since {sin n } {0 0 0 }1 œ ß ß ßá

 7. converges to 0, since  lim  a  lim   2  lim   0
n n nÄ _ Ä _ Ä _n

ln n
n 1œ œ œ

# Š ‹"n

 8. converges to 0, since  lim  a  lim    lim   0
n n nÄ _ Ä _ Ä _n

ln (2n )
n 1œ œ œ�" Š ‹2

2n 1�

 9. converges to 1, since  lim  a  lim   lim   1
n n nÄ _ Ä _ Ä _n

n ln n
n 1

1
œ œ œˆ ‰�

�Š ‹"n

10. converges to 0, since  lim  a  lim    lim    lim    lim   0
n n n n nÄ _ Ä _ Ä _ Ä _ Ä _n

ln 2n 1
n 1 6n n

12n 2œ œ œ œ œa b Š ‹$

#

�
6n

2n 1

#

$ �

11. converges to e , since  lim  a  lim   lim  1 e  by Theorem 5� �5 5
n

n n

n n nÄ _ Ä _ Ä _
œ œ � œˆ ‰ Š ‹n 5

n n
( 5)� �

12. converges to , since  lim  a  lim  1  lim    by Theorem 5" " " "
�e n en 1n n nÄ _ Ä _ Ä _

œ � œ œˆ ‰�n ˆ ‰"
n

n

13. converges to 3, since  lim  a  lim   lim   3 by Theorem 5
n n nÄ _ Ä _ Ä _n

3 3 3
n 1

1 n

nœ œ œ œˆ ‰n

1 n

Î
Î

14. converges to 1, since  lim  a  lim   lim   1 by Theorem 5
n n nÄ _ Ä _ Ä _n

3 3 1
n 1

1 n

nœ œ œ œˆ ‰ Î 1 n

1 n

Î

Î
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15. converges to ln 2, since  lim  a  lim  n 2 1  lim    lim    lim  2  ln 2
n n n n nÄ _ Ä _ Ä _ Ä _ Ä _n

2 1œ � œ œ œa b1 n 1 nÎ Î
1 nÎ �Š ‹"

� Î

#

�"
#n

2  ln 21 n

n

n

– —
Š ‹

Š ‹

 2 ln 2 ln 2œ œ!
†

16. converges to 1, since  lim  a  lim  2n 1  lim  exp  lim  exp e 1
n n n nÄ _ Ä _ Ä _ Ä _n

ln (2n 1)
n 1œ � œ œ œ œÈ Š ‹ Œ �n � !

2
2n 1�

17. diverges, since  lim  a  lim    lim  (n 1)
n n nÄ _ Ä _ Ä _n

(n 1)!
n!œ œ � œ _�

18. converges to 0, since  lim  a  lim   0 by Theorem 5
n nÄ _ Ä _n

( 4)
n!œ œ� n

19.   s"
� � # � � # � � �(2n 3)(2n 1) n 3 2n 1 3 5 5 7 n 3 2n 1 3 2n 1nœ � Ê œ � � � �á � � œ �

Š ‹ Š ‹ Š ‹ Š ‹ Š ‹ Š ‹ Š ‹ Š ‹ Š ‹ Š ‹" " " " " " " " " "

# # # # # # # # # #– — – — – —
   lim  s  lim  Ê œ � œ

n nÄ _ Ä _n 6 2n 1 6– —" "
�

Š ‹"
#

20.   s    lim  s� � � � �
� � # � # �
2 2 2 2 2 2 2 2 2 2 2

n(n 1) n n 1 3 3 4 n n 1 n 1n nœ � Ê œ � � � �á � � œ � � Êˆ ‰ ˆ ‰ ˆ ‰
n Ä _

  lim  1 1œ � � œ �
n Ä _

ˆ ‰2
n 1�

21.   s9 3 3 3 3 3 3 3 3 3 3
(3n 1)(3n 2) 3n 1 3n 2 5 5 8 8 11 3n 1 3n 2n� � � � # � �œ � Ê œ � � � � � �á � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

    lim  s  lim  œ � Ê œ � œ3 3 3 3 3
3n 3n 2n# �# # � #n nÄ _ Ä _

ˆ ‰
22.   s� � � � � �

� � � � � �
8 2 2 2 2 2 2 2 2 2 2

(4n 3)(4n 1) 4n 3 4n 1 9 13 13 17 17 21 4n 3 4n 1œ � Ê œ � � � � � �á � �n ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
    lim  s  lim  œ � � Ê œ � � œ �2 2 2 2 2

9 4n 1 9 4n 1 9� �n nÄ _ Ä _n ˆ ‰
23.  e   , a convergent geometric series with r  and a 1  the sum is ! !_ _

œ œn 0 n 0

� " " "

� �
n

e e e 11

eœ œ œ Ê œn Š ‹"e

24.  ( 1)   a convergent geometric series with r  and a   the sum is! ! ˆ ‰ ˆ ‰_ _

œ œn 1 n 0
� œ � œ � œ Ên n3 3 3

4 4 4 4 4n
�" " �

 
ˆ ‰ˆ ‰�

�

3
4

41
3
5�" œ �

25. diverges, a p-series with p œ "
#

26.   5   , diverges since it is a nonzero multiple of the divergent harmonic series! !_ _

œ œn 1 n 1

� "5
n nœ �

27. Since f(x)   f (x) 0  f(x) is decreasing  a a , and  lim  a  lim   0, thenœ Ê œ � � Ê Ê � œ œ
Ä _

" "w
# �x x n 1 n n

1
n"Î# $Î# n Ä _ È

 series   converges by the Alternating Series Test.  Since  diverges, the given series converges conditional! !_ _

œ œn 1 n 1

( )
n n

�" "nÈ È ly.

28. converges absolutely by the Direct Comparison Test since  for n 1, which is the nth term of a convergent" "
#n n$ $�  

 p-series
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29. The given series does not converge absolutely by the Direct Comparison Test since , which is" "
� �ln (n 1) n 1�

 the nth term of a divergent series.  Since f(x)   f (x) 0 f(x) is decreasingœ Ê œ � � Ê" "
� � �

w
ln (x 1) (ln (x 1)) (x 1)#

 a a , and  lim  a  lim   0, the given series converges conditionally by the AlternatingÊ � œ œn 1 n ln (n 1)�
"
�n nÄ _ Ä _n

 Series Test.

30.   dx  lim    dx  lim  (ln x)   lim    the series' '
2 2

b b

2

_

" " " " "�"
#x(ln x) x(ln x) ln b ln 2 ln # #œ œ � œ � � œ Ê

b b bÄ _ Ä _ Ä _
c d ˆ ‰

 converges absolutely by the Integral Test

31. converges absolutely by the Direct Comparison Test since , the nth term of a convergent p-seriesln n n
n n n$ $ #� œ "

32. diverges by the Direct Comparison Test for e n  ln e ln n  n ln n  ln n ln (ln n)n n n nn n
� Ê � Ê � Ê �ˆ ‰

  n ln n ln (ln n)  , the nth term of the divergent harmonic seriesÊ � Ê �ln n
ln (ln n) n

"

33.  lim    lim   1 1  converges absolutely by the Limit Comparison Test
n nÄ _ Ä _

Š ‹
Š ‹

"

# �

"

#

n n 1

n

È
œ œ œ ÊÉ Èn

n 1
#

# �

34.  Since f(x)   f (x) 0 when x 2  a a  for n 2 and  lim   0, theœ Ê œ �   Ê �   œ3x 3n
x 1 n 1

3x 2 x
x 1 n 1 n

# #

$ $

$

$ #� �
w �

� �
a ba b n Ä _

 series converges by the Alternating Series Test.  The series does not converge absolutely:  By the Limit

 Comparison Test,  lim     lim   3.   Therefore the convergence is conditional.
n nÄ _ Ä _

Š ‹
ˆ ‰
3n

n   1

n

#

$ �

" œ œ3n
n 1

$

$ �

35. converges absolutely by the Ratio Test since  lim   lim   0 1
n nÄ _ Ä _

’ “n 2 n! n 2
(n 1)! n 1 (n 1)

� �
� � �† œ œ �#

36. diverges since  lim  a  lim    does not exist
n nÄ _ Ä _n

( ) n 1
2n n 1œ �" �

� �

n a b#

#

37. converges absolutely by the Ratio Test since  lim   lim   0 1
n nÄ _ Ä _

’ “3 n! 3
(n 1)! 3 n 1

n 1

n

�

� �† œ œ �

38. converges absolutely by the Root Test since  lim  a  lim   lim   0 1
n n nÄ _ Ä _ Ä _

È Én n n n

nn œ œ œ �2 3 6
n n

39. converges absolutely by the Limit Comparison Test since  lim    lim   1
n nÄ _ Ä _

Š ‹
Š ‹

"

$Î#

"
� �

n

n(n 1)(n 2)È

œ œÉ n(n 1)(n 2)
n

� �
$

40. converges absolutely by the Limit Comparison Test since  lim    lim   1
n nÄ _ Ä _

Š ‹
Š ‹

"

#

"

# �

n

n n 1È

œ œÉ n n 1
n

# #

%

a b�

41.  lim   1   lim   1    lim  1  1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ˆ ‰u
u (n 1)3 (x 4) 3 n 1 3

(x 4) n3 nx 4 x 4n 1

n

n 1

n 1 n

n
�

�

�� Ê � Ê � Ê ��
� � �

� �
†

k k k k

  x 4 3  3 x 4 3  7 x 1; at x 7 we have  , the alternatingÊ � � Ê � � � � Ê � � � � œ � œk k ! !_ _

œ œn 1 n 1

( 1) 3 ( )
n3 n

� �"n n n

n

 harmonic series, which converges conditionally; at x 1 we have   , the divergent harmonic seriesœ � œ! !_ _

œ œn 1 n 1

3
n3 n

n

n
"

 (a) the radius is 3; the interval of convergence is 7 x 1� Ÿ � �

 (b) the interval of absolute convergence is 7 x 1� � � �

 (c) the series converges conditionally at x 7œ �
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42.  lim   1   lim   1  (x 1)   lim   0 1, which holds for all x
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹u
u (2n 1)! (x 1) ( n)(2n 1)

(x 1) (2n 1)!n 1

n

� � Ê � Ê � œ �� �
� � # �

# "2n

2n 2†

�

 (a) the radius is ; the series converges for all x_

 (b) the series converges absolutely for all x
 (c) there are no values for which the series converges conditionally

43.  lim   1   lim   1  3x 1   lim   1  3x 1 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k ku
u (n 1) (3x 1) (n 1)

(3x 1) n nn 1

n

n 1

n
�

�

# #

# #

� Ê � Ê � � Ê � ��
� � �†

  1 3x 1 1  0 3x 2  0 x ; at x 0 we have Ê � � � � Ê � � Ê � � œ œ2
3 n n

( 1) ( 1) ( )! !_ _

œ œn 1 n 1

� � �"n 1 n 2n 1� �

# #

  , a nonzero constant multiple of a convergent p-series, which is absolutely convergent; at x  weœ � œ!_
œn 1

"
n 3

2
#

 have  , which converges absolutely! !_ _

œ œn 1 n 1

( 1) (1) ( )
n n

� �"n 1 n n 1� �

# #œ

 (a) the radius is ; the interval of convergence is 0 x"
3 3

2Ÿ Ÿ

 (b) the interval of absolute convergence is 0 xŸ Ÿ 2
3

 (c) there are no values for which the series converges conditionally

44.  lim   1   lim   1    lim  1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ¸ ¸u
u 2n 3 2 n 1 (2x 1) 2 2n 3 n 1

n 2 2n 1 2 n 2 2n(2x 1) 2x 1n 1

n

n 1

n 1 n

n
�

�

�� Ê � Ê �� � � �"
� � � � �

� �
† † † †

k k
  (1) 1  2x 1 2  2 2x 1 2  3 2x 1  x ; at x  we haveÊ � Ê � � Ê � � � � Ê � � � Ê � � � œ �k k2x 1 3 3�

# # # #
"k k

   which diverges by the nth-Term Test for Divergence since! !_ _

œ œn 1 n 1

n 1
2n 1 2n 1

( 2) ( ) (n 1)�
� # �

� �" �
†

n n

n œ

  lim  0; at x  we have , which diverges by the nth-Term Test
n Ä _

ˆ ‰ ! !n 1 n 1 2 n
2n 1 2n 1 2n 1
� " " � �"
� # # � # �œ Á œ œ

_ _

œ œn 1 n 1
†

n

n

 (a) the radius is 1; the interval of convergence is x� � �3
# #

"

 (b) the interval of absolute convergence is x� � �3
# #

"

 (c) there are no values for which the series converges conditionally

45.  lim   1   lim   1  x   lim  1    lim  1
n n n nÄ _ Ä _ Ä _ Ä _

¹ ¹ ¹ ¹ k k ¸ ¸ ˆ ‰ˆ ‰ ˆ ‰u
u (n 1) x n 1 n 1 e n 1

x n n n xn 1

n

n 1 n

n 1 n
�

�

�� Ê � Ê � Ê �� � � �
" "

†

k k
  0 1, which holds for all xÊ �k kx

e †

 (a) the radius is ; the series converges for all x_

 (b) the series converges absolutely for all x
 (c) there are no values for which the series converges conditionally

46.  lim   1   lim   1  x   lim  1  x 1; when x 1 we have
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k kÉu
u x n 1

x n
n 1

nn 1

n

n 1

n
�

�

� Ê � Ê � Ê � œ �È È
� �†

 , which converges by the Alternating Series Test; when x 1 we have   , a divergent p-series! !_

œn 1

( 1)
n n

� "nÈ Èœ
_

œn 1

 (a) the radius is 1; the interval of convergence is 1 x 1� Ÿ �

 (b) the interval of absolute convergence is 1 x 1� � �

 (c) the series converges conditionally at x 1œ �

47.  lim   1   lim   1    lim  1  3 x 3;
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ˆ ‰ È Èu
u 3 (n 1)x 3 n 1

(n 2)x 3 x n 2n 1

n

2n 1

n 1 2n 1

n
�

�

� �

#

� Ê � Ê � Ê � � ��
� �

�
†

 the series  and  , obtained with x 3, both diverge! ! È_ _

œ œn 1 n 1
� œ „n 1 n 1

3 3
� �È È

 (a) the radius is 3; the interval of convergence is 3 x 3È È È� � �

 (b) the interval of absolute convergence is 3 x 3� � �È È
 (c) there are no values for which the series converges conditionally
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48.  lim   1   lim   1  (x 1)   lim  1  (x 1) (1) 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ˆ ‰u
u 2n 3 (x 1) 2n 3

(x 1)x 2n 1 2n 1n 1

n

2n 3

2n 1
�

�

�� Ê � Ê � � Ê � ��
� � �

� �# #
†

  (x 1) 1  x 1 1  1 x 1 1  0 x 2; at x 0 we have Ê � � Ê � � Ê � � � � Ê � � œ# � �
# �k k !_

œn 1

( 1) ( 1)
n 1

n 2n 1�

   which converges conditionally by the Alternating Series Test and the factœ œ! !_ _

œ œn 1 n 1

( 1) ( 1)
2n 1 2n 1
� �

� �

3n 1� n 1�

 that   diverges; at x 2 we have   , which also converges conditionally! ! !_ _ _

œ œ œn 1 n 1 n 1

"
� � �

� �
2n 1 2n 1 2n 1

( 1) (1) ( 1)œ œ
n 2n 1 n�

 (a) the radius is 1; the interval of convergence is 0 x 2Ÿ Ÿ

 (b) the interval of absolute convergence is 0 x 2� �

 (c) the series converges conditionally at x 0 and x 2œ œ

49.  lim   1   lim   1  x   lim   1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k » »u
u csch (n)x

csch (n 1)xn 1

n

n 1

n
�

�

� Ê � Ê ��
Š ‹

ˆ ‰
2

e en 1 n 1

2
e en n

� � ��

� �

  x   lim   1  1  e x e; the series e  csch n, obtained with x e,Ê � Ê � Ê � � � „ œ „k k a b¹ ¹ !
n Ä _

e e
1 e e

x n�" � �

� �

�
�

2n 1

2n 2
k k _

œn 1

 both diverge since  lim  e)  csch n 0
n Ä _

a„ Án

 (a) the radius is e; the interval of convergence is e x e� � �

 (b) the interval of absolute convergence is e x e� � �

 (c) there are no values for which the series converges conditionally

50.  lim   1   lim   1  x   lim   1  x 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ¹ ¹k k k ku
u x  coth (n) 1 e 1 e

x  coth (n 1) 1 e 1 en 1

n

n 1

n 2n 2 2n

2n 2 2n
�

� � � �

� � �� Ê � Ê � Ê �� � �
� �†

  1 x 1; the series 1  coth n, obtained with x 1, both diverge since  lim  1  coth n 0Ê � � � „ œ „ „ Á!a b a b_

œn 1

n n
n Ä _

 (a) the radius is 1; the interval of convergence is 1 x 1� � �

 (b) the interval of absolute convergence is 1 x 1� � �

 (c) there are no values for which the series converges  conditionally

51. The given series has the form 1 x x x ( x) , where x ; the sum is � � � �á � � �á œ œ œ# $ " " "
� �

n
1 x 4 51

4ˆ ‰"
4

52. The given series has the form x ( 1)  ln (1 x), where x ; the sum is� � �á � � �á œ � œx x x 2
3 n 3

n 1# $

#
� n

 ln 0.510825624ˆ ‰5
3 ¸

53. The given series has the form x ( 1)  sin x, where x ; the sum is sin 0� � �á � � �á œ œ œx x x
3! 5! (2n 1)!

n$ & �2n 1

� 1 1

54. The given series has the form 1 ( 1)  cos x, where x ; the sum is cos � � �á � � �á œ œ œx x x
2! 4! (2n)! 3 3

n# % 2n
1 1 "

#

55. The given series has the form 1 x e , where x ln 2; the sum is e 2� � � �á � �á œ œ œx x x
2! 3! n!

x ln 2# # n Ð Ñ

56. The given series has the form x ( 1)  tan x, where x ; the sum is� � �á � � �á œ œx x x
3 5 (2n 1)

n
3

$ & �2n 1

�
�" "È

 tan�" "Š ‹È3 6œ 1

57. Consider  as the sum of a convergent geometric series with a 1 and r 2x  " "
� �1 2x 1 2xœ œ Ê

 1 (2x) (2x) (2x)  (2x)  2 x  where 2x 1  xœ � � � �á œ œ � Ê �# $ "
#

! ! k k k k_ _

œ œn 0 n 0

n n n
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58. Consider  as the sum of a convergent geometric series with a 1 and r x   " " "
� � � �

$
1 x 1 x 1 x$ $ $œ œ � Ê œ a b

 1 x x x  ( 1) x  where x 1  x 1 x 1œ � � � � � � �á œ � � � Ê � Ê �a b a b a b k k k k k k!$ $ $ $ $# $
_

œn 0

n 3n

59. sin x    sin x   œ Ê œ œ! ! !_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) ( x) ( 1) x
(2n 1)! (2n 1)! ( n 1)!
� � �

� � # �

n 2n 1 n 2n 1 n 2n 1 2n 1� � � �

1
1 1

60. sin x     sin   œ Ê œ œ! ! !_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) 2 x
(2n 1)! 3 (2n 1)! 3 ( n 1)!

2x ( 1)� �
� � # �

�n 2n 1 n 2n 1 2n 1
n

2n 1

2n 1

� � �

�

�

Š ‹2x
3

61. cos x    cos x   œ Ê œ œ! ! !ˆ ‰_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) x
(2n)! (2n)! ( n)!

5 3 ( 1) x� �Î �

#

n 2n n 10n 3n 5 3 2nˆ ‰Î Î

62. cos x    cos   œ Ê œ œ! ! !Š ‹_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) x
(2n)! (2n)! 5 ( n)!

x
5

( 1)� ��

#

n 2n n 6n3
n x3

5

2n

nÈ
Š ‹È

63. e     e    x x 2x x
n! n! n!

n 0
œ Ê œ œ! ! !_ _

œ œn 0 n 0

n n nx n

n
Ð Î Ñ

_

œ
#

1 1
ˆ ‰1

#

64. e     e    x xx
n! n! n!

x ( 1) xœ Ê œ œ! ! !_ _ _

œ œ œn 0 n 0 n 0

n n n 2n
� � �# #a b

65. f(x) 3 x 3 x   f (x) x 3 x   f (x) x 3 x 3 xœ � œ � Ê œ � Ê œ � � � �È a b a b a b a b# # w # ww # # #"Î# �"Î# �$Î# �"Î#

  f (x) 3x 3 x 3x 3 x ; f( 1) 2, f ( 1) ,  f ( 1) ,Ê œ � � � � œ � œ � � œ � � œwww $ # # w ww�&Î# �$Î# " " "
# #a b a b 8 8

3

  f ( 1)   3 x 2www # � � �� œ � � œ Ê � œ � � � �á3 3 9
32 8 32 2 1! 2 2! 2 3!

(x 1) 3(x 1) 9(x 1)È
† † †

# $

$ &

66. f(x) (1 x)   f (x) (1 x)    f (x) 2(1 x)  f (x) 6(1 x) ;  f(2) 1, f (2) 1,œ œ � Ê œ � Ê œ � Ê œ � œ � œ"
�

�" w �# ww �$ www �% w
1 x

  f (2) 2, f (2) 6  1 (x 2) (x 2) (x 2)ww www # $"
�œ � œ Ê œ � � � � � � � �á1 x

67. f(x) (x 1)   f (x) (x 1)    f (x) 2(x 1)   f (x) 6(x 1) ;  f(3) ,œ œ � Ê œ � � Ê œ � Ê œ � � œ" "
�

�" w �# ww �$ www �%
x 1 4

 f (3) ,  f (3) , f (2)   (x 3) (x 3) (x 3)w ww www # $" � " " " " "
�œ � œ œ Ê œ � � � � � � �á4 4 x 1 4 4 4

2 6
4 4# $ # $% %

68. f(x) x   f (x) x    f (x) 2x   f (x) 6x ;  f(a) , f (a) ,  f (a) ,œ œ Ê œ � Ê œ Ê œ � œ œ � œ" " "�" w �# ww �$ www �% w ww
x a a a

2
# $

 f (a)   (x a) (x a) (x a)www # $� " " " " "œ Ê œ � � � � � � �á6
a ax a a a% %# $

69. exp x  dx 1 x  dx x' '
0 0

1 2 1 2Î Îa b Š ‹ ’ “� œ � � � � �á œ � � � � �á$ $
"Î#

!

x x x x x x x
2! 3! 4! 4 7 2! 10 3! 13 4!

' * "# % ( "! "$

† † †

 0.484917143¸ � � � � � ¸" " " " " "
# # #% ( "! "$ "'

† † † † † † † † †4 7 2! 2 10 3! 2 13 4! 2 16 5!

70. x sin x  dx x x  dx x  dx' ' '
0 0 0

1 1 1a b Š ‹ Š ‹$ $ %œ � � � � �á œ � � � � �áx x x x x x x x
3! 5! 7! 9! 3! 5! 7! 9!

* "& #" #( "! "' ## #)

 0.185330149œ � � � � �á ¸’ “x x x x x
5 11 3! 17 5! 23 7! 29 9!

& "" "( #$ #*

† † † †

"

!

71.   dx 1  dx x' '
1 1

1 2 1 2Î Î
tan x x x x x x x x x x x

x 3 5 7 9 11 9 25 49 81 121

�" # % ' ) "! $ & ( * ""

œ � � � � � �á œ � � � � � �áŠ ‹ ’ “ "Î#

!

 0.4872223583¸ � � � � � � � � � � ¸" " " " " " " " " " "
# # # ## #9 2 5 9 2 11 2 13 2 15 2 19 217 17† † † † † † † †† †

$ # & # * # "" # "$ # "& # "* # #"# ( # "(
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72.   dx  x  dx x x x x  dx' ' '
0 0 0

1 64 1 64 1 64Î Î Î
tan x x x x

x x 3 5 7 3 5 7

�" $ & (È Èœ � � � �á œ � � � �á" " " ""Î# &Î# *Î# "$Î#Š ‹ ˆ ‰
 x x x x 0.0013020379œ � � � �á œ � � � �á ¸� ‘ ˆ ‰2 2 2 2 2 2 2 2

3 1 55 105 3 8 55 8 105 821 8
$Î# (Î# ""Î# "&Î#

#

"Î'%

! † † ††

$ "" "&(

73.  lim    lim    lim   
x 0 x 0 x 0Ä Ä Ä

7 sin x 7
e 12x � #œ œ œ

7 x 7 1

2x 2

Š ‹ Š ‹
Š ‹ Š ‹

� � �á � � �á

� � �á � � �á

x x x x
3! 5! 3! 5!

2 x 2 x 2 x 2 x
2! 3! ! 3!

$ & # %

# # $ $ # $ #

#

74.  lim    lim    lim   
) ) )Ä Ä Ä0 0 0

e e 2
sin 

) )� �
�

�

)

) )
œ œ

Š ‹ Š ‹ Š ‹
Š ‹ Š ‹

1 1 2 2� � � �á � � � � �á � � �á

� � � �á �

) ) )

) )

) ) ) ) ) )

) ) ) )

# $ # $ $ &

# #

$ & $ &

! 3! ! 3! 3! 5!

3! 5! 3! 5! �á

  lim   2œ œ
) Ä 0

2Š ‹
Š ‹

"
#

" #

3! 5!

3! 5!

� �á

� �á

)

)

75.  lim   lim    lim    lim   
t 0 t 0 t 0 t 0Ä Ä Ä Ä

ˆ ‰" " � �
#� �

� �

2 cos t t 2t (1 cos t)
t 2 2 cos t

t 2 2 2

2t
� œ œ œ# #

#

#

#

Œ � Œ �
Š ‹

1

1 1

� � �á

� � � �á

t t t
4! 4!

t t
4!

# % %

#

# %

#

� �á

� �á

t
6!

2t
4!

'

%
'Š ‹t

  lim   œ œ
t 0Ä

2

1

Š ‹
Š ‹

"
#

#

4! 6!
t

2t
4!

� �á

� �á1
"
#

76.  lim    lim   
h 0 h 0Ä Ä

Š ‹ Œ � Œ �sin h
h

h h h h
3! 5! ! 4!� �cos h

h h# #œ
1 1� � �á � � �á

# % # %

#

  lim    lim   œ œ � � � � � �á œ
h 0 h 0Ä Ä

Œ �h h h h h h
! 3! 5! 4! 6! 7!

# # % % ' '

#
� � � � � �á

h ! 3! 5! 4! 6! 7! 3
h h h h

#

# # % %Š ‹" " "
#

77.  lim    lim    lim   
z 0 z 0 z 0Ä Ä Ä

"�
� �

� � �

�

cos z
ln (1 z) sin z

1 1 z z

z z

#

# #

œ œ
Š ‹ Š ‹

Š ‹ Š ‹ Š ‹
z z
3 3

z z z z z 2z z
3 3! 5! 3 4

% %

# $ $ & # $ %

# #

�á � �á

� � �á � � � �á � � � �á

  lim   2œ œ �
z 0Ä

Š ‹
Š ‹

1� �á

� � � �á

z
3

2z z
3 4

#

"

#

#

78.  lim    lim    lim   
y 0 y 0 y 0Ä Ä Ä

y y y
cos y cosh y

1 1

# # #

�
� � �

œ œŒ � Œ � Œ �y y y y y y 2y 2y
4! 6! ! 4! 6! 6!

# % ' # % ' # '

# # #
� � �á � � �á � � �á

  lim   1œ œ �
y 0Ä

"

� � �áŒ �1 2y
6!

%

79.  lim  s  lim  s  lim  s 0
x 0 x 0 x 0Ä Ä Ä

ˆ ‰ – — Š ‹sin 3x r r 3 9 81x r
x x x x x 40 x

3x
$ # $ # # #

$ &

#

� � œ � � œ � � �á � � œ
Š ‹� � �á

#

(3x) (3x)
6 120

  0 and s 0  r 3 and sÊ � œ � œ Ê œ � œr 3 9 9
x x# # # #

80. The approximation sin x  is better than sin x x.¸ ¸6x
6 x� #
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81.  lim   1  x   lim   1  x
n nÄ _ Ä _

¹ ¹ k k k k¸ ¸2 5 8 (3n 1)(3n 2)x 2 4 6 (2n)
4 6 (2n)(2n 2) 5 8 (3n 1)x 2n 2 3

3n 2 2† † † †

† † † †

â � � â
# â � # â � �

�n 1

n

�

† � Ê � Ê �

  the radius of convergence is Ê 2
3

82.  lim   1  x   lim   1  x
n nÄ _ Ä _

¹ ¹ k k k k¸ ¸3 5 7 (2n 1)(2n 3)(x 1) 4 9 14 (5n 1)
4 9 14 (5n 1)(5n 4) 3 5 7 (2n 1)x 5n 4 2

2n 3 5† † † †

† † † †

â � � � â �
â � � â � �

�n 1

n

�

† � Ê � Ê �

  the radius of convergence is Ê 5
2

83.  ln 1  ln 1 ln 1  ln (k 1) ln k ln (k 1) ln k! ! !ˆ ‰ � ‘ˆ ‰ ˆ ‰ c dn n n

k 2 k 2 k 2œ œ œ

� œ � � � œ � � � � �" " "
k k k#

 ln 3 ln 2 ln 1 ln 2 ln 4 ln 3 ln 2 ln 3 ln 5 ln 4 ln 3 ln 4 ln 6 ln 5 ln 4 ln 5œ � � � � � � � � � � � � � � �c d c d c d c d
 ln (n 1) ln n ln (n 1) ln n ln 1 ln 2 ln (n 1) ln n  after cancellation�á � � � � � � œ � � � �c d c d c d
  ln 1 ln    ln 1  lim  ln ln  is the sumÊ � œ Ê � œ œ! !ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰n

k 2 k 2œ œ

" � " � "
#k 2n k 2n

n 1 n 1
# #

_

n Ä _

84.  -  ! !ˆ ‰ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰n n

k 2 k 2œ œ

" " " " " " " " " " " " " "
� # � � # # �#k 1 k 1 k 1 1 3 4 3 5 4 6 n n

1
# œ � œ � � � � � � � �á � �

 � � œ � � � œ � � œ œ‘ ˆ ‰ ˆ ‰ˆ ‰ ’ “" " " " " " " " " " " � �
� � # # � # # � # � �

� � � �
n 1 n 1 1 n n 1 n n 1 2n(n 1) 4n(n 1)

3 3n n 23n(n 1) 2(n 1) 2n #

    lim  Ê œ � � œ! ˆ ‰_

k 2œ

" "
� # �k 1 2 n n 1 4

3 1 1 3
# n Ä _

85. (a)  lim   1  x   lim   
n nÄ _ Ä _

¹ ¹ k k1 4 7 (3n 2)(3n 1)x (3n)! (3n )
(3n 3)! 1 4 7 (3n 2)x (3n 1)(3n 2)(3n 3)

† †

† †

â � � �"
� â � � � �

$
3n 3

3n

�

† � Ê

 x 0 1  the radius of convergence is œ � Ê _k k$ †

 (b) y 1  x    xœ � Ê œ! !_ _

œ œn 1 n 1

1 4 7 (3n 2) dy 1 4 7 (3n 2)
(3n)! dx (3n 1)!

† † † †â � â �
�

3n 3n 1�

   x x  xÊ œ œ �d y 1 4 7 (3n 2) 1 4 7 (3n 5)
dx (3n 2)! (3n 3)!

#

#
! !_ _

œ œn 1 n 2

† † † †â � â �
� �

3n 2 3n 2� �

 x 1  x xy 0  a 1 and b 0œ � œ � Ê œ œŒ �!_
œn 1

1 4 7 (3n 2)
(3n)!

† † â � 3n

86. (a) x x ( x) x ( x) x ( x) x x x x  ( 1) x  whichx x
1 x 1 ( x)

n n# #

� � �
# # # # # $ # $ % &œ œ � � � � � � �á œ � � � �á œ �!_

œn 2

 converges absolutely for x 1k k �
 (b) x 1   ( 1) x  ( 1)  which divergesœ Ê � œ �! !_ _

œ œn 2 n 2

n n n

87. Yes, the series  a b  converges as we now show.  Since a  converges it follows that a   0  a 1! !_ _

œ œn 1 n 1
n n n n nÄ Ê �

 for n some index N  a b b  for n N  a b  converges by the Direct Comparison Test with   b� Ê � � Ên n n n n n! !_ _

œ œn 1 n 1

88. No, the series a b  might diverge (as it would if a  and b  both equaled n) or it might converge (as it would if!_
œn 1

n n n n

 a  and b  both equaled ).n n n
"

89. (x x )  lim   (x x )  lim  (x x )  lim  (x ) x   both the series and! !_ _

œ œn 1 1
n 1 n k 1 k n 1 n 1� � � " � "� œ � œ � œ � Ê

n n nÄ _ Ä _ Ä _
k

 sequence must either converge or diverge.
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90. It converges by the Limit Comparison Test since  lim    lim   1 because a  converges
n nÄ _ Ä _

Š ‹an
1 an

n

�

a œ œ"
�1 a n

n
!_
œn 1

 and so a 0.n Ä

91.  a a a a a! ˆ ‰ ˆ ‰ ˆ ‰_

œn 1

a
n 3 4 3 4 5 6 7 8

a a an œ � � � �á   � � � � � � �" " # % )# #
" " " " " " "# $ %

 a (a a a a ) which is a divergent series� � � �á � �á   � � � �áˆ ‰" " " " "
"' # % ) "'#9 10 11 16

92. a  for n 2  a a a , and n ln n ln ln 4 ln 8 ln  ln 2 3 ln 2œ   Ê       á � � �á œ � � �á" " " " " " "
# $ % # # #

 1  which diverges so that 1   diverges by the Integral Test.œ � � �á �" " " "
# #ln 3 n ln n
ˆ ‰ !_

œn 2

CHAPTER 10 ADDITIONAL AND ADVANCED EXERCISES

 1. converges since  and  converges by the Limit Comparison Test:" " "
�# � �(3n ) (3n 2) (3n 2)Ð � ÑÎ $Î# $Î#2n 1 2 � !_

œn 1

  lim    lim  3
n nÄ _ Ä _

Š ‹
Š ‹

"

$Î#

"

� $Î#

n

(3n 2)

œ œˆ ‰3n 2
n
� $Î# $Î#

 2. converges by the Integral Test:  tan x   lim   lim  '
1

b_

"

a b ’ “ ’ “�" #

�
dx

x 1 3 3 192
tan x tan b

#

�" �"$ $
$

œ œ �
b bÄ _ Ä _

a b a b 1

 œ � œŠ ‹1 1 1
$ $ $

24 192 192
7

 3. diverges by the nth-Term Test since  lim  a  lim  ( 1)  tanh n  lim  ( 1)  lim  ( 1)
n n nbÄ _ Ä _ Ä _Ä _

n
n n n1 e

1 eœ � œ � œ �Š ‹�
�

�

�

2n

2n

 does not exist

 4. converges by the Direct Comparison Test:  n! n   ln (n!) n ln (n)  n� Ê � Ê �n ln (n!)
ln (n)

  log (n!) n  , which is the nth-term of a convergent p-seriesÊ � Ê �n
log (n!)

n n
n
$ #

"

 5. converges by the Direct Comparison Test:  a 1 , a , a" # $œ œ œ œ œ12 1 2 12 2 3 1 2
(1)(3)(2) 3 4 (2)(4)(3) 4 5 3 4# #

† † †

† † †

ˆ ‰ ˆ ‰
 , a ,   1   represents theœ œ œ á Ê �12 3 4 2 3 1 2 2 12

(3)(5)(4) 5 6 4 5 3 4 (4)(6)(5) (n 1)(n 3)(n 2)# # #%
"

� � �
ˆ ‰ ˆ ‰ ˆ ‰ !† † †

† † †

_

œn 1

 given series and , which is the nth-term of a convergent p-series12 12
(n 1)(n 3)(n 2) n� � � # %�

 6. converges by the Ratio Test:   lim    lim   0 1
n nÄ _ Ä _

a
a (n 1)(n 1)

nn 1

n

� œ œ �� �

 7. diverges by the nth-Term Test since if a   L as n  , then L   L L 1 0  L 0n 1 L
1 5Ä Ä _ œ Ê � � œ Ê œ Á"

� #
# � „È

 8. Split the given series into   and ; the first subseries is a convergent geometric series and the! !_ _

œ œn 1 n 1

"
3 3

2n
2n 1 2n�

 second converges by the Root Test:   lim   lim   1
n nÄ _ Ä _

Én
2n

n n2n 1
3 9 9 9

2 n
œ œ œ �

È È " "†

 9. f(x) cos x with a   f 0.5, f , f 0.5, f , f 0.5;œ œ Ê œ œ � œ � œ œ1 1 1 1 1 1

3 3 3 3 3 3
3 3ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰w www

# #
wwÈ È

Ð Ñ4

 cos x x x xœ � � � � � � �á" "
# # #

# $È È3 3
3 4 3 1 3

ˆ ‰ ˆ ‰ ˆ ‰1 1 1
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10. f(x) sin x with a 2   f(2 ) 0, f (2 ) 1, f (2 ) 0, f (2 ) 1, f (2 ) 0, f (2 ) 1,œ œ Ê œ œ œ œ � œ œ1 1 1 1 1 1 1
w wwwww Ð Ñ Ð Ñ4 5

 f (2 ) 0, f (2 ) 1; sin x (x 2 )Ð Ñ Ð Ñ6 7
1 1 1œ œ � œ � � � � �á(x 2 ) (x 2 ) (x 2 )

3! 5! 7!
� � �1 1 1

$ & (

11. e 1 x  with a 0x œ � � � �á œx x
! 3!

# $

#

12. f(x) ln x with a 1  f(1) 0, f (1) 1,  f (1) 1,f (1) 2, f (1) 6;œ œ Ê œ œ œ � œ œ �w wwwww Ð Ñ4

 ln x (x 1)œ � � � � �á(x 1) (x 1) (x 1)
3 4

� � �
#

# $ %

13. f(x) cos x with a 22   f(22 ) 1, f (22 ) 0,  f (22 ) 1, f (22 ) 0, f (22 ) ,œ œ Ê œ œ œ � œ œ "1 1 1 1 1 1
w wwwww Ð Ñ4

 f (22 ) 0, f (22 ) 1; cos x 1 (x 22 ) (x 22 ) (x 22 )Ð Ñ Ð Ñ5 6
1 1 1 1 1œ œ � œ � � � � � � �á" " "

#
# % '

4! 6!

14. f(x) tan x with a 1  f(1) , f (1) ,  f (1) , f (1) ;œ œ Ê œ œ œ � œ�" w www" " "
# # #

ww1

4

 tan x�" � � �œ � � � �á1

4 2 4 12
(x 1) (x 1) (x 1)# $

15. Yes, the sequence converges:  c a b   c b 1   lim  c ln bn œ � Ê œ � Ê œ �a b ˆ ‰ˆ ‰n n 1 n
n n

a
b n

n 1 n

n

ln 1Î Î

Ä_

�

n Ä _
lim

ˆ ‰ˆ ‰a
b

n

 ln b ln b ln b since 0 a b. Thus,  lim  c e b.œ � œ � œ � � œ œlim
n

ln 0 ln 

1 0 1 n
ln b

Ä_ �

†

�

ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰
a a a
b b b

n

a
b

n n Ä _

16. 1 1  � � � � � � �á œ � � �2 3 7 2 3 7 2 3 7
10 10 10 10 10 10 10 1010# $ & ' � �%

! ! !_ _ _

œ œ œn 1 n 1 n 1
3n 2 3n 1 3n

 1     1œ � � � œ � � �! ! !_ _ _

œ œ œn 0 n 0 n 0

2 3 7
10 10 10 1 1 1

3n 1 3n 2 3n 3

2
10

10 10 10

3 7
10 10

� � � " " "$ $ $

# $ˆ ‰
ˆ ‰ ˆ ‰ ˆ ‰

Š ‹ Š ‹
� � �

 1œ � � � œ œ200 30 7 999 237 412
999 999 999 999 333

�

17. s     s    sn n n
dx dx dx dx dx

1 x 1 x 1 x 1 x 1 xœ Ê œ � �á � Ê œ!n 1

k 0

�

œ

' ' ' ' '
k 0 1 n 1 0

k 1 1 2 n n�

�� � � � �# # # # #

   lim  s  lim  tan n tan 0Ê œ � œ
n nÄ _ Ä _n a b�" �"

#
1

18.  lim    lim    lim   1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ¹ ¹ ¸ ¸u
u (n 2)(2x 1) nx 2x 1 n(n 2) 2x 1

(n 1)x (n 1)(2x 1) (n 1)x xn 1

n

n 1 n

n 1 n
�

� #

�œ œ œ �� � � �
� � � � �† †

  x 2x 1 ; if x 0, x 2x 1   x 2x 1  x 1; if x 0, x 2x 1Ê � � � � � Ê � � Ê � � � � � � �k k k k k k k k k k k k"
#

  x 2x 1  3x 1  x  ; if x  , x 2x 1   x 2x 1  x 1.  Therefore,Ê � � � Ê � � Ê � � � � � � Ê � � � � Ê � �" "
#3 k k k k

 the series converges absolutely for x 1 and x .� � � � "
3

19. (a) No, the limit does not appear to depend on the value of the constant a
 (b) Yes, the limit depends on the value of b

 (c) s 1   ln s    lim  ln sœ � Ê œ Ê œŠ ‹cos
n

n ln 1ˆ ‰ Œ �
ˆ ‰

� �Œ �
Š ‹

a
n

n

�

�

cos a
n

n 1
cos a

n
n

a a a
n n n sin cos

n

n

ˆ ‰
ˆ ‰

ˆ ‰ ˆ ‰

" n Ä _

"

�

� �

#

"

#

  lim   1   lim  s e 0.3678794412; similarly,œ œ œ � Ê œ ¸
n nÄ _ Ä _

a a a
n n n

cos a
n

n

 sin cos

1

ˆ ‰ ˆ ‰�

�
ˆ ‰

0 1
1 0
�
�

�"

  lim  1 e
n Ä _

Š ‹� œ
cos

bn

n
1 bˆ ‰a

n � Î

20.  a  converges   lim  a 0;  lim   lim  ! ’ “ˆ ‰ ˆ ‰_

œn 1
n n

1 sin a 1 sin an 1 n 1 sin  lim  a 1 sin 0Ê œ œ œ œ
n n nÄ _ Ä _ Ä _

� �
# # # #

Î �
�n n

nŠ ‹nÄ_

   the series converges by the nth-Root Testœ Ê"
#

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



644 Chapter 10 Infinite Sequences and Series

21.  lim   1   lim   1  bx 1  x 5  b
n nÄ _ Ä _

¹ ¹ ¹ ¹ k ku
u ln (n 1) b x b b 5

b x ln nn 1

n

n 1 n 1

n n
�

� �

� Ê � Ê � Ê � � � œ Ê œ „�
" " "

†

22. A polynomial has only a finite number of nonzero terms in its Taylor series, but the functions sin x, ln x and
 e  have infinitely many nonzero terms in their Taylor expansions.x

23.  lim    lim    lim  x
x 0 x 0 x 0Ä Ä Ä

sin (ax) sin x x
x x x 3! 3! 5! 5!

ax x x a 2 a a� � � �á � � �á �
� " " #

$ $ #

$ &

œ œ � � � � �á
Š ‹ Š ‹a x x

3! 3!

$ $ $ ’ “Š ‹
 is finite if a 2 0  a 2;  lim   � œ Ê œ œ � � œ �

x 0Ä

sin 2x sin x x 2 7
x 3! 3! 6
� � "

$

$

24.  lim   1   lim   1   lim  1
x 0 x 0 x 0Ä Ä Ä

cos ax b b a a x
x x 2x 4 48

1 b
� "�

# #

� � �á �

# # #

# # #

œ � Ê œ � Ê � � �á œ �
Œ �a x a x

4!

# # % %

# Š ‹
  b 1 and a 2Ê œ œ „

25. (a) 1   C 2 1 and    convergesu
u n n n n

(n 1) 2n

n 1�

#

# # #œ œ � � Ê œ �� " "!_
œn 1

 (b) 1   C 1 1 and    divergesu
u n n n n

n 1 1 0n

n 1�
#œ œ � � Ê œ Ÿ� "!_

œn 1

26. 1 1  after long divisionu
u (2n 1) 4n 4n 1 n 4n 4n 1 n n

2n(2n 1) 4n 2n 5n

n 1�
# # # #

#

œ œ œ � � œ � ��
� � � � �

�
Š ‹ Š ‹ – —6 3

4

5n

4n 4n 1
#

#

#� �Š ‹

  C 1 and f(n) 5  u  converges by Raabe's TestÊ œ � œ œ Ÿ Ê3 5n 5
4n 4n 1 4

n# � � � �
k k !#

# Š ‹4
n n

"

#

_

œn 1

27. (a)  a L  a a   a a L  a  converges by the Direct Comparison Test! ! !_ _ _

œ œ œn 1 n 1 n 1
n n n nn nœ Ê Ÿ œ Ê# #

 (b) converges by the Limit Comparison Test:   lim    lim   1 since  a  converges and
n nÄ _ Ä _

Š ‹an
1 an�

a 1 a n
n n

œ œ"
�

!_
œn 1

 therefore  lim  a 0x Ä _ n œ

28. If 0 a 1 then ln (1 a ) ln (1 a ) a a a a ,� � � œ � � œ � � �á � � � �á œn n n n n
a a

3 1 an n
ak k # $

n n n

n# �
# $

 a positive term of a convergent series, by the Limit Comparison Test and Exercise 27b

29. (1 x) 1  x  where x 1  (1 x) nx  and when x  we have� œ � � Ê œ � œ œ�" �" �" "
� #

! !k k_ _

œ œn 1 n 1

n n 1
(1 x) dx

d
#

 4 1 2 3 4 nœ � � � �á � �áˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " "
# # # #

# $ �n 1

30. (a) x   (n 1)x   n(n 1)x   n(n 1)x! ! ! !_ _ _ _

œ œ œ œn 1 n 1 n 1 n 1

n 1 n n 1 nx 2x x 2 2x
1 x (1 x) (1 x) (1 x)

� �
� � � �

�œ Ê � œ Ê � œ Ê � œ
# #

# $ $

   , x 1Ê œ œ �! k k_

œn 1

n(n 1)
x (x 1)

1

2x�

�
�n

2
x

xŠ ‹" $

#

$

 (b) x     x   x 3x x 1 0  x 1 1 1œ Ê œ Ê � � � œ Ê œ � � � �! Š ‹ Š ‹_

œn 1

n(n )
x (x 1) 9 9

2x 57 57�"
�

$ #
"Î$ "Î$

n

#

$

È È

 2.769292, using a CAS or calculator¸

31. (a) 1 x x x 1 2x 3x 4x nx" "
� �

# $ # $ �
(1 x) dx 1 x dx

d d n 1
# œ œ � � � �á œ � � � �á œˆ ‰ a b !_

œn 1

 (b) from part (a) we have n 6! ˆ ‰ ˆ ‰ ˆ ‰ ’ “_

œn 1

5
6 6 6

n 1

1

2� " " "
�

œ œˆ ‰5
6
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 (c) from part (a) we have np q!_
œn 1

n 1 q q
(1 p) q q

�
�

"œ œ œ# #

32. (a)  p  2 1 and E(x)  kp  k2   k2  2! ! ! ! ! ˆ ‰_ _ _ _ _

œ œ œ œ œk 1 k 1 k 1 k 1 k 1
k k

k k 1 k
1 1

œ œ œ œ œ œ œ œ� � �
�

" " "
# # �

ˆ ‰ˆ ‰ � ‘ˆ ‰
"

#

" #

#
"

#

 by Exercise 31(a)

 (b)  p     1 and E(x)  kp  k   k! ! ! ! ! !ˆ ‰ ˆ ‰ ˆ ‰’ “_ _ _ _ _ _

œ œ œ œ œ œk 1 k 1 k 1 k 1 k 1 k 1
k k

5 5 5 5
6 65 6 5 6 6

k k 1

1
œ œ œ œ œ œ œ

k 1 k 1

k k

5
6

5
6

� �" " "
�

�ˆ ‰̂ ‰
  6œ œˆ ‰" "

�6 1� ‘ˆ ‰5
6

#

 (c)  p    lim  1 1 and E(x)  kp  k
k

! ! ! ! !ˆ ‰ ˆ ‰ Š ‹_ _ _ _ _

œ œ œ œ œk 1 k 1 k 1 k 1 k 1
k kk(k 1) k k 1 k 1 k(k 1)œ œ � œ � œ œ œ

Ä _
" " " " "
� � � �

  , a divergent series so that E(x) does not existœ !_
œk 1

"
�k 1

33. (a) R C e C e C e   R  lim  Rnn n
kt 2kt nkt C e 1 e

1 e 1 e e 1
C e Cœ � �á � œ Ê œ œ œ

Ä _! ! !
� � � �

� � �
! ! !

!
� �! !

� �! ! !

! !
� !

kt nkt

kt kt kt

ktˆ ‰
 (b) R   R e 0.36787944 and R 0.58195028;n

e 1 e e 1 e
1 e 1 eœ Ê œ ¸ œ ¸

� � �" �"!

�" �"

1 na b a b� �
� �" "!

�"

 R 0.58197671; R R 0.00002643  0.0001œ ¸ � ¸ Ê �"
� "!

�
e 1 R

R R"!

 (c) R , 4.7541659; R   n n
e 1 e

1 e e 1 e 1 e 1
R R 1 eœ œ ¸ � Ê �

�Þ �Þ

�Þ Þ Þ Þ

�Þ1 1n

1 1 1 1

1nˆ ‰�

� # # � # � # �
" " � " "ˆ ‰ ˆ ‰ ˆ ‰

  1 e   e   ln   ln   n 6.93  n 7Ê � � Ê � Ê � � Ê � � Ê � Ê œ� Î � Î" " " "
# # # #

n 10 n 10 n n
10 10

ˆ ‰ ˆ ‰
34. (a) R   Re R C C   e   t  lnœ Ê œ � œ Ê œ Ê œC

e 1
kt kt

H
C C
C k C

!

!

! !
kt

H H

L L� ! !
" Š ‹

 (b) t  ln e 20 hrs!
"œ œ0.05

 (c) Give an initial dose that produces a concentration of 2 mg/ml followed every t  ln 69.31 hrs!
"
#œ ¸0.0 0.5

2ˆ ‰
 by a dose that raises the concentration by 1.5 mg/ml

 (d) t  ln 5 ln 6 hrs!
"œ œ ¸0.2 0.03 3

0.1 10ˆ ‰ ˆ ‰
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NOTES:
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CHAPTER 11   PARAMETRIC EQUATIONS AND
POLAR COORDINATES

11.1  PARAMETRIZATIONS OF PLANE CURVES

 1. x 3t, y 9t , t   y x   2. x t , y t, t 0  x yœ œ �_ � � _ Ê œ œ � œ   Ê œ �# # È È
 or y x , x 0œ Ÿ#

  

 3. x 2t 5, y 4t 7, t   4. x 3 3t, y 2t, 0 t 1  tœ � œ � �_ � � _ œ � œ Ÿ Ÿ Ê œy
#

  x 5 2t  2(x 5) 4t  x 3 3   2x 6 3yÊ � œ Ê � œ Ê œ � Ê œ �ˆ ‰y
#

  y 2(x 5) 7  y 2x 3  y 2 x, xÊ œ � � Ê œ � Ê œ � ! Ÿ Ÿ $2
3

  

 5. x cos 2t, y sin 2t, 0 t     6. x cos ( t), y sin ( t), 0 tœ œ Ÿ Ÿ œ � œ � Ÿ Ÿ1 1 1 1

  cos 2t sin 2t 1  x y 1  cos ( t) sin ( t) 1Ê � œ Ê � œ Ê � � � œ# # # # # #
1 1

  x y 1, yÊ � œ   !# #
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648 Chapter 11 Parametric Equations and Polar Coordinates

 7. x 4 cos t, y 2 sin t, 0 t 2    8. x 4 sin t, y 5 cos t, 0 t 2œ œ Ÿ Ÿ œ œ Ÿ Ÿ1 1

  1  1  1  1Ê � œ Ê � œ Ê � œ Ê � œ16 cos t 4 sin t x 16 sin t 25 cos t x
16 4 16 4 16 25 16 5

y y# # # # # ## #

#

  

 9. x sin t, y cos 2t, t   10. x 1 sin t, y cos t 2, 0 tœ œ � Ÿ Ÿ œ � œ � Ÿ Ÿ1 1

2 2 1

  y cos 2t 1 2sin t y 1 2x   sin t cos t 1  x 1 y 2 1Ê œ œ � Ê œ � Ê � œ Ê � � � œ# # # # #2 a b a b
  

11. x t , y t 2t , t   12. x , y , 1 t 1œ œ � �_ � � _ œ œ � � �2 6 4 t t 2
t 1 t 1� �

�

 y t 2 t y x 2x   t  yÊ œ � Ê œ � Ê œ Ê œa b a b2 2 3 23 2 x 2 x
x 1 2x 1� �

�

  

13. x t, y 1 t , 1 t 0 14. x t 1, y t, t 0œ œ � � Ÿ Ÿ œ � œ  È È È#

  y 1 x   y t  x y 1, y 0Ê œ � Ê œ Ê œ �  È È# ##
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15. x sec t 1, y tan t, t  16. x sec t, y tan t, tœ � œ � � � œ � œ � � �#
# # # #
1 1 1 1

  sec t 1 tan t  x y   sec t tan t 1  x y 1Ê � œ Ê œ Ê � œ Ê � œ# # # # # # #

  

17. x cosh t, y sinh t, 1  18. x 2 sinh t, y 2 cosh t, tœ � œ �_ � � _ œ œ �_ � � _

  cosh t sinh t 1  x y 1  4 cosh t 4 sinh t 4  y x 4Ê � œ Ê � œ Ê � œ Ê � œ# # # # # # # #

  

19. (a) x a cos t, y a sin t, 0 t 2  20. (a) x a sin t, y b cos t, tœ œ � Ÿ Ÿ œ œ Ÿ Ÿ1
1 1

# #
5

 (b) x a cos t, y a sin t, 0 t 2  (b) x a cos t, y b sin t, 0 t 2œ œ Ÿ Ÿ œ œ Ÿ Ÿ1 1

 (c) x a cos t, y a sin t, 0 t 4  (c) x a sin t, y b cos t, tœ œ � Ÿ Ÿ œ œ Ÿ Ÿ1
1 1

# #
9

 (d) x a cos t, y a sin t, 0 t 4  (d) x a cos t, y b sin t, 0 t 4œ œ Ÿ Ÿ œ œ Ÿ Ÿ1 1

21. Using  we create the parametric equations x at and y bt, representing a line which goesa b�"ß �$ œ �" � œ �$ �

 through  at t . We determine a and b so that the line goes through  when t .a b a b�"ß �$ œ ! %ß " œ "

 Since a a . Since b b . Therefore, one possible parameterization is x t,% œ �" � Ê œ & " œ �$ � Ê œ % œ �" � &

 y t, 0 t .œ �$ � % Ÿ Ÿ "

 
22. Using  we create the parametric equations x at and y bt, representing a line which goes througha b�"ß $ œ �" � œ $ �

  at t . We determine a and b so that the line goes through  when t . Since a a .a b a b�"ß $ œ ! $ß�# œ " $ œ �" � Ê œ %

  Since b b . Therefore, one possible parameterization is x t, y t, 0 t .�# œ $ � Ê œ �& œ �" � % œ $ � & Ÿ Ÿ "

23. The lower half of the parabola is given by x y  for y . Substituting t for y, we obtain one possibleœ � " Ÿ !#

 parameterization x t , y t, t 0œ � " œ Ÿ Þ#

24. The vertex of the parabola is at , so the left half of the parabola is given by y x x for x . Substitutinga b�"ß �" œ � # Ÿ �"#

 t for x, we obtain one possible parametrization: x t, y t t, t .œ œ � # Ÿ �"#

25. For simplicity, we assume that x and y are linear functions of t and that the point x, y  starts at  for t  and passesa b a b#ß $ œ !

 through  at t . Then x f t , where f  and f .a b a b a b a b�"ß �" œ " œ ! œ # " œ �"

 Since slope , x f t t t. Also, y g t , where g  and g .œ œ œ �$ œ œ �$ � # œ # � $ œ ! œ $ " œ �"?

?

x
t

�"�#
"�! a b a b a b a b

 Since slope 4. y g t t t.œ œ œ � œ œ �% � $ œ $ � %?

?

y
t

3�"�
"�! a b

 One possible parameterization is: x t, y t, t .œ # � $ œ $ � %   !
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650 Chapter 11 Parametric Equations and Polar Coordinates

26. For simplicity, we assume that x and y are linear functions of t and that the point x, y  starts at  for t  anda b a b�"ß # œ !

 passes through  at t . Then x f t , where f  and f .a b a b a b a b!ß ! œ " œ ! œ �" " œ !

 Since slope , x f t t t. Also, y g t , where g  and g .œ œ œ " œ œ " � �" œ �" � œ ! œ # " œ !?

?

x
t

!� �"
"�!
a b a b a b a b a b a b

 Since slope . y g t t t.œ œ œ �# œ œ �# � # œ # � #?

?

y
t

!�#
"�! a b

 One possible parameterization is: x t, y t, t .œ �" � œ # � #   !

27. Since we only want the top half of a circle, y 0, so let x 2cos t, y 2 sin t , 0 t 4  œ œ l l Ÿ Ÿ 1

28. Since we want x to stay between 3 and 3, let x 3 sin t, then y 3 sin t 9sin t, thus x 3 sin t, y 9sin t,� œ œ œ œ œa b2 # #

 0 tŸ � _

29. x y a   2x 2y 0  ; let t   t  x yt.  Substitution yields# # #� œ Ê � œ Ê œ � œ Ê � œ Ê œ �dy dy dy
dx dx y dx y

x x

 y t y a   y  and x , t# # # #
�

�
�

� œ Ê œ œ �_ � � _a at
1 t 1 tÈ È#

30. In terms of , parametric equations for the circle are x a cos , y a sin , 0 2 .  Since , the arc) ) ) ) 1 )œ œ Ÿ � œ s
a

 length parametrizations are:  x a cos , y a sin , and 0 2   0 s 2 a is the interval for s.œ œ Ÿ � Ê Ÿ Ÿs s s
a a a 1 1

31. Drop a vertical line from the point x, y  to the x-axis, then  is an angle in a right triangle, and from trigonometry wea b )

 know that tan y x tan . The equation of the line through 0, 2  and 4, 0  is given by y x 2. Thus) )œ Ê œ œ � �y
x 2

1a b a b
 x tan x 2 x  and y  where 0 .) )œ � � Ê œ œ Ÿ �1 4 4 tan

2 2 tan 1 2 tan 1 2) )

) 1

� �

32. Drop a vertical line from the point x, y  to the x-axis, then  is an angle in a right triangle, and from trigonometry wea b )

 know that tan y x tan . Since y x y x x tan x x cot y cot  where) ) ) ) )œ Ê œ œ Ê œ Ê œ Ê œ Ê œy
x

2 22È a b
 0 .� Ÿ)

1

2

33. The equation of the circle is given by x 2 y 1. Drop a vertical line from the point x, y  on the circle to thea b a b� � œ2 2

 x-axis, then  is an angle in a right triangle. So that we can start at 1, 0  and rotate in a clockwise direction, let) a b
 x 2 cos , y sin , 0 2 .œ � œ Ÿ Ÿ) ) ) 1

34. Drop a vertical line from the point x, y  to the x-axis, then  is an angle in a right triangle, whose height is y and whosa b ) e

 base is x 2. By trigonometry we have tan y x 2 tan . The equation of the circle is given by� œ Ê œ �) )
y

x 2� a b
 x y 1 x x 2 tan 1 x sec 4x tan 4tan 1 0. Solving for x we obtain2 2 2 2 2 2 22� œ Ê � � œ Ê � � � œa ba b ) ) ) )

 x 2sin cos cos 3sinœ œ œ � „ �
� „ � � � „ �4tan 4tan 4 sec 4tan 1

2 sec 2 sec
4tan 2 1 3tan 2 2 2

2 2 2 22

2 2

2 2) ) ) )

) )

) )
Éa b a b È

) ) ) )È
 2 2cos cos 4cos 3 and y 2 2cos cos 4cos 3 2 tanœ � � „ � œ � � „ � �2 22 2) ) ) ) ) ) )È ÈŠ ‹
 2sin cos sin 4cos 3. Since we only need to go from 1, 0  to 0, 1 , letœ „ �) ) ) )È a b a b2

 x 2 2cos cos 4cos 3, y 2sin cos sin 4cos 3, 0 tan .œ � � � � œ � � Ÿ Ÿ2 12 2 1
2) ) ) ) ) ) ) )È È ˆ ‰�

 To obtain the upper limit for , note that x 0 and y 1, using y x 2 tan 1 2 tan tan .) ) ) )œ œ œ � Ê œ Ê œa b ˆ ‰�1 1
2

35. Extend the vertical line through A to the x-axis and let C be the point of intersection.  Then OC AQ xœ œ
 and tan t   x 2 cot t; sin t  OA ; and (AB)(OA) (AQ)   AB xœ œ Ê œ œ œ Ê œ œ Ê œ2 2 2 2 2 2

OC x tan t OA sin t sin t
# #ˆ ‰

  AB   AB .  Next y 2 AB sin t  y 2  sin tÊ œ Ê œ œ � Ê œ � œˆ ‰ ˆ ‰ ˆ ‰2 2 2 sin t 2 sin t
sin t tan t tan t tan t

#
# #

 2 2 2 cos t 2 sin t.  Therefore let x 2 cot t and y 2 sin t, 0 t .� œ � œ œ œ � �2 sin t
tan t

#

#

# # #
1
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36. Arc PF Arc AF since each is the distance rolled andœ

 FCP  Arc PF b( FCP); Arc PF Arc AF
b aœ n Ê œ n œ )

  Arc AF a   a b( FCP)  FCP ;Ê œ Ê œ n Ê n œ) ) )
a
b

 OCG ; OCG OCP PCEn œ � n œ n �n1

# )

 OCP .  Now OCP FCPœ n � � n œ �nˆ ‰1

# ! 1

 .  Thus OCG   œ � n œ � � � Ê �1 ) 1 ) ! )
a a
b b

1 1

# #

   .œ � � � Ê œ � � œ �1 ) ! ! 1 ) ) 1 )
a a a b
b b b

1

#
�ˆ ‰

 

 Then x OG BG OG PE (a b) cos b cos (a b) cos b cosœ � œ � œ � � œ � � �) ! ) 1 )ˆ ‰a b
b
�

 (a b) cos b cos .  Also y EG CG CE (a b) sin b sin œ � � œ œ � œ � �) ) ) !ˆ ‰a b
b
�

 (a b) sin b sin (a b) sin b sin .  Thereforeœ � � � œ � �) 1 ) ) )ˆ ‰ ˆ ‰a b a b
b b
� �

 x (a b) cos b cos  and y (a b) sin b sin .œ � � œ � �) ) ) )ˆ ‰ ˆ ‰a b a b
b b
� �

 If b , then x a  cos  cosœ œ � �a a a
4 4 4

aˆ ‰ Š ‹) )
� ˆ ‰
ˆ ‰

a
4

a
4

  cos  cos 3  cos (cos  cos 2 sin  sin 2 )œ � œ � �3a a 3a a
4 4 4 4) ) ) ) ) ) )

  cos (cos ) cos sin (sin )(2 sin  cos )œ � � �3a a
4 4) ) ) ) ) ) )a ba b# #

  cos  cos  cos  sin  sin  cos œ � � �3a a a 2a
4 4 4 4) ) ) ) ) )

$ # #

  cos  cos  (cos ) 1 cos a cos ;œ � � � œ3a a 3a
4 4 4) ) ) ) )

$ # $a b
 y a  sin  sin  sin  sin 3  sin (sin  cos 2 cos  sin 2 )œ � � œ � œ � �ˆ ‰ Š ‹a a 3a a 3a a

4 4 4 4 4 4
a

) ) ) ) ) ) ) ) )
� ˆ ‰
ˆ ‰

a
4

a
4

  sin (sin ) cos sin (cos )(2 sin  cos )œ � � �3a a
4 4) ) ) ) ) ) )a ba b# #

  sin   sin  cos  sin  cos  sin œ � � �3a a a 2a
4 4 4 4) ) ) ) ) )

# $ #

  sin  sin  cos  sinœ � �3a 3a a
4 4 4) ) ) )

# $

  sin (sin ) 1 sin  sin a sin .œ � � � œ3a 3a a
4 4 4) ) ) ) )a b# $ $

37. Draw line AM in the figure and note that AMO is a rightn

 angle since it is an inscribed angle which spans the diameter
 of a circle.  Then AN MN AM .  Now, OA a,# # #œ � œ

 tan t, and sin t.  Next MN OPAN AM
a aœ œ œ

  OP AN AM a  tan t a  sin tÊ œ � œ �# # # # # # #

  OP a  tan t a  sin tÊ œ �È # # # #

 (a sin t) sec t 1 .  In triangle BPO,œ � œÈ # a sin t
cos t

#

 x OP sin t a sin t tan t andœ œ œa sin t
cos t

$ #

 y OP cos t a sin t  x a sin t tan t and y a sin t.œ œ Ê œ œ# # # 
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652 Chapter 11 Parametric Equations and Polar Coordinates

38. Let the x-axis be the line the wheel rolls along with the y-axis through a low point of the trochoid
 (see the accompanying figure).
  

 Let  denote the angle through which the wheel turns.  Then h a  and k a.  Next introduce x y -axes) )œ œ w w

 parallel to the xy-axes and having their origin at the center C of the wheel.  Then x b cos  andw œ !

 y b sin , where .  It follows that x b cos b sin  and y b sinw w w
# # #œ œ � œ � œ � œ �! ! ) ) ) )

3 3 31 1 1ˆ ‰ ˆ ‰
 b cos   x h x a b sin  and y k y a b cos  are parametric equations of the trochoid.œ � Ê œ � œ � œ � œ �) ) ) )

w w

39. D (x 2) y   D (x 2) y (t 2) t   D t 4tœ � � � Ê œ � � � œ � � � Ê œ � �É ˆ ‰ ˆ ‰ ˆ ‰# " " "
# # #

# # ## # # # # % 17
4

  4t 4 0  t 1.  The second derivative is always positive for t 0  t 1 gives a localÊ œ � œ Ê œ Á Ê œd D
dt
a b# $

 minimum for D  (and hence D) which is an absolute minimum since it is the only extremum  the closest# Ê

 point on the parabola is (1 1).ß

40. D 2 cos t (sin t 0)   D 2 cos t sin t  œ � � � Ê œ � � ÊÉˆ ‰ ˆ ‰3 3
4 4 dt

d D# ## # # a b#

 2 2 cos t ( 2 sin t) 2 sin t cos t ( 2 sin t) 3 cos t 0  2 sin t 0 or 3 cos t 0œ � � � œ � � œ Ê � œ � œˆ ‰ ˆ ‰3 3 3
4 # #

  t 0,  or t , .  Now 6 cos t 3 cos t 6 sin t so that (0) 3  relativeÊ œ œ œ � � � œ � Ê1
1 1

3 3 dt dt
5 d D d D# # # #

# #

a b a b# #

 maximum, ( ) 9  relative  maximum,   relative minimum, andd D d D
dt dt 3 2

9# # # #

# #

a b a b
1 œ � Ê œ Êˆ ‰1

   relative minimum.  Therefore both t  and t  give points on the ellipse closest tod D
dt 3 3 3

5 9 5# #

#

a b ˆ ‰1 1 1œ Ê œ œ#

 the point   1  and 1  are the desired points.ˆ ‰ Š ‹ Š ‹3
4

3 3ß ! Ê ß ß�
È È
# #

41. (a)     (b)     (c)    

42. (a)     (b)     (c)     
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43. 

44. (a)      (b)      (c)    

45. (a)       (b)      

46. (a)      (b)      
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654 Chapter 11 Parametric Equations and Polar Coordinates

47. (a)       (b)       (c)     

48. (a)      (b)     

 (c)      (d)     

11.2  CALCULUS WITH PARAMETRIC CURVES

 1. t   x 2 cos 2, y 2 sin 2; 2 sin t, 2 cos t  cot tœ Ê œ œ œ œ œ � œ Ê œ œ œ �1 1 1

4 4 4 dt dt dx dx/dt 2 sin t
dx 2 cos tdy dy dy/dtÈ È

�

  cot 1; tangent line is y 2 1 x 2  or y x 2 2 ; csc tÊ œ � œ � � œ � � œ � � œ¹ Š ‹È È Èdy dy
dx 4 dt

tœ1

4

1
w

#

    2Ê œ œ œ � Ê œ �d y dy /dt d y
dx dx/dt 2 sin t 2 sin t dx

csc t# w #

# $ #

#

�
" ¹ È

tœ1

4

 2. t   x sin 2 sin , y cos 2 cos ; 2  cos 2 t,œ � Ê œ � œ � œ � œ � œ � œ œ" " " "
# #6 6 3 6 3 dt

3 dxˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰1 1 1 1
1 1

È

 2  sin 2 t  tan 2 t  tan 2 tan 3;dy dy dy
dt dx 2  cos 2 t dx 6 3

2  sin 2 tœ � Ê œ œ � Ê œ � � œ � � œ1 1 1 1
� "1 1 1

1 1
¹ ˆ ‰ ˆ ‰ˆ ‰ È

tœ� 1
6

 tangent line is y 3 x  or y 3x 2; 2  sec 2 t  � œ � � œ � œ � Ê œ" �
# #

#È È’ “Š ‹È3 dy d y
dt dx 2  cos 2 t

2  sec 2 tw #

#

#

1 1
1 1

1 1

   8œ � Ê œ �"
cos 2 t dx

d y
$ #

#

1
¹

tœ� 1
6

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 11.2 Calculus With Parametric Curves 655

 3. t   x 4 sin 2 2, y 2 cos 2; 4 cos t, 2 sin t  œ Ê œ œ œ œ œ œ � Ê œ œ1 1 1

4 4 4 dt dt dx dx/dt 4 cos t
dx 2 sin tdy dy dy/dtÈ È �

  tan t   tan ; tangent line is y 2 x 2 2  or y x 2 2 ;œ � Ê œ � œ � � œ � � œ � �" " " " "
# # # # #¹ Š ‹È È Èdy

dx 4
tœ1

4

1

  sec t    dy d y dy /dt d y 2
dt dx dx/dt 4 cos t 8 cos t dx 4

 sec tw # w #

# $ #

"

#

#

œ � Ê œ œ œ � Ê œ �" "
#

# � ¹
tœ1

4

È

 4. t   x cos , y 3 cos ; sin t, 3 sin t  3œ Ê œ œ � œ œ � œ � œ � Ê œ œ2 2 2 dx
3 3 3 dt dt dx sin t

3 3 sin tdy dy1 1 1"
# # �

�È È ÈÈ È

  3 ; tangent line is y 3 x  or y 3 x; 0  0Ê œ � � œ � � œ œ Ê œ œ¹ Š ‹È È È� ‘ˆ ‰dy dy d y
dx dt dx sin t

3 0

tœ 2
3
1

È
# # �

" w #

#

  0Ê œ¹d y
dx

#

#

tœ 2
3
1

 5. t   x , y ; 1,     1; tangent line isœ Ê œ œ œ œ Ê œ œ Ê œ œ1 1 dx 1
4 4 dt dt dx dx/dt dx

dy dy dy/dt dy
t 2 t

" " "
# # #È È É¹

tœ 1
4

"

4

 y 1 x  or y x ; t   t   2� œ � œ � œ � Ê œ œ � Ê œ �" " " " "
#

�$Î# �$Î#
†

ˆ ‰ ¹4 4 dt 4 dx dx/dt 4 dx
dy d y dy /dt d yw # w #

# #

tœ 1
4

 6. t   x sec 1 1, y tan 1; 2 sec t tan t, sec tœ � Ê œ � � œ œ � œ � œ œ1 1 1

4 4 4 dt dt
dx dy# # #ˆ ‰ ˆ ‰

   cot t   cot ; tangent line isÊ œ œ œ Ê œ � œ �dy dy
dx 2 sec t tan t 2 tan t dx 4

sec t#

#

" " " "
# # #¹ ˆ ‰

tœ� 1

4

1

 y ( 1) (x 1) or y x ;  csc t   cot t� � œ � � œ � � œ � Ê œ œ �" " " " "
# # # #

# $�dy d y
dt dx 2 sec t tan t 4

 csc tw #

# #

"

#

#

  Ê œ¹d y
dx 4

#

#

tœ� 1

4

"

 7. t   x sec , y tan ; sec t tan t, sec t  œ Ê œ œ œ œ œ œ Ê œ1 1 1

6 6 6 dt dt dx dx/dt
2 dx

3 3
dy dy dy/dtÈ È" #

 csc t  csc 2; tangent line is y 2 x  or y 2x 3 ;œ œ Ê œ œ � œ � œ �sec t 2
sec t tan t dx 6

dy
3 3

# ¹ Š ‹ È
tœ1

6

1 "È È
 csc t cot t  cot t  3 3dy d y dy /dt d y

dt dx dx/dt sec t tan t dx
csc t cot tw # w #

# #œ � Ê œ œ œ � Ê œ �� $ ¹ È
tœ1

6

 8. t 3  x 3 1 2, y 3(3) 3; (t 1) , (3t)   œ Ê œ � � œ � œ œ œ � � œ Ê œÈ È dx 3
dt dt dx

dy dy (3t)
(t 1)

"
# #

�"Î# �"Î#
� �

ˆ ‰
ˆ ‰

3
#

�"Î#

"
#

�"Î#

 2; tangent line is y 3 2[x ( 2)] or y 2x 1;œ � œ œ œ � � œ � � � œ � �3 t 1 3 3 1

3t
dy
dx 3(3)

È È
È È� � �¹

t 3œ

   dy d y
dt 3t dx

3t (t 1) 3 t 1 (3t) 3 3
2t 3t t 1 t 3t

w #
# #

�"Î# �"Î#

#
�

�
�

œ œ Ê œ œ �
È � ‘ � ‘È

È ÈÈ
Š ‹
Š ‹

� � � �

�

3 3 3
2t 3t t 1

1
2 t 1

È È

È

  Ê œ �¹d y
dx 3

#

#

t 3œ

"

 9. t 1  x 5, y 1; 4t, 4t   t   ( 1) 1; tangent line isœ � Ê œ œ œ œ Ê œ œ œ Ê œ � œdx 4t
dt dt dx dx/dt 4t dx

dy dy dy/dt dy$ # #$ ¹
t 1œ�

 y 1 1 (x 5) or y x 4; 2t    � œ � œ � œ Ê œ œ œ Ê œ†

dy d y dy /dt d y
dt dx dx/dt 4t dx

2tw # w #

# #

" "
# #¹

t 1œ�

10. t 1  x 1, y 2; ,   t  1; tangent line isœ Ê œ œ � œ � œ Ê œ œ � Ê œ �dx
dt t dt t dx dx

dy dy dy" "

�
#

"

"

#

ˆ ‰
Š ‹

t

t

¹
t 1œ

 y ( 2) 1(x 1) or y x 1; 1  t   1� � œ � � œ � � œ � Ê œ œ Ê œdy d y d y
dt dx dx

1w # #

# #
"

#

�

�

#

Š ‹
t

¹
t 1œ

11. t   x sin , y 1 cos 1 ; 1 cos t, sin t  œ Ê œ � œ � œ � œ � œ œ � œ Ê œ1 1 1 1 1

3 3 3 3 3 dt dt dx dx/dt
3 dx dy dy dy/dtÈ

# # #
" "

   3 ; tangent line is y 3 xœ Ê œ œ œ � œ � �sin t
1 cos t dx 3

dy sin
1 cos

3
� # #�

"¹ Š ‹È È
tœ1

3

ˆ ‰
ˆ ‰

Š ‹
ˆ ‰

È1

1

3

3

3È
#

"

#

1
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  y 3x 2;   Ê œ � � œ œ Ê œ œÈ 1È ˆ ‰3
3 dt (1 cos t) 1 cos t dx dx/dt 1 cos t

dy (1 cos t)(cos t) (sin t)(sin t) d y dy /dt1w # w

# #

�

�� �
� � �

�
1

1 cos t

   4œ Ê œ ��
�

1
(1 cos t) dx

d y
# #

# ¹
tœ1

3

12. t   x cos 0, y 1 sin 2; sin t, cos t  cot tœ Ê œ œ œ � œ œ � œ Ê œ œ �1 1 1

2 2 2 dt dt dx sin t
dx cos tdy dy

�

  cot 0; tangent line is y 2; csc t  csc t  1Ê œ � œ œ œ Ê œ œ � Ê œ �¹ ¹dy dy d y d y
dx dt dx sin t dx

csc t

t tœ œ

1 1

2 2

1

# �
# $

w # #

# #

#

13. t 2 x , y 2; ,   9;œ Ê œ œ œ œ œ œ Ê œ Ê œ œ1 1 2 dx 1 1
2 1 3 2 1 dt dt dx dxt 1 t 1 t 1 2 1

dy dy dyt 1 2 1
� �

� �
� � � �

� �

a b a b a b a b
a b a b

2 2 2 2

2 2¹
t 2œ

 tangent line is y 9x 1;   108œ � œ � Ê œ Ê œ œdy d y d y
dt dx dx

4 t 1 4 t 1 4 2 1
t 1 t 1 2 1

w # #

# #

a b a b a b
a b a b a b

� � �

� � �3 3 3

3 3¹
t 2œ

14. t 0 x 0 e 1, y 1 e 0; 1 e , e   ;œ Ê œ � œ œ � œ œ � œ � Ê œ Ê œ œ �0 0 t tdx e e 1
dt dt dx 1 e dx 1 e 2

dy dy dy� �
� �

t 0

t 0¹
t 0œ

 tangent line is y x ;   œ � � œ Ê œ Ê œ œ �1 1 e e e 1
2 2 dt dx dx 8

dy d y d y
1 e 1 e 1 e

w # #

# #

� � �
� � �

t t 0

t t2 3 30a b a b a b¹
t 0œ

15. x 2t 9  3x  4t 0  3x  4t  ;3 2 2dx dx dx 4t
dt dt dt 3x� œ Ê � œ Ê œ � Ê œ# �

2

 2y 3t 4  6y  6t 0  ; thus ; t 2$ # #
� �� œ Ê � œ Ê œ œ œ œ œ œ œdy dy dy dy/dt t(3x )

dt dt 6y y dx dx/dt y ( 4t) 4y
6t t 3x
# # # #

#

�

Š ‹
Š ‹

t
y

4t
3x2

2 2

  x 2(2) 9  x 8 9  x 1  x 1; t 2  2y 3(2) 4Ê � œ Ê � œ Ê œ Ê œ œ Ê � œ3 3 3# $ #

  2y 16  y 8  y 2; therefore Ê œ Ê œ Ê œ œ œ �$ $ "

� #
¹dy

dx 16
3
4

3

t 2œ

a b
a b

2

#

16. x 5 t  5 t t ; y(t 1) t y (t 1) tœ � Ê œ � � œ � � œ Ê � � œÉ È È Èˆ ‰ ˆ ‰dx
dt dt4 t 5 t

dy" " " "
# # #

�"Î# �"Î# �"Î#

�È ÈÉ

  t 1  y  ; thus Ê � œ � Ê œ œ œ œ œ †a b dy dy dy
dt dt t 1 dxt t t 2 t

y y t
  

"
# # �

�

�
"�#È È Èa b

È"

# # �

"�#

�"

�

È È È
È

È ÈÉ

t t t 2 t
y t

4 t 5 t

dy
dt
dx
dt

"�#

# �"

�

�"

y t
t t

4 t 5 tÈÈ a b
È ÈÉ

 ; t 4  x 5 4 3;  t 4 y 3  4 yœ œ Ê œ � œ œ Ê † œ Ê œ
# "�# &�

"�

ˆ ‰È ÈÉy t t

t
É È ÈÈ 2

3

 therefore,   ¹dy
dx 9

10 3

t 4œ
œ œ

2 2 4 4

4

Š ‹a bÈ ÈÉ"� &�

"�

2
3 È

17. x 2x t t  3x  2t 1  1 3x  2t 1  ; y t 1 2t y 4� œ � Ê � œ � Ê � œ � Ê œ � � œ$Î# # "Î# "Î# �
�

dx dx dx dx 2t 1
dt dt dt dt 1 3x

ˆ ‰ È È
"Î#

  t 1 y (t 1) 2 y 2t y  0  t 1 2 y  0Ê � � � � � œ Ê � � � � œdy dy dy y dy
dt dt dt y dt2 t 1

tÈ Èˆ ‰ ˆ ‰È È Š ‹" "
# #

�"Î# �"Î#
�È È

  t 1  2 y  ; thusÊ � � œ � Ê œ œŠ ‹È Èt
y dt dt

dy y dy
2 t 1È È��

Š ‹È
Š ‹È

È È
È È

�

�

y
2 t 1

t
y

È

È

�

� �

� � �

� � �

2 y

t 1

y y 4y t 1

2 y (t 1) 2t t 1

 ; t 0  x 2x 0  x 1 2x 0  x 0; t 0dy dy/dt
dx dx/dtœ œ œ Ê � œ Ê � œ Ê œ œ

Œ �
Š ‹
� � �

� � �

�

�
"Î#

y y 4y t 1

2 y (t 1) 2t t 1

2t 1
1 3x

È È

È È
$Î# "Î#ˆ ‰

  y 0 1 2(0) y 4  y 4; therefore 6Ê � � œ Ê œ œ œ �È È ¹dy
dx

t 0œ

Œ �
Œ �

� � �

� � �

�

� "Î#

4 4 4(4) 0 1

2 4(0 1) 2(0) 0 1

2(0) 1

1 3(0)

È È
È È

18. x sin t 2x t   sin t x cos t 2 1  (sin t 2) 1 x cos t  ;� œ Ê � � œ Ê � œ � Ê œdx dx dx dx 1 x cos t
dt dt dt dt sin t 2

�
�

 t sin t 2t y  sin t t cos t 2 ; thus ; t   x sin 2x� œ Ê � � œ œ œ Ê � œdy dy
dt dx

sin t t cos t 2� �ˆ ‰1 x cos t
sin t 2
�

�

1 1 1

  x ; therefore 4Ê œ œ œ œ �1 1 1 1 1

1# �
� � � �¹dy

dx 2
sin  cos 2 4 8

tœ1 – —1 cos 

sin 2

�
#

�

Š ‹1 1

1
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19. x t t, y 2t 2x t 3t 1, 6t 2 2t 2 3t 1 2t 6t 2t 2œ � � œ � Ê œ � � œ � Ê œ � � � œ �3 3 2 2 2 2 2dx dx
dt dt dt dt

dy dy a b
 1Ê œ Ê œ œdy dy

dx 3t 1 dx
2t 2 2 1 2

3 1 1
�
�

�

�2 2¹
t 1œ

a b
a b

20. t ln x t , y t e 1 1 x t 1 x t 1, t e e ;œ � œ Ê œ � Ê � œ � Ê œ � � œ �a b ˆ ‰t t t1 dx dx dx
x t dt dt dt dt

dy
�

 ; t 0 0 ln x 0 x 1Ê œ œ Ê œ � Ê œ Ê œ œdy dy
dx x t 1 dx 1 0 1 2

t e e 10 e et t 0 0�
� � � �

�a b ¹
t 0œ

a b

21. A  y dx a 1 cos t a 1 cos t dt a 1 cos t dt a 1 2cos t cos t dtœ œ � � œ � œ � �' ' ' '
0 0 0 0

2 2 2 2
2 2 221 1 1 1a b a b a b a b

 a 1 2cos t dt a 2cos t cos 2t dt a t 2sin t sin 2tœ � � œ � � œ � �2 2 2
2 2

1 cos 2t 3 1 3 1
2 2 2 2 4

2
' '

0 0
0

1 1
1ˆ ‰ ˆ ‰ ” •�

 a 3 0 0 0 3  aœ � � � œ2 2a b1 1

22. A  x dy t t e dt u t t du 1 2t dt; dv e dt v eœ œ � � œ � Ê œ � œ � Ê œ' '
0 0

1 1
2 t 2 t ta ba b a b a b” •� � �

 e t t e 1 2t dt    u 1 2t du 2dt; dv e dt v eœ � � � œ � Ê œ � œ Ê œ �� � � �t 2 t t t
1 1a b a bº ” •
0

0
'

 e t t e 1 2t 2e dt e t t e 1 2t 2eœ � � � � � œ � � � �� � � � � �t 2 t t t 2 t t
1 1 11a b a b a b a bº ” º • ” •º
0 0 0

0
'

 e 0 e 1 2e e 0 e 1 2e 1 3e 1œ � � � � � � œ � œ �a b a ba b a b a b a b� � � �1 1 1 0 0 0 1 3
e

23. A 2  y dx 2  b sin t a sin t dt 2ab  sin t dt 2ab  dt ab  1 cos 2t dtœ œ � œ œ œ �' ' ' ' '
1 1

1 1 10 0

0 0 0
2 1 cos 2t

2a ba b a b�

 ab t sin 2t  ab 0 abœ � œ � � ! œ’ “ a ba b1
2 0

1

1 1

24. (a) x t , y t , 0 t 1 A  y dx  t 2t dt  2t  dt t  0œ œ Ÿ Ÿ Ê œ œ œ œ œ � œ2 6 6 7 8
1 1 1

1 1 1
4 4 40

1' ' '
0 0 0

a b ’ “
 (b) x t , y t , 0 t 1 A  y dx  t 3t  dt  3t  dt t  0œ œ Ÿ Ÿ Ê œ œ œ œ œ � œ3 9 9 2 11 12

1 1 1
1 1 1
4 4 40

1' ' '
0 0 0

a b ’ “

25. sin t and 1 cos t  sin t 1 cos t 2 2 cos tdx dx
dt dt dt dt

dy dyœ � œ � Ê � œ � � � œ �Êˆ ‰ Š ‹ Éa b a b È# #
# #

  Length 2 2 cos t dt 2 (1 cos t) dt 2  dtÊ œ � œ � œ' ' '
0 0 0

1 cos t sin t
1 cos t 1 cos t

1 1 1È È ÈÉˆ ‰ É�
� �

#

 2  dt (since sin t 0 on [0 ]); [u 1 cos t  du sin t dt; t 0  u 0,œ   ß œ � Ê œ œ Ê œÈ '
0

sin t
1 cos t

1

È �
1

 t   u 2]  2  u  du 2 2u 4œ Ê œ Ä œ œ1 È È � ‘'
0

2
�"Î# "Î# #

!

26. 3t  and 3t  3t (3t) 9t 9t 3t t 1  since t 0 on 0 3dx dx
dt dt dt dt

dy dyœ œ Ê � œ � œ � œ �   ß# # #
# # % # ##Êˆ ‰ Š ‹ Š ‹Éa b È È ’ “È

  Length  3t t 1 dt; u t 1   du 3t dt; t 0  u 1, t 3 u 4Ê œ � œ � Ê œ œ Ê œ œ Ê œ'
0

3È È ’ “È# #
#
3

  u  du u (8 1) 7Ä œ œ � œ'
1

4
3
#

"Î# $Î# %

"
� ‘

27. t and (2t 1)   t 2t 1 t 1 t 1 t 1 since 0 t 4dx dx
dt dt dt dt

dy dyœ œ � Ê � œ � � œ � œ � œ � Ÿ Ÿ"Î# # #
# #Êˆ ‰ Š ‹ È a b a b k kÉ

  Length t 1  dt t 8 4 12Ê œ � œ � œ � œ'
0

4
t
2a b a b’ “#

%

!
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28. 2t 3  and 1 t  2t 3 1 t t 4t 4 t 2 t 2dx dx
dt dt dt dt

dy dyœ � œ � Ê � œ � � � œ � � œ � œ �a b a b a b k kÊˆ ‰ Š ‹ É È"Î# ## #
#

 since 0 t 3  Length (t 2) dt 2tŸ Ÿ Ê œ � œ � œ'
0

3
t 21
2

3’ “#

! #

29. 8t cos t and 8t sin t  8t cos t 8t sin t 64t  cos t 64t  sin tdx dx
dt dt dt dt

dy dyœ œ Ê � œ � œ �Êˆ ‰ Š ‹ Éa b a b È# #
# # # # # #

 8t 8t since 0 t   Length 8t dt 4tœ œ Ÿ Ÿ Ê œ œ œk k c d1
1

1

#

Î
# #Î#

!
'

0

2
1

30. sec t tan t sec t cos t sec t cos t and sin t  dx dx
dt sec t tan t dt dt dt

dy dyœ � � œ � œ � Ê �ˆ ‰ ˆ ‰a b Ê Š ‹"
�

# # #

 sec t cos t sin t sec t 1 tan t tan t tan t since 0 tœ � � � œ � œ œ œ Ÿ ŸÉa b a b k kÈ È# # # # 1

3

  Length tan t dt   dt ln cos t ln ln 1 ln 2Ê œ œ œ � œ � � œ' '
0 0

3 3
sin t
cos t

1 1
1

Î Î Î$
!

"
#c dk k

31. sin t and cos t  sin t cos t 1  Area 2 y dsdx dx
dt dt dt dt

dy dyœ � œ Ê � œ � � œ Ê œÊˆ ‰ Š ‹ Éa b a b# #
# # ' 1

 2 2 sin t 1 dt 2 2t cos t 2 [ 4 1 0 1 ] 8œ � œ � œ � � � œ'
0

21
1

1 1 1 1 1a ba b c d a b a b#
!

#

32. t  and t   t t   Area 2 x dsdx dx t 1
dt dt dt dt t

dy dyœ œ Ê � œ � œ Ê œ"Î# �"Î# # #
�" �Êˆ ‰ Š ‹ È É # ' 1

 2 t  dt t t 1 dt; u t 1  du 2t dt; t 0  u 1,œ œ � œ � Ê œ œ Ê œ' '
0 0

3 3È È

1 ˆ ‰É È c2 t 4
3 t 3

$Î# #�" ## 1

 t 3  u 4   u du u’ “È È � ‘œ Ê œ Ä œ œ'
1

4
2 4 28
3 9 9
1 1 1$Î# %

"

 Note:  2 t   dt is an improper integral but  lim  f t  exists and is equal to 0, where'
0

3È

1 ˆ ‰ É a b2 t 1
3 t

$Î# �#

t Ä !
�

 f t 2 t  .  Thus the discontinuity is removable:  define F t f t  for t 0 and F 0 0a b a b a b a bˆ ‰ Éœ œ � œ1
2 t
3 t

$Î# �"#

  F t  dt .Ê œ'
0

3È a b 28
9
1

33. 1 and t 2  1 t 2 t 2 2 t 3  Area 2 x dsdx dx
dt dt dt dt

dy dyœ œ � Ê � œ � � œ � � Ê œÈ È ÈÊ Êˆ ‰ Š ‹ Š ‹ É '# # #
# # 1

 2 t 2 t 2 2 t 3 dt; u t 2 2 t 3  du 2t 2 2  dt; t 2  u 1,œ � � � œ � � Ê œ � œ � Ê œ'
�

È

È

2

2

1 Š ‹ ’ Š ‹È È È È ÈÉ # #

 t 2  u 9   u du u 27 1’ “È È � ‘ a bœ Ê œ Ä œ œ � œ'
1

9
2 2 52
3 3 31 1

$Î# *

"
1 1

34. From Exercise 30, tan t  Area 2 y ds 2  cos t tan t dt 2  sin t dtÊˆ ‰ Š ‹dx
dt dt

dy
0 0

3 3# # Î Î
� œ Ê œ œ œ' ' '1 1 1

1 1

 2 cos t 2 ( 1)œ � œ � � � œ1 1 1c d � ‘1Î$
!

"
#

35. 2 and 1 2 1 5 Area 2 y ds 2 t 1 5 dtdx dx
dt dt dt dt

dy dy
1

œ œ Ê � œ � œ Ê œ œ �Êˆ ‰ Š ‹ È È Èa b# #
# # ' '1 1

0

 2 5 t 3 5.  Check:  slant height is 5  Area is 1 2 5 3 5 .œ � œ Ê � œ1 1 1 1È È È È È’ “ a bt
2

#
"

!

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 11.2 Calculus With Parametric Curves 659

36. h and r  h r   Area 2 y ds 2 rt h r  dtdx dx
dt dt dt dt

dy dy
1

œ œ Ê � œ � Ê œ œ �Êˆ ‰ Š ‹ È È# #
# # # #' '1 1

0

 2 r h r  t dt 2 r h r  r h r .  Check:  slant height is h r   Area isœ � œ � œ � � Ê1 1 1È È È È’ “# # # # # # # #
"

!

'
0

1
t
2

#

 r h r .1 È # #�

37. Let the density be 1.  Then x cos t t sin t  t cos t, and y sin t t cos t  t sin t$ œ œ � Ê œ œ � Ê œdx
dt dt

dy

  dm 1 ds  dt (t cos t) (t sin t) t  dt t dt since 0 t .  The curve's mass isÊ œ œ � œ � œ œ Ÿ Ÿ† Êˆ ‰ Š ‹ È k kdx
dt dt

dy# #
# #

#
1

 M dm t dt .  Also M  y dm sin t t cos t t dt t sin t dt t  cos t dtœ œ œ œ œ � œ �µ' ' ' ' ' '
0 0 0 0

2 2 2 2

8

1 1 1 1
1

Î Î Î Î
##

x a b
 sin t t cos t t  sin t 2 sin t 2t cos t 3 , where we integrated by parts.  Therefore,œ � � � � œ �c d c d1 1 1Î#

!
# Î#

!

#

4

  y 2.  Next, M x dm cos t t sin t  t dt t cos t dt t  sin t dtœ œ œ � œ œ � œ �µM
M

3 24
0 0 0

2 2 2
x

Š ‹
Š ‹
� Î Î Î

#
1

1

#

# #

4

8
1

1 1 1

y
' ' ' 'a b

 cos t t sin t t  cos t 2 cos t 2t sin t 3, again integrating by parts. Henceœ � � � � � œ �c d c d1 1 1Î#
!

# Î#
! #

3

  x .  Therefore x y 2 .œ œ œ � ß œ � ß �M
M

3 12 24 12 24 24y
ˆ ‰
Š ‹
3

8

1

1

#

# # # #

�

1 1 1 1 1
a b ˆ ‰

38. Let the density be 1.  Then x e  cos t e  cos t e  sin t, and y e  sin t e  sin t e  cos t$ œ œ Ê œ � œ Ê œ �t t t t t tdx
dt dt

dy

 dm 1 ds  dt e  cos t e  sin t e  sin t e  cos t  dt 2e  dt 2 e  dt.Ê œ œ � œ � � � œ œ† Êˆ ‰ Š ‹ Éa b a b È Èdx
dt dt

dy t t t t 2t t# #
# #

 The curve's mass is M dm 2 e  dt 2 e 2 .  Also M  y dm e  sin t 2 e  dtœ œ œ � œ œµ' ' ' '
0 0

t t
1 1È È È Èa bŠ ‹t

x
1

 2 e  sin t dt 2 (2 sin t cos t) 2   y .œ œ � œ � Ê œ œ œ'
0

e e e
5 5 5 M 5 e 1

M 2

2 e 2

1 1È È È’ “ Š ‹2t 2t 2 2
e2

5 5

!

" �"
�

� �

1 1

1

1
1

x

È Š ‹
È È a b

"

 Next M x dm e  cos t 2 e  dt 2 e  cos t dt 2 2 cos t sin t 2y
2tœ œ œ œ � œ � �µ' ' '

0 0
t t e 2e 2

5 5 5

1 1 1a b a bŠ ‹ ’ “ Š ‹È È È È2t 2

!

1

  x .  Therefore x y .Ê œ œ œ � ß œ � ßM
M 5 e 1 5 e 1 5 e 1

2

2 e 2
2e 2 2e 2 e 1y

� �

�

� � �
� � �

È Š ‹
È È a b a b a b

2e 22

5 5 2 2 2
1

1

1 1 1

1 1 1
a b Š ‹

39. Let the density be 1.  Then x cos t  sin t, and y t sin t  1 cos t$ œ œ Ê œ � œ � Ê œ �dx
dt dt

dy

  dm 1 ds  dt sin t 1 cos t  dt 2 2 cos t dt.  The curve's massÊ œ œ � œ � � � œ �† Êˆ ‰ Š ‹ Éa b a b Èdx
dt dt

dy# #
# #

 is M dm 2 2 cos t dt 2 1 cos t dt 2 2 cos  dt 2 cos  dtœ œ � œ � œ œ' ' ' ' '
0 0 0 0

t t
1 1 1 1È ÈÈ È É ˆ ‰ ¸ ¸ˆ ‰#

# #

 2 cos  dt since 0 t   0 2 2 sin 4.  Also M y dmœ Ÿ Ÿ Ê Ÿ Ÿ œ œ œ µ' '
0

t t t
2

1
1 1ˆ ‰ ˆ ‰ � ‘ˆ ‰

# # # !
1 x

 t sin t 2 cos  dt 2t cos  dt 2 sin t cos  dtœ � œ �' ' '
0 0 0

t t t
1 1 1a b ˆ ‰ ˆ ‰ ˆ ‰

# # #

 2 4 cos 2t sin 2  cos t cos t 4   y .œ � � � � œ � Ê œ œ œ �� ‘ � ‘ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰t t 3 16 4
2 3 3 M 4 3

M 4
# # #! !

" " �1 1 1
1 1x

ˆ ‰16
3

 Next M x dm cos t 2 cos  dt cos t cos  dt 2 sin 2y œ œ œ œ � œ �µ' ' '
0 0

t t t 2
2 3 3

sin t1 1 1a bˆ ‰ ˆ ‰ ˆ ‰’ “# # !

ˆ ‰3
#

   x .  Therefore x y .œ Ê œ œ œ ß œ ß �4 4
3 M 4 3 3 3

My
ˆ ‰4

3 " "a b ˆ ‰1

40. Let the density be 1.  Then x t   3t , and y   3t  dm 1 ds$ œ œ Ê œ œ Ê œ Ê œ$ #
#

dx 3t
dt dt

dy#

†

  dt 3t (3t)  dt 3 t t 1 dt 3t t 1 dt since 0 t 3.  The curve's massœ � œ � œ � œ � Ÿ ŸÊˆ ‰ Š ‹ Éa b k kÈ È Èdx
dt dt

dy# #
# # # ##

 is M dm 3t t 1 dt t 1 7.  Also M y dm 3t t 1  dtœ œ � œ � œ œ œ �µ' ' ' '
0 0

3 3

x

È ÈÈ È’ “ Š ‹a b# ## $Î#

! #

È3
3t#

 t t 1 dt 17.4 (by computer)  y 2.49.  Next M x dmœ � œ œ Ê œ œ ¸ œ µ9 87 17.4
5 M 7

M
#

$ #' '
0

3

y

È È x
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660 Chapter 11 Parametric Equations and Polar Coordinates

 t 3t t 1  dt 3 t t 1 dt 16.4849 (by computer)  x 2.35.œ † � œ � ¸ Ê œ œ ¸' '
0 0

3 3È È
$ %# #Èa b È M

M 7
16.4849y

 Therefore, x y 2.35 2.49 .a b a bß ¸ ß

41. (a) 2 sin 2t and 2 cos 2t  2 sin 2t 2 cos 2t 2dx dx
dt dt dt dt

dy dyœ � œ Ê � œ � � œÊˆ ‰ Š ‹ Éa b a b# #
# #

  Length 2 dt 2tÊ œ œ œ'
0

21
1

Î Î#
!c d 1

 (b)  cos t and  sin t cos t sin tdx dx
dt dt dt dt

dy dyœ œ � Ê � œ � � œ1 1 1 1 1 1 1 1 1Êˆ ‰ Š ‹ Éa b a b# #
# #

  Length  dt tÊ œ œ œ'
� Î

Î "Î#
�"Î#1 2

1 2
1 1 1c d

42. (a) x g y  has the parametrization x g y  and y y for c y d  g y  and 1; thenœ œ œ Ÿ Ÿ Ê œ œa b a b a bdx
dy dy

dyw

 Length  dy 1  dy 1 [g y ]  dyœ � œ � œ �' ' '
c c c

d d d
dy
dy dy dy

dx dxÊ ÊŠ ‹ Š ‹ Š ‹ È a b# # #
w #

 (b) x y , 0 y y L 1 y  dy 1 y dy 1 yœ Ÿ Ÿ Ê œ Ê œ � œ � œ † �3 2 1 24 dx 3 3 9 4 2 9
3 dy 2 2 4 9 3 40 0

4 3 4 3
1 2 3 2

0

4 3
Î Î

Î Î
Î # Î

Î

' 'É ˆ ‰ ˆ ‰É ” •
 4 1œ � œ8 8 56

27 27 27
3 2 3 2a b a bÎ Î

 (c) x y , 0 y 1 y L 1 y  dy 1  dy  dyœ Ÿ Ÿ Ê œ Ê œ � œ � œ3 dx 1
2 dy

2 3 1 3
0 0 a

1 1 1
1 3

y ya 0

y 1Î � Î � Î #

Ä

�' ' 'É a b É É2 3 2 3

2 3

Î Î
�

Î

lim

 y 1  y dy y 1 2 a 1 2 2 1œ � œ † � œ � � œ �lim lim lim
a 0 a 0 a 0

3 2 3 2
2 3 2 3a

1
2 3 1 3 2 3 2 31 2 3 2 3 2

a

1
3 2

Ä Ä Ä

Î � Î Î ÎÎ Î ÎÎ

� � �

' ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰” • Š ‹a b È

43. x 1 2 sin cos , y 1 2 sin sin 2cos sin 1 2 sin , 2cos sin cos 1 2 sinœ � œ � Ê œ � � œ � �a b a b a b a b) ) ) ) ) ) ) ) ) ) )
dx
d d

2 dy
) )

 Ê œ œ œdy
dx 2cos sin 1 2 sin 2cos 2sin sin 2 cos 2 sin

2cos sin cos 1 2 sin 4cos sin cos 2 sin 2 cos) ) ) )

) ) ) ) ) ) ) )

) ) ) ) )� �
� � � � �

� �a ba b2 2 2

 (a) x 1 2 sin 0 cos 0 1, y 1 2 sin 0 sin 0 0; œ � œ œ � œ œ œ œa b a b a b a ba b a b ºdy
dx 2 cos 2 0 sin 0 2 0 2

0

2 sin 2 0 cos 0 0 1 1

)œ

�
� �

�a b a ba ba b a ba b

 (b) x 1 2 sin cos 0, y 1 2 sin sin 3; 0œ � œ œ � œ œ œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ º1 1 1 1

) 1

# # # # � �
œ

�

�
�dy

dx 2 1
/2

2 sin 2 cos
2 cos 2 sin

0 0ˆ ‰ ˆ ‰ˆ ‰
ˆ ‰ ˆ ‰ˆ ‰

1 1

1 1

# #

# #

 (c) x 1 2 sin cos , y 1 2 sin sin ; œ � œ œ � œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ º4 4 4 4
3 3 2 3 3 2 dx

3 1 3 3 dy

4 /3

2 sin 2 cos

2 cos 2 sin
1 1 1 1

) 1

È È ˆ ‰ ˆ ‰ˆ ‰
ˆ ‰ ˆ ‰ˆ ‰� �

œ

�

�

4 4
3 3
4 4
3 3

1 1

1 1

 4 3 3œ œ œ � �
È È

È
3

1

2 3 1
3 2

�

� �

�

�

1
2
3

2

È Š ‹È

44. x t, y 1 cos t, 0 t 2 1, sin t sin t cos t cos t. Theœ œ � Ÿ Ÿ Ê œ œ Ê œ œ Ê œ Ê œ œ1
dx sin t d cos t
dt dt dx 1 dt dx dx 1

dy dy dy d yŠ ‹ 2

2

 maximum and minimum slope will occur at points that maximize/minimize , in other words, points where 0dy d y
dx dx

2

2 œ

 cos t 0 t  or t      
2 3 2

Ê œ Ê œ œ Ê œ ��� ± � � � ± ���
Î Î

1 1

2 2 dx
3 d y2

2

1 1

 (a) the maximum slope is sin 1, which occurs at x , y 1 cos 1dy
dx 2 2 2

t 2
º ˆ ‰ ˆ ‰
œ Î1

1 1 1œ œ œ œ � œ

 (a) the minimum slope is sin 1, which occurs at x , y 1 cos 1dy
dx 2 2 2

t 3 2

3 3 3º ˆ ‰ ˆ ‰
œ Î1

1 1 1œ œ � œ œ � œ

45. cos t and 2 cos 2t  ; then 0  0dx 2 cos 2t
dt dt dx dx/dt cos t cos t dx cos t

dy dy dy/dt dy2 2 cos t 1 2 2 cos t 1œ œ Ê œ œ œ œ Ê œa b a b# #� �

  2 cos t 1 0  cos t   t , , , .  In the 1st quadrant:  t   x sin  andÊ � œ Ê œ „ Ê œ œ Ê œ œ# "
#È

È
2 4 4 4 4 4 4

3 5 7 21 1 1 1 1 1

 y sin 2 1  1  is the point where the tangent line is horizontal.  At the origin:  x 0 and y 0œ œ Ê ß œ œˆ ‰ Š ‹1

4
2È

#
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  sin t 0  t 0 or t  and sin 2t 0  t 0, , , ; thus t 0 and t  give the tangent lines atÊ œ Ê œ œ œ Ê œ œ œ1 1 1
1 1

# #
3

 the origin.  Tangents at origin:  2  y 2x and 2  y 2x¹ ¹dy dy
dx dx

t 0 tœ œ

œ Ê œ œ � Ê œ �
1

46. 2 cos 2t and 3 cos 3t  dx 3 cos 3t
dt dt dx dx/dt 2 cos 2t 2 2 cos t 1

dy dy dy/dt 3(cos 2t cos t sin 2t sin t)œ œ Ê œ œ œ �
�a b#

 œ œ œ3 2 cos t 1  (cos t) 2 sin t cos t sin t
2 2 cos t 1 2 2 cos t 1 2 2 cos t

(3 cos t) 2 cos t 1 2 sin t (3 cos t) 4 cos t 3c da ba b a b a ba b a b#

# # #

# # #� �
� �

� � �
� 1 ; then

 0  0  3 cos t 0 or 4 cos t 3 0:  3 cos t 0  t ,  anddy
dx 2 2 cos t 1

(3 cos t) 4 cos t 3 3œ Ê œ Ê œ � œ œ Ê œa ba b
#

#

�
� # #

# 1 1

 4 cos t 3 0  cos t   t , , , .  In the 1st quadrant:  t   x sin 2#
# #� œ Ê œ „ Ê œ œ Ê œ œ

È È3 3
6 6 6 6 6 6

5 7 111 1 1 1 1 1ˆ ‰
 and y sin 3 1  1  is the point where the graph has a horizontal tangent.  At the origin:  x 0œ œ Ê ß œˆ ‰ Š ‹1

6
3È

#

 and y 0  sin 2t 0 and sin 3t 0  t 0, , ,  and t 0, , , , ,   t 0 and t  giveœ Ê œ œ Ê œ œ Ê œ œ1 1 1 1 1 1

# #1 1 1
3 2 4 5

3 3 3 3

 the tangent lines at the origin.  Tangents at the origin:    y x, and ¹ ¹dy dy
dx 2 cos 0 dx

3 cos 0 3 3

t 0 tœ œ

œ œ Ê œ# #
1

   y xœ œ � Ê œ �3 cos (3 )
2 cos (2 )

3 31

1 # #

47. (a) x a t sin t , y a 1 cos t , 0 t 2 a 1 cos t , a sin t Lengthœ � œ � Ÿ Ÿ Ê œ � œ Êa b a b a b1
dx
dt dt

dy

 a 1 cos t a sin t  dt a 2a cos t a cos t a sin t dtœ � � œ � � �' '
0 0

2 21 1Éa b a ba b È# # # # # # # #

 a 2 1 cos t dt a 2 2 sin  dt 2a sin  dt 4a cosœ � œ œ œ �È ÈÈ É ˆ ‰ ˆ ‰ ˆ ‰’ “' ' '
0 0 0

2 2 2
2 t t t

2 2 2 0

21 1 1 1

 4a cos 4a cos 0 8aœ � � œ1 a b
 (b) a 1 x t sin t, y 1 cos t, 0 t 2 1 cos t, sin t Surface areaœ Ê œ � œ � Ÿ Ÿ Ê œ � œ Ê œ1

dx
dt dt

dy

 2 1 cos t 1 cos t sin t  dt 2 1 cos t 1 2 cos t cos t sin t dtœ � � � œ � � � �' '
0 0

2 21 1

1 1a b a b a b a bÉ È# # # #

 2 1 cos t 2 2 cos t dt 2 2 1 cos t  dt 2 2 1 cos 2  dtœ � � œ � œ � †1 1 1' ' '
0 0 0

2 2 23 2 t
2

3 21 1 1a b a bÈ È È ˆ ‰ˆ ‰Î Î

 2 2 2 sin  dt 8 sin  dtœ œÈ ˆ ‰ ˆ ‰ˆ ‰1 1' '
0 0

2 2
2 3t t

2 2
3 21 1Î

    u du dt dt 2 du; t 0 u 0, t 2 u’ “œ Ê œ Ê œ œ Ê œ œ Ê œt 1
2 2 1 1

 16 sin u du 16 sin u sin u du 16 1 cos u sin u du 16 sin u du 16 cos u sin u duœ œ œ � œ �1 1 1 1 1' ' ' ' '
0 0 0 0 0

3 2 2 2
1 1 1 1 1a b

 16 cos u cos u 16 16œ � � œ � � � � œ’ “ ˆ ‰ ˆ ‰1 1 1
16 16 16 64

3 3 3 3
3

0

1 1 1 1
1

48. x t sin t, y 1 cos t, 0 t 2 ; Volume  y dx 1 cos t 1 cos t dtœ � œ � Ÿ Ÿ œ œ � �1 1 1' '
0 0

2 2
2 21 1 a b a b

 1 3cos t 3cos t cos t dt 1 3cos t 3 cos t cos t dtœ � � � œ � � �1 1' '
0 0

2 2
2 3 21 cos 2t

2

1 1a b ˆ ‰ˆ ‰�

 3cos t cos 2t 1 sin t cos t dt 4cos t cos 2t sin t cos t dtœ � � � � œ � � �1 1' '
0 0

2 2
5 3 5 3
2 2 2 2

2 2
1 1ˆ ‰ ˆ ‰a b

 t 4sin t sin 2t sin t 5 0 0 0 0 5œ � � � œ � � � � œ1 1 1 1’ “ a b5 3 1
2 4 3

3 2

0

21

47-50. Example CAS commands:
 :Maple
 with( plots );
 with( student );
 x := t -> t^3/3;
 y := t -> t^2/2;
 a := 0;
 b := 1;
 N := [2, 4, 8 ];
 for n in N do

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



662 Chapter 11 Parametric Equations and Polar Coordinates

   tt := [seq( a+i*(b-a)/n, i=0..n )];
   pts := [seq([x(t),y(t)],t=tt)];
   L := simplify(add( student[distance](pts[i+1],pts[i]), i=1..n ));       # (b)
   T := sprintf("#47(a) (Section 11.2)\nn=%3d  L=%8.5f\n", n, L );
   P[n] := plot( [[x(t),y(t),t=a..b],pts], title=T ):                                       # (a)
 end do:
 display( [seq(P[n],n=N)], insequence=true );
 ds := t ->sqrt( simplify(D(x)(t)^2 + D(y)(t)^2) ):                                   # (c)
 L := Int( ds(t), t=a..b ):
 L = evalf(L);

11.3  POLAR COORDINATES

 1. a, e;  b, g;  c, h;  d, f  2. a, f;  b, h;  c, g;  d, e

 3. (a) 2 2n  and 2 (2n 1) , n an integerˆ ‰ ˆ ‰ß � � ß � �1 1

# #1 1

 (b) ( 2n ) and ( (2n 1) ), n an integer#ß �#ß �1 1

 (c) 2 2n  and 2 (2n 1) , n an integerˆ ‰ ˆ ‰ß � � ß � �3 31 1

# #1 1

 (d) ( (2n 1) ) and ( 2n ), n an integer#ß � �#ß1 1

 

 4. (a) 3 2n  and 3 2n , n an integerˆ ‰ ˆ ‰ß � � ß �1 1

4 4
5

1 1

 (b) 3 2n  and 3 2n , n an integerˆ ‰ ˆ ‰� ß � ß �1 1

4 4
5

1 1

 (c) 3 2n  and 3 2n , n an integerˆ ‰ ˆ ‰ß � � � ß �1 1

4 4
3

1 1

 (d) 3 2n  and 3 2n , n an integerˆ ‰ ˆ ‰� ß� � ß �1 1

4 4
3

1 1

 

 5. (a) x r cos 3 cos 0 3, y r sin 3 sin 0 0  Cartesian coordinates are ( 0)œ œ œ œ œ œ Ê $ß) )

 (b) x r cos 3 cos 0 3, y r sin 3 sin 0 0  Cartesian coordinates are ( 0)œ œ � œ � œ œ � œ Ê �$ß) )

 (c) x r cos 2 cos 1, y r sin 2 sin 3  Cartesian coordinates are 1 3œ œ œ � œ œ œ Ê � ß) )
2 2
3 3
1 1 È ÈŠ ‹

 (d) x r cos 2 cos 1, y r sin 2 sin 3  Cartesian coordinates are 1 3œ œ œ œ œ œ Ê ß) )
7 7
3 3
1 1 È ÈŠ ‹

 (e) x r cos 3 cos 3, y r sin 3 sin 0  Cartesian coordinates are (3 0)œ œ � œ œ œ � œ Ê ß) 1 ) 1

 (f) x r cos 2 cos 1, y r sin 2 sin 3  Cartesian coordinates are 1 3œ œ œ œ œ œ Ê ß) )
1 1

3 3
È ÈŠ ‹

 (g) x r cos 3 cos 2 3, y r sin 3 sin 2 0  Cartesian coordinates are ( 3 0)œ œ � œ � œ œ � œ Ê � ß) 1 ) 1

 (h) x r cos 2 cos 1, y r sin 2 sin 3  Cartesian coordinates are 1 3œ œ � � œ � œ œ � � œ Ê � ß) )ˆ ‰ ˆ ‰ È ÈŠ ‹1 1

3 3

 6. (a) x 2 cos 1, y 2 sin 1  Cartesian coordinates are (1 1)œ œ œ œ Ê ßÈ È1 1

4 4

 (b) x 1 cos 0 1, y 1 sin 0 0  Cartesian coordinates are (1 0)œ œ œ œ Ê ß

 (c) x 0 cos 0, y 0 sin 0  Cartesian coordinates are ( 0)œ œ œ œ Ê !ß1 1

# #

 (d) x 2 cos 1, y 2 sin  1  Cartesian coordinates are ( 1 1)œ � œ � œ � œ � Ê � ß�È Èˆ ‰ ˆ ‰1 1

4 4

 (e) x 3 cos , y 3 sin   Cartesian coordinates are œ � œ œ � œ � Ê ß�5 5 3 3
6 2 6

3 3 3 31 1
È È

# # #Š ‹
 (f) x 5 cos tan  3, y 5 sin tan  4  Cartesian coordinates are ( 4)œ œ œ œ Ê $ßˆ ‰ ˆ ‰�" �"4 4

3 3
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 (g) x 1 cos 7 1, y 1 sin 7 0  Cartesian coordinates are (1 0)œ � œ œ � œ Ê ß1 1

 (h) x 2 3 cos 3, y 2 3 sin 3  Cartesian coordinates are 3 3œ œ � œ œ Ê � ßÈ È È ÈŠ ‹2 2
3 3
1 1

 7. (a) 1, 1 r 1 1 2, sin  and cos Polar coordinates are 2, a b È È ÈŠ ‹Ê œ � œ œ œ Ê œ Ê2 2 1 1
2 2 4 4) ) )È È 1 1

 (b) 3, 0 r 3 0 3, sin 0 and cos 1 Polar coordinates are 3, a b a b a bÉ� Ê œ � � œ œ œ � Ê œ Ê2 2 ) ) ) 1 1

 (c) 3, 1 r 3 1 2, sin  and cos Polar coordinates are 2, Š ‹ ÊŠ ‹È È a b ˆ ‰� Ê œ � � œ œ � œ Ê œ Ê
2

2 1 11 11
2 2 6 6

3
) ) )

È
1 1

 (d) 3, 4 r 3 4 5, sin  and cos arctan Polar coordinates area b a bÉ ˆ ‰� Ê œ � � œ œ œ � Ê œ � Ê2 2 4 3 4
5 5 3) ) ) 1

 5, arctanˆ ‰ˆ ‰1 � 4
3

 8. (a) 2, 2 r 2 2 2 2, sin  and cos Polar coordinates area b a b a bÉ È� � Ê œ � � � œ œ � œ � Ê œ � Ê2 2 1 1 3
2 2 4) ) )È È 1

 2 2, Š ‹È � 3
4
1

 (b) 0, 3 r 0 3 3, sin 1 and cos 0 Polar coordinates are 3, a b È ˆ ‰Ê œ � œ œ œ Ê œ Ê2 2
2 2) ) )
1 1

 (c) 3, 1 r 3 1 2, sin  and cos Polar coordinates are 2, Š ‹ ÊŠ ‹È È ˆ ‰� Ê œ � � œ œ œ � Ê œ Ê
2

2 1 5 5
2 2 6 6

3
) ) )

È
1 1

 (d) 5, 12 r 5 12 13, sin  and cos arctan Polar coordinates area b a bÉ ˆ ‰� Ê œ � � œ œ � œ Ê œ � Ê2 2 12 5 12
13 12 5) ) )

 13, arctanˆ ‰ˆ ‰� 12
5

 9. (a) 3, 3 r 3 3 3 2, sin  and cos Polar coordinates area b È ÈÊ œ � � œ � œ � œ � Ê œ Ê2 2 1 1 5
2 2 4) ) )È È 1

 3 2, Š ‹È� 5
4
1

 (b) 1, 0 r 1 0 1, sin 0 and cos 1 0 Polar coordinates are 1, 0a b a b a bÉ� Ê œ � � � œ � œ œ Ê œ Ê �2 2 ) ) )

 (c) 1, 3 r 1 3 2, sin  and cos Polar coordinates areŠ ‹ Ê Š ‹È Èa b� Ê œ � � � œ � œ � œ Ê œ Ê2
2

3
2 2 3

1 5
) ) )

È
1

 2, ˆ ‰� 5
3
1

 (d) 4, 3 r 4 3 5, sin  and cos arctan Polar coordinates area b a bÉ ˆ ‰� Ê œ � � � œ � œ œ � Ê œ � Ê2 2 3 4 3
5 5 4) ) ) 1

 5, arctanˆ ‰ˆ ‰� �1
4
3

10. (a) 2, 0 r 2 0 2, sin 0 and cos 1 0 Polar coordinates are 2, 0a b a b a bÉ� Ê œ � � � œ � œ œ Ê œ Ê �2 2 ) ) )

 (b) 1, 0 r 1 0 1, sin 0 and cos 1  or Polar coordinates are 1,  ora b a bÈÊ œ � � œ � œ œ � Ê œ œ � Ê �2 2 ) ) ) 1 ) 1 1

 1, a b� �1

 (c) 0, 3 r 0 3 3, sin 1 and cos 0 Polar coordinates are 3, a b a bÉ ˆ ‰� Ê œ � � � œ � œ œ Ê œ Ê �2 2
2 2) ) )
1 1

 (d) , r 1, sin  and cos  or Polar coordinatesŠ ‹ ÊŠ ‹ ˆ ‰È È È3 3 3
2 2 2 2 2 2 6 6

1 1 1 7 5
2 2

Ê œ � � œ � œ � œ � Ê œ œ � Ê) ) ) )
1 1

 are 1,  or 1, ˆ ‰ ˆ ‰� � �7 5
6 6
1 1
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11.  12.     13.    

14.  15.     16.    

17.  18.     19.    

20.  21.     22.    

23.  24.     25.    
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26. 

27. r cos 2  x 2, vertical line through ( 0) 28. r sin 1  y 1, horizontal line through (0 1)) )œ Ê œ #ß œ � Ê œ � ß�

29. r sin 0  y 0, the x-axis 30. r cos 0  x 0, the y-axis) )œ Ê œ œ Ê œ

31. r 4 csc   r   r sin 4  y 4, a horizontal line through (0 4)œ Ê œ Ê œ Ê œ ß) )
4

sin )

32. r 3 sec   r   r cos 3  x 3, a vertical line through ( 3 0)œ � Ê œ Ê œ � Ê œ � � ß) )
�3

cos )

33. r cos r sin 1  x y 1, line with slope m 1 and intercept b 1) )� œ Ê � œ œ � œ

34. r sin r cos   y x, line with slope m 1 and intercept b 0) )œ Ê œ œ œ

35. r 1  x y 1, circle with center C ( 0) and radius 1# # #œ Ê � œ œ !ß

36. r 4r sin x y 4y x y 4y 4 4 x (y 2) 4, circle with center C (0 2) and radius 2# # # # # # #œ Ê � œ Ê � � � œ Ê � � œ œ ß)

37. r   r sin 2r cos 5  y 2x 5, line with slope m 2 and intercept b 5œ Ê � œ Ê � œ œ œ5
sin 2 cos ) )� ) )

38. r  sin 2 2  2r  sin  cos 2  (r sin )(r cos ) 1  xy 1, hyperbola with focal axis y x# #
) ) ) ) )œ Ê œ Ê œ Ê œ œ

39. r cot  csc   r sin cos   r  sin r cos   y x, parabola with vertex (0 0)œ œ Ê œ Ê œ Ê œ ß) ) ) ) ) )ˆ ‰ ˆ ‰cos 
sin sin 

)

) )

" # # # #

 which opens to the right

40. r 4 tan  sec   r 4   r cos 4 sin   r  cos 4r sin   x 4y, parabola withœ Ê œ Ê œ Ê œ Ê œ) ) ) ) ) )ˆ ‰sin 
cos

)

)#

# # # #

 vertex ( 0) which opens upwardœ !ß

41. r (csc ) e   r sin e   y e , graph of the natural exponential functionœ Ê œ Ê œ) )
r cos r cos x) )

42. r sin ln r ln cos ln (r cos )  y ln x, graph of the natural logarithm function) ) )œ � œ Ê œ

43. r 2r  cos  sin 1  x y 2xy 1  x 2xy y 1  (x y) 1  x y 1, two parallel# # # # # # #� œ Ê � � œ Ê � � œ Ê � œ Ê � œ „) )

 straight lines of slope 1 and y-intercepts b 1� œ „

44. cos sin   r  cos r  sin   x y   x y   x y, two perpendicular# # # # # # # #
) ) ) )œ Ê œ Ê œ Ê œ Ê „ œk k k k

 lines through the origin with slopes 1 and 1, respectively.�

45. r 4r cos   x y 4x  x 4x y 0  x 4x 4 y 4  (x 2) y 4, a circle with# # # # # # # # #œ � Ê � œ � Ê � � œ Ê � � � œ Ê � � œ)

 center C( 2 0) and radius 2� ß
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46. r 6r sin   x y 6y  x y 6y 0  x y 6y 9 9  x (y 3) 9, a circle with# # # # # # # # #œ � Ê � œ � Ê � � œ Ê � � � œ Ê � � œ)

 center C(0 3) and radius 3ß �

47. r 8 sin   r 8r sin x y 8y x y 8y 0 x y 8y 16 16  x (y 4) 16, aœ Ê œ Ê � œ Ê � � œ Ê � � � œ Ê � � œ) )
# # # # # # # # #

 circle with center C(0 4) and radius 4ß

48. r 3 cos   r 3r cos   x y 3x  x y 3x 0  x 3x yœ Ê œ Ê � œ Ê � � œ Ê � � � œ) )
# # # # # # #9 9

4 4

  x y , a circle with center C  and radius Ê � � œ ß !ˆ ‰ ˆ ‰3 9 3 3
4# # #

# #

49. r 2 cos 2 sin   r 2r cos 2r sin   x y 2x 2y  x 2x y 2y 0œ � Ê œ � Ê � œ � Ê � � � œ) ) ) )
# # # # #

  (x 1) (y 1) 2, a circle with center C(1 1) and radius 2Ê � � � œ ß# # È

50. r 2 cos sin r 2r cos r sin x y 2x y x 2x y y 0œ � Ê œ � Ê � œ � Ê � � � œ) ) ) )
# # # # #

  (x 1) y , a circle with center C 1  and radius Ê � � � œ ß�# " "
# # #

#ˆ ‰ ˆ ‰5
4

5È

51. r sin 2  r sin  cos cos  sin 2  r sin r cos 2  y x 2ˆ ‰ ˆ ‰) ) ) ) )� œ Ê � œ Ê � œ Ê � œ1 1 1

6 6 6
3 3È È

# # # #
" "

  3 y x 4, line with slope m  and intercept bÊ � œ œ � œÈ "È È3 3
4

52. r sin 5  r sin  cos cos  sin 5  r cos r sin 5  x y 5ˆ ‰ ˆ ‰2 2 2
3 3 3

3 31 1 1� œ Ê � œ Ê � œ Ê � œ) ) ) ) )
È È
# # # #

" "

  3 x y 10, line with slope m 3 and intercept b 10Ê � œ œ � œÈ È

53. x 7  r cos 7 54. y 1  r sin 1œ Ê œ œ Ê œ) )

55. x y  r cos r sin    56. x y 3  r cos r sin 3œ Ê œ Ê œ � œ Ê � œ) ) ) ) )
1

4

57. x y 4  r 4  r 2 or r 2# # #� œ Ê œ Ê œ œ �

58. x y 1  r  cos r  sin 1  r cos sin 1  r  cos 2 1# # # # # # # # # #� œ Ê � œ Ê � œ Ê œ) ) ) ) )a b

59. 1  4x 9y 36  4r  cos 9r  sin 36x
9 4

y# #

� œ Ê � œ Ê � œ# # # # # #
) )

60. xy 2  (r cos )(r sin ) 2  r  cos  sin 2  2r  cos  sin 4  r  sin 2 4œ Ê œ Ê œ Ê œ Ê œ) ) ) ) ) ) )
# # #

61. y 4x  r  sin 4r cos   r sin 4 cos # # # #œ Ê œ Ê œ) ) ) )

62. x xy y 1  x y xy 1  r r  sin  cos 1  r (1 sin  cos ) 1# # # # # # #� � œ Ê � � œ Ê � œ Ê � œ) ) ) )

63. x (y 2) 4  x y 4y 4 4  x y 4y  r 4r sin   r 4 sin # # # # # # #� � œ Ê � � � œ Ê � œ Ê œ Ê œ) )

64. (x 5) y 25  x 10x 25 y 25  x y 10x  r 10r cos   r 10 cos � � œ Ê � � � œ Ê � œ Ê œ Ê œ# # # # # # #
) )

65. (x 3) (y 1) 4  x 6x 9 y 2y 1 4  x y 6x 2y 6  r 6r cos 2r sin 6� � � œ Ê � � � � � œ Ê � œ � � Ê œ � �# # # # # # #
) )

66. (x 2) (y 5) 16 x 4x 4 y 10y 25 16 x y 4x 10y 13� � � œ Ê � � � � � œ Ê � œ � � �# # # # # #

 r 4r cos 10r sin 13Ê œ � � �#
) )
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67. ( ) where  is any angle!ß ) )

68. (a) x a  r cos a  r   r a sec œ Ê œ Ê œ Ê œ) )
a

cos )

 (b) y b  r sin b  r   r b csc œ Ê œ Ê œ Ê œ) )
b

sin )

11.4  GRAPHING IN POLAR COORDINATES

 1. 1 cos ( ) 1 cos r  symmetric about the� � œ � œ Ê) )

 x-axis; 1 cos ( ) r and 1 cos ( )� � Á � � �) 1 )

 1 cos r  not symmetric about the y-axis;œ � Á Ê)

 therefore not symmetric about the origin

 

 2. 2 2 cos ( ) 2 2 cos r  symmetric about the� � œ � œ Ê) )

 x-axis; 2  cos ( ) r and 2 2 cos ( )� # � Á � � �) 1 )

 2 2 cos r  not symmetric about the y-axis;œ � Á Ê)

 therefore not symmetric about the origin

 

 3. 1 sin ( ) 1 sin r and 1 sin ( )� � œ � Á � �) ) 1 )

 1 sin r  not symmetric about the x-axis;œ � Á � Ê)

 1 sin ( ) 1 sin r  symmetric about� � œ � œ Ê1 ) )

 the y-axis; therefore not symmetric about the origin

 

 4. 1 sin ( ) 1 sin r and 1 sin ( )� � œ � Á � �) ) 1 )

 1 sin r  not symmetric about the x-axis;œ � Á � Ê)

 1 sin ( ) 1 sin r  symmetric about the� � œ � œ Ê1 ) )

 y-axis; therefore not symmetric about the origin
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 5. 2 sin ( ) 2 sin r and 2 sin ( )� � œ � Á � �) ) 1 )

 2 sin r  not symmetric about the x-axis;œ � Á � Ê)

 2 sin ( ) 2 sin r  symmetric about the� � œ � œ Ê1 ) )

 y-axis; therefore not symmetric about the origin

 

 6. 1 2 sin ( ) 1 2 sin r and 1 2 sin ( )� � œ � Á � �) ) 1 )

 1 2 sin r  not symmetric about the x-axis;œ � Á � Ê)

 1 2 sin ( ) 1 2 sin r  symmetric about the� � œ � œ Ê1 ) )

 y-axis; therefore not symmetric about the origin

 

 7. sin sin r  symmetric about the y-axis;ˆ ‰ ˆ ‰� œ � œ � Ê) )

# #

 sin sin , so the graph  symmetric about theˆ ‰ ˆ ‰2
2

1 ) )�
# œ is

 x-axis, and hence the origin.

 

 8. cos cos r  symmetric about the x-axis;ˆ ‰ ˆ ‰� œ œ Ê) )

# #

 cos cos , so the graph  symmetric about theˆ ‰ ˆ ‰2
2

1 ) )�
# œ is

 y-axis, and hence the origin.

 

 9. cos ( ) cos r   (r ) and ( r ) are on the� œ œ Ê ß� � ß�) ) ) )#

 graph when (r ) is on the graph  symmetric about theß Ê)

 x-axis and the y-axis; therefore symmetric about the origin
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10. sin ( ) sin r   (r ) and ( r ) are on1 ) ) 1 ) 1 )� œ œ Ê ß � � ß �#

 the graph when (r ) is on the graph  symmetric aboutß Ê)

 the y-axis and the x-axis; therefore symmetric about the
 origin

 

11. sin ( ) sin r   (r ) and ( r )� � œ � œ Ê ß � � ß �1 ) ) 1 ) 1 )#

 are on the graph when (r ) is on the graph  symmetricß Ê)

 about the y-axis and the x-axis; therefore symmetric about
 the origin

 

12. cos ( ) cos r   (r ) and ( r ) are on� � œ � œ Ê ß� � ß�) ) ) )#

 the graph when (r ) is on the graph  symmetric aboutß Ê)

 the x-axis and the y-axis; therefore symmetric about the
 origin

 

13. Since r  are on the graph when (r ) is on the grapha b„ ß� ß) )

 r 4 cos 2( )  r 4 cos 2 , the graph isˆ ‰a b„ œ � Ê œ
# #) )

 symmetric about the x-axis and the y-axis  the graph isÊ

 symmetric about the origin

 

14. Since (r ) on the graph  ( r ) is on the graphß Ê � ß) )

 r 4 sin 2   r 4 sin 2 , the graph isˆ ‰a b„ œ Ê œ
# #) )

 symmetric about the origin.  But 4 sin 2( ) 4 sin 2� œ �) )

 r  and 4 sin 2( ) 4 sin (2 2 ) 4 sin ( 2 )Á � œ � œ �# 1 ) 1 ) )

 4 sin 2 r   the graph is not symmetric aboutœ � Á Ê) #

 the x-axis; therefore the graph is not symmetric about
 the y-axis  

15. Since (r ) on the graph  ( r ) is on the graphß Ê � ß) )

 r sin 2   r sin 2 , the graph isˆ ‰a b„ œ � Ê œ �
# #) )

 symmetric about the origin.  But sin 2( ) ( sin 2 )� � œ � �) )

 sin 2 r  and sin 2( ) sin (2 2 )) 1 ) 1 )Á � � œ � �#

 sin ( 2 ) ( sin 2 ) sin 2 r   the graphœ � � œ � � œ Á Ê) ) ) #

 is not symmetric about the x-axis; therefore the graph is
 not symmetric about the y-axis  
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16. Since r  are on the graph when (r ) is on thea b„ ß� ß) )

 graph r cos 2( )  r cos 2 , theˆ ‰a b„ œ � � Ê œ �
# #) )

 graph is symmetric about the x-axis and the y-axis  theÊ

 graph is symmetric about the origin.

 

17.   r 1  1 , and   r 1) )œ Ê œ � Ê � ß œ � Ê œ �1 1 1

# # #
ˆ ‰

  1 ; r sin ; SlopeÊ � ß� œ œ � œˆ ‰1 ) )

) ) )# �
w �dr r  sin r cos 

d r  cos r sin )
w

w

   Slope at 1  isœ Ê � ß� �
� � #

sin r cos 
sin  cos r sin 

#
) ) 1

) ) )
ˆ ‰

 1; Slope at 1  is
� � �

� � � #

sin ( 1) cos 
sin  cos ( 1) sin 

# ˆ ‰1 1

1 1 1

# #

# # #

œ � � ß�ˆ ‰1
 1

� � � � �

� � � � � �

sin ( 1) cos

sin  cos ( 1) sin

# ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰ ˆ ‰

1 1

1 1 1

# #

# # #

œ

 

18. 0  r 1  ( 0), and   r 1) ) 1œ Ê œ � Ê �"ß œ Ê œ �

  ( ); r cos ;Ê �"ß œ œ1 )w dr
d)

 Slope œ œr  sin r cos cos  sin r cos 
r  cos r sin cos  cos r sin 

w

w

) ) ) ) )

) ) ) ) )

� �
� �

   Slope at ( 0) is œ Ê �"ßcos  sin r cos 
cos r sin cos 0 ( 1) sin 0

cos 0 sin 0 ( 1) cos 0) ) )

) )

�
� � �

� �
# #

 1; Slope at ( ) is 1œ � �"ß œ1
cos  sin ( 1) cos 

cos ( 1) sin 
1 1 1

1 1

� �
� �#

 

19.   r 1  ;   r 1) )œ Ê œ Ê "ß œ � Ê œ �1 1 1

4 4 4
ˆ ‰

  1 ;   r 1  ;Ê � ß� œ Ê œ � Ê �"ßˆ ‰ ˆ ‰1 1 1

4 4 4
3 3)

   r 1  1 ;) œ � Ê œ Ê ß�3 3
4 4
1 1ˆ ‰

 r 2 cos 2 ;w œ œdr
d) )

 Slope œ œr  sin r cos 2 cos 2  sin r cos 
r  cos r sin 2 cos 2  cos r sin 

w

w

) ) ) ) )

) ) ) ) )

� �
� �

  Slope at 1  is 1;Ê ß œ �ˆ ‰1
4

2 cos  sin (1) cos

2 cos  cos (1) sin

ˆ ‰ ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰ ˆ ‰
1 1 1

1 1 1

#

#

4 4

4 4

�

�
 

 Slope at 1  is 1;ˆ ‰� ß� œ1

4
2 cos  sin ( 1) cos

2 cos  cos ( 1) sin

ˆ ‰ ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰ ˆ ‰
� � � � �

� � � � �

1 1 1

1 1 1

#

#

4 4

4 4

 Slope at 1  is 1;ˆ ‰� ß œ3
4

2 cos  sin ( 1) cos

2 cos  cos ( 1) sin

1
Š ‹ Š ‹ Š ‹
Š ‹ Š ‹ Š ‹

3 3 3
4 4

3 3 3
4 4

1 1 1

1 1 1

#

#

� �

� �

 Slope at 1  is 1ˆ ‰ß � œ �3
4

2 cos  sin (1) cos

2 cos  cos (1) sin

1
Š ‹ Š ‹ Š ‹
Š ‹ Š ‹ Š ‹
� � � �

� � � �

3 3 3
4 4

3 3 3
4 4

1 1 1

1 1 1

#

#
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20. 0  r 1  (1 0);   r 1  1 ;) )œ Ê œ Ê ß œ Ê œ � Ê � ß1 1

2 2
ˆ ‰

  r 1  ;   r 1) ) 1œ � Ê œ � Ê �"ß� œ Ê œ1 1

#
ˆ ‰

2

  (1 ); r 2 sin 2 ;Ê ß œ œ �1 )w dr
d)

 Slope œ œr  sin r cos 2 sin 2  sin r cos 
r  cos r sin 2 sin 2  cos r sin 

w

w

) ) ) ) )

) ) ) ) )

� � �
� � �

  Slope at (1 0) is , which is undefined;Ê ß � �
� �

2 sin 0 sin 0 cos 0
2 sin 0 cos 0 sin 0

 Slope at 1  is 0;ˆ ‰� ß œ1

2
2 sin 2  sin ( 1) cos

2 sin 2  cos ( 1) sin

� � �

� � �

ˆ ‰ ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰ ˆ ‰
1 1 1

1 1 1

2 2 2

2 2 2  

 Slope at 1  is 0;ˆ ‰� ß� œ1

2
2 sin 2  sin ( 1) cos

2 sin 2  cos ( 1) sin

� � � � � �

� � � � � �

ˆ ‰ ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰ ˆ ‰

1 1 1

1 1 1

# # #

# # #

 Slope at ( ) is , which is undefined"ß1 � �
� �

2 sin 2  sin cos 
2 sin 2  cos sin 

1 1 1

1 1 1

21. (a)      (b)     

22. (a)      (b)     

23. (a)      (b)     

24. (a)      (b)     
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25. 

26. r 2 sec   r   r cos 2  x 2œ Ê œ Ê œ Ê œ) )2
cos )

 

27.  28.     

29. Note that (r ) and ( r ) describe the same point in the plane.  Then r 1 cos   1 cos ( )ß � ß � œ � Í � � �) ) 1 ) ) 1

 1 (cos  cos sin  sin ) 1 cos (1 cos ) r; therefore (r ) is on the graph ofœ � � � œ � � œ � � œ � ß) 1 ) 1 ) ) )

 r 1 cos   ( r ) is on the graph of r 1 cos   the answer is (a).œ � Í � ß � œ � � Ê) ) 1 )
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30. Note that (r ) and ( r ) describe the same point in the plane.  Then r cos 2   sin 2( ))ß � ß � œ Í � � �) ) 1 ) ) 1ˆ ‰1
#

 sin 2 sin (2 ) cos cos (2 ) sin cos 2 r; therefore (r ) is on the graph ofœ � � œ � � œ � œ � ßˆ ‰ ˆ ‰ ˆ ‰) ) ) ) )5 5 51 1 1

# # #

 r sin 2   the answer is (a).œ � � Êˆ ‰) 1

#

 

31.  32.     

33. (a)  (b)   (c)   (d)  

34. (a)      (b)      (c)     
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 (d)      (e)     

11.5  AREA AND LENGTHS IN POLAR COORDINATES

 1. A  dœ œ œ'
0

1
6 6

3
1

1 1"
#

#
!

) ) )� ‘ 3

 2. A 2 sin  d 2 sin  d 2  d 1 cos 2 d sin 2œ œ œ œ � œ �' ' ' '
1 1 1 1

1 1 1 1
)

1

1

Î Î Î Î

Î Î Î Î
" �
#

#
Î

Î

4 4 4 4

2 2 2 2
2 1 cos 2 1

2 2 4

2a b a b � ‘) ) ) ) ) ) ) ) )

 0œ � � � œ �ˆ ‰ ˆ ‰1 1 1

2 4 2 4 2
1 1

 3. A (4 2 cos )  d 16 16 cos 4 cos  d 8 8 cos 2  dœ � œ � � œ � �' ' '
0

2 2 2

0 0
1 cos 2

1 1 1
)" " �

# # #
# #) ) ) ) ) ) )a b � ‘ˆ ‰

 (9 8 cos cos 2 ) d 9 8 sin  sin 2 18œ � � œ � � œ'
0

21

) ) ) ) ) ) 1� ‘" #

!2
1

 4. A [a(1 cos )]  d a 1 2 cos cos  d a  1 2 cos  dœ � œ � � œ � �' ' '
0 0 0

2 2 2
1 cos 2

1 1 1
)" " " �

# # # #
# # # #) ) ) ) ) ) )a b ˆ ‰

 a  2 cos  cos 2  d a 2 sin  sin 2 aœ � � œ � � œ" " " "
# # # # # #

# # ##

!
'

0

2
3 3 3

4

1
1ˆ ‰ � ‘) ) ) ) ) ) 1

 5. A 2   cos 2  d  dœ œ œ � œ' '
0 0

4 4
1 cos 4 sin 4

4 8

1 1
) ) 11

Î Î
" � "
# # #

# Î%

!
) ) ) )� ‘

 6. A  cos 3 d  cos 3 d  d  1 cos 6 dœ œ œ œ �' ' ' '
� Î � Î � Î

Î Î Î Î
" " " � "
# # #1 1 1

1 1 1 1
)

6 6 6

6 6 6 62 2 1 cos 6
2 4a b a b) ) ) ) ) ) )

� Î1 6

 sin 6 0 0œ � œ � � � � œ" " "Î

� Î4 6 4 6 4 6 12
1 6

6
� ‘ ˆ ‰ ˆ ‰) )

1

1

1 1 1

 7. A (4 sin 2 ) d 2 sin 2  d cos 2 2œ œ œ � œ' '
0 0

2 21 1Î Î
"
#

Î#
!) ) ) ) )c d 1

 8. A (6)(2) (2 sin 3 ) d 12 sin 3  d 12 4œ œ œ � œ' '
0 0

6 61 1Î Î
"
#

Î'

!
) ) ) ) � ‘cos 3

3
) 1

 9. r 2 cos  and r 2 sin   2 cos 2 sin œ œ Ê œ) ) ) )

  cos sin   ; thereforeÊ œ Ê œ) ) ) 1

4

 A 2 (2 sin )  d 4 sin  dœ œ' '
0 0

4 41 1Î Î
"
#

# #) ) ) )

 4  d (2 2 cos 2 ) dœ œ �' '
0 0

4 41 1Î Îˆ ‰1 cos 2�
#

) ) ) )

 2 sin 2 1œ � œ �c d) )
1 1Î%
! #
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10. r 1 and r 2 sin   2 sin 1  sin œ œ Ê œ Ê œ) ) ) "
#

   or ; thereforeÊ œ) 1 1

6 6
5

 A (1)  (2 sin ) 1  dœ � �1 ) )# # #"
#

'
1

1

Î

Î

6

5 6 c d
 2 sin  dœ � �1 ) )'

1

1

Î

Î

6

5 6 ˆ ‰# "
#

 1 cos 2  dœ � � �1 ) )'
1

1

Î

Î

6

5 6 ˆ ‰"
#

 cos 2  dœ � � œ � �1 ) ) 1 )'
1

1

Î

Î

6

5 6 ˆ ‰ � ‘" "
# #

& Î'

Î'2
sin 2) 1

1

  sin  sin œ � � � � œ1 ˆ ‰ ˆ ‰5 5
1 3 12 3 6

4 3 31 1 1 1 1

# # #
" " � È  

11. r 2 and r 2(1 cos )  2 2(1 cos )œ œ � Ê œ �) )

  cos 0  ; thereforeÊ œ Ê œ „) ) 1

#

 A 2 [2(1 cos )]  d area of the circleœ � �'
0

21Î
" "
# #

#) )

 4 1 2 cos cos  d (2)œ � � �'
0

21Î a b ˆ ‰) ) ) 1# #"
#

 4 1 2 cos  d 2œ � � �'
0

21Î ˆ ‰) ) 11 cos 2�
#

)

 (4 8 cos 2 2 cos 2 ) d 2œ � � � �'
0

21Î

) ) ) 1

 6 8 sin sin 2 2 5 8œ � � � œ �c d) ) ) 1 1
1Î#
!

 

12. r 2(1 cos ) and r 2(1 cos )  1 cos œ � œ � Ê �) ) )

 1 cos  cos 0   or ; the graph alsoœ � Ê œ Ê œ) ) ) 1 1

# #
3

 gives the point of intersection (0 0); thereforeß

 A 2  [2(1 cos )]  d 2 [2(1 cos )]  dœ � � �' '
0 2

21 1

1

Î

Î

" "
# #

# #) ) ) )

 4 1 2cos cos dœ � �'
0

21Î a b) ) )#

 4 1 2 cos cos d� � �'
1

1

Î2
a b) ) )#  

 4 1 2 cos  d 4 1 2 cos  dœ � � � � �' '
0 2

21 1

1

Î

Î
ˆ ‰ ˆ ‰) ) ) )1 cos 2 1 cos 2� �

# #
) )

 (6 8 cos 2 cos 2 ) d (6 8 cos 2 cos 2 ) dœ � � � � �' '
0 2

21 1

1

Î

Î
) ) ) ) ) )

 6 8 sin sin 2 6 8 sin sin 2 6 16œ � � � � � œ �c d c d) ) ) ) ) ) 1
1 1

1

Î#
! Î#

13. r 3 and r 6 cos 2   3 6 cos 2   cos 2œ œ Ê œ Ê œÈ # "
#) ) )

   (in the 1st quadrant); we use symmetry of theÊ œ) 1

6

 graph to find the area, so

 A 4 (6 cos 2 ) 3  dœ �'
0

61Î ” •Š ‹È" "
# #

#

) )

 2 (6 cos 2 3) d 2 3 sin 2 3œ � œ �'
0

61Î

) ) ) )c d 1Î'!

 3 3œ �È 1
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14. r 3a cos  and r a(1 cos ) 3a cos a(1 cos )œ œ � Ê œ �) ) ) )

  3 cos 1 cos   cos    or ;Ê œ � Ê œ Ê œ �) ) ) )"
#

1 1

3 3

 the graph also gives the point of intersection (0 0); thereforeß

 A 2 (3a cos ) a (1 cos )  dœ � �'
0

31Î
"
#

# # #c d) ) )

 9a  cos a 2a  cos a  cos  dœ � � �'
0

31Î a b# # # # # #) ) ) )

 8a  cos 2a  cos a  dœ � �'
0

31Î a b# # # #) ) )

 4a (1 cos 2 ) 2a  cos a  dœ � � �'
0

31Î c d# # #) ) )

 3a 4a  cos 2 2a  cos  dœ � �'
0

31Î a b# # #) ) )

 

 3a 2a  sin 2 2a  sin a 2a 2a a 1 3œ � � œ � � œ � �c d ˆ ‰ Š ‹ Š ‹È# # # # # # #Î$
!

"
# #) ) ) 1 1

1 È3

15. r 1 and r 2 cos   1 2 cos   cos œ œ � Ê œ � Ê œ �) ) ) "
#

   in quadrant II; thereforeÊ œ) 2
3
1

 A 2  ( 2 cos ) 1  d 4 cos 1  dœ � � œ �' '
2 3 2 31 1

1 1

Î Î

"
#

# # #c d a b) ) ) )

 [2(1 cos 2 ) 1] d (1 2 cos 2 ) dœ � � œ �' '
2 3 2 31 1

1 1

Î Î
) ) ) )

 sin 2œ � œ �c d) )
1

1

1

# Î$ #3
3È

 

16. r 6 and r 3 csc   6 sin 3  sin œ œ Ê œ Ê œ) ) ) "
#

   or ; therefore A  6 9 csc  dÊ œ œ �) ) )1 1

6 6
5 '

1

1

Î

Î

6

5 6
"
#

# #a b
 18  csc  d 18  cot œ � œ �'

1

1

Î

Î

6

5 6ˆ ‰ � ‘9 9
# #

# & Î'

Î'
) ) ) )

1

1

 15 3 3 3 12 9 3œ � � � œ �Š ‹ Š ‹È È È1 1 19 9
# #

 

17. r sec  and r 4 cos  4 cos sec   cosœ œ Ê œ Ê œ) ) ) ) )2 1
4

  ,  , , or ; thereforeÊ œ) 1 1 1 1

3 3 3 3
2 4 5

 A 2  16 cos sec  dœ �'
0

31Î
"
#

# #a b) ) )

 8 8 cos 2 sec  dœ � �'
0

31Î
#a b) ) )

 8 4 sin 2 tan œ � �c d) ) ) 0
31Î

 2 3 3 0 0 0 3œ � � � � � œ �Š ‹È È Èa b8 8
3 3
1 1
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18. r 3 csc  and r 4 sin 4 sin 3 csc sinœ œ Ê œ Ê œ) ) ) ) )2 3
4

  ,  , , or ; thereforeÊ œ) 1 1 1 1

3 3 3 3
2 4 5

 A 4 2  16 sin 9 csc  dœ � �1 ) ) )'
1

1

Î

Î
"
#

# #
3

2 a b
 4 8 8 cos 2 9 csc  dœ � � �1 ) ) )'

1

1

Î

Î
#

3

2a b
 4 8 4 sin 2 9 cot œ � � �1 ) ) )c d

1

1

Î
Î

3
2

 4 4 0 0 2 3 3 3œ � � � � � �1 1’ “a b Š ‹È È8
3
1

 3œ �8
3
1 È

 

19. (a) r tan  and r  csc   tan  csc œ œ Ê œ) ) ) )Š ‹ Š ‹È È2 2
# #

  sin  cos   1 cos  cos Ê œ Ê � œ# #
# #) ) ) )Š ‹ Š ‹È È2 2

 cos cos 1 0 cos 2 orÊ � � œ Ê œ �#
#) ) )Š ‹ ÈÈ2

  (use the quadratic formula)   (the solution
È2

4# Ê œ) 1

 in the first quadrant); therefore the area of R  is"
 

 A  tan  d  sec 1  d tan tan ; AO  csc "
" " " " "
# # # # # # #

# # Î%
!œ œ � œ � œ � œ � œ' '

0 0

4 41 1Î Î

) ) ) ) ) )a b c d ˆ ‰ Š ‹1 1 1 1 1

4 4 8
2È

  and OB  csc 1 AB 1 the area of R  is A ;œ œ œ Ê œ � œ Ê œ œ
È È È È È È2 2 2 2 2 2

4 4# # # # # # #
#

#

# #
" "Š ‹ Š ‹ Š ‹Š ‹Ê1

 therefore the area of the region shaded in the text is 2 .  Note:  The area must be found this wayˆ ‰" "
# #� � œ �1 1

8 4 4
3

 since no common interval generates the region.  For example, the interval 0 generates the arc OB of r tan Ÿ Ÿ œ) )1

4

 but does not generate the segment AB of the liner  csc .  Instead the interval generates the half-line from B toœ
È2
# )

  on the line r  csc .�_ œ
È2
# )

 (b)  lim  tan  and the line x 1 is r sec  in polar coordinates; then  lim  (tan sec )
) 1 ) 1Ä Î Ä Î2 2� ) ) ) )œ _ œ œ �

�

  lim    lim    lim   0  r tan  approachesœ � œ œ œ Ê œ
) 1 ) 1 ) 1Ä Î Ä Î Ä Î2 2 2� � �

ˆ ‰ ˆ ‰ ˆ ‰sin sin 1 cos 
cos cos cos sin 

) ) )

) ) ) )

" �
� )

 r sec  as     r sec  (or x 1) is a vertical asymptote of r tan .  Similarly, r sec (or x 1)œ Ä Ê œ œ œ œ � œ �) ) ) ) )1
�

#

 is a vertical asymptote of r tan .œ )

20. It is not because the circle is generated twice from 0 to 2 .  The area of the cardioid is) 1œ

 A 2 (cos 1)  d cos 2 cos 1  d 2 cos 1  dœ � œ � � œ � �' ' '
0 0 0

1 1 1

" �
# #

# #) ) ) ) ) ) )a b ˆ ‰1 cos 2)

 2 sin .  The area of the circle is A   the area requested is actuallyœ � � œ œ œ Ê � œ� ‘ ˆ ‰3 sin 2 3 3 5
2 4 4 4 4
) ) 1 1 1 1 11

) 1
! # # #

" #

21. r , 0 5  2 ; therefore Length (2 )  d 4  dœ Ÿ Ÿ Ê œ œ � œ �) ) ) ) ) ) ) ) )# # # % ##È Éa b Èdr
d)

' '
0 0

5 5È È

  4 d (since 0) 4 d ; u 4   du  d ; 0  u 4,œ � œ   � œ � Ê œ œ Ê œ' '
0 0

5 5È Èk k È È �) ) ) ) ) ) ) ) ) ) )# # # "
#

 5  u 9   u du u“È È � ‘) œ Ê œ Ä œ œ'
4

9
" "
# #

$Î# *

%
2 19
3 3

22. r , 0   ; therefore Length   d  2  dœ Ÿ Ÿ Ê œ œ � œe dr e e e e
2 2 2 2d

) ) ) ) )

È È È È) 1 ) )
)

' '
0 0

1 1ÊŠ ‹ Š ‹ Š ‹Ê# #

#

2

 e  d e e 1œ œ œ �'
0

1

) ) 11
) � ‘

!
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23. r 1 cos   sin ; therefore Length (1 cos ) ( sin )  dœ � Ê œ � œ � � �) ) ) ) )dr
d)

'
0

21È # #

 2 2 2 cos  d 2  d 4  d 4 cos  d 4 2 sin 8œ � œ œ œ œ œ' ' ' '
0 0 0 0

1 1 1 1È É É ˆ ‰ � ‘) ) ) ) )
4(1 cos ) 1 cos 

2
�
# # #

�
!

) ) ) ) 1

24. r a sin  , 0 , a 0  a sin  cos ; therefore Length a sin  a sin  cos  dœ Ÿ Ÿ � Ê œ œ �#
# # # # # #

# # #) ) ) ) ) )

)
) 1 )dr

d
'

0

1 Éˆ ‰ ˆ ‰
 a  sin  a  sin   cos   d a sin  sin  cos   d (since 0 )  a  sin  dœ � œ � œ Ÿ Ÿ' '

0 0
0

1 1
1É É¸ ¸ ˆ ‰'# % # # # # #

# # # # # # #
) ) ) ) ) ) )) ) ) 1 )

 2a cos 2aœ � œ� ‘) 1

2 !

25. r , 0   ; therefore Length   dœ Ÿ Ÿ Ê œ œ �6 dr 6 sin 6 6 sin 
1 cos d (1 cos ) 1 cos (1 cos )� # � � �

# #

) ) ) ) )

1 ) )) )# #
'

0

21Î Êˆ ‰ Š ‹
   d 6   1  dœ � œ �' '

0 0

2 21 1Î ÎÉ ¸ ¸ É36 36 sin sin
(1 cos ) 1 cos (1 cos )1 cos� � ��

"
) ) )

) )

)
# #

# #

%a b ) )

 since 0 on 0   6   dœ � Ÿ Ÿˆ ‰ ˆ ‰ É" " � � �
� # � �1 cos 1 cos (1 cos )

1 2 cos cos sin
) ) )

1 ) ) )) )'
0

21Î
# #

#

 6   d 6 2  6 2 3  sec   dœ œ œ œ' ' ' '
0 0 0 0

2 2 2 21 1 1 1Î Î Î Îˆ ‰ ¸ ¸É È È" �
� � #�

$
1 cos (1 cos )

2 2 cos d d
(1 cos ) 2 cos  ) )

) ) ) )

)# $Î# $Î##
#

) )ˆ ‰)

 3 sec   d 6  sec u du (use tables) 6   sec u duœ œ œ �' ' '
0 0 0

2 4 41 1 1Î Î Î
$ $

# #

Î%

!
") 1

) Œ �� ‘sec u tan u
2

 6  ln sec u tan u 3 2 ln 1 2œ � � œ � �Š ‹ ’ “� ‘k k È ÈŠ ‹" " Î%

!È2 2
1

26. r ,   ; therefore Length  dœ Ÿ Ÿ Ê œ œ �2 dr 2 sin 2 2 sin 
1 cos d (1 cos ) 1 cos (1 cos )� # � � �

� �# #

) ) ) ) )

1 ) )) 1 )# #
'

1

1

Î2
Êˆ ‰ Š ‹

 1  d   dœ � œ' '
1 1

1 1

Î Î2 2
Ê Š ‹ ¸ ¸ É4 sin 2

(1 cos ) 1 cos (1 cos )1 cos 
(1 cos ) sin

� � ��

� �
) ) )

)

)

) )
# #

#

#

# #

a b ) )

 since 1 cos 0 on   2   dœ �   Ÿ Ÿˆ ‰ ˆ ‰ É) ) 1 )1 ) ) )

) )# � �
" � � �'

1

1

Î2 1 cos (1 cos )
1 2 cos cos sin# #

#

 2   d 2 2 2 2 csc   dœ œ œ œ' ' ' '
1 1 1 1

1 1 1 1

Î Î Î Î2 2 2 2
ˆ ‰ ¸ ¸É È È" �

� � #�
$

1 cos (1 cos )
2 2 cos d d

(1 cos ) 2 sin  ) )

) ) ) )

)# $Î# $Î##
#

) )ˆ ‰)

  csc  d since csc 0 on   2   csc u du (use tables)œ œ   Ÿ Ÿ œ' '
1 1

1 1

Î Î

Î

2 4

2
$ $

# # #
ˆ ‰ ˆ ‰) ) 1) ) 1

 2   csc u du 2  ln csc u cot u 2  ln 2 1Œ �� ‘ � ‘Š ‹ ’ “k k Š ‹È� � œ � � œ � �csc u cot u
2 22 2

1

1 1

1Î#

Î% Î%
" " " " "
# #

Î#'
1

1

Î

Î

4

2

È È

 2 ln 1 2œ � �È ÈŠ ‹

27. r cos    sin  cos  ; therefore Length  cos  sin  cos   dœ Ê œ � œ � �$ # $ ## #) ) ) ) ) )

)3 d 3 3 3 3 3
dr '

0

41Î Éˆ ‰ ˆ ‰ )

   cos sin  cos  d  cos   cos sin  d  cos  dœ � œ � œ' ' '
0 0 0

4 4 41 1 1Î Î ÎÉ Éˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰' # % # ## #) ) ) ) ) ) )

3 3 3 3 3 3 3) ) )

   d  sin œ œ � œ �'
0

41Î 1 cos 3 2 3
2 3 8 8

�

# #
" Î%

!

ˆ ‰2
3
)

) )� ‘) 11

28. r 1 sin 2 , 0 2  (1 sin 2 ) (2 cos 2 ) (cos 2 )(1 sin 2 ) ; thereforeœ � Ÿ Ÿ Ê œ � œ �È È) ) 1 ) ) ) )dr
d)

"
#

�"Î# �"Î#

 Length (1 sin 2 )  d  dœ � � œ' '
0 0

2 21 1
È ÈÉ É) ) )cos 2 1 2 sin 2 sin 2 cos 2

(1 sin 2 ) 1 sin 2
# # #) ) ) )

) )� �
� � �

  d 2 d 2 2œ œ œ œ' '
0 0

2 21 1
È ÈÉ È È’ “2 2 sin 2

1 sin 2
�
�

#

!

)

)

1

) ) ) 1
È
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29. Let r f( ).  Then x f( ) cos   f ( ) cos f( ) sin   f ( ) cos f( ) sin œ œ Ê œ � Ê œ �) ) ) ) ) ) ) ) ) ) )dx dx
d d) )

w w# #ˆ ‰ c d
 f ( )  cos 2f ( ) f( ) sin  cos [f( )]  sin ; y f( ) sin   f ( ) sin f( ) cos œ � � œ Ê œ �c dw # w # # w#

) ) ) ) ) ) ) ) ) ) ) ) ) )
dy
d)

  f ( ) sin f( ) cos f ( )  sin 2f ( )f( ) sin  cos [f( )]  cos .  ThereforeÊ œ � œ � �Š ‹ c d c ddy
d)

#
w w # w # ## #
) ) ) ) ) ) ) ) ) ) ) )

 f ( ) cos sin [f( )] cos sin f ( ) [f( )] r .ˆ ‰ ˆ ‰Š ‹ c d a b a b c ddx dr
d d d

dy
) ) )

# ##
w # # # # # w # ## #

� œ � � � œ � œ �) ) ) ) ) ) ) )

 Thus, L  d r  d .œ � œ �' '
! !

" "Êˆ ‰ É ˆ ‰Š ‹dx dr
d d d

dy
) ) )

# ##
#) )

30. (a) r a  0; Length a 0  d a  d a 2 aœ Ê œ œ � œ œ œdr
d)

1' '
0 0

2 21 1È k k c d# # #
!) ) ) 1

 (b) r a cos   a sin ; Length (a cos ) ( a sin )  d a cos sin  dœ Ê œ � œ � � œ �) ) ) ) ) ) ) )dr
d)

' '
0 0

1 1È È a b# # # # #

  a  d a aœ œ œ'
0

1 k k c d) ) 1
1

!

 (c) r a sin   a cos ; Length (a cos ) (a sin )  d a cos sin  dœ Ê œ œ � œ �) ) ) ) ) ) ) )dr
d)

' '
0 0

1 1È È a b# # # # #

 a  d a aœ œ œ'
0

1k k c d) ) 1
1

!

31. (a) r  a(1 cos ) d sin aav 0

2

œ � œ � œ"
�

#
!2 0 2

a
1 1

1' 1

) ) ) )c d
 (b) r  a d a aav 0

2

œ œ œ" "
� #

#
!2 01 1

1' 1

) )c d
 (c) r  a cos  d a sin av 2

2

œ œ œ" "
� �

Î#
� Î#ˆ ‰ ˆ ‰1 1

# #

'
� Î

Î

1

1

) ) )
1 1

1

1
c d 2a

32. r 2f( ),   2f ( )  r [2f( )] 2f ( )   Length 4[f( )] 4 f ( )  dœ Ÿ Ÿ Ê œ Ê � œ � Ê œ �) ! ) " ) ) ) ) ) )dr dr
d d) )

w # # w# # # w #ˆ ‰ c d c dÉ'
!

"

 2 [f( )] f ( )  d  which is twice the length of the curve r f( ) for .œ � œ Ÿ Ÿ'
!

"É c d) ) ) ) ! ) "# w #

11.6  CONIC SECTIONS

 1. x   4p 8  p 2; focus is (2 0), directrix is x 2œ Ê œ Ê œ ß œ �y
8

#

 2. x   4p 4  p 1; focus is ( 1 0), directrix is x 1œ � Ê œ Ê œ � ß œy
4

#

 3. y   4p 6  p ; focus is , directrix is yœ � Ê œ Ê œ !ß� œx 3 3 3
6

#

# # #
ˆ ‰

 4. y   4p 2  p ; focus is , directrix is yœ Ê œ Ê œ !ß œ �x 1 1 1
2

#

# # #
ˆ ‰

 5. 1  c 4 9 13  foci are 13 ; vertices are 2 0 ; asymptotes are y xx 3
4 9

y# #

� œ Ê œ � œ Ê „ ß ! „ ß œ „È È ÈŠ ‹ a b #

 6. 1  c 9 4 5  foci are 0 5 ; vertices are 0 3x
4 9

y# #

� œ Ê œ � œ Ê ß „ ß „È È ÈŠ ‹ a b

 7. y 1  c 2 1 1  foci are 1 0 ; vertices are 2x
2

#

� œ Ê œ � œ Ê „ ß „ ß !# È Èa b Š ‹

 8. x 1  c 4 1 5  foci are 0 5 ; vertices are 2 ; asymptotes are y 2xy
4

#

� œ Ê œ � œ Ê ß „ !ß „ œ „# È È ÈŠ ‹ a b

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



680 Chapter 11 Parametric Equatins and Polar Coordinates

 9. y 12x  x   4p 12  p 3; 10. x 6y  y   4p 6  p ;# #
# #œ Ê œ Ê œ Ê œ œ Ê œ Ê œ Ê œy

1 6
x 3# #

 focus is ( ), directrix is x 3 focus is , directrix is y$ß ! œ � !ß œ �ˆ ‰3 3
# #

  

11. x 8y  y   4p 8  p 2; 12. y 2x  x   4p 2  p ;# #
� �# #

"œ � Ê œ Ê œ Ê œ œ � Ê œ Ê œ Ê œx
8

y# #

 focus is ( 2), directrix is y 2 focus is , directrix is x!ß� œ � ß ! œˆ ‰" "
# #

  

13. y 4x   y   4p   p ; 14. y 8x   y   4p   p ;œ Ê œ Ê œ Ê œ œ � Ê œ � Ê œ Ê œ# #" " " "x x
4 16 8 32

# #

" "ˆ ‰ ˆ ‰
4 8

 focus is , directrix is y  focus is , directrix is yˆ ‰ ˆ ‰!ß œ � !ß� œ" " " "
#16 16 32 3

  

15. x 3y   x   4p   p ; 16. x 2y   x   4p   p ;œ � Ê œ � Ê œ Ê œ œ Ê œ Ê œ Ê œ# #" " " "
# #

y y
3 1 8

# #

" "

#
ˆ ‰ ˆ ‰

3

 focus is , directrix is x  focus is , directrix is xˆ ‰ ˆ ‰� ß ! œ ß ! œ �" " " "
# #1 1 8 8
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17. 16x 25y 400  1 18. 7x 16y 112  1# # # #
#� œ Ê � œ � œ Ê � œx x

5 16 16 7
y y# ## #

  c a b 25 16 3  c a b 16 7 3Ê œ � œ � œ Ê œ � œ � œÈ ÈÈ È# # # #

  

19. 2x y 2  x 1 20. 2x y 4  1# # # # #
# #� œ Ê � œ � œ Ê � œy yx

4

# ##

  c a b 2 1 1  c a b 4 2 2Ê œ � œ � œ Ê œ � œ � œÈ ÈÈ È È# # # #

  

21. 3x 2y 6  1 22. 9x 10y 90  1# # # #
#� œ Ê � œ � œ Ê � œx xy y

3 10 9

# ## #

  c a b 3 2 1  c a b 10 9 1Ê œ � œ � œ Ê œ � œ � œÈ ÈÈ È# # # #

  

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



682 Chapter 11 Parametric Equations and Polar Coordinates

23. 6x 9y 54  1 24. 169x 25y 4225  1# # # #� œ Ê � œ � œ Ê � œx x
9 6 25 169

y y# ## #

  c a b 9 6 3  c a b 169 25 12Ê œ � œ � œ Ê œ � œ � œÈ ÈÈ È È# # # #

  

25. Foci:  2 , Vertices:  2 0   a 2, c 2  b a c 4 2 2  1Š ‹ Š ‹È È Èa b„ ß ! „ ß Ê œ œ Ê œ � œ � œ Ê � œ# # #
#

#
x
4

y# #

26. Foci:  4 , Vertices:  0 5   a 5, c 4  b 25 16 9  1a b a b!ß „ ß „ Ê œ œ Ê œ � œ Ê � œ#
#

x
9 5

y# #

27. x y 1  c a b 1 1 2 ; 28. 9x 16y 144  1# # # ## #� œ Ê œ � œ � œ � œ Ê � œÈ ÈÈ x
16 9

y# #

 asymptotes are y x  c a b 16 9 5;œ „ Ê œ � œ � œÈ È# #

 asymptotes are y xœ „ 3
4

  

29. y x 8  1  c a b  30. y x 4  1  c a b# # # ## # # #� œ Ê � œ Ê œ � � œ Ê � œ Ê œ �
y y
8 8 4 4

x x# ## #È È
 8 8 4; asymptotes are y x 4 4 2 2; asymptotes are y xœ � œ œ „ œ � œ œ „È È È
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31. 8x 2y 16  1  c a b  32. y 3x 3  x 1  c a b# # # # #
#

# # # #� œ Ê � œ Ê œ � � œ Ê � œ Ê œ �x y y
8 3

# # #È È
 2 8 10 ; asymptotes are y 2x 3 1 2; asymptotes are y 3xœ � œ œ „ œ � œ œ „È ÈÈ È
  

33. 8y 2x 16  1  c a b  34. 64x 36y 2304  1  c a b# # # #
#

# # # #� œ Ê � œ Ê œ � � œ Ê � œ Ê œ �
y yx x

8 36 64

# ## #È È
 2 8 10 ; asymptotes are y  36 64 10; asymptotes are yœ � œ œ „ œ � œ œ „È ÈÈ x 4

3#

  

35. Foci:  2 , Asymptotes:  y x  c 2 and 1  a b  c a b 2a   2 2aŠ ‹È È!ß „ œ „ Ê œ œ Ê œ Ê œ � œ Ê œa
b

# # # # #

  a 1  b 1  y x 1Ê œ Ê œ Ê � œ# #

36. Foci:  2 , Asymptotes:  y x  c 2 and   b   c a b aa b„ ß ! œ „ Ê œ œ Ê œ Ê œ � œ � œ" " # # # #
È È È3 3 3

b a a 4a
a 3 3

# #

  4   a 3  a 3  b 1  y 1Ê œ Ê œ Ê œ Ê œ Ê � œ4a x
3 3

# ## #È
37. Vertices:  3 0 , Asymptotes:  y x  a 3 and   b (3) 4  1a b„ ß œ „ Ê œ œ Ê œ œ Ê � œ4 b 4 4 x

3 a 3 3 9 16
y# #

38. Vertices:  2 , Asymptotes:  y x  a 2 and   b 2(2) 4  1a b!ß „ œ „ Ê œ œ Ê œ œ Ê � œ1 a 1 x
2 b 2 4 16

y# #

39. (a) y 8x  4p 8  p 2  directrix is x 2,# œ Ê œ Ê œ Ê œ �

 focus is ( ), and vertex is ( 0); therefore the new#ß ! !ß

 directrix is x 1, the new focus is (3 2), and theœ � ß�

 new vertex is (1 2)ß �
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40. (a) x 4y  4p 4  p 1  directrix is y 1,# œ � Ê œ Ê œ Ê œ

 focus is ( 1), and vertex is ( 0); therefore the new!ß� !ß

 directrix is y 4, the new focus is ( 1 2), and theœ � ß

 new vertex is ( 1 3)� ß

  (b) 

41. (a) 1  center is ( 0), vertices are ( 4 0)x
16 9

y# #

� œ Ê !ß � ß

 and ( ); c a b 7  foci are 7 0%ß ! œ � œ Ê ßÈ È ÈŠ ‹# #

 and 7 ; therefore the new center is ( ), theŠ ‹È� ß ! %ß $

 new vertices are ( 3) and (8 3), and the new foci are!ß ß

 4 7Š ‹È„ ß $

  (b) 

42. (a) 1  center is ( 0), vertices are (0 5)x
9 25

y# #

� œ Ê !ß ß

 and (0 5); c a b 16 4  foci areß � œ � œ œ ÊÈ È# #

 ( 4) and ( 4) ; therefore the new center is ( 3 2),!ß !ß� � ß�

 the  new vertices are ( 3 3) and ( 3 7), and the new� ß � ß�

 foci are ( 3 2) and ( 3 6)� ß � ß�

  (b) 

43. (a) 1  center is ( 0), vertices are ( 4 0)x
16 9

y# #

� œ Ê !ß � ß

 and (4 0), and the asymptotes are  orß œ „x
4 3

y

 y ; c a b 25 5  foci areœ „ œ � œ œ Ê3x
4

È È# #

 ( 5 0) and (5 0) ; therefore the new center is (2 0), the� ß ß ß

 new vertices are ( 2 0) and (6 0), the new foci� ß ß

 are ( 3 0) and (7 0), and the new asymptotes are� ß ß

 y œ „
3(x 2)

4
�

  (b) 
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44. (a) 1  center is ( 0), vertices are (0 2)y
4 5

x# #

� œ Ê !ß ß�

 and (0 2), and the asymptotes are  orß œ „
y
2

x
5È

 y ; c a b 9 3  foci areœ „ œ � œ œ Ê2x
5È È È# #

 (0 3) and (0 3) ; therefore the new center is (0 2),ß ß � ß�

 the new vertices are (0 4) and (0 0), the new fociß � ß

 are (0 1) and (0 5), and the new asymptotes areß ß �

 y 2� œ „ 2x
5È

  (b)    

45. y 4x  4p 4  p 1  focus is ( 0), directrix is x 1, and vertex is (0 0); therefore the new# œ Ê œ Ê œ Ê "ß œ � ß

 vertex is ( 2 3), the new focus is ( 1 3), and the new directrix is x 3; the new equation is� ß� � ß� œ �

 (y 3) 4(x 2)� œ �#

46. y 12x  4p 12  p 3  focus is ( 3 0), directrix is x 3, and vertex is (0 0); therefore the new# œ � Ê œ Ê œ Ê � ß œ ß

 vertex is (4 3), the new focus is (1 3), and the new directrix is x 7; the new equation is (y 3) 12(x 4)ß ß œ � œ � �#

47. x 8y  4p 8  p 2  focus is (0 2), directrix is y 2, and vertex is (0 0); therefore the new# œ Ê œ Ê œ Ê ß œ � ß

 vertex is (1 7), the new focus is (1 5), and the new directrix is y 9; the new equation isß � ß� œ �

 (x 1) 8(y 7)� œ �#

48. x 6y  4p 6  p   focus is , directrix is y , and vertex is (0 0); therefore the new#
# # #œ Ê œ Ê œ Ê !ß œ � ß3 3 3ˆ ‰

 vertex is ( 3 2), the new focus is 3 , and the new directrix is y ; the new equation is� ß� � ß� œ �ˆ ‰"
# #

7

 (x 3) 6(y 2)� œ �#

49. 1  center is ( 0), vertices are (0 3) and ( 3); c a b 9 6 3  foci are 3x
6 9

y# #

� œ Ê !ß ß !ß� œ � œ � œ Ê !ßÈ È È ÈŠ ‹# #

 and 3 ; therefore the new center is ( 1), the new vertices are ( 2 2) and ( 4), and the new fociŠ ‹È!ß� �#ß� � ß �#ß�

 are 1 3 ; the new equation is 1Š ‹È�#ß� „ � œ
(x 2) (y 1)

6 9
� �# #

50. y 1  center is ( 0), vertices are 2  and 2 ; c a b 2 1 1  foci arex
2

#

� œ Ê !ß ß ! � ß ! œ � œ � œ Ê# # #Š ‹ Š ‹È È ÈÈ
 ( 1 0) and ( ); therefore the new center is (3 4), the new vertices are 3 2 4 , and the new foci are (2 4)� ß "ß ! ß „ ß ßŠ ‹È
 and (4 4); the new equation is (y 4) 1ß � � œ

(x 3)�
#

#
#

51. 1  center is ( 0), vertices are 3  and 3 ; c a b 3 2 1  foci arex
3

y# #

� œ Ê !ß ß ! � ß ! œ � œ � œ Ê#
# #Š ‹ Š ‹È È ÈÈ

 ( 1 0) and ( ); therefore the new center is (2 3), the new vertices are 2 3 3 , and the new foci are (1 3)� ß "ß ! ß „ ß ßŠ ‹È
 and (3 3); the new equation is 1ß � œ

(x 2) (y 3)
3
� �

#

# #

52. 1  center is ( 0), vertices are ( ) and ( 5); c a b 25 16 3  foci arex
16 5

y# #

� œ Ê !ß !ß & !ß� œ � œ � œ Ê#
# #È È

 (0 3) and (0 3); therefore the new center is ( 4 5), the new vertices are ( 4 0) and ( 4 10), and the newß ß � � ß� � ß � ß�

 foci are ( 4 2) and ( 4 8); the new equation is 1� ß� � ß� � œ
(x 4) (y 5)

16 5
� �

#

# #

53. 1  center is ( 0), vertices are (2 0) and ( 2 0); c a b 4 5 3  foci are ( ) andx
4 5

y# #

� œ Ê !ß ß � ß œ � œ � œ Ê $ß !È È# #

 ( 3 0); the asymptotes are   y ; therefore the new center is (2 2), the new vertices are� ß „ œ Ê œ „ ßx y
5

5x
# #È

È
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 (4 2) and (0 2), and the new foci are (5 2) and ( 1 2); the new asymptotes are y 2 ; the newß ß ß � ß � œ „
È5 (x 2)�

#

 equation is 1(x 2) (y 2)
4 5
� �# #

� œ

54. 1  center is ( 0), vertices are (4 0) and ( 4 0); c a b 16 9 5  foci are ( 5 )x
16 9

y# #

� œ Ê !ß ß � ß œ � œ � œ Ê � ß !È È# #

 and (5 0); the asymptotes are   y ; therefore the new center is ( 5 1), the new vertices areß „ œ Ê œ „ � ß�x 3x
4 3 4

y

 ( 1 1) and ( 9 1), and the new foci are ( 10 1) and (0 1); the new asymptotes are y 1 ;� ß� � ß� � ß� ß� � œ „
3(x 5)

4
�

 the new equation is 1(x 5) (y 1)
16 9
� �# #

� œ

55. y x 1  center is ( 0), vertices are (0 1) and (0 1); c a b 1 1 2  foci are# # # #� œ Ê !ß ß ß� œ � œ � œ ÊÈ ÈÈ
 2 ; the asymptotes are y x; therefore the new center is ( 1 1), the new vertices are ( 1 0) andŠ ‹È!ß „ œ „ � ß� � ß

 ( 1 2), and the new foci are 1 1 2 ; the new asymptotes are y 1 (x 1); the new equation is� ß� � ß� „ � œ „ �Š ‹È
 (y 1) (x 1) 1� � � œ# #

56. x 1  center is ( 0), vertices are 0 3  and 3 ; c a b 3 1 2  foci are ( )y
3

#

� œ Ê !ß ß !ß� œ � œ � œ Ê !ß ## # #Š ‹ Š ‹È È È È
 and ( 2); the asymptotes are x   y 3x; therefore the new center is (1 3), the new vertices are!ß� „ œ Ê œ „ ß

y
3È È

 3 , and the new foci are ( ) and (1 1); the new asymptotes are y 3 3 (x 1); the new equation isŠ ‹È È"ß $ „ "ß & ß � œ „ �

 (x 1) 1(y 3)
3
� #

#

� � œ

57. x 4x y 12  x 4x 4 y 12 4  (x 2) y 16; this is a circle:  center at C( 2 0), a 4# # # # # #� � œ Ê � � � œ � Ê � � œ � ß œ

58. 2x 2y 28x 12y 114 0  x 14x 49 y 6y 9 57 49 9  (x 7) (y 3) 1;# # # # # #� � � � œ Ê � � � � � œ � � � Ê � � � œ

 this is a circle:  center at C(7 3), a 1ß � œ

59. x 2x 4y 3 0  x 2x 1 4y 3 1  (x 1) 4(y 1); this is a parabola: V( 1 1), F( 1 0)# # #� � � œ Ê � � œ � � � Ê � œ � � � ß � ß

60. y 4y 8x 12 0  y 4y 4 8x 12 4  (y 2) 8(x 2); this is a parabola: V( 2), F( )# # #� � � œ Ê � � œ � � Ê � œ � �#ß !ß #

61. x 5y 4x 1  x 4x 4 5y 5  (x 2) 5y 5  y 1; this is an ellipse:  the# # # # # # #�
� � œ Ê � � � œ Ê � � œ Ê � œ

(x 2)
5

#

 center is ( 2 0), the vertices are 2 5 0 ; c a b 5 1 2  the foci are ( 4 0) and ( 0)� ß � „ ß œ � œ � œ Ê � ß !ßŠ ‹È È È# #

62. 9x 6y 36y 0  9x 6 y 6y 9 54  9x 6(y 3) 54  1; this is an ellipse:# # # # # # �
� � œ Ê � � � œ Ê � � œ Ê � œa b x

6 9
(y 3)# #

 the center is (0 3), the vertices are ( 0) and ( 6); c a b 9 6 3  the foci are 0 3 3ß � !ß !ß� œ � œ � œ Ê ß� „È È È ÈŠ ‹# #

63. x 2y 2x 4y 1  x 2x 1 2 y 2y 1 2  (x 1) 2(y 1) 2# # # # # #� � � œ � Ê � � � � � œ Ê � � � œa b
  (y 1) 1; this is an ellipse:  the center is (1 1), the vertices are 2 ;Ê � � œ ß " „ ß "

(x 1)
2
� #

# Š ‹È
 c a b 2 1 1  the foci are (2 1) and (0 1)œ � œ � œ Ê ß ßÈ È# #

64. 4x y 8x 2y 1  4 x 2x 1 y 2y 1 4  4(x 1) (y 1) 4# # # # # #� � � œ � Ê � � � � � œ Ê � � � œa b
  (x 1) 1; this is an ellipse:  the center is ( 1 1), the vertices are ( 1 3) andÊ � � œ � ß � ß# �(y 1)

4

#

 ( 1 1); c a b 4 1 3  the foci are 1 3� ß� œ � œ � œ Ê � ß " „È È È ÈŠ ‹# #
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65. x y 2x 4y 4  x 2x 1 y 4y 4 1  (x 1) (y 2) 1; this is a hyperbola:# # # # # #� � � œ Ê � � � � � œ Ê � � � œa b
 the center is (1 2), the vertices are (2 2) and ( 2); c a b 1 1 2  the foci are 1 2 ;ß ß !ß œ � œ � œ Ê „ ß #È È ÈÈ Š ‹# #

 the asymptotes are y 2 (x 1)� œ „ �

66. x y 4x 6y 6  x 4x 4 y 6y 9 1  (x 2) (y 3) 1; this is a hyperbola:# # # # # #� � � œ Ê � � � � � œ Ê � � � œa b
 the center is ( 2 3), the vertices are ( 1 3) and ( 3 3); c a b 1 1 2  the foci are� ß� � ß� � ß� œ � œ � œ ÊÈ ÈÈ# #

 2 2 3 ; the asymptotes are y 3 (x 2)Š ‹È� „ ß� � œ „ �

67. 2x y 6y 3  2x y 6y 9 6  1; this is a hyperbola:  the center is ( ),# # # # �
� � œ Ê � � � œ � Ê � œ !ß $a b (y 3)

6 3
x# #

 the vertices are 3 6 ; c a b 6 3 3  the foci are (0 6) and ( 0); the asymptotes areŠ ‹È È È!ß „ œ � œ � œ Ê ß !ß# #

   y 2x 3y 3
6 3

x�
È Èœ „ Ê œ „ �È

68. y 4x 16x 24  y 4 x 4x 4 8  1; this is a hyperbola:  the center is (2 0),# # # # �
� � œ Ê � � � œ Ê � œ ßa b y (x 2)

8 2

# #

 the vertices are 2 8 ; c a b 8 2 10  the foci are 2 10 ; the asymptotes areŠ ‹ Š ‹È È ÈÈ Èß „ œ � œ � œ Ê ß „# #

   y 2(x 2)y
8

x 2
2È Èœ „ Ê œ „ ��

69. (a) y kx  x ; the volume of the solid formed by# œ Ê œ
y
k

#

 revolving R  about the y-axis is V dy" "

#

œ '
0

kxÈ

1 Š ‹y
k

#

  y  dy ; the volume of the rightœ œ1 1

k 5
x kx

#

#'
0

kxÈ
% È

 circular cylinder formed by revolving PQ about the

 y-axis is V x kx  the volume of the solid#
#œ Ê1 È

 formed by revolving R  about the y-axis is#

 V V V .  Therefore we can see the$ # "œ � œ
4 x kx

5
1 #È

 ratio of V  to V  is 4:1.$ "

 

 (b) The volume of the solid formed by revolving R  about the x-axis is V kt  dt k t dt# "

#

œ œ' '
0 0

x x

1 1Š ‹È
 .  The volume of the right circular cylinder formed by revolving PS about the x-axis isœ 1kx#

#

 V kx x kx   the volume of the solid formed by revolving R  about the x-axis is# "

#
#œ œ Ê1 1Š ‹È

 V V V kx .  Therefore the ratio of V  to V  is 1:1.$ # " $ "
#

# #œ � œ � œ1 1 1kx kx# #

70. y x dx C C; y 0 when x 0  0 C  C 0; therefore y  is theœ œ � œ � œ œ Ê œ � Ê œ œ' w w x wx wx
H H 2H 2H 2H

w(0)Š ‹# # ##

#

 equation of the cable's curve

71. x 4py and y p  x 4p   x 2p.  Therefore the line y p cuts the parabola at points ( 2p p) and# # #œ œ Ê œ Ê œ „ œ � ß

 (2p p), and these points are [2p ( 2p)] (p p) 4p units apart.ß � � � � œÈ # #

72.  lim  x x a   lim  x x a   lim  x x xÄ _ Ä _ Ä _
Š ‹ Š ‹È È – —b b b b

a a a a

x x a x x a

x x a
� � œ � � œ# # # #

� � � �

� �

Š ‹Š ‹È È
È

# # # #

# #

   lim    lim  0œ œ œb b a
a a

x x a

x x a x x ax xÄ _ Ä _
’ “ ’ “# # #

# # # #

#� �

� � � �

a b
È È
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73. Let y 1  on the interval 0 x 2.  The area of the inscribed rectangle is given byœ � Ÿ ŸÉ x
4
#

 A(x) 2x 2 1 4x 1  (since the length is 2x and the height is 2y)œ � œ �Š ‹É Éx x
4 4
# #

  A (x) 4 1 .  Thus A (x) 0  4 1 0  4 1 x 0  x 2Ê œ � � œ Ê � � œ Ê � � œ Ê œw w # #

� �
É É Š ‹x x x x x

4 4 41 1

# ## # #

# #É Éx x
4 4

  x 2 (only the positive square root lies in the interval).  Since A(0) A(2) 0 we have that A 2 4Ê œ œ œ œÈ ÈŠ ‹
 is the maximum area when the length is 2 2 and the height is 2.È È
74. (a) Around the x-axis:  9x 4y 36  y 9 x   y 9 x  and we use the positive root# # # # #� œ Ê œ � Ê œ „ �9 9

4 4É
  V 2 9 x  dx 2 9 x  dx 2 9x x 24Ê œ � œ � œ � œ' '

0 0

2 2

1 1 1 1Š ‹É ˆ ‰ � ‘9 9 3
4 4 4

#
#

# $ #

!

 (b) Around the y-axis:  9x 4y 36  x 4 y   x 4 y  and we use the positive root# # # # #� œ Ê œ � Ê œ „ �4 4
9 9É

  V 2 4 y  dy 2 4 y  dy 2 4y y 16Ê œ � œ � œ � œ' '
0 0

3 3

1 1 1 1Š ‹É ˆ ‰ � ‘4 4 4
9 9 27

#
#

# $ $

!

75. 9x 4y 36  y   y x 4 on the interval 2 x 4  V x 4  dx# # # �
# #

# #
#

� œ Ê œ Ê œ „ � Ÿ Ÿ Ê œ �9x 36 3 3
4

# È ÈŠ ‹'
2

4

1

 x 4  dx 4x 16 8 8 (56 24) 24œ � œ � œ � � � œ � œ � œ9 9 x 9 64 8 9 56 3
4 4 3 4 3 3 4 3 4
1 1 1 1 1'

2

4a b ’ “ � ‘ ˆ ‰ˆ ‰ ˆ ‰#
%

#

$

1

76. Let P ( p y ) be any point on x p, and let P(x y) be a point where a tangent intersects y 4px.  Now" "
#� ß œ � ß œ

 y 4px  2y 4p  ; then the slope of a tangent line from P  is #
"

�
� �œ Ê œ Ê œ œ œ

dy dy 2p y y dy 2p
dx dx y x ( p) dx y

"

  y yy 2px 2p .  Since x , we have y yy 2p 2p   y yy y 2pÊ � œ � œ � œ � Ê � œ �# # # # # # #
" " "

"
#

y y
4p 4p

# #Š ‹
  y yy 2p 0  y y y 4p .  Therefore the slopes of the twoÊ � � œ Ê œ œ „ �"

# #
# #

" "
„ � # #2y 4y 16p"

# #È
" È

"

 tangents from P  are m  and m   m m 1" " # " #� � � � � �
œ œ Ê œ œ �

2p 2p 4p
y y 4p y y 4p y y 4p
" "

# ## #

#

# # #È È a b
" " " "

  the lines are perpendicularÊ

77. (x 2) (y 1) 5  2(x 2) 2(y 1) 0  ; y 0  (x 2) (0 1) 5� � � œ Ê � � � œ Ê œ � œ Ê � � � œ# # # #�
�

dy dy
dx dx y 1

x 2

  (x 2) 4  x 4 or x 0  the circle crosses the x-axis at (4 0) and ( 0); x 0Ê � œ Ê œ œ Ê ß !ß œ#

  (0 2) (y 1) 5  (y 1) 1  y 2 or y 0  the circle crosses the y-axis at ( 2) and ( ).Ê � � � œ Ê � œ Ê œ œ Ê !ß !ß !# # #

 At (4 0):  2  the tangent line is y 2(x 4) or y 2x 8ß œ � œ Ê œ � œ �
dy
dx 0 1

4 2�
�

 At ( ):  2  the tangent line is y 2x!ß ! œ � œ � Ê œ �
dy
dx 0 1

0 2�
�

 At ( ):  2  the tangent line is y 2 2x or y 2x 2!ß # œ � œ Ê � œ œ �
dy
dx 2 1

0 2�
�

78. x y 1  x 1 y  on the interval 3 y 3  V 1 y  dy 2 1 y  dy# # # # #
# #

� œ Ê œ „ � � Ÿ Ÿ Ê œ � œ �È È Èˆ ‰ ˆ ‰' '
�3 0

3 3

1 1

 2 1 y  dy 2 y 24œ � œ � œ1 1 1'
0

3 a b ’ “#
$

!

y
3

$

79. Let y 16 x  on the interval 3 x 3.  Since the plate is symmetric about the y-axis, x 0.  For aœ � � Ÿ Ÿ œÉ 16
9

#

 vertical strip:    x y x , length 16 x , width dx  area dA 16 x  dxa b � � É Éµ µß œ ß œ � œ Ê œ œ �
É16 x 16 16

9 9

�

#
# #

16
9

#

  mass dm  dA 16 x  dx.  Moment of the strip about the x-axis:Ê œ œ œ �$ $É 16
9

#

 y dm 16 x  dx 8 x  dx so the moment of the plate about the x-axis isµ œ � œ �
É16 x 16 8

9 9

�

#
# #

16
9

# Š ‹É ˆ ‰$ $
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 M y dm 8 x  dx 8x x 32 ; also the mass of the plate isx 3

3

œ œ � œ � œµ' '
�

$ $ $ˆ ‰ � ‘8 8
9 27

# $ $

�$

 M 16 x  dx 4 1 x  dx 4 3 1 u  du where u   3 du dx; x 3œ � œ � œ � œ Ê œ œ �' ' '
� � �3 3 1

3 3 1

$ $ $É É ˆ ‰ È16 x
9 3 3

# #" #

  u 1 and x 3  u 1.  Hence, 4 3 1 u  du 12 1 u  duÊ œ � œ Ê œ � œ �$ $' '
� �1 1

1 1È È# #

 12 u 1 u sin u 6   y .  Therefore the center of mass is .œ � � œ Ê œ œ œ !ß$ 1$’ “Š ‹È ˆ ‰" # �"
"

�"2 M 6 3 3
M 32 16 16x $

1$ 1 1

80. y x 1  x 1 (2x)     1 1œ � Ê œ � œ Ê œ Ê � œ �È a b Š ‹ Š ‹Ê É# "
# � �

# �"Î#

�

# #
dy dy dy
dx dx x 1 dx x 1

x x x
x 1È #

#

# #

#

   S 2 y 1  dx 2 x 1  dx 2 2x 1 dx ;œ Ê œ � œ � œ �É ÉÊ Š ‹ È È2x 1 2x 1
x 1 dx x 1

dy# #

# #

� �
� �

#
# #' ' '

0 0 0

2 2 2È È È

1 1 1

    u 1 du u u 1 ln u u 1 2 5 ln 2 5
u 2x

du 2 dx– —ÈÈ È È È’ “ ’ “Š ‹ Š ‹Š ‹ È Èœ

œ
Ä � œ � � � � œ � �2 2

2 2 22
1 1 1

È È È'
0

2
# # #"

#

!

81. (a) tan m   tan f (x ) where f(x) 4px ;" "œ Ê œ œL
w

! È
 f (x) (4px) (4p)   f (x )w �"Î# w"

# !œ œ Ê œ
2p 2p
4px 4pxÈ È

!

   tan .œ Ê œ
2p 2p
y y! !

"

 (b) tan m9 œ œ œFP
y 0 y
x p x p
! !

! !

�
� �

 (c) tan ! œ œ
tan tan 

1 tan  tan 
9 "

9 "

�
�

Š ‹
Š ‹Š ‹

y
x p y

2p

y
x p y

2p

!

! !�

!

! !�

�

�1

 œ œ œ œ
y 2p(x p)
y (x p 2p) y (x p) y (x p) y

4px 2px 2p 2p(x p) 2p#

! !

! ! ! ! ! ! !

! ! !
#� �

� � � �
� � �

 

11.7  CONICS IN POLAR COORDINATES

 1. 16x 25y 400  1  c a b# #
#

# #� œ Ê � œ Ê œ �x
5 16

y# # È
 25 16 3  e ; F 3 0 ;œ � œ Ê œ œ „ ßÈ a bc 3

a 5

 directrices are x 0œ „ œ „ œ „a 5 25
e 3ˆ ‰3

5

 

 2. 7x 16y 112  1  c a b# # # #� œ Ê � œ Ê œ �x
16 7

y# # È
 16 7 3  e ; F 3 0 ;œ � œ Ê œ œ „ ßÈ a bc 3

a 4

 directrices are x 0œ „ œ „ œ „a 4 16
e 3ˆ ‰3

4
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690 Chapter 11 Parametric Equations and Polar Coordinates

 3. 2x y 2  x 1  c a b# # # # #� œ Ê � œ Ê œ �
y
2

# È
 2 1 1  e ; F 0 1 ;œ � œ Ê œ œ ß „È a bc 1

a 2È

 directrices are y 0 2œ „ œ „ œ „a
e

2È
Š ‹1

2È

 

 4. 2x y 4  1  c a b# #
#

# #� œ Ê � œ Ê œ �x y
4

# # È
 4 2 2  e ; F 0 2 ;œ � œ Ê œ œ ß „È È ÈŠ ‹c

a 2
2È

 directrices are y 0 2 2œ „ œ „ œ „a 2
e Š ‹È2

2

È

 

 5. 3x 2y 6  1  c a b# #
#

# #� œ Ê � œ Ê œ �x y
3

# # È
 3 2 1  e ; F 0 1 ;œ � œ Ê œ œ ß „È a bc 1

a 3È

 directrices are y 0 3œ „ œ „ œ „a
e

3È
Š ‹1

3È

 

 6. 9x 10y 90  1  c a b# # # #� œ Ê � œ Ê œ �x
10 9

y# # È
 10 9 1  e ; F 1 0 ;œ � œ Ê œ œ „ ßÈ a bc 1

a 10È

 directrices are x 0 10œ „ œ „ œ „a
e

10È
Š ‹1

10È

 

 7. 6x 9y 54  1  c a b# # # #� œ Ê � œ Ê œ �x
9 6

y# # È
 9 6 3  e ; F 3 0 ;œ � œ Ê œ œ „ ßÈ È ÈŠ ‹c

a 3
3È

 directrices are x 0 3 3œ „ œ „ œ „a 3
e Š ‹È3

3

È
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 8. 169x 25y 4225  1  c a b# # # #� œ Ê � œ Ê œ �x
25 169

y# # È
 169 25 12  e ; F 0 12 ;œ � œ Ê œ œ ß „È a bc 12

a 13

 directrices are y 0œ „ œ „ œ „a 13 169
e 12ˆ ‰12

13

 

 9. Foci:  0 3 , e 0.5  c 3 and a 6  b 36 9 27  1a bß „ œ Ê œ œ œ œ Ê œ � œ Ê � œc 3 x
e 0.5 7 36

y#
#

# #

10. Foci:  8 0 , e 0.2  c 8 and a 40  b 1600 64 1536  1a b„ ß œ Ê œ œ œ œ Ê œ � œ Ê � œc 8 x
e 0. 1600 1536

y
#

# # #

11. Vertices:  0 70 , e 0.1  a 70 and c ae 70(0.1) 7  b 4900 49 4851  1a bß „ œ Ê œ œ œ œ Ê œ � œ Ê � œ# x
4851 4900

y# #

12. Vertices:  10 0 , e 0.24 a 10 and c ae 10(0.24) 2.4 b 100 5.76 94.24  1a b„ ß œ Ê œ œ œ œ Ê œ � œ Ê � œ# x
100 94.24

y# #

13. Focus:  5 , Directrix:  x   c ae 5 and       eŠ ‹È Èß ! œ Ê œ œ œ Ê œ Ê œ Ê œ9 a 9 ae 9 9 5
5 5 5 5e e e 9

5
È È È È

È
# #

#

  e .  Then PF PD  x 5 (y 0)  x   x 5 y xÊ œ œ Ê � � � œ � Ê � � œ �
È È È

È È
5 5 5

3 3 3 9
9 5 9

5 5
ÊŠ ‹ ¹ ¹ Š ‹ Š ‹È È# # #

# #

  x 2 5 x 5 y x x   x y 4  1Ê � � � œ � � Ê � œ Ê � œ# # # # #È Š ‹5 18 81 4 x
9 5 9 9 45

y
È

# #

14. Focus:  ( 0), Directrix:  x   c ae 4 and       e   e . Then%ß œ Ê œ œ œ Ê œ Ê œ Ê œ Ê œ16 a 16 ae 16 4 16 3
3 e 3 e 3 e 3 4

3
# #

#
#

È

 PF PD  (x 4) (y 0)  x   (x 4) y x   x 8x 16 yœ Ê � � � œ � Ê � � œ � Ê � � �
È È3 3 16 3 16

3 4 3# #
# # # # # ##È ¸ ¸ ˆ ‰

 x x   x y   1œ � � Ê � œ Ê � œ3 32 256 16 x
4 3 9 4 3

yˆ ‰# # #" # #

ˆ ‰ ˆ ‰64 16
3 3

15. Focus:  ( 0), Directrix:  x 16  c ae 4 and 16  16  16  e   e . Then�%ß œ � Ê œ œ œ Ê œ Ê œ Ê œ Ê œa ae 4 1
e e e 4# #

# "
#

 PF PD  (x 4) (y 0)  x 16   (x 4) y (x 16)   x 8x 16 yœ Ê � � � œ � Ê � � œ � Ê � � �1 1 1
4# #

# # # # # # #È k k
 x 32x 256   x y 48  1œ � � Ê � œ Ê � œ1 3 x

4 4 64 48
ya b# # # # #

16. Focus:  2 , Directrix:  x 2 2  c ae 2 and 2 2  2 2  2 2  eŠ ‹È È È È È È� ß ! œ � Ê œ œ œ Ê œ Ê œ Ê œa ae
e e e

2
# #

È # "
#

  e . Then PF PD  x 2 (y 0)  x 2 2   x 2 yÊ œ œ Ê � � � œ � Ê � �1 1 1
2 2 2È È ÈÊŠ ‹ ¹ ¹ Š ‹È È È# #

# #

 x 2 2   x 2 2 x 2 y x 4 2 x 8   x y 2  1œ � Ê � � � œ � � Ê � œ Ê � œ" " "
# # # #

#
# # # # #Š ‹ Š ‹È È È x

4
y# #
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692 Chapter 11 Parametric Equations and Polar Coordinates

17. x y 1  c a b 1 1 2  e# # # #� œ Ê œ � œ � œ Ê œÈ ÈÈ c
a

 2 ; asymptotes are y x; F 2 ;œ œ œ „ „ ß !
È2

1
È ÈŠ ‹

 directrices are x 0œ „ œ „a
e 2

"
È

 

18. 9x 16y 144  1  c a b# # # #� œ Ê � œ Ê œ �x
16 9

y# # È
 16 9 5  e ; asymptotes areœ � œ Ê œ œÈ c 5

a 4

 y x; F 5 ; directrices are x 0œ „ „ ß ! œ „3 a
4 ea b

 œ „ "6
5

 

19. y x 8  1  c a b# # # #� œ Ê � œ Ê œ �
y
8 8

x# # È
 8 8 4  e 2 ; asymptotes areœ � œ Ê œ œ œÈ Èc 4

a 8È
 y x; F 0 4 ; directrices are y 0œ „ ß „ œ „a b a

e

 2œ „ œ „
È
È

8
2

 

20. y x 4  1  c a b# # # #� œ Ê � œ Ê œ �
y
4 4

x# # È
 4 4 2 2  e 2 ; asymptotesœ � œ Ê œ œ œÈ È Èc

a 2
2 2È

 are y x; F 0 2 2 ; directrices are y 0œ „ ß „ œ „Š ‹È a
e

 2œ „ œ „2
2È È

 

21. 8x 2y 16  1  c a b# # # #� œ Ê � œ Ê œ �x
2 8

y# # È
 2 8 10  e 5 ; asymptotesœ � œ Ê œ œ œÈ È Èc

a
10
2

È
È

 are y 2x; F 10 ; directrices are x 0œ „ „ ß ! œ „Š ‹È a
e

 œ „ œ „
È
È È

2
5 10

2
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22. y 3x 3  x 1  c a b# # # # #� œ Ê � œ Ê œ �
y
3

# È
 3 1 2  e ; asymptotes areœ � œ Ê œ œÈ c 2

a 3È

 y 3 x; F 0 2 ; directrices are y 0œ „ ß „ œ „È a b a
e

 œ „ œ „
È

Š ‹
3 3

2
3È

#

 

23. 8y 2x 16  1  c a b# # # #� œ Ê � œ Ê œ �
y
2 8

x# # È
 2 8 10  e 5 ; asymptotesœ � œ Ê œ œ œÈ È Èc

a
10
2

È
È

 are y ; F 0 10 ; directrices are y 0œ „ ß „ œ „x a
e# Š ‹È

 œ „ œ „
È
È È

2
5 10

2

 

24. 64x 36y 2304  1  c a b# # # #� œ Ê � œ Ê œ �x
36 64

y# # È
 36 64 10  e ; asymptotes areœ � œ Ê œ œ œÈ c 10 5

a 6 3

 y x; F 10 ; directrices are x 0œ „ „ ß ! œ „4 a
3 ea b

 œ „ œ „6 18
5ˆ ‰5

3

 

25. Vertices 1  and e 3  a 1 and e 3  c 3a 3  b c a 9 1 8  y 1a b!ß „ œ Ê œ œ œ Ê œ œ Ê œ � œ � œ Ê � œc x
a 8

# # # # #

26. Vertices 2  and e 2  a 2 and e 2  c 2a 4  b c a 16 4 12  1a b„ ß ! œ Ê œ œ œ Ê œ œ Ê œ � œ � œ Ê � œc x
a 4 1

y# # #
#

# #

27. Foci 3  and e 3  c 3 and e 3  c 3a  a 1  b c a 9 1 8  x 1a b„ ß ! œ Ê œ œ œ Ê œ Ê œ Ê œ � œ � œ Ê � œc
a 8

y# # # #
#

28. Foci 5  and e 1.25  c 5 and e 1.25   c a  5 a  a 4  b c aa b!ß „ œ Ê œ œ œ œ Ê œ Ê œ Ê œ Ê œ �c 5 5 5
a 4 4 4

# # #

 25 16 9  1œ � œ Ê � œ
y
16 9

x# #

29. e 1, x 2  k 2  rœ œ Ê œ Ê œ œ
2(1)

1 (1) cos 1 cos 
2

� �) )

30. e 1, y 2  k 2  rœ œ Ê œ Ê œ œ
2(1)

1 (1) sin 1 sin 
2

� �) )

31. e 5, y 6  k 6  rœ œ � Ê œ Ê œ œ
6(5)

1 5 sin 1 5 sin 
30

� �) )

32. e 2, x 4  k 4  rœ œ Ê œ Ê œ œ
4(2)

1 2 cos 1 2 cos 
8

� �) )

33. e , x 1  k 1  rœ œ Ê œ Ê œ œ"
# ��

ˆ ‰
ˆ ‰
"

#

"

#

(1)
1  cos 

1
2 cos ) )
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34. e , x 2  k 2  rœ œ � Ê œ Ê œ œ"
� �4 4 cos 

(2)
1  cos 

2ˆ ‰
ˆ ‰
"

"

4

4 ) )

35. e , y 10  k 10  rœ œ � Ê œ Ê œ œ"
� �5 5 sin 

(10)
1  sin 

10ˆ ‰
ˆ ‰
"

"

5

5 ) )

36. e , y 6  k 6  rœ œ Ê œ Ê œ œ"
� �3 3 sin 

(6)
1  sin 

6ˆ ‰
ˆ ‰
"

"

3

3 ) )

37. r   e 1, k 1  x 1œ Ê œ œ Ê œ"
�1 cos )

 

38. r   e , k 6  x 6;œ œ Ê œ œ Ê œ6 3
2 cos 1  cos � #�

"
) )ˆ ‰"

#

 a 1 e ke  a 1 3  a 3a b ’ “ˆ ‰� œ Ê � œ Ê œ# "
#

# 3
4

  a 4  ea 2Ê œ Ê œ

 

39. r   rœ Ê œ œ25
10 5 cos 1  cos 1  cos � � �) ) )

ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰

25 5
10
5
10

#

"

#

  e , k 5  x 5; a 1 e keÊ œ œ Ê œ � � œ"
#

#a b
  a 1   a   a   eaÊ � œ Ê œ Ê œ Ê œ’ “ˆ ‰"

# # #

# 5 3 5 10 5
4 3 3

 

40. r   r   e 1, k 2  x 2œ Ê œ Ê œ œ Ê œ �4 2
2 2 cos 1 cos � �) )

 

41. r   r   rœ Ê œ Ê œ400 25
16 8 sin 1  sin 1  sin � � �) ) )

ˆ ‰
ˆ ‰ ˆ ‰

400
16
8

16
"

#

 e , k 50  y 50; a 1 e keœ œ Ê œ � œ"
#

#a b
  a 1 25  a 25  aÊ � œ Ê œ Ê œ’ “ˆ ‰"

#

# 3 100
4 3

  eaÊ œ 50
3
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42. r   r   e 1, 43. r   r   e 1,œ Ê œ Ê œ œ Ê œ Ê œ12 4 8 4
3 3 sin 1 sin 2 2 sin 1 sin � � � �) ) ) )

 k 4  y 4 k 4  y 4œ Ê œ œ Ê œ �

  

44. r   r   e , k 4œ Ê œ Ê œ œ4 2
2 sin 1  sin � #�

"
) )ˆ ‰"

#

  y 4; a 1 e ke  a 1 2Ê œ � � œ Ê � œa b ’ “ˆ ‰# "
#

#

  a 2  a   eaÊ œ Ê œ Ê œ3 8 4
4 3 3

 

45. r cos 2  r cos  cos sin  sin ˆ ‰ ˆ ‰È) ) )� œ Ê �1 1 1
4 4 4

 2  r cos r sin 2  x yœ Ê � œ Ê �È È" " " "
È È È È2 2 2 2

) )

 2  x y 2  y 2 xœ Ê � œ Ê œ �È
 

46. r cos 1  r cos  cos sin  sin 1ˆ ‰ ˆ ‰) ) )� œ Ê � œ3 3 3
4 4 4
1 1 1

  r cos r sin 1  x y 2Ê � � œ Ê � œ �
È È2 2

2 2) ) È
  y x 2Ê œ � �È

 

47. r cos 3  r cos  cos sin  sin 3ˆ ‰ ˆ ‰) ) )� œ Ê � œ2 2 2
3 3 3
1 1 1

  r cos r sin 3  x y 3Ê � � œ Ê � � œ1
2 2

3 3
) )

È È"
# #

  x 3 y 6  y x 2 3Ê � � œ Ê œ �È ÈÈ3
3
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48. r cos 2  r cos  cos sin  sin 2ˆ ‰ ˆ ‰) ) )� œ Ê � œ1 1 1
3 3 3

  r cos r sin 2  x y 2Ê � œ Ê � œ1
2 2

3 3
) )

È È"
# #

  x 3 y 4  y xÊ � œ Ê œ �È È È3 4 3
3 3

 

49. 2 x 2 y 6  2 r cos 2 r sin 6  r  cos  sin 3  r cos  cos sin  sin È È È È Š ‹ ˆ ‰� œ Ê � œ Ê � œ Ê �) ) ) ) ) )
È È2 2

4 4# #
1 1

 3  r cos 3œ Ê � œˆ ‰) 1
4

50. 3 x y 1  3 r cos r sin 1  r  cos  sin   r cos  cos sin  sin È È Š ‹ ˆ ‰� œ Ê � œ Ê � œ Ê �) ) ) ) ) )
È3 1

6 6# # #
" 1 1

   r cosœ Ê � œ" "
# #

ˆ ‰) 1
6

51. y 5  r sin 5  r sin 5  r sin ( ) 5  r cos ( ) 5  r cos 5œ � Ê œ � Ê � œ Ê � œ Ê � � œ Ê � œ) ) ) ) )ˆ ‰ ˆ ‰1 1
# #

52. x 4  r cos 4  r cos 4  r cos ( ) 4œ � Ê œ � Ê � œ Ê � œ) ) ) 1

53.  54. 

55.  56. 

57. (x 6) y 36  C (6 0), a 6 58. (x 2) y 4  C ( 2 0), a 2� � œ Ê œ ß œ � � œ Ê œ � ß œ# # # #

  r 12 cos  is the polar equation  r 4 cos  is the polar equationÊ œ Ê œ �) )

  

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Section 11.7 Conics in Polar Coordinates 697

59. x (y 5) 25  C ( 5), a 5 60. x (y 7) 49  C ( 7), a 7# # # #� � œ Ê œ !ß œ � � œ Ê œ !ß� œ

  r 10 sin  is the polar equation  r 14 sin  is the polar equationÊ œ Ê œ �) )

  

61. x 2x y 0  (x 1) y 1 62. x 16x y 0  (x 8) y 64# # # # # # # #� � œ Ê � � œ � � œ Ê � � œ

  C ( 1 0), a 1  r 2 cos  is  C (8 0), a 8  r 16 cos  is theÊ œ � ß œ Ê œ � Ê œ ß œ Ê œ) )

 the polar equation polar equation
  

63. x y y 0  x y  64. x y y 0  x y# # # # # #" "
#

# #
� � œ Ê � � œ � � œ Ê � � œˆ ‰ ˆ ‰

4 3 3 9
4 2 4

  C , a   r sin  is the  C 0 , a   r  sin  is theÊ œ !ß� œ Ê œ � Ê œ ß œ Ê œˆ ‰ ˆ ‰" "
# # ) )2 2 4

3 3 3

 polar equation polar equation
  

65.  66. 
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67.  68. 

69.  70. 

71.  72. 

73.  74. 
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75. (a) Perihelion a ae a(1 e), Aphelion ea a a(1 e)œ � œ � œ � œ �

 (b)  Planet        Perihelion      Aphelion       
Mercury 0.3075 AU 0.4667 AU
Venus  0.7184 AU 0.7282 AU
Earth 0.9833 AU 1.0167 AU
Mars 1.3817 AU 1.6663 AU
Jupiter 4.9512 AU 5.4548 AU
Saturn 9.0210 AU 10.0570 AU
Uranus 18.2977 AU 20.0623 AU
Neptune 29.8135 AU 30.3065 AU

76. Mercury:  r œ œ
(0.3871) 1 0.2056

1 0.2056 cos 1 0.2056 cos 
0.3707a b�

� �

#

) )

 Venus:  r œ œ
(0.7233) 1 0.0068

1 0.0068 cos 1 0.0068 cos 
0.7233a b�

� �

#

) )

 Earth:  r œ œ
1 1 0.0167
1 0.0167 cos 1 0.0617 cos 

0.9997a b�

� �

#

) )

 Mars:  r œ œ
(1.524) 1 0.0934

1 0.0934 cos 1 0.0934 cos 
1.511a b�

� �

#

) )

 Jupiter:  r œ œ
(5.203) 1 0.0484

1 0.0484 cos 1 0.0484 cos 
5.191a b�

� �

#

) )

 Saturn:  r œ œ
(9.539) 1 0.0543

1 0.0543 cos 1 0.0543 cos 
9.511a b�

� �

#

) )

 Uranus:  r œ œ
(19.18) 1 0.0460

1 0.0460 cos 1 0.0460 cos 
19.14a b�

� �

#

) )

 Neptune:  r œ œ
(30.06) 1 0.0082

1 0.0082 cos 1 0.0082 cos 
30.06a b�

� �

#

) )

CHAPTER 11 PRACTICE EXERCISES

 1. x  and y t 1  2x t  y 2x 1  2. x t and y 1 t  y 1 xœ œ � Ê œ Ê œ � œ œ � Ê œ �
t
#

È È

  

 3. x  tan t and y  sec t  x  tan t  4. x 2 cos t and y 2 sin t  x 4 cos t andœ œ Ê œ œ � œ Ê œ
" " "

# #

# # # #

4

 and y  sec t  4x tan t and  y 4 sin t  x y 4# # # # # # # #"
œ Ê œ œ Ê � œ4

 4y sec t  4x 1 4y   4y 4x 1# # # # # #
œ Ê � œ Ê � œ

  

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



700 Chapter 11 Parametric Equations and Polar Coordinates

 5. x cos t and y cos t  y ( x) x   6. x 4 cos t and y 9 sin t  x 6 cos t andœ � œ Ê œ � œ œ œ Ê œ# # # # #

 y 81 sin t  1# #œ Ê � œx
16 81

y# #

  

 7. 16x 9y 144  1  a 3 and b 4  x 3 cos t and y 4 sin t, 0 t 2# #� œ Ê � œ Ê œ œ Ê œ œ Ÿ Ÿx
9 16

y# #

1

 8. x y 4  x 2 cos t and y 2 sin t, 0 t 6# #� œ Ê œ � œ Ÿ Ÿ 1

 9. x  tan t, y  sec t  sin t  sin ; tœ œ Ê œ œ œ œ Ê œ œ œ" "
# # #

dy dy/dt dy
dx dx/dt sec t dx 3 3

 sec t tan t
 sec t

tan t 3"

#

"

#

#
¹

t 3œ Î1

1 1È

  x  tan  and y  sec 1  y x ; 2 cos t  Ê œ œ œ œ Ê œ � œ œ œ Ê" " "
# # # # œ Î

1 1

1
3 3 4 dx dx/dt dx

3 3 d y dy /dt d ycos t
 sec t

3

t 3

È È # w #

# #"

#

#
¹

 2 cosœ œ3
3 4

ˆ ‰1 "

10. x , y   t  (2) 3; t 2  x 1  andœ " � œ " � Ê œ œ œ � Ê œ � œ � œ Ê œ � œ" "

� # #t t dx dx/dt 2 dx 4
3 3 3 5dy dy/dt dy

# #

#

$

Š ‹
Š ‹

3
t

2
t

¹
t 2œ

 y 1   y 3x ; t   (2) 6œ � œ � Ê œ � � œ œ œ Ê œ œ3 3 3 3
4 dx dx/dt 4 dx 4

d y dy /dt d y

t 2# #
" " �

�

$ $

œ

# w #

# #
#

$

ˆ ‰
Š ‹

3

2
t

¹

11. (a) x 4t , y t 1 t y 1 1œ œ � Ê œ „ Ê œ „ � œ „ �2 3 x x
2 2 8

3
xÈ ÈŠ ‹ 3 2Î

 (b) x cos t, y tan t sec t tan t 1 sec t y 1 yœ œ Ê œ Ê � œ Ê œ � œ Ê œ „1 1 1 x
x x x x

2 2 2 1 x
2 2

2 2� �È

12. (a) The line through 1, 2  with slope 3 is y 3x 5 x t, y 3t 5, ta b� œ � Ê œ œ � �_ � � _

 (b) x 1 y 2 9 x 1 3 cos t, y 2 3 sin t x 1 3 cos t, y 2 3 sin t, 0 t 2a b a b� � � œ Ê � œ � œ Ê œ � œ � � Ÿ Ÿ2 2
1

 (c) y 4x x x t, y 4t t, tœ � Ê œ œ � �_ � � _2 2

 (d) 9x 4y 36 1 x 2 cos t, y 3 sin t, 0 t 22 2 x
4 9

y� œ Ê � œ Ê œ œ Ÿ Ÿ
2 2

1

13. y x   x x   2 x   L 1 2 x  dxœ � Ê œ � Ê œ � � Ê œ � � �"Î# �"Î# "Î#" " " " " "
# #

#
x

3 dx dx 4 x 4 x
dy dy$Î# Š ‹ ˆ ‰ ˆ ‰É'

1

4

  L 2 x  dx x x  dx x x  dx 2x xÊ œ � � œ � œ � œ �' ' '
1 1 1

4 4 4É ˆ ‰ ˆ ‰ � ‘É a b" " " " "�"Î# "Î# #

# #
�"Î# "Î# "Î# $Î# %

"4 x 4 3
2

 4 8 2 2œ � � � œ � œ" "
# #
� ‘ ˆ ‰ˆ ‰ ˆ ‰2 2 14 10

3 3 3 3†

14. x y   x     L 1  dy 1  dyœ Ê œ Ê œ Ê œ � œ �#Î$ �"Î$
# #

dx 2 dx 4x dx 4
dy 3 dy 9 dy 9xŠ ‹ Š ‹Ê É�#Î$

#Î$
' '

1 1

8 8

  dx 9x 4 x  dx; u 9x 4  du 6y  dy; x 1  u 13,œ œ � œ � Ê œ œ Ê œ' '
1 1

8 8È9x 4
3x 3

#Î$

"Î$
� " #Î$ �"Î$ #Î$ �"Î$È ˆ ‰ �

 x 8  u 40   L  u  du u 40 13 7.634d � ‘ � ‘œ Ê œ Ä œ œ œ � ¸" " ""Î# $Î# $Î# $Î#%!

"$ #18 18 3 7
2'

13

40

15. y x x   x x   x 2 xœ � Ê œ � Ê œ � �5 5
12 8 dx dx 4

dy dy'Î& %Î& "Î& �"Î& #Î& �#Î&" " "
# #

#Š ‹ ˆ ‰
  L 1 x 2 x  dx  L x 2 x  dx  x x  dxÊ œ � � � Ê œ � � œ �' '

1 1

32 32 32

1

É Éa b a b a b' É" " "#Î& �#Î& #Î& �#Î& "Î& �"Î& #

4 4 4
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 x x  dx x x 2 2œ � œ � œ � � � œ �'
1

32
" " " "
# # # #

"Î& �"Î& 'Î& %Î& ' %$#

"
ˆ ‰ � ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰5 5 5 5 5 5 315 75

6 4 6 4 6 4 6 4† †

 (1260 450)œ � œ œ"
48 48 8

1710 285

16. x y   y   y   L 1 y  dyœ � Ê œ � Ê œ � � Ê œ � � �" " " " " " " " " "
# # #

$ # %
#

%
1 y dy 4 y dy 16 16

dx dx
y y# % %Š ‹ Š ‹Ê'

1

2

 y  dy y  dy y  dy yœ � � œ � œ � œ �' ' '
1 1 1

2 2 2É ÊŠ ‹ Š ‹ ’ “" " " " " " " " "% #
# #

# #
# $

"16 4 y 4 y 1 yy% # #

 1œ � � � œ � œˆ ‰ ˆ ‰8 7 13
12 1 1 12

" " "
# # # #

17. 5 sin t 5 sin 5t and 5 cos t 5 cos 5tdx dx
dt dt dt dt

dy dyœ � � œ � Ê �Êˆ ‰ Š ‹# #

 5 sin t 5 sin 5t 5 cos t 5 cos 5tœ � � � �Éa b a b# #

 5 sin  5t sin t sin 5t sin  t cos  t cos t cos 5t cos  5t sin t sin 5t cos t cos 5 tœ � # � � � # � œ & # � # �È È a b# # # #

 5 cos t 5 cos t sin  t sin t sin t (since t )œ # " � % œ % " � % œ "! # œ "!l # l œ "! # ! Ÿ ŸÈ a b a bÉ ˆ ‰ È"
# #

# 1

 Length sin t dt 5 cos tÊ œ "! # œ � # œ �& �" � �& " œ "!'
!

Î Î#
!

1
1

2 c d a ba b a ba b

18. 3t 12t and 3t 12t 3t 12t 3t 12t 288t 8tdx dx
dt dt dt dt

2 2dy dy 2 2 4œ � œ � Ê � œ � � � œ � "Êˆ ‰ Š ‹ Éa b a b È# #
# # #

 3 2 t 16 t Length 3 2 t 16 t dt 3 2  t 16 t dt; u 16 t du 2t dtœ � Ê œ � œ � œ � Ê œÈ È Èk k k kÈ È È ’2 2 2 2' '
! !

" "

 du t dt; t 0 u 16; t 1 u 17 ; u du u 17 16Ê œ œ Ê œ œ Ê œ œ œ �"
#

"“ È � ‘ Š ‹a b a b3 2 3 2 3 2
2 2 3 2 3 316

7
2 2 23/2 17

16
3/2 3/2È È È'

 17 64 2 17 64 8.617.œ † � œ � ¸3 2
2 3

2 3/2 3/2È Š ‹ Š ‹a b a bÈ

19.  sin  and cos  sin cos sin  cos  dx dx
d d d d

dy dy
) ) ) )
œ �$ œ $ Ê � œ �$ � $ œ $ � œ $) ) ) ) ) )Êˆ ‰ Š ‹ Éa b a b a bÈ# #

# # # #

 Length d dÊ œ $ œ $ œ $ � ! œ' '
! !

$ Î $ Î
$ *
# #

1 1
1 1

2 2

) ) ˆ ‰

20. x t  and y t, 3 t 3 2t and t Length 2t t dtœ œ � � Ÿ Ÿ Ê œ œ � " Ê œ � � "# #

�

# ##t dx
3 dt dt

dy

3

3
$ È È Éa b a b'

È

È

 t t dt t 2t dt t dt t dt tœ � # � " œ � � " œ � " œ � " œ �' ' '
� � �

% # % # # #

�

#

�È È È

È È È

È
È È

È3 3 3

3 3 3

3

3
t
3

3

3
È È Éa b a b ’ “' 3

 4 3œ È

21. x  and y 2t, 0 t 5  t and 2  Surface Area 2 (2t) t 4 dt 2 u  duœ œ Ÿ Ÿ Ê œ œ Ê œ � œt dx
dt dt

dy
0 4

5 9
#

#
# "Î#È È' '

È
1 1

 2 u , where u t 4  du 2t dt; t 0  u 4, t 5  u 9œ œ œ � Ê œ œ Ê œ œ Ê œ1 � ‘ È2 76
3 3

$Î# #*

%
1

22. x t  and y 4 t , t 1  2t  and œ � œ Ÿ Ÿ Ê œ � œ# " " "
2t dt 2t dt2

dx 2dy
t

È È È#

  Surface Area 2 t  2t  dt 2  t 2t  dtÊ œ � � � œ � �' '
1 2 1 2

1 1

t 2t t t
2

tÎ Î
# #" " " "

# # #

# ##

È ÈÈ1 1ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Ê Š ‹ É
# #

 2  t 2t  dt 2  2t t  dt 2 t t tœ � � œ � � œ � �1 1 1' '
1 2 1 2

1 1

2t 2t 4 2 8
3 3

Î Î
# $ �$ % �#" " " " "

# #

"

"Î #È È Èˆ ‰ ˆ ‰ ˆ ‰ � ‘
#

 2 2œ �1 Š ‹3 2
4

È
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23. r cos 2 3  r cos  cos sin  sin ˆ ‰ ˆ ‰È) ) )� œ Ê �1 1 1
3 3 3

 2 3  r cos r sin 2 3œ Ê � œÈ È"
# #) )

È3

  r cos 3 r sin 4 3  x 3 y 4 3Ê � œ Ê � œ) )È È È È
  y x 4Ê œ �

È3
3

 

24. r cos   r cos  cos sin  sin ˆ ‰ ˆ ‰) ) )� œ Ê �3 3 3
4 4 4

21 1 1È
#

   r cos r sin   x y 1œ Ê � � œ Ê � � œ
È È È È2 2 2 2
# # # #) )

  y x 1Ê œ �

 

25. r 2 sec   r   r cos 2  x 2œ Ê œ Ê œ Ê œ) )2
cos )  

26. r 2 sec   r cos 2  x 2œ � Ê œ � Ê œ �È È È) )

 

27. r  csc   r sin   yœ � Ê œ � Ê œ �3 3 3
# # #) )  
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28. r 3 3 csc   r sin 3 3  y 3 3œ Ê œ Ê œÈ È È) )

 

29. r 4 sin   r 4r sin   x y 4y 0œ � Ê œ � Ê � � œ) )# # #

  x (y 2) 4; circle with center ( 2) andÊ � � œ !ß�# #

 radius 2.

 

30. r 3 3 sin r 3 3 r sin œ Ê œÈ È) )#

  x y 3 3 y 0  x y ;Ê � � œ Ê � � œ# # #
#

#È Š ‹3 3 27
4

È

 circle with center  and radius Š ‹!ß 3 3 3 3È È
# #

 

31. r 2 2 cos   r 2 2 r cos œ Ê œÈ È) )#

  x y 2 2 x 0  x 2 y 2;Ê � � œ Ê � � œ# # #
#È ÈŠ ‹

 circle with center 2 0  and radius 2Š ‹È Èß

 

32. r 6 cos   r 6r cos   x y 6x 0œ � Ê œ � Ê � � œ) )# # #

  (x 3) y 9; circle with center ( 3 0) andÊ � � œ � ß# #

 radius 3
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33. x y 5y 0  x y   C# # #
# #

#
� � œ Ê � � œ Ê œ !ß�ˆ ‰ ˆ ‰5 25 5

4

 and a ; r 5r sin 0  r 5 sin œ � œ Ê œ �5
#

# ) )

 

34. x y 2y 0  x (y 1) 1  C ( 1) and# # # #� � œ Ê � � œ Ê œ !ß

 a 1; r 2r sin 0  r 2 sin œ � œ Ê œ# ) )

 

35. x y 3x 0  x y   C# # #
# #

#
� � œ Ê � � œ Ê œ ß !ˆ ‰ ˆ ‰3 9 3

4

 and a ; r 3r cos 0  r 3 cos œ � œ Ê œ3
#

# ) )

 

36. x y 4x 0  (x 2) y 4  C ( 2 0)# # # #� � œ Ê � � œ Ê œ � ß

 and a 2; r 4r cos 0  r 4 cos œ � œ Ê œ �# ) )

 

37. 38.
  

39. d 40. e 41. l 42. f

43. k 44. h 45. i 46. j
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47. A 2 r  d (2 cos )  d 4 4 cos cos  d 4 4 cos  dœ œ � œ � � œ � �' ' ' '
0 0 0 0

1 1 1 1

" �
# #

# # #) ) ) ) ) ) ) )a b ˆ ‰1 cos 2)

 4 cos  d 4 sin œ � � œ � � œ'
0

1ˆ ‰ � ‘9 cos 2 9 sin 2 9
2 4# # #!

) ) ) ) 1) ) 1

48. A sin 3  d  d  sin 6œ œ œ � œ' '
0 0

3 31 1Î Î
" � " "
# #

# Î$

!
a b ˆ ‰ � ‘) ) ) ) )1 cos 6

4 6 12
) 11

49. r 1 cos 2  and r 1  1 1 cos 2   0 cos 2   2   ; thereforeœ � œ Ê œ � Ê œ Ê œ Ê œ) ) ) ) )1 1
# 4

 A 4  (1 cos 2 ) 1  d 2 1 2 cos 2 cos 2 1  dœ � � œ � � �' '
0 0

4 41 1Î Î
"
#

# # #c d a b) ) ) ) )

 2 2 cos 2  d 2 sin 2  2 1 0 2œ � � œ � � œ � � œ �'
0

41Î ˆ ‰ � ‘ ˆ ‰) ) ) )" "
# #

Î%

!
cos 4 sin 4

2 8 8 4
) ) 1 11

50. The circle lies interior to the cardioid.  Thus,

 A 2  [2(1 sin )]  d  (the integral is the area of the cardioid minus the area of the circle)œ � �'
� Î

Î

1

1

2

2
"
#

#) ) 1

 4 1 2 sin sin  d (6 8 sin 2 cos 2 ) d 6 8 cos sin 2œ � � � œ � � � œ � � �' '
� Î � Î

Î Î

1 1

1 1

2 2

2 2a b c d) ) ) 1 ) ) ) 1 ) ) ) 1# Î#
� Î#
1

1

 3 ( 3 ) 5œ � � � œc d1 1 1 1

51. r 1 cos   sin ; Length ( 1 cos ) ( sin )  d 2 2 cos  dœ � � Ê œ � œ � � � � œ �) ) ) ) ) ) )dr
d)

' '
0 0

2 21 1È È# #

  d 2 sin  d 4 cos ( 4)( 1) ( 4)(1) 8œ œ œ � œ � � � � œ' '
0 0

2 21 1É � ‘4(1 cos )
2

�
# #

#

!
) ) ) 1

) )

52. r 2 sin 2 cos , 0   2 cos 2 sin ; r (2 sin 2 cos ) (2 cos 2 sin )œ � Ÿ Ÿ Ê œ � � œ � � �) ) ) ) ) ) ) ) )1
) )#

# # ##dr dr
d d

ˆ ‰
 8 sin cos 8  L 8 d 2 2 2 2 2œ � œ Ê œ œ œ œa b È ’ “È È Èˆ ‰# #

Î#

! #) ) ) ) 1'
0

21Î 1
1

53. r 8 sin , 0   8 sin  cos ; r 8 sin 8 sin  cos œ Ÿ Ÿ Ê œ � œ �$ # # $ ## # #ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ � ‘ � ‘ˆ ‰ ˆ ‰ ˆ ‰) 1 ) ) ) ) )
) )3 4 d 3 3 d 3 3 3

dr dr)

 64 sin   L 64 sin  d 8 sin  d 8  dœ Ê œ œ œ% #% �

#
ˆ ‰ ˆ ‰ ˆ ‰É ’ “) ) )

3 3 3
1 cos' ' '

0 0 0

4 4 41 1 1Î Î Î

) ) )
ˆ ‰2

3
)

 4 4 cos  d 4 6 sin 4 6 sin 0 3œ � œ � œ � � œ �'
0

41Î � ‘ � ‘ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰2 2
3 3 4 6
) ) 1 11

) ) 1
Î%

!

54. r 1 cos 2   (1 cos 2 ) ( 2 sin 2 )   œ � Ê œ � � œ Ê œÈ ˆ ‰) ) )dr sin 2 dr sin 2
d d 1 cos 21 cos 2) ) )

) )

)

" �
# �

�"Î#
�

#

È
#

  r 1 cos 2Ê � œ � � œ œ# #

� � �
� � � � �ˆ ‰dr sin 2 1 2 cos 2 cos 2 sin 2

d 1 cos 2 1 cos 2 1 cos 2
(1 cos 2 ) sin 2

) ) ) )
) ) ) )) )

)
# # ## #

 2  L 2 d 2 2œ œ Ê œ œ � � œ2 2 cos 2
1 cos 2
�
� # #

) 1 1
)

'
� Î

Î

1

1

2

2 È È È� ‘ˆ ‰) 1

55. x 4y  y   4p 4  p 1; 56. x 2y  y  4p 2  p ;# #
# #

"œ � Ê œ � Ê œ Ê œ œ Ê œ Ê œ Ê œx x
4

# #

 therefore Focus is (0 1), Directrix is y 1 therefore Focus is ; Directrix is yß � œ !ß œ �ˆ ‰" "
# #

  

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



706 Chapter 11 Parametric Equations and Polar Coordinates

57. y 3x  x   4p 3  p ; 58. y x  x   4p   p ;# #œ Ê œ Ê œ Ê œ œ � Ê œ � Ê œ Ê œy y
3 4 3 3 3

3 8 8 2# #

ˆ ‰8
3

 therefore Focus is 0 , Directrix is x  therefore Focus is , Directrix is xˆ ‰ ˆ ‰3 3 2 2
4 4 3 3ß œ � � ß ! œ

  

59. 16x 7y 112  1 60. x 2y 4  1  c 4 2 2# # # # #
#� œ Ê � œ � œ Ê � œ Ê œ � œx x

7 16 4
y y# ## #

  c 16 7 9  c 3; e   c 2 ; eÊ œ � œ Ê œ œ œ Ê œ œ œ#
#

c 3 c
a 4 a

2È È

  

61. 3x y 3  x 1  c 1 3 4 62. 5y 4x 20  1  c 4 5 9# # # # # # #� œ Ê � œ Ê œ � œ � œ Ê � œ Ê œ � œy y
3 4 5

x# # #

  c 2; e 2; the asymptotes are  c 3, e ; the asymptotes are y xÊ œ œ œ œ Ê œ œ œ œ „c 2 c 3 2
a 1 a 5# È

 y 3 xœ „È
  

63. x 12y  y  4p 12  p 3  focus is ( 3), directrix is y 3, vertex is (0 0); therefore new#
#œ � Ê � œ Ê œ Ê œ Ê !ß� œ ßx

1

#

 vertex is (2 3), new focus is (2 0), new directrix is y 6, and the new equation is (x 2) 12(y 3)ß ß œ � œ � �#

64. y 10x  x  4p 10  p   focus is 0 , directrix is x , vertex is (0 0); therefore new#
# # #œ Ê œ Ê œ Ê œ Ê ß œ � ßy

10
5 5 5# ˆ ‰

 vertex is 1 , new focus is (2 1), new directrix is x 3, and the new equation is (y 1) 10 xˆ ‰ ˆ ‰� ß� ß� œ � � œ �" "
# #

#

65. 1  a 5 and b 3  c 25 9 4  foci are 4 , vertices are 5 , center isx
9 5

y# #

� œ Ê œ œ Ê œ � œ Ê !ß „ !ß „#
È a b a b

 (0 0); therefore the new center is ( 5), new foci are ( 3 1) and ( 3 9), new vertices are ( 10) andß �$ß� � ß� � ß� �$ß�

 ( 0), and the new equation is 1�$ß � œ(x 3) (y 5)
9 5
� �

#

# #
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66. 1  a 13 and b 12  c 169 144 5  foci are 5 0 , vertices are 13 0 , centerx
169 144

y# #

� œ Ê œ œ Ê œ � œ Ê „ ß „ ßÈ a b a b
 is (0 0); therefore the new center is (5 12), new foci are (10 12) and (0 12), new vertices are (18 12) andß ß ß ß ß

 ( 8 12), and the new equation is 1� ß � œ(x 5) (y 12)
169 144
� �# #

67. 1  a 2 2 and b 2  c 8 2 10  foci are 0 10 , vertices arey
8 2

x# #

� œ Ê œ œ Ê œ � œ Ê ß „È È È È ÈŠ ‹
 0 2 2 , center is (0 0), and the asymptotes are y 2x; therefore the new center is 2 2 2 , new foci areŠ ‹ Š ‹È Èß „ ß œ „ ß

 2 2 2 10 , new vertices are 2 4 2  and ( 0), the new asymptotes are y 2x 4 2 2 andŠ ‹ Š ‹È È ÈÈß „ ß #ß œ � �

 y 2x 4 2 2; the new equation is 1œ � � � � œÈ Š ‹Èy 2 2

8
(x 2)� �

#

#

#

68. 1  a 6 and b 8  c 36 64 10  foci are 10 0 , vertices are 6 0 , the centerx
36 64

y# #

� œ Ê œ œ Ê œ � œ Ê „ ß „ ßÈ a b a b
 is (0 0) and the asymptotes are  or y x; therefore the new center is ( 10 3), the new foci areß œ „ œ „ � ß�y

8 6 3
x 4

 ( 20 3) and (0 3), the new vertices are ( 16 3) and ( 4 3), the new asymptotes are y x  and� ß� ß� � ß� � ß� œ �4 31
3 3

 y x ; the new equation is 1œ � � � œ4 49
3 3 36 64

(x 10) (y 3)� �# #

69. x 4x 4y 0  x 4x 4 4y 4  (x 2) 4y 4  y 1, a hyperbola; a 2 and# # # # # # #�� � œ Ê � � � œ Ê � � œ Ê � œ œ(x 2)
4

#

 b 1  c 1 4 5 ; the center is (2 0), the vertices are ( 0) and (4 0); the foci are 2 5 0  andœ Ê œ � œ ß !ß ß „ ßÈ È ÈŠ ‹
 the asymptotes are y œ „ x 2�

#

70. 4x y 4y 8  4x y 4y 4 4  4x (y 2) 4  x 1, a hyperbola; a 1 and# # # # # # # �� � œ Ê � � � œ Ê � � œ Ê � œ œ(y 2)
4

#

 b 2  c 1 4 5 ; the center is ( 2), the vertices are (1 2) and ( 2), the foci are 5 2  andœ Ê œ � œ !ß ß �"ß „ ßÈ È ÈŠ ‹
 the asymptotes are y 2x 2œ „ �

71. y 2y 16x 49  y 2y 1 16x 48  (y 1) 16(x 3), a parabola; the vertex is ( 1);# # #� � œ � Ê � � œ � � Ê � œ � � �$ß

 4p 16  p 4  the focus is ( 7 1) and the directrix is x 1œ Ê œ Ê � ß œ

72. x 2x 8y 17  x 2x 1 8y 16  (x 1) 8(y 2), a parabola; the vertex is (1 2);# # #� � œ � Ê � � œ � � Ê � œ � � ß�

 4p 8  p 2  the focus is (1 4) and the directrix is y 0œ Ê œ Ê ß� œ

73. 9x 16y 54x 64y 1  9 x 6x 16 y 4y 1  9 x 6x 9 16 y 4y 4 144# # # # # #� � � œ � Ê � � � œ � Ê � � � � � œa b a b a b a b
  9(x 3) 16(y 2) 144  1, an ellipse; the center is ( 3 2); a 4 and b 3Ê � � � œ Ê � œ � ß œ œ# # � �(x 3) (y 2)

16 9

# #

  c 16 9 7 ; the foci are 7 2 ; the vertices are (1 2) and ( 7 2)Ê œ � œ �$ „ ß ß � ßÈ È ÈŠ ‹

74. 25x 9y 100x 54y 44  25 x 4x 9 y 6y 44  25 x 4x 4 9 y 6y 9 225# # # # # #� � � œ Ê � � � œ Ê � � � � � œa b a b a b a b
  1, an ellipse; the center is (2 3); a 5 and b 3  c 25 9 4; the foci areÊ � œ ß� œ œ Ê œ � œ(x 2) (y 3)

9 25
� �# # È

 (2 1) and (2 7); the vertices are (2 2) and (2 8)ß ß � ß ß�

75. x y 2x 2y 0  x 2x 1 y 2y 1 2  (x 1) (y 1) 2, a circle with center (1 1) and# # # # # #� � � œ Ê � � � � � œ Ê � � � œ ß

 radius 2œ È

76. x y 4x 2y 1  x 4x 4 y 2y 1 6  (x 2) (y 1) 6, a circle with center ( 2 1)# # # # # #� � � œ Ê � � � � � œ Ê � � � œ � ß�

 and radius 6œ È
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77. r   e 1  parabola with vertex at (1 0)œ Ê œ Ê ß2
1 cos � )

 

78. r   r   e   ellipse;œ Ê œ Ê œ Ê8 4
2 cos 1  cos � #�

"
) )ˆ ‰"

#

 ke 4  k 4 k 8; k ea 8 aœ Ê œ Ê œ œ � Ê œ �" "
# #

a a
e ˆ ‰"

#

  a   ea ; therefore the center isÊ œ Ê œ œ16 16 8
3 3 3

ˆ ‰ ˆ ‰"
#

 ; vertices are ( ) and 0ˆ ‰ ˆ ‰8 8
3 3ß )ß ß1 1

 

79. r   e 2  hyperbola; ke 6  2k 6œ Ê œ Ê œ Ê œ6
1 2 cos � )

  k 3  vertices are (2 ) and (6 )Ê œ Ê ß ß1 1

 

80. r   r   e ; ke 4œ Ê œ Ê œ œ12 4
3 sin 31  sin � �

"
) )ˆ ‰"

3

  k 4  k 12; a 1 e 4  a 1Ê œ Ê œ � œ Ê �" "# #

3 3a b ’ “ˆ ‰
 4  a   ea ; therefore theœ Ê œ Ê œ œ9 9 3

3# # #
"ˆ ‰ ˆ ‰

 center is ; vertices are 3  and 6ˆ ‰ ˆ ‰ ˆ ‰3 3 3
# # # #ß ß ß1 1 1

 

81. e 2 and r cos 2  x 2 is directrix  k 2; the conic is a hyperbola; r   rœ œ Ê œ Ê œ œ Ê œ) ke
1 e cos 1  cos 

(2)(2)
� �#) )

  rÊ œ 4
1  cos �# )

82. e 1 and r cos 4  x 4 is directrix  k 4; the conic is a parabola; r   rœ œ � Ê œ � Ê œ œ Ê œ) ke
1 e cos 1 cos 

(4)(1)
� �) )

  rÊ œ 4
1 cos � )

83. e  and r sin 2  y 2 is directrix  k 2; the conic is an ellipse; r   rœ œ Ê œ Ê œ œ Ê œ"
# � �

) ke
1 e sin 

(2)
1  sin ) )

ˆ ‰
ˆ ‰

"

#

"

#

  rÊ œ 2
2 sin � )

84. e  and r sin 6  y 6 is directrix  k 6; the conic is an ellipse; r   rœ œ � Ê œ � Ê œ œ Ê œ"
� �3 1 e sin 

ke (6)
1  sin 

)
) )

ˆ ‰
ˆ ‰

"

"

3

3

  rÊ œ 6
3 sin � )

85. (a) Around the x-axis:  9x 4y 36  y 9 x   y 9 x  and we use the positive root:# # # # #� œ Ê œ � Ê œ „ �9 9
4 4É

 V 2 9 x  dx 2 9 x  dx 2 9x x 24œ � œ � œ � œ' '
0 0

2 2

1 1 1 1Š ‹É ˆ ‰ � ‘9 9 3
4 4 4

#
#

# $ #

!
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 (b) Around the y-axis:  9x 4y 36  x 4 y   x 4 y  and we use the positive root:# # # # #� œ Ê œ � Ê œ „ �4 4
9 9É

 V 2 4 y  dy 2 4 y  dy 2 4y y 16œ � œ � œ � œ' '
0 0

3 3

1 1 1 1Š ‹É ˆ ‰ � ‘4 4 4
9 9 27

#
#

# $ $

!

86. 9x 4y 36, x 4  y   y x 4 ; V x 4  dx  x 4  dx# # # #�
# #

# #
#

� œ œ Ê œ Ê œ � œ � œ �9x 36 3 3 9
4 4

# È ÈŠ ‹ a b' '
2 2

4 4

1 1

 4x 16 8 (32) 24œ � œ � � � œ � œ œ9 x 9 64 8 9 56 24 3
4 3 4 3 3 4 3 3 4
1 1 1 1’ “ � ‘ ˆ ‰ˆ ‰ ˆ ‰$

%

#
1

87. (a) r   r er cos k  x y ex k  x y k ex  x yœ Ê � œ Ê � � œ Ê � œ � Ê �k
1 e cos �

# # # # # #
)

) È È
 k 2kex e x   x e x y 2kex k 0  1 e x y 2kex k 0œ � � Ê � � � � œ Ê � � � � œ# # # # # # # # # # # #a b
 (b) e 0  x y k 0  x y k   circle;œ Ê � � œ Ê � œ Ê# # # # # #

 0 e 1  e 1  e 1 0  B 4AC 0 4 1 e (1) 4 e 1 0  ellipse;� � Ê � Ê � � Ê � œ � � œ � � Ê# # # # # #a b a b
 e 1  B 4AC 0 4(0)(1) 0  parabola;œ Ê � œ � œ Ê# #

 e 1  e 1  B 4AC 0 4 1 e (1) 4e 4 0  hyperbola� Ê � Ê � œ � � œ � � Ê# # # # #a b
88. Let (r ) be a point on the graph where r a .  Let (r ) be on the graph where r a  and" " " " # # # #ß œ ß œ) ) ) )

 2 .  Then r  and r  lie on the same ray on consecutive turns of the spiral and the distance between) ) 1# " " #œ �

 the two points is r r a a a( ) 2 a, which is constant.# " # " # "� œ � œ � œ) ) ) ) 1

CHAPTER 11 ADDITIONAL AND ADVANCED EXERCISES

 1. Directrix x 3 and focus (4 0)  vertex is œ ß Ê ß !ˆ ‰7
#

  p   the equation is xÊ œ Ê � œ"
# # #

7 y#

 

 2. x 6x 12y 9 0  x 6x 9 12y  y  vertex is (3 0) and p 3  focus is (3 3) and the# # �� � � œ Ê � � œ Ê œ Ê ß œ Ê ß(x 3)
12

#

 directrix is y 3œ �

 3. x 4y  vertex is ( 0) and p 1  focus is ( 1); thus the distance from P(x y) to the vertex is x y# # #œ Ê !ß œ Ê !ß ß �È
 and the distance from P to the focus is x (y 1)   x y 2 x (y 1)È È È# # # # # #� � Ê � œ � �

  x y 4 x (y 1)   x y 4x 4y 8y 4  3x 3y 8y 4 0, which is a circleÊ � œ � � Ê � œ � � � Ê � � � œ# # # # # # # # # #c d
 4. Let the segment a b intersect the y-axis in point A and�

 intersect the x-axis in point B so that PB b and PA aœ œ

 (see figure).  Draw the horizontal line through P and let it
 intersect the y-axis in point C.  Let PBOn œ )

  APC . Then sin  and cos Ê n œ œ œ) ) )
y
b a

x

  cos sin 1.Ê � œ � œx
a b

y#

# #

#
# #) )

 

 5. Vertices are 2   a 2; e   0.5   c 1  foci are 0 1a b a b!ß „ Ê œ œ Ê œ Ê œ Ê ß „c c
a #
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 6. Let the center of the ellipse be (x 0); directrix x 2, focus (4 0), and e   c 2  2 cß œ ß œ Ê � œ Ê œ �2 a a
3 e e

  a (2 c).  Also c ae a  a 2 a   a a  a   a ; x 2Ê œ � œ œ Ê œ � Ê œ � Ê œ Ê œ � œ2 2 2 2 4 4 5 4 12 a
3 3 3 3 3 9 9 3 5 e

ˆ ‰
  x 2   x   the center is 0 ; x 4 c  c 4  so that c a bÊ � œ œ Ê œ Ê ß � œ Ê œ � œ œ �ˆ ‰ ˆ ‰ ˆ ‰12 3 18 28 28 28 8

5 5 5 5 5 5#
# # #

 ; therefore the equation is 1 or 1œ � œ � œ � œˆ ‰ ˆ ‰12 8 80
5 5 25 144 16

x 25 xy 5y# # � �ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰

28 28
5 5

144 80
25 25

# #
# #

 7. Let the center of the hyperbola be (0 y).ß

 (a) Directrix y 1, focus (0 7) and e 2  c 6  c 6  a 2c 12.  Also c ae 2aœ � ß� œ Ê � œ Ê œ � Ê œ � œ œa a
e e

  a 2(2a) 12  a 4  c 8; y ( 1) 2  y 1  the center is (0 1); c a bÊ œ � Ê œ Ê œ � � œ œ œ Ê œ Ê ß œ �a 4
e #

# # #

  b c a 64 16 48; therefore the equation is 1Ê œ � œ � œ � œ# # # �(y 1)
16 48

x# #

 (b) e 5  c 6  c 6  a 5c 30.  Also, c ae 5a a 5(5a) 30 24a 30  aœ Ê � œ Ê œ � Ê œ � œ œ Ê œ � Ê œ Ê œa a 5
e e 4

  c ; y ( 1)  y   the center is ; c a b   b c aÊ œ � � œ œ œ Ê œ � Ê !ß� œ � Ê œ �25 a 3 3
4 e 5 4 4 4

ˆ ‰5
4 " # # # # # #ˆ ‰

 ; therefore the equation is 1 or 1œ � œ � œ � œ625 25 75 x 2x
16 16 25 75

y 16 y
#

� �ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰

3 3
4 4

25
16

75

# #
# #

#

 8. The center is (0 0) and c 2  4 a b   b 4 a .  The equation is 1  1ß œ Ê œ � Ê œ � � œ Ê � œ# # # # y
a b a b

x 49 144#

# # # #

#

  1  49 4 a 144a a 4 a   196 49a 144a 4a a   a 197a 196Ê � œ Ê � � œ � Ê � � œ � Ê � �49 144
a 4 a# #a b�

# # # # # # # % % #a b a b
 0  a 196 a 1 0  a 14 or a 1; a 14  b 4 (14) 0 which is impossible; a 1œ Ê � � œ Ê œ œ œ Ê œ � � œa b a b# # # #

  b 4 1 3; therefore the equation is y 1Ê œ � œ � œ# # x
3

#

 9. b x a y a b   ; at (x y ) the tangent line is y y (x x )# # # # # #
" " " "� œ Ê œ � ß � œ � �dy

dx a y a y
b x b x#

# #

#
"

"

Š ‹
  a yy b xx b x a y a b   b xx a yy a b 0Ê � œ � œ Ê � � œ# # # # # # # # # # # #

" " " "" "

10. b x a y a b   ; at (x y ) the tangent line is y y (x x )# # # # # #
" " " "� œ Ê œ ß � œ �dy

dx a y a y
b x b x#

# #

#
"

"

Š ‹
  b xx a yy b x a y a b   b xx a yy a b 0Ê � œ � œ Ê � � œ# # # # # # # # # # # #

" " " "" "

11.  12. 

13.  14. 
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15. 9x 4y 36 4x 9y 16 0a b a b# # # #� � � � Ÿ

  9x 4y 36 0 and 4x 9y 16 0Ê � � Ÿ � �  # # # #

 or 9x 4y 36 0 and 4x 9y 16 0# # # #� �   � � Ÿ

 

16. 9x 4y 36 4x 9y 16 0, which is thea b a b# # # #� � � � �

 complement of the set in Exercise 15

 

17. (a) x e  cos t and y e  sin t  x y e  cos t e  sin t e .  Also tan tœ œ Ê � œ � œ œ œ2t 2t 4t 4t 4t# # # # y
x e  cos t

e  sin t2t

2t

  t tan   x y e  is the Cartesian equation.  Since r x y  andÊ œ Ê � œ œ ��" # # # # #ˆ ‰y
x

% Îtan y x�" a b

 tan , the polar equation is r e  or r e  for r 0) œ œ œ ��" #ˆ ‰y
x

4 2) )

 (b) ds r  d dr ; r e   dr 2e  d# # # #œ � œ Ê œ) )2 2) )

  ds r  d 2e  d e  d 4e  dÊ œ � œ �# # # # ## #
) ) ) )ˆ ‰ ˆ ‰2 2 4) ) )

 5e  d   ds 5 e  d L 5 e  dœ Ê œ Ê œ4 2 2) ) )) ) )# È È'
0

21

 e 1œ œ �’ “ a bÈ È5 e 5
2

42) #

! #

1
1

 

18. r 2 sin   dr 2 sin  cos  d   ds r  d dr 2 sin  d 2 sin  cos  dœ Ê œ Ê œ � œ �$ # # # # # $ # ## #ˆ ‰ ˆ ‰ ˆ ‰ � ‘ � ‘ˆ ‰ ˆ ‰ ˆ ‰) ) ) ) ) )
3 3 3 3 3 3) ) ) )

 4 sin  d 4 sin  cos  d 4 sin sin cos  d 4 sin  dœ � œ � œ' # % # # % # # # % #ˆ ‰ ˆ ‰ ˆ ‰ � ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰) ) ) ) ) ) )
3 3 3 3 3 3 3) ) ) )

  ds 2 sin  d .  Then L 2 sin  d 1 cos  d  sin 3Ê œ œ œ � œ � œ# # $

!
ˆ ‰ ˆ ‰ � ‘ � ‘ˆ ‰ ˆ ‰) ) ) ) 1

3 3 3 2 3
2 3 2) ) ) ) 1' '

0 0

3 31 1

19. e 2 and r cos 2  x 2 is the directrix  k 2; the conic is a hyperbola with rœ œ Ê œ Ê œ œ) ke
1 e cos � )

  rÊ œ œ(2)(2)
1 2 cos 1 2 cos 

4
� �) )

20. e 1 and r cos 4  x 4 is the directrix  k 4; the conic is a parabola with rœ œ � Ê œ � Ê œ œ) ke
1 e cos � )

  rÊ œ œ(4)(1)
1 cos 1 cos 

4
� �) )

21. e  and r sin 2  y 2 is the directrix  k 2; the conic is an ellipse with rœ œ Ê œ Ê œ œ"
# �) ke

1 e sin )

  rÊ œ œ
2

1  sin 
2

2 sin 

ˆ ‰
ˆ ‰

"

#

"

#
� �) )

22. e  and r sin 6  y 6 is the directrix  k 6; the conic is an ellipse with rœ œ � Ê œ � Ê œ œ"
�3 1 e sin 

ke)
)

  rÊ œ œ
6

1  sin 
6

3 sin 

ˆ ‰
ˆ ‰

"

"

3

3� �) )
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23. Arc PF Arc AF since each is the distance rolled;œ

 PCF   Arc PF b( PCF); n œ Ê œ n œArc PF Arc AF
b a)

  Arc AF a   a b( PCF)  PCF ;Ê œ Ê œ n Ê n œ) ) )ˆ ‰a
b

 OCB  and OCB PCF PCEn œ � n œ n �n1
# )

 PCF   œ n � � œ � � Ê �ˆ ‰ ˆ ‰ ˆ ‰1 1 1
# # #! ) ! )a

b

   œ � � Ê � œ � �ˆ ‰ ˆ ‰ ˆ ‰a a
b b) ! ) ) !1 1 1

# # #

    .Ê œ � � Ê œ �! 1 ) ) ! 1 )ˆ ‰ ˆ ‰a a b
b b

�  

 Now x OB BD OB EP (a b) cos b cos (a b) cos b cosœ � œ � œ � � œ � � �) ! ) 1 )ˆ ‰ˆ ‰a b
b
�

 (a b) cos b cos  cos b sin  sin (a b) cos b cos  andœ � � � œ � �) 1 ) 1 ) ) )ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰a b a b a b
b b b
� � �

 y PD CB CE (a b) sin b sin (a b) sin b sinœ œ � œ � � œ � �) ! ) )ˆ ‰ˆ ‰a b
b
�

 (a b) sin b sin  cos b cos  sin (a b) sin b sin ;œ � � � œ � �) 1 ) 1 ) ) )ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰a b a b a b
b b b
� � �

 therefore x (a b) cos b cos  and y (a b) sin b sinœ � � œ � �) ) ) )ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰a b a b
b b
� �

24. x a(t sin t)  a(1 cos t) and let 1  dm dA y dx y  dtœ � Ê œ � œ Ê œ œ œdx dx
dt dt$ ˆ ‰

 a(1 cos t) a (1 cos t) dt a (1 cos t)  dt; then A a (1 cos t)  dtœ � � œ � œ �# # # #'
0

21

 a  1 2 cos t cos t  dt a 1 2 cos t  cos 2t  dt a t 2 sin tœ � � œ � � � œ � �# # # #" "
# #

#

!
' '

0 0

2 21 1a b ˆ ‰ � ‘3 sin 2t
2 4

1

 3 a ; x = x a(t sin t) and y = y a(1 cos t)  M y dm y  dAœ œ � œ � Ê œ œµ µ µ µ1 $# " "
# # x ' '

 a(1 cos t) a (1 cos t)  dt a (1 cos t)  dt 1 3 cos t 3 cos t cos t  dtœ � � œ � œ � � �' ' '
0 0 0

2 2 21 1 1

" "
# # #

# # $ $ # $a$ a b
  1 3 cos t 1 sin t  (cos t)  dt t 3 sin t sin tœ � � � � � œ � � � �a 3 3 cos 2t a 5 3 sin 2t sin t

2 4 3

$ $ $

# # # #
#

#

!

'
0

21� ‘a b ’ “ 1

 .  Therefore y a.  Also, M x dm x  dAœ œ œ œ œ œµ µ5 a 5M
M 3 a 6 y

1
1

$

$

#

##
x

5 aŠ ‹1

' ' $

 a(t sin t) a (1 cos t)  dt a t 2t cos t t cos t sin t 2 sin t cos t sin t cos t  dtœ � � œ � � � � �' '
0 0

2 21 1

# # $ # #a b
 a 2 cos t 2t sin t t  cos 2t  sin 2t cos t sin t 3 a .  Thusœ � � � � � � � � œ$ # # # $" "

#

!
’ “t t cos t

2 4 8 4 3

# $
1

1

 x a  a a  is the center of mass.œ œ œ Ê ß
M
M 3 a 6

3 a 5y 1
1

# $

# 1 1ˆ ‰

25.   tan tan ( ) ;" < < " < <œ � Ê œ � œ# " # "
�

�
tan tan 

1 tan  tan 
< <

< <
# "

# "

 the curves will be orthogonal when tan  is undefined, or"

 when tan   <#
�" �"œ Ê œtan g ( )

r
< )"

w

w’ “r
f ( ))

  r f ( ) g ( )Ê œ �# w w) )

 

26. r sin   sin  cos   tan tanœ Ê œ Ê œ œ% $ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰) ) ) )
)4 d 4 4 4

dr sin

sin  cos
<

%

$

ˆ ‰
ˆ ‰ ˆ ‰

)

) )

4

4 4

27. r 2a sin 3   6a cos 3   tan  tan 3 ; when , tan  tan  œ Ê œ Ê œ œ œ œ œ Ê œ) ) < ) ) < <dr r 2a sin 3
d 6a cos 3 3 6 3) )

) 1 1 1
ˆ ‰dr

d)

" "
# #

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.



 Chapter 11 Additional and Advanced Exercises 713

28. (a)  (b) r 1  r     tan ) ) ) <œ Ê œ Ê œ � Ê�" �#dr
d) k

)œ1

    lim  tan œ œ � Ê œ �_)
)

�"

�#� ) <
) Ä _

     from the right as the spiral winds inÊ Ä< 1
#

 around the origin.

29. tan cot  is  at ; tan tan  is 3 at ; since the product of< ) ) < ) )" #�

"œ œ � � œ œ œ œ
È
È È

3 cos 
3 sin 3 3 cos 3

sin )

)

1 ) 1
)

È
 these slopes is 1, the tangents are perpendicular�

30. tan  is 1 at   < ) <œ œ œ Ê œr a(1 cos )
a sin 4ˆ ‰dr

d)

�
#

)

)
1 1
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NOTES:
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CHAPTER 12  VECTORS AND THE GEOMETRY OF SPACE

12.1  THREE-DIMENSIONAL COORDINATE SYSTEMS

 1. The line through the point 2 3 0  parallel to the z-axisa bß ß

 2. The line through the point 1 0 0  parallel to the y-axisa b� ß ß

 3. The x-axis

 4. The line through the point 1 0 0  parallel to the z-axisa bß ß

 5. The circle x y 4 in the xy-plane# #� œ

 6. The circle x y 4 in the plane z = 2# #� œ �

 7. The circle x z 4 in the xz-plane# #� œ

 8. The circle y z 1 in the yz-plane# #� œ

 9. The circle y z 1 in the yz-plane# #� œ

10. The circle x z 9 in the plane y 4# #� œ œ �

11. The circle x y 16 in the xy-plane# #� œ

12. The circle x z 3 in the xz-plane# #� œ

13. The ellipse formed by the intersection of the cylinder x y 4 and the plane z y.# #� œ œ

14. The circle formed by the intersection of the sphere x y z 4 and the plane y x.# # #� � œ œ

15. The parabola y x  in the the xy-plane.œ #

16. The parabola z y  in the the plane x 1.œ œ#

17. (a) The first quadrant of the xy-plane (b) The fourth quadrant of the xy-plane

18. (a) The slab bounded by the planes x 0 and x 1œ œ

 (b) The square column bounded by the planes x 0, x 1, y 0, y 1œ œ œ œ

 (c) The unit cube in the first octant having one vertex at the origin

19. (a) The solid ball of radius 1 centered at the origin
 (b) The exterior of the sphere of radius 1 centered at the origin

20. (a) The circumference and interior of the circle x y 1 in the xy-plane# #� œ

 (b) The circumference and interior of the circle x y 1 in the plane z 3# #� œ œ
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716 Chapter 12 Vectors and the Geometry of Space

 (c) A solid cylindrical column of radius 1 whose axis is the z-axis

21. (a) The solid enclosed between the sphere of radius 1 and radius 2 centered at the origin
 (b) The solid upper hemisphere of radius 1 centered at the origin

22. (a) The line y x in the xy-planeœ

 (b) The plane y x consisting of all points of the form (x x z)œ ß ß

23. (a) The region on or inside the parabola y x  in the xy-plane and all points above this region.œ #

 (b) The region on or to the left of the parabola x y  in the xy-plane and all points above it that are 2 units or less awayœ #

 from the xy-plane.

24. (a) All the points the lie on the plane z 1 y.œ �

 (b) All points that lie on the curve z y  in the plane x 2.œ œ �3

25. (a) x 3 (b) y 1 (c) z 2œ œ � œ �

26. (a) x 3 (b) y 1 (c) z 2œ œ � œ

27. (a) z 1 (b) x 3 (c) y 1œ œ œ �

28. (a) x y 4, z 0 (b) y z 4, x 0 (c) x z 4, y 0# # # # # #� œ œ � œ œ � œ œ

29. (a) x y 2 4, z 0 (b) y 2 z 4, x 0 (c) x z 4, y 2# # # ## #� � œ œ � � œ œ � œ œa b a b
30. (a) x 3 y 4 1, z 1 (b) y 4 z 1 1, x 3 a b a b a b a b� � � œ œ � � � œ œ �# # # #

 (c) x 3 z 1 1, y 4a b a b� � � œ œ# #

31. (a) y 3, z 1 (b) x 1, z 1 (c) x 1, y 3œ œ � œ œ � œ œ

32. x y z x y 2 z   x y z x y 2 z   y y 4y 4  y 1È É a b a b# # # # ## ## # # # # # #� � œ � � � Ê � � œ � � � Ê œ � � Ê œ

33. x y z 25, z 3 x y 16 in the plane z 3# # # # #� � œ œ Ê � œ œ

34. x y z 1 4 and x y z 1 4  x y z 1 x y z 1   z 0, x y 3# # # # # # # # # ## # # #� � � œ � � � œ Ê � � � œ � � � Ê œ � œa b a b a b a b
35. 0 z 1 36. 0 x 2, 0 y 2, 0 z 2Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ

37. z 0 38. z 1 x yŸ œ � �È # #

39. (a) x 1 y 1 z 1 1 (b) x 1 y 1 z 1 1a b a b a b a b a b a b� � � � � � � � � � � �# # # # # #

40. 1 x y z 4Ÿ � � Ÿ# # #

41. P P 3 1 3 1 0 1 9 3k k a b a b a bÉ È
" #

# # #œ � � � � � œ œ

42. P P 2 1 5 1 0 5 50 5 2k k a b a b a bÉ È È
" #

# # #œ � � � � � œ œ
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43. P P 4 1 2 4 7 5 49 7k k a b a b a bÉ È
" #

# # #œ � � � � � � œ œ

44. P P 2 3 3 4 4 5 3k k a b a b a bÉ È
" #

# # #œ � � � � � œ

45. P P 2 0 2 0 2 0 3 4 2 3k k a b a b a bÉ È È
" #

# # #œ � � � � � � � œ † œ

46. P P 0 5 0 3 0 2 38k k a b a b a bÉ È
" #

# # #œ � � � � � œ

47. center ( 2 0 2), radius 2 2 48. center 1 3 , radius 5� ß ß ß� ß�È ˆ ‰"
#

49. center 2 2 2 , radius 2 50. center , radius Š ‹È È È È ˆ ‰ß ß � !ß� ß" "
3 3 3

4

51. x 1 y 2 z 3 14 52. x y 1 z 5 4a b a b a b a b a b� � � � � œ � � � � œ# # # # ##

53. x 1 y z  54. x y 7 z 49a b a bˆ ‰ ˆ ‰� � � � � œ � � � œ# ## # # #1 2 16
2 3 81

55. x y z 4x 4z 0 x 4x 4 y z 4z 4 4 4# # # # # #� � � � œ Ê � � � � � � œ �a b a b
  x 2 y 0 z 2 8  the center is at 2 0 2  and the radius is 8Ê � � � � � œ Ê � ß ßa b a b a b a bŠ ‹È È# # #

#

56. x y z 6y 8z 0 x y 6y 9 z 8z 16 9 16 x 0 y 3 z 4 5# # # # # # ## # #� � � � œ Ê � � � � � � œ � Ê � � � � � œa b a b a b a b a b
  the center is at 0 3 4  and the radius is 5Ê ß ß�a b
57. 2x 2y 2z x y z 9  x x y y z z# # # # # #" " "

# # # #� � � � � œ Ê � � � � � œ 9

  x x y y z z   x y zÊ � � � � � � � � œ � Ê � � � � � œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ Š ‹# # #" " " " " " " " "
# # # #

# # # #

16 16 16 16 4 4 4 4
9 3 5 3È

  the center is at  and the radius is Ê � ß� ß�ˆ ‰" " "
4 4 4 4

5 3È

58. 3x 3y 3z 2y 2z 9  x y y z z 3  x y y z z 3# # # # # # # # #" "� � � � œ Ê � � � � œ Ê � � � � � � œ �2 2 2 2 2
3 3 3 9 3 9 9

ˆ ‰ ˆ ‰
  (x 0) y z  the center is at 0  and the radius is Ê � � � � � œ Ê ß� ß# " " " "# # #ˆ ‰ ˆ ‰ ˆ ‰Š ‹3 3 3 3 3 3

29 29È È

59. (a) the distance between x y z  and x 0 0  is y za b a b Èß ß ß ß �# #

 (b) the distance between x y z  and 0 y 0  is x za b a b Èß ß ß ß �# #

 (c) the distance between x y z  and 0 0 z  is x ya b a b Èß ß ß ß �# #

60. (a) the distance between x y z  and x y 0  is za b a bß ß ß ß

 (b) the distance between x y z  and 0 y z  is xa b a bß ß ß ß

 (c) the distance between x y z  and x 0 z  is ya b a bß ß ß ß

61. AB 1 1 1 2 3 1 4 9 4 17k k a b a b a bÉ a b È Èœ � � � � � � � œ � � œ# # #

 BC 3 1 4 1 5 3 4 25 4 33k k a b a b a bÉ a b È Èœ � � � � � � œ � � œ# # #

 CA 1 3 2 4 1 5 16 4 16 36 6k k a b a b a bÉ È Èœ � � � � � � œ � � œ œ# # #

 Thus the perimeter of triangle ABC is 17 33 6.È È� �
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718 Chapter 12 Vectors and the Geometry of Space

62. PA 2 3 1 1 3 2 1 4 1 6k k a b a b a bÉ È Èœ � � � � � � œ � � œ# # #

 PB 4 3 3 1 1 2 1 4 1 6k k a b a b a bÉ È Èœ � � � � � œ � � œ# # #

 Thus P is equidistant from A and B.

63. x x y 1 z z x x y 3 z z y 1 y 3 2y 1 6y 9É Éa b a b a b a b a b a b a b a ba b� � � � � � œ � � � � � Ê � œ � Ê � œ � �# # # # # # # #

 y 1Ê œ

64. x 0 y 0 z 2 x x y y z 0 x y z 2 zÉ Éa b a b a b a b a b a b a b� � � � � œ � � � � � Ê � � � œ# # # # # # ## #2

 x y 4z 4 0 z 1Ê � � � œ Ê œ � �# 2 x
4 4

y# 2

65. (a) Since the entire sphere is below the xy-plane, the point on the sphere closest to the xy-plane is the point at the top of

 the sphere, which occurs when x 0 and y 3 0 3 3 z 5 4 z 5 2 z 3œ œ Ê � � � � œ Ê œ � „ Ê œ �2 2 2a b a b
 0, 3, 3 .Ê �a b
 (b) Both the center 0, 3, 5  and the the point 0, 7, 5  lie in the plane z 5, so the point on the sphere closest toa b a b� � œ �

 0, 7, 5  should also be in the same plane. In fact it should lie on the line segment between 0, 3, 5  and 0, 7, 5 ,a b a b a b� � �

 thus the point occurs when x 0 and z 5 0 y 3 5 5 4 y 3 2 y 5œ œ � Ê � � � � � œ Ê œ „ Ê œ2 2 2a b a b
 0, 5, 5 .Ê �a b
66. x 0 y 0 z 0 x 0 y 4 z 0 x 3 y 0 z 0É É Éa b a b a b a b a b a b a b a b a b� � � � � œ � � � � � œ � � � � �# # # # # # # # #

 x 2 y 2 z 3œ � � � � �Éa b a b a b# # #

 x y z x y 8y 16 z x 6x 9 y z x 4x y 4y z 6z 17Ê � � œ � � � � œ � � � � œ � � � � � �# # # # # # # #2 2 2 2

 Solve: x y z x y 8y 16 z 0 8y 16 y 2# # # #� � œ � � � � Ê œ � � Ê œ2 2

 Solve: x y z x 6x 9 y z 0 6x 9 x# # # #� � œ � � � � Ê œ � � Ê œ2 2 3
2

 Solve: x y z x 4x y 4y z 6z 17 0 4x 4y 6z 17 0 4 4 2 6z 17# # # #� � œ � � � � � � Ê œ � � � � Ê œ � � � �2 2 3
2

ˆ ‰ a b
 z , 2, Ê œ � Ê �1 3 1

2 2 2
ˆ ‰

12.2  VECTORS

 1. (a) 3 3 , 3 2 9, 6   2. (a) 2 2 , 2 5 4, 10  ¡   ¡   ¡   ¡a b a b a b a b� œ � � � � œ �

 (b) 9 6 117 3 13  (b) 4 10 116 2 29É Éa b a bÈ È È È2 22 2� � œ œ � � œ œ

 3. (a) 3 2 , 2 5 1, 3   4. (a) 3 2 , 2 5 5, 7  ¡   ¡   ¡   ¡a b a b� � � � œ � � � � œ �

 (b) 1 3 10  (b) 5 7 74È È ÈÉ a b2 2 2 2� œ � � œ

 5. (a) 2 2 3 , 2 2 6, 4   6. (a) 2 2 3 , 2 2 6, 4u uœ � œ � � œ � � � œ �  ¡   ¡   ¡   ¡a b a b a b a b
 3 3 2 , 3 5 6, 15  5 5 2 , 5 5 10, 25v vœ � œ � œ � œ �  ¡   ¡   ¡   ¡a b a b a b a b
 2 3 6  6 , 4 15 12, 19  2 5 6 10 , 4 25 16, 29u v u v� œ � � � � œ � � � œ � � � � œ �  ¡   ¡   ¡   ¡a b a b
 (b) 12 19 505  (b) 16 29 1097É Éa b a bÈ È2 22 2� � œ � � œ
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 7. (a) 3 , 2 ,   8. (a) 3 , 2 , 3 3 3 9 6 5 5 5 15 10
5 5 5 5 5 13 13 13 13 13u uœ � œ � � œ � � � œ �¢ £ ¢ £ ¢ £ ¢ £a b a b a b a b

 2 , 5 , 4  2 , 5 , 4 4 4 8 12 12 12 24 60
5 5 5 5 13 13 13 13 13v vœ � œ � œ � œ �¢ £ ¢ £ ¢ £ ¢ £a b a b a b a b

 , 4 ,  , 3, 3 4 9 8 6 1 14 5 12 15 24 10 60 70
5 5 5 5 5 5 5 13 13 13 13 13 13 13u v u v� œ � � � � œ � � œ � � � � œ �¢ £ ¢ £ ¢ £ ¢ £ˆ ‰ ˆ ‰

 (b)   (b) 3É Éˆ ‰ ˆ ‰ ˆ ‰a b1 14 70
5 5 5 13 13

2 2 297 64212� œ � � œ
È È"

 9. 2 1, 1 3 1, 4   10. 0, 0 1, 1  ¡   ¡   ¡¢ £� � � œ � � � œ �2 4 3� �
# #

�"�a b

11. 0 2, 0 3 2, 3  ¡   ¡� � œ � �

12. AB 2 1, 0 1 1, 1 ,  CD 2 1 , 2 3 1, 1 ,  AB CD 0, 0
Ä Ä Ä Ä

œ � � � œ œ � � � � œ � � � œ  ¡   ¡   ¡   ¡   ¡a b a b
13. cos , sin ,  14. cos , sin , ¢ £ ¢ £ ¢ £ ¢ £ˆ ‰ ˆ ‰2 2 3 3

3 3 2 4 4
3

2 2
1 1 1 1œ � � � œ � �" " "

#

È
È È

15. This is the unit vector which makes an angle of 120 90 210  with the positive x-axis;‰ ‰ ‰� œ

 cos 210 , sin 210 ,   ¡ ¢ £‰ ‰ "
#œ � �

È3
2

16. cos 135 , sin 135 ,   ¡ ¢ £‰ ‰ " "œ �È È2 2

17. P P 2 5 9 7 2 1 3 2" #
Ä

œ � � � � � � � œ � � �a b a b a ba bi j k i j k

18. P P 3 1 0 2 5 0 4 2 5" #
Ä

œ � � � � � � œ � �a b a b a bi j k i j k�

19. AB 10 7 8 8 1 1 3 16
Ä

œ � � � � � � � � œ � �a b a b a ba b a bi j k i j

20. AB 1 1 4 0 5 3 2 4 2
Ä

œ � � � � � � œ � � �a b a b a bi j k i j k

21. 5 5 1, 1, 1 2, 0, 3 5, 5, 5 2, 0, 3 5 2, 5 0, 5 3 3, 5, 8 3 5 8u v i j k� œ � � œ � � œ � � � � œ � œ � �  ¡   ¡   ¡   ¡   ¡   ¡
22. 2 3 2 1, 0, 2 3 1, 1, 1 2, 0, 4 3, 3, 3 5, 3, 1 5 3� � œ � � � œ � � œ � œ � �u v i j k  ¡   ¡   ¡   ¡   ¡
23. The vector  is horizontal and 1 in. long. The vectors  and  are  in. long.  is vertical and  makes a 45  angle withv u w w u" ‰1

16

 the horizontal. All vectors must be drawn to scale.
 (a)  (b) 

 (c)  (d) 
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720 Chapter 12 Vectors and the Geometry of Space

24. The angle between the vectors is 120  and vector  is horizontal. They are all 1 in. long. Draw to scale.‰ u
 (a)  (b) 

 (c)  (d) 

25. length 2 2 2 1 ( 2) 3, the direction is   2 2 3œ � � œ � � � œ � � Ê � � œ � �k k È ˆ ‰i j k i j k i j k i j k# # # " "2 2 2 2
3 3 3 3 3 3

26. length 9 2 6 81 4 36 11, the direction is   9 2 6œ � � œ � � œ � � Ê � �k k Èi j k i j k i j k9 2 6
11 11 11

 11œ � �ˆ ‰9 2 6
11 11 11i j k

27. length 5 25 5, the direction is   5 5( )œ œ œ Ê œk k Èk k k k

28. length 1, the direction is   1œ � œ � œ � Ê � œ �¸ ¸ ˆ ‰É3 4 9 16 3 4 3 4 3 4
5 5 25 25 5 5 5 5 5 5i k i k i k i k

29. length 3 , the direction is œ � � œ œ � �¹ ¹ Š ‹Ê É1 1 1 1
6 6 6 6 3 3 3È È È È È È Èi j k i j k" " " "

#

#

   Ê � � œ � �1 1 1 1
6 6 6 3 3 3È È È È È Èi j k i j k" " "

#
É Š ‹

30. length 3 1, the direction is œ � � œ œ � �¹ ¹ Š ‹Ê1 1 1 1
3 3 3 3 3 3 3È È È È È È Èi j k i j k" " "

#

  1Ê � � œ � �1 1 1 1
3 3 3 3 3 3È È È È È Èi j k i j k" "Š ‹

31. (a) 2  (b) 3  (c)  (d) 6 2 3i k j k i j k� � � �È 3 2
10 5

32. (a) 7  (b)  (c)  (d) � � � � � � �j i k i j k i j k3 2 4 2
5 5 4 3

1 1 a a a
2 3 6

È È
È È È

33. 12 5 169 13; (12 5 )  the desired vector is (12 5 )k k È Èv v i k i kœ � œ œ œ œ � Ê �# # " "v
vk k 13 13 13

7
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34. ;   the desired vector is 3k k É Š ‹v i j k i j kœ � � œ œ � � Ê � � �" " " " " "
#4 4 4

3 1 1 1
3 3 3 3 3 3

È
k k È È È È È È
v
v

 3 3 3œ � � �È È Èi j k

35. (a) 3 4 5 5 2   the direction is i j k i j k i j k� � œ � � Ê � �È Š ‹3 4 3 4
5 2 5 2 2 5 2 5 2 2È È È È È È

" "

 (b) the midpoint is 3ˆ ‰"
# #ß ß 5

36. (a) 3 6 2 7   the direction is i j k i j k i j k� � œ � � Ê � �ˆ ‰3 6 2 3 6 2
7 7 7 7 7 7

 (b) the midpoint is 1 6ˆ ‰5
# ß ß

37. (a) 3   the direction is � � � œ � � � Ê � � �i j k i j k i j kÈ Š ‹1 1 1 1 1 1
3 3 3 3 3 3È È È È È È

 (b) the midpoint is ˆ ‰5 7 9
# # #ß ß

 

38. (a) 2 2 2 2 3   the direction is i j k i j k i j k� � œ � � Ê � �È Š ‹1 1 1 1 1 1
3 3 3 3 3 3È È È È È È

 (b) the midpoint is ( 1)"ß�"ß�

39. AB (5 a) (1 b) (3 c) 4 2   5 a 1, 1 b 4, and 3 c 2  a 4, b 3, and
Ä

œ � � � � � œ � � Ê � œ � œ � œ � Ê œ œ �i j k i j k
 c 5  A is the point (4 3 5)œ Ê ß� ß

40. AB (a 2) (b 3) (c 6) 7 3 8   a 2 7, b 3 3, and c 6 8  a 9, b 0,
Ä

œ � � � � � œ � � � Ê � œ � � œ � œ Ê œ � œi j k i j k
 and c 14  B is the point ( 9 0 14)œ Ê � ß ß

41. 2 a( ) b( ) (a b) (a b)   a b 2 and a b 1  2a 3  a  andi j i j i j i j� œ � � � œ � � � Ê � œ � œ Ê œ Ê œ 3
#

 b aœ � " œ "
#

42. 2 a(2 3 ) b( ) (2a b) (3a b)   2a b 1 and 3a b 2  a 3  andi j i j i j i j� œ � � � œ � � � Ê � œ � œ � Ê œ �

 b 1 a 7  a(2 3 ) 6 9  and b( ) 7œ � # œ Ê œ � œ � � œ � œu i j i j u i j i 7j" # �

43. 25  west of north is 90 25 115  north of east.  800 cos 115 , sin 115 338.095, 725.046‰ ‰ ‰ ‰ ‰ ‰� œ ¸ �  ¡   ¡
44. Let x, y  be represent the velocity of the plane alone, 70 cos 60 , 70 sin 60 35, 35 3 , and let theu vœ œ œ  ¡   ¡   ¡È‰ ‰

 resultant 500, 0 . Then x, y 35, 35 3 500, 0 x 35, y 35 3 500, 0u v� œ � œ Ê � � œ  ¡   ¡   ¡   ¡   ¡   ¡È È
 x 35 500 and y 35 3 0 x 465 and y 35 3 465, 35 3Ê � œ � œ Ê œ œ � Ê œ �È È È  ¡u

 465 35 3 468.9 mph, and tan 7.4 7.4  south of east.Ê l l œ � � ¸ œ Ê ¸ � Êu Ê Š ‹È2
2

35 3
465) )

� ‰ ‰È

45. cos 30 , sin 30 , ,  cos 45 , sin 45 , , andF F F F F F F F F F1 1 1 1 1 2 2 2 2 2
3

2 2
1 1 1

2 2
œ �l l l l œ � l l l l œ l l l l œ l l l l¢ £ ¢ £ ¢ £ ¢ £‰ ‰ ‰ ‰È

È È

 0, 100 . Since 0, 100 , 0, 100w F F F F F Fœ � � œ Ê � l l � l l l l � l l œ  ¡   ¡   ¡¢ £1 2 1 2 1 2
3

2 2
1 1 1

2 2

È
È È

 0 and 100. Solving the first equation for  results in: .Ê � l l � l l œ l l � l l œ l l l l œ l l
È È

È È
3 6

2 2 21 2 1 2 2 2 1
1 1 1

2 2
F F F F F F F

 Substituting this result into the second  equation gives us: 100 73.205 N1 1 200
2 21 1 12

6
1 3

l l � l l œ Ê l l œ ¸F F FÈ È
ÈŠ ‹

�

 89.658 N 63.397, 36.603  and  63.397, 63.397Ê l l œ ¸ Ê ¸ � œ ¸F F F2 1 2
100 6
1 3

È
È�

  ¡   ¡
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46. 35 cos , 35 sin ,  cos 60 , sin 60 , , and 0, 50 . SinceF F F F F F w1 2 2 2 2 2
1
2 2

3œ � œ l l l l œ l l l l œ �  ¡   ¡¢ £ ¢ £! ! ‰ ‰ È

 0, 50 35 cos , 35 sin 0, 50 35 cos 0 andF F F F F1 2 2 2 2
1 1
2 2 2

3� œ Ê � � l l � l l œ Ê � � l l œ  ¡   ¡   ¡! ! !
È

 35 sin 50. Solving the first equation for  results in: 70 cos . Substituting this result into the! !� l l œ l l l l œ
È3

2 2 2 2F F F

 second  equation gives us: 35 sin 35 3 cos 50 3 cos sin 3cos sin sin! ! ! ! ! ! !� œ Ê œ � Ê œ � �È È 10 100 20
7 49 7

2 2

 3 1 sin sin sin 196 sin 140 sin 47 0 sin . Since 0Ê � œ � � Ê � � œ Ê œ � Êa b2 2 2100 20
49 7 14

5 6 2
! ! ! ! ! ! !„ È

 sin 0 sin 74.42 ,  and 70 cos 18.81 N.! ! ! !� Ê œ Ê ¸ l l œ ¸5 6 2
14 2

� ‰È
F

47. cos 40 , sin 40 ,  100 cos 35 , 100 sin 35 , and 0, w . Since 0, wF F F F w F F1 1 1 2 1 2œ �l l l l œ œ � � œ¢ £   ¡   ¡   ¡‰ ‰ ‰ ‰

 cos 40 100 cos 35 , sin 40 100 sin 35 0, w cos 40 100 cos 35 0 andÊ �l l � l l � œ Ê �l l � œ¢ £   ¡F F F1 1 1
‰ ‰ ‰ ‰ ‰ ‰

 sin 40 100 sin 35 w. Solving the first equation for  results in: 106.933 N. Substituting thisl l � œ l l l l œ ¸F F F1 1 1
100 cos 35

cos 40
‰ ‰ ‰

‰

 result into the second equation gives us: w 126.093 N.¸

48. cos , sin 75 cos , 75 sin ,  cos , sin 75 cos , 75 sin , andF F F F F F1 1 1 2 2 2œ �l l l l œ � œ l l l l œ  ¡   ¡   ¡   ¡! ! ! ! " " ! !

 0, 25 . Since 0, 25 75 cos 75 cos , 75 sin 75 sin 0, 25 150 sin 25w F Fœ � � œ Ê � � � œ Ê œ  ¡   ¡   ¡   ¡1 2 ! ! ! ! !

 9.59 .Ê ¸! ‰

49. (a) The tree is located at the tip of the vector OP (5 cos 60°) (5 sin 60°)   P 
Ä

œ � œ � Ê œ ßi j i j5 55 3 5 3
# # # #

È ÈŠ ‹
 (b) The telephone pole is located at the point Q, which is the tip of the vector OP PQ

Ä Ä
�

 (10 cos 315°) (10 sin 315°)œ � � � œ � � �Š ‹ Š ‹ Š ‹5 5
2

5 3 5 310 2 10 2i j i j i j
È È È È
# # # # #

  Q Ê œ ßŠ ‹5 10 2 5 3 10 2�
# #

�È È È

50. Let t  and s . Choose T on OP  so that TQ isœ œq p
p q p q 1� �

 parallel to OP , so that TP Q is similar to OP P . Then2 1 1 2˜ ˜

 t OT t OP  so that T t x , t y , t z .k k
k k
OT
OP 1 1 1 1

1
œ Ê œ œ

Ä Ä a b
 Also, s TQ s OP  s x , y , z .k k

k k
TQ
OP 2 2 2 2

2
œ Ê œ œ

Ä Ä   ¡
 Letting Q x, y, z , we have thatœ a b
  TQ x t x , y t y , z t z s x , y , z

Ä
œ � � � œ  ¡   ¡1 1 1 2 2 2

 Thus x t x s x , y t y s y , z t z s z .œ � œ � œ �1 2 1 2 1 2

 (Note that if Q is the midpoint, then 1 and t sp
q œ œ œ "

#

 

 so that x x x , y , z  so that this result agress with the midpoint formula.)œ � œ œ œ" "
# #

� ��
1 2

x x z z
2 2 2

y y1 2 1 21 2

51. (a) the midpoint of AB is M 0  and CM 1 1 ( 3) 3ˆ ‰ ˆ ‰ ˆ ‰5 5 5 5 3 3
# # # # # #ß ß œ � � � � ! � œ � �

Ä
i j k i j k

 (b) the desired vector is CM 3 2ˆ ‰ ˆ ‰2 2 3 3
3 3

Ä
œ � � œ � �# #i j k i j k

 (c) the vector whose sum is the vector from the origin to C and the result of part (b) will terminate

 at the center of mass  the terminal point of ( 3 ) ( 2 ) 2 2  is the pointÊ � � � � � œ � �i j k i j k i j k
 (2 2 1), which is the location of the center of massß ß

52. The midpoint of AB is M 0  and CM 1 (0 2) 1 2ˆ ‰ ˆ ‰ � ‘ ˆ ‰ˆ ‰ ˆ ‰3 5 2 2 3 5 2 5 7
3 3 3# # # # # #ß ß œ � � � � � œ � �

Ä
i j k i j k

 .  The vector from the origin to the point of intersection of the medians is OCœ � � � � �
Ä5 4 7 5 4 7

3 3 3 3 3 3i j k i j kˆ ‰
 ( 2 )  .œ � � � � � � œ � �ˆ ‰5 4 7 2 2 4

3 3 3 3 3 3i j k i j k i j k
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53. Without loss of generality we identify the vertices of the quadrilateral such that A(0 0 0), B(x 0 0),ß ß ß ßb

 C(x y 0) and D(x y z )  the midpoint of AB is M 0 0 , the midpoint of BC isc c d d d AB
xß ß ß ß Ê ß ßˆ ‰b
#

 M 0 , the midpoint of CD is M  and the midpoint of AD isBC CD
x x x x zy y yˆ ‰ ˆ ‰b d dc cc c d� �

# # # # #
�ß ß ß ß

 M   the midpoint of M M  is ,  which is the same as the midpointAD AB CD
x z zy y y

4 4
ˆ ‰ Œ �d d dd dc

# # # #
�ß ß Ê ß

x x xb dc
# #

�
�

 of M M , .AD BC
y y

4 4
zœ ßŒ �x x xb dc�

# #
�

#
�c d d

54. Let V , V , V , , V  be the vertices of a regular n-sided polygon and  denote the vector from the center to" # $ á n iv

 V  for i 1, 2, 3, , n.  If   and the polygon is rotated through an angle of  where i 1, 2, 3, , n,i i
i(2 )

nœ á œ œ áS v!n

i 1œ

1

 then  would remain the same.  Since the vector  does not change with these rotations we conclude that .S S S 0œ

55. Without loss of generality we can coordinatize the vertices of the triangle such that A(0 0), B(b 0) andß ß

 C(x y )  a is located at , b is at  and c is at 0 .  Therefore, Aa ,c c
b x x xy y yb bß Ê ß ß ß œ � �

Äˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰�
# # # # # # # #

c c cc c ci j

 Bb b , and Cc x ( y )   Aa Bb Cc .
Ä Ä

œ � � œ � � � Ê � � œ
Ä Ä Äˆ ‰ ˆ ‰ ˆ ‰x y b

c c
c c

# # #i j i j 0

56. Let  be any unit vector in the plane. If  is positioned so that its initial point is at the origin and terminal point is au u t x, y ,a b
 then  makes an angle  with , measured in the counter-clockwise direction. Since 1, we have that x cos  andu i u) )k k œ œ

 y sin . Thus cos  sin  . Since  was assumed to be any unit vector in the plane, this holds for  unitœ œ �) ) )u i j u every
 vector in the plane.

12.3  THE DOT PRODUCT

NOTE: In Exercises 1-8 below we calculate proj   as the vector , so the scalar multiplier of  is the number inv u v vŠ ‹k k
k k

u
v

 cos )

 column 5 divided by the number in column 2.

    cos   cos  proj   v u v u u u† k k k k k k) ) v

 1. 25  5  5 1 5 2 4 5� � � � � �i j kÈ
 2.    3  1 13    3 33 3 4

13 5 5
ˆ ‰i k�

 3.   25 15  5       (10 11 2 )" "
3 3 9

5 i j k� �

 4.   13 15  3   (2 10 11 )13 13 13
45 15 225 i j k� �

 5.   2 34  3   (5 3 )È È 2 2
3 34 34 17È È È

" j k�

 6. 3 2 2    3   ( )È È È� � �
È È ÈÈ È È

È È
3 2 3 2 3 2
3 2 2
� � �

# i j

 7. 10 17 26  21   (5 )� �È È È 10 17 10 17 10 17
546 26 26

� � �È È È
È È i j

 8.         , " " " " " "

#6 6 6 5 5
30 30

30 3

È È
È È È¢ £
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 9. cos cos cos cos 0.75 rad) œ œ œ œ ¸�" �" �" �"� � �

� � � � �
Š ‹ Š ‹ Š ‹ Š ‹u v

u v
†

k k k k È È È ÈÈ 
(2)(1) (1)(2) (0)( 1)

2 1 0  1 2 ( 1)
4 4

5 6 30# # # # # #

10. cos cos cos cos 0.84 rad) œ œ œ œ ¸�" �" �" �"� � �

� � � � �
Š ‹ Š ‹ Š ‹ ˆ ‰u v

u v
†

k k k k È È È È 3
(2)(3) ( 2)(0) (1)(4)

2 ( 2) 1  3 0 4
10 2

9 25# # # # # #

11. cos cos cos) œ œ œ�" �" �"
� � � �

� � � � � �

�Š ‹ Š ‹Î Ñ
Ï Òu v

u v
†

k k k k
Š ‹ Š ‹È È

ÊŠ ‹ ÊŠ ‹È È È È 

3 3 ( 7)(1) (0)( 2)

3 ( 7) 0  3 (1) ( 2)

3 7
52 8# #

# # # #

 cos 1.77 radœ ¸�" �Š ‹1
26È

12. cos cos cos) œ œ œ�" �" �"
� � � �

� � � � � �

�Š ‹ Š ‹Î Ñ
Ï Òu v

u v
†

k k k k
Š ‹ Š ‹È È

Ê Š ‹ Š ‹È È È È È 

(1)( 1) 2 (1) 2 (1)

(1) 2 2  ( 1) (1) (1)

1
5 3

# # # #
# #

 cos 1.83 radœ ¸�" �Š ‹1
15È

13. AB 3, 1 , BC 1, 3 , and AC 2, 2 . BA 3, 1 , CB 1, 3 , CA 2, 2 .
Ä Ä Ä Ä Ä Ä

œ œ � � œ � œ � � œ œ �  ¡   ¡   ¡   ¡   ¡   ¡
 AB BA 10, BC CB 10, AC CA 2 2,¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹È È ÈÄ Ä Ä Ä Ä Ä

œ œ œ œ œ œ

 Angle at A cos cos cos 63.435œ œ œ ¸�" �" �" ‰
Ä Ä

Ä Ä
� �� � � � Š ‹AB AC 1

AB  AC 10 2 2

3 2 1 2

5
†

¹ ¹ ¹ ¹ Š ‹Š ‹
a b a b
È È È

 Angle at B cos cos cos 53.130 , andœ œ œ ¸�" �" �" ‰
Ä Ä

Ä Ä
� � � � �� � � � ˆ ‰BC BA 3

BC  BA 10 10

1 3 3 1
5

†

¹ ¹ ¹ ¹ Š ‹Š ‹
a ba b a ba b

È È

 Angle at C cos cos cos 63.435œ œ œ ¸�" �" �" ‰
Ä Ä

Ä Ä
� �� � � � Š ‹CB CA 1

CB  CA 10 2 2

1 2 3 2

5
†

¹ ¹ ¹ ¹ Š ‹Š ‹
a b a b
È È È

14.  AC 2, 4  and BD 4, 2 .  AC BD 2 4 4 2 0, so the angle measures are all 90 .
Ä Ä

œ œ � † œ � � œ
Ä Ä  ¡   ¡ a b a b ‰

15. (a) cos , cos , cos  and! " #œ œ œ œ œ œi v k v
i v v j v v k v v

j v† ††

k k k k k k k k k k k k k k k k k k   
a b c

 cos cos cos 1# # #
# # #

� �! " #� � œ � � œ œ œŠ ‹ Š ‹ Š ‹a b c a b c
  

 
k k k k k k k k k k k k k k

k k k k
v v v v v v v

v v# # #

 (b) 1  cos a, cos b and cos c are the direction cosines of k kv vœ Ê œ œ œ œ œ œ! " #a b c
k k k k k kv v v

16. 10 2  is parallel to the pipe in the north direction and 10  is parallel to the pipe in the eastu i k v j kœ � œ �

 direction.  The angle between the two pipes is cos cos 1.55 rad 88.88°.) œ œ ¸ ¸�" �"Š ‹ Š ‹u v
u v
†

k k k k È È 
2

104 101

17. The sum of two vectors of equal length is  orthogonal to their difference, as we can see from the equationalways

 ( ) ( ) 0v v v v v v v v v v v v v v" # " # " " # " " # # # " #
# #� � œ � � � œ � œ† † † † † k k k k

18. CA CB ( ( )) ( ) 0 because  since both equal
Ä Ä

œ � � � � � œ � � � œ � œ œ† † † † † †v u v u v v v u u v u u v u u vk k k k k k k k# #

 the radius of the circle.  Therefore, CA and CB are orthogonal.
Ä Ä

19. Let  and  be the sides of a rhombus  the diagonals are  and u v d u v d u vÊ œ � œ � �" #

  ( ) ( ) 0 because , since a rhombusÊ œ � � � œ � � � � œ � œ œd d u v u v u u u v v u v v v u u v" #
# #

† † † † † † k k k k k k k k
 has equal sides.
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20. Suppose the diagonals of a rectangle are perpendicular, and let  and  be the sides of a rectangle  the diagonals areu v Ê

  and .  Since the diagonals are perpendicular we have 0d u v d u v d d" # " #œ � œ � � œ†

  ( ) ( ) 0  0  0Í � � � œ � � � � œ Í � œ Í � � œu v u v u u u v v u v v v u v u v u† † † † † k k k k a b a bk k k k k k k k# #

  0 which is not possible, or 0 which is equivalent to   the rectangle is a square.Í � œ � œ œ Êa b a b k k k kk k k k k k k kv u v u v u

21. Clearly the diagonals of a rectangle are equal in length.  What is not as obvious is the statement that equal diagonals
 happen only in a rectangle.  We show this is true by letting the adjacent sides of a parallelogram be the vectors

 (v v ) and (u u ).  The equal diagonals of the parallelogram are (v v ) (u u ) and" # " # " " # " #i j i j d i j i j� � œ � � �

 (v v ) (u u ).  Hence (v v ) (u u ) (v v ) (u u )d i j i j d d i j i j i j i j# " # " # " # " # " # " # " #œ � � � œ œ � � � œ � � �k k k k k k k k
   (v u ) (v u ) (v u ) (v u )  (v u ) (v u ) (v u ) (v u )Ê � � � œ � � � Ê � � � œ � � �k k k k È È" " # # " " # # " " # # " " # #

# # # #i j i j

  v 2v u u v 2v u u v 2v u u v 2v u u   2(v u v u )Ê � � � � � œ � � � � � Ê �# # # # # # # #
" " # # " " # # " " # #1 1 1 1# # # #

 2(v u v u )  v u v u 0  (v v ) (u u ) 0  the vectors (v v ) and (u u )œ � � Ê � œ Ê � � œ Ê � �" " # # " " # # " # " # " # " #i j i j i j i j†

 are perpendicular and the parallelogram must be a rectangle.

22. If  and  is the indicated diagonal, then ( )k k k k k k k ku v u v u v u u u v u u v u u v vœ � � œ � œ � œ �† † † † †
# #

 ( )   the angle cos  between the diagonal and  and the angleœ � œ � Êu v v v u v v u† † †
�" �

�Š ‹( )
 

u v u
u v u

†

k k k k

 cos  between the diagonal and  are equal because the inverse cosine function is one-to-one.�" �
�Š ‹( )

 
u v v
u v v

†

k k k k v

 Therefore, the diagonal bisects the angle between  and .u v

23. horizontal component:  1200 cos 8 1188 ft/s;  vertical component:  1200 sin 8 167 ft/sa b a b‰ ‰¸ ¸

24. cos 33 15 2.5 lb, so . Then cos 33 , sin 33 2.205, 1.432k k a b k k   ¡   ¡w w w‰ ‰ ‰ ‰� œ œ œ ¸2.5 lb 2.5 lb
cos 18 cos 18‰ ‰

25. (a) Since cos 1, we have   cos  (1)  .k k k k k k k k k k k k k k k k) )Ÿ Ÿ œu v u v u v u v† œ k k

 (b) We have equality precisely when cos 1 or when one or both of  and  is .  In the case of nonzerok k) œ u v 0
 vectors, we have equality when 0 or , i.e., when the vectors are parallel.) 1œ

26. (x y ) x y   cos 0 when .  Thisi j v i j v� œ � Ÿ Ÿ Ÿ† k k k k ) ) 11

#

 means (x y) has to be a point whose position vector makesß

 an angle with  that is a right angle or bigger.v

 

27. (a b ) a b a b( ) a(1) b(0) av u u u u u u u u u u u† † † † †" " # " " " # " " # "
# #œ � œ � œ � œ � œk k

28. No, need not equal .  For example, 2  but ( ) 1 0 1 andv v i j i j i i j i i i j" # � Á � � œ � œ � œ† † †

 ( 2 ) 2 1 2 0 1.i i j i i i j† † † †� œ � œ � œ

29. projv u v u v u v u v u v u v u v u v
v v v v v v v vu v u v v u v v v u v v vœ Ê � † œ † �† † † † † † † †

l l l l l l l l l l l l l l l l2 2 2 2 2 2 2 2Š ‹ Š ‹ Š ‹ Š ‹ Š ‹ Š ‹ Š ‹a b a b� † œ † †

2

 0œ � l l œa b a bu v u v
v v
† †

2 2

2 4l l l l v 2
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30. 2 3  and 3 proj 3 , is the vector parallel to .F i j k v i j F v i j i j vœ � � œ � Ê œ œ � œ �v
F v
v
†

l l
"!

2 2
5 3 1

2 2Š ‹È a b
 proj 2 3 3  is the vector orthogonal to .F F i j k i j i j k v� œ � � � � œ � �v a b ˆ ‰3 1 1 3

2 2 2 2

31. P(x y ) P x , x  and Q(x y ) Q x x  are any two points P and Q on the line with b 0" " " " # # # #ß œ � ß œ ß � Áˆ ‰ ˆ ‰c a c a
b b b b

  PQ (x x ) (x x )   PQ (x x ) (x x ) (a b ) a(x x ) b (x x )Ê œ � � � Ê œ � � � � œ � � �
Ä Ä

# " " # # " " # # " " #i j v i j i ja a a
b b b† †� ‘ ˆ ‰

 0   is perpendicular to PQ  for b 0.  If b 0, then a  is perpendicular to the vertical line ax c.œ Ê Á œ œ œ
Ä

v v i

 Alternatively, the slope of  is  and the slope of the line ax by c is , so the slopes are negative reciprocalsv b a
a b� œ �

  the vector  and the line are perpendicular.Ê v

32. The slope of  is  and the slope of bx ay c is , provided that a 0.  If a 0, then b  is parallel tov v jb b
a a� œ Á œ œ

 the vertical line bx c.  In either case, the vector  is parallel to the line bx ay c.œ � œv

33. 2  is perpendicular to the line x 2y c;v i jœ � � œ

 P(2 1) on the line  2 2 c  x 2y 4ß Ê � œ Ê � œ

 

34. 2  is perpendicular to the line 2x y c;v i jœ � � � � œ

 P( 1 2) on the line  ( 2)( 1) 2 c� ß Ê � � � œ

  2x y 0Ê � � œ

 

35. 2  is perpendicular to the line 2x y c;v i jœ � � � � œ

 P( 2 7) on the line  ( 2)( 2) 7 c� ß� Ê � � � œ

  2x y 3Ê � � œ �
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36. 2 3  is perpendicular to the line 2x 3y c;v i jœ � � œ

 P(11 10) on the line  (2)(11) (3)(10) cß Ê � œ

  2x 3y 8Ê � œ �

 

37.  is parallel to the line x y c;v i jœ � � � œ

 P( 2 1) on the line  2 1 c  x y 1� ß Ê � � � œ Ê � � œa b
 or x y 1.� œ �

 

38. 2 3  is parallel to the line 3x 2y c;v i jœ � � œ

 P(0 2) on the line  0 2( 2) c  3x 2y 4ß � Ê � � œ Ê � œ

 

39. 2  is parallel to the line 2x y c;v i jœ � � � � œ

 P(1 2) on the line  2(1) 2 c  2x y 0ß Ê � � œ Ê � � œ

 or 2x y 0.� œ
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40. 3 2  is parallel to the line 2x 3y c;v i jœ � � � œ

 P(1 3) on the line  ( 2)(1) (3)(3) cß Ê � � œ

  2x 3y 11 or 2x 3y 11Ê � � œ � � œ

 

41. P(0 0), Q(1 1) and 5   PQ  and PQ (5 ) ( ) 5 N m 5 Jß ß œ Ê œ � œ œ � œ œ
Ä Ä

F j i j W F j i j† † †

42.  (distance) cos (602,148 N)(605 km)(cos 0) 364,299,540 N km (364,299,540)(1000) N mW Fœ œ œ œk k ) † †

 3.6429954 10  Jœ ‚ ""

43.  PQ  cos (200)(20)(cos 30°) 2000 3 3464.10 N m 3464.10 JW Fœ œ œ œ œ
Äk k ¹ ¹ È) †

44.  PQ  cos (1000)(5280)(cos 60°) 2,640,000 ft lbW Fœ œ œ
Äk k ¹ ¹ ) †

In Exercises 45-50 we use the fact that a b  is normal to the line ax by c.n i jœ � � œ

45. 3  and 2   cos cos cosn i j n i j" #
�" �" �"� "œ � œ � Ê œ œ œ œ) Š ‹ Š ‹ Š ‹n n

n n
" #

" #

†

k k k k È È È 4
6 1
10 5 2

1

46. 3  and 3   cos cos cosn i j n i j" #
�" �" �"� � "œ � � œ � Ê œ œ œ � œÈ È Š ‹ Š ‹ ˆ ‰) n n

n n
" #

" #

†

k k k k È È 2 3
3 1 2
4 4

1

47. 3  and 3   cos cos cosn i j n i j" #
�" �" �"�œ � œ � Ê œ œ œ œÈ È Š ‹ Š ‹ Š ‹) n n

n n
" #

" #

†

k k k k
È È È
È È 2 6

3 3 3
4 4

1

48. 3  and 1 3 1 3   cosn i j n i j" #
�"œ � œ � � � Ê œÈ È ÈŠ ‹ Š ‹ Š ‹) n n

n n
" #

" #

†

k k k k 

 cos cos cosœ œ œ œ�" �" �"� � �

� � � � � �

"� � Š ‹ Š ‹1 3 3 3

1 3 1 2 3 3 1 2 3 3

4
2 8 2 4

È È
È É È È È È

1

49. 3 4  and   cos cos cos 0.14 radn i j n i j" #
�" �" �"�œ � œ � Ê œ œ œ ¸) Š ‹ Š ‹ Š ‹n n

n n
" #

" #

†

k k k k È È È 
3 4 7
25 2 5 2

50. 12 5  and 2 2   cos cos cos 1.18 radn i j n i j" #
�" �" �"�œ � œ � Ê œ œ œ ¸) Š ‹ Š ‹ Š ‹n n

n n
" #

" #

†

k k k k È È È 
24 10 14
169 8 26 2

12.4  THE CROSS PRODUCT

 1. 3   length 3 and the direction is ;2 2
0

u v i j k i j k
i j k

‚ œ œ � � Ê œ � �� �"
" �"

â ââ ââ ââ ââ ââ â ˆ ‰2 2 2 2
3 3 3 3 3 3

" "

 ( 3   length 3 and the direction is v u u v) i j k i j k‚ œ � ‚ œ � � � Ê œ � � �ˆ ‰2 2 2 2
3 3 3 3 3 3

" "
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 2. 5( )  length 5 and the direction is 2 3 0
1 0

u v k k
i j k

‚ œ œ Ê œ
�"

â ââ ââ ââ ââ ââ â
 ( 5( )  length 5 and the direction is v u u v) k k‚ œ � ‚ œ � Ê œ �

 3.   length 0 and has no direction2 2 4
1 2

 u v 0
i j k

‚ œ œ Ê œ�
�" �

â ââ ââ ââ ââ ââ â
 (   length 0 and has no directionv u u v) 0‚ œ � ‚ œ Ê œ

 4.   length 0 and has no direction1 1 1
0 0 0

u v 0
i j k

‚ œ œ Ê œ�

â ââ ââ ââ ââ ââ â
 (   length 0 and has no directionv u u v) 0‚ œ � ‚ œ Ê œ

 5. 6( )  length 6 and the direction is 2 0 0
0 3 0

u v k k
i j k

‚ œ œ � Ê œ �
�

â ââ ââ ââ ââ ââ â
 ( 6( )  length 6 and the direction is v u u v) k k‚ œ � ‚ œ Ê œ

 6. ( ) ( )   length 1 and the direction is 0 0 1
1 0 0

u v i j j k k i j j
i j k

‚ œ ‚ ‚ ‚ œ ‚ œ œ Ê œ

â ââ ââ ââ ââ ââ â
 (   length 1 and the direction is v u u v) j j‚ œ � ‚ œ � Ê œ �

 7. 6 12   length 6 5 and the direction is 8 2 4
2 2 1

u v i k i k
i j k

‚ œ œ � Ê œ �� � �

â ââ ââ ââ ââ ââ â
È "

È È5 5
2

 ( (6 12   length 6 5 and the direction is v u u v) i k) i k‚ œ � ‚ œ � � Ê œ � �È "
È È5 5

2

 8. 1 2 2 2   length 2 3 and the direction is 
1 1 2

u v i j k i j k
i j k

‚ œ � œ � � � Ê œ � � �

â ââ ââ ââ ââ ââ â
È3 1

3 3 3# #
" " "

È È È

 ( ( 2 2 2   length 2 3 and the direction is v u u v) i j k) i j k‚ œ � ‚ œ � � � � Ê œ � �È " "
È È È3 3 3

1

 9.  10. 1 0 0 1 0 1
0 1 0 0 1 0

u v k u v i k
i j k i j k

‚ œ œ ‚ œ œ ��

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
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11.  12. 51 0 1 2 1 0
0 1 1 1 2 0

u v i j k u v k
i j k i j k

‚ œ œ � � ‚ œ œ� �

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
  

13. 2  14. 21 1 0 0 1 2
1 1 0 1 0 0

u v k u v j k
i j k i j k

‚ œ œ � ‚ œ œ �
�

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
  

15. (a) PQ PR 8 4 4   Area  PQ PR 64 16 16 2 61 1 3
1 3 1

Ä Ä
‚ œ œ � � Ê œ ‚ œ � � œ

Ä Ä
�

� �

â ââ ââ ââ ââ ââ â ¹ ¹ È Èi j k
i j k " "

# #

 (b) (2 )u i j kœ œ � �PQ PR

PQ PR 6

Ä
‚
Ä

Ä
‚
Ä

"

¹ ¹ È

16. (a) PQ PR 4 4 2   Area  PQ PR 16 16 4 31 0 2
2 2 0

Ä Ä
‚ œ œ � � Ê œ ‚ œ � � œ

Ä Ä

�

â ââ ââ ââ ââ ââ â ¹ ¹ Èi j k
i j k " "

# #

 (b) (2 2 )u i j kœ œ � �PQ PR

PQ PR 3

Ä
‚
Ä

Ä
‚
Ä

"

¹ ¹

17. (a) PQ PR   Area  PQ PR 1 11 1 1
1 1 0

Ä Ä
‚ œ œ � � Ê œ ‚ œ � œ

Ä Ä
â ââ ââ ââ ââ ââ â ¹ ¹ Èi j k

i j " "
# # #

È2

 (b) ( ) ( )u i j i jœ œ � � œ � �PQ PR

PQ PR 2 2

Ä
‚
Ä

Ä
‚
Ä

" "

¹ ¹ È È

18. (a) PQ PR 2 3   Area  PQ PR 4 9 12 1 1
1 0 2

Ä Ä
‚ œ œ � � Ê œ ‚ œ � � œ

Ä Ä
� �

�

â ââ ââ ââ ââ ââ â ¹ ¹ Èi j k
i j k " "

# # #

È14

 (b) (2 3 )u i j kœ œ � �PQ PR

PQ PR 14

Ä
‚
Ä

Ä
‚
Ä

"

¹ ¹ È
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19. If a a a , b b b , and c c c , then ( ) ,
a a a
b b b
c c c

u i j k v i j k w i j k u v wœ � � œ � � œ � � ‚ œ" # $ " # $ " # $

" # $

" # $

" # $

†

â ââ ââ ââ ââ ââ â
 ( )  and ( )  which all have the same absolute value, since

b b b c c c
c c c a a a
a a a b b b

v w u w u v‚ œ ‚ œ† †

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
" # $ " # $

" # $ " # $

" # $ " # $

 the

 interchanging of two rows in a determinant does not change its absolute value  the volume isÊ

 ( )  abs 8
2 0 0
0 2 0
0 0 2

k k
â ââ ââ ââ ââ ââ âu v w‚ œ œ†

20. ( )  abs 4 (for details about verification, see Exercise 19)
1 1 1
2 1 2
1 2 1

k k
â ââ ââ ââ ââ ââ âu v w‚ œ œ

�
�

� �
†

21. ( )  abs 7 7 (for details about verification, see Exercise 19)
2 1 0
2 1 1
1 0 2

k k k k
â ââ ââ ââ ââ ââ âu v w‚ œ œ � œ�†

22. ( )  abs 8 (for details about verification, see Exercise 19)
1 1 2
1 0 1

2 4 2
k k

â ââ ââ ââ ââ ââ âu v w‚ œ œ
�

� �
�

†

23. (a) 6, 81, 18  none are perpendicularu v u w v w† † †œ � œ � œ Ê

 (b) , , 5 1 1 5 1 1 0 1 5
0 1 5 15 3 3 15 3 3

u v 0 u w 0 v w 0
i j k i j k i j k

‚ œ Á ‚ œ œ ‚ œ Á� � �
� � � � �

â â â â â ââ â â â â ââ â â â â ââ â â â â ââ â â â â ââ â â â â â
   and  are parallelÊ u w

24. (a) 0, 0, 3 , 0, 0, 0  , , , u v u w u r v w v r w r u v u w v w v r† † † † †œ ‚ œ œ � œ œ œ Ê ¼ ¼ ¼ ¼1

 and w r¼

 (b) , , 1 2 1 1 2 1
1 1 1 1 0 1

1 2 1u v 0 u w 0 u r 0
i j k i j k i j k

‚ œ Á ‚ œ Á ‚ œ œ� �
�

�
� �

â â â â â ââ â â â â ââ â â â â ââ â â â â ââ â â â â ââ â â â â â1 1

# #1

 , , 1 1 1
1 0 1

1 1 1 1 0 1v w 0 v r 0 w r 0
i j k i j k i j k

‚ œ Á ‚ œ Á ‚ œ Á� �
� � � �

â â â â â ââ â â â â ââ â â â â ââ â â â â ââ â â â â ââ â â â â â1 1 1 1

# # # #1 1

   and  are parallelÊ u r

25. PQ PQ   sin (60°) 30  ft lb 10 3 ft lb¹ ¹ ¹ ¹ k k ÈÄ Ä
‚ œ œ œF F 2

3
3

† † † †
È
#

26. PQ PQ   sin (135°) 30  ft lb 10 2 ft lb¹ ¹ ¹ ¹ k k ÈÄ Ä
‚ œ œ œF F 2

3
2

† † † †
È
#

27. (a) true, a a ak k È Èu u uœ � � œ# ##
1 3#

†

 (b) not always true, u u u† œ k k #
 (c) true, 0 0 0  and  0 0 0u u u 0 0 0

0 0 0 u u u
u 0 i j k 0 0 u i j k 0

i j k i j k
‚ œ œ � � œ ‚ œ œ � � œ

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â" # $

" # $
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 (d) true, ( ) ( u u u u ) ( u u u u ) ( u u u u )u u u
u u u

u u i j k 0
i j k

‚ � œ œ � � � � � � � � œ
� � �

â ââ ââ ââ ââ ââ â" # $

" # $

# $ # $ " $ " $ " # " #

 (e) not always true,  for examplei j k k j i‚ œ Á � œ ‚

 (f) true, distributive property of the cross product

 (g) true, ( ) ( ) 0u v v u v v u 0‚ œ ‚ œ œ† † †

 (h) true, the volume of a parallelpiped with , , and  along the three edges is  the same whether the plane containing u v w u
 and  or the plane containing  and  is used as the base plane, and the dot product is commutative.v v w

28. (a) true, u v u v u v v u v u v uu v v u† †œ � � œ � � œ" " # # $ $ " " # # $ $

 (b) true,  ( )u u u v v v
v v v u u u

u v v u
i j k i j k

‚ œ œ � œ � ‚

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â" # $ " # $

" # $ " # $

 (c) true, ( )  ( )u u u u u u
v v v v v v

� ‚ œ œ � œ � ‚� � �u v u v
i j k i j k

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â" # $ " # $

" # $ " # $

 (d) true, (c ) (cu )v (cu )v (cu )v u (cv ) u (cv ) u (cv ) (c ) c(u v u v u v )u v u v† †œ � � œ � � œ œ � �" " # # $ $ " " # # $ $ " " # # $ $

 c( )œ u v†

 (e) true, c( ) c  (c )  (c )u u u cu cu cu u u u
v v v v v v cv cv cv

u v u v u v
i j k i j k i j k

‚ œ œ œ ‚ œ œ ‚

â â â â â ââ â â â â ââ â â â â ââ â â â â ââ â â â â ââ â â â â â" # $ " # $ " # $

" # $ " # $ " # $

 (f) true, u u u u u uu u u† œ � � œ � � œ# # # # ##
# #

1 3 1 3# #
ˆ ‰È k k

 (g) true, ( ) 0u u u 0 u‚ œ œ† †

 (h) true,  and   ( ) ( ) 0u v u u v v u v u v u v‚ ¼ ‚ ¼ Ê ‚ œ ‚ œ† †

29. (a) proj   (b) ( ) (c) ( )  (d) ( )v u v u v u v w u v wœ ‚ ‚ ‚ ‚Š ‹ a b k ku v
v v
†

k kk k †

 (e) ( ) ( ) (f)  u v u w u‚ ‚ ‚ k k v
vk k

30. ; . The cross product is not associative.a b a bi j j k j i i j j i 0 0‚ ‚ œ ‚ œ � ‚ ‚ œ ‚ œ

31. (a) yes,  and  are both vectors (b) no,  is a vector but  is a scalaru v w u v w‚ †

 (c) yes,  and  are both vectors (d) no,  is a vector but  is a scalaru u w u v w‚ †

32. ( )  is perpendicular to , and  is perpendicular to both  and   ( )  isu v w u v u v u v u v w‚ ‚ ‚ ‚ Ê ‚ ‚

 parallel to a vector in the plane of  and  which means it lies in the plane determined by  and .u v u v
 The situation is degenerate if  and  are parallel so  and the vectors do not determine a plane.u v u v 0‚ œ

 Similar reasoning shows that ( ) lies in the plane of  and  provided  and  are nonparallel.u v w v w v w‚ ‚

33. No,  need not equal .  For example, , but  andv w i j i j i i j i i i j 0 k k� Á � � ‚ � œ ‚ � ‚ œ � œa b
 .i i j i i i j 0 k k‚ � � œ ‚ � � ‚ œ � œa b a b
34. Yes.  If  and , then ( )  and ( ) 0.  Suppose now that .u v u w u v u w u v w 0 u v w v w‚ œ ‚ œ ‚ � œ � œ Á† † †

 Then ( )  implies that k  for some real number k 0.  This in turn implies thatu v w 0 v w u‚ � œ � œ Á

 ( ) (k ) k 0, which implies that .  Since , it cannot be true that , so .u v w u u u u 0 u 0 v w v w† †� œ œ œ œ Á Á œk k #

35. AB  and AD   AB AD 2   area AB AD 21 1 0
1 1 0

Ä Ä Ä Ä Ä Ä
œ � � œ � � Ê ‚ œ œ Ê œ ‚ œ�

� �
i j i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹
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36. AB 7 3  and AD 2 5   AB AD 29   area AB AD 297 3 0
2 5 0

Ä Ä Ä Ä Ä Ä
œ � œ � Ê ‚ œ œ Ê œ ‚ œi j i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹

37. AB 3 2  and AD 5   AB AD 13   area AB AD 133 2 0
5 1 0

Ä Ä Ä Ä Ä Ä
œ � œ � Ê ‚ œ œ Ê œ ‚ œ�i j i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹

38. AB 7 4  and AD 2 5   AB AD 43   area AB AD 437 4 0
2 5 0

Ä Ä Ä Ä Ä Ä
œ � œ � Ê ‚ œ œ Ê œ ‚ œ�i j i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹

39. AB 3 2 4  and DC 3 2 4 AB is parallel to  DC; BC 2  and AD 2 BC is parallel to
Ä Ä Ä Ä Ä Ä Ä

œ � � œ � � Ê œ � œ � Êi j k i j k i j i j

 AD.  AB BC 4 8 7 area AB BC 1293 2 4
2 1 0

Ä Ä Ä Ä Ä
‚ œ œ � � Ê œ l ‚ l œ

�

â ââ ââ ââ ââ ââ â
Èi j k

i j k

40. AC 4  and DB 4 AC is parallel to  DB; AD 3 3  and CB 3 3 AD is parallel
Ä Ä Ä Ä Ä

œ � œ � Ê œ � � � œ � � � Ê
Ä Ä

i j i j i j k i j k

 to CB.  AC AD 12 3 7 area AC AD 2021 4 0
1 3 3

Ä Ä Ä Ä Ä
‚ œ œ � � Ê œ l ‚ l œ

�

â ââ ââ ââ ââ ââ â
Èi j k

i j k

41. AB 2 3  and AC 3   AB AC 11   area  AB AC2 3 0
3 1 0

Ä Ä Ä Ä Ä Ä
œ � � œ � Ê ‚ œ œ � Ê œ ‚ œ�i j i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹"

# #
11

42. AB 4 4  and AC 3 2   AB AC 4   area  AB AC 24 4 0
3 2 0

Ä Ä Ä Ä Ä Ä
œ � œ � Ê ‚ œ œ � Ê œ ‚ œi j i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹"

#

43. AB 6 5  and AC 11 5   AB AC 25   area  AB AC6 5 0
11 5 0

Ä Ä Ä Ä Ä Ä
œ � œ � Ê ‚ œ œ Ê œ ‚ œ�

�
i j i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹"

# #
25

44. AB 16 5  and AC 4 4   AB AC 84   area  AB AC 4216 5 0
4 4 0

Ä Ä Ä Ä Ä Ä
œ � œ � Ê ‚ œ œ Ê œ ‚ œ�i j i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹"

#

45. AB 2  and AC   AB AC 2 2   area  AB AC1 2 0
1 0 1

Ä Ä Ä Ä Ä Ä
œ � � œ � � Ê ‚ œ œ � � � Ê œ ‚ œ�

� �
i j i k i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹"

# #
3

46. AB  and AC 3 3   AB AC 3 3   area  AB AC1 1 1
3 0 3

Ä Ä Ä Ä Ä Ä
œ � � � œ � Ê ‚ œ œ � Ê œ ‚ œ� �i j k i k i k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹"

# #
3 2È

47. AB 2  and AC 2   AB AC 4 2   area  AB AC1 2 0
0 1 2

Ä Ä Ä Ä Ä Ä
œ � � œ � Ê ‚ œ œ � � � Ê œ ‚ œ�

�
i j j k i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹"

# #

È21
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48. AB 2 , AC 3 2  and AD 3 4 5  AB AC AD 5
1 2 0
0 3 2
3 4 5

Ä Ä Ä Ä Ä Ä
œ � œ � � œ � � Ê ‚ † œ œ�

�
i j j k i j k Š ‹

â ââ ââ ââ ââ ââ â
  volume  AB AC AD 5Ê œ ‚ † œ

Ä Ä Ä¹ ¹Š ‹

49. If a a  and b b , then   and the triangle's area isa a 0
b b 0

a a
b b

A i j B i j A B k
i j k

œ � œ � ‚ œ œ" # " # " #

" #

" #

" #

â ââ ââ ââ ââ ââ â º º
   .  The applicable sign is ( ) if the acute angle from  to  runs counterclockwise

a a
b b

" "
# #

" #

" #
k k º ºA B A B‚ œ „ �

 in the xy-plane, and ( ) if it runs clockwise, because the area must be a nonnegative number.�

50. If a a , b b , and c c , then the area of the triangle is  AB AC .  Now,A i j B i j C i jœ � œ � œ � ‚
Ä Ä

" # " # " #
"
# ¹ ¹

 AB AC     AB ACb a b a 0
c a c a 0

b a b a
c a c a

Ä Ä Ä Ä
‚ œ œ Ê ‚� �

� �

� �
� �

â ââ ââ ââ ââ ââ â º º ¹ ¹i j k
k" " # #

" " # #

" " # #

" " # #

"
#

  (b a )(c a ) (c a )(b a )  a (b c ) a (c b ) (b c c b )œ � � � � � œ � � � � �" "
# #" " # # " " # # " # # # " " " # " #k k k k

  .  The applicable sign ensures the area formula gives a nonnegative number.
a a 1
b b 1
c c 1

œ „ "
#

" #

" #

" #

â ââ ââ ââ ââ ââ â
12.5  LINES AND PLANES IN SPACE

 1. The direction  and P(3 4 1)  x 3 t, y 4 t, z 1 ti j k� � ß� ß� Ê œ � œ � � œ � �

 2. The direction PQ 2 2 2  and P(1 2 1)  x 1 2t, y 2 2t, z 1 2t
Ä

œ � � � ß ß� Ê œ � œ � œ � �i j k

 3. The direction PQ 5 5 5  and P( 2 0 3)  x 2 5t, y 5t, z 3 5t
Ä

œ � � � ß ß Ê œ � � œ œ �i j k

 4. The direction PQ  and P(1 2 0)  x 1, y 2 t, z t
Ä

œ � � ß ß Ê œ œ � œ �j k

 5. The direction 2  and P( )  x 0, y 2t, z tj k� !ß !ß ! Ê œ œ œ

 6. The direction 2 3  and P(3 2 1)  x 3 2t, y 2 t, z 1 3ti j k� � ß� ß Ê œ � œ � � œ �

 7. The direction  and P(1 1 1)  x 1, y 1, z 1 tk ß ß Ê œ œ œ �

 8. The direction 3 7 5  and P(2 4 5)  x 2 3t, y 4 7t, z 5 5ti j k� � ß ß Ê œ � œ � œ �

 9. The direction 2 2  and P(0 7 0)  x t, y 7 2t, z 2ti j k� � ß� ß Ê œ œ � � œ

10. The direction is 2 4 2  and P 2, 3, 0  x 2 2t, y 3 4t, z 2t1 2 3
3 4 5

u v i j k
i j k

‚ œ œ � � � Ê œ � œ � œ �

â ââ ââ ââ ââ ââ â a b

11. The direction  and P(0 0 0)  x t, y 0, z 0i ß ß Ê œ œ œ
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12. The direction  and P(0 0 0)  x 0, y 0, z tk ß ß Ê œ œ œ

13. The direction PQ  and P(0 0 0)  x t,
Ä

œ � � ß ß Ê œi j k3
#

 y t, z t, where 0 t 1œ œ Ÿ Ÿ3
#

 

14. The direction PQ  and P(0 0 0)  x t, y 0, z 0,
Ä

œ ß ß Ê œ œ œi
 where 0 t 1Ÿ Ÿ

 

15. The direction PQ  and P(1 1 0)  x 1, y 1 t,
Ä

œ ß ß Ê œ œ �j
 z 0, where 1 t 0œ � Ÿ Ÿ

 

16. The direction PQ  and P(1 1 0)  x 1, y 1, z t,
Ä

œ ß ß Ê œ œ œk
 where 0 t 1Ÿ Ÿ

 

17. The direction PQ 2  and P(0 1 1)  x 0,
Ä

œ � ß ß Ê œj
 y 1 2t, z 1, where 0 t 1œ � œ Ÿ Ÿ
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18. The direction PQ 2  and P(0 2 0)  x 3t,
Ä

œ $ � ß ß Ê œi j
 y 2 2t, z 0, where 0 t 1œ � œ Ÿ Ÿ

 

19. The direction PQ 2 2 2  and P(2 0 2)
Ä

œ � � � ß ßi j k
  x 2 2t, y 2t, z 2 2t, where 0 t 1Ê œ � œ œ � Ÿ Ÿ

 

20. The direction PQ 3  and P(1 0 1)
Ä

œ � � � ß ß�i j k
  x 1 t, y 3t, z 1 t, where 0 t 1Ê œ � œ œ � � Ÿ Ÿ

 

21. 3(x 0) ( 2)(y 2) ( 1)(z 1) 0  3x 2y z 3� � � � � � � œ Ê � � œ �

22. 3(x 1) (1)(y 1) (1)(z 3) 0  3x y z 5� � � � � œ Ê � � œ

23. PQ 3 , PS 3 2   PQ PS 7 5 4  is normal to the plane1 1 3
1 3 2

Ä Ä Ä Ä
œ � � œ � � � Ê ‚ œ œ � ��

� �
i j k i j k i j k

i j k
â ââ ââ ââ ââ ââ â

  7(x 2) ( 5)(y 0) ( 4)(z 2) 0  7x 5y 4z 6Ê � � � � � � � œ Ê � � œ

24. PQ 2 , PS 3 2 3   PQ PS 3  is normal to the plane1 1 2
3 2 3

Ä Ä Ä Ä
œ � � � œ � � � Ê ‚ œ œ � � ��

�
i j k i j k i j k

i j k
â ââ ââ ââ ââ ââ â

  ( 1)(x 1) ( 3)(y 5) (1)(z 7) 0  x 3y z 9Ê � � � � � � � œ Ê � � œ

25. 3 4 , P(2 4 5) (1)(x 2) (3)(y 4) (4)(z 5) 0  x 3y 4z 34n i j kœ � � ß ß Ê � � � � � œ Ê � � œ

26. 2 , P(1 2 1) (1)(x 1) ( 2)(y 2) (1)(z 1) 0 x 2y z 6n i j kœ � � ß� ß Ê � � � � � � œ Ê � � œ

27.             t 0 and s 1; then z 4t 3 4s 1
x 2t 1  s 2 2t  s 1 4t 2s 2
y 3t 2 2s 4 3t 2s 2 3t 2s 2œ œ œœ � œ � � œ � œ
œ � œ � � œ � œ

Ê Ê Ê œ œ � œ � œ � �

  4(0) 3 ( 4)( 1) 1 is satisfied  the lines intersect when t 0 and s 1  the point of intersection isÊ � œ � � � Ê œ œ � Ê

 x 1, y 2, and z 3 or P(1 2 3).  A vector normal to the plane determined by these lines isœ œ œ ß ß
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 20 12 , where  and  are directions of the lines  the plane2 3 4
1 2 4

n n i j k n n
i j k

" # " #‚ œ œ � � � Ê
�

â ââ ââ ââ ââ ââ â
 containing the lines is represented by( 20)(x 1) (12)(y 2) (1)(z 3) 0  20x 12y z 7.� � � � � � œ Ê � � � œ

28.         s 1 and t 0; then z t 1 5s 6  0 1 5( 1) 6
x   t     2s 2   t 2s 2
y t 2  s 3 t  s 1œ œœ œ � � œ
œ � � œ � � � œ

Ê Ê œ � œ œ � œ � Ê � œ � �

 is satisfied  the lines do intersect when s 1 and t 0  the point of intersection is x 0, y 2 and z 1Ê œ � œ Ê œ œ œ

 or P(0 2 1).  A vector normal to the plane determined by these lines is 6 3 3 ,1 1
2 1 5

ß ß ‚ œ œ � � ��"n n i j k
i j k

" #

â ââ ââ ââ ââ ââ â
 where  and  are directions of the lines  the plane containing the lines is represented byn n" # Ê

 ( 6)(x 0) ( 3)(y 2) (3)(z 1) 0  6x 3y 3z 3.� � � � � � � œ Ê � � œ

29. The cross product of  and 4 2 2  has the same direction as the normal to the planei j k i j k� � � � �

  6 6 .  Select a point on either line, such as P( 1 2 1).  Since the lines are given1 1
4 2 2

Ê œ œ � � ß ß" �
� �

n j k
i j k

â ââ ââ ââ ââ ââ â
 to intersect, the desired plane is 0(x 1) 6(y 2) 6(z 1) 0  6y 6z 18  y z 3.� � � � � œ Ê � œ Ê � œ

30. The cross product of 3  and  has the same direction as the normal to the planei j k i j k� � � �

 2 2 4 .  Select a point on either line, such as P(0 3 2).  Since the lines are1 3 1
1 1 1

n i j k
i j k

œ œ � � � ß ß�� �

â ââ ââ ââ ââ ââ â
 given to intersect, the desired plane is ( 2)(x 0) ( 2)(y 3) (4)(z 2) 0  2x 2y 4z 14� � � � � � � œ Ê � � � œ �

  x y 2z 7.Ê � � œ

31. 3 3 3  is a vector in the direction of the line of intersection of the planes2 1 1
1 2 1

n n i j k
i j k

" #‚ œ œ � ��

â ââ ââ ââ ââ ââ â
  3(x 2) ( 3)(y 1) 3(z 1) 0  3x 3y 3z 0  x y z 0 is the desired plane containingÊ � � � � � � œ Ê � � œ Ê � � œ

 P (2 1 1)! ß ß �

32. A vector normal to the desired plane is P P 2 12 2 ; choosing P (1 2 3) as a point on2 0 2
4 1 2

" # "
Ä

‚ œ œ � � � ß ß�
�

n i j k
i j k

â ââ ââ ââ ââ ââ â
 the plane ( 2)(x 1) ( 12)(y 2) ( 2)(z 3) 0 2x 12y 2z 32 x 6y z 16 is theÊ � � � � � � � � œ Ê � � � œ � Ê � � œ

 desired plane

33. S(0 0 12), P(0 0 0) and 4 2 2   PS 24 48 24( 2 )0 0 12
4 2 2

ß ß ß ß œ � � Ê ‚ œ œ � œ �
Ä

�
v i j k v i j i j

i j k
â ââ ââ ââ ââ ââ â

  d 5 24 2 30 is the distance from S to the lineÊ œ œ œ œ œ
¹ ¹

k k
È È

È È
PS 24 1 4

16 4 4
24 5

24

Ä
‚ �

� �

v

v
È È†

34. S(0 0 0), P(5 5 3) and 3 4 5   PS 13 16 55 5 3
3 4 5

ß ß ß ß � œ � � Ê ‚ œ œ � �
Ä

� �
�

v i j k v i j k
i j k

â ââ ââ ââ ââ ââ â
  d 9 3 is the distance from S to the lineÊ œ œ œ œ œ

¹ ¹
k k

È È
È È

PS 169 256 25
9 16 25

450
50

Ä
‚ � �

� �

v

v
È
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35. S(2 1 3), P(2 1 3) and 2 6   PS   d 0 is the distance from S to the lineß ß ß ß œ � Ê ‚ œ Ê œ œ œ
Ä

v i j v 0
¹ ¹

k k È
PS 0

40

Ä
‚v

v

 (i.e., the point S lies on the line)

36. S(2 1 1), P(0 1 0) and 2 2 2   PS 2 6 42 0 1
2 2 2

ß ß � ß ß œ � � Ê ‚ œ œ � �
Ä

�v i j k v i j k
i j k

â ââ ââ ââ ââ ââ â
  d  is the distance from S to the lineÊ œ œ œ œ

¹ ¹
k k

È È
È È

PS 4 36 16
4 4 4

56
12

14
3

Ä
‚ � �

� �

v

v É

37. S(3 1 4), P(4 3 5) and 2 3   PS 30 6 61 4 9
1 2 3

ß � ß ß ß � œ � � � Ê ‚ œ œ � � �
Ä

� �
�

v i j k v i j k
i j k

â ââ ââ ââ ââ ââ â
  d  is the distance from S to the lineÊ œ œ œ œ œ œ

¹ ¹
k k

È È È È È
È È È È

PS 900 36 36
1 4 9

972 486 81 6
14 7 7

9 42
7

Ä
‚ � �

� �

v

v
†

38. S( 1 4 3), P(10 3 0) and 4 4   PS 28 56 28 28( 2 )11 7 3
4 0 4

� ß ß ß� ß œ � Ê ‚ œ œ � � œ � �
Ä

�v i k v i j k i j k
i j k

â ââ ââ ââ ââ ââ â
  d 7 3 is the distance from S to the lineÊ œ œ œ

¹ ¹
k k

È
È

PS 28 1 4 1
4 1 1

Ä
‚ � �

�

v

v
È

39. S(2 3 4), x 2y 2z 13 and P(13 0 0) is on the plane  PS 11 3 4  and 2 2ß � ß � � œ ß ß Ê œ � � � œ � �
Ä

i j k n i j k

  d PS 3Ê œ œ œ œ
Ä¹ ¹ ¹ ¹ ¹ ¹†

n
nk k È È

� � � �
� �

11 6 8 9
1 4 4 9

40. S(0 0 0), 3x 2y 6z 6 and P(2 0 0) is on the plane  PS 2  and 3 2 6ß ß � � œ ß ß Ê œ � œ � �
Ä

i n i j k

  d PSÊ œ œ œ œ
Ä¹ ¹ ¹ ¹†

n
nk k È È

�
� �

6 6 6
9 4 36 49 7

41. S(0 1 1), 4y 3z 12 and P(0 3 0) is on the plane  PS 4  and 4 3ß ß � œ � ß� ß Ê œ � œ �
Ä

j k n j k

  d PSÊ œ œ œ
Ä¹ ¹ ¹ ¹†

n
nk k È

16 3 19
16 9 5
�
�

42. S(2 2 3), 2x y 2z 4 and P(2 0 0) is on the plane  PS 2 3  and 2 2ß ß � � œ ß ß Ê œ � œ � �
Ä

j k n i j k

  d PSÊ œ œ œ
Ä¹ ¹ ¹ ¹†

n
nk k È

2 6 8
4 1 4 3
�
� �

43. S(0 1 0), 2x y 2z 4 and P(2 0 0) is on the plane  PS 2  and 2 2ß � ß � � œ ß ß Ê œ � � œ � �
Ä

i j n i j k

  d PSÊ œ œ œ
Ä¹ ¹ ¹ ¹†

n
nk k È

� � �
� �

4 1 0 5
4 1 4 3

44. S(1 0 1), 4x y z 4 and P( 1 0 0) is on the plane  PS 2  and 4ß ß � � � � œ � ß ß Ê œ � œ � � �
Ä

i k n i j k

  d PSÊ œ œ œ œ
Ä¹ ¹ ¹ ¹†

n
nk k È È

È� �
� � #
8 1 9

16 1 1 18
3 2

45. The point P(1 0 0) is on the first plane and S(10 0 0) is a point on the second plane  PS 9 , andß ß ß ß Ê œ
Ä

i

 2 6  is normal to the first plane  the distance from S to the first plane is d PSn i j kœ � � Ê œ
Ä¹ ¹†

n
nk k

 , which is also the distance between the planes.œ œ¹ ¹9 9
1 4 36 41È È� �
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46. The line is parallel to the plane since ( 2 6 ) 1 2 3 0.  Also the pointv n i j k i j k† †œ � � � � œ � � œˆ ‰"
#

 S(1 0 0) when t 1 lies on the line, and the point P(10 0 0) lies on the plane  PS 9 .  The distance fromß ß œ � ß ß Ê œ �
Ä

i

 S to the plane is d PS , which is also the distance from the line to the plane.œ œ œ
Ä¹ ¹ ¹ ¹†

n
nk k È È

�
� �

9 9
1 4 36 41

47.  and 2 2   cos cos cosn i j n i j k" #
�" �" �"� "œ � œ � � Ê œ œ œ œ) Š ‹ Š ‹ Š ‹n n

n n
" #

" #

†

k k k k È ÈÈ 4
2 1
2 9 2

1

48. 5  and 2 3   cos cos cos (0)n i j k n i j k" #
�" �" �"� �

#œ � � œ � � Ê œ œ œ œ) Š ‹ Š ‹n n
n n

" #

" #

†

k k k k È È 
5 2 3

27 14
1

49. 2 2 2  and 2 2   cos cos cos 1.76 radn i j k n i j k" #
�" �" �"� � �"œ � � œ � � Ê œ œ œ ¸) Š ‹ Š ‹ Š ‹n n

n n
" #

" #

†

k k k k È ÈÈ 
4 4 2

12 9 3 3

50.  and   cos cos 0.96 radn i j k n k" #
�" �"œ � � œ Ê œ œ ¸) Š ‹ Š ‹n n

n n
" #

" #

†

k k k k È È 
1

3 1

51. 2 2  and 2   cos cos cos 0.82 radn i j k n i j k" #
�" �" �"� �œ � � œ � � Ê œ œ œ ¸) Š ‹ Š ‹ Š ‹n n

n n
" #

" #

†

k k k k È È È 
2 4 1 5

9 6 3 6

52. 4 3  and 3 2 6   cos cos cos 0.73 radn j k n i j k" #
�" �" �"�œ � œ � � Ê œ œ œ ¸) Š ‹ Š ‹ ˆ ‰n n

n n
" #

" #

†

k k k k È È 35
8 18 26
25 49

53. 2x y 3z 6  2(1 t) (3t) 3(1 t) 6  2t 5 6  t   x , y  and z� � œ Ê � � � � œ Ê � � œ Ê œ � Ê œ œ � œ" "
# # # #

3 3

   is the pointÊ ß� ßˆ ‰3 3
# # #

"

54. 6x 3y 4z 12 6(2) 3(3 2t) 4( 2 2t) 12  14t 29 12 t   x 2, y 3 ,� � œ � Ê � � � � � œ � Ê � œ � Ê œ � Ê œ œ �41 41
14 7

 and z 2   2  is the pointœ � � Ê ß� ß41 20 27
7 7 7

ˆ ‰
55. x y z 2  (1 2t) (1 5t) (3t) 2  10t 2 2  t 0  x 1, y 1 and z 0� � œ Ê � � � � œ Ê � œ Ê œ Ê œ œ œ

  (1 1 0) is the pointÊ ß ß

56. 2x 3z 7  2( 1 3t) 3(5t) 7  9t 2 7  t 1  x 1 3, y 2 and z 5� œ Ê � � � œ Ê � � œ Ê œ � Ê œ � � œ � œ �

  ( 4 2 5) is the pointÊ � ß� ß�

57.  and   , the direction of the desired line; (1 1 1)1 1 1
1 1 0

n i j k n i j n n i j
i j k

" # " #œ � � œ � Ê ‚ œ œ � � ß ß�

â ââ ââ ââ ââ ââ â
 is on both planes  the desired line is x 1 t, y 1 t, z 1Ê œ � œ � œ �

58. 3 6 2  and 2   14 2 15 , the direction of the3 6 2
2 1 2

n i j k n i j 2k n n i j k
i j k

" # " #œ � � œ � Ê ‚ œ œ � �� �
�

�

â ââ ââ ââ ââ ââ â
 desired line; (1 0 0) is on both planes  the desired line is x 1 14t, y 2t, z 15tß ß Ê œ � œ œ

59. 2 4  and 2   6 3 , the direction of the1 2 4
1 1 2

n i j k n i j k n n j k
i j k

" # " #œ � � œ � � Ê ‚ œ œ ��
�

â ââ ââ ââ ââ ââ â
 desired line; (4 3 1) is on both planes  the desired line is x 4, y 3 6t, z 1 3tß ß Ê œ œ � œ �
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60. 5 2  and 4 5   10 25 20 , the direction of the5 2 0
0 4 5

n i j n j k n n i j k
i j k

" # " #œ � œ � Ê ‚ œ œ � ��
�

â ââ ââ ââ ââ ââ â
 desired line; (1 3 1) is on both planes  the desired line is x 1 10t, y 3 25t, z 1 20tß � ß Ê œ � œ � � œ �

61. L1 & L2:  x 3 2t 1 4s and y 1 4t 1 2s      
2t 4s 2 2t 4s 2
4t 2s   2 2t  s   1

œ � œ � œ � � œ � Ê Ê
� œ � � œ �
� œ � œœ œ

  3s 3  s 1 and t 1  on L1, z 1 and on L2, z 1  L1 and L2 intersect at (5 3 1).Ê � œ � Ê œ œ Ê œ œ Ê ß ß

 L2 & L3:  The direction of L2 is (4 2 4 ) (2 2 ) which is the same as the direction" "
6 3i j k i j k� � œ � �

 (2 2 ) of L3; hence L2 and L3 are parallel."
3 i j k� �

 L1 & L3:  x 3 2t 3 2r and y 1 4t 2 r         3t 3
2t 2r 0  t r 0
4t  r 3 4t  r 3

œ � œ � œ � � œ � Ê Ê Ê œ
� œ � œ
� œ � œœ œ

  t 1 and r 1  on L1, z 2 while on L3, z 0  L1 and L2 do not intersect.  The direction of L1Ê œ œ Ê œ œ Ê

 is (2 4 ) while the direction of L3 is (2 2 ) and neither is a multiple of the other; hence" "
È21 3i j k i j k� � � �

 L1 and L3 are skew.

62. L1 & L2:  x 1 2t 2 s and y 1 t 3s     5s 3  s  and t   on L1,
2t  s 1

t 3s 1
œ � œ � œ � � œ Ê Ê � œ Ê œ � œ Ê

� œ
� � œœ 3 4

5 5

 z  while on L2, z 1   L1 and L2 do not intersect.  The direction of L1 is (2 3 )œ œ � œ Ê � �12 3 2
5 5 5 14

"
È i j k

 while the direction of L2 is ( 3 ) and neither is a multiple of the other; hence, L1 and L2 are"
È11

� � �i j k

 skew.

 L2 & L3:  x 2 s 5 2r and y 3s 1 r     5s 5  s 1 and r 2  on L2,
s 2r 3

3s  r 1
œ � œ � œ œ � Ê Ê œ Ê œ œ � Ê

� � œ
� œœ

 z 2 and on L3, z 2  L2 and L3 intersect at (1 3 2).œ œ Ê ß ß

 L1 & L3:  L1 and L3 have the same direction (2 3 ); hence L1 and L3 are parallel."
È14

i j k� �

63. x 2 2t, y 4 t, z 7 3t; x 2 t, y 2 t, z 1 tœ � œ � � œ � œ � � œ � � œ �"
# #

3

64. 1(x 4) 2(y 1) 1(z 5) 0  x 4 2y 2 z 5 0  x 2y z 7;� � � � � œ Ê � � � � � œ Ê � � œ

 2 (x 3) 2 2 (y 2) 2 (z 0) 0  2x 2 2y 2z 7 2� � � � � � œ Ê � � � œ �È È È È È È È
65. x 0  t , y , z   ; y 0  t 1, x 1, z 3  ( 1 0 3); z 0œ Ê œ � œ � œ � Ê !ß� ß� œ Ê œ � œ � œ � Ê � ß ß� œ" " "

# # # # #
3 3ˆ ‰

  t 0, x 1, y 1  (1 1 0)Ê œ œ œ � Ê ß� ß

66. The line contains (0 0 3) and 3 1 3  because the projection of the line onto the xy-plane contains the originß ß ß ßŠ ‹È
 and intersects the positive x-axis at a 30° angle.  The direction of the line is 3 0   the line in questionÈ i j k� � Ê

 is x 3t, y t, z 3.œ œ œÈ
67. With substitution of the line into the plane we have 2(1 2t) (2 5t) ( 3t) 8  2 4t 2 5t 3t 8� � � � � œ Ê � � � � œ

  4t 4 8  t 1  the point ( 1 7 3) is contained in both the line and plane, so they are not parallel.Ê � œ Ê œ Ê � ß ß�

68. The planes are parallel when either vector A B C  or A B C  is a multiple of the other or" " " # # #i j k i j k� � � �

 when (A B C ) A B C .  The planes are perpendicular when their normals are" " " # # #i j k i j k 0� � ‚ � � œa b
 perpendicular, or(A B C ) (A B C ) 0." " " # # #i j k i j k� � � � œ†
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69. There are many possible answers.  One is found as follows:  eliminate t to get t x 1 2 yœ � œ � œ z 3�
#

  x 1 2 y and 2 y   x y 3 and 2y z 7 are two such planes.Ê � œ � � œ Ê � œ � œz 3�
#

70. Since the plane passes through the origin, its general equation is of the form Ax By Cz 0.  Since it meets� � œ

 the plane M at a right angle, their normal vectors are perpendicular  2A 3B C 0.  One choice satisfyingÊ � � œ

 this equation is A 1, B 1 and C 1  x y z 0.  Any plane Ax By Cz 0 with 2A 3B C 0œ œ � œ Ê � � œ � � œ � � œ

 will pass through the origin and be perpendicular to M.

71. The points (a 0 0), (0 b 0) and (0 0 c) are the x, y, and z intercepts of the plane.  Since a, b, and c are allß ß ß ß ß ß

 nonzero, the plane must intersect all three coordinate axes and cannot pass through the origin.  Thus,
 1 describes all planes except those through the origin or parallel to a coordinate axis.x z

a b c
y� � œ

72. Yes.  If  and  are nonzero vectors parallel to the lines, then  is perpendicular to the lines.v v v v 0" # " #‚ Á

73. (a) EP cEP   x y z c (x x ) y z   x c(x x ), y cy  and z cz ,
Ä Ä

œ Ê � � � œ � � � Ê � œ � œ œ" ! " ! " " ! " ! " "i j k i j kc d
 where c is a positive real number
 (b) At x 0  c 1  y y  and z z ; at x x   x 0, y 0, z 0;  lim  c  lim   " " " " ! !

�
�œ Ê œ Ê œ œ œ Ê œ œ œ œx x! !Ä _ Ä _
x

x x
!

" !

  lim   1  c  1 so that y  y  and z  zœ œ Ê Ä Ä Äx! Ä _
�"
� " "1

74. The plane which contains the triangular plane is x y z 2.  The line containing the endpoints of the line� � œ

 segment is x 1 t, y 2t, z 2t.  The plane and the line intersect at .  The visible section of the lineœ � œ œ ß ßˆ ‰2 2 2
3 3 3

 segment is 1 unit in length.  The length of the line segment is 1 2 2 3   ofÉˆ ‰ ˆ ‰ ˆ ‰ È" # # # # # #
3 3 3 3

2 2 2� � œ � � œ Ê

 the line segment is hidden from view.

12.6  CYLINDERS AND QUADRIC SURFACES

 1. d, ellipsoid  2. i, hyperboloid  3. a, cylinder

 4. g, cone  5. l, hyperbolic paraboloid  6. e, paraboloid

 7. b, cylinder  8. j, hyperboloid  9. k, hyperbolic paraboloid

10. f, paraboloid 11. h, cone 12. c, ellipsoid

13. x y 4 14. z y 1 15. x 4z 16# # # # #� œ œ � � œ
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16. 4x y 36 17. 9x y z 9 18. 4x 4y z 16# # # # # # # #� œ � � œ � � œ

   

19. 4x 9y 4z 36 20. 9x 4y 36z 36 21. x 4y z# # # # # # # #� � œ � � œ � œ

   

22. z 8 x y  23. x 4 4y z  24. y 1 x zœ � � œ � � œ � �# # # # # #

   

25. x y z  26. 4x 9z 9y  27. x y z 1# # # # # # # # #� œ � œ � � œ
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28. y z x 1 29. z x y 1 30. z 1# # # # # # #� � œ � � œ � � œy
4 4

x# #

   

31. y x z 32. x y z 33. z 1 y x# # # # # #� œ � œ œ � �

   

34. 4x 4y z  35. y x z  36. 16x 4y 1# # # # # # #� œ œ � � � œa b
   

37. x y z 4 38. x z y 39. x z 1# # # # # # #� � œ � œ � œ
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40. 16y 9z 4x  41. z x y  42. y x z 1# # # # # # # #� œ œ � � � � œa b
   

43. 4y z 4x 4 44. x y z# # # # #� � œ � œ
  

45. (a) If x 1 and z c, then x   1  A ab# # �� � œ œ � œ Ê � œ Ê œy y y
4 9 4 9

z 9 c x# # ## # #

� # � #Š ‹ ’ “9 c
9

4 9 c
9

ˆ ‰ 1

 œ œ1 Š ‹Š ‹È È a b9 c 2 9 c
3 3 9

2 9 c� � �# # #1

 (b) From part (a), each slice has the area , where 3 z 3.  Thus V 2 9 z  dz2 9 z
9 9

21 1a b� #
#

� Ÿ Ÿ œ �'
0

3 a b
 9 z  dz 9z (27 9) 8œ � œ � œ � œ4 4 z 4

9 9 3 9
1 1 1'

0

3a b ’ “#
$

!

$

1

 (c) 1    1  A x z x
a b c c c

y y a c z b c z# # #

# # #

# # # # # #

� � œ Ê � œ Ê œ
– — – —

È È
a c z b c z

c c

# # # # # #� �

# #

Š ‹ Š ‹ 1 Š ‹Š ‹� �

  V 2 c z  dz c z c .  Note that if r a b c,Ê œ � œ � œ œ œ œ œ'
0

c c
1 1 1 1ab 2 ab z 2 ab 2 4 abc
c c 3 c 3 3# # #

$a b ’ “ ˆ ‰# # # $

!

 then V , which is the volume of a sphere.œ 4 r
3
1 $

46. The ellipsoid has the form 1.  To determine c  we note that the point (0 r h) lies on the surfacex z
R R c

y# #

# # #

#

� � œ ß ß#

 of the barrel.  Thus, 1  c .  We calculate the volume by the disk method:r h h R
R c R r

# # # #

# # # #� œ Ê œ#
�

 V  y  dz.  Now, 1  y R 1 R 1 R zœ � œ Ê œ � œ � œ �1 '
�h

h
# # # # # #� �y

R c c h R h
z z R rz R r#

# # # # # #

# # # ## # #Š ‹ ’ “ Š ‹a b

  V  R z  dz R z z 2 R h R r h 2Ê œ � œ � œ � � œ �1 1 1 1'
�

�

h

h h

h
’ “ ’ “ Š ‹Š ‹ Š ‹ � ‘a b# # # $ # # #� " � "R r R r 2R h r h

h 3 h 3 3 3

# # # # # #

# #

 R h r h, the volume of the barrel.  If r R, then V 2 R h which is the volume of a cylinder ofœ � œ œ4 2
3 31 1 1# # #

 radius R and height 2h.  If r 0 and h R, then V R  which is the volume of a sphere.œ œ œ 4
3 1

$

47. We calculate the volume by the slicing method, taking slices parallel to the xy-plane.  For fixed z, x z
a b c

y#

# #

#

� œ

 gives the ellipse 1.  The area of this ellipse is a b  (see Exercise 45a).  Hencex z z abzy
c c c

# #

Š ‹ Š ‹za zb
c c
# #� œ œ1 ˆ ‰ ˆ ‰È È 1

 the volume is given by V  dz .  Now the area of the elliptic base when z h isœ œ œ œ'
0

h h
1 1 1abz abz abh

c 2c c’ “# #

!

 A , as determined previously.  Thus, V h (base)(altitude), as claimed.œ œ œ œ1 1 1abh abh abh
c c c

# " "
# #
ˆ ‰
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48. (a) For each fixed value of z, the hyperboloid 1 results in a cross-sectional ellipsex z
a b c

y# #

# # #

#

� � œ

   1.  The area of the cross-sectional ellipse (see Exercise 45a) isx y# #

– — – —a c z b c z

c c

# # # # # #� �

# #

Š ‹ Š ‹� œ

 A(z) c z c z c z .  The volume of the solid by the method of slices isœ � � œ �1 Š ‹Š ‹È È a ba b ab
c c c

# # # # # #1
#

 V A(z) dz  c z  dz c z z c h h 3c hœ œ � œ � œ � œ �' '
0 0

h h h1 1 1 1ab ab ab abh
c c 3 c 3 3c# # # #a b a b� ‘ ˆ ‰# # # $ # $ # #" "

!

 (b) A A(0) ab and A A(h) c h , from part (a)  V 3c h!
# # # #œ œ œ œ � Ê œ �1 h

1 1ab abh
c 3c# #a b a b

 2 1 2 2 ab c h (2A A )œ � � œ � œ � � œ �1 1 1abh h abh c h h ab h
3 c 3 c 3 c 3Š ‹ Š ‹ � ‘a b# # #

# # #

� # #
!1 h

 (c) A A c 4c h   (A 4A A )m m hœ œ � œ � Ê � �ˆ ‰ Š ‹ a bh ab h ab h
c 4 4c 6#

# # #
!

1 1
# #

#

 ab 4c h c h c 4c h c h 6c 2hœ � � � � œ � � � � œ �h ab ab abh abh
6 c c 6c 6c
� ‘a b a b a b a b1 1 1 1 1

# # # #

# # # # # # # # # # #

 3c h V from part (a)œ � œ1abh
3c# a b# #

49. z y  50. z 1 yœ œ �# #

  

51. z x yœ �# #
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52. z x 2yœ �# #

 (a)  (b) 

 (c)  (d) 

53-58. Example CAS commands:
 :Maple
 with( plots );
 eq := x^2/9 + y^2/36 = 1 - z^2/25;
 implicitplot3d( eq, x=-3..3, y=-6..6, z=-5..5, scaling=constrained,
                           shading=zhue, axes=boxed, title="#89 (Section 11.6)" );

 : (functions and domains may vary):Mathematica
 In the following chapter, you will consider contours or level curves for surfaces in three dimensions. For the purposes of

 plotting the functions of two variables expressed implicitly in this section, we will call upon the function .ContourPlot3D
 To insert the stated function, write all terms on the same side of the equal sign and the default contour equating that
 expression to zero will be plotted.
 This built-in function requires the loading of a special graphics package.
 <<Graphics`ContourPlot3D`
 Clear[x, y, z]

 ContourPlot3D[x /9  y /16  z /2  1, {x, 9, 9}, {y, 12, 12}, {z, 5, 5},2 2 2� � � � � �

 Axes True, AxesLabel {x, y, z}, Boxed False,Ä Ä Ä

                    PlotLabel "Elliptic Hyperboloid of Two Sheets"]Ä

 Your identification of the plot may or may not be able to be done without considering the graph.

CHAPTER 12 PRACTICE EXERCISES

 1. (a) 3 3, 4 4 2, 5 9 8, 12 20 17, 32  ¡   ¡   ¡   ¡� � � œ � � � œ �

 (b) 17 32 1313È È2 2� œ
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 2. (a) 3 2, 4 5 1, 1   3. (a) 2 3 , 2 4 6, 8  ¡   ¡   ¡   ¡a b a b� � � œ � � � � � œ �

 (b) 1 1 2 (b) 6 8 10É Éa b a b a bÈ� � � œ � � œ2 2 22

 4. (a) 5 2 , 5 5 10, 25  ¡   ¡a b a b� œ �

 (b) 10 25 725 5 29É a b È È2 2� � œ œ

 5.  radians below the negative x-axis:  ,  [assuming counterclockwise].1
6

3¢ £� �
È
# #

"

 6. , ¢ £È3
# #

"

 7. 2 4   8. 5 3 4Š ‹ Š ‹a b � �ˆ ‰1 8 2 1 3 4
4 1 17 17 5 5È È È Éˆ ‰ ˆ ‰2 2 3 4

5 5
2 2� �

i j i j i j i j� œ � � � œ � �

 9. length 2 2 2 2 2, 2 2 2   the direction is œ � œ � œ � œ � Ê �¹ ¹ Š ‹È È È ÈÈi j i j i j i j" " " "È È È È2 2 2 2

10. length 1 1 2, 2   the direction is œ � � œ � œ � � œ � � Ê � �k k È È È Š ‹i j i j i j i j" " " "È È È È2 2 2 2

11. t ( 2 sin ) 2 cos  2 ; length 2 4 0 2; 2 2  the direction isœ Ê œ � � œ � œ � œ � œ � œ � Ê �1 1 1
2 2 2v i j i i i i iˆ ‰ k k a bÈ

12. t ln 2  e  cos ln 2 e  sin ln 2 e  sin ln 2 e  cos ln 2œ Ê œ � � �v i jˆ ‰ ˆ ‰a b a b a b a bln 2 ln 2 ln 2 ln 2

 2 cos ln 2 2 sin ln 2 2 sin ln 2 2 cos ln 2 2 cos ln 2 sin ln 2 sin ln 2 cos ln 2œ � � � œ � � �a b a b c da b a b a b a b a b a ba b a b a b a bi j i j

 length 2 2 cos ln 2 sin ln 2 cos ln 2 sin ln 2cos ln 2 sin ln 2 sin ln 2 cos ln 2œ œ � � �� � �k k a b a bc d a b a b a b a ba b a ba b a b a b a b Éi j 2 2

 2 2cos ln 2 2sin ln 2 2 2;œ � œÈ a b a b È2 2

 2 2 2cos ln 2 sin ln 2 sin ln 2 cos ln 2c da b a ba b a b a b a b È Š ‹� � � œi j a b a ba b a b a b a bÈcos ln 2 sin ln 2 sin ln 2 cos ln 2

2

� � �i j

 directionÊ œ �a b a ba b a b a b a bÈ Ècos ln 2 sin ln 2 sin ln 2 cos ln 2

2 2

� �i j

13. length 2 3 6 4 9 36 7, 2 3 6 7   the direction is œ � � œ � � œ � � œ � � Ê � �k k È ˆ ‰i j k i j k i j k i j k2 3 6 2 3 6
7 7 7 7 7 7

14. length 2 1 4 1 6, 2 6   the direction isœ � � œ � � œ � � œ � � Êk k È È È Š ‹i j k i j k i j k1 2 1
6 6 6È È È

 1 2 1
6 6 6È È Èi j k� �

15. 2 2 2v
v

i j k i j kk k È È È È Èœ œ œ � �† †
4 4 4 4

4 ( 1) 4 33 33 33 33
8 2 8� � � �

� � �# # #
i j k

16. 5 5 5 3 4� œ � œ � œ � �v
v

i k i kk k ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
Éˆ ‰ ˆ ‰ É† †

3 4 3 4
5 5 5 5

3 4
5 5

9 16
25 25

� �

� �
# #

i k

17. 1 1 2, 4 1 4 3, 3, 3, 2 2 ,1 1 0
2 1 2

k k k kÈ ÈÈ
â ââ ââ ââ ââ ââ âv u v u u v v u i j k

i j k
œ � œ œ � � œ œ œ ‚ œ œ � � �

�
† †

 ( ) 2 2 , 4 4 1 3, cos cos ,u v v u i j k v u‚ œ � ‚ œ � � ‚ œ � � œ œ œ œk k È Š ‹ Š ‹) �" �" "v u
v u
†k k k k È 42

1

  cos , proj  ( )k ku u v i j) œ œ �3 3
2 2È k kk kv œ Š ‹v u

v v
†
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18. 1 1 2 6, ( 1) ( 1) 2, (1)( 1) (1)(0) (2)( 1) 3,k k k kÈ ÈÈ Èv u v uœ � � œ œ � � � œ œ � � � � œ �# # # # #
†

 3, , ( ) ,1 1 2
1 0 1

u v v u i j k u v v u i j k
i j k

† œ � ‚ œ œ � � � ‚ œ � ‚ œ � �
� �

â ââ ââ ââ ââ ââ â
 ( 1) ( 1) 1 3, cos cos cosk k È È Š ‹ Š ‹ Š ‹v u‚ œ � � � � œ œ œ œ# # # �" �" �"� �) v u

v u
†k k k k È È È 

3 3
6 2 12

 cos ,  cos 2 , proj  ( 2 ) ( )œ � œ œ † œ � œ � � œ � � ��"
# #

� � "Š ‹ Š ‹k k ÈÈ È È k kk k3 3 65 3
6 2 2 6
1 u u v i j k i j k) v œ Š ‹v u

v v
†

19. proj 2  where 8 and 6v
v u
v vu v i j k v u v vœ † †Š ‹†k kk k œ � � œ œ4

3 a b
20. proj 2 where 1 and 3v

v u
v vu v i j v u v vœ † †Š ‹†k kk k œ � � œ � œ1

3 a b

21. 1 0 0
1 1 0

u v k
i j k

‚ œ œ

â ââ ââ ââ ââ ââ â

 

22. 21 1 0
1 1 0

u v k
i j k

‚ œ œ�

â ââ ââ ââ ââ ââ â

 

23. Let v v v  and w w w .  Then 2 (v v v ) 2(w w w )v i j k w i j k v w i j k i j kœ � � œ � � � œ � � � � �" # $ " # $ " # $ " # $
# #k k k k

 (v 2w ) (v 2w ) (v 2w ) (v 2w ) (v 2w ) (v 2w )œ � � � � � œ � � � � �k k ˆ ‰È" " # # $ $ " " # # $ $
# # # #

#
i j k

 v v v 4(v w v w v w ) 4 w w w 4 4 œ � � � � � � � � œ � �a b a b k k k k# # # # # #
" " # # $ $

# #
" # #3 1 3 v v w w†

 4   cos 4 4 4(2)(3) cos 36 40 24 40 12 28  2 28œ � � œ � � œ � œ � œ Ê � œk k k k k k k k k kˆ ‰ ˆ ‰ Èv v w w v w# # "
#) 1

3

 2 7œ È

24.  and  are parallel when     (4a 40) (20 2a) (0)2 4 5
4 8 a

u v u v 0 0 i j k 0
i j k

‚ œ Ê œ Ê � � � � œ�
� �

â ââ ââ ââ ââ ââ â
  4a 40 0 and 20 2a 0  a 10Ê � œ � œ Ê œ

25. (a) area abs 2 3 4 9 1 141 1 1
2 1 1

œ ‚ œ œ � � œ � � œ�k k k k
â ââ ââ ââ ââ ââ â

È Èu v i j k
i j k

 (b) volume 1 3 2 1 6 1 1 4 1 1
1 1 1
2 1 1
1 2 3

œ ‚ œ œ � � � � � � � œ
�

� �
a b a b a b a b

â ââ ââ ââ ââ ââ â a bu v w†
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26. (a) area abs 11 1 0
0 1 0

œ ‚ œ œ œk k k k
â ââ ââ ââ ââ ââ âu v k

i j k

 (b) volume 1 1 0 1 0 0 0 1
1 1 0
0 1 0
1 1 1

œ ‚ œ œ � � � � œa b a b a b
â ââ ââ ââ ââ ââ âu v w†

27. The desired vector is  or  since  is perpendicular to both  and  and, therefore, also parallel ton v v n n v n v‚ ‚ ‚

 the plane.

28. If a 0 and b 0, then the line by c and  are parallel.  If a 0 and b 0, then the line ax c and  areœ Á œ Á œ œi j
 parallel.  If a and b are both 0, then ax by c contains the points  and 0   the vectorÁ � œ ß ! ß Êˆ ‰ ˆ ‰c c

a b

 ab c(b a ) and the line are parallel.  Therefore, the vector b a  is parallel to the lineˆ ‰c c
a bi j i j i j� œ � �

 ax by c in every case.� œ

29. The line L passes through the point P 0 0 1  parallel to .  With PS 2 2  anda bß ß � œ � � � œ � �
Ä

v i j k i j k

 PS 2 1 (2 1) 2 2 3 4 , we find the distance2 2 1
1 1 1

Ä
‚ œ œ � � � � � œ � �

�
v i j k i j k

i j k
â ââ ââ ââ ââ ââ â a b a b

 d .œ œ œ œ
¹ ¹

k k È È ÈÈ È
PS 1 9 16

1 1 1
26 78
3 3

Ä
‚ � �

� �

v

v

30. The line L passes through the point P 2 2 0  parallel to .  With PS 2 2  anda bß ß œ � � œ � � �
Ä

v i j k i j k

 PS 2 1 2 1 2 2 3 4 , we find the distance2 2 1
1 1 1

Ä
‚ œ œ � � � � � � � œ � ��v i j k i j k

i j k
â ââ ââ ââ ââ ââ â a b a b a b

 d .œ œ œ œ
¹ ¹

k k È È ÈÈ È
PS 1 9 16

1 1 1
26 78
3 3

Ä
‚ � �

� �

v

v

31. Parametric equations for the line are x 1 3t, y 2, z 3 7t.œ � œ œ �

32. The line is parallel to PQ 0  and contains the point P(1 2 0)  parametric equations are
Ä

œ � � ß ß Êi j k
 x 1, y 2 t, z t for 0 t 1.œ œ � œ � Ÿ Ÿ

33. The point P(4 0 0) lies on the plane x y 4, and PS (6 4) 0 ( 6 0) 2 6  with ß ß � œ œ � � � � � œ � œ �
Ä

i j k i k n i j

  d 2.Ê œ œ œ œ
¹ ¹
k k È È

n

n

†PS 2 0 0 2
1 1 0 2

Ä
� �
� �

¹ ¹ È

34. The point P(0 0 2) lies on the plane 2x 3y z 2, and PS (3 0) (0 0) (10 2) 3 8  withß ß � � œ œ � � � � � œ �
Ä

i j k i k

 2 3   d 14.n i j kœ � � Ê œ œ œ œ
¹ ¹
k k È È

n

n

†PS 6 0 8 14
4 9 1 14

Ä
� �
� �

¹ ¹ È
35. P(3 2 1) and 2   (2)(x 3) (1)(y ( 2)) (1)(z 1) 0  2x y z 5ß � ß œ � � Ê � � � � � � œ Ê � � œn i j k

36. P( 1 6 0) and 2 3   (1)(x ( 1)) ( 2)(y 6) (3)(z 0) 0  x 2y 3z 13� ß ß œ � � Ê � � � � � � � œ Ê � � œ �n i j k
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37. P(1 1 2), Q(2 1 3) and R( 1 2 1)  PQ 2 , PR 2 3 3  and PQ PRß � ß ß ß � ß ß� Ê œ � � œ � � � ‚
Ä ÄÄ Ä

i j k i j k

 9 7  is normal to the plane  ( 9)(x 1) (1)(y 1) (7)(z 2) 01 2 1
2 3 3

œ œ � � � Ê � � � � � � œ
� �

â ââ ââ ââ ââ ââ â
i j k

i j k

  9x y 7z 4Ê � � � œ

38. P(1 0 0), Q(0 1 0) and R(0 0 1)  PQ , PR  and PQ PRß ß ß ß ß ß Ê œ � � œ � � ‚
Ä ÄÄ Ä

i j i k

  is normal to the plane  (1)(x 1) (1)(y 0) (1)(z 0) 01 1 0
1 0 1

œ œ � � Ê � � � � � œ�
�

â ââ ââ ââ ââ ââ â
i j k

i j k

  x y z 1Ê � � œ

39. 0 , since t , y  and z  when x 0; ( 0 3), since t 1, x 1 and z 3ˆ ‰ß � ß� œ � œ � œ � œ �"ß ß� œ � œ � œ �" " "
# # # # #

3 3

 when y 0; (1 1 0), since t 0, x 1 and y 1 when z 0œ ß� ß œ œ œ � œ

40. x 2t, y t, z t represents a line containing the origin and perpendicular to the plane 2x y z 4; thisœ œ � œ � � � œ

 line intersects the plane 3x 5y 2z 6 when t is the solution of 3(2t) 5( t) 2( t) 6� � œ � � � � œ

  t    is the point of intersectionÊ œ Ê ß� ß�2 4 2 2
3 3 3 3

ˆ ‰
41.  and 2   the desired angle is cos cosn i n i j k" #

�" �" "
#œ œ � � Ê œ œÈ Š ‹ ˆ ‰n n

n n
" #

" #

†k k k k 3
1

42.  and   the desired angle is cos cosn i j n j k" #
�" �" "

#œ � œ � Ê œ œŠ ‹ ˆ ‰n n
n n

" #

" #

†k k k k 3
1

43. The direction of the line is 5 3 .  Since the point ( 5 3 0) is on1 2 1
1 1 2

n n i j k
i j k

" #‚ œ œ � � � ß ß
�

â ââ ââ ââ ââ ââ â
 both planes, the desired line is x 5 5t, y 3 t, z 3t.œ � � œ � œ �

44. The direction of the intersection is 6 9 12 3(2 3 4 ) and is the1 2 2
5 2 1

n n i j k i j k
i j k

" #‚ œ œ � � � œ � � ��
� �

â ââ ââ ââ ââ ââ â
 same as the direction of the given line.

45. (a) The corresponding normals are 3  and 2 2  and since n i k n i j k n n" # " #œ � ' œ � � †

 (3)(2) (0)(2) (6)( 1) 6 0 6 0, we have that the planes are orthogonalœ � � � œ � � œ

 (b) The line of intersection is parallel to 12 15 6 .  Now to find a point in3 0 6
2 2 1

n n i j k
i j k

" #‚ œ œ � � �
�

â ââ ââ ââ ââ ââ â
 the intersection, solve        15x 12y 19  x 0 and y

3x 6z 1 3x 6z 1
2x 2y z 3 12x 12y 6z 18œ œ� œ � œ

� � œ � � œ
Ê Ê � œ Ê œ œ 19

12

   is a point on the line we seek.  Therefore, the line is x 12t, y 15t and z 6t.Ê !ß ß œ � œ � œ �ˆ ‰19 19
1 6 12 6#

" "

46. A vector in the direction of the plane's normal is 7 3 5  and P( 2 3) on2 3 1
1 1 2

n u v i j k
i j k

œ ‚ œ œ � � "ß ß
�

â ââ ââ ââ ââ ââ â
 the plane  7(x 1) 3(y 2) 5(z 3) 0  7x 3y 5z 14.Ê � � � � � œ Ê � � œ �
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47. Yes; (2 4 ) (2 0 ) 2 2 4 1 1 0 0  the vector is orthogonal to the plane's normalv n i j k i j k† † † † †œ � � � � œ � � œ Ê

   is parallel to the planeÊ v

48. PP 0 represents the half-space of points lying on one side of the plane in the direction which the normal  pointsn n† !
Ä

�

49. A normal to the plane is AB AC 2 2   the distance is d2 0 1
2 1 0

n i j k
i j k

œ ‚ œ œ � � � Ê œ
Ä Ä

�
�

â ââ ââ ââ ââ ââ â ¹ ¹AP
Ä

†n
n

 3œ œ œ¹ ¹ ¸ ¸( 4 ) ( 2 )
1 4 4

1 8 0
3

i j i j k� � � �#

� �
� � �†È

50. P(0 0 0) lies on the plane 2x 3y 5z 0, and PS 2 2 3  with 2 3 5  ß ß � � œ œ � � œ � � Ê
Ä

i j k n i j k

 d œ œ œ¹ ¹ ¹ ¹n
n
†PS 4 6 15 25

4 9 25 38

Ä
� �
� �k k È È

51. 2  is normal to the plane  0 3 3 3 3  is orthogonal2 1 1
1 1 1

n i j k n v i j k j k
i j k

œ � � Ê ‚ œ œ � � œ � �� �

â ââ ââ ââ ââ ââ â
 to  and parallel to the planev

52. The vector  is normal to the plane of  and ( ) is orthogonal to  and parallel to the plane of B C B C A B C A B‚ Ê ‚ ‚

 and :C

 5 3  and ( ) 2 31 2 1 2 1 1
1 1 2 5 3 1

B C i j k A B C i j k
i j k i j k

‚ œ œ � � � ‚ ‚ œ œ � � �
� � �

�

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
  ( ) 4 9 1 14 and ( 2 3 ) is the desired unit vector.Ê ‚ ‚ œ � � œ œ � � �k k È ÈA B C u i j k"È14

53. A vector parallel to the line of intersection is 5 31 2 1
1 1 2

v n n i j k
i j k

œ ‚ œ œ � �
�

" #

â ââ ââ ââ ââ ââ â
  25 1 9 35  2 (5 3 ) is the desired vector.Ê œ � � œ Ê œ � �k k È È Š ‹v i j kv

vk k È2
35

54. The line containing (0 0 0) normal to the plane is represented by x 2t, y t, and z t.  This lineß ß œ œ � œ �

 intersects the plane 3x 5y 2z 6 when 3(2t) 5( t) 2( t) 6  t   the point is .� � œ � � � � œ Ê œ Ê ß� ß�2 4 2 2
3 3 3 3

ˆ ‰
55. The line is represented by x 3 2t, y 2 t, and z 1 2t.  It meets the plane 2x y 2z 2 whenœ � œ � œ � � � œ �

 2(3 2t) (2 t) 2( 2t) 2  t   the point is .� � � � " � œ � Ê œ � Ê ß ß�8 11 26 7
9 9 9 9

ˆ ‰

56. The direction of the intersection is 3 5   cos2 1 1
1 1 2

v n n i j k
i j k

œ ‚ œ œ � � Ê œ�" #
�"

â ââ ââ ââ ââ ââ â Š ‹) v i
v i
†k k k k 

 cos 59.5°œ ¸�" Š ‹3
35È

57. The intersection occurs when (3 2t) 3(2t) t 4  t 1  the point is (1 2 1).  The required line� � � œ � Ê œ � Ê ß� ß�

 must be perpendicular to both the given line and to the normal, and hence is parallel to 2 2 1
1 3 1

â ââ ââ ââ ââ ââ â
i j k

�

 5 3 4   the line is represented by x 1 5t, y 2 3t, and z 1 4t.œ � � � Ê œ � œ � � œ � �i j k
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58. If P(a b c) is a point on the line of intersection, then P lies in both planes  a 2b c 3 0 andß ß Ê � � � œ

 2a b c 1 0  (a 2b c 3) k(2a b c 1) 0 for all k.� � � œ Ê � � � � � � � œ

59. The vector AB CD (2 7 2 ) is normal to the plane and A( 2 0 3) lies on the3 2 4
0

Ä Ä
‚ œ œ � � � ß ß��

�

â ââ ââ ââ ââ ââ â
i j k

i j k
26 26
5 5

26
5

 plane  2(x 2) 7(y 0) 2(z ( 3)) 0  2x 7y 2z 10 0 is an equation of the plane.Ê � � � � � � œ Ê � � � œ

60. Yes; the line's direction vector is 2 3 5  which is parallel to the line and also parallel to the normali j k� �

 4 6 10  to the plane  the line is orthogonal to the plane.� � � Êi j k

61. The vector PQ PR 11 3  is normal to the plane.2 1 3
3 0 1

Ä
‚ œ œ � � �

Ä
�

�

â ââ ââ ââ ââ ââ â
i j k

i j k

 (a) No, the plane is not orthogonal to PQ PR .
Ä

‚
Ä

 (b) No, these equations represent a line, not a plane.

 (c) No, the plane (x 2) 11(y 1) 3z 0 has normal 11 3  which is not parallel to PQ PR .� � � � œ � � ‚
Ä Ä

i j k
 (d) No, this vector equation is equivalent to the equations 3y 3z 3, 3x 2z 6, and 3x 2y 4� œ � œ � � œ �

  x t, y t, z 1 t, which represents a line, not a plane.Ê œ � � œ œ �4 2
3 3

 (e) Yes, this is a plane containing the point R( 2 1 0) with normal PQ PR .� ß ß ‚
Ä Ä

62. (a) The line through A and B is x 1 t, y t, z 1 5t; the line through C and D must be parallel andœ � œ � œ � �

 is L :  x 1 t, y 2 t, z 3 5t.  The line through B and C is x 1, y 2 2s, z 3 4s; the line" œ � œ � œ � œ œ � œ �

 through A and D must be parallel and is L :  x 2, y 1 2s, z 4 4s.  The lines L  and L  intersect# " #œ œ � � œ �

 at D(2 1 8) where t 1 and s 1.ß ß œ œ

 (b) cos ) œ œ(2 4 ) ( 5 )
20 27 15

3j k i j k� � �†È È È
 (c) BC BC ( 2 ) where BA 5  and BC 2 4Š ‹BA BC 18 9

BC BC 20 5

Ä Ä

Ä Ä
†

†

Ä Ä Ä Ä
œ œ � œ � � œ �j k i j k j k

 (d) area (2 4 ) ( 5 ) 14 4 2 6 6œ � ‚ � � œ � � œk k k k Èj k i j k i j k

 (e) From part (d), 14 4 2  is normal to the plane  14(x 1) 4(y 0) 2(z 1) 0n i j kœ � � Ê � � � � � œ

  7x 2y z 8.Ê � � œ

 (f) From part (d), 14 4 2   the area of the projection on the yz-plane is 14; the area of then i j k n iœ � � Ê œk k†

 projection on the xy-plane is 4; and the area of the projection on the xy-plane is 2.k k k kn j n k† †œ œ

63. AB 2 , CD 4  and AC 2    5 9   the distance is2 1 1
1 4 1

Ä Ä Ä
œ � � � œ � � œ � Ê œ � � � Ê�

�
i j k i j k, i j n i j k

i j k
œ

â ââ ââ ââ ââ ââ â
 d œ œ¹ ¹(2 ) ( 5 9 )

25 1 81
11
107

i j i j k� � � �

� �

†È È

64. AB 2 4 , CD 2 , and AC 3 3    7 3 2   the distance2 4 1
1 1 2

Ä Ä Ä
œ � � � œ � � œ � � Ê œ œ � � Ê� �

�
i j k i j k i j n i j k

i j k
â ââ ââ ââ ââ ââ â

 is d œ œ¹ ¹( 3 3 ) (7 3 2 )
49 9 4

12
62

� � � �

� �

i j i j k†È È
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65. x y z 4 66. x (y 1) z 1 67. 4x 4y z 4# # # # # # # # #� � œ � � � œ � � œ

   

68. 36x 9y 4z 36 69. z x y  70. y x z# # # # # # #� � œ œ � � œ � �a b a b
   

71. x y z  72. x z y  73. x y z 4# # # # # # # # #� œ � œ � � œ

   

74. 4y z 4x 4 75. y x z 1 76. z x y 1# # # # # # # # #� � œ � � œ � � œ
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CHAPTER 12 ADDITIONAL AND ADVANCED EXERCISES

 1. Information from ship A indicates the submarine is now on the line L :  x 4 2t, y 3t, z t; information from"
"œ � œ œ � 3

 ship B indicates the submarine is now on the line L :  x 18s, y 5 6s, z s.  The current position of the sub is# œ œ � œ �

 6 3  and occurs when the lines intersect at t 1 and s .  The straight line path of the submarine contains bothˆ ‰ß ß � œ œ" "
3 3

 points P 2 1  and Q 6 3 ; the line representing this path is L:  x 2 4t, y 1 4t, z .  Theˆ ‰ ˆ ‰ß � ß� ß ß� œ � œ � � œ �" " "
3 3 3

 submarine traveled the distance between P and Q in 4 minutes a speed of 2 thousand ft/min.  In 20Ê œ œ
¹ ¹ ÈPQ

4 4
32

Ä È
 minutes the submarine will move 20 2 thousand ft from Q along the line LÈ
  20 2 (2 4t 6) ( 1 4t 3) 0 800 16(t 1) 16(t 1) 32(t 1)  (t 1)Ê œ � � � � � � � Ê œ � � � œ � Ê � œÈ È # # # # # # # 800

32

 25  t 6  the submarine will be located at 26 23  in 20 minutes.œ Ê œ Ê ß ß�ˆ ‰"
3

 2. H  stops its flight when 6 110t 446  t 4 hours.  After 6 hours, H  is at P(246 57 9) while H  is at (446 13 0).# " #� œ Ê œ ß ß ß ß

 The distance between P and Q is (246 446) (57 13) (9 0)  204.98 miles.  At 150 mph, it would takeÈ � � � � � ¸# # #

 about 1.37 hours for H  to reach H ." #

 3. Torque PQ   15 ft-lb PQ   sin  ft   20 lbœ ‚ Ê œ œ Ê œ
Ä Ä¹ ¹ ¹ ¹ k k k k k kF F F F1

#
3
4 †

 4. Let  be the vector from O to A and 3 2  be the vector from O to B. The vector  orthogonal to a i j k b i j k v aœ � � œ � �

 and  is parallel to  (since the rotation is clockwise). Now 2 ; proj 2 2 2b v b a b a i j k b a i j kÊ ‚ œ � � œ œ � �‚ a
a b
a a

ˆ ‰†
†

 2, 2, 2  is the center of the circular path 1, 3, 2  takes radius 1 1 0 2 arc length perÊ Ê œ � � � œ Êa b a b a bÉ È2 22

 second covered by the point is 2 units/sec  (velocity is constant). A unit vector in the direction of  is 3
# ‚

‚È k kœ v v b a
b ak k

 2 3œ � � Ê œ œ � � œ � �" " ‚ " "
‚ #È È È È È Èk k È È

6 6 6 6 6 6
2 3 2 3 3

2 2i j k v v i j k i j kk kŠ ‹ Š ‹È Èb a
b a

 5. (a) By the Law of Cosines we have cos  and cos sin  and sin! " ! "œ œ œ œ Ê œ œ3 5 4 3 4 5 3 4 4 3
2 3 5 5 2 4 5 5 5 5

2 2 2 2 2 2� � � �a ba b a ba b
 cos , sin , , cos , sin , , andÊ œ �l l l l œ � l l l l œ l l l l œ l l l lF F F F F F F F F F1 1 1 1 1 2 2 2 2 2

3 4 4 3
5 5 5 5¢ £ ¢ £ ¢ £ ¢ £! ! " "

 0, 100 . Since 0, 100 , 0, 100 0w F F F F F F F Fœ � � œ Ê � l l � l l l l � l l œ Ê � l l � l l œ  ¡   ¡   ¡¢ £1 2 1 2 1 2 1 2
3 4 4 3 3 4
5 5 5 5 5 5

 and 100. Solving the first equation for  results in: . Substituting this result into the4 3 3
5 5 41 2 2 2 1l l � l l œ l l l l œ l lF F F F F

 second  equation gives us: 100 80 lb. 60 lb. 48, 64  and4 9
5 201 1 1 2 1l l � l l œ Ê l l œ Ê l l œ Ê œ �F F F F F   ¡

 48, 36  , and tan  and tanF2
1 14 3

3 4œ œ œ  ¡ ˆ ‰ ˆ ‰! "� �

 (b) By the Law of Cosines we have cos  and cos sin  and sin! " ! "œ œ œ œ Ê œ œ5 13 12 5 12 13 5 12 12 5
2 5 13 13 2 12 13 13 13 13

2 2 2 2 2 2� � � �a ba b a ba b
 cos , sin , , cos , sin , , andÊ œ �l l l l œ � l l l l œ l l l l œ l l l lF F F F F F F F F F1 1 1 1 1 2 2 2 2 2

5 12 12 5
13 13 13 13¢ £ ¢ £ ¢ £ ¢ £! ! " "

 0, 200 . Since 0, 200 , 0, 200w F F F F F Fœ � � œ Ê � l l � l l l l � l l œ  ¡   ¡   ¡¢ £1 2 1 2 1 2
5 12 12 5

13 13 13 13

 0 and 200. Solving the first equation for  results in: .Ê � l l � l l œ l l � l l œ l l l l œ l l5 12 12 5 5
13 13 13 13 121 2 1 2 2 2 1F F F F F F F

 Substituting this result into the second  equation gives us: 200 184.615  lb.12 25 2400
13 156 131 1 1l l � l l œ Ê l l œ ¸F F F

 76.923  lb. , 71.006, 170.414  and , Ê l l œ ¸ Ê œ � ¸ � œF F F2 1 2
1000 12000 28800 12000 5000

13 1169 1169 1169 1169¢ £ ¢ £  ¡
 71.006, 29.586 .¸   ¡
 6. (a) cos , sin , cos , sin , and 0, w .  Since 0, wT T T T T T w T T1 1 1 2 2 2 1 2œ �l l l l œ l l l l œ � � œ Ê¢ £ ¢ £   ¡   ¡! ! " "

 cos cos , sin sin 0, w cos cos 0 and¢ £   ¡�l l � l l l l � l l œ Ê �l l � l l œT T T T T T1 2 1 2 1 2! " ! " ! "

 sin sin w.  Solving the first equation for  results in: . Substituting this result intol l � l l œ l l l l œ l lT T T T T1 2 2 2 1
cos
cos! " !

"
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 the second  equation gives us: sin w  andl l � l l œ Ê l l œ œT T T1 1 1
cos sin w cos w cos

cos sin cos cos sin sin! ! " " "

" ! " ! " ! "� �a b
 l l œT2

w cos
sin

!
! "a b�

 (b) ; 0 w cos cos 0 cos 0d d d
d d sin sin d1 1

w cos w cos cos
! ! ! " ! " !

" " ! "a b a b a b a bŠ ‹l l œ œ l l œ Ê � � œ Ê � œT Ta b a ba b
� �

� �
2 " ! " ! "

 ; ;Ê � œ Ê œ � l l œ œ! " ! "1 1
! ! ! " ! "

" ! " " ! "

2 2 d d sin sin
d d

1
w cos cos w cos cos 12

2 2 3

2a b Š ‹T � �
� �

� �a ba b a bˆ ‰a b

 w cos 0 local minimum when d
d 21

2

2

2

!
! "

1a bºl l œ � Ê œ �T
œ �1

" ! "

 (c) ; 0 w cos cos 0 cos 0d d w cos d
d d sin sin d2 2

w cos cos
" " ! " ! " "

! ! ! "a b a b a b a bŠ ‹l l œ œ l l œ Ê � � œ Ê � œT Ta b a ba b
� �

� �
2 ! ! " ! "

 ; ;Ê � œ Ê œ � l l œ œ! " " !1 1
" " ! " ! "

! ! " ! ! "

2 2 d d sin sin
d d

2
w cos cos w cos cos 12

2 2 3

2a b Š ‹T � �
� �

� �a ba b a bˆ ‰a b

 w cos 0 local minimum when d
d 22

2

2

2

!
" !

1a bºl l œ � Ê œ �T
œ �1

! " !

 7. (a) If P(x y z) is a point in the plane determined by the three points P (x y z ), P (x y z ) andß ß ß ß ß ß" " " " # # # #

 P (x y z ), then the vectors PP , PP  and PP  all lie in the plane.  Thus PP (PP PP ) 0$ $ $ $ " # $ " # $ß ß ‚ œ
Ä Ä Ä Ä Ä Ä

†

  0 by the determinant formula for the triple scalar product in Section 12.4.
x x y y z z
x x y y z z
x x y y z z

Ê œ
� � �
� � �
� � �

â ââ ââ ââ ââ ââ â
" " "

# # #

$ $ $

 (b) Subtract row 1 from rows 2, 3, and 4 and evaluate the resulting determinant (which has the same value
 as the given determinant) by cofactor expansion about column 4.  This expansion is exactly the
 determinant in part (a) so we have all points P(x y z) in the plane determined by P (x y z ),ß ß ß ß" " " "

 P (x y z ), and P (x y z ).# # # # $ $ $ $ß ß ß ß

 8. Let L :  x a s b , y a s b , z a s b  and L :  x c t d , y c t d , z c t d .  If L L ," " " # # $ $ # " " # # $ $ " #œ � œ � œ � œ � œ � œ � ²

 then for some k, a kc , i 1, 2, 3 and the determinant 
a c b d kc c b d
a c b d kc c b d
a c b d

i iœ œ œ
� �
� �
�

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
" " " " " " " "

# # # # # # # #

$ $ $ $ kc c b d
0,

$ $ $ $�
œ

 since the first column is a multiple of the second column.  The lines L  and L  intersect if and only if the" #

 system  has a nontrivial solution  the determinant of the coefficients i
a s c t (b d ) 0
a s c t (b d ) 0
a s c t (b d ) 0

Ú
ÛÜ

" " " "

# # # #

$ $ $ $

� � � œ
� � � œ
� � � œ

Í s zero.

 9. (a) Place the tetrahedron so that A is at 0, 0, 0 , the point P is on the y-axis, and ABC lies in the xy-plane. Sincea b ˜

  ABC is an equilateral triangle, all the angles in the triangle are 60  and since AP bisects BC ABP˜ Ê ˜‰

 is a 30 - 60 - 90  trinagle. Thus the coordinates of P are 0, 3, 0 , the coordinates of B are 1, 3, 0 , and the‰ ‰ ‰ Š ‹ Š ‹È È
 coordinates of C are 1, 3, 0 . Let the coordinates of D be given by a, b, c . Since all of the faces are equilateralŠ ‹È a b�

 trinagles all the angles in each of the triangles are 60 cos DAB cos 60Ê Ê n œ œ œ œ‰ ‰
Ä Ä

†

l ll l
Ä Ä

�a b a b AD AB 1

AD AB

a b 3
2 2 2

Èa ba b
 a b 3 2 and cos DAC cos 60 a b 3 2. Add the two equationsÊ � œ n œ œ œ œ Ê � � œÈ Èa b a b‰ Ä Ä

†

l ll l
Ä Ä

� �AD AC 1

AD AC

a b 3
2 2 2

Èa ba b
 to obtain: 2b 3 4 b . Substituting this value for b in the first equation gives us: a 3 2È ÈŠ ‹œ Ê œ � œ2 2

3 3È È
 a 0. Since AD a b c 2 0 c 4 c . Thus the coordinates of D areÊ œ l l œ � � œ Ê � � œ Ê œ

Ä È Š ‹2 2 2 2 22
3 3

2
2 2È ÈÈ

 0, , . cos cos DAP cos 57.74 .Š ‹ Š ‹a b2 AD AP 2 1
3 3 2 3 3

2 2

AD AP
1È È È ÈÈ

) )œ n œ œ Ê œ Ê
Ä Ä

†

l ll l
Ä Ä

� ‰

 (b) Since ABC lies in the xy-plane the normal to the face given by ABC is . The face given by BCD is an˜ Ê ˜ œ ˜n k1

 adjacent face. The vectors DB  and  DC  both lie in the plane containing
Ä

œ � œ � �
Ä

i j k i j k1 1
3 3 3 3

2 2 2 2È È È ÈÈ È
� �
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 BCD. The normal to this plane is given by  . The angle  between two1

1

˜ œ œ ��

� �

n j k

i j k

2
1

3 3
2 2

1
3 3

2 2

2
3 3

2

â ââ ââ ââ ââ ââ ââ ââ â
È ÈÈ

È ÈÈ
ÈÈ È4

)

 adjacent faces is given by cos cos DAP cos 70.53 .) )œ n œ œ Ê œ ¸a b ˆ ‰n n
n n

1 2

1 2

†
l ll l

� ‰2/ 3

1 6/ 3

1 1
3

È
a bŠ ‹È

10. Extend CD to CG so that CD DG.  Then CG t CF CB BG and t CF 3 CE CA, since ACBG is a
Ä Ä Ä Ä Ä Ä Ä Ä Ä Ä Ä

œ œ œ � œ �

 parallelogram.  If t CF 3 CE CA , then t 3 1 0  t 4, since F, E, and A are collinear.
Ä Ä Ä

� � œ � � œ Ê œ0

 Therefore, CG 4 CF   CD 2 CF   F is the midpoint of CD.
Ä Ä Ä Ä

œ Ê œ Ê

11. If Q(x y) is a point on the line ax by c, then P Q (x x ) (y y ) , and a b  is normal to theß � œ œ � � � œ �
Ä
" " "i j n i j

 line.  The distance is proj  P Q¹ ¹ ¹ ¹n "
� � � �

� �

� � �Ä
œ œ[(x x ) (y y ) ] (a b )

a b a b

a(x x ) b(y y )" "

# # # #

" "i j i j†È Èk k
 , since c ax by.œ œ �k kÈax by c

a b
" "

# #

� �

�

12. (a) Let Q(x y z) be any point on Ax By Cz D 0.  Let QP (x x ) (y y ) (z z ) , andß ß � � � œ œ � � � � �
Ä

" " " "i j k

 .  The distance is proj  QP ((x x ) (y y ) (z z ) )n i j kœ œ � � � � �
ÄA B C A B C

A B C A B C
i j k i j k� � � �

� � � �
" " " "È È# # # # # #

¹ ¹ ¹ ¹Š ‹n †

 .œ œk k k kÈ ÈAx By Cz (Ax By Cz) Ax By Cz D

A B C A B C
" " " " " "

# # # # # #

� � � � � � � �

� � � �

 (b) Since both tangent planes are parallel, one-half of the distance between them is equal to the radius of the

 sphere, i.e., r  3 (see also Exercise 12a).  Clearly, the points (1 2 3) and ( 1 2 3)œ œ ß ß � ß� ß�"
#

�

� �

k kÈ 3 9
1 1 1

È
 are on the line containing the sphere's center.  Hence, the line containing the center is x 1 2t,œ �

 y 2 4t, z 3 6t.  The distance from the plane x y z 3 0 to the center is 3œ � œ � � � � œ È
  3 from part (a)  t 0  the center is at (1 2 3).  ThereforeÊ œ Ê œ Ê ß ßk kÈ(1 2t) (2 4t) (3 6t) 3

1 1 1
� � � � � �

� �
È

 an equation of the sphere is (x 1) (y 2) (z 3) 3.� � � � � œ# # #

13. (a) If (x y z ) is on the plane Ax By Cz D , then the distance d between the planes is" " " "ß ß � � œ

 d , since Ax By Cz D , by Exercise 12(a).œ œ � � œk k k kÈ k kAx By Cz D D D

A B C A B C
" " " # " #

# # #

� � � �

� � � � " " " "i j k

 (b) d œ œk kÈ È12 6
4 9 1

6
14

�

� �

 (c)   D 8 or 4  the desired plane isk k k kÈ È2(3) ( 1)(2) 2( 1) 4 2(3) ( 1)(2) 2( 1) D

14 14

� � � � � � � � � �œ Ê œ � Ê

 2x y 2x 8� � œ

 (d) Choose the point (2 0 1) on the plane.  Then 5  D 3 5 6  the desired planes areß ß œ Ê œ „ Êk kÈ3 D

6

� È
 x 2y z 3 5 6 and x 2y z 3 5 6.� � œ � � � œ �È È
14. Let AB BC and D(x y z) be any point in the plane determined by A, B and C.  Then the point D lies inn œ ‚ ß ß

Ä Ä

 this plane if and only if AD 0  AD (AB BC) 0.
Ä Ä Ä Ä

œ Í ‚ œ† †n

15. 2 6  is normal to the plane x 2y 6z 6; 4 5  is parallel to the1 1 1
1 2 6

n i j k v n i j k
i j k

œ � � � � œ ‚ œ œ � �

â ââ ââ ââ ââ ââ â
 plane and perpendicular to the plane of  and   ( ) 32 23 13  is a1 2 6

4 5 1
v n w n v n i j k

i j k
Ê œ ‚ ‚ œ œ � �

�

â ââ ââ ââ ââ ââ â
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 vector parallel to the plane x 2y 6z 6 in the direction of the projection vector proj  .  Therefore,� � œ P v

 proj  proj   P v v v w w w w i j kœ œ œ œ œ œ œ � �w Š ‹ Š ‹ ˆ ‰†
w w v w
w w wk k k k k k† # # # #

32 23 13 42 32 23 13
32 23 13 1722 41 41 41 41

� � "
� �

16. proj  proj   and proj  proj    ( proj  ) proj  ( proj  ) proj  z z z z z z z zw v w w v v w w w w v v wœ � � œ Ê œ � � œ � ��

 2 proj  2  œ � œ �v v v zz Š ‹v z
z
†k k #

17. (a) 2 2 4 ( ) ; ( ) ( ) 0 0 ; 4 ( ) ;u v i j k u v w 0 u w v v w u v u 0 v w i u v w 0‚ œ ‚ œ Ê ‚ ‚ œ � œ � œ ‚ œ Ê ‚ ‚ œ† †

 ( ) ( ) 0 0u w v u v w v w 0† †� œ � œ

 (b) 4 3   ( ) 10 2 6 ;1 1 1 1 4 3
2 1 2 1 2 1

u v i j k u v w i j k
i j k i j k

‚ œ œ � � Ê ‚ ‚ œ œ � � ��
� � �

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
 ( ) ( ) 4(2 2 ) 2( ) 10 2 6 ;u w v v w u i j k i j k i j k† †� œ � � � � � � œ � � �

 v w i j k u v w i j k
i j k i j k

‚ œ œ � � Ê ‚ ‚ œ œ � � �� �
� �

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â2 1 2 1 1 1
1 2 1 3 4 5

3 4 5   ( ) 9 2 7 ;

 ( ) ( ) 4(2 2 ) ( 1)( 2 ) 9 2 7u w v u v w i j k i j k i j k† †� œ � � � � � � � � œ � � �

 (c)  2 4   ( ) 4 6 2 ;2 1 0 1 2 4
2 1 1 1 0 2

u v i j k u v w i j k
i j k i j k

‚ œ œ � � Ê ‚ ‚ œ œ � � �
�

� �

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
 ( ) ( ) 2(2 ) 4(2 ) 4 6 2 ;u w v v w u i j k i j i j k† †� œ � � � � œ � � �

 v w i j k u v w i j k
i j k i j k

‚ œ œ � � � Ê ‚ ‚ œ œ � ��
� �

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â2 1 1 2 1 0
1 0 2 2 3 1

2 3   ( ) 2 4 ;

 ( ) ( ) 2(2 ) 3( 2 ) 2 4u w v u v w i j k i k i j k† †� œ � � � � œ � �

 (d) 3   ( ) 10 10 ;1 1 2 1 3 1
1 0 1 2 4 2

u v i j k u v w i k
i j k i j k

‚ œ œ � � � Ê ‚ ‚ œ œ � �� �
� � �

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
 ( ) ( ) 10( ) 0( 2 ) 10 10 ;u w v v w u i k i j k i k† †� œ � � � � � œ � �

 v w i j k u v w i j k
i j k i j k

‚ œ œ � � Ê ‚ ‚ œ œ � � �� � �
� � �

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â1 0 1 1 1 2
2 4 2 4 4 4

4 4 4   ( ) 12 4 8 ;

 ( ) ( ) 10( ) 1(2 4 2 ) 12 4 8u w v u v w i k i j k i j k† †� œ � � � � � œ � � �

18. (a) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )u v w v w u w u v u w v u v w v u w v w u w v u w u v 0‚ ‚ � ‚ ‚ � ‚ ‚ œ � � � � � œ† † † † † †

 (b) [ ( )] [( ( )] [( ( )] [( ) ] [( ) ] [( ) ]u v i i u v j j u v k k u v i i u v j j u v k k u v† † † † † †‚ � ‚ � ‚ œ ‚ � ‚ � ‚ œ ‚

 (c) ( ) ( ) [ ( )] [( ) ( ) ] ( )( ) ( )( )u v w r u v w r u v r w v w r u w v r u r v w
u w v w
u r v r

‚ ‚ œ ‚ ‚ œ � œ � œ† † † † † † † † †

† †

† †
º º

19. The formula is always true;  [ ( )]  [( ) ( ) ]u u u v w u u v u u u v w‚ ‚ ‚ œ ‚ �† † † †

 [( ) ( ) ]   œ ‚ � ‚ œ � ‚ œ � ‚u v u u u u u v w u u v w u u v w† † † † †k k k k# #

20. If (cos B) (sin B)  and (cos A) (sin A) , where A B, then   sin (A B)u i j v i j u v u v kœ � œ � � ‚ œ �c dk k k k
 (cos B sin A sin B cos A)   sin (A B) cos B sin A sin B cos A, sincecos B sin B 0

cos A sin A 0
œ œ � Ê � œ �

â ââ ââ ââ ââ ââ â
i j k

k

 1 and 1.k k k ku vœ œ
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21. If a b  and c d , then   cos   ac bd a b  c d  cos u i j v i j u v u vœ � œ � œ Ê � œ � �† k k k k È È) )# # # #

  (ac bd) a b c d  cos   (ac bd) a b c d , since cos 1.Ê � œ � � Ê � Ÿ � � Ÿ# # # # # # # # # # # #a b a b a b a b) )

22. If a b c , then a b c 0 and 0 iff a b c 0.u i j k u u u uœ � � œ � �   œ œ œ œ† †
# # #

23. ( ) ( ) 2 2    k k k k k k k k k k a b k k k k k kk k k ku v u v u v u u u v v v u u v v u v u v u v� œ � � œ � � Ÿ � � œ � Ê � Ÿ �# # # #
† † † †

24. Let  denote the angle between  and , and  the angle between  and .  Let a  and b .  Then! "w u w v u vœ œk k k k
 cos , and likewise, cos ! "œ œ œ œ œ œ œw u v u u v

w u w u w u w u w w w
v u u v u u u v u u u v u

† † †
† † † † † †k k k k k k k k k k k k k k k k k k k k k ka b

    a
(a b ) (a b ) (a b ) a ba ba ba� � � � � �#

.

 Since the angle between  and  is always  and cos cos , we have that    bisects the angle betweenu v wŸ œ œ Ê1
# ! " ! "

  and .u v

25. ( ) ( )k k k k k k k k k k k k k k k k k k k k k k k ku v v u v u u v u v v u v u v u u v u v v u u v� � œ � � �† † † † †

 0œ � � � œ � œk k k k k k k k k k k k k k k k k k k kv u u v v u u u v v v u u v v u u v† † † †
# # # # # #
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CHAPTER 13  VECTOR-VALUED FUNCTIONS
 AND MOTION IN SPACE

13.1  CURVES IN SPACE AND THEIR TANGENTS

 1. x t 1 and y t 1  y (x 1) 1 x 2x; 2t  2   2  and 2œ � œ � Ê œ � � œ � œ œ � Ê œ œ Ê œ � œ# # # v i j  a j v i j a jd d
dt dt
r v

 at t 1œ

 2. x  and y   x y 1;   œ œ Ê œ œ Ê œ � œ œ � Ê œ œ � �t 1 1 1 d 1 1 d 2 2
t 1 t 1 y x dt t dt t1 t 1 t 1� �� � �

1
y

1 2 2 3 3
y

v i j a i jr v
a b a b

  4 4  and 16 16  at tÊ œ œ � œ �v i j a i j� �
"
#

 3. x e  and y e   y x ; e e   e e   3 4  and 3 8  at t ln 3œ œ Ê œ œ œ � Ê œ � Ê œ � œ � œt 2t t 2t t 2t2 2 d 4 8
9 9 dt 9 9

# v i j a i j v i j a i jr

 4. x cos 2t and y 3 sin 2t  x y 1; ( 2 sin 2t) (6 cos 2t)   œ œ Ê � œ œ œ � � Ê œ# #"
9 dt dt

d dv i j ar v

 ( 4 cos 2t) ( 12 sin 2t)   6  and 4  at t 0œ � � � Ê œ œ � œi j v j a i

 5. (cos t) (sin t)  and (sin t) (cos t)v i j a i jœ œ � œ œ � �d d
dt dt
r v

  for t ,  andÊ œ œ �1 1
4 4

2 2v i jˆ ‰ È È
# #

 ; for t ,  anda i j v jˆ ‰ ˆ ‰1 1 1
4

2 2œ � � œ œ �
È È
# # # #

 a iˆ ‰1
# œ �

 

 6. 2 sin 2 cos  and v i j aœ œ � � œd t t d
dt dt
r vˆ ‰ ˆ ‰

# #

 cos sin  for t , ( ) 2  andœ � � � Ê œ œ �ˆ ‰ ˆ ‰t t
# #i j v i1 1

 ( ) ; for t , 2 2  anda j v i j1 œ � œ œ � �3 31 1
# #

ˆ ‰ È È
 a i jˆ ‰3 2 21

# # #œ �
È È

 

 7. (1 cos t) (sin t)  and v i j aœ œ � � œd d
dt dt
r v

 (sin t) (cos t)  for t , ( ) 2  and ( ) ;œ � Ê œ œ œ �i j v i a j1 1 1

 for t ,  and œ œ � œ �3 3 31 1 1
# # #v i j a iˆ ‰ ˆ ‰

 

 8. 2t  and 2   for t 1,v i j a jœ œ � œ œ Ê œ �d d
dt dt
r v

 ( 1) 2  and ( 1) 2 ; for t 0, (0)  andv i j a j v i� œ � � œ œ œ

 (0) 2 ; for t 1, (1) 2  and (1) 2a j v i j a jœ œ œ � œ
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 9. (t 1) t 1 2t   2t 2   2 ; Speed:  (1) 1 (2(1)) 2 3;r i j k v i j k a j vœ � � � � Ê œ œ � � Ê œ œ œ � � œa b k k È# # # #d d
dt dt
r r#

#

 Direction:    (1) 3v i j k
v

(1) 2(1) 2
(1) 3 3 3 3 3 3 3

2 2 2 2k k œ œ � � Ê œ � �� � " "i j k v i j kˆ ‰
10. (1 t)   t   2t ; Speed:  (1)r i j k v i j k a j k vœ � � � Ê œ œ � � Ê œ œ �t t d 2t d 2

2 2 23 dt dt

# $ #

#È È Èr r# k k
 1 (1 ) 2; Direction:    (1)œ � � œ œ œ � � ÊÊ Š ‹# # #

# � �

# # #
" " "2(1) (1)

2 2(1)

(1 )

È Èk kv
v

i j k2(1)
2È

#

i j k v

 2œ � �Š ‹" " "
# #i j kÈ2

11. (2 cos t) (3 sin t) 4t   ( 2 sin t) (3 cos t) 4   ( 2 cos t) (3 sin t) ;r i j k v i j k a i jœ � � Ê œ œ � � � Ê œ œ � �d d
dt dt
r r#

#

 Speed:  2 sin 3 cos 4 2 5; Direction:  ¸ ¸ ˆ ‰ ˆ ‰ˆ ‰ É Èv 1 1 1
# #

# # #œ � � � œ2
v
v

ˆ ‰
¸ ¸ˆ ‰

1

1

#

#

  sin   cos   2 5œ � � � œ � � Ê œ � �Š ‹ Š ‹ Š ‹ˆ ‰ È2 3 4 2 2
5 5 5 5 5 5 5# # ## # #

" "È È È È È È È1 1 1i j k i k v i k

12. (sec t) (tan t) t   (sec t tan t) sec t   r i j k v i j k aœ � � Ê œ œ � � Ê œ4 d 4 d
3 dt 3 dt

r ra b# #

#

 sec t tan t sec t 2 sec t tan t ; Speed:  sec  tan sec 2;œ � � œ � � œa b a b ¸ ¸ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ É# $ # # ## #
i j v 1 1 1 1

6 6 6 6 3
4

 Direction:    2
v i j k
v

ˆ ‰ ˆ ‰
¸ ¸ˆ ‰

1 1 1 1

1

6 6 6 6 3

6

4

œ œ � � Ê œ � �
sec  tan sec� �

#
" "ˆ ‰#

3 3 3 6 3 3 3
2 2 2 2i j k v i j kˆ ‰ ˆ ‰1

13. (2 ln (t 1)) t   2t t   2 ;r i j k v i j k a i j kœ � � � Ê œ œ � � Ê œ œ � �#
� �

�t d 2 d 2
2 dt t 1 dt (t 1)

# #

# #

r rˆ ‰ ’ “
 Speed:  (1) (2(1)) 1 6; Direction:  k k Éˆ ‰ Èv œ � � œ œ2

1 1 (1)
(1)  2(1) (1)

6�

# # #
� �v

v

i j k

k k
Š ‹

È
2

1"�

   (1) 6œ � � Ê œ � �" " "È È È È È È6 6 6 6 6 6
2 1 2i j k v i j kÈ Š ‹

14. e (2 cos 3t) (2 sin 3t)   e (6 sin 3t) (6 cos 3t)   r i j k v i j k aœ � � Ê œ œ � � � Ê œa b a b� �t td d
dt dt
r r#

#

 e (18 cos 3t) (18 sin 3t) ; Speed:  (0) e [ 6 sin 3(0)] [6 cos 3(0)] 37;œ � � œ � � � � œa b k k a bÉ È� ! # ##t i j k v

 Direction:    (0) 37v
v

i j k(0)
(0)

e 6 sin 3(0) 6 cos 3(0)

37 37 37 37 37
6 6k k a b È È È È Èœ œ � � Ê œ � �� � � " "!

i k v i kÈ Š ‹

15. 3 3 2t  and 2   (0) 3 3  and (0) 2   (0) 3 3 0 12 andv i j k a k v i j a k vœ � � œ Ê œ � œ Ê œ � � œÈ È Èk k Ê Š ‹ È# #
#

 (0) 2 2; (0) (0) 0  cos 0  k k Èa v aœ œ œ Ê œ Ê œ#
#† ) ) 1

16. 32t  and 32   (0)  and (0) 32   (0)v i j a j v i j a j vœ � � œ � Ê œ � œ � Ê œ �
È È È È È È2 2 2 2 2 2
# # # # # #

# #Š ‹ Š ‹ Š ‹k k Ê
 1 and (0) ( 32) 32; (0) (0) ( 32) 16 2  cos   œ œ � œ œ � œ � Ê œ œ � Ê œk k È Š ‹ Èa v a#

# #
�

†
È È È2 16 2 2

1(32) 4
3) ) 1

17.  t t 1  and   (0)  andv i j k a i j k v jœ � � � œ � � Ê œˆ ‰ ˆ ‰ a b ’ “ ’ “ ’ “2t 1 2t 2 2t
t 1 t 1 t 1 t 1 t 1# #

#

# ## #
# $Î#� �

# �"Î# � � "
� � �a b a b a b

 (0) 2   (0) 1 and (0) 2 1 5; (0) (0) 0  cos 0  a i k v a v aœ � Ê œ œ � œ œ Ê œ Ê œk k k k È È# #
† ) ) 1

2

18. (1 t) (1 t)   and (1 t) (1 t)   (0)  andv i j k a i j v i j kœ � � � � œ � � � Ê œ � �2 2 2 2
3 3 3 3 3 3 3 3

"Î# "Î# �"Î# �"Î#" " " "

 (0)   (0) 1 and (0) ; (0) (0)a i j v a v aœ � Ê œ � � � œ œ � œ œ �" " " " "# # # # #

3 3 3 3 3 3 3 3 9 9
2 2 2 22k k k kÉ Éˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ È

†

 0  cos 0  œ Ê œ Ê œ) ) 1
#
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19. (t) (sin t) t cos t e   (t) (cos t) (2t sin t) e ; t 0  (t )  andr i j k v i j k v i kœ � � � Ê œ � � � œ Ê œ �a b#
!

t t
0

 (t ) P (0 1 1)  x 0 t t, y 1, and z 1 t are parametric equations of the tangent liner 0 œ œ ß� ß Ê œ � œ œ � œ �!

20. (t) t 2t 1 t   (t) 2t 2 3t ; t 2  2 4 2 12  andr i j k v i j k v i j kœ � � � Ê œ � � œ Ê œ � �2 3 2a b ! a b

 (t ) P 4 3 8   x 4 4t, y 3 2t, and z 8 12t are parametric equations of the tangent liner 0 œ œ ß ß Ê œ � œ � œ �! a b
21. (t) ln t t ln t   (t) ln t 1 ; t 1  1  andr i j k v i j k v i j kœ � � Ê œ � � � œ Ê œ � �a b a b a b a bt 1 1 3 1

t 2 t 3t 2
�
� � !a b2

 (t ) P 0 0 0  x 0 t t, y 0 t t, and z 0 t t are parametric equations of the tangent liner 0
1 1
3 3œ œ ß ß Ê œ � œ œ � œ œ � œ! a b

22. (t) (cos t) sin t (sin 2t)   (t) ( sin t) (cos t) (2 cos 2t) ; t   (t ) 2  andr i j k v i j k v i kœ � � Ê œ � � � œ Ê œ � �a b ! #
1

0

 (t ) P (0 1 0)  x 0 t t, y 1, and z 0 2t 2t are parametric equations of the tangent liner 0 œ œ ß ß Ê œ � œ � œ œ � œ �!

23. (a) (t) (sin t) (cos t)   (t) (cos t) (sin t) ;v i j a i jœ � � Ê œ � �

 (i) (t) ( sin t) (cos t) 1  constant speed;k k Èv œ � � œ Ê# #

 (ii) (sin t)(cos t) (cos t)(sin t) 0  yes, orthogonal;v a† œ � œ Ê

 (iii) counterclockwise movement;

 (iv) yes, (0) 0r i jœ �

 (b) (t) (2 sin 2t) (2 cos 2t)   (t) (4 cos 2t) (4 sin 2t) ;v i j a i jœ � � Ê œ � �

 (i) (t) 4 sin 2t 4 cos 2t 2  constant speed;k k Èv œ � œ Ê# #

 (ii) 8 sin 2t cos 2t 8 cos 2t sin 2t 0  yes, orthogonal;v a† œ � œ Ê

 (iii) counterclockwise movement;

 (iv) yes, (0) 0r i jœ �

 (c) (t) sin t cos t   (t) cos t sin t ;v i j a i jœ � � � � Ê œ � � � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1
# # # #

 (i) (t) sin t cos t 1  constant speed;k k É ˆ ‰ ˆ ‰v œ � � � œ Ê# #
# #
1 1

 (ii) sin t  cos t cos t  sin t 0  yes, orthogonal;v a† œ � � � � � œ Êˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1
# # # #

 (iii) counterclockwise movement;

 (iv) no, (0) 0  instead of 0r i j i jœ � �

 (d) (t) (sin t) (cos t)   (t) (cos t) (sin t) ;v i j a i jœ � � Ê œ � �

 (i) (t) ( sin t) ( cos t) 1  constant speed;k k Èv œ � � � œ Ê# #

 (ii) (sin t)(cos t) (cos t)(sin t) 0  yes, orthogonal;v a† œ � œ Ê

 (iii) clockwise movement;

 (iv) yes, (0) 0r i jœ �

 (e) (t) (2t sin t) (2t cos t)   (t) (2 sin t 2t cos t) (2 cos t 2t sin t) ;v i j a i jœ � � Ê œ � � � �

 (i) (t) (2t cos t) 4t sin t cos t 2 t 2t, t 02t sin tk k c d a b k kÉ a b Èv œ � œ � œ œ  � # # # # #

  variable speed;Ê

 (ii) 4 t sin t t  sin t cos t 4 t cos t t  cos t sin t 4t 0 in general not orthogonal in general;v a† œ � � � œ Á Êa b a b# # # #

 (iii) counterclockwise movement;

 (iv) yes, (0) 0r i jœ �

24. Let 2 2  denote the position vector of the point 2, 2, 1  and let,  and .p i j k u i j v i j kœ � � œ � œ � �a b " " " " "È È È È È2 2 3 3 3

 Then (t) (cos t) (sin t) .  Note that (2 2 1) is a point on the plane and 2  is normal tor p u v n i j kœ � � ß ß œ � �

 the plane.  Moreover,  and  are orthogonal unit vectors with 0   and  are parallel to theu v u n v n u v† †œ œ Ê

 plane.  Therefore, (t) identifies a point that lies in the plane for each t.  Also, for each t, (cos t) (sin t)r u v�

 is a unit vector.  Starting at the point 2 , 2 , 1  the vector t  traces out a circle of radius 1 andŠ ‹ a b� �1 1
2 2È È r

 center (2 2 1) in the plane x y 2z 2.ß ß � � œ
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25. The velocity vector is tangent to the graph of y 2x at the point ( ), has length 5, and a positive # œ #ß # i

 component.  Now, y 2x  2y 2    the tangent vector lies in the direction of the#

Ð#ß#Ñ # #
"œ Ê œ Ê œ œ Êdy dy

dx dx 2
2¹ †

 vector   the velocity vector is 2 5 5i j v i j i j i j� Ê œ � œ � œ �" " "
# # #�

5 5

1É Œ �"

#4
5

ˆ ‰ ˆ ‰ È È
È

26. (a) 

 (b) (1 cos t) (sin t)  and (sin t) (cos t) ; (1 cos t) sin t 2 2 cos t   is at a maxv i j a i j v vœ � � œ � œ � � œ � Êk k k k# ## #

 when cos t 1  t , 3 , 5 , etc., and at these values of t, 4  max 4 2;  is at a minœ � Ê œ œ Ê œ œ1 1 1 k k k k k kÈv v v# #

 when cos t 1  t 0, 2 , 4 , etc., and at these values of t, 0  min 0; sin t cos t 1œ Ê œ œ Ê œ œ � œ1 1 k k k k k kv v a# # # #

 for every t  max min 1 1Ê œ œ œk k k k Èa a

27. ( ) 2 2 0 0   is a constant   is constantd d d d
dt dt dt dtr r r r r r r r r r† † † † † † †œ � œ œ œ Ê Ê œr r r k k È

28. (a) ( ) ( ) ( ) ( )d d d d d d
dt dt dt dt dt dtu v w v w u v w v w u w v† † † † †‚ œ ‚ � ‚ œ ‚ � ‚ � ‚u u v wˆ ‰

 ( )œ ‚ � ‚ � ‚d d d
dt dt dt
u v w
† † †v w u w u v

 (b) , since ( ) 0d d d d d d d d d d d d
dt dt dt dt dt dt dt dt dt dt dt dt’ “ Š ‹ Š ‹ Š ‹ Š ‹Š ‹r r r r A A B† † † † † †

r r r r r r r r r r r‚ œ ‚ � ‚ � ‚ œ ‚ ‚ œ
# # # # $ $

# # # # $ $

 and ( ) 0 for any vectors  and A B B A B† ‚ œ

29. (a) f(t) g(t) h(t)   c cf(t) cg(t) ch(t)   (c ) c c c u i j k u i j k u i j kœ � � Ê œ � � Ê œ � �d df dh
dt dt dt dt

dg

 c c œ � � œŠ ‹df dh d
dt dt dt dt

dgi j k u

 (b) f(t) g(t) h(t)   ( ) f(t) g(t) h(t)f f f f f f f fu i j k u i j kœ � � Ê œ � � � � �d df dh
dt dt dt dt dt dt dt

d d dg d’ “ ’ “ ’ “f f f

 [f(t) g(t) h(t) ]œ � � � � � œ �d dg d
dt dt dt dt dt dt

df dh df fi j k i j k uf f’ “ u

30. Let f (t) f (t) f (t)  and g (t) g (t) g (t) .  Thenu i j k v i j kœ � � œ � �" # $ " # $

 u v i j k� œ � � � � �[f (t) g (t)] [f (t) g (t)] [f (t) g (t)]" " # # $ $

  ( ) [f (t) g (t)] [f (t) g (t)] [f (t) g (t)]Ê � œ � � � � �d
dt u v i j kw w w w w w

" " # # $ $

 [f (t) f (t) f (t) ] [g (t) g (t) g (t) ] ;œ � � � � � œ �w w w w w w
" $ " # $i j k i j k

#

d d
dt dt
u v

 [f (t) g (t)] [f (t) g (t)] [f (t) g (t)]u v i j k� œ � � � � �" " # # $ $

  ( ) [f (t) g (t)] [f (t) g (t)] [f (t) g (t)]Ê � œ � � � � �d
dt u v i j kw w w w w w

" " # # $ $

 [f (t) f (t) f (t) ] [g (t) g (t) g (t) ]œ � � � � � œ �w w w w w w
" # $ " # $i j k i j k d d

dt dt
u v

31. Suppose  is continuous at t t .  Then  lim  (t) (t )   lim  [f(t) g(t) h(t) ]r r r i j kœ œ Í � �! !t t t tÄ Ä! !

  f(t ) g(t ) h(t )   lim  f(t) f(t ),  lim  g(t) g(t ), and  lim  h(t) h(t )  f, g, and h areœ � � œ œ œ Í! ! ! ! ! !i j k Í
t t t t t tÄ Ä Ä! ! !

 continuous at t t .œ !
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32.  lim  [ (t) (t)]  lim   f (t) f (t) f (t)
g (t) g (t) g (t)

 lim  f (t)  lim  f (t)
t t t t t t t t
Ä Ä

Ä Ä

! !
! !

r r
i j k i j k

" # " # $

" # $

" #‚ œ œ

â ââ ââ ââ ââ ââ â
â ââ ââ ââ ââ ââ ââ â

 lim  f (t)

 lim  g (t)  lim  g (t)  lim  g (t)
t t

t t t t t t

Ä

Ä Ä Ä

!

! ! !

$

" # $

  lim  (t)  lim  (t)œ ‚ œ ‚
t t t tÄ Ä! !

r r A B" #

33. (t ) exists  f (t ) g (t ) h (t )  exists  f (t ), g (t ), h (t ) all exist  f, g, and h are continuous atr i j kw w w w w w w
! ! ! ! ! ! !Ê � � Ê Ê

 t t   (t) is continuous at t tœ Ê œ! !r

34. a b c  with a, b, c real constants  0 0 0u C i j k i j k i j k 0œ œ � � Ê œ � � œ � � œd da db dc
dt dt dt dt
u

35-38. Example CAS commands:
 :Maple
 > with( plots );
 r := t -> [sin(t)-t*cos(t),cos(t)+t*sin(t),t^2];
 t0 := 3*Pi/2;
 lo := 0;
 hi := 6*Pi;
 P1 := spacecurve( r(t), t=lo..hi, axes=boxed, thickness=3 ):
 display( P1, title="#35(a) (Section 13.1)" );
 Dr := unapply( diff(r(t),t), t );                                # (b)
 Dr(t0);                                                                      # (c)
 q1 := expand( r(t0) + Dr(t0)*(t-t0) );
 T := unapply( q1, t );
 P2 := spacecurve( T(t), t=lo..hi, axes=boxed, thickness=3, color=black ):
 display( [P1,P2], title="#35(d) (Section 13.1)" );

39-40. Example CAS commands:
 :Maple
 a := 'a'; b := 'b';
 r := (a,b,t) -> [cos(a*t),sin(a*t),b*t];
 Dr := unapply( diff(r(a,b,t),t), (a,b,t) );
 t0 := 3*Pi/2;
 q1 := expand( r(a,b,t0) + Dr(a,b,t0)*(t-t0) );
 T := unapply( q1, (a,b,t) );
 lo := 0;
 hi := 4*Pi;
 P := NULL:
 for a in [ 1, 2, 4, 6 ] do
   P1 := spacecurve( r(a,1,t), t=lo..hi, thickness=3 ):
   P2 := spacecurve( T(a,1,t), t=lo..hi, thickness=3, color=black ):
   P := P, display( [P1,P2], axes=boxed, title=sprintf("#39 (Section 13.1)\n a=%a",a) );
 end do:
 display( [P], insequence=true );

35-40. Example CAS commands:
 : (assigned functions, parameters, and intervals will vary)Mathematica

 The x-y-z components for the curve are entered as a list of functions of t. The unit vectors , ,  are not inserted.i j k
 If a graph is too small, highlight it and drag out a corner or side to make it larger.
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 Only the components of  r[t] and values for t0, tmin, and tmax require alteration for each problem.
 Clear[r, v, t, x, y, z]
 r[t_]={ Sin[t] t  Cos[t], Cos[t] t  Sin[t], t^2}� �

 t0= 3  / 2;  tmin= 0;  tmax= 6 ;1 1

 ParametricPlot3D[Evaluate[r[t]], {t, tmin, tmax}, AxesLabel {x, y, z}];Ä

 v[t_]= r'[t]
 tanline[t_]= v[t0] t r[t0]�

 ParametricPlot3D[Evaluate[{r[t], tanline[t]}], {t, tmin, tmax}, AxesLabel {x, y, z}];Ä

 For 39 and 40, the curve can be defined as a function of t, a, and b. Leave a space between a and t and b and t.
 Clear[r, v, t, x, y, z, a, b]
 r[t_,a_,b_]:={Cos[a t], Sin[a t], b t}
 t0= 3  / 2;  tmin= 0;  tmax= 4 ;1 1

 v[t_,a_,b_]= D[r[t, a, b], t]
 tanline[t_,a_,b_]=v[t0, a, b] t r[t0, a, b]�

 pa1=ParametricPlot3D[Evaluate[{r[t, 1, 1], tanline[t, 1, 1]}], {t,tmin, tmax}, AxesLabel {x, y, z}];Ä

 pa2=ParametricPlot3D[Evaluate[{r[t, 2, 1], tanline[t, 2, 1]}], {t,tmin, tmax}, AxesLabel {x, y, z}];Ä

 pa4=ParametricPlot3D[Evaluate[{r[t, 4, 1], tanline[t, 4, 1]}], {t,tmin, tmax}, AxesLabel {x, y, z}];Ä

 pa6=ParametricPlot3D[Evaluate[{r[t, 6, 1], tanline[t, 6, 1]}], {t,tmin, tmax}, AxesLabel {x, y, z}];Ä

 Show[GraphicsRow[{pa1, pa2, pa4, pa6}]]

13.2  INTEGRALS OF VECTOR FUNCTIONS; PROJECTILE MOTION

 1. t 7 (t 1)  dt [7t] t 7'
0

1c d ’ “ ’ “$ "
" "

! !
!

"
#i j k i j k i j k� � � œ � � � œ � �t t 3

4 2 4

% #

 2. (6 6t) 3 t  dt 6t 3t 2t 4t 3 4 2 2 2'
1

2� ‘ � ‘È ˆ ‰ c d c d Š ‹È� � � œ � � � � œ � � � �i j k i j k i j k4
t#

# $Î# �"#
" "

#

"

#

 3. (sin t) (1 cos t) sec t  dt cos t t sin t tan t 2'
� Î%

Î%

1

1 c d c d c d c da b Š ‹i j k i j k j k� � � œ � � � � œ �# Î% Î% Î%
� Î% � Î% � Î%

�
#

1 1 1

1 1 1
1 2 2È

 4. sec t tan t tan t 2 sin t cos t  dt [ sec t tan t tan t sin 2t ] dt' '
0 0

3 31 1Î Îc d a b a b a ba b a b a bi j k i j k� � œ � �

 sec t ln cos t  cos 2t (ln 2)œ � � � � œ � �c d c da b � ‘1 1 1Î$ Î$
! !

"
#

Î$

!
i j k i j k3

4

 5.  dt ln t ln (5 t)  ln t (ln 4) (ln 4) (ln 2)'
1

4ˆ ‰ � ‘c d c d" " " "
� # #

% %
" "

%

"t 5 t ti j k i j k i j k� � œ œ � � � � œ � �

 6.  dt 2 sin t 3 tan t'
0

1Š ‹ ’ “c d È2
1 t

3 3
1 t 4È
È È

� �
�" �""

!

"

!
#

#i k i k i k� œ � œ �1 1

 7. te e  dt  e e t'
0

1Š ‹ ’ “ c d c dt t t t1 e 1 e 1
2 2 e

2 2
i j k i j k i i k� � œ � � œ � �� �

"

!

"
! !

" � �

 8. te e ln t  dt te e e t ln t t'
1

ln 3
ln 3 ln 3

1 1 1
ln 3a b c d c d c dt t t t ti j k i j k� � œ � � � �

 3 ln 3 1 3 e ln 3 ln ln 3 1 1œ � � � � � �a b a b a ba ba bi i k

 9. cos t sin 2t sin t  dt cos t sin 2t cos 2t  dt' '
0 0

2 21 1Î Îc d a b a ba b a b a b � ‘ˆ ‰i j k i j k� � œ � � � œ2 1 1
2 2

 sin t cos t t sin 2tœ � � � œ � �c d � ‘ � ‘1 1 1 1Î
!

Î Î

! !

2 1 1 1
2 2 4 4

2 2
i j k i j k
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10. sec t tan t t sin t  dt sec t sec t 1 t sin t  dt' '
0 0

/4 /41 1c d c da b a b a b a b a b a bi j k i j k� œ � �2 2
� �

 ln sec t tan t tan t t t cos t sin t ln 1 2 1œ � � � � � œ � � � � �c d c d c da b Š ‹ Š ‹È ˆ ‰1 1 1/4 /4 /4
! ! !i j k i j k1 1

4 4 2 2
1È È

11. ( t t t ) dt ; (0) 0 0 0 2 3   2 3r i j k i j k C r i j k C i j k C i j kœ � � � œ � � � � œ � � � � � Ê œ � �' t t t# # #

# # # œ

  1 2 3Ê œ � � � � � � � �r i j kŠ ‹ Š ‹ Š ‹t t t# # #

# # #

12. (180t) 180t 16t  dt 90t 90t t ; (0) 90(0) 90(0) (0)r i j i j C r i j Cœ � � œ � � � œ � � �' c da b ˆ ‰ � ‘# # # $ # # $16 16
3 3

 100   100   90t 90t t 100œ Ê œ Ê œ � � �j C j r i j# # $ˆ ‰16
3

13. (t 1) e  dt (t 1) e ln (t 1) ;r i j k i j k Cœ � � � œ � � � � �' � ‘ˆ ‰ ˆ ‰3
t 1# �

"Î# $Î#"� �t t

 (0) (0 1) e ln (0 1)   r i j k C k C i j kœ � � � � � œ Ê œ � � �$Î# �!

  (t 1) 1 1 e [1 ln (t 1)]Ê œ � � � � � � �r i j k� ‘ a b$Î# �t

14. t 4t t 2t  dt 2t ; (0) 2(0)r i j k i j k C r i j k Cœ � � � œ � � � � œ � � � �' c da b Š ‹ ’ “$ # # #t t 2t 0 0
4 2 3 4 2 3

2(0)% # $ % # $

     2t 1 1œ � Ê œ � Ê œ � � � � �i j C i j r i j kŠ ‹ Š ‹t t 2t
4 3

% # $#
#

15. ( 32 ) dt 32t ; (0) 8 8   32(0) 8 8   8 8d d
dt dt
r rœ � œ � � œ � Ê � � œ � Ê œ �' k k C i j k C i j C i j" " "

  8 8 32t ; (8 8 32t ) dt 8t 8t 16t ; (0) 100Ê œ � � œ � � œ � � � œd
dt
r i j k r i j k i j k C r k' #

#

  8(0) 8(0) 16(0) 100   100   8t 8t 100 16tÊ � � � œ Ê œ Ê œ � � �i j k C k C k r i j k# #
# # a b

16. ( ) dt (t t t ) ; (0)   (0 0 0 )   d d
dt dt
r rœ � � � œ � � � � œ Ê � � � � œ Ê œ' i j k i j k C 0 i j k C 0 C 0" " "

  (t t t ) ; (t t t ) dt ; (0) 10 10 10Ê œ � � � œ � � � œ � � � � œ � �d t t t
dt
r i j k r i j k i j k C r i j k' Š ‹# # #

# # # #

  10 10 10   10 10 10Ê � � � � œ � � Ê œ � �Š ‹0 0 0# # #

# # # # #i j k C i j k C i j k

  10 10 10Ê œ � � � � � � � �r i j kŠ ‹ Š ‹ Š ‹t t t# # #

# # #

17. 3   (t) 3t t t ; the particle travels in the direction of the vectord
dt
v œ œ � � Ê œ � � �a i j k v i j k C"

 (4 1) (1 2) (4 3) 3  (since it travels in a straight line), and at time t 0 it has speed� � � � � œ � � œi j k i j k

 2  (0) (3 )   (t) 3t t tÊ œ � � œ Ê œ œ � � � � �v i j k C v i j k2 d 6 2 2
9 1 1 dt 11 11 11È È È È� � "

r Š ‹ Š ‹ Š ‹
  (t) t t t t t t ; (0) 2 3Ê œ � � � � � � œ � � œr i j k C r i j k CŠ ‹ Š ‹ Š ‹3 6 2 2

11 11 11# # #
# # #" "

# #È È È
  (t) t t 1 t t 2 t t 3Ê œ � � � � � � � �r i j kŠ ‹ Š ‹ Š ‹3 6 2 2

11 11 11# # #
# # #" "È È È

 t t (3 ) ( 2 3 )œ � � � � � �Š ‹"
#

# 2
11È i j k i j k

18. 2   (t) 2t t t ; the particle travels in the direction of the vectord
dt
v œ œ � � Ê œ � � �a i j k v i j k C"

 (3 1) (0 ( 1)) (3 2) 2  (since it travels in a straight line), and at time t 0 it has speed 2� � � � � � œ � � œi j k i j k

  (0) (2 )   (t) 2t t tÊ œ � � œ Ê œ œ � � � � �v i j k C v i j k2 d 4 2 2
4 1 1 dt 6 6 6È È È È� � "

r Š ‹ Š ‹ Š ‹
  (t) t t t t t t ; (0) 2Ê œ � � � � � � œ � � œr i j k C r i j k CŠ ‹ Š ‹ Š ‹# # #" "

# # # #
4 2 2

6 6 6È È È
  (t) t t 1 t t 1 t t 2 t t (2 ) ( 2 )Ê œ � � � � � � � � œ � � � � � �r i j k i j k i j kŠ ‹ Š ‹ Š ‹ Š ‹# # # #" " "

# # #
4 2 2 2

6 6 6 6È È È È

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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19. x (v  cos )t  (21 km) (840 m/s)(cos 60°)t  t 50 secondsœ Ê œ Ê œ œ! ! ˆ ‰1000 m
1 km (840 m/s)(cos 60°)

21,000 m

20. R  sin 2  and maximum R occurs when 45°  24.5 km (sin 90°)œ œ Ê œ
v v
g 9.8 m/s

# #

! !

#! ! Š ‹
  v (9.8)(24,500) m /s 490 m/sÊ œ œ!

# #È
21. (a) t 72.2 seconds; R  sin 2 (sin 90°) 25,510.2 mœ œ ¸ œ œ ¸2v  sin 

g 9.8 m/s g 9.8 m/s
2(500 m/s)(sin 45°) (500 m/s)v

! !

# #

# #! !

 (b) x (v  cos )t  5000 m (500 m/s)(cos 45°)t  t 14.14 s; thus,œ Ê œ Ê œ ¸! ! 5000 m
(500 m/s)(cos 45°)

 y (v  sin )t gt   y (500 m/s)(sin 45°)(14.14 s) 9.8 m/s (14.14 s) 4020 mœ � Ê ¸ � ¸!
" "
# #

# # #! a b
 (c) y 6378 mmax œ œ ¸(v  sin ) ((500 m/s)(sin 45°))

2g 2 9.8 m/s
!

# #

#

! a b

22. y y (v  sin )t gt   y 32 ft (32 ft/sec)(sin 30°)t 32 ft/sec t   y 32 16t 16t ;œ � � Ê œ � � Ê œ � �! !
" "
# #

# # # #! a b
 the ball hits the ground when y 0  0 32 16t 16t   t 1 or t 2  t 2 sec since t 0; thus,œ Ê œ � � Ê œ � œ Ê œ �#

 x (v  cos ) t  x (32 ft/sec)(cos 30°)t 32 (2) 55.4 ftœ Ê œ œ ¸! #! Š ‹È3

23. (a) R  sin 2   10 m (sin 90°)  v 98 m s   v 9.9 m/s;œ Ê œ Ê œ Ê ¸
v v
g 9.8 m/s

# #

! !

#! Š ‹ # # #
! !

 (b) 6m (sin 2 )  sin 2 0.59999  2 36.87° or 143.12°  18.4° or 71.6°¸ Ê ¸ Ê ¸ Ê ¸(9.9 m/s)
9.8 m/s

#

# ! ! ! !

24. v 5 10  m/s and x 40 cm 0.4 m; thus x (v  cos )t  0.4m 5 10  m/s (cos 0°)t! !
' 'œ ‚ œ œ œ Ê œ ‚! a b

  t 0.08 10  s 8 10  s; also, y y (v  sin )t gtÊ œ ‚ œ ‚ œ � ��' �) #
! !

"
#!

  y 5 10  m/s (sin 0°) 8 10  s 9.8 m/s 8 10  s 3.136 10  m orÊ œ ‚ ‚ � ‚ œ � ‚a b a b a b a b' �) # �) �"%"
#

#

 3.136 10  cm.  Therefore, it drops 3.136 10  cm.� ‚ ‚�"# �"#

25. R  sin 2   16,000 m  sin 2   sin 2 0.98  2 78.5° or 2 101.5°  39.3°œ Ê œ Ê œ Ê ¸ ¸ Ê ¸
v
g 9.8 m/s

(400 m/s)#

!
#

#! ! ! ! ! !

 or 50.7°

26. (a) R  sin 2  sin 2 4  sin  or 4 times the original range.œ œ œ(2v )
g g g

4v v!
# # #

! !! ! !Š ‹
 (b) Now, let the initial range be R  sin 2 .  Then we want the factor p so that pv  will double the rangeœ

v
g

#

! ! !

  sin 2 2  sin 2  p 2  p 2 or about 141%.  The same percentage will approximatelyÊ œ Ê œ Ê œ(pv )
g g

v!
# #

!! !Š ‹ È#

 double the height: p 2  p 2.a b a bpv sin 2 v sin 
2g 2g

0 0
2 2

! !œ Ê œ Ê œ# È
27. The projectile reaches its maximum height when its vertical component of velocity is zero v sin gt 0Ê œ � œdy

dt 0 !

 t y v sin g . To find the flight timeÊ œ Ê œ � œ � œv sin v sin v sin
g g g g 2g 2gmax 0

2
v sin v sin v sin0 0 0 0 0 0

2 2 2
! ! ! ! ! !a bŠ ‹ Š ‹! "

#
a b a b a b

 we find the time when the projectile lands: v sin t g t 0 t v sin g t 0 t 0 or t .a b ˆ ‰0 0
2 2v sin

g! !� œ Ê � œ Ê œ œ" "
# #

0 !

 t 0 is the time when the projectile is fired, so t  is the time when the projectile strikes the ground. The range isœ œ 2v sin
g

0 !

 the value of the horizontal component when  t R x v cos 2 sin cos sin 2 .œ Ê œ œ œ œ2v sin 2v sin
g g g g0

v v0 0 0 0
2 2

! !a b a bŠ ‹! ! ! !

 The range is largest when sin 2 1 45 .! !œ Ê œ ‰

28. When marble A is located R units downrange, we have x (v  cos )t  R (v  cos )t  t .  Atœ Ê œ Ê œ! !! ! R
v  cos ! !

 that time the height of marble A is y y (v  sin )t gt (v  sin ) gœ � � œ �! ! !
" "
# #

#
#

! ! Š ‹ Š ‹R R
v  cos v  cos ! !! !

  y R tan g .  The height of marble B at the same time t  seconds isÊ œ � œ! "
# Š ‹R R

v  cos v  cos 

#

#

!
#

!! !
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 h R tan gt R tan g .  Since the heights are the same, the marbles collide regardlessœ � œ �! !" "
# #

# Š ‹R
v  cos 

#

#

!
# !

 of the initial velocity v .!

29. ( g ) dt gt  and (0) (v  cos ) (v  sin )   g(0) (v  cos ) (v  sin )d d
dt dt
r rœ � œ � � œ � Ê � � œ �' j j C i j j C i j" ! ! " ! !! ! ! !

  (v  cos ) (v  sin )   (v  cos ) (v  sin gt) ; [(v  cos ) (v  sin gt) ] dtÊ œ � Ê œ � � œ � �C i j i j r i j" ! ! ! ! ! !! ! ! ! ! !d
dt
r '

 (v t cos ) v t sin gt  and (0) x y   [v (0) cos ] v (0) sin g(0)œ � � � œ � Ê � � �! ! # ! ! ! ! #
" "
# #

# #! ! ! !i j C r i j i j Cˆ ‰ � ‘
 x y   x y   (x v t cos ) y v t sin gt   x x v t cos  andœ � Ê œ � Ê œ � � � � Ê œ �! ! # ! ! ! ! ! ! ! !

"
#

#i j C i j r i j! ! !ˆ ‰
 y y v t sin gtœ � �! !

"
#

#!

30. The maximum height is y  and this occurs for x  sin 2 .  These equations describeœ œ œ(v  sin )
g g g

v v  sin  cos !
# # #

! !! ! !

# # !

 parametrically the points on a curve in the xy-plane associated with the maximum heights on the parabolic trajectories in

 terms of the parameter (launch angle) .  Eliminating the parameter , we have x! ! # �
œ œ

v  sin  cos
g g

v  sin 1 sin% # #

!

# #

% # #

!! ! ! !ˆ ‰ a b

 (2y) (2y)   x 4y y 0  x 4 y yœ � œ � Ê � � œ Ê � � � œ
v  sin v  sin v 2v v v v

g g g g 2g 16g 4g

% # % % # # # % %

! ! ! ! ! ! !

# # # #

! ! # # # # #Š ‹ ’ “Š ‹
  x 4 y , where x 0.Ê � � œ  #

#Š ‹v v
4g 4g

# %

! !

#

31. (a) At the time t when the projectile hits the line OR we
 have tan ; x [v  cos ( )]t and" ! "œ œ �y

x !

 y [v  sin ( )]t gt 0 since R isœ � � �!
"
#

#! "

 below level ground.  Therefore let

 y gt [v  sin ( )]t 0k k œ � � �"
#

#
! ! "

 so that tan " œ œ
� ‘ � ‘" "

# #

#
! !

! !

 gt (v  sin ( ))t gt v  sin ( )
[v  cos ( )]t v  cos ( )

! " ! "

! " ! "

� � �

� �

  v  cos ( ) tan gt v  sin ( )Ê � œ � �! !
"
#! " " ! "

  t , which is the timeÊ œ 2v  sin ( ) 2v  cos ( ) tan 
g

! !! " ! " "� � �

 when the projectile hits the downhill slope.  Therefore,

 

 x [v  cos ( )] cos ( ) tan sin ( ) cos ( ) .  If x isœ � œ � � � �!
� � � #! " ! " " ! " ! "’ “ c d2v  sin ( ) 2v  cos ( ) tan 

g g
2v! !

#

!! " ! " "

 maximized, then OR is maximized: [ sin 2( ) tan cos 2( )] 0dx
d g

2v
!
œ � � � � œ

#

! ! " " ! "

  sin 2( ) tan cos 2( ) 0  tan cot 2( )  2( ) 90°Ê � � � � œ Ê œ � Ê � œ �! " " ! " " ! " ! " "

  (90° )  (90° )  of AOR.Ê � œ � Ê œ � œ n! " " ! "" " "
# # #

 (b) At the time t when the projectile hits OR we have
 tan ; x [v  cos ( )]t and" ! "œ œ �y

x !

 y [v  sin ( )]t gtœ � �!
"
#

#! "

  tan Ê œ œ"
c d � ‘v  sin ( ) t gt v  sin ( ) gt

[v  cos ( )]t v  cos ( )
! !

" "

# #

#

! !

! " ! "

! " ! "

� � � �

� �

  v  cos ( ) tan v  sin ( ) gtÊ � œ � �! !
"
#! " " ! "

  t , which is the timeÊ œ 2v  sin ( ) 2v  cos ( ) tan 
g

! !! " ! " "� � �

 when the projectile hits the uphill slope.  Therefore,

 

 x [v  cos ( )] sin ( ) cos ( ) cos ( ) tan .  If x isœ � œ � � � �!
� � � #! " ! " ! " ! " "’ “ c d2v  sin ( ) 2v  cos ( ) tan 

g g
2v! !

#

!! " ! " "

 maximized, then OR is maximized: [cos 2( ) sin 2( ) tan ] 0dx
d g

2v
!
œ � � � œ

#

! ! " ! " "

  cos 2( ) sin 2( ) tan 0  cot 2( ) tan  cot 2( ) tan Ê � � � œ Ê � � œ ! Ê � œ �! " ! " " ! " " ! " "

 tan ( )  2( ) 90° ( ) 90°   (90° )  of AOR.  Therefore v  would bisectœ � Ê � œ � � œ � Ê œ � œ n" ! " " " ! "" "
# # !

 AOR for maximum range uphill.n
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32. v 116 ft/sec, 45°, and x (v  cos )t! !œ œ œ! !

  369 (116 cos 45°)t  t 4.50 sec;Ê œ Ê ¸

 also y (v  sin )t gtœ �!
"
#

#!

  y (116 sin 45°)(4.50) (32)(4.50)Ê œ � "
#

#

 45.11 ft.  It will take the ball 4.50 sec to travel¸

 369 ft.  At that time the ball will be 45.11 ft in
 the air and will hit the green past the pin.

 

33. (a) (Assuming that "x" is zero at the point of impact:)

 t x t y t ; where x t 35 cos 27 t and y t 4 35 sin 27 t 16t .r i ja b a b a b a b a b a b a ba b a bœ � œ œ � �‰ ‰ 2

 (b) y 4 4 7.945 feet, which is reached at t 0.497 seconds.max
v sin 35sin 27

2g 64 g 32
v sin 35sin 27œ � œ � ¸ œ œ ¸a b a b0

2 2
0! !‰ ‰

 (c) For the time, solve y 4 35 sin 27 t 16t 0 for t, using the quadratic formulaœ � � œa b‰ 2

 t 1.201 sec. Then the range is about x 1.201 35 cos 27 1.201 37.453 feet.œ ¸ œ ¸
35 sin 27 35 sin 27 256

32

‰ ‰� � � ‰
Éa b2 a b a ba b

 (d) For the time, solve y 4 35 sin 27 t 16t 7 for t, using the quadratic formulaœ � � œa b‰ 2

 t 0.254 and 0.740 seconds. At those times the ball is aboutœ ¸
35 sin 27 35 sin 27 192

32

‰ ‰� � �Éa b2

 x 0.254 35 cos 27 0.254 7.921 feet and x 0.740 35 cos 27 0.740 23.077 feet the impact point,a b a ba b a b a ba bœ ¸ œ ¸‰ ‰

 or about 37.453 7.921 29.532 feet and 37.453 23.077 14.376 feet from the landing spot.� ¸ � ¸

 (e) Yes. It changes things because the ball won't clear the net (y 7.945).max ¸

34. x x (v  cos )t 0 (v  cos 40°)t 0.766 v t and y y (v  sin )t gt 6.5 (v  sin 40°)t 16tœ � œ � ¸ œ � � œ � �! ! ! ! ! ! !
"
#

# #! !

 6.5 0.643 v t 16t ; now the shot went 73.833 ft 73.833 0.766 v t t  sec; the shot lands when y 0¸ � � Ê œ Ê ¸ œ! !
# 96.383

v!

 0 6.5 (0.643)(96.383) 16 0 68.474 v 46.6 ft/sec, the shot's initialÊ œ � � Ê ¸ � Ê ¸ ¸Š ‹ É96.383
v 68.474

148,635 148,635
v!
#

!

#

!

 speed

35. Flight time 1 sec and the measure of the angle of elevation is about 64° (using a protractor) so that tœ œ 2v  sin 
g

! !

 1 v 17.80 ft/sec.  Then y 4.00 ft and R  sin 2 R  sin 128°Ê œ Ê ¸ œ ¸ œ Ê œ2v  sin 64°
32 2(32) g 32max

(17.80 sin 64°) (17.80)v
! !

# ##

! !

 7.80 ft the engine traveled about 7.80 ft in 1 sec the engine velocity was about 7.80 ft/sec¸ Ê Ê

36. (a) t x t y t ; where x t 145 cos 23 14 t and y t 2.5 145 sin 23 t 16t .r i ja b a b a b a b a b a b a ba b a bœ � œ � œ � �‰ ‰ 2

 (b) y 2.5 2.5 52.655 feet, which is reached at t 1.771 seconds.max
v sin 145sin 23

2g 64 g 32
v sin 145sin 23œ � œ � ¸ œ œ ¸a b a b0

2 2
0! !‰ ‰

 (c) For the time, solve y 2.5 145 sin 23 t 16t 0 for t, using the quadratic formulaœ � � œa b‰ 2

 t 3.585 sec. Then the range at t 3.585 is about x 145 cos 23 14 3.585œ ¸ ¸ œ �
145 sin 23 145 sin 23 160

32

‰ ‰� � ‰
Éa b2 a ba b

 428.311 feet.¸

 (d) For the time, solve y 2.5 145 sin 23 t 16t 20 for t, using the quadratic formulaœ � � œa b‰ 2

 t 0.342 and 3.199 seconds. At those times the ball is aboutœ ¸
145 sin 23 145 sin 23 1120

32

‰ ‰� �Éa b2

 x 0.342 145 cos 23 14 0.342 40.860 feet from home plate and x 3.199 145 cos 23 14 3.199a b a ba b a b a ba bœ � ¸ œ �‰ ‰

 382.195 feet from home plate.¸

 (e) Yes. According to part (d), the ball is still 20 feet above the ground when it is 382 feet from home plate.

37. k g P t k and t g P t  dt kt v t e e v t  t  dtd d d 1
dt dt dt v t

P t  dt kt2

2
r r r� œ � Ê œ œ � Ê œ Ê œ œ Ê œj Q j Qa b a b a b a b a b a b' '' a b a b

 ge e   dt ge e , where g ; apply the initial condition:œ � œ � œ � � œ ��� � �kt kt kt kte
k 1

g
k 1' j j C C Cj C� ‘kt

  v cos v sin v cos v sin d
dt k kt 0

0 0 0 0
g gr ¹ a b a b a b ˆ ‰

œ
œ � œ � � Ê œ � �! ! ! !i j j C C i j

 v e cos e v sin , dtv e cos e v sin Ê œ � � � � œ � � � �d
dt k k0 0

kt ktg g
0 0

kt ktg g
k k

r ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰� � � �! ! ! !i j r i j' c d
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 ; apply the initial condition:e cos v sin œ �� � � � �ˆ ‰ ˆ ‰Š ‹v
k k k k

kt gt ge
0 2

0
kt� ! !i j C
�

 0 cos cos r 0 C Ci j i ja b ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰œ œ � Ê œ� � � � � �v v sin v v sin 
k k k k k k

g g
2 2

0 0 0 0
2 2! !! !

 t 1 e cos 1 e sin 1 kt eÊ œ � � � � � �r i ja b ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰v v
k k k

kt kt ktg0 0
2

� � �! !

38. (a) t x t y t ; where x t 1 e cos 20  andr i ja b a b a b a b a ba ba b a b ˆ ‰œ � œ �152
0.12

0.12t� ‰

 y t 3 1 e sin 20 1 0.12t ea b a ba b a bˆ ‰ ˆ ‰œ � � � � �152 32
0.12 0.12

0.12t 0.12t� ‰ �
2

 (b) Solve graphically using a calculator or CAS: At t 1.484 seconds the ball reaches a maximum height of about 40.435¸

 feet.
 (c) Use a graphing calculator or CAS to find that y 0 when the ball has traveled for 3.126 seconds. The range isœ ¸

 about x 3.126 1 e cos 20 372.311 feet.a b a bˆ ‰ˆ ‰œ � ¸152
0.12

0.12 3.126� ‰a b
 (d) Use a graphing calculator or CAS to find that y 30 for t 0.689 and 2.305 seconds, at which times the ball is aboutœ ¸

  x 0.689 94.454 feet and  x 2.305 287.621 feet from home plate.a b a b¸ ¸

 (e) Yes, the batter has hit a home run since a graph of the trajectory shows that the ball is more than 14 feet above the
 ground when it passes over the fence.

39. (a) k (t) dt [kf(t) kg(t) kh(t) ] dt [kf(t)] dt  [kg(t)] dt  [kh(t)] dt' ' ' ' '
a a a a a

b b b b b

r i j k i j kœ � � œ � �

 k f(t) dt  g(t) dt h(t) dt k (t) dtœ � � œŒ �' ' ' '
a a a a

b b b b

i j k r

 (b) [ (t) (t)] dt f (t) g (t) h (t) f (t) g (t) h (t)  dt' '
a a

b b

r r i j k i j k" # " " " # # #„ œ � � „ � �a bc d c d
 f (t) f (t) [g (t) g (t ] [h (t) h (t)] ) dtœ „ � „ � „'

a

b a bc d" # " # " #i j k

 f (t) f (t)  dt g (t) g (t)  dt  h (t) h (t)  dtœ „ � „ � „' ' '
a a a

b b bc d c d c d" # " # " #i j k

 f (t) dt  f (t)  dt g (t) dt g (t) dt  h (t) dt h (t) dtœ „ � „ � „” • ” • ” •' ' ' ' ' '
a a a a a a

b b b b b b

" # " # " #i i j j k k

 (t) dt (t) dtœ „' '
a a

b b

r r" #

 (c) Let c c c .  Then (t) dt c f(t) c g(t) c h(t)  dtC i j k C rœ � � œ � �" # $ " # $
' '

a a

b b

† c d
 c  f(t) dt c  g(t) dt c  h(t) dt =  (t) dt;œ � �" # $

' ' ' '
a a a a

b b b b

C r†

 (t) dt  c h(t) c g(t) c f(t) c h(t) c g(t) c f(t)  dt' '
a a

b b

C r i j k‚ œ � � � � �c d c d c d# $ $ " " #

 c   h(t) dt c   g(t) dt c   f(t) dt c  h(t) dt c  g(t) dt c  f(t) dtœ � � � � �” • ” • ” •# $ $ " " #
' ' ' ' ' '

a a a a a a

b b b b b b

i j k

 (t) dtœ ‚C r'
a

b

40. (a) Let u and  be continuous on [a b].  Then  lim   u(t) (t)  lim   [u(t)f(t) u(t)g(t) u(t)h(t) ]r r i j kß œ � �
t t t tÄ Ä! !

 u(t )f(t ) u(t )g(t ) u(t )h(t ) u(t ) (t )  u  is continuous for every t  in [a b].œ � � œ Ê ß! ! ! ! ! ! ! ! !i j k r r

 (b) Let u and  be differentiable.  Then (u ) [u(t)f(t) u(t)g(t) u(t)h(t) ]r r i j kd d
dt dtœ � �

 f(t) u(t) g(t) u(t) h(t) u(t)œ � � � � �ˆ ‰ ˆ ‰Š ‹du df du du dh
dt dt dt dt dt dt

dgi j k

 [f(t) g(t) h(t) ] u(t) uœ � � � � � œ �i j k i j k rdu df dh du d
dt dt dt dt dt dt

dgŠ ‹ r

41. (a) If (t) and (t) have identical derivatives on I, then R R i j k i j k" #
d df dh df dh
dt dt dt dt dt dt dt

dg dgR" " " # #" #œ � � œ � �

   , ,   f (t) f (t) c , g (t) g (t) c , h (t) h (t) cœ Ê œ œ œ Ê œ � œ � œ �d df df dh dh
dt dt dt dt dt dt dt

dg dgR# " # " #" #

" # " " # # " # $

  f (t) g (t) h (t) [f (t) c ] [g (t) c ] [h (t) c ]   (t) (t) , whereÊ � � œ � � � � � Ê œ �" " " # " # # # $ " #i j k i j k R R C
 c c c .C i j kœ � �" # $
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 (b) Let (t) be an antiderivative of (t) on I.  Then (t) (t).  If (t) is an antiderivative of (t) on I, thenR r R r U rw œ

 (t) (t).  Thus (t) (t) on I  (t) (t) .U r U R U R Cw w wœ œ Ê œ �

42.  ( ) d   [f( ) g( ) h( ) ] d  f( ) d  g( ) d  h( ) dd d d d d
dt dt dt dt dt
' ' ' ' '

a a a a a

t t t t t

r i j k i j k7 7 7 7 7 7 7 7 7 7 7 7œ � � œ � �

 f(t) g(t) h(t) (t).  Since  ( ) d (t), we have that ( ) d  is an antiderivative ofœ � � œ œi j k r r r rd
dt
' '

a a

t t

7 7 7 7

 .  If  is any antiderivative of , then (t) ( ) d  by Exercise 41(b).  Then (a) ( ) dr R r R r C R r Cœ � œ �' '
a a

t a

7 7 7 7

   (a)  ( ) d (t) (t) (a)  ( ) d (b) (a).œ � Ê Ê œ � œ � Ê œ �0 C C R r R C R R r R Rœ ' '
a a

t b

7 7 7 7

43. (a) t x t y t ; where x t 1 e 152 cos 20 17.6  andr i ja b a b a b a b a ba ba b a b ˆ ‰œ � œ � �1
0.08

0.08t� ‰

 y t 3 1 e sin 20 1 0.08t ea b a ba b a bˆ ‰ ˆ ‰œ � � � � �152 32
0.08 0.08

0.08t 0.08t� ‰ �
2

 (b) Solve graphically using a calculator or CAS: At t 1.527 seconds the ball reaches a maximum height of about 41.893¸

 feet.
 (c) Use a graphing calculator or CAS to find that y 0 when the ball has traveled for 3.181 seconds. The range isœ ¸

 about x 3.181 1 e 152 cos 20 17.6 351.734 feet.a b a bˆ ‰ˆ ‰œ � � ¸1
0.08

0.08 3.181� ‰a b
 (d) Use a graphing calculator or CAS to find that y 35 for t 0.877 and 2.190 seconds, at which times the ball is aboutœ ¸

  x 0.877 106.028 feet and  x 2.190 251.530 feet from home plate.a b a b¸ ¸

 (e) No; the range is less than 380 feet. To find the wind needed for a home run, first use the method of part (d) to find that

 y 20 at t 0.376 and 2.716 seconds. Then define x w 1 e 152 cos 20 w , and solveœ ¸ œ � �a b a bˆ ‰ˆ ‰1
0.08

0.08 2.716� ‰a b
 x w 380 to find w 12.846 ft/sec.a b œ ¸

44. y   y  and y (v  sin )t gt   (v  sin )t gtmax max
(v  sin ) 3(v  sin ) 3(v  sin )

2g 4 8g 8g
3œ Ê œ œ � Ê œ �! ! !

# # #! ! !
! !

" "
# #

# #! !

  3(v  sin ) (8gv  sin )t 4g t   4g t (8gv  sin )t 3(v  sin ) 0  2gt 3v  sin 0 orÊ œ � Ê � � œ Ê � œ! ! ! ! !
# # # # # #! ! ! ! !

 2gt v  sin 0  t  or t .  Since the time it takes to reach y  is t ,� œ Ê œ œ œ! ! 3v  sin v  sin v  sin 
2g 2g gmax max
! ! !! ! !

 then the time it takes the projectile to reach  of y  is the shorter time t  or half the time it takes3
4 2gmax

v  sin œ ! !

 to reach the maximum height.

13.3  ARC LENGTH IN SPACE

 1. (2 cos t) (2 sin t) 5t   ( 2 sin t) (2 cos t) 5r i j k v i j kœ � � Ê œ � � �È È
  ( 2 sin t) (2 cos t) 5 4 sin t 4 cos t 5 3; Ê œ � � � œ � � œ œk k Ê Š ‹È Èv T# # # #

#
v
vk k

  sin t  cos t  and Length   dt 3 dt 3t 3œ � � � œ œ œ œˆ ‰ ˆ ‰ k k c d2 2
3 3 3

5i j k v
È ' '

0 0

1 1

1
! 1

 2. (6 sin 2t) (6 cos 2t) 5t   (12 cos 2t) ( 12 sin 2t) 5r i j k v i j kœ � � Ê œ � � �

  (12 cos 2t) ( 12 sin 2t) 5 144 cos 2t 144 sin 2t 25 13; Ê œ � � � œ � � œ œk k È Èv T# # # # # v
vk k

  cos 2t  sin 2t  and Length  dt 13 dt 13t 13œ � � œ œ œ œˆ ‰ ˆ ‰ k k c d12 12 5
13 13 13i j k v' '

0 0

1 1

1
! 1

 3. t t   t   1 t 1 t ; r i k v i k v T i kœ � Ê œ � Ê œ � œ � œ œ �2
3 1 t 1 t

t$Î# "Î# # "Î# # "
� �

k k a bÉ È v
vk k È È

È

 and Length 1 t dt (1 t)œ � œ � œ'
0

8È � ‘2 52
3 3

$Î# )

!

 4. (2 t) (t 1) t     1 ( 1) 1 3 ; r i j k v i j k v T i j kœ � � � � Ê œ � � Ê œ � � � œ œ œ � �k k È È# # # " "v
vk k È È È3 3 3

1

 and Length 3 dt 3t 3 3œ œ œ'
0

3È È È’ “ $

!
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 5. cos t sin t   3 cos t sin t 3 sin t cos t   r j k v j k vœ � Ê œ � � Êa b a b a b a b k k$ $ # #

 3 cos t sin t 3 sin t cos t 9 cos t sin t cos t sin t 3 cos t sin t ;œ � � œ � œÉa b a b a b a b k kÈ# # # # # ## #

 ( cos t) (sin t) , if 0 t , andT j k j kœ œ � œ � � Ÿ Ÿv
vk k k k k k�

#
3 cos t sin t 3 sin t cos t

3 cos t sin t 3 cos t sin t

# # 1

 Length 3 cos t sin t  dt 3 cos t sin t dt   sin 2t dt  cos 2tœ œ œ œ � œ' ' '
0 0 0

2 2 21 1 1Î Î Îk k � ‘3 3 3
4# #

Î#

!

1

 6. 6t 2t 3t   18t 6t 9t   18t 6t 9t 441t 21t ;r i j k v i j k vœ � � Ê œ � � Ê œ � � � � œ œ$ $ $ # # # ## # # %# # #k k a b a b a bÉ È
  and Length 21t  dt 7t 49T i j k i j kœ œ � � œ � � œ œ œv

vk k " # $ #
"

8t 6t 9t 6 2 3
21t 21t 21t 7 7 7

# # #

# # #
'

1

2 c d
 7. (t cos t) (t sin t) t   (cos t t sin t) (sin t t cos t) 2 tr i j k v i j kœ � � Ê œ � � � �2 2

3

È $Î# "Î#Š ‹È
  (cos t t sin t) (sin t t cos t) 2 t 1 t 2t (t 1) t 1 t 1, if t 0;Ê œ � � � � œ � � œ � œ � œ �  k k k kÊ Š ‹È È Èv # # # #

#

  and Length (t 1) dt tT i j kœ œ � � œ � œ � œ �v
vk k

Èˆ ‰ ˆ ‰ Š ‹ ’ “cos t t sin t sin t t cos t t
t 1 t 1 t 1 2 2

2 t� �
� � � !

"Î# # #'
0

1 1
1 1

 8. (t sin t cos t) (t cos t sin t)   (sin t t cos t sin t) (cos t t sin t cos t)r i j v i jœ � � � Ê œ � � � � �

 (t cos t) (t sin t)   (t cos t) ( t sin t) t t t if 2 t 2; œ � Ê œ � � œ œ œ Ÿ Ÿ œi j v Tk k k kÈ È È# # # v
vk k

 (cos t) (sin t)  and Length t dt 1œ � œ � œ œ œˆ ‰ ˆ ‰ ’ “t cos t t sin t t
t t 2i j i j '

È2

2
#

#

#È

 9. Let P(t ) denote the point.  Then (5 cos t) (5 sin t) 12  and 26 25 cos t 25 sin t 144 dt!
# #v i j kœ � � œ � �1 '

0

t!È
 13 dt 13t   t 2 , and the point is P(2 ) (5 sin 2 5 cos 2 24 ) (0 5 24 )œ œ Ê œ œ ß ß œ ß ß'

0

t!

! ! 1 1 1 1 1 1

10. Let P(t ) denote the point.  Then (12 cos t) (12 sin t) 5  and! v i j kœ � �

 13 144 cos t 144 sin t 25 dt 13 dt 13t   t , and the point is� œ � � œ œ Ê œ �1 1' '
0 0

t t! !È # #
! !

 P( ) (12 sin ( ) 12 cos ( ) 5 ) (0 12 5 )� œ � ß� � ß� œ ß ß�1 1 1 1 1

11. (4 cos t) (4 sin t) 3t   ( 4 sin t) (4 cos t) 3   ( 4 sin t) (4 cos t) 3r i j k v i j k vœ � � Ê œ � � � Ê œ � � �k k È # # #

 25 5  s(t) 5 d 5t  Length sœ œ Ê œ œ Ê œ œÈ ˆ ‰'
0

t

7 1 1
# #

5

12. (cos t t sin t) (sin t t cos t)   ( sin t sin t t cos t) (cos t cos t t sin t)r i j v i jœ � � � Ê œ � � � � � �

 (t cos t) (t sin t)   (t cos t) (t cos t) t t, since t   s(t)  dœ � Ê œ � œ œ œ Ÿ Ÿ Ê œ œi j vk k È È# # #
# #
1 1 7 7'

0

t
t#

  Length s( ) sÊ œ � œ � œ1 ˆ ‰1 1 1
# # #

# #
#

#ˆ ‰1 3
8

13. e  cos t e  sin t e   e  cos t e  sin t e  sin t e  cos t er i j k v i j kœ � � Ê œ � � � �a b a b a b a bt t t t t t t t

  e  cos t e  sin t e  sin t e  cos t e 3e 3 e   s(t) 3 e  dÊ œ � � � � œ œ œ Ê œk k a b a b a bÉ È È Èv t t t t t 2t t# # # '
0

t
7 7

 3 e 3  Length s(0) s( ln 4) 0 3 e 3œ � Ê œ � � œ � � œÈ È È ÈŠ ‹t ln 4 3 3
4

� È

14. (1 2t) (1 3t)  (6 6t)   2 3 6   2 3 ( 6) 7  s(t) 7 d 7tr i j k v i j k vœ � � � � � Ê œ � � Ê œ � � � œ Ê œ œk k È # # # '
0

t

7

  Length s(0) s( 1) 0 ( 7) 7Ê œ � � œ � � œ
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15. 2t 2t  1 t   2 2 2t   2 2 ( 2t) 4 4tr i j k v i j k vœ � � � Ê œ � � Ê œ � � � œ �Š ‹ Š ‹ Š ‹ Š ‹È È È È È È Èa b k k Ê#
# #

# #

 2 1 t   Length 2 1 t  dt 2 1 t  ln t 1 t 2 ln 1 2œ � Ê œ � œ � � � � œ � �È È È È È È’ “ Š ‹Š ‹Š ‹# # # #"
#

"

!

'
0

1
t
2

16. Let the helix make one complete turn from t 0 to t 2 .œ œ 1

 Note that the radius of the cylinder is 1  theÊ

 circumference of the base is 2 .  When t 2 , the point P is1 1œ

 (cos 2 sin 2 2 ) (1 0 2 )  the cylinder is 2  units1 1 1 1 1ß ß œ ß ß Ê

 high.  Cut the cylinder along PQ and flatten.  The resulting
 rectangle has a width equal to the circumference of the
 cylinder 2  and a height equal to 2 , the height of theœ 1 1

 cylinder.  Therefore, the rectangle is a square and the portion
 of the helix from t 0 to t 2  is its diagonal.œ œ 1

 

17. (a) (cos t) (sin t) ( cos t) , 0 t 2   x cos t, y sin t, z 1 cos t  x yr i j kœ � � " � Ÿ Ÿ Ê œ œ œ � Ê �1 # #

 cos t sin t 1, a right circular cylinder with the z-axis as the axis and radius 1.  Thereforeœ � œ œ# #

 P(cos t sin t 1 cos t) lies on the cylinder x y 1; t 0  P(1 0 0) is on the curve; t   Q( 1 1)ß ß � � œ œ Ê ß ß œ Ê !ß ß# #
#
1

 is on the curve; t   R( 1 0 2) is on the curve.  Then PQ  and PR 2 2œ Ê � ß ß œ � � � œ � �
Ä Ä

1 i j k i k

 i k
i j k

Ê  PQ PR 2 2  is a vector normal to the plane of P, Q, and R.  Then the1
2 0 2

Ä
‚ œ œ �

Ä
� " "
�

Ô ×
Õ Ø

 plane containing P, Q, and R has an equation 2x 2z 2(1) 2(0) or x z 1.  Any point on the curve� œ � � œ

 will satisfy this equation since x z cos t (1 cos t) 1.  Therefore, any point on the curve lies on the� œ � � œ

 intersection of the cylinder x y 1 and the plane x z 1  the curve is an ellipse.# #� œ � œ Ê

 (b) ( sin t) (cos t) (sin t)   sin t cos t sin t 1 sin t  v i j k v Tœ � � � Ê œ � � œ � Ê œk k È È# # # # v
vk k

   (0) , , ( ) , œ Ê œ œ œ � œ( sin t) (cos t) (sin t)
1 sin t 2 2

3� � �

� # #
� � �i j k i k i kÈ È È#

T j T T j Tˆ ‰ ˆ ‰1 11

 (c) ( cos t) (sin t) (cos t) ;  isa i j k n i kœ � � � œ �

 normal to the plane x z 1 cos t cos t� œ Ê œ � �n a†
 0   is orthogonal to    is parallel to theœ Ê Êa n a
 plane; (0) , , ,a i k a j a i kœ � � œ � œ �ˆ ‰ a b1

# 1

 a jˆ ‰31
# œ

 

 (d) 1 sin t (See part (b)  L 1 sin t dtk k È Èv œ � Ê œ �# #'
0

21

 (e) L 7.64 (by )¸ Mathematica

18. (a) (cos 4t) (sin 4t) 4t   ( 4 sin 4t) (4 cos 4t) 4   ( 4 sin 4t) (4 cos 4t) 4r i j k v i j k vœ � � Ê œ � � � Ê œ � � �k k È # # #

 32 4 2  Length 4 2 dt 4 2 t 2 2œ œ Ê œ œ œÈ È È È È’ “'
0

21Î 1Î#

!
1

 (b) cos sin    sin  cos r i j k v i j kœ � � Ê œ � � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰t t t t t
# # # # # # # #

" " "

   sin  cos   Length  dt t 2 2Ê œ � � � œ � œ Ê œ œ œk k Éˆ ‰ ˆ ‰ ˆ ‰ É ’ “ Èv " " " " "
# # # # # # #

# # # %

!

t t
4 4 2

2 2 2È È È'
0

41 1

1

 (c) (cos t) (sin t) t   ( sin t) (cos t)   ( sin t) ( cos t) ( 1) 1 1r i j k v i j k vœ � � Ê œ � � � Ê œ � � � � � œ �k k È È# # #

 2  Length 2 dt 2 t 2 2œ Ê œ œ œÈ È È È’ “'
�2

0

1

!

�#1
1
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19. PQB QOB t and PQ arc (AQ) t sincen œ n œ œ œ

 PQ length of the unwound string length of arc (AQ);œ œ

 thus x OB BC OB DP cos t t sin t, andœ � œ � œ �

 y PC QB QD sin t t cos tœ œ � œ �

 

20. cos t t sin t sin t t cos t sin t t cos t sin t cos t t sin t cos tr i j v i jœ � � � Ê œ � � � � � � �a b a b a b a ba ba b
 t cos t t sin t t cos t t sin t t t t, t 0œ � Ê œ � œ œ œ   Ê œ œ �a b a b k k a b a b k kÉ Èi j v T i j2 2 2 t cos t t sin t

t t
v
vk k

 cos t sin tœ �i j

21. x t u y t u z t u u u u , so s t dt d 1 d tv i j k i j k u v uœ � � � � � œ � � œ œ l l œ l l œ œd d d
dt dt dt0 1 0 2 0 3 1 2 3a b a b a b a b ' ' '

0 0 0

t t t

7 7

22. t t t t t 2t 3t t 1 2t 3t 1 4t 9t .  0, 0, 0 t 0r i j k v i j k va b a b a b a b a b a b a bÉ Èœ � � Ê œ � � Ê l l œ � � œ � � Ê œ2 3 2 2 2 2 2 42

 and 2, 4, 8 t 2. Thus L t  dt 1 4t 9t  dt. Using Simpson's rule with n 10 anda b a b ÈÊ œ œ l l œ � � œ' '
0 0

2 2

v 2 4

 x 0.2 L 0 4 0.2 2 0.4 4 0.6 2 0.8 4 1 2 1.2 4 1.4? œ œ Ê ¸ l l � l l � l l � l l � l l � l l � l l � l l2 0 0.2
10 3
� Š a b a b a b a b a b a b a b a bv v v v v v v v

       2 1.6 4 1.8 2 1 4 1.0837 2 1.3676 4 1.8991 2 2.6919 4 3.7417� l l � l l � l l ¸ � � � � �v v va b a b a b a b a b a b a b a b‹ Š0.2
3

       2 5.0421 4 6.5890 2 8.3800 4 10.4134 12.6886 143.5594 9.5706� � � � � œ ¸a b a b a b a b a b‹ 0.2
3

13.4  CURVATURE AND NORMAL VECTORS OF A CURVE

 1. t ln (cos t)   (tan t)   1 ( tan t) sec t sec t sec t, sincer i j v i j i j vœ � Ê œ � œ � Ê œ � � œ œ œˆ ‰ k k k kÈ È� # # #sin t
cos t

 t   (cos t) (sin t) ; ( sin t) (cos t)� � � Ê œ œ � œ � œ � �1 1
# #

"T i j i j i jv T
vk k ˆ ‰ ˆ ‰

sec t sec t dt
tan t d

  ( sin t) ( cos t) 1  ( sin t) (cos t) ; 1 cos t.Ê œ � � � œ Ê œ œ � � œ † œ † œ¸ ¸ ¸ ¸Èd 1 d
dt dt sec t
T T

v
# # "N i j

ˆ ‰
¸ ¸ k k

d
dt
d
dt

T

T ,

 2. ln (sec t) t   (tan t)   ( tan t) 1 sec t sec t sec t,r i j v i j i j vœ � Ê œ � œ � Ê œ � œ œ œˆ ‰ k k k kÈ Èsec t tan t
sec t

# # #

 since t   (sin t) (cos t) ; (cos t) (sin t)� � � Ê œ œ � œ � œ �1 1
# # T i j i j i jv T

vk k ˆ ‰ ˆ ‰tan t 1 d
sec t sec t dt

  (cos t) ( sin t) 1  (cos t) (sin t) ; 1 cos t.Ê œ � � œ Ê œ œ � œ † œ † œ¸ ¸ ¸ ¸Èd 1 d
dt dt sec t
T T

v
# # "N i j

ˆ ‰
¸ ¸ k k

d
dt
d
dt

T

T ,

 3. (2t 3) 5 t   2 2t   2 ( 2t) 2 1 t   r i j v i j v T i jœ � � � Ê œ � Ê œ � � œ � Ê œ œ �a b k k È È# # # #
� �

�v
vk k È È2 2t

2 1 t 2 1 t# #

 ;    œ � œ � Ê œ � �" � " � "

� � � � � �

# #

È È Š ‹ Š ‹ Š ‹ Š ‹È È È È1 t 1 t
t d t d t

dt dt
1 t 1 t 1 t 1 t

# #
# # # #

$ $ $ $i j i jT T¸ ¸
ÍÍÍÌ � � � �

   ; œ œ Ê œ œ � œ † œ † œÉ ¸ ¸" " � " " " "
� � �� � # � # �a b

ˆ ‰
¸ ¸ È È Èk k a b1 t 1 t dt 1 t

t 1 d
1 t 1 t 1 t 1 t# # # ## # # #

N i j
d
dt
d 3/2
dt

T

T , v
T

 4. (cos t t sin t) (sin t t cos t) (t cos t) (t sin t) ( t cos t) (t sin t) t t t, sincer i j v i j vœ � � � Ê œ � Ê œ � œ œ œk k k kÈ È# # #

 t 0 (cos t) (sin t) ; ( sin t) (cos t) ( sin t) (cos t)� Ê œ œ œ � œ � � Ê œ � �T i j i jv T T
v

i jk k (t cos t) (t sin t)
t dt dt

d d� # #¸ ¸ È
 1 ( sin t) (cos t) ; 1œ Ê œ œ � � œ † œ † œN i j

ˆ ‰
¸ ¸ k k

d
dt
d
dt

T

T , 1 d
dt t tv
T¸ ¸ " "
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 5. (a) x . Now, f x x 1 f x,a b a b k k c d¹ ¹ a b É a bœ † œ � Ê œ � Ê œ1
x dt

dT x 2k ka b a b
v v

vv i j v Tw w
k k

 1 f x 1 . Thus xf x f xœ Š ‹ Š ‹� � � œ �c d a b c d a ba b a bw w
Î Î

w �

� �

2 2
1 2 1 2

d
dt

f x f x f x

1 1f x f x

� �
i j i jT w ww ww

w w
Î Î

a b a b a b
c d c da b a bŠ ‹ Š ‹2 23 2 3 2

 Ê œ � œ œ¹ ¹
ÍÍÍÌ ” • � � Ëd x f x

dt

f x f x

1 f x

2

1 f x

2
f x f x1

1 f x

f x

1 f x

Ta b a ba b a b
c da b c da b

c d c da b a bŠ ‹
c da b

k ka b
¹ ¹c da b

�

�
�

�

� �

w ww

w
Î

ww

w
Î

ww w

w

ww

wŠ ‹ Š ‹ Š ‹
2 3 2

2 3 2

2 2

2 3 2

 Thus x,a b œ † œ1
1 f x

f x f x
1 f x

1 f xa b Š ‹� Ò Ó � Ò Ó
�

w Î Î

ww ww

w
wa b

k k k ka b a bk ka b c da b2 1 2 3 22
2

 (b) y ln (cos x)  ( sin x) tan x  sec x  œ Ê œ � œ � Ê œ � Ê œ œdy d y
dx cos x dx sec x

sec x

1 ( tan x)
sec xˆ ‰" # �

� �

#

# $

#

# $Î#

#

,
k k

c d k k
 cos x, since xœ œ � � �"

# #sec x
1 1

 (c) Note that  f (x) 0 at an inflection point.ww œ

 6. (a) f(t) g(t) x y   x y  x yr i j i j v i j v T i jœ � œ � Ê œ � Ê œ � Ê œ œ �
Þ Þ Þ Þ Þ Þk k È # # v

vk k x
x y x y

y
È ÈÞ Þ Þ Þ

� �# # # #

 d d
dt dt

2
T Tœ � Ê œ �

y y x x y x x y y x

x y x y

y y x x y

x y

x x y y x

x y

Þ Þ ÞÞ Þ ÞÞ Þ Þ ÞÞ Þ ÞÞ
� �

Þ Þ Þ Þ
� �

Þ Þ ÞÞ Þ ÞÞ
�

Þ Þ
�

Þ Þ ÞÞ Þ ÞÞ
�

Þ Þ
�

a b a b
a b a b

a b
a b

a b
a b# # # # # # #3/2 3/2 3/2i j ¸ ¸ Ê’ “ ’ “

#

# #

# #
3/2

2

3

2
œ Ê a ba b

a b
y x y x x y

x y

Þ Þ Þ ÞÞ Þ ÞÞ
� �

Þ Þ
�

 ;  .œ œ † œ † œ
k k k k
k k k kÈ a b
y x x y y x x y x y y x
x y x y

1
x y x y

Þ ÞÞ Þ ÞÞ Þ ÞÞ Þ ÞÞ Þ ÞÞ Þ ÞÞ
� � l � l

Þ Þ Þ Þ
� �Þ Þ

� Þ Þ
�

# # # ## # # #
, 1 d

dtk kv
T¸ ¸ 3/2

 (b) (t)  t ln (sin t) , 0 t   x t and y ln (sin t)  x 1, x 0; y cot t, y csc tr i jœ � � � Ê œ œ Ê œ œ œ œ œ �
Þ ÞÞ Þ ÞÞ

1 cos t
sin t

#

  sin tÊ œ œ œ,
k k
a b
� �

�

csc t 0

1 cot t)
csc t
csc t

#

# $Î#

#

$

 (c) (t) tan (sinh t) ln (cosh t)   x tan (sinh t) and y ln (cosh t)  xr i jœ � Ê œ œ Ê œ œ
Þ�" �"

�
"cosh t

1 sinh t cosh t#

 sech t, x sech t tanh t; y tanh t, y sech t sech t sech tœ œ � œ œ œ Ê œ œ œ
ÞÞ Þ ÞÞsinh t

cosh t sech t tanh t
sech t sech t tanh t# �

�,
k ka b

$ #

# # k k
 7. (a) (t) f(t) g(t)   f (t) g (t)  is tangent to the curve at the point (f(t) g(t));r i j v i jœ � Ê œ � ßw w

 g (t) f (t) f (t) g (t) g (t)f (t) f (t)g (t) 0; ( ) 0; thus,  and  aren v i j i j n v n v n n† † † †œ � � � œ � � œ � œ � œ �c d c dw w w w w w w w

 both normal to the curve at the point

 (b) (t) t e   2e   2e  points toward the concave side of the curve;  andr i j v i j n i j Nœ � Ê œ � Ê œ � � œ2t 2t 2t n
nk k

 4e 1  k k Èn N i jœ � Ê œ �4t 2e
1 4e 1 4e
� "

� �

2t

4t 4tÈ È
 (c) (t) 4 t t      points toward the concave side of the curve;r i j v i j n i jœ � � Ê œ � Ê œ � �È # �

� �

t t
4 t 4 tÈ È# #

  and 1    4 t tN n N i jœ œ � œ Ê œ � � �n
nk k Èk k É Š ‹Èt 2

4 t 4 t

#

#
#� #�

" #

 8. (a) (t) t t t t  points toward the concave side of the curve when t 0 andr i j v i j n i jœ � Ê œ � Ê œ � �" $ # #
3

 t  points toward the concave side when t 0  t  for t 0 and� œ � � � Ê œ � �n i j N i j# #"

�È1 t%
a b

 t  for t 0N i jœ � � �"

�
#È1 t%

a b
 (b) From part (a), 1 t  k k È ¸ ¸ Év T i j i jœ � Ê œ � Ê œ � Ê œ% " � �

� � � � �È È a b a b a b1 t 1 t
t d 2t 2t d 4t 4t

dt dt1 t 1 t 1 t% %

# $

% %$Î# $Î# % $
T T 6 2

 ;  ; t 0.  does not exist at t 0, where tœ œ œ � œ � Á œ2 t
1 t

1 t 2t 2t t t
2 t 1 t 1 t t 1 t t 1 t

k k ˆ ‰
¸ ¸ k k a b a b k k k kÈ È�

� � �

� � � �
%

% $ $

% %$Î# $Î# % %
N i j i j N

d
dt
d
dt

T

T Š ‹ he

 curve has a point of inflection; 0 so the curvature 0 at t 0   is¸ ¸ ¸ ¸ ¸d d d dt d
dt ds dt ds ds
T T T T

t 0œ
œ œ œ œ œ Ê œ, † N "

,

 undefined. Since x t and y t y x , the curve is the cubic power curve which is concave down forœ œ Ê œ" "$ $
3 3

 x t 0 and concave up for x t 0.œ � œ �

 9. (3 sin t) (3 cos t) 4t (3 cos t) ( 3 sin t) 4 (3 cos t) ( 3 sin t) 4 25r i j k v i j k vœ � � Ê œ � � � Ê œ � � � œk k È È# # #

 5  cos t  sin t  sin t  cos tœ Ê œ œ � � Ê œ � �T i j k i jv T
vk k ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰3 3 4 d 3 3

5 5 5 dt 5 5
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  sin t  cos t   ( sin t) (cos t) ; Ê œ � � � œ Ê œ œ � � œ † œ¸ ¸ ˆ ‰ ˆ ‰Éd 3 3 3 1 3 3
dt 5 5 5 5 5 25
T # #

N i j
ˆ ‰
¸ ¸

d
dt
d
dt

T

T ,

10. (cos t t sin t) (sin t t cos t) 3   (t cos t) (t sin t)   (t cos t) (t sin t) tr i j k v i j vœ � � � � Ê œ � Ê œ � œk k È È# # #

 t t, if t 0  (cos t) (sin t) , t 0  ( sin t) (cos t)œ œ � Ê œ œ � � Ê œ � �k k T i j i jv T
vk k d

dt

  ( sin t) (cos t) 1  ( sin t) (cos t) ; 1Ê œ � � œ Ê œ œ � � œ † œ¸ ¸ Èd
dt t t
T # # " "N i j

ˆ ‰
¸ ¸

d
dt
d
dt

T

T ,

11. e  cos t e  sin t 2   e  cos t e  sin t e  sin t e  cos t  r i j k v i jœ � � Ê œ � � � Êa b a b a b a bt t t t t t

 e  cos t e  sin t e  sin t e  cos t 2e e 2 ;k k a b a bÉ È Èv œ � � � œ œt t t t 2t t# #

   T i j i jœ œ � Ê œ �v T
vk k È È È ÈŠ ‹ Š ‹ Š ‹ Š ‹cos t sin t sin t cos t d sin t cos t cos t sin t

2 2 2 2dt
� � � � �

  1  ;Ê œ � œ Ê œ œ �¸ ¸ ÊŠ ‹ Š ‹ Š ‹ Š ‹d sin t cos t cos t sin t cos t sin t sin t cos t
dt 2 2 2 2
T � � � � � � �

# #

È È È È
ˆ ‰
¸ ¸N i j

d
dt
d
dt

T

T

 1, œ † œ † œ1 d 1 1
dt 2 2k k È Èv
T¸ ¸

e et t

12. (6 sin 2t) (6 cos 2t) 5t   (12 cos 2t) (12 sin 2t) 5   (12 cos 2t) ( 12 sin 2t) 5r i j k v i j k vœ � � Ê œ � � Ê œ � � �k k È # # #

 169 13   cos 2t  sin 2t    sin 2t  cos 2tœ œ Ê œ œ � � Ê œ � �È ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰T i j k i jv T
vk k 12 12 5 d 24 24

13 13 13 dt 13 13

   sin 2t  cos 2t   ( sin 2t) (cos 2t) ;Ê œ � � � œ Ê œ œ � �¸ ¸ ˆ ‰ ˆ ‰Éd 24 24 24
dt 13 13 13
T # #

N i j
ˆ ‰
¸ ¸

d
dt
d
dt

T

T

 ., œ † œ † œ1 d 1 24 24
dt 13 13 169k kv
T¸ ¸

13. , t 0  t t   t t t t 1, since t 0  r i j v i j v Tœ � � Ê œ � Ê œ � œ � � Ê œŠ ‹ Š ‹ k k È Èt t
3

$ #

#
# % # # v

vk k

     œ � Ê œ � Ê œ �t 1 d 1 t d t
t t t 1 dt dtt 1 t 1 t 1 t 1È È a b a b a b a b# # # # # #$Î# $Î# $Î# $Î#� � � � � �

" �
# #

i j i jT T¸ ¸ ÊŠ ‹ Š ‹
   ; .œ œ Ê œ œ � œ † œ † œÉ ¸ ¸1 t 1 t 1 d 1 1

t 1 t 1 dt t 1t 1 t 1 t t 1 t t 1
� " "
� � �� � � �

#

# $ # ## # # # $Î#a b
ˆ ‰
¸ ¸ È È Èk k a bN i j

d
dt
d
dt

T

T , v
T

14. cos t sin t , 0 t   3 cos t sin t 3 sin t cos tr i j v i jœ � � � Ê œ � �a b a b a b a b$ $ # #
#
1

  3 cos t sin t 3 sin t cos t 9 cos t sin t 9 sin t cos t 3 cos t sin t, since 0 tÊ œ � � œ � œ � �k k a b a bÉ Èv # # % # % ## #
#
1

  ( cos t) (sin t)   (sin t) (cos t)   sin t cos t 1  Ê œ œ � � Ê œ � Ê œ � œ Ê œT i j i j Nv T T
vk k

ˆ ‰
¸ ¸d d

dt dt
¸ ¸ È # #

d
dt
d
dt

T

T

 (sin t) (cos t) ; 1 .œ � œ † œ † œi j , 1 d 1 1
dt 3 cos t sin t 3 cos t sin tk kv
T¸ ¸

15. t a cosh , a 0  sinh   1 sinh cosh cosh r i j v i j vœ � � Ê œ � Ê œ � œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰k k É Ét t t t t
a a a a a

# #

  sech tanh    sech  tanh  sech  Ê œ œ � Ê œ � �T i j i jv T
vk k ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰t t d t t t

a a dt a a a a a
" " #

   sech   tanh   sech   sech   tanh sech ;Ê œ � œ Ê œ œ � �¸ ¸ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Éd t t t t t t
dt a a a a a a a a a
T " " "# # %

# # N i j
ˆ ‰
¸ ¸

d
dt
d
dt

T

T

  sech  sech ., œ † œ † œ1 d 1 t t
dt a a a acosh k kv
T¸ ¸ ˆ ‰ ˆ ‰t

a

" " #

16. (cosh t) (sinh t) t   (sinh t) (cosh t)   sinh t ( cosh t) 1 2 cosh tr i j k v i j k vœ � � Ê œ � � Ê œ � � � œk k È È# #

   tanh t  sech t    sech t  sech t tanh tÊ œ œ � � Ê œ �T i j k i kv T
vk k È È È È ÈŠ ‹ Š ‹ Š ‹ Š ‹" " " " "#

2 2 2 2 2
d
dt

   sech t  sech t tanh t  sech t  (sech t) (tanh t) ;Ê œ � œ Ê œ œ �¸ ¸ Éd
dt 2
T " " "

# #
% # # È

ˆ ‰
¸ ¸N i k

d
dt
d
dt

T

T

  sech t  sech t., œ † œ † œ1 d 1
dt 2 cosh t 2k k È Èv
T¸ ¸ " "

#
#
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17. y ax   y 2ax  y 2a; from Exercise 5(a), (x) 2a  1 4a xœ Ê œ Ê œ œ œ �# w ww # #

�

�$Î#
,

k k
a b

2a

1 4a x# # $Î# k k a b
  (x)  2a 1 4a x 8a x ; thus, (x) 0  x 0.  Now, (x) 0 for x 0 and (x) 0 forÊ œ � � œ Ê œ � � �, , , ,w # # # w w w

#

�&Î#3 k k a b a b
 x 0 so that (x) has an absolute maximum at x 0 which is the vertex of the parabola.  Since x 0 is the� œ œ,

 only critical point for (x), the curvature has no minimum value.,

18. (a cos t) (b sin t)   ( a sin t) (b cos t)   ( a cos t) (b sin t)   r i j v i j a i j v aœ � Ê œ � � Ê œ � � Ê ‚

 ab   ab ab, since a b 0; (t)a sin t b cos t 0
a cos t b sin t 0

œ œ Ê œ œ � � œ�
� �

â ââ ââ ââ ââ ââ â k k k ki j k
k v a‚ ,

k k
k k
v a
v
‚
$

 ab a  sin t b  cos t ; (t) (ab) a  sin t b  cos t 2a  sin t cos t 2b  sin t cos tœ � œ � � �a b a b a b# # # # w # # # # # #�$Î# �&Î#

#, 3

 (ab) a b (sin 2t) a  sin t b  cos t ; thus, (t) 0  sin 2t 0  t 0,  identifyingœ � � � œ Ê œ Ê œ3
#

# # # # # # w�&Î#a b a b , 1

 points on the major axis, or t ,  identifying points on the minor axis.  Furthermore, (t) 0 forœ �1 1
# #

w3 ,

 0 t  and for t ; (t) 0 for t  and t 2 .  Therefore, the points associated� � � � � � � � �1 1 1 1
# # # #

w1 , 1 13 3

 with t 0 and t  on the major axis give absolute maximum curvature and the points associated with tœ œ œ1 1
#

 and t  on the minor axis give absolute minimum curvature.œ 31
#

19.   ; 0  a b 0  a b  a b since a, b 0.  Now, 0 if, œ Ê œ œ Ê � � œ Ê œ „ Ê œ   �a d a b d d
a b da da daa b# #

# #

# # #�
� �

�
# #, , ,

a b
 a b and 0 if a b   is at a maximum for a b and (b)  is the maximum value of .� � � Ê œ œ œd b

da b b 2b
, , , ,# #�

"

20. (a) From Example 5, the curvature of the helix (t) (a cos t) (a sin t) bt , a, b 0 is ; alsor i j kœ � �   œ, a
a b# #�

 a b .  For the helix (t) (3 cos t) (3 sin t) t , 0 t 4 , a 3 and b 1  k k Èv r i j kœ � œ � � Ÿ Ÿ œ œ Ê œ œ# #
�1 , 3 3

3 1 10# #

 and 10  K 10 dt tk k È È ’ “v œ Ê œ œ œ'
0

41
3 3 12

10 10 10È È
%

!

1
1

 (b) y x   x t and y t , t   (t) t t   2t   1 4t ;œ Ê œ œ �_ � � _ Ê œ � Ê œ � Ê œ �# # # #r i j v i j vk k È
 ; ; . ThusT i j i jœ � œ � œ œ1 2t d 4t 2 d 16t 4 2

1 4t 1 4t dt dt 1 4t1 4t 1 4t 1 4tÈ È a b a b a b� �

� �

� � � �# # # # # #

T T
3/2 3/2

2

3¸ ¸ É
 . Then  K  1 4t  dt  dt, œ † œ œ � œ1 2 2 2 2

1 4t 1 4t 1 4t
1 4t 1 4t

È Š ‹È Š ‹È� � �
� �

#
# # #

# #
$3

' '
�_ �_

_ _Š ‹È
  lim    dt  lim   dt  lim   tan 2t  lim   tan 2tœ � œ �

a ab bÄ �_ Ä �_
Ä _ Ä _

' '
a 0

0 b

a 0

b2 2
1 4t 1 4t� �

�" �"!
# # c d c d

  lim   tan 2a  lim   tan 2bœ � � œ � œ
a bÄ �_

Ä _

a b a b�" �"
# #
1 1 1

21. t (sin t)   (cos t)   1 (cos t) 1 cos t  1 cos 1; r i j v i j v v Tœ � Ê œ � Ê œ � œ � Ê œ � œ œk k È È ¸ ¸ ˆ ‰ˆ ‰ É# # # #
# #
1 1 v

vk k
  ;  œ Ê œ � Ê œ œ œ œi j T T T�

� � �

�
� œ �

cos t 
1 cos t

d sin t cos t sin t d d 1
dt dt 1 cos t dt 11 cos t 1 cos t

sin t
t

sin 
1 cosÈ a b a b

k k ¸ ¸
ˆ ‰2 2 23/2 3/2 2

2

2
2

2
i j ¸ ¸ ¸ ¸

1

1

1
1. Thus 1 1,ˆ ‰1

2 1
1œ † œ

  1 and the center is 0   x y 1Ê œ œ ß Ê � � œ3 "
# #

# #
1

ˆ ‰ ˆ ‰1 1

22. (2 ln t) t   1  1 ;r i j v i j v T i jœ � � Ê œ � � Ê œ � � œ Ê œ œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰k k É" " � �
� �t t t t t t t 1 t 1

2 4 1 t 1 2t t 12
# 2 2 2 2 2

2 2v
vk k

 . Thus 1d 4t d 2 1 d t 2 2t 2
dt dt t 1 dt t 1 t 1 2

2 t 1

t 1 t 1 t 1 t 1
4 t 1 16tT T T

vœ � Ê œ œ œ † œ † œ Ê œ
� �

� � � �

� �
� � �

ˆ ‰
a b a b a b a b

a b k k
2

2 2 2 22 2 4 2 2 2 2 2

2 22 2 2
i j ¸ ¸ ¸ ¸Ê a b, ,

  2.  The circle of curvature is tangent to the curve at P(0 2)  circle has same tangent as the curveœ Ê œ œ ß� Ê" "
# 3

,

  (1) 2  is tangent to the circle  the center lies on the y-axis.  If t 1 (t 0), then (t 1) 0Ê œ Ê Á � � �v i #

 t 2t 1 0  t 1 2t 2 since t 0  t 2  t 2  y 2 on bothÊ � � � Ê � � Ê � � Ê � � Ê � � � � Ê � �# # � " "t 1
t t t

# ˆ ‰
 sides of (0 2)  the curve is concave down  center of circle of curvature is (0 4)  x (y 4) 4ß � Ê Ê ß� Ê � � œ# #

 is an equation of the circle of curvature
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23. y x   f (x) 2x and f (x) 2œ Ê œ œ# w ww

  Ê œ œ,
k k

a b a b
2

1 (2x) 1 4x
2

� �# #$Î# $Î#

 

24. y   f (x) x  and f (x) 3xœ Ê œ œx
4

% w $ ww #

  Ê œ œ,
k k

Š ‹a b a b
3x

1 x

3x
1 x

#

$ #
$Î# $Î#

#

'
� �

 

25. y sin x  f (x) cos x and f (x) sin xœ Ê œ œ �w ww

  Ê œ œ,
k k k k

a b a b
�

� �

sin x sin x

1 cos x 1 cos x# #$Î# $Î#

 

26. y e   f (x) e  and f (x) eœ Ê œ œx x xw ww

  Ê œ œ,
k k

Š ‹ ˆ ‰
e

1

e

1

x x

� �a be ex 2x#
$Î# $Î#

 

27-34. Example CAS commands:
 :Maple
 with( plots );
 r := t -> [3*cos(t),5*sin(t)];
 lo := 0;
 hi := 2*Pi;
 t0 := Pi/4;
 P1 := plot( [r(t)[], t=lo..hi] ):
 display( P1, scaling=constrained, title="#27(a) (Section 13.4)" );
 CURVATURE := (x,y,t) ->simplify(abs(diff(x,t)*diff(y,t,t)-diff(y,t)*diff(x,t,t))/(diff(x,t)^2+diff(y,t)^2)^(3/2));
 kappa := eval(CURVATURE(r(t)[],t),t=t0);
 UnitNormal := (x,y,t) ->expand( [-diff(y,t),diff(x,t)]/sqrt(diff(x,t)^2+diff(y,t)^2) );
 N := eval( UnitNormal(r(t)[],t), t=t0 );
 C := expand( r(t0) + N/kappa );
 OscCircle := (x-C[1])^2+(y-C[2])^2 = 1/kappa^2;
 evalf( OscCircle );
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 P2 := implicitplot( (x-C[1])^2+(y-C[2])^2 = 1/kappa^2, x=-7..4, y=-4..6, color=blue ):
 display( [P1,P2], scaling=constrained, title="#27(e) (Section 13.4)" );
 : (assigned functions and parameters may vary)Mathematica
 In Mathematica, the dot product can be applied either with a period "." or with the word, "Dot".
 Similarly, the cross product can be applied either with a very small "x" (in the palette next to the arrow) or with the word,
 "Cross". However, the Cross command assumes the vectors are in three dimensions
 For the purposes of applying the cross product command, we will define the position vector r as a three dimensional vector
 with zero for its z-component. For graphing, we will use only the first two components.
 Clear[r, t, x, y]
 r[t_]={3 Cos[t], 5 Sin[t] }
 t0=  /4;  tmin= 0;  tmax= 2 ;1 1

 r2[t_]= {r[t][[1]], r[t][[2]]}
 pp=ParametricPlot[r2[t], {t, tmin, tmax}];
 mag[v_]=Sqrt[v.v]
 vel[t_]= r'[t]
 speed[t_]=mag[vel[t]]
 acc[t_]= vel'[t]

 curv[t_]= mag[Cross[vel[t],acc[t]]]/speed[t] //Simplify3

 unittan[t_]= vel[t]/speed[t]//Simplify
 unitnorm[t_]= unittan'[t] / mag[unittan'[t]]
 ctr= r[t0] + (1 / curv[t0]) unitnorm[t0] //Simplify
 {a,b}= {ctr[[1]], ctr[[2]]}
 To plot the osculating circle, load a graphics package and then plot it, and show it together with the original curve.
 <<Graphics`ImplicitPlot`

 pc=ImplicitPlot[(x a)2 + (y b)2 == 1/curv[t0]  , {x, 8, 8},{y, 8, 8}]� � � �2

 radius=Graphics[Line[{{a, b}, r2[t0]}]]
 Show[pp, pc, radius, AspectRatio 1]Ä

13.5  TANGENTIAL AND NORMAL COMPONENTS OF ACCELERATION

 1. (a cos t) (a sin t) bt   ( a sin t) (a cos t) b   ( a sin t) (a cos t) br i j k v i j k vœ � � Ê œ � � � Ê œ � � �k k È # # #

 a b   a  0; ( a cos t) ( a sin t)   ( a cos t) ( a sin t) a aœ � Ê œ œ œ � � � Ê œ � � � œ œÈ k k k k k kÈ È# # # # #
T

d
dt v a i j a

  a a 0 a   (0) a aÊ œ � œ � œ œ Ê œ � œN T
É Ék k k k k k k k k k k ka a a a T N N# ## #

 2. (1 3t) (t 2) 3t   3 3   3 1 ( 3) 19  a  0; r i j k v i j k v v a 0œ � � � � Ê œ � � Ê œ � � � œ Ê œ œ œk k k kÈ È# # #
T

d
dt

  a a 0  (0) (0)Ê œ � œ Ê œ � œN T
Ék ka a T N 0# #

 3. (t 1) 2t t   2 2t   1 2 (2t) 5 4t   a 5 4t (8t)r i j k v i j k vœ � � � Ê œ � � Ê œ � � œ � Ê œ �# ## # # # "
#

�"Î#k k a bÈ È
T

 4t 5 4t   a (1) ; 2   (1) 2   (1) 2  a a 2œ � Ê œ œ œ Ê œ Ê œ Ê œ � œ �a b k k k kÉ É ˆ ‰# �"Î# # # # #
T N T

4 4 4
9 3 3È a k a k a a

   (1)œ œ Ê œ �É 20 4
9 3 3 3

2 5 2 5È È
a T N

 4. (t cos t) (t sin t) t   (cos t t sin t) (sin t t cos t) 2tr i j k v i j kœ � � Ê œ � � � �#

  (cos t t sin t) (sin t t cos t) (2t) 5t 1  a 5t 1 (10t)Ê œ � � � � œ � Ê œ �k k a bÈ Èv # # # # "
#

# �"Î#
T
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   a (0) 0; ( 2 sin t t cos t) (2 cos t t sin t) 2   (0) 2 2   (0)œ Ê œ œ � � � � � Ê œ � Ê5t
5t 1È # �

T a i j k a j k ak k
 2 2 2 2  a a 2 2 0 2 2  (0) (0) 2 2 2 2œ � œ Ê œ � œ � œ Ê œ � œÈ È È È È ÈÉk k ÊŠ ‹# # # ##

#

N Ta a T N N

 5. t t t t t   2t 1 t 1 t   (2t) 1 t 1 tr i j k v i j k vœ � � � � Ê œ � � � � Ê œ � � � �# $ $ # #" " # # ## #ˆ ‰ ˆ ‰ a b a b k k a b a bÉ
3 3

 2 t 2t 1 2 1 t   a 2t 2  a (0) 0; 2 2t 2t   (0) 2   (0) 2œ � � œ � Ê œ Ê œ œ � � Ê œ Ê œÈ a b a b k kÈ È% # #
T T a i j k a i a

  a a 2 0 2  (0) (0) 2 2Ê œ � œ � œ Ê œ � œN T
Ék k Èa a T N N# # # #

 6. e  cos t e  sin t 2e   e  cos t e  sin t e  sin t e  cos t 2er i j k v i j kœ � � Ê œ � � � �a b a b a b a bÈ Èt t t t t t t t

  e  cos t e  sin t e  sin t e  cos t 2e 4e 2e   a 2e   a (0) 2;Ê œ � � � � œ œ Ê œ Ê œk k a b a bÊ Š ‹È Èv t t t t t 2t t t
T T

# #
#

 e  cos t e  sin t e  sin t e  cos t e  sin t e  cos t e  cos t e  sin t 2ea i j kœ � � � � � � � �a b a b Èt t t t t t t t t

 2e  sin t 2e  cos t 2e   (0) 2 2   (0) 2 2 6œ � � � Ê œ � Ê œ � œa b a b k kÈ È ÈÊ Š ‹ Èt t ti j k a j k a #
#

  a a 6 2 2  (0) 2 2Ê œ � œ � œ Ê œ �N TÉk k ÊŠ ‹È È Èa a T N# #
#

#

 7. (cos t) (sin t)   ( sin t) (cos t)   ( sin t) (cos t) 1  r i j k v i j v Tœ � � Ê œ � � Ê œ � � œ Ê œk k È # # v
vk k

 ( sin t) (cos t)   ; ( cos t) (sin t)   ( cos t) ( sin t)œ � � Ê œ � � œ � � Ê œ � � �i j T i j i jˆ ‰ ¸ ¸ È1
4 dt dt

2 2 d dÈ È
# #

# #T T

 1  ( cos t) (sin t)   ; sin t cos t 0
cos t sin t 0

œ Ê œ œ � � Ê œ � � œ ‚ œ œ�
� �

N i j N i j B T N k
i j kˆ ‰

¸ ¸
È Èd

dt
d
dt

T

T
ˆ ‰

â ââ ââ ââ ââ ââ â
1
4

2 2
# #

  , the normal to the osculating plane;   P 1  lies on theÊ œ œ � � Ê œ ß ß�B k r i j kˆ ‰ ˆ ‰ Š ‹1 1
4 4

2 2 2 2È È È È
# # # #

 osculating plane  0 x 0 y (z ( 1)) 0  z 1 is the osculating plane;  is normalÊ � � � � � � œ Ê œ �Š ‹ Š ‹È È2 2
# # T

 to the normal plane  x y 0(z ( 1)) 0  x y 0Ê � � � � � � � œ Ê � � œŠ ‹Š ‹ Š ‹Š ‹È È È È È È2 2 2 2 2 2
# # # # # #

  x y 0 is the normal plane;  is normal to the rectifying planeÊ � � œ N

  x y 0(z ( 1)) 0  x y 1  x y 2 is theÊ � � � � � � � � œ Ê � � œ � Ê � œŠ ‹Š ‹ Š ‹Š ‹ ÈÈ È È È È È2 2 2 2 2 2
# # # # # #

 rectifying plane

 8. (cos t) (sin t) t   ( sin t) (cos t)   sin t cos t 1 2  r i j k v i j k v Tœ � � Ê œ � � � Ê œ � � œ Ê œk k È È# # v
vk k

  sin t  cos t    cos t  sin t   œ � � � Ê œ � � � ÊŠ ‹ Š ‹ Š ‹ Š ‹ ¸ ¸" " " " "È È È È È2 2 2 2 2
d d
dt dti j k i jT T

  cos t  sin t   ( cos t) (sin t) ; thus (0)   and (0)œ � œ Ê œ œ � � œ � œ �É " " " " "
# #

# # È È È
ˆ ‰
¸ ¸2 2 2

N i j T j k N i
d
dt
d
dt

T

T

  (0) , the normal to the osculating plane; (0)   P(1 0 0) lies on0

1 0 0

Ê œ œ � � œ Ê ß ß

�

B j k r i

i j k
â ââ ââ ââ ââ ââ ââ â

" " " "È È È È2 2 2 2

 the osculating plane  0(x 1) (y 0) (z 0) 0  y z 0 is the osculating plane;  is normalÊ � � � � � œ Ê � œ" "È È2 2
T

 to the normal plane  0(x 1) (y 0) (z 0) 0  y z 0 is the normal plane;  is normal toÊ � � � � � œ Ê � œ" "È È2 2
N

 the rectifying plane  1(x 1) 0(y 0) 0(z 0) 0  x 1 is the rectifying plane.Ê � � � � � � œ Ê œ
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 9. By Exercise 9 in Section 13.4,   cos t  sin t   and  ( sin t) (cos t)  so that T i j k N i j B T Nœ � � � œ � � œ ‚ˆ ‰ ˆ ‰3 3 4
5 5 5

  cos t  sin t  cos t  sin t . Also (3 cos t) ( 3 sin t) 4
sin t cos t 0

œ � œ � � œ � � �

� �

â ââ ââ ââ ââ ââ â ˆ ‰ ˆ ‰i j k
i j k v i j k3 3 4 4 4 3

5 5 5 5 5 5

 ( 3 sin t) ( 3 cos t)  ( 3 cos t) (3 sin t)  and  3 cos t 3 sin t 4
3 sin t 3 cos t 0

Ê œ � � � Ê œ � � ‚ œ �
� �

a i j i j v a
i j k

d
dt
a

â ââ ââ ââ ââ ââ â
 (12 cos t) (12 sin t) 9   12 cos t 12 sin t 9 225. Thusœ � � Ê ‚ œ � � � � œi j k v ak k a b a b a b2 # # #

  7 œ œ œ œ �

â ââ ââ ââ ââ ââ â a b
3 cos t 3 sin t 4
3 sin t 3 sin t 0
3 cos t 3 sin t 0

225 225 225 25
4 9 sin t 9 cos t 36 4

�
� �
� † � � �# #

10. By Exercise 10 in Section 13.4,  (cos t) (sin t)  and ( sin t) (cos t) ; thus T i j N i j B T Nœ � œ � � œ ‚

 cos t sin t . Also (t cos t) (t sin t)cos t sin t 0
sin t cos t 0

œ œ � œ œ �
�

â ââ ââ ââ ââ ââ â a bi j k
k k v i j# #

 t sin t cos t t cos t sin t  t cos t sin t sin t t sin t cos t cos tÊ œ � � � � Ê œ � � � � � � �a i j i ja b a b a b a ba b d
dt
a

 t cos t 2 sin t 2 cos t t sin t . Thus t cos t t sin t 0
t sin t cos t t cos t sin t 0

œ � � � � ‚ œ
� � �

a b a b
â ââ ââ ââ ââ ââ âa b a bi j v a

i j k

 [(t cos t)(t cos t sin t) (t sin t)( t sin t cos t)] t   t t . Thusœ � � � � œ Ê ‚ œ œk k v a# # #k k a b2 4

 07 œ œ œ

â ââ ââ ââ ââ ââ â
t cos t t sin t 0

cos t t sin t sin t t cos t 0
2 sin t t cos t 2 cos t t sin t 0

t t
0

� �
� � �

4 4

11. By Exercise 11 in Section 13.4,  and ; ThusT i j N i jœ � œ �Š ‹ Š ‹ Š ‹ Š ‹cos t sin t sin t cos t cos t sin t sin t cos t
2 2 2 2

� � � � � �È È È È

 0

0
B T N

i j k

œ ‚ œ œ �

â ââ ââ ââ ââ ââ ââ â
’ “Š ‹ Š ‹cos t sin t sin t cos t

2 2
cos t sin t sin t cos t

2 2

cos t 2 cos t sin t sin t sin t 2 sin t 
2

� �

� � � �

� � �È È
È È

# # # cos t cos t
2

� #

k

 . Also,  e  cos t e  sin t e  sin t e  cos tœ � œ œ � � �’ “Š ‹ Š ‹ a b a b1 sin 2t 1 sin 2t
2 2

t t t t� �a b a b k k v i j

 = 2e  sin t 2e  cos te sin t cos t e cos t sin t e cos t sin t e sin t cos tÊ œ � � �� � � � � � �a i j i jc d c d a b a ba b a b a b a bt t t t t t

 2e cos t sin t 2e sin t cos t . Thus  2ee cos t sin t e sin t cos t 0
2e  sin t 2e  cos t 0

Ê œ � � � � � ‚ œ œ� �
�

d
dt

t t 2tt t

t t

a a b a b
â ââ ââ ââ ââ ââ âa b a bi j v a k

i j k

  2e 4e . Thus  Ê ‚ œ œ œk k a bv a 2 2t 4t

cos t sin t sin t cos t 0
2  sin t 2  cos t 0

2 cos t sin t 2 sin t cos #

� �

�

� � � �
7

â ââ ââ ââ ââ ââ â
a b a b
a b a b

e e
e e

e e

t t

t t

t t t 0
4e4t œ 0

12. By Exercise 12 in Section 13.4,  cos 2t  sin 2t  and ( sin 2t) (cos 2t)  soT i j k N i jœ � � œ � �ˆ ‰ ˆ ‰12 12 5
13 13 13

  cos 2t  sin 2t  cos 2t  sin 2t . Also,
sin 2t cos 2t 0

B T N i j k
i j k

œ ‚ œ � œ � �

� �

â ââ ââ ââ ââ ââ âˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b a b
12 12 5 5 5 12
13 13 13 13 13 13

 (12 cos 2t) (12 sin 2t) 5  ( 24 sin 2t) (24 cos 2t)  and ( 48 cos 2t) (48 sin 2t)v i j k a i j i jœ � � Ê œ � � œ � �d
dt
a

  (120 cos 2t) (120 sin 2t) 288   12 cos 2t 12 sin 2t 5
24 sin 2t 24 cos 2t 0

v a i j k v a
i j k

‚ œ œ � � Ê ‚�
� �

â ââ ââ ââ ââ ââ â k k2
 (120 cos 2t) ( 120 sin 2t) ( 288) 120 cos 2t sin 2t 288 97344. Thusœ � � � � œ � � œ# # # # # # #a b
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 7 œ œ œ �

â ââ ââ ââ ââ ââ â a b
12 cos 2t 12 sin 2t 5
24 sin 2t 24 cos 2t 0
48 cos 2t 48 sin 2t 0

97344 97344 169
5 24 48 10

�
� �
� † � †

13. By Exercise 13 in Section 13.4,  and  so that T i j N i j B T Nœ � œ � œt 1 1 t
t 1 t 1 t 1 t 1a b a b È È# # # #� � � �1/2 1/2 ‚

 . Also,  t t  2t 2  so that 0  00

0

t t 0
2t 0
2 0 0

œ œ � œ � Ê œ � Ê œ œ Ê œ"

â ââ ââ ââ ââ ââ ââ â
â ââ ââ ââ ââ ââ â

i j k

k v i j a i j i
t 1

t 1 t 1

t 1 t 1
t

d
dt

È È
È È

# #

# #

� �
" �

� �

#

#

a 7

14. By Exercise 14 in Section 13.4, ( cos t) (sin t)  and  (sin t) (cos t)  so that T i j N i j B T Nœ � � œ � œ ‚

 . Also,  3 cos t sin t 3 sin t cos tcos t sin t 0
sin t cos t 0

œ œ � œ � ��

â ââ ââ ââ ââ ââ â a b a bi j k
k v i j# #

 3 cos t sin t 3 sin t cos t 3 cos t sin t 3 sin t cos tÊ Êa i j i jœ � � œ � �d d d d d d d
dt dt dt dt dt dt dta b a b a b a bˆ ‰ ˆ ‰# # # #a

 

3 cos t sin t 3 sin t cos t 0
3 cos t sin t 3 sin t cos t 0

3 cos t sin t 3 sin t cos 
Ê

â ââ ââ ââ ââ ââ ââ â
a b a bˆ ‰ ˆ ‰a b a b
�

�

�

# #

# #

# #

d d
dt dt

d d d d
dt dt dt dt t 0

0  0œ Ê œ7

15. By Exercise 15 in Section 13.4, sech tanh  and tanh sech  so that T i j N i j B T Nœ œ � œ � � œv
vk k ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰t t t t

a a a a ‚

 . Also,  sinh  cosh  sinh  so thatsech tanh 0

tanh  sech 0
œ œ œ � Ê œ Ê œ

�

â ââ ââ ââ ââ ââ â
ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰i j k

k v i j a j jt t
a a

t t
a a

t t d t
a a a dt a a

" "a
#

 0  0

1 sinh 0

0  cosh 0

0  sinh 0

â ââ ââ ââ ââ ââ ââ â
ˆ ‰ˆ ‰ˆ ‰

t
a

a a
t

a a
t

"

"
#

œ Ê œ7

16. By Exercise 16 in Section 13.4,   tanh t  sech t  and  (sech t) (tanh t)  so thatT i j k N i kœ � � œ �Š ‹ Š ‹" " "È È È2 2 2

  tanh t  sech t . Also,  (sinh t) (cosh t) tanh t  sech t

sech t 0 tanh t

B T N i j k v i j k

i j k

œ œ œ � � œ � �

�

‚

â ââ ââ ââ ââ ââ ââ â
Š ‹ Š ‹" �" " " " "È È È È È È2 2 2 2 2 2

 (cosh t) (sinh t)  (sinh t) (cosh t)  and  sinh t cosh t 1
cosh t sinh t 0

a i j i j v a
i j k

œ � Ê œ � ‚ œ �
�

d
dt
a

â ââ ââ ââ ââ ââ â
 (sinh t) (cosh t) cosh t sinh t (sinh t) (cosh t)  sinh t cosh t 1. Thusœ � � � œ � � Ê ‚ œ � �i j k i j k v aa b k k2 2 # # #

  .7 œ œ œ

â ââ ââ ââ ââ ââ â
sinh t cosh t 1
cosh t sinh t 0
sinh t cosh t 0
sinh t cosh t 1 sinh t cosh t 1  cosh t

�
�
�

� � � � #
�" �"

# # # # #

17. Yes.  If the car is moving along a curved path, then 0 and a  0  a a ., ,Á œ Á Ê œ � ÁN T Nk kv a T N 0#

18.  constant  a  0  a  is orthogonal to   the acceleration is normal to the pathk k k kv v a N TÊ œ œ Ê œ ÊT N
d
dt

19.     a 0   0   is constanta v a T v v¼ Ê ¼ Ê œ Ê œ ÊT
d
dt k k k k

20. (t) a a , where a  (10) 0 and a  100   0 100 .  Now, froma T N v v a T Nœ � œ œ œ œ œ Ê œ �T N T N
d d
dt dtk k k k, , ,

#

 Exercise 5(a) Section 12.4, we find for y f(x) x  that ; also,œ œ œ œ œ#

� � �
,

k k
� ‘a b c d a b

f (x)

1 f (x)

2 2
1 (2x) 1 4x

ww

w # # #$Î# $Î# $Î#
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 (t) t t  is the position vector of the moving mass  2t   1 4tr i j v i j vœ � Ê œ � Ê œ �# #k k È
  ( 2t ).  At (0 0):  (0) , (0)  and (0) 2  m m(100 ) 200m ;Ê œ � ß œ œ œ Ê œ œ œT i j T i N j F a N j"

�È1 4t#
, ,

 At 2 2 :  2 2 2 , 2 , and 2   mŠ ‹ Š ‹ Š ‹ Š ‹ Š ‹È È È È Èß œ � œ � œ � � œ Ê œT i j i j N i j F a" " "
3 3 3 3 3 27

2 2 2 2 2È È
,

 m(100 ) m m mœ œ � � œ � �, N i j i jˆ ‰ Š ‹200 200
27 3 3 81 81

2 2 400 2È È"

21. By a a  we have  a T N v a T T N T T T Nœ � ‚ œ ‚ � œ ‚ � ‚T N
ds d s ds ds d s ds
dt dt dt dt dt dt

2 3ˆ ‰ ˆ ‰ ˆ ‰’ “ Š ‹a b a b2 2

2 2, ,

 . It follows that œ l ‚ l œ l l œ l l Ê œ, , , ,ˆ ‰ ¹ ¹ds ds
dt dt

3 3
3B v a B v l ‚ l

l l
v a
v 3

22. a 0   0  0 (since the particle is moving, we cannot have zero speed)  the curvature is zeroN œ Ê œ Ê œ Ê, ,k kv #

 so the particle is moving along a straight line

23. From Example 1, t and a t so that a    , t 0  tk k k kv vœ œ œ Ê œ œ œ Á Ê œ œN N , , 3
# " "a t

t t
Nk kv # # ,

24. (x At) (y Bt) (z Ct)   A B C       0.  Since the curver i j k v i j k a 0 v a 0œ � � � � � Ê œ � � Ê œ Ê ‚ œ Ê œ! ! ! ,

 is a plane curve, 0.7 œ

25. If a plane curve is sufficiently differentiable the torsion is zero as the following argument shows:

 f(t) g(t)   f (t) g (t)   f (t) g (t)   f (t) g (t)r i j v i j a i j i jœ � Ê œ � Ê œ � Ê œ �w w ww ww www wwwd
dt
a

  0Ê œ œ7

â ââ ââ ââ ââ ââ â
k k

f (t) g (t) 0
f (t) g (t) 0
f (t) g (t) 0

w w

ww ww

www www

#v a‚

26. a sin t a cos t b  and a cos t a sin tv i j k a i jœ � � � œ � �a b a b a b a b
 To find the torsion:  7 œ œ œ

â ââ ââ ââ ââ ââ â
Š ‹È

ˆ ‰ ˆ ‰
a b

�
� �

�

�

�

�

a sin t a cos t b
a cos t a sin t 0

a sin t a cos t 0

a a b

b a cos t a sin t a b cos
a a b2 2

2 2 2 2

2 2 2 2 2 2t sin t
a a b a b

b a b
a b

�

� �
w �

�

2

2 2 2 2 2a b a bœ Ê œ (b) ;7
# #

# # #

 (b) 0  0 a b 0  b a  b a since a, b 0.  Also b a  0 and b a7 7w # # w�
�

œ Ê œ Ê � œ Ê œ „ Ê œ � � Ê � �a b
a b

# #

# # #a b
  0 so  occurs when b a  Ê � œ Ê œ œ7 7 7w

�
"

max max
a

a a 2a# #

27. (t) f(t) g(t) h(t)   f (t) g (t) h (t) ; 0  h (t) 0  h(t) Cr i j k v i j k v kœ � � Ê œ � � œ Ê œ Ê œw w w w
†

  (t) f(t) g(t) C  and (a) f(a) g(a) C   f(a) 0, g(a) 0 and C 0  h(t) 0.Ê œ � � œ � � œ Ê œ œ œ Ê œr i j k r i j k 0

28. From Exercise 26, (a sin t) (a cos t) b   a b   v i j k v Tœ � � � Ê œ � Ê œk k È # # v
vk k

 (a sin t) (a cos t) b ; (a cos t) (a sin t)   œ � � � œ � � Ê œ" "

� �È È
ˆ ‰
¸ ¸a b a b

d
dt# # # #

c d c di j k i j NT
d
dt
d
dt

T

T

 (cos t) (sin t) ; 

cos t sin t 0

œ � � œ ‚ œ �

� �

i j B T N

i j k
â ââ ââ ââ ââ ââ ââ â

a sin t a cos t b
a b a b a bÈ È È# # # # # #� � �

   (b cos t) (b sin t)   œ � � Ê œ � Ê œ �b sin t b cos t a d d b
a b a b a b a b a bdt dtÈ È È È È# # # # # # # # # #� � � � �

"i j k i j NB Bc d †

    , which is consistent with the result in Exercise 26.Ê œ � œ � � œ7 " "

� � �k k È Èv
Bˆ ‰ Š ‹Š ‹d b b

dt a ba b a b
† N

# # # # # #
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29-32. Example CAS commands:
 :Maple
 with( LinearAlgebra );
 r := < t*cos(t) | t*sin(t) | t >;
 t0 := sqrt(3);
 rr := eval( r, t=t0 );
 v := map( diff, r, t );
 vv := eval( v, t=t0 );
 a := map( diff, v, t );
 aa := eval( a, t=t0 );
 s := simplify(Norm( v, 2 )) assuming t::real;
 ss := eval( s, t=t0 );
 T := v/s;
 TT := vv/ss ;
 q1 := map( diff, simplify(T), t ):
 NN := simplify(eval( q1/Norm(q1,2), t=t0 ));
 BB := CrossProduct( TT, NN );
 kappa := Norm(CrossProduct(vv,aa),2)/ss^3;
 tau := simplify( Determinant(< vv, aa, eval(map(diff,a,t),t=t0) >)/Norm(CrossProduct(vv,aa),2)^3 );
 a_t := eval( diff( s, t ), t=t0 );
 a_n := evalf[4]( kappa*ss^2 );
 : (assigned functions and value for t0 will vary)Mathematica
 Clear[t, v, a, t]
 mag[vector_]:=Sqrt[vector.vector]
 Print["The position vector is ", r[t_]={t Cos[t], t Sin[t], t}]
 Print["The velocity vector is ", v[t_]= r'[t]]
 Print["The acceleration vector is ", a[t_]= v'[t]]
 Print["The speed is ", speed[t_]= mag[v[t]]//Simplify]
 Print["The unit tangent vector is ", utan[t_]= v[t]/speed[t] //Simplify]

 Print["The curvature is ", curv[t_]= mag[Cross[v[t],a[t]]] / speed[t]  //Simplify]3

 Print["The torsion is ", torsion[t_]= Det[{v[t], a[t], a'[t]}] / mag[Cross[v[t],a[t]]]  //Simplify]2

 Print["The unit normal vector is ", unorm[t_]= utan'[t] / mag[utan'[t]] //Simplify]
 Print["The unit binormal vector is ", ubinorm[t_]= Cross[utan[t],unorm[t]] //Simplify]
 Print["The tangential component of the acceleration is ", at[t_]=a[t].utan[t] //Simplify]
 Print["The normal component of the acceleration is ", an[t_]=a[t].unorm[t] //Simplify]
 You can evaluate any of these functions at a specified value of t.
 t0= Sqrt[3]
 {utan[t0], unorm[t0], ubinorm[t0]}
 N[{utan[t0], unorm[t0], ubinorm[t0]}]
 {curv[t0], torsion[t0]}
 N[{curv[t0], torsion[t0]}]
 {at[t0], an[t0]}
 N[{at[t0], an[t0]}]
 To verify that the tangential and normal components of the acceleration agree with the formulas in the book:
 at[t]== speed'[t] //Simplify

 an[t]==curv [t] speed[t]  //Simplify2
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13.6  VELOCITY AND ACCELERATION IN POLAR COORDINATES

 1. 3 0, r a 1 cos r a sin 3a sin r 3a cos 9a cos. ..d d d
dt dt dt
) ) )œ œ Ê œ œ � Ê œ œ Ê œ œ

Þ ÞÞ
) ) ) ) ) ) )a b

 3a sin a 1 cos 3 3a sin 3a 1 cosv u u u uœ � � œ � �a b a ba b a b a ba b) ) ) )r r) )

 9a cos a 1 cos 3 a 1 cos 0 2 3a sin 3a u uœ � � � � † �Š ‹a ba b a ba b a ba b) ) ) )
2

r )

 9a cos 9a 9a cos 18a sin 9a 2 cos 1 18a sinœ � � � œ � �a b a b a b a b) ) ) ) )u u u ur r) )

 2. 2t 2, r a sin 2 r a cos 2 2 4ta cos 2 r 4ta sin 2 2 4a cos 2. ..d d d
dt dt dt
) ) )œ œ Ê œ œ Ê œ † œ Ê œ � † �

Þ ÞÞ
) ) ) ) ) ) )ˆ ‰

 16t a sin 2 4a cos 2œ � �2 ) )

 4ta cos 2 a sin 2 2t 4ta cos 2 2ta sin 2v u u u uœ � œ �a b a ba b a b a b) ) ) )r r) )

 16t a sin 2 4a cos 2 a sin 2 2t a sin 2 2 2 4ta cos 2 2ta u uœ � � � � �’ “a b a ba b a ba b a ba b� ‘2 2
r) ) ) ) ) )

 16t a sin 2 4a cos 2 4t a sin 2 2a sin 2 16t a cos 2œ � � � � �’ “ � ‘2 2 2
r) ) ) ) )u u)

 20t a sin 2 4a cos 2 2a sin 2 16t a cos 2 4a cos 2 5t sin 2 2a sin 2 8t cos 2œ � � � � œ � � �’ “ � ‘ a b a b2 2 2 2
r r) ) ) ) ) ) ) )u u u u) )

 3. 2 0, r e r e a 2a e r 2a e a 4a e. ..d d d
dt dt dt

a a a a 2 a) ) )) ) ) ) )œ œ Ê œ œ Ê œ † œ Ê œ † œ
Þ ÞÞ
) )

 2a e e 2 2a e 2ev u u u uœ � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a ba a a a
r r

) ) ) )
) )

 4a e e 2 e 0 2 2a e 2 4a e 4e 0 8a ea u u u uœ � � � œ � � �’ “ ’ “ ’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b a b a b2 a a a a 2 a a a2
r r

) ) ) ) ) ) )
) )

 4e a 1 8a eœ � �a 2 a
r

) )
)a b ˆ ‰u u

 4. 1 e e e , r a 1 sin t r a cos t r a sin t. ..
) ) )œ � Ê œ Ê œ � œ � Ê œ Ê œ �

Þ ÞÞ
� � �t t t a b

 a cos t a 1 sin t e a cos t a e 1 sin tv u u u uœ � � œ � �a b a ba b a b a ba br r
t t� �

) )

 a sin t a 1 sin t e a 1 sin t e 2 a cos t ea u uœ � � � � � � �’ “ ’ “a b a ba b a ba b a ba ba b a b� � �t t t2
r )

 a sin t a e 1 sin t a e 1 sin t 2a e cos tœ � � � � � � �’ “ ’ “a b a b� � �2t t t
ru u)

 a sin t e 1 sin t a e 1 sin t 2cos tœ � � � � � � �a b a ba b a b� �2t t
ru u)

 a sin t e 1 sin t a e 2cos t 1 sin tœ � � � � � �a b a ba b� �2t t
ru u)

 5. 2t 2 0, r 2 cos 4t r 8 sin 4t r 32 cos 4t. ..
) ) )œ Ê œ Ê œ œ Ê œ � Ê œ �

Þ ÞÞ

 8 sin 4t 2 cos 4t 2 8 sin 4t 4 cos 4tv u u u uœ � � œ � �a b a ba b a b a br r) )

 32 cos 4t 2 cos 4t 2 2 cos 4t 0 2 8 sin 4t 2a u uœ � � � † � �Š ‹a b a ba b a ba b a ba b2
r )

 32 cos 4t 8 cos 4t 0 32sin 4t 40 cos 4t 32 sin 4tœ � � � � œ � �a b a b a b a bu u u ur r) )

 6. e 1  v   v ;œ � Ê œ Ê œ
r v
GM r r

GM(e 1) GM(e 1)!
#

!

! !

#
!

� �
! É

 Circle:  e 0  vœ Ê œ! ÉGM
r!

 Ellipse:  0 e 1  v� � Ê � �É ÉGM 2GM
r r! !

!

 Parabola:  e 1  vœ Ê œ! É 2GM
r!

 Hyperbola:  e 1  v� Ê �! É 2GM
r!

 7. r   v   v  which is constant since G, M, and r (the radius of orbit) are constantœ Ê œ Ê œGM GM GM
v r r#

# É
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 8. A  (t t) (t)    (t)  (t)? ?œ � ‚ Ê œ ‚ œ ‚" " "
# # #

� � � �k k ¹ ¹ ¹ ¹r r r r?
? ? ?

? ?A
t t t

(t t) (t t) (t) (t)r r r r

  (t) (t) (t)  (t)    lim    (t)œ ‚ � ‚ œ ‚ Ê œ ‚" " " "
# # #

� � � � � �¹ ¹ ¹ ¹ ¹ ¹r r r r r r(t t) (t) (t t) (t) (t t) (t)
t t t dt t

dA? ? ?

? ? ? ?
r r r r r

?t 0Ä

  (t)  (t)  œ ‚ œ ‚ œ ‚" " "
# # #
¸ ¸ ¸ ¸ k kd d

dt dt
r rr r r rÞ

 9. T 1 e   T 1 e 1 1  (from Equation 5)œ � Ê œ � œ � �Š ‹ Š ‹ Š ‹ Š ‹È a b ” •2 a 4 a 4 a
r v GMr v r v

r v1 1 1# # % # %

! !
# # # #

! ! ! !

!
#

!# # #
#

 2œ � � œ œŠ ‹ ’ “ Š ‹ ’ “Š ‹4 a 4 a
r v r v

r v r v 2GMr v r v
G M GM G M r G M

4 a 2GM r v1 1 1# % # %

# # # #

! ! ! !

# % # # # %

! ! ! ! ! !

# # # # # #

! !
# % #

! !

!

� �ˆ ‰ a b

 4 a 4 a  (from Equation 10)  T   œ œ Ê œ Ê œa b a bŠ ‹ ˆ ‰ ˆ ‰ ˆ ‰1 1# % # % #� "2GM r v
2r GM GM 2a GM GM a GM

2 2 4 a T 4!
#

!

!

# $ # #

$

1 1

10. r 365.256 days 365.256 days 24 60 60 31,558,118.4 seconds 3.16 10 ,œ œ ‚ ‚ ‚ œ ¸ ‚hours minutes seconds
day hour minute

7

 G 6.6726 10 , and the mass of the sun M 1.99 10  kg. a Tœ ‚ œ ‚ œ Ê œ� †11 30 3 2N m T 4 GM
kg a GM 4

2 2 2

3 2#

1
1

 a 3.16 10 3.35863335 10 a 3.35863335 10Ê œ ‚ ¸ ‚ Ê œ ‚3 7 332 6.6726 10 1.99 10
4

33a b Èˆ ‰ˆ ‰‚ ‚�11 30

2
3

1

 149757138111 m 149.757 billion km¸ ¸

CHAPTER 13 PRACTICE EXERCISES

 1. (t) (4 cos t) 2 sin t   x 4 cos tr i jœ � Ê œŠ ‹È
 and y 2 sin t  1;œ Ê � œÈ x

16
y# #

#

 v i jœ � �( 4 sin t) 2 cos t  andŠ ‹È
 ( 4 cos t) 2 sin t ; (0) 4 , (0) 2 ,a i j r i v jœ � � œ œŠ ‹È È
 (0) 4 ; 2 2 , 2 2 ,a i r i j v i jœ � œ � œ � �ˆ ‰ ˆ ‰È È1 1

4 4

 2 2 ; 16 sin t 2 cos ta i j vˆ ‰ È Èk k1
4 œ � � œ �# #

 

  a  ; at t 0:  a 0, a 0 4, 0 4 4 , 2;Ê œ œ œ œ œ � œ œ � œ œ œ œT N
d 14 sin t cos t 4
dt 216 sin t 2 cos t

ak k k kÉv a a T N NÈ k k# # #
�

#
T , N

v

 at t :  a , a 9 , , œ œ œ œ � œ œ � œ œ1
4 3 9 3 3 3 27

7 7 49 7
8 1

4 2 4 2 4 2a
T NÈ

È È È
k k�

É a T N , N

v #

 2. (t) 3 sec t 3 tan t   x 3 sec t and y 3 tan t  sec t tan t 1;r i jœ � Ê œ œ Ê � œ � œŠ ‹ Š ‹È È È È x
3 3

y# #
# #

  x y 3; 3 sec t tan t 3 sec tÊ � œ œ �# # #v i jŠ ‹ Š ‹È È
 and

 3 sec t tan t 3 sec t 2 3 sec t tan t ;a i jœ � �Š ‹ Š ‹È È È# $ #

 (0) 3 , (0) 3 , (0) 3 ;r i v j a iœ œ œÈ È È
 3 sec t tan t 3 sec tk kv œ �È # # %

  a  ;Ê œ œT
d 6 sec t tan t 18 sec t tan t
dt 2 3 sec t tan t 3 sec t
k kv

# $ %

# # %

�

�È
 at t 0:  a 0, a 0 3,œ œ œ � œT N Ék k Èa #

 0 3 3 , a T N Nœ � œ œ œ œÈ È , a 3
3 3

Nk k
È

Èv #

"  
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786 Chapter 13 Vector-Valued Functions and Motion in Space

 3.   t 1 t 1 t  t 1 t 1 tr i j v i j vœ � Ê œ � � � � Ê œ � � � �"

� �
# #�$Î# �$Î# # #�$Î# �$Î#

# #

È È1 t 1 t
t

# #
a b a b k k a b a bÊ’ “ ’ “

 .  We want to maximize :   and 0  0  t 0.  For t 0, 0; forœ œ œ Ê œ Ê œ � �" � � �
� � � �1 t dt dt

d d 2t 2t 2t
1 t 1 t 1 t# # # ## # #k kv k k k k
a b a b a b

v v

 t 0, 0   occurs when t 0  1� � Ê œ Ê œ�
�

2t
1 ta b# # k k k kv vmax max

 4. e  cos t e  sin t   e  cos t e  sin t e  sin t e  cos tr i j v i jœ � Ê œ � � �a b a b a b a bt t t t t t

  e  cos t e  sin t e  sin t e  cos t e  sin t e  cos t e  cos t e  sin tÊ œ � � � � � � �a i ja b a bt t t t t t t t

 2e  sin t 2e  cos t .  Let  be the angle between  and .  Then cosœ � � œa b a b Š ‹t t
 i j r a) ) �" r a

r a
†k k k k

 cos cos cos 0  for all tœ œ œ œ�" �" �"
#� � Š ‹� �

� � �

2e  sin t cos t 2e  sin t cos t 0

e  cos t e  sin t  2e  sin t 2e  cos t 2e

2t 2t

t t t t
2tÉ Éa b a b a b a b# # # #

1

 5. 3 4  and 5 15   25   25; 3 4 53 4 0
5 5 0

v i j a i j v a k v a v
i j k

œ � œ � Ê ‚ œ œ Ê œ œ � œ
"

â ââ ââ ââ ââ ââ â k k k k È‚
# #

  Ê œ œ œ,
k k
k k
v a
v
‚ "
$ $

25
5 5

 6. e 1 e   e 1 e e 1 e 2e, œ œ � Ê œ � � � �k k
� ‘a b

y

1 y

x 2x x 2x x 2x 2xd 3
dx

ww

w # $Î#
�

�$Î# �$Î# �&Î#

#a b a b a b a b’ “,

 e 1 e 3e 1 e e 1 e 1 e 3e e 1 e 1 2e ;œ � � � œ � � � œ � �x 2x 3x 2x x 2x 2x 2x x 2x 2xa b a b a b c d a b a ba b�$Î# �&Î# �&Î# �&Î#

 0  1 2e 0  e   2x ln 2  x  ln 2 ln 2  y ; therefore  is at ad
dx

2x 2x
2

, œ Ê � œ Ê œ Ê œ � Ê œ � œ � Ê œa b È" " "
# # È ,

 maximum at the point ln 2Š ‹È� ß "È2

 7. x y    and y  y.  Since the particle moves around the unit circler i j v i j v iœ � Ê œ � œ Ê œdx dx
dt dt dt

dy
†

 x y 1, 2x 2y 0     (y) x.  Since y and x, we have# #� œ � œ Ê œ � Ê œ � œ � œ œ �dx x dx x dx
dt dt dt y dt dt y dt dt

dy dy dy dy

 y x   at (1 0),  and the motion is clockwise.v i j v jœ � Ê ß œ �

 8. 9y x   9 3x    x  .  If x y , where x and y are differentiable functions of t,œ Ê œ Ê œ œ �$ # #"dy dy
dt dt dt 3 dt

dx dx r i j

 then .  Hence 4  4 and x  (3) (4) 12 at (3 3).  Also,v i j v i v jœ � œ Ê œ œ œ œ œ ßdx dx dx
dt dt dt dt 3 dt 3

dy dy
† †

" "# #

  and x x  .  Hence 2  2 anda i j a iœ � œ � œ � Ê œ �d x 2 dx d x d x
dt dt dt 3 dt 3 dt dt

d y d y# # #

# # # # #

# # ˆ ‰ ˆ ‰ ˆ ‰# " #
†

 (3)(4) (3) ( 2) 26 at the point (x y) (3 3).a j† œ œ � � œ ß œ ßd y
dt 3 3

2#

#

# #"

 9.  orthogonal to   0   ( )  K, a constant.  If x y , whered d d d d
dt dt dt dt dt
r r r rr r r r r r r r r i jÊ œ œ � œ Ê œ œ �† † † † †

" " "
# # #

 x and y are differentiable functions of t, then x y   x y K, which is the equation of a circler r† œ � Ê � œ# # # #

 centered at the origin.

10. (a)  (b) (  cos t) (  sin t)v i jœ � �1 1 1 1 1

   sin t  cos t ;Ê œ �a i ja b a b1 1 1 1# #

 (0)  and (0) ;v 0 a jœ œ 1#

 (1) 2  and (1) ;v i a jœ œ �1 1#

 (2)  and (2) ;v 0 a jœ œ 1#

 (3) 2  and (3)v i a jœ œ �1 1#
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 (c) Forward speed at the topmost point is (1) (3) 2  ft/sec; since the circle makes  revolution perk k k kv vœ œ 1 "
#

 second, the center moves  ft parallel to the x-axis each second  the forward speed of C is  ft/sec.1 1Ê

11. y y (v  sin )t gt   y 6.5 (44 ft/sec)(sin 45°)(3 sec) 32 ft/sec (3 sec) 6.5 66 2 144œ � � Ê œ � � œ � �! !
" "
# #

# # #! a b È
 44.16 ft  the shot put is on the ground.  Now, y 0  6.5 22 2t 16t 0  t 2.13 sec (the¸ � Ê œ Ê � � œ Ê ¸È #

 positive root)  x (44 ft/sec)(cos 45°)(2.13 sec) 66.27 ft or about 66 ft, 3 in. from the stopboardÊ ¸ ¸

12. y y 7 ft 57 ftmax œ � œ � ¸! #
(v  sin ) [(80 ft/sec)(sin 45°)]

g (2) 32 ft/sec
!

# #

#

! a b

13. x (v  cos )t and y (v  sin )t gt   tan œ œ � Ê œ œ œ! !
"
#

# � �
! ! 9 y

x (v  cos )t v  cos 
(v  sin )t gt (v  sin ) gt! !

" "

# #

#

! !

! !

! !

  v  cos  tan v  sin gt  t , which is the time when the golf ballÊ œ � Ê œ! !
"
#

�! 9 ! 2v  sin 2v  cos  tan 
g

! !! ! 9

 hits the upward slope.  At this time x (v  cos ) v  sin  cos v  cos  tan .œ œ �!
� # # #

! !! ! ! ! 9Š ‹ Š ‹ a b2v  sin 2v  cos  tan 
g g

2! !! ! 9

 Now OR ORœ Ê œx 2
cos g cos 

v  sin  cos v  cos  tan 
9 9

! ! ! 9Š ‹Š ‹# # #

! !
�

 œ �Š ‹Š ‹2v  cos 
g cos cos 

sin cos  tan #

!
! !

9 9
! 9

 œ Š ‹Š ‹2v  cos 
g cos

sin  cos cos  sin #

!

#

! ! 9 ! 9
9

�

 [sin ( )].  The distance OR is maximizedœ �Š ‹2v  cos 
g cos

#

!

#

!

9
! 9

 when x is maximized:

 (cos 2 sin 2  tan ) 0dx
d g

2v
!
œ � œŠ ‹#! ! ! 9  

  (cos 2 sin 2  tan ) 0 cot 2 tan 0 cot 2 tan ( ) 2Ê � œ Ê � œ Ê œ � Ê œ � Ê œ �! ! 9 ! 9 ! 9 ! 9 !1 19
# # 4

14. (a) x v (cos 40°)t and y 6.5 v (sin 40°)t gt 6.5 v (sin 40°)t 16t ; x 262  ft and y 0 ftœ œ � � œ � � œ œ! ! !
"
#

# # 5
12

  262 v (cos 40°)t or v  and 0 6.5 (sin 40°)t 16t   t 14.1684Ê œ œ œ � � Ê œ5 262.4167 262.4167
12 (cos 40°)t (cos 40°)t! !

# #’ “
  t 3.764 sec.  Therefore, 262.4167 v (cos 40°)(3.764 sec)  v   v 91 ft/secÊ ¸ ¸ Ê ¸ Ê ¸! ! !

262.4167
(cos 40°)(3.764 sec)

 (b) y y 6.5 60 ftmax œ � ¸ � ¸!
(v  sin )

2g (2)(32)
(91)(sin 40°)!

#! a b2

15. (2 cos t) (2 sin t) t   ( 2 sin t) (2 cos t) 2t   ( 2 sin t) (2 cos t) (2t)r i j k v i j k vœ � � Ê œ � � � Ê œ � � �# # # #k k È
 2 1 t   Length 2 1 t  dt t 1 t ln t 1 t 1 ln 1œ � Ê œ � œ � � � � œ � � � �È È È È’ “ Š ‹¹ ¹ É É# # # #

Î%

!

'
0

41Î 1
1 1 1 1
4 16 4 16

# #

16. (3 cos t) (3 sin t) 2t   ( 3 sin t) (3 cos t) 3t ( 3 sin t) (3 cos t) 3tr i j k v i j k vœ � � Ê œ � � � Ê œ � � �$Î# "Î# # # "Î# #k k a bÉ
 9 9t 3 1 t  Length 3 1 t dt 2(1 t) 14œ � œ � Ê œ � œ � œÈ È È � ‘'

0

3
$Î# $

!

17. (1 t) (1 t) t   (1 t) (1 t)r i j k v i j kœ � � � � Ê œ � � � �4 4 2 2
9 9 3 3 3 3

$Î# $Î# "Î# "Î#" "

  (1 t) (1 t) 1  (1 t) (1 t)Ê œ � � � � � œ Ê œ � � � �k k É� ‘ � ‘ ˆ ‰v T i j k2 2 2 2
3 3 3 3 3 3

"Î# "Î## # " "# "Î# "Î#

  (0) ; (1 t)  (1 t)   (0)   (0)Ê œ � � œ � � � Ê œ � Ê œT i j k i j i j2 2 d d d
3 3 3 dt 3 3 dt 3 3 dt 3

2" " " " "�"Î# �"Î#T T T¸ ¸ È

  (0) ; (0) (0) (0) ;

   
   

  0
Ê œ � œ ‚ œ œ � � ��N i j B T N i j k

i j k
" " " ""

" "
È È È È È

È È
2 2 3 2 3 2 3 2

2 2
3 3 3

2 2

4

â ââ ââ ââ ââ ââ ââ â
 (1 t) (1 t)   (0)  and (0)  (0) (0)a i j a i j v i j k  v aœ � � � Ê œ � œ � � Ê ‚" " " " "�"Î# �"Î#

3 3 3 3 3 3 3
2 2

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



788 Chapter 13 Vector-Valued Functions and Motion in Space

      (0) ;

   
   

     0
œ œ � � � Ê ‚ œ Ê œ œ œ�

â ââ ââ ââ ââ ââ â k ki j k
i j k v a2 2

3 3 3

3 3

9 9 9 3 1 3
4 2 2"

" "

" " ‚È Èk k
k k

Š ‹
,

v a
v $ $

È2
3

 (1 t) (1 t)   (0)   (0)a i j a i jÞ Þ
œ � � � � Ê œ � � Ê œ œ œ" " " " "�$Î# �$Î#

�

�

‚6 6 6 6 6

    

      0

    0
7

â ââ ââ ââ ââ ââ ââ â
k k

ˆ ‰ ˆ ‰
Š ‹

2 2
3 3 3

3 3

6 6 3 18
2

2
3

"

" "

" "

# #

"

v a È

18. e  sin 2t e  cos 2t 2e   e  sin 2t 2e  cos 2t e  cos 2t 2e  sin 2t 2er i j k v i j kœ � � Ê œ � � � �a b a b a b a bt t t t t t t t

  e  sin 2t 2e  cos 2t e  cos 2t 2e  sin 2t 2e 3e   Ê œ � � � � œ Êk k a b a b a bÉv Tt t t t t t# # #
œ

v
vk k

  sin 2t  cos 2t  cos 2t  sin 2t   (0) ;œ � � � � Ê œ � �ˆ ‰ ˆ ‰" " "
3 3 3 3 3 3 3 3

2 2 2 2 2i j k T i j k

  cos 2t  sin 2t  sin 2t  cos 2t   (0)   (0) 5d 2 4 2 4 d 2 4 d 2
dt 3 3 3 3 dt 3 3 dt 3
T T Tœ � � � � Ê œ � Ê œˆ ‰ ˆ ‰ ¸ ¸ Èi j i j

  (0) ; (0) (0) (0) ;

   

0
Ê œ œ � œ ‚ œ œ � �

�
N i j B T N i j k

i j k
ˆ ‰
Š ‹ È È È È È

È È

2 4
3 3

2 5
3

i j� "

"
È 5 5 3 5 3 5 3 5

2 4 2 52 1 2
3 3 3

5 5
2

â ââ ââ ââ ââ ââ ââ â
 4e  cos 2t 3e  sin 2t 3e  cos 2t 4e  sin 2t 2e   (0) 4 3 2  and (0) 2 2a i j k a i j k v i j kœ � � � � � Ê œ � � œ � �a b a bt t t t t

  (0) (0) 8 4 10   64 16 100 6 5 and (0) 32 2
4 3 2

Ê ‚ œ œ � � Ê ‚ œ � � œ œ"
�

v a i j k v a v
i j k

â ââ ââ ââ ââ ââ â k k k kÈ È
  (0) ;Ê œ œ, 6 5 2 5

3 9

È È
$

 4e  cos 2t 8e  sin 2t 3e  sin 2t 6e  cos 2t 3e  cos 2t 6e  sin 2t 4e  sin 2t 8e  cos 2t 2ea i j kÞ
œ � � � � � � � � �a b a bt t t t t t t t t

 2e  cos 2t 11e  sin 2t 11 e  cos 2t 2e  sin 2t  2e   (0) 2  11 2œ � � � � � � Ê œ � � �
Þa b a bt t t t ti j k a i j k

  (0)Ê œ œ œ �7

â ââ ââ ââ ââ ââ â
k k

2 1 2
4 3 2
2 11 2 80 4

180 9

�
� �

‚
�

v a #

19. t e   e   1 e     (ln 2) ;r i j v i j v T i j T i jœ � Ê œ � Ê œ � Ê œ � Ê œ �" " "
# � �

2t 2t 4t
1 1 17 17

4k k È È È È Èe e
e

4t 4t

2t

   (ln 2)   (ln 2) ;d 2 2 d 32 8 4
dt dt1 1 17 17 17 17 17 17
T Tœ � Ê œ � Ê œ � �� � "

� �

e e
e e

4t 2t

4t 4tˆ ‰ ˆ ‰ È È È È$Î# $Î#i j i j N i j

 (ln 2) (ln 2) (ln 2) ; 2e   (ln 2) 8  and (ln 2) 40

0
B T N k a j a j v i j

i j k

œ ‚ œ œ œ Ê œ œ �

�

â ââ ââ ââ ââ ââ ââ â
"

"

È È
È È
17 17

4

4
17 17

2t

  (ln 2) (ln 2) 8   8 and (ln 2) 17  (ln 2) ; 4e4 0
0 8 0

Ê ‚ œ œ Ê ‚ œ œ Ê œ œ"
Þv a k v a v a j

i j k
â ââ ââ ââ ââ ââ â k k k k È , 8

17 17
2tÈ

  (ln 2) 16   (ln 2) 0Ê œ Ê œ œ
Þa j 7

â ââ ââ ââ ââ ââ â
k k

1 4 0
0 8 0
0 16 0

v a‚ #

20. (3 cosh 2t) (3 sinh 2t) 6t   (6 sinh 2t) (6 cosh 2t) 6r i j k v i j kœ � � Ê œ � �

  36 sinh 2t 36 cosh 2t 36 6 2 cosh 2t   tanh 2t  sech 2tÊ œ � � œ Ê œ œ � �k k È È Š ‹ Š ‹v T i j k# # " " "v
vk k È È È2 2 2

  (ln 2) ;  sech 2t  sech 2t tanh 2t   (ln 2)Ê œ � � œ � ÊT i j k i k15 8 d 2 2 d
17 2 2 17 2 2 2dt dtÈ È È È È" #T TŠ ‹ Š ‹

   (ln 2)œ � œ � Ê œ � � œŠ ‹ Š ‹ Š ‹ Š ‹ˆ ‰ ˆ ‰ ˆ ‰ ¸ ¸ Ê2 8 2 8 15 128 240 d 128 240
2 2 289 2 289 2 289 2 289 217 17 17 dt 17

8 2È È È È È È
È# # #

i k i k T
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  (ln 2) ; (ln 2) (ln 2) (ln 2) ;

0

Ê œ � œ ‚ œ œ � � �

�

N i k B T N i j k

i j k
8 15 15 8

17 17

15 8
17 2 2 17 2

8 15
17 17

17 2 2 17 2

â ââ ââ ââ ââ ââ ââ â
È È È È È È

" "

 (12 cosh 2t) (12 sinh 2t)   (ln 2) 12 12  anda i j a i j i jœ � Ê œ � œ �ˆ ‰ ˆ ‰17 15 51 45
8 8 # #

 v i j k i j k v a
i j k

(ln 2) 6 6 6 6   (ln 2) (ln 2) 6

0
œ � � œ � � Ê ‚ œˆ ‰ ˆ ‰

â ââ ââ ââ ââ ââ â
15 17 45 51
8 8 4 4

45 51
4 4

51 45
2 #

 135 153 72   153 2 and (ln 2) 2  (ln 2) ;œ � � � Ê ‚ œ œ Ê œ œi j k v a vk k k kÈ È51 32
4 867

153 2

2
,

È
Š ‹È51

4

$

 (24 sinh 2t) (24 cosh 2t)   (ln 2) 45 51   (ln 2)a i j a i jÞ Þ
œ � Ê œ � Ê œ œ7

â ââ ââ ââ ââ ââ â
k k

45 51
4 4

5 45
2 2

6

0
45 51 0 32

867

"

#v a‚

21. 2 3t 3t 4t 4t (6 cos t)   (3 6t) (4 8t) (6 sin t)r i j k v i j kœ � � � � � Ê œ � � � �a b a b# #

  (3 6t) (4 8t) (6 sin t) 25 100t 100t 36 sin tÊ œ � � � � œ � � �k k È Èv # # # # #

  25 100t 100t 36 sin t (100 200t 72 sin t cos t)  a (0) (0) 10;Ê œ � � � � � Ê œ œd d
dt dt
k k k kv v"

#
# # �"Î#a b T

 6 8 (6 cos t)   6 8 (6 cos t) 100 36 cos t  (0) 136a i j k a aœ � � Ê œ � � œ � Ê œk k k kÈ È È# # # #

  a a 136 10 36 6  (0) 10 6Ê œ � œ � œ œ Ê œ �N T
Ék k È Èa a T N# # #

22. (2 t) t 2t 1 t   (1 4t) 2t   1 (1 4t) (2t)r i j k v i j k vœ � � � � � Ê œ � � � Ê œ � � �a b a b k k È# # # # #

 2 8t 20t   2 8t 20t (8 40t)  a (0) 2 2; 4 2œ � � Ê œ � � � Ê œ œ œ �È Èa b# "
#

# �"Î#d d
dt dt
k k k kv v

T a j k

  4 2 20  a a 20 2 2 12 2 3  (0) 2 2 2 3Ê œ � œ Ê œ � œ � œ œ Ê œ �k k k kÈ È È ÈÈ È ÈÉ Ê Š ‹a a a T N# # ##
#

N T

23. (sin t) 2 cos t (sin t)   (cos t) 2 sin t (cos t)r i j k v i j kœ � � Ê œ � �Š ‹ Š ‹È È
  (cos t) 2 sin t (cos t) 2   cos t (sin t)  cos t ;Ê œ � � � œ Ê œ œ � �k k Ê Š ‹ Š ‹ Š ‹È Èv T i j k# #

#
" "v

vk k È È2 2

  sin t (cos t)  sin t    sin t ( cos t)  sin t 1d d
dt dt2 2 2 2
T Tœ � � � Ê œ � � � � � œŠ ‹ Š ‹ Š ‹ Š ‹¸ ¸ Ê" " " "

# #
#È È È Èi j k

   sin t (cos t)  sin t ;  cos t sin t  cos t

 sin t cos t  sin t
Ê œ œ � � � œ ‚ œ �

� � �

N i j k B T N

i j k
ˆ ‰
¸ ¸ È È È È

È È

d
dt
d
dt

T

T Š ‹ Š ‹
â ââ ââ ââ ââ ââ ââ â

" "
" "

" "
2 2

2 2

2 2

 ; ( sin t) 2 cos t (sin t)   cos t 2 sin t cos t

sin t 2 cos t sin t

œ � œ � � � Ê œ �

� � �

" "È È2 2
i k a i j k v a

i j kŠ ‹È
â ââ ââ ââ ââ ââ â

ÈÈ‚

 2 2   4 2  ; ( cos t) 2 sin t (cos t)œ � Ê ‚ œ œ Ê œ œ œ œ � � �
ÞÈ È È Èk k Š ‹i k v a a i j k,

k k
Š ‹È Èv a

v
‚ "
k k$ $

2

2 2

  0Ê œ œ œ7

â ââ ââ ââ ââ ââ ââ â

È
È
È
k k

Š ‹ Š ‹ Š ‹È È È
cos t 2 sin t cos t

sin t 2 cos t sin t

cos t 2 sin t cos t (cos t) 2 2 sin t (0) (cos t) 2

4

�

� � �

� �

‚

� � �

v a #

24. (5 cos t) (3 sin t)  ( 5 sin t) (3 cos t)   ( 5 cos t) (3 sin t)r i j k v j k a j kœ � � Ê œ � � Ê œ � �

  25 sin t cos t 9 sin t cos t 16 sin t cos t; 0  16 sin t cos t 0  sin t 0 or cos t 0Ê œ � œ œ Ê œ Ê œ œv a v a† †

  t 0,  or Ê œ 1
# 1
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25. 2 4 sin 3 0 ( ) 2(1) 4 sin ( 1) 0 2 4 sin sin r i j k r i jœ � � � Ê œ � œ � � Ê œ � Ê œ Ê œˆ ‰ ˆ ‰ ˆ ‰t t t t t t
6# # # # # #

"
1

1
†

  t  (for the first time)Ê œ 1
3

26. (t) t t t   2t 3t   1 4t 9t   (1) 14r i j k v i j k v vœ � � Ê œ � � Ê œ � � Ê œ# $ # # %k k k kÈ È
  (1) , which is normal to the normal planeÊ œ � �T i j k"È È È14 14 14

2 3

  (x 1) (y 1) (z 1) 0 or x 2y 3z 6 is an equation of the normal plane.  Next weÊ � � � � � œ � � œ"È È È14 14 14
2 3

 calculate (1) which is normal to the rectifying plane.  Now, 2 6t   (1) 2 6   (1) (1)N a j k a j k v aœ � Ê œ � Ê ‚

 6 6 2   (1) (1) 76  (1) ; (t)   2 3
0 2 6

œ œ � � Ê ‚ œ Ê œ œ œ Ê"

â ââ ââ ââ ââ ââ â k k k kÈ ¹i j k
i j k v a v,

È È
Š ‹È È76 19

14 7 14
ds d s
dt dt$

#

#

t 1œ

 1 4t 9t 8t 36t , so    2 6œ � � � œ œ � Ê �¹a b a b ˆ ‰"
#

# % $�"Î# #

t 1œ

22 d s ds
14 dt dtÈ a T N j k

#

# ,

 14     (x 1) (y 1) (z 1)œ � Ê œ � � � Ê � � � � � �22 11 8 9 11 8 9
14 14 7 14

2 3 1419
2 19 7 7 7 7 7 7È È È È

È ÈŠ ‹ Š ‹È ˆ ‰i j k� �
#

N N i j k

 0 or 11x 8y 9z 10 is an equation of the rectifying plane.  Finally, (1) (1) (1)œ � � œ œ ‚B T N

  (3 3 )  3(x 1) 3(y 1) (z 1) 0 or 3x 3y z2 3
11 8 9

œ œ � � Ê � � � � � œ � �"
� �

Š ‹Š ‹ ˆ ‰
â ââ ââ ââ ââ ââ â

È
È È È14

2 19 1914 7
" " "

i j k
i j k

 1 is an equation of the osculating plane.œ

27. e (sin t) ln (1 t)   e (cos t)   (0) ; (0)   (1 0 0) is on the liner i j k v i j k v i j k r iœ � � � Ê œ � � Ê œ � � œ Ê ß ßt t
1 t

ˆ ‰"
�

  x 1 t, y t, and z t are parametric equations of the lineÊ œ � œ œ �

28. 2 cos t 2 sin t t   2 sin t 2 cos t   r i j k v i j k vœ � � Ê œ � � � ÊŠ ‹ Š ‹ Š ‹ Š ‹È È È È ˆ ‰1
4

 2 sin 2 cos  is a vector tangent to the helix when t   the tangent lineœ � � � œ � � � œ ÊŠ ‹ Š ‹È È1 1 1
4 4 4i j k i j k

 is parallel to ; also 2 cos 2 sin   the point 1 1  is on the linev r i j kˆ ‰ ˆ ‰ ˆ ‰Š ‹ Š ‹È È1 1 1 1 1 1
4 4 4 4 4 4œ � � Ê ß ß

  x 1 t, y 1 t, and z t are parametric equations of the lineÊ œ � œ � œ �1
4

29. x v  cos t  and y gt v  sin t   x y gt v t# # # # # # # # # # # #
! ! !

" "
# #

# #
œ � œ Ê � � œa b a bˆ ‰ ˆ ‰! !

30. s x y   x y s x yÞÞ ÞÞ
œ � œ Ê � � œ � �

Þ Þ ÞÞ ÞÞ ÞÞ ÞÞd
dt
È # # # # # ##x x y y

x y
x x y y
x y

Þ ÞÞ Þ ÞÞ
�
Þ Þ
�

Þ ÞÞ Þ ÞÞ
�

Þ Þ
�È

a b
# #

#

# #

 œ œ œ
a b a b a b a bx y x y x x 2x x y y y y x y y x

x y x y x y
x y y x 2x x y y

ÞÞ ÞÞ Þ Þ Þ ÞÞ Þ ÞÞ Þ ÞÞ Þ ÞÞ Þ ÞÞ Þ ÞÞ
� � � � � �

Þ Þ Þ Þ Þ Þ
� � �

Þ ÞÞ Þ ÞÞ Þ ÞÞ Þ ÞÞ
� �

# # # # # # # #

# # # # # #

# # # # #

  x y s   Ê � � œ Ê œ œ œ
ÞÞ ÞÞ ÞÞÈ # # # "k k a b

È È k k
x y y x x y

x y
x y

x y s x y y x

Þ ÞÞ Þ ÞÞ Þ Þ
� �

Þ Þ
�

Þ Þ
�

ÞÞ ÞÞ
� �

ÞÞ Þ ÞÞ Þ ÞÞ
�# #

# #

# # #

# # $Î#

,
3

31. s a          since a 0œ Ê œ Ê œ � Ê œ Ê œ œ �) ) 9 ,s s
a a ds a a a

d1 9
#

" " "¸ ¸

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



 Chapter 13 Additional and Advanced Exercises 791

32. (1) SOT TOD    ? ?¸ Ê œ Ê œDO OT 6380
OT SO 6380 6380 437

y!
�

  y   y 5971 km;Ê œ Ê ¸! !
6380
6817

#

 (2) VA 2 x 1  dyœ �'
5971

6380

1 Ê Š ‹dx
dy

#

 2 6380 y  dyœ �1'
5971

6817È Š ‹# #
�

6380
6380 yÈ # #

 2  6380 dy 2 6380yœ œ1 1'
5971

6817 c d ')"(&*("

 16,395,469 km 1.639 10  km ;œ ¸ ‚# ( #

 (3) percentage visible 3.21%¸ ¸16,395,469 km
4 (6380 km)

#

#1

 

CHAPTER 13 ADDITIONAL AND ADVANCED EXERCISES

 1. (a) ( ) (a cos ) (a sin ) b   [( a sin ) (a cos ) b ] ; 2gzr i j k i j k v) ) ) ) ) )œ � � Ê œ � � � œ œd d d
dt dt dt
r r) k k È ¸ ¸

 a b      2œ � Ê œ œ Ê œ œÈ É É É É¸# #
� � � �œ#

d d d
dt dt a   b a   b dt a   b a   b

2gz 2gb 4 gb gb) ) )) 1 1

) 1# # # # # # # #

 (b)    dt  2  t C; t 0  0  C 0d d
dt a   b a   b a   b

2gb 2gb 2gb) ))

)
œ Ê œ Ê œ � œ Ê œ Ê œÉ É É

# # # # # #� � �
"Î#È ) )

  2  t  ; z b   zÊ œ Ê œ œ Ê œ) ) )"Î#
� � �

É 2gb gbt gb t
a   b 2 a   b 2 a   b# # # # # #

# # #

a b a b
 (c) (t) [( a sin ) (a cos ) b ] [( a sin ) (a cos ) b ] , from part (b)v i j k i j kœ œ � � � œ � � �d d

dt dt a   b
gbtr ) ) ) )) Š ‹# #�

  (t)  ;Ê œ œv T’ “ Š ‹( a sin )  (a cos )  b gbt gbt
a   b a   b a   b

� � �

� � �

) )i j kÈ È È# # # # # #

 [( a cos ) (a sin ) ] [( a sin ) (a cos ) b ] d d d
dt dt dt

# #

# #

r œ � � � � � �) ) ) )i j i j kˆ ‰) )#

 [( a cos ) (a sin ) ] [( a sin ) (a cos ) b ]œ � � � � � �Š ‹ Š ‹gbt gb
a   b a   b# # # #� �

#

) ) ) )i j i j k

 a [( cos ) (sin ) ]œ � � �’ “ Š ‹ Š ‹( a sin )  (a cos )  b gb gbt
a   b a   b a   b

� � �

� � �

#
) )i j kÈ È# # # # # # ) )i j

 a  (there is no component in the direction of ).œ �gb gbt
a   b a   bÈ # # # #

� �

#

T N BŠ ‹
 2. (a) ( ) (a  cos ) (a  sin ) b   [(a cos a  sin ) (a sin a  cos ) b ] ;r i j k i j k) ) ) ) ) ) ) ) ) ) ) )œ � � Ê œ � � � �d d

dt dt
r )

 2gz a a b   k k a bÈ ¸ ¸ ˆ ‰v œ œ œ � � Ê œd d d
dt dt dt

2gb

a   a   b
r # # # # "Î#

� �
) ) ) )

)

È
È # # # #

 (b) s  dt a a b   dt a a b  d a a u b  duœ œ � � œ � � œ � �' ' ' '
0 0 0 0

t t tk k a b a b a bv # # # # # # # # # # # #"Î# "Î# "Î#
) ) )d

dt
)

)

 a u  du a c u  du, where cœ � œ � œ' '
0 0

) )É Èa   b
a a

a   b# #

#

# #� # # # �È
k k

  s a c u  ln u c u c c  ln c c  ln cÊ œ � � � � œ � � � � �’ “ Š ‹È È È È¹ ¹ ¹ ¹u c a
# # #

# # # # # # # #

!

# ##
)

) ) ) )

 3. r   ; 0  0  (1 e)r (e sin œ Ê œ œ Ê œ Ê �(1  e)r (1  e)r (e sin ) (1  e)r (e sin )
1  e cos d (1  e cos ) d (1  e cos )

dr dr� � �
� � � !

! ! !

# #) ) ) ) )

) ) )) 0œ

  sin 0  0 or .  Note that 0 when sin 0 and 0 when sin 0.  Since sin 0 onÊ œ Ê œ � � � � �) ) 1 ) ) )dr dr
d d) )

 0 and sin 0 on 0 , r is a minimum when 0 and r(0) r� � � � � � œ œ œ1 ) ) ) 1 ) (1  e)r
1  e cos 0

�
� !

!

 4. (a) f(x) x 1  sin x 0  f(0) 1 and f(2) 2 1  sin 2  since sin 2 1; since f is continuousœ � � œ Ê œ � œ � �   Ÿ" " "
# # # k k

 on [0 2], the Intermediate Value Theorem implies there is a root between 0 and 2ß

 (b) Root 1.4987011335179¸
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 5. (a) x y  and r r r [(cos ) (sin ) ] r [( sin ) (cos ) ]   x and. . .. .. .
v i j v u u i j i j v iœ � œ � œ � � � � Ê œr ) ) ) ) ) )) a b ˆ ‰ †

 r cos r  sin   x r cos r  sin ; y and r sin r  cos . . .. . .. .v i v j v j† † †œ � Ê œ � œ œ �) ) ) ) ) ) ) ) )

  y r sin r  cos . . .
Ê œ �) ) )

 (b) (cos ) (sin )   x cos y sin . .u i j v ur rœ � Ê œ �) ) ) )†

 r cos r  sin (cos ) r sin r  cos (sin ) by part (a),. .. .
œ � � �ˆ ‰ ˆ ‰) ) ) ) ) ) ) )

  r ; therefore, r x cos y sin ;. . . .
Ê œ œ �v u† r ) )

 u i j v u) )œ � � Ê œ � �(sin ) (cos )   x sin y cos . .
) ) ) )†

 r cos r  sin ( sin ) r sin r  cos (cos ) by part (a)  r  ;. .. . .
œ � � � � Ê œˆ ‰ ˆ ‰) ) ) ) ) ) ) ) )v u† )

 therefore, r x sin y cos 
. . .
) ) )œ � �

 6. f( )  f ( )   f ( ) f ( ) ; r  r v u uœ Ê œ Ê œ � œ �) ) ) )dr d d r d d dr d
dt dt dt dt dt dt dt

w ww w#) ) ) )
)

# #

# #
ˆ ‰ r

 cos  r sin  sin  r cos    r f f ;œ � � � Ê œ � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰k k a b’ “ ’ “) ) ) )dr d dr d dr d d
dt dt dt dt dt dt dt

) ) ) )i j v
# ## w #

"Î# "Î#
#

 x y y x , where x r cos  and y r sin .  Then ( r sin ) (cos ) k k k kv a‚ œ � œ œ œ � �
Þ ÞÞ Þ ÞÞ

) ) ) )dx d dr
dt dt dt

)

  ( 2 sin )  (r cos ) (r sin ) (cos ) ; (r cos ) (sin ) Ê œ � � � � œ �d x d dr d d d r d dr
dt dt dt dt dt dt dt dt dt

dy# # #

# # #) ) ) ) ) )) ) ) )ˆ ‰#
  (2 cos )  (r sin ) (r cos ) (sin ) .  Then Ê œ � � � ‚d y

dt dt dt dt dt dt
d dr d d d r#

# # #

# #

) ) ) )) ) )ˆ ‰ k k#
v a

 (after  algebra)  r r  r 2  f f f 2 fœ � � � œ � † �much # ww w$ # $ˆ ‰ ˆ ‰ ˆ ‰ Š ‹a bd d dr d d r d dr d
dt dt dt dt dt dt dt dt

2 2) ) ) ) )# #

# #

  Ê œ œ,
k kk k a b

� ‘a b
v a

v
‚ � † �

�

f   f f   2 f

f   f

2 2ww w

w ## $Î#

 7. (a) Let r 2 t and 3t  1 and 3  0.  The halfway point is (1 3)  t 1;œ � œ Ê œ � œ Ê œ œ ß Ê œ) dr d d r d
dt dt dt dt

) )# #

# #

 r   (1) 3 ; r r 2   (1) 9 6v u u v u u a u u a u uœ � Ê œ � � œ � � � Ê œ � �dr d d r d d dr d
dt dt dt dt dt dt dtr r r r

) ) ) )
) ) ) )’ “ ’ “ˆ ‰# #

# #

#

 (b) It takes the beetle 2 min to crawl to the origin  the rod has revolved 6 radiansÊ

  L [f( )] f ( )  d 2  d 4  dÊ œ � œ � � � œ � � �' ' '
0 0 0

6 6 6É c d Éˆ ‰ ˆ ‰ É) ) ) ) )# w # # " "#) ) )
3 3 3 9 9

4 #

  d  ( 6) 1 d ( 6) 1  ln 6 ( 6) 1œ œ � � œ � � � � � � �' '
0 0

6 6É È È È’ “¸ ¸37  12   
9 3 3

( 6)� � " " "# # #�
# #

'

!

) ) )#

) ) ) ) ) )

 37  ln 37 6 6.5 in.œ � � ¸È ÈŠ ‹"
6

 8. (a) x r cos   dx cos  dr r sin  d ; y r sin   dy sin  dr r cos  d ; thusœ Ê œ � œ Ê œ �) ) ) ) ) ) ) )

 dx cos  dr 2r sin  cos  dr d r  sin  d  and# # # # # #œ � �) ) ) ) ) )

 dy sin  dr 2r sin  cos  dr d r  cos  d   ds dx dy dz dr r  d dz# # # # # # # # # # # # #œ � � Ê œ � � œ � �) ) ) ) ) ) )2

 (c) r e   dr e  d  œ Ê œ) ) )

  L dr r  d dzÊ œ � �'
0

ln 8 È # # # #)

 e e e  dœ � �'
0

ln 8È # # #) ) ) )

 3e  d 3 eœ œ'
0

ln 8 ln 8

0

È È’ “) ))

 8 3 3 7 3œ � œÈ È È

 (b) 
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 9. (a)   a right-handed frame of unit vectorscos sin 0
sin cos 0

u u k
i j k

r ‚ œ œ Ê
�

)

â ââ ââ ââ ââ ââ â) )

) )

 (b) ( sin ) (cos )  and ( cos ) (sin )d
d d

du ur

) ))œ � � œ œ � � œ �) ) ) )i j u i j u)

r

 (c) From Eq. (7), r r z   r r r r r zv u u k a v u u u u u kœ � � Ê œ œ � � � � �
Þ ÞÞ Þ ÞÞ Þ ÞÞ ÞÞ ÞÞÞ Þ Þ

r r r) ) ) )) ) ) )a b ˆ ‰
 r r r 2r zœ � � � �

ÞÞ ÞÞ ÞÞ Þ ÞÞŠ ‹ ˆ ‰) ) )
#

u u kr )

10. (t) (t) m (t)  m m   ( m ) ( m ) m ; m   L r v v r v v r a r a F a rœ ‚ Ê œ ‚ � ‚ Ê œ ‚ � ‚ œ ‚ œ Ê �d d d d c
dt dt dt dt
L r r L

r
ˆ ‰ Š ‹#

# $k k
 m   m ( )   constant vectorœ Ê œ ‚ œ ‚ � œ � ‚ œ Ê œa r a r r r r 0 Ld c c

dt
L

r r
Š ‹k k k k$ $
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NOTES:
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CHAPTER 14 PARTIAL DERIVATIVES

14.1  FUNCTIONS OF SEVERAL VARIABLES

 1. (a) f 0, 0 0 (b) f 1, 1 0 (c) f 2, 3 58a b a b a bœ � œ œ

 (d) f 3, 2 33a b� � œ

 2. (a) f 2,  (b) f 3,  (c) f , ˆ ‰ ˆ ‰ ˆ ‰1 1

6 2 12 4
3 1 1 1

2 2
œ � œ � œ

È
È È1

 (d) f , 7 1ˆ ‰� � œ �1

2

 3. (a) f 3, 1, 2  (b) f 1, ,  (c) f 0, , 0 3a b ˆ ‰ ˆ ‰� œ � œ � œ4 1 1 8 1
5 2 4 5 3

 (d) f 2, 2, 100 0a b œ
 4. (a) f 0, 0, 0 7 (b) f 2, 3, 6 0 (c) f 1, 2, 3 35a b a b a b Èœ � œ � œ

 (d) f , , Š ‹ É4 5 6 21
2 2 2 2È È È œ

 5. Domain:  all points x y  on or above the linea bß

 y x 2œ �

 

 6. Domain:  all points x y  outside the circlea bß

 x y 42 2� œ

 

 7. Domain:  all points x y  not liying on the grapha bß

 of y x or y xœ œ 3

 

 8. Domain:  all points x y  not liying on the grapha bß

 of x y 252 2� œ
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796 Chapter 14 Partial Derivatives

 9. Domain:  all points x y  satisfyinga bß

 x 1 y x 12 2� Ÿ Ÿ �

 

10. Domain:  all points x y  satisfyinga bß

 x 1 y 1 0a ba b� � �

 

11. Domain:  all points x y  satisfyinga bß

 x 2 x 2 y 3 y 3 0a ba ba ba b� � � �  

 

12. Domain:  all points x y  inside the circlea bß

 x y 4 such that x y 32 2 2 2� œ � Á

 

13. 14. 

15. 16. 

17. (a) Domain:  all points in the xy-plane
 (b) Range:  all real numbers
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 (c) level curves are straight lines y x c parallel to the line y x� œ œ

 (d) no boundary points
 (e) both open and closed
 (f) unbounded

18. (a) Domain:  set of all x y  so that y x 0  y xa bß �   Ê  

 (b) Range:  z 0 

 (c) level curves are straight lines of the form y x c where c 0� œ  

 (d) boundary is y x 0  y x, a straight lineÈ � œ Ê œ

 (e) closed
 (f) unbounded

19. (a) Domain:  all points in the xy-plane
 (b) Range:  z 0 

 (c) level curves:  for f(x y) 0, the origin; for f x y c 0, ellipses with center 0 0  and major and minorß œ ß œ � ßa b a b
 axes along the x- and y-axes, respectively
 (d) no boundary points
 (e) both open and closed
 (f) unbounded

20. (a) Domain:  all points in the xy-plane
 (b) Range:  all real numbers
 (c) level curves:  for f x y 0, the union of the lines y x; for f x y c 0, hyperbolas centered ata b a bß œ œ „ ß œ Á

 0 0  with foci on the x-axis if c 0 and on the y-axis if c 0a bß � �

 (d) no boundary points
 (e) both open and closed
 (f) unbounded

21. (a) Domain:  all points in the xy-plane
 (b) Range:  all real numbers
 (c) level curves are hyperbolas with the x- and y-axes as asymptotes when f x y 0, and the x- and y-axesa bß Á

 when f(x y) 0ß œ

 (d) no boundary points
 (e) both open and closed
 (f) unbounded

22. (a) Domain:  all x y 0 ya b a bß Á ß

 (b) Range:  all real numbers
 (c) level curves:  for f x y 0, the x-axis minus the origin; for f x y c 0, the parabolas y c x  minus thea b a bß œ ß œ Á œ #

 origin
 (d) boundary is the line x 0œ

 (e) open
 (f) unbounded

23. (a) Domain:  all x y  satisfying x y 16a bß � �# #

 (b) Range:  z   "
4

 (c) level curves are circles centered at the origin with radii r 4�

 (d) boundary is the circle x y 16# #� œ
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 (e) open
 (f) bounded

24. (a) Domain:  all x y  satisfying x y 9a bß � Ÿ# #

 (b) Range:  0 z 3Ÿ Ÿ

 (c) level curves are circles centered at the origin with radii r 3Ÿ

 (d) boundary is the circle x y 9# #� œ

 (e) closed
 (f) bounded

25. (a) Domain:  x y 0 0a b a bß Á ß

 (b) Range:  all real numbers
 (c) level curves are circles with center 0 0  and radii r 0a bß �

 (d) boundary is the single point 0 0a bß

 (e) open
 (f) unbounded

26. (a) Domain:  all points in the xy-plane
 (b) Range:  0 z 1� Ÿ

 (c) level curves are the origin itself and the circles with center 0 0  and radii r 0a bß �

 (d) no boundary points
 (e) both open and closed
 (f) unbounded

27. (a) Domain:  all x y  satisfying 1 y x 1a bß � Ÿ � Ÿ

 (b) Range:  z� Ÿ Ÿ1 1

# #

 (c) level curves are straight lines of the form y x c where 1 c 1� œ � Ÿ Ÿ

 (d) boundary is the two straight lines y 1 x and y 1 xœ � œ � �

 (e) closed
 (f) unbounded

28. (a) Domain:  all x y , x 0a bß Á

 (b) Range:  z� � �1 1

# #

 (c) level curves are the straight lines of the form y c x, c any real number and x 0œ Á

 (d) boundary is the line x 0œ

 (e) open
 (f) unbounded

29. (a) Domain:  all points x y  outside the circle x y 1a bß � œ# #

 (b) Range:  all reals
 (c) Circles centered ar the origin with radii r 1�

 (d) Boundary: the cricle x y 1# #� œ

 (e) open
 (f) unbounded

30. (a) Domain:  all points x y  inside the circle x y 9a bß � œ# #

 (b) Range:  z ln 9�

 (c) Circles centered ar the origin with radii r 9�

 (d) Boundary: the cricle x y 9# #� œ
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 (e) open
 (f) bounded

31. f 32. e 33. a

34. c 35. d 36. b

37. (a) (b) 

38. (a) (b) 

39. (a) (b) 

40. (a) (b) 
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41. (a) (b) 

42. (a) (b) 

43. (a) (b) 

44. (a) (b) 
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45. (a) (b) 

46. (a) (b) 

47. (a) (b) 

48. (a) (b) 

49. f x y 16 x y  and 2 2 2 z 16 2 2 2 6  6 16 x y   x y 10a b Š ‹ Š ‹ Š ‹È È È Èß œ � � ß Ê œ � � œ Ê œ � � Ê � œ# # # # # #
# #

50. f x y x 1 and 1 0 z 1 1 0  x 1 0 x 1 or x 1a b a bÈ Èß œ � ß Ê œ � œ Ê � œ Ê œ œ �# # #
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51. f x y x y 3 and 3, 1 z 3 1 3 1 x y 3 1 x y 4a b a b a bÈ Éß œ � � � Ê œ � � � œ Ê � � œ Ê � œ2 2 2 2

52. f x y and 1 1   z 3  3   y 4x 3a b a bß œ � ß Ê œ œ Ê œ Ê œ � �2y x 2y x
x y 1 1 1 + 1 x y 1

1 1� �
� � � � � �

# � �a b a ba b

53.  54. 

55.  56. 

57.  58. 

59.  60. 
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61. f x y z x y ln z at 3 1 1   w x y ln z; at 3 1 1   w 3 1 ln 1 2a b a b a b a bÈ È Èß ß œ � � ß� ß Ê œ � � ß� ß Ê œ � � � œ

   x y ln z 2Ê � � œÈ
62. f x y z ln x y z  at   w ln x y z ; at   w ln 1 2 1 ln 4a b a b a b a b a b a bß ß œ � � �"ß #ß " Ê œ � � �"ß #ß " Ê œ � � œ# # # #

  ln 4 ln x y z   x y z 4Ê œ � � Ê � � œa b# # # #

63. g x y z x y z  at 1 1 2 w x y z ; at 1 1 2  w 1 1 2a b a bÈ ÈŠ ‹ Š ‹ Š ‹È È ÈÊß ß œ � � ß� ß Ê œ � � ß� ß Ê œ � � �# # # # #
#

2 2 2

 2  2 x y z  x y z 4œ Ê œ � � Ê � � œÈ # # # #2 2

64. g x y z  at 1 0 2 w ; at 1 0 2  wa b a b a bß ß œ ß ß� Ê œ ß ß� Ê œ œ � Ê � œx y z x y z x y z
2x y z 2x y z 2 1 0 2 4 4 2x y z

1 0 2 1 1� � � � � �
� � � � � � � � �

� � �a ba b a b
 2x y z 0Ê � � œ

65. f x y     fora b ! Š ‹ß œ œ œ
_

œ � �
n 0

x 1
y y x

n

1

y

Š ‹x
y

 1 Domain: all points x, y  satisfying x y ;¹ ¹ a bx
y � Ê l l � l l

 at 1, 2 since z 2a b ¹ ¹Ê Ê œ œ1
2 � 1 2

2 1�

 2 y 2xÊ œ Ê œy
y x�

 

66. g x y z   e Domain: all points x, y, z  satisfying z 0; at ln 4 ln 9 2a b a b a b!ß ß œ œ Ê Á ß ß
_

œn 0

(x y)
n! z
�

n

n
Ð � ÑÎx y z

 w e e e 6  6 e   ln 6Ê œ œ œ œ Ê œ Ê œÐ � ÑÎ Ð ÑÎ Ð � ÑÎ �ln 4 ln 9 2 ln 36 2 ln 6 x y z x y
z

67. f x y sin y sin x Domain: all pointsa bß œ œ � Ê'
x

y
d

1
1 1)

)

È �

� �
#

 x, y  satisfying 1 x 1 and 1 y 1;a b � Ÿ Ÿ � Ÿ Ÿ

 at 0, 1 sin 1 sin 0 sin y sin xa b Ê � œ Ê �� � � �1 1 1 1
2
1

 . Since sin y  and sin x , inœ � Ÿ Ÿ � Ÿ Ÿ1 1 1 1 1

2 2 2 2 2
1 1� �

 order for sin y sin x to equal , 0 sin y  and� � �1 1 1
2 2� Ÿ Ÿ1 1

 sin x 0; that is 0 y 1 and 1 x 0. Thus� Ÿ Ÿ Ÿ Ÿ � Ÿ Ÿ1

2
1�

 y sin sin x 1 x , x 0œ � œ � Ÿˆ ‰ È1

2
1 2�

 

68. g x y z tan y tan x sin Domain: all points x, y, z  satisfying 2 z 2;a b a bˆ ‰ß ß œ � œ � � Ê � Ÿ Ÿ' '
x 0

y z
dt d z

1 t 24
1 1 1

� �

� � �
#

#

)

)

È
 at 0 1 3  tan 1 tan 0 sin tan y tan x sin . Since sin ,Š ‹ Š ‹È ˆ ‰ ˆ ‰ß ß Ê � � œ Ê � � œ � Ÿ Ÿ� � � � � � �1 1 1 1 1 1 13

2 12 2 12 2 2 2
7 z 7 zÈ
1 1 1 1

 tan y tan x z 2 sin tan y tan x , tan y tan x1 1 1 1 1

12 12 12 12 12
1 1 1 1 1 113 7 13Ÿ � Ÿ Ê œ � � Ÿ � Ÿ� � � � � �ˆ ‰

69-72. Example CAS commands:
 :Maple
 with( plots );
 f := (x,y) -> x*sin(y/2) + y*sin(2*x);
 xdomain := x=0..5*Pi;
 ydomain := y=0..5*Pi;
 x0,y0 := 3*Pi,3*Pi;
 plot3d( f(x,y), xdomain, ydomain, axes=boxed, style=patch, shading=zhue, title="#69(a) (Section 14.1)" );
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 plot3d( f(x,y), xdomain, ydomain, grid=[50,50], axes=boxed, shading=zhue, style=patchcontour, orientation=[-90,0],
                          title="#69(b) (Section 14.1)" );                                                         # (b)
 L := evalf( f(x0,y0) );                                               # (c)
 plot3d( f(x,y), xdomain, ydomain, grid=[50,50], axes=boxed, shading=zhue, style=patchcontour, contours=[L],
                           orientation=[-90,0], title="#45(c) (Section 13.1)" );

73-76. Example CAS commands:
 :Maple
 eq := 4*ln(x^2+y^2+z^2)=1;
 implicitplot3d( eq, x=-2..2, y=-2..2, z=-2..2, grid=[30,30,30], axes=boxed, title="#73 (Section 14.1)" );

77-80. Example CAS commands:
 :Maple
 x := (u,v) -> u*cos(v);
 y := (u,v) ->u*sin(v);
 z := (u,v) -> u;
 plot3d( [x(u,v),y(u,v),z(u,v)], u=0..2, v=0..2*Pi, axes=boxed, style=patchcontour, contours=[($0..4)/2], shading=zhue,
                         title="#77 (Section 14.1)" );

69-60. Example CAS commands:
 : (assigned functions and bounds will vary)Mathematica

 For 69 - 72, the command  draws 2-dimensional contours that are z-level curves of surfaces z = f(x,y).ContourPlot
 Clear[x, y, f]
 f[x_, y_]:= x Sin[y/2] y Sin[2x]�

 xmin= 0; xmax= 5 ; ymin= 0; ymax= 5 ; {x0, y0}={3 , 3 };1 1 1 1

 cp= ContourPlot[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, ContourShading False];Ä

 cp0= ContourPlot[[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, Contours {f[x0,y0]}, ContourShading False,Ä Ä

                               PlotStyle {RGBColor[1,0,0]}];Ä

 Show[cp, cp0]

 For 73 - 76, the command  will be used. Write the function f[x, y, z] so that when it is equated to zero, itContourPlot3D
 represents the level surface given.
 For 73, the problem associated with Log[0] can be avoided by rewriting the function as x2 + y2 +z2 - e1/4
 Clear[x, y, z, f]

 f[x_, y_, z_]:= x y z Exp[1/4]2 2 2� � �

 ContourPlot3D[f[x, y, z], {x, 5, 5}, {y, 5, 5}, {z, 5, 5}, PlotPoints {7, 7}];� � � Ä

 For 77 - 80, the command ParametricPlot3D will be used. To get the z-level curves here, we solve x and y in terms of z
 and either u or v (v here), create a table of level curves, then plot that table.
 Clear[x, y, z, u, v]
 ParametricPlot3D[{u Cos[v], u Sin[v], u}, {u, 0, 2}, {v, 0, 2p}];
 zlevel= Table[{z Cos[v], z sin[v]}, {z, 0, 2, .1}];
 ParametricPlot[Evaluate[zlevel],{v, 0, 2 }];1

14.2  LIMITS AND CONTINUITY IN HIGHER DIMENSIONS

 1.  lim   
Ð ß Ñ Ä Ð ß Ñx y 0 0

3x y 5 3(0) 0 5
x y 2 0 0 2

5# # # #

# # # #

� � � �
� � � � #œ œ

 2.  lim   0
Ð ß Ñ Ä Ð ß Ñx y 0 4

x 0
y 4È Èœ œ
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 3.  lim   x y 1 3 4 1 24 2 6
Ð ß Ñ Ä Ð ß Ñx y 3 4

È È È È# # # #� � œ � � œ œ

 4.  lim   
Ð ß Ñ Ä Ð ß� Ñx y 2 3

Š ‹ � ‘ ˆ ‰ˆ ‰" " " " " "
#

# �

# #

x y 3 6 36� œ � œ œ

 5.  lim   sec x tan y (sec 0) tan (1)(1) 1
Ð ß Ñ Ä ßx y 0ˆ ‰1

4

œ œ œˆ ‰1
4

 6.  lim   cos cos cos 0 1
Ð ß Ñ Ä Ð ß Ñx y 0 0

Š ‹ Š ‹x y
x y 1 0 0 1

0 0# $ # $�
� � � �

�œ œ œ

 7.  lim   e e e
Ð ß Ñ Ä Ð ß Ñx y 0 ln 2

x y 0 ln 2 ln� � "
#œ œ œˆ ‰1

2

 8.  lim   ln 1 x y ln 1 (1) (1) ln 2
Ð ß Ñ Ä Ð ß Ñx y 1 1

k k k k� œ � œ# # # #

 9.  lim    lim   e e  lim   1 1 1
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Äx y 0 0 x y 0 0 x 0

e  sin x sin x sin x
x x x

yy
œ œ œ œa b ˆ ‰ ˆ ‰!

† †

10.  lim   cos xy  cos cos 
Ð ß Ñ Ä Ð Î ß Ñx y 1 27 1

3
È Éˆ ‰ ˆ ‰3 3œ œ œ1 1

27 3 2
31 1

11.  lim   
Ð ß Ñ Ä Ð ß Î Ñx y 1 61

x sin y
x 1 1 1 2 4

1 sin 1 2 1
# #� �

Îœ œ œ
†

ˆ ‰1
6

12.  lim   2
Ð ß Ñ Ä ßx y  0ˆ ‰1

2

cos y 1
y sin x 1

cos 0
0 sin

1 1�
� �

�"

�
�œ œ œ �a bˆ ‰1

#

13.  lim    lim    lim   (x y) ( 1) 0
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

Á
x y 1 1 x y 1 1 x y 1 1

x y

x 2xy y (x y)
x y x y

# # #� � �
� �œ œ � œ " � œ

14.  lim    lim    lim   (x y) (1 1) 2
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

Á
x y 1 1 x y 1 1 x y 1 1

x y

x y (x y)(x y)
x y x y

# #� � �
� �œ œ � œ � œ

15.  lim    lim    lim   (y 2) (1 2) 1
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

Á Á
x y 1 1 x y 1 1 x y 1 1

x 1 x 1

xy y 2x 2 (x 1)(y 2)
x 1 x 1

� � � � �
� �œ œ � œ � œ �

16.    lim      lim    lim   
Ð ß Ñ Ä Ð ß� Ñ Ð ß Ñ Ä Ð ß� Ñ Ð ß Ñ Ä Ð ß� Ñ

Á � Á Á � Á Á
x y 2 4 x y 2 4 x y 2 4
y 4, x x y 4, x x x x# # #

y 4 y 4
x y xy 4x 4x x(x 1)(y 4) x(x 1)

1� �
� � � � � � #

"
# # œ œ œ (2 1)� #

"œ

17.  lim    lim    lim   x y 2
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

Á Á
x y 0 0 x y 0 0 x y 0 0

x y x y

x y 2 x 2 y x y x y 2

x y x y

� � � � � �

� �

È È ÈÈ È È
È ÈÈ È

ˆ ‰ ˆ ‰
œ œ � �ˆ ‰È È

 0 0 2 2œ � � œŠ ‹È È
 Note:  (x y) must approach (0 0) through the first quadrant only with x y.ß ß Á

18.  lim    lim    lim   x y 2
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

� Á � Á � Á
x y 2 2 x y 2 2 x y 2 2

x y 4 x y 4 x y 4

x y 4
x y 2 x y 2

x y 2 x y 2� �
� � � �

� � � �

È È
ˆ ‰ ˆ ‰È È

œ œ � �ˆ ‰È
 2 2 2 2 2 4œ � � œ � œŠ ‹È
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19.  lim    lim    lim   
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

� Á � Á
x y 2 0 x y 2 0 x y 2 0
2x y 4 2x y 4

È È
ˆ ‰ ˆ ‰È È È

2x y 2 2x y 2
2x y 4 2x y 2 2x y 2 2x y

� � � �

� � � � � � � �#
"œ œ

 œ œ œ" " "
� �# �È(2)(2) 0 2 2 4

20.  lim    lim    lim   
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

� Á � Á
x y 4 3 x y 4 3 x y 4 3

x y 1 x y 1

È ÈÈ È
ˆ ‰ ˆ ‰È È ÈÈ È È

x y 1 x y 1
x y 1 x y 1 x y 1 x y 1
� � � �

� � � � � � � �
"œ œ

 œ œ œ" " "

� � �È È4 3 1 2 2 4

21.  lim    lim    lim    lim   cos r 1
Ð ß Ñ Ä Ð ß Ñ Ä Ä Äx y 0 0 r 0 r 0 r 0

sin x y sin r 2r cos r
x y r 2r
a b a b a b# # # #

# # #

� †
�

#œ œ œ œa b
22.  lim    lim    lim   0

Ð ß Ñ Ä Ð ß Ñ Ä Äx y 0 0 u 0 u 0
1 cos xy

xy u 1
1 cos u sin u� �a b œ œ œ

23.  lim    lim    lim   x xy y 1 1 1 1 3
Ð ß Ñ Ä Ð ß�"Ñ Ð ß Ñ Ä Ð ß�"Ñ Ð ß Ñ Ä Ð ß�"Ñx y 1 x y 1 x y 1

x y
x y x y

x y x xy y 2 2 2 23 3 2 2�
� �

� � �
œ œ � � œ � � � � œ

a bˆ ‰ a b a ba b a bŠ ‹
24.  lim    lim    lim  

Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñx y 2 2 x y 2 2 x y 2 2

x y x y
x y x y x y x y x y x y 2 2 2 2 32

1 1 1� �
� � � � � � � �4 4 2 2 2 2 2 2œ œ œ œa ba ba b a ba b a ba b

25.  lim   
T Ä Ð ß ß Ñ1 3 4

Š ‹" " " " " " � �
x y z 1 3 4 12 12

12 4 3 19� � œ � � œ œ

26.  lim   
T Ä Ð ß� ß� Ñ1 1 1

2xy yz 2(1)( 1) ( 1)( 1)
x z 1 ( 1) 1 1

2� � � � �
� � � � #

� �" "
# # # #œ œ œ �

27.  lim  sin x cos y sec z sin 3 cos 3 sec 0 1 1 2
T Ä Ð ß ß Ñ3 3 0

a b a b# # # # # # #� � œ � � œ � œ

28.  lim  tan (xyz) tan 2 tan
T Ä � ß ßˆ ‰1

4 2
1 2

�" �" �""
#œ � œ �ˆ ‰ ˆ ‰

4 4† †
1 1

29.  lim  ze  cos 2x 3e  cos 2 (3)(1)(1) 3
T Ä Ð ß ß Ñ1 0 3

� � Ð Ñ2y 2 0œ œ œ1

30.  lim  ln x y z ln 2 ( 3) 6 ln 49 ln 7
T Ä Ð ß� ß Ñ2 3 6

È È È# # # # # #� � œ � � � œ œ

31. (a) All x y  (b) All x y  except 0 0a b a b a bß ß ß

32. (a) All x y  so that x y (b) All x ya b a bß Á ß

33. (a) All x y  except where x 0 or y 0 (b) All x ya b a bß œ œ ß

34. (a) All x y  so that x 3x 2 0 x 2 x 1 0 x 2 and x 1a b a ba bß � � Á Ê � � Á Ê Á Á#

 (b) All x y  so that y xa bß Á #

35. (a) All x y z  (b) All x y z  except the interior of the cylinder x y 1a b a bß ß ß ß � œ# #

36. (a) All x y z  so that xyz 0 (b) All x y za b a bß ß � ß ß

37. (a) All x y z  with z 0 (b) All x y z  with x z 1a b a bß ß Á ß ß � Á# #
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38. (a) All x y z  except x 0 0  (b) All x y z  except 0 y 0  or x 0 0a b a b a b a b a bß ß ß ß ß ß ß ß ß ß

39. (a) All x y z  such that z x y 1 (b) All x y z  such that z x ya b a b Èß ß � � � ß ß Á �2 2 2 2

40. (a) All x y z  such that x y z 4 a bß ß � � Ÿ2 2 2

 (b) All x y z  such that x y z 9 except when x y z 25a bß ß � �   � � œ2 2 2 2 2 2

41.  lim   lim    lim    lim    lim   ;
Ð ß Ñ Ä Ð ß Ñ

œ
�

Ä Ä Ä Äx y 0 0
along y x

x 0

 
x 0 x 0 x 0 x 0

� œ � œ � œ � œ � œ �x x x x
x y x x 2 x 2 x 2 2È È È È È Èk k# # # #� �

" "
� � � �

  lim   lim    lim    lim   
Ð ß Ñ Ä Ð ß Ñ

œ
�

Ä Ä Äx y 0 0
along y x

x 0

 
x 0 x 0 x 0

� œ � œ � œ œx x x
x y 2 x 2( x) 2 2È È È È Èk k# #� �

" "
� � �

42.  lim   lim   1;  lim   lim    lim   
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

œ
Ä Ä Ä

œ
x y 0 0 x y 0 0
along y 0

  
x 0 x 0 x 0

along y x

x x x x x
x y x 0 x y 2xx x

% % % % %

% # % # % # %% # #� � � �
œ œ œ œ œ

#

a b
"
#

43.  lim   lim    lim     different limits for d
Ð ß Ñ Ä Ð ß Ñ

œ
Ä Äx y 0 0

along y kx

 
x 0 x 0

#

x y
x y x k x

x kx
x kx

x k x 1 k
1 k

% #

% # % # %

% # #

% # #

% # % #

#

�
� �

�

�
� �

�œ œ œ Êa b
a b ifferent values of k

44.  lim   lim    lim    lim   ; if k 0, the limit is 1; but if k
Ð ß Ñ Ä Ð ß Ñ

œ
Á

Ä Ä Äx y 0 0
along y kx

k 0

 
x 0 x 0 x 0

xy x(kx)
xy x(kx) kx k

kx kk k k k k k k kœ œ œ �
#

# � �0, the limit is 1

45.  lim   lim     different limits for different values of k, k 1
Ð ß Ñ Ä Ð ß Ñ

œ
Á �

Äx y 0 0
along y kx

k 1

 
x 0

x y
x y x kx 1 k

x kx 1 k�
� � �

� �œ œ Ê Á �

46.  lim   lim    lim     different limits for different values of k,
Ð ß Ñ Ä Ð ß Ñ

œ
Á

Ä Äx y 0 0
along y kx

k 1

 
x 0 x 0

x y
x y x kx 1 k 1 k

x kx x k k2 2�
� � � �

� � �œ œ œ Ê  k 1Á

47.  lim   lim     different limits for different values of k, k 0
Ð ß Ñ Ä Ð ß Ñ

œ
Á

Äx y 0 0
along y kx

k 0

 
x 0

#

x y
y kx k

x kx 1 k# # #

#

� � �œ œ Ê Á

48.  lim   lim     different limits for different values of k
Ð ß Ñ Ä Ð ß Ñ

œ
Äx y 0 0

along y kx

 
x 0

#

x y
x y x k x 1 k

kx k#

4 2 4 2 4 2

4

� � �œ œ Ê

49.  lim   lim    lim  y 1 2;  lim   lim    li
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

œ œ
Ä Ä Äx y 1 1 x y 1 1

along x 1 along y x

  
y 1 y 1 y 1

xy 1 y 1 xy 1 y 1
y 1 y 1 y 1 y 1

2 2 2 3� � � �
� � � �œ œ � œ œ œa b m  y y 1 3

y 1Ä
a b2 � � œ

50.  lim   lim    lim   ;  lim   lim   
Ð ß Ñ Ä Ð ß� Ñ Ð ß Ñ Ä Ð ß� Ñ

œ �
Ä Ä Ä

œ �
x y 1 1 x y 1 1
along y 1

  
x 1 x 1 x 1

along y x

xy 1 xy 1
x y x 1 x 1 2 x y

x 1 1 1� �
� � � �

� � �
2 2 2 2 2œ œ œ � œ

2

� � � �
� � �

x 1 x x 1
x x x 1 x 1

3 2

2 4 2œ  lim   
x 1Ä a ba b

 œ 3
2
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51. f x, y
1 if y x
1 if y 0
0 otherwise

a b
Ú
ÛÜœ

 
Ÿ

%

 (a)  lim f x, y 1 since any path through 0, 1  that is close to 0, 1  satisfies y x
Ð ß Ñ Ä Ð ß Ñx y 0 1

a b a b a bœ   %

 (b)  lim f x, y 0 since any path through 2, 3  that is close to 2, 3  does not satisfiy either y x  or y 0
Ð ß Ñ Ä Ð ß Ñx y 2 3

a b a b a bœ   Ÿ%

 (c)  lim f x, y 1 and  lim f x, y 0  lim f x, y  does not exist
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

œ œ
x y 0 0 x y 0 0 x y 0 0
along x 0 along y x

a b a b a bœ œ Ê

2

52. f x, y
x if x 0
x if x 0

a b œœ
 

�

2

3

 (a)  lim f x, y 3 9 since any path through 3, 2  that is close to 3, 2  satisfies x 0
Ð ß Ñ Ä Ð ß� Ñx y 3 2

a b a b a bœ œ � �  2

 (b)  lim f x, y 2 8 since any path through 2, 1  that is close to 2, 1  satisfies x 0
Ð ß Ñ Ä Ð� ß Ñx y 2 1

a b a b a b a bœ � œ � � � �3

 (c)  lim f x, y 0 since the limit is 0 along any path through 0, 0  with x 0 and the limit is also zero along
Ð ß Ñ Ä Ð ß Ñx y 0 0

a b a bœ �

 any path through 0, 0  with x 0a b  

53. First consider the vertical line x 0  lim  lim    lim   0 0. Now consider anœ Ê œ œ œ
Ð ß Ñ Ä Ð ß Ñ

œ
Ä Äx y 0 0

along x 0

 
y 0 y 0

2x y
x y

2 0 y
0 y

2

4 2 4

2

2� �

a b
a b y nonvertical

 through 0, 0 . The equation of any line through 0, 0  is of the form y mx  lim f x y  lim

y mx

a b a b a bœ Ê ß œ

œ
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñx y 0 0 x y 0 0
along alo

 

ng 

 

y mxœ

2x y
x y

2

4 2�

  lim    lim   lim   lim  0. Thus  limœ œ œ œ œ
x 0 x 0 x 0 x 0 x y 0 0

any line though 
Ä Ä Ä Ä Ð ß Ñ Ä Ð ß Ñ

2x mx
x mx

2mx 2mx 2mx
x m x x x m x m

2

4 2 4 2 2 2 2 2 2 2

3 3a b
a b a b a b� � � �

a b0, 0

2x y
x y

2

4 2� œ 0.

54. If f is continuous at (x y ), then  lim   f(x y) must equal f(x y ) 3.  If f is not continuous at! ! ! !ß ß ß œ
Ð ß Ñ Ä Ð ß Ñx y x y! !

 (x y ), the limit could have any value different from 3, and need not even exist.! !ß

55.  lim   1 1 and  lim   1 1   lim   1, by the Sandwich Theorem
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñx y 0 0 x y 0 0 x y 0 0

Š ‹� œ œ Ê œx y tan xy
3 xy

# # �"

56. If xy 0,  lim    lim    lim   2 2 and� œ œ � œ
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñx y 0 0 x y 0 0 x y 0 0

2 xy 2xy

xy xy 6
xyk k Š ‹ Š ‹

k k
� �x y x y

6 6

# # # # ˆ ‰
  lim    lim   2 2; if xy 0,  lim    lim   

Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñx y 0 0 x y 0 0 x y 0 0 x y 0 0

2 xy
xy xy xy

2 xy 2xyk kk k k k
k k Š ‹ Š ‹

œ œ � œ
� � �

�

x y x y
6 6

# # # #

  lim   2 2 and  lim   2   lim   2, by the Sandwich Theoremœ � œ œ Ê œ
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñx y 0 0 x y 0 0 x y 0 0

ˆ ‰xy
6 xy xy

2 xy 4 4 cos xyk kk k k k
Èk k�

57. The limit is 0 since sin 1  1 sin 1  y y sin y for y 0, and y y sin y for¸ ¸ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰" " " "
x x x xŸ Ê � Ÿ Ÿ Ê � Ÿ Ÿ   �    

 y 0.  Thus as (x y)  ( ), both y and y approach 0  y sin   0, by the Sandwich Theorem.Ÿ ß Ä !ß ! � Ê Äˆ ‰"
x

58. The limit is 0 since cos 1  1 cos 1  x x cos x for x 0, and x x cos x¹ ¹ Š ‹ Š ‹ Š ‹Š ‹" " " "
y y y yŸ Ê � Ÿ Ÿ Ê � Ÿ Ÿ   �    

 for x 0.  Thus as (x y)  ( ), both x and x approach 0  x cos   0, by the Sandwich Theorem.Ÿ ß Ä !ß ! � Ê ÄŠ ‹"y
59. (a) f(x y) sin 2 .  The value of f(x y) sin 2  varies with , which is the line'skß œ œ œ ß œy mxœ

2m 2 tan 
1 m 1 tan� �# #

)

)

) ) )

 angle of inclination.
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 (b) Since f(x y) sin 2  and since 1 sin 2 1 for every ,  lim   f(x y) varies from 1 to 1kß œ � Ÿ Ÿ ß �y mxœ ) ) )
Ð ß Ñ Ä Ð ß Ñx y 0 0

 along y mx.œ

60. xy x y xy  x y x  y  x y x  y  x y x y  x y  x yk k k k k k k k k k k k k k k ka b È È È È# # # # # # # # # ## # # # # #� œ � Ÿ � œ � Ÿ � � �

 x y   x y   x y x yœ � Ê Ÿ œ � Ê � � Ÿ Ÿ �a b a b a b¹ ¹# # # # # # # ## � � �
� � �

xy x y x y xy x y
x y x y x y
a b a b a b# # # # # #

# # # # # #

#

  lim  xy 0 by the Sandwich Theorem, since  lim  x y 0; thus, define f 0 0 0Ê œ „ � œ ß œ
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñx y 0 0 x y 0 0

Š ‹ a b a bx y
x y

# #

# #

�
�

# #

61.  lim    lim    lim   0
Ð ß Ñ Ä Ð ß Ñ Ä Äx y 0 0 r 0 r 0

x xy
x y r  cos r  sin 1

r  cos (r cos ) r  sin r cos cos  sin$ #

# # # # # #

$ $ # # $ #�
� �

� �œ œ œ) ) ) ) ) )

) )

a b a b

62.  lim   cos  lim   cos  lim  cos  cos 0 1
Ð ß Ñ Ä Ð ß Ñ Ä Äx y 0 0 r 0 r 0

Š ‹ Š ‹ ’ “x y
x y r  cos r  sin 1

r  cos r  sin r cos sin$ $

# # # # # #

$ $ $ $ $ $�
� �

� �œ œ œ œ) )

) )

) )a b

63.  lim    lim    lim   sin sin ; the limit does not exist since sin  is between
Ð ß Ñ Ä Ð ß Ñ Ä Äx y 0 0 r 0 r 0

y
x y r

r  sin#

# # #

# #

�
# # #œ œ œ) a b) ) )

 0 and 1 depending on )

64.  lim    lim    lim   ; the limit does not exist for co
Ð ß Ñ Ä Ð ß Ñ Ä Äx y 0 0 r 0 r 0

2x 2r cos 2 cos 2 cos 
x x y r r cos r cos cos # # #� � � �œ œ œ) ) )

) ) )

s 0) œ

65.  lim   tan  lim   tan  lim   tan ;
Ð ß Ñ Ä Ð ß Ñ Ä Äx y 0 0 r 0 r 0

�" �" �"� � �
�’ “ ’ “ ’ “k k k k k k k k k k a bk k k kx y r cos r sin r  cos sin 

x y r r# # # #œ œ) ) ) )

 if r  0 , then  lim  tan   lim   tan  ; if r  0 , thenÄ œ œ Ä� �" �" �� �
#r rÄ ! Ä !� �

’ “ ’ “k k a b k k k kk k k kr  cos sin cos sin 
r r
) ) ) )

1

#

  lim  tan   lim  tan    the limit is 
r rÄ ! Ä !� �

�" �"� �
� # #’ “ Š ‹k k a b k k k kk k k kr  cos sin cos sin 

r r
) ) ) )

1 1

# œ œ Ê

66.  lim    lim    lim   cos sin  lim   (cos 2 ) which ranges between
Ð ß Ñ Ä Ð ß Ñ Ä Ä Äx y 0 0 r 0 r 0 r 0

x y
x y r

r  cos r  sin# #

# # #

# # # #�
�

� # #œ œ � œ) ) a b) ) )

 1 and 1 depending on   the limit does not exist� Ê)

67.  lim   ln  lim   ln
Ð ß Ñ Ä Ð ß Ñ Äx y 0 0 r 0

Š ‹ Š ‹3x x y 3y
x y r

3r  cos r  cos  sin 3r  sin# # # #

# # #

# # % # # # #� �
�

� �œ ) ) ) )

  lim   ln 3 r  cos  sin ln 3  define f(0 0) ln 3œ � œ Ê ß œ
r 0Ä

a b# # #) )

68.  lim    lim    lim   3r cos  sin 0  define f(0 0) 0
Ð ß Ñ Ä Ð ß Ñ Ä Äx y 0 0 r 0 r 0

3xy
x y r

(3r cos ) r  sin#

# # #

# #

�
#œ œ œ Ê ß œ) )a b

) )

69. Let 0.1.  Then x y   x y 0.1 x y 0.01 x y 0 0.01$ $œ � � Ê � � Ê � � Ê � � �È È k k# # # # # # # #

  f(x y) f( ) 0.01 .Ê ß � !ß ! � œk k %

70. Let 0.05.  Then x  and y   f x y f 0 0 0 y 0.05 .$ $ $ %œ � � Ê ß � ß œ � œ Ÿ � œk k k k k k k ka b a b ¸ ¸ ¸ ¸y y
x 1 x 1# #� �

71. Let 0.005.  Then x  and y   f x y f 0 0 0 x y x y$ $ $œ � � Ê ß � ß œ � œ Ÿ � � �k k k k k k k k k k k ka b a b ¸ ¸ ¸ ¸x y x y
x 1 x 1
� �
� �# #

 0.005 0.005 0.01 .� � œ œ %

72. Let 0.01.  Since 1 cos x 1  1 2 cos x 3  1  x y$ œ � Ÿ Ÿ Ê Ÿ � Ÿ Ê Ÿ Ÿ Ê Ÿ Ÿ �" "
#� �

� �
3 cos x 3 2 cos x

x y x yk k ¸ ¸ k k
 x y .  Then x  and y   f x y f 0 0 0 x y 0.01 0.01Ÿ � � � Ê ß � ß œ � œ Ÿ � � �k k k k k k k k k k k k k ka b a b ¸ ¸ ¸ ¸$ $ x y x y

2 cos x 2 cos x
� �

� �

 0.02 .œ œ %
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73. Let 0.04. Since y x y 1 x x x y  f x y f 0 0$ $œ Ÿ � Ê Ÿ Ê Ÿ l l œ Ÿ � � Ê ß � ß2 2 2 y
x   y x y

x y 2 2 2
2

2 2 2 2

2

� �
l l È È k ka b a b

 0 0.04 .œ � � œ¹ ¹x y
x y

2

2 2� %

74. Let 0.01. If y 1, then y y y x y , so x x x y x y 2 x y . Since$ œ l l Ÿ Ÿ l l œ Ÿ � l l œ Ÿ � Ê l l � Ÿ �2 22 2 2 2 2 2 2 2È È È ÈÈ
 x x y 1 and y x y 1. Then x y x y 22 2 2 2 2 2 2 2x x

x   y x   y x   y x   y x   y
y yx yŸ � Ê Ÿ Ÿ � Ê Ÿ Ÿ l l � Ÿ l l � �

2 2

2 2 2 2 2 2 2 2 2 2

2 23 4

� � � � �
l � l

$

  f x y f 0 0 0 2 0.01 0.002 .Ê ß � ß œ � � œ œk k a ba b a b ¹ ¹x y
x   y

3 4

2 2
�
� %

75. Let 0.015.  Then x y z   f(x y z) f( 0 0) x y z 0 x y z$ $œ � � � Ê ß ß � !ß ß œ � � � œ � �È È k k k k k k# # # # # # # # #

 x t x 0.015 0.015 .œ � � � œ œŠ ‹ Š ‹È È# # #
# #

%

76. Let 0.2.  Then x , y , and z   f(x y z) f( 0 0) xyz 0 xyz x  y  z (0.2)$ $ $ $œ � � � Ê ß ß � !ß ß œ � œ œ �k k k k k k k k k k k k k k k k k k $

 0.008 .œ œ %

77. Let 0.005.  Then x , y , and z   f(x y z) f( 0 0) 0$ $ $ $œ � � � Ê ß ß � !ß ß œ �k k k k k k k k ¹ ¹x y z
x y z 1

� �
� � �# # #

 x y z x y z 0.005 0.005 0.005 0.015 .œ Ÿ � � Ÿ � � � � � œ œ¹ ¹ k k k k k k k kx y z
x y z 1

� �
� � �# # # %

78. Let tan (0.1).  Then x , y , and z   f(x y z) f( 0 0) tan x tan y tan z$ $ $ $œ � � � Ê ß ß � !ß ß œ � ��" # # #k k k k k k k k k k
 tan x tan y tan z tan x tan y tan z tan tan tan 0.01 0.01 0.01 0.03 .Ÿ � � œ � � � � � œ � � œ œk k k k k k# # # # # # # # #$ $ $ %

79.  lim   f(x y z)  lim   (x y z) x y z f(x y z )  f is continuous at
Ð ß ß Ñ Ä Ð ß ß Ñ Ð ß ß Ñ Ä Ð ß ß Ñx y z x y z x y z x y z! ! ! ! ! !

ß ß œ � � œ � � œ ß ß Ê! ! ! ! ! !

 every (x y z )! ! !ß ß

80.  lim   f(x y z)  lim   x y z x y z f(x y z )  f is continuous at
Ð ß ß Ñ Ä Ð ß ß Ñ Ð ß ß Ñ Ä Ð ß ß Ñx y z x y z x y z x y z! ! ! ! ! !

ß ß œ � � œ � � œ ß ß Êa b# # # # # #
! ! ! ! ! !

 every point (x y z )! ! !ß ß

14.3  PARTIAL DERIVATIVES

 1. 4x, 3  2. 2x y, x 2y` ` ` `
` ` ` `

f f f f
x y x yœ œ � œ � œ � �

 3. 2x(y 2), x 1  4. 5y 14x 3, 5x 2y 6` ` ` `
` ` ` `

#f f f f
x y x yœ � œ � œ � � œ � �

 5. 2y(xy 1), 2x(xy 1)  6. 6(2x 3y) , 9(2x 3y)` ` ` `
` ` ` `

# #f f f f
x y x yœ � œ � œ � œ � �

 7. ,   8. , ` ` ` ` "
` ` ` `� � � �

f x f f 2x f
x y x yx y x y

y

x 3 x
œ œ œ œÈ È É Éˆ ‰ ˆ ‰# # # #

#

$ $$ $

# #

y y

 9. (x y) ,  (x y)` " ` " ` " ` "
` � ` � ` � ` �

f f
x (x y) x (x y) y (x y) y (x y)œ � � œ � œ � � œ �# # # #† †

10. , ` `
` `

� � � �

� � � �

�f f
x y

x y (1) x(2x) x y (0) x(2y)
x y x y x y x y

y x 2xyœ œ œ œ �a b a b
a b a b a b a b

# # # #

# # # # # # # ## # # #

# #

11. , ` ` � �"
` � � ` � �

� � � � � �" � �f f x
x (xy 1) (xy 1) y (xy 1) (xy 1)

(xy 1)(1) (x y)(y) y 1 (xy )(1) (x y)(x)œ œ œ œ œ# # # #

# #
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12. , ` " ` ` " `
` ` � ` ` �� �� �

f f 1 x
x x x x y y y x x y1 1

y y y y

x 1 x 1
œ œ � œ � œ œ œˆ ‰ ˆ ‰’ “ ’ “ˆ ‰ ˆ ‰y y

x x
y y
x x

# #
#

# ## # # #† †ˆ ‰ ˆ ‰

13. e (x y 1) e , e (x y 1) e` ` ` `
` ` ` `

Ð � � Ñ Ð � � Ñ Ð � � Ñ Ð � � Ñf f
x x y y

x y 1 x y 1 x y 1 x y 1œ � � œ œ � � œ† †

14. e  sin (x y) e  cos (x y), e  cos (x y)` `
` `

� � �f f
x y

x x xœ � � � � œ �

15. (x y) , (x y)` " ` " ` " ` "
` � ` � ` � ` �

f f
x x y x x y y x y y x yœ � œ œ � œ† †

16. e (xy) ln y ye  ln y, e (xy) ln y e xe  ln y` ` ` ` "
` ` ` `

f f e
x x y y y y

xy xy xy xy xyœ œ œ � œ �† † † † †
xy

17. 2 sin (x 3y)  sin (x 3y) 2 sin (x 3y) cos (x 3y) (x 3y) 2 sin (x 3y) cos (x 3y),` ` `
` ` `

f
x x xœ � � œ � � � œ � �† †

 2 sin (x 3y)  sin (x 3y) 2 sin (x 3y) cos (x 3y) (x 3y) 6 sin (x 3y) cos (x 3y)` ` `
` ` `

f
y y yœ � � œ � � � œ � � �† †

18. 2 cos 3x y  cos 3x y 2 cos 3x y  sin 3x y 3x y` ` `
` ` `

# # # # #f
x x xœ � � œ � � � �a b a b a b a b a b† †

 6 cos 3x y  sin 3x y ,œ � � �a b a b# #

 2 cos 3x y  cos 3x y 2 cos 3x y  sin 3x y 3x y` ` `
` ` `

# # # # #f
y y yœ � � œ � � � �a b a b a b a b a b† †

 4y cos 3x y  sin 3x yœ � �a b a b# #

19. yx , x  ln x 20. f(x y)    and ` ` ` " ` �
` ` ` `

f f ln x f f ln x
x y ln y x x ln y y y(ln y)œ œ ß œ Ê œ œy 1 y�

#

21. g(x), g(y)` `
` `

f f
x yœ � œ

22. f(x y)  (xy) , xy 1  f(x y)   (1 xy)  andß œ � Ê ß œ Ê œ � � œ!
_

œn 0

n k k " ` " `
� ` � ` �1 xy x (1 xy) x (1 xy)

f y
# #†

 (1 xy)` " `
` � ` �

f x
y (1 xy) y (1 xy)œ � � œ# #†

23. f y , f 2xy, f 4z 24. f y z, f x z, f y xx y z x y zœ œ œ � œ � œ � œ �#

25. f 1, f , fx y z
y

y z y z
zœ œ � œ �È È# # # #� �

26. f x x y z ,  f y x y z , f z x y zx y zœ � � � œ � � � œ � � �a b a b a b# # # # # # # # #�$Î# �$Î# �$Î#

27. f , f , fx y z
yz xy

1 x y z 1 x y z 1 x y z
xzœ œ œÈ È È� � �# # # # # # # # #

28. f , f , fx y zx yz (x yz) 1 x yz (x yz) 1 x yz (x yz) 1
z yœ œ œ"

� � � � � � � � �k k k k k kÈ È È# # #

29. f , f , fx y zœ œ œ"
� � � � � �x 2y 3z x 2y 3z x 2y 3z

2 3

30. f yz (xy) , f z ln (xy) yz  ln (xy) z ln (xy) (xy) z ln (xy) z,x yxy x xy x y xy y
(yz)(y) yz yzœ œ œ œ � œ � œ �† † † †

" ` ` `
` ` `

 f y ln (xy) yz  ln (xy) y ln (xy)z zœ � œ†
`
`

31. f 2xe , f 2ye , f 2zex y z
x y z x y z x y zœ � œ � œ �� � � � � � � � �a b a b a b# # # # # # # # #

32. f yze , f xze , f xyex y z
xyz xyz xyzœ � œ � œ �� � �
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33. f sech (x 2y 3z), f 2 sech (x 2y 3z), f 3 sech (x 2y 3z)x y zœ � � œ � � œ � �# # #

34. f y cosh xy z , f x cosh xy z , f 2z cosh xy zx y zœ � œ � œ � �a b a b a b# # #

35. 2  sin (2 t ), sin (2 t )` `
` `

f f
t œ � � œ �1 1 ! 1 !

!

36. v e 2ve , 2ve v e 2ve 2ue` `
` ` ` `

# Ð Î Ñ Ð Î Ñ Ð Î Ñ # Ð Î Ñ Ð Î Ñ Ð Î Ñ` `g g
u u v v v v

2u v 2u v 2u v 2u v 2u v 2u v2u 2uœ œ œ � œ �† †ˆ ‰ ˆ ‰
37. sin  cos ,  cos  cos ,  sin  sin ` ` `

` ` `
h h h
3 9 )

œ œ œ �9 ) 3 9 ) 3 9 )

38. 1 cos , r sin , 1` ` `
` ` `

g g g
r zœ � œ œ �) )

)

39. W V, W P , W , W , Wp v v g
v Vv 2V v V v V v

2g 2g 2g g gœ œ � œ œ œ œ �$ $ $ $

$

# # #

##

40. m, , , c, ` ` ` ` `
` ` # ` ` ` #
A A A m A k A km h
c h k q m q q q

qœ œ œ œ � œ � �#

41. 1 y, 1 x, 0, 0, 1` ` ` ` ` `
` ` ` ` ` ` ` `

f f f f f f
x y x y y x x yœ � œ � œ œ œ œ

# # # #

# #

42. y cos xy, x cos xy, y  sin xy, x  sin xy, cos xy xy sin xy` ` ` ` ` `
` ` ` ` ` ` ` `

# #f f f f f f
x y x y y x x yœ œ œ � œ � œ œ �

# # # #

# #

43. 2xy y cos x, x sin y sin x, 2y y sin x, cos y, 2x cos x` ` ` ` ` `
` ` ` ` ` ` ` `

#g g g g g g
x y x y y x x yœ � œ � � œ � œ � œ œ �

# # # #

# #

44. e , xe 1, 0, xe , e` ` ` ` ` `
` ` ` ` ` ` ` `

h h h h h h
x y x y y x x yœ œ � œ œ œ œy y y y# # # #

# #

45. , , , , ` " ` " ` �" ` �" ` ` �"
` � ` � ` � ` � ` ` ` ` �

r r r r r r
x x y y x y x (x y) y (x y) y x x y (x y)œ œ œ œ œ œ

# # # #

# # # # #

46. , ,` " ` " ` " ` "
` ` � ` ` �� � � �

�s s 1 x
x x x x x y y y x x x y1 1 1 1

y y y yœ œ � œ œ œ œ” • ” • ” • ” •ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰y y y y
x x x x

# # # ## # # # #† †

 , , ` ` ` `
` ` ` ` ` `� � � � � �

� �� � �# # # #

# ## # # # # # # # # # # ## # # # # #

# # # #s s s s
x y y x x y

y(2x) 2xy x(2y) 2xy y x
x y x y x y x y x y x y

x y ( 1) y(2y)œ œ œ œ � œ œ œa b a b a b a b a b a b
a b

47. 2x tan xy x sec xy y 2x tan xy x y sec xy , x sec xy x x sec xy ,` `
` `

w w
x y

2 2 2 2 2 2 3 2œ � † œ � œ † œa b a b a b a b a b a b
 2tan xy 2x sec xy y 2xy sec xy x y 2sec xy sec xy tan xy y`

`

#

#

w
x

2 2 2œ � † � � †a b a b a b a ba b a b a b
 2tan xy 4xy sec xy 2x y sec xy tan xy , x 2sec xy sec xy tan xy x 2x sec xy tan xyœ � � œ † œa b a b a b a b a b a b a ba b a b a b2 2 2 2 3 4 2w

y
`
`

#

#

 3x sec xy x 2sec xy sec xy tan xy y 3x sec xy x y sec xy tan xy` `
` ` ` `

# #w w
y x x y

2 2 3 2 2 3 2œ œ � † œ �a b a b a b a b a ba b a b a b
48. ye 2x 2xy e , 1 e ye 1 e 1 y ,` `

` `
� � � � �w w

x y
x y x y x y x y x yœ † œ œ � † � œ �

2 2 2 2 2a b a b a b
 2y e 2xy e 2x 2ye 1 2x , e 1 1 y e 1` `

` `
� � � � �# #

# #

w w
x y

x y x y x y 2 x y x yœ � † œ � œ † � � � �
2 2 2 2 2Š ‹ Š ‹a b a b a b a b

 e y 2 , e 2x 1 y 2x e 1 yœ � œ œ † � œ �x y x y x yw w
y x x y

2 2 2� � �` `
` ` ` `a b a b a bŠ ‹# #

49. sin x y x cos x y 2xy sin x y 2x ycos x y , x cos x y x x cos x y ,` `
` `

w w
x y

2 2 2 2 2 2 2 3 2œ � † œ � œ † œa b a b a b a b a b a b
 cos x y 2xy 4xy cos x y 2x y sin x y 2xy 6xy cos x y 4x y sin x y ,`

`

#

#

w
x

2 2 2 2 2 3 2 2œ † � � † œ �a b a b a b a b a b
 x sin x y x x sin x y , 3x cos x y x sin x y 2xy 3x cos x y 2x y sin x y` ` `

` ` ` ` `

# # #

#

w w w
y y x x y

3 2 2 5 2 2 2 3 2 2 2 4 2œ � † œ � œ œ � † œ �a b a b a b a b a b a b
Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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50. , ,` ` � �
` `

� � � � � � �

� � � �

� � �w w x x
x y

x y x y 2x x y 1 x y

x y x y x y x y
x 2xy yœ œ œ œ

ˆ ‰ ˆ ‰a ba b a b a b
a b a b a b a b

2 2

2 2 2 22 2 2 2

2 2

 ,`
`

� � � � � � � � � � �

� �

#

#

w
x

x y 2x 2y x 2xy y 2 x y 2x 2 x 3x y 3 xy y

x y x y
œ œ

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b a b
’ “a b a b

2 2 2 3 2 22

2 2 2 32

 , ` � ` `
` ` ` ` `

� † � � � � † � � � � � � � †

� ��

# # #

#

w 2x 2x w w
y y x x y

x y 0 x x 2 x y 1 x y 2x 1 x 2xy y 2 x y 1

x y x yx y
œ œ œ œ

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
’ “ ’ “a b a ba b

a b2 2 2 2 2 22 2

2 22 22 3 2

2

2

 œ 2x 3x 2xy y
x y

3 2

2 3
� � �

�a b

51. , , , and ` ` ` � ` �
` � ` � ` ` � ` ` �

w 2 w 3 w 6 w 6
x 2x 3y y 2x 3y y x (2x 3y) x y (2x 3y)œ œ œ œ

# #

# #

52. e ln y , ln x, , and ` ` ` " " ` " "
` ` ` ` ` `

w w x w w
x x y y y x y x x y y x

yœ � � œ � œ œ � œ �x # #

53. y 2xy 3x y , 2xy 3x y 4x y , 2y 6xy 12x y , and 2y 6xy 12x y` ` ` `
` ` ` ` ` `

# $ # % # # $ $ # # $ # # $w w w w
x y y x x yœ � � œ � � œ � � œ � �

# #

54. sin y y cos x y, x cos y sin x x, cos y cos x 1, and cos y cos x 1` ` ` `
` ` ` ` ` `

w w w w
x y y x x yœ � � œ � � œ � � œ � �

# #

55. (a) x first (b) y first (c) x first (d) x first (e) y first (f) y first

56. (a) y first three times (b) y first three times (c) y first twice (d) x first twice

57. f 1 2  lim    lim    lim   x
f(1 h 2) f(1 2)

h h h
1 (1 h) 2 6(1 h) (2 6) h 6 1 2h h 6a bß œ œ œ

h 0 h 0 h 0Ä Ä Ä

� ß � ß � � � � � � � � � � � �c d a b# #

  lim    lim   ( 13 6h) 13,œ œ � � œ �
h 0 h 0Ä Ä

� �13h 6h
h

#

 f (1 2)  lim    lim    lim   y
f(1 2 h) f(1 2) (2 6 2h) (2 6)

h h h
1 1 (2 h) 3(2 h) (2 6)ß œ œ œ

h 0 h 0 h 0Ä Ä Ä

ß � � ß � � � �� � � � � � �c d

  lim   ( 2) 2œ � œ �
h 0Ä

58. f 2 1  lim    lim   x
f 2 h 1 f 2 1

h h
4 2 2 h 3 2 h 3 2a b� ß œ œ

h 0 h 0Ä Ä

a b a b c d a ba b a b� � ß � � ß � � � � � � � � � �

  lim    lim   1 1,œ œ œ
h 0 h 0Ä Ä

a b2h 1 h 1
h

� � �

 f 2 1  lim    lim   y
f 2 1 h f 2 1

h h
4 4 3 1 h 2 1 h 3 2a b� ß œ œ

h 0 h 0Ä Ä

a b a b � ‘a b a b a b� ß � � � ß � � � � � � � �#

  lim    lim    lim   1 2h 1œ œ œ � œ
h 0 h 0 h 0Ä Ä Ä

a b� � � � � � �3 3h 2 4h 2h 1
h h

h 2h# # a b
59. f 2 3  lim    lim   x

f 2 h 3 f 2 3
h h

2 2 h 9 1 4 9 1a b� ß œ œ
h 0 h 0Ä Ä

a b a b È a b È� � ß � � ß � � � � � � � �

  lim    lim    lim   ,œ œ œ œ
h 0 h 0 h 0Ä Ä Ä

È È È
È È2h 4 2 2h 4 2 2h 4 2

h h 22h 4 2 2h 4 2
2 1� � � � � �

� � � �
Š ‹

 f 2 3  lim    lim   y
f 2 3 h f 2 3

h h
4 3 3 h 1 4 9 1a b� ß œ œ

h 0 h 0Ä Ä

a b a b È a b È� ß � � � ß � � � � � � � �

  lim    lim    lim   œ œ œ œ
h 0 h 0 h 0Ä Ä Ä

È È È
È È3h 4 2 3h 4 2 3h 4 2

h h 43h 4 2 2h 4 2
3 3� � � � � �

� � � �
Š ‹

60. f 0 0  lim    lim    lim   1x
f 0 h 0 f 0 0

h h h

0 sin ha bß œ œ œ œ
h 0 h 0 h 0Ä Ä Ä

a b a b� ß � ß �
sin h 03

h 02 3

3

Š ‹�

�

 f 0 0  lim    lim    lim    lim  h 0 1 0y
f 0 0 h f 0 0

h h h h

0 sin h sin ha b Š ‹ß œ œ œ œ † œ † œ
h 0 h 0 h 0 h 0Ä Ä Ä Ä

a b a bß � � ß �
sin 0 h4

0 h2 4 4

3 4

Š ‹�

�

61. (a) In the plane x 2 f x y 3 f 2 1 3 m 3œ Ê ß œ Ê ß� œ Ê œy ya b a b
 (b) In the plane y 1 f x y 2 f 2 1 2 m 2œ � Ê ß œ Ê ß� œ Ê œx ya b a b
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62. (a) In the plane x 1 f x y 3y f 1 1 3 1 3 m 3œ � Ê ß œ Ê � ß œ œ Ê œy y
2 2a b a b a b

 (b) In the plane y 1 f x y 2x f 1 1 2 1 2 m 2œ Ê ß œ Ê � ß œ � œ � Ê œ �x ya b a b a b
63. f x y z  lim   ;z

f x y z h f x , y z
ha b! ! !

ß ß � � ßß ß œ
h 0Ä

a b a b! ! ! ! ! !

 f 1 2 3  lim    lim    lim    lim  12 2h 12z
f 1 2 3 h f 1, 2 3 2 3 h 2 9

h h h
2h 2ha b a bß ß œ œ œ œ � œ

h 0 h 0 h 0 h 0Ä Ä Ä Ä

a b a b a b a bß ß � � ß � � " �
# #

64. f x y z  lim   ;y
f x y h z f x , y z

ha b! ! !
ß � ß � ßß ß œ

h 0Ä

a b a b! ! ! ! ! !

 f 1 0 3  lim    lim    lim   2h 9 9y
f 1 h 3 f 1, 0 3 2h 9h 0

h ha b a b� ß ß œ œ œ � œ
h 0 h 0 h 0Ä Ä Ä

a b a b a b� ß ß � � ß � �#

65. y 3z  x z 2y 0 3xz 2y y z at (1 1 1) we have (3 2) 1 1 or 2� � � œ Ê � œ � � Ê ß ß � œ � � œ �ˆ ‰ a b# $ # $` ` ` ` `
` ` ` ` `

z z z z z
x x x x x

66. z x 2x 0 z 2x x at (1 1 3) we have ( 3 1 2) 1 or ˆ ‰ ˆ ‰ ˆ ‰` ` ` ` ` ` "
` ` ` ` ` `

x x x x x x
z x z z x z z z 6

y y� � � œ Ê � � œ � Ê ß� ß� � � � œ � œ

67. a b c 2bc cos A  2a 2bc sin A   ; also 0 2b 2c cos A 2bc sin A# # # ` ` `
` ` `œ � � Ê œ Ê œ œ � �a b a bA A a A

a a bc sin A b

  2c cos A 2b 2bc sin A   Ê � œ Ê œa b ` ` �
` `

A A c cos A b
b b bc sin A

68.   0  sin A a cos A 0  ; alsoa b a a a cos A
sin A sin B sin A x A sin A

(sin A) a cos A
œ Ê œ Ê � œ Ê œ

`

`

#

a
A � ` `

` `a b
 b csc B cot B   b csc B cot B sin Aˆ ‰ a b" ` `

` `sin A B B
a aœ � Ê œ �

69. Differentiating each equation implicitly gives 1 v  ln u u  and 0 u  ln v v  orœ � œ �x x x x
v u
u v

ˆ ‰ ˆ ‰
   v

ln u v     u 1

    v ln v u 0Ÿa b ˆ ‰ˆ ‰ a bx x
v
u

u
v x x

0 ln v
ln u

ln v

ln v
ln u ln v 1

� œ

� œ
Ê œ œx

º º
º º a ba b

"

�

v
u

v
u

u
v

70. Differentiating each equation implicitly gives 1 2x x 2y y  and 0 2x x y  orœ � œ �a b a b a bu u u u

   x   and
2x x 2y y 1
2x x       y 0 �a b a ba b u u

u u

2y
0 1

2x 2y
2x 1

1 1
2x 4xy 2x 4xy

� œ
� œ

Ê œ œ œu

º º
º º

" �
�

�
�

�
� � �

 y ; next s x y   2x 2y u œ œ œ œ œ � Ê œ �
º º2x

2x 0
x 4xy 2x 4xy 2x 4xy 1 2y u u u

2x 2x 1 s x y
"

�# � � � � � ` ` `
� ` `# # `

 2x 2yœ � œ � œŠ ‹ Š ‹" " "
� � �# � �

�
2x 4xy 1 2y 1 y 1 2y 1 2y

2y 1 2y

71. f x y f x y 0 for all points x, y ; at y 0,  f x 0
0 if y 0
0 if y 0x x y

h 0 h 0

f x, 0 h f x, 0 f x, h 0
h ha b a b a b a bœß œ Ê ß œ œ ß œ œ

 
�

lim lim
Ä Ä

� � �a b a b a b

 0 because     0 and     0  f x y  ;
3y if y 0

2y if y 0
œ œ œ œ œ œ Ê ß œ

 
� �

lim lim lim lim lim
h 0 h 0 h 0

f x, h f x, h f x, h
h h h h h

h h

h 0 h 0
y

2

Ä Ä Ä Ä Ä

a b a b a b
� � � �

3 2 a b œ
 f x y f x y 0 for all points x, yyx xya b a b a bß œ ß œ

72. At x 0, f 0 y    which does not exist because    œ ß œ œ œx
h 0 h 0 h 0 h 0

f 0 h, y f 0, y f h, y 0 f h, y f h, y
h h h ha b lim lim lim lim

Ä Ä Ä Ä

� � �a b a b a b a b a b
�

   0 and       f x y  ;
if x 0

2x if x 0
œ œ œ œ œ �_ Ê ß œ

�

�
lim lim lim lim

h 0

h 1
h h hh 0 h 0 h 0

f h, y h
h x

1
2 x

Ä Ä Ä Ä� � � �

2 a b È
È Èa b �

 f x y f x y 0 for all points x, y ; f x y 0 for all points x, y , while f x y 0 for all
0 if x 0
0 if x 0y y yx xya b a b a b a b a b a bœß œ Ê ß œ ß œ ß œ

 
�

 points x, y  such that x 0.a b Á
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73. 2x, 2y, 4z  2, 2, 4  2 2 ( 4) 0` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` `

f f f f f f f f f
x y z x y z x y zœ œ œ � Ê œ œ œ � Ê � � œ � � � œ

# # # # # #

# # # # # #

74. 6xz, 6yz, 6z 3 x y , 6z, 6z, 12z  ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` `

# # #f f f f f f f f f
x y z x y z x y zœ � œ � œ � � œ � œ � œ Ê � �a b # # # # # #

# # # # # #

 6z 6z 12z 0œ � � � œ

75. 2e  sin 2x, 2e  cos 2x, 4e  cos 2x, 4e  cos 2x  ` ` ` ` ` `
` ` ` ` ` `

f f f f f f
x y x y x yœ � œ � œ � œ Ê �� � � �2y 2y 2y 2y# # # #

# # # #

 4e  cos 2x 4e  cos 2x 0œ � � œ� �2y 2y

76. , , ,   0` ` ` ` ` `
` � ` � ` ` ` `

� � � �

� � � �
f x f f f f f
x x y y x y x y x y

y y x x y y x x y
x y x y x y x y

œ œ œ œ Ê � œ � œ# # # # # # # #

# # # ## # # # # # # #

# # # # # # # ## # # #a b a b a b a b

77. 3 , 2 , 0 , 0  0 0 0` ` ` ` ` `
` ` ` ` ` `

f f f f f f
x y x y x yœ œ œ œ Ê � œ � œ

# # # #

# # # #

78. , , , ` ` � ` `
` � ` � ` `

Î � Î

� �

� † � † � † � � †

� � �

�f f x f f
x y x y y x x y

1 y x y

1 1

y 2xyy x 0 y 2x y x 0 x 2y
y x y x y

œ œ œ œ œ œ œŠ ‹ Š ‹
a b a b a b

a b a b a bx x
y y

2

2 2# ## # # # # #

# ## # # #

# # # # # x y x
2xy

# # #2 2œ a b�

   0Ê � œ � œ` `
` `

�

� �

# #

# # # # # #

f f
x y

2xy 2xy
y x y xa b a b2 2

79. x y z 2x x x y z , x y z 2y` " ` "
` # ` #

# # # # # # # # #�$Î# �$Î# �$Î#f f
x yœ � � � œ � � � œ � � �a b a b a b a b a b

 y x y z , x y z 2z z x y z ;œ � � � œ � � � œ � � �a b a b a b a b# # # # # # # # #�$Î# �$Î# �$Î#` "
` #

f
z

 x y z 3x x y z , x y z 3y x y z ,` `
` `

# # # # # # # # # # # # # #�$Î# �&Î# �$Î# �&Î## #

# #

f f
x yœ � � � � � � œ � � � � � �a b a b a b a b

 x y z 3z x y z   ` ` ` `
` ` ` `

# # # # # # #�$Î# �&Î## # # #

# # # #

f f f f
z x y zœ � � � � � � Ê � �a b a b

 x y z 3x x y z x y z 3y x y zœ � � � � � � � � � � � � �’ “ ’ “a b a b a b a b# # # # # # # # # # # # # #�$Î# �&Î# �$Î# �&Î#

 x y z 3z x y z 3 x y z 3x 3y 3z x y z 0� � � � � � � œ � � � � � � � � œ’ “a b a b a b a b a b# # # # # # # # # # # # # # # #�$Î# �&Î# �$Î# �&Î#

80. 3e  cos 5z, 4e  cos 5z, 5e  sin 5z; 9e  cos 5z, 16e  cos 5z,` ` ` ` `
` ` ` ` `

� � � � �f f f f f
x y z x y

3x 4y 3x 4y 3x 4y 3x 4y 3x 4yœ œ œ � œ œ
# #

# #

 25e  cos 5z  9e  cos 5z 16e  cos 5z 25e  cos 5z 0` ` ` `
` ` ` `

� � � �# # # #

# # # #

f f f f
z x y z

3x 4y 3x 4y 3x 4y 3x 4yœ � Ê � � œ � � œ

81. cos (x ct), c cos (x ct); sin (x ct), c  sin (x ct) c [ sin (x ct)] c  ` ` ` ` ` `
` ` ` ` ` `

# # #w w w w w w
x t x t t xœ � œ � œ � � œ � � Ê œ � � œ

# # # #

# # # #

82. 2 sin (2x 2ct), 2c sin (2x 2ct); 4 cos (2x 2ct), 4c  cos (2x 2ct)` ` ` `
` ` ` `

#w w w w
x t x tœ � � œ � � œ � � œ � �

# #

# #

  c [ 4 cos (2x 2ct)] cÊ œ � � œ` `
` `

# ## #

# #

w w
t x

83. cos (x ct) 2 sin (2x 2ct), c cos (x ct) 2c sin (2x 2ct);` `
` `

w w
x tœ � � � œ � � �

 sin (x ct) 4 cos (2x 2ct), c  sin (x ct) 4c  cos (2x 2ct)` `
` `

# ## #

# #

w w
x tœ � � � � œ � � � �

  c [ sin (x ct) 4 cos (2x 2ct)] c  Ê œ � � � � œ` `
` `

# ## #

# #

w w
t x

84. , ; ,   c c  ` " ` ` � ` � ` �" `
` � ` � ` � ` � ` � `

# #w w c w 1 w c w w
x x ct t x ct x (x ct) t (x ct) t (x ct) xœ œ œ œ Ê œ œ

# # # # #

# # # # # # #’ “
85. 2 sec (2x 2ct), 2c sec  (2x 2ct); 8 sec (2x 2ct) tan (2x 2ct),` ` `

` ` `
# # #w w w

x t xœ � œ � � œ � �
#

#

 8c  sec (2x 2ct) tan (2x 2ct)  ux c [8 sec (2x 2ct) tan (2x 2ct)] c  ` ` `
` ` `

# # # # ## # #

# # #

w w w
t t xœ � � Ê œ � � œ
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86. 15 sin (3x 3ct) e , 15c sin (3x 3ct) ce ; 45 cos (3x 3ct) e ,` ` `
` ` `

w w w
x t xœ � � � œ � � � œ � � �x ct x ct x ct� � �

#

#

 45c  cos (3x 3ct) c e   c 45 cos (3x 3ct) e c  ` ` `
` ` `

# # # ## # #

# # #

w w w
t t xœ � � � Ê œ � � � œx ct x ct� �c d

87.  (ac)  (ac) (ac) a c  ;  a  a a` ` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` `

# #w f u f w f f w f u f w f
t u t u t u u x u x u x uœ œ Ê œ œ œ œ Ê œ

# # # # #

# # # # #Š ‹ Š ‹† †

 a    a c  c a  c  œ Ê œ œ œ# # # # # #` ` ` ` `
` ` ` ` `

# # # # #

# # # # #

f w f f w
u t u u xŠ ‹

88. If the first partial derivatives are continuous throughout an open region R, then by Theorem 3 in this section of the text,
 f(x y) f(x y ) f (x y ) x f (x y ) y x y, where , 0 as x, y 0.  Then asß œ ß � ß � ß � � Ä Ä! ! ! ! ! ! " # " #x y? ? % ? % ? % % ? ?

 (x y) (x y ), x 0 and y 0 lim  f(x y) f(x y ) f is continuous at every point (x y ) in R.ß Ä ß Ä Ä Ê ß œ ß Ê ß! ! ! ! ! !? ?
Ð ß Ñ Ä Ð ß Ñx y x y! !

89. Yes, since f , f , f , and f  are all continuous on R, use the same reasoning as in Exercise 76 withxx yy xy yx

 f (x y) f (x y ) f (x y ) x f (x y ) y x y andx x xx xyß œ ß � ß � ß � �! ! ! ! ! ! " #? ? % ? % ?

 f (x y) f (x y ) f (x y ) x f (x y ) y x y.  Then  lim   f (x y) f (x y )y y yx yy x xß œ ß � ß � ß � � ß œ ßs s! ! ! ! ! ! " # ! !? ? % ? % ?
Ð ß Ñ Ä Ð ß Ñx y x y! !

 and  lim   f (x y) f (x y ).
Ð ß Ñ Ä Ð ß Ñx y x y! !

y yß œ ß! !

90. To find  and  so that u u u sin x e  and u cos x e u sin x e ;  then! " " ! ! ! ! !t xx t x xx
t t 2 tœ Ê œ � œ Ê œ �a b a b a b� � �" " "

 u u sin x e sin x e  , thus u u  only if t xx t xx
t 2 t 2œ Ê � œ � œ œ" ! ! ! " !a b a b� �" "

91. f 0, 0 0; f 0, 0 0;x y
h 0 h 0 h 0 h 0 h 0 h 0

f 0 h 0 f 0 0 f 0 0 h f 0 0
h h h h h h

0 00 0a b a bœ œ œ œ œ œ œ œlim lim lim lim lim lim
Ä Ä Ä Ä Ä Ä

� ß � ß ß � � ß� �a b a b a b a bh 0 0 h2 2

h 0 0 h2 4 2 4
† †

� �

  lim f x, y  lim   lim   lim   different limits for differ
Ð ß Ñ Ä Ð ß Ñ

œ

Ä Ä Äx y 0 0
along x ky

 
y 0 y 0 y 0

2

a b œ œ œ œ Ê
ˆ ‰

a b
ky y

ky y
ky

k y y k 1 k 1
k k

2 2

2 42 2 4 4 2 2

4

� � � � ent

 values of k   lim f x, y  does not exist f x, y  is not continuous at 0, 0 by Theorem 4, f x, y  is notÊ Ê Ê
Ð ß Ñ Ä Ð ß Ñx y 0 0

 a b a b a b a b
 differentiable at 0, 0 .a b
92. f 0, 0 0; f 0, 0 0;x y

h 0 h 0 h 0 h 0 h 0 h 0

f 0 h 0 f 0 0 f h 0 1 f 0 0 h f 0 0 f 0 h 1
h h h h h h

1 1 1 1a b a bœ œ œ œ œ œ œ œlim lim lim lim lim lim
Ä Ä Ä Ä Ä Ä

� ß � ß ß � ß � � ß ß �� �a b a b a b a b a b a b

  lim f x, y  lim  0 0 but  lim f x, y  lim  1 1  lim f x, y  does
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

œ œ

Ä Äx y 0 0 x y 0 0 x y 0 0
along y x along y 1.5x

   
y 0 y 0

2 2

a b a b a bœ œ œ œ Ê  not exist

 f x, y  is not continuous at 0, 0 by Theorem 4, f x, y  is not differentiable at 0, 0 .Ê Êa b a b a b a b
14.4  THE CHAIN RULE

 1. (a) 2x, 2y, sin t, cos t  2x sin t 2y cos t 2 cos t sin t 2 sin t cos t` `
` `

w w dx dw
x y dt dt dt

dyœ œ œ � œ Ê œ � � œ � �

 0; w x y cos t sin t 1  0œ œ � œ � œ Ê œ# # # # dw
dt

 (b) ( ) 0dw
dt 1 œ

 2. (a) 2x, 2y, sin t cos t, sin t cos t  ` `
` `

w w dx dw
x y dt dt dt

dyœ œ œ � � œ � � Ê

 (2x)( sin t cos t) (2y)( sin t cos t)œ � � � � �

 2(cos t sin t)(cos t sin t) 2(cos t sin t)(sin t cos t) 2 cos t 2 sin t 2 cos t 2 sin tœ � � � � � œ � � �a b a b# # # #

 0; w x y (cos t sin t) (cos t sin t) 2 cos t 2 sin t 2  0œ œ � œ � � � œ � œ Ê œ# # # # # # dw
dt

 (b) (0) 0dw
dt œ
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 3. (a) , , , 2 cos t sin t, 2 sin t cos t, ` " ` " ` "
` ` `

� �w w w dx dz
x z y z z z dt dt dt t

(x y) dyœ œ œ œ � œ œ �# #

   cos t sin t  sin t cos t 1; w t  1Ê œ � � � œ œ œ � œ � œ Ê œdw 2 2 cos t sin t x cos t sin t dw
dt z z z t z z dt

x y y

t

� �
# #

# # # #

#Š ‹ Š ‹ Š ‹a b" " "

#t t t

 (b) (3) 1dw
dt œ

 4. (a) , , , sin t, cos t, 2t` ` `
` � � ` � � ` � �

�"Î#w 2x w w 2z dx dz
x x y z y x y z z x y z dt dt dt

2y dyœ œ œ œ � œ œ# # # # # # # # #

  Ê œ � � œdw 2x sin t 4zt
dt x y z x y z x y z cos t sin t 16t

2y cos t 2 cos t sin t 2 sin t cos t 4 4t t�
� � � � � � � �

� � �
# # # # # # # # # # #

�"Î# "Î# �"Î#ˆ ‰

 ; w ln x y z ln cos t sin t 16t ln (1 16t)  œ œ � � œ � � œ � Ê œ16 dw 16
1 16t dt 1 16t� �

# # # # #a b a b
 (b) (3)dw 16

dt 49œ

 5. (a) 2ye , 2e , , , , e   ` ` ` " "
` ` ` � � � �

w w w dx 2t dz dw 2e e
x y z z dt t 1 dt t 1 dt dt t 1 t 1 z

x x tdy 4yteœ œ œ � œ œ œ Ê œ � �# # # #

x x t

 4t tan t 1; w 2ye ln z 2 tan t t 1 tœ � � œ � œ � œ � �(4t) tan t t 1 2 t 1
t 1 t 1 e

e xa b a b a b�" # #

# #

� �
� �

�" �" #t

t a b a b
  t 1 2 tan t (2t) 1 4t tan t 1Ê œ � � � œ �dw 2

dt t 1
ˆ ‰ a b a b#�

# �" �"

 (b) (1) (4)(1) 1 1dw
dt 4œ � œ �ˆ ‰1 1

 6. (a) y cos xy, x cos xy, 1, 1, , e   y cos xy e` ` ` "
` ` `

w w w dx dz dw
x y z dt dt t dt dt t

dy x cos xyœ � œ � œ œ œ œ Ê œ � � �t 1 t 1� �

 (ln t)[cos (t ln t)] e (ln t)[cos (t ln t)] cos (t ln t) e ; w z sin xyœ � � � œ � � � œ �t cos (t ln t)
t

t 1 t 1� �

 e sin (t ln t)  e [cos (t ln t)] ln t t e (1 ln t) cos (t ln t)œ � Ê œ � � œ � �t 1 t 1 t 1� � �
dw
dt t

� ‘ˆ ‰"
 (b) (1) 1 (1 0)(1) 0dw

dt œ � � œ

 7. (a)   4e  ln y (sin v)` ` ` `
` ` ` ` `

`z z x z cos v 4e 4e  sin v
u x u y u u cos v y u y

y 4e  ln yxœ � œ � œ �a b ˆ ‰ Š ‹x xx

 (4 cos v) ln (u sin v) 4 cos v;œ � œ �4(u cos v) ln (u sin v) 4(u cos v)(sin v)
u u sin v

   4e  ln y (u cos v) 4e  ln y (tan v)` ` ` ` �
` ` ` ` `

`z z x z u sin v 4e 4e u cos v
v x v y v u cos v y y

y x xœ � œ � œ � �a b a bˆ ‰ Š ‹x x

 [ 4(u cos v) ln (u sin v)](tan v) ( 4u sin v) ln (u sin v) ;œ � � œ � �4(u cos v)(u cos v)
u sin v sin v

4u cos v#

 z 4e  ln y 4(u cos v) ln (u sin v)  (4 cos v) ln (u sin v) 4(u cos v)œ œ Ê œ �x z sin v
u u sin v

`
`

ˆ ‰
 (4 cos v) ln (u sin v) 4 cos v; also ( 4u sin v) ln (u sin v) 4(u cos v)œ � œ � �`

`
z u cos v
v u sin v

ˆ ‰
 ( 4u sin v) ln (u sin v)œ � � 4u cos v

sin v

#

 (b) At 2 :  4 cos  ln 2 sin 4 cos 2 2 ln 2 2 2 2 (ln 2 2);ˆ ‰ ˆ ‰ È È È Èß œ � œ � œ �1 1 1 1

4 u 4 4 4
z`

`

 ( 4)(2) sin  ln 2 sin 4 2 ln 2 4 2 2 2 ln 2 4 2`
`

z
v 4 4

(4)(2) cos

sin 
œ � � œ � � œ � �1 1ˆ ‰ È È È È Èˆ ‰

ˆ ‰
# 1

1

4

4

 8. (a)  cos v  sin v 0;`
` � �

� �

�z x sin v
u x y x y u

1 1

y cos v (u sin v)(cos v) (u cos v)(sin v)œ � œ � œ œ– — – —Š ‹
Š ‹ Š ‹

Š ‹" �

#y

x x
y y

x
y

# # # # # # #

  ( u sin v)  u cos v`
` � �

� �

� �z xu cos v
v x y x y u

1 1

yu sin v (u sin v)(u sin v) (u cos v)(u cos v)œ � � œ � � œ– — – —Š ‹
Š ‹ Š ‹

Š ‹" �

#y

x x
y y

x
y

# # # # # # #

 sin v cos v 1; z tan tan (cot v)  0 and csc vœ � � œ � œ œ Ê œ œ �# # �" �" #` ` "
` ` �Š ‹ ˆ ‰ a bx z z

y u v 1 cot v#

 1œ œ ��"
�sin v cos v# #

 (b) At 1.3 :  0 and 1ˆ ‰ß œ œ �1

6 u v
z z` `

` `
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 9. (a)    (y z)(1) (x z)(1) (y x)(v) x y 2z v(y x)` ` ` ` ` `
` ` ` ` ` ` `

`w w x w w z
u x u y u z u

yœ � � œ � � � � � œ � � � �

 (u v) (u v) 2uv v(2u) 2u 4uv;    œ � � � � � œ � œ � �` ` ` ` ` `
` ` ` ` ` ` `

`w w x w w z
v x v y v z v

y

 (y z)(1) (x z)( 1) (y x)(u) y x (y x)u 2v (2u)u 2v 2u ;œ � � � � � � œ � � � œ � � œ � � #

 w xy yz xz u v u v uv u v uv u v 2u v  2u 4uv andœ � � œ � � � � � œ � � Ê œ �a b a b a b# # # # # # # # # `
`

w
u

 2v 2u`
`

#w
v œ � �

 (b) At 1 :  2 4 (1) 3 and 2(1) 2ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" ` " " ` "
# ` # # ` # #

#
ß œ � œ œ � � œ �w w 3

u v

10. (a) e  sin u ue  cos u e  cos u ue  sin u e`
` � � � � � �

w 2x 2z
u x y z x y z x y z

v v v v v2yœ � � � �Š ‹ Š ‹ Š ‹a b a b a b# # # # # # # # #

 e  sin u ue  cos uœ �ˆ ‰ a b2ue  sin u
u e  sin u u e  cos u u e

v vv

2v 2v 2v# # # # #� �

 e  cos u ue  sin u� �ˆ ‰ a b2ue  cos u
u e  sin u u e  cos u u e

v vv

2v 2v 2v# # # # #� �

 e ;� œˆ ‰ a b2ue 2
u e  sin u u e  cos u u e u

vv

2v 2v 2v# # # # #� �

 ue  sin u ue  cos u ue`
` � � � � � �

w 2x 2z
v x y z x y z x y z

v v v2yœ � �Š ‹ Š ‹ Š ‹a b a b a b# # # # # # # # #

 ue  sin uœ ˆ ‰ a b2ue  sin u
u e  sin u u e  cos u u e

vv

2v 2v 2v# # # # #� �

 ue  cos u� ˆ ‰ a b2ue  cos u
u e  sin u u e  cos u u e

vv

2v 2v 2v# # # # #� �

 ue 2; w ln u e sin u u e cos u u e ln 2u e� œ œ � � œˆ ‰ a b a b a b2ue
u e sin u u e cos u u e

v 2v 2v 2v 2vv

2v 2v 2v# # # # #� �
# # # # # #

 ln 2  2 ln u 2v   and 2œ � � Ê œ œ` `
` `

w 2 w
u u v

 (b) At 2 0 :  1 and 2a b� ß œ œ � œ` `
` �# `

w 2 w
u v

11. (a)    0;` ` ` ` ` "
` ` ` ` ` ` ` � � � �

` ` � � � � � � �u u u u r
x p x q x r x q r (q r) (q r) (q r)

p q r p p q q r r p p qœ � � œ � � œ œ# # #

    ` ` ` ` ` "
` ` ` ` ` ` ` � � � � �

` ` � � � � � � � �u u u u r
y p y q y r y q r (q r) (q r) (q r) (q r)

p q r p p q q r r p p q 2p 2rœ � � œ � � œ œ# # # #

 ;    œ œ œ � �(2x 2y 2z) (2x 2y 2z) p q
(2z 2y) (z y) z p z q z r z

z u u u u r� � � � � ` `
� � ` ` ` ` ` ` `

` ` ` ` `
# #

 ;œ � � œ œ œ œ �"
� � � � � � �

� � � � � � � � �
q r (q r) (q r) (q r) (q r) (2z 2y) (z y)

r p p q q r r p p q 2q 2p 4y y
# # # # # #

 u   0, , and œ œ œ Ê œ œ œ œp q 2y y (z y) y( 1) (z y)(0) y(1)
q r 2z 2y z y x y (z y) (z y) z (z y)

u u z u� � � � � �
� � � ` ` � � ` �

` ` `
# # #

 œ � y
(z y)� #

 (b) At 3 2 1 :  0, 1, and 2Š ‹È ß ß œ œ œ œ œ �` ` " ` �
` ` � ` �

u u u 2
x y (1 2) z (1 2)# #

12. (a) (cos x) re  sin p (0) qe  sin p (0) y  if x ;`
` # #� �

�" �"

�

u e e  cos x e  cos x
x 1 p 1 p

qr qr z
1 sin x

œ � � œ œ œ � � �
qr qr z ln y

È È È# # #
a b a b 1 1

 (0) re  sin p qe  sin p (0) xzy ;`
` �

�" �" �u e z
y y y y1 p

qr qr z 1z  re  sin p z y x
œ � � œ œ œ

qr qr
z

z

È
ˆ ‰

#

# # �" # "a b a bŠ ‹
 (0) re  sin p (2z ln y) qe  sin p 2zre  sin p (ln y)` "

` �
�" �" �"u e

z z z1 p
qr qr qr qe  sin pœ � � � œ �

qr qr

È # # #

�"a b a b a bˆ ‰
 (2z) y x ln y xy  ln y; u e  sin (sin x) xy  if x   y ,œ � œ œ œ � Ÿ Ÿ Ê œˆ ‰ a b" `�"

# # `z z x
z z z ln y z zz  ln y y x ua b a b#

#

z
1 1

 xzy , and xy  ln y   from direct calculations` `
` `

�u u
y z

z 1 zœ œ œ

 (b) At :  2, ,  lnˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰È1 1 1
1 1

4 x y 4 4 z 4 4
u u u2 2 ln 2ß ß � œ œ œ � œ � œ œ �" " ` " ` " " ` " "

# # ` # ` # # ` # #

�"Î# Ð�"Î#Ñ�" �"Î#È È
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13.    14.    dz z dx z dz z du z dv x dw
dt x dt y dt dt u dt v dt w dt

dyœ � œ � �` ` ` ` `
` ` ` ` `

  

15.        ` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` ` `

` `w w x w w z w w x w w z
u x u y u z u v x v y v z v

y yœ � � œ � �

     

16.        ` ` ` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` ` `

w w r w s w t w w r w s w t
x r x s x t x y r y s y t yœ � � œ � �

  

17.      ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `

` `w w x w w w x w
u x u y u v x v y v

y yœ � œ �
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18.      ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `

w w u w v w w u w v
x u x v x y u y v yœ � œ �

  

19.      ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `

` `z z x z z z x z
t x t y t s x s y s

y yœ � œ �

     

20.   21.         `
` ` ` ` ` `

` ` ` ` `y dy
r du r s du s t du t

u w dw u w dw uœ œ œ

                   

22.     ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` `

`w w x w w z w v
p x p y p z p v p

yœ � � �

 

23.     since 0     since 0` ` ` ` ` ` ` `
` ` ` ` ` ` ` `
w w dx w w dx w w dx w w dx
r x dr y dr x dr dr s x ds y ds y ds ds

dy dy dy dyœ � œ œ œ � œ œ
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24.   ` ` ` `
` ` ` ` `

`w w x w
s x s y s

yœ �

 

25. Let F(x y) x 2y xy 0  (x y) 3x yß œ � � œ Ê J ß œ �$ # #
x

 and F (x y) 4y x  y
dy 3x y
dx F ( 4y x)

Fß œ � � Ê œ � œ �x

y

# �
� �

  (1 1)Ê ß œdy
dx 3

4

26. Let F(x y) xy y 3x 3 0  F (x y) y 3 and F (x y) x 2y  ß œ � � � œ Ê ß œ � ß œ � Ê œ � œ �# �
�x y

dy y 3
dx F x 2y

Fx

y

  ( 1 1) 2Ê � ß œdy
dx

27. Let F(x y) x xy y 7 0  F (x y) 2x y and F (x y) x 2y  ß œ � � � œ Ê ß œ � ß œ � Ê œ � œ �# # �
�x y

dy 2x y
dx F x 2y

Fx

y

  (1 2)Ê ß œ �dy
dx 5

4

28. Let F(x y) xe sin xy y ln 2 0  F (x y) e y cos xy and F (x y) xe x sin xy 1ß œ � � � œ Ê ß œ � ß œ � �y y y
x y

    ( ln 2) (2 ln 2)Ê œ � œ � Ê !ß œ � �dy e y cos xy dy
dx F xe x sin xy 1 dx

Fx

y

y

y
�
� �

29. Let F(x y z) z xy yz y 2 0  F (x y z) y, F (x y z) x z 3y , F (x y z) 3z yß ß œ � � � � œ Ê ß ß œ � ß ß œ � � � ß ß œ �$ $ # #
x y z

    (1 1 1) ; Ê œ � œ � œ Ê ß ß œ œ � œ � œ` ` " `
` � � ` ` � �

� � � � � �z z z
x F 3z y 3z y x 4 y F 3z y 3z y

F y y x z 3y x z 3yFx

z z

y
# # # #

# #

  (1 1 1)Ê ß ß œ �`
`

z 3
y 4

30. Let F(x y z) 1 0  F (x y z) , F (x y z) , F (x y z)ß ß œ � � � œ Ê ß ß œ � ß ß œ � ß ß œ �" " " " " "
x y z x y zx y z# # #

    (2 3 6) 9;   (2 3 6) 4Ê œ � œ � œ � Ê ß ß œ � œ � œ � œ � Ê ß ß œ �` ` ` `
` ` ` `

� �

� �

z z z z z z
x F x x y F y y

F Fx

z z

x y

z z

y
Š ‹ Š ‹
Š ‹ Š ‹

" "

# #

" "

# #

# #

# #

31. Let F(x y z) sin (x y) sin (y z) sin (x z) 0  F (x y z) cos (x y) cos (x z),ß ß œ � � � � � œ Ê ß ß œ � � �x

 F (x y z) cos (x y) cos (y z), F (x y z) cos (y z) cos (x z)  y z
z
x F

Fß ß œ � � � ß ß œ � � � Ê œ �`
`

x

z

   ( ) 1;   ( ) 1œ � Ê ß ß œ � œ � œ � Ê ß ß œ �cos (x y) cos (x z) cos (x y) cos (y z)
cos (y z) cos (x z) x y F cos (y z) cos (x z) y

z z zF� � � � � �
� � � ` ` � � � `

` ` `1 1 1 1 1 1y

z

32. Let F(x y z) xe ye 2 ln x 2 3 ln 2 0  F (x y z) e , F (x y z) xe e , F (x y z) yeß ß œ � � � � œ Ê ß ß œ � ß ß œ � ß ß œy z y y z z
x y z

2
x

    (1 ln 2 ln 3) ;   (1 ln 2 ln 3)Ê œ � œ � Ê ß ß œ � œ � œ � Ê ß ß œ �` ` ` � `
` ` ` `

�z z 4 z xe e z 5
x F ye x 3 ln 2 y F ye y 3 ln 2

F e Fx x

z z

y 2

z z
y y zˆ ‰

33.    2(x y z)(1) 2(x y z)[ sin (r s)] 2(x y z)[cos (r s)]` ` ` ` ` `
` ` ` ` ` ` `

`w w x w w z
r x r y r z r

yœ � � œ � � � � � � � � � � �

 2(x y z)[1 sin (r s) cos (r s)] 2[r s cos (r s) sin (r s)][1 sin (r s) cos (r s)]œ � � � � � � œ � � � � � � � � �

  2(3)(2) 12Ê œ œ¸`
`
w
r r 1 s 1œ ß œ�

34.    y x(1) (0) (u v)   (1) 8` ` ` ` ` ` " `
` ` ` ` ` ` ` ` � �

`w w x w w z 2v 2v v w 4 4
v x v y v z v u z u u v 1 1

yœ � � œ � � œ � � Ê œ � œ �ˆ ‰ ˆ ‰ ˆ ‰ ¸ ˆ ‰ ˆ ‰#

u 1 v 2œ� ß œ

35.   2x ( 2) (1) 2(u 2v 1) ( 2)` ` ` ` " � � "
` ` ` ` ` � � � �

`w w x w 2u v 2
v x v y v x x (u 2v 1) u 2v 1

y yœ � œ � � � œ � � � � �ˆ ‰ ˆ ‰ ’ “# #

  7Ê œ �¸`
`

w
v u 0 v 0œ ß œ
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822 Chapter 14 Partial Derivatives

36.   (y cos xy sin y)(2u) (x cos xy x cos y)(v)` ` ` `
` ` ` ` `

`z z x z
u x u y u

yœ � œ � � �

 uv cos u v uv sin uv (2u) u v  cos u v uv u v  cos uv (v)œ � � � � � � �c d c da b a b a b a b$ $ # # $ $ # #

  0 (cos 0 cos 0)(1) 2Ê œ � � œ¸`
`

z
u u 0 v 1œ ß œ

37.  e e   (2) 2;` ` `
` ` � ` �� �

z dz x 5 5 z 5
u dx u 1 x u 1 (2)

u u
1 e ln v

œ œ œ Ê œ œˆ ‰ ¸’ “ ’ “# ##a bu u ln 2 v 1œ ß œ

    (1) 1` ` " " `
` ` � ` �� �

z dz x 5 5 z 5
v dx v 1 x v v v 1 (2)1 e ln v
œ œ œ Ê œ œˆ ‰ ˆ ‰ ˆ ‰ ¸’ “ ’ “# ##a bu u ln 2 v 1œ ß œ

38.    ;` " " " ` "
` ` � � � ` �

` � �

�
z dz z 2
u dq u q 1 u 1 u tan u 1 u u tan 1 1 1

q v 3 v 3
v 3 tan u

œ œ œ œ Ê œ œŠ ‹Š ‹ Š ‹Š ‹ ¸È È
È a b a b a b a b# # �" # �" #�" u 1 v 2œ ß œ� 1

    ` " " " ` "
` ` # � ` #

`

� � �
z dz tan u tan u z
v dq v q (v 3) v

q
2 v 3 v 3 tan u 2 v 3

œ œ œ œ Ê œŠ ‹Š ‹ Š ‹Š ‹ ¸�" �"

�"È È È u 1 v 2œ ß œ�

39. Let x s t w f s t f x  f x 3s 3s e ,  f x 2t 2t eœ � Ê œ � œ Ê œ œ † œ œ œ † œ3 2 3 2 2 2 s t s tw dw x w dw x
s dx s t dx ta b a b a b a b` ` ` `

` ` ` `
w � w �3 2 3 2

40. Let x t s  and y w f t s f x y   f x, y 2t s f x, yœ œ Ê œ ß œ ß Ê œ � œ † � †2 2s s w w x w 1
t t s x s y s t

y
x yˆ ‰ a b a b a b` ` ` `

` ` ` ` `
`

 t s 2t s 2s t ;   f x, y s f x, yœ † � † œ � œ œ � œ † � †a b a b a bˆ ‰2 4 2s 1 s t 5s t w w x w s
t 2 t 2 2 t x t y t t

ts y
x y

ˆ ‰2 2
4 4

2
` ` ` ` �
` ` ` ` `

`

 t s s sœ † � † � œ � œa bˆ ‰ ˆ ‰2 2 5s s s s
t 2 t 2 2

tsˆ ‰2 2

2

5 5

41. V IR  R and I;   R I   0.01 volts/secœ Ê œ œ œ � œ � Ê �` ` ` `
` ` ` `
V V dV V dI V dR dI dR
I R dt I dt R dt dt dt

 (600 ohms) (0.04 amps)(0.5 ohms/sec)  0.00005 amps/secœ � Ê œ �dI dI
dt dt

42. V abc     (bc) (ac) (ab)œ Ê œ � � œ � �dV V da V db V dc da db dc
dt a dt b dt c dt dt dt dt

` ` `
` ` `

  (2 m)(3 m)(1 m/sec) (1 m)(3 m)(1 m/sec) (1 m)(2 m)( 3 m/sec) 3 m /secÊ œ � � � œ¸dV
dt a 1 b 2 c 3œ ß œ ß œ

$

 and the volume is increasing; S 2ab 2ac 2bc     œ � � Ê œ � �dS S da S db S dc
dt a dt b dt c dt

` ` `
` ` `

 2(b c) 2(a c) 2(a b)   œ � � � � � Êda db dc dS
dt dt dt dt

¸
a 1 b 2 c 3œ ß œ ß œ

 2(5 m)(1 m/sec) 2(4 m)(1 m/sec) 2(3 m)( 3 m/sec) 0 m /sec and the surface area is not changing;œ � � � œ #

 D a b c      a b c   œ � � Ê œ � � œ � � ÊÈ ˆ ‰ ¸# # # ` ` ` "
` ` ` � �

dD D da D db D dc da db dc dD
dt a dt b dt c dt dt dt dt dta b cÈ # # # a 1 b 2 c 3œ ß œ ß œ

 [(1 m)(1 m/sec) (2 m)(1 m/sec) (3 m)( 3 m/sec)]  m/sec 0  the diagonals areœ � � � œ � � ÊŠ ‹"È È14 m 14
6

 decreasing in length

43.    (1) (0) ( 1) ,` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` `

f f u f v f w f f f f f
x u x v x w x u v w u wœ � � œ � � � œ �

    ( 1) (1) (0) , and` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` `

f f u f v f w f f f f f
y u y v y w y u v w u vœ � � œ � � � œ � �

    (0) ( 1) (1)   0` ` ` ` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` ` ` `

f f u f v f w f f f f f f f f
z u z v z w z u v w v w x y zœ � � œ � � � œ � � Ê � � œ

44. (a) f  f  f  cos f  sin  and f ( r sin ) f (r cos )   f  sin f  cos ` ` ` " `
` ` ` ` `

`w x w w
r r r rx y x y x y x y

yœ � œ � œ � � Ê œ � �) ) ) ) ) )
) )

 (b)  sin f  sin  cos f  sin  and  f  sin  cos f  cos` `
` `

# #w cos w
r rx y x y) ) ) ) ) ) )œ � œ � �ˆ ‰)

)

  f (sin ) ; then f  cos (sin )  (sin )  f  cos Ê œ � œ � � Êy x x
w cos w w w cos w
r r r r r) ) ) ) )` ` ` ` `

` ` ` ` `
ˆ ‰ � ‘ˆ ‰) )

) )

 sin   1 sin     f (cos )  œ � � œ � � Ê œ �` ` ` ` ` ` `
` ` ` ` ` ` `

# #w w sin  cos w w sin  cos w w sin w
r r r r r r rxa b a bˆ ‰ ˆ ‰ ˆ ‰) ) )) ) ) ) )

) ) )

 (c) f cos   anda b a b ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹x
w 2 sin  cos w w sin w
r r r r

# # ` ` ` `
` ` ` `

# #
œ � �) ) ) )

) )

#

#

 f sin    f fa b a b a b a bˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹y x y
w 2 sin  cos w w cos w w w
r r r r r r

# # ## ` ` ` ` ` " `
` ` ` ` ` `

# # # #
œ � � Ê � œ �) ) ) )

) ) )

#

# #
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45. w   x y   w x y x xx
w w u w v w w w w w
x u x v x u v u x u x vœ œ � œ � Ê œ � �` ` ` ` ` ` ` ` ` ` ` `

` ` ` ` ` ` ` ` ` ` ` `
ˆ ‰ ˆ ‰

 x   y   x x y y x yœ � � � � œ � � � �` ` ` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` `

w w u w v w u w v w w w w w
u u x v u x u v x v x u u v u u v vŠ ‹ Š ‹ Š ‹ Š ‹# # # # # # # #

# # # #

 x  2xy y  ; w   y x œ � � � œ œ � œ � �` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` `

# #w w w w w w u w v w w
u u v u v y u y v y u vy

# # #

# #

  w y   x   Ê œ � � � � �yy
w w u w v w u w v
u u y v u y u v y v y

` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `Š ‹ Š ‹# # # #

# #

 y y x x y x y  2xy x  ; thusœ � � � � � � � œ � � � �` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` `

# #w w w w w w w w w
u u v u u v v u u v u vŠ ‹ Š ‹# # # # # # #

# # # #

 w w x y  x y  x y (w w ) 0, since w w 0xx yy uu vv uu vv
w w

u v� œ � � � œ � � œ � œa b a b a b# # # # # #` `
` `

# #

# #

46. f (u)(1) g (v)(1) f (u) g (v)  w f (u)(1) g (v)(1) f (u) g (v);`
`

w w w w ww ww ww www
x œ � œ � Ê œ � œ �xx

 f (u)(i) g (v)( i)  w f (u) i g (v) i f (u) g (v)  w w 0`
`

w w ww # ww # ww www
y œ � � Ê œ � œ � � Ê � œyy xx yya b a b

47. f (x y z) cos t, f (x y z) sin t, and f (x y z) t t 2     x y z
df f dx f f dz
dt x dt y dt z dt

dyß ß œ ß ß œ ß ß œ � � Ê œ � �# ` ` `
` ` `

 (cos t)( sin t) (sin t)(cos t) t t 2 (1) t t 2; 0  t t 2 0  t 2œ � � � � � œ � � œ Ê � � œ Ê œ �a b# # #df
dt

 or t 1; t 2  x cos ( 2), y sin ( 2), z 2 for the point (cos ( 2) sin ( 2) 2); t 1  x cos 1,œ œ � Ê œ � œ � œ � � ß � ß� œ Ê œ

 y sin 1, z 1 for the point (cos 1 sin 1 1)œ œ ß ß

48.    2xe  cos 3z ( sin t) 2x e  cos 3z 3x e  sin 3z (1)dw w dx w w dz
dt x dt y dt z dt t

dy 2y 2y 2yœ � � œ � � � �` ` ` "
` ` ` �#

# #a b a b a bˆ ‰
 2xe  cos 3z sin t 3x e  sin 3z; at the point on the curve z 0  t z 0œ � � � œ Ê œ œ2y 2y2x e  cos 3z

t

# 2y

�#
#

 0 0 4Ê œ � � œ¸dw
dt

2(1) (4)(1)
Ð ß ß Ñ1 ln 2 0

#

#

49. (a) 8x 4y and 8y 4x    (8x 4y)( sin t) (8y 4x)(cos t)` ` ` `
` ` ` `

T T dT T dx T
x y dt x dt y dt

dyœ � œ � Ê œ � œ � � � �

 (8 cos t 4 sin t)( sin t) (8 sin t 4 cos t)(cos t) 4 sin t 4 cos t  16 sin t cos t;œ � � � � œ � Ê œ# # d T
dt

#

#

 0  4 sin t 4 cos t 0  sin t cos t  sin t cos t or sin t cos t  t , , ,  ondT 5 3 7
dt 4 4 4 4œ Ê � œ Ê œ Ê œ œ � Ê œ# # # # 1 1 1 1

 the interval 0 t 2 ;Ÿ Ÿ 1

 16 sin  cos 0  T has a minimum at (x y) ;¹ Š ‹d T
dt 4 4

2 2#

#

tœ1

4

œ � Ê ß œ ß1 1

È È
# #

 16 sin  cos 0  T has a maximum at (x y) ;¹ Š ‹d T 3 3
dt 4 4

2 2#

#

tœ 3
4
1

œ � Ê ß œ � ß1 1

È È
# #

 16 sin  cos 0  T has a minimum at (x y) ;¹ Š ‹d T 5 5
dt 4 4

2 2#

#

tœ 5
4
1

œ � Ê ß œ � ß�1 1

È È
# #

 16 sin  cos 0  T has a maximum at (x y)¹ Š ‹d T 7 7
dt 4 4

2 2#

#

tœ 7
4
1

œ � Ê ß œ ß�1 1

È È
# #

 (b) T 4x 4xy 4y   8x 4y, and 8y 4x so the extreme values occur at the four pointsœ � � Ê œ � œ �# # ` `
` `

T T
x y

 found in part (a):  T T 4 4 4 6, the maximum andŠ ‹ Š ‹ ˆ ‰ ˆ ‰ ˆ ‰� ß œ ß� œ � � � œ
È È È È2 2 2 2
# # # # # # #

" " "

 T T 4 4 4 2, the minimumŠ ‹ Š ‹ ˆ ‰ ˆ ‰ ˆ ‰È È È È2 2 2 2
# # # # # # #

" " "ß œ � ß� œ � � œ

50. (a) y and x    y 2 2 sin t x 2 cos t` ` ` `
` ` ` `

T T dT T dx T
x y dt x dt y dt

dyœ œ Ê œ � œ � �Š ‹ Š ‹È È
 2 sin t 2 2 sin t 2 2 cos t 2 cos t 4 sin t 4 cos t 4 sin t 4 1 sin tœ � � œ � � œ � � �Š ‹Š ‹ Š ‹Š ‹È È È È a b# # # #

 4 8 sin t  16 sin t cost t; 0  4 8 sin t 0  sin t   sin t   t ,œ � Ê œ � œ Ê œ Ê œ Ê œ „ Ê œ# # # " "
#

d T dT
dt dt 42

#

# � È 1

 , ,  on the interval 0 t 2 ;3 5 7
4 4 4
1 1 1 Ÿ Ÿ 1

 8 sin 2 8  T has a maximum at (x y) (2 1);¹ ˆ ‰d T
dt 4

#

#

tœ1

4

œ � œ � Ê ß œ ß1

 8 sin 2 8  T has a minimum at (x y) ( 2 1);¹ ˆ ‰d T 3
dt 4

#

#

tœ 3
4
1

œ � œ Ê ß œ � ß1
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824 Chapter 14 Partial Derivatives

 8 sin 2 8  T has a maximum at (x y) ( 2 1);¹ ˆ ‰d T 5
dt 4

#

#

tœ 5
4
1

œ � œ � Ê ß œ � ß�1

 8 sin 2 8  T has a minimum at (x y) (2 1)¹ ˆ ‰d T 7
dt 4

#

#

tœ 7
4
1

œ � œ Ê ß œ ß�1

 (b) T xy 2  y and x so the extreme values occur at the four points found in part (a):œ � Ê œ œ` `
` `

T T
x y

 T(2 1) T( 2 1) 0, the maximum and T( 2 1) T(2 1) 4, the minimumß œ � ß� œ � ß œ ß� œ �

51. G(u x) g(t x) dt where u f(x)    g(u x)f (x) g (t x) dt; thusß œ ß œ Ê œ � œ ß � ß' '
a a

u u

x
dG G du G dx
dx u dx x dx

` `
` `

w

 F(x) t x  dt  F (x) x x (2x)  t x  dt 2x x x  dtœ � Ê œ � � � œ � �' ' '
0 0 0

x x x# # #È ÈÉa b È% $ # $ % $ ) $w % `
` �x

3x
2 t x

#

% $È

52. Using the result in Exercise 51, F(x) t x  dt  t x  dt  F (x)œ � œ � � Ê' '
x 1

1 x

#

#È È$ # $ # w

 x x x  dtx x x t x  dtœ œ � � �� � � �’ “Éa b È È# # $ #$ # `
`

# ' #
�

' '
1

x

x

1#

#x
x

t xÈ $ #

14.5  DIRECTIONAL DERIVATIVES AND GRADIENT VECTORS

 1. 1, 1  f ; f(2 1) 1` `
` `

f f
x yœ � œ Ê œ � � ß œ �™ i j

  1 y x is the level curveÊ � œ �

 

 2.   ( ) 1; ` ` `
` � ` ` �

f 2x f f
x x y x y x y

2yœ Ê "ß " œ œ# # # #

  ( ) 1  f ; f(1 1) ln 2  ln 2Ê "ß " œ Ê œ � ß œ Ê`
`

f
y ™ i j

 ln x y   2 x y  is the level curveœ � Ê œ �a b# # # #

 

 3. y   2 1 1; 2x y 2 1 4;` ` ` `
` ` ` `

g g g g
x x y x

2œ Ê ß� œ œ Ê ß� œ �a b a b
  g 4 ; g 2 1 2  x  is the levelÊ œ � ß� œ Ê œ™ i j a b 2

y#

 curve

 

 4. x  2 2; y` ` `
` ` `

g g g
x x yœ Ê ß " œ œ �Š ‹È È

  2 1  g 2 ;Ê ß" œ � Ê œ �`
`

g
y Š ‹È È™ i j

 g 2   or 1 x y  is the levelŠ ‹È ß " œ Ê œ � œ �" "
# # # #

# #x y# #

 curve  
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 5.   ( 1 2) ; ` ` `
` ` `� �

f 1 f 1 f 3
x x 2 y2x 3y 2 2x 3y
œ Ê � ß œ œÈ È

 ( 1 2) ;  f ; f( 1 2) 2Ê � ß œ Ê œ � � ß œ`
`

f 3 1 3
x 4 2 4™ i j

  4 2x 3y is the level curveÊ œ �

 

 6.   4 2 ;` `
` `�

f f 1
x x 16

y
2y x 2x

œ Ê ß� œ �2 3 2È Î a b
  4 2   f ;` `

` � `
f f 1 1 1
y 2y x y 4 16 4

x
œ � Ê ß� œ � Ê œ � �

È
2 a b ™ i j

 f 4 2  y x  is the level curvea b Èß � œ � Ê œ �1

4

 

 7. 2x   (1 1 1) 3; 2y  ( ) 2; 4z ln x  ( ) 4;` ` ` ` ` `
` ` ` ` ` `

f z f f f f f
x x x y y z zœ � Ê ß ß œ œ Ê "ß "ß " œ œ � � Ê "ß "ß " œ �

 thus f 3 2 4™ œ � �i j k

 8. 6xz   (1 ) ; 6yz  ( ) 6; 6z 3 x y` ` ` ` `
` � ` # ` ` ` �

# # #f z f 11 f f f x
x x z 1 x y y z x z 1œ � � Ê ß "ß " œ � œ � Ê "ß "ß " œ � œ � � �# # # #a b

  ( ) ; thus f 6Ê "ß "ß " œ œ � � �` " "
` # # #

f 11
z ™ i j k

 9.   ( 1 2 2) ;   ( 1 2 2) ;` " ` ` " `
` ` ` `� � � �

f x f 26 f f 23
x x x 27 y y y 54x y z x y z

yœ � � Ê � ß ß� œ � œ � � Ê � ß ß� œa b a b# # # # # #$Î# $Î#

   ( 1 2 2) ; thus f` " `
` `� �

f z f 23 26 23 23
z z z 54 27 54 54x y z
œ � � Ê � ß ß� œ � œ � � �a b# # # $Î# ™ i j k

10. e  cos z   1; e  cos z sin x  0 0 ;` ` ` `
` ` # ` ` #

� � �"�

�

f f f f
x x 6 y y 6

x y x yy 1

1 x

3 3œ � Ê !ß !ß œ � œ � Ê ß ß œÈ
È È

#

ˆ ‰ ˆ ‰1 1

 e  sin z  ; thus f` ` " "
` ` # # # #

� �f f
z z 6

x y 3 2 3œ � Ê !ß !ß œ � œ � �ˆ ‰ Š ‹1

™
È È

i j k

11. ; f (x y) 2y  f (5 5) 10; f (x y) 2x 6y  f (5 5) 20u i jœ œ œ � ß œ Ê ß œ ß œ � Ê ß œ �A
A

i jk k È4 3
4 3

4 3
5 5 x x y y

�

�# #

  f 10 20   (D f) f 10 20 4Ê œ � Ê œ œ � œ �™ ™ †i j uu P
4 3
5 5!

ˆ ‰ ˆ ‰
12. ; f (x y) 4x  f ( 1 1) 4; f (x y) 2y  f ( 1 1) 2u i jœ œ œ � ß œ Ê � ß œ � ß œ Ê � ß œA

A
i jk k È 3 4

3 ( 4)
3 4
5 5 x x y y

�

� �# #

  f 4 2   (D f) f 4Ê œ � � Ê œ œ � � œ �™ ™ †i j uu P
12 8
5 5!

13. ; g x y g 1 1 3; g x y g 1 1 3u i jœ œ œ � ß œ Ê ß� œ ß œ � Ê ß� œ �A
A

i jk k È a b a b
12 5 y 2
12 5

12 5 x 2
13 13 x x y yxy 2 xy 2

� �

� � �
�

# #
a b a b a b a b2

2 2

2

 g 3 3   D g gÊ œ � Ê œ œ � œ™ ™ †i j ua bu P
36 15 21
13 13 13!

14. ; h (x y)   h (1 1) ;u i jœ œ œ � ß œ � Ê ß œA
A

i jk k È È È
Š ‹

ˆ ‰
ˆ ‰È

Ê Š ‹
3 2
3 ( 2)

3 2
13 13 x x

1

3

1

�

� � � �

"
## #

�

#

#

#

# #

y
x

y
x

y

x y
4

 h (x y)   h (1 1)   h   (D h) hy y P
1

3

1

3 3 3 6
2 13 2 13

ß œ � Ê ß œ Ê œ � Ê œ œ �
ˆ ‰

ˆ ‰
ˆ ‰È

Ê Š ‹ È È
"

#

#

# # !

x
y
x

x

x y
4

� �
# # #

"
™ ™ †i j uu

 œ � 3
2 13È
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826 Chapter 14 Partial Derivatives

15. ; f (x y z) y z  f (1 1 2) 1; f (x y z) x zu i j kœ œ œ � � ß ß œ � Ê ß� ß œ ß ß œ �A
A

i j kk k È 3 6
3 6 ( 2)

3 6 2
7 7 7 x x y

� �#

� � �# # #

  f (1 1 2) 3; f (x y z) y x  f (1 1 2) 0  f 3   (D f) f 3Ê ß� ß œ ß ß œ � Ê ß� ß œ Ê œ � Ê œ œ � œy z z P
3 18
7 7™ ™ †i j uu !

16. ; f (x y z) 2x  f (1 1 1) 2; f (x y z) 4yu i j kœ œ œ � � ß ß œ Ê ß ß œ ß ß œA
A

i j kk k È È È È� �

� �1 1 1
1 1 1

3 3 3 x x y# # #

  f (1 1 1) 4; f (x y z) 6z  f (1 1 1) 6  f 2 4 6   (D f) fÊ ß ß œ ß ß œ � Ê ß ß œ � Ê œ � � Ê œy z z P™ ™ †i j k uu !

 2 4 6 0œ � � œŠ ‹ Š ‹ Š ‹" " "È È È3 3 3

17. ; g (x y z) 3e  cos yz  g (0 0 0) 3; g (x y z) 3ze  sin yzu i j kœ œ œ � � ß ß œ Ê ß ß œ ß ß œ �A
A

i j kk k È 2 2
2 1 ( 2)

2 1 2
3 3 3 x x y

x x� �

� � �# # #

  g (0 0 0) 0; g (x y z) 3ye  sin yz  g (0 0 0) 0  g 3   (D g) g 2Ê ß ß œ ß ß œ � Ê ß ß œ Ê œ Ê œ œy z z P
x

™ ™ †i uu !

18. ; h (x y z) y sin xy   h 1 0 1;u i j kœ œ œ � � ß ß œ � � Ê ß ß œA
A

i j kk k È� �

� �

" "
#

2 2
1 2 2

1 2 2
3 3 3 xx x# # #

ˆ ‰
 h (x y z) x sin xy ze  h ; h (x y z) ye   h 2  h  2y y z z

yz yz
zß ß œ � � Ê "ß !ß œ ß ß œ � Ê "ß !ß œ Ê œ � �ˆ ‰ ˆ ‰" " " " "

# # # #™ i j k

  (D h) h 2Ê œ œ � � œu P 3 3 3
4

!
™ † u " "

19. f (2x y) (x 2y)   f( 1 1)   ; f increases™ ™œ � � � Ê � ß œ � � Ê œ œ œ � �i j i j u i j™

™

f
f ( 1) 1 2 2k k È È È� �

� �
" "i j

# #

 most rapidly in the direction  and decreases most rapidly in the direction ;u i j u i jœ � � � œ �" " " "È È È È2 2 2 2

 (D f) f f 2 and (D f) 2u uP P! !
œ œ œ œ �™ † ™u k k È È

�

20. f 2xy ye  sin y x xe  sin y e  cos y   f(1 0) 2   ; f increases most™ ™œ � � � � Ê ß œ Ê œ œa b a bxy xy xy f
fi j j u j# ™

™k k
 rapidly in the direction  and decreases most rapidly in the direction ; (D f) f fu j u j uœ � œ � œ œu P!

™ † ™k k
 2 and (D f) 2œ œ ��u P!

21. f z y f(4 ) 5 ;™ ™œ � � � Ê ß "ß " œ � � Ê œ œ œ � �" " "� �

� � � �y y f
x 5f 5

1 ( 5) ( 1) 3 3 3 3 3 3
i j k i j k u i j kŠ ‹# # # #

™

™k k È È È Èi j k

 f increases most rapidly in the direction of  and decreases most rapidly in the directionu i j kœ � �" "

3 3 3 3 3 3
5È È È

 ; (D f) f f 3 3 and (D f) 3 3� œ � � � œ œ œ œ �u i j k u" "
�3 3 3 3 3 3

5
PÈ È È u !

™ † ™k k È È
u P!

22. g e xe 2z   g 1 ln 2 2 2   ;™ ™œ � � Ê ß ß œ � � Ê œ œ œ � �y y g
g 3 3 3

2 2
2 2 1

2 2i j k i j k u i j kˆ ‰" "
#

� �

� �

™

™k k È i j k
# # #

 g increases most rapidly in the direction  and decreases most rapidly in the directionu i j kœ � �2 2
3 3 3

"

 ; (D g) g g 3 and (D g) 3� œ � � � œ œ œ œ �u i j k u2 2
3 3 3 P P

"
�u u! !

™ † ™k k
23. f   f( ) 2 2 2   ;™ ™œ � � � � � Ê "ß "ß " œ � � Ê œ œ � �ˆ ‰ ˆ ‰Š ‹" " " " " " " " "

x x y y z z f
f

3 3 3
i j k i j k u i j k™

™k k È È È
 f increases most rapidly in the direction and decreases most rapidly in the directionu i j kœ � �" " "È È È3 3 3

 ; (D f) f f 2 3 and (D f) 2 3� œ � œ œ œ œ �u i j k u" " "
�È È È3 3 3 P P� � ™ † ™u u! !

k k È È

24. h 1 6  h( 0) 2 3 6   ™ ™œ � � � Ê "ß "ß œ � � Ê œ œŠ ‹ Š ‹2x
x y 1 x y 1 h

2y 2 3 6h
2 3 6# # # # # # #� � � �
� �

� �
i j k i j k u ™

™k k Èi j k

 ; h increases most rapidly in the direction  and decreases most rapidly in theœ � � œ � �2 3 6 2 3 6
7 7 7 7 7 7i j k u i j k

 direction ; (D h) h h 7 and (D h) 7� œ � � � œ œ œ œ �u i j k u2 3 6
7 7 7 P Pu u! !

™ † ™k k �
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25. f 2x 2y   f 2 2 2 2 2 2™ ™œ � Ê ß œ �i j i jŠ ‹È È È È
  Tangent line:  2 2 x 2 2 2 y 2 0Ê � � � œÈ È È ÈŠ ‹ Š ‹
  2x 2y 4Ê � œÈ È

 

26. f 2x   f 2 1 2 2™ ™œ � Ê ß œ �i j i jŠ ‹È È
  Tangent line:  2 2 x 2 (y 1) 0Ê � � � œÈ ÈŠ ‹
  y 2 2x 3Ê œ �È

 

27. f y x   f(2 2) 2 2™ ™œ � Ê ß� œ � �i j i j
  Tangent line:  2(x 2) 2(y 2) 0Ê � � � � œ

  y x 4Ê œ �

 

28. f (2x y) (2y x)   f( 1 2) 4 5™ ™œ � � � Ê � ß œ � �i j i j
  Tangent line:  4(x 1) 5(y 2) 0Ê � � � � œ

  4x 5y 14 0Ê � � � œ

 

29. f 2x y x 2y 1™ œ � � � � �a b a bi j

 (a) f 1, 1 3 4  f 1, 1 5 D f 1, 1 5 in the direction of ™ ™a b a b a b� œ � Ê l � l œ Ê � œ œ �i j u i ju
3 4
5 5

 (b) f 1, 1 3 4  f 1, 1 5 D f 1, 1 5 in the direction of � � œ � � Ê l � l œ Ê � œ � œ � �™ ™a b a b a bi j u i ju
3 4
5 5

 (c) D f 1, 1 0 in the direction of  or u a b� œ œ � œ � �u i j u i j4 3 4 3
5 5 5 5

 (d) Let u u u u 1 u u 1; D f 1, 1 f 1, 1 3 4 u uu i j u u i j i jœ � Ê l l œ � œ Ê � œ � œ � † œ � † �1 2 1 21 2
2 2

1 2
2 2È a b a b a b a bu ™

 3u 4u 4 u u 1 u u 1 1 u u 0 u 0 or u ;œ � œ Ê œ � Ê � � œ Ê � œ Ê œ œ1 2 2 1 1 1 1 1
3 3 25 3 24
4 4 16 2 251 1

2 22ˆ ‰
 u 0 u 1 , or u u1 2 1 2

24 7 24 7
25 25 25 25œ Ê œ � Ê œ � œ Ê œ � Ê œ �u j u i j

 (e) Let u u u u 1 u u 1; D f 1, 1 f 1, 1 3 4 u uu i j u u i j i jœ � Ê l l œ � œ Ê � œ � œ � † œ � † �1 2 1 21 2
2 2

1 2
2 2È a b a b a b a bu ™

 3u 4u 3 u u 1 u 1 u 1 u u 0 u 0 or u ;œ � œ � Ê œ � Ê � � œ Ê � œ Ê œ œ1 2 1 2 2 2 2 2
4 4 25 8 24
3 3 9 3 25

2
2 2
2 2ˆ ‰

 u 0 u 1 , or u u2 1 2 2
24 7 7 24
25 25 25 25œ Ê œ � Ê œ � œ Ê œ Ê œ �u i u i j

 .

30. f™ œ �2y
x y x y

2x
a b a b� �2 2i j

 (a) f , 3  f , 10 D f , 10 in the direction of ™ ™ˆ ‰ ˆ ‰ ˆ ‰È È� œ � Ê l � l œ Ê � œ œ �1 3 1 3 1 3 3 1
2 2 2 2 2 2 10 10

i j u i ju È È
 (b) f , 3  f , 10 D f 1, 1 10 in the direction of � � œ � � Ê l � l œ Ê � œ � œ � �™ ™ˆ ‰ ˆ ‰ È Èa b1 3 1 3 3 1

2 2 2 2 10 10
i j u i ju È È
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828 Chapter 14 Partial Derivatives

 (c) D f , 0 in the direction of  or u ˆ ‰� œ œ � œ � �1 3 1 3 1 3
2 2 10 10 10 10

u i j u i jÈ È È È
 (d) Let u u u u 1 u u 1; D f , f , 3 u uu i j u u i j i jœ � Ê l l œ � œ Ê � œ � œ � † œ � † �1 2 1 21 2

2 2
1 2
2 2 1 3 1 3

2 2 2 2
È ˆ ‰ ˆ ‰ a b a bu ™

 3u u 2 u 3u 2 u 3u 2 1 10u 12u 3 0 uœ � œ � Ê œ � � Ê � � � œ Ê � � œ Ê œ1 2 2 1 1 1 11 1
2 22 6 6

10a b � „È

 u u , or u u1 2 1 2
6 6 2 3 6 6 6 2 3 6 6 6 2 3 6

10 10 10 10 10 10œ Ê œ Ê œ � œ Ê œ� � � � � � � � � � � �È È È È È È
u i j

 Ê œ �u i j� � � �6 6 2 3 6
10 10

È È

 (e) Let u u u u 1 u u 1; D f , f , 3 u uu i j u u i j i jœ � Ê l l œ � œ Ê � œ � œ � † œ � † �1 2 1 21 2
2 2

1 2
2 2 1 3 1 3

2 2 2 2
È ˆ ‰ ˆ ‰ a b a bu ™

 3u u 1 u 1 3u u 1 3u 1 10u 6u 0 u 0 or u ;œ � œ Ê œ � Ê � � œ Ê � œ Ê œ œ1 2 2 1 1 1 1 11 1
2 22 3

5a b
 u 0 u 1 , or u u1 2 1 2

3 4 3 4
5 5 5 5œ Ê œ Ê œ œ Ê œ � Ê œ �u j u i j

31. f y (x 2y)   f(3 2) 2 7 ; a vector orthogonal to f is 2   ™ ™ ™ œœ � � Ê ß œ � � Ê œ œi j i j v 7i j u v
v

i jk k È 7 2
7 ( 2)

�

� �# #

  and  are the directions where the derivative is zeroœ � � œ � �7 2 7 2
53 53 53 53È È È Èi j u i j

32. f   f( ) ; a vector orthogonal to f is ™ ™ ™œ � Ê "ß " œ � œ �4xy 4x y
x y x y

# #

# # # ## #a b a b� �
i j i j v i j

    and  are the directions where the derivative is zeroÊ œ œ œ � � œ � �u i j u i jv
v

i jk k È È È È È�

�1 1 2 2 2 2
1 1 1 1

# #

33. f (2x 3y) ( 3x 8y)   f(1 2) 4 13   f(1 2) ( 4) (13) 185 ; no, the™ ™ ™œ � � � � Ê ß œ � � Ê ß œ � � œi j i j k k È È# #

 maximum rate of change is 185 14È �

34. T 2y (2x z) y T(1 1 1) 2   T(1 1 1) ( 2) 1 1 6 ; no, the™ ™ ™œ � � � Ê ß� ß œ � � � Ê ß� ß œ � � � œi j k i j k k k È È# # #

 minimum rate of change is 6 3� � �È
35. f f ( ) f ( )  and   (D f)(1 2) f (1 2) f (1 2)™ œ "ß # � "ß # œ œ � Ê ß œ ß � ßx y x yi j u i j"

�

�

" " " "i jÈ È È È È1 1 2 2 2 2# # "u Š ‹ Š ‹
 2 2  f (1 2) f (1 2) 4;   (D f)(1 2) f (1 2)(0) f (1 2)( 1) 3  f (1 2) 3œ Ê ß � ß œ œ � Ê ß œ ß � ß � œ � Ê � ß œ �È

x y x y yu j# u#

  f (1 2) 3; then f (1 2) 3 4  f (1 2) 1; thus f(1 2) 3  and Ê ß œ ß � œ Ê ß œ ß œ � œ œy x x ™ i j u v
v

i jk k È � �

� � �

2
( 1) ( 2)# #

   (D f) fœ � � Ê œ œ � � œ �1 2 6 7
5 5 5 5 5È È È È Èi j uu P!

™ †
"

36. (a) (D f) 2 3  f 2 3; ; thus u P œ Ê œ œ œ œ � � œÈ Èk k™ u i j k uv
v

i j kk k k kÈ È È È� �

� � �
"

1 1 ( 1)
1 1

3 3 3
f
f# # #

™

™

  f f  f 2 3 2 2 2Ê œ Ê œ � � œ � �™ ™ ™k k È Š ‹u i j k i j k" " "È È È3 3 3

 (b)     (D f) f 2 2 2(0) 2 2v i j u i j uœ � Ê œ œ œ � Ê œ œ � � œv
v

i jk k È È È È È�

�

" " " "

1 1 2 2 2 2# # u P!
™ † Š ‹ Š ‹ È

37. The directional derivative is the scalar component.  With f evaluated at P , the scalar component of f in the™ ™!

 direction of  is f (D f) .u u™ † œ u P!

38. D f f (f f f ) f ; similarly, D f f f  and D f f fi j kœ œ � � œ œ œ œ œ™ † † ™ † ™ †i i j k i j kx y z x y z

39. If (x y) is a point on the line, then (x y) (x x ) (y y )  is a vector parallel to the line  0ß ß œ � � � Ê œT i j T N! ! †

  A(x x ) B(y y ) 0, as claimed.Ê � � � œ! !

40. (a) (kf) k k k k k f™ ™œ � � œ � � œ � � œ` ` `
` ` ` ` ` ` ` ` `

` ` ` ` ` `(kf) (kf) (kf)
x y z x y z x y z

f f f f f fi j k i j k i j kˆ ‰ ˆ ‰Š ‹ Š ‹
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 (b) (f g)™ � œ � � œ � � � � �` � ` � ` � ` ` `
` ` ` ` ` ` ` ` `

` ` `(f g) (f g) (f g) g g g
x y z x x y y z z

f f fi j k i j kŠ ‹ Š ‹ Š ‹
 f gœ � � � � � œ � � � � � œ �` ` ` ` ` `

` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` `f f f f f f

x x y y z z x y z x y z
g g g g g gi i j j k k i j k i j kŠ ‹ Š ‹ ™ ™

 (c) (f g) f g (Substitute g for g in part (b) above)™ ™ ™� œ � �

 (d) (fg) g f g f g f™ œ � � œ � � � � �` ` ` ` ` `
` ` ` ` ` ` ` ` `

` ` `(fg) (fg) (fg) g g g
x y z x x y y z z

f f fi j k i j kŠ ‹ Š ‹ Š ‹
 g f g f g fœ � � � � �ˆ ‰ ˆ ‰Š ‹ Š ‹ Š ‹ Š ‹` ` `

` ` ` ` ` `
` ` `f f f

x x y y z z
g g gi i j j k k

 f g f g g fœ � � � � � œ �Š ‹ Š ‹` ` `
` ` ` ` ` `

` ` `g g g
x y z x y z

f f fi j k i j k ™ ™

 (e) ™ Š ‹ Š ‹ Š ‹Œ �f
g x y z g g g

g f g fg f
œ � � œ � �

` ` `

` ` `

� ��Š ‹ Š ‹ Š ‹f f f
g g gi j k i j k

` `

` ` ` `

` `

# # #

`

` `

`f f
x x z z

g gf
y y

g

 œ � œ �Œ � Œ �g g g f f f

g g g g

g f` ` `

` ` ` ` ` `

# # # #

` ` ` ` ` `

` ` ` ` ` `

` ` `f f f
x y z x y z

g g g f f f
x y z x y z

g g g
i j k i j k i j k i j k� � � � � � � �Š ‹ Š ‹

 œ � œg f f g g f f g
g g g
™ ™ ™ ™
# # #

�

14.6  TANGENT PLANES AND DIFFERENTIALS

 1. (a) f 2x 2y 2z   f(1 1 1) 2 2 2   Tangent plane:  2(x 1) 2(y 1) 2(z 1) 0™ ™œ � � Ê ß ß œ � � Ê � � � � � œi j k i j k
  x y z 3;Ê � � œ

 (b) Normal line:  x 1 2t, y 1 2t, z 1 2tœ � œ � œ �

 2. (a) f 2x 2y 2z   f(3 5 4) 6 10 8 Tangent plane:  6(x 3) 10(y 5) 8(z 4) 0™ ™œ � � Ê ß ß� œ � � Ê � � � � � œi j k i j k
  3x 5y 4z 18;Ê � � œ

 (b) Normal line:  x 3 6t, y 5 10t, z 4 8tœ � œ � œ � �

 3. (a) f 2x 2   f(2 0 2) 4 2 Tangent plane:  4(x 2) 2(z 2) 0™ ™œ � � Ê ß ß œ � � Ê � � � � œi k i k
  4x 2z 4 0  2x z 2 0;Ê � � � œ Ê � � � œ

 (b) Normal line:  x 2 4t, y 0, z 2 2tœ � œ œ �

 4. (a) f (2x 2y) (2x 2y) 2z  f(1 1 3) 4 6   Tangent plane:  4(y 1) 6(z 3) 0™ ™œ � � � � Ê ß� ß œ � Ê � � � œi j k j k
  2y 3z 7;Ê � œ

 (b) Normal line:  x 1, y 1 4t, z 3 6tœ œ � � œ �

 5. (a) f  sin x 2xy ze x z xe y  f(0 1 2) 2 2   Tangent plane:™ ™œ � � � � � � � � Ê ß ß œ � � Êa b a b a b1 1 xz xzi j k i j k#

 2(x 0) 2(y 1) 1(z 2) 0 2x 2y z 4 0;� � � � � œ Ê � � � œ

 (b) Normal line:  x 2t, y 1 2t, z 2 tœ œ � œ �

 6. (a) f (2x y) (x 2y) f(1 1 1) 3 Tangent plane:™ ™œ � � � � Ê ß ß� œ � � Êi j k i j k
 1(x 1) 3(y 1) 1(z 1) 0 x 3y z 1;� � � � � œ Ê � � œ �

 (b) Normal line:  x 1 t, y 1 3t, z 1 tœ � œ � œ � �

 7. (a) f  for all points  f(0 1 0)   Tangent plane:  1(x 0) 1(y 1) 1(z 0) 0™ ™œ � � Ê ß ß œ � � Ê � � � � � œi j k i j k
  x y z 1 0;Ê � � � œ

 (b) Normal line:  x t, y 1 t, z tœ œ � œ

 8. (a) f (2x 2y 1) (2y 2x 3)   f(2 3 18) 9 7   Tangent plane:™ ™œ � � � � � � Ê ß� ß œ � � Êi j k i j k
 9(x 2) 7(y 3) 1(z 18) 0  9x 7y z 21;� � � � � œ Ê � � œ

 (b) Normal line:  x 2 9t, y 3 7t, z 18 tœ � œ � � œ �
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 9. z f(x y) ln x y   f (x y)  and f (x y)   f (1 0) 2 and f (1 0) 0  fromœ ß œ � Ê ß œ ß œ Ê ß œ ß œ Êa b# #
� �x y x y
2x

x y x y
2y

# # # #

 Eq. (4) the tangent plane at (1 0 0) is 2(x 1) z 0 or 2x z 2 0ß ß � � œ � � œ

10. z f(x y) e   f (x y) 2xe  and f (x y) 2ye   f (0 0) 0 and f ( ) 0œ ß œ Ê ß œ � ß œ � Ê ß œ !ß ! œ� � � � � �a b a b a bx y x y x y
x y x y

# # # # # #

  from Eq. (4) the tangent plane at (0 0 1) is z 1 0 or z 1Ê ß ß � œ œ

11. z f( y) y x  f (x y) (y x)  and f (x y) (y x)   f (1 2)  and f ( )œ Bß œ � Ê ß œ � � ß œ � Ê ß œ � "ß # œÈ x y x y
" " " "
# # # #

�"Î# �"Î#

  from Eq. (4) the tangent plane at (1 2 1) is (x 1) (y 2) (z 1) 0  x y 2z 1 0Ê ß ß � � � � � � œ Ê � � � œ" "
# #

12. z f( y) 4x y   f (x y) 8x and f (x y) y  f (1 1) 8 and f ( 1)   from Eq. (4) theœ Bß œ � Ê ß œ ß œ # Ê ß œ "ß œ # Ê# #
x y x y

 tangent plane at (1 1 5) is 8(x 1) 2(y 1) (z 5) 0 or 8x 2y z 5 0ß ß � � � � � œ � � � œ

13. f 2y 2  f(1 1 1) 2 2  and g  for all points; f g™ ™ ™ ™ ™œ � � Ê ß ß œ � � œ œ ‚i j k i j k i v

  2 2   Tangent line:  x 1, y 1 2t, z 1 2t2 2
0 0

Ê œ œ � Ê œ œ � œ �"
"

v j k
i j k

â ââ ââ ââ ââ ââ â
14. f yz xz xy  f(1 1 1) ; g 2x 4y 6z  g(1 1 1) 2 4 6 ;™ ™ ™ ™œ � � Ê ß ß œ � � œ � � Ê ß ß œ � �i j k i j k i j k i j k

  f g  2 4 2   Tangent line:  x 1 2t, y 1 4t, z 1 2t1 1
2 4 6

Ê œ ‚ Ê œ � � Ê œ � œ � œ �"v i j k
i j k

™ ™

â ââ ââ ââ ââ ââ â
15. f 2x 2 2   f 1 1 2 2 2  and g  for all points; f g™ ™ ™ ™ ™œ � � Ê ß ß œ � � œ œ ‚i j k i j k j vˆ ‰"

#

  2 2   Tangent line:  x 1 2t, y 1, z 2t2 2 2
0 1 0

Ê œ œ � � Ê œ � œ œ �v i k
i j k

â ââ ââ ââ ââ ââ â
"
#

16. f 2y   f 1 2  and g  for all points; f g™ ™ ™ ™ ™œ � � Ê ß ß œ � � œ œ ‚i j k i j k j vˆ ‰" "
# #

    Tangent line:  x t, y 1, z t1 2 1
0 1 0

Ê œ œ � � Ê œ � œ œ �v i k
i j k

â ââ ââ ââ ââ ââ â
" "
# #

17. f 3x 6xy 4y 6x y 3y 4x 2z   f(1 1 3) 13 13 6 ; g 2x 2y 2z™ ™ ™œ � � � � � � Ê ß ß œ � � œ � �a b a b# # # #i j k i j k i j k

  g( ) 2 2 6 ; f g  90 90   Tangent line:3 13 6
2 2 6

Ê "ß "ß $ œ � � œ ‚ Ê œ œ � Ê" �™ ™ ™i j k v v i j
i j k

â ââ ââ ââ ââ ââ â
 x 1 90t, y 1 90t, z 3œ � œ � œ

18. f 2x 2y   f 2 2 4 2 2 2 2 ; g 2x 2y   g 2 2 4™ ™ ™ ™œ � Ê ß ß œ � œ � � Ê ß ßi j i j i j kŠ ‹ Š ‹È È È È È È
 2 2 2 2 ; f g  2 2 2 2   Tangent line:2 2 2 2 0

2 2 2 2 1

œ � � œ ‚ Ê œ œ � � Ê

�

È È È È
â ââ ââ ââ ââ ââ â
È ÈÈ Èi j k v v i j

i j k

™ ™

 x 2 2 2 t, y 2 2 2 t, z 4œ � œ � œÈ È È È
19. f   f(3 4 12) ;™ ™œ � � Ê ß ß œ � �Š ‹ Š ‹ Š ‹x z 3 4 12

x y z x y z x y z 169 169 169
y

# # # # # # # # #� � � � � �i j k i j k

    f  and df ( f ) ds (0.1) 0.0008u i j k u uœ œ œ � � Ê œ œ œ ¸v
v

i j kk k È 3 6 2
3 6 ( 2)

3 6 2 9 9
7 7 7 1183 1183

� �

� � �# # #
™ † ™ † ˆ ‰
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20. f e  cos yz ze  sin yz ye  sin yz   f(0 0 0) ; ™ ™œ � � Ê ß ß œ œ œa b a b a bx x x 2 2 2
2 2 ( 2)

i j k i u v
v

i j kk k È � �

� � �# # #

   f  and df ( f ) ds (0.1) 0.0577œ � � Ê œ œ œ ¸1 1 1 1 1
3 3 3 3 3È È È È Èi j k u u™ † ™ †

21. g (1 cos z) (1 sin z) ( x sin z y cos z)  g(2 1 0) 2 ; P P 2 2 2™ ™œ � � � � � � Ê ß� ß œ � � œ œ � � �
Ä

i j k i j k A i j k! "

     g 0 and dg ( g ) ds (0)(0.2) 0Ê œ œ œ � � � Ê œ œ œ œu i j k u uv
v

i j kk k È È È È� � �

� � �

2 2 2
( 2) 2 2

1 1 1
3 3 3# # #

™ † ™ †

22. h y sin ( xy) z x sin ( xy) 2xz   h( 1 1 1) (  sin 1) (  sin ) 2™ ™œ � � � � Ê � ß� ß� œ � � �c d c d1 1 1 1 1 1 1 1# i j k i j k

 2 ; P P  where P ( )   œ � œ œ � � œ !ß !ß ! Ê œ œ œ � �
Ä

i k v i j k u i j k! " "
� �

� �

v
v

i j kk k È È È È1 1 1
1 1 1

3 3 3# # #

  h 3 and dh ( h ) ds 3(0.1) 0.1732Ê œ œ œ œ ¸™ † ™ †u u3
3È È È

23. (a) The unit tangent vector at  in the direction of motion is ;Š ‹" "
# # # #ß œ �

È È3 3u i j

 T (sin 2y) (2x cos 2y)   T sin 3 cos 3   D T T™ ™ ™ †œ � Ê ß œ � Ê ß œi j i j uŠ ‹ Š ‹ Š ‹ Š ‹È È" "
# # # #

È È3 3
u

  sin 3  cos 3 0.935° C/ftœ � ¸
È3
# #

"È È
 (b) (t) (sin 2t) (cos 2t)   (t) (2 cos 2t) (2 sin 2t)  and 2;   r i j v i j vœ � Ê œ � œ œ �k k dT T dx T

dt x dt y dt
dy` `

` `

 T T  (D T) , where ; at  we have  from part (a)œ œ œ œ ß œ �™ † ™ †v v v u u i jŠ ‹ Š ‹k k k kv v
v vk k k k

È È
u

" "
# # # #

3 3

   sin 3  cos 3 2 3 sin 3 cos 3 1.87° C/secÊ œ � œ � ¸dT
dt

3Š ‹È È È È ÈÈ
# #

"
†

24. (a) T (4x yz) xz xy   T(8 6 4) 56 32 48 ; (t) 2t 3t t   the particle is™ ™œ � � � Ê ß ß� œ � � œ � � Êi j k i j k r i j k# #

 at the point P( 6 4) when t 2; (t) 4t 3 2t   (2) 8 3 4   )ß ß� œ œ � � Ê œ � � Ê œv i j k v i j k u v
vk k

   D T(8 6 4) T [56 8 32 3 48 ( 4)] ° C/mœ � � Ê ß ß� œ œ � � � œ8 3 4 736
89 89 89 89 89È È È È Èi j k uu ™ † † † †

"

 (b)   T ( T )   at t 2, D T (2) 89 736° C/secdT T dx T dT 736
dt x dt y dt dt

dy
89

œ � œ œ Ê œ œ œ œ` `
` ` ™ † ™ †v u v vk k ¸ Š ‹È

u t 2œ È

25. (a) f( 0) 1, f (x y) 2x  f (0 0) 0, f (x y) 2y  f (0 0) 0  L(x y) 1 0(x 0) 0(y 0) 1!ß œ ß œ Ê ß œ ß œ Ê ß œ Ê ß œ � � � � œx x y y

 (b) f(1 1) 3, f (1 1) 2, f (1 1) 2  L(x y) 3 2(x 1) 2(y 1) 2x 2y 1ß œ ß œ ß œ Ê ß œ � � � � œ � �x y

26. (a) f( 0) 4, f (x y) 2(x y 2)  f (0 0) 4, f (x y) 2(x y 2)  f (0 0) 4!ß œ ß œ � � Ê ß œ ß œ � � Ê ß œx x y y

  L(x y) 4 4(x 0) 4(y 0) 4x 4y 4Ê ß œ � � � � œ � �

 (b) f(1 2) 25, f (1 2) 10, f (1 2) 10  L(x y) 25 10(x 1) 10(y 2) 10x 10y 5ß œ ß œ ß œ Ê ß œ � � � � œ � �x y

27. (a) f(0 0) 5, f (x y) 3 for all (x y), f (x y) 4 for all (x y) L(x y) 5 3(x 0) 4(y 0) 3x 4y 5ß œ ß œ ß ß œ � ß Ê ß œ � � � � œ � �x y

 (b) f(1 1) 4, f (1 1) 3, f (1 1) 4  L(x y) 4 3(x 1) 4(y 1) 3x 4y 5ß œ ß œ ß œ � Ê ß œ � � � � œ � �x y

28. (a) f(1 1) 1, f (x y) 3x y f (1 1) 3, f (x y) 4x y f (1 1) 4ß œ ß œ Ê ß œ ß œ Ê ß œx x y y
# % $ $

 L(x y) 1 3(x 1) 4(y 1) 3x 4y 6Ê ß œ � � � � œ � �

 (b) f(0 0) 0, f ( 0) 0, f (0 0) 0  L(x y) 0ß œ !ß œ ß œ Ê ß œx y

29. (a) f(0 0) 1, f (x y) e  cos y f (0 0) 1, f (x y) e  sin y f (0 0) 0ß œ ß œ Ê ß œ ß œ � Ê ß œx x y y
x x

 L(x y) 1 1(x 0) 0(y 0) x 1Ê ß œ � � � � œ �

 (b) f 0 0, f 0 0, f 0 1  L(x y) 0 0(x 0) 1 y yˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ß œ ß œ ß œ � Ê ß œ � � � � œ � �1 1 1 1 1

# # # # #x y

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



832 Chapter 14 Partial Derivatives

30. (a) f(0 0) 1, f (x y) e   f ( ) 1, f (x y) 2e   f (0 0) 2ß œ ß œ � Ê !ß ! œ � ß œ Ê ß œx x y y
2y x 2y x� �

  L(x y) 1 1(x 0) 2(y 0) x 2y 1Ê ß œ � � � � œ � � �

 (b) f(1 2) e , f (1 2) e , f (1 2) 2e   L(x y) e e (x 1) 2e (y 2) e x 2e y 2eß œ ß œ � ß œ Ê ß œ � � � � œ � � �$ $ $ $ $ $ $ $ $
x y

31. (a) W 20, 25 11 F; W 30, 10 39 F; W 15, 15 0 Fa b a b a bœ � œ � œ‰ ‰ ‰

 (b) W 10, 40 65.5 F; W 50, 40 88 F; W 60, 30 10.2 F;a b a b a b� œ � � œ � œ‰ ‰ ‰

 (c) W 25, 5 17.4088 F; 25, 5 0.36; 0.6215 0.4275va b a bœ � œ � � Ê œ � œ �‰ ` ` `
` ` `

W 5.72 0.0684t W W
V v v V T

0.16
0.84 0.84

 25, 5 1.3370 L V, T  17.4088 0.36 V 25 1.337 T 5 1.337T 0.36V 15.0938Ê œ Ê œ � � � � � œ � �`
`
W
T a b a b a b a b

 (d) i)   W 24, 6 L 24, 6 15.7118 15.7 Fa b a b¸ œ � ¸ � ‰

 ii)  W 27, 2 L 27, 2 22.1398 22.1 Fa b a b¸ œ � ¸ � ‰

 ii)  W 5, 10 L 5, 10 30.2638 30.2 F This value is very different  because the point 5, 10  is nota b a b a b� ¸ � œ � ¸ � �‰

       close to the point 25, 5 .a b
32. W 50, 20 59.5298 F; 50, 20 0.2651; 0.6215 0.4275va b a b� œ � œ � � Ê � œ � œ �‰ ` ` `

` ` `
W 5.72 0.0684t W W
V v v V T

0.16
0.84 0.84

 50, 20 1.4209 L V, T  59.5298 0.2651 V 50 1.4209 T 20Ê � œ Ê œ � � � � �`
`
W
T a b a b a b a b

 1.4209T 0.2651V 17.8568œ � �

 (a) W 49, 22 L 49, 22 62.1065 62.1 Fa b a b� ¸ � œ � ¸ � ‰

 (b) W 53, 19 L 53, 19 58.9042 58.9 Fa b a b� ¸ � œ � ¸ � ‰

 (c) W 60, 30 L 60, 30 76.3898 76.4 Fa b a b� ¸ � œ � ¸ � ‰

33. f(2 1) 3, f (x y) 2x 3y  f (2 1) 1, f (x y) 3x  f (2 1) 6  L(x y) 3 1(x 2) 6(y 1)ß œ ß œ � Ê ß œ ß œ � Ê ß œ � Ê ß œ � � � �x x y y

 7 x 6y; f (x y) 2, f (x y) 0, f (x y) 3  M 3; thus E(x y) (3) x 2 y 1œ � � ß œ ß œ ß œ � Ê œ ß Ÿ � � �xx yy xy k k a bˆ ‰ k k k k"
#

#

 (0.1 0.1) 0.06Ÿ � œˆ ‰3
#

#

34. f(2 2) 11, f (x y) x y 3  f (2 2) 7, f (x y) x 3  f (2 2) 0ß œ ß œ � � Ê ß œ ß œ � � Ê ß œx x y y
y
#

  L(x y) 11 7(x 2) 0(y 2) 7x 3; f (x y) 1, f (x y) , f (x y) 1Ê ß œ � � � � œ � ß œ ß œ ß œxx yy xy
"
#

  M 1; thus E(x y) (1) x 2 y 2 (0.1 0.1) 0.02Ê œ ß Ÿ � � � Ÿ � œk k a bˆ ‰ ˆ ‰k k k k"
# #

# #1

35. f(0 0) 1, f (x y) cos y  f (0 0) 1, f (x y) 1 x sin y  f (0 0) 1ß œ ß œ Ê ß œ ß œ � Ê ß œx x y y

  L(x y) 1 1(x 0) 1(y 0) x y 1; f (x y) 0, f (x y) x cos y, f (x y) sin y  1;Ê ß œ � � � � œ � � ß œ ß œ � ß œ � Ê Q œxx yy xy

 thus E(x y) (1) x y (0.2 0.2) 0.08k k a bˆ ‰ ˆ ‰k k k kß Ÿ � Ÿ � œ"
# #

# #1

36. f( ) 6, f (x y) y y sin (x 1)  f (1 2) 4, f (x y) 2xy cos (x 1)  f (1 2) 5"ß # œ ß œ � � Ê ß œ ß œ � � Ê ß œx x y y
#

  L(x y) 6 4(x 1) 5(y 2) 4x 5y 8; f (x y) y cos (x 1), f (x y) 2x,Ê ß œ � � � � œ � � ß œ � � ß œxx yy

 f (x y) 2y sin (x 1); x 1 0.1  0.9 x 1.1 and y 2 0.1  1.9 y 2.1; thus the max ofxy ß œ � � � Ÿ Ê Ÿ Ÿ � Ÿ Ê Ÿ Ÿk k k k
 f (x y)  on R is 2.1, the max of f (x y)  on R is 2.2, and the max of f (x y)  on R is 2(2.1) sin (0.9 1)k k k k k kxx yy xyß ß ß � �

 4.3  M 4.3; thus E(x y) (4.3) x 1 y 2 (2.15)(0.1 0.1) 0.086Ÿ Ê œ ß Ÿ � � � Ÿ � œk k a bˆ ‰ k k k k"
#

# #

37. f(0 0) 1, f (x y) e  cos y  f (0 0) 1, f (x y) e  sin y  f (0 0) 0ß œ ß œ Ê ß œ ß œ � Ê ß œx x y y
x x

  L(x y) 1 1(x 0) 0(y 0) 1 x; f (x y) e  cos y, f (x y) e  cos y, f (x y) e  sin y;Ê ß œ � � � � œ � ß œ ß œ � ß œ �xx yy xy
x x x

 x 0.1  0.1 x 0.1 and y 0.1  0.1 y 0.1; thus the max of f (x y)  on R is e  cos (0.1)k k k k k kŸ Ê � Ÿ Ÿ Ÿ Ê � Ÿ Ÿ ßxx
0 1Þ

 1.11, the max of f (x y)  on R is e  cos (0.1) 1.11, and the max of f (x y)  on R is e  sin (0.1)Ÿ ß Ÿ ßk k k kyy xy
0 1 0 1Þ Þ

 0.12  M 1.11; thus E(x y) (1.11) x y (0.555)(0.1 0.1) 0.0222Ÿ Ê œ ß Ÿ � Ÿ � œk k a bˆ ‰ k k k k"
#

# #
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38. f(1 1) 0, f (x y)   f (1 1) 1, f (x y)   f (1 1) 1  L(x y) 0 1(x 1) 1(y 1)ß œ ß œ Ê ß œ ß œ Ê ß œ Ê ß œ � � � �x x y yx y
" "

 x y 2; f (x y) , f (x y) , f (x y) 0; x 1 0.2  0.98 x 1.2 so the max ofœ � � ß œ � ß œ � ß œ � Ÿ Ê Ÿ Ÿxx yy xyx y
" "
# # k k

 f (x y)  on R is 1.04; y 1 0.2  0.98 y 1.2 so the max of f (x y)  on R isk k k k k kxx yy(0.98)ß Ÿ � Ÿ Ê Ÿ Ÿ ß"
#

 1.04  M 1.04; thus E(x y) (1.04) x 1 y 1 (0.52)(0.2 0.2) 0.0832" "
#

# #
(0.98)# Ÿ Ê œ ß Ÿ � � � Ÿ � œk k a bˆ ‰ k k k k

39. (a) f( ) 3, f (1 1 1) y z 2, f (1 1 1) x z 2, f (1 1 1) y x 2"ß "ß " œ ß ß œ � œ ß ß œ � œ ß ß œ � œk k kx y z1 1 1 1 1 11 1 1Ð ß ß Ñ Ð ß ß ÑÐ ß ß Ñ

  L(x y z) 3 2(x 1) 2(y 1) 2(z 1) 2x 2y 2z 3Ê ß ß œ � � � � � � œ � � �

 (b) f(1 0 0) 0, f (1 0 0) 0, f (1 0 0) 1, f (1 0 0) 1  L(x y z) 0 0(x 1) (y 0) (z 0) y zß ß œ ß ß œ ß ß œ ß ß œ Ê ß ß œ � � � � � � œ �x y z

 (c) f(0 0 0) 0, f (0 0 0) 0, f (0 0 0) 0, f (0 0 0) 0  L(x y z) 0ß ß œ ß ß œ ß ß œ ß ß œ Ê ß ß œx y z

40. (a) f(1 1 1) 3, f (1 1 1) 2x 2, f (1 1 1) 2y 2, f (1 1 1) 2z 2ß ß œ ß ß œ œ ß ß œ œ ß ß œ œk k kx y zÐ"ß"ß"Ñ Ð"ß"ß"ÑÐ"ß"ß"Ñ

  L(x y z) 3 2(x 1) 2(y 1) 2(z 1) 2x 2y 2z 3Ê ß ß œ � � � � � � œ � � �

 (b) f(0 1 0) 1, f (0 1 0) 0, f ( 1 0) 2, f (0 1 0) 0 L(x y z) 1 0(x 0) 2(y 1) 0(z 0)ß ß œ ß ß œ !ß ß œ ß ß œ Ê ß ß œ � � � � � �x y z

 2y 1œ �

 (c) f(1 0 0) 1, f (1 0 0) 2, f (1 0 0) 0, f (1 0 0) 0 L(x y z) 1 2(x 1) 0(y 0) 0(z 0)ß ß œ ß ß œ ß ß œ ß ß œ Ê ß ß œ � � � � � �x y z

 2x 1œ �

41. (a) f(1 0 0) 1, f (1 0 0) 1, f (1 0 0) 0,ß ß œ ß ß œ œ ß ß œ œx y
x

x y z x y z
y¹ ¹È È# # # # # #� � � � 1 0 0  1 0 0Ð ß ß Ñ Ð ß ß Ñ

 f (1 0 0) 0  L(x y z) 1 1(x 1) 0(y 0) 0(z 0) xz
z

x y z
ß ß œ œ Ê ß ß œ � � � � � � œ¹È # # #� �  1 0 0Ð ß ß Ñ

 (b) f(1 1 0) 2, f (1 1 0) , f (1 1 0) , f (1 1 0) 0ß ß œ ß ß œ ß ß œ ß ß œÈ
x y z2 2

" "È È
  L(x y z) 2 (x 1) (y 1) 0(z 0) x yÊ ß ß œ � � � � � � œ �È " " " "È È È È2 2 2 2

 (c) f(1 2 2) 3, f (1 2 2) , f (1 2 2) , f (1 2 2)   L(x y z) 3 (x 1) (y 2) (z 2)ß ß œ ß ß œ ß ß œ ß ß œ Ê ß ß œ � � � � � �x y z3 3 3 3 3 3
2 2 2 2" "

 x y zœ � �"
3 3 3

2 2

42. (a) f 1 1 1, f 1 1 0, f 1 1 0,ˆ ‰ ˆ ‰ ¸ ˆ ‰ ¸1 1 1

2 z zx y
y cos xy x cos xyß ß œ ß ß œ œ ß ß œ œ# #ß"ß" ß"ß"ˆ ‰ ˆ ‰1 1

# #

 f 1 1 1  L(x y z) 1 0 x 0(y 1) 1(z 1) 2 zz
sin xy
z

ˆ ‰ ˆ ‰¹1 1

# #
�

ß"ß"
ß ß œ œ � Ê ß ß œ � � � � � � œ �#

#
ˆ ‰1

 (b) f(2 0 1) 0, f (2 0 1) 0, f (2 0 1) 2, f (2 0 1) 0  L(x y z) 0 0(x 2) 2(y 0) 0(z 1) 2yß ß œ ß ß œ ß ß œ ß ß œ Ê ß ß œ � � � � � � œx y z

43. (a) f(0 0 0) 2, f (0 0 0) e 1, f (0 0 0) sin (y z) 0,ß ß œ ß ß œ œ ß ß œ � � œx y
xk kÐ!ß!ß!Ñ Ð!ß!ß!Ñ

 f (0 0 0) sin (y z) 0  L(x y z) 2 1(x 0) 0(y 0) 0(z 0) 2 xz ß ß œ � � œ Ê ß ß œ � � � � � � œ �k Ð!ß!ß!Ñ
 (b) f 0 0 1, f 0 0 1, f 0 0 1, f 0 0 1  L(x y z)ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ß ß œ ß ß œ ß ß œ � ß ß œ � Ê ß ß1 1 1 1

# # # #x y z

 1 1(x 0) 1 y 1(z 0) x y z 1œ � � � � � � œ � � � �ˆ ‰1 1

2 #

 (c) f 0 1, f 0 1, f 0 1, f 0 1  L(x y z)ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ß ß œ ß ß œ ß ß œ � ß ß œ � Ê ß ß1 1 1 1 1 1 1 1

4 4 4 4 4 4 4 4x y z

 1 1(x 0) 1 y 1 z x y z 1œ � � � � � � œ � � � �ˆ ‰ ˆ ‰1 1 1

4 4 #

44. (a) f(1 0 0) 0, f (1 0 0) 0, f (1 0 0) 0,ß ß œ ß ß œ œ ß ß œ œx y
yz

(xyz) 1 (xyz) 1
xz¹ ¹# #� �Ð"ß!ß!Ñ Ð"ß!ß!Ñ

 f (1 0 0) 0  L(x y z) 0z
xy

(xyz) 1ß ß œ œ Ê ß ß œ¹# � Ð"ß!ß!Ñ

 (b) f(1 1 0) 0, f (1 1 0) 0, f (1 1 0) 0, f (1 1 0) 1  L(x y z) 0 0(x 1) 0(y 1) 1(z 0) zß ß œ ß ß œ ß ß œ ß ß œ Ê ß ß œ � � � � � � œx y z

 (c) f(1 1 1) , f (1 1 1) , f (1 1 1) , f (1 1 1)   L(x y z) (x 1) (y 1) (z 1)ß ß œ ß ß œ ß ß œ ß ß œ Ê ß ß œ � � � � � �1 1

4 4x y z
" " " " " "
# # # # # #

 x y zœ � � � �" " "
# # # #

1

4
3
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834 Chapter 14 Partial Derivatives

45. f(x y z) xz 3yz 2 at P (1 1 2)  f(1 1 2) 2; f z, f 3z, f x 3y  L(x y z)ß ß œ � � ß ß Ê ß ß œ � œ œ � œ � Ê ß ß! x y z

 2 2(x 1) 6(y 1) 2(z 2) 2x 6y 2z 6; f 0, f 0, f 0, f 0, f 3œ � � � � � � � œ � � � œ œ œ œ œ �xx yy zz xy yz

  M 3; thus, E(x y z) (3)(0.01 0.01 0.02) 0.0024Ê œ ß ß Ÿ � � œk k ˆ ‰"
#

#

46. f(x y z) x xy yz z  at P (1 1 2)  f(1 1 2) 5; f 2x y, f x z, f y zß ß œ � � � ß ß Ê ß ß œ œ � œ � œ �# #" "
! #4 x y z

  L(x y z) 5 3(x 1) 3(y 1) 2(z 2) 3x 3y 2z 5; f 2, f 0, f , f 1, f 0,Ê ß ß œ � � � � � � œ � � � œ œ œ œ œxx yy zz xy xz
"
#

 f 1  M 2; thus E(x y z) (2)(0.01 0.01 0.08) 0.01yz œ Ê œ ß ß Ÿ � � œk k ˆ ‰"
#

#

47. f(x y z) xy 2yz 3xz at P (1 1 0)  f(1 1 0) 1; f y 3z, f x 2z, f 2y 3xß ß œ � � ß ß Ê ß ß œ œ � œ � œ �! x y z

  L(x y z) 1 (x 1) (y 1) (z 0) x y z 1; f 0, f 0, f 0, f 1, f 3,Ê ß ß œ � � � � � � œ � � � œ œ œ œ œ �xx yy zz xy xz

 f 2  M 3; thus E(x y z) (3)(0.01 0.01 0.01) 0.00135yz œ Ê œ ß ß Ÿ � � œk k ˆ ‰"
#

#

48. f(x y z) 2 cos x sin (y z) at P 0 0   f 0 0 1; f 2 sin x sin (y z),ß ß œ � ß ß Ê ß ß œ œ � �È Èˆ ‰ ˆ ‰!
1 1

4 4 x

 f 2 cos x cos (y z), f 2 cos x cos (y z)  L(x y z) 1 0(x 0) (y 0) zy z 4œ � œ � Ê ß ß œ � � � � � �È È ˆ ‰1
 y z 1; f 2 cos x sin (y z), f 2 cos x sin (y z), f 2 cos x sin (y z),œ � � � œ � � œ � � œ � �1

4 xx yy zz
È È È

 f 2 sin x cos (y z), f 2 sin x cos (y z), f 2 cos x sin (y z).  The absolute value ofxy xz yzœ � � œ � � œ � �È È È
 each of these second partial derivatives is bounded above by 2  M 2; thus E(x y z)È È k kÊ œ ß ß

 2 (0.01 0.01 0.01) 0.000636.Ÿ � � œˆ ‰ Š ‹È"
#

#

49. T (x y) e e  and T (x y) x e e   dT T (x y) dx T (x y) dyx y x y
y y y yß œ � ß œ � Ê œ ß � ß� �a b

 e e dx x e e  dy  dT 2.5 dx 3.0 dy.  If dx 0.1 and dy 0.02, then theœ � � � Ê œ � Ÿ Ÿa b a b k k k k ky y y y
ln 2

� �
Ð#ß Ñ

 maximum possible error in the computed value of T is (2.5)(0.1) (3.0)(0.02) 0.31 in magnitude.� œ

50. V 2 rh and V r   dV V  dr V  dh   dr  dh; now 100 1 andr h r h
dV 2 rh dr r  dh 2 dr
V r h r h rœ œ Ê œ � Ê œ œ � Ÿ1 1 # � "1 1

1

#

#
¸ ¸†

 100 1  100 2 (100) (100) 2 100 100 2(1) 1 3  3%¸ ¸ ¸ ¸ ¸ ¸ ¸ ¸ ¸ ¸ˆ ‰ ˆ ‰dh dV dr dh dr dh
h V r h r h† † † †Ÿ Ê Ÿ � Ÿ � Ÿ � œ Ê

51. 0.02, 0.03dx
x y

dyŸ Ÿ

 (a) S 2x 4xy dS 4x 4y dx 4x dy 4x 4xy 4xy 4x 4xy 0.02 4xy 0.03œ � Ê œ � � œ � � Ÿ � �2 2 2dx
x y

dya b a b a ba b a ba b
 0.04 2x 0.05 4xy 0.05 2x 0.05 4xy 0.05 2x 4xy 0.05Sœ � Ÿ � œ � œa b a b a b a b a ba b2 2 2

 (b) V x y dV 2xy dx x dy 2x y x y 2x y 0.02 x y 0.03 0.07 x y =0.07Vœ Ê œ � œ � Ÿ � œ2 2 2 2 2 2 2dx
x y

dy a ba b a ba b a b
 52. V r r h dV 4 r 2 rh dr r dh; r 10, h 15, dr  and dh 0œ � Ê œ � � œ œ œ œ Ê4 1

3 2
3 2 2 21 1 1 1 1a b

 dV 4 10 2 10 15 10 0 350  cmœ � � œŠ ‹a b a ba b a b a bˆ ‰1 1 1 1
2 21

2
3

53. V 2 rh and V r   dV V  dr V  dh  dV 2 rh dr r  dh  dV 120  dr 25  dh;r h r h 5 12œ œ Ê œ � Ê œ � Ê œ �1 1 1 1 1 1# #
Ð ß Ñk

 dr 0.1 cm and dh 0.1 cm  dV (120 )(0.1) (25 )(0.1) 14.5  cm ; V(5 12) 300  cmk k k kŸ Ÿ Ê Ÿ � œ ß œ1 1 1 1$ $

  maximum percentage error is 100 4.83%Ê „ ‚ œ „14.5
300

1

1

54. (a)    dR  dR  dR   dR  dR  dR" " " " " "
" # " #

# #

R R R R R RR R
R Rœ � Ê � œ � � Ê œ �

" # " #
# # #

" #

Š ‹ Š ‹
 (b) dR R  dR  dR   dR R  dR  dR   R will be moreœ � Ê œ � Ê# #" " " "

" # " #Ð Ñ’ “ ’ “Š ‹ Š ‹ kR R (100) (400)# #

" #

# #100 400ß

 sensitive to a variation in R  since "
" "

(100) (400)# #�
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 Section 14.6 Tangent Planes and Differentials 835

 (c) From part (a), dR  dR  dR  so that R  changing from 20 to 20.1 ohms  dR 0.1 ohmœ � Ê œŠ ‹ Š ‹R R
R R" #

# #

" # " "

 and R  changing from 25 to 24.9 ohms  dR 0.1 ohms;   R  ohms# #
" " "Ê œ � œ � Ê œR R R 9

100
" #

  dR (0.1) ( 0.1) 0.011 ohms  percentage change is 100Ê œ � � ¸ Ê ‚k ¸
Ð Ñ Ð20 25 20 25ß

ß Ñ

ˆ ‰ ˆ ‰100 100
9 9

# #

# #(20) (25) R
dR

 100 0.1%œ ‚ ¸0.011ˆ ‰100
9

55. A xy  dA x dy y dx; if x y then a 1-unit change in y gives a greater change in dA than a 1-unit change in x.œ Ê œ � �

 Thus, pay more attention to y which is the smaller of the two dimensions.

56. (a) f (x y) 2x(y 1)  f (1 0) 2 and f (x y) x   f (1 0) 1  df 2 dx 1 dy  df is morex x y yß œ � Ê ß œ ß œ Ê ß œ Ê œ � Ê#

 sensitive to changes in x

 (b) df 0  2 dx dy 0  2 1 0  œ Ê � œ Ê � œ Ê œ �dx dx
dy dy

"
#

57. (a) r x y   2r dr 2x dx 2y dy  dr  dx  dy  dr| 0.01 0.01# # #
Ð$ß%Ñœ � Ê œ � Ê œ � Ê œ „ � „x 3 4

r r 5 5
y ˆ ‰ ˆ ‰a b a b

 0.014  100 100 0.28%; d  dx  dyœ „ œ „ Ê ‚ œ „ ‚ œ œ �0.07 dr 0.014
5 r 5 1 1

¸ ¸ ¸ ¸ )
Š ‹ Š ‹
ˆ ‰ ˆ ‰
�

� �

y
x

y y
x x

x#

"

# #

  dx  dy  d | 0.01 0.01œ � Ê œ „ � „ œ ��
� � #Ð$ß%Ñ

� „…y
y x y x 25 25 25 5

x 4 3 0.030.04
# # # # ) ˆ ‰ ˆ ‰a b a b

  maximum change in d  occurs when dx and dy have opposite signs (dx 0.01 and dy 0.01 or viceÊ œ œ �)

 versa)  d 0.0028; tan 0.927255218  100 100Ê œ ¸ „ œ ¸ Ê ‚ œ ‚) )„ „
#

�"0.07 4 d 0.0028
5 3 0.927255218

ˆ ‰ ¸ ¸ ¸ ¸)

)

 0.30%¸

 (b) the radius r is more sensitive to changes in y, and the angle  is more sensitive to changes in x)

58. (a) V r h  dV 2 rh dr r  dh  at r 1 and h 5 we have dV 10  dr  dh  the volume isœ Ê œ � Ê œ œ œ � Ê1 1 1 1 1# #

 about 10 times more sensitive to a change in r

 (b) dV 0  0 2 rh dr r  dh 2h dr r dh 10 dr dh  dr  dh; choose dh 1.5œ Ê œ � œ � œ � Ê œ � œ1 1 # "
10

  dr 0.15  h 6.5 in. and r 0.85 in. is one solution for V dV 0Ê œ � Ê œ œ ¸ œ?

59. f(a b c d) ad bc  f d, f c, f b, f a  df d da c db b dc a dd; since
a b
c d

ß ß ß œ œ � Ê œ œ � œ � œ Ê œ � � �º º a b c d

 a  is much greater than b , c , and d , the function f is most sensitive to a change in d.k k k k k k k k
60. u e , u xe sin z, u y cos z  du e  dx xe sin z  dy (y cos z) dzx y z

y y y yœ œ � œ Ê œ � � �a b
  du 3 dx 7 dy 0 dz 3 dx 7 dy  magnitude of the maximum possible errorÊ œ � � œ � Êk ˆ ‰2 ln 3ß ß12

 3(0.2) 7(0.6) 4.8Ÿ � œ

61. Q , Q , and QK M hœ œ œ" " " �
# # #

�"Î# �"Î# �"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h#

  dQ dK  dM  dhÊ œ � �" " " �
# # #

�"Î# �"Î# �"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h#

  dK  dM  dh   dQœ � � Ê"
#

�"Î#ˆ ‰ � ‘ k2KM 2M 2K 2KM
h h h h# Ð ß ß Þ Ñ2 20 0 0.05

  dK  dM  dh (0.0125)(800 dK 80 dM 32,000 dh)œ � � œ � �"
#

�"Î#’ “ ’ “(2)(2)(20) (2)(20) (2)(2) (2)(2)(20)
0.05 0.05 0.05 (0.05)#

  Q is most sensitive to changes in hÊ

62. A ab sin C  A b sin C, A a sin C, A ab cos Cœ Ê œ œ œ" " " "
# # # #a b c

  dA b sin C  da a sin C  db ab cos C  dC; dC 2° 0.0349  radians, da 0.5  ft,Ê œ � � œ œ œˆ ‰ ˆ ‰ ˆ ‰ k k k k k k" " "
# # #

 db 0.5  ft; at a 150 ft, b 200 ft, and C 60°, we see that the change is approximatelyœ œ œ œk k
 dA (200)(sin 60°) 0.5 (150)(sin 60°) 0.5 (200)(150)(cos 60°) 0.0349 338 ftœ � � œ „" " "

# # #
#k k k k k k
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836 Chapter 14 Partial Derivatives

63. z f(x y)  g(x y z) f(x y) z 0  g (x y z) f (x y), g (x y z) f (x y) and g (x y z) 1œ ß Ê ß ß œ ß � œ Ê ß ß œ ß ß ß œ ß ß ß œ �x x y y z

  g (x y f(x y )) f (x y ), g (x y f(x y )) f (x y ) and g (x y f(x y )) 1  the tangentÊ ß ß ß œ ß ß ß ß œ ß ß ß ß œ � Êx x y y z! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

 plane at the point P  is f (x y )(x x ) f (x y )(y y ) [z f(x y )] 0 or! ! ! ! ! ! ! ! !x yß � � ß � � � ß œ

 z f (x y )(x x ) f (x y )(y y ) f(x y )œ ß � � ß � � ßx y! ! ! ! ! ! ! !

64. f 2x 2y 2(cos t t sin t) 2(sin t t cos t)  and (t cos t) (t sin t)   ™ œ � œ � � � œ � Ê œi j i j v i j u v
vk k

 (cos t) (sin t)  since t 0  (D f) fœ œ � � Ê œ(t cos t) (t sin t)
(t cos t) (t sin t) P

i j
u

�

�È # # !
i j u™ †

 2(cos t t sin t)(cos t) 2(sin t t cos t)(sin t) 2œ � � � œ

65. f 2x 2y 2z (2 cos t) (2 sin t) 2t  and ( sin t) (cos t)   ™ œ � � œ � � œ � � � Ê œi j k i j k v i j k u v
vk k

   (D f) fœ œ � � Ê œ( sin t) (cos t)
(sin t) (cos t) 1

sin t cos t
2 2 2 P

� � �

� �
� "i j k

uÈ È È È# # # !
Š ‹ Š ‹i j k u™ †

 (2 cos t) (2 sin t) (2t)   (D f) , (D f)(0) 0 andœ � � œ Ê œ œŠ ‹ Š ‹ Š ‹ ˆ ‰� " � �sin t cos t 2t
2 2 2 2 2 24È È È È Èu u

1 1

 (D f)u ˆ ‰1 1
4 2 2

œ È

66. r t t (t 3)   t t ; t 1  x 1, y 1, z 1  P (1 1 1)œ � � � Ê œ � � œ Ê œ œ œ � Ê œ ß ß�È Èi j k v i j k" " " "
# #

�"Î# �"Î#
!4 4

 and (1) ; f(x y z) x y z 3 0 f 2x 2yv i j k i j kœ � � ß ß œ � � � œ Ê œ � �" " "
# #

# #
4 ™

  f(1 1 1) 2 2 ; therefore ( f)  the curve is normal to the surfaceÊ ß ß� œ � � œ Ê™ ™i j k v "
4

67. r t t (2t 1)   t t 2 ; t 1  x 1, y 1, z 1  P (1 1 1) andœ � � � Ê œ � � œ Ê œ œ œ Ê œ ß ßÈ Èi j k v i j k" "
# #

�"Î# �"Î#
!

 (1) 2 ; f(x y z) x y z 1 0  f 2x 2y   f(1 1 1) 2 2 ;v i j k i j k i j kœ � � ß ß œ � � � œ Ê œ � � Ê ß ß œ � �" "
# #

# #
™ ™

 now 1 f 1 1 1 0, thus the curve is tangent to the surface when t 1va b a b† ™ ß ß œ œ

14.7  EXTREME VALUES AND SADDLE POINTS

 1. f (x y) 2x y 3 0 and f (x y) x 2y 3 0  x 3 and y 3  critical point is ( 3 3);x yß œ � � œ ß œ � � œ Ê œ � œ Ê � ß

 f ( 3 3) 2, f ( 3 3) 2, f ( 3 3) 1  f f f 3 0 and f 0  local minimum ofxx yy xy xx yy xxxy� ß œ � ß œ � ß œ Ê � œ � � Ê#

 f( 3 3) 5� ß œ �

 2. f (x y) 2y 10x 4 0 and f (x y) 2x 4y 4 0  x  and y   critical point is ;x y
2 4 2 4
3 3 3 3ß œ � � œ ß œ � � œ Ê œ œ Ê ßˆ ‰

 f 10, f 4, f 2  f f f 36 0 and f 0  local maximum ofxx yy xy xx yy xx
2 4 2 4 2 4
3 3 3 3 3 3 xyˆ ‰ ˆ ‰ ˆ ‰ß œ � ß œ � ß œ Ê � œ � � Ê#

 f 0ˆ ‰2 4
3 3ß œ

 3. f (x y) 2x y 3 0 and f (x y) x 2 0  x 2 and y 1  critical point is ( 2 1);x yß œ � � œ ß œ � œ Ê œ � œ Ê � ß

 f ( 2 1) 2, f ( 2 1) 0, f ( 2 1) 1  f f f 1 0  saddle pointxx yy xy xx yy xy� ß œ � ß œ � ß œ Ê � œ � � Ê#

 4. f (x y) 5y 14x 3 0 and f (x y) 5x 6 0  x  and y   critical point is ;x y
6 69 6 69
5 5 5 25ß œ � � œ ß œ � œ Ê œ œ Ê ß#

ˆ ‰
 f 14, f 0, f 5  f f f 25 0  saddle pointxx yy xy xx yy

6 69 6 69 6 69
5 25 5 25 5 25 xyˆ ‰ ˆ ‰ ˆ ‰ß œ � ß œ ß œ Ê � œ � � Ê#

 5. f (x y) 2y 2x 3 0 and f (x y) 2x 4y 0  x 3 and y   critical point is 3 ;x y
3 3

2ß œ � � œ ß œ � œ Ê œ œ Ê ß#
ˆ ‰

 f 3 2, f 3 4, f 3 2  f f f 4 0 and f 0  local maximum ofxx yy xy xx yy xx
3 3 3
2 2 2 xyˆ ‰ ˆ ‰ ˆ ‰ß œ � ß œ � ß œ Ê � œ � � Ê#

 f 3ˆ ‰ß œ3 17
# #

 6. f (x y) 2x 4y 0 and f (x y) 4x 2y 6 0  x 2 and y 1  critical point is (2 1);x yß œ � œ ß œ � � � œ Ê œ œ Ê ß

 f (2 1) 2, f (2 1) 2, f (2 1) 4  f f f 12 0  saddle pointxx yy xy xx yy xyß œ ß œ ß œ � Ê � œ � � Ê#
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 7. f (x y) 4x 3y 5 0 and f (x y) 3x 8y 2 0  x 2 and y 1  critical point is (2 1);x yß œ � � œ ß œ � � œ Ê œ œ � Ê ß�

 f (2 1) 4, f (2 1) 8, f (2 1) 3  f f f 23 0 and f 0  local minimum of f(2 1) 6xx yy xy xx yy xxxyß � œ ß� œ ß� œ Ê � œ � � Ê ß� œ �#

 8. f (x y) 2x 2y 2 0 and f (x y) 2x 4y 2 0  x 1 and y 0  critical point is (1 0);x yß œ � � œ ß œ � � � œ Ê œ œ Ê ß

 f (1 0) 2, f (1 0) 4, f (1 0) 2  f f f 4 0 and f 0  local minimum of f(1 0) 0xx yy xy xx yy xxxyß œ ß œ ß œ � Ê � œ � � Ê ß œ#

 9. f (x y) 2x 2 0 and f (x y) 2y 4 0  x 1 and y 2  critical point is (1 2); f (1 2) 2,x y xxß œ � œ ß œ � � œ Ê œ œ Ê ß ß œ

 f (1 2) 2, f (1 2) 0  f f f 4 0  saddle pointyy xy xx yy xyß œ � ß œ Ê � œ � � Ê#

10. f (x y) 2x 2y 0 and f (x y) 2x 0  x 0 and y 0  critical point is (0 0); f (0 0) 2,x y xxß œ � œ ß œ œ Ê œ œ Ê ß ß œ

 f (0 0) 0, f (0 0) 2  f f f 4 0  saddle pointyy xy xx yy xyß œ ß œ Ê � œ � � Ê#

11. f x y 8 0 and f x y 0 critical point is 0 ;x y
112x 8x 16

56x 8y 16x 31 56x 8y 16x 31
8y

7a b a b ˆ ‰ß œ � œ ß œ œ Ê ß�
� � � � � �

�È È2 2 2 2

 f 0 , f 0 , f 0 0  f f f 0 and f 0 local maximum ofxx yy xy xx yy xx
16 8 16 8 16 64
7 15 7 15 7 225xyˆ ‰ ˆ ‰ ˆ ‰ß œ � ß œ � ß œ Ê � œ � � Ê#

 f 0ˆ ‰16 16
7 7ß œ �

12. f x y 0 and f x y 0 there are no solutions to the system f x y 0 andx y x
2x

3 x y 3 x y

2ya b a b a bß œ œ ß œ œ Ê ß œ�

� �

�

a b a b2 2 2 22 3 2 3Î Î

 f x y 0, however, we must also consider where the partials are undefined, and this occurs when x 0 and y 0ya bß œ œ œ

 critical point is 0 0 . Note that the partial derivatives are defined at every other point other than 0 0 . We cannot useÊ ß ßa b a b
 the second derivative test, but this is the only possible  local maximum, local minimum, or saddle point. f x y  has a locala bß

 maximum  of f 0 0 1 at 0 0  since f x y 1 x y  1 for all x y  other than 0 0 .a b a b a b a b a bÈß œ ß ß œ � � Ÿ ß ß3 2 2

13. f (x y) 3x 2y 0 and f (x y) 3y 2x 0  x 0 and y 0, or x  and y   critical pointsx y
2 2
3 3ß œ � œ ß œ � � œ Ê œ œ œ � œ Ê# #

 are (0 0) and ; for (0 0):  f (0 0) 6x 0, f (0 0) 6y 0, f (0 0) 2ß � ß ß ß œ œ ß œ � œ ß œ �ˆ ‰ k k2 2
3 3 xx yy xy0 0 0 0Ð ß Ñ Ð ß Ñ

  f f f 4 0  saddle point; for :  f 4, f 4, f 2Ê � œ � � Ê � ß � ß œ � � ß œ � � ß œ �xx yy xx yy xyxy
2 2 2 2 2 2 2 2
3 3 3 3 3 3 3 3

# ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
  f f f 12 0 and f 0  local maximum of fÊ � œ � � Ê � ß œxx yy xxxy

2 2 170
3 3 27

# ˆ ‰
14. f (x y) 3x 3y 0 and f (x y) 3x 3y 0  x 0 and y 0, or x 1 and y 1  critical pointsx yß œ � œ ß œ � œ Ê œ œ œ � œ � Ê# #

 are (0 0) and ( 1 1); for ( ):  f (0 0) 6x 0, f (0 0) 6y 0, f (0 0) 3  f f fß � ß� !ß ! ß œ œ ß œ œ ß œ Ê �k kxx yy xy xx yy0 0 0 0 xyÐ ß Ñ Ð ß Ñ
#

 9 0  saddle point; for ( 1 1):  f ( 1 1) 6, f ( 1 1) 6, f ( 1 1) 3  f f fœ � � Ê � ß� � ß� œ � � ß� œ � � ß� œ Ê �xx yy xy xx yy xy
#

 27 0 and f 0  local maximum of f( 1 1) 1œ � � Ê � ß� œxx

15. f (x y) 12x 6x 6y 0 and f (x y) 6y 6x 0  x 0 and y 0, or x 1 and y 1  criticalx yß œ � � œ ß œ � œ Ê œ œ œ œ � Ê#

 points are (0 0) and (1 1); for ( ):  f (0 0) 12 12x 12, f (0 0) 6, f (0 0) 6  f f fß ß � !ß ! ß œ � œ ß œ ß œ Ê �kxx yy xy xx yy0 0 xyÐ ß Ñ
#

 36 0 and f 0  local  minimum of f(0 0) 0; for (1 1):  f (1 1) 0, f (1 1) 6,œ � � Ê ß œ ß� ß� œ ß� œxx xx yy

 f (1 1) 6  f f f 36 0  saddle pointxy xx yy xyß � œ Ê � œ � � Ê#

16. f (x y) 3x 6x 0  x 0 or x 2; f (x y) 3y 6y 0  y 0 or y 2  the critical points arex yß œ � œ Ê œ œ � ß œ � œ Ê œ œ Ê# #

 (0 0), (0 2), ( 2 0), and ( 2 2); for ( ):  f (0 0) 6x 6 6, f (0 0) 6y 6 6,ß ß � ß � ß !ß ! ß œ � œ ß œ � œ �k kxx yy0 0 0 0Ð ß Ñ Ð ß Ñ

 f (0 0) 0  f f f 36 0  saddle point; for (0 2):  f (0 2) 6, f (0 2) 6, f (0 2) 0xy xx yy xx yy xyxyß œ Ê � œ � � Ê ß ß œ ß œ ß œ#

  f f f 36 0 and f 0  local minimum of f(0 2) 12; for ( 2 0):  f ( 2 0) 6,Ê � œ � � Ê ß œ � � ß � ß œ �xx yy xx xxxy
#

 f ( 2 0) 6, f ( 2 0) 0  f f f 36 0 and f 0  local maximum of f( 2 0) 4;yy xy xx yy xxxy� ß œ � � ß œ Ê � œ � � Ê � ß œ �#

 for ( 2 2):  f ( 2 2) 6, f ( 2 2) 6, f ( 2 2) 0  f f f 36 0  saddle point� ß � ß œ � � ß œ � ß œ Ê � œ � � Êxx yy xy xx yy xy
#
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17. f x y 3x 3y 15 0 and f x y 6x y 3y 15 0 critical points are 2 1 , 2 1 , 0 5 , andx y
2 2 2a b a b a b a b Š ‹Èß œ � � œ ß œ � � œ Ê ß � ß� ß

 0 5 ; for 2 1 :  f 2 1 6x 12,  f 2 1 6x 6y 18,  f 2 1 6y 6Š ‹È a b k k ka b a b a b a bß � ß ß œ œ ß œ � œ ß œ œxx yy xy2 1 2 1 2 1a b a b a bß ß ß

  f f f 180 0 and f 0 local minimum of f 2 1 30; for 2 1 :  f 2 1 6xÊ � œ � � Ê ß œ � � ß� � ß� œxx yy xx xxxy 2 1
#

� ß�a b a b ka b a b
 12,  f 2 1 6x 6y 18,  f 2 1 6y 6  f f f 180 0 andœ � � ß� œ � œ � � ß� œ œ � Ê � œ �k ka b a b a byy xy xx yy2 1 2 1 xya b a b� ß� � ß�

#

 f 0 local maximum of f 2 1 30; for 0 5 :  f 0 5 6x 0, f 0 5xx xx yy
0 5

� Ê � ß� œ ß ß œ œ ßa b Š ‹ ¹ Š ‹È È ÈŠ ‹ Š ‹Èß
  6x 6y 6 5,  f 0 5 6y 6 5  f f f 180 0 saddle pointœ � œ ß œ œ Ê � œ � � Ê àka b È È È¹Š ‹Š ‹È Š ‹È0 5 xy xx yy

0 5
xyß ß

#

 for 0 5 :  f 0 5 6x 0, f 0 5  6x 6y 6 5,Š ‹ ¹ Š ‹È È È ÈŠ ‹ ka bß � ß� œ œ ß� œ � œ �xx yy
0 5 0 5Š ‹È Š ‹È
ß� ß�

 f 0 5 6y 6 5  f f f 180 0 saddle point.¹Š ‹È È
xy xx yy

0 5
xyß � œ œ � Ê � œ � � ÊŠ ‹Èß�

#

18. f (x y) 6x 18x 0  6x(x 3) 0  x 0 or x 3; f (x y) 6y 6y 12 0  6(y 2)(y 1) 0x yß œ � œ Ê � œ Ê œ œ ß œ � � œ Ê � � œ# #

  y 2 or y 1  the critical points are (0 2), (0 1), (3 2), and (3 1); f (x y) 12x 18,Ê œ � œ Ê ß� ß ß� ß ß œ �xx

 f (x y) 12y 6, and f (x y) 0; for ( 2):  f (0 2) 18, f (0 2) 18, f (0 2) 0yy xy xx yy xyß œ � ß œ !ß� ß� œ � ß� œ � ß� œ

  f f f 324 0 and f 0  local  maximum of f(0 2) 20; for (0 1):  f (0 1) 18,Ê � œ � � Ê ß� œ ß ß œ �xx yy xx xxxy
#

 f (0 1) 18, f (0 1) 0  f f f 324 0  saddle point; for (3 2):  f (3 2) 18,yy xy xx yy xxxyß œ ß œ Ê � œ � � Ê ß� ß� œ#

 f (3 2) 18, f (3 2) 0  f f f 324 0  saddle point; for (3 1):  f (3 1) 18,yy xy xx yy xxxyß � œ � ß� œ Ê � œ � � Ê ß ß œ#

 f (3 1) 18, f (3 1) 0  f f f 324 0 and f 0  local minimum of f(3 1) 34yy xy xx yy xxxyß œ ß œ Ê � œ � � Ê ß œ �#

19. f (x y) 4y 4x 0 and f (x y) 4x 4y 0  x y  x 1 x 0  x 0, 1, 1  the criticalx yß œ � œ ß œ � œ Ê œ Ê � œ Ê œ � Ê$ $ #a b
 points are (0 0), (1 1), and ( 1 1); for ( ):  f (0 0) 12x 0, f (0 0) 12y 0,ß ß � ß� !ß ! ß œ � œ ß œ � œk kxx yy0 0 0 0

# #
Ð ß Ñ Ð ß Ñ

 f (0 0) 4  f f f 16 0  saddle point; for (1 1):  f (1 1) 12, f (1 1) 12, f (1 1) 4xy xx yy xx yy xyxyß œ Ê � œ � � Ê ß ß œ � ß œ � ß œ#

  f f f 128 0 and f 0  local maximum of f(1 1) 2; for ( 1 1):  f ( 1 1) 12,Ê � œ � � Ê ß œ � ß� � ß� œ �xx yy xx xxxy
#

 f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and f 0  local maximum of f( 1 1) 2yy xy xx yy xxxy� ß� œ � � ß� œ Ê � œ � � Ê � ß� œ#

20. f (x y) 4x 4y 0 and f (x y) 4y 4x 0  x y  x x 0  x 1 x 0  x 0, 1, 1x yß œ � œ ß œ � œ Ê œ � Ê � � œ Ê � œ Ê œ �$ $ $ #a b
  the critical points are (0 0), (1 1), and ( 1 1); f (x y) 12x , f (x y) 12y , and f (x y) 4;Ê ß ß� � ß ß œ ß œ ß œxx yy xy

# #

 for ( 0):  f (0 0) 0, f (0 0) 0, f (0 0) 4  f f f 16 0  saddle point; for (1 1):!ß ß œ ß œ ß œ Ê � œ � � Ê ß�xx yy xy xx yy xy
#

 f (1 1) 12, f (1 1) 12, f (1 1) 4  f f f 128 0 and f 0  local minimum ofxx yy xy xx yy xxxyß � œ ß� œ ß� œ Ê � œ � � Ê#

 f( 1) 2; for ( 1 1):  f ( 1 1) 12, f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and"ß� œ � � ß � ß œ � ß œ � ß œ Ê � œ �xx yy xy xx yy xy
#

 f 0  local minimum of f( 1 1) 2xx � Ê � ß œ �

21. f (x y) 0 and f (x y) 0  x 0 and y 0  the critical point is ( 0);x y
2x

x y 1 x y 1
2yß œ œ ß œ œ Ê œ œ Ê !ß�

� � � �

�

a b a b# # # ## #

 f , f , f ; f ( ) 2, f (0 0) 2, f (0 0) 0xx yy xy xx yy xy
4x 2y 2 2x 4y 2 8xy
x y 1 x y 1 x y 1

œ œ œ !ß ! œ � ß œ � ß œ
# # # #

# # # # # #$ $ $

� � � � �

� � � � � �a b a b a b
  f f f 4 0 and f 0  local maximum of f(0 0) 1Ê � œ � � Ê ß œ �xx yy xxxy

#

22. f (x y) y 0 and f (x y) x 0  x 1 and y 1  the critical point is (1 1); f , f ,x y xx yy
1 1 2 2
x y x yß œ � � œ ß œ � œ Ê œ œ Ê ß œ œ# # $ $

 f 1; f (1 1) 2, f (1 1) 2, f (1 1) 1  f f f 3 0 and f 2  local minimum of f(1 1) 3xy xx yy xy xx yy xxxyœ ß œ ß œ ß œ Ê � œ � � Ê ß œ#

23. f (x y) y cos x 0 and f (x y) sin x 0  x n , n an integer, and y 0  the critical points arex yß œ œ ß œ œ Ê œ œ Ê1

 (n 0), n an integer (Note:  cos x and sin x cannot both be 0 for the same x, so sin x must be 0 and y 0);1ß œ

 f y sin x, f 0, f cos x; f (n 0) 0, f (n 0) 0, f (n 0) 1 if n is even and f (n 0) 1xx yy xy xx yy xy xyœ � œ œ ß œ ß œ ß œ ß œ �1 1 1 1

 if n is odd  f f f 1 0  saddle point.Ê � œ � � Êxx yy xy
#
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24. f (x y) 2e  cos y 0 and f (x y) e  sin y 0  no solution since e 0 for any x and the functionsx y
2x 2x 2xß œ œ ß œ � œ Ê Á

 cos y and sin y cannot equal 0 for the same y  no critical points  no extrema and no saddle pointsÊ Ê

25. f x y 2x 4 e 0 and f x y 2ye 0 critical point is 2 0 ; f 2 0 , f 2 0 0,x y xx xy
x y 4x x y 4x 2

ea b a b a b a b a b a bß œ � œ ß œ œ Ê ß ß œ ß œ
2 2 2 2

4
� � � �

  f 2 0  f f f 0 and f 0 local mimimum of f 2 0yy xx yy xx
2 4 1
e e exya b a bß œ Ê � œ � � Ê ß œ4 8 4

#

26. f x y ye 0 and f x y e e 0 critical point is 0 0 ; f 2 0 0, f 2 0 1,  f 2 0 1x y xx xy yy
x y xa b a b a b a b a b a bß œ � œ ß œ � œ Ê ß ß œ ß œ � ß œ

  f f f 1 0 saddle pointÊ � œ � � Êxx yy xy
#

27. f x y 2xe 0 and f x y 2ye e x y 0 critical points are 0 0  and 0 2 ; for 0 0 :x y
y y y 2 2a b a b a b a b a b a bß œ œ ß œ � � œ Ê ß ß ß� � �

 f 0 0 2e 2,  f 0 0 2e 4ye e x y 2,  f 0 0 2xe 0k k ka b a b a b a ba bxx yy xy
y y y y 2 2 y

0 0 0 0 0 0ß œ œ ß œ � � � œ ß œ � œ� � � � �
ß ß ßa b a b a b

  f f f 4 0 and f 0 local mimimum of f 0 0 0; for 0 2 : f 0 2 2e ,Ê � œ � � Ê ß œ ß ß œ œxx yy xx xxxy
y

0 2
2
e

# �
ßa b a b ka b a b 2

 f 0 2 2e 4ye e x y ,  f 0 2 2xe 0  f f f 0k ka b a b a ba byy xy xx yy
y y y 2 2 y

0 2 0 2
2 4
e exyß œ � � � œ � ß œ � œ Ê � œ � �� � � � #

ß ßa b a b2 4

 saddle pointÊ

28. f x y e x 2x y 0 and f x y 2ye 0 critical points are 0 0  and 2 0 ; for 0 0 :x y
x 2 2 xa b a b a b a b a b a bß œ � � œ ß œ � œ Ê ß � ß ß

 f 0 0 e x 4x 2 y 2,  f 0 0 2e 2,  f 0 0 2ye 0k k ka b a b a b a bxx yy xy
x 2 2 x x

0 0 0 0 0 0ß œ � � � œ ß œ � œ � ß œ � œa b a b a bß ß ß

  f f f 4 0 and f 0 saddle point; for 2 0 : f 2 0 e x 4x 2 y ,Ê � œ � � � Ê � ß � ß œ � � � œ �xx yy xx xxxy
x 2 2

2 0
2
e

#
� ßa b ka b a b a b 2

 f 2 0 2e ,  f 2 0 2ye 0  f f f 0 and f 0 local maximumk ka b a byy xy xx yy xx
x x

2 0 2 0
2 4
e exy� ß œ � œ � � ß œ � œ Ê � œ � � Êa b a b� ß � ß

#
2 4

 of f 2 0a b� ß œ 4
e2

29. f x y 4 0 and f x y 1 0 critical point is , 1  ; f , 1 8, f , 1 1,x y xx yy
2 1 1 1 1
x y 2 2 2a b a b ˆ ‰ ˆ ‰ ˆ ‰ß œ � � œ ß œ � � œ Ê œ � œ �

 f , 1 0  f f f 8 0 and f 0 local maximum of f , 1 3 2ln 2xy xx yy xx
1 1
2 2xyˆ ‰ ˆ ‰œ Ê � œ � � Ê œ � �#

30. f x y 2x 0 and f x y 1 0 critical point is ,  ; f , 1, f , 1,x y xx yy
1 1 1 3 1 3 1 3

x y x y 2 2 2 2 2 2a b a b ˆ ‰ ˆ ‰ ˆ ‰ß œ � œ ß œ � � œ Ê � � œ � œ �� �

 f , 1  f f f 2 0 saddle pointxy xx yy
1 3
2 2 xyˆ ‰� œ � Ê � œ � � Ê#

31. (i) On OA, f(x y) f(0 y) y 4y 1 on 0 y 2;ß œ ß œ � � Ÿ Ÿ#

 f (0 y) 2y 4 0  y 2;w ß œ � œ Ê œ

 f(0 0) 1 and f( ) 3ß œ !ß # œ �

 (ii) On AB, f(x y) f(x 2) 2x 4x 3 on 0 x 1;ß œ ß œ � � Ÿ Ÿ#

 f (x 2) 4x 4 0  x 1;w ß œ � œ Ê œ

 f(0 2) 3 and f(1 ) 5ß œ � ß # œ �

 (iii) On OB, f(x y) f(x 2x) 6x 12x 1 onß œ ß œ � �#

 0 x 1; endpoint values have been found above;Ÿ Ÿ
 

 f (x 2x) 12x 12 0  x 1 and y 2, but ( ) is not an interior point of OBw ß œ � œ Ê œ œ "ß #

 (iv) For interior points of the triangular region, f (x y) 4x 4 0 and f (x y) 2y 4 0x yß œ � œ ß œ � œ

  x 1 and y 2, but (1 2) is not an interior point of the region.  Therefore, the absolute maximum isÊ œ œ ß

 1 at (0 0) and the absolute minimum is 5 at ( ).ß � "ß #
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32. (i) On OA, D(x y) D(0 y) y 1 on 0 y 4;ß œ ß œ � Ÿ Ÿ#

 D (0 y) 2y 0  y 0; D( ) 1 andw ß œ œ Ê œ !ß ! œ

 D( ) 17!ß % œ

 (ii) On AB, D(x y) D(x 4) x 4x 17 onß œ ß œ � �#

 0 x 4; D (x 4) 2x 4 0  x 2 and (2 4)Ÿ Ÿ ß œ � œ Ê œ ßw

 is an interior point of AB; D( ) 13 and#ß % œ

 D( ) D( ) 17%ß % œ !ß % œ

 (iii) On OB, D(x y) D(x x) x 1 on 0 x 4;ß œ ß œ � Ÿ Ÿ#

 

 D (x x) 2x 0  x 0 and y 0, which is not an interior point of OB; endpoint values have been foundw ß œ œ Ê œ œ

 above
 (iv) For interior points of the triangular region, f (x y) 2x y 0 and f (x y) x 2y 0  x 0 and y 0,x yß œ � œ ß œ � � œ Ê œ œ

 which is not an interior point of the region.  Therefore, the absolute maximum is 17 at ( ) and ( ), and the!ß % %ß %

 absolute minimum is 1 at (0 0).ß

33. (i) On OA, f(x y) f( y) y  on 0 y 2;ß œ !ß œ Ÿ Ÿ#

 f (0 y) 2y 0  y 0 and x 0; f(0 0) 0 andw ß œ œ Ê œ œ ß œ

 f(0 ) 4ß # œ

 (ii) On OB, f(x y) f(x 0) x  on 0 x 1;ß œ ß œ Ÿ Ÿ#

 f (x 0) 2x 0  x 0 and y 0; f(0 0) 0 andw ß œ œ Ê œ œ ß œ

 f(1 0) 1ß œ

 (iii) On AB, f(x y) f(x 2x 2) 5x 8x 4 onß œ ß� � œ � �#

 0 x 1; f (x 2x 2) 10x 8 0 xŸ Ÿ ß� � œ � œ Ê œw 4
5

 

 and y ; f ; endpoint values have been found above.œ ß œ2 4 2 4
5 5 5 5

ˆ ‰
 (iv) For interior points of the triangular region, f (x y) 2x 0 and f (x y) 2y 0  x 0 and y 0, but ( 0) isx yß œ œ ß œ œ Ê œ œ !ß

 not an interior point of the region.  Therefore the absolute maximum is 4 at (0 2) and the absolute minimum is 0 atß

 (0 0).ß

34. (i) On AB, T(x y) T( y) y  on 3 y 3;ß œ !ß œ � Ÿ Ÿ#

 T (0 y) 2y 0  y 0 and x 0; T(0 0) 0,w ß œ œ Ê œ œ ß œ

 T( 3) 9, and T( 3) 9!ß� œ !ß œ

 (ii) On BC, T(x y) T(x 3) x 3x 9 on 0 x 5;ß œ ß œ � � Ÿ Ÿ#

 T (x 3) 2x 3 0  x  and y 3;w
#ß œ � œ Ê œ œ3

 T 3 and T(5 3) 19ˆ ‰3 27
4# ß œ ß œ

 (iii) On CD, T(x y) T(5 y) y 5y 5 onß œ ß œ � �#

  3 y 3;T (5 y) 2y 5 0  y  and� Ÿ Ÿ ß œ � œ Ê œ �w
#
5  

  x 5;T 5 , T( 3) 11 and T(5 3) 19œ ß� œ � &ß� œ � ß œˆ ‰5 45
4#

 (iv) On AD, T(x y) T(x 3) x 9x 9 on 0 x 5; T (x 3) 2x 9 0  x  and y 3;ß œ ß� œ � � Ÿ Ÿ ß� œ � œ Ê œ œ �# w
#
9

 T 3 , T( 3) 9 and T( 3) 11ˆ ‰9 45
4# ß � œ � !ß� œ &ß� œ �

 (v) For interior points of the rectangular region, T (x y) 2x y 6 0 and T (x y) x 2y 0  x 4x yß œ � � œ ß œ � œ Ê œ

 and y 2  (4 2) is an interior critical point with T(4 2) 12.  Therefore the absolute maximumœ � Ê ß� ß� œ �

 is 19 at (5 3) and the absolute minimum is 12 at (4 2).ß � ß�
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35. (i) On OC, T(x y) T(x 0) x 6x 2 onß œ ß œ � �#

 0 x 5; T (x 0) 2x 6 0  x 3 andŸ Ÿ ß œ � œ Ê œw

 y 0; T(3 0) 7, T(0 0) 2, and T(5 0) 3œ ß œ � ß œ ß œ �

 (ii) On CB, T(x y) T(5 y) y 5y 3 onß œ ß œ � �#

 3 y 0; T (5 y) 2y 5 0  y  and� Ÿ Ÿ ß œ � œ Ê œ �w
#
5

 x 5; T 5  and T(5 3) 9œ ß� œ � ß� œ �ˆ ‰5 37
4#

 (iii) On AB, T(x y) T(x 3) x 9x 11 onß œ ß� œ � �#

 0 x 5; T (x 3) 2x 9 0  x  andŸ Ÿ ß� œ � œ Ê œw
#
9  

 y 3; T 3  and T( 3) 11œ � ß� œ � !ß� œˆ ‰9 37
4#

 (iv) On AO, T(x y) T( y) y 2 on 3 y 0; T (0 y) 2y 0  y 0 and x 0, but (0 0) isß œ !ß œ � � Ÿ Ÿ ß œ œ Ê œ œ ß# w

 not an interior point of AO
 (v) For interior points of the rectangular region, T (x y) 2x y 6 0 and T (x y) x 2y 0  x 4x yß œ � � œ ß œ � œ Ê œ

 and y 2, an interior critical point with T( 2) 10.  Therefore the absolute maximum is 11 atœ � %ß� œ �

 ( 3) and the absolute minimum is 10 at (4 2).!ß� � ß�

36. (i) On OA, f(x y) f( y) 24y  on 0 y 1;ß œ !ß œ � Ÿ Ÿ#

 f (0 y) 48y 0  y 0 and x 0, but (0 0) isw ß œ � œ Ê œ œ ß

 not an interior point of OA; f( 0) 0 and!ß œ

 f( 1) 24!ß œ �

 (ii) On AB, f(x y) f(x 1) 48x 32x 24 onß œ ß œ � �$

 0 x 1; f (x 1) 48 96x 0  x  andŸ Ÿ ß œ � œ Ê œw # "È2

 y 1, or x  and y 1, but 1  is not inœ œ � œ � ß" "È È2 2
Š ‹  

 the interior of AB; f 1 16 2 24 and f(1 1) 8Š ‹ È"È2
ß œ � ß œ �

 (iii) On BC, f(x y) f( y) 48y 32 24y  on 0 y 1; f ( y) 48 48y 0  y 1 and x 1, butß œ "ß œ � � Ÿ Ÿ "ß œ � œ Ê œ œ# w

 ( ) is not an interior point of BC; f( 0) 32 and f( ) 8"ß " "ß œ � "ß " œ �

 (iv) On OC, f(x y) f(x 0) 32x  on 0 x 1; f (x 0) 96x 0  x 0 and y 0, but (0 0) is not anß œ ß œ � Ÿ Ÿ ß œ � œ Ê œ œ ß$ w #

 interior point of OC; f( 0) 0 and f( 0) 32!ß œ "ß œ �

 (v) For interior points of the rectangular region, f (x y) 48y 96x 0 and f (x y) 48x 48y 0x yß œ � œ ß œ � œ#

  x 0 and y 0, or x  and y , but (0 0) is not an interior point of the region; f 2.Ê œ œ œ œ ß ß œ" " " "
# # # #

ˆ ‰
 Therefore the absolute maximum is 2 at  and the absolute minimum is 32 at (1 0).ˆ ‰" "

# #ß � ß

37. (i) On AB, f(x y) f(1 y) 3 cos y on y ;ß œ ß œ � Ÿ Ÿ1 1
4 4

 f (1 y) 3 sin y 0  y 0 and x 1;w ß œ � œ Ê œ œ

 f( 0) 3, f 1 , and f 1"ß œ ß� œ ß œˆ ‰ ˆ ‰1 1
4 4

3 2 3 2È È
# #

 (ii) On CD, f(x y) f( y) 3 cos y on y ;ß œ $ß œ � Ÿ Ÿ1 1
4 4

 f (3 y) 3 sin y 0  y 0 and x 3;w ß œ � œ Ê œ œ

 f(3 0) 3, f 3  and f 3ß œ ß� œ ß œˆ ‰ ˆ ‰1 1
4 4

3 2 3 2È È
# #

 (iii) On BC, f(x y) f x 4x x  onß œ ß œ �ˆ ‰ a b1
4

2È
#

#

 

 1 x 3; f x 2(2 x) 0  x 2 and y ; f 2 2 2, f 1 , andŸ Ÿ ß œ � œ Ê œ œ ß œ ß œw
#

ˆ ‰ ˆ ‰ ˆ ‰È È1 1 1 1
4 4 4 4

3 2È

 f 3ˆ ‰ß œ1
4

3 2È
#

 (iv) On AD, f(x y) f x 4x x  on 1 x 3; f x 2(2 x) 0  x 2 and y ;ß œ ß� œ � Ÿ Ÿ ß� œ � œ Ê œ œ �ˆ ‰ ˆ ‰a b È1 1 1
4 4 4

2È
#

# w

 f 2 2 2, f 1 , and f 3ˆ ‰ ˆ ‰ ˆ ‰Èß � œ ß� œ ß� œ1 1 1
4 4 4

3 2 3 2È È
# #

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



842 Chapter 14 Partial Derivatives

 (v) For interior points of the region, f (x y) (4 2x) cos y 0 and f (x y) 4x x sin y 0  x 2x yß œ � œ ß œ � � œ Ê œa b#
 and y 0, which is an interior critical point with f(2 0) 4.  Therefore the absolute maximum is 4 atœ ß œ

 (2 0) and the absolute minimum is  at 3 , 3 , 1 , and 1 .ß ß � ß ß� ß3 2
4 4 4 4

È
#

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1

38. (i) On OA, f(x y) f( y) 2y 1 on 0 y 1;ß œ !ß œ � Ÿ Ÿ

 f (0 y) 2  no interior critical points; f(0 0) 1w ß œ Ê ß œ

 and f(0 1) 3ß œ

 (ii) On OB, f(x y) f(x 0) 4x 1 on 0 x 1;ß œ ß œ � Ÿ Ÿ

 f (x 0) 4  no interior critical points; f(1 0) 5w ß œ Ê ß œ

 (iii) On AB, f(x y) f(x x 1) 8x 6x 3 onß œ ß� � œ � �#

 0 x 1; f (x x 1) 16x 6 0  xŸ Ÿ ß� � œ � œ Ê œw 3
8

 and y ; f , f(0 1) 3, and f( 0) 5œ ß œ ß œ "ß œ5 3 5 15
8 8 8 8

ˆ ‰  

 (iv) For interior points of the triangular region,  f (x y) 4 8y 0 and f (x y) 8x 2 0x yß œ � œ ß œ � � œ

  y  and x  which is an interior critical point with f 2.  Therefore the absolute maximum is 5 atÊ œ œ ß œ" " " "
# #4 4

ˆ ‰
 (1 0) and the absolute minimum is 1 at (0 0).ß ß

39. Let F(a b) 6 x x  dx where a b.  The boundary of the domain of F is the line a b in the ab-plane, andß œ � � Ÿ œ'
a

ba b#
 F(a a) 0, so F is identically 0 on the boundary of its domain.  For interior critical points we have:ß œ

 6 a a 0 a 3, 2 and 6 b b 0  b 3, 2.  Since a b, there is only one` `
` `

# #F F
a bœ � � � œ Ê œ � œ � � œ Ê œ � Ÿa b a b

 interior critical point ( 3 2) and F( 3 2) 6 x x  dx gives the area under the parabola y 6 x x  that is� ß � ß œ � � œ � �'
�3

2 a b# #

 above the x-axis.  Therefore, a 3 and b 2.œ � œ

40. Let F(a b) 24 2x x  dx where a b.  The boundary of the domain of F is the line a b and on this line F isß œ � � Ÿ œ'
a

ba b# "Î$

 identically 0.  For interior critical points we have:  24 2a a 0  a 4, 6 and`
`

# "Î$F
a œ � � � œ Ê œ �a b

 24 2b b 0  b 4, 6.  Since a b, there is only one critical point ( 6 4) and`
`

# "Î$F
b œ � � œ Ê œ � Ÿ � ßa b

 F( 6 4) 24 2x x  dx gives the area under the curve y 24 2x x  that is above the x-axis.� ß œ � � œ � �'
�6

4 a b a b# # "Î$

 Therefore, a 6 and b 4.œ � œ

41. T (x y) 2x 1 0 and T (x y) 4y 0  x  and y 0 with T 0 ; on the boundaryx y 4ß œ � œ ß œ œ Ê œ œ ß œ �" " "
# #

ˆ ‰
 x y 1:  T(x y) x x 2 for 1 x 1  T (x y) 2x 1 0  x  and y ;# # # w "

# #� œ ß œ � � � � Ÿ Ÿ Ê ß œ � � œ Ê œ � œ „
È3

 T , T , T( 1 0) 2, and T( 0) 0  the hottest is 2 ° at  andŠ ‹ Š ‹ Š ‹� ß œ � ß� œ � ß œ "ß œ Ê � ß" " " "
# # # # # #

È È È3 3 39 9
4 4 4

 ; the coldest is ° at 0 .Š ‹ ˆ ‰� ß� � ß" " "
# # #

È3
4

42. f (x y) y 2 0 and f (x y) x 0  x  and y 2; f 2 8,x y xx
2 2
x y x 2ß œ � � œ ß œ � œ Ê œ œ ß œ œ" " "

# # ß
ˆ ‰ ¸

# ˆ ‰1
2

 f 2 , f 2 1  f f f 1 0 and f 0  a local minimum of f 2¹ˆ ‰ ˆ ‰ ˆ ‰yy xy xx yy xxy 42
xy

" " " " "
# # #ß

#ß œ œ ß œ Ê � œ � � Ê ß# ˆ ‰1
2

 2 ln 2 ln 2œ � œ �"
#

43. (a) f (x y) 2x 4y 0 and f (x y) 2y 4x 0  x 0 and y 0; f (0 0) 2, f (0 0) 2,x y xx yyß œ � œ ß œ � œ Ê œ œ ß œ ß œ

 f (0 0) 4  f f f 12 0  saddle point at (0 0)xy xx yy xyß œ � Ê � œ � � Ê ß#

 (b) f (x y) 2x 2 0 and f (x y) 2y 4 0  x 1 and y 2; f (1 2) 2, f (1 2) 2,x y xx yyß œ � œ ß œ � œ Ê œ œ ß œ ß œ

 f (1 2) 0  f f f 4 0 and f 0  local minimum at ( )xy xx yy xxxyß œ Ê � œ � � Ê "ß ##
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 (c) f (x y) 9x 9 0 and f (x y) 2y 4 0  x 1 and y 2; f (1 2) 18x 18,x y xx 1 2ß œ � œ ß œ � œ Ê œ „ œ � ß� œ œ#
Ð ß� Ñk

 f (1 2) 2, f (1 2) 0  f f f 36 0 and f 0  local minimum at ( );yy xy xx yy xxxyß � œ ß� œ Ê � œ � � Ê "ß�##

 f ( 1 2) 18, f ( 2) 2, f ( 2) 0  f f f 36 0  saddle point at ( 2)xx yy xy xx yy xy� ß� œ � �"ß� œ �"ß� œ Ê � œ � � Ê �"ß�#

44. (a) Minimum at (0 0) since f(x y) 0 for all other (x y)ß ß � ß

 (b) Maximum of 1 at ( ) since f(x y) 1 for all other (x y)!ß ! ß � ß

 (c) Neither since f(x y) 0 for x 0 and f(x y) 0 for x 0ß � � ß � �

 (d) Neither since f(x y) 0 for x 0 and f(x y) 0 for x 0ß � � ß � �

 (e) Neither since f(x y) 0 for x 0 and y 0, but f(x y) 0 for x 0 and y 0ß � � � ß � � �

 (f) Minimum at (0 0) since f(x y) 0 for all other (x y)ß ß � ß

45. If k 0, then f(x y) x y f (x y) 2x 0 and f (x y) 2y 0 x 0 and y 0 (0 0) is the onlyœ ß œ � Ê ß œ œ ß œ œ Ê œ œ Ê ß# #
x y

 critical point.  If k 0, f (x y) 2x ky 0 y x; f (x y) kx 2y 0 kx 2 x 0Á ß œ � œ Ê œ � ß œ � œ Ê � � œx y
2 2
k k

ˆ ‰
 kx 0 k x 0  x 0 or k 2  y (0) 0 or y x; in any case (0 0) is aÊ � œ Ê � œ Ê œ œ „ Ê œ � œ œ „ ß4x 4 2

k k k
ˆ ‰ ˆ ‰

 critical point.

46. (See Exercise 45 above):  f (x y) 2, f (x y) 2, and f (x y) k f f f 4 k ; f will have a saddle pointxx yy xy xx yy xyß œ ß œ ß œ Ê � œ �# #

 at (0 0) if 4 k 0  k 2 or k 2; f will have a local minimum at (0 0) if 4 k 0 2 k 2; the test isß � � Ê � � � ß � � Ê � � �# #

 inconclusive if 4 k 0  k 2.� œ Ê œ „#

47. No; for example f(x y) xy has a saddle point at (a b) (0 0) where f f 0.ß œ ß œ ß œ œx y

48. If f (a b) and f (a b) differ in sign, then f (a b) f (a b) 0 so f f f 0.  The surface must therefore have axx yy xx yy xx yy xyß ß ß ß � � �#

 saddle point at (a b) by the second derivative test.ß

49. We want the point on z 10 x y  where the tangent plane is parallel to the plane x 2y 3z 0.  To find a normalœ � � � � œ# #

 vector to z 10 x y  let w z x y 10.  Then w 2x 2y  is normal to z 10 x y  atœ � � œ � � � œ � � œ � �# # # # # #
™ i j k

 (x y).  The vector w is parallel to 2 3  which is normal to the plane x 2y 3z 0 ifß � � � � œ™ i j k
 6x 6y 3 2 3  or x  and y .  Thus the point is 10  or .i j k i j k� � œ � � œ œ ß ß � � ß ß" " " " " " " "

6 3 6 3 36 9 6 3 36
355ˆ ‰ ˆ ‰

50. We want the point on z x y 10 where the tangent plane is parallel to the plane x 2y z 0.  Letœ � � � � œ# #

 w z x y 10, then w 2x 2y  is normal to z x y 10 at (x y).  The vector w is parallelœ � � � œ � � � œ � � ß# # # #
™ ™i j k

 to 2  which is normal to the plane if x  and y 1.  Thus the point 1 1 10  or 1  is the pointi j k� � œ œ ß ß � � ß ß" " " "
# # #

ˆ ‰ ˆ ‰
4 4

45

 on the surface z x y 10 nearest the plane x 2y z 0.œ � � � � œ# #

51. d x y z x 0 y 0 z 0 we can minimize d x y z  by minimizing D x y z x y z ;a b a b a b a b a b a bÉß ß œ � � � � � Ê ß ß ß ß œ � �
2 2 2 2 2 2

 3x 2y z 6 z 6 3x 2y D x y x y 6 3x 2y D x y 2x 6 6 3x 2y 0� � œ Ê œ � � Ê ß œ � � � � Ê ß œ � � � œa b a b a b a b2 2 2
x

 and D x y 2y 4 6 3x 2y 0 critical point is , z ; D , 20, D , 1 10,y xx yy
9 6 3 9 6 1
7 7 7 7 7 2a b a b ˆ ‰ ˆ ‰ ˆ ‰ß œ � � � œ Ê Ê œ œ œ

 D , 1 12 D D D 56 0 and D 0 local minimum of d , , xy xx yy xx
1 9 6 3
2 7 7 7 7xy

3 14ˆ ‰ ˆ ‰œ Ê � œ � � Ê œ# È

52. d x y z x 2 y 1 z 1 we can minimize d x y z  by minimizinga b a b a b a b a bÉß ß œ � � � � � Ê ß ß
2 2 2

 D x y z x 2 y 1 z 1 ; x y z 2 z x y 2a b a b a b a bß ß œ � � � � � � � œ Ê œ � �
2 2 2

 D x y x 2 y 1 x y 3 D x y 2 x 2 2 x y 3 0Ê ß œ � � � � � � Ê ß œ � � � � œa b a b a b a b a b a b a b2 2 2
x

 and D x y 2 y 1 2 x y 3 0 critical point is , z ; D , 4, D , 4,y xx yy
8 1 1 8 1 8 1
3 3 3 3 3 3 3a b a b a b ˆ ‰ ˆ ‰ ˆ ‰ß œ � � � � œ Ê � Ê œ � œ � œ

 D , 2  D D D 12 0 and D 0 local minimum of d , , xy xx yy xx
8 1 8 1 1 2
3 3 3 3 3xy 3

ˆ ‰ ˆ ‰� œ Ê � œ � � Ê � œ# È

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



844 Chapter 14 Partial Derivatives

53. s x y z x y z ; x y z 9 z 9 x y s x y x y 9 x ya b a b a bß ß œ � � � � œ Ê œ � � Ê ß œ � � � �2 2 2 2 2 2

 s x y 2x 2 9 x y 0 and s x y 2y 2 9 x y 0 critical point is 3, 3 z 3;Ê ß œ � � � œ ß œ � � � œ Ê Ê œx ya b a b a b a b a b
 s 3, 3 4, s 3, 3 4, s 3, 3 2  s s s 12 0 and s 0 local minimum of s 3, 3, 3 27xx yy xy xx yy xxxya b a b a b a bœ œ œ Ê � œ � � Ê œ#

54. p x y z xyz; x y z 3 z 3 x y p x y x y 3 x y 3x y x y x ya b a b a bß ß œ � � œ Ê œ � � Ê ß œ � � œ � �2 2

 p x y 3y 2xy y 0 and p x y 3x x 2xy 0 critical points are 0, 0 , 0, 3 , 3, 0 , andÊ ß œ � � œ ß œ � � œ Êx y
2 2a b a b a b a b a b

 1, 1 ; for 0, 0 z 3;  p 0, 0 0, p 0, 0 0, p 0, 0 3  p p p 9 0 saddle point;a b a b a b a b a bÊ œ œ œ œ Ê � œ � � Êxx yy xy xx yy xy
#

 for 0, 3 z 0;  p 0, 3 6, p 0, 3 0, p 0, 3 3  p p p 9 0 saddle point;a b a b a b a bÊ œ œ � œ œ � Ê � œ � � Êxx yy xy xx yy xy
#

 for 3, 0 z 0;  p 3, 0 0, p 3, 0 6, p 3, 0 3  p p p 9 0 saddle point;a b a b a b a bÊ œ œ œ � œ � Ê � œ � � Êxx yy xy xx yy xy
#

 for 1, 1 z 1;  p 1, 1 2, p 1, 1 2, p 1, 1 1  p p p 3 0 and  p 0 locala b a b a b a bÊ œ œ � œ � œ � Ê � œ � � Êxx yy xy xx yy xxxy
#

 maximum of p 1, 1, 1 1a b œ
55. s x y z xy yz xz; x y z 6 z 6 x y s x y xy y 6 x y x 6 x ya b a b a b a bß ß œ � � � � œ Ê œ � � Ê ß œ � � � � � �

 6x 6y xy x y s x y 6 2x y 0 and s x y 6 x 2y 0 critical point is 2, 2œ � � � � Ê ß œ � � œ ß œ � � œ Ê2 2
x ya b a b a b

 z 2; s 2, 2 2, s 2, 2 2, s 2, 2 1  s s s 3 0 and s 0 local maximum ofÊ œ œ � œ � œ � Ê � œ � � Êxx yy xy xx yy xxxya b a b a b #

 s 2, 2, 2 12a b œ
56. d x y z x 6 y 4 z 0 we can minimize d x y z  by minimizinga b a b a b a b a bÉß ß œ � � � � � Ê ß ß

2 2 2

 D x y z x 6 y 4 z ; z x y D x y x 6 y 4 x ya b a b a b a b a b a bÈß ß œ � � � � œ � Ê ß œ � � � � �
2 2 2 22 2 22 2

 2x 2y 12x 8y 52 D x y 4x 12 0 and D x y 4y 8 0 critical point is 3, 2œ � � � � Ê ß œ � œ ß œ � œ Ê �2 2
x ya b a b a b

 z 13; D 3, 2 4, D 3, 2 4, D 3, 2 0  D D D 16 0 and D 0 localÊ œ � œ � œ � œ Ê � œ � � ÊÈ a b a b a bxx yy xy xx yy xxxy
#

 minimum of d 3, 2, 13 26Š ‹È È� œ

57. V x y z 2x 2y 2z 8xyz; x y z 4 z 4 x y V x y 8xy 4 x y ,a b a ba ba b a bÈ Èß ß œ œ � � œ Ê œ � � Ê ß œ � �2 2 2 2 2 2 2

 x 0 and y 0 V x y 0 and V x y 0 critical points are    Ê ß œ œ ß œ œ Êx y
32y 16x y 8y 32x 16x y 8x

4 x y 4 x y
a b a b� � � �

� � � �

2 3 2 3

2 2 2 2È È
 0, 0 , , , , , , , and , . Only 0, 0  and ,  satisfy x 0 and y 0a b a bŠ ‹ Š ‹ Š ‹ Š ‹ Š ‹# # # # # # # # # #È È È È È È È È È È3 3 3 3 3 3 3 3 3 3

� � � �    

 V 0 0 0 and V , ; On x 0, 0 y 2 V 0 y 8 0 y 4 0 y 0, no critical points,a b a b a bŠ ‹ Èß œ œ œ Ÿ Ÿ Ê ß œ � � œ# #È È È3 3 3 3
64 2 2

 V 0 0 0, V 0 2 0; On y 0, 0 x 2 V x 0 8x 0 4 x 0 0, no critical points, V 0 0 0,a b a b a b a b a bÈß œ ß œ œ Ÿ Ÿ Ê ß œ � � œ ß œ2 2

 V 0 2 0; On y 4 x , 0 x 2 V x 4 x 8x 4 x 4 x 4 x 0a b È È È ÈŠ ‹ Ê Š ‹ß œ œ � Ÿ Ÿ Ê ß � œ � � � � œ2 2 2 2 2
2

 no critical points, V 0 2 0, V 2 0 0. Thus, there is a maximum volume of  if the box is .a b a bß œ ß œ ‚ ‚64
3 3 3 3 3È È È È# # #

58. S x y z 2xy 2yz 2xz; xyz 27 z S x y z 2xy 2y 2x 2xy , x 0,a b a b Š ‹ Š ‹ß ß œ � � œ Ê œ Ê ß ß œ � � œ � � �27 27 27 54 54
xy xy xy x y

 y 0; S x y 2y 0 and S x y 2x 0 Critical point is 3, 3 z 3;  S 3, 3 4,� ß œ � œ ß œ � œ Ê Ê œ œx y xx
54 54
x ya b a b a b a b2 2

 S 3, 3 4, D 3, 3 2  D D D 12 0 and D 0 local minimum of S 3 3 3 54yy xy xx yy xxxya b a b a bœ œ Ê � œ � � Ê ß ß œ#
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59. Let x height of the box, y width, and z length, cut outœ œ œ

 squares of length x from corner of the material See diagram
 at right. Fold along the dashed lines to form the box. From
 the diagram we see that the length of the material is 2x y�

 and the width is 2x z. Thus 2x y 2x z 12� � � œa ba b
 z . Since V x, y, z x y zÊ œ œ

2 6 2 x xy
2x y

ˆ ‰� �

�

2 a b
 V x, y , where x 0, y 0.Ê œ � �a b 2x y 6 2 x xy

2x y

ˆ ‰� �

�

2

 V x, y 0 andx
4 3y 4x y 4x y xy

2x y
a b œ œ

ˆ ‰
a b

2 3 2 2 3

2
� � �

�

 

 V x, y 0 critical points are 3, 0 , 3, 0 , , ,y
2 12x 4 x 4x y x y

2x y
1 4

3 3
a b Š ‹ Š ‹ Š ‹È Èœ œ Ê �

ˆ ‰
a b È È

2 4 3 2 2

2
� � �

�

 and , . Only 3, 0  and ,  satisfy x 0 and y 0. For 3, 0 :  z 0; V 3, 0 0,Š ‹ Š ‹ Š ‹ Š ‹ Š ‹È È È� � � � œ œ1 4 1 4
3 3 3 3 xxÈ È È È

 V 3, 0 2 3, V 3, 0 4 3 V V V 48 0 saddle point. For , :  z ;yy xy xx yy xy
1 4 4

3 3 3
Š ‹ Š ‹ Š ‹È È È Èœ � œ � Ê � œ � � Ê œ# È È È

 V , , V , , V , V V V 0 andxx yy xy xx yy
1 4 80 1 4 2 1 4 4 16

3 3 3 3 3 3 3 3 3 3 3 3 xy 3Š ‹ Š ‹ Š ‹È È È È È È È È Èœ � œ � œ � Ê � œ �#

 V 0 local maximum of V , , xx
1 4 4 16

3 3 3 3 3
� Ê œŠ ‹È È È È

60. (a) (i) On x 0, f(x y) f(0 y) y y 1 for 0 y 1; f (0 y) 2y 1 0  y  and x 0;œ ß œ ß œ � � Ÿ Ÿ ß œ � œ Ê œ œ# w "
#

 f 0 , f(0 0) 1, and f(0 1) 1ˆ ‰ß œ ß œ ß œ"
#

3
4

 (ii) On y 1, f(x y) f(x 1) x x 1 for 0 x 1; f (x 1) 2x 1 0  x  and y 1, butœ ß œ ß œ � � Ÿ Ÿ ß œ � œ Ê œ � œ# w "
#

 1  is outside the domain; f(0 1) 1 and f( ) 3ˆ ‰� ß ß œ "ß " œ"
#

 (iii) On x 1, f(x y) f( y) y y 1 for 0 y 1; f (1 y) 2y 1 0  y  and x 1, butœ ß œ "ß œ � � Ÿ Ÿ ß œ � œ Ê œ � œ# w "
#

 1  is outside the domain; f(1 0) 1 and f( ) 3ˆ ‰ß � ß œ "ß " œ"
#

 (iv) On y 0, f(x y) f(x 0) x x 1 for 0 x 1; f (x 0) 2x 1 0  x  and y 0;œ ß œ ß œ � � Ÿ Ÿ ß œ � œ Ê œ œ# w "
#

 f 0 ; f(0 0) 1, and f( 0) 1ˆ ‰"
# ß œ ß œ "ß œ3

4

 (v) On the interior of the square, f (x y) 2x 2y 1 0 and f (x y) 2y 2x 1 0  2x 2y 1x yß œ � � œ ß œ � � œ Ê � œ

 (x y) .  Then f(x y) x y 2xy x y 1 (x y) (x y) 1  is the absoluteÊ � œ ß œ � � � � � œ � � � � œ"
#

# # # 3
4

 minimum value when 2x 2y 1.� œ

 (b) The absolute maximum is f( ) 3."ß " œ

61. (a)   2 sin t 2 cos t 0  cos t sin t  x ydf f dx f dx
dt x dt y dt dt dt

dy dyœ � œ � œ � � œ Ê œ Ê œ` `
` `

 (i) On the semicircle x y 4, y 0, we have t  and x y 2  f 2 2 2 2.  At the# #� œ   œ œ œ Ê ß œ1
4

È È È ÈŠ ‹
 endpoints, f( 2 0) 2 and f( ) 2.  Therefore the absolute minimum is f( 2 0) 2 when t ;� ß œ � #ß ! œ � ß œ � œ 1

 the absolute maximum is f 2 2 2 2 when t .Š ‹È È Èß œ œ 1
4

 (ii) On the quartercircle x y 4, x 0 and y 0, the endpoints give f( 2) 2 and f( 0) 2.# #� œ     !ß œ #ß œ

 Therefore the absolute minimum is f(2 0) 2 and f( 2) 2 when t 0,  respectively; the absoluteß œ !ß œ œ 1
#

 maximum is f 2 2 2 2 when t .Š ‹È È Èß œ œ 1
4

 (b)   y x 4 sin t 4 cos t 0  cos t sin t  x y.dg g g dy dy
dt x dt y dt dt dt

dx dxœ � œ � œ � � œ Ê œ „ Ê œ „` `
` `

# #

 (i) On the semicircle x y 4, y 0, we obtain x y 2 at t  and x 2, y 2 at# #� œ   œ œ œ œ � œÈ È È1
4

 t .  Then g 2 2 2 and g 2 2 2.  At the endpoints, g( 2 0) g( 0) 0.œ ß œ � ß œ � � ß œ #ß œ3
4
1 Š ‹ Š ‹È È È È

 Therefore the absolute minimum is g 2 2 2 when t ; the absolute maximum isŠ ‹È È� ß œ � œ 3
4
1

 g 2 2 2 when t .Š ‹È Èß œ œ 1
4
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 (ii) On the quartercircle x y 4, x 0 and y 0, the endpoints give g( 2) 0 and g( 0) 0.# #� œ     !ß œ #ß œ

 Therefore the absolute minimum is g(2 0) 0 and g( 2) 0 when t 0,  respectively; the absoluteß œ !ß œ œ 1
#

 maximum is g 2 2 2 when t .Š ‹È Èß œ œ 1
4

 (c)   4x 2y (8 cos t)( 2 sin t) (4 sin t)(2 cos t) 8 cos t sin t 0dh h dx h dx
dt x dt y dt dt dt

dy dyœ � œ � œ � � œ � œ` `
` `

  t 0, ,  yielding the points (2 0), (0 2) for 0 t .Ê œ ß ß Ÿ Ÿ1
# 1 1

 (i) On the semicircle x y 4, y 0 we have h(2 0) 8, h(0 2) 4, and h( 2 0) 8.  Therefore,# #� œ   ß œ ß œ � ß œ

 the absolute minimum is h( 2) 4 when t ; the absolute maximum is h(2 0) 8 and h( 2 0) 8!ß œ œ ß œ � ß œ1
#

 when t 0,  respectively.œ 1

 (ii) On the quartercircle x y 4, x 0 and y 0 the absolute minimum is h(0 2) 4 when t ; the# #
#� œ     ß œ œ 1

 absolute maximum is h(2 0) 8 when t 0.ß œ œ

62. (a)   2 3 6 sin t 6 cos t 0  sin t cos t  t  for 0 t .df f dx f dx
dt x dt y dt dt dt 4

dy dyœ � œ � œ � � œ Ê œ Ê œ Ÿ Ÿ` `
` `

1 1

 (i) On the semi-ellipse, 1, y 0, f(x y) 2x 3y 6 cos t 6 sin t 6 6 6 2x
9 4

y 2 2# #

� œ   ß œ � œ � œ � œŠ ‹ Š ‹ ÈÈ È
# #

 at t .  At the endpoints, f( 3 0) 6 and f(3 0) 6.  The absolute minimum is f( 3 0) 6 whenœ � ß œ � ß œ � ß œ �1
4

 t ; the absolute maximum is f 2 6 2 when t .œ ß œ œ1 Š ‹È È3 2
4

È
#

1

 (ii) On the quarter ellipse, at the endpoints f(0 2) 6 and f(3 0) 6.  The absolute minimum is f(3 0) 6ß œ ß œ ß œ

 and f(0 2) 6 when t 0,  respectively; the absolute maximum is f 2 6 2 when t .ß œ œ ß œ œ1 1
# #Š ‹È È3 2

4

È

 (b)   y x (2 sin t)( 3 sin t) (3 cos t)(2 cos t) 6 cos t sin t 6 cos 2t 0dg g g dy dy
dt x dt y dt dt dt

dx dxœ � œ � œ � � œ � œ œ` `
` `

# #a b
  t ,  for 0 t .Ê œ Ÿ Ÿ1 1

4 4
3 1

 (i) On the semi-ellipse, g(x y) xy 6 sin t cos t.  Then g 2 3 when t , andß œ œ ß œ œŠ ‹È3 2
4

È
#

1

 g 2 3 when t .  At the endpoints, g( 3 0) g( 0) 0.  The absolute minimum isŠ ‹È� ß œ � œ � ß œ $ß œ3 2 3
4

È
#

1

 g 2 3 when t ; the absolute maximum is g 2 3 when t .Š ‹ Š ‹È È� ß œ � œ ß œ œ3 2 3 23
4 4

È È
# #

1 1

 (ii) On the quarter ellipse, at the endpoints g( 2) 0 and g( 0) 0.  The absolute minimum is g(3 0) 0!ß œ $ß œ ß œ

 and g(0 2) 0 at t 0,  respectively; the absolute maximum is g 2 3 when t .ß œ œ ß œ œ1 1
# #Š ‹È3 2

4

È

 (c)   2x 6y (6 cos t)( 3 sin t) (12 sin t)(2 cos t) 6 sin t cos t 0dh h dx h dx
dt x dt y dt dt dt

dy dyœ � œ � œ � � œ œ` `
` `

  t 0, ,  for 0 t , yielding the points (3 0), (0 2), and ( 3 0).Ê œ Ÿ Ÿ ß ß � ß1
# 1 1

 (i) On the semi-ellipse, y 0 so that h(3 0) 9, h(0 2) 12, and h( 3 0) 9.  The absolute minimum is  ß œ ß œ � ß œ

 h(3 0) 9 and h( 3 0) 9 when t 0,  respectively; the absolute maximum is h( 2) 12 when t .ß œ � ß œ œ !ß œ œ1 1
#

 (ii) On the quarter ellipse, the absolute minimum is h(3 0) 9 when t 0; the absolute maximum isß œ œ

 h( 2) 12 when t .!ß œ œ 1
#

63.   y xdf f dx f dx
dt x dt y dt dt dt

dy dyœ � œ �` `
` `

 (i) x 2t and y t 1  (t 1)(2) (2t)(1) 4t 2 0  t   x 1 and y  withœ œ � Ê œ � � œ � œ Ê œ � Ê œ � œdf
dt

" "
# #

 f 1 .  The absolute minimum is f 1  when t ; there is no absolute maximum.ˆ ‰ ˆ ‰� ß œ � � ß œ � œ �" " " " "
# # # # #

 (ii) For the endpoints:  t 1  x 2 and y 0 with f( 2 0) 0; t 0  x 0 and y 1 withœ � Ê œ � œ � ß œ œ Ê œ œ

 f( 1) 0.  The absolute minimum is f 1  when t ; the absolute maximum is f(0 1) 0!ß œ � ß œ � œ � ß œˆ ‰" " "
# # #

 and f( 0) 0 when t 1, 0 respectively.�#ß œ œ �

 (iii) There are no interior critical points.  For the endpoints:  t 0  x 0 and y 1 with f(0 1) 0;œ Ê œ œ ß œ

 t 1  x 2 and y 2 with f(2 2) 4.  The absolute minimum is f(0 1) 0 when t 0; the absoluteœ Ê œ œ ß œ ß œ œ

 maximum is f(2 2) 4 when t 1.ß œ œ
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64. (a)   2x 2ydf f dx f dx
dt x dt y dt dt dt

dy dyœ � œ �` `
` `

 (i) x t and y 2 2t  (2t)(1) 2(2 2t)( 2) 10t 8 0  t   x  and y  withœ œ � Ê œ � � � œ � œ Ê œ Ê œ œdf 4 4 2
dt 5 5 5

 f .  The absolute minimum is f  when t ; there is no absoluteˆ ‰ ˆ ‰4 2 6 4 4 4 2 4 4
5 5 5 25 5 5 5 5 5ß œ � œ ß œ œ"

#

 maximum along the line.
 (ii) For the endpoints:  t 0  x 0 and y 2 with f(0 2) 4; t 1  x 1 and y 0 with f(1 0) 1.œ Ê œ œ ß œ œ Ê œ œ ß œ

 The absolute minimum is f  at the interior critical point when t ; the absolute maximum isˆ ‰4 2 4 4
5 5 5 5ß œ œ

 f(0 2) 4 at the endpoint when t 0.ß œ œ

 (b)     dg g g dy 2y dy
dt x dt y dt dt dt

dx 2x dx
x y x y

œ � œ �` ` �
` `

�
� �

’ “ ’ “a b a b# # # ## #

 (i) x t and y 2 2t  x y 5t 8t 4  5t 8t 4 [( 2t)(1) ( 2)(2 2t)( 2)]œ œ � Ê � œ � � Ê œ � � � � � � � �# # # # �#dg
dt a b

 5t 8t 4 ( 10t 8) 0  t   x  and y  with g .  The absoluteœ � � � � � œ Ê œ Ê œ œ ß œ œa b ˆ ‰# �# "4 4 2 4 2 5
5 5 5 5 5 4ˆ ‰4

5

 maximum is g  when t ; there is no absolute minimum along the line since x and y can beˆ ‰4 2 5 4
5 5 4 5ß œ œ

 as large as we please.

 (ii) For the endpoints:  t 0  x 0 and y 2 with g(0 2) ; t 1  x 1 and y 0 with g(1 0) 1.œ Ê œ œ ß œ œ Ê œ œ ß œ"
4

 The absolute minimum is g(0 2)  when t 0; the absolute maximum is g  when t .ß œ œ ß œ œ"
4 5 5 4 5

4 2 5 4ˆ ‰
65. w m x b y m x b y m x b yœ � � � � � �â� � �a b a b a b1 1 2 2 n n

2 2 2

 2 m x b y x 2 m x b y x 2 m x b y xÊ œ � � � � � �â� � �`
`

w
m 1 1 1 2 2 2 n n na ba b a ba b a ba b

 2 m x b y 1 2 m x b y 1 2 m x b y 1Ê œ � � � � � �â� � �`
`

w
b 1 1 2 2 n na ba b a ba b a ba b

 0 2 m x b y x m x b y x m x b y x 0`
`

w
m 1 1 1 2 2 2 n n nœ Ê � � � � � �â� � � œ� ‘a ba b a ba b a ba b

 m x b x x y m x b x x y m x b x x y 0Ê � � � � � �â� � � œ2 2 2
1 1 1 1 2 2 2 n n nn#

 m x x x b x x x x y x y x y 0Ê � �â� � � �â� � � �â� œa b a b a b2 2 2
1 n 1 2 n 1 1 2 2 n n#

 m x b x x y 0Ê � � œ! ! !a b a b
k 1 k 1 k 1

n n n

k
2

k k k
œ œ œ

 0 2 m x b y m x b y m x b y 0`
`

w
b 1 1 2 2 n nœ Ê � � � � � �â� � � œ� ‘a b a b a b

 m x b y m x b y m x b y 0Ê � � � � � �â� � � œ1 1 2 2 n n

 m x x x b b b y y y 0Ê � �â� � � �â� � � �â� œa b a b a b1 2 n 1 2 n

 m x b 1 y 0 m x bn y 0 b y m x .Ê � � œ Ê � � œ Ê œ �! ! ! ! ! ! !Œ �
k 1 k 1 k 1 k 1 k 1 k 1 k 1

n n n n n n n

k k k k k k
1
n

œ œ œ œ œ œ œ

 Substituting for b in the equation obtained for  we get   m x y m x x x y 0.`
`

œ œ œ œ œ

w 1
m n

k 1 k 1 k 1 k 1 k 1

n n n n n

k
2

k k k k k! ! ! ! !a b a bŒ �� � � œ

 Multiply both sides by n to obtain   m n x y m x x n x y 0! ! ! ! !a b a bŒ �
k 1 k 1 k 1 k 1 k 1

n n n n n

k
2

k k k k k
œ œ œ œ œ

� � � œ

 m n x x y m x n x y 0Ê � � � œ! ! ! ! !a b a bŒ �Œ � Œ �
k 1 k 1 k 1 k 1 k 1

n n n n n

k
2

k k k k k

2

œ œ œ œ œ

 m n x m x n x y x yÊ � œ �! ! ! ! !a b a bŒ � Œ �Œ �
k 1 k 1 k 1 k 1 k 1

n n n n n

k
2

k k k k k

2

œ œ œ œ œ

 m n x x n x y x yÊ � œ �– —! ! ! ! !a b a bŒ � Œ �Œ �
k 1 k 1 k 1 k 1 k 1

n n n n n

k
2

k k k k k

2

œ œ œ œ œ

 mÊ œ œ
n x y x y x y n x y

n x x x n x

! ! ! ! ! !a b a bŒ �Œ � Œ �Œ �
! ! ! !a b a bŒ � Œ �

k 1 k 1 k 1 k 1 k 1 k 1

n n n n n n

k k k k k k k k

k 1 k 1 k 1 k 1

n n n n

k k
2 2

k k

2 2
œ œ œ œ œ œ

œ œ œ œ

� �

� �

 To show that these values for m and b minimize the sum of the squares of the distances, use second derivative test.

 2 x 2 x 2 x 2 x ; 2 x 2 x 2 x 2 x ; 2 2 2 2 n` ` `
` ` ` `#

œ œ

2 2 2

2 2
w w w

m m b b
2 2 2 2
1 n

k 1 k 1

n n

k 1 2 n kœ � �â� œ œ � �â� œ œ � �â� œ! !a b
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 The discriminant is: 2 x 2 n 2 x 4 n x x .Š ‹Š ‹ Š ‹ ” • ” •! ! ! !a b a b a b– —Œ �` ` `
` ` ` `

œ œ œ œ

#
2 2 2

2 2
w w w

m b m b

2

k 1 k 1 k 1 k 1

n n n n

k k
2 2

k k

2

� œ � œ �

 Now,  n x x n x x x x x x x x x! !a b a b a ba bŒ �
k 1 k 1

n n

k
2 2 2

k 1 2 n 1 2 n

2

1 n
œ œ

#
#� œ � �â� � � �â� � �â�

 n x n x n x x x x x x x x x x x x x x x xœ � �â� � � �â� � � �â� � � �â�2 2 2 2
1 1n n1 2 1 n 2 1 2 n n 1 n 2# #

# #

 n 1 x n 1 x n 1 x 2 x x 2 x x 2 x x 2 x x 2 x x 2 x xœ � � � �â� � � � �â� � �â� �â�a b a b a b2 2
1 n 1 2 1 3 1 n 2 3 2 n n 1 n#

#
�

 x 2 x x x x 2 x x x x 2 x x x x 2 x x x x 2 x x xœ � � � � � �â� � � � � � �â� � �a b a b a b a b a b2 2 2 2 2 2 2 2
1 1 3 1 31 2 1 3 1 n 2 3 2 nn n# # #

# #

     x 2 x x x�â� � �a b2
n 1 n 1 n n� �

#

 x x x x x x x x x x x x 0.œ � � � �â� � � � �â� � �â� �  a b a b a b a b a b a b1 2 1 3 1 n 2 3 2 n n 1 n
2 2 2 2 2 2

�

 Thus we have : 4 n x x 4 0 0. If x x x  thenŠ ‹Š ‹ Š ‹ – —! !a b a bŒ �` ` `
` ` ` `

œ œ

2 2 2

2 2
w w w

m b m b

2

k 1 k 1

n n

k
2

k 1 2 n

2

� œ �   œ œ œ â œ

  0. Also, 2 x 0. If x x x 0, then 0.Š ‹Š ‹ Š ‹ !a b` ` ` ` `
` ` ` ` ` `

œ

2 2 2 2 2

2 2 2 2
w w w w w

m b m b m m

2

k 1

n

k
2

1 2 n� œ œ   œ œ â œ œ œ

 Provided that at least one x  is nonzero and different from the rest of x , j i, then 0 andi j
w w w

m b m b

2
Á � �Š ‹Š ‹ Š ‹` ` `

` ` ` `

2 2 2

2 2

 0 the values given above for m and b minimize w.`
`

2

2
w

m � Ê

66. m  andœ œ(0)(5) 3(6)
(0) 3(8) 4

3�
�#

 b 5 (0)œ � œ"
3 4 3

3 5� ‘
  y x ; yÊ œ � œ3 5 14

4 3 3
¸

x 4œ

   k      x         y         x        x y    
1 2 0 4 0
2 0 2 0 0
3 2 3 4 6

0 5 8 6

k k k kk
#

�

D

67. m  andœ œ �(2)( 1) 3( 4)
(2) 3(10) 13

20� � �"
�#

 b 1 (2)œ � � � œ"
3 13 13

20 9� ‘ˆ ‰
  y x ; yÊ œ � � œ �20 9 71

13 13 13
¸

x 4œ

   k      x         y         x        x y    
1 1 2 1 2
2 0 1 0 0
3 3 4 9 12

2 1 10 14

k k k kk
#

� �

� �

� �D

68. m  andœ œ(3)(5) 3(8)
(3) 3(5) 2

3�
�#

 b 5 (3)œ � œ"
3 2 6

3 1� ‘
  y x ; yÊ œ � œ3 1 37

2 6 6
¸

x 4œ

   k      x         y         x        x y    
1 0 0 0 0
2 1 2 1 2
3 2 3 4 6

3 5 5 8

k k k kk
#

D

69-74. Example CAS commands:
 :Maple
 f := (x,y) -> x^2+y^3-3*x*y;
 x0,x1 := -5,5;
 y0,y1 := -5,5;
 plot3d( f(x,y), x=x0..x1, y=y0..y1, axes=boxed, shading=zhue, title="#69(a) (Section 14.7)" );
 plot3d( f(x,y), x=x0..x1, y=y0..y1, grid=[40,40], axes=boxed, shading=zhue, style=patchcontour, title="#69(b)
                       (Section 14.7)" );
 fx := D[1](f);                                                                                        # (c)
 fy := D[2](f);
 crit_pts := solve( {fx(x,y)=0,fy(x,y)=0}, {x,y} );
 fxx := D[1](fx);                                                                                    # (d)
 fxy := D[2](fx);
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 Section 14.8 Lagrange Multipliers 849

 fyy := D[2](fy);
 discr := unapply( fxx(x,y)*fyy(x,y)-fxy(x,y)^2, (x,y) );
 for CP in {crit_pts} do                                                                     # (e)
   eval( [x,y,fxx(x,y),discr(x,y)], CP );
 end do;
 # (0,0) is a saddle point
 # ( 9/4,  3/2) is a local minimum
 : (assigned functions and bounds will vary)Mathematica
 Clear[x,y,f]

 f[x_,y_]:= x y 3x y2 3� �

 xmin= 5;  xmax= 5;  ymin= 5;  ymax= 5;� �

 Plot3D[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, AxesLabel {x, y, z}]Ä

 ContourPlot[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, ContourShading False, Contours 40]Ä Ä

 fx= D[f[x,y], x];
 fy= D[f[x,y], y];
 critical=Solve[{fx==0, fy==0},{x, y}]
 fxx= D[fx, x];
 fxy= D[fx, y];
 fyy= D[fy, y];

 discriminant= fxx fyy fxy� 2

 {{x, y}, f[x, y], discriminant, fxx} /.critical

14.8  LAGRANGE  MULTIPLIERS

 1. f y x  and g 2x 4y  so that f g  y x (2x 4y )  y 2x  and x 4y™ ™ ™ ™œ � œ � œ Ê � œ � Ê œ œi j i j i j i j- - - -

  x 8x    or x 0.Ê œ Ê œ „ œ- -# È2
4

 CASE 1: If x 0, then y 0.  But (0 0) is not on the ellipse so x 0.œ œ ß Á

 CASE 2: x 0    x 2y  2y 2y 1  y .Á Ê œ „ Ê œ „ Ê „ � œ Ê œ „-
È2

4
È ÈŠ ‹#

# "
#

 Therefore f takes on its extreme values at  and .  The extreme values of f on the ellipseŠ ‹ Š ‹„ ß „ ß�
È È2 2

2 2
" "
# #

 are .„
È2
#

 2. f y x  and g 2x 2y  so that f g  y x (2x 2y )  y 2x  and x 2y™ ™ ™ ™œ � œ � œ Ê � œ � Ê œ œi j i j i j i j- - - -

  x 4x   x 0 or .Ê œ Ê œ œ „- -# 1
2

 CASE 1: If x 0, then y 0.  But (0 0) is not on the circle x y 10 0 so x 0.œ œ ß � � œ Á# #

 CASE 2: x 0    y 2x x  x x 10 0  x 5  y 5.Á Ê œ „ Ê œ „ œ „ Ê � „ � œ Ê œ „ Ê œ „- 1
2

ˆ ‰ a b È È"
#

# #

 Therefore f takes on its extreme values at 5 5  and 5 5 .  The extreme values of f on theŠ ‹ Š ‹È È È È„ ß „ ß�

 circle are 5 and 5.�

 3. f 2x 2y  and g 3  so that f g  2x 2y ( 3 )  x  and y™ ™ ™ ™œ � � œ � œ Ê � � œ � Ê œ � œ �i j i j i j i j- - - -
# #

3

  3 10  2  x 1 and y 3  f takes on its extreme value at (1 3) on the line.Ê � � � œ Ê œ � Ê œ œ Ê ßˆ ‰ ˆ ‰- -
# #

3 -

 The extreme value is f( ) 49 1 9 39."ß $ œ � � œ

 4. f 2xy x  and g  so that f g  2xy x ( )  2xy  and x™ ™ ™ ™œ � œ � œ Ê � œ � Ê œ œi j i j i j i j# # #- - - -

  2xy x   x 0 or 2y x.Ê œ Ê œ œ#

 CASE 1: If x 0, then x y 3  y 3.œ � œ Ê œ

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



850 Chapter 14 Partial Derivatives

 CASE 2: If x 0, then 2y x so that x y 3  2y y 3  y 1  x 2.Á œ � œ Ê � œ Ê œ Ê œ

 Therefore f takes on its extreme values at ( 3) and (2 ).  The extreme values of f are f(0 3) 0 and f(2 1) 4.!ß ß " ß œ ß œ

 5. We optimize f(x y) x y , the square of the distance to the origin, subject to the constraintß œ �# #

 g(x y) xy 54 0.  Thus f 2x 2y  and g y 2xy  so that f g  2x 2yß œ � œ œ � œ � œ Ê �# #
™ ™ ™ ™i j i j i j-

 y 2xy   2x y  and 2y 2 xy.œ � Ê œ œ- - -a b# #i j
 CASE 1: If y 0, then x 0.  But (0 0) does not satisfy the constraint xy 54 so y 0.œ œ ß œ Á#

 CASE 2: If y 0, then 2 2 x  x   2 y   y .  Then xy 54  54Á œ Ê œ Ê œ Ê œ œ Ê œ- -" " "# # #
- - - - -

ˆ ‰ ˆ ‰ ˆ ‰2 2
# #

      x 3 and y 18  x 3 and y 3 2.Ê œ Ê œ Ê œ œ Ê œ œ „- -$ #" "
27 3

È
 Therefore 3 2  are the points on the curve xy 54 nearest the origin (since xy 54 has points increasinglyŠ ‹È$ß „ œ œ# #

 far away as y gets close to 0, no points are farthest away).

 6. We optimize f(x y) x y , the square of the distance to the origin subject to the constraint g(x y) x y 2 0.ß œ � ß œ � œ# # #

 Thus f 2x 2y  and g 2xy x  so that f g  2x 2xy  and 2y x , since™ ™ ™ ™œ � œ � œ Ê œ œ Ê œi j i j# #- - - - 2y
x#

 x 0  y 0 (but g(0 0) 0).  Thus x 0 and 2x 2xy x 2y  2y y 2 0  y 1 (sinceœ Ê œ ß Á Á œ Ê œ Ê � œ Ê œˆ ‰ a b2y
x#

# # #

 y 0)  x 2 .  Therefore 2 1  are the points on the curve x y 2 nearest the origin (since x y 2 has� Ê œ „ „ ß œ œÈ ÈŠ ‹ # #

 points increasingly far away as x gets close to 0, no points are farthest away).

 7. (a) f  and g y x  so that f g (y x ) 1 y and 1 x y  and™ ™ ™ ™œ � œ � œ Ê � œ � Ê œ œ Ê œi j i j i j i j- - - - "
-

 x 16 .  Use  since x 0 and y 0.  Then x 4 and y 4 the minimum value is 8œ Ê œ Ê œ „ œ � � œ œ Ê" " " "
- -# - -4 4

 at the point (4 4).  Now, xy 16, x 0, y 0 is a branch of a hyperbola in the first quadrant with the x-and y-axesß œ � �

 as asymptotes. The equations x y c give a family of parallel lines with m 1. As these lines move away from� œ œ �

 the origin, the number c increases. Thus the minimum value of c occurs where x y c is tangent to the hyperbola's� œ

 branch.

 (b) f y x  and g  so that f g  y x ( ) y x y y 16 y 8™ ™ ™ ™œ � œ � œ Ê � œ � Ê œ œ � œ Ê œi j i j i j i j- - -

  x 8  f( ) 64 is the maximum value.  The equations xy c (x 0 and y 0 or x 0 and y 0Ê œ Ê )ß ) œ œ � � � �

 to get a maximum value) give a family of hyperbolas in the first and third quadrants with the x- and y-axes as
 asymptotes.  The maximum value of c occurs where the hyperbola xy c is tangent to the line x y 16.œ � œ

 8. Let f(x y) x y  be the square of the distance from the origin.  Then f 2x 2y  andß œ � œ �# #
™ i j

 g (2x y) (2y x)  so that f g  2x (2x y) and 2y (2y x)  ™ ™ ™œ � � � œ Ê œ � œ � Ê œi j - - - -2y
2y x�

  2x (2x y)  x(2y x) y(2x y)  x y   y x.Ê œ � Ê � œ � Ê œ Ê œ „Š ‹2y
2y x�

# #

 CASE 1: y x  x x(x) x 1 0  x  and y x.œ Ê � � � œ Ê œ „ œ# # "È3

 CASE 2: y x  x x( x) ( x) 1 0  x 1 and y x.  Thus fœ � Ê � � � � � œ Ê œ „ œ � ß œ# # " "Š ‹È È3 3
2
3

 f  and f(1 1) 2 f( 1 1).œ � ß� ß� œ œ � ßŠ ‹" "È È3 3

 Therefore the points (1 1) and ( 1 1) are the farthest away;   and  are the closestß � � ß ß � ß�Š ‹ Š ‹" " " "È È È È3 3 3 3

 points to the origin.

 9. V r h  16 r h  16 r h  g(r h) r h 16; S 2 rh 2 r   S (2 h 4 r) 2 r  andœ Ê œ Ê œ Ê ß œ � œ � Ê œ � �1 1 1 1 1 1 1 1# # # # #
™ i j

 g 2rh r  so that S g (2 rh 4 r) 2 r 2rh r 2 rh 4 r 2rh  and  2 r r™ ™ ™œ � œ Ê � � œ � Ê � œ œi j i j i j# # #- 1 1 1 - 1 1 - 1 -a b
  r 0 or .  But r 0 gives no physical can, so r 0    2 h 4 r 2rh 2r hÊ œ œ œ Á Ê œ Ê � œ Ê œ- - 1 12 2 2

r r r
1 1 1ˆ ‰

 16 r (2r) r 2 h 4; thus r 2 cm and h 4 cm give the only extreme surface area of 24  cm .  SinceÊ œ Ê œ Ê œ œ œ# #1

 r 4 cm and h 1 cm  V 16  cm  and S 40  cm , which is a larger surface area, then 24  cm  must be theœ œ Ê œ œ1 1 1$ # #

 minimum surface area.
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10. For a cylinder of radius r and height h we want to maximize the surface area S 2 rh subject to the constraintœ 1

 g(r h) r a 0.  Thus S 2 h 2 r  and g 2r  so that S g  2 h 2 r andß œ � � œ œ � œ � œ Ê œ# #
# #

#ˆ ‰h h
™ ™ ™ ™1 1 - 1 -i j i j

 2 r    and 2 r   4r h   h 2r  r a   2r a   r1 - 1œ Ê œ œ Ê œ Ê œ Ê � œ Ê œ Ê œ- 1 1h h h h 4r a
r r 4 2# #

# # # # # #ˆ ‰ ˆ ‰ #

È
  h a 2  S 2 a 2 2 a .Ê œ Ê œ œÈ ÈŠ ‹Š ‹1 1a

2È #

11. A (2x)(2y) 4xy subject to g(x y) 1 0; A 4y 4x  and g  so that Aœ œ ß œ � � œ œ � œ �x x
16 9 8 9

y 2y# #

™ ™ ™i j i j

 g  4y 4x   4y  and 4x    and 4xœ Ê � œ � Ê œ œ Ê œ œ- - - - -™ i j i jˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰x x
8 9 8 9 x 9 x

2y 2y 32y 2y 32y

  y x  1  x 8  x 2 2 .  We use x 2 2 since x represents distance.Ê œ „ Ê � œ Ê œ Ê œ „ œ3 x
4 16 9

x#
„ #ˆ ‰3
4 # È È

 Then y 2 2 , so the length is 2x 4 2 and the width is 2y 3 2.œ œ œ œ3
4

3 2Š ‹È È ÈÈ
#

12. P 4x 4y subject to g(x y) 1 0; P 4 4  and g  so that P gœ � ß œ � � œ œ � œ � œx 2x
a b a b

y 2y#

# # # #

#

™ ™ ™ ™i j i j -

  4  and 4    and 4   y x  1  Ê œ œ Ê œ œ Ê œ Ê � œ Ê �ˆ ‰ ˆ ‰ ˆ ‰ Š ‹ Š ‹2x 2a 2a b x x b x
a b x b x a a b a

2y 2y x

a# # # # # # #

# # # # # # #

#

#

#
#

%- - -
Š ‹b

a

 1  a b x a   x , since x 0  y x   width 2xœ Ê � œ Ê œ � Ê œ œ Ê œ œa b Š ‹# # # %
� � �

a b b 2a
a b a b a ba

# # # #

# # # # # ##È È È
 and height 2y   perimeter is P 4x 4y 4 a bœ œ Ê œ � œ œ �2b 4a 4b

a b a b

# # #

# # # #È È� �

� # #È
13. f 2x 2y  and g (2x 2) (2y 4)  so that f g 2x 2y  [(2x 2) (2y 4) ]™ ™ ™ ™œ � œ � � � œ œ � œ � � �i j i j i j i j- -

  2x (2x 2) and 2y (2y 4)  x  and y , 1  y 2x  x 2x (2x) 4(2x) 0Ê œ � œ � Ê œ œ Á Ê œ Ê � � � œ- - -- -
- -� �

# #
1 1

2

 x 0 and y 0, or x 2 and y 4.  Therefore f(0 0) 0 is the minimum value and f(2 4) 20 is the maximumÊ œ œ œ œ ß œ ß œ

 value.  (Note that 1 gives 2x 2x 2 or 2, which is impossible.)- œ œ � ! œ �

14. f 3  and g 2x 2y  so that f g 3 2 x and 1 2 y  and 1 2 y™ ™ ™ ™œ � œ � œ Ê œ � œ Ê œ � œi j i j - - - - 3 3
2x 2x

ˆ ‰
 y   x 4  10x 36 x   x  and y , or x  andÊ œ � Ê � � œ Ê œ Ê œ „ Ê œ œ � œ �x x 6 6 2 6

3 3 10 10 10 10
# ##ˆ ‰ È È È È

 y .  Therefore f 6 2 10 6 12.325 is the maximum value, and fœ ß� œ � œ � ¸ � ß2 6 2 20 6 2
10 10 10 10 10 10È È È È È ÈŠ ‹ Š ‹È

 2 10 6 0.325 is the minimum value.œ � � ¸ �È
15. T (8x 4y) ( 4x 2y)  and g(x y) x y 25 0  g 2x 2y  so that T g™ ™ ™ ™œ � � � � ß œ � � œ Ê œ � œi j i j# # -

  (8x 4y) ( 4x 2y) (2x 2y )  8x 4y 2 x and 4x 2y 2 y  y , 1Ê � � � � œ � Ê � œ � � œ Ê œ Ái j i j- - - -�
�
2x

1-

  8x 4 2 x  x 0, or 0, or 5.Ê � œ Ê œ œ œˆ ‰�
�
2x

1-
- - -

 CASE 1: x 0  y 0; but (0 0) is not on x y 25 so x 0.œ Ê œ ß � œ Á# #

 CASE 2: 0  y 2x  x (2x) 25  x 5 and y 2x.- œ Ê œ Ê � œ Ê œ „ œ# # È
 CASE 3: 5  y x 25 x 2 5 x 2 5 and y 5, or x 2 5- œ Ê œ œ � Ê � � œ Ê œ „ Ê œ œ � œ ��

# #
# #2x x x

4
ˆ ‰ È È È È

 and y 5 .œ È
 Therefore T 5 2 5 0° T 5 2 5  is the minimum value and T 2 5 5  125°Š ‹ Š ‹ Š ‹È È È È È Èß œ œ � ß� ß� œ

 T 2 5 5  is the maximum value.  (Note:  1  x 0 from the equation 4x 2y 2 y; but weœ � ß œ Ê œ � � œŠ ‹È È - -

 found x 0 in CASE 1.)Á

16. The surface area is given by S 4 r 2 rh subject to the constraint V(r h) r r h 8000.  Thusœ � ß œ � œ1 1 1 1# $ #4
3

 S (8 r 2 h) 2 r  and V 4 r 2 rh r  so that S V (8 r 2 h) 2 r™ ™ ™ ™œ � � œ � � œ œ � �1 1 1 1 1 1 - 1 1 1i j i j i ja b# #

 4 r 2 rh r   8 r 2 h 4 r 2 rh  and 2 r r   r 0 or 2 r .  But r 0œ � � Ê � œ � œ Ê œ œ Á- 1 1 1 1 1 - 1 1 1 -1 -c d a ba b# # # #i j
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852 Chapter 14 Partial Derivatives

 so 2 r     4r h 2r rh   h 0  the tank is a sphere (there is no cylindrical part) andœ Ê œ Ê � œ � Ê œ Ê- - 2 2
r r a b#

 r 8000  r 10 .4 6
3 1

$ "Î$
œ Ê œ ˆ ‰

1

17. Let f(x y z) (x 1) (y 1) (z 1)  be the square of the distance from (1 1 1).  Thenß ß œ � � � � � ß ß# # #

 f 2(x 1) 2(y 1) 2(z 1)  and g 2 3  so that f g™ ™ ™ ™œ � � � � � œ � � œi j k i j k -

  2(x 1) 2(y 1) 2(z 1) ( 2 3 )  2(x 1) , 2(y 1) 2 , 2(z 1) 3Ê � � � � � œ � � Ê � œ � œ � œi j k i j k- - - -

  2(y 1) 2[2(x 1)] and 2(z 1) 3[2(x 1)]  x   z 2 3  or z ; thusÊ � œ � � œ � Ê œ Ê � œ œy 1 y 1 3y 1� � �
# # #

ˆ ‰
 2y 3 13 0  y 2  x  and z .  Therefore the point 2  is closest (since noy 1 3y 1 3 5 3 5� �

# # # # # #� � � œ Ê œ Ê œ œ ß ßˆ ‰ ˆ ‰
 point on the plane is farthest from the point (1 1 1)).ß ß

18. Let f(x y z) (x 1) (y 1) (z 1)  be the square of the distance from (1 1 1).  Thenß ß œ � � � � � ß� ß# # #

 f 2(x 1) 2(y 1) 2(z 1)  and g 2x 2y 2z  so that f g x 1 x, y 1 y™ ™ ™ ™œ � � � � � œ � � œ Ê � œ � œi j k i j k - - -

 and z 1 z  x , y , and z  for 1  4� œ Ê œ œ � œ Á Ê � � œ- -" " " " �" "
� � � � � �

# # #

1 1 1 1 1 1- - - - - -
ˆ ‰ ˆ ‰ ˆ ‰

    x , y , z  or x , y , z .  The largest value of fÊ œ „ Ê œ œ � œ œ � œ œ �"
"�-

2 2 2 2 2 2 2
3 3 3 3 3 3 3È È È È È È È

 occurs where x 0, y 0, and z 0 or at the point  on the sphere.� � � � ß ß�Š ‹2 2 2
3 3 3È È È

19. Let f(x y z) x y z  be the square of the distance from the origin.  Then f 2x 2y 2z  andß ß œ � � œ � �# # #
™ i j k

 g 2x 2y 2z  so that f g  2x 2y 2z (2x 2y 2z )  2x 2x , 2y 2y ,™ ™ ™œ � � œ Ê � � œ � � Ê œ œi j k i j k i j k- - - -

 and 2z 2z   x 0 or 1.œ � Ê œ œ- -

 CASE 1: 1 2y 2y y 0; 2z 2z  z 0 x 1 0  x 1 0 x 1 and y z 0.- œ Ê œ � Ê œ œ � Ê œ Ê � œ Ê � œ Ê œ „ œ œ# #

 CASE 2: x 0  y z 1, which has no solution.œ Ê � œ# #

 Therefore the points on the unit circle x y 1, are the points on the surface  x y z 1 closest to the origin# # # # #� œ � � œ Þ

 The minimum distance is 1.

20. Let f(x y z) x y z  be the square of the distance to the origin.  Then f 2x 2y 2z  andß ß œ � � œ � �# # #
™ i j k

 g y x  so that f g  2x 2y 2z (y x )  2x y, 2y x, and 2z™ ™ ™œ � � œ Ê � � œ � � Ê œ œ œ �i j k i j k i j k- - - - -

  x   2y   y 0 or 2.Ê œ Ê œ Ê œ œ „- -y y
# #- -Š ‹

 CASE 1: y 0  x 0  z 1 0  z 1.œ Ê œ Ê � � œ Ê œ

 CASE 2: 2  x y and z 1  x ( 1) 1 0  x 2 0, so no solution.- œ Ê œ œ � Ê � � � œ Ê � œ# #

 CASE 3: 2  x y and z 1  ( y)y 1 1 0  y 0, again.- œ � Ê œ � œ Ê � � � œ Ê œ

 Therefore (0 0 1) is the point on the surface closest to the origin since this point gives the only extreme valueß ß

 and there is no maximum distance from the surface to the origin.

21. Let f(x y z) x y z  be the square of the distance to the origin.  Then f 2x 2y 2z  andß ß œ � � œ � �# # #
™ i j k

 g y x 2z  so that f g  2x 2y 2z ( y x 2z )  2x y , 2y x , and™ ™ ™œ � � � œ Ê � � œ � � � Ê œ � œ �i j k i j k i j k- - - -

 2z 2z   1 or z 0.œ Ê œ œ- -

 CASE 1: 1  2x y and 2y x  y 0 and x 0  z 4 0  z 2 and x y 0.- œ Ê œ � œ � Ê œ œ Ê � œ Ê œ „ œ œ#

 CASE 2: z 0 xy 4 0  y .  Then 2x   , and x   xœ Ê � � œ Ê œ � œ Ê œ � œ � Ê � œ �4 4 x 8 8 x
x x x x- - -

# #

# #Š ‹
   x 16  x 2.  Thus, x 2 and y 2, or x = 2 and y 2.Ê œ Ê œ „ œ œ � � œ%

 Therefore we get four points:  ( 2 0), ( 2 2 0), (0 0 2) and ( 0 2).  But the points ( 0 2) and ( 2)#ß� ß � ß ß ß ß !ß ß � !ß ß !ß !ß�

 are closest to the origin since they are 2 units away and the others are 2 2 units away.È
22. Let f(x y z) x y z  be the square of the distance to the origin.  Then f 2x 2y 2z  andß ß œ � � œ � �# # #

™ i j k
 g yz xz xy  so that f g  2x yz, 2y xz, and 2z xy  2x xyz and 2y yxz™ ™ ™œ � � œ Ê œ œ œ Ê œ œi j k - - - - - -# #

  x y   y x  z x  x x x 1  x 1  the points are (1 1 1), ( 1 1),Ê œ Ê œ „ Ê œ „ Ê „ „ œ Ê œ „ Ê ß ß "ß� ß�# # a b a b
 ( ), and ( 1 1, 1).�"ß�"ß " � ß �
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23. f 2 5  and g 2x 2y 2z  so that f g 2 5 (2x 2y 2z ) 1 2x ,™ ™ ™ ™œ � � œ � � œ Ê � � œ � � Ê œi j k i j k i j k i j k- - -

 2 2y , and 5 2z   x , y 2x, and z 5x  x ( 2x) (5x) 30  x 1.� œ œ Ê œ œ � œ � œ œ Ê � � � œ Ê œ „- - " "
# #

# # #
- - -

5

 Thus, x 1, y 2, z 5 or x 1, y 2, z 5.  Therefore f(1 2 5) 30 is the maximum value andœ œ � œ œ � œ œ � ß� ß œ

 f( 1 2 5) 30 is the minimum value.� ß ß� œ �

24. f 2 3  and g 2x 2y 2z  so that f g 2 3 (2x 2y 2z ) 1 2x ,™ ™ ™ ™œ � � œ � � œ Ê � � œ � � Ê œi j k i j k i j k i j k- - -

 2 2y , and 3 2z   x , y 2x, and z 3x  x (2x) (3x) 25  x .œ œ Ê œ œ œ œ œ Ê � � œ Ê œ „- - " "
# #

# # #
- - -

3 5
14È

 Thus, x , y , z  or x , y , z .  Therefore fœ œ œ œ � œ � œ � ß ß5 10 15 5 10 15 5 10 15
14 14 14 14 14 14 14 14 14È È È È È È È È ÈŠ ‹

 5 14 is the maximum value and f , 5 14 is the minimum value.œ � ß� � œ �È ÈŠ ‹5 10 15
14 14 14È È È

25. f(x y z) x y z  and g(x y z) x y z 9 0  f 2x 2y 2z  and g  so thatß ß œ � � ß ß œ � � � œ Ê œ � � œ � �# # #
™ ™i j k i j k

 f g  2x 2y 2z ( )  2x , 2y , and 2z x y z x x x 9 0™ ™œ Ê � � œ � � Ê œ œ œ Ê œ œ Ê � � � œ- - - - -i j k i j k
  x 3, y 3, and z 3.Ê œ œ œ

26. f(x y z) xyz and g(x y z) x y z 16 0  f yz xz xy  and g 2z  so thatß ß œ ß ß œ � � � œ Ê œ � � œ � �#
™ ™i j k i j k

 f g  yz xz xy ( 2z )  yz , xz , and xy 2z yz xz z 0 or y x.™ ™œ Ê � � œ � � Ê œ œ œ Ê œ Ê œ œ- - - - -i j k i j k
 But z 0 so that y x  x 2z  and xz .  Then x 2z(xz)  x 0 or x 2z .  But x 0 so that� œ Ê œ œ œ Ê œ œ �# # #- -

 x 2z   y 2z   2z 2z z 16  z .  We use z  since z 0.  Then x  and yœ Ê œ Ê � � œ Ê œ „ œ � œ œ# # # # # 4 4 32 32
5 5 5 5È È

 which yields f .Š ‹32 32 4 4096
5 5 5 25 5
ß ß œÈ È

27. V xyz and g(x y z) x y z 1 0  V yz xz xy  and g 2x 2y 2z  so thatœ ß ß œ � � � œ Ê œ � � œ � �# # #
™ ™i j k i j k

 V g  yz x, xz y, and xy z  xyz x  and xyz y   y x  z x™ ™œ Ê œ œ œ Ê œ œ Ê œ „ Ê œ „- - - - - -# #

  x x x 1  x  since x 0  the dimensions of the box are  by  by  for maximumÊ � � œ Ê œ � Ê# # # "È È È È3 3 3 3
1 1 1

 volume.  (Note that there is no minimum volume since the box could be made arbitrarily thin.)

28. V xyz with x y z all positive and 1; thus V xyz and g(x y z) bcx acy abz abc 0œ ß ß � � œ œ ß ß œ � � � œx z
a b c

y

  V yz xz xy  and g bc ac ab  so that V g  yz bc, xz ac, and xy abÊ œ � � œ � � œ Ê œ œ œ™ ™ ™ ™i j k i j k - - - -

  xyz bcx, xyz acy, and xyz abz  0.  Also, bcx acy abz  bx ay, cy bz, andÊ œ œ œ Ê Á œ œ Ê œ œ- - - - - - -

 cx az  y x and z x.  Then 1  x x 1  1  xœ Ê œ œ � � œ Ê � � œ Ê œ Ê œb c x c x b c 3x a
a a a b z a b a c a a 3

y " "ˆ ‰ ˆ ‰
  y  and z   V xyz  is the maximum volume.  (Note thatÊ œ œ œ œ Ê œ œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰b a b c a c a b c abc

a 3 3 a 3 3 3 3 3 27

 there is no minimum volume since the box could be made arbitrarily thin.)

29. T 16x 4z (4y 16)  and g 8x 2y 8z  so that T g  16x 4z (4y 16)™ ™ ™ ™œ � � � œ � � œ Ê � � �i j k i j k i j k-

 (8x 2y 8z )  16x 8x , 4z 2y , and 4y 16 8z   2 or x 0.œ � � Ê œ œ � œ Ê œ œ- - - - -i j k
 CASE 1: 2  4z 2y(2)  z y.  Then 4z 16 16z  z   y .  Then- œ Ê œ Ê œ � œ Ê œ � Ê œ �4 4

3 3

 4x 4 16  x .# # #
� � � � œ Ê œ „ˆ ‰ ˆ ‰4 4 4

3 3 3

 CASE 2: x 0    4y 16 8z   y 4y 4z   4(0) y y 4y 16 0œ Ê œ Ê � œ Ê � œ Ê � � � � œ- 2z 2z
y yŠ ‹ a b# # # # #

  y 2y 8 0  (y 4)(y 2) 0  y 4 or y 2.  Now y 4  4z 4 4(4)Ê � � œ Ê � � œ Ê œ œ � œ Ê œ �# # #

  z 0 and y 2  4z ( 2) 4( 2)  z 3.Ê œ œ � Ê œ � � � Ê œ „# # È
 The temperatures are T  642 , T(0 4 0) 600°, T 0 2 3 600 24 3 , andˆ ‰ Š ‹ Š ‹È È„ ß� ß� œ ß ß œ ß� ß œ �4 4 4 2

3 3 3 3
° °

 T 0 2 3 600 24 3 641.6°.  Therefore  are the hottest points on the space probe.Š ‹ Š ‹È È ˆ ‰ß � ß� œ � ¸ „ ß� ß�
°

4 4 4
3 3 3
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30. T 400yz 400xz 800xyz  and g 2x 2y 2z  so that T g™ ™ ™ ™œ � � œ � � œ# #i j k i j k -

  400yz 400xz 800xyz (2x 2y 2z )  400yz 2x , 400xz 2y , and 800xyz 2z .Ê � � œ � � Ê œ œ œ# # # #i j k i j k- - - -

 Solving this system yields the points 1 0 , 1 0 0 , and .  The correspondinga b a b Š ‹!ß „ ß „ ß ß „ ß „ ß „" "
# # #

È2

 temperatures are T 1 0 0, T 1 0 0 0, and T 50.  Therefore 50 is thea b a b Š ‹!ß „ ß œ „ ß ß œ „ ß „ ß „ œ „" "
# # #

È2

 maximum temperature at  and ; 50 is the minimum temperature atŠ ‹ Š ‹" " " "
# # # # # #ß ß „ � ß� ß „ �

È È2 2

  and .Š ‹ Š ‹" " " "
# # # # # #ß � ß „ � ß ß „

È È2 2

31. U (y 2) x  and g 2  so that U g  (y 2) x (2 )  y 2  and™ ™ ™ ™œ � � œ � œ Ê � � œ � Ê � # œi j i j i j i j- - -

 x   y 2 2x  y 2x 2  2x (2x 2) 30  x 8 and y 14.  Therefore U(8 14) $128œ Ê � œ Ê œ � Ê � � œ Ê œ œ ß œ-

 is the maximum value of U under the constraint.

32. M (6 z) 2y x  and g 2x 2y 2z  so that M g  (6 z) 2y x™ ™ ™ ™œ � � � œ � � œ Ê � � �i j k i j k i j k-

 (2x 2y 2z )  6 z 2x , 2y 2y , x 2z   1 or y 0.œ � � Ê � œ � œ œ Ê œ � œ- - - - -i j k
 CASE 1: 1  6 z 2x and x 2z  6 z 2( 2z)  z 2 and x 4.  Then- œ � Ê � œ � œ � Ê � œ � � Ê œ œ �

 ( 4) y 2 36 0  y 4.� � � � œ Ê œ „# # #

 CASE 2: y 0, 6 z 2x , and x 2z     6 z 2x   6z z xœ � œ œ Ê œ Ê � œ Ê � œ- - - x x
2z 2z

ˆ ‰ # #

  6z z 0 z 36  z 6 or z 3.  Now z 6  x 0  x 0; z 3Ê � � � œ Ê œ � œ œ � Ê œ Ê œ œa b# # # #

  x 27  x 3 3.Ê œ Ê œ „# È
 Therefore we have the points 3 3 0 3 , (0 0 6), and 4 4 2 .  Then M 3 3 0 3 27 3 60Š ‹ Š ‹È È Èa b„ ß ß ß ß � � ß „ ß ß ß œ �

 106.8, M 3 3 0 3 60 27 3 13.2, M(0 0 6) 60, and M( 4 4 2) 12 M( 4 4 2). Therefore,¸ � ß ß œ � ¸ ß ß� œ � ß ß œ œ � ß� ßŠ ‹È È
 the weakest field is at 4 4 2 .a b� ß „ ß

33. Let g (x y z) 2x y 0 and g (x y z) y z 0 g 2 , g , and f 2x 2 2z" # " #ß ß œ � œ ß ß œ � œ Ê œ � œ � œ � �™ ™ ™i j j k i j k
 so that f g g   2x 2 2z (2 ) ( )  2x 2 2z 2 ( )™ ™ ™œ � Ê � � œ � � � Ê � � œ � � �- . - . - . - ." # i j k i j j k i j k i j k
  2x 2 , 2 , and 2z   x .  Then 2 2z x  x 2z 2 so that 2x y 0Ê œ œ � � œ Ê œ œ � � Ê œ � � � œ- . - . -

  2( 2z 2) y 0  4z 4 y 0.  This equation coupled with y z 0 implies z  and y . ThenÊ � � � œ Ê � � � œ � œ œ � œ4 4
3 3

 x  so that  is the point that gives the maximum value f 2 .œ ß ß� ß ß� œ � � � œ2 2 4 4 2 4 4 2 4 4 4
3 3 3 3 3 3 3 3 3 3 3

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰# #

34. Let g (x y z) x 2y 3z 6 0 and g (x y z) x 3y 9z 9 0  g 2 3 ," # "ß ß œ � � � œ ß ß œ � � � œ Ê œ � �™ i j k
 g 3 9 , and f 2x 2y 2z  so that f g g   2x 2y 2z™ ™ ™ ™ ™# " #œ � � œ � � œ � Ê � �i j k i j k i j k- .

 ( 2 3 ) ( 3 9 )  2x , 2y 2 3 , and 2z 3 9 .  Then 0 x 2y 3z 6œ � � � � � Ê œ � œ � œ � œ � � �- . - . - . - .i j k i j k
 ( ) (2 3 ) 6  7 17 6; 0 x 3y 9z 9œ � � � � � � Ê � œ œ � � �"

# # #- . - . - . - .ˆ ‰9 27

  ( ) 3 9  34 91 18.  Solving these two equations for  and  givesÊ � � � � � � Ê � œ"
# # # #- . - . - . - . - .ˆ ‰ ˆ ‰9 27 81

  and   x , y , and z .  The minimum value is- .œ œ � Ê œ œ œ œ œ œ240 78 81 123 9
59 59 59 59 59

2 3 3 9- . - . - .� � �
# # #

 f .  (Note that there is no  value of f subject to the constraints becauseˆ ‰81 123 9 369
59 59 59 59 59

21,771ß ß œ œ# maximum

 at least one of the variables x, y, or z can be made arbitrary and assume a value as large as we please.)

35. Let f(x y z) x y z  be the square of the distance from the origin.  We want to minimize f(x y z) subject to theß ß œ � � ß ß# # #

 constraints g (x y z) y 2z 12 0 and g (x y z) x y 6 0.  Thus f 2x 2y 2z , g 2 ," # "ß ß œ � � œ ß ß œ � � œ œ � � œ �™ ™i j k j k
 and g  so that f g g 2x , 2y , and 2z 2 .  Then 0 y 2z 12™ ™ ™ ™# " #œ � œ � Ê œ œ � œ œ � �i j - . . - . -

 2 12 12 5 24; 0 x y 6 6 6œ � � � Ê � œ Ê � œ œ � � œ � � � Ê � œˆ ‰ ˆ ‰- -. . .

# # # # # # # #
" "- - . - . - .5

 12.  Solving these two equations for  and  gives 4 and 4  x 2, y 4, andÊ � # œ œ œ Ê œ œ œ œ- . - . - .
. - .

# #
�

 z 4.  The point (2 4 4) on the line of intersection is closest to the origin.  (There is no maximum distance from theœ œ ß ß-

 origin since points on the line can be arbitrarily far away.)
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36. The maximum value is f  from Exercise 33 above.ˆ ‰2 4 4 4
3 3 3 3ß ß � œ

37. Let g (x y z) z 1 0 and g (x y z) x y z 10 0  g , g 2x 2y 2z , and" # " #
# # #ß ß œ � œ ß ß œ � � � œ Ê œ œ � �™ ™k i j k

 f 2xyz x z x y  so that f g g   2xyz x z x y ( ) (2x 2y 2z )™ ™ ™ ™œ � � œ � Ê � � œ � � �i j k i j k k i j k# # # #
" #- . - .

  2xyz 2x , x z 2y , and x y 2z   xyz x   x 0 or yz   y since z 1.Ê œ œ œ � Ê œ Ê œ œ Ê œ œ. . . - . . .# #

 CASE 1: x 0 and z 1  y 9 0 (from g )  y 3 yielding the points 0 3 1 .œ œ Ê � œ Ê œ „ ß „ ß#
# a b

 CASE 2: y  x z 2y   x 2y  (since z 1)  2y y 1 10 0 (from g )  3y 9 0. œ Ê œ Ê œ œ Ê � � � œ Ê � œ# # # # # # #
#

  y 3  x 2 3   x 6 yielding the points 6 3 .Ê œ „ Ê œ „ Ê œ „ „ ß „ ß "È È È È ÈŠ ‹ Š ‹#
#

 Now f 3 1 1 and f 6 3 6 3 1 1 6 3.  Therefore the maximum of f isa b Š ‹ Š ‹È È È È!ß „ ß œ „ ß „ ß " œ „ � œ „

 1 6 3 at 6 3 1 , and the minimum of f is 1 6 3 at 6 3 .� „ ß ß � „ ß� ß "È È È È È ÈŠ ‹ Š ‹
38. (a) Let g (x y z) x y z 40 0 and g (x y z) x y z 0  g , g , and" # " #ß ß œ � � � œ ß ß œ � � œ Ê œ � � œ � �™ ™i j k i j k
 w yz xz xy  so that w g g   yz xz xy ( ) ( )™ ™ ™ ™œ � � œ � Ê � � œ � � � � �i j k i j k i j k i j k- . - ." #

  yz , xz , and xy   yz xz  z 0 or y x.Ê œ � œ � œ � Ê œ Ê œ œ- . - . - .

 CASE 1: z 0  x y 40 and x y 0  no solution.œ Ê � œ � œ Ê

 CASE 2: x y  2x z 40 0 and 2x z 0  z 20  x 10 and y 10  w (10)(10)(20)œ Ê � � œ � œ Ê œ Ê œ œ Ê œ

 2000œ

 (b) 2 2  is parallel to the line of intersection  the line is x 2t 10, n i j
i j k

œ œ � � Ê œ � �" " "

" " �"

â ââ ââ ââ ââ ââ â
 y 2t 10, z 20.  Since z 20, we see that w xyz ( 2t 10)(2t 10)(20) 4t 100 (20)œ � œ œ œ œ � � � œ � �a b#

 which has its maximum when t 0  x 10, y 10, and z 20.œ Ê œ œ œ

39. Let g ( y z) y x 0 and g (x y z) x y z 4 0.  Then f y x 2z , g , and" # "
# # #Bß ß œ � œ ß ß œ � � � œ œ � � œ � �™ ™i j k i j

 g 2x 2y 2z  so that f g g   y x 2z ( ) (2x 2y 2z )™ ™ ™# " #œ � � ™ œ � Ê � � œ � � � � �i j k i j k i j i j k- . - .

  y 2x , x 2y , and 2z 2z   z 0 or 1.Ê œ � � œ � œ Ê œ œ- . - . . .

 CASE 1: z 0  x y 4 0  2x 4 0 (since x y)  x 2 and y 2 yielding the pointsœ Ê � � œ Ê � œ œ Ê œ „ œ „# # # È È
 2 2 .Š ‹È È„ ß „ ß !

 CASE 2: 1  y 2x and x 2y  x y 2(x y)  2x 2(2x) since x y x 0 y 0. - -œ Ê œ � � œ � Ê � œ � Ê œ œ Ê œ Ê œ

  z 4 0  z 2 yielding the points 2 .Ê � œ Ê œ „ !ß !ß „# a b
 Now, f 2 4 and f 2 2 2.  Therefore the maximum value of f is 4 at 2  and thea b a bŠ ‹È È!ß !ß „ œ „ ß „ ß ! œ !ß !ß „

 minimum value of f is 2 at 2 2 .Š ‹È È„ ß „ ß !

40. Let f(x y z) x y z  be the square of the distance from the origin.  We want to minimize f(x y z) subjectß ß œ � � ß ß# # #

 to the constraints g (x y z) 2y 4z 5 0 and g (x y z) 4x 4y z 0.  Thus f 2x 2y 2z ," #
# # #ß ß œ � � œ ß ß œ � � œ œ � �™ i j k

 g 2 4 , and g 8x 8y 2z  so that f g g   2x 2y 2z™ ™ ™ ™ ™" # " #œ � œ � � œ � Ê � �j k i j k i j k- .

 (2 4 ) (8x 8y 2z )  2x 8x , 2y 2 8y , and 2z 4 2z   x 0 or .œ � � � � Ê œ œ � œ � Ê œ œ- . . - . - . .j k i j k "
4

 CASE 1: x 0  4(0) 4y z 0  z 2y  2y 4(2y) 5 0  y , or 2y 4( 2y) 5 0œ Ê � � œ Ê œ „ Ê � � œ Ê œ � � � œ# # # "
#

  y  yielding the points  and .Ê œ � !ß ß " !ß� ß5 5 5
6 6 3

ˆ ‰ ˆ ‰"
#

 CASE 2:   y y  0  2z 4(0) 2z   z 0  2y 4(0) 5  y  and. - -œ Ê œ � Ê œ Ê œ � Ê œ Ê � œ Ê œ" "
#4 4
5ˆ ‰

 (0) 4x 4   no solution.# #
#

#
œ � Êˆ ‰5

 Then f 1  and f 25   the point 1  is closest to the origin.ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰!ß ß œ !ß� ß œ � œ Ê !ß ß" " " "
# #

5 5 5 125
4 6 3 36 9 36
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41. f  and g y x  so that f g  (y x )  1 y  and 1 x   y x™ ™ ™ ™œ � œ � œ Ê � œ � Ê œ œ Ê œi j i j i j i j- - - -

  y 16  y 4  (4 4) and ( 4) are candidates for the location of extreme values.  But as x  ,Ê œ Ê œ „ Ê ß �%ß� Ä _#

 y   and f(x y)  ; as x  , y  0 and f(x y) .  Therefore no maximum or minimum valueÄ _ ß Ä _ Ä �_ Ä ß Ä �_

 exists subject to the constraint.

42. Let f(A B C)  (Ax By C z ) C (B C 1) (A B C 1) (A C 1) .  We wantß ß œ � � � œ � � � � � � � � � �!4

k 1œ
k k k

# # # # #

 to minimize f.  Then f (A B C) 4A 2B 4C, f (A B C) 2A 4B 4C 4, andA Bß ß œ � � ß ß œ � � �

 f (A B C) 4A 4B 8C 2.  Set each partial derivative equal to 0 and solve the system to get A ,C ß ß œ � � � œ � "
#

 B , and C  or the critical point of f is .œ œ � � ß ß�3 3
4 4# # #
" " "ˆ ‰

43. (a) Maximize f(a b c) a b c  subject to a b c r .  Thus f 2ab c 2a bc 2a b c  andß ß œ � � œ œ � �# # # # # # # # # # # # #
™ i j k

 g 2a 2b 2c  so that f g  2ab c 2a , 2a bc 2b , and 2a b c 2c™ ™ ™œ � � œ Ê œ œ œi j k - - - -# # # # # #

  2a b c 2a 2b 2c   0 or a b c .Ê œ œ œ Ê œ œ œ# # # # # # # # #- - - -

 CASE 1: 0  a b c 0.- œ Ê œ# # #

 CASE 2: a b c   f(a b c) a a a  and 3a r   f(a b c)  is the maximum value.# # # # # # # #
$

œ œ Ê ß ß œ œ Ê ß ß œ Š ‹r
3

#

 (b) The point a b c  is on the sphere if a b c r .  Moreover, by part (a), abc f a b cŠ ‹ Š ‹È È È ÈÈ Èß ß � � œ œ ß ß#

   (abc) , as claimed.Ÿ Ê Ÿ œŠ ‹r r a b c
3 3 3

# #
$

"Î$ � �

44. Let f(x x x )  a x  a x a x a x  and g(x x x ) x x x 1.  Then we" # " " # # " #
# # #ß ßá ß œ œ � �á � ß ßá ß œ � �á � �n i i n n n n

!n

i 1œ
" #

 want f g  a (2x ), a (2x ), , a (2x ), 0  x   1™ ™œ Ê œ œ á œ Á Ê œ Ê � �á � œ- - - - -" " # # n n i
a
2 4 4 4

a a ai

- - - -

# #

" #

# # #

#

n

  4  a   2  a   f(x x x )  a x  a    a  a  isÊ œ Ê œ Ê ß ßá ß œ œ œ œ- -# # # # #
"Î# "Î#

" # # #
"! ! ! ! ! !Œ � Œ �ˆ ‰n

i 1
i i i in i i i

œ

n n n n n

i 1 i 1 i 1 i 1 i 1œ œ œ œ œ

ai

- -

 the maximum value.

45-50. Example CAS commands:
 :Maple
 f := (x,y,z) -> x*y+y*z;
 g1 := (x,y,z) -> x^2+y^2-2;
 g2 := (x,y,z) -> x^2+z^2-2;
 h := unapply( f(x,y,z)-lambda[1]*g1(x,y,z)-lambda[2]*g2(x,y,z), (x,y,z,lambda[1],lambda[2]) );    # (a)
 hx := diff( h(x,y,z,lambda[1],lambda[2]), x );                                                                                           #(b)
 hy := diff( h(x,y,z,lambda[1],lambda[2]), y );
 hz := diff( h(x,y,z,lambda[1],lambda[2]), z );
 hl1 := diff( h(x,y,z,lambda[1],lambda[2]), lambda[1] );
 hl2 := diff( h(x,y,z,lambda[1],lambda[2]), lambda[2] );
 sys := { hx=0, hy=0, hz=0, hl1=0, hl2=0 };
 q1 := solve( sys, {x,y,z,lambda[1],lambda[2]} );                                                                                   # (c)
 q2 := map(allvalues,{q1});
 for p in q2 do                                                                                                                                             # (d)
   eval( [x,y,z,f(x,y,z)], p );
   ``=evalf(eval( [x,y,z,f(x,y,z)], p ));
 end do;

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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Mathematica: (assigned functions will vary)
 Clear[x, y, z, lambda1, lambda2]
 f[x_,y_,z_]:= x y y z�

 g1[x_,y_,z_]:= x y 22 2� �

 g2[x_,y_,z_]:= x z 22 2� �

 h = f[x, y, z] lambda1 g1[x, y, z] lambda2 g2[x, y, z];� �

 hx= D[h, x];  hy= D[h, y];  hz= D[h,z]; hL1=D[h, lambda1];  hL2= D[h, lambda2];
 critical=Solve[{hx==0, hy==0, hz==0, hL1==0, hL2==0, g1[x,y,z]==0, g2[x,y,z]==0},
 {x, y, z, lambda1, lambda2}]//N
 {{x, y, z}, f[x, y, z]}/.critical

14.9  TAYLOR'S FORMULA FOR TWO VARIABLES

 1. f(x y) xe   f e , f xe , f 0, f e , f xeß œ Ê œ œ œ œ œy y y y y
x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß � ß � ß � ß � ß � ßx y xx xy yy
"
#

# #c d
 0 x 1 y 0 x 0 2xy 1 y 0 x xy  quadratic approximation;œ � � � � � œ �† † † † †

"
#

# #a b
 f 0, f 0, f e , f xexxx xxy xyy yyy

y yœ œ œ œ

  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ � !ß ! � ß � !ß ! � ß" $ # # $
6 xxx xxy xyy yyyc d

 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ � � � � � œ � �" "$ # # $ #
#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ � œ œ � œ �x x x x x x
x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß � ß � !ß � !ß ! � !ß ! � ßx y xx xy yy
"
#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ � � � � � � œ � � �† † † † †

" "
# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x xœ œ � œ � œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ � ß � !ß � ß � ß" $ # # $
6 xxx xxy xyy yyyc d

 1 x x y x 1 3x y 0 3xy ( 1) y 0œ � � � � � � � �" "
#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ � � � � �" "
#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ � œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß � ß � !ß � ß � ß � ßx y xx xy yy
"
#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ � � � � � œ† † † † †

"
#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ � œ � œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ � ß � !ß � ß � ß" $ # # $
6 xxx xxy xyy yyyc d

 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ � � � � œ" $ # # $
6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ � œ � œ �x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ � Ê ß ¸ ß � ß � ß � ß � ß � ß"
#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ � � � � � œ† † † † †

"
#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ � œ œ � œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ � ß � !ß � ß � ß" $ # # $
6 xxx xxy xyy yyyc d

 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ � � � � � � œ � �" "$ # # $ $ #
6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ � Ê œ � œ œ � œ œ �x x x
x y xx xy yy

e e e
1  y 1  y (1  y)

x x x

� � � #

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß � ß � ß � ß � ß � ßx y xx xy yy
"
#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ � � � � � � œ � �† † † † †

" "
# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ � œ œ � œ

x x x

� � �# $
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  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ � ß � !ß � ß � ß" $ # # $
6 xxx xxy xyy yyyc d

 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ � � � � � � �" "# $ # # $
2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ � � � � �" "
#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ � � Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)� � # � � � � � �
" � �

# #

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß � ß � ß � ß � ß � ß�" "
� � #

# #
# c d

 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ � � � � � � � � œ � � � � �† † † † †
" "
# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ � � �"

#
#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ� � � � � � � �$ $ $ $

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ � ß � !ß � ß � ß" $ # # $
6 xxx xxy xyy yyyc d

 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ � � � � � � �" "
#

# $ # # $
6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ � � � � � � �" "
#

# $ # # #
3 a b

 (2x y) (2x y) (2x y) , cubic approximationœ � � � � �" "
#

# $
3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ � Ê œ � œ � œ � � �a b a b a b a b a b# # # # # # # # # # #
x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ � � œ � � �a b a b a b# # # # # # #

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß � ß � ß � ß � ß � ßx y xx xy yy
"
#

# #c d
 0 x 0 y 0 x 2 2xy 0 y 2 x y , quadratic approximation;œ � � � � � œ �† † † † †

"
#

# # # #a b
 f 12x sin x y 8x  cos x y , f 4y sin x y 8x y cos x y ,xxx xxyœ � � � � œ � � � �a b a b a b a b# # $ # # # # # # #

 f 4x sin x y 8xy  cos x y , f 12y sin x y 8y  cos x yxyy yyyœ � � � � œ � � � �a b a b a b a b# # # # # # # $ # #

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ � ß � !ß � ß � ß" $ # # $
6 xxx xxy xyy yyyc d

 x y x 0 3x y 0 3xy 0 y 0 x y , cubic approximationœ � � � � � œ �# # $ # # $ # #"
6 a b† † † †

 8. f(x y) cos x y   f 2x sin x y , f 2y sin x y ,ß œ � Ê œ � � œ � �a b a b a b# # # # # #
x y

 f 2 sin x y 4x  cos x y , f 4xy cos x y , f 2 sin x y 4y  cos x yxx xy yyœ � � � � œ � � œ � � � �a b a b a b a b a b# # # # # # # # # # # #

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß � ß � ß � ß � ß � ßx y xx xy yy
"
#

# #c d
 1 x 0 y 0 x 0 2xy 0 y 0 1, quadratic approximation;œ � � � � � œ† † † † †

"
#

# #c d
 f 12x cos x y 8x  sin x y , f 4y cos x y 8x y sin x y ,xxx xxyœ � � � � œ � � � �a b a b a b a b# # $ # # # # # # #

 f 4x cos x y 8xy  sin x y , f 12y cos x y 8y  sin x yxyy yyyœ � � � � œ � � � �a b a b a b a b# # # # # # # $ # #

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ � ß � !ß � ß � ß" $ # # $
6 xxx xxy xyy yyyc d

 1 x 0 3x y 0 3xy 0 y 0 1, cubic approximationœ � � � � œ" $ # # $
6 a b† † † †

 9. f(x y)   f f , f f fß œ Ê œ œ œ œ œ" "
� � � � � �1  x  y (1  x  y) (1  x  y)x y xx xy yy

2
# $

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß � ß � ß � ß � ß � ßx y xx xy yy
"
#

# #c d
 1 x 1 y 1 x 2 2xy 2 y 2 1 (x y) x 2xy yœ � � � � � œ � � � � �† † † † †

"
#

# # # #a b a b
 1 (x y) (x y) , quadratic approximation;  f f f fœ � � � � œ œ œ œ#

� �xxx xxy xyy yyy
6

(1  x  y)%

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ � ß � !ß � ß � ß" $ # # $
6 xxx xxy xyy yyyc d

 1 (x y) (x y) x 6 3x y 6 3xy 6 y 6œ � � � � � � � �# $ # # $"
6 a b† † † †

 1 (x y) (x y) x 3x y 3xy y 1 (x y) (x y) (x y) , cubic approximationœ � � � � � � � � œ � � � � � �# $ # # $ # $a b
10. f(x y)   f , f , f ,ß œ Ê œ œ œ" �

� � � � � � " � � � � � �
� �

1  x  y  xy (1  x  y  xy) (   x  y  xy) (1  x  y  xy)x y xx
1  y 2(1  y)1  x

# # $

#

 f , fxy yy
1

(   x  y  xy) (1  x  y  xy)
2(   x)œ œ" � � � � � �
" �

# $

#

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß � ß � ß � ß � ß � ßx y xx xy yy
"
#

# #c d
 1 x 1 y 1 x 2 2xy 1 y 2 1 x y x xy y , quadratic approximation;œ � � � � � œ � � � � �† † † † †

"
#

# # # #a b
Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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 f , f ,xxx xxy
6(1  y) [ 4(1  x  y  xy)  6(1  y)(1  x)](1  y)

(1  x  y  xy) (1  x  y  xy)œ œ� � � � � � � � �
� � � � � �

$

% %

 f , fxyy yyy
[ 4(1  x  y  xy)  6(1  x)(1  y)](1  x) 6(1  x)

(1  x  y  xy) (1  x  y  xy)œ œ� � � � � � � � �
� � � � � �% %

$

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ � ß � !ß � ß � ß" $ # # $
6 xxx xxy xyy yyyc d

 1 x y x xy y x 6 3x y 2 3xy 2 y 6œ � � � � � � � � �# # $ # # $"
6 a b† † † †

 1 x y x xy y x x y xy y , cubic approximationœ � � � � � � � � �# # $ # # $

11. f(x y) cos x cos y  f sin x cos y, f cos x sin y, f cos x cos y, f sin x sin y,ß œ Ê œ � œ � œ � œx y xx xy

 f cos x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ � Ê ß ¸ ß � ß � ß � ß � ß � ß"
#

# #c d
 1 x 0 y 0 x ( 1) 2xy 0 y ( 1) 1 , quadratic approximation.  Since all partialœ � � � � � � � œ � �† † † † †

"
# # #

# #c d x y# #

 derivatives of f are products of sines and cosines, the absolute value of these derivatives is less than or equal

 to 1  E(x y) (0.1) 3(0.1) 3(0.1) 0.1) 0.00134.Ê ß Ÿ � � � Ÿ" $ $ $ $
6 c d

12. f(x y) e  sin y  f e  sin y, f e  cos y, f e  sin y, f e  cos y, f e  sin yß œ Ê œ œ œ œ œ �x x x x x x
x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß � ß � ß � ß � ß � ßx y xx xy yy
"
#

# #c d
 0 x 0 y 1 x 0 2xy 1 y 0 y xy , quadratic approximation.  Now, f e  sin y,œ � � � � � œ � œ† † † † †

"
#

# #a b xxx
x

 f e  cos y, f e  sin y, and f e  cos y.  Since x 0.1, e  sin y e  sin 0.1 0.11 andxxy xyy yyy
x x x x 0 1œ œ � œ � Ÿ Ÿ ¸k k k k k kÞ

 e  cos y e  cos 0.1 1.11.  Therefore,k k k kx 0 1Ÿ ¸Þ

 E(x y) (0.11)(0.1) 3(1.11)(0.1) 3(0.11)(0.1) (1.11)(0.1) 0.000814.ß Ÿ � � � Ÿ" $ $ $ $
6 c d

14.10  PARTIAL DERIVATIVES WITH CONSTRAINED VARIABLES

 1. w x y z  and z x y :œ � � œ �# # # # #

 (a)     w     ; 0 and 2x 2y
y
z

x x(y z)
y y
z z

Œ � Î Ñ
Ï Ò Š ‹Ä Ä Ê œ � � œ œ �

œ ß

œ

œ

` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `

` `w w x w w z z z x
y x y y y z y y y y y

y y

z

 2x 2y  0 2x 2y    (2x) (2y)(1) (2z)(0) 2y 2y 0œ � Ê œ � Ê œ � Ê œ � � � œ � � œ` ` ` `
` ` ` `

x x x w
y y y x y x

y yŠ ‹ ˆ ‰
z

 (b)     w     ; 0 and 2x 2y
x
z

x x
y y(x z)

z z
Œ � Î Ñ

Ï Ò ˆ ‰Ä Ä Ê œ � � œ œ �

œ

œ ß

œ

` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `

` `w w x w w z x z x
z x z y z z z z z z z

y y
x

  1 2y     (2x)(0) (2y) (2z)(1) 1 2zÊ œ Ê œ Ê œ � � œ �` `
` ` # `

" ` "y y
z z y z 2y

wˆ ‰ Š ‹
x

 (c)     w     ; 0 and 2x 2y
y
z

x x(y z)
y y
z z

Œ � Î Ñ
Ï Ò ˆ ‰Ä Ä Ê œ � � œ œ �

œ ß

œ

œ

` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `

` ` `w w x w w z z x
z x z y z z z z z z z

y y y
y

  1 2x     (2x) (2y)(0) (2z)(1) 1 2zÊ œ Ê œ Ê œ � � œ �` ` ` "
` ` ` #

x x 1 w
z z 2x z x

ˆ ‰ ˆ ‰
y

 2. w x y z sin t and x y t:œ � � � � œ#

 (a)     w      ; 0, 0, and
x
y
z

x x
y y
z z

t x y

Î Ñ
Ï Ò

Î ÑÐ ÓÐ Ó
Ï Ò

Š ‹Ä Ä Ê œ � � � œ œ

œ

œ

œ

œ �

` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `

`w w x w w z w t x z
y x y y y z y t y y y

y

x zß

 1  (2x)(0) (1)(1) ( 1)(0) (cos t)(1) 1 cos t 1 cos (x y)` `
` `

t w
y yœ Ê œ � � � � œ � œ � �Š ‹

x tß

 (b)     w      ; 0 and 0
y
z
t

x t y
y y
z z
t t

Î Ñ
Ï Ò

Î ÑÐ ÓÐ Ó
Ï Ò

Š ‹Ä Ä Ê œ � � � œ œ

œ �

œ

œ

œ

` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `

`w w x w w z w t z t
y x y y y z y t y y y

y

z tß

  1  (2x)( 1) (1)(1) ( 1)(0) (cos t)(0) 1 2 t y 1 2y 2tÊ œ � œ � Ê œ � � � � � œ � � œ � �` ` `
` ` ` `

`x t w
y y y y

y Š ‹ a b
z tß
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 (c)     w      ; 0 and 0
x
y
z

x x
y y
z z

t x y

Î Ñ
Ï Ò

Î ÑÐ ÓÐ Ó
Ï Ò

ˆ ‰Ä Ä Ê œ � � � œ œ

œ

œ

œ

œ �

` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `

` `w w x w w z w t x
z x z y z z z t z z z

y y
x yß

  (2x)(0) (1)(0) ( 1)(1) (cos t)(0) 1Ê œ � � � � œ �ˆ ‰`
`
w
z x yß

 (d)     w      ; 0 and 0
y
z
t

x t y
y y
z z
t t

Î Ñ
Ï Ò

Î ÑÐ ÓÐ Ó
Ï Ò

ˆ ‰Ä Ä Ê œ � � � œ œ

œ �

œ

œ

œ

` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `

` `w w x w w z w t t
z x z y z z z t z z z

y y
y tß

  (2x)(0) (1)(0) ( 1)(1) (cos t)(0) 1Ê œ � � � � œ �ˆ ‰`
`
w
z y tß

 (e)     w      ; 0 and 0
x
z
t

x x
y t x

z z
t t

Î Ñ
Ï Ò

Î ÑÐ ÓÐ Ó
Ï Ò

ˆ ‰Ä Ä Ê œ � � � œ œ

œ

œ �

œ

œ

` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `

`w w x w w z w t x z
t x t y t z t t t t t

y
x zß

  (2x)(0) (1)(1) ( 1)(0) (cos t)(1) 1 cos tÊ œ � � � � œ �ˆ ‰`
`
w
t x zß

 (f)     w      ; 0 and 0
y
z
t

x t y
y y
z z
t t

Î Ñ
Ï Ò

Î ÑÐ ÓÐ Ó
Ï Ò

ˆ ‰Ä Ä Ê œ � � � œ œ

œ �

œ

œ

œ

` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `

` `w w x w w z w t z
t x t y t z t t t t t

y y
y zß

  (2x)(1) (1)(0) ( 1)(0) (cos t)(1) cos t 2x cos t 2(t y)Ê œ � � � � œ � œ � �ˆ ‰`
`
w
t y zß

 3. U f(P V T) and PV nRTœ ß ß œ

 (a)     U     (0)
P
V

P P
V V
T

Œ � Î Ñ
Ï Ò ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Ä Ä Ê œ � � œ � �

œ

œ

œ PV
nR

U U P U V U T U U U V
P P P V P T P P V T nR

` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `V

 œ �` `
` `

U U V
P T nR

ˆ ‰ ˆ ‰
 (b)     U     (0)

V
T

P
V V
T T

Œ � Î Ñ
Ï Ò ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Ä Ä Ê œ � � œ � �

œ

œ

œ

nRT
V

U U P U V U T U nR U U
T P T V T T T P V V T

` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `V

 œ �ˆ ‰ ˆ ‰` `
` `

U nR U
P V T

 4. w x y z  and y sin z z sin x 0œ � � � œ# # #

 (a)     w     ; 0 and
x
y

x x
y y

z z(x y)
Œ � Î Ñ

Ï Ò ˆ ‰Ä Ä Ê œ � � œ

œ

œ

œ ß

` ` ` ` ` `
` ` ` ` ` ` ` `

` `w w x w w z
x x x y x z x x

y y
y

 (y cos z) (sin x) z cos x 0  .  At (0 1 ), ` ` ` � ` �
` ` ` � ` �

z z z z cos x z
x x x y cos z sin x x 1� � œ Ê œ ß ß œ œ1 11

  (2x)(1) (2y)(0) (2z)( ) 2Ê œ � � œˆ ‰ k`
`

#w
x ky (0 1 )

0 1
ß ß

Ð ß ß Ñ
1

1
1 1

 (b)     w     (2x) (2y)(0) (2z)(1)
y
z

x x(y z)
y y
z z

Œ � Î Ñ
Ï Ò ˆ ‰Ä Ä Ê œ � � œ � �

œ ß

œ

œ

` ` ` ` ` ` `
` ` ` ` ` ` ` `

`w w x w w z x
z x z y z z z z

y
y

 (2x) 2z.  Now (sin z) y cos z sin x (z cos x) 0 and 0œ � � � � œ œ` `
` ` ` `

` `x x
z z z z

y y

  y cos z sin x (z cos x) 0  .  At ( ), Ê � � œ Ê œ !ß "ß œ œ` ` ` � "
` ` `

� �x x x 1 0
z z z cos x z ( )(1)

y cos z sin x
1

1 1

  2(0) 2 2Ê œ � œˆ ‰ ˆ ‰` "
` C ! "ß Ñ
w
z ( ,k 1 1

1 1

 5. w x y yz z  and x y z 6œ � � � � œ# # $ # # #

 (a)     w     
x
y

x x
y y

z z(x y)
Œ � Î Ñ

Ï Ò Š ‹Ä Ä Ê œ � �

œ

œ

œ ß

` ` ` ` ` `
` ` ` ` ` ` `

`w w x w w z
y x y y y z y

y

x
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 2xy (0) 2x y z (1) y 3z  2x y z y 3z  .  Now (2x) 2y (2z) 0 andœ � � � � œ � � � � � œa b a b a b a b# # # # #` ` ` `
` ` ` `

z z x z
y y y y

 0  2y (2z) 0  .  At (w x y z) (4 2 1 1), 1  ` ` ` ` " `
` ` ` ` � `

x z z z w
y y y z y 1 y

yœ Ê � œ Ê œ � ß ß ß œ ß ß ß � œ � œ Ê ¹Š ‹
x (4 2 1 1)ß ß ß�

 (2)(2) (1) ( 1) 1 3( 1) (1) 5œ � � � � � œc d c d# #

 (b)     w     
y
z

x x(y z)
y y
z z

Œ � Î Ñ
Ï Ò Š ‹Ä Ä Ê œ � �

œ ß

œ

œ

` ` ` ` ` `
` ` ` ` ` ` `

`w w x w w z
y x y y y z y

y

z

 2xy  2x y z (1) y 3z (0) 2x y  2x y z.  Now (2x) 2y (2z) 0 andœ � � � � œ � � � � œa b a b a b a b# # # # #` ` ` `
` ` ` `

x x x z
y y y y

 0  (2x) 2y 0  .  At (w x y z) (4 2 1 1),   ` ` ` ` " `
` ` ` ` `

z x x x w
y y y x y 2 y

y

(
œ Ê � œ Ê œ � ß ß ß œ ß ß ß � œ � Ê ¹Š ‹

z 4 2 1 1)ß ß ß�

 (2)(2)(1) (2)(2) (1) ( 1) 5œ � � � � œ# #"
#

ˆ ‰
 6. y uv  1 v u ; x u v  and 0  0 2u 2v      1œ Ê œ � œ � œ Ê œ � Ê œ � Ê` ` ` ` ` ` `

` ` ` ` ` ` `
# #u v x u v v u u

y y y y y y v y
ˆ ‰

 v u     .  At (u v) 2 1 , 1œ � � œ Ê œ ß œ ß œ œ �` ` � ` ` ` "
` ` ` ` � `

�

u u u v u u u v u
y v y v y y v u y

1 2
Š ‹ Š ‹ Š ‹È# #

# #
#

#Š ‹È

  1Ê œ �Š ‹`
`

u
y

x

 7.     cos ; x y r   2x 2y 2r  and 0  2x 2r 
r x r cos 

y r sin Œ � Œ � ˆ ‰
) )

)
)Ä Ê œ � œ Ê � œ œ Ê œ

œ

œ
` ` `
` ` ` ` `

# # # ` `x r r
r x x x x

y y
)

    Ê œ Ê œ` `
` ` �

r x r x
x r x x y

ˆ ‰
y È # #

 8. If x, y, and z are independent, then     ˆ ‰` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` `

`w w x w w z w t
x x x y x z x t x

y
y zß

œ � � �

 (2x)(1) ( 2y)(0) (4)(0) (1) 2x .  Thus x 2z t 25  1 0 0  1œ � � � � œ � � � œ Ê � � œ Ê œ �ˆ ‰` ` ` `
` ` ` `

t t t t
x x x x

  2x 1.  On the other hand, if x, y, and t are independent, then Ê œ �ˆ ‰ ˆ ‰` `
` `

w w
x xy z y tß ß

     (2x)(1) ( 2y)(0) 4 (1)(0) 2x 4 .  Thus, x 2z t 25œ � � � œ � � � � œ � � � œ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `

`w x w w z w t z z
x x y x z x t x x x

y

  1 2 0 0    2x 4 2x 2.Ê � � œ Ê œ � Ê œ � � œ �` ` " ` "
` ` # ` #

z z w
x x x

ˆ ‰ ˆ ‰
y tß

 9. If x is a differentiable function of y and z, then f(x y z) 0     0   0ß ß œ Ê � � œ Ê � œ` ` ` ` ` ` `
` ` ` ` ` ` ` ` `

` `f x f f z f f
x x y x z x x y x

y y

  .  Similarly, if y is a differentiable function of x and z,  and if z is aÊ œ � œ �Š ‹ Š ‹` ` `
` ` ` ` ` `

` ` `x f/ z
y f/ z z f/ x

f/ y y

z x

 differentiable function of x and y, .  Then ˆ ‰ ˆ ‰Š ‹ Š ‹` ` ` ` `
` ` ` ` ` `

`z f/ x x z
x f/ y y z x

y
y yz x
œ �

 1.œ � � � œ �Š ‹ Š ‹ˆ ‰` `
` ` ` ` ` `

` ` ` `f/ y
f/ z f/ x f/ y

f/ z f/ x

10. z z f(u) and u xy  1  1 y ; also 0  x  so that x y œ � œ Ê œ � œ � œ � œ �` ` ` ` ` `
` ` ` ` ` `

z df u df z df u df z z
x du x du y du y du x y

 x 1 y y x xœ � � œˆ ‰ ˆ ‰df df
du du

11. If x and y are independent, then g(x y z) 0     0 and 0   0ß ß œ Ê � � œ œ Ê � œ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `

` ` ` `g g y g g g
x y y y z y y y z y

x z x z

  , as claimed.Ê œ �Š ‹`
` ` `

` `z
y g/ z

g/ y

x

12. Let x and y be independent.  Then f(x y z w) 0, g(x y z w) 0 and 0ß ß ß œ ß ß ß œ œ`
`

y
x

        0 andÊ � � � œ � � œ` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` `

`f x f f z f w f f z f w
x x y x z x w x x z x w x

y

       0 imply` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` `

` ` ` ` `g g y g g g g g
x x y x z x w x x z x w x

x z w z w� � � œ � � œ
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  � ˆ ‰` ` ` ` `
` ` ` ` `
` ` `
` ` ` ` `

` `
`
`

� �
f z f w f
z x w x x
g g g
z x w x x

z w
z
x

  

 

� œ �

� œ �
Ê œ œ

y

» »
» »

�

�

` `

` `

` `

` `

` `

` `

` `

` `

f f
x w
g g
x w

f f
z w
g g
z w

` `

` ` ` `

` `

`

`

`

f f
x w x w

g g

f
z

g g g g
w z w z w w z

f f f

f f
x w w x

g g

` ` ` ` ` ` `

` ` `` ` `

` `

` ` ` `

` `

� �

�

   

  
œ � , as claimed.

 Likewise, f(x y z w) 0, g(x y z w) 0 and 0      ß ß ß œ ß ß ß œ œ Ê � � �` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` `

`x f x f f z f w
y x y y y z y w y

y

   0 and (similarly)   0 implyœ � � œ � � œ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `

` ` `f f z f w z w
y z y w y y z y w y

g g g

   
  

  � Š ‹` ` ` ` `
` ` ` ` `
` ` `
` ` ` ` `

` `
`
`

� �
f z f w f
z y w y y
g g g
z y w y y

z w
w
y

  

 

� œ �

� œ �
Ê œ œ

x

» »
» »

` `

` `

` `

` `

` `

` `

` `

` `

f f
z y
g g
z y

f f
z w
g g
z w

�

�

` `

` ` ` `

` `

`

`

`

f f
z y z y

g g

f
z

g g g g
w z w z w w z

f f f

f f
z y y z

g g

` ` ` ` ` ` `

` ` `` ` `

` `

` ` ` `

` `

� �

�

   

  
œ � , as claimed.

CHAPTER 14 PRACTICE EXERCISES

 1. Domain:  All points in the xy-plane
 Range:  z 0 

 Level curves are ellipses with major axis along the y-axis
 and minor axis along the x-axis.

 

 2. Domain:  All points in the xy-plane
 Range:  0 z� � _

 Level curves are the straight lines x y ln z with� œ

 slope 1, and z 0.� �

 

 3. Domain:  All (x y) such that x 0 and y 0ß Á Á

 Range:  z 0Á

 Level curves are hyperbolas with the x- and y-axes
 as asymptotes.

 

 4. Domain:  All (x y) so that x y 0ß �  #

 Range:  z 0 

 Level curves are the parabolas y x c, c 0.œ �  #
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 5. Domain:  All points (x y z) in spaceß ß

 Range:  All real numbers

 Level surfaces are paraboloids of revolution with
 the z-axis as axis.

 

 6. Domain:  All points (x y z) in spaceß ß

 Range:  Nonnegative real numbers

 Level surfaces are ellipsoids with center (0 0 0).ß ß

 

 7. Domain:  All (x y z) such that (x y z) (0 0)ß ß ß ß Á ß !ß

 Range:  Positive real numbers

 Level surfaces are spheres with center (0 0 0) andß ß

 radius r 0.�

 

 8. Domain:  All points (x y z) in spaceß ß

 Range:  (0 1]ß

 Level surfaces are spheres with center (0 0 0) andß ß

 radius r 0.�

 

 9.  lim   e  cos x e  cos (2)( 1) 2
Ð ß Ñ Ä Ð ß Ñx y ln 21

y ln 2œ œ � œ �1

10.  lim   2
Ð ß Ñ Ä Ð ß Ñx y 0 0

2 y
x cos y 0 cos 0

2 0�
� �

�œ œ

11.  lim    lim    lim   
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

Á „ Á „
x y 1 1 x y 1 1 x y 1 1

x y x y

x y x y
x y (x y)(x y) x y 1 1

1� �
� � � � � #

" "
# # œ œ œ œ

12.  lim    lim    lim   x y xy 1 1 1 1 1 1 3
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñx y 1 1 x y 1 1 x y 1 1

x y 1
xy 1 xy 1

(xy 1) x y xy 1$ $ # #�
� �

� � � # # # #œ œ � � œ � � œ
a b a b † †

13.  lim   ln x y z ln 1 ( 1) e ln e 1
P 1 1 eÄ Ð ß� ß Ñ

k k k k� � œ � � � œ œ

14.  lim   tan (x y z) tan (1 ( 1) ( 1)) tan ( 1)
P 1 1 1Ä Ð ß� ß� Ñ

�" �" �"� � œ � � � � œ � œ � 1
4
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15. Let y kx , k 1.  Then  lim    lim    which gives different limits forœ Á œ œ#
� � �Ð ß Ñ Ä Ð ß Ñ

Á
ß Ä Ð ß Ñx y 0 0

y x
x kx 0 0

#

#

y
x y x kx 1 k

kx k
# # # #

#

a b

 different values of k  the limit does not exist.Ê

16. Let y kx, k 0.  Then  lim    lim    which gives different limits forœ Á œ œ
Ð ß Ñ Ä Ð ß Ñ ß Ñ Ä Ð ß Ñ

Á
x y 0 0 (x kx 0 0

xy 0

x y x (kx)
xy x(kx) k

1 k# # # # #� � �

 different values of k  the limit does not exist.Ê

17. Let y kx.  Then  lim    which gives different limits for different valuesœ œ œ
Ð ß Ñ Ä Ð ß Ñx y 0 0

x y
x y x k x 1 k

x k x 1 k# #

# # # # # #

# # # #�
� � �

� �

 of k  the limit does not exist so f(0 0) cannot be defined in a way that makes f continuous at the origin.Ê ß

18. Along the x-axis, y 0 and  lim    lim   , so the  limit fails to exis
  1,  x 0

,  x 0
œ œ œ

�

�" �Ð ß Ñ Ä Ð ß Ñ Äx y 0 0 x 0
sin (x y)

x y x
sin x�

�k k k k k k œ t

  f is not continuous at (0 0).Ê ß

19. cos sin , r sin r cos ` `
` `

g g
r œ � œ � �) ) ) )

)

20. , ` " ` "
` # � � � � ` # � � � �

�

� �

� �f 2x x f x
x x y x y x y x y y x y x y x y x y1 1

y x y 2y y x yœ � œ � œ œ � œ � œŠ ‹ Š ‹# # # # # # # # # # # # # # # ## #

Š ‹ Š ‹
ˆ ‰ ˆ ‰

y
x
y y
x x

1
x#

21. , , ` " ` " ` "
` ` `

f f f
R R RR R R" # $

# # #œ � œ � œ �
" # $

22. h (x y z) 2  cos (2 x y 3z), h (x y z) cos (2 x y 3z), h (x y z) 3 cos (2 x y 3z)x y zß ß œ � � ß ß œ � � ß ß œ � � �1 1 1 1

23. , , , ` ` ` `
` ` ` `

P RT P nT P nR P nRT
n V R V T V V Vœ œ œ œ � #

24. f (r T w) , f (r T w) , f (r T w)r Tß jß ß œ � ß jß ß œ � ß jß ß œ" " " " "
j # j # jj2r w r w r

T T
w 2 T# #

É É ˆ ‰Š ‹Š ‹
1 1 1È È

 , f (r T w) wœ œ ß jß ß œ � œ �" " " " " "
j j # j # j

�$Î#
4r T w 4r T w r 4r w w

T T TÉ É É Éˆ ‰ ˆ ‰
1 1 1 1w

25. , 1   0, , ` ` ` ` ` `
` ` ` ` ` ` ` `

" "g g g g g g
x y y y x y y y x x y y

x 2xœ œ � Ê œ œ œ œ �# # # $ #

# # # #

26. g (x y) e y cos x, g (x y) sin x  g (x y) e y sin x, g (x y) 0, g (x y) g (x y) cos xx y xx yy xy yx
x xß œ � ß œ Ê ß œ � ß œ ß œ ß œ

27. 1 y 15x , x  30x , 0, 1` ` ` � ` ` `
` � ` ` ` ` ` ` `

#
�

f 2x f f 2 2x f f f
x x 1 y x y y x x yx 1
œ � � � œ Ê œ � � œ œ œ# # #

# # # # #

# #a b

28. f (x y) 3y, f (x y) 2y 3x sin y 7e   f (x y) 0, f (x y) 2 cos y 7e , f (x y) f (x y) 3x y xx yy xy yx
y yß œ � ß œ � � � Ê ß œ ß œ � � ß œ ß œ �

29. y cos (xy ), x cos (xy ), e , ` ` "
` ` �

w w dx
x y dt dt t 1

dyœ � œ � œ œ1 1 t

  [y cos (xy )]e [x cos (xy )] ; t 0  x 1 and y 0Ê œ � � � œ Ê œ œdw
dt t 11 1t ˆ ‰"

�

  0 1 [1 ( 1)] 1Ê œ � � œ �¸ ˆ ‰dw
dt 0 1t 0œ

† †
"
�

30. e , xe sin z, y cos z sin z, t , 1 , ` ` ` "
` ` `

�"Î#w w w dx dz
x y z dt dt t dt

dyœ œ � œ � œ œ � œy y 1

  e t xe sin z 1 (y cos z sin z) ; t 1  x 2, y 0, and zÊ œ � � � � � œ Ê œ œ œdw
dt t

y y�"Î# "a b ˆ ‰ 1 1

  1 1 (2 1 0)(2) (0 0) 5Ê œ � � � � œ¸dw
dt t 1œ

† † 1
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31. 2 cos (2x y), cos (2x y), 1, cos s, s, r` ` ` `
` ` ` ` ` `

` `w w x x
x y r s r s

y yœ � œ � � œ œ œ œ

  [2 cos (2x y)](1) [ cos (2x y)](s); r  and s 0  x  and y 0Ê œ � � � � œ œ Ê œ œ`
`
w
r 1 1

  (2 cos 2 ) (cos 2 )(0) 2; [2 cos (2x y)](cos s) [ cos (2x y)](r)Ê œ � œ œ � � � �¸` `
` `
w w
r sÐ ß Ñ1 0

1 1

  (2 cos 2 )(cos 0) (cos 2 )( ) 2Ê œ � œ �¸`
`
w
s Ð ß Ñ1 0

1 1 1 1

32.  2e  cos v ; u v 0  x 2  (2) ;` ` " ` "
` ` � � `

w dw x x w 2 2
u dx u 1 x x 1 u 5 5 5œ œ � œ œ Ê œ Ê œ � œˆ ‰ ¸ ˆ ‰a b# #

u
0 0Ð ß Ñ

  2e  sin v   (0) 0` ` " ` "
` ` � � `

w dw x x w 2
v dx v 1 x x 1 v 5 5œ œ � � Ê œ � œˆ ‰ ¸ ˆ ‰a b# #

u
0 0Ð ß Ñ

33. y z, x z, y x, sin t, cos t, 2 sin 2t` ` `
` ` `

f f f dx dz
x y z dt dt dt

dyœ � œ � œ � œ � œ œ �

  (y z)(sin t) (x z)(cos t) 2(y x)(sin 2t); t 1  x cos 1, y sin 1, and z cos 2Ê œ � � � � � � œ Ê œ œ œdf
dt

  (sin 1 cos 2)(sin 1) (cos 1 cos 2)(cos 1) 2(sin 1 cos 1)(sin 2)Ê œ � � � � � �¸df
dt t 1œ

34.  (5)  and  (1)   5 5 5 0` ` ` ` ` `
` ` ` ` ` `

w dw s dw w dw s dw dw w w dw dw
x ds x ds y ds y ds ds x y ds dsœ œ œ œ œ Ê � œ � œ

35. F(x y) 1 x y sin xy  F 1 y cos xy and F 2y x cos xy  ß œ � � � Ê œ � � œ � � Ê œ � œ �# � �
� �x y

dy 1 y cos xy
dx F 2y x cos xy

Fx

y

  at (x y) ( 1) we have 1œ Ê ß œ !ß œ œ �1 y cos xy dy
2y x cos xy dx 2

1�
� � �

�"¹
Ð ß Ñ0 1

36. F(x y) 2xy e 2  F 2y e  and F 2x e   ß œ � � Ê œ � œ � Ê œ � œ �x y x y x y
x y

dy 2y e
dx F 2x e

F� � � �
�

x

y

x y

x y

�

�

  at (x y) ( ln 2) we have (ln 2 1)Ê ß œ !ß œ � œ � �¹dy
dx 0 2

2 ln 2 2

Ð ß Ñ0 ln 2

�
�

37. f ( sin x cos y) (cos x sin y)   f   f ;™ ™ ™œ � � Ê œ � � Ê œ � � � œ œi j i jk k k Éˆ ‰ ˆ ‰
ˆ ‰1 1

4 4ß

" " " " "
# # # # #

# #

È
È

2
2

   f increases most rapidly in the direction  and decreases mostu i j u i jœ œ � � Ê œ � �™

™

f
f

2 2 2 2k k
È È È È
# # # #

 rapidly in the direction ; (D f) f  and (D f) ;� œ � œ œ œ �u i j
È È È È2 2 2 2
# # # #u uP P! !

k k™
�

   (D f) fu i j u" "
�

�

" "
# #œ œ œ � Ê œ œ � � � œ �v

v
i jk k È3 4
3 4

3 4 3 4 7
5 5 5 5 10# # u" !P ™ † ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

38. f 2xe 2x e   f   f 2 ( 2) 2 2; ™ ™ ™œ � Ê œ # � # Ê œ � � œ œ œ �� �

Ð ß Ñ
2y 2y

1 0i j i j u i j# # #k k k È È ™

™

f
f

1 1
2 2k k È È

  f increases most rapidly in the direction  and decreases most rapidly in the directionÊ œ �u i j1 1
2 2È È

 ; (D f) f 2 2 and (D f) 2 2 ; � œ � � œ œ œ � œ œ œ �u i j u i j1 1 1 1
2 2 1 1 2 2È È È È Èk ku uP P! !

k k È È™
� "

�

�

v
v

i j
# #

  (D f) f (2) ( 2) 0Ê œ œ � � œu" !P ™ † u"
" "Š ‹ Š ‹È È2 2

39. f   f 2 3 6 ;™ ™œ � � Ê œ � �Š ‹ Š ‹ Š ‹ k2 3 6
2x 3y 6z 2x 3y 6z 2x 3y 6z� � � � � �i j k i j k

Ð� ß� ß Ñ1 1 1

   f increases most rapidly in the direction  andu i j k u i j kœ œ œ � � Ê œ � �™

™

f
f 7 7 7 7 7 7

2 3 6
2 3 6

2 3 6 2 3 6k k Èi j k� �

� �# # #

 decreases most rapidly in the direction ; (D f) f 7, (D f) 7;� œ � � � œ œ œ �u i j k2 3 6
7 7 7 u uP P! !

k k™ �

   (D f) (D f) 7u i j k" œ œ � � Ê œ œv
vk k 2 3 6

7 7 7 u u" !P P!

40. f (2x 3y) (3x 2) (1 2z)   f 2 ;   f increases most™ ™œ � � � � � Ê œ � œ œ � Êi j k j k u j kk
Ð ß ß Ñ0 0 0

™

™

f
f

2
5 5k k È È"

 rapidly in the direction  and decreases most rapidly in the direction ;u j k u j kœ � � œ � �2 2
5 5 5 5È È È È" "

 (D f) f 5 and (D f) 5 ; u uP P! !
œ œ œ � œ œ œ � �k k È È™ � "

� �

� �

" " "u i j kv
v

i j kk k È È È È1 1 1 3 3 3# # #

  (D f) f (0) (2) (1) 3Ê œ œ � � œ œu" P! ™ † u"
" " "Š ‹ Š ‹ Š ‹ ÈÈ È È È3 3 3 3

3
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41. (cos 3t) (sin 3t) 3t   (t) ( 3 sin 3t) (3 cos 3t) 3   3 3r i j k v i j k v j kœ � � Ê œ � � � Ê œ � �ˆ ‰1
3

  ; f(x y z) xyz  f yz xz xy ; t  yields the point on the helix ( 1 0 )Ê œ � � ß ß œ Ê œ � � œ � ß ßu j k i j k" "È È2 2 3™
1 1

  f   f ( )Ê œ � Ê œ � � � œk Š ‹™ ™ † †
Ð� ß ß Ñ1 0 1

1 1j  u j j k" "È È È2 2 2
1

42. f(x y z) xyz  f yz xz xy ; at (1 1 1) we get f   the maximum value ofß ß œ Ê œ � � ß ß œ � � Ê™ ™i j k i j k

 D f f 3k k k È
u Ð ß ß Ñ1 1 1 œ œ™

43. (a) Let f a b  at (1 2).  The direction toward (2 2) is determined by (2 1) (2 2)™ œ � ß ß œ � � � œ œi j v i j i u"

 so that f 2  a 2.  The direction toward (1 1) is determined by (1 1) (1 2)™ † u v i j j uœ Ê œ ß œ � � � œ � œ#

 so that f 2  b 2  b 2.  Therefore f 2 2 ; f 1, 2 f 1, 2 2.™ † ™u i jœ � Ê � œ � Ê œ œ � œ œx ya b a b
 (b) The direction toward (4 6) is determined by (4 1) (6 2) 3 4   ß œ � � � œ � Ê œ �v i j i j u i j$

3 4
5 5

  f .Ê œ™ † u 14
5

44. (a) True (b) False (c) True (d) True

45. f 2x 2z  ™ œ � � Êi j k
 f 2 ,k™

Ð ß� ß� Ñ0 1 1 œ �j k

 f ,k™
Ð ß ß Ñ0 0 0 œ j

 f 2k™
Ð ß� ß Ñ0 1 1 œ �j k

 

46. f 2y 2z  ™ œ � Êj k
 f 4 ,k™

Ð ß ß Ñ2 2 0 œ j

 f 4 ,k™
Ð ß� ß Ñ2 2 0 œ � j

 f 4 ,k™
Ð ß ß Ñ2 0 2 œ k

 f 4k™
Ð ß ß� Ñ2 0 2 œ � k

 

47. f 2x 5   f 4 5   Tangent Plane:  4(x 2) (y 1) 5(z 1) 0™ ™œ � � Ê œ � � Ê � � � � � œi j k i j kk
Ð ß� ß Ñ2 1 1

  4x y 5z 4; Normal Line:  x 2 4t, y 1 t, z 1 5tÊ � � œ œ � œ � � œ �

48. f 2x 2y   f 2 2   Tangent Plane:  2(x 1) 2(y 1) (z 2) 0™ ™œ � � Ê œ � � Ê � � � � � œi j k i j kk
Ð ß ß Ñ1 1 2

  2x 2y z 6 0; Normal Line:  x 1 2t, y 1 2t, z 2 tÊ � � � œ œ � œ � œ �

49.   0 and   2; thus the tangent plane is` ` ` `
` � ` ` � `

z 2x z z z
x x y x y x y y

2yœ Ê œ œ Ê œ# # # #
¸ ¹

Ð ß ß Ñ Ð ß ß Ñ0 1 0 0 1 0

 2(y 1) (z 0) 0 or 2y z 2 0� � � œ � � œ
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50. 2x x y    and 2y x y   ; thus the tangent` ` " ` ` "
` ` # ` ` #

# # # #�# �#z z z z
x x y yœ � � Ê œ � œ � � Ê œ �a b a b¸ ¹ˆ ‰ ˆ ‰1 1 1 1ß ß

ß ß

1
2 1

2

 plane is (x 1) (y 1) z 0 or x y 2z 3 0� � � � � � œ � � � œ" " "
# # #

ˆ ‰
51. f ( cos x)   f   the tangent™ ™œ � � Ê œ � Êi j i jk

Ð ß Ñ1 1

 line is (x ) (y 1) 0  x y 1; the� � � œ Ê � œ �1 1

 normal line is y 1 1(x )  y x 1� œ � Ê œ � �1 1

 

52. f x y   f 2   the tangent™ ™œ � � Ê œ � � Êi j i jk
Ð ß Ñ1 2

 line is (x 1) 2(y 2) 0 y x ; the normal� � � � œ Ê œ �"
# #

3

 line is y 2 2(x 1) y 2x 4� œ � � Ê œ � �

 

53. Let f(x y z) x 2y 2z 4 and g(x y z) y 1.  Then f 2x 2 2 2 2 2ß ß œ � � � ß ß œ � œ � � œ � �# k™ i j k i j ka b1 1ß ß

1
2

 and g   f g 2 2   the line is x 1 2t, y 1, z 2t2 2 2
0 0

™ ™ ™œ Ê ‚ œ œ � � Ê œ � œ œ �
"

j i k
i j k

â ââ ââ ââ ââ ââ â
"
#

54. Let f(x y z) x y z 2 and g(x y z) y 1.  Then f 2y 2  andß ß œ � � � ß ß œ � œ � � œ � �# k™ i j k i j ka b1 1
2 2ß ß1

 g   f g   the line is x t, y 1, z t1 2 1
0 0

™ ™ ™œ Ê ‚ œ œ � � Ê œ � œ œ �
"

j i k
i j k

â ââ ââ ââ ââ ââ â
" "
# #

55. f , f cos x cos y , f sin x sin yˆ ‰ ˆ ‰ ˆ ‰k k1 1 1 1 1 1
1 1 1 14 4 4 4 4 4x y4 4 4 4ß œ ß œ œ ß œ � œ �" " "

# # #Ð Î ß Î Ñ Ð Î ß Î Ñ

  L(x y) x y x y; f (x y) sin x cos y, f (x y) sin x cos y, andÊ ß œ � � � � œ � � ß œ � ß œ �" " " " " "
# # # # # #

ˆ ‰ ˆ ‰1 1
4 4 xx yy

 f (x y) cos x sin y.  Thus an upper bound for E depends on the bound M used for f , f , and f .xy xx xy yyß œ � k k k k k k
 With M  we have E(x y) x y (0.2) 0.0142;œ ß Ÿ � � � Ÿ Ÿ

È È È2 2 2
4 4 4# # #

" # #k k Š ‹ ˆ ‰¸ ¸ ¸ ¸1 1

 with M 1, E(x y) (1) x y (0.2) 0.02.œ ß Ÿ � � � œ œk k ˆ ‰¸ ¸ ¸ ¸" "
# #

# #1 1
4 4

56. f(1 1) 0, f (1 1) y 1, f (1 1) x 6y 5  L(x y) (x 1) 5(y 1) x 5y 4;ß œ ß œ œ ß œ � œ � Ê ß œ � � � œ � �k kx y1 1 1 1Ð ß Ñ Ð ß Ñ

 f (x y) 0, f (x y) 6, and f (x y) 1  maximum of f , f , and f  is 6  M 6xx yy xy xx yy xyß œ ß œ � ß œ Ê Ê œk k k k k k
  E(x y) (6) x 1 y 1 (6)(0.1 0.2) 0.27Ê ß Ÿ � � � œ � œk k a bk k k k" "

# #
# #

57. f(1 0 0) 0, f (1 0 0) y 3z 0, f (1 0 0) x 2z 1, f (1 0 0) 2y 3x 3ß ß œ ß ß œ � œ ß ß œ � œ ß ß œ � œ �k k kx y z1 0 0 1 0 01 0 0Ð ß ß Ñ Ð ß ß ÑÐ ß ß Ñ

  L(x y z) 0(x 1) (y 0) 3(z 0) y 3z; f(1 1 0) 1, f (1 1 0) 1, f (1 1 0) 1, f ( ) 1Ê ß ß œ � � � � � œ � ß ß œ ß ß œ ß ß œ "ß "ß ! œ �x y z

  L(x y z) 1 (x 1) (y 1) 1(z 0) x y z 1Ê ß ß œ � � � � � � œ � � �

58. f 0 1, f 0 2 sin x sin (y z) 0, f 0 2 cos x cos (y z) 1,ˆ ‰ ˆ ‰ ˆ ‰¹ ¹È Èß !ß œ !ß ß œ � � œ !ß ß œ � œ1 1 1
4 4 4x y

0 0 0 0ˆ ‰ ˆ ‰ß ß ß ß

1 1

4 4

 f 0 2 cos x cos (y z) 1  L(x y z) 1 1(y 0) 1 z 1 y z ;z
0 0

ˆ ‰ ˆ ‰¹È!ß ß œ � œ Ê ß ß œ � � � � œ � � �1 1 1
4 4 4ˆ ‰ß ß

1

4

 f 0 , f 0 , f 0 , f 0ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1 1 1 1
4 4 4 4 4 4 4 4

2 2 2 2ß ß œ ß ß œ � ß ß œ ß ß œ
È È È È
# # # #x y z

  L(x y z) x y (z 0) x y zÊ ß ß œ � � � � � � œ � � �
È È È È È È È È2 2 2 2 2 2 2 2

4 4# # # # # # # #
ˆ ‰ ˆ ‰1 1
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59. V r h  dV 2 rh dr r  dh  dV 2 (1.5)(5280) dr (1.5)  dh 15,840  dr 2.25  dh.kœ Ê œ � Ê œ � œ �1 1 1 1 1 1 1# # #
Ð Þ ß Ñ1 5 5280

 You should be more careful with the diameter since it has a greater effect on dV.

60. df (2x y) dx ( x 2y) dy  df 3 dy  f is more sensitive to changes in y; in fact, near the pointkœ � � � � Ê œ Ê
Ð ß Ñ1 2

 (1 2) a change in x does not change f.ß

61. dI dV  dR  dI  dV  dR  dI 0.01 (480)(.0001) 0.038,¸ ¸œ � Ê œ � Ê œ � � œ" "
R R 100 100

V 24
# #Ð ß Ñ24 100 dV 1 dR 20œ� ß œ�

 or increases by 0.038 amps; % change in V (100) 4.17%; % change in R (100) 20%;œ � ¸ � œ � œ �ˆ ‰ ˆ ‰"
24 100

20

 I 0.24  estimated % change in I 100 100 15.83% more sensitive to voltage change.œ œ Ê œ ‚ œ ‚ ¸ Ê24 dI 0.038
100 I 0.24

62. A ab  dA b da a db  dA 16  da 10  db; da 0.1 and db 0.1kœ Ê œ � Ê œ � œ „ œ „1 1 1 1 1Ð ß Ñ10 16

  dA 26 (0.1) 2.6  and A (10)(16) 160   100 100 1.625%Ê œ „ œ „ œ œ Ê ‚ œ ‚ ¸1 1 1 1 ¸ ¸ ¸ ¸dA 2.6
A 160

1
1

63. (a) y uv  dy v du u dv; percentage change in u 2%  du 0.02, and percentage change in v 3%œ Ê œ � Ÿ Ê Ÿ Ÿk k
  dv 0.03;   100 100 100 100 100Ê Ÿ œ œ � Ê ‚ œ ‚ � ‚ Ÿ ‚ � ‚k k ¹ ¹ ¸ ¸ ¸ ¸ ¸ ¸dy dy

y uv u v y u v u v
v du u dv du dv du dv du dv�

 2% 3% 5%Ÿ � œ

 (b) z u v   (since u 0, v 0)œ � Ê œ œ � Ÿ � � �dz du dv du dv du dv
z u v u v u v u v

�
� � �

  100 100 100 100Ê ‚ Ÿ ‚ � ‚ œ ‚¸ ¸ ¸ ¸ ¹ ¹dz du dv
z u v y

dy

64. C   C   and Cœ Ê œ œ7
71.84w h 71.84w h 71.84w hw h

( 0.425)(7) ( 0.725)(7)
0 425 0 725 1 425 0 725 0 425 1 725Þ Þ Þ Þ Þ Þ

� �

  dC  dw  dh; thus when w 70 and h 180 we haveÊ œ � œ œ� �2.975 5.075
71.84w h 71.84w h1 425 0 725 0 425 1 725Þ Þ Þ Þ

 dC (0.00000225) dw (0.00000149) dh 1 kg error in weight has more effectk Ð ß Ñ70 180 ¸ � � Ê

65. f (x y) 2x y 2 0 and f (x y) x 2y 2 0  x 2 and y 2  ( 2 2) is the critical point;x yß œ � � œ ß œ � � � œ Ê œ � œ � Ê � ß�

 f ( 2 2) 2, f ( 2) 2, f ( 2) 1  f f f 3 0 and f 0  local minimum valuexx yy xy xx yy xxxy� ß� œ �#ß� œ �#ß� œ � Ê � œ � � Ê#

 of f( 2) 8�#ß� œ �

66. f (x y) 10x 4y 4 0 and f (x y) 4x 4y 4 0  x 0 and y 1  (0 1) is the critical point;x yß œ � � œ ß œ � � œ Ê œ œ � Ê ß�

 f (0 1) 10, f (0 1) 4, f (0 1) 4  f f f 56 0  saddle point with f(0 1) 2xx yy xy xx yy xyß � œ ß� œ � ß� œ Ê � œ � � Ê ß� œ#

67. f (x y) 6x 3y 0 and f (x y) 3x 6y 0  y 2x  and 3x 6 4x 0  x 1 8x 0x yß œ � œ ß œ � œ Ê œ � � œ Ê � œ# # # % $a b a b
  x 0 and y 0, or x  and y   the critical points are (0 0) and .  For ( ):Ê œ œ œ � œ � Ê ß � ß� !ß !" " " "

# # # #
ˆ ‰

 f ( ) 12x 0, f ( ) 12y 0, f ( 0) 3  f f f 9 0  saddle point withk kxx yy xy xx yy0 0 0 0 xy!ß ! œ œ !ß ! œ œ !ß œ Ê � œ � � ÊÐ ß Ñ Ð ß Ñ
#

 f(0 0) 0.  For :  f 6, f 6, f 3  f f f 27 0 and f 0  local maximumß œ � ß� œ � œ � œ Ê � œ � � Êˆ ‰" "
# #

#
xx yy xy xx yy xxxy

 value of f ˆ ‰� ß� œ" " "
# # 4

68. f (x y) 3x 3y 0 and f (x y) 3y 3x 0  y x  and x x 0  x x 1 0  the criticalx yß œ � œ ß œ � œ Ê œ � œ Ê � œ Ê# # # % $a b
 points are (0 0) and (1 1) .  For ( ):  f ( ) 6x 0, f ( ) 6y 0, f ( 0) 3ß ß !ß ! !ß ! œ œ !ß ! œ œ !ß œ �k kxx yy xy0 0 0 0Ð ß Ñ Ð ß Ñ

  f f f 9 0  saddle point with f(0 0) 15.  For (1 1):  f (1 1) 6, f (1 1) 6, f (1 1) 3Ê � œ � � Ê ß œ ß ß œ ß œ ß œ �xx yy xx yy xyxy
#

  f f f 27 0 and f 0  local minimum value of f(1 1) 14Ê � œ � � Ê ß œxx yy xxxy
#

69. f (x y) 3x 6x 0 and f (x y) 3y 6y 0  x(x 2) 0 and y(y 2) 0  x 0 or x 2 andx yß œ � œ ß œ � œ Ê � œ � œ Ê œ œ �# #

 y 0 or y 2  the critical points are (0 0), (0 2), ( 2 0), and ( 2 2) .  For ( ):  f ( ) 6x 6œ œ Ê ß ß � ß � ß !ß ! !ß ! œ � kxx 0 0Ð ß Ñ

 6, f ( ) 6y 6 6, f ( 0) 0  f f f 36 0  saddle point with f(0 0) 0.  Forœ !ß ! œ � œ � !ß œ Ê � œ � � Ê ß œkyy xy xx yy0 0 xyÐ ß Ñ
#

 (0 2):  f ( 2) 6, f (0 ) 6, f ( 2) 0  f f f 36 0 and f 0  local minimum value ofß !ß œ ß # œ !ß œ Ê � œ � � Êxx yy xy xx yy xxxy
#
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 f( 2) 4.  For ( 0):  f ( 2 0) 6, f ( 0) 6, f ( 2 0) 0  f f f 36 0 and f 0!ß œ � �#ß � ß œ � �#ß œ � � ß œ Ê � œ � �xx yy xy xx yy xxxy
#

  local maximum value of f( 2 0) 4.  For ( 2 2):  f ( 2 2) 6, f ( 2 2) 6, f ( 2 2) 0Ê � ß œ � ß � ß œ � � ß œ � ß œxx yy xy

  f f f 36 0  saddle point with f( 2 2) 0.Ê � œ � � Ê � ß œxx yy xy
#

70. f (x y) 4x 16x 0  4x x 4 0  x 0, 2, 2; f (x y) 6y 6 0  y 1.  Therefore the criticalx yß œ � œ Ê � œ Ê œ � ß œ � œ Ê œ$ #a b
 points are (0 1), (2 1), and ( 2 1).  For ( 1):  f ( 1) 12x 16 16, f ( 1) 6, f ( 1) 0ß ß � ß !ß !ß œ � œ � !ß œ !ß œkxx yy xy0 1

#
Ð ß Ñ

  f f f 96 0  saddle point with f(0 1) 3.  For (2 1):  f (2 1) 32, f (2 1) 6,Ê � œ � � Ê ß œ � ß ß œ ß œxx yy xx yyxy
#

 f (2 1) 0  f f f 192 0 and f 0  local minimum value of f(2 1) 19.  For ( 1):xy xx yy xxxyß œ Ê � œ � � Ê ß œ � �#ß#

 f ( 2 1) 32, f ( 1) 6, f ( 2 1) 0  f f f 192 0 and f 0  local minimum value ofxx yy xy xx yy xxxy� ß œ �#ß œ � ß œ Ê � œ � � Ê#

 f( 2 1) 19.� ß œ �

71. (i) On OA, f(x y) f(0 y) y 3y for 0 y 4ß œ ß œ � Ÿ Ÿ#

  f ( y) 2y 3 0  y .  But Ê !ß œ � œ Ê œ � !ß�w
# #
3 3ˆ ‰

 is not in the region.
 Endpoints:  f(0 0) 0 and f(0 4) 28.ß œ ß œ

 (ii) On AB, f(x y) f(x x 4) x 10x 28ß œ ß� � œ � �#

 for 0 x 4  f (x x 4) 2x 10 0Ÿ Ÿ Ê ß� � œ � œw

  x 5, y 1.  But (5 1) is not in the region.Ê œ œ � ß�

 Endpoints:  f(4 0) 4 and f( 4) 28.ß œ !ß œ  

 (iii) On OB, f(x y) f(x 0) x 3x for 0 x 4  f (x 0) 2x 3  x  and y 0  0  is aß œ ß œ � Ÿ Ÿ Ê ß œ � Ê œ œ Ê ß# w
# #
3 3ˆ ‰

 critical point with f .ˆ ‰3 9
4# ß ! œ �

 Endpoints:  f(0 0) 0 and f( 0) 4.ß œ %ß œ

 (iv) For the interior of the triangular region, f (x y) 2x y 3 0 and f (x y) x 2y 3 0  x 3x yß œ � � œ ß œ � � œ Ê œ

 and y 3.  But (3 3) is not in the region.  Therefore the absolute maximum is 28 at (0 4) and theœ � ß� ß

 absolute minimum is  at .� ß !9 3
4

ˆ ‰
#

72. (i) On OA, f(x y) f(0 y) y 4y 1 forß œ ß œ � � �#

 0 y 2  f ( y) 2y 4 0  y 2 andŸ Ÿ Ê !ß œ � � œ Ê œw

 x 0.  But (0 2) is not in the interior of OA.œ ß

 Endpoints:  f(0 0) 1 and f(0 2) 5.ß œ ß œ

 (ii) On AB, f(x y) f(x 2) x 2x 5 for 0 x 4ß œ ß œ � � Ÿ Ÿ#

  f (x 2) 2x 2 0  x 1 and y 2Ê ß œ � œ Ê œ œw

  (1 2) is an interior critical point of AB withÊ ß  

 f(1 2) 4. Endpoints:  f(4 2) 13 and f( 2) 5.ß œ ß œ !ß œ

 (iii) On BC, f(x y) f(4 y) y 4y 9 for 0 y 2  f (4 y) 2y 4 0  y  and x 4.  Butß œ ß œ � � � Ÿ Ÿ Ê ß œ � � œ Ê œ # œ# w

 (4 2) is not in the interior of BC.  Endpoints:  f(4 0) 9 and f( 2) 13.ß ß œ %ß œ

 (iv) On OC, f(x y) f(x 0) x 2x 1 for 0 x 4  f (x 0) 2x 2 0  x 1 and y 0  (1 0)ß œ ß œ � � Ÿ Ÿ Ê ß œ � œ Ê œ œ Ê ß# w

 is an interior critical point of OC with f(1 0) 0.  Endpoints:  f(0 0) 1 and f(4 0) 9.ß œ ß œ ß œ

 (v) For the interior of the rectangular region, f (x y) 2x 2 0 and f (x y) 2y 4 0  x 1 andx yß œ � œ ß œ � � œ Ê œ

 y 2.  But (1 2) is not in the interior of the region.  Therefore the absolute maximum is 13 at (4 2)œ ß ß

 and the absolute minimum is 0 at (1 0).ß
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73. (i) On AB, f(x y) f( 2 y) y y 4 forß œ � ß œ � �#

 2 y 2  f ( 2 y) 2y 1  y  and� Ÿ Ÿ Ê � ß œ � Ê œw "
#

 x 2  2  is an interior critical point in ABœ � Ê � ßˆ ‰"
#

 with f 2 . Endpoints:  f( 2 2) 2 andˆ ‰� ß œ � � ß� œ"
#

17
4

 f(2 2) 2.ß œ �

 (ii) On BC, f(x y) f(x 2) 2 for 2 x 2ß œ ß œ � � Ÿ Ÿ

  f (x 2) 0  no critical points in the interior ofÊ ß œ Êw

 BC. Endpoints:  f( 2 2) 2 and f(2 2) 2.� ß œ � ß œ �

 (iii) On CD, f(x y) f(2 y) y 5y 4 forß œ ß œ � �#  

 2 y 2  f (2 y) 2y 5 0  y  and x 2. But  is not in the region.� Ÿ Ÿ Ê ß œ � œ Ê œ œ #ßw
# #
5 5ˆ ‰

 Endpoints:  f(2 2) 18 and f(2 2) 2.ß � œ ß œ �

 (iv) On AD, f(x y) f(x 2) 4x 10 for 2 x 2  f (x 2) 4  no critical points in the interiorß œ ß� œ � � Ÿ Ÿ Ê ß� œ Êw

 of AD.  Endpoints:  f( 2 2) 2 and f(2 2) 18.� ß� œ ß� œ

 (v) For the interior of the square, f (x y) y 2 0 and f (x y) 2y x 3 0  y 2 and x 1x yß œ � � œ ß œ � � œ Ê œ œ

  (1 2) is an interior critical point of the square with f(1 2) 2.  Therefore the absolute maximumÊ ß ß œ �

 is 18 at (2 2)  and the absolute minimum is  at .ß � � �#ß17
4

ˆ ‰"
#

74. (i) On OA, f(x y) f(0 y) 2y y  for 0 y 2ß œ ß œ � Ÿ Ÿ#

  f ( y) 2 2y 0  y 1 and x 0 Ê !ß œ � œ Ê œ œ Êw

 ( 1) is an interior critical point of OA with!ß

 f(0 1) 1. Endpoints:  f(0 0) 0 and f(0 2) 0.ß œ ß œ ß œ

 (ii) On AB, f(x y) f(x 2) 2x x  for 0 x 2ß œ ß œ � Ÿ Ÿ#

  f (x 2) 2 2x 0  x 1 and y 2Ê ß œ � œ Ê œ œw

  (1 2) is an interior critical point of AB withÊ ß

 f(1 2) 1. Endpoints:  f(0 2) 0 and f(2 2) 0.ß œ ß œ ß œ

 (iii) On BC, f(x y) f(2 y) 2y y  for 0 y 2ß œ ß œ � Ÿ Ÿ#

   f (2 y) 2 2y 0  y 1 and x 2Ê ß œ � œ Ê œ œw

 

  (2 1) is an interior critical point of BC with f(2 1) 1.  Endpoints:  f(2 0) 0 and f(2 2) 0.Ê ß ß œ ß œ ß œ

 (iv) On OC, f(x y) f(x 0) 2x x  for 0 x 2  f (x 0) 2 2x 0  x 1 and y 0  (1 0)ß œ ß œ � Ÿ Ÿ Ê ß œ � œ Ê œ œ Ê ß# w

 is an interior critical point of OC with f(1 0) 1.  Endpoints:  f(0 0) 0 and f(0 2) 0.ß œ ß œ ß œ

 (v) For the interior of the rectangular region, f (x y) 2 2x 0 and f (x y) 2 2y 0  x 1 andx yß œ � œ ß œ � œ Ê œ

 y 1  (1 1) is an interior critical point of the square with f(1 1) 2.  Therefore the absolute maximumœ Ê ß ß œ

 is 2 at (1 1) and the absolute minimum is 0 at the four corners (0 0), (0 2), (2 2), and (2 0).ß ß ß ß ß

75. (i) On AB, f(x y) f(x x 2) 2x 4 forß œ ß � œ � �

 2 x 2  f (x x 2) 2 0  no critical� Ÿ Ÿ Ê ß � œ � œ Êw

 points in the interior of AB. Endpoints:  f( 2 0) 8� ß œ

 and f(2 4) 0.ß œ

 (ii) On BC, f(x y) f(2 y) y 4y for 0 y 4ß œ ß œ � � Ÿ Ÿ#

  f (2 y) 2y 4 0  y 2 and x 2Ê ß œ � � œ Ê œ œw

  (2 2) is an interior critical point of BC withÊ ß

 f(2 2) 4. Endpoints:  f(2 0) 0 and f(2 4) 0.ß œ ß œ ß œ

 

 (iii) On AC, f(x y) f(x 0) x 2x for 2 x 2ß œ ß œ � � Ÿ Ÿ#

  f (x 0) 2x 2  x 1 and y 0  (1 0) is an interior critical point of AC with f(1 0) 1.Ê ß œ � Ê œ œ Ê ß ß œ �w

 Endpoints:  f( 2 0) 8 and f(2 0) 0.� ß œ ß œ

 (iv) For the interior of the triangular region, f (x y) 2x 2 0 and f (x y) 2y 4 0  x 1 andx yß œ � œ ß œ � � œ Ê œ

 y 2  (1 2) is an interior critical point of the region with f(1 2) 3.  Therefore the absolute maximumœ Ê ß ß œ

 is 8 at ( 2 0) and the absolute minimum is 1 at (1 0).� ß � ß
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76. (i) On AB, f x y f x x 4x 2x 16 fora b a bß œ ß œ � �# %

 2 x 2  f x x 8x 8x 0  x 0� Ÿ Ÿ Ê ß œ � œ Ê œw $a b
 and y 0, or x 1 and y 1, or x 1 and y 1œ œ œ œ � œ �

 0 0 , 1 1 , 1 1  are all interior points of ABÊ ß ß � ß�a b a b a b
 with f 0 0 16, f 1 1 18, and f 1 1 18.a b a b a bß œ ß œ � ß� œ

 Endpoints:  f 2 2 0 and f 2 2 0.a b a b� ß� œ ß œ

 (ii) On BC, f x y f 2 y 8y y  for 2 y 2a b a bß œ ß œ � � Ÿ Ÿ%

  f 2 y 8 4y 0 y 2 and x 2Ê ß œ � œ Ê œ œw $a b È3

  2 2  is an interior critical point of BC withÊ ßŠ ‹È3

 

 f 2 2 6 2. Endpoints:  f 2 2 32 and f 2 2 0.Š ‹È È a b a bß œ ß� œ � ß œ3 3

 (iii) On AC, f x y f x 2 8x x  for 2 x 2 f x 2 8 4x  0 x 2 and y 2a b a b a b Èß œ ß� œ � � � Ÿ Ÿ Ê ß� œ � � œ Ê œ � œ �% w $ 3

  2 2  is an interior critical point of AC with f 2 2 6 2.  Endpoints:Ê � ß� � ß� œŠ ‹ Š ‹È È È3 3 3

 f 2 2 0 and f 2 2 32.a b a b� ß� œ ß� œ �

 (iv) For the interior of the triangular region, f x y 4y 4x 0 and f x y 4x 4y 0  x 0 andx ya b a bß œ � œ ß œ � œ Ê œ$ $

 y 0, or x 1 and y 1 or x 1 and y 1.  But neither of the points 0 0  and 1 1 , or 1 1  areœ œ œ œ � œ � ß ß � ß�a b a b a b
 interior to the region.  Therefore the absolute maximum is 18 at (1 1) and ( 1 1), and the absolute minimum isß � ß�

 32 at 2 2 .� ß�a b
77. (i) On AB, f(x y) f( 1 y) y 3y 2 forß œ � ß œ � �$ #

 1 y 1  f ( 1 y) 3y 6y 0  y 0� Ÿ Ÿ Ê � ß œ � œ Ê œw #

 and x 1, or y 2 and x 1  ( 1 0) is anœ � œ œ � Ê � ß

 interior critical point of AB with f( 1 0) 2; ( 1 2)� ß œ � ß

 is outside the boundary. Endpoints:  f( 1 1) 2� ß� œ �

 and f( 1 1) 0.� ß œ

 (ii) On BC, f(x y) f(x 1) x 3x 2 forß œ ß œ � �$ #

  1 x 1  f (x 1) 3x 6x 0  x 0� Ÿ Ÿ Ê ß œ � œ Ê œw #

 and y 1, or x 2 and y 1  (0 1) is anœ œ � œ Ê ß

 

 interior critical point of BC with f( 1) 2; ( 2 1) is outside the boundary.  Endpoints:  f( 1) 0 and!ß œ � � ß �"ß œ

 f( 1) 2."ß œ

 (iii) On CD, f(x y) f( y) y 3y 4 for 1 y 1  f ( y) 3y 6y 0  y 0 and x 1, orß œ "ß œ � � � Ÿ Ÿ Ê "ß œ � œ Ê œ œ$ # w #

 y 2 and x 1  ( 0) is an interior critical point of CD with f( 0) 4; (1 2) is outside the boundary.œ œ Ê "ß "ß œ ß

 Endpoints:  f(1 1) 2 and f( 1) 0.ß œ "ß� œ

 (iv) On AD, f(x y) f(x 1) x 3x 4 for 1 x 1  f (x 1) 3x 6x 0  x 0 and y 1,ß œ ß� œ � � � Ÿ Ÿ Ê ß� œ � œ Ê œ œ �$ # w #

 or x 2 and y 1  (0 1) is an interior point of AD with f(0 1) 4; ( 1) is outside theœ � œ � Ê ß� ß� œ � �#ß�

 boundary.  Endpoints:  f( 1 1) 2 and f( 1) 0.� ß� œ � "ß� œ

 (v) For the interior of the square, f (x y) 3x 6x 0 and f (x y) 3y 6y 0  x 0 or x 2, andx yß œ � œ ß œ � œ Ê œ œ �# #

 y 0 or y 2  (0 0) is an interior critical point of the square region with f( 0) 0; the points (0 2),œ œ Ê ß !ß œ ß

 ( 2 0), and ( 2 2) are outside the region.  Therefore the absolute maximum is 4 at (1 0) and the� ß � ß ß

 absolute minimum is 4 at (0 1).� ß�
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78. (i) On AB, f(x y) f( 1 y) y 3y for 1 y 1ß œ � ß œ � � Ÿ Ÿ$

 f ( 1 y) 3y 3 0 y 1 and x 1Ê � ß œ � œ Ê œ „ œ �w #

 yielding the corner points ( 1 1) and ( 1 1) with� ß� � ß

 f( 1 1) 2 and f( 1 1) 2.� ß� œ � ß œ �

 (ii) On BC, f(x y) f(x 1) x 3x 2 forß œ ß œ � �$

 1 x 1  f (x 1) 3x 3 0  no� Ÿ Ÿ Ê ß œ � œ Êw #

 solution. Endpoints:  f( 1) 2 and f( 1) 6.�"ß œ � "ß œ

 (iii) On CD, f(x y) f( y) y 3y 2 forß œ "ß œ � �$

  1 y 1  f ( y) 3y 3 0  no� Ÿ Ÿ Ê "ß œ � œ Êw #

 solution. Endpoints:  f(1 1) 6 and f( 1) 2.ß œ "ß� œ �

 

 (iv) On AD, f(x y) f(x 1) x 3x for 1 x 1  f (x 1) 3x 3 0  x 1 and y 1ß œ ß� œ � � Ÿ Ÿ Ê ß� œ � œ Ê œ „ œ �$ w #

 yielding the corner points ( 1 1) and (1 1) with f( 1 1) 2 and f(1 1) 2� ß� ß� � ß� œ ß� œ �

 (v) For the interior of the square, f (x y) 3x 3y 0 and f (x y) 3y 3x 0  y x  andx yß œ � œ ß œ � œ Ê œ �# # #

 x x 0  x 0 or x 1  y 0 or y 1  ( 0) is an interior critical point of the square% � œ Ê œ œ � Ê œ œ � Ê !ß

 region with f(0 0) 1; ( 1 1) is on the boundary.  Therefore the absolute maximum is 6 at ( 1) andß œ � ß� "ß

 the absolute minimum is 2 at (1 1) and ( 1 1).� ß� � ß

79. f 3x 2y  and g 2x 2y  so that f g  3x 2y (2x 2y )  3x 2x  and™ ™ ™ ™œ � œ � œ Ê � œ � Ê œ# # #i j i j i j i j- - -

 2y 2y   1 or y 0.œ Ê œ œ- -

 CASE 1: 1  3x 2x  x 0 or x ; x 0  y 1 yielding the points (0 1) and ( 1); x- œ Ê œ Ê œ œ œ Ê œ „ ß !ß� œ# 2 2
3 3

  y  yielding the points  and .Ê œ „ ß ß�
È È È5 5 5

3 3 3 3 3
2 2Š ‹ Š ‹

 CASE 2: y 0  x 1 0  x 1 yielding the  points (1 0) and ( 1 0).œ Ê � œ Ê œ „ ß � ß#

 Evaluations give f 1 1, f , f( 0) 1, and f( 0) 1.  Therefore the absolutea b Š ‹!ß „ œ ß „ œ "ß œ �"ß œ �2 23
3 3 27

5È

 maximum is 1 at 1  and (1 0), and the absolute minimum is 1 at ( ).a b!ß „ ß � �"ß !

80. f y x  and g 2x 2y  so that f g  y x (2x 2y )  y 2 x and™ ™ ™ ™œ � œ � œ Ê � œ � Ê œi j i j i j i j- - -

 xy 2 y  x 2 (2 x) 4 x  x 0 or 4 1.œ Ê œ œ Ê œ œ- - - - -# #

 CASE 1: x 0 y 0 but (0 0) does not lie on the circle, so no solution.œ Ê œ ß

 CASE 2: 4 1   or .  For , y x  1 x y 2x   x  yielding the- - - -# # # #" " " "
# # #œ Ê œ œ � œ œ Ê œ � œ Ê œ C œ „ È2

 points  and , .  For , y x  1 x y 2x   x  andŠ ‹ Š ‹" " " " " "
#

# # #È È È È È2 2 2 2 2
ß � � œ � œ � Ê œ � œ Ê œ „-

 y x yielding the points  and , .œ � � ß �Š ‹ Š ‹" " " "È È È È2 2 2 2

 Evaluations give the absolute maximum value f f  and the absolute minimumŠ ‹ Š ‹" " " " "
#È È È È2 2 2 2

ß œ � ß� œ

 value f  f .Š ‹ Š ‹� ß œ ß� œ �" " " " "
#È È È È2 2 2 2

81. (i) f(x y) x 3y 2y on x y 1  f 2x (6y 2)  and g 2x 2y  so that f gß œ � � � œ Ê œ � � œ � œ# # # #
™ ™ ™ ™i j i j -

  2x (6y 2) (2x 2y )  2x 2x  and 6y 2 2y   1 or x 0.Ê � � œ � Ê œ � œ Ê œ œi j i j- - - -

 CASE 1: 1  6y 2 2y  y  and x  yielding the points .- œ Ê � œ Ê œ � œ „ „ ß�" "
# # # #

È È3 3Š ‹
 CASE 2: x 0  y 1  y 1 yielding the points 1 .œ Ê œ Ê œ „ !ß „# a b
 Evaluations give f , f(0 1) 5, and f( 1) 1.  Therefore  and 5 are the extremeŠ ‹„ ß� œ ß œ !ß� œ

È3
# # # #

" " "

 values on the boundary of the disk.

 (ii) For the interior of the disk, f (x y) 2x 0 and f (x y) 6y 2 0  x 0 and yx yß œ œ ß œ � œ Ê œ œ � "
3

   is an interior critical point with f .  Therefore the absolute maximum of f on theÊ !ß� !ß� œ �ˆ ‰ ˆ ‰1
3 3 3

" "

 disk is 5 at (0 1) and the absolute minimum of f on the disk is  at .ß � !ß�" "
3 3

ˆ ‰
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82. (i) f(x y) x y 3x xy on x y 9  f (2x 3 y) (2y x)  and g 2x 2y  so thatß œ � � � � œ Ê œ � � � � œ �# # # #
™ ™i j i j

 f g  (2x 3 y) (2y x) (2x 2y )  2x 3 y 2x  and 2y x 2y™ ™œ Ê � � � � œ � Ê � � œ � œ- - - -i j i j

  2x( ) y 3 and x 2y(1 ) 0  1  and (2x) y 3  x y 3yÊ "� � œ � � � œ Ê � œ � œ Ê � œ- - - x x
2y 2yŠ ‹ # #

  x y 3y.  Thus, 9 x y y 3y y   2y 3y 9 0  (2y 3)(y 3) 0Ê œ � œ � œ � � Ê � � œ Ê � � œ# # # # # # #

  y 3, .  For y 3, x y 9  x 0 yielding the point (0 3).  For y , x y 9Ê œ � œ � � œ Ê œ ß� œ � œ3 3
# #

# # # #

  x 9  x   x .  Evaluations give f(0 3) 9, f 9Ê � œ Ê œ Ê œ „ ß� œ � ß œ �# #
# # #

9 27 3
4 4 4

3 3 3 3 27 3È È ÈŠ ‹
 20.691, and f , 9 2.691.¸ œ � ¸ �Š ‹3 3 27 33

4

È È
# #

 (ii) For the interior of the disk, f (x y) 2x 3 y 0 and f (x y) 2y x 0  x 2 and y 1x yß œ � � œ ß œ � œ Ê œ œ

  (2 1) is an interior critical point of the disk with f(2 1) 3.  Therefore, the absolute maximum of f onÊ ß ß œ �

 the disk is 9  at  and the absolute minimum of f on the disk is 3 at (2 1).� � ß � ß27 3 3 3
4

3È ÈŠ ‹# #

83. f  and g 2x 2y 2z  so that f g  (2x 2y 2z )  1 2x ,™ ™ ™ ™œ � � œ � � œ Ê � � œ � � Ê œi j k i j k i j k i j k- - -

 1 2y , 1 2z   x y z .  Thus x y z 1  3x 1  x  yielding the points� œ œ Ê œ � œ œ � � œ Ê œ Ê œ „- - " "# # # #
- È3

 ,  and , , .  Evaluations give the absolute maximum value ofŠ ‹ Š ‹" " " " " "È È È È È È3 3 3 3 3 3
ß � � �

 f 3 and the absolute minimum value of f 3.Š ‹ Š ‹È È" " " " " "È È È È È È È3 3 3 3 3 3 3
3ß � ß œ œ � ß ß� œ �

84. Let f(x y z) x y z  be the square of the distance to the origin and g(x y z) x zy 4.  Thenß ß œ � � ß ß œ � �# # # #

 f 2x 2y 2z  and g 2x z y  so that f g  2x 2 x, 2y z, and™ ™ ™ ™œ � � œ � � œ Ê œ œ �i j k i j k - - -

 2z y  x 0 or 1.œ � Ê œ œ- -

 CASE 1: x 0 zy 4 z  and y   2 y and 2 z y  andœ Ê œ � Ê œ � œ � Ê � œ � � œ � Ê œ4 4 4 4 8
y z y zŠ ‹ ˆ ‰- -

-
#

 z  y z   y z.  But y x  z 4 leads to no solution, so y z  z 48
-
œ Ê œ Ê œ „ œ Ê œ � œ � Ê œ# # # # #

  z 2 yielding the points (0 2 2) and (0 2 2).Ê œ „ ß� ß ß ß�

 CASE 2: 1 2z y and 2y z 2y 4y y y 0 z 0  x 4 0 - œ Ê œ � œ � Ê œ � � Ê œ Ê œ Ê œ Ê � œ Êˆ ‰y
#

#

 x 2 yielding the points ( 2 0 0) and (2 0).œ „ � ß ß ß !ß

 Evaluations give f(0 2 2) f(0 2 2) 8 and f( 2 0 0) f(2 0) 4.  Thus the points ( 2 0 0) andß � ß œ ß ß� œ � ß ß œ ß !ß œ � ß ß

 (2 0) on the surface are closest to the origin.ß !ß

85. The cost is f(x y z) 2axy 2bxz 2cyz subject to the constraint xyz V.  Then f gß ß œ � � œ œ™ ™-

  2ay 2bz yz, 2ax 2cz xz, and 2bx 2cy xy  2axy 2bxz xyz, 2axy 2cyz xyz, andÊ � œ � œ � œ Ê � œ � œ- - - - -

 2bxz 2cyz xyz  2axy 2bxz 2axy 2cyz  y x.  Also 2axy 2bxz 2bxz 2cyz  z x.� œ Ê � œ � Ê œ � œ � Ê œ- ˆ ‰ ˆ ‰b a
c c

 Then x x x V  x   width x , Depth y , andˆ ‰ ˆ ‰ ˆ ‰Š ‹ Š ‹ Š ‹b a c V c V b c V b V
c c ab ab c ab acœ Ê œ Ê œ œ œ œ œ$

"Î$ "Î$ "Î$
# # # #

 Height z .œ œ œˆ ‰ Š ‹ Š ‹a c V a V
c ab bc

# #
"Î$ "Î$

86. The volume of the pyramid in the first octant formed by the plane is V(a b c) ab c abc.  The pointß ß œ œ" " "
#3 6

ˆ ‰
 (2 1 2) on the plane  1.  We want to minimize V subject to the constraint 2bc ac 2ab abc.ß ß Ê � � œ � � œ2 2

a b c
"

 Thus,  V  and g (c 2b bc) (2c 2a ac) (2b a ab)  so that V g™ ™ ™ ™œ � � œ � � � � � � � � œbc ac ab
6 6 6i j k i j k -

  (c 2b bc), (2c 2a ac), and (2b a ab)  (ac 2ab abc),Ê œ � � œ � � œ � � Ê œ � �bc ac ab abc
6 6 6 6- - - -

 (2bc 2ab abc), and (2bc ac abc)  ac 2 bc and 2 ab 2 bc.  Now 0 sinceabc abc
6 6œ � � œ � � Ê œ œ Á- - - - - - -

 a 0, b 0, and c 0  ac 2bc and ab bc  a 2b c.  Substituting into the constraint equation givesÁ Á Á Ê œ œ Ê œ œ

 1  a 6  b 3 and c 6.  Therefore the desired plane is 1 or x 2y z 6.2 2 2 x z
a a a 6 3 6

y� � œ Ê œ Ê œ œ � � œ � � œ
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874 Chapter 14 Partial Derivatives

87. f (y z) x x , g 2x 2y , and h z x  so that f g h™ ™ ™ ™ ™ ™œ � � � œ � œ � œ �i j k i j i k - .

  (y z) x x (2x 2y ) (z x )  y z 2 x z, x 2 y, x x  x 0 or 1.Ê � � � œ � � � Ê � œ � œ œ Ê œ œi j k i j i k- . - . - . .

 CASE 1: x 0 which is impossible since xz 1.œ œ

 CASE 2: 1  y z 2 x z  y 2 x and x 2 y  y (2 )(2 y)  y 0 or. - - - - -œ Ê � œ � Ê œ œ Ê œ Ê œ

 4 1.  If y 0, then x 1  x 1 so with xz 1 we obtain the points (1 0 1)-# #œ œ œ Ê œ „ œ ß ß

 and ( 1 0 1).  If 4 1, then .  For , y x so x y 1  x� ß ß� œ œ „ œ � œ � � œ Ê œ- - -# # # #" " "
# # #

  x  with xz 1  z 2, and we obtain the points 2  andÊ œ „ œ Ê œ „ ß� ß" " "È È È2 2 2
È ÈŠ ‹

 2 .  For , y x  x   x  with xz 1  z 2,Š ‹È È� ß ß� œ œ Ê œ Ê œ „ œ Ê œ „" " " " "
# #

#È È È2 2 2
-

 and we obtain the points , 2  and 2 .Š ‹ Š ‹È È" " " "È È È È2 2 2 2
ß � ß� ß�

 Evaluations give f(1 0 1) 1, f( 1 0 1) 1, f 2 , f , 2 ,ß ß œ � ß ß� œ ß� ß œ � ß � œŠ ‹ Š ‹È È" " " " " "
# #È È È È2 2 2 2

 f 2 , and f 2 .  Therefore the absolute maximum is  atŠ ‹ Š ‹È È" " " "
# # #È È È È2 2 2 2
3 3 3ß ß œ � ß� ß� œ

 2  and 2 , and the absolute minimum is  at 2  andŠ ‹ Š ‹ Š ‹È È È" " " " " " "
#È È È È È È2 2 2 2 2 2

ß ß � ß� ß� � ß ß�

  2 .Š ‹È" "È È2 2
ß � ß

88. Let f(x y z) x y z  be the square of the distance to the origin.  Then f 2x 2y 2z ,ß ß œ � � œ � �# # #
™ i j k

 g , and h 4x 4y 2z  so that f g h  2x 4x , 2y 4y ,™ ™ ™ ™ ™œ � � œ � � œ � Ê œ � œ �i j k i j k - . - . - .

 and 2z 2z   2x(1 2 ) 2y(1 2 ) 2z(1 2 )  x y or .œ � Ê œ � œ � œ � Ê œ œ- . - . . . . "
#

 CASE 1: x y  z 4x   z 2x so that x y z 1  x x 2x 1 or x x 2x 1œ Ê œ Ê œ „ � � œ Ê � � œ � � œ# #

 (impossible)  x   y  and z  yielding the point .Ê œ Ê œ œ ß ß" " " " " "
# #4 4 4 4

ˆ ‰
 CASE 2:  0  0 2z(1 1)  z 0 so that 2x 2y 0  x y 0.  But the origin. -œ Ê œ Ê œ � Ê œ � œ Ê œ œ"

#
# #

 ( 0 0) fails to satisfy the first constraint x y z 1.!ß ß � � œ

 Therefore, the point  on the curve of intersection is closest to the origin.ˆ ‰" " "
#4 4ß ß

89. (a) y, z are independent with w x e  and z x y      œ œ � Ê œ � �# # # ` ` ` ` ` `
` ` ` ` ` ` `

`yz w w x w w z
y x y y y z y

y

 2xe  zx e (1) yx e (0); z x y   0 2x 2y  ; therefore,œ � � œ � Ê œ � Ê œa b a b a byz yz yz` ` `
` ` `

# # # #x x x
y y y x

y

 2xe zx e 2y zx eŠ ‹ a b a bˆ ‰`
`

# #w
y x

y

z

yz yz yzœ � œ �

 (b) z, x are independent with w x e  and z x y      œ œ � Ê œ � �# # # ` ` ` ` ` `
` ` ` ` ` ` `

`yz w w x w w z
z x z y z z z

y

 2xe (0) zx e  yx e (1); z x y   1 0 2y   ; therefore,œ � � œ � Ê œ � Ê œ �a b a b a byz yz yz# # # #` ` `
` ` ` #

"y y y
z z z y

 zx e yx e x e yˆ ‰ a b Š ‹ Š ‹`
`

# # #w 1 z
z 2y 2yx

yz yz yzœ � � œ �

 (c) z, y are independent with w x e  and z x y      œ œ � Ê œ � �# # # ` ` ` ` ` `
` ` ` ` ` ` `

`yz w w x w w z
z x z y z z z

y

 2xe  zx e (0) yx e (1); z x y   1 2x 0  ; therefore,œ � � œ � Ê œ � Ê œa b a b a byz yz yz` ` ` "
` ` ` #

# # # #x x x
z z z x

 2xe yx e 1 x y eˆ ‰ ˆ ‰a b a b`
`

# #w 1
z 2xy

yz yz yzœ � œ �

90. (a) T, P are independent with U f(P V T) and PV nRT     œ ß ß œ Ê œ � �` ` ` ` ` ` `
` ` ` ` ` ` `

U U P U V U T
T P T V T T T

 (0) (1); PV nRT  P nR  ; therefore,œ � � œ Ê œ Ê œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰` ` ` ` ` `
` ` ` ` ` `

U U V U V V nR
P V T T T T P

 ˆ ‰ ˆ ‰ ˆ ‰` ` `
` ` `

U U nR U
T V P TP

œ �

 (b) V, T are independent with U f(P V T) and PV nRT     œ ß ß œ Ê œ � �` ` ` ` ` ` `
` ` ` ` ` ` `

U U P U V U T
V P V V V T V

 (1) (0); PV nRT  V P (nR) 0  ; therefore,œ � � œ Ê � œ œ Ê œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰` ` ` ` ` ` `
` ` ` ` ` ` `

U P U U P T P P
P V V T V V V V

 ˆ ‰ ˆ ‰ ˆ ‰` ` `
` ` `

U U P U
V P V VT

œ � �
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91. Note that x r cos  and y r sin   r x y  and tan .  Thus,œ œ Ê œ � œ) ) )È ˆ ‰# # �" y
x

    (cos )  ;` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` � ` `�

�w w r w w x w w sin w
x r x x r x y r rx y

yœ � œ � œ �
) ) )

) )ˆ ‰ ˆ ‰ ˆ ‰Š ‹ Š ‹È # # # # )

    (sin )  ` ` ` ` ` ` ` ` `
` ` ` ` ` ` � ` `�

w w r w w w x w cos w
y r y y r x y r r

y
x y

œ � œ � œ �
) ) ) )

) )ˆ ‰ ˆ ‰ ˆ ‰Š ‹ Š ‹È # # # # )

92. z f  f  af af , and z f  f  bf bfx u v u v y u v u vœ � œ � œ � œ �` ` ` `
` ` ` `

u v u v
x x y y

93. b and a   a  and  b     and  ` ` ` ` ` ` " ` " `
` ` ` ` ` ` ` `

u u w dw u dw w dw u dw w dw w dw
y x x du x du y du y du a x du b y duœ œ Ê œ œ œ œ Ê œ œ

      b a Ê œ Ê œ" ` " ` ` `
` ` ` `a x b y x y

w w w w

94. - , ,` " ` �
` � � � � � � � � � ` � � # � �

� � �w 2x w r s
x x y 2z (r s) (r s) 4rs 2 r 2rs s r s y x y 2z (r s) (r s)

2(r s) 2(r s) 2y 2(r s)œ œ œ œ œ œ œ# # # # # # # # # #a b
 and      (2s)` " ` ` ` ` ` ` " � " �

` � � � ` ` ` ` ` ` ` � � � �
`w 2 w w x w w z r s 2r 2s

z x y 2z (r s) r x r y r z r r s (r s) (r s) (r s)
yœ œ Ê œ � � œ � � œ# # # # # #’ “

  and    (2r)œ œ � � œ � � œ2 w w x w w z r s 2
r s s x s y s z s r s (r s) (r s) r s

y
� ` ` ` ` ` ` ` � � � �

` ` ` ` ` ` " � "`
# #’ “

95. e  cos v x 0  e  cos v  e  sin v  1; e  sin v y 0  e  sin v  e  cos v  0.u u u u u uu v u v
x x x x� œ Ê � œ � œ Ê � œa b a b a b a b` ` ` `

` ` ` `

 Solving this system yields e  cos v and e  sin v.  Similarly, e  cos v x 0` `
` `

� �u v
x x

u u uœ œ � � œ

  e  cos v  e  sin v  0 and e  sin v y 0  e  sin v  e  cos v  1.  Solving thisÊ � œ � œ Ê � œa b a b a b a bu u u u uu v u v
y y y y

` ` ` `
` ` ` `

 second system yields e  sin v and e  cos v.  Therefore ` ` ` ` ` `
` ` ` ` ` `

� �u v u u v v
y y x y x y

u uœ œ � �Š ‹ Š ‹i j i j†

 e  cos v e  sin v e  sin v e  cos v 0  the vectors are orthogonal  the angleœ � � � œ Ê Êc d c da b a b a b a b� � � �u u u ui j i j†

 between the vectors is the constant .1
#

96.   ( r sin ) (r cos ) ` `
` ` ` ` ` ` `

` ` ` ` `g yf x f f f
x y x y) ) )

œ � œ � �) )

  ( r sin )   (r cos ) (r cos )   (r sin ) Ê œ � � � � � �` ` `
` ` ` ` ` ` ` ` ` ` ` ` `

` ` ` ` ` ` ` `#

# # #

# # # #g y yf x f f f x f f
x y x x x y y y) ) ) ) )

) ) ) )Š ‹ Š ‹
 ( r sin ) (r cos ) (r cos ) (r sin )œ � � � � � �) ) ) )Š ‹ Š ‹` `

` ` ` `
` `x xy y

) ) ) )

 ( r sin r cos )( r sin r cos ) (r cos r sin ) ( 2)( 2) (0 2) 4 2 2 atœ � � � � � � œ � � � � œ � œ) ) ) ) ) )

 (r ) 2 .ß œ ß) ˆ ‰1
#

97. (y z) (z x) 16  f 2(z x) 2(y z) 2(y 2z x) ; if the normal line is parallel to the� � � œ Ê œ � � � � � � �# #
™ i j k

 yz-plane, then x is constant  0  2(z x) 0  z x  (y z) (z z) 16  y z 4.Ê œ Ê � � œ Ê œ Ê � � � œ Ê � œ „`
`

# #f
x

 Let x t  z t  y t 4.  Therefore the points are (t t 4 t), t a real number.œ Ê œ Ê œ � „ ß� „ ß

98. Let f(x y z) xy yz zx x z 0.  If the tangent plane is to be parallel to the xy-plane, then f isß ß œ � � � � œ#
™

 perpendicular to the xy-plane  f 0 and f 0.  Now f (y z 1) (x z) (y x 2z)Ê œ œ œ � � � � � � �™ † ™ † ™i j i j k
 so that f y z 1 0  y z 1  y 1 z, and f x z 0  x z.  Then™ † ™ †i jœ � � œ Ê � œ Ê œ � œ � œ Ê œ �

 z(1 z) ( z)z z( z) ( z) z 0  z 2z 0  z  or z 0.  Now z   x  and y� � � " � � � � � � œ Ê � œ Ê œ œ œ Ê œ � œ# # " " " "
# # # #

   is one desired point; z 0  x 0 and y 1  (0 1 0) is a second desired point.Ê � ß ß œ Ê œ œ Ê ß ßˆ ‰" " "
# # #

99. f (x y z )  x  f(x y z) x g(y z) for some function g  y™ œ � � Ê œ Ê ß ß œ � ß Ê œ œ- - - -i j k ` " `
` # ` `

# `f f
x y y

g

  g(y z) y h(z) for some function h  z h (z)  h(z) z C for some arbitraryÊ ß œ � Ê œ œ œ Ê œ �" ` "
# ` ` #

# w #`- - -f
z z

g

 constant C  g(y z) y z C   f(x y z) x y z C  f(0 0 a) a CÊ ß œ � � Ê ß ß œ � � � Ê ß ß œ �" " " " " "
# # # # # #

# # # # # #- - - - - -ˆ ‰
 and f(0 0 a) ( a) C  f(0 0 a) f(0 0 a) for any constant a, as claimed.ß ß � œ � � Ê ß ß œ ß ß�"

#
#-
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100.    lim   , s 0
s 0

ˆ ‰df
ds

f(0 su 0 su 0 su ) f(0 0 0)
uß ß ß(0 0 0)

œ �
Ä

� ß � ß � � ß ß" # $

s

   lim   , s 0
s 0

œ �
Ä

És u s u s u 0# # ## # #

" # $
� � �

s

   lim    lim   1;
s 0 s 0

œ œ œ
Ä Ä

s u u uÉ # # #

" # $
� �

s k ku

 however, f  fails to exist at the origin (0 0 0)™ œ � � ß ßx z
x y z x y z x y z

yÈ È È# # # # # # # # #� � � � � �
i j k

101. Let f(x y z) xy z 2 f y x .  At (1 1 1), we have f   the normal line isß ß œ � � Ê œ � � ß ß œ � � Ê™ ™i j k i j k
 x 1 t, y 1 t, z 1 t, so at t 1  x 0, y 0, z 0 and the normal line passes through the origin.œ � œ � œ � œ � Ê œ œ œ

102. (b) f(x y z) x y z 4ß ß œ � � œ# # #

  f 2x 2y 2z   at (2 3 3)Ê œ � � Ê ß� ß™ i j k
 the gradient is f 4 6 6  which is™ œ � �i j k
 normal to the surface
 (c) Tangent plane:  4x 6y 6z 8 or� � œ

 2x 3y 3z 4� � œ

 Normal line:  x 2 4t, y 3 6t, z 3 6tœ � œ � � œ �

 

CHAPTER 14  ADDITIONAL AND ADVANCED EXERCISES

 1. By definition, f ( 0)  lim    so we need to calculate the first partial derivatives in thexy !ß œ
h 0Ä

f (0 h) f (0 0)
h

x xß � ß

 numerator.  For (x y) (0 0) we calculate f (x y) by applying the differentiation rules to the formula forß Á ß ßx

 f(x y):  f (x y) (xy)   f (0 h) h.ß ß œ � œ � Ê ß œ � œ �x x
x y y x y y 4x y
x y x y h

x y (2x) x y (2x)
x y x y

h# $ # $ # $

# # # # #

# # # #

# # # ## #

$� �
� �

� � �

� �

a b a b
a b a b

 For (x y) (0 0) we apply the definition:  f ( 0)  lim    lim   0.  Then by definitionß œ ß !ß œ œ œx
h 0 h 0Ä Ä

f(h 0) f(0 0)
h h

0 0ß � ß �

 f (0 0)  lim   1.  Similarly, f (0 0)  lim   , so for (x y) (0 0) we havexy yxß œ œ � ß œ ß Á ß
h 0 h 0Ä Ä

� � ß � !ßh 0
h h

f (h 0) f ( 0)y y

 f (x y)   f (h 0) h; for (x y) (0 0) we obtain f (0 0)  lim   y yß œ � Ê ß œ œ ß œ ß ß œx xy 4x y f(0 h) f( 0)
x y h hx y y

h$ # $ #

# # ## # #

$� ß � !ß
� �a b h 0Ä

  lim   0.  Then by definition f (0 0)  lim   1.  Note that f (0 0) f (0 0) in this case.œ œ ß œ œ ß Á ß
h 0 h 0Ä Ä

0 0 h 0
h h xy yx
� �

yx

 2. 1 e  cos y  w x e  cos y g(y); e  sin y g (y) 2y e  sin y  g (y) 2y` `
` `

w ww w
x y

x x x xœ � Ê œ � � œ � � œ � Ê œ

  g(y) y C; w ln 2 when x ln 2 and y 0  ln 2 ln 2 e  cos 0 0 C  0 2 CÊ œ � œ œ œ Ê œ � � � Ê œ �# #ln 2

  C 2.  Thus, w x e  cos y g(y) x e  cos y y 2.Ê œ � œ � � œ � � �x x #

 3. Substitution of u u(x) and v v(x) in g(u v) gives g(u(x) v(x)) which is a function of the independent� œ ß ß

 variable x.  Then, g(u v) f(t) dt     f(t) dt   f(t) dt  ß œ Ê œ � œ �' ' '
u u u

v v v
dg g g
dx u dx v dx u dx v dx

du dv du dv` `
` ` ` `

` `Š ‹ Š ‹
  f(t) dt   f(t) dt  f(u(x)) f(v(x)) f(v(x)) f(u(x)) œ � � œ � � œ �Š ‹ Š ‹` `

` `u dx v dx dx dx dx dx
du dv du dv dv du' '

v u

u v

 4. Applying the chain rules, f    f  .  Similarly, f   andx xx yyœ Ê œ � œ �df r d f r df r d f r df r
dr x dr x dr x dr y dr y

` ` ` ` `
` ` ` ` `

# #Š ‹ Š ‹Š ‹ˆ ‰# # # #

# # # #

 f  .  Moreover,   ; zz œ � œ Ê œ œŠ ‹ ˆ ‰d f r df r r x r r
dr z dr z x x yx y z x y z

y z y

x y z

# # #

# # ## # # # # #

# #

# # #

` ` ` ` `
` ` ` ` `

#

� � � �

�

� �È Èˆ ‰È 3

  ; and   .  Next, f f f 0Ê œ œ Ê œ � � œ` � ` `
` ` `� � � �� �

�# # # #

# #
# # # # # ## # #

# #r x z r z r
y z zx y z x y zx y z

x y
xx yy zzˆ ‰ ˆ ‰È ÈÈ3 3
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  Ê � � �Š ‹Š ‹ Š ‹Š ‹ˆ ‰ ˆ ‰Œ � Œ �d f x df d f df x z
dr x y z dr dr x y z dr

y z y

x y z x y z

# # # # #

# # # # # # # #

# # #

# # # # # #� � � �
�

� � � �

�

ˆ ‰ ˆ ‰È È3 3

 0   0   0� � œ Ê � œ Ê � œŠ ‹Š ‹ Š ‹ˆ ‰Œ �d f z df d f 2 df d f 2 df
dr x y z dr dr dr dr r dr

x y

x y z x y z

# # # #

# # # # # #

# #

# # # # # #� �
�

� � � �ˆ ‰È È3

  (f ) f , where f     ln f 2 ln r ln C  f Cr , orÊ œ � œ Ê œ � Ê œ � � Ê œd 2 df df 2 dr
dr r dr f r

w w w w w �#ˆ ‰ w

w

 Cr   f(r) b b for some constants a and b (setting a C)df C a
dr r rœ Ê œ � � œ � œ ��#

 5. (a) Let u tx, v ty, and w f(u v) f(u(t x) v(t y)) f(tx ty) t f(x y), where t, x, and y areœ œ œ ß œ ß ß ß œ ß œ ßn

 independent variables.  Then nt f(x y)   x y .  Now,n 1� ß œ œ � œ �` ` ` ` ` ` `
` ` ` ` ` ` `
w w u w v w w
t u t v t u v

   (t) (0) t   .  Likewise,` ` ` ` ` ` ` ` ` " `
` ` ` ` ` ` ` ` ` `

w w u w v w w w w w
x u x v x u v u u t xœ � œ � œ Ê œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

    (0) (t)  .  Therefore,` ` ` ` ` ` ` ` " `
` ` ` ` ` ` ` ` `

w w u w v w w w w
y u y v y u v v t yœ � œ � Ê œˆ ‰ ˆ ‰ ˆ ‰ Š ‹

 nt f(x y) x y .  When t 1, u x, v y, and w f(x y)n 1� ß œ � œ � œ œ œ œ ß` ` ` `
` ` ` `

w w x w w
u v t x t y

yˆ ‰ ˆ ‰ ˆ ‰ Š ‹
   and   nf(x y) x y , as claimed.Ê œ œ Ê ß œ �` ` ` ` ` `

` ` ` ` ` `
w f w f f f
x x y x x y

 (b) From part (a), nt f(x y) x y .  Differentiating with respect to t again we obtainn 1� ß œ �` `
` `

w w
u v

 n(n 1)t f(x y) x  x  y  y  x  2xy y  .� ß œ � � � œ � �n 2� ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` ` `

# ## # # # # # #

# # # #

w u w v w u w v w w w
u t v u t u v t v t u u v v

 Also from part (a), t t  t  t  , ` ` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` ` `

## # # # #

# # # #

w w w w u w v w w w
x x x x u u x v u x u y y yœ œ œ � œ œˆ ‰ ˆ ‰ Š ‹

 t t  t  t  , and t t  t  œ œ � œ œ œ œ �` ` ` ` ` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` `

#
y v u v y v y v y x y x y u u y v u y

w w u w v w w w w w u w vˆ ‰ ˆ ‰ ˆ ‰# # # # # #

# # #

 t     ,  , and  œ Ê œ œ œ# ` " ` ` " ` ` " ` `
` ` ` ` ` ` ` ` ` `

# # # # # # #

# # # # # # #

w w w w w w w
v u t x u t y v t y x v u

ˆ ‰ ˆ ‰ ˆ ‰
  n(n 1)t f(x y)  for t 0.  When t 1, w f(x y) andÊ � ß œ � � Á œ œ ßn 2� Š ‹Š ‹ Š ‹ Š ‹Š ‹ˆ ‰x w w w

t x t y x t y
2xy y# # # #

# # # # #

#` ` `
` ` ` `

 we have n(n 1)f(x y) x 2xy y  as claimed.� ß œ � �# #` ` `
` ` ` `Š ‹ Š ‹ Š ‹# # #

# #

f f f
x x y y

 6. (a)  lim    lim   1, where t 6r
r 0 t 0Ä Ä

sin 6r sin t
6r tœ œ œ

 (b) f (0 0)  lim    lim    lim    lim   r ß œ œ œ œ
h 0 h 0 h 0 h 0Ä Ä Ä Ä

f(0 h 0) f(0 0)
h h 6h 12h

1 sin 6h 6h 6 cos 6h 6� ß � ß � � �ˆ ‰sin 6h
6h

#

  lim   0 (applying l'Hopital's rule twice)œ œ s
h 0Ä

�36 sin 6h
12

 (c) f (r )  lim    lim    lim   0) ß œ œ œ œ)
h 0 h 0 h 0Ä Ä Ä

f(r h) f(r )
h h h

0ß � � ß �) ) ˆ ‰ ˆ ‰sin 6r sin 6r
6r 6r

 7. (a) x y z r x y z  and rr i j k r i j kœ � � Ê œ œ � � œ � � œk k È # # #
� � � � � �

™
x z

x y z x y z x y z
y

rÈ È È# # # # # # # # #

r

 (b) r x y zn n
œ � �ˆ ‰È # # #

  r nx x y z ny x y z nz x y z nrÊ œ � � � � � � � � œ™ a b a b a b a bn n 2n 2 1 n 2 1 n 2 1# # # # # # # # #Ð Î Ñ� Ð Î Ñ� Ð Î Ñ� �i j k r

 (c) Let n 2 in part (b).  Then r   r   x y z  is the function.œ œ Ê œ Ê œ � �" " "
# # # #

# # # # #
™ ™a b a bˆ ‰r r r#

 (d) d dx dy dz   d x dx y dy z dz, and dr r  dx r  dy r  dz  dx  dy  dzr i j k r rœ � � Ê œ � � œ � � œ � �† x y z
x z
r r r

y

  r dr x dx y dy z dz dÊ œ � � œ r r†

 (e) a b c   ax by cz  ( ) a b cA i j k A r A r i j k Aœ � � Ê œ � � Ê œ � � œ† ™ †

 8. f(g(t) h(t)) c  0   , where  is the tangent vectorß œ Ê œ œ � œ � � �df f dx f f f dx dx
dt x dt y dt x y dt dt dt dt

dy dy dy` ` ` `
` ` ` `Š ‹ Š ‹i j i j i j†

  f is orthogonal to the tangent vectorÊ ™

 9. f(x y z) xz yz cos xy 1  f z y sin xy ( z x sin xy) (2xz y)   f(0 0 1)ß ß œ � � � Ê œ � � � � � � Ê ß ß œ �# #
™ ™a b i j k i j

  the tangent plane is x y 0; (ln t) (t ln t) t   (ln t 1) ; x y 0, z 1Ê � œ œ � � Ê œ � � � œ œ œr i j k r i j kw "ˆ ‰
t

  t 1  (1) .  Since ( ) ( ) r (1) f 0,  is parallel to the plane, andÊ œ Ê œ � � � � � œ œr i j k i j k i j rw w
† † ™

 (1) 0 0    is contained in the plane.r i j k rœ � � Ê
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878 Chapter 14 Partial Derivatives

10. Let f(x y z) x y z xyz f 3x yz 3y xz 3z xy f(0 1 1) 3 3ß ß œ � � � Ê œ � � � � � Ê ß� ß œ � �$ $ $ # # #
™ ™a b a b a bi j k i j k

 the tangent plane is x 3y 3z 0; 2 3 (cos (t 2))Ê � � œ œ � � � � �r i j kŠ ‹ ˆ ‰t 4
4 t

$

  (sin (t 2)) ; x 0, y 1, z 1  t 2  (2) 3 .  SinceÊ œ � � � œ œ � œ Ê œ Ê œ �r i j k r i jw wŠ ‹ ˆ ‰3t 4
4 t

#

#

 (2) f 0  is parallel to the plane, and (2)  is contained in the plane.r r r i k rw
† ™ œ Ê œ � � Ê

11. 3x 9y 0 and 3y 9x 0  y x  and 3 x 9x 0  x 9x 0` ` " " "
` `

# # # # %#z z
x y 3 3 3œ � œ œ � œ Ê œ � œ Ê � œˆ ‰

  x x 27 0  x 0 or x 3.  Now x 0  y 0 or ( 0) and x 3  y 3 or (3 3).  NextÊ � œ Ê œ œ œ Ê œ !ß œ Ê œ ßa b$

 6x, 6y, and 9.  For ( 0),  81  no extremum (a saddle point),` ` ` ` ` `
` ` ` ` ` ` ` `

#
# # # # # #

# # # #

z z z z z z
x y x y x y x yœ œ œ � !ß � œ � ÊŠ ‹

 and for (3 3),  243 0 and 18 0  a local minimum.ß � œ � œ � Ê` ` ` `
` ` ` ` `

#
# # # #

# # #

z z z z
x y x y xŠ ‹

12. f(x y) 6xye   f (x y) 6y(1 2x)e 0 and f (x y) 6x(1 3y)e 0  x 0 andß œ Ê ß œ � œ ß œ � œ Ê œ�Ð � Ñ �Ð � Ñ �Ð � Ñ2x 3y 2x 3y 2x 3y
x y

 y 0, or x  and y .  The value f(0 0) 0 is on the boundary, and f .  On the positive y-axis,œ œ œ ß œ ß œ" " " " "
# #3 3 e

ˆ ‰ 2

 f(0 y) 0, and on the positive x-axis, f(x 0) 0.  As x   or y   we see that f(x y)  0.  Thus the absoluteß œ ß œ Ä _ Ä _ ß Ä

 maximum of f in the closed first quadrant is  at the point ." " "
#e 32 ˆ ‰ß

13. Let f(x y z) 1  f   an equation of the plane tangent at the pointß ß œ � � � Ê œ � � Êx z 2x 2z
a b c a b c

y 2y# #

# # # # # #

#

™ i j k

 P (x y y ) is x y z 2 or x y z 1.! ! ! !ß ß � � œ � � œ � � œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2x 2z x z
a b c a b c a b c

2y y2x 2y 2z
! ! ! !

# # # # # # # # #

! !
# # #

! ! !

 The intercepts of the plane are 0 0 , 0 0  and .  The volume of the tetrahedron formed by theŠ ‹ Š ‹ Š ‹a b c
x y z

# # #

! ! !

ß ß ß ß !ß !ß

 plane and the coordinate planes is V   we need to maximize V(x y z) (xyz)œ Ê ß ß œˆ ‰ ˆ ‰ Š ‹Š ‹Š ‹" "
#

�"
3 x y z 6

a b c (abc)# # #

! ! !

#

 subject to the constraint f(x y z) 1.  Thus, ,  ,ß ß œ � � œ � œ � œx z 2x
a b c 6 x yz a 6 xy z b

y (abc) (abc) 2y# #

# # # # # # #

# # #’ “ Š ‹ ’ “ Š ‹" "- -

 and .  Multiply the first equation by a yz, the second by b xz, and the third by c xy. Then equate’ “ Š ‹� œ(abc)
6 xyz c

2z#

# #

" # # #-

 the first and second  a y b x y x, x 0; equate the first and third a z c x   z x, x 0;Ê œ Ê œ � Ê œ Ê œ �# # # # # # # #b c
a a

 substitute into f(x y z) 0 x   y   z   V abc.ß ß œ Ê œ Ê œ Ê œ Ê œa b c
3 3 3

3È È È
È
#

14. 2(x u) , 2(y v) , 2(x u) , and 2(y v) 2 v  x u v y, x u , and� œ � � œ � � œ � � œ � Ê � œ � � œ �- - . .
.

#

 y v v  x u v   v  or 0.� œ Ê � œ � œ � Ê œ œ. . .
.

# #
"

 CASE 1: 0  x u, y v, and 0; then y x 1  v u 1 and v u  v v 1. -œ Ê œ œ œ œ � Ê œ � œ Ê œ �# #

  v v 1 0  v   no real solution.Ê � � œ Ê œ Ê# „ �
#

1 1 4È

 CASE 2: v  and u v u ; x y and y x 1 x x 2x xœ œ Ê œ � œ � œ � Ê � œ � � Ê œ � Ê œ �" " " " " " " "
# # #

#
4 4 4 4 8

 y .  Then f 2   the minimum distance is 2.Ê œ � ß ß ß œ � � � � œ Ê7 7 7 3 3
8 8 8 4 8 4 8 8 8

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ È" " " " " "
# #

# # #

 (Notice that f has no maximum value.)

15. Let (x y ) be any point in R.  We  must show  lim   f(x y) f(x y ) or, equivalently that! ! ! !ß ß œ ß
Ð ß Ñ Ä Ð ß Ñx y x y! !

  lim   f(x h y k) f(x y ) 0.  Consider f(x h y k) f(x y )
Ð ß Ñ Ä Ð ß Ñh k 0 0

k k! ! ! ! ! ! ! !� ß � � ß œ � ß � � ß

 [f(x h y k) f(x y k)] [f(x y k) f(x y )].  Let F(x) f(x y k) and apply the Mean Valueœ � ß � � ß � � ß � � ß œ ß �! ! ! ! ! ! ! ! !

 Theorem:  there exists  with x x h such that F ( )h F(x h) F(x )  hf ( y k)0 0 0 0! ! ! ! !
w� � � œ � � Ê ß �x

 f(x h y k) f(x y k).  Similarly, k f (x ) f(x y k) f(x y ) for some  withœ � ß � � ß � ß œ ß � � ß! ! ! ! ! ! ! ! !y ( (

 y y k.  Then f(x h y k) f(x y ) hf ( y k) kf (x ) .  If M, N are positive real! ! ! ! ! ! ! !� � � � ß � � ß Ÿ ß � � ß( 0 (k k k k k kx y

 numbers such that f M and f N for all (x y) in the xy-plane, then f(x h y k) f(x y )k k k k k kx yŸ Ÿ ß � ß � � ß! ! ! !

 M h N k .  As (h k)  0, f(x h y k) f(x y )   0   lim   f(x h y k) f(x y )Ÿ � ß Ä � ß � � ß Ä Ê � ß � � ßk k k k k k k k! ! ! ! ! ! ! !
Ð ß Ñ Ä Ð ß Ñh k 0 0

 0  f is continuous at (x y ).œ Ê ß! !
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16. At extreme values, f and  are orthogonal because f 0 by the First Derivative Theorem for™ ™ †v œ œ œd df d
dt dt dt
r r

 Local Extreme Values.

17. 0  f(x y) h(y) is a function of y only.  Also, 0  g(x y) k(x) is a function of x only.` `
` ` `

`f f
x y x

gœ Ê ß œ œ œ Ê ß œ

 Moreover,   h (y) k (x) for all x and y.  This can happen only if h (y) k (x) c is a constant.`
` `

` w w w wf
y x

gœ Ê œ œ œ

 Integration gives h(y) cy c  and k(x) cx c , where c  and c  are constants.  Therefore f(x y) cy cœ � œ � ß œ �" # " # "

 and g(x y) cx c .  Then f(1 2) g(1 2) 5  5 2c c c c , and f(0 0) 4  c 4  cß œ � ß œ ß œ Ê œ � œ � ß œ Ê œ Ê œ# " # "
"
#

  c .  Thus, f(x y) y 4 and g(x y) x .Ê œ ß œ � ß œ �# # # # #
" "9 9

18. Let g(x y) D f(x y) f (x y)a f (x y)b.  Then D g(x y) g (x y)a g (x y)bß œ ß œ ß � ß ß œ ß � ßu ux y x y

 f (x y)a f (x y)ab f (x y)ba f (x y)b f (x y)a 2f (x y)ab f (x y)b .œ ß � ß � ß � ß œ ß � ß � ßxx yx xy yy xx xy yy
# # # #

19. Since the particle is heat-seeking, at each point (x y) it moves in the direction of maximal temperatureß

 increase, that is in the direction of T(x y) e  sin x 2e  cos x .  Since T(x y) is parallel to™ ™ß œ � ßa b a b� �2y 2yi j

 the particle's velocity vector, it is tangent to the path y f(x) of the particle  f (x) 2 cot x.œ Ê œ œw 2e  cos x
e  sin x

�

�

2y

2y

 Integration gives f(x) 2 ln sin x C and f 0  0 2 ln sin C  C 2 ln lnœ � œ Ê œ � Ê œ � œk k ˆ ‰ ¸ ¸ Š ‹1 1
4 4

2 2
2

È
È#

#

 ln 2.  Therefore, the path of the particle is the graph of y 2 ln sin x ln 2.œ œ �k k
20. The line of travel is x t, y t, z 30 5t, and the bullet hits the surface z 2x 3y  whenœ œ œ � œ �# #

 30 5t 2t 3t   t t 6 0  (t 3)(t 2) 0  t 2 (since t 0).  Thus the bullet hits the� œ � Ê � � œ Ê � � œ Ê œ �# # #

 surface at the point (2 2 20).  Now, the vector 4x 6y  is normal to the surface at any (x y z), so thatß ß � � ß ßi j k
 8 12  is normal to the surface at (2 2 20).  If 5 , then the velocity of the particlen i j k v i j kœ � � ß ß œ � �

 after the ricochet is 2 proj   ( 5 )w v v v n v n i j k i j kœ � œ � œ � œ � � � � �n Š ‹ ˆ ‰ ˆ ‰2 2 25 400 600 50
209 209 209 209

v n
n
† †

k k#
 .œ � � �191 391 995

209 209 209i j k

21. (a)  is a vector normal to z 10 x y  at the point ( 0 10).  So directions tangential to S at ( 0 10) willk œ � � !ß ß !ß ß# #

 be unit vectors a b .  Also, T(x y z) (2xy 4) x 2yz 14 y 1u i j i j kœ � ß ß œ � � � � � �™ a b a b# #

 T( 0 10) 4 14 .  We seek the unit vector a b  such that D T(0 0 10)Ê !ß ß œ � � œ � ß ß™ i j k u i j u

 (4 14 ) (a b ) (4 14 ) (a b ) is a maximum.  The maximum will occur when a bœ � � � œ � � �i j k i j i j i j i j† †

 has the same direction as 4 14 , or (2 7 ).i j u i j� œ �"È53

 (b) A vector normal to S at (1 1 8) is 2 2 .  Now, T(1 1 8) 6 31 2  and we seek the unitß ß œ � � ß ß œ � �n i j k i j k™

 vector  such that D T(1 1 8) T  has its largest value.  Now write T , where  is parallelu u v w vu ß ß œ œ �™ † ™

 to T and  is orthogonal to T.  Then D T T ( ) .  Thus™ ™ ™ † † † † †w u v w u v u w u w uu œ œ � œ � œ

 D T(1 1 8) is a maximum when  has the same direction as .  Now, Tu ß ß œ �u w w n™ Š ‹™ †T n
nk k#

 (6 31 2 ) (2 2 ) 6 31 2œ � � � � � œ � � � � �i j k i j k i j kˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰12 62 2 152 152 76
4 4 1 9 9 9
� �
� �

   (98 127 58 ).œ � � � Ê œ œ � � �98 127 58
9 9 9 29,097

i j k u i j kw
wk k È "

22. Suppose the surface (boundary) of the mineral deposit is the graph of z f(x y) (where the z-axis points up into the air).œ ß

 Then  is an outer normal to the mineral deposit at (x y) and  points in the direction of steepest� � � ß �` ` ` `
` ` ` `

f f f f
x y x yi j k i j

 ascent of the mineral deposit.  This is in the direction of the vector  at (0 0) (the location of the 1st borehole)` `
` `

f f
x yi j� ß

 that the geologists should drill their fourth borehole.  To approximate this vector we use the fact that (0 0 1000),ß ß �

 (0 100 950), and (100 1025) lie on the graph of z f(x y). The plane containing these three points is a goodß ß � ß !ß� œ ß

 approximation to the tangent plane to z f(x y) at the point (0 0 0).  A normal to this plane is 0 00 50
00 0 25

œ ß ß ß "

" �

â ââ ââ ââ ââ ââ â
i j k
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 2500 5000 10,000 , or 2 4 .  So at (0 0) the vector  is approximately 2 .  Thus theœ � � � � � � ß � � �i j k i j k i j i j` `
` `

f f
x y

 geologists should drill their fourth borehole in the direction of ( 2 ) from the first borehole."È5
� �i j

23. w e  sin x  w re  sin x and w e  cos x  w e  sin x; w w , where c  is theœ Ê œ œ Ê œ � œrt rt rt rt
t x xx xx tc1 1 1 1 1 1# #"

#

 positive constant determined by the material of the rod  e  sin x re  sin xÊ � œ1 1 1# "rt rt
c# a b

  r c e  sin x 0  r c   w e  sin xÊ � œ Ê œ � Ê œa b# # # # �1 1 1 1rt c t# #1

24. w e  sin kx  w re  sin kx and w ke  cos kx  w k e  sin kx; w wœ Ê œ œ Ê œ � œrt rt rt rt
t x xx xx tc

# "
#

  k e  sin kx re  sin kx   r c k e  sin kx 0  r c k   w e  sin kx.Ê � œ Ê � œ Ê œ � Ê œ# # # # # �"rt rt rt c k t
c#

# #a b a b
 Now, w(L t) 0  e  sin kL 0  kL n  for n an integer  k   w e  sin x .ß œ Ê œ Ê œ Ê œ Ê œ� � Îc k t c n t Ln n

L L
# # # # # #

1 1 11 ˆ ‰
 As t  , w  0 since sin x 1 and e   0.Ä _ Ä Ÿ Ä¸ ¸ˆ ‰n

L
c n t L1 1� Î# # # #
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CHAPTER 15  MULTIPLE INTEGRALS

15.1  DOUBLE AND ITERATED INTEGRALS OVER RECTANGLES

 1. 2xy dy dx x y  dx 16x dx 8 x  24' ' ' '
1 0 1 1

2 4 2 24 2

0 1œ œ œ œc d c d# #

 2. x y  dy dx xy y  dx 2x dx x  4' ' ' '
0 1 0 0

2 1 2 2 2

0
�

a b c d� ‘� œ � œ œ œ1
2

# #"

�"

 3. (x y 1) dx dy yx x  dy (2y 2) dy y 2y 1' ' ' '
� � � �1 1 1 1

0 1 0 0

� � œ � � œ � œ � œ’ “ c dx
2

#
"

�"
�"

# !

 4. 1  dx dy x dy dy y' ' ' '
0 0 0 0

1 1 1 1Š ‹ ’ “ Š ‹ ’ “� œ � � œ � œ � œx y x y y y
2 6 2 6 2 6 6 3

x 5 5 2# # # #� 3 3"

0 0

1

 5. 4 y  dy dx 4y  dx  dx x  16' ' ' '
0 0 0 0

3 2 3 3a b ’ “ � ‘� œ � œ œ œ# y
3 3 3

16 16$
#

!

3

0

 6. x y 2xy  dy dx xy  dx 4x 2x  dx 2x 0' ' ' '
0 2 0 0

3 0 3 3

�

a b a b’ “ ’ “# # # #� œ � œ � œ � œx y
2 3

2x# # $
!

�# !

3

 7.  dx dy ln 1 x y  dy ln 1 y dy y ln 1 y y ln 1 y 2 ln 2 1' ' ' '
0 0 0 0

1 1 1 1
y

1 x y 0�
"œ l � l œ l � l œ l � l � � l � l œ �c d c d 1

0

 8. y  dx dy x x y dy 4 4 y dy 4y y' ' ' '
1 0 1 1

4 4 4 44ˆ ‰ � ‘ ˆ ‰ � ‘È Èx 1 8 92
2 4 3 3

2 1/2 3/2� œ � œ � œ � œ
!

4

1

 9. e  dy dx e  dx 5e e  dx e e 5 e' ' ' '
0 1 0 0

ln 2 ln 5 ln 2 ln 2 ln 22x y 2x y 2x 2x 1 2x 2x 15 3
2 2

� � � �"
#œ œ � œ � œ �c d a b a b� ‘ln 5

0"

10. x y e  dy dx x y e  dx x e dx x e e  ' ' ' '
0 1 0 0

1 2 1 1
x 2 x x x x3 3 3 3

2 2 2 2œ œ œ � œ� ‘ � ‘"
#

2 1

0"

11. y sin x dx dy y cos x  dy y dy y' ' ' '
� � �

Î
Î

�1 0 1 1

2 2 2 2

0
2

1

21

1œ � œ œ œc d � ‘"
#

2 3
2

12. sin x cos y  dx dy cos x x cos y  dy 2 cos y dy 2y sin y  2' ' ' '
1 1 1

1 1 1 1

1 1

1

2 2 2

0 0
2a b c d a b c d� œ � � œ � œ � œ1 1 1

13.  6 y 2 x dA 6 y 2 x  dy dx 2 y 2 x y  dx 16 4 x dx 16 x 2 x  14' '
R

a b a b c d a b c d# #� œ � œ � œ � œ � œ' ' ' '
0 0 0 0

1 2 1 1

0 0

2 13 2

14.  dA  dy dx  dx x dx x  ' '
R

È È Èx x x
y y y 3 3

1 2 3 21 8
2 2œ œ � œ œ œ' ' ' '

0 1 0 0

4 2 4 4

1

2

0

4’ “ � ‘"
#

Î Î

15.  x y cos y dA  x y cos y dy dx x y sin y x cos y  dx 2x dx x  0' '
R

œ œ � œ � œ � œ' ' ' '
� � �

�1 0 1 1

1 1 1

0 1

11

1c d a b c d2

16.  y sin x y dA  y sin x y  dy dx y cos x y sin x y  dx' '
R

a b a b c da b a b� œ � œ � � � �' ' '
� �1 1

1

1

0 0

0 0

 sin x cos x sin x dx cos x sin x cos x  4œ � � � � œ � � � � � œ'
�

�

1
1

0
0a b c da b a b a b a b1 1 1 1 1 1
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17.  e dA e  dy dx e  dx e e dx e e' '
R

x y x y x y x x x x� � � � � "
#œ œ � œ � � œ � � œ' ' ' '

0 0 0 0

ln 2 ln 2 ln 2 ln 2

0 0
ln 2 ln 2 ln 2 ln 2c d a b c d

18.  x y e dA x y e  dy dx e dx e dx e x e 3' '
R

x y x y x y x x 22 2 2
œ œ œ � œ � œ �' ' ' '

0 0 0 0

2 1 2 2

0

1

0

2’ “ ˆ ‰ � ‘ a b" " " " " "
# # # # # #

19.  dA  dy dx dx dx 2 ln x 1 2 ln 2' '
R

x y x y x y
x 1 x 1 4 x 1 x 1

4 x 23 3 4

2 2 2 2� � � �œ œ œ œ l � l œ' ' ' '
0 0 0 0

1 2 1 1

0

2

0

1’ “ c da b

20.  dA  dx dy tan x y dy tan y dy y tan y ln 1 y ln 2' '
R

y y
x y 1 4x y 1

1 1 1 2
2 2 2� # #�

� � � " "œ œ œ œ � l � l œ �' ' ' '
0 0 0 0

1 1 1 1

0

1

0

1

a b c da b � ‘ 1

21.   dy dx (ln 2 ln 1) dx (ln 2)  dx (ln 2)' ' ' '
1 1 1 1

2 2 2 2
1

xy x xœ � œ œ" " #

22. y cos xy dx dy sin xy  dy sin y dy  cos y ( 1 1)' ' ' '
0 0 0 0

1 1 11

œ œ œ � œ � � � œc d � ‘1

1 1 1!
" ""

!
1 1

2

23. V  f x, y dA x y  dy dx x y y dx 2 x dx x xœ œ � œ � œ � œ � œ' '
R

a b a b � ‘ ˆ ‰ � ‘' ' ' '
� � � �1 1 1 1

1 1 1 1
2 2 2 3 2 31 2 2 2 8

3 3 3 3 31 1

" "

� �

24. V  f x, y dA 16 x y  dy dx 16 y x y y dx 2 x dx x xœ œ � � œ � � œ � œ �' '
R

a b a b � ‘ ˆ ‰ � ‘' ' ' '
0 0 0 0

2 2 2 2

0 0

2 22 2 2 3 2 31 88 88 2
3 3 3 3

 œ 160
3

25  V  f x, y dA 2 x y  dy dx 2 y x y y dx x dx x x 1Þ œ œ � � œ � � œ � œ � œ' '
R

a b a b � ‘ ˆ ‰ � ‘' ' ' '
0 0 0 0

1 1 1 1
" "
# #

"

! !

"2 23 3
2 2

26  V  f x, y dA  dy dx dx 1 dx x 4Þ œ œ œ œ œ œ' '
R

a b c d’ “' ' ' '
0 0 0 0

4 2 4 4

0

2

0
4y y

2 4

2

27  V  f x, y dA 2 sin x cos y dy dx 2 sin x sin y dx 2 sin x dx 2 cos xÞ œ œ œ œ œ �' '
R

a b c d Š ‹ ’ “È È' ' ' '
0 0 0 0

2 4 2 2

0
4

0

21 1 1 1

1

1Î Î Î Î
Î

Î

 2œ È

28. V  f x, y dA 4 y  dy dx 4 y y dx dx xœ œ � œ � œ œ œ' '
R

a b a b � ‘ ˆ ‰ � ‘' ' ' '
0 0 0 0

1 2 1 1

0

22 31 16 16 16
3 3 3 3

"

!

15.2  DOUBLE INTEGRALS OVER GENERAL REGIONS

 1.  2. 

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



 Section 15.2 Double Integrals Over General Regions 883

 3.  4. 

 5.  6. 

 7.  8. 

 9. (a) dy dx' '
!

#

x

8

3 (b) dx dy' '
!

8 y

0

1 3Î

10. (a) dy dx' '
!

3 2x

0
(b) dx dy' '

! Î

6 3

y 2

11. (a) dy dx' '
!

3 3x

x2 (b) dx dy' '
! Î

9 y

y 3

È

12. (a) dy dx' '
!

#

1

ex

(b) dx dy' '
1 ln y

e 22

13. (a) dy dx' '
!

9 x

0

È

 (b) dx dy' '
0 y

3 9

2
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14. (a) dy dx' '
!

Î1 4 1

tan x

 (b) dx dy' '
0 0

1 tan y�1

 

15. (a) dy dx' '
!

ln 3 1

e�x

 (b) dx dy' '
1 3 ln y

1 ln 3

Î �

 

16. (a) dy dx dy dx' ' ' '
!

1 1 e 1

0 1 ln x
�

 (b) dx dy' '
0 0

1 ey

 

17. (a) dy dx' '
!

�1 3 2x

x

 (b) dx dy dx dy' ' ' '
0 0 1 0

1 y 3 3 y 2
�

a b� Î

 

18. (a) dy dx' '
�

�

1 x

2 x 2

2

 (b) dx dy dx dy' ' ' '
0 y 1 y 2

1 y 3 y

� �È
È È

�

 

19. (x sin y) dy dx x cos y  dx' ' '
0 0 0

x
x

1 1

œ �c d !
 (x x cos x) dx (cos x x sin x)œ � œ � �'

0

1 ’ “x
2

#
1

!

 2œ �1
#

#
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20. y dy dx  dx  sin x dx' ' ' '
0 0 0 0

sin x sin x1 1 1

œ œ’ “y
2

#

!

"
#

#

  (1 cos 2x) dx x  sin 2xœ � œ � œ" " "
!4 4 2 4

'
0

1 � ‘1 1

 

21. e  dx dy e  dy ye e  dy' ' ' '
1 0 1 1

ln 8 ln y ln 8 ln 8
x y x y y yln y� �œ œ �c d a b!

 (y 1)e e 8(ln 8 1) 8 eœ � � œ � � �c dy y ln 8
1

 8 ln 8 16 eœ � �

 

22. dx dy y y  dy' ' '
1 y 1

2 y 2#

œ � œ �a b ’ “#
#

#

"

y y
3

$ #

 2œ � � � œ � œˆ ‰ ˆ ‰8 7 3 5
3 3 3 6

" "
# #

 

23. 3y e  dx dy 3y e  dy' ' '
0 0 0

1 1

0

y y
#

#

$ #xy xyœ c d
 3y e 3y  dy e y e 2œ � œ � œ �'

0

1Š ‹ ’ “# # $
"

!

y y$ $

 

24.   e  dy dx  x e  dx' ' '
1 0 1

4 x 4
y x y x x

0

È
È È3 3

2#
Î Îœ � ‘È È

 (e 1) x dx (e 1) x 7(e 1)œ � œ � œ �3 3 2
2 3#

$Î# %

"
'

1

4È � ‘ˆ ‰

 

25.   dy dx x ln y  dx (ln 2)  x dx  ln 2' ' ' '
1 x 1 1

2 2x 2 2
2x
x

x 3
y œ œ œc d #

26. x y  dy dx x y  dx x (1 x)  dx x x  dx' ' ' ' '
0 0 0 0 0

1 1 x 1 1 1x

0

�
"�a b ’ “ ’ “ ’ “# # # # # $� �� œ � œ � � œ � �y (1 x) (1 x)

3 3 3

$ $ $

 0 0 0œ � � œ � � � � � œ’ “ ˆ ‰ ˆ ‰x x
3 4 1 3 4 1 6

(1 x)$ % %�
# #

"

!

" " " "

27. v u  dv du v u  du u(1 u)  du' ' ' '
0 0 0 0

1 1 u 1 1u

0

�
"�ˆ ‰È È È’ “ ’ “� œ � œ � �v 1 2u u

2

# #� �
#

 u u u  du u uœ � � � � œ � � � � œ � � � � œ � � œ �'
0

1 Š ‹ ’ “" " " " " "
# # # # # #

"Î# $Î# $Î# &Î#
"

!

u u u u 2 2 2 2 2
2 6 3 5 6 3 5 5 10

# # $
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28. e  ln t ds dt e  ln t  dt (t ln t ln t) dt  ln t t ln t t' ' ' '
1 0 1 1

2 ln t 2 2
ln t
0

s s t t
2 4œ œ � œ � � �c d ’ “# #

#

"

 (2 ln 2 1 2 ln 2 2) 1œ � � � � � � œˆ ‰" "
4 4

29. 2 dp dv 2 p  dv 2 2v dv' ' ' '
� � �

�

2 v 2 2

0 v 0 0
v

vœ œ �c d�
 2 v 8œ � œc d# 0

2�

 

30. 8t dt ds 4t  ds' ' '
0 0 0

1 1 s 1 1 s

0

È È�

�

#
#

œ c d#
 4 1 s  ds 4 sœ � œ � œ'

0

1 a b ’ “#
"

!

s 8
3 3

$

 

31. 3 cos t du dt (3 cos t)u' ' '
� Î � Î

Î Î

1 1

1 1

3 0 3

3 sec t 3
sec t
0œ c d

 3 dt 2œ œ'
� Î

Î

1

1

3

3

1

 

32.  dv du  du' ' '
0 1 0

3 2 4 2u 3 2 4 2u

1

Î � Î �
 4 2u 2u 4

v v
� �
# œ � ‘

 3 2u  du 3u uœ � œ � œ'
0

3 2 2Î
Îa b c d# $

!
9
2

 

33. dx dy' '
2 0

4 4 y) 2Ð � Î

 

34. dy dx' '
�

�

2 0

0 x 2
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35. dy dx' '
0 x

1 x

#

 

36. dx dy' '
0 1 y

1 1 y

�

�

È

 

37. dx dy' '
1 ln y

e 1

 

38. dy dx' '
1 0

2 ln x

 

39. 16x dx dy' '
0 0

9 9 y1
2
È
�

 

40. y dy dx' '
0 0

4 4 xÈ
�
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41. 3y dy dx' '
�

�

1 0

1 1 xÈ #

 

42. 6x dx dy' '
�

�

2 0

2 4 yÈ #

 

43. x y dx dy' '
0 e

1 e

y

 

44. x y  dx dy' '
0 0

1 2 sin y
2

Î �1  

45. x y dy dx' '
1 ln x

e 33 a b�
 

46. x y dy dx' '
0 tan x

3 31Î È È  
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47.  dy dx  dx dy sin y dy 2' ' ' ' '
0 x 0 0 0

y1 1 1 1

sin y sin y
y yœ œ œ

 

48. 2y  sin xy dy dx 2y  sin xy dx dy' ' ' '
0 x 0 0

2 2 2 y
# #œ

 2y cos xy  dy 2y cos y 2y  dyœ � œ � �' '
0 0

2 2
y
0c d a b#

 sin y y 4 sin 4œ � � œ �c d# # #
!

 

49. x e  dx dy x e  dy dx xe  dx' ' ' ' '
0 y 0 0 0

1 1 1 x 1
xy xy xy x

0
# #œ œ c d

 xe x  dx eœ � œ � œ'
0

1
x xa b ’ “# " �

# #

"

!2
x e 2# #

 

50.  dy dx  dx dy' ' ' '
0 0 0 0

2 4 x 4 4 y� �

#

xe xe
4 y 4 y

2y 2y

� �œ
È

  dy  dyœ œ œ œ' '
0 0

4 44 y

0
’ “ ’ “x e e e e

(4 y) 4 4

# )2y 2y 2y

# � #

%

!

�"
È
�

 

51. e  dx dy e  dy dx' ' ' '
0 y/2 0 0

2 ln 3 ln 3 ln 3 2x
x x

È È È
#

œ
#

 2xe  dx e e 1 2œ œ œ � œ'
0

ln 3
x x ln 3ln 3

0

È È
# #c d

 

52.  e  dy dx  e  dx dy' ' ' '
0 x 3 0 0

3 1 1 3y
y y

È Î

$ $

#

œ

 3y e  dy e e 1œ œ œ �'
0

1
y y# "

!
$ $c d

 

53. cos 16 x  dx dy cos 16 x  dy dx' ' ' '
0 y 0 0

1 16 1 2 1 2 xÎ Î Î

"Î%

%a b a b1 1
& &œ

 x  cos 16 x  dxœ œ œ'
0

1 2Î
% &

"Î#

!

"a b ’ “1
sin 16 x

80 80
a b1

1 1

&
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54.   dy dx  dx dy' ' ' '
0 x 0 0

8 2 2 y

$

$

È
" "
� �y 1 y 1% %œ

  dy ln y 1œ œ � œ'
0

2
y

y 1 4 4
ln 17$

%�
" % #

!c da b

 

55.  y 2x  dA' '
R

a b� #

 y 2x  dy dx y 2x  dy dxœ � � �' ' ' '
� � � �

� �

1 x 1 0 x 1

0 x 1 1 1 xa b a b# #

 y 2x y dx y 2x y  dxœ � � �' '
�

�" �

� � �1 0

0 1x 1 x

x 1 x 1
� ‘ � ‘" "# # # #

2 2 

 (x 1) 2x (x 1) ( x 1) 2x ( x 1) dxœ � � � � � � � � �'
�1

0 � ‘" "
# #

# # # #

        (1 x) 2x (1 x) (x 1) 2x (x 1)  dx� � � � � � � �'
0

1� ‘" "
# #

# # # #

 4 x x  dx 4 x x  dxœ � � � �' '
�1 0

0 1a b a b$ # $ #
 

 4 4 4 4 8œ � � � � œ � � � œ � œ � œ �’ “ ’ “ ’ “ ˆ ‰ ˆ ‰x x x x 3 4 8 2
4 3 4 3 4 3 4 3 12 12 12 3

( 1) ( 1)% $ % $ % $0

1�

"

!

� � " "

56.  xy dA xy dy dx  xy dy dx' '
R

œ �' ' ' '
0 x 2 3 x

2 3 2x 1 2 xÎ �

Î

 xy dx xy  dxœ �' '
0 2 3

2 3 12x 2 x

x x

Î

Î

�� ‘ � ‘" "# #
2 2 

 2x x  dx x(2 x) x  dxœ � � � �' '
0 2 3

2 3 1Î

Î
ˆ ‰ � ‘$ $ # $" " "

# # #

 x  dx 2x x  dxœ � �' '
0 2 3

2 3 1Î

Î

3
#

$ #a b
 

 x x x 1œ � � œ � � � � œ � � � œ� ‘ � ‘ ˆ ‰ ˆ ‰ ˆ ‰ � ‘ ˆ ‰ˆ ‰ ˆ ‰3 2 3 16 2 4 2 8 6 27 36 16 13
8 3 8 81 3 9 3 27 81 81 81 81 81

% # $ "

#Î$

2 3

0

Î

57. V  x y  dy dx x y  dx 2x  dxœ � œ � œ � � œ � �' ' ' '
0 x 0 0

1 2 x 1 12 x

x

�
�a b ’ “ ’ “ ’ “# # # # � �

"

!

y (2 x) (2 x)
3 3 3 3 12 12

7x 2x 7x$ $ %$ $ %

 0 0œ � � � � � œˆ ‰ ˆ ‰2 7 16 4
3 12 12 12 3

"

58. V x  dy dx x y  dx 2x x x  dx x x xœ œ œ � � œ � �' ' ' '
� � �

�

�

2 x 2 2

1 2 x 1 12 x

x

#
#

# # # % $ $ & % "

�#
c d a b � ‘2 1 1

3 5 4

 œ � � � � � � œ � � � � � � œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2 16 32 16 40 12 15 320 384 240 189 63
3 5 4 3 5 4 60 60 60 60 60 60 60 20

" "

59. V (x 4) dy dx xy 4y  dx x 4 x 4 4 x 3x 12x  dxœ � œ � œ � � � � �' ' ' '
� � �

�

�

4 3x 4 4

1 4 x 1 1
4 x
3x

#

#c d c da b a b# # #

 x 7x 8x 16  dx x x 4x 16x 12 64œ � � � � œ � � � � œ � � � � � œ � œ'
�4

1 a b � ‘ ˆ ‰ ˆ ‰$ # % $ # "

�%
" "1 7 7 64 157 625

4 3 4 3 3 3 4 12

60. V  (3 y) dy dx 3y  dx 3 4 x  dxœ � œ � œ � �' ' ' '
0 0 0 0

2 4 x 2 24 x

0

È È
�

�

# #’ “ ’ “È Š ‹y
2

4 x# #
# �

#

 x 4 x 6 sin 2x 6 4 3œ � � � � œ � � œ � œ’ “È ˆ ‰ ˆ ‰3 x x 8 16 9 8
2 6 6 6 3

# �"
# #

#

!

�$
1 1

1

61. V 4 y  dx dy 4x y x  dy 12 3y  dy 12y y 24 8 16œ � œ � œ � œ � œ � œ' ' ' '
0 0 0 0

2 3 2 2a b c d a b c d# # # $$
! !

#
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62. V  4 x y  dy dx 4 x y  dx 4 x  dx 8 4x  dxœ � � œ � � œ � œ � �' ' ' ' '
0 0 0 0 0

2 4 x 2 2 24 x
�

�

!

# #a b a b a b’ “ Š ‹# # # #"
# #

#y
2

x# %

 8x x x 16œ � � œ � � œ œ� ‘4 32 32 480 320 96 128
3 10 3 10 30 15

$ &" � �#

!

63. V  12 3y  dy dx 12y y  dx 24 12x (2 x)  dx 24x 6x 20œ � œ � œ � � � œ � � œ' ' ' '
0 0 0 0

2 2 x 2 2� a b c d c d ’ “# $ $ ##�
!

�
#

!

x (2 x)
4

%

64. V  (3 3x) dy dx (3 3x) dy dx 6 1 x  dx 6 (1 x)  dx 4 2 6œ � � � œ � � � œ � œ' ' ' ' ' '
� � � � �

� �

1 x 1 0 x 1 1 0

0 x 1 1 1 x 0 1a b# #

65. V (x 1) dy dx xy y  dx 1 1 dx 2 1  dx 2 x ln xœ � œ � œ � � � � œ � œ �' ' ' ' '
1 1 x 1 1 1

2 1 x 2 2 2
1 x

1 x
� Î

Î
Î

� Î
c d c d� ‘ ˆ ‰ˆ ‰" " " #

"x x x

  2(1 ln 2)œ �

66. V 4 1 y  dy dx 4 y  dx 4 sec x  dxœ � œ � œ �' ' ' '
0 0 0 0

3 sec x 3 3sec x

0

1 1 1Î Î Îa b ’ “ Š ‹# y
3 3

sec x$ $

  7 ln sec x tan x sec x tan x 7 ln 2 3 2 3œ � � œ � �2 2
3 3c dk k ’ “Š ‹È È1Î$

!

67.  

68. 

 

69.  dy dx  dx  dx  lim    lim   1 1' ' ' '
1 e 1 1

1

e

b

1

_ _ _

�

�

x x

" � " "
"

x y x x x b
ln y x

$ $ $œ œ � œ � œ � � œ’ “ ˆ ‰ � ‘ ˆ ‰
b bÄ _ Ä _

70. (2y 1) dy dx y y  dx  dx 4  lim   sin x' ' ' '
� � � � �

�

�

� �

�1 1/ 1 x 1 1

1 1/ 1 x 1 11/ 1 x

1/ 1 x

b

È

È ˆ ‰

a b
#

#

# Î#

# Î#

� œ � œ œc d c dº# �"

� !

1

1

2
1 xÈ # b 1Ä

 4  lim   sin b 0 2œ � œ
b 1Ä

�

c d�"
1

71. -dx dy 2  lim   tan b tan 0  dy 2   lim    dy' ' ' '
�_ �_

_ _ _

" "
� � � �

�" �"
a b a bx 1 y 1 y 1 y 1

2
# # # #œ � œ

0 0

bŠ ‹Š ‹
b bÄ _ Ä _

1

 2  lim  tan b tan 0 (2 )œ � œ œ1 1 1Š ‹ ˆ ‰
b Ä _

�" �" #
#
1
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72. xe  dx dy e   lim   xe e  dy e   lim   be e 1  dy' ' ' '
0 0 0 0

x 2y 2y x x 2y b bb
0

_ _ _ _

�Ð � Ñ � � � � � �œ � � œ � � �
b bÄ _ Ä _

c d a b
 e  dy   lim   e 1œ œ � � œ'

0

2y 2b
_

� �" "
# #b Ä _

a b

73. f(x y) dA  f 0 f(0 0) f 0 0' '
R

ß ¸ � ß � ß � ß œ � � � œ �" " " " " " " " "
# #4 8 8 4 4 8 4 32

3ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

74. f(x y) dA f f f f (29 31 33 35) 8' '
R

ß ¸ ß � ß � ß � ß œ � � � œ œ" "
4 4 4 4 4 4 4 4 4 16 16

7 11 9 11 7 13 9 13 128’ “ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

75. The ray  meets the circle x y 4 at the point 3 1   the ray is represented by the line y .  Thus,) œ � œ ß Ê œ1

6
x

3
# # Š ‹È È

 f(x y) dA 4 x  dy dx 4 x 4 x  dx 4x' '
R

ß œ � œ � � � œ � � œ' ' '
0 x 3 0

3 4 x 3

3

3

0

È È

È

È

È

È

Î

� #È È’ “a b ” •# ## �x x
3 9

4 x

3 3
20 3$ # $Î#a b

È
È

76.  dy dx  dx  dx 6  ' ' ' ' '
2 0 2 2 2

2 2

0

_ _ _ _

"
� �

�
� � � �a b a bx x (y 1)

3(y 1)
x x x x x x x(x 1)

3 3 dx
# #Î$

"Î$

# # #œ œ � œ’ “ ˆ ‰
 6  lim    dx 6  lim   ln (x 1) ln x 6  lim   [ln (b 1) ln b ln 1 ln 2]œ � œ � � œ � � � �

b b bÄ _ Ä _ Ä _

'
2

b
b
2

ˆ ‰ c d" "
�x 1 x

 6  lim   ln 1 ln 2 6 ln 2œ � � œ’ “ˆ ‰
b Ä _

"
b

77. V x y  dy dx x y  dxœ � œ �' ' '
0 x 0

1 2 x 1 2 x

x

�
�a b ’ “# # # y

3

$

 2x  dxœ � � œ � �'
0

1’ “ ’ “# � �
"

!

7x 2x 7x
3 3 3 12 12

(2 x) (2 x)$ $ %$ %

 0 0œ � � � � � œˆ ‰ ˆ ‰2 7 16 4
3 12 1 12 3

"
#

 

78. tan x tan x  dx  dy dx   dx dy  dx dy' ' ' ' ' ' '
0 0 x 0 y 2 y

2 2 x 2 y 2 2a b�" �" " " "
� � �1 � œ œ �

1 1

1 11 y 1 y 1 y# # #
Î Î

  dy  dy ln 1 y 2 tan y  ln 1 yœ � œ � � � �' '
0 2

2 2 2

2

ˆ ‰ ˆ ‰1 y 2
1 y 1 y 2
� � #

� � #
�" "# �" #

!

"

# #

1 1

1
1

y ˆ ‰ � ‘c d a ba b1

1 1

  ln 5 2 tan 2  ln 1 4 2 tan 2  ln 5œ � � � � �ˆ ‰ a b1

1 1 1

� " "�" # �"
#

1
2 21 1

 2 tan 2 2 tan 2  ln 1 4œ � � � ��" �" #"
#1 12

ln 5
1

a b
79. To maximize the integral, we want the domain to include all points where the integrand is positive and to
 exclude all points where the integrand is negative.  These criteria are met by the points (x y) such thatß

 4 x 2y 0 or x 2y 4, which is the ellipse x 2y 4 together with its interior.� �   � Ÿ � œ# # # # # #

80. To minimize the integral, we want the domain to include all points where the integrand is negative and to
 exclude all points where the integrand is positive.  These criteria are met by the points (x y) such thatß

 x y 9 0 or x y 9, which is the closed disk of radius 3 centered at the origin.# # # #� � Ÿ � Ÿ

81. No, it is not possible.  By Fubini's theorem, the two orders of integration must give the same result.

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



 Section 15.2 Double Integrals Over General Regions 893

82. One way would be to partition R into two triangles with the
 line y 1.  The integral of f over R could then be writtenœ

 as a sum of integrals that could be evaluated by integrating
 first with respect to x and then with respect to y:

  f(x y) dA' '
R

ß

 f(x y) dx dy f(x y) dx dy.œ ß � ß' ' ' '
0 2 2y 1 y 1

1 2 y 2 2 2 y 2

� �

�Ð Î Ñ �Ð Î Ñ

 Partitioning R with the line x 1 would let us write theœ

 integral of f over R as a sum of iterated integrals with
 order dy dx.

 

83. e  dx dy e e  dx dy e e  dx  dy e  dx e  dy' ' ' ' ' ' ' '
� � � � � � � �

� � � � � � � �

b b b b b b b b

b b b b b b b b
x y y x y x x y# # # # # # # #

œ œ œŒ � Œ �Œ �
 e  dx 2 e  dx 4 e  dx ; taking limits as b   gives the stated result.œ œ œ Ä _Œ � Œ � Œ �' ' '

�

� � �

b 0 0

b b b
x x x# # #

# # #

84.  dy dx  dx dy   dy  ' ' ' ' ' '
0 0 0 0 0 0

1 3 3 1 3 3
x x x

(y 1) (y 1) (y 1) (y 1)3 3
dy# # $

#Î$ #Î$ #Î$ #Î$� � � �
" "

"

!
œ œ œ’ “

   lim    lim    lim   (y 1)  lim   (y 1)œ � œ � � �" "
� �

"Î$ "Î$
3 3

dy dy
(y 1) (y 1)b 1 b 1b 1 b 1Ä ÄÄ Ä

� �� �

' '
0 b

b 3 b 3

0 b#Î$ #Î$
� ‘ � ‘

  lim   (b 1) ( 1)  lim   (b 1) (2) (0 1) 0 2 1 2œ � � � � � � œ � � � œ �’ “ ’ “ Š ‹È È
b 1 b 1Ä Ä

� �

"Î$ "Î$ "Î$ "Î$ 3 3

85-88. Example CAS commands:
 :Maple
 f := (x,y) -> 1/x/y;
 q1 := Int( Int( f(x,y), y=1..x ), x=1..3 );
 evalf( q1 );
 value( q1 );
 evalf( value(q1) );

89-94. Example CAS commands:
 :Maple
 f := (x,y) -> exp(x^2);
 c,d := 0,1;
 g1 := y ->2*y;
 g2 := y -> 4;
 q5 := Int( Int( f(x,y), x=g1(y)..g2(y) ), y=c..d );
 value( q5 );
 plot3d( 0, x=g1(y)..g2(y), y=c..d, color=pink, style=patchnogrid, axes=boxed, orientation=[-90,0],

 scaling=constrained, title="#89 (Section 15.2)" );
 r5 := Int( Int( f(x,y), y=0..x/2 ), x=0..2 ) + Int( Int( f(x,y), y=0..1 ), x=2..4 );
 value( r5);
 value( q5-r5 );

85-94. Example CAS commands:
 : (functions and bounds will vary)Mathematica

 You can integrate using the built-in integral signs or with the command . In the  command, theIntegrate Integrate
 integration begins with the variable on the right. (In this case, y going from 1 to x).
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894 Chapter 15 Multiple Integrals

 Clear[x, y, f]
 f[x_, y_]:= 1 / (x y)
 Integrate[f[x, y], {x, 1, 3}, {y, 1, x}]
 To reverse the order of integration, it is best to first plot the region over which the integration extends. This can be done
 with ImplicitPlot and all bounds involving both x and y can be plotted. A graphics package must be loaded. Remember to
 use the double equal sign for the equations of the bounding curves.
 Clear[x, y, f]
 <<Graphics`ImplicitPlot`
 ImplicitPlot[{x==2y, x==4, y==0, y==1},{x, 0, 4.1}, {y, 0, 1.1}];

 f[x_, y_]:=Exp[x ]2

 Integrate[f[x, y], {x, 0, 2}, {y, 0, x/2}] Integrate[f[x, y], {x, 2, 4}, {y, 0, 1}]�

 To get a numerical value for the result, use the numerical integrator, . Verify that this equals the original.NIntegrate
 Integrate[f[x, y], {x, 0, 2}, {y, 0, x/2}] NIntegrate[f[x, y], {x, 2, 4}, {y, 0, 1}]�

 NIntegrate[f[x, y], {y, 0, 1},{x, 2y, 4}]
 Another way to show a region is with the FilledPlot command. This assumes that functions are given as y = f(x).
 Clear[x, y, f]
 <<Graphics`FilledPlot`

 FilledPlot[{x , 9},{x, 0,3}, AxesLabels {x, y}];2 Ä

 f[x_, y_]:= x Cos[y ]2

 Integrate[f[x, y], {y, 0, 9}, {x, 0, Sqrt[y]}]

85.  dy dx 0.603 86. e  dy dx 0.558' ' ' '
1 1 0 0

3 x 1 1
x y"

xy ¸ ¸� �ˆ ‰# #

87. tan xy dy dx 0.233 88. 3 1 x y  dy dx 3.142' ' ' '
0 0 1 0

1 1 1 1 x
�" # #¸ � � ¸

�

�

È # È

89. Evaluate the integrals:

 e  dx dy' '
0 2y

1 4
x#

 e  dy dx e  dy dxœ �' ' ' '
0 0 2 0

2 x/2 4 1
x x# #

 e 2  erfi 2 2  erfi 4œ � � � �" "
4 4

4ˆ ‰È Èa b a b1 1

 1.1494 10¸ ‚ 6

 The following graph was generated using
 Mathematica.
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90. Evaluate the integrals:

 x cos y dy dx x cos y dx dy' ' ' '
0 x 0 0

3 9 9 y
2 2

2
a b a bœ

È

 0.157472œ ¸ �sin 81
4
a b

 The following graph was generated using
 Mathematica.
 

91. Evaluate the integrals:

 x y xy dx dy x y xy dy dx' ' ' '
0 y 0 x /32

2 4 2y 8 x
2 2 2 2

3 2

3È Èa b a b� œ �

 97.4315œ ¸67,520
693

 The following graph was generated using
 Mathematica.
 

92. Evaluate the integrals:

 e  dx dy e  dy dx' ' ' '
0 0 0 0

2 4 y 4 4 x� �

#

xy xyœ
È

 20.5648¸

 The following graph was generated using
 Mathematica.
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93. Evaluate the integrals:

  dy dx' '
1 0

2 x#
1

x y�

  dx dy  dx dyœ �' ' ' '
0 1 1 y

1 2 4 2
1 1

x y x y� �È

 1 ln 0.909543� � ¸ˆ ‰27
4

 The following graph was generated using
 Mathematica.
 

94. Evaluate the integrals:

  dx dy  dy dx' ' ' '
1 y 1 1

2 8 8 x

3

3

1 1
x y x yÈ È2 2 2 2� �

œ
È

 0.866649¸

 The following graph was generated using
 Mathematica.
 

15.3  AREA BY DOUBLE INTEGRATION

 1. dy dx (2 x) dx 2x 2,' ' '
0 0 0

2 2 x 2�

œ � œ � œ’ “x
2

#
#

!

 or dx dy (2 y) dy 2' ' '
0 0 0

2 2 y 2�

œ � œ

 

 2. dy dx (4 2x) dx 4x x 4,' ' '
0 2x 0

2 4 2 2

0œ � œ � œc d#
 or dx dy  dy 4' ' '

0 0 0

4 y 2 4Î

œ œy
#

 

 3. dx dy y y 2  dy' ' '
� � �

�

2 y 2 2

1 y 1#

œ � � �a b#

 2yœ � � �’ “y y
3

$ #

#

"

�#

 2 2 4œ � � � � � � œˆ ‰ ˆ ‰" "
# #3 3

8 9
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 4. dx dy 2y y  dy y' ' '
0 y 0

2 y y 2

�

�

#

œ � œ �a b ’ “# #
#

!

y
3

$

 4œ � œ8 4
3 3

 

 5. dy dx e  dx e 2 1 1' ' '
0 0 0

ln 2 e ln 2
x x ln 2

0

x

œ œ œ � œc d

 

 6. dy dx ln x dx x ln x x' ' '
1 ln x 1

e 2 ln x e
e
1œ œ �c d

 (e e) (0 1) 1œ � � � œ

 

 7. dx dy 2y 2y  dy y y' ' '
0 y 0

1 2y y 1

#

#
�

œ � œ �a b � ‘# # $ "

!
2
3

 œ "
3

 

 8. dx dy y 1 2y 2  dy' ' '
� � �

�

1 2y 2 1

1 y 1 1

#

#

œ � � �a b# #

 1 y  dy yœ � œ � œ'
�1

1 a b ’ “#
"

�"

y
3 3

4$

 

 9. 1 dx dy  x dy' ' '
0 0

2 3 2 3y
yy

y

œ c d
 2y  dy y 4œ œ œ'

0

2
2

0
2a b c d

 

10. 1 dx dy  x dy' ' '
1 1 0

2 ln 2

1
ln

� �y

y

y
yœ c d

 ln y 1 y  dy y ln y 2yœ � � œ � �'
1

2
y
2 1

2a b ’ “2

 2 ln 2œ � 1
2
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11. 1 dy dx 1 dy dx' ' ' '
0 x 2 1 x 2

1 2x 2 3 x

Î Î

�
�

  y dx  y dxœ �' '
0 1

1 2

x 2 x 2
2x 3 xc d c dÎ Î

�

  x dx  3 x dxœ � �' '
0 1

1 2
3 3
2 2

ˆ ‰ ˆ ‰
 x 3x xœ � � œ� ‘ � ‘3 3 3

4 4 2
2 2

0 1

1 2

 

12. 1 dy dx 1 dy dx' ' ' '
0 x 1 x 2

1 x 4 x

� �

È È
�

  y dx  y dxœ �' '
0 1

1 4

x x 2
x xc d c d� �

È È

  x x dx  x x 2 dxœ � � � �' '
0 1

1 4ˆ ‰ ˆ ‰È È
 x x x x 2xœ � � � � œ� ‘ � ‘2 1 2 1 13

3 2 3 2 3
3 2 2 3 2 2

0 1

1 4Î Î

 

13. dx dy 2y  dy y' ' '
0 y 3 0

6 2y 6

#Î
œ � œ �Š ‹ ’ “y y

3 9

# $
#

'

!

 36 12œ � œ216
9

 

14. dy dx 3x x  dx x x' ' '
0 x 0

3 2x x 3

�

�

#

œ � œ �a b � ‘# # $" $

!
3
2 3

 9œ � œ27 9
# #

 

15. dy dx' '
0 sin x

4 cos x1Î

 (cos x sin x) dx sin x cos xœ � œ �'
0

4
4

0

1

1

Î
Îc d

 (0 1) 2 1œ � � � œ �Š ‹ ÈÈ È2 2
# #

 

16. dx dy y 2 y  dy 2y' ' '
� �

�

�
1 y 1

2 y 2 2 2

1
#

œ � � œ � �a b ’ “# y y
2 3

# $

 2 4 2 5œ � � � � � œ � œˆ ‰ ˆ ‰8 9
3 3

" " "
# # #
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17. dy dx dy dx' ' ' '
� � � Î

� �

1 2x 0 x 2

0 1 x 2 1 x

�

 (1 x) dx 1  dxœ � � �' '
�1 0

0 2ˆ ‰x
#

 x x 1 (2 1)œ � � � œ � � � � � œ’ “ ’ “ ˆ ‰x x 3
2 4

# #
0 2

1 0�

"
# #

 

18. dy dx dy dx' ' ' '
0 x 4 0 0

2 0 4 x

#
�

�
È

 4 x  dx x  dxœ � �' '
0 0

2 4a b# "Î#

 4x x 8œ � � œ � � œ’ “ � ‘ ˆ ‰x 2 8 16 32
3 3 3 3 3

$
2

0

4

0
$Î#

 

19. (a) average  sin (x y) dy dx  cos (x y)  dx  [ cos (x ) cos x] dxœ � œ � � œ � � �" " "
1 1 1
# # #
' ' ' '

0 0 0 00

1 1 1 1

1c d 1

 sin (x ) sin x [( sin 2 sin ) ( sin sin 0)] 0œ � � � œ � � � � � œ" "
1 1
# #c d1 1 1 1

1

0

 (b) average  sin (x y) dy dx  cos (x y)  dx  cos x cos x  dxœ � œ � � œ � � �" Î#
! #Š ‹1

#

#

# #
' ' ' '

0 0 0 0

21 1 1 1Î
2 2
1 1

1 1c d � ‘ˆ ‰
 sin x sin x sin sin sin sin 0œ � � � œ � � � � � œ2 2 3 4

1 1 1

1 1 1

# # #
� ‘ � ‘ˆ ‰ ˆ ‰ ˆ ‰

# # #

1

0
1

20. average value over the square xy dy dx  dx  dx 0.25;œ œ œ œ œ' ' ' '
0 0 0 0

1 1 1 1’ “xy
2 4

x#
"

! #
"

 average value over the quarter circle xy dy dx   dxœ œ"
ˆ ‰1

4

' ' '
0 0 0

1 1 x 1 1 x

0

È È
�

�

# #

 4 xy
21

’ “#

  x x  dx 0.159. The average value over the square is larger.œ � œ � œ ¸2 2 x x
2 41 1 1

'
0

1a b ’ “$
"

!

"
#

# 4

21. average height  x y  dy dx  x y  dx  2x  dxœ � œ � œ � œ � œ" " " "# # # #
# #

! !#4 4 3 4 3 3 3 3
y 8 x 4x 8' ' ' '

0 0 0 0

2 2 2 2a b ’ “ ’ “ˆ ‰$ $

22. average    dy dx   dxœ œ" " "
(ln 2) xy (ln 2) x

ln y
# #
' ' '

ln 2 ln 2 ln 2

2 ln 2 2 ln 2 2 ln 2 2 ln 2

ln 2
 ’ “

  (ln 2 ln ln 2 ln ln 2) dx ln xœ � � œ œ" " " "
#(ln 2) x ln 2 x ln 

dx
#
' '

ln 2 ln 2

2 ln 2 2 ln 2 2 ln 2

ln 2
ˆ ‰ ˆ ‰ c d

 (ln 2 ln ln 2 ln ln 2) 1œ � � œˆ ‰"
#ln 

23.  dy dx 10,000 1 e  10,000 1 e  ' ' ' ' '
� � � � !

!

5 2 5 5

5 0 5 5
10,000e

1 1

dx dx dx
1 1

y

� �

�# �#
� �k k k kx x x x

# #
# #

œ � œ � �a b a b ’ “
 10,000 1 e 2 ln 1 10,000 1 e 2 ln 1œ � � � � � �a b a b� ‘ � ‘ˆ ‰ ˆ ‰� �2 2x x

# #

! &

�& !

 10,000 1 e 2 ln 1 10,000 1 e 2 ln 1 40,000 1 e  ln 43,329œ � � � � � œ � ¸a b a b a b� ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰�# �# �#
# #
5 5 7

2

24. 100(y 1) dx dy 100(y 1)x  dy 100(y 1) 2y 2y  dy 200 y y  dy' ' ' ' '
0 y 0 0 0

1 2y y 1 1 1
2y y
y#

#

#

#

�

�� œ � œ � � œ �c d a b a b# $

 200 (200) 50œ � œ œ’ “ ˆ ‰y y
2 4 4

# % "

!

"
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25. Let (x y ) be the location of the weather station in county i for i 1 254.  The average temperaturei iß œ ßá ß

 in Texas at time t  is approximately , where T(x y ) is the temperature at time t  at the! !

ß!
254

i 1œ
 T(x y ) A

A i i

i i i?

ß

 weather station in county i, A is the area of county i, and A is the area of Texas.?i

26. Let y f x  be a nonnegative, continuous function on a, b , then A dA dy dx y  dx f x dxœ Ò Ó œ œ œ œa b c d a b' '
R

' ' ' '
a 0 a a

b f x b b

0
f x

a b
a b

15.4  DOUBLE INTEGRALS IN POLAR FORM

 1. x y 9 r 9 2 , 0 r 92 2 2
2� œ Ê œ Ê Ÿ Ÿ Ÿ Ÿ1 ) 1

 2. x y 1 r 1, x y 4 r 4 , 1 r 42 2 2 2 2 2
2 2� œ Ê œ � œ Ê œ Ê � Ÿ Ÿ Ÿ Ÿ1 1)

 3. y x , y x , y 1 r csc , 0 r cscœ Ê œ œ � Ê œ œ Ê œ Ê Ÿ Ÿ Ÿ Ÿ) ) ) ) )1 1 1 1
4 4 4 4

3 3

 4. x 1 r sec , y 3x 0 , 0 r secœ Ê œ œ Ê œ Ê Ÿ Ÿ Ÿ Ÿ) ) ) )È 1 1
3 3

 5. x y 1 r 1, x 2 3 r 2 3 sec , y 2 r 2 csc ; 2 3 sec 2 csc2 2 2
6� œ Ê œ œ Ê œ œ Ê œ œ Ê œÈ È È) ) ) ) ) 1

 0 , 1 r 2 3 sec ; , 1 r 2 3 cscÊ Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ) ) ) )1 1 1
6 6 2

È È
 6. x y 2 r 2, x 1 r sec ; 2 sec  or , sec r 22 2 2

3 3 3 3� œ Ê œ œ Ê œ œ Ê œ œ � Ê � Ÿ Ÿ Ÿ Ÿ) ) ) ) ) )1 1 1 1

 7. x y 2x r 2 cos , 0 r 2 cos2 2
2 2� œ Ê œ Ê � Ÿ Ÿ Ÿ Ÿ) ) )1 1

 8. x y 2y r 2 sin 0 , 0 r 2 sin2 2� œ Ê œ Ê Ÿ Ÿ Ÿ Ÿ) ) 1 )

 9. dy dx r dr d  d' ' ' ' '
�

�

1 0 0 0 0

1 1 x 1È #

œ œ œ
1 1

) )"
# #

1

10.  x y  dx dy  r  dr d   d' ' ' ' '
0 0 0 0 0

1 1 y 2 1 2È
� Î Î# a b# # $ "� œ œ œ

1 1

) )4 8
1

11.  x y  dx dy r  dr d 4 d 2' ' ' ' '
0 0 0 0 0

2 4 y 2 2 2È
� Î Î# a b# # $� œ œ œ

1 1

) ) 1

12. dy dx r dr d  d a' ' ' ' '
� � �

�

a a x 0 0 0

a a x 2 a 2

È

È

# #

# #

œ œ œ
1 1

) ) 1a
2

# #

13. x dx dy r  cos  dr d 72 cot  csc  d 36 cot 36' ' ' ' '
0 0 4 0 4

6 y 2 6 csc 2 2

4œ œ œ � œ
1 1

1 ) 1
1

1Î Î

Î Î
Î

Î
# # #) ) ) ) ) )c d

14. y dy dx r  sin  dr d  tan  sec  d' ' ' ' '
0 0 0 0 0

2 x 4 2 sec 4

œ œ œ
1 ) 1Î Î

# #) ) ) ) )8 4
3 3

15.  dy dx r dr d sec csc d tan cot 2 3' ' ' ' '
1 1

3 3
3 1 3 1
2 2 2 2

2 2
È Èx 4  sec 4

6 csc 6

4

6
œ œ � œ � œ �

1 ) 1

1 ) 1
1

1Î Î

Î Î Î

Î
) ) ) ) ) )ˆ ‰ � ‘ È

16.  dy dx r dr d 2csc 2 d 2 cot 2' ' ' ' 'È È2 4 y

2 y 2
2 1

2 2� 2 œ œ � œ � � œ �
1 1

1 ) 1
1

1Î Î

Î Î Î

Î4 2 6

2 csc 4 2

4
) ) ) ) )a b � ‘ 1
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17.  dy dx  dr d 2 1  dr d 2  (1 ln 2) d' ' ' ' ' ' '
� � �

Î Î Î

1 1 x 0 0

0 0 3 2 1 3 2 1 3 2

È #

2 2r
1 x y 1 r 1 r� � � �

"È # #
œ œ � œ �

1 1 1

1 1 1

) ) )ˆ ‰
 (1 ln 2)œ � 1

18.   dy dx 4  dr d 4  d 2 d' ' ' ' ' '
� � �

� Î Î Î

1 1 x 0 0 0 0

1 1 x 2 1 2 2

È

È

#

#

2 2r
1 x y 1 r 1 ra b a b� � �

"
�

"

!# # ## # #œ œ � œ œ
1 1 1

) ) ) 1� ‘

19. e  dx dy re  dr d 2 ln 2 1  d 2 ln 2 1' ' ' ' '
0 0 0 0 0

ln 2 (ln 2) y 2 ln 2 2
r

È # #
� Î Î

  
Èx y# #� œ œ � œ �

1 1

) )a b a b1
#

20.  ln x y 1  dx dy 4 ln r 1  r dr d 2 ln 4 1  d ln 4 1' ' ' ' '
� � �

� Î Î

1 1 y 0 0 0

1 1 y 2 1 2

È

È

#

#

  a b a b a b a b# # #� � œ � œ � œ �
1 1

) ) 1

21.  x 2y  dy dx r cos 2r sin  r dr d cos sin d' ' ' ' '
0 x 4 0 4

1 2 x 2 2 2

0

2È � Î Î

Î Î

#

  a b a b ’ “� œ � œ �
1 1

1 1È È
) ) ) ) ) )r 2r

3 3

3 3

 cos sin d sin cosœ � œ � œ'
1

1

1

1

Î

Î

Î

Î

4

2
2 2 2 2

4

2 2Š ‹ ’ “2 4 2 4
3 3 3 3 3

2 1È È È È ˆ ‰È
) ) ) ) )

�

22.  dy dx r dr d d cos sec d' ' ' ' ' '
1 0 0 sec 0 0

2 2x x 4 2cos 4 4

sec

2cos
È � Î Î Î#

  1 1 1 1 1
x y r 2r 2 8

2 2a b# # #�
œ œ � œ œ �

1 ) 1 1

) )

)

4 2) ) ) ) )� ‘ ˆ ‰
 sin2 tanœ � � œ� ‘1 1 1

4 8 8 16) ) )
0

41Î 1

23. x y dy dx or' '
0 0

1 1 xÈ � #

 

 x y dx dy' '
0 0

1 1 yÈ � #

 

 

24. x dx dy or' '
1 2 1 y

1 3y

Î �È

È

#
 

 x dy dx x dy dx' ' ' '
0 1 x 3 2 3

3 2 1 3 1È È

È È È

Î

� Î#
  �

xÎ

 

25. y x y dy dx or' '
0 0

2 x
 2 2 2a b�

 y x y dx dy' '
0 y

2 2
 2 2 2a b�
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26. x y dy dx or' '
0 0

3 4
 a b2 2 3

�

 x y dx dy' '
0 0

4 3
 a b2 2 3

�

 

27.  r dr d 2 (2 sin 2 ) d 2( 1)' ' '
0 0 0

2 2 2 sin 2 21 ) 1Î � ÎÈ

 ) ) ) 1œ � œ �

28. A 2 r dr d 2 cos cos  dœ œ � œ' ' '
0 1 0

2 1 cos 21 ) 1Î � Î

 ) ) ) )a b# �8
4
1

29. A 2 r dr d 144 cos 3  d 12œ œ œ' ' '
0 0 0

6 12 cos 3 61 ) 1Î Î

) ) ) 1#

30. A r dr d   dœ œ œ' ' '
0 0 0

2 4 3 21 ) 1Î

 ) ) )8 64
9 27

# 1$

31. A r dr d  2 sin  d 1œ œ � � œ �' ' '
0 0 0

2 1 sin 21 ) 1Î � Î

) ) )1 3 cos 2 3
2 8

ˆ ‰
# #

) 1

32. A 4 r dr d 2 2 cos  d 4œ œ � � œ �' ' '
0 0 0

2 1 cos 21 ) 1Î � Î

 ) ) )ˆ ‰3 cos 2 3
2# #

) 1

33. average  r a r  dr d  a  dœ � œ œ4 4 2a
a 3 a 31 1# #
' ' '

0 0 0

2 a 21 1Î Î

 È # # $) )

34. average  r  dr d  a  dœ œ œ4 4 2a
a 3 a 31 1# #
' ' '

0 0 0

2 a 21 1Î Î
# $) )

35. average   x y  dy dx r  dr d  dœ � œ œ œ" "# # #
1 1 1a a 3 3

a 2a
# #
' ' ' ' '
� � �

�

a a x 0 0 0

a a x 2 a 2

È

È

# #

# # È 1 1

) )

36. average  (1 x) y  dy dx  (1 r cos ) r  sin  r dr dœ � � œ � �" "# # # # #
1 1
' '

R
c d c d' '

0 0

2 11

) ) )

  r 2r  cos r  dr d   dœ � � œ � œ � œ" " "$ #
#1 1 1

) )' ' '
0 0 0

2 1 2 2

0

1 1
1a b ˆ ‰ � ‘) ) ) )3 2 cos 3 2 sin 3

4 3 4 3

37.  r dr d 2 ln r dr d 2 r ln r r  d 2 e 1 1  d 2 2 e' ' ' ' ' '
0 1 0 1 0 0

2 e 2 e 2 2
e
1

1 1 1 1È ÈŠ ‹ c d È È� ‘ ˆ ‰ˆ ‰ln r
r

#

) ) ) ) 1œ œ � œ � � œ �
"Î# "

#

38.  dr d  dr d (ln r)  d d 2' ' ' ' ' '
0 1 0 1 0 0

2 e 2 e 2 2e

1

1 1 1 1Š ‹ ˆ ‰ c dln r 2 ln r
r r

#

) ) ) ) 1œ œ œ œ#

39. V 2 r  cos  dr d  3 cos 3 cos cos  dœ œ � �' ' '
0 1 0

2 1 cos 21 ) 1Î � Î
# # $ %) ) ) ) ) )2

3 a b
 sin 2 3 sin sinœ � � � � œ �2 5 sin 4 4 5

3 8 32 3 8
� ‘" $) ) 1) ) )

1Î2

0

40. V 4  r 2 r  dr d  (2 2 cos 2 ) 2  dœ � œ � � �' ' '
0 0 0

4 2 cos 2 41 ) 1Î ÎÈ È � ‘# $Î# $Î#) ) )4
3

  1 cos  sin  d cos œ � � œ � � œ2 2 2 2 6 2 40 2 64
3 3 3 3 3 9

32 32 cos1 1 1)È È È È'
0

4 4

0

1 1Î Îa b ’ “# � �) ) ) )
$
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41. (a) I e  dx dy e  r dr d  lim   re  dr  d# � �œ œ œ' ' ' ' ' '
0 0 0 0 0 0

2 2 b_ _ Î _ Î
� �a bx y# #

1 1Š ‹ ” •r r# #

) )
b Ä _

   lim   e 1  d  d   Iœ � � œ œ Ê œ" "
# # #

�' '
0 0

2 21 1Î Î

b Ä _
Š ‹b

4
#

) ) 1 1È

 (b)  lim    dt  e  dt 1, from part (a)x Ä _

' '
0 0

x
2e 2 2t�

#
#t

È È È
È

1 1 1

1
œ œ œ

_
�

#Š ‹Š ‹
42.  dx dy  dr d   lim    dr   lim   ' ' ' ' '

0 0 0 0 0

2 b b

0

_ _ Î _
" "

� � � �# �a b a b a b1 x y 1 r 1 r
r r

4 1 r# # # ## # # #œ œ œ �
1

) 1 1

b bÄ _ Ä _

� ‘
   lim   1œ � œ1 1

4 1 b 4b Ä _

ˆ ‰"
� #

43. Over the disk x y :   dA  dr d  ln 1 r  d# # #" "
� � �� Ÿ œ œ � �3 r

4 1 x y 1 r 2
' '

R
 # # #

' ' '
0 0 0

2 3 2 2 3 2

0

1 1
È ÈÎ Î

) )� ‘a b
  ln  d (ln 2) d  ln 4œ � œ œ' '

0 0

2 21 1ˆ ‰" "
# 4 ) ) 1

 Over the disk x y 1:   dA  dr d  lim    dr  d# # "
� � � �� Ÿ œ œ' '

R a 11 x y 1 r 1 r
r r

# # # #
' ' ' '

0 0 0 0

2 1 2 a1 1

) )’ “
Ä

�

  lim    ln 1 a  d 2  lim    ln 1 a 2 , so the integral does not exist overœ � � œ � � œ _'
0

21

a 1 a 1Ä Ä
� �

� ‘ � ‘a b a b" "
# #

# #) 1 1† †

 x y 1# #� Ÿ

44. The area in polar coordinates is given by A r dr d  d  f ( ) d  r  d ,œ œ œ œ' ' ' ' '
! ! ! !

" ) " " ")

0

f f

0

Ð Ñ Ð Ñ

) ) ) ) )’ “r
2

# " "
# #

# #

 where r f( )œ )

45. average  (r cos h) r  sin  r dr d  r 2r h cos rh  dr dœ � � œ � �" "# # # $ # #
1 1a a# #
' ' ' '

0 0 0 0

2 a 2 a1 1c d a b) ) ) ) )

   d   dœ � � œ � � œ � �" " "
# # #1 1 1

) ) ) ) )
a 4 3 4 3 4 3

a 2a h cos a h a 2ah cos h a 2ah sin h
#

% $ # # # # # #' '
0 0

2 2 2

0

1 1 1Š ‹ Š ‹ ’ “) )

 a 2hœ �"
#

# #a b
46. A r dr d  4 sin csc  dœ œ �' ' '

1 ) 1

1 ) 1

Î Î

Î Î

4 csc 4

3 4 2 sin 3 4

) ) ) )"
#

# #a b
 2 sin 2 cot œ � � œ"

# #c d) ) )
3 4

4
1

1

Î

Î
1

 

47-50. Example CAS commands:
 :Maple
 f := (x,y) -> y/(x^2+y^2);
 a,b := 0,1;
 f1 := x -> x;
 f2 := x -> 1;
 plot3d( f(x,y), y=f1(x)..f2(x), x=a..b, axes=boxed, style=patchnogrid, shading=zhue, orientation=[0,180], title="#47(a)
                         (Section 15.4)" );                                                                                                 # (a)
 q1 := eval( x=a, [x=r*cos(theta),y=r*sin(theta)] );                                    # (b)
 q2 := eval( x=b, [x=r*cos(theta),y=r*sin(theta)] );
 q3 := eval( y=f1(x), [x=r*cos(theta),y=r*sin(theta)] );
 q4 := eval( y=f2(x), [x=r*cos(theta),y=r*sin(theta)] );
 theta1 := solve( q3, theta );
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904 Chapter 15 Multiple Integrals

 theta2 := solve( q1, theta );
 r1 := 0;
 r2 := solve( q4, r );
 plot3d(0,r=r1..r2, theta=theta1..theta2, axes=boxed, style=patchnogrid, shading=zhue, orientation=[-90,0],
                         title="#47(c) (Section 15.4)" );
 fP := simplify(eval( f(x,y), [x=r*cos(theta),y=r*sin(theta)] ));                 # (d)
 q5 := Int( Int( fP*r, r=r1..r2 ), theta=theta1..theta2 );
 value( q5 );
 : (functions and bounds will vary)Mathematica

 For 47 and 48, begin by drawing the region of integration with the  command.FilledPlot
 Clear[x, y, r, t]
 <<Graphics`FilledPlot`
 FilledPlot[{x, 1}, {x, 0, 1}, AspectRatio 1, AxesLabel {x,y}];Ä Ä

 The picture demonstrates that r goes from 0 to the line y=1 or r = 1/ Sin[t], while t goes from /4 to /2.1 1

 f:= y / (x y )2 2�

 topolar={x r Cos[t], y r Sin[t]};Ä Ä

 fp= f/.topolar //Simplify
 Integrate[r fp, {t, /4, /2}, {r, 0, 1/Sin[t]}]1 1

 For 49 and 50, drawing the region of integration with the ImplicitPlot command.
 Clear[x, y]
 <<Graphics`ImplicitPlot`
 ImplicitPlot[{x==y, x==2 y, y==0, y==1}, {x, 0, 2.1}, {y, 0, 1.1}];�

 The picture shows that as t goes from 0 to /4, r goes from 0 to the line x=2 y.  will find  the bound for r.1 � Solve
 bdr=Solve[r Cos[t]==2 r Sin[t], r]//Simplify�

 f:=Sqrt[x y]�

 topolar={x r Cos[t], y  r Sin[t]};Ä Ä

 fp= f/.topolar //Simplify
 Integrate[r fp, {t, 0, /4}, {r, 0, bdr[[1, 1, 2]]}]1

15.5  TRIPLE INTEGRALS IN RECTANGULAR COORDINATES

 1. F x, y, z  dy dz dx  dy dz dx 1 x z dz dx' ' ' ' ' ' ' '
0 0 x z 0 0 x z 0 0

1 1 x 1 1 1 x 1 1 1 x� � �

� �
a b a bœ œ � �

 1 x x 1 x dx dxœ � � � � œ œ œ�' '
0 0

1 1’ “ ’ “a b a b a b a b a b1 x 1 x
2 2 6

1 x
6 0

1� � �
"2 2 3

 2. dz dy dx 3 dy dx 6 dx 6, dz dx dy, dx dy dz, dx dz dy,' ' ' ' ' ' ' ' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 2 3 1 2 1 2 1 3 3 2 1 2 3 1

  œ œ œ

 dy dx dz, dy dz dx' ' ' ' ' '
0 0 0 0 0 0

3 1 2 1 3 2

 3. dz dy dx' ' '
0 0 0

1 2 2x 3 3x 3y 2� � � Î

 3 3x y  dy dxœ � �' '
0 0

1 2 2x� ˆ ‰3
2

 3(1 x) 2(1 x) 4(1 x)  dxœ � � � �'
0

1� ‘† †
3
4

#

 3 (1 x)  dx (1 x) 1,œ � œ � � œ'
0

1
# $ "

!c d
 dz dx dy, dy dz dx,' ' ' ' ' '

0 0 0 0 0 0

2 1 y 2 3 3x 3y 2 1 3 3x 2 2x 2z 3� Î � � Î � � � Î
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 dy dx dz, dx dz dy,  dx dy dz' ' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0 0

3 1 z 3 2 2x 2z 3 2 3 3y 2 1 y 2 z 3 3 2 2z 3 1 y 2 z 3� Î � � Î � Î � Î � Î � Î � Î � Î

 4. dz dy dx 4 x  dy dx 3 4 x  dx x 4 x 4 sin  6 sin 1 3 ,' ' ' ' ' '
0 0 0 0 0 0

2 3 4 x 2 3 2 2

0

È � #

œ � œ � œ � � œ œÈ È È’ “# # #
# #

�" �"3 x 1

  dz dx dy, dy dz dx, dy dx dz,  dx dy dz,  dx dz dy' ' ' ' ' ' ' ' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

3 2 4 x 2 4 x 3 2 4 z 3 2 3 4 z 3 2 4 zÈ È È È È
� � � � �

# # # # #

 5. dz dy dx 4  dz dy dx' ' ' ' ' '
� � � � �

� � � � � �

2 4 x x y 0 0 x y

2 4 x 8 x y 2 4 x 8 x y

È

È È

# # # # #

# ## # # #

œ

 4 8 2 x y  dy dxœ � �' '
0 0

2 4 xÈ
�

#c da b# #

 8 4 x y  dy dxœ � �' '
0 0

2 4 xÈ
�

#a b# #

 8 4 r  r dr d 8 2r  dœ � œ �' ' '
0 0 0

2 2 21 1Î Îa b ’ “# #
#

!
) )r

4

%

 32 d 32 16 ,œ œ œ'
0

21Î

) 1ˆ ‰1
#

 dz dx dy,' ' '
� � � �

� � �

2 4 y x y

2 4 y 8 x y

È

È

# # #

# # #

  dx dz dy  dx dz dy,' ' ' ' ' '
� � � � � � �

� � � �

2 y z y 2 4 8 z y

2 4 z y 2 8 y 8 z y

 
# # #

# ##

È È

È È

�
 

  dx dy dz  dx dy dz,   dy dz dx  dy dz' ' ' ' ' ' ' ' ' ' ' '
0 z z y 4 8 z 8 z y 2 x z x 2 4 8 z x

4 z z y 8 8 z 8 z y 2 4 z x 2 8 x 8 z x

� � � � � � � � � � � � � � �

� � � � � � � �

È

È

È È

È È

È

È

È

È

È

È

# # # # #

# # # ##

� � dx,

  dy dx dz dy dx dz' ' ' ' ' '
0 z z x 4 8 z 8 z x

4 z z x 8 8 z 8 z x

� � � � � � � �

� � � �

È

È

È

È

È

È

È

È

# #

# #

�

 6. The projection of D onto the xy-plane has the boundary
 x y 2y  x (y 1) 1, which is a circle.# # # #� œ Ê � � œ

 Therefore the two integrals are:

 dz dx dy and  dz dy dx' ' ' ' ' '
0 2y y x y 1 1 1 x x y

2 2y y 2y 1 1 1 x 2y

� � � � � � �

� � �

È

È

È

È

# # # # # #

# #

 

 7.  x y z  dz dy dx  x y  dy dx x  dx 1' ' ' ' ' '
0 0 0 0 0 0

1 1 1 1 1 1a b ˆ ‰ ˆ ‰# # # # # #"� � œ � � œ � œ3 3
2

 8. dz dx dy 8 2x 4y  dx dy 8x x 4xy  dy' ' ' ' ' '
0 0 x 3y 0 0 0

2 3y 8 x y 2 3y 2 3y

0

È È È

# #

# #

�

� �

œ � � œ � �a b � ‘# # $ #2
3

 24y 18y 12y  dy 12y y 24 30 6œ � � œ � œ � œ �'
0

2 2

0

È Èa b � ‘$ $ # %"5
2

 9.  dx dy dz  dy dz  dy dz  dz  dz 6' ' ' ' ' ' ' ' '
1 1 1 1 1 1 1 1 1

e e e e e e e e ee e

1 1

2 3 2 23 2

"
xyz yz yz z z

ln x 3 6ln yœ œ œ œ œ’ “ ’ “
10.  dz dy dx (3 3x y) dy dx (3 3x) (3 3x)  dx (1 x)  dx' ' ' ' ' ' '

0 0 0 0 0 0 0

1 3 3x 3 3x y 1 3 3x 1 1� � � �

œ � � œ � � � œ �� ‘# # #"
# #

9

 (1 x)œ � � œ3 3
# #

$ "
!c d
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11.  y sin z dx dy dz 5y sin z dy dz  sin z dz' ' ' ' ' '
0 0 0 0 0

6 1 3 6 1 61 1 1Î Î Î

�#
œ œ œ5 5 2 3

4#

�Š ‹È

12. x y z  dy dx dz xy y zy  dx dz 2x 2 2z  dx dz' ' ' ' ' ' '
� � �1 0 0 1 0 1 0

1 1 2 1 1 1 1

0

2a b a b� ‘� � œ œ � � œ � �" #
2

 x 2x 2zx  dz 3 2z  dz 3z z 6œ � � œ � œ � œ' '
� �

�1 1

1 1

1

1c d a b c d# #"
0

13. dz dy dx 9 x  dy dx 9 x  dx 9x 18' ' ' ' ' '
0 0 0 0 0 0

3 9 x 9 x 3 9 x 3È È È
� � �

# # #

œ � œ � œ � œÈ a b ’ “# #
$

!

x
3

$

14.  dz dx dy (2x y) dx dy x xy  dy 4 y (2y) dy' ' ' ' ' ' '
0 4 y 0 0 4 y 0 0

2 4 y 2x y 2 4 y 2 24 y

4 y� � � �

� � � �

� �È È

È È È

È# #

# # #

#
œ � œ � œ �c d a b# # "Î#

  4 y (4)œ � � œ œ’ “a b2 2 16
3 3 3

# $Î#$Î# #

!

15. dz dy dx (2 x y) dy dx (2 x) (2 x)  dx  (2 x)  dx' ' ' ' ' ' '
0 0 0 0 0 0 0

1 2 x 2 x y 1 2 x 1 1� � � �

œ � � œ � � � œ �� ‘# # #" "
# #

 (2 x)œ � � œ � � œ� ‘" "$ "

!6 6 6 6
8 7

16. x dz dy dx x 1 x y  dy dx x 1 x 1 x  dx x 1 x  dx' ' ' ' ' ' '
0 0 3 0 0 0 0

1 1 x 4 x y 1 1 x 1 1� � � �

# # #

œ � � œ � � � œ �a b a b a b a b’ “# # # ## #" "
# #

 1 xœ � � œ’ “a b" "# $ "

!12 12

17. cos (u v w) du dv dw [sin (w v ) sin (w v)] dv dw' ' ' ' '
0 0 0 0 0

1 1 1 1 1

� � œ � � � �1

 [( cos (w 2 ) cos (w )) (cos (w ) cos w)] dwœ � � � � � � �'
0

1

1 1 1

 sin (w 2 ) sin (w ) sin w sin (w ) 0œ � � � � � � � œc d1 1 1
1
!

18. s e ln r  dt dr ds s e ln r ln t  dr ds ln r dr ds r ln r r  ds' ' ' ' ' ' ' '
0 1 1 0 1 0 1 0

1 e e 1 e 1 e 1e

1

e

1

È È Èa b Ès sln t 3
t 3 3 3

1 s e s e
2 s s

œ œ œ �a b a b c d’ “
 s e ds s e eœ œ � œ

2 e 2 e 2 e
6 6 6

s s s� � �È È È'
0

1
1
0c d

19. e  dx dt dv   lim   e e  dt dv e  dt dv e  dv' ' ' ' ' ' ' '
0 0 0 0 0 0 0

4 ln sec v 2t 4 ln sec v 4 ln sec v 4
x 2t b 2t 2 ln sec v

1 1 1 1Î Î Î Î

�_

œ � œ œ �
b Ä �_

a b ˆ ‰" "
# #

  dvœ � œ � œ �'
0

41Î Š ‹ � ‘sec v tan v v
2 2 8

#

# # #
" "Î%

!

1 1

20.  dp dq dr  dq dr 4 q  dr   dr 8 ln 2' ' ' ' ' ' '
0 0 0 0 0 0 0

7 2 4 q 7 2 7 7È
�

#

q
r 1 r 1 3(r 1) 3 r 1 3

q 4 q 8 8 ln 8
� � � �

� " "# $Î# #

!
œ œ � � œ œ œ

È # ’ “a b

21. (a) dy dz dx (b)  dy dx dz (c)  dx dy dz' ' ' ' ' ' ' ' '
� � � �

� � � � �

1 0 x 0 1 z x 0 0 y

1 1 x 1 z 1 1 z 1 z 1 1 z y#

# #È

È

È

È

 

 (d)   dx dz dy (e)  dz dx dy' ' ' ' ' '
0 0 y 0 y 0

1 1 y y 1 y 1 y� �

� �
È È

È È

22. (a)  dy dz dx (b)  dy dx dz (c)  dx dy dz' ' ' ' ' ' ' ' '
0 0 1 0 0 1 0 1 0

1 1 z 1 1 z 1 z 1

� � �

� � �

È È È

 

 (d)  dx dz dy (e)  dz dx dy' ' ' ' ' '
� �1 0 0 1 0 0

0 y 1 0 1 y# #

23. V dz dy dx y  dy dx  dxœ œ œ œ' ' ' ' ' '
0 1 0 0 1 0

1 1 y 1 1 1

� �

#

# 2 2
3 3
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24. V  dy dz dx (2 2z) dz dx 2z z  dx 1 x  dx xœ œ � œ � œ � œ � œ' ' ' ' ' ' '
0 0 0 0 0 0 0

1 1 x 2 2z 1 1 x 1 11 x

0

� � �

�c d a b ’ “# #
"

!

x 2
3 3

$

25. V  dz dy dx  (2 y) dy dx 2 4 x  dxœ œ � œ � �' ' ' ' ' '
0 0 0 0 0 0

4 4 x 2 y 4 4 x 4È È
� � � ’ “È ˆ ‰4 x�

#

 (4 x) (4 x) (4) (16) 4œ � � � � œ � œ � œ� ‘4 4 32 20
3 4 3 4 3 3

$Î# # $Î#" "%

!

26. V 2  dz dy dx 2  y dy dx 1 x  dxœ œ � œ � œ' ' ' ' ' '
0 1 x 0 0 1 x 0

1 0 y 1 0 1

� � � �

�

È È# #
 a b# 2

3

27. V dz dy dx 3 3x y  dy dx 6(1 x) 4(1 x)  dxœ œ � � œ � � �' ' ' ' ' '
0 0 0 0 0 0

1 2 2x 3 3x 3y 2 1 2 2x 1� � � Î � ˆ ‰ � ‘3 3
4#

# #
†

 3(1 x)  dx (1 x) 1œ � œ � � œ'
0

1
# $ "

!c d
28. V  dz dy dx cos  dy dx cos (1 x) dxœ œ œ �' ' ' ' ' '

0 0 0 0 0 0

1 1 x cos x 2 1 1 x 1� Ð Î Ñ �1 ˆ ‰ ˆ ‰1 1x x
# #

 cos  dx x cos  dx  sin  u cos u du cos u u sin uœ � œ � œ � �' ' '
0 0 0

1 1 2
2

0
ˆ ‰ ˆ ‰ � ‘ c d1 1 1

1 1 1 1
x x 2 x 4 2 4
# # #

"

! # #

1

1

Î
Î

 1œ � � œ2 4 4
1 1 1

1
# #
ˆ ‰
#

29. V 8 dz dy dx 8 1 x  dy dx 8 1 x  dxœ œ � œ � œ' ' ' ' ' '
0 0 0 0 0 0

1 1 x 1 x 1 1 x 1È È È
� � �

# # #

 È a b# # 16
3

30. V dz dy dx 4 x y  dy dx 4 x 4 x  dxœ œ � � œ � � �' ' ' ' ' '
0 0 0 0 0 0

2 4 x 4 x y 2 4 x 2� � � �

# # #a b a b a b’ “# # ## #"
#

  4 x  dx 8 4x  dxœ � œ � � œ"
# #

# ##' '
0 0

2 2a b Š ‹x 128
15

%

31. V dx dz dy (4 y) dz dy (4 y) dyœ œ � œ �' ' ' ' ' '
0 0 0 0 0 0

4 16 y 2 4 y 4 16 y 2 4ˆ ‰ ˆ ‰È È
� Î � � Î# # È16 y�

#

#

 2 16 y  dy y 16 y  dy y 16 y 16 sin  16 yœ � � � œ � � � �' '
0 0

4 4È È È� ‘ ’ “a b# # #" "
#

�" #%

!

$Î# %

!

y
4 6

 16 (16) 8œ � œ �ˆ ‰1
#

" $Î#
6 3

321

32. V dz dy dx (3 x) dy dx 2 (3 x) 4 x  dxœ œ � œ � �' ' ' ' ' '
� � � � � � �

� � �

2 4 x 0 2 4 x 2

2 4 x 3 x 2 4 x 2

È È

È È

# #

# # È #

 3 2 4 x  dx 2 x 4 x  dx 3 x 4 x 4 sin  4 xœ � � � œ � � � �' '
� �2 2

2 2È È È’ “ ’ “a b# # # �" #
# #

�# �#

$Î#x 2
2 3

 12 sin 1 12 sin ( 1) 12 12 12œ � � œ � � œ�" �"
# #

ˆ ‰ ˆ ‰1 1 1

33. dz dy dx 3  dy dx' ' ' ' '
0 0 2 x y 2 0 0

2 2 x 4 2x 2y 2 2 x� � � �

Ð � � ÑÎ
œ � �ˆ ‰3x 3y

# #

 3 1 (2 x) (2 x)  dxœ � � � �'
0

2� ‘ˆ ‰x 3
4#

#

 6 6x  dxœ � � �'
0

2’ “3x 3(2 x)
4

# #

#
�

 6x 3x (12 12 4 0) 2œ � � � œ � � � � œ’ “# �
#

!

x 2
2 4 4

(2 x)$ $$
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908 Chapter 15 Multiple Integrals

34. V dx dy dz (8 2z) dy dz (8 2z)( z) dz 64 24z 2z  dzœ œ � œ � ) � œ � �' ' ' ' ' ' '
0 z z 0 z 0 0

4 8 8 z 4 8 4 4� a b#
 64z 12z zœ � � œ� ‘# $ %

!
2 320
3 3

35. V 2  dz dy dx 2 (x 2) dy dx (x 2) 4 x  dxœ œ � œ � �' ' ' ' ' '
� � �

� Î � � Î

2 0 0 2 0 2

2 4 x 2 x 2 2 4 x 2 2È È# # È #

 2 4 x  dx x 4 x  dx x 4 x 4 sin  4 xœ � � � œ � � � � �' '
� �2 2

2 2È È È’ “ ’ “a b# # # �" #
#

# #

�# �#

" $Î#x
3

 4 4 4œ � � œˆ ‰ ˆ ‰1 1
# # 1

36. V 2 dz dx dy 2 x y  dx dy 2 xy  dyœ œ � œ �' ' ' ' ' '
0 0 0 0 0 0

1 1 y x y 1 1 y 1 1 y

0

� � � �# # # # #a b ’ “# # #x
3

$

 2 1 y 1 y y  dy 2 1 y y y  dy 1 y  dyœ � � � œ � � � œ �' ' '
0 0 0

1 1 1a b a b a b a b’ “ ˆ ‰# # # # # % '" " " "#

3 3 3 3 3
2

 yœ � œ œ2 2 6 4
3 7 3 7 7

y’ “ ˆ ‰ ˆ ‰( "

!

37. average   x 9  dz dy dx  2x 18  dy dx 4x 36  dxœ � œ � œ � œ" " "# # #
8 8 8 3

31' ' ' ' ' '
0 0 0 0 0 0

2 2 2 2 2 2a b a b a b
38. average  (x y z) dz dy dx (2x 2y 2) dy dx (2x 1) dx 0œ � � œ � � œ � œ" " "

2 2 2
' ' ' ' ' '

0 0 0 0 0 0

1 1 2 1 1 1

39. average x y z  dz dy dx x y  dy dx x  dx 1œ � � œ � � œ � œ' ' ' ' ' '
0 0 0 0 0 0

1 1 1 1 1 1a b ˆ ‰ ˆ ‰# # # # # #"
3 3

2

40. average   xyz dz dy dx  xy dy dx x dx 1œ œ œ œ" " "
8 4 2
' ' ' ' ' '

0 0 0 0 0 0

2 2 2 2 2 2

41.  dx dy dz  dy dx dz  dx dz z  dz' ' ' ' ' ' ' ' '
0 0 2y 0 0 0 0 0 0

4 1 2 4 2 x 2 4 2 44 cos x 4 cos x x cos x
2 z 2 z z

sin 4a b a b a bÈ È È
# # #

œ œ œ
Î ˆ ‰

#
�"Î#

 (sin 4)z 2 sin 4œ œ� ‘"Î# %

!

42. 12xz e  dy dx dz  12xz e  dx dy dz 6yz e  dy dz 3e  dz' ' ' ' ' ' ' ' '
0 0 x 0 0 0 0 0 0

1 1 1 1 1 y 1 1 1

#

zy zy zy zy# # # #

œ œ œ
È ’ “ "

!

 3 e z  dz 3 e 1 3e 6œ � œ � œ �'
0

1
z za b c d "!

43.   dx dy dz  dy dz  dz dy' ' ' ' ' ' '
0 z 0 0 z 0 0

1 1 ln 3 1 1 1 y

$ $

$

È È

1 1 1 1 1 1e  sin y 4  sin y 4  sin y
y y y

2x a b a b a b# # #

# # #œ œ  

 4 y sin y  dy 2 cos y 2( 1) 2(1) 4œ œ � œ � � � œ'
0

1

1 1 1a b c da b# # "
!

44.  dy dz dx  dz dx x dx dz (4 z) dz' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0

2 4 x x 2 4 x 4 4 z 4� � �

# #

  sin 2z x sin 2z sin 2z sin 2z
4 z 4 z 4 z 4 z� � � � #

"œ œ œ �
È ˆ ‰ ˆ ‰

  cos 2z  sin zœ � œ � � œ� ‘ � ‘" " "% %

! # #
#

!4 4
sin 4#

45. dz dy dx   4 x y a  dy dx' ' ' ' '
0 0 a 0 0

1 4 a x 4 x y 1 4 a x� � � � � �

# # #

œ Ê � � � œ4 4
15 15a b#

  4 a x 4 a x  dx  4 a x  dx (4 a) 2x (4 a) x  dxÊ � � � � � œ Ê � � œ Ê � � � �' ' '
0 0 0

1 1 1’ “a b a b a b c d# # # # # %# # #" "
# #

4 4
15 15

  (4 a) x x (4 a)   (4 a) (4 a)   15(4 a) 10(4 a) 5 0œ Ê � � � � œ Ê � � � � œ Ê � � � � œ8 2 x 8 2 8
15 3 5 15 3 5 15’ “# $ # #

"

!

"&

  3(4 a) 2(4 a) 1 0  [3(4 a) 1][(4 a) 1] 0  4 a  or 4 a 1 a  or a 3Ê � � � � œ Ê � � � � œ Ê � œ � � œ Ê œ œ# "
3 3

13
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 Section 15.6 Moments and Centers of Mass 909

46. The volume of the ellipsoid 1 is  so that 8 c 3.x z 4abc
a b c 3 3

y 4(1)(2)(c)# #

# # #

#

� � œ œ Ê œ1 1 1

47. To minimize the integral, we want the domain to include all points where the integrand is negative and to exclude all
 points where it is positive.  These criteria are met by the points (x y z) such that 4x 4y z 4 0 orß ß � � � Ÿ# # #

 4x 4y z 4, which is a solid ellipsoid centered at the origin.# # #� � Ÿ

48. To maximize the integral, we want the domain to include all points where the integrand is positive and to exclude all
 points where it is negative.  These criteria are met by the points (x y z) such that 1 x y z 0 orß ß � � �  # # #

 x y z 1, which is a solid sphere of radius 1 centered at the origin.# # #� � Ÿ

49-52. Example CAS commands:
 :Maple
 F := (x,y,z) -> x^2*y^2*z;
 q1 := Int( Int( Int( F(x,y,z), y=-sqrt(1-x^2)..sqrt(1-x^2) ), x=-1..1 ), z=0..1 );
 value( q1 );
 : (functions and bounds will vary)Mathematica
 Clear[f, x, y, z];

 f:= x  y  z2 2

 Integrate[f, {x, 1,1}, {y, Sqrt[1 x ], Sqrt[1 x ]}, {z, 0, 1}]� � � �2 2

 N[%]
 topolar={x r Cos[t], y r Sin[t]};Ä Ä

 fp= f/.topolar //Simplify
 Integrate[r fp, {t, 0, 2 }, {r, 0, 1},{z, 0, 1}]1

 N[%]

15.6  MOMENTS AND CENTERS OF MASS

 1. M 3 dy dx 3 2 x x  dx ; M  3x dy dx 3 xy  dxœ œ � � œ œ œ' ' ' ' ' '
0 x 0 0 x 0

1 2 x 1 1 2 x 1

y
2 x
x

� �

�

# #

#a b c d#
#
7

 3 2x x x  dx ; M  3y dy dx  y  dx  4 5x x  dxœ � � œ œ œ œ � � œ' ' ' ' '
0 0 x 0 0

1 1 2 x 1 1

x
2 x

xa b c d a b$ # # # %
# #

5 3 3 19
4 5

�

�

#
#

  x  and yÊ œ œ5 38
14 35

 2. M   dy dx  3 dx 9 ; I  y  dy dx  dx 27 ;œ œ œ œ œ œ$ $ $ $ $ $' ' ' ' ' '
0 0 0 0 0 0

3 3 3 3 3 3

x

3

0

# ’ “y
3

$

 I  x  dy dx x y  dx  3x  dx 27y 0 0 0 0

3 3 3 3

œ œ œ œ$ $ $ $' ' ' '# # #$
!c d

 3. M dx dy 4 y  dy ; M  x dx dy x  dyœ œ � � œ œ œ' ' ' ' ' '
0 y 2 0 0 y 2 0

2 4 y 2 2 4 y 2

y
4 y

y 2# #
#

Î Î

� �
�

ÎŠ ‹ c dy 14
3

#

# #
" #

  16 8y y  dy ; M y dx dy 4y y  dyœ � � � œ œ œ � � œ"
# #

# #' ' ' '
0 0 y 2 0

2 2 4 y 2

xŠ ‹ Š ‹y y
4 15 3

128 10% $

 
#Î

�

  x  and yÊ œ œ64 5
35 7

 4. M dy dx (3 x) dx ; M x dy dx xy  dx 3x x  dxœ œ � œ œ œ œ � œ' ' ' ' ' ' '
0 0 0 0 0 0 0

3 3 x 3 3 3 x 3 3

y
3 x
0

� �
�9 9

# #
# c d a b

  x 1 and y 1, by symmetryÊ œ œ

 5. M  dy dx ; M x dy dx xy  dx x a x  dxœ œ œ œ œ � œ' ' ' ' ' '
0 0 0 0 0 0

a a x a a x a a

y
a x

0

È È
È

# # # #

# #
� �

�1a a
4 3

# $c d È # #

  x y , by symmetryÊ œ œ 4a
31
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910 Chapter 15 Multiple Integrals

 6. M dy dx sin x dx 2; M y dy dx  y  dx  sin x dxœ œ œ œ œ œ' ' ' ' ' ' '
0 0 0 0 0 0 0

sin x sin x

x
sin x

0

1 1 1 1 1

" "
# #

# #c d
  (1 cos 2x) dx   x  and yœ � œ Ê œ œ"

#4 4 8
'

0

1

1 1 1

 7. I   y  dy dx  dx  4 x  dx 4 ; I 4 , by symmetry;x y2 4 x 2 2

2 4 x 2 24 x

4 x
œ œ œ � œ œ' ' ' '

� � � � �

�
�

� �

È

È È

È#

# #

#

# # $Î#’ “ a by
3 3

2$

1 1

 I I I 8o x yœ � œ 1

 8. I x  dy dx sin x 0  dx  (1 cos 2x) dxy

2 sin x x 2 2

0
œ œ � œ � œ' ' ' '

1 1 1

1 1 1ˆ ‰# #Î
# # "

# #a b 1

 9. M dy dx e  dx  lim   e  dx 1  lim   e 1; M x dy dx xe  dxœ œ œ œ � œ œ œ' ' ' ' ' ' '
�_ �_ �_ �_

0 e 0 0 0 e 0

0 b 0

x x b x
y

x x

b bÄ �_ Ä �_

  lim   xe  dx  lim   xe e 1  lim   be e 1; M y dy dxœ œ � œ � � � œ � œ
b b bÄ �_ Ä �_ Ä �_

' ' '
b 0

0 0 e
x x x b b0

b xc d a b
�_

x

  e  dx   lim   e  dx   x 1 and yœ œ œ Ê œ � œ" " " "
# #
' '
�_

0 0
2x 2x

bb Ä �_
4 4

10. M x dy dx  lim   xe  dx  lim   1 1y 0 0 0

e b
x 2 b

0
œ œ œ � � œ' ' '_

� Î

� Î#

#

#Î

x 2

x 2b bÄ _ Ä _

� ‘"
e

11. M (x y) dx dy xy  dy 2y 2y  dy ;œ � œ � œ � � œ � � œ' ' ' '
0 y 0 0

2 y y 2 2y y

y�

�
�

�

# #’ “ Š ‹ ’ “x 8
2 2 10 3 15

y y y 2y# % & % $
$ #

#

#

!

 I y (x y) dx dy xy  dy 2y 2y  dy ;x 0 y 0 0

2 y y 2 2y y

y
œ � œ � œ � � œ' ' ' '

�

�
�

�

# #

# $ & %’ “ Š ‹x y y
2 2 105

64# # '

12. M 5x dx dy 5  dy  12 4y 16y  dy 23 3œ œ œ � � œ' ' ' '
� Î � Î � Î

Î � Î Î�

È È È

È È ÈÈ È

3 2 4y 3 2 3 2

3 2 12 4y 3 2 3 212 4y

4y
#

# #

#

’ “ a b Èx 5
2

#

#
# %

13. M (6x 3y 3) dy dx 6xy y 3y  dx 12 12x  dx 8;œ � � œ � � œ � œ' ' ' '
0 x 0 0

1 2 x 1 12 x

x

�

�� ‘ a b3
#

# #

 M x(6x 3y 3) dy dx 12x 12x  dx 3; M y(6x 3y 3) dy dxy x0 x 0 0 x

1 2 x 1 1 2 x

œ � � œ � œ œ � �' ' ' ' '� �a b$
 14 6x 6x 2x  dx   x  and yœ � � � œ Ê œ œ'

0

1a b# $
#

17 3 17
8 16

14. M (y 1) dx dy 2y 2y  dy ; M y(y 1) dx dy 2y 2y  dy ;œ � œ � œ œ � œ � œ' ' ' ' ' '
0 y 0 0 y 0

1 2y y 1 1 2y y 1

x
# #

# #
� �a b a b$ # %"

#
4

15

 M  x(y 1) dx dy 2y 2y  dy   x  and y ; I y (y 1) dx dyy 0 y 0 0 y

1 2y y 1 1 2y y

œ � œ � œ Ê œ œ œ �' ' ' ' '
# #

# #
� �a b# % #4 8 8

15 15 15 x

 2 y y  dyœ � œ'
0

1a b$ & "
6

15. M (x y 1) dx dy (6y 24) dy 27; M y(x y 1) dx dy y(6y 24) dy 14;œ � � œ � œ œ � � œ � œ' ' ' ' ' '
0 0 0 0 0 0

1 6 1 1 6 1

x

 M x(x y 1) dx dy (18y 90) dy 99  x  and y ; I x (x y 1) dx dyy y0 0 0 0 0

1 6 1 1 6

œ � � œ � œ Ê œ œ œ � �' ' ' ' '11 14
3 27

#

 216  dy 432œ � œ'
0

1ˆ ‰y
3 6

11

16. M  (y 1) dy dx x  dx ; M  y(y 1) dy dx  dxœ � œ � � � œ œ � œ � �' ' ' ' ' '
� � � �1 x 1 1 x 1

1 1 1 1 1 1

x
# #

Š ‹ Š ‹x 3 32 5 x x
15 6 3

% ' %

# # #
#

 ; M  x(y 1) dy dx x  dx 0  x 0 and y ; I  x (y 1) dy dxœ œ � œ � � œ Ê œ œ œ �48 3x x 9
35 14y y1 x 1 1 x

1 1 1 1 1' ' ' ' '
� � �

# #
Š ‹# #

$ #&

 x  dxœ � � œ'
�1

1 Š ‹3x x 16
2 2 35

# ' %
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17. M (7y 1) dy dx x  dx ; M  y(7y 1) dy dx  dx ;œ � œ � œ œ � œ � œ' ' ' ' ' '
� � � �1 0 1 1 0 1

1 x 1 1 x 1

x

# #Š ‹ Š ‹7x 31 7x x 13
15 3 2 15

% ' %

#
#

 M  x(7y 1) dy dx x  dx 0  x 0 and y ; I x (7y 1) dy dxy y1 0 1 1 0

1 x 1 1 x

œ � œ � œ Ê œ œ œ �' ' ' ' '
� � �

# #Š ‹7x 13
31

&

#
$ #

 x  dxœ � œ'
�1

1 Š ‹7x 7
5

'

#
%

18. M 1  dy dx 2  dx 60; M  y 1  dy dx 1  dx 0;œ � œ � œ œ � œ � œ' ' ' ' ' '
0 1 0 0 1 0

20 1 20 20 1 20

x
� �

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰’ “Š ‹x x x x
20 10 20 0

y
# #

"

�"

#

 M  x 1  dy dx 2x  dx   x  and y 0; I  y 1  dy dxy x0 1 0 0 1

20 1 20 20 1

œ � œ � œ Ê œ œ œ �' ' ' ' '
� �

ˆ ‰ ˆ ‰Š ‹x x 2000 100 x
20 10 3 9 20

# #

 1  dx 20œ � œ2 x
3 20
'

0

20ˆ ‰

19. M  (y 1) dx dy 2y 2y  dy ; M  y(y 1) dx dy 2  y y  dy ;œ � œ � œ œ � œ � œ' ' ' ' '
0 y 0 0 y

1 y 1 1 y

x

1

0
� �

a b a b'# $ #5 7
3 6

 M  x(y 1) dx dy 0 dy 0  x 0 and y ; I  y (y 1) dx dy 2y 2y  dyy x0 y 0 0 y 0

1 y 1 1 y 1

œ � œ œ Ê œ œ œ � œ �' ' ' ' ' '
� �

7
10

# % $a b
 ; I  x (y 1) dx dy 2y 2y  dy   I I Iœ œ � œ � œ Ê œ � œ9 3 6

10 3 10 5y o x y0 y 0

1 y 1' ' '
�

# % $" a b
20. M  3x 1  dx dy 2y 2y  dy ; M  y 3x 1  dx dy 2y 2y  dy ;œ � œ � œ œ � œ � œ' ' ' ' ' '

0 y 0 0 y 0

1 y 1 1 y 1

x
� �

a b a b a b a b# $ # % #
#
3 16

15

 M  x 3x 1  dx dy 0  x 0 and y ; I  y 3x 1  dx dy 2y 2y  dy ;y x0 y 0 y 0

1 y 1 y 1

œ � œ Ê œ œ œ � œ � œ' ' ' ' '
� �

a b a b a b# # # & $32 5
45 6

 I  x 3x 1  dx dy 2 y y  dy  I I Iy o x y0 y 0

1 y 1

œ � œ � œ Ê œ � œ' ' '
�

# # & $"a b ˆ ‰3 11 6
5 3 30 5

21. I y z  dz dy dx cy  dy dx  dxx 0 0 0 0 0 0

a b c a b a

œ � œ � œ � œ' ' ' ' ' 'a b Š ‹ Š ‹# # # �c cb c b
3 3 3 3

abc b c$ $ $ # #a b

 b c  where M abc; I a c  and I a b , by symmetryœ � œ œ � œ �M M M
3 3 3a b a b a b# # # # # #

y z

22. The plane z  is the top of the wedge  I y z  dz dy dxœ Ê œ �4 2y
3
� # #

x 3 2 4 3

3 4 4 2y 3' ' '
� � � Î

Ð � ÑÎ a b
  dy dx  dx 208; I x z  dz dy dxœ � � � œ œ œ �' ' ' ' ' '

� � � � � � Î

Ð � ÑÎ

3 2 3 3 2 4 3

3 4 3 3 4 4 2y 3

y’ “ a b8y 2y 8(2 y)
3 3 81 81 3

64 104# $ $� # #

  dy dx 12x  dx 280;œ � � � œ � œ' ' '
� � �3 2 3

3 4 3’ “ ˆ ‰(4 2y) x (4 2y)
81 3 3 81 3

4x 64 32� � #
$ # #

 I x y  dz dy dx x y  dy dx 12 x 2  dx 360z 3 2 4 3 3 2 3

3 4 4 2y 3 3 4 3

œ � œ � � œ � œ' ' ' ' ' '
� � � Î � � �

Ð � ÑÎ a b a b a bˆ ‰# # # # #8
3 3

2y

23. M 4 dz dy dx 4 4 4y  dy dx 16  dx ; M 4 z dz dy dxœ œ � œ œ œ' ' ' ' ' ' ' ' '
0 0 4y 0 0 0 0 0 4y

1 1 4 1 1 1 1 1 4

xy
# #

a b# 2 32
3 3

 2 16 16y  dy dx dx   z , and x y 0, by symmetry;œ � œ œ Ê œ œ œ' ' '
0 0 0

1 1 1a b% 128 128 12
5 5 5

 I 4 y z  dz dy dx 4 4y 4y  dy dx 4  dx ;x 0 0 4y 0 0 0

1 1 4 1 1 1

œ � œ � � � œ œ' ' ' ' ' '
#
a b ’ “ˆ ‰ Š ‹# # # %64 1976 7904

3 3 105 105
64y'

 I 4 x z  dz dy dx 4 4x 4x y  dy dx 4 x  dxy 0 0 4y 0 0 0

1 1 4 1 1 1

œ � œ � � � œ �' ' ' ' ' '
#
a b ’ “ˆ ‰ ˆ ‰Š ‹# # # # # #64 8 128

3 3 3 7
64y'

 ; I 4 x y  dz dy dx 16 x x y y y  dy dxœ œ � œ � � �4832
63 z 0 0 4y 0 0

1 1 4 1 1' ' ' ' '
#
a b a b# # # # # # %

 16  dxœ � œ'
0

1Š ‹2x 2 256
3 15 45

#

24. (a) M dz dy dx  (2 x) dy dx (2 x) 4 x  dx 4 ;œ œ � œ � � œ' ' ' ' ' '
� � � Î � � � Î �

� Î � � Î

2 4 x 2 0 2 4 x 2 2

2 4 x 2 2 x 2 4 x 2 2

Š ‹ Š ‹È È
Š ‹ Š ‹È È

# #

# # Š ‹È # 1

 M x dz dy dx  x(2 x) dy dx  x(2 x) 4 x  dx 2 ;yz 2 4 x 2 0 2 4 x 2 2

2 4 x 2 2 x 2 4 x 2 2

œ œ � œ � � œ �' ' ' ' ' '
� � � Î � � � Î �

� Î � � Î

Š ‹ Š ‹È È
Š ‹ Š ‹È È

# #

# # Š ‹È # 1
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 M y dz dy dx  y(2 x) dy dxxz 2 4 x 2 0 2 4 x 2

2 4 x 2 2 x 2 4 x 2

œ œ �' ' ' ' '
� � � Î � � � Î

� Î � � Î

Š ‹ Š ‹È È
Š ‹ Š ‹È È

# #

# #

  (2 x)  dx 0  x  and y 0œ � � œ Ê œ � œ" � � "
# #
'
�2

2 ’ “4 x 4 x
4 4

# #

 (b) M z dz dy dx  (2 x)  dy dx  (2 x) 4 x  dxxy 2 4 x 2 0 2 4 x 2 2

2 4 x 2 2 x 2 4 x 2 2

œ œ � œ � �' ' ' ' ' '
� � � Î � � � Î �

� Î � � Î

Š ‹ Š ‹È È
Š ‹ Š ‹È È

# #

# #

" "
# #

# # #Š ‹È
 5   zœ Ê œ1 5

4

25. (a) M 4 dz dy dx 4 r dz dr d 4 4r r  dr d 4 4 d 8 ;œ œ œ � œ œ' ' ' ' ' ' ' ' '
0 0 x y 0 0 r 0 0 0

2 4 x 4 2 2 4 2 2 2È
� Î Î Î

�

#

# # #

1 1 1

) ) ) 1a b$
 M zr dz dr d 16 r  dr d  d   z , and x y 0, by symmetryxy 0 0 r 0 0 0

2 2 4 2 2 2

œ œ � œ œ Ê œ œ œ' ' ' ' ' '1 1 1

#
) ) )r 32 64 8

3 3 3#
%a b 1

 (b) M 8   4 r dz dr d cr r  dr d  d   c 8  c 2 2,œ Ê œ œ � œ œ Ê œ Ê œ1 1 ) ) )' ' ' ' ' '
0 0 r 0 0 0

2 c c 2 c 21 1 1È È

 
#

a b È$ #
#

c c
4

# #1

 since c 0�

26. M 8; M z dz dy dx  dy dx 0; M x dz dy dxœ œ œ œ œxy yz1 3 1 1 3 1 3 1

1 5 1 1 5 1 5 1' ' ' ' ' ' ' '
� � � � �

’ “z
2

#
"

�"

 2 x dy dx 4  x dx 0; M y dz dy dx 2  y dy dx 16  dx 32œ œ œ œ œ œ œ' ' ' ' ' ' ' ' '
� � � � � �1 3 1 1 3 1 1 3 1

1 5 1 1 5 1 1 5 1

xz

  x 0, y 4, z 0; I y z  dz dy dx 2y  dy dx  100 dx ;Ê œ œ œ œ � œ � œ œx 1 3 1 1 3 1

1 5 1 1 5 1' ' ' ' ' '
� � � �

a b ˆ ‰# # # 2 2 400
3 3 3

 I x z  dz dy dx 2x  dy dx  3x 1  dx ;y 1 3 1 1 3 1

1 5 1 1 5 1

œ � œ � œ � œ' ' ' ' ' '
� � � �

a b a bˆ ‰# # # #2 4 16
3 3 3

 I x y  dz dy dx 2 x y  dy dx 2 2x  dxz 1 3 1 1 3 1

1 5 1 1 5 1

œ � œ � œ � œ' ' ' ' ' '
� � � �

a b a b ˆ ‰# # # # # 98 400
3 3

27. The plane y 2z 2 is the top of the wedge  I (y 6) z  dz dy dx� œ Ê œ � �L 2 2 1

2 4 2 y 2' ' '
� � �

Ð � ÑÎ c d# #

  dy dx; let t 2 y  I 4 5t 16t  dt 1386;œ � � œ � Ê œ � � � œ' ' '
� � �2 2 2

2 4 4

L’ “ Š ‹(y 6) (4 y) (2 y)
24 3 24 3

13t 49� � �
#

" #
# $ $

 M (3)(6)(4) 36œ œ"
#

28. The plane y 2z 2 is the top of the wedge  I (x 4) y  dz dy dx� œ Ê œ � �L 2 2 1

2 4 2 y 2' ' '
� � �

Ð � ÑÎ c d# #

  x 8x 16 y (4 y) dy dx 9x 72x 162  dx 696; M (3)(6)(4) 36œ � � � � œ � � œ œ œ" "
# #

# # #' ' '
� � �2 2 2

2 4 2a b a b
29. (a) M 2x dz dy dx 4x 2x 2xy  dy dx x 4x 4x  dxœ œ � � œ � � œ' ' ' ' ' '

0 0 0 0 0 0

2 2 x 2 x y 2 2 x 2� � � � a b a b# $ # 4
3

 (b) M 2xz dz dy dx x(2 x y)  dy dx  dx ; M  byxy xz0 0 0 0 0 0

2 2 x 2 x y 2 2 x 2

œ œ � � œ œ œ' ' ' ' ' '� � � �

# �x(2 x)
3 15 15

8 8$

 symmetry; M  2x  dz dy dx 2x (2 x y) dy dx 2x x  dxyz 0 0 0 0 0 0

2 2 x 2 x y 2 2 x 2

œ œ � � œ � œ' ' ' ' ' '� � � �

# # # #a b 16
15

  x , and y zÊ œ œ œ4 2
5 5

30. (a) M kxy dz dy dx k xy 4 x  dy dx  4x x  dxœ œ � œ � œ' ' ' ' ' '
0 0 0 0 0 0

2 x 4 x 2 x 2È È
�

# a b a b# # %
#
k 32k

15

 (b) M kx y dz dy dx k  x y 4 x  dy dx  4x x  dxyz 0 0 0 0 0 0

2 x 4 x 2 x 2

œ œ � œ � œ' ' ' ' ' 'È È
�

#

# # # $ &
#a b a bk 8k

3

  x ; M kxy  dz dy dx k xy 4 x  dy dx  4x x  dxÊ œ œ œ � œ �5 k
4 3xz 0 0 0 0 0 0

2 x 4 x 2 x 2' ' ' ' ' 'È È
�

#

# # # &Î# *Î#a b ˆ ‰
   y ; M kxyz dz dy dx  xy 4 x  dy dxœ Ê œ œ œ �256 2k 40 2

231 77

È È
xy 0 0 0 0 0

2 x 4 x 2 x' ' ' ' 'È È
�

# a b# #

  16x 8x x  dx   zœ � � œ Ê œk 256k 8
4 105 7
'

0

2a b# % '

31. (a) M  (x y z 1) dz dy dx  x y  dy dx (x 2) dxœ � � � œ � � œ � œ' ' ' ' ' '
0 0 0 0 0 0

1 1 1 1 1 1ˆ ‰3 5
# #
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 (b) M z(x y z 1) dz dy dx   x y  dy dx  x  dxxy 0 0 0 0 0 0

1 1 1 1 1 1

œ � � � œ � � œ � œ' ' ' ' ' '" "
# #

ˆ ‰ ˆ ‰5 13 4
3 6 3

  M M M , by symmetry  x y zÊ œ œ œ Ê œ œ œxy yz xz
4 8
3 15

 (c) I x y (x y z 1) dz dy dx  x y x y  dy dxz 0 0 0 0 0

1 1 1 1 1

œ � � � � œ � � �' ' ' ' 'a b a b ˆ ‰# # # #
#
3

 x 2x x  dx   I I I , by symmetryœ � � � œ Ê œ œ œ'
0

1

x y zˆ ‰$ # "
3 4 6 6

3 11 11

32. The plane y 2z 2 is the top of the wedge.� œ

 (a) M (x 1) dz dy dx (x 1) 2  dy dx 18œ � œ � � œ' ' ' ' '
� � � � �

Ð � ÑÎ

1 2 1 1 2

1 4 2 y 2 1 4 ˆ ‰y
#

 (b) M  x(x 1) dz dy dx x(x 1) 2  dy dx 6;yz 1 2 1 1 2

1 4 2 y 2 1 4

œ � œ � � œ' ' ' ' '
� � � � �

Ð � ÑÎ ˆ ‰y
#

 M  y(x 1) dz dy dx y(x 1) 2  dy dx 0;xz 1 2 1 1 2

1 4 2 y 2 1 4

œ � œ � � œ' ' ' ' '
� � � � �

Ð � ÑÎ ˆ ‰y
#

 M  z(x 1) dz dy dx  (x 1) y  dy dx 0  x , and y z 0xy 1 2 1 1 2

1 4 2 y 2 1 4

œ � œ � � œ Ê œ œ œ' ' ' ' '
� � � � �

Ð � ÑÎ
"
# Š ‹y

4 3
1#

 (c) I  (x 1) y z  dz dy dx (x 1) 2y  dy dx 45;x 1 2 1 1 2

1 4 2 y 2 1 4

œ � � œ � � � � " � œ' ' ' ' '
� � � � �

Ð � ÑÎ a b ’ “ˆ ‰# # # " "
#

$

3 3 2
y y$

 I  (x 1) x z  dz dy dx (x 1) 2x  dy dx 15;y 1 2 1 1 2

1 4 2 y 2 1 4

œ � � œ � � � � " � œ' ' ' ' '
� � � � �

Ð � ÑÎ a b ’ “ˆ ‰# # # " "
#

$

3 3 2
x y y#

 I  (x 1) x y  dz dy dx (x 1) 2 x y  dy dx 42z 1 2 1 1 2

1 4 2 y 2 1 4

œ � � œ � � � œ' ' ' ' '
� � � � �

Ð � ÑÎ a b a bˆ ‰# # # #
#
y

33. M (2y 5) dy dx dz z 5 z  dx dz 2 z 5 z (1 z) dzœ � œ � œ � �' ' ' ' ' '
0 z 1 0 0 z 1 0

1 1 z z 1 1 z 1

� �

� �

È ˆ ‰ ˆ ‰È È
 2 5z z 5z z  dz 2 z z 2z z 2 3œ � � � œ � � � œ � œ'

0

1ˆ ‰ � ‘ ˆ ‰"Î# $Î# # $Î# # &Î# $" "
# #

"

!
10 9 3
3 3 3

34. M x y  dz dy dx x y 16 4 x y  dy dxœ � œ � � �' ' ' ' '
� � � � � � �

� � � �

2 4 x 2 x y 2 4 x

2 4 x 16 2 x y 2 4 x

È È

È È

a b

ˆ ‰

# # # #

# ## # È È c da b# # # # # #

 4 r 4 r  r dr d 4  d 4  dœ � œ � œ œ' ' ' '
0 0 0 0

2 2 2 21 1 1a b ’ “#
#

!
) ) )4r r 64 512

3 5 15 15

$ & 1

35. (a) x 0   x (x y z) dx dy dz 0  M 0œ œ Ê ß ß œ Ê œM
M

yz ' ' '
R

$ yz

 (b) I  h  dm  (x h) y  dm  x 2xh h y  dmL œ � œ � � œ � � �' ' ' ' ' ' ' ' '
D D D

k k k k a bv i i j# # # # #

  x y  dm 2h  x dm h   dm I 0 h m I h mœ � � � œ � � œ �' ' ' ' ' ' ' ' '
D D D

a b# # # # #
x c mÞ Þ

36. I I mh ma ma maL c mœ � œ � œ
Þ Þ

# # # #2 7
5 5

37. (a) (x y z)   I I abc   I Iß ß œ ß ß Ê œ � � Ê œ �ˆ ‰ Š ‹Éa b c a b
4 4 4c m z

abc a b
# # #

#

Þ Þ
�

z c mÞ Þ

# # # #a b

 ; Rœ � œ œ œabc a b abc a b abc a b
3 4 1 M 12c m

I a ba b a b a b# # # # # #

Þ Þ
# #� � �

# Þ Þ
�É Éc m

 (b) I I abc 2bL c m
a b
4 12 4 1

abc a b abc a 9b abc 4a 28bœ � � � œ � œÞ Þ # #

#
#

� � �Œ �É ˆ ‰# # # # # # #a b a b a b

 ; Rœ œ œabc a 7b
3 M 3L

I a 7ba b# # # #� �É ÉL

38. M dz dy dx (4 y) dy dx 4y  dx 12 dx 72;œ œ � œ � œ œ' ' ' ' ' ' '
� � � Î � � � �

Ð � ÑÎ

3 2 4 3 3 2 3 3

3 4 4 2y 3 3 4 3 3
2 2
3 3 2

y’ “# %

�#

 x y z 0 from Exercise 22  I I 72 0 0 I   I I 72 16œ œ œ Ê œ � � œ Ê œ � �x c m L
16
9c m c mÞ Þ Þ ÞŠ ‹ Š ‹È É# #

#

Þ Þ

#

 208 72 1488œ � œˆ ‰160
9
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914 Chapter 15 Multiple Integrals

15.7  TRIPLE INTEGRALS IN CYLINDRICAL AND SPHERICAL COORDINATES

 1. dz r dr d r 2 r r  dr d 2 r  d' ' ' ' ' '
0 0 r 0 0 0

2 1 2 r 2 1 21 1 1
È
�

#

) ) )œ � � œ � � �’ “ ’ “a b a b# # #"Î# $Î#"
"

!3 3
r$

  dœ � œ'
0

21Š ‹2 2
3 3 3

4 2$Î#

)
1 Š ‹È �"

 2. dz r dr d r 18 r  dr d 18 r  d' ' ' ' ' '
0 0 r 3 0 0 0

2 3 18 r 2 3 21 1 1

#

#

Î

�È

) ) )œ � � œ � � �’ “ ’ “a b a b# #"Î# $Î#"
$

!

r r
3 3 12

$ %

  œ
9 8 2 7

2

1 Š ‹È �

 3.  dz r dr d 3r 24r  dr d r 6r  d   d' ' ' ' ' ' '
0 0 0 0 0 0 0

2 2 3 24r 2 2 2 221 ) 1 1 ) 1 1 1
) 1

Î � Î Î

!

#

) ) ) )œ � œ � œ �a b � ‘ Š ‹$ # %
#

3 3 4
2 4 16

) )
1 1

# %

# %

 œ � œ3 17
12 520# ’ “) ) 1

1 1

$ &

# %

21

!

 4.  z dz r dr d 9 4 r 4 r r dr d 4 4r r  dr d' ' ' ' ' ' '
0 0 4 r 0 0 0 0

3 4 r1 ) 1 1 ) 1 1 ) 1Î � Î Î

� �È

È

#

#

) ) )œ � � � œ �"
#

# # $c d a ba b a b
 4 2r 4  dœ � œ � œ' '

0 0

1 1’ “ Š ‹#
Î

!

r 2 37
4 154

% # %

# %

) 1
) ) 1
1 1

)

 5. 3 dz r dr d 3 r 2 r r  dr d 3 2 r  d' ' ' ' ' '
0 0 r 0 0 0

2 1 2 r 2 1 21 1 1ˆ ‰
�

# �"Î#

) ) )œ � � œ � � �’ “ ’ “a b a b# # #�"Î# "Î# "

!

r
3

$

 3 2  d 6 2 8œ � œ �'
0

21Š ‹ Š ‹È È4
3 ) 1

 6.  r  sin z  dz r dr d r  sin  dr d  d' ' ' ' ' '
0 0 1 2 0 0 0

2 1 1 2 2 1 21 1 1

� Î

Î a b ˆ ‰ Š ‹# # # $ # ") ) ) ) )� œ � œ � œr sin
12 4 24 3

# ) 1

 7.  r  dr dz d  dz d  d' ' ' ' ' '
0 0 0 0 0 0

2 3 z 3 2 3 21 1 1Î
$ ) ) )œ œ œz 3 3

324 20 10

% 1

 8. 4r dr d dz 2(1 cos )  d dz 6  d 12' ' ' ' ' '
� � �

�

1 0 0 1 0 1

1 2 1 cos 1 2 11 ) 1

) ) ) 1 ) 1œ � œ œ#

 9. r  cos z  r d dr dz z  r dr dz r 2 rz  dr dz' ' ' ' ' ' '
0 0 0 0 0 0 0

1 z 2 1 z 1 zÈ È È1 a b a b’ “# # # # $ #
#

!
) ) ) 1 1� œ � � œ �r r  sin 2

2 4

# #) )
1

 r z  dz z  dzœ � œ � œ � œ' '
0 0

1 1z’ “ Š ‹ ’ “1 1 1 1 1r z z z
4 4 12 4 3

% # $ %

1 1# # $
"

!

È

!

10. (r sin 1) r d dz dr 2 r dz dr 2 r 4 r r 2r  dr' ' ' ' ' '
0 r 2 0 0 r 2 0

2 4 r 2 2 4 r 2

� �

� �

È È# #
1

) ) 1 1� œ œ � � �’ “a b# #"Î#

 2 4 r r 2 4 (4) 8œ � � � � œ � � � œ1 1 1’ “a b � ‘" "# # $Î#$Î# #

!3 3 3 3
r 8$
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11. (a) dz r dr d' ' '
0 0 0

2 1 4 r1
È
�

#

)

 (b) r dr dz d  r dr dz d' ' ' ' ' '
0 0 0 0 3 0

2 3 1 2 2 4 z1 1
È

È

È

) )�
�

#

 

 (c)  r d dz dr' ' '
0 0 0

1 4 r 2È
�

#
1

)

 

12. (a) dz r dr d' ' '
0 0 r

2 1 2 r1 �

#

)

 (b) r dr dz d r dr dz d' ' ' ' ' '
0 0 0 0 1 0

2 1 z 2 2 2 z1 1

) )�
È
�

 (c) r d dz dr' ' '
0 r 0

1 2 r 2�

#
1

)

 

13. f(r z) dz r dr d' ' '
� Î

Î

1

1 )

2 0 0

2 cos 3r#

ß ß) )

14. r  dz dr d r  cos  dr d  cos  d' ' ' ' ' '
� Î � Î � Î

Î Î Î

1 1 1

1 ) 1 1

2 0 0 2 0 2

2 1 r cos 2 1 2
$ % ") ) ) ) )œ œ œ5 5

2

15. f(r z) dz r dr d  16. f(r z) dz r dr d' ' ' ' ' '
0 0 0 2 0 0

2 sin 4 r sin 2 3 cos 5 r cos 1 ) ) 1 ) )

1

� Î �

� Î
ß ß ß ß) ) ) )

17. f(r z) dz r dr d  18. f(r z) dz r dr d' ' ' ' ' '
� Î � Î

Î � Î �

1 1 )

1 ) 1 ) )

2 1 0 2 cos 0

2 1 cos 4 2 2 cos 3 r sin 

 ß ß ß ß) ) ) )

19. f(r z) dz r dr d  20. f(r z) dz r dr d' ' ' ' ' '
0 0 0 4 0 0

4 sec 2 r sin 2 csc 2 r sin 1 ) ) 1 ) )

1

Î � Î �

Î
ß ß ß ß) ) ) )

21.   sin  d d d  sin  d  d  sin  d  d' ' ' ' ' ' '
0 0 0 0 0 0 0

2 sin 1 1 9 1 1 1 1

3 9 3 9 ) 9 9 ) 9 9 )# % #

!
œ œ � �8 8 3

3 3 4 4
sin  cos Š ‹’ “$ 9 9

1

 2 sin  d d  d  dœ œ � œ œ' ' ' '
0 0 0 0

1 1 1 1

# #
# !

9 9 ) ) ) 1 ) 1� ‘sin 2) 1

22. (  cos )  sin  d d d 4 cos  sin  d  d 2 sin  d d 2' ' ' ' ' ' '
0 0 0 0 0 0 0

2 4 2 2 4 2 21 1 1 1 1 1Î Î

 3 9 3 9 3 9 ) 9 9 9 ) 9 ) ) 1# # Î%
!œ œ œ œc d 1

23.   sin  d d d  (1 cos )  sin  d  d  (1 cos )  d' ' ' ' ' '
0 0 0 0 0 0

2 1 cos 2 2 21 1 9 1 1 1Ð � ÑÎ

3 9 3 9 ) 9 9 9 ) 9 )# $ %" "
!œ � œ �24 96 c d 1

  2 0  d  d (2 )œ � œ œ œ" "%
96 96 6 3

16' '
0 0

2 21 1a b ) ) 1 1

24.  5  sin  d d  d  sin  d d   sin  d  d' ' ' ' ' ' '
0 0 0 0 0 0 0

3 2 1 3 2 3 21 1 1 1 1 1Î Î Î

3 9 3 9 ) 9 9 ) 9 9 )$ $ $

!
œ œ � �5 5 2

4 4 3 3
sin  cos Š ‹’ “# 9 9

1

  cos  d  dœ � œ œ5 5 5
6 3
' '

0 0

3 2 3 21 1Î Îc d9 ) )
1 1
! #
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25.  3  sin  d d  d 8 sec  sin  d d 8 cos  sec  d' ' ' ' ' '
0 0 sec 0 0 0

2 3 2 2 3 21 1 1 1 1

9

Î Î

3 9 3 9 ) 9 9 9 ) 9 9 )# $ #" Î$

!
œ � œ � �a b � ‘

2
1

 ( 4 2) 8  d  d 5œ � � � � � œ œ' '
0 0

2 21 1� ‘ˆ ‰"
# #) ) 15

26.  sin  cos  d d d  tan  sec  d d   tan  d  d' ' ' ' ' ' '
0 0 0 0 0 0 0

2 4 sec 2 4 2 21 1 9 1 1 1 1Î Î

3 9 9 3 9 ) 9 9 9 ) 9 ) )$ # #" " " "Î%

!
œ œ œ œ4 4 2 8 4

� ‘1 1

27.  sin 2  d d d  d d  d d  d 2' ' ' ' ' ' ' '
0 4 0 0 0

2 0 2 2 0 2 0 2

� Î � �

Î

1 1 1 1

1

3 9 9 ) 3 3 ) 3 ) 3 3 1$ $ Î#

Î% # #

#

!
œ � œ œ œ œ� ‘ ’ “cos 2

2 8
9 1

1

3 3 1 13$ $ %

28.  sin  d d d 2   sin  d d   sin  d  ' ' ' ' ' ' '
1 9 1 9 1 1

1 9 1 1 9 1 1
9

9Î Î Î Î

Î Î Î

6 csc 0 6 csc 6 6

3 2 csc 2 3 2 csc 3 2 csc 

csc 3 9 ) 3 9 1 3 9 3 9 3 9 9# # $œ œ œ2 14
3 3
1 1c d Î3

csc  d# 9 9 œ 28
3 3

1È

29. 12  sin  d d d 12 8  sin  d  d d' ' ' ' ' '
0 0 0 0 0 0

1 4 1 41 1 1 1Î Î

3 9 9 ) 3 3 3 9 9 ) 3$ �
Î%

!
œ �Œ �’ “sin  cos 

3

# 9 9
1

 8 cos  d d 8  d d 8  d 4œ � � œ � œ � œ �' ' ' ' '
0 0 0 0 0

1 1 11 1Š ‹ Š ‹ Š ‹ ’ “c d2 10 10 5
2 2 2 2
3 3 3 31È È È È3 9 ) 3 3 ) 3 1 3 3 1 3

Î%
!

#
"

!

#

 œ
Š ‹È

È
4 2 5  

2

� 1

30. 5  sin  d d d 32 csc  sin  d d 32 sin csc  d d' ' ' ' ' ' '
1 1 9 1 1 1 1

1 1 1 1 1 1

Î � Î Î � Î Î � Î

Î Î Î Î Î Î

6 2 csc 6 2 6 2

2 2 2 2 2 2 2

3 9 3 ) 9 9 9 ) 9 9 9 ) 9% $ & $ $ #œ � œ �a b a b
  32 sin csc  d    sin  d cot œ � œ � � �1 9 9 9 1 9 9 1 9' '

1 1

1 1

Î Î

Î Î

6 6

2 2a b c d’ “$ #
Î#

Î'

Î#
Î'

32 sin  cos 
3 3

64# 9 9
1

1

1 1

1

 cos 3 11 3œ � � œ � œ œ1 9 1 1 1Š ‹ Š ‹ Š ‹c d È Èˆ ‰32 3 3 3 33 3
24 3 3 3 3

64 64È È È È1 11

1
1Î#

Î' #

31. (a) x y 1   sin 1, and  sin 1  csc ; thus# # # #� œ Ê œ œ Ê œ3 9 3 9 3 9

  sin  d d d  sin  d d d' ' ' ' ' '
0 0 0 0 6 0

2 6 2 2 2 csc 1 1 1 1 9

1

Î Î

Î
3 9 3 9 ) 3 9 3 9 )# #�

 (b)  sin  d d d  sin  d d d' ' ' ' ' '
0 1 6 0 0 0

2 2 sin 1 2 2 61 3 1 1

1Î

Ð Î Ñ Î�"

3 9 9 3 ) 3 9 9 3 )# #�

32. (a)  sin  d d d' ' '
0 0 0

2 4 sec 1 1 9Î

3 9 3 9 )#

 (b)  sin  d d d' ' '
0 0 0

2 1 41 1Î

3 9 9 3 )#

  sin  d d d� ' ' '
0 1 cos

2 2 41 1

3

È

�" Ð"Î Ñ

Î

3 9 9 3 )#

 

33. V  sin  d d d  8 cos  sin  d dœ œ �' ' ' ' '
0 0 cos 0 0

2 2 2 2 21 1 1 1

9

Î Î

3 9 3 9 ) 9 9 9 )# $"
3 a b

  8 cos  d  8  d (2 )œ � � œ � œ œ" " "
Î#

!3 4 3 4 12 6
cos 31 31' '

0 0

2 21 1’ “ ˆ ‰ ˆ ‰9 ) ) 1
% 9

1
1

34. V  sin  d d d  3 cos 3 cos cos  sin  d dœ œ � �' ' ' ' '
0 0 1 0 0

2 2 1 cos 2 21 1 9 1 1Î � Î

3 9 3 9 ) 9 9 9 9 9 )# # $"
3 a b

   cos cos cos  d  1  d  d (2 )œ � � � œ � � œ œ œ" " "
#

# $ % Î#

!3 4 3 2 4 12 12 6
3 1 3 11 11 11' ' '

0 0 0

2 2 21 1 1� ‘ ˆ ‰ ˆ ‰9 9 9 ) ) ) 1
1 1

35. V  sin  d d d  (1 cos )  sin  d d   dœ œ � œ' ' ' ' ' '
0 0 0 0 0 0

2 1 cos 2 21 1 9 1 1 1�

3 9 3 9 ) 9 9 9 ) )# $" " "�

!3 3 4
( cos )’ “9

1%

 (2)  d (2 )œ œ œ" %
12 3 3

4 8'
0

21

) 1 1
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36. V   sin  d d d  (1 cos )  sin  d d   dœ œ � œ' ' ' ' ' '
0 0 0 0 0 0

2 2 1 cos 2 2 21 1 9 1 1 1Î � Î

3 9 3 9 ) 9 9 9 ) )# $" " "�
Î#

!3 3 4
( cos )’ “9

1%

  d (2 )œ œ œ" "
12 12 6
'

0

21

) 1 1

37. V   sin  d d d  cos  sin  d d  dœ œ œ �' ' ' ' ' '
0 4 0 0 4 0

2 2 2 cos 2 2 21 1 9 1 1 1

1 1Î Î

Î Î

3 9 3 9 ) 9 9 9 ) )# $
Î#

Î%

8 8
3 3 4

cos’ “% 9
1

1

  d (2 )œ œ œˆ ‰ ˆ ‰8
3 16 6 3

" "'
0

21

) 1 1

38. V  sin  d d d  sin  d d  cos  d  dœ œ œ � œ œ' ' ' ' ' ' '
0 3 0 0 3 0 0

2 2 2 2 2 2 21 1 1 1 1 1

1 1Î Î

Î Î

3 9 3 9 ) 9 9 ) 9 ) )# Î#
Î$

8 8 4 8
3 3 3 3c d 1

1
1

39. (a) 8  sin  d d d  (b) 8 dz r dr d' ' ' ' ' '
0 0 0 0 0 0

2 2 2 2 2 4 r1 1 1Î Î Î �

3 9 3 9 ) )#
È #

 (c) 8 dz dy dx' ' '
0 0 0

2 4 x 4 x yÈ È
� � �

# # #

40. (a) dz r dr d  (b)  sin  d d d' ' ' ' ' '
0 0 r 0 0 0

2 3 2 9 r 2 4 31 1 1Î Î � Î ÎÈ È #

) 3 9 3 9 )#

 (c)  sin  d d d 9 sin  d d 9 1  d' ' ' ' ' '
0 0 0 0 0 0

2 4 3 2 4 21 1 1 1 1Î Î Î Î Î

3 9 3 9 ) 9 9 ) )# "
�

œ œ � � œŠ ‹È
Š ‹È

2

9 2 2

4

1

41. (a) V  sin  d d d  (b) V dz r dr dœ œ' ' ' ' ' '
0 0 sec 0 0 1

2 3 2 2 3 4 r1 1 1

9

Î �

3 9 3 9 ) )#
È È #

 

 (c) V dz dy dxœ ' ' '
� � �

� � �

È

È

È

È È

3 3 x 1

3 3 x 4 x y

#

# # #

 (d) V r 4 r r  dr d  d  dœ � � œ � � œ � � �' ' ' '
0 0 0 0

2 3 2 21 1 1
È ’ “ Š ‹a b ” •# "Î# �

# #

$

!

") ) )
a b

È
4 r

3 3 3
r 3 4# $Î# # $Î#

  dœ œ5 5
6 3
'

0

21

) 1

42. (a) I r  dz r dr dz 0 0 0

2 1 1 r

œ ' ' '1
È
�

#

# )

 (b) I  sin  sin  d d d , since r x y  sin  cos  sin  sin  sinz 0 0 0

2 2 1

œ œ � œ � œ' ' '1 1Î a b a b3 9 3 9 3 9 ) 3 9 ) 3 9 ) 3 9# # # # # # # # # # # # # #

 (c) I  sin  d d   sin  d  d  cos  dz 0 0 0 0 0

2 2 2 2 2

œ œ � � œ �' ' ' ' '1 1 1 1 1Î Î
" "$

Î#

!

Î#
!5 5 3 3 15

sin  cos 2 29 9 ) 9 9 ) 9 )Œ �’ “ c d# 9 9
1

1

 (2 )œ œ2 4
15 151 1

43. V 4 dz r dr d 4 5r 4r r  dr d 4 1  d 4  dœ œ � � œ � � œ œ' ' ' ' ' ' '
0 0 r 1 0 0 0 0

2 1 4 4r 2 1 2 21 1 1 1Î � Î Î Î

�%

#

) ) ) )a b ˆ ‰$ &
#

"5 8
6 3

1

44. V 4 dz r dr d 4 r r r 1 r  dr d 4 1 r  dœ œ � � � œ � � �' ' ' ' ' '
0 0 1 r 0 0 0

2 1 1 r 2 1 21 1 1Î � Î Î

� �È #
) ) )Š ‹ ’ “È a b# ## " $Î# "

!

r r
2 3 3

# $

 4  d 2 d 2œ � � œ œ œ' '
0 0

2 21 1Î Îˆ ‰ ˆ ‰" " "
# #3 3 ) ) 11

45. V dz r dr d r  sin  dr d 9 cos (sin ) d  cosœ œ � œ � œ' ' ' ' ' '
3 2 0 0 3 2 0 3 2

2 3 cos r sin 2 3 cos 2

1 1 1

1 ) ) 1 ) 1

Î Î Î

�

) ) ) ) ) ) )# $ % #

$ Î#
a b � ‘9

4
1

1

 0œ � œ9 9
4 4

46. V 2  dz r dr d 2 r  dr d  27 cos  dœ œ œ �' ' ' ' ' '
1 1 1

1 ) 1 ) 1

Î Î Î

� �

2 0 0 2 0 2

3 cos r 3 cos 

) ) ) )# $2
3

 18  cos  d 12 sin 12œ � � œ � œŒ �’ “ c dcos  sin 2
3 3

# ) )
1

1

1
1

Î#
Î#

'
1

1

Î2
) ) )
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47. V dz r dr d r 1 r  dr d 1 r  dœ œ � œ � �' ' ' ' ' '
0 0 0 0 0 0

2 sin 1 r 2 sin 2 sin 1 ) 1 ) 1 )Î � Î Î

!

È #

) ) )È ’ “a b# " # $Î#

3

  1 sin 1  d  cos 1  d  cos  dœ � � � œ � � œ � � �" " "# $$Î# Î#

!

Î#

!3 3 3 3 3 3
cos  sin 2' ' '

0 0 0

2 2 21 1 1Î Î Î’ “ ’ “a b a b Œ � � ‘) ) ) ) ) )
# ) ) )

1 1

 sin œ � � œ2 4 3
9 6 18c d) 1 1 1Î#

!
� �

48. V  dz r dr d 3r 1 r  dr d 1 r  dœ œ � œ � �' ' ' ' ' '
0 0 0 0 0 0

2 cos 1 r 2 cos 2 cos 1 ) 1 ) 1 )Î � Î Î

!

3È #

) ) ) È ’ “a b# # $Î#

 1 cos 1  d 1 sin  d  sin  dœ � � � œ � œ � �' ' '
0 0 0

2 2 21 1 1Î Î Î’ “ ’ “a b a b# $$Î# Î#

!
) ) ) ) ) ) )sin  cos 2

3 3

# ) )
1

 cos œ � œ � œ1 1 11

# #
Î#

!
�2 2 3 4

3 3 6c d)
49. V  sin  d d d   sin  d d  cos  d  dœ œ œ � œ � œ' ' ' ' ' ' '

0 3 0 0 3 0 0

2 2 3 a 2 2 3 2 21 1 1 1 1 1

1 1Î Î

Î Î

3 9 3 9 ) 9 9 ) 9 ) )# # Î$
Î$

" "
# #

a a a 2 a
3 3 3 3

$ $ $ $c d ˆ ‰1

1
1

50. V  sin  d d d  sin  d d  dœ œ œ œ' ' ' ' ' '
0 0 0 0 0 0

6 2 a 6 2 61 1 1 1 1Î Î Î Î Î

3 9 3 9 ) 9 9 ) )# a a a
3 3 18

$ $ $1

51. V  sin  d d dœ ' ' '
0 0 sec 

2 3 21 1

9

Î

 3 9 3 9 )#

  8 sin tan  sec  d dœ �" #
3
' '

0 0

2 31 1Î a b9 9 9 9 )

  8 cos  tan  dœ � �" " # Î$

!3 2
'

0

21� ‘9 9 )
1

  4 (3) 8  d   d (2 )œ � � � œ œ œ" " "
# #3 3 6 3

5 5 5' '
0 0

2 21 1� ‘ ) ) 1 1

 

52. V 4  sin  d d d   8 sec sec sin  d dœ œ �' ' ' ' '
0 0 sec 0 0

2 4 2 sec 2 41 1 9 1 1

9

Î Î Î Î

3 9 3 9 ) 9 9 9 9 )# $ $4
3 a b

  sec  sin  d d  tan  sec  d d   tan  d  dœ œ œ œ œ28 28 28 14 7
3 3 3 2 3 3
' ' ' ' ' '

0 0 0 0 0 0

2 4 2 4 2 21 1 1 1 1 1Î Î Î Î Î Î
$ # #" Î%

!
9 9 9 ) 9 9 9 ) 9 ) )� ‘1 1

53. V 4 dz r dr d 4 r  dr d dœ œ œ œ' ' ' ' ' '
0 0 0 0 0 0

2 1 r 2 1 21 1 1Î Î Î#

) ) )$
#
1

54. V 4 dz r dr d 4 r dr d 2 dœ œ œ œ' ' ' ' ' '
0 0 r 0 0 0

2 1 r 1 2 1 21 1 1Î � Î Î

#

#

) ) ) 1

55. V 8  dz r dr d 8 r  dr d 8  dœ œ œ œ' ' ' ' ' '
0 1 0 0 1 0

2 2 r 2 2 21 1 1Î Î ÎÈ È

) ) )# �" �"Š ‹2 2
3 3

4 2 2È Š ‹È1

56. V 8  dz r dr d 8 r 2 r  dr d 8 2 r  d  dœ œ � œ � � œ œ' ' ' ' ' ' '
0 1 0 0 1 0 0

2 2 2 r 2 2 2 21 1 1 1Î � Î Î ÎÈ ÈÈ #

) ) ) )È ’ “a b# " # $Î# #

3 3 31

8 4
È

1

57. V dz r dr d 4r r  sin  dr d 8 1  d 16œ œ � œ � œ' ' ' ' ' '
0 0 0 0 0 0

2 2 4 r sin 2 2 21 ) 1 1�

) ) ) ) 1a b ˆ ‰# sin 
3
)

58. V dz r dr d 4r r (cos sin )  dr d  (3 cos sin ) d 16œ œ � � œ � � œ' ' ' ' ' '
0 0 0 0 0 0

2 2 4 r cos r sin 2 2 21 ) ) 1 1� �

) ) ) ) ) ) ) 1c d# 8
3

59. The paraboloids intersect when 4x 4y 5 x y   x y 1 and z 4# # # # # #� œ � � Ê � œ œ

  V 4 dz r dr d 4 5r 5r  dr d 20  d 5 dÊ œ œ � œ � œ œ' ' ' ' ' ' '
0 0 4r 0 0 0 0

2 1 5 r 2 1 2 21 1 1 1Î � Î Î Î

#

#

) ) ) )a b ’ “$
"

! #
r r 5
2 4

# % 1
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60. The paraboloid intersects the xy-plane when 9 x y 0  x y 9  V 4 dz r dr d� � œ Ê � œ Ê œ# # # # ' ' '
0 1 0

2 3 9 r1Î � #

)

 4 9r r  dr d 4  d 4  d 64 d 32œ � œ � œ � œ œ' ' ' ' '
0 1 0 0 0

2 3 2 2 21 1 1 1Î Î Î Îa b ’ “ ˆ ‰$
$

"
) ) ) ) 19r r 81 17

2 4 4 4

# %

61. V 8 dz r dr d 8 r 4 r  dr d 8 4 r  dœ œ � œ � �' ' ' ' ' '
0 0 0 0 0 0

2 1 4 r 2 1 21 1 1
È
�

#

) ) )a b a b’ “# #"Î# $Î#"
"

!3

  3 8  dœ � � œ8
3 3

4 8 3 3'
0

21ˆ ‰$Î#
�

)
1 Š ‹È

62. The sphere and paraboloid intersect when x y z 2 and z x y   z z 2 0# # # # # #� � œ œ � Ê � � œ

  (z 2)(z 1) 0  z 1 or z 2  z 1 since z 0.  Thus, x y 1 and the volume isÊ � � œ Ê œ œ � Ê œ   � œ# #

 given by the triple integral V 4 dz r dr d 4 r 2 r r  dr dœ œ � �' ' ' ' '
0 0 r 0 0

2 1 2 r 2 11 1Î � Î

#

#È

) )’ “a b# $"Î#

 4 2 r  d 4  dœ � � � œ � œ' '
0 0

2 21 1Î Î’ “ Š ‹a b" # $Î# "

!

�

3 4 3 12 6
r 72 2 8 2 7%

) )
È Š ‹È1

63. average   r  dz dr d  2r  dr d  dœ œ œ œ" " "
# #

# #
1 1 1
' ' ' ' ' '

0 0 1 0 0 0

2 1 1 2 1 21 1 1

�

) ) )3 3
2

64. average   r  dz dr d  2r 1 r  dr dœ œ �" # # #ˆ ‰4
3
1

' ' ' ' '
0 0 1 r 0 0

2 1 1 r 2 11 1

� �

�

È

È

#

#

) )3
41

È
   sin r r 1 r 1 2r  d  0  d  d (2 )œ � � � œ � œ œ œ3 3 3 3 3

2 8 8 16 32 32 161 1
1 1' ' '

0 0 0

2 2 21 1 1’ “È a b ˆ ‰ ˆ ‰" "�" ##
"

! #) ) ) 1

65. average   sin  d d d  sin  d d  dœ œ œ œ" $ˆ ‰4
3
1

' ' ' ' ' '
0 0 0 0 0 0

2 1 2 21 1 1 1 1

 3 9 3 9 ) 9 9 ) )3 3 3
16 8 41 1

66. average   cos  sin  d d d   cos  sin  d d   dœ œ œ" $
Î#

!
ˆ ‰2

3
1

' ' ' ' ' '
0 0 0 0 0 0

2 2 1 2 2 21 1 1 1 1Î Î

3 9 9 3 9 ) 9 9 9 ) )3 3
8 8 2

sin
1 1

9
1’ “#

  d (2 )œ œ œ3 3 3
16 16 81 1

'
0

21

) 1ˆ ‰
67. M 4 dz r dr d 4 r  dr d  d ; M z dz r dr dœ œ œ œ œ' ' ' ' ' ' ' ' '

0 0 0 0 0 0 0 0 0

2 1 r 2 1 2 2 1 r

xy

1 1 1 1Î Î Î

) ) ) )# 4 2
3 3

1

  r  dr d  d   z , and x y 0, by symmetryœ œ œ Ê œ œ œ œ œ"
#

$' ' '
0 0 0

2 1 21 1

) )1 3 3
8 4 M 4 2 8

M1 1
1

xy ˆ ‰ ˆ ‰
68. M dz r dr d r  dr d  d ; M  x dz r dr dœ œ œ œ œ' ' ' ' ' ' ' ' '

0 0 0 0 0 0 0 0 0

2 2 r 2 2 2 2 2 r

yz

1 1 1 1Î Î Î Î

) ) ) )# 8 4
3 3

1

 r  cos  dr d 4 cos  d 4; M  y dz r dr d   r  sin  dr dœ œ œ œ œ' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0

2 2 2 2 2 r 2 2

xz

1 1 1 1Î Î Î Î

 $ $) ) ) ) ) ) )

 4 sin  d 4; M  z dz r dr d    r  dr d  2 d   x ,œ œ œ œ œ œ Ê œ œ' ' ' ' ' ' '
0 0 0 0 0 0 0

2 2 2 r 2 2 2

xy

1 1 1 1Î Î Î Î

) ) ) ) ) 1"
#

$ M
M

3yz

1

 y , and zœ œ œ œM
M M 4

3 3Mxz xy

1

69. M ; M z  sin  d d d  cos  sin  d d d 4  cos  sin  d  dœ œ œ œ8
3
1

xy 0 3 0 0 3 0 0 3

2 2 2 2 2 2 2 2' ' ' ' ' ' ' '1 1 1 1 1 1

1 1 1Î Î Î

Î Î Î

3 9 3 9 ) 3 9 9 3 9 ) 9 9 9 )# $

 4  d 4  d  d   z ( ) , and x y 0, by symmetryœ œ � œ œ Ê œ œ œ œ œ' ' '
0 0 0

2 2 21 1 1’ “ ˆ ‰ ˆ ‰sin
2 8 M 8 8

3 3 3M# 9
1

1
1

Î#

Î$

" "
# #) ) ) 1 1xy

70. M  sin  d d d sin  d d   d ;œ œ œ œ' ' ' ' ' '
0 0 0 0 0 0

2 4 a 2 4 21 1 1 1 1Î Î

3 9 3 9 ) 9 9 ) )# �
#

�a a
3 3 3

2 2 a 2 2$ $
$È Š ‹È1

 M  sin  cos  d d d  sin  cos  d d  dxy 0 0 0 0 0 0

2 4 a 2 4 2

œ œ œ œ' ' ' ' ' '1 1 1 1 1Î Î

3 9 9 3 9 ) 9 9 9 ) )$ a a a
4 16 8

% % %

 1
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  z , and x y 0, by symmetryÊ œ œ œ œ œ œ
M
M 8 8 16

a 3 3a

a 2 2

2 2 3 2 2 a
xy Š ‹ Š ‹– — ˆ ‰1

1

%

$ Š ‹È
È Š ‹È

�

�
#

�

71. M dz r dr d r  dr d  d ; M z dz r dr dœ œ œ œ œ' ' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0 0

2 4 r 2 4 2 2 4 r

xy

1 1 1 1È È

) ) ) )$Î# 64 128
5 5

1

  r  dr d  d   z , and x y 0, by symmetryœ œ œ Ê œ œ œ œ"
#

#' ' '
0 0 0

2 4 21 1

) )32 64 5
3 3 M 6

M1 xy

72. M dz r dr d 2r 1 r  dr d 1 r  dœ œ � œ � �' ' ' ' ' '
� Î � � � Î � Î

Î � Î Î

1 1 1

1 1 1

3 0 1 r 3 0 3

3 1 1 r 3 1 3

È

È

#

#

) ) )È ’ “a b# # $Î# "

!

2
3

  d ; M r  cos  dz dr d 2 r 1 r  cos  dr dœ œ œ œ œ �2 2 2 4
3 3 3 9
' ' ' ' ' '
� Î � Î � � � Î

Î Î � Î

1 1 1

1 1 1

3 3 0 1 r 3 0

3 3 1 1 r 3 1

yz) ) ) ) )ˆ ‰ ˆ ‰ È1 1
È

È

#

#

# # #

 2  sin r r 1 r 1 2r  cos  d  cos  d sin 2œ � � � œ œ œ œ' '
� Î � Î

Î Î
Î

� Î
1 1

1 1

1

13 3

3 3
3

3’ “ Š ‹È a b c d ˆ ‰1
8 8 8 8 8 8

3 3�" #" #
"

! #) ) ) ) )1 1 1 1
†
È È

  x , and y z 0, by symmetryÊ œ œ œ œ
M
M 32

9 3yz È

73. We orient the cone with its vertex at the origin and axis along the z-axis  .  We use the the x-axisÊ œ9 1
4

 which is through the vertex and parallel to the base of the cone  I r  sin z  dz r dr dÊ œ �x 0 0 r

2 1 1' ' '1 a b# # #) )

 r  sin r  sin  dr d  dœ � � � œ � œ � � œ � œ' ' '
0 0 0

2 1 21 1Š ‹ Š ‹ � ‘$ # % # " #

! #) ) ) )r r sin sin 2
3 3 20 10 40 80 10 0 5 4

% # ) ) ) ) 1 1 11

74. I  r  dz dr d 2r a r  dr d 2 a r  d 2 a  dz 0 0 0 0 0 0

2 a 2 a 2 2a r

a r

a

œ œ � œ � � � œ' ' ' ' ' '1 1 1 1' È ’ “Š ‹ a bÈ

È

# #

# #

�

� �

$ $ # # &# # $Î#

!
) ) ) )r 2a 2

5 15 15

# #

 œ 8 a
15
1 &

75. I x y  dz r dr d   r  dz dr d  hr  dr d  h  dz 0 0 r 0 0 0 0 0

2 a h 2 a h 2 a 2h a

œ � œ œ � œ �' ' ' ' ' ' ' ' '1 1 1 1

ˆ ‰h hr
a ahr

a

a b ' Š ‹ ’ “# # $ $

!
) ) ) )hr r r

a 4 5a

% % &

 h  d  dœ � œ œ' '
0 0

2 21 1Š ‹a a ha ha
4 5a 20 10

% & % %

) ) 1

76. (a) M z dz r dr d r  dr d  d ; M   z  dz r dr dœ œ œ œ œ' ' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0 0

2 1 r 2 1 2 2 1 r

xy

1 1 1 1
# #

) ) ) )" "
#

& #
12 6

1

  r  dr d  d   z , and x y 0, by symmetry; I zr  dz dr dœ œ œ Ê œ œ œ œ" " "( $
#3 24 12

' ' ' ' ' '
0 0 0 0 0 0

2 1 2 2 1 r

z

1 1 1

) ) )1
#

   r  dr d  dœ œ œ" "
#

(' ' '
0 0 0

2 1 21 1

) )16 8
1

 (b) M  r  dz dr d r  dr d  d ; M  zr  dz dr dœ œ œ œ œ' ' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0 0

2 1 r 2 1 2 2 1 r

xy

1 1 1 1
# #

# % #") ) ) )5 5
21

  r  dr d  d   z , and x y 0, by symmetry; I r  dz dr dœ œ œ Ê œ œ œ œ" "' %
2 14 7 14

5' ' ' ' ' '
0 0 0 0 0 0

2 1 2 2 1 r

z

1 1 1

) ) )1
#

 r  dr d  dœ œ œ' ' '
0 0 0

2 1 21 1

' ") )7 7
21

77. (a) M z dz r dr d  r r  dr d  d ; M  z  dz r dr dœ œ � œ œ œ' ' ' ' ' ' ' ' '
0 0 r 0 0 0 0 0 r

2 1 1 2 1 2 2 1 1

xy

1 1 1 1

) ) ) )" "
#

$ #a b 8 4
1

  r r  dr d  d   z , and x y 0, by symmetry; I  zr  dz dr dœ � œ œ Ê œ œ œ œ" "% $
3 10 5 5

4' ' ' ' ' '
0 0 0 0 0 r

2 1 2 2 1 1

z

1 1 1a b ) ) )1

  r r  dr d  dœ � œ œ" "
#

$ &' ' '
0 0 0

2 1 21 1a b ) )24 12
1

 (b) M z  dz r dr d  from part (a); M  z  dz r dr d   r r  dr dœ œ œ œ �' ' ' ' ' ' ' '
0 0 r 0 0 r 0 0

2 1 1 2 1 1 2 1

xy

1 1 1

# $ &") ) )1
5 4 a b

  d   z , and x y 0, by symmetry; I   z r  dz dr d  r r  dr dœ œ Ê œ œ œ œ œ �" "# $ $ '
12 6 6 3

5' ' ' ' ' '
0 0 0 r 0 0

2 2 1 1 2 1

z

1 1 1

) ) )1 a b
  dœ œ"

28 14
'

0

21

) 1
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78. (a) M  sin  d d d  sin  d d d ; I   sin  d d dœ œ œ œ œ' ' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0 0

2 a 2 2 2 a

z

1 1 1 1 1 1 1

3 9 3 9 ) 9 9 ) ) 3 9 3 9 )% ' $a 2a 4 a
5 5 5

& & &1

  1 cos  sin  d d  cos  d  dœ � œ � � œ œa a 4a 8a
7 7 3 1 21

cos( ( ( ($' ' ' '
0 0 0 0

2 2 21 1 1 1a b ’ “#

! #9 9 9 ) 9 ) )9
1

1

 (b) M   sin  d d d  d d d ;œ œ œ œ' ' ' ' ' '
0 0 0 0 0 0

2 a 2 21 1 1 1 1

3 9 3 9 ) 9 ) )$ # �
#

a a a
4 8 4

(1 cos 2 )% % # %9 1 1

 I   sin  d d d  sin  d dz 0 0 0 0 0

2 a 2

œ œ' ' ' ' '1 1 1 1

3 9 3 9 ) 9 9 )& % %a
6

'

    sin  d  d  d  dœ � œ � œ œa 3 a a a
6 4 4 8 4 16 8

sin  cos sin 2' ' ' ' #$' ' ' '
0 0 0 0

2 2 21 1 1 1Š ‹’ “ � ‘�

!

#
# !

9 9 9 9
1 1 1 19 9 ) ) )

79. M  dz r dr d  r a r  dr d  a r  dœ œ � œ � �' ' ' ' ' '
0 0 0 0 0 0

2 a  a r 2 a 21 1 1
h
a
È # #

�

) ) )h h
a a 3

aÈ ’ “a b# # " # # $Î#

!

   d ; M   z dz r dr d  a r r  dr dœ œ œ œ �h a 2ha h
a 3 3 2a
' ' ' ' ' '

0 0 0 0 0 0

2 2 a  a r 2 a

xy

1 1 1
$ # #

#) ) )1
h
a
È # #

� a b# $

   d   z h, and x y 0, by symmetryœ � œ Ê œ œ œ œh a a a h a h 3 3
2a 4 4 4 2ha 8

# % % # # # #

# #
'

0

21Š ‹ Š ‹ ˆ ‰
# ) 1 1

1

80. Let the base radius of the cone be a and the height h, and place the cone's axis of symmetry along the z-axis

 with the vertex at the origin.  Then M  and M  z dz r dr d  h r r  dr dœ œ œ �1a h h
3 a

# #

#xy 0 0 r 0 0

2 a h 2 a' ' ' ' '1 1

ˆ ‰h
a

) )"
#

# $ Š ‹
   d  d d   z h, andœ � œ � œ œ Ê œ œ œh r r h a a h a h a h a 3 3

2 4a 4 8 4 M 4 a h 4

a M# # % # # # # # # # # #

# ## # #!

' ' '
0 0 0

2 2 21 1 1’ “ Š ‹ Š ‹ ˆ ‰) ) ) 1 1
1

xy

 x y 0, by symmetry  the centroid is one fourth of the way from the base to the vertexœ œ Ê

81. The density distribution function is linear so it has the form ( ) k C, where  is the distance from the$ 3 3 3œ �

 center of the planet.  Now, (R) 0  kR C 0, and ( ) k kR.  It remains to determine the constant$ $ 3 3œ Ê � œ œ �

 k:  M (k kR)  sin  d d d k kR  sin  d dœ � œ �' ' ' ' '
0 0 0 0 0

2 R 2 R1 1 1 1

3 3 9 3 9 ) 9 9 )# ’ “3 3% $

4 3
!

 k  sin  d d R cos  d R  d   kœ � œ � � œ � œ � Ê œ �' ' ' '
0 0 0 0

2 2 21 1 1 1Š ‹ c dR R k k k R 3M
4 3 1 6 3 R

% % %

%9 9 ) 9 ) )#
% %

!
1 1

1

  ( ) R .  At the center of the planet 0  (0) R .Ê œ � � œ Ê œ œ$ 3 3 3 $3M 3M 3M 3M
R R R R1 1 1 1% % % $

ˆ ‰
82. The mass of the plant's atmosphere to an altitude h above the surface of the planet is the triple integral

 M(h) e  sin  d d d  e  sin  d d dœ œ' ' ' ' ' '
0 0 R R 0 0

2 h h 21 1 1 1

. 3 9 3 9 ) . 3 9 9 ) 3! !
� Ð � Ñ # � Ð � Ñ #c R c R3 3

 e ( cos )  d d 2 e e  d d 4 e  e  dœ � œ œ' ' ' ' '
R 0 R 0 R

h 2 h 2 h1 1� ‘. 3 9 ) 3 . 3 ) 3 1. 3 3! ! !
� Ð � Ñ # � # � #

!
c R cR c cR c3 3 31

 4 e     (by parts)œ � � �1.!
cR e 2 e

c c c
2e

h

R
’ “3 3# � �

# $

�c c c3 3 3

 4 e .œ � � � � � �1.!
cR h e 2he 2e R e 2Re 2e

c c c c c cŠ ‹# � � � # � � �

# $ # $

ch ch ch cR cR cR

 The mass of the planet's atmosphere is therefore M  lim   M(h) 4 .œ œ � �
h Ä _

1.! Š ‹R 2R 2
c c c

#

# $

83. (a) A plane perpendicular to the x-axis has the form x a in rectangular coordinates r cos a rœ Ê œ Ê œ) a
cos )

 r a sec , in cylindrical coordinates.Ê œ )

 (b) A plane perpendicular to the y-axis has the form y b in rectangular coordinates r sin b rœ Ê œ Ê œ) b
sin )

 r b csc , in cylindrical coordinates.Ê œ )

84. ax by c a r cos b r sin c r a cos b sin c r .� œ Ê � œ Ê � œ Ê œa b a b a b) ) ) ) c
a cos b sin ) )�
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922 Chapter 15 Multiple Integrals

85. The equation r f z  implies that the point r, , zœ a b a b)

 f z , , z  will lie on the surface for all . In particularœ a ba b ) )

 f z , , z  lies on the surface whenever f z , , z  doesa b a ba b a b) 1 )�

 the surface is symmetric with respect to the z-axis.Ê

 

86. The equation f  implies that the point , , f , ,  lies on the surface for all . In particular, if3 9 3 9 ) 9 9 ) )œ œa b a b a ba b
 f , ,  lies on the surface, then f , ,  lies on the surface, so the surface is symmetric wiith respect to thea b a ba b a b9 9 ) 9 9 ) 1�

 z-axis.

15.8  SUBSTITUTIONS IN MULTIPLE INTEGRALS

 1. (a) x y u and 2x y v  3x u v and y x u  x (u v) and y ( 2u v);� œ � œ Ê œ � œ � Ê œ � œ � �" "
3 3

 
  ` ß

` ß

" "

"
" "(x y)

(u v) 9 9 3
3 3
2
3 3

2œ œ � œ
�» »

 (b) The line segment y x from ( 0) to (1 1) is x y 0œ !ß ß � œ

 u 0; the line segment y 2x from (0 0) toÊ œ œ � ß

 (1 2) is 2x y 0  v 0; the line segment x 1ß � � œ Ê œ œ

 from (1 1) to ( 2) is (x y) (2x y) 3ß "ß� � � � œ

 u v 3. The transformed region is sketched at theÊ � œ

 right.  

 2. (a) x 2y u and x y v  3y u v and x v y  y (u v) and x (u 2v);� œ � œ Ê œ � œ � Ê œ � œ �" "
3 3

 
  ` ß

` ß

"

"
" "(x y)

(u v) 9 9 3
3 3

2

1
3 3

2œ œ � � œ �
�» »

 (b) The triangular region in the xy-plane has vertices (0 0),ß

 (2 0), and .  The line segment y x from (0 0)ß ß œ ßˆ ‰2 2
3 3

 to  is x y 0  v 0; the line segmentˆ ‰2 2
3 3ß � œ Ê œ

 y 0 from (0 0) to ( 0)  u v; the line segmentœ ß #ß Ê œ

 x 2y 2 from  to (2 0)  u 2.  The� œ ß ß Ê œˆ ‰2 2
3 3

 transformed region is sketched at the right.  

 3. (a) 3x 2y u and x 4y v  5x 2u v and y (u 3x)  x (2u v) and y (3v u);� œ � œ Ê � œ � � œ � Ê œ � œ �" " "
# 5 10

 
  

  
` ß
` ß

"(x y)
(u v) 50 50 10

2 1
5 5
1 3

10 10

6 1œ œ � œ
�

�» »
 (b) The x-axis y 0  u 3v; the y-axis x 0œ Ê œ œ

  v 2u; the line x y 1Ê œ � œ

  (2u v) (3v u) 1Ê � � � œ" "
5 10

  2(2u v) (3v u) 10  3u v 10.  TheÊ � � � œ Ê � œ

 transformed region is sketched at the right.
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 4. (a) 2x 3y u and x y v  x u 3v and y v x  x u 3v and y u 2v;� œ � � œ Ê � œ � œ � Ê œ � � œ � �

 2 3 1
3

1 2
` ß
` ß

(x y)
(u v) œ œ � œ �

�" �
� �º º

 (b) The line x 3  u 3v 3 or u 3v 3;œ � Ê � � œ � � œ

 x 0  u 3v 0; y x  v 0; y x 1œ Ê � œ œ Ê œ œ �

  v 1.  The transformed region is the parallelogramÊ œ

 sketched at the right.

 

 5. x  dx dy  dy  1 1 y y  dy' ' ' '
0 y 2 0 0

4 y 2 1 4 4

Î

Ð Î Ñ� �"ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰’ “ ’ “� œ � œ � � � � �y xy y y y yx
2# # # # # # #

" # ##

y
2

y
2

  (y 1 y) dy  dy (4) 2œ � � œ œ œ" " "
# # #
' '

0 0

4 4

 6. 2x xy y  dx dy (x y)(2x y) dx dy' ' ' '
R R

a b# #� � œ � �

 uv  du dv  uv du dv;œ œ' ' ' '
G G

¹ ¹` ß
` ß

"(x y)
(u v) 3

 We find the boundaries of G from the boundaries of R,
 shown in the accompanying figure:

 

 xy-equations for     Corresponding uv-equations    Simplified

   the boundary of R   for the boundary of G  uv-equations 

y 2x 4œ � � "
3 ( 2u v) (u v) 4 v 4

y 2x 7 ( 2u v) (u v) 7 v 7

y x 2 ( 2u v) (u v) 2 u 2

y x 1 ( 2u v) (u v) 1 u 1

� � œ � � � œ

œ � � � � œ � � � œ

œ � � � œ � � œ

œ � � � œ � � œ �

2
3

3 3
2

3 3
1

3 3
1

"

"

"

   uv du dv  uv dv du  u  du u du (4 1)Ê œ œ œ œ œ � œ" " "
( #

% �"# #3 3 3 2 2 4 4
v 11 11 u 11 33' '

G

' ' ' '
� � �1 4 1 1

2 7 2 2’ “ ’ “ˆ ‰ ˆ ‰# #

 7. 3x 14xy 8y  dx dy' '
R

a b# #� �

 (3x 2y)(x 4y) dx dyœ � �' '
R

 uv  du dv  uv du dv;œ œ' ' ' '
G G

¹ ¹` ß
` ß

"(x y)
(u v) 10

 We find the boundaries of G from the boundaries of R,
 shown in the accompanying figure:

 

 xy-equations for     Corresponding uv-equations    Simplified

   the boundary of R   for the boundary of G  uv-equations 

y x 1œ � �3
#

"
10 10

3

3 3
10 10

4 10 20
1

4 10 20
1

(3v u) (2u v) 1 u 2

y x 3 (3v u) (2u v) 3 u 6

y x (3v u) (2u v) v 0

y x 1 (3v u) (2u v) 1 v 4

� œ � � � œ

œ � � � œ � � � œ

œ � � œ � � œ

œ � � � œ � � � œ

#
"

" "

" "
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   uv du dv  uv dv du  u  du u du (18 2)Ê œ œ œ œ œ � œ" " "
% '

! #10 10 10 2 5 5 2 5 5
v 4 4 u 4 64' '

G

' ' ' '
2 0 2 2

6 4 6 6’ “ ’ “ˆ ‰ ˆ ‰# #

 8. 2(x y) dx dy 2v  du dv 2v du dv; the region G is sketched in Exercise 4' ' ' ' ' '
R G G

� œ � œ �¹ ¹` ß
` ß

(x y)
(u v)

  2v du dv 2v du dv 2v(3 3v 3v) dv 6v dv 3v 3Ê � œ � œ � � � œ � œ � œ �' '
G

 ' ' ' '
0 3v 0 0

1 3 3v 1 1

�

� c d# "
!

 9. x  and y uv  v  and xy u ; J(u v) v u v u ;
v uv
v u

œ œ Ê œ œ œ ß œ œ � œ
�u 2u

v x (u v) v
y (x y)# # �" �"` ß

` ß

�" �#º º
 y x  uv   v 1, and y 4x  v 2; xy 1  u 1, and xy 9  u 3; thusœ Ê œ Ê œ œ Ê œ œ Ê œ œ Ê œu

v

 xy  dx dy (v u)  dv du 2u  dv du 2uv 2u  ln v  du' '
R

Š ‹ Š ‹É È ˆ ‰ c dy
x v v

2u 2u� œ � œ � œ �' ' ' ' '
1 1 1 1 1

3 2 3 2 3
# # #

"

 2u 2u  ln 2  du u u  ln 2 8 (26)(ln 2) 8 (ln 2)œ � œ � œ � œ �'
1

3a b � ‘# # # $

"
2 2 52
3 3 3

10. (a) J(u v) u, and
0

v u
` ß
` ß

(x y)
(u v) œ ß œ œ

"º º
 the region G is sketched at the right

 

 (b) x 1  u 1, and x 2  u 2; y 1  uv 1  v , and y 2  uv 2  v ; thus,œ Ê œ œ Ê œ œ Ê œ Ê œ œ Ê œ Ê œ"
u u

2

  dy dx u dv du uv dv du u  du u  du' ' ' ' ' ' ' '
1 1 1 1 u 1 1 u 1 1

2 2 2 2 u 2 2 u 2 22 u

1 u

y
x u 2 u 2u

uv v 2œ œ œ œ �
Î Î

Î Î Î

Î

ˆ ‰ ˆ ‰’ “# # #

"

  u  du ln u  ln 2;  dy dx  dx ln x  ln 2œ œ œ œ † œ œ œ3 3 3 1 3 dx 3 3
u x x 2 x

y y
# # # # # #

" # #
" "

' ' ' ' '
1 1 1 1 1

2 2 2 2 22

1

ˆ ‰ c d c d’ “#

2

11. x ar cos  and y ar sin   J(r ) abr cos abr sin abr;
a cos ar sin 
b sin   br cos 

œ œ Ê œ ß œ œ � œ
�

) ) ) ) )
) )

) )
` ß
` ß

# #(x y)
(r )) º º

 I x y  dA r a  cos b  sin  J(r )  dr d abr a  cos b  sin  dr d!
# # # # # # # $ # # # #œ � œ � ß œ �' '

R
a b a b k k a b' ' ' '

0 0 0 0

2 1 2 11 1

) ) ) ) ) ) )

  a  cos b  sin  dœ � œ � � � œab ab a a  sin 2 b b  sin 2
4 4 2 4 2 4 4

ab a b'
0

2 21 1a b ’ “# # # #

!

�
) ) )

# # # # # #
) ) ) ) 1 a b

12. J(u v) ab; A dy dx ab du dv   ab dv du
a 0
0 b

` ß
` ß

(x y)
(u v) œ ß œ œ œ œ œº º ' ' ' '

R G

' '
� � �

�

1 1 u

1 1 u

È

È

#

#

 2ab 1 u  du 2ab 1 u  sin u ab sin 1 sin ( 1) ab abœ � œ � � œ � � œ � � œ'
�1

1 È È’ “ c d � ‘ˆ ‰# # "
# # #

�" �" �"
"

�"

u
2

1 1 1
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13. The region of integration R in the xy-plane is
 sketched in the figure at the right.  The
 boundaries of the image G are obtained as
 follows, with G sketched at the right:

 

 xy-equations for     Corresponding uv-equations    Simplified

   the boundary of R   for the boundary of G  uv-equations 

x y (u 2œ �"
3 v) (u v) v 0

x 2 2y (u 2v) 2 (u v) u 2

y 0 0 (u v) v u

œ � œ

œ � � œ � � œ

œ œ � œ

1
3

3 3
2

1
3

"

 Also, from Exercise 2, J(u v)   (x 2y) e  dx dy ue   dv du` ß
` ß

" "(x y)
(u v) 3 3œ ß œ � Ê � œ �' ' ' '

0 y 0 0

2 3 2 2y 2 u
y x v

Î �
Ð � Ñ � ¸ ¸

  u e  du  u 1 e  du u u e e 2 2 e 2 e 1œ � œ � œ � � � œ � � � �" " " "
#

#

!3 3 3 3
u' '

0 0

2 2
v u u u 2 2uc d a b a b c d’ “ a b� � � � � �

!

#

 3e 1 0.4687œ � ¸"
3 a b�2

14. x u  and y v  2x y (2u v) v 2u andœ � œ Ê � œ � � œv
#

 J(u v) 1; next, u x
0

` ß
` ß #

"
#(x y)

(u v)
vœ ß œ œ œ �

"

"
º º

 x  and v y, so the boundaries of the region ofœ � œy
#

 integration R in the xy-plane are transformed to the
 boundaries of G:  

 xy-equations for     Corresponding uv-equations    Simplified

   the boundary of R   for the boundary of G  uv-equations 

x uœ � œy v
# #

v

y v v

#

# # #

u 0

x 2 u 2 u 2

y 0 v 0 v 0

y 2 v 2 v 2

œ

œ � � œ � œ

œ œ œ

œ œ œ

 y (2x y) e  dx dy v (2u) e  du dv v e  dv  v e 1  dvÊ � œ œ œ �' ' ' ' ' '
0 y 2 0 0 0 0

2 y 2 2 2 2 2 2
16

Î

Ð Î Ñ�
$ Ð � Ñ $ $ $" "

#

!

2x y 4u 4u
4 4

# # #’ “ a b
 e 1 e 1œ � œ �"

#

!4 4
va b ’ “16 16%

15. x  and y uv  v  and xy u ; J(u v) v u v u ;
v uv
v u

œ œ Ê œ œ œ ß œ œ � œ
�u 2u

v x (u v) v
y (x y)# # �" �"` ß

` ß

�" �#º º
 y x  uv   v 1, and y 4x  v 2; xy 1  u 1, and xy 4  u 2; thusœ Ê œ Ê œ œ Ê œ œ Ê œ œ Ê œu

v

 x y  dx dy x y  dx dy u v  du dv 2u v  du dv' ' ' ' ' ' ' '
1 1 y 2 y 4

2 y 4 4 y

1 1 1 1

2 2 2 2

Î Î

Îa b a b Š ‹ Š ‹ˆ ‰2 2 2 2 2 2 3u 2u 2u
v v v� � � œ � œ �

2 3

2 3
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 u v  dv  dvœ � œ � œ � � œ' '
1 1

2 2’ “ ’ “ˆ ‰u 1 15 15v 15 15v 225
2v 2 2v 2 4v 4 16

4
24 2

3 3 2

#

" "

16. x u v  and y 2uv; J(u v) 4u 4v 4 u v ;
2u 2v
2v 2u

œ � œ œ ß œ œ � œ �
�2 2 2 2 2 2(x y)

(u v)
` ß
` ß º º a b

 y 2 1 x y 4 1 x   2uv 4 1 u v u 1; y 0 2uv 0 u 0 or v 0;œ � Ê œ � Ê œ � � Ê œ „ œ Ê œ Ê œ œÈ a b a b a ba b2 2 22

 x 0 u v 0 u v or u v; This gives us four triangular regions, but only the one in the quadrant whereœ Ê � œ Ê œ œ �2 2

 both u, v are positive maps into the region R in the xy-plane.

 x y  dx dy u v 2uv 4 u v  dv du 4 u v  dv du' ' ' ' ' '
0

1

0 0 0 0

1 u 1 u

0

2 1 x
2 2 2 2 2 2 2 2 2 2 2

È � È Éa b a b a b a b� œ � � † � œ �

 4 u v u v v  du u  du uœ � � œ œ œ' '
1 1

2 2

0
� ‘ � ‘4 2 3 5 5 62 1 112 112 1 56

3 5 15 15 6 45
u 2

"

17. (a) x u cos v and y u sin v  u cos v u sin v u
cos v u sin v
sin v   u cos v

œ œ Ê œ œ � œ
�` ß

` ß
# #(x y)

(u v) º º
 (b) x u sin v and y u cos v  u sin v u cos v u

sin v   u cos v
cos v u sin v

œ œ Ê œ œ � � œ �
�

` ß
` ß

# #(x y)
(u v) º º

18. (a) x u cos v, y u sin v, z w  u cos v u sin v u
cos v u sin v 0
sin v   u cos v 0

0 0
œ œ œ Ê œ œ � œ

�

"

` ß ß
` ß ß

# #(x y z)
(u v w)

â ââ ââ ââ ââ ââ â
 (b) x 2u 1, y 3v 4, z (w 4)  (2)(3) 3

2 0 0
0 3 0
0 0

œ � œ � œ � Ê œ œ œ" "
# ` ß ß #

` ß ß

"
#

(x y z)
(u v w)

â ââ ââ ââ ââ ââ â ˆ ‰

19. 
sin  cos  cos  cos  sin  sin 
sin  sin  cos  sin  sin  cos 

cos  sin 0

â ââ ââ ââ ââ ââ â
9 ) 3 9 ) 3 9 )

9 ) 3 9 ) 3 9 )

9 3 9

�

�

 (cos ) (  sin ) 
 cos  cos  sin  sin sin  cos  sin  sin 
 cos  sin  sin  cos sin  sin  sin  cos 

œ �
� �

9 3 9
3 9 ) 3 9 ) 9 ) 3 9 )

3 9 ) 3 9 ) 9 ) 3 9 )º º º º
  cos sin  cos  cos sin  cos  sin  sin sin  cos sin  sinœ � � �a b a b a b a b3 9 9 9 ) 9 9 ) 3 9 9 ) 9 )# # # # # # # #

  sin  cos  sin  sin cos sin  sin œ � œ � œ3 9 9 3 9 3 9 9 9 3 9# # # $ # # # #a b a b
20. Let u g x   J x g x  f u  du f g x g x  dx in accordance with Theorem 7  inœ Ê œ œ Ê œa b a b a b a b a b a ba bdu

dx
w w' '

a g a

b g b

a b

a b

 Section 5.6.  Note that g x  represents the Jacobian of the transformation u g x  or x g u .w �"a b a b a bœ œ

21.  dx dy dz  dy dz (y 1)  dy dz' ' ' ' ' ' '
0 0 y 2 0 0 0 0

3 4 1 y 2 3 4 3 4y 2

y 2Î

�Ð Î Ñ Î Ñ

Î

ˆ ‰ � ‘’ “2x y xy yz x xz z
3 2 3 3

�
# # # #

"�Ð
"� œ � � œ � � �

#

 

  dz  dz 2  dz 2z 12œ � � œ � � œ � œ � œ' ' '
0 0 0

3 3 3’ “ ’ “ˆ ‰ ˆ ‰(y 1) y yz
4 4 3 4 3 4 3 3

9 4z 4z 2z�
% $

! !

"# # #

22. J(u v w) abc; the transformation takes the ellipsoid region 1 in xyz-space
a 0 0
0 b 0
0 0 c

ß ß œ œ � � Ÿ

â ââ ââ ââ ââ ââ â
x z
a b c

y# #

# # #

#

 into the spherical region u v w 1 in uvw-space which has volume V# # #� � Ÿ œˆ ‰4
3 1

  V  dx dy dz abc du dv dwÊ œ œ œ' ' ' ' ' '
R G

4 abc
3
1
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23. J(u v w) abc; for R and G as in Exercise 22,  xyz  dx dy dz
a 0 0
0 b 0
0 0 c

ß ß œ œ

â ââ ââ ââ ââ ââ â k k' ' '
R

 a b c uvw dw dv du 8a b c  (  sin  cos )(  sin  sin )(  cos )  sin  d d dœ œ' ' '
G

# # # # # # #' ' '
0 0 0

2 2 11 1Î Î

3 9 ) 3 9 ) 3 9 3 9 3 9 )a b
   sin  cos  sin  cos  d d  sin  cos  dœ œ œ4a b c a b c a b c

3 3 6

# # # # # # # # #' ' '
0 0 0

2 2 21 1 1Î Î Î

) ) 9 9 9 ) ) ) )$

24. u x, v xy, and w 3z  x u, y , and z w  J(u v w) ;

1 0 0
0

0 0
œ œ œ Ê œ œ œ Ê ß ß œ œ�v

u 3 3u
v
u u

3

" ""

"

â ââ ââ ââ ââ ââ â#

 x y 3xyz  dx dy dz u 3u  J(u v w)  du dv dw   v  du dv dw' ' ' ' ' '
D G

a b k k� ‘ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰# # "� œ � ß ß œ �v v w vw
u u 3 3 u

' ' '
0 0 1

3 2 2

  (v vw ln 2) dv dw  (1 w ln 2)  dw  (1 w ln 2) dw w  ln 2œ � œ � œ � œ �" "
# $

! !3 3 2 3 3 2
v 2 2 w' ' ' '

0 0 0 0

3 2 3 3’ “ ’ “# #

 3  ln 2 2 3 ln 2 2 ln 8œ � œ � œ �2 9
3
ˆ ‰

#

25. The first moment about the xy-coordinate plane for the semi-ellipsoid, 1 using thex z
a b c

y# #

# # #

#

� � œ

 transformation in Exercise 23 is, M z dz dy dx cw J(u v w)  du dv dwxy œ œ ß ß' ' ' ' ' '
D G

k k
 abc  w du dv dw abc M  of the hemisphere x y z 1, z 0 ;œ œ � � œ   œ# # # # #' ' '

G
a b a b† xy

abc
4

#1

 the mass of the semi-ellipsoid is   z c2abc abc 3 3
3 4 2abc 8
1 1

1
Ê œ œŠ ‹ ˆ ‰#

26. A solid of revolution is symmetric about the axis of revolution, therefore, the height of the solid is solely a function of r.
 That is, y f x f r . Using cylindrical coordinates with x r cos , y y and z r sin , we haveœ œ œ œ œa b a b ) )

 V r dy d dr  r dy d dr  d dr  r f r  d dr  drr y r f rœ œ œ œ œ' ' '
G

) ) ) ) )' ' ' ' ' ' ' '
a 0 0 a 0 a 0 a

b 2 b 2 b 2 b
2

1 1 1

1

f r

0 0
f ra b a bc d a b c da b

 rf r dr. In the last integral, r is a dummy or stand-in variable and as such it can be replaced by any variable name.'
a

b

21 a b
 Choosing x instead of r we have V xf x dx, which is the same result obtained using the shell method.œ '

a

b

21 a b
CHAPTER 15 PRACTICE EXERCISES

 1. ye  dx dy e  dy' ' '
1 0 1

10 1 y 10
y

Î
Î

!
xy xyœ c d "

 (e 1) dy 9e 9œ � œ �'
1

10

 

 2. e  dy dx x e  dx' ' '
0 0 0

1 x 1 x
$

$

y x y xÎ Îœ � ‘
!

 xe x  dx eœ � œ � œ'
0

1Š ‹ ’ “x x
2

x e 2# # #" �
# #

"

!
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 3. t ds dt ts  dt' ' '
0 9 4t 0

3 2 9 4t 3 2 9 4t

9 4t

Î � Î

� �

�

� �È

È È

È#

#
#

#
  œ c d

 2t 9 4t  dt 9 4tœ � œ � �'
0

3 2Î È ’ “a b# " # $Î# $Î#

!6

 0 9œ � � œ œ" $Î# $Î#
#6 6

27 9ˆ ‰
 

 4. xy dx dy y   dy' ' '
0 y 0

1 2 y 1 2 y

yÈ

È È

È

�
�

œ ’ “x
2

#

  y 4 4 y y y  dyœ � � �"
#
'

0

1 ˆ ‰È
 2y 2y  dy yœ � œ � œ'

0

1ˆ ‰ ’ “$Î# #
"

!

"4y
5 5

&Î#

 

 5.  dy dx x 2x  dx' ' '
� � �

�

2 2x 4 2

0 4 x 0#

œ � �a b#

 x 4œ � � œ � � œ’ “ ˆ ‰x 8 4
3 3 3

$ #
!

�#

  dx dy dy' ' '
0 4 y 0

4 y 4)/2 4
y 4

2
� �

�

�

È

(
œ ˆ ‰� �È4 y

 4 8 42y 4 yœ œ � � †� � �’ “a by 3/2
2 3

2 3/2
4

0

2
3

2

 4œ � � œ16 4
3 3

 

 6. x dx dy x  dy' ' '
0 y 0

1 y 1 y

y

È È
 È � ‘œ 2

3
$Î#

 y y  dy y yœ � œ �2 2 4 2
3 3 7 5
'

0

1ˆ ‰ � ‘$Î% $Î# (Î% &Î# "

!

 œ � œ2 4 2 4
3 7 5 35
ˆ ‰

 x dy dx x x x  dx x x  dx' ' ' '
0 x 0 0

1 x 1 1

2
 È a b ˆ ‰œ � œ �1/2 2 3/2 5/2

 x xœ � œ � œ� ‘2 2 2 2 4
5 7 5 7 35

5/2 7/2
0

1  

 7. y dy dx dx' ' '
� �

Ð Î Ñ � Î Ñ �

!3 0 3

3 1 2 9 x 3 1 2 9 xÈ È# #

œ ’ “y
2

#
Ð

 

 9 x  dxœ � œ �'
�3

3
" #

$

�$8 8 24
9x xa b ’ “$

 œ � � � � œ œˆ ‰ ˆ ‰27 27 27 27 27 9
8 24 8 24 6 #

 y dx dy 2y dy' ' '
0 9 4y 0

3 2 9 4y 3 2Î � Î

�
#

�È

È

#

#

œ È9 4y  �

 9œ � † œ † œ œ" "
#4 3 6 6

2 27 93/2

0

3/2
3/2a b º9 4y�

#

 

 8. 2x dy dx 2xy  dx' ' '
0 0 0

2 4 x 2
4 x
0

�
�

2
2

œ c d
 2x 4  dx 8x 2  dxœ � œ �' '

0 0

2 2
2 3a b a ba bx x

 4 16 8œ � œ � œ’ “x2
2

x 16
2 2

4

!

 2x dx dy x  dy' ' '
0 0 0

4 4 y 4 4 y

0

È È�

�

œ c d2

 4 y  dy 16 84yœ � œ œ � œ�'
0

4a b ’ “y
2 0

4
16
2

2
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 9. 4 cos x  dx dy  4 cos x  dy dx 2x cos x  dx sin x sin 4' ' ' ' '
0 2y 0 0 0

1 2 2 x/2 2a b a b a b c da b# # # # #
!œ œ œ œ

10. e  dx dy e  dy dx 2xe  dx e e 1' ' ' ' '
0 y 2 0 0 0

2 1 1 2x 1
x x x x

Î
 

# # # #

œ œ œ œ �c d "!
11.   dy dx  dx dy   dy' ' ' ' '

0 x 0 0 0

8 2 2 y 2

$

$

È
" " "
� � �y 1 y 1 y 14 4

4y ln 17
% % %

$

œ œ œ

12.  dx dy  dy dx 2 x sin x  dx cos x ( 1) ( 1) 2' ' ' ' '
0 y 0 0 0

1 1 1 x 1

$

$

È
 
2  sin x 2  sin x

x x
1 1 1 1a b a b# #

# #œ œ œ � œ � � � � œ1 1 1a b c da b# # "
!

13. A dy dx x 2x  dx  14. A  dx dy y 2 y  dyœ œ � � œ œ œ � � œ' ' ' ' ' '
� � � �

�

2 2x 4 2 1 2 y 1

0 4 x 0 4 y 4# a b ˆ ‰È# 4 37
3 6

È

15. V x y  dy dx x y  dx 2x  dxœ � œ � œ � � œ � �' ' ' '
0 x 0 0

1 2 x 1 12 x

x

�
�

 a b ’ “ ’ “ ’ “# # # # � �
"

!

y (2 x) (2 x)
3 3 3 3 12 12

7x 2x 7x$ $ %$ $ %

 œ � � � œˆ ‰2 7 2 4
3 12 12 12 3

" %

16. V x  dy dx x y  dx 6x x x  dxœ œ œ � � œ' ' ' '
� � �

�

�

3 x 3 3

2 6 x 2 26 x

x

#
#

# # # % $c d a b 125
4

17. average value  xy dy dx  dx  dxœ œ œ œ' ' ' '
0 0 0 0

1 1 1 1’ “xy
2 2 4

x#
"

!

"

18. average value xy dy dx   dx  x x  dxœ œ œ � œ" "$
#ˆ ‰1

4

' ' ' '
0 0 0 0

1 1 x 1 11 xÈ È
�

�

!

# #

 4 2xy
21 1 1

’ “ a b#

19.  dy dx  dr d  d  d' ' ' ' ' '
� � �

�

1 1 x 0 0 0 0

1 1 x 2 1 2 2

È

È

#

#

 2 2r
1 x y 1 r 1 ra b a b� � �

" "
� #

"

!# # # # #2 œ œ � œ œ
1 1 1

) ) ) 1� ‘

20.  ln x y 1  dx dy r ln r 1  dr d  ln u du d u ln u u  d' ' ' ' ' ' '
� � �

�

1 1 y 0 0 0 1 0

1 1 y 2 1 2 2 2

È

È

#

# a b a b c d# # # " "
# #

#
"� � œ � œ œ �

1 1 1

) ) ) 

  (2 ln 2 1) d [ln (4) 1]œ � œ �"
#
'

0

21

) 1

21. x y x y 0  r r  cos 2 0  r cos 2  so the integral is  dr da b a b# # # # % # ##

�
� � � œ Ê � œ Ê œ) ) )' '

� Î

Î

1

1 )

4 0

4 cos 2È
r

1 ra b# #

 1  d  1  dœ � � œ �' ' '
� Î � Î � Î

Î Î Î

!

"
#

1 1 1

1 1 1)

4 4 4

4 4 4cos 2’ “ ˆ ‰ ˆ ‰" " " "
� � # #2 1 r 1 cos 2  cosa b

È
# # d  ) œ

) )
) )

  1  dœ � œ � œ" " �
# # #
'
� Î

Î Î

� Î1

1
1

14

4 4

4
Š ‹ � ‘sec tan 2

2 4

# ) ) 1) )

22. (a)   dx dy  dr d  d' '
R

 " "
� � � � !a b a b a b1 x y 1 r

r
2 1 r# # ## # #œ œ �' ' '

0 0 0

3 sec 3 sec 1 ) 1 )Î Î

) )’ “
  d   d ;    

u tan 
du sec  d

œ � œ Ä
œ

œ
' ' '

0 0 0

3 3 31 1Î Î’ “ ” •" " " "
# # � # � # �#a b1 sec 1 sec 2 u

sec du
# # #

#

) )
)) )

)

) )

È

   tan   tan  œ œ" "
# #

�" �"
$

!
’ “ ÉÈ È

È È
2 2

u 32
4

 (b)   dx dy   dr d  lim     d' '
R b

" "
� � � �a b a b a b1 x y 1 r

r
2 1 r 0

b

# # ## # #œ œ �' ' '
0 0 0

2 21 1Î _ Î

) )
Ä _

’ “
  lim   d  dœ � œ œ' '

0 0

2 21 1Î Î

b Ä _
’ “" " "
# # � #a b1 b 4# ) ) 1
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23.  cos (x y z) dx dy dz [sin (z y ) sin (z y)] dy dz' ' ' ' '
0 0 0 0 0

1 1 1 1 1

� � œ � � � �1

 [ cos (z 2 ) cos (z ) cos z cos (z )] dz 0œ � � � � � � � œ'
0

1

1 1 1

24.  e  dz dy dx e  dy dx e  dx 1' ' ' ' ' '
ln 6 0 ln 4 ln 6 0 ln 6

ln 7 ln 2 ln 5 ln 7 ln 2 ln 7
Ð � � Ñ Ð � Ñx y z x y xœ œ œ

25. (2x y z) dz dy dx  dy dx  dx' ' ' ' ' '
0 0 0 0 0 0

1 x x y 1 x 1# #
�

� � œ � œ � œŠ ‹ Š ‹3x 3x x 83y
35

# % '#

# # # #

26.  dy dz dx  dz dx ln x dx x ln x x 1' ' ' ' ' '
1 1 0 1 1 1

e x z e x e
e
1

2y
z z$ œ œ œ � œ" c d

27. V 2 dz dx dy 2 2x dx dy 2 cos y dy 2œ œ � œ œ � œ' ' ' ' ' '
0 cos y 0 0 cos y 0

2 0 2x 2 0 2 21 1 1 1Î � Î Î

� �

Î

!
  #

#’ “y sin 2y
2 4

1

28. V 4 dz dy dx 4 4 x  dy dx 4 4 x  dxœ œ � œ �' ' ' ' ' '
0 0 0 0 0 0

2 4 x 4 x 2 4 x 2È È
� � �

# ## a b a b# # $Î#

 x 4 x 6x 4 x 24 sin 24 sin 1 12œ � � � � œ œ’ “a b È# �" �"$Î# #
#

!

x
2 1

29. average    30xz x y dz dy dx  15x x y dy dx   15x x y dx dyœ � œ � œ �" " "# # #
3 3 3
' ' ' ' ' ' '

0 0 0 0 0 0 0

1 3 1 1 3 3 1È È È
  5 x y  dy  5(1 y) 5y  dy  2(1 y) 2y 2(4) 2(3) 2œ � œ � � œ � � œ � �" " " "# $Î# $Î# &Î# &Î# &Î# &Î#$Î# "

!

$

!3 3 3 3
' '

0 0

3 3’ “a b � ‘ � ‘ � ‘
 2 31 3œ �" &Î#

3
� ‘ˆ ‰

30. average    sin  d d d  sin  d d  dœ œ œ œ3 3a 3a 3a
4 a 16 8 41 1 1$

' ' ' ' ' '
0 0 0 0 0 0

2 a 2 21 1 1 1 1

3 9 3 9 ) 9 9 ) )$

31. (a) 3 dz dx dy' ' '
� � � �

� � �

È

È

È È

È È

2 2 y x y

2 2 y 4 x y

# # #

# # #

 (b) 3  sin  d d d' ' '
0 0 0

2 4 21 1Î

3 9 3 9 )#

 (c)  3 dz r dr d 3 r 4 r r  dr d 3 4 r  d' ' ' ' ' '
0 0 r 0 0 0

2 2 4 r 2 2 21 1 1
È ÈÈ

�

#

) ) )œ � � œ � � �’ “ ’ “a b a b# # #"Î# $Î#"
#

!3 3
r$

È

 2 2 4  d 8 4 2 d 2 8 4 2œ � � � œ � œ �' '
0 0

2 21 1ˆ ‰ Š ‹ Š ‹È È$Î# $Î# $Î# ) ) 1

32. (a) 21(r cos )(r sin )  dz r dr d  21r  cos  sin  dz r dr d' ' ' ' ' '
� Î � � Î �

Î Î

1 1

1 1

2 0 r 2 0 r

2 1 r 2 1 r

# #

# #

) ) ) ) ) )# $ #œ

 (b) 21r  cos  sin  dz r dr d 84 r  sin  cos  dr d 12 sin  cos  d 4' ' ' ' ' '
� Î �

Î Î Î

1

1 1 1

2 0 r 0 0 0

2 1 r 2 1 2

#

#

$ # ' # #) ) ) ) ) ) ) ) )œ œ œ

33. (a)  sin  d d d' ' '
0 0 0

2 4 sec 1 1 9Î

3 9 3 9 )#

 (b)  sin  d d d  (sec )(sec  tan ) d d   tan  d d' ' ' ' ' ' '
0 0 0 0 0 0 0

2 4 sec 2 4 2 241 1 9 1 1 1 1Î Î

!
3 9 3 9 ) 9 9 9 9 ) 9 ) )# #" " " "Î

œ œ œ œ3 3 2 6 3
� ‘1 1

34. (a) (6 4y) dz dy dx (b) (6 4r sin ) dz r dr d' ' ' ' ' '
0 0 0 0 0 0

1 1 x x y 2 1 rÈ È
� � Î# # #

� �
1

) )

 (c) (6 4  sin  sin )  sin  d d d' ' '
0 4 0

2 2 csc 1 1 9

1

Î Î

Î
� 3 9 ) 3 9 3 9 )a b#

 (d) (6 4r sin ) dz r dr d 6r 4r  sin  dr d 2r r  sin  d' ' ' ' ' '
0 0 0 0 0 0

2 1 r 2 1 21 1 1Î Î Î

� œ � œ �) ) ) ) ) )a b c d# $ $ % "
!

 (2 sin ) d 2 cos 1œ � œ � œ �'
0

21Î

) ) ) ) 1c d 1Î#!
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35. z yx dz dy dx z yx dz dy dx' ' ' ' ' '
0 1 x 1 1 0 1

1 3 x 4 x y 3 3 x 4 x y

È

È ÈÈ ÈÈ

�

� � � � � �

#

# # # # # #

# #�

36. (a) Bounded on the top and bottom by the sphere x y z 4, on the right by the right circular# # #� � œ

 cylinder (x 1) y 1, on the left by the plane y 0� � œ œ# #

 (b) dz r dr d' ' '
0 0 4 r

2 2 cos 4 r1 )Î �

� �È

È

#

#

)

37. (a) V dz r dr d r 8 r 2r  dr d 8 r r  dœ œ � � œ � � �' ' ' ' ' '
0 0 2 0 0 0

2 2 8 r 2 2 21 1 1
È
�

#

) ) )Š ‹ ’ “È a b# " # #$Î# #

!3

 (4) 4 (8)  d 2 3 2 8  d 4 2 5  dœ � � � œ � � � œ � œ' ' '
0 0 0

2 2 21 1 1� ‘ Š ‹ Š ‹È È" "$Î# $Î#
�

3 3 3 3 3
4 4 8 4 2 5

) ) )
1 Š ‹È

 (b) V   sin  d d d  2 2 sin sec  sin  d dœ œ �' ' ' ' '
0 0 2 sec 0 0

2 4 8 2 41 1 1 1

9

Î ÎÈ

3 9 3 9 ) 9 9 9 9 )# $8
3 Š ‹È

  2 2 sin tan  sec  d d  2 2 cos  tan  dœ � œ � �8 8
3 3
' ' '

0 0 0

2 4 21 1 1Î Š ‹ ’ “È È9 9 9 9 ) 9 9 )# #"
#

Î%

!

1

  2 2 2  d  dœ � � � œ œ8 8
3 3 3

5 4 2 8 4 2 5' '
0 0

2 21 1Š ‹ Š ‹È"
# #

� � �
) )

È Š ‹È1

38. I (  sin )  sin  d d d  sin  d d dz 0 0 0 0 0 0

2 3 2 2 3 2

œ œ' ' ' ' ' '1 1 1 1Î Î

3 9 3 9 3 9 ) 3 9 3 9 )# # % $a b
  sin cos  sin  d d cos  dœ � œ � � œ32 32 8

5 5 3 3
cos' ' '

0 0 0

2 3 21 1 1Î a b ’ “9 9 9 9 ) 9 )#
Î$

!

$ 9
1

1

39. With the centers of the spheres at the origin, I (  sin )   sin  d d dz 0 0 a

2 b

œ ' ' '1 1

$ 3 9 3 9 3 9 )# #a b
  sin  d d  sin cos  sin  d dœ œ �$ $a b a bb a b a

5 5

& & & &� �$ #' ' ' '
0 0 0 0

2 21 1 1 1

9 9 ) 9 9 9 9 )a b
 cos  d  dœ � � œ œ$ $ 1$9

1a b a b a bb a 4 b a 8 b a
5 3 15 15

cos& & & & & &$� � �

!

' '
0 0

2 21 1’ “9 ) )

40. I (  sin )  sin  d d d   sin  d d dz 0 0 0 0 0 0

2 1 cos 2 1 cos 

œ œ' ' ' ' ' '1 1 ) 1 1 )� �

3 9 3 9 3 9 ) 3 9 3 9 )# # % $a b
  (1 cos )  sin  d d (1 cos ) (1 cos ) sin  d d ;œ � œ � �" & $ '

5
' ' ' '

0 0 0 0

2 21 1 1 1

9 9 9 ) 9 9 9 9 )

    u (2 u) du d   d  2  d
u 1 cos 
du sin  d” • ’ “ ˆ ‰œ �

œ
Ä � œ � œ �

9

9 9
) ) )" " " " "' )

#

!5 5 7 8 5 7 8
2u u' ' ' '

0 0 0 0

2 2 2 21 1 1
( )

  d  dœ œ œ"
5 56 35 35

2 2 32 64' '
0 0

2 21 1
$ &
† ) ) 1

41. M dy dx 2  dx 2 ln 4; M x dy dx x 2  dx 1;œ œ � œ � œ œ � œ' ' ' ' ' '
1 2 x 1 1 2 x 1

2 2 2 2 2 2

y
Î Î

ˆ ‰ ˆ ‰2 2
x x 

 M  y dy dx 2  dx 1  x yx 1 2 x 1

2 2 2

œ œ � œ Ê œ œ' ' '
Î

ˆ ‰2
x ln 4#

"
#�

42. M dx dy 4y y  dy ; M y dx dy 4y y  dy ;œ œ � œ œ œ � œ � œ' ' ' ' ' '
0 2y 0 0 2y 0

4 2y y 4 4 2y y 4

x
� �

� �

# #a b a b ’ “# # $
%

!

32 64
3 3 4 3

4y y$ %

 M x dx dy 2y  dy   x  and y 2y 0 2y 0

4 2y y 4

œ œ � œ � œ � Ê œ œ � œ œ' ' '
�

�

# ’ “ ’ “a b2y y y y
10 2 5 M 5 M

128 12M M�
#

#
%

!

# # & %
y x

43. I x y (3) dy dx 3 4x  dx 104o 0 2x 0

2 4 2

œ � œ � � œ' ' 'a b Š ‹# # # 64 14x
3 3

$

44. (a) I x y  dy dx 2x  dxo
2 40
3 3œ � œ � œ' ' '

� � �2 1 2

2 1 2a b ˆ ‰# # #

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



932 Chapter 15 Multiple Integrals

 (b) I  y  dy dx   dx ; I  x  dx dy   dy    I I Ix y o x y
2b 4ab 2a 4a b
3 3 3 3œ œ œ œ œ œ Ê œ �' ' ' ' ' '

� � � � � �a b a b a b

a b a b a b
# #$ $ $ $

 œ � œ4ab 4a b
3 3 3

4ab b a$ $ # #a b�

45. M  dy dx   dx 3 ; I  y  dy dx  x  dx 2œ œ œ œ œ œ œ$ $ $ $ $' ' ' ' ' '
0 0 0 0 0 0

3 2x 3 3 3 2x 3 3Î Î
2x 8 8 3
3 81 81 4x

# $$ $ˆ ‰ Š ‹%

46. M (x 1) dy dx x x  dx ; M y(x 1) dy dx  x x x x  dx ;œ � œ � œ œ � œ � � � œ' ' ' ' ' '
0 x 0 0 x 0

1 x 1 1 x 1

# #
a b a b$ $ & # %" " "

#4 120x
3

 M x(x 1) dy dx x x  dx   x  and y ; I  y (x 1) dy dxy x
2 8 13

15 15 30œ � œ � œ Ê œ œ œ �' ' ' ' '
0 x 0 0 x

1 x 1 1 x

# #
a b# % #

  x x x x  dx   R ; I  x (x 1) dy dx x x  dxœ � � � œ Ê œ œ œ � œ � œ" % ( $ ' # $ &
3 280 M 70 12

17 17 1
x y

I' ' ' '
0 0 x 0

1 1 x 1a b a bÉ Éx
#

47. M  x y  dy dx 2x  dx 4; M  y x y  dy dx 0 dx 0;œ � � œ � œ œ � � œ œ' ' ' ' ' '
� � � � � �1 1 1 1 1 1

1 1 1 1 1 1ˆ ‰ ˆ ‰ ˆ ‰# # # # #" "
3 3 3

4
x

 M  x x y  dy dx 2x x  dx 0y 3 3
4œ � � œ � œ' ' '

� � �1 1 1

1 1 1ˆ ‰ ˆ ‰# # $"

48. Place the ABC with its vertices at A(0 0), B(b 0) and C(a h).  The line through the points A and C is? ß ß ß

 y x; the line through the points C and B is y (x b).  Thus, M  dx dyœ œ � œh h
a a b�

' '
0 ay h

h a b y h b

Î

Ð � Ñ Î �

$

 b  1  dy ; I y  dx dy b  y  dyœ � œ œ œ � œ$ $ $' ' ' '
0 0 ay h 0

h h a b y h b h

xˆ ‰ Š ‹y y
h h 1

bh bh$ $
# #

# #
Î

Ð � Ñ Î � $ $

49. M r dr d  d 3 ; M r  cos  dr d 9 cos  d 9 3  x ,œ œ œ œ œ œ Ê œ' ' ' ' ' '
� Î � Î � Î � Î

Î Î Î Î

1 1 1 1

1 1 1 1

3 0 3 3 0 3

3 3 3 3 3 3

y) ) 1 ) ) ) )9 3 3
#

# È È
1

 and y 0 by symmetryœ

50. M r dr d 4 d 2 ; M  r  cos  dr d  cos  d   x , andœ œ œ œ œ œ Ê œ' ' ' ' ' '
0 1 0 0 1 0

2 3 2 2 3 2

y

1 1 1 1Î Î Î Î

) ) 1 ) ) ) )# 26 26 13
3 3 31

 y  by symmetryœ 13
31

51. (a) M 2 r dr d  œ ' '
0 1

2 1 cos 1 )Î �

)

 2 cos  d ;œ � œ'
0

21Î ˆ ‰) )1 cos 2 8
4

� �
#

) 1

 M  (r cos ) r dr dy 2 1

2 1 cos 

œ ' '
� Î

Î �

1

1 )

 ) )

 cos cos  dœ � �'
� Î

Î

1

1

2

2 Š ‹# $) ) )cos
3

% )

   x , andœ Ê œ32 15 15 32
24 6 48
� �

�
1 1

1

 y 0 by symmetryœ

 (b) 

52. (a) M  r dr d   d a ; M  (r cos ) r dr d  dœ œ œ œ œ œ' ' ' ' ' '
� � � �! ! ! !

! ! ! !

0 0

a a

y) ) ! ) ) )a a  cos 2a  sin 
3 3

# $ $

#
# ) !

  x , and y 0 by symmetry;  lim   x  lim   0Ê œ œ œ œ2a sin 2a sin 
3 3

! !
! !! 1 ! 1Ä Ä

� �

 (b) x  and y 0œ œ2a
51
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53. x u y and y v  x u v and y vœ � œ Ê œ � œ

  J(u v) 1; the boundary of the
0

Ê ß œ œ
" "

"º º
 image G is obtained from the boundary of R as
 follows:

 

 xy-equations for     Corresponding uv-equations    Simplified

   the boundary of R   for the boundary of G  uv-equations 

y x v u v uœ œ � œ

œ œ œ

0

y 0 v 0 v 0

  e f(x y y) dy dx  e f(u v) du dvÊ � ß œ ß' ' ' '
0 0 0 0

x_ _ _

� � Ð � Ñsx s u v

54. If s x y and t x y where ( ) ac b , then x , y ,œ � œ � � œ � œ œ! " # $ !$ "# # # �
� �

� �$ "
!$ "# !$ "#

# !s t s t

 and J(s t)    e   ds dtß œ œ Ê
�

�
" " "
� �

� �

�( )
s t

ac b!$ "# !$ "##

# #

#º º$ "

# !
' '
�_ �_

_ _ a b È

  re  dr d  d .  Therefore, 1  ac b .œ œ œ œ Ê � œ" "

� # � � �

� # #È È È Èac b ac b ac b ac b
r

# # # #

#' ' '
0 0 0

2 21 1_

) ) 11 1

CHAPTER 15 ADDITIONAL AND ADVANCED EXERCISES

 1. (a) V x  dy dx (b) V dz dy dxœ œ' ' ' ' '
� �

� �

3 x 3 x 0

2 6 x 2 6 x x# # #

#

 (c) V  x  dy dx 6x x x  dx 2xœ œ � � œ � � œ' ' ' '
� �

� �

3 x 3 x

2 6 x 2 6 x# #

# # % $ $
#

�$
a b ’ “x x 125

5 4 4

& %

 2. Place the sphere's center at the origin with the surface of the water at z 3.  Thenœ �

 9 25 x y   x y 16 is the projection of the volume of water onto the xy-planeœ � � Ê � œ# # # #

  V dz r dr d r 25 r 3r  dr d 25 r r  dÊ œ œ � � œ � � �' ' ' ' ' '
0 0 25 r 0 0 0

2 4 3 2 4 21 1 1

� �

�

È #
) ) )Š ‹ ’ “È a b# " # #$Î#

#

%

!3
3

 (9) 24 (25)  d  dœ � � � œ œ' '
0 0

2 21 1� ‘" "$Î# $Î#
3 3 3 3

26 52) ) 1

 3. Using cylindrical coordinates, V dz r dr d 2r r  cos r  sin  dr dœ œ � �' ' ' ' '
0 0 0 0 0

2 1 2 r cos sin 2 11 ) ) 1� Ð � Ñ

) ) ) )a b# #

 1  cos  sin  d  sin  cos 2œ � � œ � � œ'
0

21ˆ ‰ � ‘" " " " #

!3 3 3 3) ) ) ) ) ) 1
1

 4. V 4 dz r dr d 4 r 2 r r  dr d 4 2 r  dœ œ � � œ � � �' ' ' ' ' '
0 0 r 0 0 0

2 1 2 r 2 1 21 1 1Î � Î Î

#

#È

) ) )Š ‹ ’ “È a b# $ #" $Î# "

!3 4
r%

 4  d dœ � � � œ œ' '
0 0

2 21 1Î ÎŠ ‹ Š ‹" " � �

3 4 3 3 6
2 2 8 2 7 8 2 7È È Š ‹È

) )
1
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 5. The surfaces intersect when 3 x y 2x 2y   x y 1.  Thus the volume is� � œ � Ê � œ# # # # # #

 V 4 dz dy dx 4  dz r dr d 4 3r 3r  dr d 3 dœ œ œ � œ œ' ' ' ' ' ' ' ' '
0 0 2x 2y 0 0 2r 0 0 0

1 1 x 3 x y 2 1 3 r 2 1 2È
� � � Î � Î Î

�

#

# # #

# # #

 
1 1 1

) ) )a b$ #
31

 6. V 8  sin  d d d  sin  d dœ œ' ' ' ' '
0 0 0 0 0

2 2 2 sin 2 21 1 9 1 1Î Î Î Î

3 9 3 9 ) 9 9 )# %64
3

   sin   d  d 16  d 4  d 2œ � � œ � œ œ64 3
3 4 4 2 4

sin  cos sin 2' ' ' '
0 0 0 0

2 2 2 21 1 1 1Î Î Î Î” •¹ � ‘$ 9 9 9 9
1 1Î#

!

# #Î#

!
9 9 ) ) 1 ) 1

 7. (a) The radius of the hole is 1, and the
 radius of the sphere is 2.

 

 (b) V 2  r dr dz d 3 z  dz d 2 3 d 4 3œ œ � œ œ' ' ' ' ' '
0 0 1 0 0 0

2 3 4 z 2 3 21 1 1
È ÈÈ

�

#

) ) ) 1a b È È#

 8. V  dz r dr d r 9 r  dr d 9 r  dœ œ � œ � �' ' ' ' ' '
0 0 0 0 0 0

3 sin 9 r 3 sin 3 sin 1 ) 1 ) 1 )È
�

!

#

) ) )È ’ “a b# " # $Î#

3

 9 9 sin (9)  d 9 1 1 sin  d 9 1 cos  dœ � � � œ � � œ �' ' '
0 0 0

1 1 1’ “ ’ “a b a b a b" "# $Î# # $$Î# $Î#

3 3) ) ) ) ) )

 1 cos sin  cos  d 9 sin 9œ � � œ � � œ'
0

1a b ’ “) ) ) ) ) ) 1#

!

sin
3

$ )
1

 9. The surfaces intersect when x y   x y 1.  Thus the volume in cylindrical coordinates is# # # #� �
#� œ Ê � œx y 1# #

 V 4 dz r dr d 4  dr d 4  d dœ œ � œ � œ œ' ' ' ' ' ' '
0 0 r 0 0 0 0

2 1 r 1 2 2 1 2 21 1 1 1Î � Î Î Î Î

#

#ˆ ‰

) ) ) )Š ‹ ’ “r r r r
4 8 4# # #

"

!

"$ # % 1

10. V dz r dr d r  sin  cos  dr d  sin  cos  dœ œ œ' ' ' ' ' '
0 1 0 0 1 0

2 2 r  sin  cos 2 2 21 ) ) 1 1Î Î Î#

) ) ) ) ) ) )$
#

"
’ “r

4

%

  sin  cos  dœ œ œ15 15 sin 15
4 4 2 8
'

0

21Î

) ) ) ’ “# )
1Î#

!

11.  dx e  dy dx e  dx dy  lim   e  dx  dy' ' ' ' ' ' '
0 0 a a 0 a 0

b b b t_ _ _

e e
x

xy xy xy� �ax bx� � � �œ œ œ Š ‹
t Ä _

  lim    dy  lim    dy  dy ln y lnœ � œ � œ œ œ' ' '
a a a

b b bt
b
at tÄ _ Ä _

’ “ Š ‹ c d ˆ ‰e e b
y y y y a

� �xy yt

!

" "

12. (a) The region of integration is sketched at the right

 ln x y  dx dyÊ �' '
0 y cot 

a sin a y"

"

È # #
� a b# #

 r ln r  dr d ;œ ' '
0 0

a" a b# )

    ln u du d
u r

du 2r dr” •œ
œ

Ä
#

"
#
' '

0 0

a" #

)

  [u ln u u]  dœ �"
#
'

0

a
"

#

!
)

 

  2a  ln a a  lim   t ln t  d  (2 ln a 1) d a ln aœ � � œ � œ �" "
# # #

# # #' '
0 0

" "’ “ ˆ ‰
t 0Ä

) ) "a#

 (b) ln x y  dy dx ln x y  dy dx' ' ' '
0 0 a cos 0

a cos (tan )x a a x" "

"
a b a b# # # #� � �

È # #
�
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13. e f(t) dt du e f(t) du dt (x t)e f(t) dt; also' ' ' ' '
0 0 0 t 0

x u x x x
m x t m x t m x tÐ � Ñ Ð � Ñ Ð � Ñœ œ �

 e f(t) dt du dv e f(t) du dv dt (v t)e f(t) dv dt' ' ' ' ' ' ' '
0 0 0 0 t t 0 t

x v u x x v x x
m x t m x t m x tÐ � Ñ Ð � Ñ Ð � Ñœ œ �

 (v t) e f(t)  dt  e f(t) dtœ � œ' '
0 0

x xx

t
� ‘" # Ð � Ñ Ð � Ñ�

#2
m x t m x t(x t)#

14. f(x) g(x y)f(y) dy  dx  g(x y)f(x)f(y) dy dx' ' ' '
0 0 0 0

1 x 1 xŠ ‹� œ �

 g(x y)f(x)f(y) dx dy f(y) g(x y)f(x) dx  dy;œ � œ �' ' ' '
0 y 0 y

1 1 1 1Œ �
  g x y f(x)f(y) dx dy  g(x y)f(x)f(y) dy dx g(y x)f(x)f(y) dy dx' ' ' ' ' '

0 0 0 0 0 x

1 1 1 x 1 1a bk k� œ � � �

 g(x y)f(x)f(y) dx dy g(y x)f(x)f(y) dy dxœ � � �' ' ' '
0 y 0 x

1 1 1 1

 g(x y)f(x)f(y) dx dy g(x y)f(y)f(x) dx dyœ � � �' ' ' '
0 y 0 y

1 1 1 1ðóóóóóóóóóóóóñóóóóóóóóóóóóò
 simply interchange x and y
 variable names

 2 g(x y)f(x)f(y) dx dy, and the statement now follows.œ �' '
0 y

1 1

15. I (a) x y  dy dx x y  dx  dxo 0 0 0 0

a x a a ax a a

œ � œ � œ � œ �' ' ' 'Î Î

!

# #a b ’ “ Š ‹ ’ “# # #

!

y
3 a 3a 4a 12a

x x x x$ $ $ % %

# ' # '

 a ; I (a) a a 0  a   a .  Since I (a) a 0, theœ � œ � œ Ê œ Ê œ œ œ � �a
4 1 6 3 3 3

#

%

" " " " " " " "
# # # #

�# w �$ % ww �%%
o oÉ È

 value of a does provide a  for the polar moment of inertia I (a).minimum o

16. I x y (3) dy dx 3 4x  dx 104o 0 2x 0

2 4 2

œ � œ � � œ' ' 'a b Š ‹# # # 14x 64
3 3

$

17. M r dr d  sec  dœ œ �' ' '
� �) ) )

) )

b sec 

a

 ) ) )Š ‹a b# #

# #
#

 a b  tan a  cos bœ � œ �# # # �" # �) ) ˆ ‰ Š ‹b
a b

a bÈ # #

 a  cos b a b ; I r  dr dœ � � œ# �" $# #ˆ ‰ Èb
a o b sec 

a' '
�) )

)

 )

  a b  sec  dœ �" % % %
4
'
�)

) a b) )

 a b 1 tan sec  dœ � �" % % # #
4
'
�)

) c da b a b) ) )

 a b  tan œ � �" % %

�4 3
b  tan’ “) )
% $ )

)

)

 œ � �a b  tan b  tan
6

% % % $) ) )
# #

 

 a  cos b a b b a bœ � � � �" " "
# #

% �" $ $ # ## # $Î#ˆ ‰ È a bb
a 6

18. M dx dy 1  dy y ; M x dx dyœ œ � œ � œ œ' ' ' ' '
� � Î � � � Î

� Î � Î

2 1 y 4 2 2 1 y 4

2 2 y 2 2 2 2 y 2

ya b a b

ˆ ‰ ˆ ‰

# #

# #Š ‹ ’ “y y
4 12 3

8# $
#

�#

  dy 4 y  dy  16 8y y  dy 16yœ œ � œ � � œ � �' ' '
� � �

� Î

� Î2 2 2

2 2 22 y 2

1 y 4
’ “ ’ “a b a bx 3 3 3

2 32 32 16 3 5
8y y# $ &

ˆ ‰

a b

#

#

# # %
#

!

 32   x , and y 0 by symmetryœ � � œ œ Ê œ œ œ œ3 64 32 3 32 8 48 48 3 6
16 3 5 16 15 15 M 15 8 5

Mˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰† y

19. e  dy dx e  dy dx e  dx dy' ' ' ' ' '
0 0 0 0 0 0

a b a bx a b ay b
max b x a y b x a ya b# # # # # # # #ß œ �

Î Î
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 x e  dx y e  dy e e e 1 e 1œ � œ � œ � � �' '
0 0

a b a bˆ ‰ ˆ ‰ ’ “ ’ “ Š ‹ Š ‹b a
a b 2ab 2ba ab ab

b x a y b x a y b a a b# # # # # # # # # # # #" " " "

! ! # #

 e 1œ �"
ab

a bŠ ‹# #

20.  dx dy  dy  dx F(x y) F(x y)' ' ' '
y x y y

y x y yx

x

y
y

! ! ! !

" " " ""

!

"

!

` ß ` ß ` ß ` ß
` ` ` ` ` " !
#

" !F(x y) F(x y) F(x y) F(x y)
x y y y yœ œ � œ ß � ß’ “ ’ “ c d

 F(x y ) F(x y ) F(x y ) F(x y )œ ß � ß � ß � ß" " ! " " ! ! !

21. (a) (i) Fubini's Theorem
 (ii) Treating G(y) as a constant
 (iii) Algebraic rearrangement
 (iv) The definite integral is a constant number

 (b) e  cos y dy dx e  dx cos y dy e e sin sin 0 (1)(1) 1' ' ' '
0 0 0 0

ln 2 2 ln 2 2
x x ln 2 0

1 1Î Î

œ œ � � œ œŒ �Œ � a b ˆ ‰1
#

 (c)  dx dy  dy  x dx 1 0' ' ' '
1 1 1 1

2 1 2 1

� �

x x
y y y 2# #

#

œ œ � œ � � � œŒ �Œ � ’ “ ’ “ ˆ ‰ ˆ ‰" " " " "
# "

" �" # # #

22. (a) f x y   D f u x u y; the area of the region of integration is ™ œ � Ê œ �i j u " #
"
#

  average 2 (u x u y) dy dx 2 u x(1 x) u (1 x)  dxÊ œ � œ � � �' ' '
0 0 0

1 1 x 1�

" # " #
"
#

#� ‘
 2 u u  2 u u (u u )œ � � œ � œ �’ “Š ‹ ˆ ‰ ˆ ‰" # " # " #

" " " "
#

�
"

!

x x
2 3 3 6 6 3

(1 x)# $ $

 (b) average  (u x u y) dA  x dA  y dA u u u x u yœ � œ � œ � œ �"
" # " # " #area area area M M

u u M M' ' ' ' ' '
R R R

" # Š ‹ ˆ ‰y x

23. (a) I  e  dx dy e  r dr d  lim   re  dr  d# œ œ œ' ' ' ' ' '
0 0 0 0 0 0

x y r r
2 2 b_ _ Î _ Î

� � � �ˆ ‰# # # #
1 1a b ” •) )

b Ä _

   lim   e 1  d  d   Iœ � � œ œ Ê œ" "
# # #
' '

0 0

2 2
b

1 1Î Î
�

b Ä _
a b#

) ) 1 1

4

È

 (b) t e  dt y e (2y) dy 2 e  dy 2 , where y t> 1ˆ ‰ Èa b Š ‹ È"
# #

�"Î# � # � ��"Î#
œ œ œ œ œ œ' ' '

0 0 0

_ _ _

t y y# # È1

24. Q kr (1 sin ) dr d  (1 sin ) d cos œ � œ � œ � œ' ' '
0 0 0

2 R 21 1

# #
!) ) ) ) ) )kR kR 2 kR

3 3 3

$ $ $c d 1 1

25. For a height h in the bowl the volume of water is V    dz dy dxœ ' ' '
� � � �

�

È

È

È

È

h h x x y

h h x h

# # #

#

  h x y  dy dx h r  r dr d  d  d .œ � � œ � œ � œ œ' ' ' ' ' '
� � �

�

È

È È

È

È

h h x 0 0 0 0

h h x 2 h 2 2h

#

# a b a b ’ “# # #

! #

1 1 1

) ) )hr r h h
2 4 4

# % # #
È

1

 Since the top of the bowl has area 10 , then we calibrate the bowl by comparing it to a right circular cylinder1

 whose cross sectional area is 10  from z 0 to z 10.  If such a cylinder contains  cubic inches of water1 œ œ h#1
#

 to a depth w then we have 10 w   w .  So for 1 inch of rain, w 1 and h 20; for 3 inches of1 œ Ê œ œ œh h
20

# #1
#

È
 rain, w 3 and h 60.œ œ È
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26. (a) An equation for the satellite dish in standard position

 is z x y .  Since the axis is tilted 30°, a unitœ �" "
# #

# #

 vector 0 a b  normal to the plane of thev i j kœ � �

 water level satisfies b cosœ œ œv k† ˆ ‰1
6

3È
#

  a 1 b   Ê œ � � œ � Ê œ � �È # " "
# # #v j k

È3

  (y 1) z 0Ê � � � � œ" "
# # #

È3 ˆ ‰
  z yÊ œ � �" " "

#È È3 3
Š ‹

 is an equation of the plane of the water level.  Therefore 

 the volume of water is V dz dy dx, where R is the interior of the ellipseœ ' ' '
R

1 1
2 2

1 1 1
3 32

x y

y

# #�

� �È È

 x y y 1 0.  When x 0, then y  or y , where # #
� � �

#� � � � œ œ œ œ œ2 2
3 3

4 1

È È
Ê Š ‹

! " !

2 4 2
3 33È È

 and   V   1 dz dx dy" œ Ê œ
2 4 2

3 33È È� � �

#

Ê Š ‹4 1 ' ' '
!

"

� � � � �

� � � � �

Š ‹

Š ‹

2 2 1 1
3 2 23

2 2 1 1 1
3 23 3 3

y 1 y x y

y 1 y y

È

È È È

# # #
"Î#

#
"Î#

 (b) x 0  z y  and y; y 1  1  the tangent line has slope 1 or a 45° slantœ Ê œ œ œ Ê œ Ê"
#

# dz dz
dy dy

  at 45° and thereafter, the dish will not hold water.Ê

27. The cylinder is given by x y 1 from z 1 to   z r z  dV# # # # �&Î#
� œ œ _ Ê �' ' '

D
a b

  dz r dr d  lim    dz dr dœ œ' ' ' ' ' '
0 0 1 0 0 1

2 1 2 1 a1 1_

z rz
r z r za b a b# # # #&Î# &Î#� �

) )
a Ä _

  lim     dr d  lim      dr dœ � œ � �
a aÄ _ Ä _

' ' ' '
0 0 0 0

2 1 2 1a

1

1 1’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰" " "

� � �3 3 3
r r r

r z r a r 1a b a b a b# # # # #$Î# $Î# $Î#) )

  lim   r a r 1  d  lim   1 a 2 a  dœ � � � œ � � � �
a aÄ _ Ä _

' '
0 0

2 21 1’ “ ’ “a b a b a b a bˆ ‰" " " " " "# # # # �"Î# #�"Î# �"Î# �"Î# �"Î#"

!3 3 3 3 3 3) )

  lim   2 1 a 2  .œ � � � � œ �
a Ä _

1 1’ “ ’ “a b Š ‹ ˆ ‰ ˆ ‰" " " " " " "# �"Î#

# #3 3 3 a 3 3 3
2 2È È

28. Let's see?

 The length of the "unit" line segment is: L 2  dx 2.œ œ'
0

1

 The area of the unit circle is: A 4  dy dx .œ œ' '
0 0

1 1 xÈ
�

2

1

 The volume of the unit sphere is: V 8  dz dy dx .œ œ' ' '
0 0 0

1 1 x 1 x yÈ È
� � �

2 2 2

4
31

 Therefore, the hypervolume of the unit 4-sphere should be:

V  16  dw dz dy dx.hyper œ ' ' ' '
0 0 0 0

1 1 x 1 x y 1 x y zÈ È È
� � � � � �

2 2 2 2 2 2

 Mathematica is able to handle this integral, but we'll use the brute force approach.

 V  16  dw dz dy dx 16  dz dy dxhyper œ œ' ' ' ' ' ' '
0 0 0 0 0 0 0

1 1 x 1 x y 1 x y z 1 1 x 1 x y
2 2 2

È ÈÈ È È
� � � � � � � � �

2 2 2 2 2 2 2 2 2

È1 x y z� � �

 16  dz dy dx
cos 

dz 1 x y  sin  d
œ œ

œ

œ � � �
' ' '

0 0 0

1 1 x 1 x y
2 2 z

1 x y

È È
� � �

� �

2 2 2
2

2 2
È É1 x y 1� � � – —È

z
1 x y

2 2

È � �2 2 )

) )

 16 1 x y 1 cos  sin  d  dy dx 16 1 x y sin  d  dy dxœ � � � � œ � � �' ' ' ' ' '
0 0 /2 0 0 /2

1 1 x 0 1 1 x 0È È
� �

2 2a b a bÈ2 2 2 2 22
1 1

) ) ) ) )

 16 1 x y  dy dx 4 1 x x 1 x 1 x  dxœ � � œ � � � � �' ' '
0 0 0

1 1 x 1È
�

2

1
4 3

2 2 2 22 2 3/2a b a bŠ ‹È È1 "

 4 1 x  dx 1 x  dx  sin d1 x
x cos 

dx sin  d
œ � œ � œ œ �� �

œ
œ �

1 1 1 ) )
)

) )
' ' '

0 0 /2

1 1 0È � ‘a b a b ” •2 2 1 x 8 8
3 3

2 43/2�
$

3

1

  d  1 2 cos 2 cos 2 d  2 cos 2 dœ � œ � � � œ � � � œ8 1 cos 2 2 2 3 cos 4
3 2 3 3 2 2

2 21 ) 1 ) ) ) 1 ) )' ' '
1 1 1/2 /2 /2

0 0 0ˆ ‰ ˆ ‰a b�
#

) ) 12
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CHAPTER 16  INTEGRATION IN VECTOR FIELDS

16.1  LINE INTEGRALS

 1. t t   x t and y 1 t  y 1 x (c)r i jœ � " � Ê œ œ � Ê œ � Êa b
 2. t   x 1, y 1, and z t  (e)r i j kœ � � Ê œ œ œ Ê

 3. 2 cos t 2 sin t   x 2 cos t and y 2 sin t  x y 4 (g)r i jœ � Ê œ œ Ê � œ Êa b a b # #

 4. t   x t, y 0, and z 0 (a)r iœ Ê œ œ œ Ê

 5. t t t   x t, y t, and z t (d)r i j kœ � � Ê œ œ œ Ê

 6. t 2 2t   y t and z 2 2t  z 2 2y (b)r j kœ � � Ê œ œ � Ê œ � Êa b
 7. t 1 2t   y t 1 and z 2t  y 1 (f)r j kœ � � Ê œ � œ Ê œ � Êa b# # z

4

#

 8. 2 cos t 2 sin t   x 2 cos t and z 2 sin t  x z 4 (h)r i kœ � Ê œ œ Ê � œ Êa b a b # #

 9. t t 1 t , 0 t 1    2 ; x t and y 1 t  x y t ( t) 1r i j i j ja b œ � � Ÿ Ÿ Ê œ � Ê œ œ œ � Ê � œ � " � œa b ¸ ¸ Èd d
dt dt
r r

  f x y z  ds f t 1 t 0   dt (1) 2  dt 2 t 2Ê ß ß œ ß � ß œ œ œ' ' '
C 0 0

1 1a b a b ¸ ¸ Š ‹ ’ “È È Èd
dt
r

"

!

10. (t) t (1 t) , 0 t 1    2; x t, y 1 t, and z 1  x y z 2r i j k i jœ � � � Ÿ Ÿ Ê œ � Ê œ œ œ � œ Ê � � �d d
dt dt
r r¸ ¸ È

 t (1 t) 1 2 2t 2   f(x y z) ds (2t 2) 2 dt 2 t 2t 2œ � � � � œ � Ê ß ß œ � œ � œ �' '
C 0

1 È È Èc d# "
!

11. (t) 2t t (2 2t) , 0 t 1  2 2   4 1 4 3; xy y zr i j k i j kœ � � � Ÿ Ÿ Ê œ � � Ê œ � � œ � �d d
dt dt
r r¸ ¸ È

 (2t)t t (2 2t)  f(x y z) ds 2t t 2  3 dt 3 t t 2t 3 2œ � � � Ê ß ß œ � � œ � � œ � � œ' '
C 0

1a b � ‘ ˆ ‰# $ #" "
# # #

"

!
2 2 13
3 3

12. (t) (4 cos t) (4 sin t) 3t , 2 t 2   ( 4 sin t) (4 cos t) 3r i j k i j kœ � � � Ÿ Ÿ Ê œ � � �1 1 d
dt
r

  16 sin t 16 cos t 9 5; x y 16 cos t 16 sin t 4   f(x y z) ds (4)(5) dtÊ œ � � œ � œ � œ Ê ß ß œ¸ ¸ È ÈÈd
dt
r # # # # # # ' '

C 2

2

� 1

1

 20t 80œ œc d #�#
1
1 1

13. (t) ( 2 3 ) t( 3 2 ) (1 t) (2 3t) (3 2t) , 0 t 1  3 2r i j k i j k i j k i j kœ � � � � � � œ � � � � � Ÿ Ÿ Ê œ � � �d
dt
r

  1 9 4 14 ; x y z (1 t) (2 3t) (3 2t) 6 6t   f(x y z) dsÊ œ � � œ � � œ � � � � � œ � Ê ß ß¸ ¸ È Èd
dt
r '

C

 (6 6t) 14 dt 6 14 t 6 14 3 14œ � œ � œ œ'
0

1 È È È È’ “ Š ‹ ˆ ‰t
2

#
"

!

"
#

14. (t) t t t , 1 t     3 ; r i j k i j kœ � � Ÿ Ÿ _ Ê œ � � Ê œ œ œd d
dt dt x y z t t t 3t

3 3 3r r¸ ¸ È È È È
# # # # # # #� � � �

  f(x y z) ds 3 dt  lim  1 1Ê ß ß œ œ � œ � � œ' '
C 1

_Š ‹È � ‘ ˆ ‰È3
3t t b

1
#

_

"
"

b Ä _
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15. C :  (t) t t , 0 t 1  2t   1 4t ; x y z t t 0 t t 2t"
# ## #r i j i jœ � Ÿ Ÿ Ê œ � Ê œ � � � œ � � œ � œd d

dt dt
r r¸ ¸ È È È k k

 since t 0  f(x y z) ds 2t 1 4t  dt 4t (5) 5 5 1 ;  Ê ß ß œ � œ " � œ � œ �' '
C 0

1

"

È ’ “ Š ‹a b È# " " " "# $Î#$Î# "

!6 6 6 6

 C :  (t) t , 0 t 1    1; x y z 1 1 t 2 t#
# # #r i j k kœ � � Ÿ Ÿ Ê œ Ê œ � � œ � � œ �d d

dt dt
r r¸ ¸ È È

  f(x y z) ds 2 t (1) dt 2t t 2 ; therefore  f(x y z) dsÊ ß ß œ � œ � œ � œ ß ß' ' '
C 0 C

1

#

a b � ‘# $" ""

!3 3 3
5

  f(x y z) ds  f(x y z) ds 5œ ß ß � ß ß œ �' '
C C" #

5 3
6
È

#

16. C :  (t) t , 0 t 1    1; x y z 0 0 t t"
# # #r k kœ Ÿ Ÿ Ê œ Ê œ � � œ � � œ �d d

dt dt
r r¸ ¸ È È

  f(x y z) ds t (1) dt ;Ê ß ß œ � œ � œ �' '
C 0

1

"

a b ’ “#
"

!

"t
3 3

$

 C :  (t) t , 0 t 1    1; x y z 0 t 1 t 1#
#r j k jœ � Ÿ Ÿ Ê œ Ê œ � � œ � � œ �d d

dt dt
r r¸ ¸ È È È

  f(x y z) ds t 1 (1) dt t t 1 ;Ê ß ß œ � œ � œ � œ �' '
C 0

1

#

ˆ ‰ � ‘È 2 2
3 3 3

$Î# "

!
"

 C :  (t) t , 0 t 1    1; x y z t 1 1 t$
#r i j k iœ � � Ÿ Ÿ Ê œ Ê œ � � œ � � œd d

dt dt
r r¸ ¸ È È

  f(x y z) ds (t)(1) dt    f(x y z) ds  f ds  f ds  f dsÊ ß ß œ œ œ Ê ß ß œ � � œ � � � �' ' ' ' ' '
C 0 C C C C

1

$ " # $

’ “ ˆ ‰t
2 3 3

#
"

!

" " " "
# #

 œ � "
6

17. (t) t t t , 0 a t b    3 ; r i j k i j kœ � � � Ÿ Ÿ Ê œ � � Ê œ œ œd d t t t 1
dt dt x y z t t t t

x y zr r¸ ¸ È � �
� � � �

� �
# # # # # #

   f(x y z) ds 3 dt 3 ln t  3 ln , since 0 a bÊ ß ß œ œ œ � Ÿ' '
C a

b b

a

ˆ ‰ ˆ ‰È È È’ “k k1 b
t a

18. (t) a cos t a sin t , 0 t 2   ( a sin t) (a cos t)   a  sin t a  cos t a ;r j k j kœ � Ÿ Ÿ Ê œ � � Ê œ � œa b a b k k¸ ¸ È1 d d
dt dt
r r # # # #

 x z 0 a  sin t   f(x y z) ds  a  sin t dt a  sin t dt
 a  sin t,  0 t   

  a  sin t,  t 2
� � œ � � œ Ê ß ß œ � �

� Ÿ Ÿ
Ÿ Ÿ

È È œ k kk k k k k k# # # # # #1

1 1
' ' '

C 0

21 1

1

 a  cos t a  cos t a ( 1) a a a ( 1) 4aœ � œ � � � � � œ �c d c d c d c d# # # # # # #
!

#1 1

1

19. (a) t t t , 0 t 4     x ds t dt t dt t 4 5r i j i ja b œ � Ÿ Ÿ Ê œ � Ê œ Ê œ œ œ œ" "
# # !

d d
dt dt 2 2 2 4

5 5 5 5 2
4

r r¸ ¸ ’ “ ÈÈ È È È' ' '
C 0 0

4 4

 (b) t t t , 0 t 2  2t   1 4t  x ds t 1 4t dtr i j i ja b œ � Ÿ Ÿ Ê œ � Ê œ � Ê œ �2 d d
dt dt

2 2r r¸ ¸ È È' '
C 0

2

 1 4tœ � œ’ “a b1
12 12

2 3 2 2
17 17Î

!

�"È

20. (a) t t 4t , 0 t 1  4   17  x 2y ds t 2 4t 17 dtr i j i ja b œ � Ÿ Ÿ Ê œ � Ê œ Ê � œ �d d
dt dt
r r¸ ¸ È ÈÈ È a b' '

C 0

1

 17 9t dt 3 17 t dt 2 17 t 2 17œ œ œ œÈ È È È ÈÈ ’ “' '
0 0

1 1
2 3

1
Î

!

 (b) C :  t t , 0 t 1   1; C :  t t , 0 t 1   1" r i i r i j ja b a bœ Ÿ Ÿ Ê œ Ê œ œ � Ÿ Ÿ Ê œ Ê œd d d d
dt dt dt dt2
r r r r¸ ¸ ¸ ¸

  x 2y ds  x 2y ds  x 2y ds t 2 0 dt 1 2 t dt' ' ' ' '
C C C 0 0

1 2È È È È Èa b a b� œ � � � œ � � �
1 2

 t dt 1 2t dt  t  1 2tœ � � œ � � œ � � œ' '
0 0

1 2È È � ‘ ’ “ Š ‹a b2 1 2 1
3 3 3 3 3 3

2 3 1 2 3
2

5 5 5 5 1Î
!

Î

!

�È È

21. t 4t 3t , 1 t 2 4 3 5  y e  ds 3t e 5dtr i j i ja b œ � � Ÿ Ÿ Ê œ � Ê œ Ê œ � †d d
dt dt

x 4tr r¸ ¸ a b' '
C 1

22 2

�

a b

 15 t e dt e e e e eœ � œ � œ � � œ �'
�

�

1

2

1

16t 16t 64 16 16 6415 15 15 15
32 32 32 32

22 2’ “ a b
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22. t cos t sin t , 0 t 2 sin t cos t sin t cos t 1  x y 3  dsr i j i ja b œ � Ÿ Ÿ Ê œ � � Ê œ � œ Ê � �a b a b a b a b a b¸ ¸ È1 d d
dt dt

2 2r r '
C

 cos t sin t 3 1 dt sin t cos t 3t 6œ � � † œ � � œ'
0

21 a b c d 2
0
1

1

23. t t t , 1 t 2 2t 3t 2t 3t t 4 9t   dsr i j i ja b œ � Ÿ Ÿ Ê œ � Ê œ � œ � Ê2 3 2d d x
dt dt

2 2 22
y

r r¸ ¸ Éa b a b È '
C

2

4 3Î

 t 4 9t  dt t 4 9t  dt 4 9tœ † � œ � œ � œ' '
1 1

2 2ˆ ‰ È È
a b

t

t
2 2 1

27 27
2 3 2 80 10 13 132 2

3 4 3Î
È È ’ “a b Î �

2

1

24. t t t , t 1 3t 4t 3t 4t t 9 16t   dsr i j i ja b œ � Ÿ Ÿ Ê œ � Ê œ � œ � Ê3 4 2 3 21 d d
2 dt dt x

2 3 22 2 yr r¸ ¸ Éa b a b È '
C

È

 t 9 16t  dt t 9 16t  dt 9 16tœ † � œ � œ � œ' '
1 2 1 2

1 1

1 2

1

Î Î Î

È Èt
t 48 48

2 22 2 1 3 2 125 13 134

3
È È ’ “a b Î �

25. C :  t t t , 0 t 1 2t 1 4t ; C :  t 1 t 1 t , 0 t 1" r i j i j r i ja b a bœ � Ÿ Ÿ Ê œ � Ê œ � œ � � � Ÿ Ÿ2 d d
dt dt

2
2

r r¸ ¸ È a b a b
   2  x y ds  x y ds  x y dsÊ œ � � Ê œ Ê � œ � � �d d

dt dt
r ri j ¸ ¸ ˆ ‰ ˆ ‰ ˆ ‰È È È È' ' '

C C C1 2

 t t 1 4t dt 1 t 1 t 2dt 2t 1 4t dt 1 t 1 t 2dtœ � � � � � � œ � � � � �' ' ' '
0 0 0 0

1 1 1 1Š ‹ Š ‹ Š ‹È È Èa b È ÈÈ È2 2 2

 1 4t 2 t t 1 tœ � � � � � œ � œ’ “ ’ “a b a bÈ1 2
6 3 6 6 6

2 23 2 3 2 5 5 1 5 5 7 2 17 2Î "
#

Î � � �
1 1

0 0

È È È È

26. C :  t t , 0 t 1 1; C :  t t , 0 t 1 1;" r i i r i j ja b a bœ Ÿ Ÿ Ê œ Ê œ œ � Ÿ Ÿ Ê œ Ê œd d d d
dt dt dt dt2
r r r r¸ ¸ ¸ ¸

 C :  t 1 t , 0 t 1  1; C :  t 1 t , 0 t 1  1;3 4
d d d d
dt dt dt dtr i j i r j ja b a bœ � � Ÿ Ÿ Ê œ � Ê œ œ � Ÿ Ÿ Ê œ � Ê œa b a b¸ ¸ ¸ ¸r r r r

  ds  ds  ds  ds  dsÊ œ � � �' ' ' ' '
C C C C C

1 1 1 1 1
x y 1 x y 1 x y 1 x y 1 x y 12 2 2 2 2 2 2 2 2 2� � � � � � � � � �1 2 3 4

 œ � � �' ' ' '
0 0 0 0

1 1 1 1
dt dt dt dt

t 1 t 2 1 t 2 1 t 12 2 2 2� � � � � �a b a b
 tan t tan tan tan 1 t tanœ � � � � � œ �c d c d’ “ ’ “ Š ‹Š ‹ Š ‹ a b� � � � ��1 1 1 1 11 t 1 t 1 2 1

2 2 2 2 2 22
1 1
0 0

1 1

0 0
È È È È È È1

27. (x) x y x , 0 x 2  x   1 x ; f(x y) f x 2x  f dsr i j i j i jœ � œ � Ÿ Ÿ Ê œ � Ê œ � ß œ ß œ œ Êx d d x x
dx dx

# # $

# #
#r r¸ ¸ È Š ‹ Š ‹x#

#

'
C

 (2x) 1 x  dx 1 x 5 1œ � œ � œ � œ'
0

2 È ’ “a b ˆ ‰# # $Î#$Î# #

!

�2 2
3 3 3

10 5 2È

28. (t) 1 t 1 t , 0 t 1  1 1 t ; f(x y) f 1 t 1 tr i jœ � � � Ÿ Ÿ Ê œ � � ß œ � ß � œa b a b a b a b a b¸ ¸ É Š ‹1 d 12 2
dt

1 t 1 t

1 1 t# #
# � � �

� �

r a b a b
É a b

1
4

4

#

   f ds 1 1 t  dt 1 t 1 t  dt 1 t 1 tÊ œ � � œ � � � œ � � � �' ' '
C 0 0

1 1a b a b
É a b

1 t 1 t

1 1 t

1 1
4 20

4 2 5� � �

� �

# "
#

"

!

1
4

4

#

É a b a b a b a b a bŠ ‹ ’ “
 0œ � � � œˆ ‰" "

# # #0 0
11

29. (t) (2 cos t) (2 sin t) , 0 t   ( 2 sin t) (2 cos t)   2; f(x y) f(2 cos t 2 sin t)r i j i jœ � Ÿ Ÿ Ê œ � � Ê œ ß œ ß1
#

d d
dt dt
r r¸ ¸

 2 cos t 2 sin t  f ds (2 cos t 2 sin t)(2) dt 4 sin t 4 cos t 4 ( 4) 8œ � Ê œ � œ � œ � � œ' '
C 0

21Î c d 1Î#!

30. (t) (2 sin t) (2 cos t) , 0 t   (2 cos t) ( 2 sin t)   2; f(x y) f(2 sin t 2 cos t)r i j i jœ � Ÿ Ÿ Ê œ � � Ê œ ß œ ß1
4 dt dt

d dr r¸ ¸
 4 sin t 2 cos t   f ds 4 sin t 2 cos t (2) dt 4t 2 sin 2t 4 sin t 2 1 2œ � Ê œ � œ � � œ � �# # Î%' '

C 0

4

0

1Î a b c d Š ‹È1
1

31. y x , 0 x 2 t t t , 0 t 2 2t 1 4t A  f x, y  dsœ Ÿ Ÿ Ê œ � Ÿ Ÿ Ê œ � Ê œ � Ê œ2 2 d d
dt dt

2r i j i ja b r r¸ ¸ È a b'
C

  x y ds t t 1 4t dt 2t 1 4t dt 1 4tœ � œ � � œ � œ � œ' ' '
C 0 0

2 2ˆ ‰È Š ‹ ’ “È È È a b2 2 2 1
6 6

2 3 2 17 17 1Î �
2

0

È
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32. 2x 3y 6, 0 x 6 t t 2 t , 0 t 6 A  f x, y  ds� œ Ÿ Ÿ Ê œ � � Ÿ Ÿ Ê œ � Ê œ Ê œr i j i ja b ˆ ‰ ¸ ¸ a b2 d 2 d
3 dt 3 dt 3

13r r È '
C

  4 3x 2y ds 4 3t 2 2 t dt 8 t dt 8t t 26 13œ � � œ � � � œ � œ � œ' ' '
C 0 0

6 6a b ˆ ‰ ˆ ‰ � ‘ˆ ‰ È2 5 5
3 3 3 3 3 6

13 13 13 2È È È 6

0

33. (t) t 1 2t , 0 t 1  2t 2 2 t 1; M  (x y z) ds (t) 2 t 1  dtr j k j kœ � � Ÿ Ÿ Ê œ � Ê œ � œ ß ß œ �a b ¸ ¸ È ÈŠ ‹# # #d d
dt dt
r r ' '

C 0

1

$ $

 t 2 t 1  dt t 1 2 1 2 2 1œ � œ � œ � œ �'
0

1ˆ ‰ Š ‹ ’ “È Èa b3 3/2
#

# # $Î#
"

!

34. (t) t 1 2t , 1 t 1  2t 2r j k j kœ � � � Ÿ Ÿ Ê œ �a b# d
dt
r

  2 t 1; M  (x y z) dsÊ œ � œ ß ß¸ ¸ È 'd
dt
r #

C

$

 15 t 1 2 2 t 1  dtœ � � �'
�1

1 ˆ ‰Èa b Š ‹È# #

 30 t 1  dt 30 t 60 1 80;œ � œ � œ � œ'
�1

1 a b ’ “Š ‹ ˆ ‰#
"

�"

"t
3 3

$

 M  y (x y z) ds t 1 30 t 1  dtxz C 1

1

œ ß ß œ � �' '$
�

a b c da b# #

 30 t 1  dt 30 t 60 1œ � œ � œ �'
�1

1 a b ’ “Š ‹ ˆ ‰%
"

�"

"t
5 5

&

 

 48  y ; M  x (x y z) ds  0  ds 0  x 0; z 0 by symmetry (since  isœ � Ê œ œ � œ � œ ß ß œ œ Ê œ œM
M 80 5

48 3
yz

xz ' '
C C

$ $ $

 independent of z)  (x y z) 0Ê ß ß œ !ß� ßˆ ‰3
5

35. (t) 2t 2t 4 t , 0 t 1  2 2 2t   2 2 4t 2 1 t ;r i j k i j kœ � � � Ÿ Ÿ Ê œ � � Ê œ � � œ �È È È È È Èa b ¸ ¸# # #d d
dt dt
r r

 (a) M   ds (3t) 2 1 t  dt 2 1 t 2 2 1 4 2 2œ œ � œ � œ � œ �' '
C 0

1

$ Š ‹ ’ “È Èa b ˆ ‰# # $Î#$Î# "

!

 (b) M   ds 1 2 1 t  dt t 1 t ln t 1 t 2 ln 1 2 0 ln 1œ œ � œ � � � � œ � � � �' '
C 0

1

$ a b a bŠ ‹ ’ “ ’ “È È È È ÈŠ ‹ Š ‹# # #
"

!

 2 ln 1 2œ � �È ÈŠ ‹
36. (t) t 2t t , 0 t 2  2 t   1 4 t 5 t;r i j k i j kœ � � Ÿ Ÿ Ê œ � � Ê œ � � œ �2 d d

3 dt dt
$Î# "Î#r r¸ ¸ È È

 M   ds 3 5 t 5 t  dt 3(5 t) dt (5 t) 7 5 (24) 36;œ œ � � œ � œ � œ � œ œ' ' '
C 0 0

2 2

$ ˆ ‰ ˆ ‰ � ‘È È a b3 3 3
2

# # ##

! # #

 M  x  ds t[3(5 t)] dt 15t 3t  dt t t 30 8 38;yz
5

2œ œ � œ � œ � œ � œ' ' '
C 0 0

2 2

$ a b � ‘# # $" #

!

 M  y  ds 2t[3(5 t)] dt 2 15t 3t  dt 76; M   z  ds t [3(5 t)] dtxz xy
2
3œ œ � œ � œ œ œ �' ' ' ' '

C 0 0 C 0

2 2 2

$ $a b# $Î#

 10t 2t  dt 4t t 4(2) (2) 16 2 2 2  xœ � œ � œ � œ � œ Ê œ'
0

2ˆ ‰ � ‘ È È È$Î# &Î# &Î# (Î# &Î# (Î##

!
4 4 32 144
7 7 7 7 M

Myz

 , y , and z 2œ œ œ œ œ œ œ œ38 19 76 19 4
36 18 M 36 9 M 7 36 7

M M 144 2xz xy È
†

È
37. Let x a cos t and y a sin t, 0 t 2 .  Then a sin t, a cos t, 0œ œ Ÿ Ÿ œ � œ œ1 dx dz

dt dt dt
dy

   dt a dt; I  x y  ds a  sin t a  cos t a  dtÊ � � œ œ � œ �Êˆ ‰ ˆ ‰Š ‹ a b a bdx dz
dt dt dt

dy
z

# ##
# # # # # #' '

C 0

2

$ $
1

 a  dt 2 a .œ œ'
0

21
$ $$ 1$

38. (t) t (2 2t) , 0 t 1  2   5; M   ds 5 dt 5;r j k j kœ � � Ÿ Ÿ Ê œ � Ê œ œ œ œd d
dt dt
r r¸ ¸ È È È' '

C 0

1

$ $ $

 I  y z  ds t (2 2t) 5 dt 5t 8t 4 5 dt 5 t 4t 4t 5 ;x
5 5
3 3œ � œ � � œ � � œ � � œ' ' '

C 0 0

1 1a b c d a bÈ È È È� ‘# # # # # $ # "

!
$ $ $ $ $
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 I  x z  ds 0 (2 2t) 5 dt 4t 8t 4 5 dt 5 t 4t 4t 5 ;y
4 4
3 3œ � œ � � œ � � œ � � œ' ' '

C 0 0

1 1a b c d a bÈ È È È� ‘# # # # # $ # "

!
$ $ $ $ $

 I  x y  ds 0 t 5 dt 5 5z C 0

1

œ � œ � œ œ' 'a b a b È È È’ “# # # #
"

!

"$ $ $ $t
3 3

$

39. (t) (cos t) (sin t) t , 0 t 2   ( sin t) (cos t)   sin t cos t 1 2;r i j k i j kœ � � Ÿ Ÿ Ê œ � � � Ê œ � � œ1 d d
dt dt
r r¸ ¸ È È# #

 (a) I  x y  ds cos t sin t 2 dt 2 2z C 0

2

œ � œ � œ' 'a b a b È È# # # #$ $ 1$
1

 (b) I  x y  ds 2 dt 4 2z C 0

4

œ � œ œ' 'a b È È# # $ $ 1$
1

40. (t) (t cos t) (t sin t) t , 0 t 1  (cos t t sin t) (sin t t cos t) 2t r i j k i j kœ � � Ÿ Ÿ Ê œ � � � �2 2
3 dt

dÈ $Î# r È
  (t 1) t 1 for 0 t 1; M   ds (t 1) dt (t 1) 2 1 ;Ê œ � œ � Ÿ Ÿ œ œ � œ � œ � œ¸ ¸ � ‘È a bd 3

dt 2
r # " "# # #"

! # #
' '

C 0

1

$

 M  z  ds t (t 1) dt t t  dt t txy
2 2 2 2 2 2

3 3 3 7 5
2 2œ œ � œ � œ �' ' '

C 0 0

1 1

$ Š ‹ ˆ ‰ � ‘È È È$Î# &Î# $Î# (Î# &Î# "

!

   z ; I  x y  dsœ � œ œ Ê œ œ œ œ �2 2 2 2 16 2 16 2 32 2
3 7 5 3 35 35 M 35 3 105

2 2 24 2M
z

È È È È Èˆ ‰ ˆ ‰ ˆ ‰Š ‹ a bxy '
C

# # $

 t  cos t t  sin t (t 1) dt t t  dtœ � � œ � œ � œ � œ' '
0 0

1 1a b a b ’ “# # # # $ #
"

!

" "t t 7
4 3 4 3 12

% $

41. (x y z) 2 z and (t) (cos t) (sin t) , 0 t   M 2 2 as found in Example 3 of the text;$ 1 1ß ß œ � œ � Ÿ Ÿ Ê œ �r j k

 also 1; I  y z  ds cos t sin t (2 sin t) dt (2 sin t) dt 2 2¸ ¸ a b a bd
dt x
r œ œ � œ � � œ � œ �' ' '

C 0 0

# # # #$ 1
1 1

42. (t) t t , 0 t 2  2 t t   1 2t t (1 t) 1 t forr i j k i j kœ � � Ÿ Ÿ Ê œ � � Ê œ � � œ � œ �2 2
3 dt dt

t d dÈ $Î# "Î#
#

# #
# r rÈ È¸ ¸ È

 0 t 2; M   ds (1 t) dt dt 2; M  x  ds t (1 t) dt 2;Ÿ Ÿ œ œ � œ œ œ œ � œ œ' ' ' ' '
C 0 0 C 0

2 2 2

yz$ $ˆ ‰ ˆ ‰ ’ “" "
� �

#

!t 1 t 1 2
t#

 M  y  ds t  dt t ; M  z  ds  dt   x 1,xz
2 2 4 2

3 15 15 6 3 M
32 t t M

œ œ œ œ œ œ œ œ Ê œ œ' ' ' '
C 0 C 0

2 2

xy$ $
È È$Î# &Î#

# #

! !#
%’ “ ’ “# $ yz

 y , and z ; I  y z  ds t t  dt t ;œ œ œ œ œ � œ � œ � œ � œM
M 15 M 3 9 4 9 20 9 20 45

16 8 2 t 32 32 232M
x

xz xy # "# # $ % %
#

!

' '
C 0

2a b ˆ ‰ ’ “$
&

 I x z  ds t t  dt ; I x y  dsy zC 0 C

2

œ � œ � œ � œ � œ œ �' ' 'a b a bˆ ‰ ’ “# # # % # #"
#

!
$ $4 3 20 3 20 15

t t 8 32 64$ &

 t t  dt tœ � œ � œ � œ'
0

2ˆ ‰ ’ “# $ %
#

!

8 t 2 8 32 56
9 3 9 3 9 9

$

43-46. Example CAS commands:
 :Maple
 f := (x,y,z) -> sqrt(1+30*x^2+10*y);
 g := t -> t;
 h := t -> t^2;
 k := t -> 3*t^2;
 a,b := 0,2;
 ds := ( D(g)^2 + D(h)^2 + D(k)^2 )^(1/2):                            # (a)
 'ds' = ds(t)*'dt';
 F := f(g,h,k):                                                                            # (b)
 'F(t)' = F(t);
 Int( f, s=C..NULL ) = Int( simplify(F(t)*ds(t)), t=a..b );    # (c)
 `` = value(rhs(%));
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944 Chapter 16 Integration in Vector Fields

 : (functions and domains may vary)Mathematica
 Clear[x, y, z, r, t, f]

 f[x_,y_,z_]:= Sqrt[1 30x 10y]� �2

 {a,b}= {0, 2};
 x[t_]:= t

 y[t_]:= t2

 z[t_]:= 3t2

 r[t_]:= {x[t], y[t], z[t]}
 v[t_]:= D[r[t], t]
 mag[vector_]:=Sqrt[vector.vector]
 Integrate[f[x[t],y[t],z[t]] mag[v[t]], {t, a, b}]
 N[%]

16.2  VECTOR FIELDS, WORK, CIRCULATION, AND FLUX

 1. f(x y z) x y z   x y z (2x) x x y z ; similarly,ß ß œ � � Ê œ � � � œ � � �a b a b a b# # # # # # # # #�"Î# �$Î# �$Î#` "
` #

f
x

 y x y z  and z x y z   f` `
` `

# # # # # #�$Î# �$Î# � � �

� �

f f
y z

x y z

x y z
œ � � � œ � � � Ê œa b a b ™

i j k
a b# # # $Î#

 2. f(x y z) ln x y z  ln x y z   (2x) ;ß ß œ � � œ � � Ê œ œÈ a b Š ‹# # # " ` " "
# ` # � � � �

# # # f x
x x y z x y z# # # # # #

 similarly,  and   f` `
` � � ` � � � �

� �f f z
y x y z z x y z x y z

y x y zœ œ Ê œ# # # # # # # # #™
i j k

 3. g(x y z) e ln x y   ,  and eß ß œ � � Ê œ � œ � œz zg g 2y g
x x y y x y z

2xa b# # ` ` `
` � ` � `# # # #

  g eÊ œ � �™ Š ‹ Š ‹�
� �
2x

x y x y
2y

# # # #i j kz

 4. g(x y z) xy yz xz  y z, x z, and y x  g (y z) ( z) (x y)ß ß œ � � Ê œ � œ � œ � Ê œ � � B � � �` ` `
` ` `

g g g
x y z ™ i j k

 5.  inversely proportional to the square of the distance from (x y) to the origin  (M(x y)) (N(x y))k k ÈF ß Ê ß � ß# #

 , k 0;  points toward the origin   is in the direction of œ � Ê œ �k x
x y x y x y

y
# # # # # #�

�
� �

F F n i jÈ È
  a , for some constant a 0.  Then M(x y)  and N(x y)Ê œ � ß œ ß œF n �

� �

�ax
x y x y

ayÈ È# # # #

  (M(x y)) (N(x y)) a  a   , for any constant k 0Ê ß � ß œ Ê œ Ê œ � �È # #
�

�

� �

k kx
x y x y x y

ky
# #

# # # #$Î# $Î#F i ja b a b

 6. Given x y a b , let x a b  cos t and y a b  sin t.  Then# # # # # # # #� œ � œ � œ � �È È
 a b  cos t a b  sin t  traces the circle in a clockwise direction as t goes from 0 to 2r i jœ � � �Š ‹ Š ‹È È# # # # 1

  a b  sin t a b  cos t  is tangent to the circle in a clockwise direction.  Thus, letÊ œ � � � �v i jŠ ‹ Š ‹È È# # # #

   y x  and (0 0) .F v F i j F 0œ Ê œ � ß œ

 7. Substitute the parametric representations for (t) x(t) y(t) z(t)  representing each path into the vectorr i j kœ � �

 field , and calculate   .F F'
C

† d
dt
r

 (a) 3t 2t 4t  and   9t  9t dtF i j k i j k Fœ � � œ � � Ê œ Ê œd d 9
dt dt
r r† '

0

1

#

 (b) 3t 2t 4t  and 2t 4t   7t 16t   7t 16t  dt t 2tF i j k i j k Fœ � � œ � � Ê œ � Ê � œ �# % $ # ( # ( $ ) "

!
d d 7
dt dt 3
r r† '

0

1a b � ‘
 2œ � œ7 13

3 3
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 (c) t t  and t ; 3t 2t  and   5t  5t dt ;r i j r i j k F i j i j F" # " " #œ � œ � � œ � œ � Ê œ Ê œd d
dt dt

5r r" "† '
0

1

 3 2 4t  and   4t  4t dt 2  2F i j k k F# # # #œ � � œ Ê œ Ê œ Ê � œd d
dt dt

5 9r r# #† '
0

1

 8. Substitute the parametric representation for (t) x(t) y(t) z(t)  representing each path into the vectorr i j kœ � �

 field , and calculate   .F F'
C

† d
dt
r

 (a)  and  dt tan tF j i j k Fœ œ � � Ê œ Ê œ œˆ ‰ c d" " "
� � �

�" "
!t 1 dt dt t 1 t 1 4

d d
# # #

r r† '
0

1
1

 (b)  and 2t 4t  dt ln t 1 ln 2F j i j k Fœ œ � � Ê œ Ê œ � œˆ ‰ c da b"
� � �

$ # "
!t 1 dt dt t 1 t 1

d d 2t 2t
# # #

r r† '
0

1

 (c) t t  and t ;  and ;  and r i j r i j k F j i j F F j k" # " " #
" " "
� � #œ � œ � � œ œ � Ê œ œ œˆ ‰

t 1 dt dt t 1 dt
d d d

# #

" " #r r r
†

  0  dtÊ œ Ê œF#
"
�†

d
dt t 1 4
r#

#
'

0

1
1

 9. Substitute the parametric representation for (t) x(t) y(t) z(t)  representing each path into the vectorr i j kœ � �

 field , and calculate   .F F'
C

† d
dt
r

 (a) t 2t t  and   2 t 2t  2 t 2t dt t tF i j k i j k Fœ � � œ � � Ê œ � Ê � œ � œÈ È È Èˆ ‰ � ‘d d 4
dt dt 3 3
r r† '

0

1
$Î# # "

!
"

 (b) t 2t t  and 2t 4t   4t 3t   4t 3t  dt t tF i j k i j k Fœ � � œ � � Ê œ � Ê � œ � œ �# $ % # % # & $ "

!
"d d 4

dt dt 5 5
r r† '

0

1a b � ‘
 (c) t t  and t ; 2t t  and   2t  2t dt 1;r i j r i j k F j k i j F" # " "œ � œ � � œ � � œ � Ê œ � Ê � œ �È d d

dt dt
r r" "† '

0

1

 t 2  and   1  dt 1  1 1 0F i j k k F# #œ � � œ Ê œ Ê œ Ê � � œÈ d d
dt dt
r r# #† '

0

1

10. Substitute the parametric representation for (t) x(t) y(t) z(t)  representing each path into the vectorr i j kœ � �

 field , and calculate   .F F'
C

† d
dt
r

 (a) t t t  and   3t  3t  dt 1F i j k i j k Fœ � � œ � � Ê œ Ê œ# # # # #d d
dt dt
r r† '

0

1

 (b) t t t  and 2t 4t   t 2t 4t  t 2t 4t  dtF i j k i j k Fœ � � œ � � Ê œ � � Ê � �$ ' & $ $ ( ) $ ( )d d
dt dt
r r† '

0

1a b
 tœ � � œ’ “t t 4 17

4 4 9 18

% ) *
"

!

 (c) t t  and t ; t  and   t  t  dt ;r i j r i j k F i i j F" # " "
# # # "œ � œ � � œ œ � Ê œ Ê œd d

dt dt 3
r r" "† '

0

1

 t t  and   t t dt   F i j k k F# #
" " "
# #œ � � œ Ê œ Ê œ Ê � œd d

dt dt 3 6
5r r# #† '

0

1

11. Substitute the parametric representation for (t) x(t) y(t) z(t)  representing each path into the vectorr i j kœ � �

 field , and calculate  .F F'
C

† d
dt
r

 (a) 3t 3t 3t  and   3t 1  3t 1  dt t t 2F i j k i j k Fœ � � � œ � � Ê œ � Ê � œ � œa b a b c d# # # $ "
!

d d
dt dt
r r† '

0

1

 (b) 3t 3t 3t  and 2t 4t   6t 4t 3t 3tF i j k i j k Fœ � � � œ � � Ê œ � � �a b# % $ & $ #d d
dt dt
r r†

  6t 4t 3t 3t  dt t t t tÊ � � � œ � � � œ'
0

1a b � ‘& $ # ' % $ #
# #

"

!
3 3

 (c) t t  and t ; 3t 3t  and   3t 3tr i j r i j k F i k i j F" # " "
# #œ � œ � � œ � � œ � Ê œ �a b d d

dt dt
r r" "†

  3t 3t  dt t t ; 3t  and   1  dt 1Ê � œ � œ � œ � œ Ê œ Ê œ' '
0 0

1 1a b � ‘# $ # "

!
"
# # #

3
2 dt dt

d dF j k k Fr r# #†

 1Ê � � œ"
#

1
2

12. Substitute the parametric representation for (t) x(t) y(t) z(t)  representing each path into the vectorr i j kœ � �

 field , and calculate   .F F'
C

† d
dt
r

 (a) 2t 2t 2t  and   6t  6t dt 3t 3F i j k i j k Fœ � � œ � � Ê œ Ê œ œd d
dt dt
r r† '

0

1 c d# "
!
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 (b) t t t t t t  and 2t 4t   6t 5t 3tF i j k i j k Fœ � � � � � œ � � Ê œ � �a b a b a b# % % # $ & % #d d
dt dt
r r†

 6t 5t 3t  dt t t t 3Ê � � œ � � œ'
0

1a b c d& % # ' & $ "
!

 (c) t t  and t ; t t 2t  and   2t 2t dt ;r i j r i j k F i j k i j F" # " "œ � œ � � œ � � œ � Ê œ Ê œ "d d
dt dt
r r" "† '

0

1

  (1 t) (t 1) 2  and   2 2 dt 2  2 3F i j k k F# #œ � � � � œ Ê œ Ê œ Ê "� œd d
dt dt
r r# #† '

0

1

13. x t, y 2t 1, 0 t 3 dx dt  x y  dx t 2t 1  dt t 1  dt t tœ œ � Ÿ Ÿ Ê œ Ê � œ � � œ � � œ � � œ �' ' '
C 0 0

3 3a b a b a ba b � ‘"
# !

2 3 15
2

14. x t, y t , 1 t 2 dy 2t dt   dy 2t dt 2 dt 2t 2œ œ Ÿ Ÿ Ê œ Ê œ œ œ œ2 x t
y t

' ' '
C 1 1

2 2

1
2

2 a b c d
15. C : x t, y 0, 0 t 3 dy 0; C : x 3, y t, 0 t 3 dy dt  x y  dy1 2

2 2œ œ Ÿ Ÿ Ê œ œ œ Ÿ Ÿ Ê œ Ê �'
C
a b

 x y  dx x y  dx t 0 0 3 t dt 9 t dt 9t t 36œ � � � œ � † � � œ � œ � œ' ' ' ' '
C C 0 0 0

3 3 3

1 2
a b a b a b a b a b � ‘2 2 2 2 2 2 2 2 2 31

3
3

!

16. C : x t, y 3t, 0 t 1 dx dt; C : x 1 t, y 3, 0 t 1 dx dt; C : x 0, y 3 t, 0 t 31 2 3œ œ Ÿ Ÿ Ê œ œ � œ Ÿ Ÿ Ê œ � œ œ � Ÿ Ÿ

 dx 0  x y dx  x y dx  x y dx  x y dxÊ œ Ê � œ � � � � �' ' ' '
C C C C
È È È È

1 2 3

 t 3t dt 1 t 3 1 dt 0 3 t 0 2 t dt 4 t dtœ � � � � � � � � † œ � �' ' ' ' '
0 0 0 0 0

1 1 3 1 1È È Èa b a b a b È È
 t 4 t 2 3 2 3 4œ � � œ � � œ �� ‘ ’ “ Š ‹a b È È4 2 4 16

3 3 3 3
2 3 1 2 3

1
Î

!
Î

!

17. t t t , 0 t 1 dx dt, dy 0, dz 2t dtr i j ka b œ � � Ÿ Ÿ Ê œ œ œ2

 (a)  x y z  dx t 1 t dt t t t' '
C
a b a b � ‘� � œ � � œ � � œ �

0

1 12 2 31 1 5
2 3 6!

 (b)  x y z  dy t 1 t 0 0' '
C
a b a b� � œ � � † œ

0

1
2

 (c)  x y z  dz t 1 t 2t dt 2t 2t 2t dt t t t' ' '
C
a b a b a b � ‘� � œ � � œ � � œ œ � � œ �

0 0

1 1 12 2 3 3 2 42 1 5
3 2 6!

18. t cos t sin t cos t , 0 t dx sin t dt, dy cos t dt, dz sin t dtr i j ka b œ � Ÿ Ÿ Ê œ � œ œa b a b a b� 1

 (a)  x z dx cos t cos t sin t dt cos t sin tdt cos t' ' '
C

œ � � œ œ � œ
0 0

1 1 1a b a ba b a b’ “2 1 2
3 3

3

!

 (b)  x z dy cos t cos t cos t dt cos t dt 1 sin t cos t dt sin t sin t 0' ' ' '
C

œ � œ � œ � � œ � œ
0 0 0

1 1 1 1a b a ba b a b a b’ “3 2 1
3

3

!

 (c)  x y z dz cos t sin t cos t sin t dt cos t sin t dt sin 2t dt dt' ' ' ' '
C

œ � œ � œ � œ �
0 0 0 0

1 1 1 1a ba b a ba b 2 2 21 1 1 cos 4t
4 4 2

�

 1 cos 4t dt t sin 4tœ � � œ � � œ �1 1 1
8 8 32 8
'

0

1
1a b � ‘
!

1

19. t t t , 0 t 1, and xy y yz   t t t  and 2tr i j k F i j k F i j k i j kœ � � Ÿ Ÿ œ � � Ê œ � � œ � �# $ # $ d
dt
r

  2t    work 2t  dtÊ œ Ê œ œF † d
dt
r $ $ "

#
'

0

1

20. (cos t) (sin t) , 0 t 2 , and 2y 3x (x y)r i j k F i j kœ � � Ÿ Ÿ œ � � �t
6 1

  (2 sin t) (3 cos t) (cos t sin t)  and (  sin t) (cos t)   Ê œ � � � œ � � � ÊF i j k i j k Fd d
dt 6 dt
r r" †

 3 cos t 2sin  t  cos t  sin t  work 3 cos t 2 sin  t  cos t  sin t  dtœ � � � Ê œ � � �# #" " " "2 2
6 6 6 6

'
0

21ˆ ‰
 t  sin 2t t  sin t  cos tœ � � � � � œ� ‘3 3 sin 2t

2 4 2 6 6
" " #

!

1
1
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21. (sin t) (cos t) t , 0 t 2 , and z x y    t (sin t) (cos t)  andr i j k F i j k F i j kœ � � Ÿ Ÿ œ � � Ê œ � �1

 (cos t) (sin t)    t cos t sin t cos t  work t cos t sin t cos t  dtd d
dt dt
r rœ � � Ê œ � � Ê œ � �i j k F † # #'

0

21a b
 cos t t sin t sin tœ � � � � œ �� ‘t sin 2t

2 4
#

!

1
1

22. (sin t) (cos t) , 0 t 2 , and 6z y 12x    t cos t (12 sin t)  andr i j k F i j k F i j kœ � � Ÿ Ÿ œ � � Ê œ � �t
6 1 # #a b

 (cos t) (sin t)    t cos t sin t cos t 2 sin td d
dt 6 dt
r rœ � � Ê œ � �i j k F" #†

 work t cos t sin t cos t 2 sin t  dt cos t t sin t  cos t 2 cos t 0Ê œ � � œ � � � œ'
0

21a b � ‘# $ #

!
1
3

1

23. x t and y x t   t t , 1 t 2, and xy (x y)   t t t  andœ œ œ Ê œ � � Ÿ Ÿ œ � � Ê œ � �# # # $ #r i j F i j F i ja b
 2t   t 2t 2t 3t 2t  xy dx (x y) dy   dt 3t 2t  dtd d d

dt dt dt
r r rœ � Ê œ � � œ � Ê � � œ œ �i j F F† †$ # $ $ # $ #a b a b' ' '

C C �"

#

 t t 12œ � œ � � � œ � œ� ‘ ˆ ‰ ˆ ‰3 2 16 3 2 45 18 69
4 3 3 4 3 4 3 4

% $ #

�"

24. Along (0 0) to (1 0):  t , 0 t 1, and (x y) (x y)   t t  and   t;ß ß œ Ÿ Ÿ œ � � � Ê œ � œ Ê œr i F i j F i j i Fd d
dt dt
r r†

 Along (1 0) to (0 1):  (1 t) t , 0 t 1, and (x y) (x y)   (1 2t)  andß ß œ � � Ÿ Ÿ œ � � � Ê œ � �r i j F i j F i j

   2t;d d
dt dt
r rœ � � Ê œi j F †

 Along (0 1) to (0 0):  (1 t) , 0 t 1, and (x y) (x y)   (t 1) (1 t)  andß ß œ � Ÿ Ÿ œ � � � Ê œ � � �r j F i j F i j

 t 1  (x y) dx (x y) dy t dt 2t dt (t 1) dt (4t 1) dtd d
dt dt
r rœ � Ê œ � Ê � � � œ � � � œ �j F † ' ' ' ' '

C 0 0 0 0

1 1 1 1

 2t t 2 1 1œ � œ � œc d# "
!

25. x y y y , 2 y 1, and x y y y   2y  and 2y yr i j i j F i j i j i j Fœ � œ �     � œ � œ � Ê œ � œ �# # % &d d
dy dy

r r†

    ds  dy 2y y  dy y yÊ œ œ � œ � œ � � � œ � œ �' ' '
C 2 2

1 1

F T F† †
� �

d 64 4 3 63 39
dy 3 3 3 3

r a b � ‘ ˆ ‰ ˆ ‰& ' #" " " "
# # # # #

�"

#

26. (cos t) (sin t) , 0 t , and y x   (sin t) (cos t)  and ( sin t) (cos t)r i j F i j F i j i jœ � Ÿ Ÿ œ � Ê œ � œ � �1
#

d
dt
r

 F F rÊ † †d
dt
r œ � � œ � Ê œ � œ �sin t cos t 1   d ( 1) dt# #

#
' '

C 0

21Î
1

27. ( ) t( 2 ) (1 t) (1 2t) , 0 t 1, and xy (y x)   1 3t 2t t  andr i j i j i j F i j F i jœ � � � œ � � � Ÿ Ÿ œ � � Ê œ � � �a b#
 2   1 5t 2t   work   dt 1 5t 2t  dt t t td d d 5 2 25

dt dt dt 2 3 6
r r rœ � Ê œ � � Ê œ œ � � œ � � œi j F F† †# # # $ "

!
' '

C 0

1a b � ‘
28. (2 cos t) (2 sin t) , 0 t 2 , and f 2(x y) 2(x y)r i j F i jœ � Ÿ Ÿ œ œ � � �1 ™

  4(cos t sin t) 4(cos t sin t)  and ( 2 sin t) (2 cos t)   Ê œ � � � œ � � ÊF i j i j Fd d
dt dt
r r†

 8 sin t cos t sin t 8 cos t cos t sin t 8 cos t sin t 8 cos 2t  work  f dœ � � � � œ � œ Ê œa b a b a b# # # # '
C
™ † r

   dt 8 cos 2t dt 4 sin 2t 0œ œ œ œ' '
C 0

2

F † d
dt
r

1 c d #!1
29. (a) (cos t) (sin t) , 0 t 2 , x y , and y x   ( sin t) (cos t) ,r i j F i j F i j i jœ � Ÿ Ÿ œ � œ � � Ê œ � �1 " #

d
dt
r

 (cos t) (sin t) , and ( sin t) (cos t)   0 and sin t cos t 1F i j F i j F F" # " #
# #œ � œ � � Ê œ œ � œ† †d d

dt dt
r r

  Circ 0 dt 0 and Circ dt 2 ; (cos t) (sin t)   cos t sin t 1 andÊ œ œ œ œ œ � Ê œ � œ" # "
# #' '

0 0

2 21 1

1 n i j F n†

 0  Flux dt 2  and Flux 0 dt 0F n# " #† œ Ê œ œ œ œ' '
0 0

2 21 1

1

 (b) (cos t) (4 sin t) , 0 t 2   ( sin t) (4 cos t) , (cos t) (4 sin t) , andr i j i j F i jœ � Ÿ Ÿ Ê œ � � œ �1 d
dt
r

"

 ( 4 sin t) (cos t)   15 sin t cos t and 4  Circ 15 sin t cos t dtF i j F F# " # "œ � � Ê œ œ Ê œ† †d d
dt dt
r r '

0

21

  sin t 0 and Circ 4 dt 8 ;  cos t  sin t   œ œ œ œ œ � Ê� ‘ Š ‹ Š ‹" "# #

! # "
5 4

2 17 17

1 '
0

21

1 n i j F nÈ È †

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



948 Chapter 16 Integration in Vector Fields

  cos t  sin t and  sin t cos t  Flux ( )  dt 17 dtœ � œ � Ê œ œ4 4 15 4
17 17 17 17È È È È# #

# " "F n F n v† †' '
0 0

2 21 1k k Š ‹È
 8  and Flux ( )  dt  sin t cos t  17 dt  sin t 0œ œ œ � œ � œ1 # #

# #

!
' '

0 0

2 21 1

F n v† k k Š ‹ È � ‘15 15
17 2È

1

30. (a cos t) (a sin t) , 0 t 2 , 2x 3y , and 2x (x y)   ( a sin t) (a cos t) ,r i j F i j F i j i jœ � Ÿ Ÿ œ � œ � � Ê œ � �1 " #
d
dt
r

 (2a cos t) (3a sin t) , and (2a cos t) (a cos t a sin t)    (a cos t) (a sin t) ,F i j F i j n v i j" #œ � œ � � Ê œ �k k
  2a  cos t 3a  sin t, and  2a  cos t a  sin t cos t a  sin tF n v F n v" #

# # # # # # # # #† †k k k kœ � œ � �

  Flux 2a  cos t 3a  sin t  dt 2a 3a a , andÊ œ � œ � � � œ �"
# # # # # # ## #

! !
'

0

21a b � ‘ � ‘t sin 2t t sin 2t
2 4 2 4

1 1
1

 Flux 2a  cos t a  sin t cos t a  sin t  dt 2a sin t a a#
# # # # # # # # ## #

! !#

#
!œ � � œ � � � � œ'

0

21a b c d� ‘ � ‘t sin 2t a t sin 2t
2 4 2 4

1 11#

1

31. (a cos t) (a sin t) , ( a sin t) (a cos t)   0  Circ 0; M a cos t,F i j i j F" " " "œ � œ � � Ê œ Ê œ œd d
dt dt
r r" "†

 N a sin t, dx a sin t dt, dy a cos t dt  Flux  M  dy N  dx a  cos t a  sin t  dt" " " "
# # # #œ œ � œ Ê œ � œ �' '

C 0

1a b
 a  dt a ;œ œ'

0

1

# #1

 t ,   t  Circ t dt 0; M t, N 0, dx dt, dy 0  FluxF i i F# # # # # #œ œ Ê œ Ê œ œ œ œ œ œ Êd d
dt dt
r r# #† '

�a

a

  M  dy N  dx 0 dt 0; therefore, Circ Circ Circ 0 and Flux Flux Flux aœ � œ œ œ � œ œ � œ' '
C a

a

# # " # " #
#

�

1

32. a  cos t a  sin t , ( a sin t) (a cos t)   a  sin t cos t a  cos t sin tF i j i j F" "
# # # # $ # $ #œ � œ � � Ê œ � �a b a b d d

dt dt
r r" "†

  Circ a  sin t cos t a  cos t sin t  dt ; M a  cos t, N a  sin t, dy a cos t dt,Ê œ � � œ � œ œ œ" " "
$ # $ # # # # #'

0

1a b 2a
3

$

 dx a sin t dt  Flux  M  dy N  dx a  cos t a  sin t  dt a ;œ � Ê œ � œ � œ" " "
$ $ $ $ $' '

C 0

1a b 4
3

 t ,   t   Circ t  dt ; M t , N 0, dy 0, dx dtF i i F# # # # #
# # # #œ œ Ê œ Ê œ œ œ œ œ œd d

dt dt 3
2ar r# #

$

† '
�a

a

  Flux  M  dy N  dx 0; therefore, Circ Circ Circ 0 and Flux Flux Flux aÊ œ � œ œ � œ œ � œ# # # " # " #
$'

C

4
3

33. ( a sin t) (a cos t) , ( a sin t) (a cos t)   a  sin t a  cos t aF i j i j F" "
# # # # #œ � � œ � � Ê œ � œd d

dt dt
r r" "†

  Circ a  dt a ; M a sin t, N a cos t, dx a sin t dt, dy a cos t dtÊ œ œ œ � œ œ � œ" " "
# #'

0

1

1

  Flux  M  dy N  dx a  sin t cos t a  sin t cos t  dt 0; t ,   0Ê œ � œ � � œ œ œ Ê œ" " " # #
# #' '

C 0

1a b F j i Fd d
dt dt
r r# #†

  Circ 0; M 0, N t, dx dt, dy 0  Flux  M  dy N  dx t dt 0; therefore,Ê œ œ œ œ œ Ê œ � œ � œ# # # # # #
' '

C a

a

�

 Circ Circ Circ a  and Flux Flux Flux 0œ � œ œ � œ" # " #
#1

34. a  sin t a  cos t , ( a sin t) (a cos t)   a  sin t a  cos tF i j i j F" "
# # # # $ $ $ $œ � � œ � � Ê œ �a b a b d d

dt dt
r r" "†

  Circ a  sin t a  cos t  dt a ; M a  sin t, N a  cos t, dy a cos t dt, dx a sin t dtÊ œ � œ œ � œ œ œ �" " "
$ $ $ $ $ # # # #'

0

1a b 4
3

  Flux  M  dy N  dx a  cos t sin t a  sin t cos t  dt a ; t ,   0Ê œ � œ � � œ œ œ Ê œ" " " # #
$ # $ # $ #' '

C 0

1a b 2
3 dt dt

d dF j i Fr r# #†

  Circ 0; M 0, N t , dy 0, dx dt  Flux  M  dy N  dx t  dt a ; therefore,Ê œ œ œ œ œ Ê œ � œ � œ �# # # # # #
# # $' '

C a

a

�

2
3

 Circ Circ Circ a  and Flux Flux Flux 0œ � œ œ � œ" # " #
$4

3

35. (a) (cos t) (sin t) , 0 t , and (x y) x y   ( sin t) (cos t)  andr i j F i j i jœ � Ÿ Ÿ œ � � � Ê œ � �1 a b# # d
dt
r

 (cos t sin t) cos t sin t   sin t cos t sin t cos t   dsF i j F F Tœ � � � Ê œ � � � Êa b# # #† †d
dt
r '

C

 sin t cos t sin t cos t  dt  sin t sin tœ � � � œ � � � � œ �'
0

1a b � ‘# #"
# #!2 4
t sin 2t 1 1

 (b) (1 2t) , 0 t 1, and (x y) x y   2  and (1 2t) (1 2t)  r i F i j i F i jœ � Ÿ Ÿ œ � � � Ê œ � œ � � � Êa b# # #d
dt
r

 4t 2   ds (4t 2) dt 2t 2t 0F F T† †d
dt
r œ � Ê œ � œ � œ' '

C 0

1 c d# "
!
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 (c) (1 t) t , 0 t 1, and (x y) x y    and (1 2t) 1 2t 2tr i j F i j i j F i j"
# # #œ � � Ÿ Ÿ œ � � � Ê œ � � œ � � � �a b a bd

dt
r"

  (2t 1) 1 2t 2t 2t   Flow 2t  dt ; t (t 1) ,Ê œ � � � � œ Ê œ œ œ œ � � �F F r i j† †
d d
dt dt 3

2r r" a b# # #
" #

' '
C 0

1

"

"

 0 t 1, and (x y) x y    and t t 2t 1Ÿ Ÿ œ � � � Ê œ � � œ � � � � �F i j i j F i ja b a b# # # #d
dt
r#

 2t 2t 1   1 2t 2t 1 2t 2t   Flow 2t 2t  dtœ � � � � Ê œ � � � œ � Ê œ œ �i j F Fa b a b a b# # # #
#† †

d d
dt dt
r r# #' '

C 0

1

#

 t t   Flow Flow Flow 1œ � œ Ê œ � œ � œ� ‘# $ "

!
" "

" #
2 2
3 3 3 3

36. From (1 0) to (0 1):  (1 t) t , 0 t 1, and (x y) x y   ,ß ß œ � � Ÿ Ÿ œ � � � Ê œ � �r i j F i j i j"
# #a b d

dt
r"

 1 2t 2t , and     2t 2t   Flux 2t 2t  dtF i j n v i j F n vœ � � � œ � Ê œ � Ê œ �a b k k k k a b# # #
" " " "† "

'
0

1

 t t  ;œ � œ� ‘# $ "

!
"2

3 3

 From (0 1) to ( 1 0):  t (1 t) , 0 t 1, and (x y) x y   ,ß � ß œ � � � Ÿ Ÿ œ � � � Ê œ � �r i j F i j i j#
# #a b d

dt
r#

 (1 2t) 1 2t 2t , and     (2t 1) 1 2t 2t 2 4t 2tF i j n v i j F n vœ � � � � œ � � Ê œ � � � � � œ � � �a b k k k k a b# # #
# # # #†

  Flux 2 4t 2t  dt 2t 2t t  ;Ê œ � � � œ � � � œ �#
# # $ "

!
'

0

1a b � ‘2 2
3 3

 From ( 1 0) to (1 0):  ( 1 2t) , 0 t 1, and (x y) x y   2 ,� ß ß œ � � Ÿ Ÿ œ � � � Ê œr i F i j i$
# #a b d

dt
r$

 ( 1 2t) 1 4t 4t , and  2    2 1 4t 4tF i j n v j F n vœ � � � � � œ � Ê œ � �a b k k k k a b# #
$ $ $ $†

  Flux 2 1 4t 4t  dt 2 t 2t t   Flux Flux Flux FluxÊ œ � � œ � � œ Ê œ � � œ � � œ$ " # $
# # $ "

!
" "'

0

1a b � ‘4 2 2 2
3 3 3 3 3 3

37. (a) y 2x, 0 x 2 t t 2t , 0 t 2 2t 2t 2 t 2t 2œ Ÿ Ÿ Ê œ Ÿ Ÿ Ê œ Ê œ �r i j i j F i j i ja b � � † † �d d
dt dt

2r r Š ‹a b a ba b a b
 4t 8t 12t  Flow   dt 12t  dt 4t 32œ � œ Ê œ œ œ œ2 2 2 2 3d

dt
2' '

C 0

2

F † r c d !
 (b) y x , 0 x 2 t t t , 0 t 2 2t t 2 t t 2tœ Ÿ Ÿ Ê œ Ÿ Ÿ Ê œ Ê œ �2 2 2 2d d

dt dt
2r i j i j F i j i ja b � � † † �r r Š ‹a b a ba b a b

 t 4t 5t  Flow   dt 5t  dt t 32œ � œ Ê œ œ œ œ4 4 4 4 5d
dt

2' '
C 0

2

F † r c d !
 (c) answers will vary, one possible path is y x , 0 x 2 t t t , 0 t 2 3tœ Ÿ Ÿ Ê œ Ÿ Ÿ Ê œ1 d

2 dt
3 3 2r i j i ja b � �"

#

r

 t 2 t t 3t t t t  Flow   dt t  dt tÊ œ � œ � œ Ê œ œ œF i j i j F† † � †d 1 3 7 d 7 1
dt 4 2 4 dt 4 4

3 3 2 6 6 6 6 72 2r rŠ ‹ˆ ‰ ˆ ‰ � ‘a b a b" "

# #
' '

C 0

2

!

 32œ

38. (a) C : t 1 t , 0 t 2 1 1 t 2 1 1;1
d d
dt dtr i j i F i j ia b œ � Ÿ Ÿ Ê œ � Ê œ � � � † � œ �a b a b a ba b a ba b a b� †r r

 C : t 1 t , 0 t 2 1 t 1 2 1 t 2t 1;2
d d
dt dtr i j j F i j ja b œ � � Ÿ Ÿ Ê œ � Ê œ � � � � � † � œ �� †a b a b a ba b a ba b a br r

 C : t t 1 , 0 t 2 1 t 1 2 1 1;3
d d
dt dtr i j i F i j ia b œ � Ÿ Ÿ Ê œ Ê œ � � � � � † œ �a b a b a ba b a ba b a b� †r r

 C : t t 1 , 0 t 2 t 1 1 2 t 1 2t 1;4
d d
dt dtr i j j F i j ja b œ � Ÿ Ÿ Ê œ Ê œ � � � � † œ �� †a b a b a ba b a ba b a br r

 Flow   dt   dt   dt   dt   dtÊ œ œ � � �' ' ' ' '
C C C C C

F F F F F† † † † †d d d d d
dt dt dt dt dt
r r r r r

1 2 3 4

 1  dt 2t 1  dt 1  dt 2t 1  dt t t t t t tœ � � � � � � � œ � � � � � � �' ' ' '
0 0 0 0

2 2 2 2a b a b a b a b c d c d c d c d2 22 22 2
! ! ! !

 2 2 2 2 0œ � � � � œ

 (b) x y 4 t 2cos t 2sin t , 0 t 2 2sin t 2cos t2 2 d
dt� œ Ê œ � Ÿ Ÿ Ê œ �r i j i ja b a b a b a b a b1 r �

 2sin t 2cos t 2 2sin t 2sin t 2cos t 4sin t 4cos t 8sin t cos tÊ œ � � † � œ � � �F i j i j† �d
dt

2 2r a b a ba b a b a b a ba b
 4cos 2t 4sin 2t Flow   dt 4cos 2t 4sin 2t  dt 2sin 2t 2cos 2t 0œ � Ê œ œ � œ � œ' '

C 0

2

F † d
dt

2r
1a b c d 1

!

 (c) answers will vary, one possible path is:

 C : t t , 0 t 1 0 t 2 1 0;1
d d
dt dtr i i F i j ia b œ Ÿ Ÿ Ê œ Ê œ � � † œr r† a b a ba b a ba b

 C : t 1 t t , 0 t 1 t 1 t 2t 1;2
d d
dt dtr i j i j F i j i ja b œ � Ÿ Ÿ Ê œ � � Ê œ � � � † � � œa b a b a ba ba b� †r r

 C : t 1 t , 0 t 1 1 t 0 2 1 t 2t 1;3
d d
dt dtr j j F i j ja b œ � Ÿ Ÿ Ê œ � Ê œ � � � � † � œ �a b a b a ba b a ba br r†
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950 Chapter 16 Integration in Vector Fields

 Flow   dt   dt   dt   dt 0  dt 1  dt 2t 1  dtÊ œ œ � � œ � � �' ' ' ' ' ' '
C C C C 0 0 0

1 1 1

F F F F† † † †d d d d
dt dt dt dt
r r r r

1 2 3
a b a b a b

 0 t t t 1 1 0œ � � � œ � � œc d c d a b1 2 1
! !

39.  on x y 4;F i jœ � � � œy
x y x y

xÈ È# # # #� �
# #

 at (2 0), ; at (0 2), ; at ( 2 0),ß œ ß œ � � ßF j F i

 ; at ( 2), ; at 2 2 , ;F j F i F i jœ � !ß� œ ß œ � �Š ‹È È È3
# #

"

 at 2 2 , ; at 2 2 ,Š ‹ Š ‹È È È Èß � œ � � ßF i j
È3
# #

"

 ; at 2 2 , F i j F i jœ � � � ß� œ �
È È3 3
# # # #

" "Š ‹È È
 

40. x y  on x y 1; at (1 0), ;F i j F iœ � � œ ß œ# #

 at ( 1 0), ; at (0 1), ; at (0 1),� ß œ � ß œ ß�F i F j

 ; at , ;F j F i jœ � ß œ �Š ‹" "
# # # #

È È3 3

 at , ;Š ‹� ß œ � �" "
# # # #

È È3 3F i j

 at , ;Š ‹" "
# # # #ß � œ �

È È3 3F i j

 at ,  .Š ‹� ß� œ � �" "
# # # #

È È3 3F i j

 

41. (a) P(x y) Q(x y)  is to have a magnitude a b  and to be tangent to x y a b  in aG i jœ ß � ß � � œ �È # # # # # #

 counterclockwise direction.  Thus x y a b   2x 2yy 0  y  is the slope of the tangent# # # # w w� œ � Ê � œ Ê œ � x
y

 line at any point on the circle  y  at (a b).  Let b a   a b , with  in aÊ œ � ß œ � � Ê œ �w # #a
b v i j v vk k È

 counterclockwise direction and tangent to the circle.  Then let P(x y) y and Q(x y) xß œ � ß œ

  y x   for (a b) on x y a b  we have b a  and a b .Ê œ � � Ê ß � œ � œ � � œ �G i j G i j G# # # # # #k k È
 (b) x y a b .G F Fœ � œ �ˆ ‰È Š ‹È# # # #

42. (a) From Exercise 41, part a, y x  is a vector tangent to the circle and pointing in a counterclockwise� �i j

 direction  y x  is a vector tangent to the circle pointing in a clockwise direction  Ê � Ê œi j G y  x
x   y
i j�

�È # #

 is a unit vector tangent to the circle and pointing in a clockwise direction.

 (b) G Fœ �

43. The slope of the line through (x y) and the origin is   x y  is a vector parallel to that line andß Ê œ �y
x v i j

 pointing away from the origin   is the unit vector pointing toward the origin.Ê œ �F x  y
x   y
i j�

�È # #

44. (a) From Exercise 43,  is a unit vector through (x y) pointing toward the origin and we want� ßx  y
x   y
i j�

�È # #

  to have magnitude x y   x y x y .k k È È Š ‹F F i j# # # # �

�
� Ê œ � � œ � �x  y

x   y
i jÈ # #

 (b) We want   where C 0 is a constant  C .k k Š ‹ Š ‹F Fœ Á Ê œ � œ �C C
x   y x   y x   y

x  y x  y
x   yÈ È È# # # # # # # #� � �

� �
�

i j i j
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45. Yes.  The work and area have the same numerical value because work  d   y dœ œ' '
C C

F r i r† †

 [f(t) ]  dt [On the path, y equals f(t)]œ �'
b

a

i i j† � ‘df
dt

 f(t) dt Area under the curve [because f(t) 0]œ œ �'
a

b

46. x y x f(x)   f (x) ; (x y ) has constant magnitude k and points awayr i j i j i j F i jœ � œ � Ê œ � œ �d k
dx x   y

r w
�È # #

 from the origin  k x [f(x)] , by the chain ruleÊ œ � œ œ �F † d kx d
dx dxx   y x   y x   [f(x)]

k y f (x) kx  k f(x) f (x)r È È È# # # # # #

w w

� � �

† † � † † # #È
     ds    dx k x [f(x)]  dx k x [f(x)]Ê œ œ � œ �' ' '

C C a

b b

a
F T F† † d d

dx dx
r È È� ‘# # # #

 k b [f(b)] a [f(a)] , as claimed.œ � � �ˆ ‰È È# # # #

47. 4t 8t 2  and 2t   12t   Flow 12t  dt 3t 48F i j k i j Fœ � � � œ � Ê œ Ê œ œ œ$ # $ $ % #
!

d d
dt dt
r r† '

0

2 c d
48. 12t 9t  and 3 4   72t   Flow 72t  dt 24t 24F j k j k Fœ � œ � Ê œ Ê œ œ œ# # # # $ "

!
d d
dt dt
r r† '

0

1 c d
49. (cos t sin t) (cos t)  and ( sin t) (cos t)   sin t cos t 1F i k i k Fœ � � œ � � Ê œ � �d d

dt dt
r r†

  Flow ( sin t cos t 1) dt  cos t t 0Ê œ � � œ � œ � � � œ'
0

1 � ‘ ˆ ‰ ˆ ‰" " "#
! # #2
1

1 1

50. ( 2 sin t) (2 cos t) 2  and (2 sin t) (2 cos t) 2   4 sin t 4 cos t 4 0F i j k i j k Fœ � � � œ � � Ê œ � � � œd d
dt dt
r r† # #

  Flow 0Ê œ

51. C :  (cos t) (sin t) t , 0 t   (2 cos t) 2t (2 sin t)  and ( sin t) (cos t)" #r i j k F i j k i j kœ � � Ÿ Ÿ Ê œ � � œ � � �1 d
dt
r

  2 cos t sin t 2t cos t 2 sin t sin 2t 2t cos t 2 sin tÊ œ � � � œ � � �F † d
dt
r

  Flow ( sin 2t 2t cos t 2 sin t) dt  cos 2t 2t sin t 2 cos t 2 cos t 1 ;Ê œ � � � œ � � � œ � �"
" Î#

!
'

0

21Î � ‘
2

1
1

 C :  (1 t) , 0 t 1  (1 t) 2  and   # # #r j k F j k k Fœ � � Ÿ Ÿ Ê œ � � œ � Ê œ �1 11 1d d
dt dt
r r†

  Flow  dt t ;Ê œ � œ � œ �#
"
!

'
0

1

1 1 1c d
 C :  t (1 t) , 0 t 1  2t 2(1 t)  and   2t$ r i j F i k i j Fœ � � Ÿ Ÿ Ê œ � � œ � Ê œd d

dt dt
r r†

  Flow 2t dt t 1  Circulation ( 1 ) 1 0Ê œ œ œ Ê œ � � � � œ$
# "

!
'

0

1 c d 1 1

52. x y z    , where f(x y z) x y x   f tF F r† †d dx dz f dx f f dz d d
dt dt dt dt x dt y dt z dt dt dt

dy dyr rœ � � œ � � ß ß œ � � Ê œ` ` ` "
` ` ` #

# # #a b a ba ba b
 by the chain rule  Circulation   dt f t  dt f b f a . Since C is an entire ellipse,Ê œ œ œ �' '

C a

b

F r r r† d d
dt dt
r a b a b a ba b a b a ba b

 b a , thus the Circulation 0.r ra b a bœ œ

53. Let x t be the parameter  y x t  and z x t  t t t , 0 t 1 from (0 0 0) to (1 1 1)œ Ê œ œ œ œ Ê œ � � Ÿ Ÿ ß ß ß ß# # #r i j k

  2t  and xy y yz t t t   t 2t t 2t   Flow 2t  dtÊ œ � � œ � � œ � � Ê œ � � œ Ê œd d
dt dt
r ri j k F i j k i j k F$ # $ $ $ $ $ $† '

0

1

 œ "
#

54. (a) xy z      , where f(x y z) xy z    dtF F Fœ Ê œ � � œ ß ß œ Ê™ † †a b# $ # $` ` `
` ` `

d f dx f z dz df d
dt x dt y dt z dt dt dt

dyr r)
C

 f t  dt f b f a 0 since C is an entire ellipse.œ œ � œ'
a

b
d
dt a b a b a ba b a b a ba br r r

 (b)  xy z  dt xy z (2)(1) ( 1) (1)(1) (1) 2 1 3' '
C 1 1 1

2 1 1

F † d d
dt dt
r œ œ œ � � œ � � œ �

Ð ß ß Ñ

Ð ß ß� Ñ a b c d# $ # $ # $ # $Ð#ß"ß�"Ñ
Ð"ß"ß"Ñ
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952 Chapter 16 Integration in Vector Fields

55-60. Example CAS commands:
 :Maple
 with( LinearAlgebra );#55
 F := r -> < r[1]*r[2]^6 | 3*r[1]*(r[1]*r[2]^5+2) >;
 r := t -> < 2*cos(t) | sin(t) >;
 a,b := 0,2*Pi;
 dr := map(diff,r(t),t);                                                        # (a)
 F(r(t));                                                                               # (b)
 q1 := simplify( F(r(t)) . dr ) assuming t::real;               # (c)
 q2 := Int( q1, t=a..b );
 value( q2 );
 : (functions and bounds will vary):Mathematica
 Exercises 55 and 56 use vectors in 2 dimensions
 Clear[x, y, t, f, r, v]

 f[x_, y_]:= {x y , 3x (x y 2)}6 5 �

 {a, b}={0, 2 };1

 x[t_]:= 2 Cos[t]
 y[t_]:= Sin[t]
 r[t_]:={x[t], y[t]}
 v[t_]:= r'[t]
 integrand= f[x[t], y[t]] . v[t] //Simplify
 Integrate[integrand,{t, a, b}]
 N[%]
 If the integration takes too long or cannot be done, use NIntegrate to integrate numerically. This is suggested for exercises
 57 - 60 that use vectors in 3 dimensions. Be certain to leave spaces between variables to be multiplied.
 Clear[x, y, z, t, f, r, v]

 f[x_, y_, z_]:= {y y z Cos[x y z], x x z Cos[x y z], z x y Cos[x y z]}� � �2

 {a, b}={0, 2 };1

 x[t_]:= 2 Cos[t]
 y[t_]:= 3 Sin[t]
 z[t_]:= 1
 r[t_]:={x[t], y[t], z[t]}
 v[t_]:= r'[t]
 integrand= f[x[t], y[t],z[t]] . v[t] //Simplify
 NIntegrate[integrand,{t, a, b}]

16.3  PATH INDEPENDENCE, POTENTIAL FUNCTIONS, AND CONSERVATIVE FIELDS

 1. x , y , z   Conservative` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x yœ œ œ œ œ œ Ê

 2. x cos z , y cos z , sin z   Conservative` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x yœ œ œ œ œ œ Ê

 3. 1 1  Not Conservative  4. 1 1  Not Conservative` ` ` `
` ` ` `

P N N M
y z x yœ � Á œ Ê œ Á � œ Ê

 5. 0 1  Not Conservative` `
` `

N M
x yœ Á œ Ê

 6. 0 , 0 , e  sin y   Conservative` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x y

xœ œ œ œ œ � œ Ê
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 7. 2x  f(x y z) x g(y z)  3y  g(y z) h(z)  f(x y z) x h(z)` `
` ` ` # #

# #`f f
x y y

g 3y 3yœ Ê ß ß œ � ß Ê œ œ Ê ß œ � Ê ß ß œ � �
# #

  h (z) 4z  h(z) 2z C  f(x y z) x 2z CÊ œ œ Ê œ � Ê ß ß œ � � �`
` #

w # # #f
z

3y#

 8. y z  f(x y z) (y z)x g(y z)  x x z  z  g(y z) zy h(z)` `
` ` ` `

` `f f
x y y y

g gœ � Ê ß ß œ � � ß Ê œ � œ � Ê œ Ê ß œ �

  f(x y z) (y z)x zy h(z)  x y h (z) x y  h (z) 0  h(z) C  f(x y z)Ê ß ß œ � � � Ê œ � � œ � Ê œ Ê œ Ê ß ß`
`

w wf
z

 (y z)x zy Cœ � � �

 9. e   f(x y z) xe g(y z)  xe xe   0  f(x y z)` `
` ` ` `

� � � �` `f f
x y y y

y 2z y 2z y 2z y 2zg gœ Ê ß ß œ � ß Ê œ � œ Ê œ Ê ß ß

 xe h(z)  2xe h (z) 2xe   h (z) 0  h(z) C  f(x y z) xe Cœ � Ê œ � œ Ê œ Ê œ Ê ß ß œ �y 2z y 2z y 2z y 2zf
z

� � w � w �`
`

10. y sin z  f(x y z) xy sin z g(y z)  x sin z x sin z  0  g(y z) h(z)` `
` ` ` `

` `f f
x y y y

g gœ Ê ß ß œ � ß Ê œ � œ Ê œ Ê ß œ

  f(x y z) xy sin z h(z)  xy cos z h (z) xy cos z  h (z) 0  h(z) C  f(x y z)Ê ß ß œ � Ê œ � œ Ê œ Ê œ Ê ß ß`
`

w wf
z

 xy sin z Cœ �

11.   f(x y z)  ln y z g(x y)  ln x sec (x y)  g(x y)` " `
` � # ` `

# # #`f z f
z y z x x

gœ Ê ß ß œ � � ß Ê œ œ � � Ê ß# # a b
 (x ln x x) tan (x y) h(y)  f(x y z)  ln y z (x ln x x) tan (x y) h(y)œ � � � � Ê ß ß œ � � � � � �"

#
# #a b

  sec (x y) h (y) sec (x y)   h (y) 0  h(y) C  f(x y z)Ê œ � � � œ � � Ê œ Ê œ Ê ß ß`
` � �

# w # wf
y y z y z

y y
# # # #

  ln y z (x ln x x) tan (x y) Cœ � � � � � �"
#

# #a b
12.   f(x y z) tan (xy) g(y z)  ` `

` � ` � ` �
�" `

�
f f x x z
x 1 x y y 1 x y y 1 x y

y g
1 y z

œ Ê ß ß œ � ß Ê œ � œ �# # # # # # # #È
    g(y z) sin (yz) h(z)  f(x y z) tan (xy) sin (yz) h(z)Ê œ Ê ß œ � Ê ß ß œ � �`

` �
�" �" �"g

y
z

1 y zÈ # #

   h (z)   h (z)   h(z) ln z CÊÊ œ � œ � Ê œ Ê œ �` " "
` � �

w wf
z z z

y y
1 y z 1 y zÈ È# # # #

k k
  f(x y z) tan (xy) sin (yz) ln z CÊ ß ß œ � � ��" �" k k
13. Let (x y z) 2x 2y 2z   0 , 0 , 0   M dx N dy P dz isF i j kß ß œ � � Ê œ œ œ œ œ œ Ê � �` ` ` ` ` `

` ` ` ` ` `
P N M P N M
y z z x x y

 exact; 2x  f(x y z) x g(y z)  2y  g(y z) y h(z)  f(x y z) x y h(z)` `
` ` `

# # # #`f f
x y y

gœ Ê ß ß œ � ß Ê œ œ Ê ß œ � Ê ß ß œ � œ

  h (z) 2z  h(z) z C  f(x y z) x y z C  2x dx 2y dy 2z dzÊ œ œ Ê œ � Ê ß ß œ � � � Ê � �`
`

w # # # #f
z

'
Ð ß ß Ñ

Ð ß ß� Ñ

0 0 0

2 3 6

 f(2 3 6) f( ) 2 3 ( 6) 49œ ß ß� � !ß !ß ! œ � � � œ# # #

14. Let (x y z) yz xz xy   x , y , z   M dx N dy P dz isF i j kß ß œ � � Ê œ œ œ œ œ œ Ê � �` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x y

 exact; yz  f(x y z) xyz g(y z)  xz xz  0  g(y z) h(z)  f(x y z)` `
` ` ` `

` `f f
x y y y

g gœ Ê ß ß œ � ß Ê œ � œ Ê œ Ê ß œ Ê ß ß

 xyz h(z)  xy h (z) xy  h (z) 0  h(z) C  f(x y z) xyz Cœ � Ê œ � œ Ê œ Ê œ Ê ß ß œ �`
`

w wf
z

  yz dx xz dy xy dz f(3 5 0) f(1 1 2) 0 2 2Ê � � œ ß ß � ß ß œ � œ �'
Ð ß ß Ñ

Ð ß ß Ñ

1 1 2

3 5 0

15. Let (x y z) 2xy x z 2yz   2z , 0 , 2xF i j kß ß œ � � � Ê œ � œ œ œ œ œa b# # ` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x y

  M dx N dy P dz is exact; 2xy  f(x y z) x y g(y z)  x x z   zÊ � � œ Ê ß ß œ � ß Ê œ � œ � Ê œ �` `
` ` ` `

# # # # #` `f f
x y y y

g g

  g(y z) yz h(z)  f(x y z) x y yz h(z)  2yz h (z) 2yz  h (z) 0  h(z) CÊ ß œ � � Ê ß ß œ � � Ê œ � � œ � Ê œ Ê œ# # # w w`
`

f
z

   f(x y z) x y yz C 2xy dx x z  dy 2yz dz f( ) f( ) 2 2(3) 16Ê ß ß œ � � Ê � � � œ "ß #ß $ � !ß !ß ! œ � œ �# # # # #'
Ð ß ß Ñ

Ð ß ß Ñ

0 0 0

1 2 3 a b
16. Let (x y z) 2x y   0 , 0 , 0F i j kß ß œ � � Ê œ œ œ œ œ œ#

� ` ` ` ` ` `
` ` ` ` ` `ˆ ‰4 P N M P N M

1 z y z z x x y#

  M dx N dy P dz is exact; 2x  f(x y z) x g(y z)  y   g(y z) h(z)Ê � � œ Ê ß ß œ � ß Ê œ œ � Ê ß œ � �` `
` ` `

# #`f f
x y y 3

g y$
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  f(x y z) x h(z)  h (z)   h(z) 4 tan z C  f(x y z)Ê ß ß œ � � Ê œ œ � Ê œ � � Ê ß ß# w �"`
` �

y
3 z 1 z

f 4$

#

 x 4 tan z C 2x dx y  dy  dz f(3 3 1) f( )œ � � � Ê � � œ ß ß � !ß !ß !# �" #
�

y
3 1 z

4$

#
'

Ð ß ß Ñ

Ð ß ß Ñ

0 0 0

3 3 1

 9 4 ( 0)œ � � � ! � ! � œ �ˆ ‰27
3 4† 1 1

17. Let (x y z) (sin y cos x) (cos y sin x)   0 , 0 , cos y cos xF i j kß ß œ � � Ê œ œ œ œ œ œ` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x y

  M dx N dy P dz is exact; sin y cos x  f(x y z) sin y sin x g(y z)  cos y sin xÊ � � œ Ê ß ß œ � ß Ê œ �` `
` ` `

`f f
x y y

g

 cos y sin x  0  g(y z) h(z)  f(x y z) sin y sin x h(z)  h (z) 1  h(z) z Cœ Ê œ Ê ß œ Ê ß ß œ � Ê œ œ Ê œ �`
` `

` wg
y z

f

 f(x y z) sin y sin x z C sin y cos x dx cos y sin x dy dz f(0 1 1) f(1 )Ê ß ß œ � � Ê � � œ ß ß � ß !ß !'
Ð ß ß Ñ

Ð ß ß Ñ

1 0 0

0 1 1

 (0 1) (0 0) 1œ � � � œ

18. Let (x y z) (2 cos y) 2x sin y   0 , 0 , 2 sin yF i j kß ß œ � � � Ê œ œ œ œ œ � œŠ ‹ ˆ ‰" " ` ` ` ` ` `
` ` ` ` ` `y z y z z x x y

P N M P N M

  M dx N dy P dz is exact; 2 cos y  f(x y z) 2x cos y g(y z)  2x sin yÊ � � œ Ê ß ß œ � ß Ê œ � �` `
` ` `

`f f
x y y

g

 2x sin y    g(y z) ln y h(z)  f(x y z) 2x cos y ln y h(z)  h (z)œ � Ê œ Ê ß œ � Ê ß ß œ � � Ê œ œ" " ` "`
` `

w
y y y z z

g fk k k k
 h(z) ln z C  f(x y z) 2x cos y ln y ln z CÊ œ � Ê ß ß œ � � �k k k k k k
 2 cos y dx 2x sin y  dy  dz f 1 2 f( )Ê � � � œ ß ß � !ß #ß "'

Ð ß ß Ñ

Ð ß Î ß Ñ

0 2 1

1 2 21 Š ‹ ˆ ‰" "
#y z
1

 2 0 ln ln 2 (0 cos 2 ln 2 ln 1) ln œ � � � � � œˆ ‰† †1 1
# #

19. Let (x y z) 3x (2z ln y)   , 0 , 0F i j kß ß œ � � Ê œ œ œ œ œ œ# ` ` ` ` ` `
` ` ` ` ` `Š ‹z P 2z N M P N M

y y y z z x x y

#

  M dx N dy P dz is exact; 3x   f(x y z) x g(y z)    g(y z) z  ln y h(z)Ê � � œ Ê ß ß œ � ß Ê œ œ Ê ß œ �` `
` ` `

# $ #`f f z
x y y y

g #

  f(x y z) x z  ln y h(z)  2z ln y h (z) 2z ln y  h (z) 0  h(z) C  f(x y z)Ê ß ß œ � � Ê œ � œ Ê œ Ê œ Ê ß ß$ # w w`
`

f
z

 x z  ln y C 3x  dx  dy 2z ln y dz f(1 2 3) f( )œ � � Ê � � œ ß ß � "ß "ß "$ # #'
Ð ß ß Ñ

Ð ß ß Ñ

1 1 1

1 2 3
z
y

#

 (1 9 ln 2 C) (1 0 C) 9 ln 2œ � � � � � œ

20. Let (x y z) (2x ln y yz) xz (xy)   x , y , zF i j kß ß œ � � � � Ê œ � œ œ � œ œ � œŠ ‹x P N M P N 2x M
y y z z x x y y

# ` ` ` ` ` `
` ` ` ` ` `

  M dx N dy P dz is exact; 2x ln y yz  f(x y z) x  ln y xyz g(y z)  xzÊ � � œ � Ê ß ß œ � � ß Ê œ � �` `
` ` `

# `f f x
x y y y

g#

 xz 0 g(y z) h(z)  f(x y z) x  ln y xyz h(z)  xy h (z) xy  h (z) 0œ � Ê œ Ê ß œ Ê ß ß œ � � Ê œ � � œ � Ê œx f
y y z

g# `
` `

# w w`

  h(z) C  f(x y z) x  ln y xyz C (2x ln y yz) dx xz  dy xy dzÊ œ Ê ß ß œ � � Ê � � � �# '
Ð ß ß Ñ

Ð ß ß Ñ

1 2 1

2 1 1 Š ‹x
y

#

 f(2 1 1) f( 2 1) (4 ln 1 2 C) (ln 2 2 C) ln 2œ ß ß � "ß ß œ � � � � � œ �

21. Let (x y z)   , 0 , F i j kß ß œ � � � Ê œ � œ œ œ œ � œŠ ‹ Š ‹ ˆ ‰" ` " ` ` ` ` `
` ` ` ` ` `y z y z y z z z x x y y

1 x P N M P N 1 My
# # # #

  M dx N dy P dz is exact;   f(x y z) g(y z)  Ê � � œ Ê ß ß œ � ß Ê œ � � œ �` " ` "
` ` `

`f x f x x
x y y y y y z y

g
# #

  g(y z) h(z) f(x y z) h(z)  h (z)   h (z) 0  h(z) CÊ œ Ê ß œ � Ê ß ß œ � � Ê œ � � œ � Ê œ Ê œ`
` `

" ` w wg y y y y
y z z y z z z z

x f
# #

  f(x y z) C  dx  dy  dz f(2 2 2) f( 1 1) C CÊ ß ß œ � � Ê � � � œ ß ß � "ß ß œ � � � � �x 1 x 2 2
y z y z y z 1 1

y y'
Ð ß ß Ñ

Ð ß ß Ñ

1 1 1

2 2 2
" " "

# #Š ‹ ˆ ‰ ˆ ‰
# #

 0œ

22. Let (x y z)  and let x y z   , , F ß ß œ œ � � Ê œ œ œ2x 2y 2z y
x y z x y z

x zi j k� �
� � ` ` `

# # # # ` ` `
# # # Š ‹3 3 3 3

3 3 3

  , ,   M dx N dy P dz is exact;Ê œ � œ œ � œ œ � œ Ê � �` ` ` ` ` `
` ` ` ` ` `

P N M 4xz P N M
y z z x x y

4yz 4xy
3 3 3% % %

   f(x y z) ln x y z g(y z)  ` `
` � � ` � � ` � �

# # # `f 2x f
x x y z y x y z y x y z

2y g 2yœ Ê ß ß œ � � � ß Ê œ � œ# # # # # # # # #a b
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  0  g(y z) h(z)  f(x y z) ln x y z h(z)  h (z)Ê œ Ê ß œ Ê ß ß œ � � � Ê œ �`
` ` � �

# # # w`g
y z x y z

f 2za b # # #

   h (z) 0  h(z) C  f(x y z) ln x y z Cœ Ê œ Ê œ Ê ß ß œ � � �2z
x y z# # #� �

w # # #a b
  f(2 2 2) f( 1 1) ln 12 ln 3 ln 4Ê œ ß ß � �"ß� ß� œ � œ'

Ð� ß� ß� Ñ

Ð ß ß Ñ

1 1 1

2 2 2
2x dx 2y dy 2z dz

x y z
� �
� �# # #

23. ( ) t( 2 2 ) (1 t) (1 2t) (1 2t) , 0 t 1  dx dt, dy 2 dt, dz 2 dtr i j k i j k i j kœ � � � � � œ � � � � � Ÿ Ÿ Ê œ œ œ �

 y dx x dy 4 dz (2t 1) dt (t 1)(2 dt) 4( 2) dt (4t 5) dt 2t 5t 3Ê � � œ � � � � � œ � œ � œ �' ' '
Ð ß ß Ñ

Ð ß ß� Ñ

1 1 1 0 0

2 3 1 1 1 c d# "
!

24. t(3 4 ), 0 t 1  dx 0, dy 3 dt, dz 4 dt  x  dx yz dy  dzr j kœ � Ÿ Ÿ Ê œ œ œ Ê � �'
Ð ß ß Ñ

Ð ß ß Ñ

0 0 0

0 3 4
#

#Š ‹y#

 12t (3 dt) (4 dt) 54t  dt 18t 18œ � œ œ œ' '
0 0

1 1a b c dŠ ‹# # #
#

"
!

9t#

25. 0 , 2z , 0   M dx N dy P dz is exact   is conservative` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x yœ œ œ œ œ œ Ê � � Ê F

  path independenceÊ

26. , , ` ` ` ` ` `
` ` ` ` ` `� � � � � �

P N M xz P N M
y z z x x y

yz xy

x y z x y z x y z
œ � œ œ � œ œ � œˆ ‰ ˆ ‰ ˆ ‰È È È# # # # # # # # #

$ $ $

  M dx N dy P dz is exact   is conservative  path independenceÊ � � Ê ÊF

27. 0 , 0 ,    is conservative  there exists an f so that f;` ` ` ` ` `
` ` ` ` ` `

P N M P N 2x M
y z z x x y yœ œ œ œ œ � œ Ê Ê œ# F F ™

   f(x y) g(y)  g (y)   g (y)   g(y) C` ` � " "
` `

w wf 2x x f x 1 x
x y y y y y y yœ Ê ß œ � Ê œ � � œ Ê œ Ê œ � �

# # #

# # #

  f(x y) C  Ê ß œ � � Ê œx x 1
y y y

# #" �F ™ Š ‹
28. cos z , 0 ,    is conservative  there exists an f so that f;` ` ` ` ` `

` ` ` ` ` `
P N M P N e M
y z z x x y yœ œ œ œ œ œ Ê Ê œ

x
F F ™

 e  ln y  f(x y z) e  ln y g(y z)  sin z  sin z  g(y z)` `
` ` ` `

` `f f e e
x y y y y y

x x g gœ Ê ß ß œ � ß Ê œ � œ � Ê œ Ê ß
x x

 y sin z h(z)  f(x y z) e  ln y y sin z h(z)  y cos z h (z) y cos z  h (z) 0œ � Ê ß ß œ � � Ê œ � œ Ê œx f
z

`
`

w w

  h(z) C  f(x y z) e  ln y y sin z C  e  ln y y sin zÊ œ Ê ß ß œ � � Ê œ �x xF ™ a b
29. 0 , 0 , 1    is conservative  there exists an f so that f;` ` ` ` ` `

` ` ` ` ` `
P N M P N M
y z z x x yœ œ œ œ œ œ Ê Ê œF F ™

 x y  f(x y z) x xy g(y z)  x y x  y   g(y z) y h(z)` " ` "
` ` ` `

# $ # # $` `f f
x 3 y y y 3

g gœ � Ê ß ß œ � � ß Ê œ � œ � Ê œ Ê ß œ �

  f(x y z) x xy y h(z)  h (z) ze   h(z) ze e C  f(x y z)Ê ß ß œ � � � Ê œ œ Ê œ � � Ê ß ß" " `$ $ w
`3 3 z

f z z z

 x xy y ze e C  x xy y ze eœ � � � � � Ê œ � � � �" " " "$ $ $ $
3 3 3 3

z z z zF ™ ˆ ‰
 (a) work   dt  d x xy y ze e 0 0 e e 0 0 1œ œ œ � � � � œ � � � � � � � �' '

A A

B B

F F r† †d
dt 3 3 3 3

z zr � ‘ ˆ ‰ ˆ ‰" " " "$ $ Ð"ß!ß"Ñ

Ð"ß!ß!Ñ

 1œ

 (b) work  d x xy y ze e 1œ œ � � � � œ'
A

B

F r† � ‘" "$ $ Ð"ß!ß"Ñ

Ð"ß!ß!Ñ3 3
z z

 (c) work  d x xy y ze e 1œ œ � � � � œ'
A

B

F r† � ‘" "$ $ Ð"ß!ß"Ñ

Ð"ß!ß!Ñ3 3
z z

 :  Since  is conservative,  d  is independent of the path from (1 0 0) to (1 0 1).Note F F r'
A

B

† ß ß ß ß

30. xe xyze cos y , ye , ze    is conservative  there exists an f so` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x y

yz yz yz yzœ � � œ œ œ œ œ Ê ÊF

 that f; e   f(x y z) xe g(y z)  xze xze z cos y  z cos yF œ œ Ê ß ß œ � ß Ê œ � œ � Ê œ™ ` `
` ` ` `

` `f f
x y y y

yz yz yz yzg g

  g(y z) z sin y h(z)  f(x y z) xe z sin y h(z)  xye sin y h (z) xye sin yÊ ß œ � Ê ß ß œ � � Ê œ � � œ �yz yz yzf
z

`
`

w

  h (z) 0  h(z) C  f(x y z) xe z sin y C  xe z sin yÊ œ Ê œ Ê ß ß œ � � Ê œ �w yz yzF ™ a b
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 (a) work  d xe z sin y (1 0) (1 0) 0œ œ � œ � � � œ'
A

B

F r† c dyz Ð"ß Î#ß!Ñ
Ð"ß!ß"Ñ

1

 (b) work  d xe z sin y 0œ œ � œ'
A

B

F r† c dyz Ð"ß Î#ß!Ñ
Ð"ß!ß"Ñ

1

 (c) work  d xe z sin y 0œ œ � œ'
A

B

F r† c dyz Ð"ß Î#ß!Ñ
Ð"ß!ß"Ñ

1

 :  Since  is conservative, d  is independent of the path from (1 0 1) to 1 0 .Note F F r'
A

B

† ß ß ß ßˆ ‰1
#

31. (a) x y   3x y 2x y ; let C  be the path from ( 1 1) to (0 0)  x t 1 andF F i jœ Ê œ � � ß ß Ê œ �™ a b$ # # # $
"

 y t 1, 0 t 1  3(t 1) ( t 1) 2(t 1) ( t 1) 3(t 1) 2(t 1)œ � � Ÿ Ÿ Ê œ � � � � � � � œ � � �F i j i j# # $ % %

 and (t 1) ( t 1)   d dt dt    d 3(t 1) 2(t 1)  dtr i j r i j F r" " "
% %œ � � � � Ê œ � Ê œ � � �' '

C 0

1

"

† c d
 5(t 1)  dt (t 1) 1; let C  be the path from (0 0) to (1 1)  x t and y t,œ � œ � œ ß ß Ê œ œ'

0

1
% & "

! #c d
 0 t 1  3t 2t  and t t   d dt dt   d 3t 2t  dtŸ Ÿ Ê œ � œ � Ê œ � Ê œ �F i j r i j r i j F r% % % %

# # #
' '

C 0

1

#

† a b
 5t  dt 1  d d  d 2œ œ Ê œ � œ' ' ' '

0 C C C

1
%

" #F r F r F r† † †
" #

 (b) Since f(x y) x y  is a potential function for , d f(1 1) f( 1 1) 2ß œ œ ß � � ß œ$ # F F r'
Ð� ß Ñ

Ð ß Ñ

1 1

1 1

†

32. 0 , 0 , 2x sin y    is conservative  there exists an f so that f;` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x yœ œ œ œ œ � œ Ê Ê œF F ™

 2x cos y  f(x y z) x  cos y g(y z)  x  sin y x  sin y  0  g(y z) h(z)` `
` ` ` `

# # #` `f f
x y y y

g gœ Ê ß ß œ � ß Ê œ � � œ � Ê œ Ê ß œ

   f(x y z) x  cos y h(z)  h (z) 0  h(z) C  f(x y z) x  cos y C  x  cos yÊ ß ß œ � Ê œ œ Ê œ Ê ß ß œ � Ê œ# w # #`
`

f
z F ™ a b

 (a)  2x cos y dx x  sin y dy x  cos y 0 1 1'
C

� œ œ � œ �# # Ð!ß"Ñ
Ð"ß!Ñc d

 (b)  2x cos y dx x  sin y dy x  cos y 1 ( 1) 2'
C

� œ œ � � œ# # Ð"ß!Ñ
Ð�"ß Ñc d 1

 (c)  2x cos y dx x  sin y dy x  cos y 1 1 0'
C

� œ œ � œ# # Ð"ß!Ñ
Ð�"ß!Ñc d

 (d)  2x cos y dx x  sin y dy x  cos y 1 1 0'
C

� œ œ � œ# # Ð"ß!Ñ
Ð"ß!Ñc d

33. (a) If the differential form is exact, then   2ay cy for all y  2a c,   2cx 2cx for` ` ` `
` ` ` `

P N M P
y z z xœ Ê œ Ê œ œ Ê œ

 all x, and   by 2ay for all y  b 2a and c 2a` `
` `

N M
x yœ Ê œ Ê œ œ

 (b) f  the differential form with a 1 in part (a) is exact  b 2 and c 2F œ Ê œ Ê œ œ™

34. f  g(x y z)  d f d f(x y z) f(0 0 0)  0, 0, andF F r rœ Ê ß ß œ œ œ ß ß � ß ß Ê œ � œ �™ † ™ †' '
Ð ß ß Ñ Ð ß ß Ñ

Ð ß ß Ñ Ð ß ß Ñ

0 0 0 0 0 0

x y z x y z
` `
` ` ` `

` `g g
x x y y

f f

 0  g f , as claimed`
` `

`g
z z

fœ � Ê œ œ™ ™ F

35. The path will not matter; the work along any path will be the same because the field is conservative.

36. The field is not conservative, for otherwise the work would be the same along C  and C ." #

37. Let the coordinates of points A and B be x , y , z  and x , y , z , respectively. The force a b c  isa b a bA A A B B B F i j kœ � �

 conservative because all the partial derivatives of M, N, and P are zero. Therefore, the potential function is
 f x, y, z ax by cz C, and the work done by the force in moving a particle along any path from A to B isa b œ � � �

 f B f A f x , y , z f x , y , z ax by cz C ax by cz Ca b a b a b a b a b a b� œ � œ � � � � � � �B B B A A A B B B A A A

 a x x b y y c z z BAœ � � � � � œ †
Äa b a b a bB A B A B A F
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38. (a) Let GmM C  C� œ Ê œ � �F i j k’ “x z
x y z x y z x y z

y

a b a b a b# # # # # # # # #$Î# $Î# $Î#� � � � � �

  , ,   f  forÊ œ œ œ œ œ œ Ê œ` ` ` � ` ` `
` ` ` ` ` `

� �

� � � � � �

P N M 3xzC P N M
y z z x x y

3yzC 3xyC

x y z x y z x y za b a b a b# # # # # # # # #&Î# &Î# &Î# F ™

 some f;   f(x y z) g(y z)  ` `
` ` `� � � � � �

`f xC C f
x y yx y z x y z x y z

yC gœ Ê ß ß œ � � ß Ê œ �a b a b a b# # # # # # # # #$Î# "Î# $Î#

   0  g(y z) h(z)  h (z)œ Ê œ Ê ß œ Ê œ � œyC g

x y z x y z x y zy z
f zC zC

a b a b a b# # # # # # # # #$Î# $Î# $Î#� � � � � �

`
` `

` w

  h(z) C   f(x y z) C .  Let C 0  f(x y z)  is a potentialÊ œ Ê ß ß œ � � œ Ê ß ß œ" " "
� � � �

C GmM
x y z x y za b a b# # # # # #"Î# "Î#

 function for .F

 (b) If s is the distance of (x y z) from the origin, then s x y z .  The work done by the gravitational fieldß ß œ � �È # # #

   is work d GmM , as claimed.F F rœ œ œ � œ �'
P

P

"

#

† ’ “ Š ‹GmM GmM GmM
x y zÈ # # #

#

"
# #" "� �

T

T

" "
s s s s

16.4  GREEN'S THEOREM IN THE PLANE

 1. M y a sin t, N x a cos t, dx a sin t dt, dy a cos t dt  0, 1, 1, andœ � œ � œ œ œ � œ Ê œ œ � œ` ` `
` ` `
M M N
x y x

 0;`
`

N
y œ

 Equation (3):   M dy N dx [( a sin t)(a cos t) (a cos t)( a sin t)] dt 0 dt 0;) ' '
C 0 0

2 2

� œ � � � œ œ
1 1

   dx dy 0 dx dy 0, Flux' ' ' '
R R

Š ‹` `
` `
M N
x y� œ œ

 Equation (4):   M dx N dy [( a sin t)( a sin t) (a cos t)(a cos t)] dt a  dt 2 a ;) ' '
C 0 0

2 2

� œ � � � œ œ
1 1

# #1

   dx dy 2 dy dx 4 a x  dx 4 a x  sin  ' '
R

Š ‹ ’ “È È` `
` ` #

# # # # �"N M x a x
x y 2 a� œ œ � œ � �' ' '

� � �

�

�

a c a

a a x a a

a

È # #

#

 2a 2a , Circulationœ � œ# #
# #

ˆ ‰1 1 1

 2. M y a sin t, N 0, dx a sin t dt, dy a cos t dt  0, 1, 0, and 0;œ œ œ œ � œ Ê œ œ œ œ` ` ` `
` ` ` `
M M N N
x y x y

 Equation (3):   M dy N dx a  sin t cos t dt a  sin t 0;  0 dx dy 0, Flux) '
C 0

2

� œ œ œ œ
1

# # #" #

!
� ‘

2
1 ' '

R

 Equation (4):  M dx N dy a  sin t  dt a a ;  dx dy) '
C 0

2

� œ � œ � � œ � �
1a b � ‘ Š ‹# # # ##

!
` `
` `

t sin 2t N M
2 4 x y

1
1 ' '

R

  1 dx dy  r dr d  d a , Circulationœ � œ � œ � œ �' '
R

' ' '
0 0 0

2 a 21 1

) ) 1a#

#
#

 3. M 2x 2a cos t, N 3y 3a sin t, dx a sin t dt, dy a cos t dt  2, 0, 0, andœ œ œ � œ � œ � œ Ê œ œ œ` ` `
` ` `
M M N
x y x

 3;`
`

N
y œ �

 Equation (3):   M dy N dx [(2a cos t)(a cos t) (3a sin t)( a sin t)] dt) '
C 0

2

� œ � �
1

 2a  cos t 3a  sin t  dt 2a 3a 2 a 3 a a ;œ � œ � � � œ � œ �'
0

21a b � ‘ � ‘# # # # # # # # ## #

! !
t sin 2t t sin 2t
2 4 2 4

1 1
1 1 1

 1 dx dy r dr d   d a , Flux' ' ' '
R R

Š ‹` `
` ` #

#M N a
x y� œ � œ � œ � œ �' ' '

0 0 0

2 a 21 1

) ) 1
#

 Equation (4):   M dx N dy [(2a cos t)( a sin t) ( 3a sin t)(a cos t)] dt) '
C 0

2

� œ � � �
1

 2a  sin t cos t 3a  sin t cos t  dt 5a  sin t 0;  0 dx dy 0, Circulationœ � � œ � œ œ'
0

21a b � ‘# # # # #

!
1
2

1 ' '
R

 4. M x y a  cos t, N xy a  cos t sin t, dx a sin t dt, dy a cos t dtœ � œ � œ œ œ � œ# $ # # $ #

  2xy, x , y ,  and 2xy;Ê œ � œ � œ œ` ` ` `
` ` ` `

#M M N N
x y x y

2

 Equation (3):   M dy N dx a  cos t sin t a  cos t sin t  cos t  sin t 0;) '
C 0

2

� œ � � œ � œ
1a b ’ “% $ % $ % %

#

!

a a
4 4

% %
1
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  dx dy ( 2xy 2xy) dx dy 0, Flux' ' ' '
R R

Š ‹` `
` `
M N
x y� œ � � œ

 Equation (4):   M dx N dy a  cos t sin t a  cos t sin t  dt 2a  cos t sin t  dt) ' '
C 0 0

2 2

� œ � œ
1 1a b a b% # # % # # % # #

 a  sin 2t dt  sin u du ;  dx dy y x  dx dyœ œ œ � œ � œ �' ' ' '
0 0

2 41 1

" ` `
# # ` `

% # # # #%

!
a a u sin 2u a N M
4 4 2 4 x y

% % %� ‘ Š ‹ a b1 1 ' '
R R

 r r dr d  d , Circulationœ œ œ' ' '
0 0 0

2 a 21 1

#
#† ) )a a

4

% %1

 5. M x y, N y x  1, 1, 1, 1  Flux 2 dx dy 2 dx dy 2;œ � œ � Ê œ œ � œ � œ Ê œ œ œ` ` ` `
` ` ` `
M M N N
x y x y

' ' ' '
R

0 0

1 1

 Circ [ 1 ( 1)] dx dy 0œ � � � œ' '
R

 6. M x 4y, N x y   2x, 4, 1, 2y  Flux (2x 2y) dx dyœ � œ � Ê œ œ œ œ Ê œ �# # ` ` ` `
` ` ` `
M M N N
x y x y

' '
R

 (2x 2y) dx dy x 2xy  dy (1 2y) dy y y 2; Circ (1 4) dx dyœ � œ � œ � œ � œ œ �' ' ' ' ' '
0 0 0 0

1 1 1 1c d c d# #" "
! !

R

 3 dx dy 3œ � œ �' '
0 0

1 1

 7. M y x , N x y   2x, 2y, 2x, 2y  Flux ( 2x 2y) dx dyœ � œ � Ê œ � œ œ œ Ê œ � �# # # # ` ` ` `
` ` ` `
M M N N
x y x y

' '
R

 ( 2x 2y) dy dx 2x x  dx x 9; Circ (2x 2y) dx dyœ � � œ � � œ � œ � œ �' ' ' ' '
0 0 0

3 x 3a b � ‘# # $" $

!3
R

 (2x 2y) dy dx x  dx 9œ � œ œ' ' '
0 0 0

3 x 3
#

 8. M x y, N x y   1, 1, 2x, 2y  Flux (1 2y) dx dyœ � œ � � Ê œ œ œ � œ � Ê œ �a b# # ` ` ` `
` ` ` `
M M N N
x y x y

' '
R

 (1 2y) dy dx x x  dx ; Circ ( 2x 1) dx dy ( 2x 1) dy dxœ � œ � œ œ � � œ � �' ' ' ' ' ' '
0 0 0 0 0

1 x 1 1 xa b# "
6

R

 2x x  dxœ � � œ �'
0

1a b# 7
6

 9. M xy y , N x y  y, x 2y, 1, 1  Flux y 1  dy dxœ � œ � Ê œ œ � œ œ � Ê œ � �2 M M N N
x y x y

` ` ` `
` ` ` `

' '
R

a ba b
 y 1  dy dx x x x x  dx ; Circ 1 x 2y  dy dxœ � œ � � � œ � œ � �' ' ' ' '

0 0

1 1

x

x

2

È a b a bˆ ‰È a b" "
# #

#4 11
60

R

 1 x 2y  dy dx x x x x x x  dxœ � � œ � � � � � œ �' ' '
0 0

1 1

x

x

2

È a b ˆ ‰È 3 2 3 4 7
60

Î #

10. M x 3y, N 2x y  1, 3, 2, 1  Flux 1 1  dy dx 0œ � œ � Ê œ œ œ œ � Ê œ � � œ` ` ` `
` ` ` `
M M N N
x y x y

' '
R

a ba b
 Circ 2 3  dy dx  1  dy dx 2 x  dx 2œ � œ � œ � � œ �' ' ' ' '

R
a b a b È È

� �� Î

� Î

È È

È È

Èa b

Èa b

2 2

2 2

2 x 2

2 x 2

� 2

2

2
2

2È 1

11. M x y , N x y  3x y , 2x y, 2x y, x  Flux 3x y x  dy dxœ œ Ê œ œ œ œ Ê œ �3 2 4 2 2 3 3 4 2 2 4M M N N
x y x y

" ` ` ` ` " "
# ` ` ` ` # #

' '
R

ˆ ‰
 3x y x  dy dx 3x x 3x x  dx ; Circ 2x y 2x y  dy dx 0œ � œ � � � œ œ � œ' ' ' ' '

0 0

2 2

x x

x

2 �
ˆ ‰ ˆ ‰ a b2 2 4 5 6 7 8 3 37 64

2 9
"
#

R
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12. M , N tan y  , , 0,   Flux  dx dyœ œ Ê œ œ œ œ Ê œ �x M 1 M N N 1 1 1
1 y x 1 y y x y 1 y 1 y 1 y

1 2x y
1 y� ` � ` ` ` � � �

� ` ` ` `�

�2 2 2 2 2 22a b ' '
R

Š ‹
    dx dy  dx 4 2 4 ; Circ 0  dy dxœ œ œ � œ �' ' ' ' '

� �1 1

1 1

� � �
� �

�È
È È

a b1 y

1 y

�

�

2

2

2
1 y 1 y

4 1 y 2x y
1 y2 2 2

2

2
1 1È Š ‹Š ‹

R

    dy dx 0  dx 0œ œ œ' ' '
� �1 1

1 1

� �È
È

a b1 y

1 y

�

�

2

2 Š ‹ a b2x y
1 y2 2

13. M x e  sin y, N x e  cos y  1 e  sin y, e  cos y, 1 e  cos y, e  sin yœ � œ � Ê œ � œ œ � œ �x x x x x xM M N N
x y x y

` ` ` `
` ` ` `

  Flux dx dy r dr d  cos 2  d  sin 2 ;Ê œ œ œ œ œ' '
R

' ' '
� Î � Î

Î Î

1 1

1 ) 1

4 0 4

4 cos 2 4È

) ) ) )ˆ ‰ � ‘" " "
# #

Î%

� Î%4
1

1

 Circ 1 e  cos y e  cos y  dx dy dx dy r dr d  cos 2  dœ � � œ œ œ œ' ' ' '
R R

a b ˆ ‰x x ' ' '
� Î � Î

Î Î

1 1

1 ) 1

4 0 4

4 cos 2 4È

) ) )" "
# #

14. M tan  , N ln x y   , , , œ œ � Ê œ œ œ œ�" # # ` ` ` `
` � ` � ` � ` �

�y y 2y
x x x y y x y x x y y x y

M M x N 2x Na b # # # # # # # #

  Flux  dx dy  r dr d sin  d 2;Ê œ � œ œ œ' '
R

Š ‹ ˆ ‰�
� �

y 2y
x y x y r

r sin 
# # # # #

' ' '
0 1 0

21 1

) ) ) )

 Circ  dx dy r dr d cos  d 0œ � œ œ œ' '
R

Š ‹ ˆ ‰2x x r cos 
x y x y r# # # # #� �

' ' '
0 1 0

21 1

) ) ) )

15. M xy, N y   y, x, 0, 2y  Flux (y 2y) dy dx 3y dy dxœ œ Ê œ œ œ œ Ê œ � œ# ` ` ` `
` ` ` `
M M N N
x y x y

' '
R

 ' '
0 x

1 x

#

  dx ; Circ x dy dx x dy dx x x  dxœ � œ œ � œ � œ � � œ �' ' ' '
0 0 x 0

1 1 x 1Š ‹ a b3x 3x
5 1

# %

# # #
" "# $' '

R
 

#

16. M sin y, N x cos y  0, cos y, cos y, x sin yœ � œ Ê œ œ � œ œ �` ` ` `
` ` ` `
M M N N
x y x y

  Flux ( x sin y) dx dy ( x sin y) dx dy  sin y  dy ;Ê œ � œ � œ � œ �' '
R

' ' '
0 0 0

2 2 21 1 1Î Î Î Š ‹1 1# #

8 8

 Circ [cos y ( cos y)] dx dy  2 cos y dx dy  cos y dy  sin yœ � � œ œ œ œ' '
R

' ' '
0 0 0

2 2 21 1 1Î Î Î

1 1 1c d 1Î#!

17. M 3xy , N e tan y  3y , œ � œ � Ê œ � œx M N
1 y x 1 y y 1 y

x
� ` � ` �

�" ` " ` "
# # #

  Flux 3y   dx dy 3y dx dy (3r sin ) r dr dÊ œ � � œ œ' ' ' '
R R

 Š ‹" "
� �1 y 1 y# #

' '
0 0

2 a 1 cos1 )Ð � Ñ

) )

 a (1 cos ) (sin ) d (1 cos ) 4a 4a 0œ � œ � � œ � � � œ'
0

21
$ $ % $ $

#

!
) ) ) )’ “ a ba

4

$
1

18. M y e  ln y, N   1 ,   Circ 1  dx dy ( 1) dx dyœ � œ Ê œ � œ Ê œ � � œ �x e M e N e e e
y y y x y y y

x x x x x` `
` `

' ' ' '
R R

’ “Š ‹
   dy dx  3 x x 1  dx x x 2  dxœ � œ � � � � œ � � œ �' ' ' '

� � � �

�

1 x 1 1 1

1 3 x 1 1

%

# c d a ba b a b# % % # 44
15

19. M 2xy , N 4x y   6xy , 8xy   work  2xy  dx 4x y  dy 8xy 6xy  dx dyœ œ Ê œ œ Ê œ � œ �$ # # # # $ # # # #` `
` `
M N
y x

)
C

' '
R

a b
 2xy  dy dx x  dxœ œ œ' ' '

0 0 0

1 x 1$

# "!2 2
3 33

20. M 4x 2y, N 2x 4y  2, 2  work  (4x 2y) dx (2x 4y) dyœ � œ � Ê œ � œ Ê œ � � �` `
` `
M N
y x

)
C

 [2 ( 2)] dx dy 4 dx dy 4(Area of the circle) 4( 4) 16œ � � œ œ œ œ' ' ' '
R R

1 1†
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21. M y , N x   2y, 2x  y  dx x  dy (2x 2y) dy dxœ œ Ê œ œ Ê � œ �# # # #` `
` `
M N
y x

)
C

' '
R

  (2x 2y) dy dx 3x 4x 1  dx x 2x x 1 2 1 0œ � œ � � � œ � � � œ � � � œ' ' '
0 0 0

1 1 x 1� a b c d# $ # "
!

22. M 3y, N 2x  3, 2  3y dx 2x dy 2 3  dx dy 1 dy dxœ œ Ê œ œ Ê � œ � œ �` `
` `
M N
y x

) ' '
C 0 0

sin x
' '

R
a b a b1

 sin x dx 2œ � œ �'
0

1

23. M 6y x, N y 2x  6, 2  (6y x) dx (y 2x) dy (2 6) dy dxœ � œ � Ê œ œ Ê � � � œ �` `
` `
M N
y x

)
C

' '
R

 4(Area of the circle) 16œ � œ � 1

24. M 2x y , N 2xy 3y  2y, 2y   2x y  dx (2xy 3y) dy (2y 2y) dx dy 0œ � œ � Ê œ œ Ê � � � œ � œ# #` `
` `
M N
y x

)
C
a b ' '

R

25. M x a cos t, N y a sin t  dx a sin t dt, dy a cos t dt  Area   x dy y dxœ œ œ œ Ê œ � œ Ê œ �"
#
)

C

  a  cos t a  sin t  dt  a  dt aœ � œ œ" "
# #

# # # # # #' '
0 0

2 21 1a b 1

26. M x a cos t, N y b sin t  dx a sin t dt, dy b cos t dt  Area   x dy y dxœ œ œ œ Ê œ � œ Ê œ �"
#
)

C

  ab cos t ab sin t  dt  ab dt abœ � œ œ" "
# #

# #' '
0 0

2 21 1a b 1

27. M x cos t, N y sin t  dx 3 cos t sin t dt, dy 3 sin t cos t dt  Area  x dy y dxœ œ œ œ Ê œ � œ Ê œ �$ $ # # "
#
)

C

  3 sin t cos t cos t sin t  dt  3 sin t cos t  dt  sin 2t dt  sin u duœ � œ œ œ" "
# #

# # # # # # # #' ' ' '
0 0 0 0

2 2 2 41 1 1 1a b a b a b 3 3
8 16

 œ � œ3 u sin 2u 3
16 2 4 8
� ‘ %

!

1
1

28. C : M x t, N y 0 dx dt, dy 0; C : M x 2 t sin 2 t 2 t sin t, N y1 2œ œ œ œ Ê œ œ œ œ � � � œ � � œa b a b1 1 1

 1 cos 2 t 1 cos t dx cos t 1 dt,  dy sin t dtœ � � œ � Ê œ � œa b a b1

 Area  x dy y dx  x dy y dx  x dy y dxÊ œ � œ � � �" " "
# # #
) ) )

C C C" 2

 0 dt 2 t sin t sin t 1 cos t cos t 1  dt 2 cos t t sin t 2 2 sin t  dtœ � � � � � � œ � � � �" " "
# # #
' ' '

0 0 0

2 2 21 1 1a b c d a ba ba b a b a b1 1

 3 sin t t cos t 2t 2 cos t 3œ � � � � œ1
2

2c d1 10
1

29. (a) M f(x), N g(y)  0, 0  f(x) dx g(y) dy  dx dy 0 dx dy 0œ œ Ê œ œ Ê � œ � œ œ` ` ` `
` ` ` `
M N N M
y x x y

)
C

' ' ' '
R R

Š ‹
 (b) M ky, N hx  k, h  ky dx hx dy  dx dyœ œ Ê œ œ Ê � œ �` ` ` `

` ` ` `
M N N M
y x x y

)
C

' '
R

Š ‹
 (h k) dx dy (h k)(Area of the region)œ � œ �' '

R

30. M xy , N x y 2x  2xy, 2xy 2  xy  dx x y 2x  dy  dx dyœ œ � Ê œ œ � Ê � � œ �# # # #` ` ` `
` ` ` `
M N N M
y x x y

)
C

a b Š ‹' '
R

 (2xy 2 2xy) dx dy 2 dx dy 2 times the area of the squareœ � � œ œ' ' ' '
R R
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31. The integral is 0 for any simple closed plane curve C.  The reasoning:  By the tangential form of Green's

 Theorem, with M 4x y and N x , 4x y dx x  dy x 4x y  dx dyœ œ � œ �$ % $ % % $` `
` `

)
C

' '
R

’ “a b a bx y

 4x 4x  dx dy 0.œ � œ' '
R

ðóóñóóòa b$ $

 0

32.  The integral is 0 for any simple closed curve C.  The reasoning:  By the normal form of Green's theorem, with

 M x  and N y ,  y  dy x  dx y x  dx dy 0.œ œ � � � œ � � œ$ $ $ $ $ $` `
` `

)
C

' '
R

” •ðñòa b a bïx y

 0 0

33. Let M x and N 0  1 and 0  M dy N dx  dx dy  x dyœ œ Ê œ œ Ê � œ � Ê` ` ` `
` ` ` `
M N M N
x y x y

) )
C C

' '
R

Š ‹
 (1 0) dx dy  Area of R dx dy  x dy; similarly, M y and N 0  1 andœ � Ê œ œ œ œ Ê œ' ' ' '

R R

)
C

`
`
M
y

 0  M dx N dy  dy dx  y dx (0 1) dy dx    y dx` ` `
` ` `

N N M
x x yœ Ê � œ � Ê œ � Ê �) ) )

C C C
' ' ' '

R R
Š ‹

 dx dy Area of Rœ œ' '
R

34. f(x) dx Area of R  y dx, from Exercise 33' )
a C

b

œ œ �

35. Let (x y) 1  x   Ax x dA (x 0) dx dy$ ß œ Ê œ œ œ œ Ê œ œ �M
M A

x (x y) dA x dA x dA

(x y) dA dA
y

' ' ' ' ' '

' ' ' '
R R R

R R

$

$

ß

ß
' ' ' '

R R

   dy, Ax x dA (0 x) dx dy   xy dx, and Ax x dA x x  dx dyœ œ œ � œ � œ œ �)
C

C

x 2
3 3

#

#
"' ' ' ' ' '

R R R R
) ' ' ˆ ‰

  x  dy xy dx   x  dy  xy dx   x  dy xy dx Axœ � Ê œ � œ � œ) ) ) )
C C C C

" " " "# # #
#3 3 3

36. If (x y) 1, then I x (x y) dA x  dA x 0  dy dx   x  dy,$ $ß œ œ ß œ œ � œy C
' ' ' ' ' '

R R R

# # # $"a b 3
)

 x  dA 0 x  dy dx   x y dx, and x  dA x x  dy dx' ' ' ' ' ' ' '
R R R R

# # # # # #"œ � œ � œ �a b ˆ ‰)
C

3
4 4

  x  dy x y dx   x  dy x y dx    x  dy   x y dx   x  dy x y dx Iœ � œ � Ê œ � œ � œ) ) ) ) )
C C C C C y

" " " " "$ # $ # $ # $ #
4 4 4 3 4

37. M , N   ,    dx  dy  dx dy 0 for such curves Cœ œ � Ê œ œ � Ê � œ � � œ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `

f f M f N f f f f f
y x y y x x y x x y

# # # #

# # # #
)

C
' '

R
Š ‹

38. M x y y , N x  x y , 1  Curl 1 x y 0 in the interior of theœ � œ Ê œ � œ Ê œ � œ � � �" " ` ` ` ` "# $ # # # #
` ` ` `4 3 y 4 x x y 4
M 1 N N M ˆ ‰

 ellipse x y 1 work d 1 x y  dx dy will be maximized on the region" "# # # #
4 4� œ Ê œ œ � �'

C
F r† ' '

R
ˆ ‰

 R {(x y) | curl } 0 or over the region enclosed by 1 x yœ ß   œ �F " # #
4

39. (a) f   M , N ; since M, N are discontinuous at (0 0), we™ œ � Ê œ œ ßŠ ‹ Š ‹2x 2x
x y x y x y x y

2y 2y
# # # # # # # #� � � �i j

 compute f  ds directly since Green's Theorem does not apply. Let x a cos t, y a sin t dx a sin t dt,'
C
™ † n œ œ Ê œ �

 dy a cos t dt, M  cos t, N  sin t, 0 t 2 , so f  ds  M dy N dxœ œ œ Ÿ Ÿ œ �2 2
a a 1 ' '

C C
™ † n

  cos t a cos t  sin t a sin t dt 2 cos  t sin  t dt 4 . Note that this holds for anyœ � � œ � œ' '
0 0

2 21 1� ‘ˆ ‰ ˆ ‰a b a b a b2 2
a a

2 2 1
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962 Chapter 16 Integration in Vector Fields

 a 0, so f  ds 4  for any circle C centered at 0, 0  traversed counterclockwise and f  ds 4� œ œ �' '
C C
™ † ™ †n n1 1a b

 if C is traversed clockwise.

 (b) If K does not enclose the point (0 0) we may apply Green's Theorem: f  ds  M dy N dxß œ �' '
C C
™ † n

  dx dy  dx dy  0 dx dy 0. If K does enclose the pointœ � œ � œ œ' ' ' ' ' '
R R R

Š ‹ Š ‹` `
` `

� �

� �

M N
x y

2 y x 2 x y

x y x y

ˆ ‰ ˆ ‰
a b a b

2 2 2 2

2 2 2 22 2

  (0 0) we proceed as follows:ß

 Choose a small enough so that the circle C centered at (0 0) of radius a lies entirely within K. Green's Theoremß

 applies to the region R that lies between K and C. Thus, as before, 0  dx dy
R

œ �' ' Š ‹` `
` `
M N
x y

  M dy N dx  M dy N dx where K is traversed counterclockwise and C is traversed clockwise.œ � � �' '
K C

 Hence by part (a) 0 4 4 f  ds. We have shown: M dy N dx  M dy N dxœ � Ê œ œ� �’ “' ' '
K K K

1 1 ™ † n

 f  ds
0 if (0 0) lies inside K
4 if (0 0) lies outside K

'
K
™ † n œ

ß
ßœ 1

40. Assume a particle has a closed trajectory in R and let C  be the path  C  encloses a simply connected region" "Ê

 R   C  is a simple closed curve.  Then the flux over R  is   ds 0, since the velocity vectors  are" " "Ê œ)
C"

F n F†

 tangent to C .  But 0   ds  M dy N dx  dx dy  M N 0, which is a"
` `
` `œ œ � œ � Ê � œ) )

C C x y
" "

F n† ' '
R"

Š ‹M N
x y

 contradiction.  Therefore, C  cannot be a closed trajectory."

41.  dx dy N(g (y) y) N(g (y) y)    dx  dy  [N(g (y) y) N(g (y) y)] dy' ' ' '
g y c g y c

g y d g y d

" "

# #

Ð Ñ Ð Ñ

Ð Ñ Ð Ñ
` `
` `# " # "

N N
x xœ ß � ß Ê œ ß � ßˆ ‰

  N(g (y) y) dy  N(g (y) y) dy  N(g (y) y) dy  N(g (y) y) dy  N dy  N dyœ ß � ß œ ß � ß œ �' ' ' ' ' '
c c c d C C

d d d c

# " # "
# "

  dy   N dy  dx dy
R

œ Ê œ) )
C C

' ' `
`

N
x

42. The curl of a conservative two-dimensional field is zero.  The reasoning:  A two-dimensional field M NF i jœ �

 can be considered to be the restriction to the xy-plane of a three-dimensional field whose k component is zero,

 and whose  and  components are independent of z.  For such a field to be conservative, we must havei j

  by the component test in Section 16.3  curl 0.` ` ` `
` ` ` `

N M N M
x y x yœ Ê œ � œF

43-46. Example CAS commands:
 :Maple
 with( plots );#43
 M := (x,y) -> 2*x-y;
 N := (x,y) -> x+3*y;
 C := x^2 + 4*y^2 = 4;
 implicitplot( C, x=-2..2, y=-2..2, scaling=constrained, title="#43(a) (Section 16.4)" );
 curlF_k := D[1](N) - D[2](M):                            # (b)
 'curlF_k' = curlF_k(x,y);
 top,bot := solve( C, y );                                     # (c)
 left,right := -2, 2;
 q1 := Int( Int( curlF_k(x,y), y=bot..top ), x=left..right );
 value( q1 );
 : (functions and bounds will vary)Mathematica

 The  command will be useful for 43 and 44, but is not needed for 43 and 44. In 44, the equation of the lineImplicitPlot
 from (0, 4) to (2, 0) must be determined first.
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 Clear[x, y, f]
 <<Graphics`ImplicitPlot`
 f[x_, y_]:= {2x y, x 3y}� �

 curve= x 4y  ==42 2�

 ImplicitPlot[curve, {x, 3, 3},{y, 2, 2}, AspectRatio Automatic, AxesLabel {x, y}];� � Ä Ä

 ybounds= Solve[curve, y]
 {y1, y2}=y/.ybounds;
 integrand:=D[f[x,y][[2]], x] D[f[x,y][[1]], y]//Simplify�

 Integrate[integrand, {x, 2, 2}, {y, y1, y2}]�

 N[%]

 Bounds for y are determined differently in 45 and 46. In 46, note equation of the line from (0, 4) to (2, 0).
 Clear[x, y, f]

 f[x_, y_]:= {x Exp[y], 4x  Log[y]}2

 ybound = 4 2x�

 Plot[{0, ybound}, {x, 0,2. 1}, AspectRatio Automatic, AxesLabel {x, y}];Ä Ä

 integrand:=D[f[x, y][[2]], x] D[f[x, y][[1]], y]//Simplify�

 Integrate[integrand, {x, 0, 2}, {y, 0, ybound}]
 N[%]

16.5  SURFACES AND  AREA

 1. In cylindrical coordinates, let x r cos , y r sin , z x y r .  Then  (r ) (r cos ) (r sin ) r ,œ œ œ � œ ß œ � �) ) ) ) )ˆ ‰È # #
# # #r i j k

 0 r 2, 0 2 .Ÿ Ÿ Ÿ Ÿ) 1

 2. In cylindrical coordinates, let x r cos , y r sin , z 9 x y 9 r .  Thenœ œ œ � � œ �) ) # # #

 (r ) (r cos ) (r sin ) 9 r ; z 0  9 r 0  r 9  3 r 3, 0 2 .  Butr i j kß œ � � �   Ê �   Ê Ÿ Ê � Ÿ Ÿ Ÿ Ÿ) ) ) ) 1a b# # #

 3 r 0 gives the same points as 0 r 3, so let 0 r 3.� Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ

 3. In cylindrical coordinates, let x r cos , y r sin , z z . Then (r ) (r cos ) (r sin ) .œ œ œ Ê œ ß œ � �) ) ) ) )
Èx y r r# #�

# # #r i j kˆ ‰
 For 0 z 3, 0 3 0 r 6; to get only the first octant, let 0 .Ÿ Ÿ Ÿ Ÿ Ê Ÿ Ÿ Ÿ Ÿr

# #) 1

 4. In cylindrical coordinates, let x r cos , y r sin , z 2 x y   z 2r.  Thenœ œ œ � Ê œ) ) È # #

 (r ) (r cos ) (r sin ) 2r .  For 2 z 4, 2 2r 4  1 r 2, and let 0 2 .r i j kß œ � � Ÿ Ÿ Ÿ Ÿ Ê Ÿ Ÿ Ÿ Ÿ) ) ) ) 1

 5. In cylindrical coordinates, let x r cos , y r sin ; since x y r z 9 x y 9 rœ œ � œ Ê œ � � œ �) ) # # # # # #2 a b
  z 9 r , z 0.  Then (r ) (r cos ) (r sin ) 9 r .  Let 0 2 .  For the domainÊ œ �   ß œ � � � Ÿ ŸÈ È# #r i j k) ) ) ) 1

 of r:  z x y  and x y z 9  x y x y 9  2 x y 9  2r 9œ � � � œ Ê � � � œ Ê � œ Ê œÈ Èˆ ‰ a b# # # ## # # # # # # ##

  r   0 r .Ê œ Ê Ÿ Ÿ3 3
2 2È È

 6. In cylindrical coordinates, (r ) (r cos ) (r sin ) 4 r  (see Exercise 5 above with x y z 4,r i j kß œ � � � � � œ) ) ) È # # # #

 instead of x y z 9).  For the first octant, let 0 .  For the domain of r:  z x y  and# # #
#

# #� � œ Ÿ Ÿ œ �) 1 È
 x y z 4  x y x y 4  2 x y 4  2r 4  r 2.  Thus, let 2 r 2# # # # # # # ## #

#
� � œ Ê � � � œ Ê � œ Ê œ Ê œ Ÿ Ÿˆ ‰È a b È È

 (to get the portion of the sphere between the cone and the xy-plane).
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 7. In spherical coordinates, x  sin  cos , y  sin  sin , x y z   3  3œ œ œ � � Ê œ Ê œ3 9 ) 3 9 ) 3 3 3È È# # # #

  z 3 cos  for the sphere; z 3 cos   cos   ; z   3 cos Ê œ œ œ Ê œ Ê œ œ � Ê � œÈ È È9 9 9 9 9
È È È3 3 3

3# # # #
" 1

  cos   .    Then ( ) 3 sin  cos 3 sin  sin 3 cos ,Ê œ � Ê œ ß œ � �9 9 9 ) 9 ) 9 ) 9"
#

2
3
1 r i j kŠ ‹ Š ‹ Š ‹È È È

  and 0 2 .1 1
3 3

2Ÿ Ÿ Ÿ Ÿ9 ) 1

 8. In spherical coordinates, x  sin  cos , y  sin  sin , x y z   8  8 2 2œ œ œ � � Ê œ Ê œ œ3 9 ) 3 9 ) 3 3 3È È È# # # #

  x 2 2 sin  cos , y 2 2 sin  sin , and z 2 2 cos .  Thus letÊ œ œ œÈ È È9 ) 9 ) 9

 ( ) 2 2 sin  cos 2 2 sin  sin 2 2 cos ; z 2  2 2 2 cos r i j k9 ) 9 ) 9 ) 9 9ß œ � � œ � Ê � œŠ ‹ Š ‹ Š ‹È È È È
  cos   ; z 2 2  2 2 2 2 cos   cos 1  0.  Thus 0  andÊ œ � Ê œ œ Ê œ Ê œ Ê œ Ÿ Ÿ9 9 9 9 9 9"È2

3 3
4 4
1 1È È È

 0 2 .Ÿ Ÿ) 1

 9. Since z 4 y , we can let  be a function of x and y  (x y) x y 4 y .  Then z 0œ � Ê ß œ � � � œ# #r r i j ka b
  0 4 y   y 2.  Thus, let 2 y 2 and 0 x 2.Ê œ � Ê œ „ � Ÿ Ÿ Ÿ Ÿ#

10. Since y x , we can let  be a function of x and z  (x z) x x z .  Then y 2œ Ê ß œ � � œ# #r r i j k

  x 2  x 2.  Thus, let 2 x 2 and 0 z 3.Ê œ Ê œ „ � Ÿ Ÿ Ÿ Ÿ# È È È
11. When x 0, let y z 9 be the circular section in the yz-plane.  Use polar coordinates in the yz-planeœ � œ# #

  y 3 cos  and z 3 sin .  Thus let x u and v  (u,v) u (3 cos v) (3 sin v)  whereÊ œ œ œ œ Ê œ � �) ) ) r i j k
 0 u 3, and 0 v 2 .Ÿ Ÿ Ÿ Ÿ 1

12. When y 0, let x z 4 be the circular section in the xz-plane.  Use polar coordinates in the xz-planeœ � œ# #

  x 2 cos  and z 2 sin .  Thus let y u and v  (u,v) (2 cos v) u (3 sin v)  whereÊ œ œ œ œ Ê œ � �) ) ) r i j k
 2 u 2, and 0 v  (since we want the portion  the xy-plane).� Ÿ Ÿ Ÿ Ÿ 1 above

13. (a) x y z 1 z 1 x y.  In cylindrical coordinates, let x r cos  and y r sin � � œ Ê œ � � œ œ) )

 z 1 r cos r sin (r ) (r cos ) (r sin ) (1 r cos r sin ) , 0 2  andÊ œ � � Ê ß œ � � � � Ÿ Ÿ) ) ) ) ) ) ) ) 1r i j k
 0 r 3.Ÿ Ÿ

 (b) In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let

 y u cos v, z u sin v where u y z  and v is the angle formed by (x y z), (x 0 0), and (x y 0)œ œ œ � ß ß ß ß ß ßÈ # #

 with (x 0 0) as vertex.  Since x y z 1  x 1 y z  x 1 u cos v u sin v, then  is aß ß � � œ Ê œ � � Ê œ � � r
 function of u and v  (u v) (1 u cos v u sin v) (u cos v) (u sin v) , 0 u 3 and 0 v 2 .Ê ß œ � � � � Ÿ Ÿ Ÿ Ÿr i j k 1

14. (a) In a fashion similar to cylindrical coordinates, but working in the xz-plane instead of the xy-plane, let

 x u cos v, z u sin v where u x z  and v is the angle formed by (x y z), (y 0 0), and (x y 0)œ œ œ � ß ß ß ß ß ßÈ # #

 with vertex (y 0 0).  Since x y 2z 2  y x 2z 2, then (u v)ß ß � � œ Ê œ � � ßr

 (u cos v) (u cos v 2u sin v 2) (u sin v) , 0 u 3 and 0 v 2 .œ � � � � Ÿ Ÿ Ÿ Ÿi j k È 1

 (b) In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let

 y u cos v, z u sin v where u y z  and v is the angle formed by (x y z), (x 0 0), and (x y 0)œ œ œ � ß ß ß ß ß ßÈ # #

 with vertex (x 0 0).  Since x y 2z 2  x y 2z 2, then (u v)ß ß � � œ Ê œ � � ßr

 (u cos v 2u sin v 2) (u cos v) (u sin v) , 0 u 2 and 0 v 2 .œ � � � � Ÿ Ÿ Ÿ Ÿi j k È 1

15. Let x w cos v and z w sin v.  Then (x 2) z 4  x 4x z 0  w  cos v 4w cos v w  sin vœ œ � � œ Ê � � œ Ê � �# # # # # # # #

 0 w 4w cos v 0 w 0 or w 4 cos v 0  w 0 or w 4 cos v.  Now w 0  x 0 and y 0,œ Ê � œ Ê œ � œ Ê œ œ œ Ê œ œ#

 which is a line not a cylinder.  Therefore, let w 4 cos v  x (4 cos v)(cos v) 4 cos v and z 4 cos v sin v.œ Ê œ œ œ#

 Finally, let y u.  Then (u v) 4 cos v u (4 cos v sin v) , v  and 0 u 3.œ ß œ � � � Ÿ Ÿ Ÿ Ÿr i j ka b#
# #
1 1
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16. Let y w cos v and z w sin v.  Then y (z 5) 25  y z 10z 0œ œ � � œ Ê � � œ# # # #

  w  cos v w  sin v 10w sin v 0  w 10w sin v 0  w(w 10 sin v) 0  w 0 orÊ � � œ Ê � œ Ê � œ Ê œ# # # # #

 w 10 sin v.  Now w 0  y 0 and z 0, which is a line not a cylinder.  Therefore, let w 10 sin vœ œ Ê œ œ œ

  y 10 sin v cos v and z 10 sin v.  Finally, let x u.  Then (u v) u (10 sin v cos v) 10 sin v ,Ê œ œ œ ß œ � �# #r i j ka b
 0 u 10 and 0 v .Ÿ Ÿ Ÿ Ÿ 1

17. Let x r cos  and y r sin .  Then (r ) (r cos ) (r sin ) , 0 r 1 and 0 2œ œ ß œ � � Ÿ Ÿ Ÿ Ÿ) ) ) ) ) ) 1r i j kˆ ‰2 r sin �
#

)

  (cos ) (sin )  and ( r sin ) (r cos )Ê œ � � œ � � �r i j k r i j kr
sin r cos ) ) ) )ˆ ‰ ˆ ‰) )

)# #

  cos sin 

r sin r cos 
Ê ‚ œ �

� �

r r
i j k

r
sin 

r cos 
)

)

)

â ââ ââ ââ ââ ââ â) )

) )
#

#

 r cos r sin rœ � � � � � œ �Š ‹ Š ‹ a b�
# # # # #

# #r sin  cos r sin r cos r(sin )(r cos )) ) ) )) ) i j k j k
# #

) )

  r   A   dr d  d  dÊ ‚ œ � œ Ê œ œ œ œk k É ’ “r rr
r
4 4

5 r 5 r 5 r 5
)

1# #

#
# # #

"

!

È È È È' ' ' '
0 0 0 0

2 1 2 21 1 1

) ) )

18. Let x r cos  and y r sin   z x r cos , 0 r 2 and 0 2 .  Thenœ œ Ê œ � œ � Ÿ Ÿ Ÿ Ÿ) ) ) ) 1

 (r ) (r cos ) (r sin ) (r cos )   (cos ) (sin ) (cos )  andr i j k r i j kß œ � � Ê œ � �) ) ) ) ) ) )r

 ( r sin ) (r cos ) (r sin )r i j k) œ � � �) ) )

  cos sin cos 
r sin r cos r sin 

Ê ‚ œ �
�

r r
i j k

r )

â ââ ââ ââ ââ ââ â) ) )

) ) )

 r sin r cos (r sin  cos r sin  cos ) r cos r sin r rœ � � � � � œ �a b a b# # # #) ) ) ) ) ) ) )i j k i k

  r r r 2  A r 2 dr d  d 2 2 d 4 2Ê ‚ œ � œ Ê œ œ œ œk k È È È È È’ “r rr
r 2

2)
# #

#

!

' ' ' '
0 0 0 0

2 2 2 21 1 1

) ) ) 1
#È

19. Let x r cos  and y r sin   z 2 x y 2r, 1 r 3 and 0 2 .  Thenœ œ Ê œ � œ Ÿ Ÿ Ÿ Ÿ) ) ) 1È # #

 (r ) (r cos ) (r sin ) 2r   (cos ) (sin ) 2  and ( r sin ) (r cos )r i j k r i j k r i jß œ � � Ê œ � � œ � �) ) ) ) ) ) )r )

  ( 2r cos ) (2r sin ) r cos r sincos sin 2
r sin r cos 0

Ê ‚ œ œ � � � �
�

r r i j k
i j k

r )

â ââ ââ ââ ââ ââ â a b) )

) )

) ) ) )# #

 ( 2r cos ) (2r sin ) r   4r  cos 4r  sin r 5r r 5œ � � � Ê ‚ œ � � œ œ) ) ) )i j k r rk k È È È
r )

# # # # # #

  A r 5 dr d  d 4 5 d 8 5Ê œ œ œ œ' ' ' '
0 1 0 0

2 3 2 21 1 1È È È’ “) ) ) 1r 5
2

#È $

"

20. Let x r cos  and y r sin   z , 3 r 4 and 0 2 .  Thenœ œ Ê œ œ Ÿ Ÿ Ÿ Ÿ) ) ) 1
Èx y

3 3
r# #�

 (r ) (r cos ) (r sin )   (cos ) (sin )  and ( r sin ) (r cos )r i j k r i j k r i jß œ � � Ê œ � � œ � �) ) ) ) ) ) )ˆ ‰ ˆ ‰r
3 3r

"
)

  cos sin r cos r sin r cos r sin
r sin r cos 0

Ê ‚ œ œ � � � �

�

r r i j k
i j k

r 3 3 3)

â ââ ââ ââ ââ ââ â ˆ ‰ ˆ ‰ a b) ) ) ) ) )

) )

" " " # #

 r cos r sin r   r  cos r  sin rœ � � � Ê ‚ œ � � œ œˆ ‰ ˆ ‰ k k É É" " " "# # # # #
3 3 9 9 9 3r

10r r 10
) ) ) )i j k r r)

# È

  A  dr d  d  dÊ œ œ œ œ' ' ' '
0 3 0 0

2 4 2 21 1 1

r 10 r 10 7 10 7 10
3 6 6 3

È È È È
) ) )’ “# %

$

1

21. Let x r cos  and y r sin   r x y 1, 1 z 4 and 0 2 .  Thenœ œ Ê œ � œ Ÿ Ÿ Ÿ Ÿ) ) ) 1# # #

 (z ) (cos ) (sin ) z    and ( sin ) (cos )r i j k r k r i jß œ � � Ê œ œ � �) ) ) ) )z )
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  (cos ) (sin ) cos sin 1sin cos 0
0 0 1

Ê ‚ œ œ � Ê ‚ œ � œ�r r i j r r
i j k

) )z z

â ââ ââ ââ ââ ââ â k k È) ) ) ) ) )# #

  A 1 dr d 3 d 6Ê œ œ œ' ' '
0 1 0

2 4 21 1

) ) 1

22. Let x u cos v and z u sin v  u x z 10, 1 y 1, 0 v 2 .  Thenœ œ Ê œ � œ � Ÿ Ÿ Ÿ Ÿ# # # 1

 (y v) (u cos v) y (u sin v)  10 cos v y 10 sin vr i j k i j kß œ � � œ � �Š ‹ Š ‹È È
  10 sin v 10 cos v  and   10 sin v 0 10 cos v

0 1 0
Ê œ � � œ Ê ‚ œ �r i k r j r r

i j k

v y v yŠ ‹ Š ‹È È
â ââ ââ ââ ââ ââ âÈ È

 10 cos v 10 sin v 10  A 10 du dv 10u  dvœ � � Ê ‚ œ Ê œ œŠ ‹ Š ‹ ’ “È È È È Èk ki k r rv y 0 1 0

2 1 2' ' '1 1

�

"

�"

 2 10 dv 4 10œ œ'
0

21 È È1
23. z 2 x y  and z x y   z 2 z   z z 2 0  z 2 or z 1.  Since z x y 0,œ � � œ � Ê œ � Ê � � œ Ê œ � œ œ �  # # # ## # # #È È
 we get z 1 where the cone intersects the paraboloid.  When x 0 and y 0, z 2  the vertex of theœ œ œ œ Ê

 paraboloid is (0 0 2).  Therefore, z ranges from 1 to 2 on the “cap"  r ranges from 1 (when x y 1) to 0ß ß Ê � œ# #

 (when x 0 and y 0 at the vertex).  Let x r cos , y r sin , and z 2 r .  Thenœ œ œ œ œ �) ) #

 (r ) (r cos ) (r sin ) 2 r , 0 r 1, 0 2   (cos ) (sin ) 2r  andr i j k r i j kß œ � � � Ÿ Ÿ Ÿ Ÿ Ê œ � �) ) ) ) 1 ) )a b# r

 ( r sin ) (r cos )   cos sin 2r
r sin r cos 0

r i j r r
i j k

) )œ � � Ê ‚ œ �
�

) ) ) )

) )
r

â ââ ââ ââ ââ ââ â
 2r  cos 2r  sin r   4r  cos 4r  sin r r 4r 1œ � � Ê ‚ œ � � œ �a b a b k k È È# # % # % # # #) ) ) )i j k r rr )

  A r 4r 1 dr d 4r 1  d  d 5 5 1Ê œ � œ � œ œ �' ' ' '
0 0 0 0

2 1 2 21 1 1È ’ “ Š ‹ Š ‹a b È# " # $Î# "

!

�"
#) ) )12 1 6

5 5È 1

24. Let x r cos , y r sin  and z x y r .  Then (r ) (r cos ) (r sin ) r , 1 r 2,œ œ œ � œ ß œ � � Ÿ Ÿ) ) ) ) )# # # #r i j k
 0 2   (cos ) (sin ) 2r  and ( r sin ) (r cos )Ÿ Ÿ Ê œ � � œ � �) 1 ) ) ) )r i j k r i jr )

  2r  cos 2r  sin r   cos sin 2r
r sin r cos 0

Ê ‚ œ œ � � � Ê ‚
�

r r i j k r r
i j k

r r) )

â ââ ââ ââ ââ ââ â a b a b k k) )

) )

) )# #

 4r  cos 4r  sin r r 4r 1  A r 4r 1 dr d 4r 1  dœ � � œ � Ê œ � œ �È È È ’ “a b% # % # # # # " # $Î# #

"
) ) ) )' ' '

0 1 0

2 2 21 1

12

  d 17 17 5 5œ œ �'
0

21Š ‹ Š ‹È È17 17 5 5
1 6

È È�
# ) 1

25. Let x  sin  cos , y  sin  sin , and z  cos   x y z 2 on the sphere.  Next,œ œ œ Ê œ � � œ3 9 ) 3 9 ) 3 9 3 È È# # #

 x y z 2 and z x y   z z 2  z 1  z 1 since z 0  .  For the lower# # # # # ## #� � œ œ � Ê � œ Ê œ Ê œ   Ê œÈ 9 1
4

 portion of the sphere cut by the cone, we get .  Then9 1œ

 ( ) 2 sin  cos 2 sin  sin 2 cos , , 0 2r i j k9 ) 9 ) 9 ) 9 9 1 ) 1ß œ � � Ÿ Ÿ Ÿ ŸŠ ‹ Š ‹ Š ‹È È È 1
4

 2 cos  cos 2 cos  sin 2 sin  and 2 sin  sin 2 sin  cos Ê œ � � œ � �r i j k r i j9 )Š ‹ Š ‹ Š ‹ Š ‹ Š ‹È È È È È9 ) 9 ) 9 9 ) 9 )

  2 cos  cos 2 cos  sin 2 sin 

2 sin  sin 2 sin  cos 0

Ê ‚ œ �

�

r r

i j k

9 )

â ââ ââ ââ ââ ââ â
È È ÈÈ È9 ) 9 ) 9

9 ) 9 )

 2 sin  cos 2 sin  sin (2 sin  cos )œ � �a b a b# #9 ) 9 ) 9 9i j k
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  4 sin  cos 4 sin  sin 4 sin  cos 4 sin 2 sin 2 sin Ê ‚ œ � � œ œ œk k k kÈ Èr r9 )
% # % # # # #9 ) 9 ) 9 9 9 9 9

  A  2 sin  d d 2 2  d 4 2 2Ê œ œ � œ �' ' '
0 4 0

2 21 1 1

1Î
9 9 ) ) 1Š ‹ Š ‹È È

26. Let x  sin  cos , y  sin  sin , and z  cos   x y z 2 on the sphere.  Next,œ œ œ Ê œ � � œ3 9 ) 3 9 ) 3 9 3 È # # #

 z 1  1 2 cos   cos   ; z 3  3 2 cos   cos   .  Thenœ � Ê � œ Ê œ � Ê œ œ Ê œ Ê œ Ê œ9 9 9 9 9 9"
# #

2
3 6

31 1È È È

 ( ) (2 sin  cos ) (2 sin  sin ) (2 cos ) , , 0 2r i j k9 ) 9 ) 9 ) 9 9 ) 1ß œ � � Ÿ Ÿ Ÿ Ÿ1 1
6 3

2

  (2 cos  cos ) (2 cos  sin ) (2 sin )  andÊ œ � �r i j k9 9 ) 9 ) 9

 ( 2 sin  sin ) (2 sin  cos )r i j) œ � �9 ) 9 )

  2 cos  cos 2 cos  sin 2 sin 
2 sin  sin 2 sin  cos 0

Ê ‚ œ �
�

r r
i j k

9 )

â ââ ââ ââ ââ ââ â9 ) 9 ) 9

9 ) 9 )

 4 sin  cos 4 sin  sin (4 sin  cos )œ � �a b a b# #9 ) 9 ) 9 9i j k

  16 sin  cos 16 sin  sin 16 sin  cos 16 sin 4 sin 4 sin Ê ‚ œ � � œ œ œk k k kÈ Èr r9 )
% # % # # # #9 ) 9 ) 9 9 9 9 9

  A  4 sin  d d 2 2 3  d 4 4 3Ê œ œ � œ �' ' '
0 6 0

2 2 3 21 1 1

1Î

Î

9 9 ) ) 1Š ‹ Š ‹È È
27. The parametrization (r ) (r cos ) (r sin ) rr i j kß œ � �) ) )

 at P 2 2 2   , r 2,! œ ß ß Ê œ œŠ ‹È È ) 1
4

 (cos ) (sin )  andr i j k i j kr
2 2œ � � œ � �) )

È È
# #

 ( r sin ) (r cos ) 2 2r i j i j) œ � � œ � �) ) È È
  2/2 2/2 1

2 2 0

Ê ‚ œ

�

r r

i j k

r )

â ââ ââ ââ ââ ââ â
È ÈÈ È

 2 2 2   the tangent plane isœ � � � ÊÈ Èi j k

 

 0 2 2 2 x 2 y 2 (z 2) 2x 2y 2z 0, or x y 2z 0.œ � � � � � � � � Ê � � œ � � œŠ ‹ ’ “È È È È È È ÈŠ ‹ Š ‹i j k i j k†

 The parametrization (r )  x r cos , y r sin  and z r  x y r z   the surface is z x y .r ß Ê œ œ œ Ê � œ œ Ê œ �) ) ) # # # # # #È
28. The parametrization ( )r 9 )ß

 (4 sin  cos ) (4 sin  sin ) (4 cos )œ � �9 ) 9 ) 9i j k

 at P 2 2 2 3   4 and z 2 3! œ ß ß Ê œ œŠ ‹È È È È3

 4 cos   ; also x 2 and y 2œ Ê œ œ œ9 9 1
6

È È
  .  Then Ê œ) 1

94 r

 (4 cos  cos ) (4 cos  sin ) (4 sin )œ � �9 ) 9 ) 9i j k

 6 6 2  andœ � �È Èi j k
 ( 4 sin  sin ) (4 sin  cos )r i j) œ � �9 ) 9 )

 2 2  at P  6 6 2

2 2 0

œ � � Ê ‚ œ �

�

È È
â ââ ââ ââ ââ ââ â
È ÈÈ Èi j r r

i j k

! 9 )

 2 2 2 2 4 3   the tangent plane isœ � � ÊÈ È Èi j k

 

  2 2 2 2 4 3 x 2 y 2 z 2 3 0  2x 2y 2 3z 16,Š ‹ ’ “È È È È È ÈÈ È ÈŠ ‹ Š ‹ Š ‹i j k i j k� � � � � � � œ Ê � � œ†

 or x y 6z 8 2.  The parametrization  x 4 sin  cos , y 4 sin  sin , z 4 cos � � œ Ê œ œ œÈ È 9 ) 9 ) 9

  the surface is x y z 16, z 0.Ê � � œ  # # #

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



968 Chapter 16 Integration in Vector Fields

29. The parametrization ( z) (3 sin 2 ) 6 sin zr i j k) ) )ß œ � �a b#

 at P  0    and z 0.  Then! # #œ ß ß Ê œ œŠ ‹3 3 9
3

È
) 1

 (6 cos 2 ) (12 sin  cos )r i j) œ �) ) )

 3 3 3  and  at Pœ � � œi j r kÈ
z !

  3 3 33 3 3 0
0 0 1

Ê ‚ œ œ ��r r i j
i j k

) z

â ââ ââ ââ ââ ââ âÈ È
  the tangent plane isÊ

 3 3 3 x y (z 0) 0Š ‹ ’ “È Š ‹ ˆ ‰i j i j k� � � � � � œ†
3 3 9È
# #

  3x y 9.  The parametrization  x 3 sin 2Ê � œ Ê œÈ )

 and y 6 sin   x y 9 sin 2 6 sinœ Ê � œ �# # # # # #
) ) )a b

 

 9 4 sin  cos 36 sin 6 6 sin 6y  x y 6y 9 9  x (y 3) 9œ � œ œ Ê � � � œ Ê � � œa b a b# # % # # # # #) ) ) )

30. The parametrization (x y) x y x  atr i j kß œ � � #

 P (1 2 1)  2x 2  and  at P! !œ ß ß� Ê œ � œ � œr i k i k r jx y

  2   the tangent plane1 0 2
0 0

Ê ‚ œ œ � Ê�
"

r r i k
i j k

x y

â ââ ââ ââ ââ ââ â
 is (2 ) [(x 1) (y 2) (z 1) ] 0i k i j k� � � � � � œ†

  2x z 1. The parametrization  x x, y y andÊ � œ Ê œ œ

 z x   the surface is z xœ � Ê œ �# #

 

31. (a) An arbitrary point on the circle C is (x z) (R r cos u, r sin u)  (x y z) is on the torus withß œ � Ê ß ß

 x (R r cos u) cos v, y (R r cos u) sin v, and z r sin u, 0 u 2 , 0 v 2œ � œ � œ Ÿ Ÿ Ÿ Ÿ1 1

 (b) ( r sin u cos v) (r sin u sin v) (r cos u)  and ( (R r cos u) sin v) ((R r cos u) cos v)r i j k r i ju vœ � � � œ � � � �

  r sin u cos v r sin u sin v r cos u
(R r cos u) sin v (R r cos u) cos v 0

Ê ‚ œ � �
� � �

r r
i j k

u v

â ââ ââ ââ ââ ââ â
 (R r cos u)(r cos v cos u) (R r cos u)(r sin v cos u) ( r sin u)(R r cos u)œ � � � � � � �i j k

  (R r cos u) r  cos v cos u r  sin v cos u r  sin u   r(R r cos u)Ê ‚ œ � � � Ê ‚ œ �k k a b k kr r r ru v u v
# # # # # # # # # #

  A  rR r  cos u  du dv 2 rR dv 4 rRÊ œ � œ œ' ' '
0 0 0

2 2 21 1 1a b# #1 1

32. (a) The point (x y z) is on the surface for fixed x f(u) when y g(u) sin v  and z g(u) cos vß ß œ œ � œ �ˆ ‰ ˆ ‰1 1
# #

  x f(u), y g(u) cos v, and z g(u) sin v  (u v) f(u) (g(u) cos v) (g(u) sin v) , 0 v 2 ,Ê œ œ œ Ê ß œ � � Ÿ Ÿr i j k 1

 a u bŸ Ÿ

 (b) Let u y and x u   f(u) u  and g(u) u  (u v) u (u cos v) (u sin v) , 0 v 2 , 0 uœ œ Ê œ œ Ê ß œ � � Ÿ Ÿ Ÿ# # #r i j k 1

33. (a) Let w 1 where w cos  and sin   cos   cos  cos  and cos  sin # #� œ œ œ Ê � œ Ê œ œz z x x
c c a b a b

y y# #

# # #

#

9 9 9 9 ) 9 )

  x a cos  cos , y b sin  cos , and z c sin Ê œ œ œ) 9 ) 9 9

  ( ) (a cos  cos ) (b sin  cos ) (c sin )Ê ß œ � �r i j k) 9 ) 9 ) 9 9
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 (b) ( a sin  cos ) (b cos  cos )  and ( a cos  sin ) (b sin  sin ) (c cos )r i j r i j k) 9œ � � œ � � �) 9 ) 9 ) 9 ) 9 9

  a sin  cos b cos  cos 0
a cos  sin b sin  sin c cos 

Ê ‚ œ �
� �

r r
i j k

) 9

â ââ ââ ââ ââ ââ â) 9 ) 9

) 9 ) 9 9

 bc cos  cos ac sin  cos (ab sin  cos )œ � �a b a b) 9 ) 9 9 9# #i j k

  b c  cos  cos a c  sin  cos a b  sin  cos , and the result follows.Ê ‚ œ � �k kr r) 9
# # # # % # # # % # # # #) 9 ) 9 9 9

 A  d  d  d  da b  sin  cos b c  cos  cos a c  sin  cosÊ ‚ œ � �' ' ' '
0 0 0 0

2 2
1/2

1 1 1 1k k c dr r) 9 9 ) 9 )9 9 ) 9 ) 9# # # # # # # % # # # %

34. (a) ( u) (cosh u cos ) (cosh u sin ) (sinh u)r i j k) ) )ß œ � �

 (b) ( u) (a cosh u cos ) (b cosh u sin ) (c sinh u)r i j k) ) )ß œ � �

35. ( u) (5 cosh u cos ) (5 cosh u sin ) (5 sinh u)   ( 5 cosh u sin ) (5 cosh u cos )  andr i j k r i j) ) ) ) )ß œ � � Ê œ � �)

 (5 sinh u cos ) (5 sinh u sin ) (5 cosh u)r i j ku œ � �) )

  r 5 cosh u sin 5 cosh u cos 0
5 sinh u cos 5 sinh u sin 5 cosh u

Ê ‚ œ �) r
i j k

u

â ââ ââ ââ ââ ââ â) )

) )

 25 cosh u cos 25 cosh u sin (25 cosh u sinh u) .  At the point (x y 0), where x y 25œ � � ß ß � œa b a b# # # #
! !) )i j k 0 0

 we have 5 sinh u 0  u 0 and x 25 cos , y 25 sin   the tangent plane isœ Ê œ œ œ Ê! !) )

 5(x y ) [(x x ) (y y ) z ] 0  x x x y y y 0  x x y y 25! ! ! ! ! ! ! !
# #i j i j k� � � � � œ Ê � � � œ Ê � œ† 0 0

36. Let w 1 where cosh u and w sinh u  w   w cos  and w sin z z x x
c c a b a b

y y# #

# # #

#

� œ œ œ Ê œ � Ê œ œ# # ) )

  x a sinh u cos , y b sinh u sin , and z c cosh uÊ œ œ œ) )

  ( u) (a sinh u cos ) (b sinh u sin ) (c cosh u) , 0 2 , uÊ ß œ � � Ÿ Ÿ �_ � � _r i j k) ) ) ) 1

37. , f 2x 2y   f (2x) (2y) ( 1) 4x 4y 1 and f 1;p k i j k pœ œ � � Ê œ � � � œ � � œ™ ™ ™ †k k k kÈ È# # # # #

 z 2  x y 2; thus S  dA 4x 4y 1 dx dyœ Ê � œ œ œ � �# # # #' ' ' '
R R

k kk k™

™ †

f
f p

È
 4r  cos 4r  sin 1 r dr d 4r 1 r dr d 4r 1  dœ � � œ � œ �' '

R

È È ’ “a b# # # # # " # $Î# #

!
) ) ) ) )' ' '

0 0 0

2 2 21 1
È

12

È

  dœ œ'
0

21
13 13
6 3) 1

38. , f 2x 2y   f 4x 4y 1 and f 1; 2 x y 6p k i j k pœ œ � � Ê œ � � œ Ÿ � Ÿ™ ™ ™ †k k k kÈ # # # #

  S   dA 4x 4y 1 dx dy 4r 1 r dr d 4r 1 r dr dÊ œ œ � � œ � œ �' ' ' ' ' '
R R R

k kk k™

™ †

f
f p

È È È# # # #) )' '
0 2

2 61

È

È

 4r 1  d  dœ � œ œ' '
0 0

2 21 1’ “a b" # $Î# '

#12 6 3
49 49

È
È ) ) 1

39. , f 2 2   f 3 and f 2; x y  and x 2 y  intersect at (1 1) and (1 1)p k i j k pœ œ � � Ê œ œ œ œ � ß ß�™ ™ ™ †k k k k # #

  S  dA  dx dy  dx dy 3 3y  dy 4Ê œ œ œ œ � œ' ' ' '
R R

k kk k™

™ †

f
f

3 3
p # #

#' ' '
� �

�

1 y 1

1 2 y 1

#

# a b
40. , f 2x 2   f 4x 4 2 x 1 and f 2  S   dAp k i k pœ œ � Ê œ � œ � œ Ê œ™ ™ ™ †k k k kÈ È# # ' '

R

k kk k™

™ †

f
f p

  dx dy x 1 dy dx x x 1 dx x 1 (4)œ œ � œ � œ � œ � œ' '
R

2 x 1
3 3 3 3

7È È
# �
#

# # " " "# $Î#$Î# $

!

' ' '
0 0 0

3 x 3È ÈÈ È ’ “a b
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41. , f 2x 2 2   f (2x) ( 2) ( 2) 4x 8 2 x 2 and f 2p k i j k pœ œ � � Ê œ � � � � œ � œ � œ™ ™ ™ †k k k kÈ È È# # # # #

  S   dA  dx dy x 2 dy dx 3x x 2 dx x 2Ê œ œ œ � œ � œ �' ' ' '
R R

k kk k
È™

™ †

f
f

2 x 2
p

#�
#

# # # $Î# #

!

' ' '
0 0 0

2 3x 2È È ’ “a b
 6 6 2 2œ �È È
42. , f 2x 2y 2z f 4x 4y 4z 8 2 2 and f 2z; x y z 2 andp k i j k pœ œ � � Ê œ � � œ œ œ � � œ™ ™ ™ †k k k kÈ È È# # # # # #

 z x y   x y 1; thus, S   dA   dA 2   dAœ � Ê � œ œ œ œÈ È# # # #
#

"' ' ' ' ' '
R R R

k kk k
È™

™ †

f
f z z

2 2
p

 2  dA 2 2 1 2  d 2 2 2œ œ œ � � œ �È È È È ÈŠ ‹ Š ‹' '
R

"
� � �È Èa b2 x y

r dr d
2 r# # #

' ' '
0 0 0

2 1 21 1

) ) 1

43. , f c   f c 1 and f 1  S   dA  c 1 dx dyp k i k pœ œ � Ê œ � œ Ê œ œ �™ ™ ™ †k k k kÈ È# #' ' ' '
R R

k kk k™

™ †

f
f p

  c 1 r dr d  d c 1œ � œ œ �' ' '
0 0 0

2 1 21 1È È# #�
#) ) 1

Èc 1#

44. , f 2x 2z   f (2x) (2z) 2 and f 2z for the upper surface, z 0p k i j pœ œ � Ê œ � œ œ  ™ ™ ™ †k k k kÈ # #

  S   dA   dA   dy dx 2   dy dx   dxÊ œ œ œ œ œ' ' ' ' ' '
R R R

k kk k È È È™

™ †

f
f z

2 1
1 x 1 x 1 xp #
" "

� � �# # #

' ' '
� Î � Î

Î Î Î

1 2 0 1 2

1 2 1 2 1 2

 sin xœ œ � � œc d ˆ ‰�" "Î#
�"Î#

1 1 1
6 6 3

45. , f 2y 2z   f 1 (2y) (2z) 1 4y 4z  and f 1; 1 y z 4p i i j k pœ œ � � Ê œ � � œ � � œ Ÿ � Ÿ™ ™ ™ †k k k kÈ È# # # # # # #

  S   dA 1 4y 4z  dy dz 1 4r  cos 4r  sin  r dr dÊ œ œ � � œ � �' ' ' '
R R

k kk k™

™ †

f
f p

È È# # # # # #' '
0 1

2 21

) ) )

 1 4r  r dr d 1 4r  d 17 17 5 5  d 17 17 5 5œ � œ � œ � œ �' ' ' '
0 1 0 0

2 2 2 21 1 1È ’ “ Š ‹ Š ‹a b È ÈÈ È# " "# $Î# #

" #) ) )12 1 6
1

46. , f 2x 2z f 4x 4z 1 and f 1; y 0 and x y z 2 x z 2;p j i j k pœ œ � � Ê œ � � œ œ � � œ Ê � œ™ ™ ™ †k k k kÈ # # # # # #

 thus, S  dA 4x 4z 1 dx dz 4r 1 r dr d  dœ œ � � œ � œ œ' ' ' '
R R

k kk k™

™ †

f
f 6 3

13 13
p

È È# # #' ' '
0 0 0

2 2 21 1
È

) ) 1

47. , f 2x 15 f 2x 15 ( 1) 4x 8 2xp k i j kœ œ � � � Ê œ � � � � œ � � œ �™ ™ˆ ‰ ˆ ‰ ˆ ‰È Èk k Ê Š ‹ É É2 2 4 2
x x x x

# ##
# #

#

 2x , on 1 x 2 and f 1  S   dA 2x 2x  dx dyœ � Ÿ Ÿ œ Ê œ œ �2
x f

fk k a b™ † p ' ' ' '
R R

k kk k™

™ †p
�"

 2x 2x  dx dy x 2 ln x  dy (3 2 ln 2) dy 3 2 ln 2œ � œ � œ � œ �' ' ' '
0 1 0 0

1 2 1 1a b c d�" # #
"

48. , f 3 x 3 y 3   f 9x 9y 9 3 x y 1 and f 3p k i j k pœ œ � � Ê œ � � œ � � œ™ ™ ™ †È È k k k kÈ È
  S  dA x y 1 dx dy x y 1 dx dy (x y 1)  dyÊ œ œ � � œ � � œ � �' ' ' '

R R

k kk k™

™ †

f
f 3

2
p

È È � ‘' ' '
0 0 0

1 1 1
$Î# "

!

 (y 2) (y 1)  dy (y 2) (y 1) (3) (2) (2) 1œ � � � œ � � � œ � � �'
0

1� ‘ � ‘ � ‘2 2 4 4 4
3 3 15 15 15

$Î# $Î# &Î# &Î# &Î# &Î# &Î#"

!

 9 3 8 2 1œ � �4
15 Š ‹È È

49. f (x y) 2x, f (x y) 2y  f f 1 4x 4y 1  Area 4x 4y 1 dx dyx y x yß œ ß œ Ê � � œ � � Ê œ � �É È È# # # # # #' '
R

 4r 1 r dr d 13 13 1œ � œ �' '
0 0

2 31
È È Š ‹È# ) 1

6
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50. f (y z) 2y, f (y z) 2z  f f 1 4y 4z 1  Area 4y 4z 1 dy dzy z y zß œ � ß œ � Ê � � œ � � Ê œ � �É È È# # # # # #' '
R

 4r 1 r dr d 5 5 1œ � œ �' '
0 0

2 11 È Š ‹È# ) 1
6

51. f (x y) , f (x y) f f 1 1 2 Area 2 dx dyx y
x x

x y x y
y y

x y x y x yß œ ß œ Ê � � œ � � œ Ê œÈ È# # # #

#

# # # #

#

� �
# #

� �É É È È' '
Rxy

 2 Area between the ellipse and the circle 2 6 5 2œ œ � œÈ È Èa b a b1 1 1

52. Over R :  z 2 x 2y  f (x y) , f (x y) 2  f f 1 4 1xy x y
2 2 4 7
3 3 9 3x yœ � � Ê ß œ � ß œ � Ê � � œ � � œÉ É# #

  Area   dA (Area of the shadow triangle in the xy-plane) .Ê œ œ œ œ' '
Rxy

7 7 7 3 7
3 3 3

ˆ ‰ ˆ ‰
# #

 Over R :  y 1 x z  f (x z) , f (x z)   f f 1 1xz x z
1 1 1 7
3 3 9 4 6x zœ � � Ê ß œ � ß œ � Ê � � œ � � œ" " "

# #
# #È É

  Area  dA (Area of the shadow triangle in the xz-plane) (3) .Ê œ œ œ œ' '
Rxz

7 7 7 7
6 6 6

ˆ ‰
#

 Over R :  x 3 3y z  f (y z) 3, f (y z)   f f 1 9 1yz y z
3 3 9 7

y z 4œ � � Ê ß œ � ß œ � Ê � � œ � � œ# # #
# #É É

  Area  dA (Area of the shadow triangle in the yz-plane) (1) .Ê œ œ œ œ' '
Ryz

7 7 7 7
2 2 2

ˆ ‰
#

53. y z   f (x z) 0, f (x z) z   f f 1 z 1 ; y   z   z 4œ Ê ß œ ß œ Ê � � œ � œ Ê œ Ê œ2 16 16 2
3 3 3 3x z x z

$Î# "Î# $Î## #È È
  Area z 1 dx dz z 1 dz 5 5 1Ê œ � œ � œ �' ' '

0 0 0

4 1 4È È Š ‹È2
3

54. y 4 z  f (x z) 0, f (x z) 1  f f 1 2   Area  2 dA 2 dx dzœ � Ê ß œ ß œ � Ê � � œ Ê œ œx z x z
È È È È# # ' '

Rxz
0 0

2 4 z' ' �

#

 2 4 z  dzœ � œÈ a b'
0

2
# 16 2

3

È

55. x, y x y f x, y x, y f x, y , x, y f x, yr i j k r i k r j ka b a b a b a b a b a bœ � � Ê œ � œ �x x y y

 f x, y f x, y1 0 f x, y
0 1 f x, y

Ê ‚ œ œ � � �r r i j k
i j k

x y x yx

y

â ââ ââ ââ ââ ââ âa ba b a b a b
 f x, y f x, y 1 f x, y f x, y 1Ê l ‚ l œ � � � � œ � �r rx y x y x y

2 2 2 22É Éa b a b a b a ba b a b
 d f x, y f x, y 1 dAÊ œ � �5 É a b a bx y

2 2

56. S is obtained by rotating y f x , a x b about the x-axis where f x 0œ Ÿ Ÿ  a b a b
 (a) Let x, y, z  be a point on S. Consider the cross section when x x , the cross section is a circle with radius r f x .a b a bœ œ‡ ‡

 The set of parametric equations for this circle are given by y r cos f x cos  and  z r sina b a b a b) ) ) ) )œ œ œ‡

 f x sin  where 0 2 . Since x can take on any value between a and b we have x x, x,  y x, œ Ÿ Ÿ œa b a b a b‡ ) ) 1 ) )

 f x cos , z x, f x sin  where a x b and 0 2 . Thus x, x f x cos f x sinœ œ Ÿ Ÿ Ÿ Ÿ œ � �a b a b a b a b a b a b) ) ) ) 1 ) ) )r i j k
 (b) x, f x cos f x sin  and x, f x sin f x cosr i j k r j kxa b a b a b a b a b a b) ) ) ) ) )œ � � œ � �w w

)

 f x f x f x cos f x sin1 f x cos f x sin
0 f x sin f x cos

Ê ‚ œ œ †
�

r r i j k
i j k

x )

â ââ ââ ââ ââ ââ âa b a ba b a b a b a b a b a bw w w) )

) )

) )� �

 f x f x f x cos f x sin f x 1 f xÊ l ‚ l œ † � � � � œ �r rx
2 2 2 2

) É Éa b a b a b a b a ba b a b a b a b a bw w) )

 A f x 1 f x d dx f x 1 f x dx 2 f x 1 f x dxœ � œ � œ �' ' ' '
a 0 a a

b 2 b b

0

2
1

1a b a b a b a b a b a bÉ É Éa b a b a b” •Œ �w w w2 2 2
) ) 1
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972 Chapter 16 Integration in Vector Fields

16.6  SURFACE INTEGRALS

 1. Let the parametrization be (x z) x x z   2x  and   1 2x 0
0 0

r i j k r i j r k r r
i j k

ß œ � � Ê œ � œ Ê ‚ œ
"

#
x z x z

â ââ ââ ââ ââ ââ â
 2x   4x 1  G(x y z) d x 4x 1 dx dz 4x 1  dzœ � Ê ‚ œ � Ê ß ß œ � œ �i j r rk k a bÈ È ’ “x z 0 0 0

3 2 3
# # " # $Î# #

!
' '

S
5 ' ' '

12

 17 17 1  dzœ � œ'
0

3
"
#

�"
1 4

17 17Š ‹È È

 2. Let the parametrization be (x y) x y 4 y , 2 y 2   and r i j k r i r j kß œ � � � � Ÿ Ÿ Ê œ œ �È #
�x y
y

4 yÈ #

    11 0 0
0 1

Ê ‚ œ œ � Ê ‚ œ � œ
�

r r j k r r
i j k

x y x y

â ââ ââ ââ ââ ââ â k k É
y

4 y

y y
4 y 4 y4 y

2

È
È È

�

� ��

#

# #

#

#

  G(x y z) d 4 y  dy dx 24Ê ß ß œ � œ' '
S

5 ' '
1 2

4 2

�

È Š ‹#
�
2

4 yÈ #

 3. Let the parametrization be ( ) (sin  cos ) (sin  sin ) (cos )  (spherical coordinates with 1r i j k9 ) 9 ) 9 ) 9 3ß œ � � œ

 on the sphere), 0 , 0 2   (cos  cos ) (cos  sin ) (sin )  andŸ Ÿ Ÿ Ÿ Ê œ � �9 1 ) 1 9 ) 9 ) 9r i j k9

 ( sin  sin ) (sin  cos )   cos  cos cos  sin sin 
sin  sin sin  cos 0

r i j r r
i j k

) 9 )œ � � Ê ‚ œ �
�

9 ) 9 ) 9 ) 9 ) 9

9 ) 9 )

â ââ ââ ââ ââ ââ â
 sin  cos sin  sin (sin  cos )   sin  cos sin  sin sin  cosœ � � Ê ‚ œ � �a b a b k k È# # % # % # # #9 ) 9 ) 9 9 9 ) 9 ) 9 9i j k r r9 )

 sin ; x sin  cos   G(x y z) cos  sin  G(x y z) d cos  sin (sin ) d dœ œ Ê ß ß œ Ê ß ß œ9 9 ) ) 9 5 ) 9 9 9 )# # # #' '
S

' '
0 0

21 1a b
 cos 1 cos (sin ) d d ;   cos u 1  du d

u cos 
du sin  d

œ � Ä �
œ

œ �
' ' ' '

0 0 0 1

2 2 11 1 1

 a b a b a b a b” •# # # #) 9 9 9 ) ) )
9

9 9

�

  cos u  d  cos  dœ � œ œ � œ' '
0 0

2 21 1a b ’ “ � ‘# #
�"

"

#

!
) ) ) )u 4 4 sin 2 4

3 3 3 2 4 3

$ ) ) 11

 4. Let the parametrization be ( ) (a sin  cos ) (a sin  sin ) (a cos )  (spherical coordinates with a,r i j k9 ) 9 ) 9 ) 9 3ß œ � � œ

 a 0, on the sphere), 0  (since z 0), 0 2  (a cos  cos ) (a cos  sin ) (a sin )  and  Ÿ Ÿ   Ÿ Ÿ Ê œ � �9 ) 1 9 ) 9 ) 91
9# r i j k

 ( a sin  sin ) (a sin  cos )   a cos  cos a cos  sin a sin 
a sin  sin a sin  cos 0

r i j r r
i j k

) 9 )œ � � Ê ‚ œ �
�

9 ) 9 ) 9 ) 9 ) 9

9 ) 9 )

â ââ ââ ââ ââ ââ â
 a  sin  cos a  sin  sin (a  sin  cos )œ � �a b a b# # # # #9 ) 9 ) 9 9i j k

  a  sin  cos a  sin  sin a  sin  cos a  sin ; z a cos Ê ‚ œ � � œ œk k Èr r9 )
% % # % % # % # # #9 ) 9 ) 9 9 9 9

  G(x y z) a  cos   G(x y z) d a  cos a  sin  d d aÊ ß ß œ Ê ß ß œ œ# # # # # %9 5 9 9 9 ) 1' '
S

' '
0 0

2 21 1Î a b a b 2
3

 5. Let the parametrization be (x y) x y (4 x y)    and r i j k r i k r j kß œ � � � � Ê œ � œ �x y

    3  F(x y z) d (4 x y) 3 dy dx1 0 1
0 1

Ê ‚ œ œ � � Ê ‚ œ Ê ß ß œ � ��
�"

r r i j k r r
i j k

x y x y

â ââ ââ ââ ââ ââ â k k È È' '
S

5 ' '
0 0

1 1

 3 4y xy  dx 3 x  dx 3 x 3 3œ � � œ � œ � œ' '
0 0

1 1È È È È’ “ ’ “ˆ ‰y
2 2

7 7 x# #
" "

! !# #
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 Section 16.6 Surface Integrals 973

 6. Let the parametrization be (r ) (r cos ) (r sin ) r , 0 r 1 (since 0 z 1) and 0 2r i j kß œ � � Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ) ) ) ) 1

  (cos ) (sin )  and ( r sin ) (r cos )   cos sin 
r sin r cos 0

Ê œ � � œ � � Ê ‚ œ "
�

r i j k r i j r r
i j k

r r) ) ) ) ) )

) )
) )

â ââ ââ ââ ââ ââ â
 ( r cos ) (r sin ) r   ( r cos ) ( r sin ) r r 2; z r and x r cos œ � � � Ê ‚ œ � � � � œ œ œ) ) ) ) )i j k r rk k È È

r )
# # #

  F(x y z) r r cos    F(x y z) d (r r cos ) r 2  dr d 2 (1 cos ) r  dr dÊ ß ß œ � Ê ß ß œ � œ �) 5 ) ) ) )' '
S

' ' ' '
0 0 0 0

2 1 2 11 1Š ‹È È #

 œ 2 2
3

1È

 7. Let the parametrization be (r ) (r cos ) (r sin ) 1 r , 0 r 1 (since 0 z 1) and 0 2r i j kß œ � � � Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ) ) ) ) 1a b#
  (cos ) (sin ) 2r  and ( r sin ) (r cos )   cos sin 2r

r sin r cos 0
Ê œ � � œ � � Ê ‚ œ �

�
r i j k r i j r r

i j k
r r) ) ) ) ) )

) )
) )

â ââ ââ ââ ââ ââ â
 2r  cos 2r  sin r   2r  cos 2r  sin r r 1 4r ; z 1 r  andœ � � Ê ‚ œ � � œ � œ �a b a b k k a b a bÉ È# # ## # # ##

) ) ) )i j k r rr )

 x r cos   H(x y z) r  cos 1 4r   H(x y z) dœ Ê ß ß œ � Ê ß ß) ) 5a bÈ# # # ' '  
S

 r  cos 1 4r r 1 4r  dr d r 1 4r  cos  dr dœ � � œ � œ' ' ' '
0 0 0 0

2 1 2 11 1a b a bŠ ‹Š ‹È È# # $ # ## #) ) ) ) 11
12
1

 8. Let the parametrization be ( ) (2 sin  cos ) (2 sin  sin ) (2 cos )  (spherical coordinates withr i j k9 ) 9 ) 9 ) 9ß œ � �

 2 on the sphere), 0 ; x y z 4 and z x y   z z 4  z 2  z 2 (since3 9œ Ÿ Ÿ � � œ œ � Ê � œ Ê œ Ê œ1
4

# # # # # ## #È È
 z 0)  2 cos 2  cos   , 0 2 ; (2 cos  cos ) (2 cos  sin ) (2 sin )  Ê œ Ê œ Ê œ Ÿ Ÿ œ � �9 9 9 ) 1 9 ) 9 ) 9È È2

4#
1

9r i j k

 and r ( 2 sin  sin ) (2 sin  cos )   2 cos  cos 2 cos  sin 2 sin 
2 sin  sin 2 sin  cos 0

) 9 )œ � � Ê ‚ œ �
�

9 ) 9 ) 9 ) 9 ) 9

9 ) 9 )

i j r r
i j k

â ââ ââ ââ ââ ââ â
 4 sin  cos 4 sin  sin (4 sin  cos )œ � �a b a b# #9 ) 9 ) 9 9i j k

  16 sin  cos 16 sin  sin 16 sin  cos 4 sin ; y 2 sin  sin  andÊ ‚ œ � � œ œk k Èr r9 )
% # % # # #9 ) 9 ) 9 9 9 9 )

 z 2 cos   H(x y z) 4 cos  sin  sin    H(x y z) d (4 cos  sin  sin )(4 sin ) d dœ Ê ß ß œ Ê ß ß œ9 9 9 ) 5 9 9 ) 9 9 )' '
S

' '
0 0

2 41 1Î

 16 sin  cos  sin  d d 0œ œ' '
0 0

2 41 1Î
# 9 9 ) 9 )

 9. The bottom face S of the cube is in the xy-plane  z 0  G(x y 0) x y and f(x y z) z 0  Ê œ Ê ß ß œ � ß ß œ œ Ê œp k

 and f   f 1 and f 1  d dx dy G d (x y) dx dy™ ™ ™ †œ Ê œ œ Ê œ Ê œ �k pk k k k 5 5' ' ' '
S R

 (x y) dx dy ay  dy a .  Because of symmetry, we also get a  over the face of the cubeœ � œ � œ' ' '
0 0 0

a a aŠ ‹a#

#
$ $

 in the xz-plane and a  over the face of the cube in the yz-plane.  Next, on the top of the cube, G(x y z)$ ß ß

 G(x y a) x y a and f(x y z) z a   and f   f 1 and f 1 d dx dyœ ß ß œ � � ß ß œ œ Ê œ œ Ê œ œ Ê œp k k p™ ™ ™ †k k k k 5

 G d (x y a) dx dy (x y a) dx dy (x y) dx dy a dx dy 2a .' ' ' '
S R

5 œ � � œ � � œ � � œ' ' ' ' ' '
0 0 0 0 0 0

a a a a a a
$

 Because of symmetry, the integral is also 2a  over each of the other two faces.  Therefore,$

 (x y z) d 3 a 2a 9a .' '
cube

� � œ � œ5 a b$ $ $

10. On the face S in the xz-plane, we have y 0  f(x y z) y 0 and G(x y z) G(x 0 z) z   and fœ Ê ß ß œ œ ß ß œ ß ß œ Ê œ œp j j™

 f 1 and f 1 d dx dz G d (y z) d z dx dz 2z dz 1.Ê œ œ Ê œ Ê œ � œ œ œk k k k™ ™ † p 5 5 5' ' ' '
S S

' ' '
0 0 0

1 2 1

 On the face in the xy-plane, we have z 0  f(x y z) z 0 and G(x y z) G(x y 0) y   and fœ Ê ß ß œ œ ß ß œ ß ß œ Ê œ œp k k™
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974 Chapter 16 Integration in Vector Fields

  f 1 and f 1  d dx dy G d y d y dx dy 1.Ê œ œ Ê œ Ê œ œ œk k k k™ ™ † p 5 5 5' ' ' '
S S

' '
0 0

1 2

 On the triangular face in the plane x 2 we have f(x y z) x 2 and G(x y z) G(2 y z) y z   andœ ß ß œ œ ß ß œ ß ß œ � Ê œp i

 f   f 1 and f 1  d dz dy  G d (y z) d (y z) dz dy™ ™ ™ †œ Ê œ œ Ê œ Ê œ � œ �i pk k k k 5 5 5' ' ' '
S S

' '
0 0

1 1 y�

 1 y  dy .œ � œ'
0

1
" "
#

#a b 3

 On the triangular face in the yz-plane, we have x 0  f(x y z) x 0 and G(x y z) G(0 y z) y zœ Ê ß ß œ œ ß ß œ ß ß œ �

   and f   f 1 and f 1  d dz dy  G d (y z) dÊ œ œ Ê œ œ Ê œ Ê œ �p i i p™ ™ ™ †k k k k 5 5 5' ' ' '
S S

 (y z) dz dy .œ � œ' '
0 0

1 1 y�
"
3

 Finally, on the sloped face, we have y z 1  f(x y z) y z 1 and G(x y z) y z 1   and� œ Ê ß ß œ � œ ß ß œ � œ Ê œp k

 f   f 2 and f 1  d 2 dx dy  G d (y z) d™ ™ ™ †œ � Ê œ œ Ê œ Ê œ �j k pk k k kÈ È5 5 5' ' ' '
S S

 2 dx dy 2 2.  Therefore,  G(x y z) d 1 1 2 2 2 2œ œ ß ß œ � � � � œ �' '
0 0

1 2 È È È È' '
wedge

5 " "
3 3 3

8

11. On the faces in the coordinate planes, G(x y z) 0  the integral over these faces is 0.ß ß œ Ê

 On the face x a, we have f(x y z) x a and G(x y z) G(a y z) ayz   and f   f 1œ ß ß œ œ ß ß œ ß ß œ Ê œ œ Ê œp i i™ ™k k
 and f 1  d dy dz  G d ayz d ayz dy dz .k k™ † p œ Ê œ Ê œ œ œ5 5 5' ' ' '

S S

' '
0 0

c b
ab c

4

# #

 On the face y b, we have f(x y z) y b and G(x y z) G(x b z) bxz   and f   f 1œ ß ß œ œ ß ß œ ß ß œ Ê œ œ Ê œp j j™ ™k k
 and f 1  d dx dz  G d bxz d bxz dx dz .k k™ † p œ Ê œ Ê œ œ œ5 5 5' ' ' '

S S

' '
0 0

c a
a bc

4

# #

 On the face z c, we have f(x y z) z c and G(x y z) G(x y c) cxy   and f   f 1œ ß ß œ œ ß ß œ ß ß œ Ê œ œ Ê œp k k™ ™k k
 and f 1  d dy dx  G d cxy d cxy dx dy .  Therefore,k k™ † p œ Ê œ Ê œ œ œ5 5 5' ' ' '

S S

' '
0 0

b a
a b c

4

# #

 G(x y z) d .' '
S

ß ß œ5 abc(ab ac bc)
4
� �

12. On the face x a, we have f(x y z) x a and G(x y z) G(a y z) ayz   and f   f 1œ ß ß œ œ ß ß œ ß ß œ Ê œ œ Ê œp i i™ ™k k
 and f 1  d dz dy  G d ayz d  ayz dz dy 0.  Because of the symmetryk k™ † p œ Ê œ Ê œ œ œ5 5 5' ' ' '

S S

' '
� �b c

b c

 of G on all the other faces, all the integrals are 0, and G(x y z) d 0.' '
S

ß ß œ5

13. f(x y z) 2x 2y z 2  f 2 2  and G(x y z) x y (2 2x 2y) 2 x y  ,ß ß œ � � œ Ê œ � � ß ß œ � � � � œ � � Ê œ™ i j k p k

 f 3 and f 1  d 3 dy dx; z 0  2x 2y 2 y 1 x G d (2 x y) dk k k k™ ™ †œ œ Ê œ œ Ê � œ Ê œ � Ê œ � �p 5 5 5' ' ' '
S S

 3 (2 x y) dy dx 3 (2 x)(1 x) (1 x)  dx 3 2x  dx 2œ � � œ � � � � œ � � œ' ' ' '
0 0 0 0

1 1 x 1 1� � ‘ Š ‹"
# # #

# 3 x#

14. f(x y z) y 4z 16 f 2y 4   f 4y 16 2 y 4 and   f 4ß ß œ � œ Ê œ � Ê œ � œ � œ Ê œ# # #™ ™ ™ †j k p k pk k k kÈ È
  d  dx dy G d x y 4  dx dy  dx dyÊ œ Ê œ � œ5 5

2 y 4 y 4
4

x y 4È È a b# # #� �#
# #

�' '
S

' ' ' '
� �4 0 4 0

4 1 4 1ˆ ‰È Š ‹
  y 4  dy 4y 16œ � œ � œ � œ'

�4

4
" " "#

# #

%

!4 3 3 3
y 64 56a b ’ “ ˆ ‰$
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15. f x, y, z x y z 0 f 2y f 4y 2 2 2y 1 and f 1a b k k k kÈ ÈÈœ � � œ Ê œ � � Ê œ � œ � œ Ê œ2 ™ ™ ™ †i j k p k p# #

 d  dx dy G d x y x 2 2y 1 dx dy 2 y 2y 1 dx dyÊ œ Ê œ � � � œ �5 5
È È2 2y 1

1
2 2#� # #' '

S

' ' ' '
0 0 0 0

1 y 1 ya bÈ ÈÈ È
 2 y 2y 1 dyœ � œÈ È'

0

1
3 6 6 2

30
# �È È

16. f x, y, z x y z 0 f 2x f 4x 2 2 2x 1 and f 1a b k k k kÈ È Èœ � � œ Ê œ � � Ê œ � œ � œ Ê œ2 ™ ™ ™ †i j k p k p# #

 d  dx dy G d x 2 2x 1 dx dy 2 x 2x 1 dx dyÊ œ Ê œ � œ �5 5
È È2 2x 1

1

#� # #' '
S

' ' ' '
� �1 0 1 0

1 1 1 1È È È È
 dyœ œ3 6 2 3 6 2

6 3

È ÈÈ È� �'
0

1

17. f x, y, z 2x y z 2 f 2 f 6 and f 1 d  dy dxa b k k k kÈœ � � œ Ê œ � � Ê œ œ Ê œ Ê œ™ ™ ™ †i j k p k p 5
È6

1

 G d  x y 2 2x y 6 dy dx 6  2x y 2x y x y  dy dxÊ œ � � œ � �' '
S

5 ' ' ' '
0 1 x 0 1 x

1 2 2x 1 2 2x

� �

� �a b a bÈ È 2 2

 6 x 2x 2x x  dxœ � � � œÈ ˆ ‰'
0

1
2 2
3 3 30

2 3 4 6È

18. f x, y, z x y f f 2 and f 1a b k k k kÈœ � œ " Ê œ � Ê œ œ Ê œ™ ™ ™ †i j p j p

 d  dz dx G d x 1 x z 2 dz dx 2 2x z 1  dz dxÊ œ Ê œ � � � œ � �5 5
È2

1
' '

S

' ' ' '
0 0 0 0

1 1 1 1a b a ba b È È
 2 2x dxœ � œ �È ˆ ‰'

0

1
3
2 2

2È

19. Let the parametrization be (x y) x y 4 y , 0 x 1, 2 y 2; z 0  0 4 yr i j kß œ � � � Ÿ Ÿ � Ÿ Ÿ œ Ê œ �a b# #

  y 2;  and 2y   2y    d1 0 0
0 1 2y

Ê œ „ œ œ � Ê ‚ œ œ � Ê
�

r i r j k r r j k F n
i j k

x y x y

â ââ ââ ââ ââ ââ â † 5

   dy dx (2xy 3z) dy dx 2xy 3 4 y  dy dx  dœ ‚ œ � œ � � ÊF r r F n† †
r r
r r

x y

x y

‚
‚

#k k k k c da bx y ' '
S

5

 2xy 3y 12  dy dx xy y 12y  dx 32 dx 32œ � � œ � � œ � œ �' ' ' '
0 2 0 0

1 2 1 1

�

a b c d# # $ #
�#

20. Let the parametrization be (x y) x x z , 1 x 1, 0 z 2  2x  and r i j k r i j r kß œ � � � Ÿ Ÿ Ÿ Ÿ Ê œ � œ#
x z

  2x    d   dz dx x  dz dx1 2x 0
0 0 1

Ê ‚ œ œ � Ê œ ‚ œ �r r i j F n F r r
i j k

x z x z

â ââ ââ ââ ââ ââ â k k† †5 r r
r r

x z

x z

‚
‚

#k k

    d  x  dz dxÊ œ � œ �' '
S

F n† 5 ' '
�1 0

1 2
# 4

3

21. Let the parametrization be ( ) (a  sin  cos ) (a sin  sin ) (a cos )  (spherical coordinates withr i j k9 ) 9 ) 9 ) 9ß œ � �

 a, a 0, on the sphere), 0  (for the first octant) 0  (for the first octant)3 9 )œ   Ÿ Ÿ ß Ÿ Ÿ1 1
# #

  (a cos  cos ) (a cos  sin ) (a sin )  and ( a sin  sin ) (a sin  cos )Ê œ � � œ � �r i j k r i j9 )9 ) 9 ) 9 9 ) 9 )

  a cos  cos a cos  sin a sin 
a sin  sin a sin  cos 0

Ê ‚ œ �
�

r r
i j k

9 )

â ââ ââ ââ ââ ââ â9 ) 9 ) 9

9 ) 9 )

 a  sin  cos a  sin  sin a  sin  cos   d   d dœ � � Ê œ ‚a b a b a b k k# # # # # ‚
‚9 ) 9 ) 9 9 5 ) 9i j k F n F r r† †

r r
r r
9 )

9 )k k 9 )

 a  cos  sin  d d  since z (a cos )    d a  cos  sin  d dœ œ œ Ê œ œ$ # $ #9 9 ) 9 9 5 9 9 9 )F k k F n' '
S

† ' '
0 0

2 21 1Î Î
1a
6

$
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22. Let the parametrization be ( ) (a sin  cos ) (a sin  sin ) (a cos )  (spherical coordinates withr i j k9 ) 9 ) 9 ) 9ß œ � �

 a, a 0, on the sphere), 0 , 0 23 9 1 ) 1œ   Ÿ Ÿ Ÿ Ÿ

  (a cos  cos ) (a cos  sin ) (a sin )  and ( a sin  sin ) (a sin  cos )Ê œ � � œ � �r i j k r i j9 )9 ) 9 ) 9 9 ) 9 )

  a cos  cos a cos  sin a sin 
a sin  sin a sin  cos 0

Ê ‚ œ �
�

r r
i j k

9 )

â ââ ââ ââ ââ ââ â9 ) 9 ) 9

9 ) 9 )

 a  sin  cos a  sin  sin a  sin  cos    d   d dœ � � Ê œ ‚a b a b a b k k# # # # # ‚
‚9 ) 9 ) 9 9 5 ) 9i j k F n F r r† †

r r
r r
9 )

9 )k k 9 )

 a  sin  cos a  sin  sin a  sin  cos  d d a  sin  d d  since x y zœ � � œ œ � �a b$ $ # $ $ # $ # $9 9 9 ) 9 9 ) 9 9 ) 9 F i j k

 (a sin  cos ) (a sin  sin ) (a cos )   d  a  sin  d d 4 aœ � � Ê œ œ9 ) 9 ) 9 5 9 9 ) 1i j k F n' '
S

† ' '
0 0

21 1

$ $

23. Let the parametrization be (x y) x y (2a x y) , 0 x a, 0 y a   and r i j k r i k r j kß œ � � � � Ÿ Ÿ Ÿ Ÿ Ê œ � œ �x y

     d   dy dx1 0 1
0 1 1

Ê ‚ œ œ � � Ê œ ‚�
�

r r i j k F n F r r
i j k

x y x y

â ââ ââ ââ ââ ââ â k k† †5
r r
r r

x y

x y

‚
‚k k

 [2xy 2y(2a x y) 2x(2a x y)] dy dx since 2xy 2yz 2xzœ � � � � � � œ � �F i j k

 2xy 2y(2a x y) 2x(2a x y)    dœ � � � � � � Êi j k F n' '
S

† 5

 [2xy 2y(2a x y) 2x(2a x y)] dy dx 4ay 2y 4ax 2x 2xy  dy dxœ � � � � � � œ � � � �' ' ' '
0 0 0 0

a a a a a b# #

 a 3a x 2ax  dx aœ � � œ � � œ'
0

a ˆ ‰ ˆ ‰4 4 3 2 13a
3 3 3 6

$ # # %
#

%

24. Let the parametrization be ( z) (cos ) (sin ) z , 0 z a, 0 2  (where r x y 1 onr i j k) ) ) ) 1ß œ � � Ÿ Ÿ Ÿ Ÿ œ � œÈ # #

 the cylinder)  ( sin ) (cos )  and   (cos ) (sin )sin cos 0
0 0 1

Ê œ � � œ Ê ‚ œ œ ��r i j r k r r i j
i j k

) )) ) ) )) )z z

â ââ ââ ââ ââ ââ â
   d   dz d cos sin  dz d dz d , since (cos ) (sin ) zÊ œ ‚ œ � œ œ � �F n F r r F i j k† †5 ) ) ) ) ) ) )r r

r r
)

)

‚
‚

# #z

zk k k k a b) z

   d 1 dz d 2 aÊ œ œ' '
S

F n† 5 ) 1' '
0 0

2 a1

25. Let the parametrization be (r ) (r cos ) (r sin ) r , 0 r 1 (since 0 z 1) and 0 2r i j kß œ � � Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ) ) ) ) 1

  (cos ) (sin )  and ( r sin ) (r cos )   r sin r cos 0
cos sin 1

Ê œ � � œ � � Ê ‚ œ �r i j k r i j r r
i j k

r r) ) ) ) ) )

) )
) )

â ââ ââ ââ ââ ââ â
 (r cos ) (r sin ) r    d   d dr r  sin  cos r  d dr sinceœ � � Ê œ ‚ œ �) ) 5 ) ) ) )i j k F n F r r† †

r r
r r
)

)

‚
‚

$ # #r

rk k k k a b) r

 F i k F nœ � Ê œ � œ �a b a b ˆ ‰r  sin  cos r   d r  sin  cos r  dr d  sin  cos  d# $ # # #" ") ) 5 ) ) ) ) ) )' '
S

† ' ' '
0 0 0

2 1 21 1

4 3

  cosœ � � œ� ‘" $ #

!12 3 3
2) ) 11

26. Let the parametrization be (r ) (r cos ) (r sin ) 2r , 0 r 1 (since 0 z 2) and 0 2r i j kß œ � � Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ) ) ) ) 1

  (cos ) (sin ) 2  and ( r sin ) (r cos )   r sin r cos 0
cos sin 2

Ê œ � � œ � � Ê ‚ œ �r i j k r i j r r
i j k

r r) ) ) ) ) )

) )
) )

â ââ ââ ââ ââ ââ â
 (2r cos ) (2r sin ) r    d   d drœ � � Ê œ ‚) ) 5 )i j k F n F r r† †

r r
r r
)

)

‚
‚

r

rk k k k) r

 2r  sin  cos 4r  cos  sin r  d dr sinceœ � �a b$ # $) ) ) ) )

 F i j k F nœ � � Ê œ � �a b a b a br  sin 2r  cos   d 2r  sin  cos 4r  cos  sin r  dr d# # # $ # $) ) 5 ) ) ) ) )' '
S

† ' '
0 0

2 11

  sin  cos cos  sin  d  sin  sinœ � � œ � � œ'
0

21 ˆ ‰ � ‘" " " "# $ #
#

#

!2 2 6 2
1) ) ) ) ) ) ) ) 1

1
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27. Let the parametrization be (r ) (r cos ) (r sin ) r , 1 r 2 (since 1 z 2) and 0 2r i j kß œ � � Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ) ) ) ) 1

  (cos ) (sin )  and ( r sin ) (r cos )   r sin r cos 0
cos sin 1

Ê œ � � œ � � Ê ‚ œ �r i j k r i j r r
i j k

r r) ) ) ) ) )

) )
) )

â ââ ââ ââ ââ ââ â
 (r cos ) (r sin ) r    d   d dr r  cos r  sin r  d drœ � � Ê œ ‚ œ � � �) ) 5 ) ) ) )i j k F n F r r† †

r r
r r
)

)

‚
‚

# # # # $r

rk k k k a b) r

 r r  d dr since ( r cos ) (r sin ) r   d r r  dr dœ � � œ � � � Ê œ � � œ �a b a b# $ # # $) ) ) 5 )F i j k F n' '
S

† ' '
0 1

2 21

73
6
1

28. Let the parametrization be (r ) (r cos ) (r sin ) r , 0 r 1 (since 0 z 1) and 0 2r i j kß œ � � Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ) ) ) ) 1#

  (cos ) (sin ) 2r  and ( r sin ) (r cos )   r sin r cos 0
cos sin 2r

Ê œ � � œ � � Ê ‚ œ �r i j k r i j r r
i j k

r r) ) ) ) ) )

) )
) )

â ââ ââ ââ ââ ââ â
 2r  cos 2r  sin r    d   d dr 8r  cos 8r  sin 2r  d drœ � � Ê œ ‚ œ � �a b a b k k a b# # $ # $ #‚

‚) ) 5 ) ) ) )i j k F n F r r† †
r r
r r
)

)

r

rk k ) r

 8r 2r  d dr since (4r cos ) (4r sin ) 2   d 8r 2r  dr d 2œ � œ � � Ê œ � œa b a b$ $) ) ) 5 ) 1F i j k F n' '
S

† ' '
0 0

2 11

29. g(x y z) z,   g   g 1 and g 1  Flux  d ( ) dAß ß œ œ Ê œ Ê œ œ Ê œ œp k k p F n F k™ ™ ™ † † †k k k k ' ' ' '
S R

5

 3 dy dx 18œ œ' '
0 0

2 3

30. g(x y z) y,   g   g 1 and g 1  Flux  d ( ) dAß ß œ œ � Ê œ Ê œ œ Ê œ œ �p j j p F n F j™ ™ ™ † † †k k k k ' ' ' '
S R

5

 2 dz dx 2(7 2) dx 10(2 1) 30œ œ � œ � œ' ' '
� �1 2 1

2 7 2

31. g 2x 2y 2z   g 4x 4y 4z 2a;   ;™ ™ †œ � � Ê œ � � œ œ œ Ê œi j k n F nk k È # # # � � � �

# � �

2x 2y 2z x y z
x y z a a

zi j k i j kÈ # # #

#

 g 2z  d  dA  Flux  dA z dA a x y  dx dyk k a bŠ ‹ ˆ ‰ È™ † k œ Ê œ Ê œ œ œ � �5 2a z a
2z a z

' ' ' ' ' '
R R R

#
# # #

 a r  r dr dœ � œ' '
0 0

2 a1Î È # # ) 1a
6

$

32. g 2x 2y 2z   g 4x 4y 4z 2a;   ™ ™ †œ � � Ê œ � � œ œ œ Ê œ �i j k n F nk k È # # # � � � � �

# � �

2x 2y 2z x y z xy xy
x y z a a a

i j k i j kÈ # # #

 0; g 2z  d  dA  Flux  d 0 d 0œ œ Ê œ Ê œ œ œk k™ † †k F n5 5 52a
2z

' ' ' '
S S

33. From Exercise 31,  and d  dA    Flux  dAn F nœ œ Ê œ � � œ Ê œx y z xy xy
a z a a a a a z

a z z z ai j k� � 5 † ' '
R

ˆ ‰ ˆ ‰
 1 dAœ œ' '

R

1a
4

#

34. From Exercise 31,  and d  dA  z azn F nœ œ Ê œ � � œ œx y z zy x y z
a z a a a a

a zx zi j k� � � �5 †
# $# # # #Š ‹

  Flux (za)  dx dy a  dx dy a (Area of R) aÊ œ œ œ œ' ' ' '
R R

ˆ ‰a
z 4

# # %" 1

35. From Exercise 31,  and d  dA  a  Fluxn F nœ œ Ê œ � � œ Êx y z y
a z a a a

a x zi j k� � 5 †
# ##

 a  dA   dA  dA  r dr dœ œ œ œ' ' ' ' ' '
R R R

ˆ ‰a a a a
z z a x y a r

# # #

# # # # #È Èa b� � �
' '

0 0

2 a1Î

)

 a a r  dœ � � œ'
0

2 a1Î
# # #

! #’ “È ) 1a$
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36. From Exercise 31,  and d  dA  1n F nœ œ Ê œ œ œx y z
a z a

a
x y z

i j k� �
� �

� �
5 †

Š ‹ Š ‹Œ �
È

Š ‹x z
a a a

y a
a

# ##
#

# # #

  Flux  dx dy   dx dy  r dr dÊ œ œ œ œ' ' ' '
R R

a a a a
z a x y a rÈ Èa b# # # # #

#

� � � #
' '

0 0

2 a1Î

) 1

37. g(x y z) y z 4  g 2y   g 4y 1  ß ß œ � œ Ê œ � Ê œ � Ê œ# # �

�
™ ™j k nk k È 2y

4y 1
j kÈ #

  ;   g 1  d 4y 1 dA  FluxÊ œ œ Ê œ Ê œ � ÊF n p k p† ™ †
2xy 3z

4y 1
�

�
#È #

k k È5

  4y 1 dA  (2xy 3z) dA; z 0 and z 4 y   y 4œ � œ � œ œ � Ê œ' '
R R

Š ‹È ' '2xy 3z
4y 1
�

�
# # #È #

  Flux 2xy 3 4 y  dA 2xy 12 3y  dy dx xy 12y y  dxÊ œ � � œ � � œ � �' '
R

c d a b c da b# # # $ #
�#

' ' '
0 2 0

1 2 1

�

 32 dx 32œ � œ �'
0

1

38. g(x y z) x y z 0  g 2x 2y   g 4x 4y 1 4 x y 1ß ß œ � � œ Ê œ � � Ê œ � � œ � �# # # # # #™ ™i j k k k a bÈ È
    ;   g 1  d 4 x y 1 dAÊ œ Ê œ œ Ê œ Ê œ � �n F n p k p2x 2y 8x 8y 2

4 x y 1 4 x y 1
i j k� � � �

� � � �
# #È Èa b a b# # # #

# #

† ™ †k k a bÈ5

  Flux 4 x y 1 dA 8x 8y 2  dA; z 1 and x y zÊ œ � � œ � � œ � œ' ' ' '
R R

Š ‹È a b a b8x 8y 2
4 x y 1

# #

# #

� �

� �
# # # # # #È a b

  x y 1  Flux 8r 2  r dr d 2Ê � œ Ê œ � œ# # #' '
0 0

2 11 a b ) 1

39. g(x y z) y e 0  g e   g e 1    ; ß ß œ � œ Ê œ � � Ê œ � Ê œ Ê œ œx x 2x e 2e 2y
e 1 e 1

™ ™ †i j n F n p ik k È x x

2x 2x

i j� � �

� �È È
  g e   d  dA  Flux  dA  dAÊ œ Ê œ Ê œ œk k Š ‹Š ‹™ † p x e 1 e 1

e e e
2e 2y
e 1

2e 2e5
È È

È
2x 2x

x x x

x

2x

x x� �� �

�

� �' ' ' '
R R

 4 dA 4 dy dz 4œ � œ � œ �' '
R

' '
0 1

1 2

40. g(x y z) y ln x 0  g   g 1  since 1 x eß ß œ � œ Ê œ � � Ê œ � œ Ÿ Ÿ™ ™" " �
x x x

1 xi j k k É
#

#È

    ;   g 1  d  dAÊ œ œ Ê œ œ Ê œ Ê œn F n p j p
Š ‹
Œ � È È

È� � � � �

� �

"

� #

x

1 x
x

i j i j
È

x 2xy 1 x
1 x 1 x x# #

#

† ™ †k k 5

  Flux  dA 2y dx dz 2 ln x dz dx 2 ln x dxÊ œ œ œ œ' '
R

Š ‹Š ‹2xy 1 x
1 x xÈ

È
�

�
#

# ' ' ' ' '
0 1 1 0 1

1 e e 1 e

 2 x ln x x 2(e e) 2(0 1) 2œ � œ � � � œc d e
"

41. On the face z a:  g(x y z) z  g   g 1;   2xz 2ax since z a;œ ß ß œ Ê œ Ê œ œ Ê œ œ œ™ ™ †k n k F nk k
 d dx dy  Flux 2ax dx dy 2ax dx dy a .5 œ Ê œ œ œ' '

R

' '
0 0

a a
%

 On the face z 0:  g(x y z) z  g   g 1;   2xz 0 since z 0;œ ß ß œ Ê œ Ê œ œ � Ê œ � œ œ™ ™ †k n k F nk k
 d dx dy  Flux 0 dx dy 0.5 œ Ê œ œ' '

R

 On the face x a:  g(x y z) x  g   g 1;   2xy 2ay since x a;œ ß ß œ Ê œ Ê œ œ Ê œ œ œ™ ™ †i n i F nk k
 d dy dz  Flux 2ay dy dz a .5 œ Ê œ œ' '

0 0

a a
%

 On the face x 0:  g(x y z) x  g   g 1;   2xy 0 since x 0œ ß ß œ Ê œ Ê œ œ � Ê œ � œ œ™ ™ †i n i F nk k
  Flux 0.Ê œ

 On the face y a:  g(x y z) y  g   g 1;   2yz 2az since y a;œ ß ß œ Ê œ Ê œ œ Ê œ œ œ™ ™ †j n j F nk k
 d dz dx  Flux 2az dz dx a .5 œ Ê œ œ' '

0 0

a a
%

 On the face y 0:  g(x y z) y  g   g 1;   2yz 0 since y 0œ ß ß œ Ê œ Ê œ œ � Ê œ � œ œ™ ™ †j n j F nk k
  Flux 0.  Therefore, Total Flux 3a .Ê œ œ %

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



 Section 16.6 Surface Integrals 979

42. Across the cap:  g(x y z) x y z 25 g 2x 2y 2z   g 4x 4y 4z 10ß ß œ � � œ Ê œ � � Ê œ � � œ# # # # # #™ ™i j k k k È
    ;   g 2z since z 0  d  dAÊ œ œ Ê œ � � œ Ê œ   Ê œn F n p k p™

™

g
g 5 5 5 5 2z

x y z y zx z z 10k k i j k� �
† ™ †

# # k k 5

  Flux   d  dA x y 1  dx dy r 1  r dr dÊ œ œ � � œ � � œ �cap 0 0

2 4
' ' ' ' ' '
cap R R

F n† 5 )Š ‹ ˆ ‰ a b a bx z z 5
5 5 5 z

y z# #
# # #' '1

 72 d 144 .œ œ'
0

21

) 1

 Across the bottom:  g(x y z) z 3 g g 1 1; g 1ß ß œ œ Ê œ Ê œ Ê œ � Ê œ � œ Ê œ™ ™ † ™ †k n k F n p k pk k k k
  d dA  Flux   d 1 dA 1(Area of the circular region) 16 .  Therefore,Ê œ Ê œ œ � œ � œ �5 5 1bottom

' ' ' '
bottom R

F n†

 Flux Flux Flux 128œ � œcap bottom 1

43. f 2x 2y 2z f 4x 4y 4z 2a; f 2z since z 0 d dA™ ™ ™ †œ � � Ê œ � � œ œ Ê œ   Ê œi j k p k pk k k kÈ # # # 5 2a
2z

  dA; M  d  (surface area of sphere) ; M  z  d  z  dA a   dAœ œ œ œ œ œ œa a a
z 8 zxy' ' ' ' ' '

S S R R
$ 5 $ 5 $ $$ $1 #

#
ˆ ‰ ' '

 a  r dr d z .  Because of symmetry, x y the centroid isœ œ Ê œ œ œ œ œ Ê$ )' '
0 0

2 a1Î
$1 $1

$1
a a 2 a a

4 M 4 a 2
M$ $

#

xy Š ‹ ˆ ‰
#

 .ˆ ‰a a a
# # #ß ß

44. f 2y 2z   f 4y 4z 4 y z 6;   f 2z since z 0 d  dA™ ™ ™ †œ � Ê œ � œ � œ œ Ê œ   Ê œj k p k kk k a b k kÈ È# # # # 5 6
2z

  dA; M 1 d   dx dy   dx dy 9 ; M z d  z  dx dy 54;œ œ œ œ œ œ œ œ3 3 3 3
z z z9 y xy' ' ' '

S S
5 1 5' ' ' ' ' '

� � �3 0 3 0 3 0

3 3 3 3 3 3

È � #
ˆ ‰

 M y d y  dx dy   dx dy 0; M x d   dx dy .xz yz
3 3x 27
z

3y
9 y 9 y

œ œ œ œ œ œ œ' ' ' '
S S

5 5 1' ' ' ' ' '
� � �3 0 3 0 3 0

3 3 3 3 3 3ˆ ‰ È È� � ## #

 Therefore, x , y 0, and zœ œ œ œ œ
Š ‹27

#
1

1 1 19 9
3 54 6
#

45. Because of symmetry, x y 0; M   d   d (Area of S) 3 2 ; f 2x 2y 2zœ œ œ œ œ œ œ � �' ' ' '
S S

$ 5 $ 5 $ 1 $È ™ i j k

  f 4x 4y 4z 2 x y z ;   f 2z  d  dAÊ œ � � œ � � œ Ê œ Ê œk k k kÈ È™ ™ †# # # # # # � �
#p k p 5

2 x y z
z

È # # #

  dA  dA M  z  dA  2 x y  dAœ œ Ê œ œ �
È È Èa b È Èx y x y

z z z
2 x y 2 x y

xy
# # # # # # # #� � � � � # #$ $' ' ' '

R R
Š ‹ È È

   2 r  dr d   z x y z 0 0 .  Next, I x y  dœ œ Ê œ œ Ê ß ß œ ß ß œ �$ ) $ $ 5' '
0 1

2 21 È a b a bˆ ‰# # #14 2
3 9 93 2

14 14
z

1
$

1 $

È Œ �
È

14 2
3
1
È

' '
S

 x y   dA 2 x y  dA 2 r  dr d   Rœ � œ � œ œ Ê œ œ' ' ' '
R R

a b a bŠ ‹ È È É# # # # $�
# #

È È È È2 x y
z M

15 2 I 10# #

$ $ $ ) $' '
0 1

2 2

z

1

1 z

46. f(x y z) 4x 4y z 0  f 8x 8y 2z   f 64x 64y 4zß ß œ � � œ Ê œ � � Ê œ � �# # # # # #™ ™i j k k k È
 2 16x 16y z 2 4z z 2 5 z since z 0;   f 2z  d  dA 5 dAœ � � œ � œ   œ Ê œ Ê œ œÈ È È Èk k# # # # # p k p™ † 5 2 5 z

2z

È

  I x y   d 5 x y  dx dy 5 r  dr dÊ œ � œ � œ œz
3 5' ' ' '

S R
a b a bÈ È# # # # $

#$ 5 $ $ )' '
� Î

Î

1

1 )

2 0

2 2 cos È 1$

47. (a) Let the diameter lie on the z-axis and let f(x y z) x y z a , z 0 be the upper hemisphereß ß œ � � œ  # # # #

  f 2x 2y 2z   f 4x 4y 4z 2a, a 0;   f 2z since z 0Ê œ � � Ê œ � � œ � œ Ê œ  ™ ™ ™ †i j k p k pk k k kÈ # # #

  d  dA  I  x y  d a   dA a   r dr dÊ œ Ê œ � œ œ5 $ 5 $ $ )a a r
z z

x y
a x y a rz 0 0

2 a' ' a b ˆ ‰
S R

# # �

� � �
' ' # #

# # #

#

# #È Èa b ' '1

 a  r a r a r  d a  a  d a   the moment of inertia is a  forœ � � � � œ œ Ê$ ) $ ) $ $' '
0 0

2 2a1 1’ “È a b# # # $ % %# # $Î#

!

2 2 4 8
3 3 3 3

1 1

 the whole sphere
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980 Chapter 16 Integration in Vector Fields

 (b) I I mh , where m is the mass of the body and h is the distance between the parallel lines; now,L c.m.œ � #

 I a  (from part a) and  d  dA a   dy dxc.m.
8 m a
3 z a x y

œ œ œ œ1 %
#

"
� �

$ $ 5 $ $' ' ' ' ' '
S R R

ˆ ‰ È a b# # #

 a   r dr d a  a r  d a a d 2 a  and h aœ œ � � œ œ œ$ ) $ ) $ ) 1 $' ' ' '
0 0 0 0

2 a 2 2a1 1 1

"

�
# #

!

#Èa r# #
’ “È

  I a 4 a a aÊ œ � œL
8 20
3 3
1 1% # # %$ 1 $ $

48. Let z x y  be the cone from z 0 to z h, h 0.  Because of symmetry, x 0 and y 0;œ � œ œ � œ œh
a
È # #

 z x y   f(x y z) x y z 0  f 2zœ � Ê ß ß œ � � œ Ê œ � �h h 2xh
a a a a

2yhÈ a b# # # # ## #

# # #

#

™ i j k

  f 4z 2 x y x y 2 x y 1Ê œ � � œ � � � œ � �k k a b a b a bÉ É Éˆ ‰ ˆ ‰™ 4x h h h h h
a a a

4y h
a a a

# % % # # #

% % %

# %

# # #
# # # # # # #

 2 z h a  since z 0;   f 2z  d  dAœ œ �   œ Ê œ Ê œÉ ˆ ‰ ˆ ‰È k k# # #� �h a 2z
a a 2z

h a# #

#

# #

p k p™ † 5
ˆ ‰È2z

a

  dA; M d  dA a a h a ;œ œ œ œ œ �
È È Èh a h a h a

a a a

# # # # # #� � � # # #' ' ' '
S R

5 1 1a b È
 M z d z  dA x y  dx dy r  dr dxy 0 0

2 a

œ œ œ � œ' ' ' ' ' '
S R R

5 )Š ‹ ÈÈ È Èh a h a h h a
a a a a

h# # # # # #

#

� � �# # #' '1

   z   the centroid is 0 0œ Ê œ œ Ê ß ß2 ah h a
3 M 3 3

M 2h 2h1 È # #� xy ˆ ‰
16.7  STOKES' THEOREM

 1. curl 0 0 (2 0) 2  and   curl 2  d dx dy

x 2x z

F F i j k k n k F n
i j k

œ ‚ œ œ � � � œ œ Ê œ Ê œ™ †

â ââ ââ ââ ââ ââ â
` ` `
` ` `
# #
x y z 5

  d  2 dA 2(Area of the ellipse) 4Ê œ œ œ)
C

F r† ' '
R

1

 2. curl 0 0 (3 2)  and   curl 1  d dx dy

2y 3x z

F F i j k k n k F n
i j k

œ ‚ œ œ � � � œ œ Ê œ Ê œ

�

™ †

â ââ ââ ââ ââ ââ â
` ` `
` ` `

#
x y z 5

   d  dx dy Area of circle 9Ê œ œ œ)
C

F r† ' '
R

1

 3. curl x 2x (z 1)  and   curl 

y xz x

F F i j k n F n
i j k

œ ‚ œ œ � � � � œ Ê™ †

â ââ ââ ââ ââ ââ â
` ` `
` ` `

#

� �
x y z 3

i j kÈ

 ( x 2x z 1)  d  dA  d  ( 3x z 1) 3 dAœ � � � � Ê œ Ê œ � � �" "È È
È

3 3
3

15 )
C

F r† ' '
R

È
 [ 3x (1 x y) 1] dy dx ( 4x y) dy dx 4x(1 x) (1 x)  dxœ � � � � � œ � � œ � � � �' ' ' ' '

0 0 0 0 0

1 1 x 1 1 x 1� � � ‘"
#

#

 3x x  dxœ � � � œ �'
0

1ˆ ‰"
# #

#7 5
6

 4. curl (2y 2z) (2z 2x) (2x 2y)  and 

y z x z x y

F F i j k n
i j k

œ ‚ œ œ � � � � � œ

� � �

™

â ââ ââ ââ ââ ââ â
` ` `
` ` `

# # # # # #

� �
x y z 3

i j kÈ

  curl (2y 2z 2z 2x 2x 2y) 0  d  0 d 0Ê œ � � � � � œ Ê œ œF n F r† †"È3
)

C
' '

S
5
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 Section 16.7 Stoke's Theorem 981

 5. curl 2y (2z 2x) (2x 2y)  and 

y z x y x y

F F i j k n k
i j k

œ ‚ œ œ � � � � œ

� � �

™

â ââ ââ ââ ââ ââ â
` ` `
` ` `

# # # # # #
x y z

  curl 2x 2y  d dx dy  d (2x 2y) dx dy x 2xy  dyÊ œ � Ê œ Ê œ � œ �F n F r† †5 ) ' ' '
C 1 1 1

1 1 1

� � �

c d# "
�"

 4y dy 0œ � œ'
�1

1

 6. curl 0 0 3x y  and 

x y 1 z

F F i j k n

i j k

œ ‚ œ œ � � œ œ™

â ââ ââ ââ ââ ââ â
` ` `
` ` `
# $

# # � � � �

� �x y z
2x 2y 2z x y z
2 x y z 4

i j k i j kÈ # # #

 curl x y z; d  dA (Section 16.6, Example 6, with a 4)  d  x y z  dAÊ œ � œ œ Ê œ �F n F r† †3 4 3 4
4 z 4 z

# # # #5 )
C

' '
R

ˆ ‰ ˆ ‰
 3 r  cos r  sin  r dr d 3 (cos  sin )  d 32  sin 2  d 4 sin u duœ � œ � œ � œ �' ' ' ' '

0 0 0 0 0

2 2 2 2 41 1 1 1a b a b ’ “# # # # # # #
#

!

") ) ) ) ) ) ) )r
6 4

'

 4 8œ � � œ �� ‘u sin 2u
2 4

%

!

1
1

 7. x 3 cos t and y 2 sin t  (2 sin t) 9 cos t 9 cos t 16 sin t  sin e  at theœ œ Ê œ � � �F i j ka b a b# # % ÈÐ ÑÐ Ñ6 sin t cos t 0

 base of the shell; (3 cos t) (2 sin t)   d ( 3 sin t) (2 cos t)   6 sin t 18 cos tr i j r i j Fœ � Ê œ � � Ê œ � �† d
dt
r # $

    d 6 sin t 18 cos t  dt 3t  sin 2t 6(sin t) cos t 2 6Ê ‚ œ � � œ � � � � œ �' '
S

™ †F n 5 1'
0

21a b a b� ‘# $ # #

!
3
2

1

 8. curl 2 ; f(x y z) 4x y z   f 8x 2z
z tan y x

F F j i j k

i j k

œ ‚ œ œ � ß ß œ � � Ê œ � �

� � �

™ ™

â ââ ââ ââ ââ ââ ââ â
` ` `
` ` `

" "
#� �

�"

# #
x y z

x 4 z

   and   f 1  d  dA f  dA; ( 2 f)Ê œ œ Ê œ Ê œ œ ‚ œ � œn p j p F n j™

™ ™ † ™ ™

™f
f f f f

f 2k k k k k k k kk kk k k k™ † ™ ™ † † ™5 p
" �

   d 2 dA   d  2 dA 2(Area of R) 2( 1 2) 4 , where RÊ ‚ œ � Ê ‚ œ � œ � œ � œ �™ † ™ † † †F n F n5 5 1 1' ' ' '
S R

 is the elliptic region in the xz-plane enclosed by 4x z 4.# #� œ

 9. Flux of  d  d , so let C be parametrized by (a cos t) (a sin t) ,™ ™ † †‚ œ ‚ œ œ �F F n F r r i j' '
S

5 )
C

 0 t 2   ( a sin t) (a cos t)   ay sin t ax cos t a  sin t a  cos t aŸ Ÿ Ê œ � � Ê œ � œ � œ1 d d
dt dt
r ri j F † # # # # #

  Flux of  d a  dt 2 aÊ ‚ œ œ œ™ †F F r) '
C 0

21
# #1

10. (y ) ; x y z
y 0 0

™ ‚ œ œ � œ œ œ � �i k n i j k
i j kâ ââ ââ ââ ââ ââ â
` ` `
` ` `

� �

� �x y z
f
f

2x 2y 2z
2 x y z

™

™k k Èi j k
# # #

  (y ) z; d dA (Section 16.6, Example 6, with a 1) (y )  dÊ ‚ œ � œ œ Ê ‚™ † ™ †i n i n5 5"
z

' '
S

 ( z)  dA dA , where R is the disk x y 1 in the xy-plane.œ � œ � œ � � Ÿ' ' ' '
R R

ˆ ‰" # #
z 1

11. Let S  and S  be oriented surfaces that span C and that induce the same positive direction on C.  Then" #

  d   d  d' ' ' '
S S" #

™ † † ™ †‚ œ œ ‚F n F r F n" " # #5 5)
C

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



982 Chapter 16 Integration in Vector Fields

12.  d   d  d , and since S  and S  are joined by the simple' ' ' ' ' '
S S S

™ † ™ † ™ †‚ œ ‚ � ‚F n F n F n5 5 5
" #

" #

 closed curve C, each of the above integrals will be equal to a circulation integral on C.  But for one surface
 the circulation will be counterclockwise, and for the other surface the circulation will be clockwise.  Since the

 integrands are the same, the sum will be 0   d 0.Ê ‚ œ' '
S

™ †F n 5

13. 5 2 3 ; (cos ) (sin ) 2r  and ( r sin ) (r cos )
2z 3x 5y

™ ‚ œ œ � � œ � � œ � �F i j k r i j k r i j
i j kâ ââ ââ ââ ââ ââ â
` ` `
` ` `x y z r ) ) ) ))

  2r  cos 2r  sin r ;  and d  dr dcos sin 2r
r sin r cos 0

Ê ‚ œ œ � � œ œ ‚�
�

r r i j k n r r
i j k

r r) )

â ââ ââ ââ ââ ââ â a b a b k k) )

) )

) ) 5 )# # ‚
‚

r r
r r

r

r

)

)k k

   d ( ) ( ) dr d 10r  cos 4r  sin 3r  dr d    dÊ ‚ œ ‚ ‚ œ � � Ê ‚™ † ™ † ™ †F n F r r F n5 ) ) ) ) 5r ) a b# # ' '
S

 10r  cos 4r  sin 3r  dr d r  cos r  sin r  dœ � � œ � �' ' '
0 0 0

2 2 21 1a b � ‘# # $ $ #"
#

#

!
) ) ) ) ) )0 4 3

3 3

  cos  sin 6  d 6(2 ) 12œ � � œ œ'
0

21ˆ ‰80 32
3 3) ) ) 1 1

14. 2 2 ; 2r  cos 2r  sin r  and
y z z x x z

™ ‚ œ œ � � ‚ œ � �

� � �

F i j k r r i j k
i j kâ ââ ââ ââ ââ ââ â a b a b` ` `
` ` `

# #
x y z r ) ) )

  d ( ) ( ) dr d  (see Exercise 13 above)   d™ † ™ † ™ †‚ œ ‚ ‚ Ê ‚F n F r r F n5 ) 5r )
' '

S

 2r  cos 4r  sin 2r  dr d r  cos r  sin r  dœ � � � œ � � �' ' '
0 0 0

2 3 21 1a b � ‘# # $ $ # $

!
) ) ) ) ) )2 4

3 3

 18 cos 36 sin 9  d 9(2 ) 18œ � � � œ � œ �'
0

21a b) ) ) 1 1

15. 2y 0 x ; 

x y 2y z 3z

cos sin 1
r sin r cos 0

™ ‚ œ œ � � � ‚ œ
�

F i j k r r

i j k i j k
â â â ââ â â ââ â â ââ â â ââ â â ââ â â â

` ` `
` ` `
# $

$ #
x y z r ) ) )

) )

 ( r cos ) (r sin ) r and  d ( ) ( ) dr d  (see Exercise 13 above)œ � � � ‚ œ ‚ ‚) ) 5 )i j k F n F r r™ † ™ † r )

   d  2ry  cos rx  dr d 2r  sin   cos r  cos  dr dÊ ‚ œ � œ �' ' ' '
S R

™ †F n 5 ) ) ) ) ) )a b a b$ # % $ #' '
0 0

2 11

3

  sin   cos  cos  d  sinœ � œ � � œ �'
0

21ˆ ‰ � ‘ˆ ‰2 sin 2
5 4 10 4 4 4

3 4) ) ) ) )" " "#
#

#

!
) ) 11

16. ; 
x y y z z x

cos sin 1
r sin r cos 0

™ ‚ œ œ � � ‚ œ

� � �

�
�

F i j k r r
i j k i j k

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
` ` `
` ` `x y z r ) ) )

) )

 (r cos ) (r sin ) r and  d ( ) ( ) dr d  (see Exercise 13 above)œ � � ‚ œ ‚ ‚) ) 5 )i j k F n F r r™ † ™ † r )

   d (r cos r sin r) dr d (cos sin 1)  d (2 ) 25Ê ‚ œ � � œ � � œ œ' '
S

 ™ †F n 5 ) ) ) ) ) ) 1 1' ' '
0 0 0

2 5 21 1’ “ ˆ ‰r 25#

# #

&

!

17. 0 0 5 ;  

3y 5 2x z 2

3 cos  cos 3 cos  sin 3 sin 

3 sin  sin 

™ ‚ œ œ � � ‚ œ

� �

�

�

F i j k r r
i j k i j kâ â â ââ â â ââ â â ââ â â ââ â â ââ â â â

È È ÈÈ È
` ` `
` ` `

#
x y z 9 ) 9 ) 9 ) 9

9 ) 3 sin  cos 09 )

 3 sin  cos 3 sin  sin (3 sin  cos ) ;  d ( ) ( ) d d  (see Exerciseœ � � ‚ œ ‚ ‚a b a b# #9 ) 9 ) 9 9 5 9 )i j k F n F r r™ † ™ † 9 )

 13 above)   d 15 cos  sin  d d  cos  d  d 15Ê ‚ œ � œ œ � œ �' '
S

™ †F n 5 9 9 9 ) 9 ) ) 1' ' ' '
0 0 0 0

2 /2 2 21 1 1 1� ‘15 15
2

# Î#

! #

1
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18. 2z 2y ;  

y z x

2 cos  cos 2 cos  sin 2 sin 
2 sin  sin 2 sin  

™ ‚ œ œ � � � ‚ œ �
�

F i j k r r
i j k i j k

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
` ` `
` ` `
# #
x y z 9 ) 9 ) 9 ) 9

9 ) 9 cos 0)

 4 sin  cos 4 sin  sin (4 sin  cos ) ;  d ( ) ( ) d d  (see Exerciseœ � � ‚ œ ‚ ‚a b a b# #9 ) 9 ) 9 9 5 9 )i j k F n F r r™ † ™ † 9 )

 13 above)   d 8z sin  cos 4 sin  sin 8y sin  cos  d dÊ ‚ œ � � �' ' ' '
S R

™ †F n 5 9 ) 9 ) 9 ) 9 )a b# #

 16 sin  cos  cos 4 sin  sin 16 sin  sin  cos  d dœ � � �' '
0 0

2 /21 1 a b# # #9 9 ) 9 ) 9 ) ) 9 )

  sin  cos 4 (sin ) 16 (sin  cos )  dœ � � � � �'
0

21� ‘ˆ ‰ ˆ ‰" $
# #

Î#

!
6

3 4 4
sin 2 sin 29 ) ) ) ) )9 9 9 9 1

  cos  sin 4  sin  cos  d  sin  cos 2  sin 0œ � � � œ � � � œ'
0

21ˆ ‰ � ‘16 6
3 3) 1 ) 1 ) ) ) ) 1 ) 1 )" # #

!

1

19. (a) 2x 2y 2z   curl    d  d 0 d 0F i j k F 0 F r F nœ � � Ê œ Ê œ ‚ œ œ)
C

† ™ †' ' ' '
S S

5 5

 (b) Let f(x y z) x y z f curl  d  d  0 dß ß œ Ê ‚ œ ‚ œ Ê œ Ê œ ‚ œ# # $ ™ ™ ™ † ™ †F 0 F 0 F r F n)
C

' ' ' '
S S

5 5

 0œ

 (c) (x y z )     d   d  0 d 0F i j k 0 F 0 F r F nœ ‚ � � œ Ê ‚ œ Ê œ ‚ œ œ™ ™ † ™ †)
C

' ' ' '
S S

5 5

 (d) f  f   d   d 0 d 0F F 0 F r F nœ Ê ‚ œ ‚ œ Ê œ ‚ œ œ™ ™ ™ ™ † ™ †)
C

' ' ' '
S S

5 5

20. f x y z (2x) x y z (2y) x y z (2z)F i j kœ œ � � � � � � � � �™ " " "
# # #

# # # # # # # # #�$Î# �$Î# �$Î#a b a b a b
 x x y z y x y z z x y zœ � � � � � � � � �a b a b a b# # # # # # # # #�$Î# �$Î# �$Î#i j k

 (a) (a cos t) (a sin t) , 0 t 2   ( a sin t) (a cos t)r i j i jœ � Ÿ Ÿ Ê œ � �1 d
dt
r

  x x y z ( a sin t) y x y z (a cos t)Ê œ � � � � � � �F † d
dt
r a b a b# # # # # #�$Î# �$Î#

 ( a sin t) (a cos t) 0  d 0œ � � � œ Ê œˆ ‰ ˆ ‰a cos t a sin t
a a$ $

)
C

F r†

 (b)  d  d f  d   d 0 d 0)
C

F r F n n 0 n† ™ † ™ ™ † †œ ‚ œ ‚ œ œ œ' ' ' ' ' ' ' '
S S S S

5 5 5 5

21. Let 2y 3z x   3 2 ; 
2y 3z x

F i j k F i j k n
i j k

œ � � Ê ‚ œ œ � � � œ

�

™

â ââ ââ ââ ââ ââ â
` ` `
` ` `

� �
x y z

2 2
3

i j k

 2   2y dx 3z dy x dz  d  d  2 dÊ ™ † † ™ † F n F r F n‚ œ � Ê � � œ œ ‚ œ �) )
C C

' ' ' '
S S

5 5

 2 d , where d  is the area of the region enclosed by C on the plane S:  2x 2y z 2œ � � � œ' ' ' '
S S

5 5

22. 0
x y z

™ ‚ œ œF
i j kâ ââ ââ ââ ââ ââ â
` ` `
` ` `x y z

23. Suppose M N P  exists such that  F i j k F i j kœ � � ‚ œ � � � � �™ Š ‹ Š ‹ˆ ‰` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x y

 x y z .  Then  (x)  1.  Likewise,  (y)œ � � � œ Ê � œ � œi j k ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` `x y z x x y x z y z x y

P N P N M PŠ ‹ ˆ ‰# #

  1 and  (z)  1.  Summing the calculated equationsÊ � œ � œ Ê � œ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` `

# # # #M P N M N M
y z y x z x y z z x z yŠ ‹

  3 or 0 3 (assuming the second mixed partials areÊ � � � � � œ œŠ ‹ Š ‹ Š ‹` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` `

# # # # # #P P N N M M
x y y x z x x z y z z y

 equal).  This result is a contradiction, so there is no field  such that curl x y z .F F i j kœ � �
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984 Chapter 16 Integration in Vector Fields

24. Yes:  If , then the circulation of  around the boundary C of any oriented surface S in the domain of™ ‚ œF 0 F

  is zero.  The reason is this:  By Stokes's theorem, circulation   d   d   d 0.F F r F n 0 nœ œ ‚ œ œ)
C

† ™ † †' ' ' '
S S

5 5

25. r x y   r x y   r 4x x y 4y x y M Nœ � Ê œ � Ê œ œ � � � œ �È a b a b a b a b# # % # # % # # # ## F i j i j™

   r  ds   ds  M dy N dx  dx dyÊ œ œ � œ �) ) )
C C C
™ † †a b Š ‹% ` `

` `n F n ' '
R

M N
x y

  4 x y 8x 4 x y 8y  dA 16 x y  dA 16  x  dA 16  y  dAœ � � � � � œ � œ �' ' c d a ba b a b
R R R R

# # # # # # # # # #' ' ' ' ' '

 16I 16I .œ �y x

26. 0, 0, 0, 0, ,   curl .` ` ` ` ` `
` ` ` ` ` `

� � � �

� � � �
P N M P N M
y z z x x y

y x y x y x y x
x y x y x y x y

œ œ œ œ œ œ Ê œ � œ
# # # # # # # #

# # # # # # # ## # # #a b a b a b a bF k 0’ “
 However, x y 1  (cos t) (sin t)   ( sin t) (cos t)# #� œ Ê œ � Ê œ � �r i j i jd

dt
r

   sin t cos t   sin t cos t 1  d 1 dt 2  which is not zero.Ê œ � � Ê œ � œ Ê œ œF i j F F ra b a b † †d
dt
r # # ) )

C

#

!

1

1

16.8  THE DIVERGENCE THEOREM AND A UNIFIED THEORY

 1.   div 0  2. x y   div 1 1 2F F F i j Fœ Ê œ œ œ � Ê œ � œ� � �

� �

y x xy xy
x y x y

i jÈ a b# # # # $Î#

 3.   div GMF Fœ � Ê œ �GM(x y z )

x y z

x y z 3x x y z
x y z

i j k� �

� �

� � � � �

� �a b
a b a b

a b# # # $Î#

# # # # # # #$Î# "Î#

# # # $” •
 GM GM� �” • ” •a b a b a b a b

a b a b
x y z 3y x y z x y z 3z x y z

x y z x y z

# # # # # # # # # # # # # #$Î# "Î# $Î# "Î#

# # # # # #$ $
� � � � � � � � � �

� � � �

 GM 0œ � œ’ “3 x y z 3 x y z x y z

x y z

a b a b a b
a b

# # # # # # # # ##

# # # (Î#

� � � � � � �

� �

 4. z a r  in cylindrical coordinates  z a x y   a x y   div 0œ � Ê œ � � Ê œ � � Ê œ# # # # # # # #a b a bv k v

 5. (y x) 1, (z y) 1, (y x) 0 2 Flux 2 dx dy dz 2 2 16` ` `
` ` `

$
x y z� œ � � œ � � œ Ê œ � Ê œ � œ � œ �™ † F ' ' '

� � �1 1 1

1 1 1 a b
 6. x 2x, y 2y, z 2z  2x 2y 2z` ` `

` ` `
# # #

x y xa b a b a bœ œ œ Ê œ � �™ † F

 (a) Flux (2x 2y 2z) dx dy dz x 2x(y z)  dy dz (1 2y 2z) dy dzœ � � œ � � œ � �' ' ' ' ' ' '
0 0 0 0 0 0 0

1 1 1 1 1 1 1c d# "
!

 y(1 2z) y  dz (2 2z) dz 2z z 3œ � � œ � œ � œ' '
0 0

1 1c d c d# #" "
! !

 (b) Flux (2x 2y 2z) dx dy dz x 2x(y z)  dy dz (4y 4z) dy dzœ � � œ � � œ �' ' ' ' ' ' '
� � � � � � �1 1 1 1 1 1 1

1 1 1 1 1 1 1c d# "
�"

 2y 4yz  dz 8z dz 4z 0œ � œ œ œ' '
� �1 1

1 1c d c d# #" "
�" �"

 (c) In cylindrical coordinates, Flux (2x 2y 2z) dx dy dzœ � �' ' '
D

 (2r cos 2r sin 2z) r dr d dz r  cos r  sin zr  d dzœ � � œ � �' ' ' ' '
0 0 0 0 0

1 2 2 1 2

 
1 1

) ) ) ) ) )� ‘2 2
3 3

$ $ # #

!

  cos  sin 4z  d dz  sin  cos 4z  dz 8 z dz 4 z 4œ � � œ � � œ œ œ' ' ' '
0 0 0 0

1 2 1 11 ˆ ‰ � ‘ c d16 16 6 16
3 3 3 3) ) ) ) ) ) 1 1 1" #

!
# "

!

1

 7. (y) 0, (xy) x, ( z) 1  x 1; z x y   z r  in cylindrical coordinates` ` `
` ` `

# # #
x y zœ œ � œ � Ê œ � œ � Ê œ™ † F

  Flux (x 1) dz dy dx  (r cos 1) dz r dr d r  cos r  r dr dÊ œ � œ � œ �' ' '
D

' ' ' ' '
0 0 0 0 0

2 2 r 2 21 1
#

) ) ) )a b$ #

  cos  d  cos 4  d  sin 4 8œ � œ � œ � œ �' '
0 0

2 21 1’ “ ˆ ‰ � ‘r r 32 32
5 4 5 5

& %

) ) ) ) ) ) 1
#

!

#

!

1
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 8. x 2x, (xz) 0, (3z) 3  2x 3  Flux (2x 3) dV` ` `
` ` `

#
x y za b œ œ œ Ê œ � Ê œ �™ † F ' ' '

D

 (2  sin  cos 3)  sin  d d d  sin  cos  sin  d dœ � œ �' ' ' ' '
0 0 0 0 0

2 2 21 1 1 1

3 9 ) 3 9 3 9 ) 9 ) 3 9 9 )a b ’ “# $
#

!

3%

2

 (8 sin  cos 8) sin  d d 8  cos 8 cos  d (4  cos 16) d 32œ � œ � � œ � œ' ' ' '
0 0 0 0

2 2 21 1 1 1

9 ) 9 9 ) ) 9 ) 1 ) ) 1� ‘ˆ ‰9 9 1

2 4
sin 2

!

 9. x 2x, ( 2xy) 2x, (3xz) 3x  Flux  3x dx dy dz` ` `
` ` `

#
x y za b œ � œ � œ Ê œ ' ' '

D

  (3  sin  cos )  sin  d d d 12 sin  cos  d d 3  cos  d 3œ œ œ œ' ' ' ' ' '
0 0 0 0 0 0

2 2 2 2 2 21 1 1 1 1Î Î Î Î Î

3 9 ) 3 9 3 9 ) 9 ) 9 ) 1 ) ) 1a b# #

10. 6x 2xy 12x 2y, 2y x z 2, 4x y 0  12x 2y 2` ` `
` ` `

# # # $
x y za b a b a b� œ � � œ œ Ê œ � �™ † F

  Flux (12x 2y 2) dV (12r cos 2r sin 2) r dr d dzÊ œ � � œ � �' ' '
D

' ' '
0 0 0

3 2 21Î

) ) )

 32 cos  sin 4  d dz 32 2  dz 112 6œ � � œ � � œ �' ' '
0 0 0

3 2 31Î ˆ ‰ ˆ ‰) ) ) 1 116 16
3 3

11. (2xz) 2z, ( xy) x, z 2z  x  Flux x dV` ` `
` ` `

#
x y zœ � œ � � œ � Ê œ � Ê œ �a b ™ † F ' ' '

D

  x dz dy dx  (xy 4x) dy dx x 16 4x 4x 16 4x  dxœ � œ � œ � � �' ' ' ' ' '
0 0 0 0 0 0

2 16 4x 4 y 2 16 4x 2È È
� � �

# # ’ “a b È1
2

# #

 4x x 16 4xœ � � � œ �’ “a b# % #" " $Î# #

!2 3 3
40

12. x 3x , y 3y , z 3z   3x 3y 3z   Flux  3 x y z  dV` ` `
` ` `

$ # $ # $ # # # # # # #
x y za b a b a b a b' ' 'œ œ œ Ê œ � � Ê œ � �™ † F

D

 3   sin  d d d 3  sin  d d 3  dœ œ œ œ' ' ' ' ' '
0 0 0 0 0 0

2 a 2 21 1 1 1 1

3 3 9 3 9 ) 9 9 ) )# #a b a 2a 12 a
5 5 5

& & &1

13. Let x y z .  Then , ,   ( x) x , ( y) y3 3 3 3 3 3œ � � œ œ œ Ê œ � œ � œ �È Š ‹ Š ‹# # # ` ` ` ` `
` ` ` ` ` ` `

` `3 3 3 3 3

3 3 3 3x y z x x y y
x z xy #

 , ( z) z   3 4 , since x y zœ � œ � œ � Ê œ � œ œ � �y x y z
z z

z# # # ##

3 3 3

3
3 3 3 3 3 3 3`

` `
` � � # # #Š ‹ È™ † F

  Flux 4  dV  (4 )  sin  d d d 3 sin  d d 6 d 12Ê œ œ œ œ œ' ' '
D

3 3 3 9 3 9 ) 9 9 ) ) 1' ' ' ' ' '
0 0 1 0 0 0

2 2 2 21 1 1 1 1
È a b#

14. Let x y z .  Then , ,    .  Similarly,3 œ � � œ œ œ Ê œ � œ �È Š ‹ Š ‹# # # ` ` ` `
` ` ` ` `

` "3 3 3 3

3 3 3 3 3 3 3 3x y z x x
x z x x 1 xy

# $

#

  and  ` " ` "
` `

� �
y z

y y x y zz z 3 2Š ‹ Š ‹
3 3 3 3 3 3 3 3 3

œ � œ � Ê œ � œ
# # # #

$ $ $

#

™ † F

  Flux   dV    sin  d d d 3 sin  d d 6 d 12Ê œ œ œ œ œ' ' '
D

2 2
3 3

' ' ' ' ' '
0 0 1 0 0 0

2 2 2 21 1 1 1 1Š ‹ a b3 9 3 9 ) 9 9 ) ) 1#

15. 5x 12xy 15x 12y , y e  sin z 3y e  sin z, 5z e  cos z 15z e  sin z` ` `
` ` `

$ # # # $ # $ #
x y z

y y y ya b a b a b� œ � � œ � � œ �

 15x 15y 15z 15   Flux  15  dV   15  sin  d d dÊ œ � � œ Ê œ œ™ † F # # # # # # #3 3 3 3 9 3 9 )' ' '
D

' ' '
0 0 1

2 21 1
È a b a b

 12 2 3  sin  d d 24 2 6  d 48 2 12œ � œ � œ �' ' '
0 0 0

2 21 1 1Š ‹ Š ‹ Š ‹È È È9 9 ) ) 1

16. ln x y ,  tan  , z x y x y` ` `
` � ` � `

# # �"

�
# # # #

x x y y x x x x y z
2x 2z 2z 2zy

1
c da b ˆ ‰ ˆ ‰ ˆ ‰– — È È� œ � œ � œ � � œ �# # # ##

Š ‹
ˆ ‰
"

x
y
x

 x y   Flux  x y  dz dy dxÊ œ � � � Ê œ � � �™ † F 2x 2z 2x 2z
x y x y x y x y# # # # # # # #� � � �

# # # #È ÈŠ ‹' ' '
D
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  r  dz r dr d 6 cos 3r  dr dœ � � œ � �' ' ' ' '
0 1 1 0 1

2 2 2 2 21 1
È È

�

ˆ ‰ ˆ ‰2r cos 2z 3
r r r

)
# # ) ) )#

 6 2 1  cos 3 ln 2 2 2 1  d 2  ln 2 2 2 1œ � � � � œ � � �'
0

21’ “ Š ‹Š ‹È È È È) ) 1 3
#

17. (a) M N P   curl   G i j k G G i k k Gœ � � Ê ‚ œ œ � � � � � Ê ‚™ ™ † ™Š ‹ Š ‹ˆ ‰` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x y

 div(curl )œ œ � � � � �G ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` `x y z y z x z x y

P N M P N MŠ ‹ Š ‹ˆ ‰
 0 if all first and second partial derivatives are continuousœ � � � � � œ` ` ` ` ` `

` ` ` ` ` ` ` ` ` ` ` `

# # # # # #P N M P N M
x y x z y z y x z x z y

 (b) By the Divergence Theorem, the outward flux of  across a closed surface is zero because™ ‚ G

 outward flux of  ( )  d™ ™ †‚ œ ‚G G n' '
S

5

  dV [Divergence Theorem with ]œ ‚ œ ‚' ' '
D

™ † ™ ™G F G

  (0) dV 0 [by part (a)]œ œ' ' '
D

18. (a) Let M N P  and M N P   a bF i j k F i j k F F" " " " # # # # " #œ � � œ � � Ê �

 (aM bM ) (aN bN ) (aP bP )   (a b )œ � � � � � Ê �" # " # " # " #i j k F F™ †

 a b  a b  a bœ � � � � �ˆ ‰ ˆ ‰Š ‹` ` ` ` ` `
` ` ` ` ` `
M M N N P P
x x y y z z
" # " # " #

 a b a( ) b( )œ � � � � � œ �Š ‹ Š ‹` ` ` ` ` `
` ` ` ` ` ` " #
M N P M N P
x y z x y z
" " " # # # ™ † ™ †F F

 (b) Define  and  as in part a  (a b )F F F F" # " #Ê ‚ �™

 a b a b a b a bœ � � � � � � �’ “Š ‹ ˆ ‰ � ‘ˆ ‰ ˆ ‰` ` ` ` ` ` ` `
` ` ` ` ` ` ` `
P P N N M M P P
y y z z z z x x
" # " # " # " #i j

 a b a b a� � � � œ � � � � �’ “ ’ “ˆ ‰ ˆ ‰Š ‹ Š ‹ Š ‹` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `
N N M M P N M P N M
x x y y y z z x x y
" # " # " " " " " "k i j k

 b a b� � � � � � œ ‚ � ‚’ “Š ‹ Š ‹ˆ ‰` ` ` ` ` `
` ` ` ` ` ` " #
P N M P N M
y z z x x y
# # # # # #i j k F F™ ™

 (c) (N P P N ) (M P P M ) (M N N M )   ( )M N P
M N P

F F i j k F F
i j k

" # " # " # " # " # " # " # " #" " "

# # #

‚ œ œ � � � � � Ê ‚

â ââ ââ ââ ââ ââ â ™ †

 [(N P P N ) (M P P M ) (M N N M ) ]œ � � � � �™ † " # " # " # " # " # " #i j k

 (N P P N ) (M P P M ) (M N N M ) P N N Pœ � � � � � œ � � �` ` `
` ` ` ` ` ` `" # " # " # " # " # " # # " # "

` ` ` `
x y z x x x x

N P P Nˆ ‰" # " #

 M P P M M N N M� � � � � � � �Š ‹ ˆ ‰" # " # " # " #
` ` ` ` ` ` ` `
` ` ` ` ` ` ` `
P M M P N M M N
y y y y z z z z
# " # " # " # "

 M N P M Nœ � � � � � � � � �# # # " "
` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `Š ‹ Š ‹ Š ‹ˆ ‰ ˆ ‰P N M P N M N P P M

y z z x x y z y x z
" " " " " " # # # #

 P� � œ ‚ � ‚" # " " #
` `
` `Š ‹M N

y x
# # F F F F† ™ † ™

19. (a) div(g ) g (gM) (gN) (gP) g M g N g PF Fœ œ � � œ � � � � �™ † ` ` ` ` ` `
` ` ` ` ` ` ` ` `

` ` `
x y z x x y y z z

M N Pg g gŠ ‹ Š ‹ Š ‹
 M N P g g gœ � � � � � œ �Š ‹ Š ‹` ` `

` ` ` ` ` `
` ` `g g g

x y z x y z
M N P ™ † ™ †F F

 (b) (g ) (gP) (gN) (gM) (gP) (gN) (gM)™ ‚ œ � � � � �F i j k’ “ ’ “� ‘` ` ` ` ` `
` ` ` ` ` `y z z x x y

 P g N g M g P g N g M gœ � � � � � � � � � � �Š ‹ Š ‹ Š ‹` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` `

` ` ` ` ` `g g g g g g
y y z z z z x x x x y y

P N M P N Mi j k

 P N g g M P g g N Mœ � � � � � � � � �Š ‹ Š ‹ Š ‹ Š ‹ˆ ‰` ` ` ` ` `
` ` ` ` ` ` ` ` ` `

` ` ` `g g g g g g
y z y z z x z x x y

P N M Pi i j j k

 g g g g� � œ ‚ � ‚Š ‹` `
` `

N M
x y k F F™ ™
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20. Let M N P  and M N P .F i j k F i j k" " " " # # # #œ � � œ � �

 (a) (N P P N ) (P M M P ) (M N N M )   ( )F F i j k F F" # " # " # " # " # " # " # " #‚ œ � � � � � Ê ‚ ‚™

 (M N N M ) (P M M P ) (N P P N ) (M N N M )œ � � � � � � �’ “ � ‘` ` ` `
` ` ` `" # " # " # " # " # " # " # " #y z z xi j

 (P M M P ) (N P P N )� � � �’ “` `
` `" # " # " # " #x y k

 and consider the -component only:  (M N N M ) (P M M P )i ` `
` `" # " # " # " #y z� � �

 N M M N M P P Mœ � � � � � � �# " # " # " # "
` ` ` ` ` ` ` `
` ` ` ` ` ` ` `
M N N M P M M P
y y y y z z z z
" # " # " # " #

 N P  N P M Mœ � � � � � � �Š ‹ Š ‹ Š ‹ Š ‹# # " " " #
` ` ` ` ` ` ` `
` ` ` ` ` ` ` `
M M M M N P N P
y z y z y z y z
" " # # # # " "

 M N P M N P Mœ � � � � � � � �Š ‹ Š ‹ Š ‹# # # " " " "
` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` `
M M M M M M M N P
x y z x y z x y z
" " " # # # # # #

 M .  Now, -comp of ( ) M N P M� � � œ � �Š ‹ Š ‹` ` `
` ` ` ` ` `# # " # # # "

` ` `M N P
x y z x y z
" " " i F F† ™

 M N P ; likewise, -comp of ( ) M N P ;œ � � œ � �Š ‹ Š ‹# # # " # " " "
` ` ` ` ` `
` ` ` ` ` `
M M M M M M
x y z x y z
" " " # # #i F F† ™

 -comp of ( ) M  and -comp of ( ) M .i F F i F F™ † ™ †# " " " # #
` ` ` ` ` `
` ` ` ` ` `œ � � œ � �Š ‹ Š ‹M N P M N P

x y z x y z
# # # " " "

 Similar results hold for the  and  components of ( ).  In summary, since the correspondingj k F F™ ‚ ‚" #

 components are equal, we have the result

 ( ) ( ) ( ) ( ) ( )™ † ™ † ™ ™ † ™ †‚ ‚ œ � � �F F F F F F F F F F" # # " " # # " " #

 (b) Here again we consider only the -component of each expression.  Thus, the -comp of ( )i i F F™ †" #

 (M M N N P P ) M M N N P Pœ � � œ � � � � �`
` ` ` ` ` ` `" # " # " # " # " # " #

` ` ` ` ` `
x x x x x x x

M M N N P Pˆ ‰# " # " # "

 -comp of ( ) M N P ,i F F" # " " "
` ` `
` ` `† ™ œ � �Š ‹M M M

x y z
# # #

 -comp of ( ) M N P ,i F F# " # # #
` ` `
` ` `† ™ œ � �Š ‹M M M

x y z
" " "

 -comp of ( ) N P , andi F F" # " "
` ` ` `
` ` ` `‚ ‚ œ � � �™ Š ‹ ˆ ‰N M M P

x y z x
# # # #

 -comp of ( ) N P .i F F# " # #
` ` ` `
` ` ` `‚ ‚ œ � � �™ Š ‹ ˆ ‰N M M P

x y z x
" " " "

 Since corresponding components are equal, we see that

 ( ) ( ) ( ) ( ) ( ), as claimed.™ † † ™ † ™ ™ ™F F F F F F F F F F" # " # # " " # # "œ � � ‚ ‚ � ‚ ‚

21. The integral's value never exceeds the surface area of S.  Since 1, we have  (1)(1) 1 andk k k k k k k kF F n F nŸ œ Ÿ œ†

  d    d  [Divergence Theorem]' ' ' ' '
D S

™ † †F F n5 5œ

   d  [A property of integrals]Ÿ ' '
S

k kF n† 5

  (1) d  1Ÿ Ÿ' '
S

5 c dk kF n†

 Area of S.œ

22. Yes, the outward flux through the top is 5. The reason is this:  Since (x 2y (z 3) 1 2 1™ † ™ †F i j kœ � � � œ � �

 0, the outward flux across the closed cubelike surface is 0 by the Divergence Theorem.  The flux across the top isœ

 therefore the negative of the flux across the sides and base.  Routine calculations show that the sum of these latter fluxes is
  5.  (The flux across the sides that lie in the xz-plane and the yz-plane are 0, while the flux across the xy-plane is 3.)� �

 Therefore the flux across the top is 5.

23. (a) (x) 1, (y) 1, (z) 1  3  Flux  3 dV 3  dV 3(Volume of the solid)` ` `
` ` `x y zœ œ œ Ê œ Ê œ œ œ™ † F ' ' ' ' ' '

D D

 (b) If  is orthogonal to  at every point of S, then 0 everywhere  Flux   d 0. But the flux isF n F n F n† †œ Ê œ œ' '
S

5

  3 (Volume of the solid) 0, so  is not orthogonal to  at every point.Á F n
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24. 2x 4y 6z 12 Flux ( 2x 4y 6z 12) dz dy dx ( 2x 4y 9) dy dx™ † F œ � � � � Ê œ � � � � œ � � �' ' ' ' '
0 0 0 0 0

a b 1 a b

 2xb 2b 9b  dx a b 2ab 9ab ab( a 2b 9) f(a b); 2ab 2b 9b andœ � � � œ � � � œ � � � œ ß œ � � �'
0

a a b# # # #`
`

f
a

 a 4ab 9a so that 0 and 0  b( 2a 2b 9) 0 and a( a 4b 9) 0  b 0 or` ` `
` ` `

#f f f
b a bœ � � � œ œ Ê � � � œ � � � œ Ê œ

 2a 2b 9 0, and a 0 or a 4b 9 0.  Now b 0 or a 0 Flux 0; 2a 2b 9 0 and� � � œ œ � � � œ œ œ Ê œ � � � œ

  a 4b 9 0  3a 9 0  a 3  b  so that f 3  is the maximum flux.� � � œ Ê � œ Ê œ Ê œ ß œ3 3 27
# # #

ˆ ‰
25.   d  dV  3 dV     d  dV Volume of D' ' ' ' ' ' ' ' ' ' ' ' '

S SD D D
F n F F n† ™ † †5 5œ œ Ê œ œ"

3

26.   0  Flux   d  dV  0 dV 0F C F F n Fœ Ê œ Ê œ œ œ œ™ † † ™ †' ' ' ' ' ' ' '
S D D

5

27. (a) From the Divergence Theorem,  f  d f dV f dV 0 dV 0' ' ' ' ' ' ' ' ' ' '
S D D D

™ † ™ † ™ ™n 5 œ œ œ œ#

 (b) From the Divergence Theorem,  f f  d f f dV.  Now,' ' ' ' '
S D

™ † ™ † ™n 5 œ

 f f f f f   f f f f f™ ™ † ™œ � � Ê œ � � � � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹ ’ “ Š ‹ ’ “” •` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` `

# ##
f f f f f f f f f
x y z x x y y z zi j k

# # #

# # #

 f f f 0 f  since f is harmonic   f f  d  f  dV, as claimed.œ � œ � Ê œ™ ™ ™ ™ † ™# # # #k k k k k k' ' ' ' '
S D

n 5

28. From the Divergence Theorem,  f  d f dV   dV.  Now,' ' ' ' ' ' ' '
S D D

™ † ™ † ™n 5 œ œ � �Š ‹` ` `
` ` `

# # #

# # #

f f f
x y z

 f(x y z) ln x y z  ln x y z   , , ß ß œ � � œ � � Ê œ œ œÈ a b# # # " ` ` `
# ` � � ` � � ` � �

# # # f x f f z
x x y z y x y z z x y z

y
# # # # # # # # #

  , , ,  Ê œ œ œ Ê � �` ` ` ` ` `
` ` ` ` ` `

� � � � � � �

� � � � � �

# # # # # #

# # # # # #

# # # # # # # # #

# # # # # # # # ## # #

f f f f f f
x y z x y z

x y z x y z x y z
x y z x y z x y za b a b a b

    f  d   d d dœ œ Ê œ œx y z
x y z x y z x y z

dV  sin # # #

# # # # # # # # # # #

#� �

� �
"

� � � �a b ' ' ' ' '
S D

™ † n 5 3 9 )' ' '
0 0 0

2 2 a1 1Î Î
3 9

3

 a sin  d d a cos  d a dœ œ � œ œ' ' ' '
0 0 0 0

2 2 2 21 1 1 1Î Î Î Î

9 9 ) 9 ) )c d 1 1Î#
! #

a

29.  f g  d  f g dV  f f f  dV' ' ' ' ' ' ' '
S D D

™ † ™ † ™ ™ †n i j k5 œ œ � �Š ‹` ` `
` ` `

g g g
x y z

  f  f  f   dVœ � � � � �' ' '
D

Š ‹` ` ` ` ` `
` ` ` ` ` ` ` ` `

` ` `# # #

# # #

g g g g g g
x x x y y y z z z

f f f

  f     dV  f g f g  dVœ � � � � � œ �' ' ' ' ' '
D D

’ “Š ‹ Š ‹ a b` ` ` ` ` `
` ` ` ` ` ` ` ` `

` ` ` #
# # #

# # #

g g g g g g
x y z x x y y z z

f f f ™ ™ † ™

30. By Exercise 29,  f g  d  f g f g  dV and by interchanging the roles of f and g,' ' ' ' '
S D

™ † ™ ™ † ™n 5 œ �a b#

  g f  d  g f g f  dV. Subtracting the second equation from the first yields:' ' ' ' '
S D

™ † ™ ™ † ™n 5 œ �a b#

  f g g f  d  f g g f  dV since f g g f' ' ' ' '
S D

a b a b™ ™ † ™ ™ ™ † ™ ™ † ™� œ � œ Þn 5 # #

31. (a) The integral  p(t x y z) dV represents the mass of the fluid at any time t.  The equation says that' ' '
D

ß ß ß

 the instantaneous rate of change of mass is flux of the fluid through the surface S enclosing the region D:
 the mass decreases if the flux is outward (so the fluid flows out of D), and increases if the flow is inward

 (interpreting  as the outward pointing unit normal to the surface).n

 (b)   dV   p dV   p  d   p  dV  p' ' ' ' ' ' ' ' ' ' '
D D DS

`
` `

`p
t dt t

dœ œ � œ � Ê œ �v n v v† ™ † ™ †5 3

 Since the law is to hold for all regions D, p 0, as claimed™ † v � œ`
`
p
t
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32. (a) T points in the direction of maximum change of the temperature, so if the solid is heating up at the™

 point the temperature is greater in a region surrounding the point  T points away from the pointÊ ™

  T points toward the point  T points in the direction the heat flows.Ê � Ê �™ ™

 (b) Assuming the Law of Conservation of Mass (Exercise 31) with k T p  and c T p, we have� œ œ™ v 3

   c T dV   k T  d   the continuity equation, ( k T) (c T) 0d
dt t
' ' ' ' '

D S
3 5 3œ � � Ê � � œ™ † ™ † ™n `

`

  c ( k T) k T  T K T, as claimedÊ œ � � œ Ê œ œ3 ` `
` `

# # #T T k
t t c™ † ™ ™ ™ ™

3

CHAPTER 16 PRACTICE EXERCISES

 1. Path 1:  t t t   x t, y t, z t, 0 t 1  f(g(t) h(t) k(t)) 3 3t  and 1, 1,r i j kœ � � Ê œ œ œ Ÿ Ÿ Ê ß ß œ � œ œ# dx
dt dt

dy

 1   dt 3 dt f(x y z) ds 3 3 3t  dt 2 3dz dx dz
dt dt dt dt

dyœ Ê � � œ Ê ß ß œ � œÊˆ ‰ ˆ ‰Š ‹ È È Èa b# ##
#' '

C 0

1

 Path 2:  t t , 0 t 1  x t, y t, z 0  f(g(t) h(t) k(t)) 2t 3t 3 and 1, 1,r i j"
#œ � Ÿ Ÿ Ê œ œ œ Ê ß ß œ � � œ œdx

dt dt
dy

 0   dt 2 dt   f(x y z) ds 2 2t 3t 3  dt 3 2 ;dz dx dz
dt dt dt dt

dyœ Ê � � œ Ê ß ß œ � � œÊˆ ‰ ˆ ‰Š ‹ È È È' a b# ##
#

C
0

1

"

'

 t   x 1, y 1, z t  f(g(t) h(t) k(t)) 2 2t and 0, 0, 1r i j k# œ � � Ê œ œ œ Ê ß ß œ � œ œ œdx dz
dt dt dt

dy

   dt dt   f(x y z) ds (2 2t) dt 1Ê � � œ Ê ß ß œ � œÊˆ ‰ ˆ ‰Š ‹dx dz
dt dt dt

dy# ## ' '
C 0

1

#

   f(x y z) ds f(x y z) ds f(x y z) 3 2 1Ê ß ß œ ß ß � ß ß œ �' ' '
C C C" #

È
 2. Path 1:  t   x t, y 0, z 0  f(g(t) h(t) k(t)) t  and 1, 0, 0r i"

#œ Ê œ œ œ Ê ß ß œ œ œ œdx dz
dt dt dt

dy

   dt dt f(x y z) ds t  dt ;Ê � � œ Ê ß ß œ œÊˆ ‰ ˆ ‰Š ‹dx dz
dt dt dt 3

dy# ##
# "' '

C 0

1

"

 t   x 1, y t, z 0  f(g(t) h(t) k(t)) 1 t and 0, 1, 0r i j# œ � Ê œ œ œ Ê ß ß œ � œ œ œdx dz
dt dt dt

dy

   dt dt  f(x y z) ds (1 t) dt ;Ê � � œ Ê ß ß œ � œÊˆ ‰ ˆ ‰Š ‹dx dz 3
dt dt dt 2

dy# ## ' '
C 0

1

#

 t   x 1, y 1, z t  f(g(t) h(t) k(t)) 2 t and 0, 0, 1r i j k$ œ � � Ê œ œ œ Ê ß ß œ � œ œ œdx dz
dt dt dt

dy

   dt dt   f(x y z) ds (2 t) dtÊ � � œ Ê ß ß œ � œÊˆ ‰ ˆ ‰Š ‹dx dz 3
dt dt dt 2

dy# ## ' '
C 0

1

$

 f(x y z) ds  f(x y z) ds f(x y z) ds  f(x y z) dsÊ ß ß œ ß ß � ß ß � ß ß œ' ' ' '
Path 1 C C C" # $

10
3

 Path 2:  t t   x t, y t, z 0  f(g(t) h(t) k(t)) t t and 1, 1, 0r i j%
#œ � Ê œ œ œ Ê ß ß œ � œ œ œdx dz

dt dt dt
dy

   dt 2 dt f(x y z) ds 2 t t  dt 2;Ê � � œ Ê ß ß œ � œÊˆ ‰ ˆ ‰Š ‹ È È Èa bdx dz 5
dt dt dt 6

dy# ##
#' '

C 0

1

%

 t  (see above)   f(x y z) dsr i j k$ œ � � Ê ß ß œ'
C$

3
2

   f(x y z) ds  f(x y z) ds  f(x y z) ds 2Ê ß ß œ ß ß � ß ß œ � œ' ' '
Path 2 C C$ %

5 3
6 6

5 2 9È
#

�È

 Path 3:  t   x 0, y 0, z t, 0 t 1  f(g(t) h(t) k(t)) t and 0, 0, 1r k& œ Ê œ œ œ Ÿ Ÿ Ê ß ß œ � œ œ œdx dz
dt dt dt

dy

   dt dt   f(x y z) ds t dt ;Ê � � œ Ê ß ß œ � œ �Êˆ ‰ ˆ ‰Š ‹dx dz
dt dt dt 2

dy# ##
"' '

C 0

1

&

 t   x 0, y t, z 1, 0 t 1  f(g(t) h(t) k(t)) t 1 and 0, 1, 0r j k' œ � Ê œ œ œ Ÿ Ÿ Ê ß ß œ � œ œ œdx dz
dt dt dt

dy

   dt dt   f(x y z) ds (t 1) dt ;Ê � � œ Ê ß ß œ � œ �Êˆ ‰ ˆ ‰Š ‹dx dz 1
dt dt dt 2

dy# ## ' '
C 0

1

'

 t   x t, y 1, z 1, 0 t 1  f(g(t) h(t) k(t)) t  and 1, 0, 0r i j k(
#œ � � Ê œ œ œ Ÿ Ÿ Ê ß ß œ œ œ œdx dz

dt dt dt
dy
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   dt dt   f(x y z) ds t  dtÊ � � œ Ê ß ß œ œÊˆ ‰ ˆ ‰Š ‹dx dz 1
dt dt dt 3

dy# ##
#' '

C 0

1

(

  f(x y z) ds  f(x y z) ds  f(x y z) ds f(x y z) dsÊ ß ß œ ß ß � ß ß � ß ß œ � � � œ �' ' ' '
Path 3 C C C& ' (

" " "
# # 3 3

2

 3. (a cos t) (a sin t)   x 0, y a cos t, z a sin t  f g(t) h(t) k(t) a  sin t a sin t  andr j kœ � Ê œ œ œ Ê ß ß œ œa b k kÈ # #

 0, a sin t, a cos t   dt a dtdx dz dx dz
dt dt dt dt dt dt

dy dyœ œ � œ Ê � � œÊˆ ‰ ˆ ‰Š ‹# ##

   f(x y z) ds a  sin t  dt a  sin t dt a  sin t dt 4aÊ ß ß œ œ � � œ' ' ' '
C 0 0

2 21 1 1

1

# # # #k k
 4. (cos t t sin t) (sin t t cos t)   x cos t t sin t, y sin t t cos t, z 0r i jœ � � � Ê œ � œ � œ

  f g(t) h(t) k(t) (cos t t sin t) (sin t t cos t) 1 t  and sin t sin t t cos tÊ ß ß œ � � � œ � œ � � �a b È È# # # dx
dt

 t cos t, cos t cos t t sin t t sin t, 0   dtœ œ � � œ œ Ê � �dy dy
dt dt dt dt dt

dz dx dzÊˆ ‰ ˆ ‰Š ‹# ##

 t  cos t t  sin t dt t  dt t dt since 0 t 3  f(x y z) ds t 1 t  dtœ � œ œ Ÿ Ÿ Ê ß ß œ � œÈ Èk k È# # # # #' '
C 0

3È
7
3

 5. (x y z) , (x y z) , (x y z)` " ` ` " ` ` " `
` # ` ` # ` ` # `

�$Î# �$Î# �$Î#P N M P N M
y z z x x yœ � � � œ œ � � � œ œ � � � œ

  M dx N dy P dz is exact;   f(x y z) 2 x y z g(y z)  Ê � � œ Ê ß ß œ � � � ß Ê œ �` " ` "
` ` `� � � �

`f f
x y yx y z x y z

gÈ ÈÈ
   0  g(y z) h(z)  f(x y z) 2 x y z h(z)  h (z)œ Ê œ Ê ß œ Ê ß ß œ � � � Ê œ �" ` "

� � � �
`
` `

wÈ Èx y z x y z
g
y z

fÈ
   h (x) 0  h(z) C  f(x y z) 2 x y z C  œ Ê œ Ê œ Ê ß ß œ � � � Ê"

� � � �
w � �È Èx y z x y z

dx dy dzÈ '
Ð� ß ß Ñ

Ð ß� ß Ñ

1 1 1

4 3 0

 f(4 3 0) f( 1 1 1) 2 1 2 1 0œ ß� ß � � ß ß œ � œÈ È
 6. , 0 , 0   M dx N dy  dz is exact; 1  f(x y z)` " ` ` ` ` ` `

` # ` ` ` ` ` `
P N M P N M f
y yz z z x x y xœ � œ œ œ œ œ Ê � � T œ Ê ß ßÈ

 x g(y z)    g(y z) 2 yz h(z)  f(x y z) x 2 yz h(z)œ � ß Ê œ œ � Ê ß œ � � Ê ß ß œ � �`
` `

`f z
y y y

g É È È
  h (z)   h (z) 0  h(z) C  f(x y z) x 2 yz CÊ œ � � œ � Ê œ Ê œ Ê ß ß œ � �`

`
w wf

z z z
y yÉ É È

  dx  dy  dz f(10 3 3) f(1 1 1) (10 2 3) (1 2 1) 4 1 5Ê � � œ ß ß � ß ß œ � � � œ � œ'
Ð ß ß Ñ

Ð ß ß Ñ

1 1 1

10 3 3 É Éz
y z

y
† †

 7. y cos z y cos z  is not conservative; 2 cos t 2 sin t , 0 t 2` `
` `
M P
z xœ � Á œ Ê œ � � Ÿ ŸF r i j ka b a b 1

 d 2 sin t 2 cos t  d 2 cos t sin 1 2 cos t dt2 sin t sin 1 2 sin tÊ œ � � Ê œ � �� � � � �r i j F ra b a b c da ba ba ba b a ba ba ba b' '
C 0

2

†
1

 4 sin 1 sin  t cos  t dt 8  sin 1œ � œa b a b a b'
0

21
2 2 1

 8. 0 , 0 , 3x    is conservative   d 0` ` ` ` ` `
` ` ` ` ` `

#P N M P N M
y z z x x yœ œ œ œ œ œ Ê Ê œF F r'

C
†

 9. Let M 8x sin y and N 8y cos x  8x cos y and 8y sin x   8x sin y dx 8y cos x dyœ œ � Ê œ œ Ê �` `
` `
M N
y x

'
C

 (8y sin x 8x cos y) dy dx  (8y sin x 8x cos y) dy dx  sin x 8x  dx 0œ � œ � œ � œ � � œ' '
R

' ' '
0 0 0

/2 /2 /21 1 1 a b1 1 1# # #

10. Let M y  and N x   2y and 2x  y  dx x  dy (2x 2y) dx dyœ œ Ê œ œ Ê � œ �# # # #` `
` `
M N
y x

'
C

' '
R

 (2r cos 2r sin ) r dr d (cos sin ) d 0œ � œ � œ' ' '
0 0 0

2 2 21 1

) ) ) ) ) )16
3
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11. Let z 1 x y  f (x y) 1 and f (x y) 1  f f 1 3  Surface Area 3 dx dyœ � � Ê ß œ � ß œ � Ê � � œ Ê œx y x yÉ È È# # ' '
R

 3(Area of the circular region in the xy-plane) 3œ œÈ È1
12. f 3 2y 2z ,   f 9 4y 4z  and f 3™ ™ ™ †œ � � � œ Ê œ � � œi j k p i pk k k kÈ # #

  Surface Area  dy dz  r dr d  21  d 7 21 9Ê œ œ œ � œ �' '
R

È È9 4y 4z
3 3 3 4 4 6

9 4r 7 9� � � "# # #' ' '
0 0 0

2 3 21 1
È

) )Š ‹ Š ‹È È1

13. f 2x 2y 2z ,   f 4x 4y 4z 2 x y z 2 and f 2z 2z since™ ™ ™ †œ � � œ Ê œ � � œ � � œ œ œi j k p k pk k k k k kÈ È# # # # # #

 z 0  Surface Area   dA   dA   dx dy  r dr d  Ê œ œ œ œ' ' ' ' ' '
R R R

 2
2z z 1 x y 1 r

" " "
� � �È È# # #

' '
0 0

2 1 21 ÎÈ

)

 1 r  d 1  d 2 1œ � � œ � œ �' '
0 0

2 21 1’ “ Š ‹ Š ‹È #
"Î #

!

" "
È

È È) ) 1
2 2

14. (a) f 2x 2y 2z ,   f 4x 4y 4z 2 x y z 4 and f 2z since™ ™ ™ †œ � � œ Ê œ � � œ � � œ œi j k p k pk k k kÈ È# # # # # #

 z 0  Surface Area  dA   dA 2  r dr d 4 8  Ê œ œ œ œ �' ' ' '
R R

 4 2 2
2z z 4 r

' '
0 0

/2 2 cos1 )

È � #
) 1

 (b) 2 cos   d 2 sin  d ; ds r  d dr  (Arc length in polar coordinates)r rœ Ê œ � œ �) ) ) )# # # #

  ds (2 cos )  d dr 4 cos  d 4 sin  d 4 d   ds 2 d ; the height of theÊ œ � œ � œ Ê œ# # # # # # # # #) ) ) ) ) ) ) )

 cylinder is z 4 r 4 4 cos 2 sin 2 sin  if 0   Surface Area h dsœ � œ � œ œ Ÿ Ÿ Ê œÈ È k k# #
#) ) ) ) 1 '

� Î1

1

2

/2

 2 (2 sin )(2 d ) 8œ œ'
0

/21

) )

15. f(x y z) 1  f   f  and   fß ß œ � � œ Ê œ � � Ê œ � � œ Ê œx z
a b c a b c a b c c

y
™ ™ ™ †ˆ ‰ ˆ ‰ ˆ ‰ k k k kÉ" " " " " " "i j k p k p# # #

 since c 0  Surface Area  dA c   dA abc ,� Ê œ œ � � œ � �' ' ' '
R R

É
Š ‹

" " "

# # #

"

a b c

c

� �
" " " " " " "

#
É Éa b c a b c# # # # # #

 since the area of the triangular region R is ab. To check this result, let a c  and a b ; the area can be"
# v i k w i jœ � œ � �

 found by computing ."
# k kv w‚

16. (a) f 2y ,   f 4y 1 and f 1  d 4y 1 dx dy™ ™ ™ †œ � œ Ê œ � œ Ê œ �j k p k pk k k kÈ È# #5

  g(x y z) d  4y 1 dx dy  y y 1  dx dy y y  dx dyÊ ß ß œ � œ � œ �' ' ' ' ' '
S R R

5 yz
4y 1È # �

# # $È a b a b' '
�1 0

1 3

 3 y y  dy 3 0œ � œ � œ'
�1

1 a b ’ “$
#

"

�"

y y
4

% #

 (b) g(x y z) d  4y 1 dx dy y 1  dx dy 3 y 1  dy' ' ' '
S R

ß ß œ � œ � œ �5 z
4y 1È # �

# # #È a b a b' ' '
� �1 0 1

1 3 1

 3 y 4œ � œ �’ “y
3

$
"

�"

17. f 2y 2z ,   f 4y 4z 2 y z 10 and f 2z  since z 0™ ™ ™ †œ � œ Ê œ � œ � œ œ  j k p k pk k k kÈ È# # # #

  d  dx dy  dx dy g(x y z) d  x y y z  dx dyÊ œ œ œ ß ß œ �5 510 5 5
2z z z

' ' ' '
S R

a b a b ˆ ‰% # #

  x y (25)  dx dy  x  dx dy  dy 50œ œ œ œ' '
R

a b Š ‹% %
� � �

5
25 y 25 y 25 y

125y 25yÈ È È# # #

' ' '
0 0 0

4 1 4

18. Define the coordinate system so that the origin is at the center of the earth, the z-axis is the earth's axis (north is the
 positive z direction), and the xz-plane contains the earth's prime meridian.  Let S denote the surface which is Wyoming so

 then S is part of the surface z R x y .  Let R  be the projection of S onto the xy-plane.  The surface area ofœ � �a b# # # "Î#
xy
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 Wyoming is  1 d 1  dA 1 dA  dA' '
S R R R

5 œ � � œ � � œ' ' ' ' ' '
xy xy xy

Ê ˆ ‰ Š ‹ É` `
` ` � � � �

# #

� �

z z x R
x y R x y R x y

y

R x y

#

# # # # # #

#

# # # "Î#a b

 R R r  r dr d (where  and  are the radian equivalent to 104°3  and 111°3 , respectively)œ �' '
)

)

"

#

R sin 45°

R sin 49° a b# # w w�"Î#
" #) ) )

 R R r R R R  sin 45° R R R  sin 49°  dœ � � œ � � �' '
) )

) )

" "

# #¹a b a b a b# # # # # # # #"Î# "Î# "Î#R sin 49°

R sin 45°
)

 ( )R (cos 45° cos 49°) R (cos 45° cos 49°) (3959) (cos 45° cos 49°) 97,751 sq. mi.œ � � œ � œ � ¸) )# "
# # #7 7

180 180
1 1

19. A possible parametrization is ( ) (6 sin  cos ) (6 sin  sin ) (6 cos )  (spherical coordinates);r i j k9 ) 9 ) 9 ) 9ß œ � �

 now 6 and z 3  3 6 cos   cos    and z 3 3  3 3 6 cos 3 9 9 9 9œ œ � Ê � œ Ê œ � Ê œ œ Ê œ"
#

2
3
1 È È

  cos     ; also 0 2Ê œ Ê œ Ê Ÿ Ÿ Ÿ Ÿ9 9 9 ) 1
È3

6 6 3
2

#
1 1 1

20. A possible parametrization is (r ) (r cos ) (r sin )  (cylindrical coordinates);r i j kß œ � �) ) ) Š ‹r#

#

 now r x y   z  and 2 z 0  2 0  4 r 0  0 r 2 since r 0;œ � Ê œ � � Ÿ Ÿ Ê � Ÿ � Ÿ Ê     Ê Ÿ Ÿ  È # #
# #

#r r# #

 also 0 2Ÿ Ÿ) 1

21. A possible parametrization is (r ) (r cos ) (r sin ) (1 r)  (cylindrical coordinates);r i j kß œ � � �) ) )

 now r x y   z 1 r and 1 z 3  1 1 r 3  0 r 2; also 0 2œ � Ê œ � Ÿ Ÿ Ê Ÿ � Ÿ Ê Ÿ Ÿ Ÿ ŸÈ # # ) 1

22. A possible parametrization is (x y) x y 3 x  for 0 x 2 and 0 y 2r i j kß œ � � � � Ÿ Ÿ Ÿ Ÿˆ ‰y
#

23. Let x u cos v and z u sin v, where u x z  and v is the angle in the xz-plane with the x-axisœ œ œ �È # #

  (u v) (u cos v) 2u (u sin v)  is a possible parametrization; 0 y 2  2u 2  u 1Ê ß œ � � Ÿ Ÿ Ê Ÿ Ê Ÿr i j k# # #

  0 u 1 since u 0; also, for just the upper half of the paraboloid, 0 vÊ Ÿ Ÿ   Ÿ Ÿ 1

24. A possible parametrization is 10 sin  cos 10 sin  sin 10 cos ) , 0  and 0Š ‹ Š ‹ ŠÈ È È9 ) 9 ) 9 9 )i j k� � Ÿ Ÿ Ÿ Ÿ1 1
2 #

25. ,   2   60r i j r i j k r r i j k r r
i j k

u v u v u vœ � œ � � Ê ‚ œ œ � � Ê ‚ œ" "
" �" "

â ââ ââ ââ ââ ââ â k k È
  Surface Area   du dv  6 du dv 6Ê œ ‚ œ œ' '

Ruv
0 0

1 1k k È Èr ru v ' '

26. xy z  d  (u v)(u v) v  6 du dv 6 u 2v  du dv' '
S

a b c d a bÈ È� œ � � � œ �# # # #5 ' ' ' '
0 0 0 0

1 1 1 1

 6 2uv  dv 6 2v  dv 6 v vœ � œ � œ � œ � œ �È È È’ “ ˆ ‰ � ‘ É' '
0 0

1 1
u 2 2
3 3 3 3 3 3

6$ # # $
"

!

" " "

!

È

27. (cos ) (sin ) , ( r sin ) (r cos )   cos sin 0
r sin r cos 

r i j r i j k r r
i j k

r rœ � œ � � � Ê ‚ œ
� "

) ) ) ) ) )

) )
) )

â ââ ââ ââ ââ ââ â
 (sin ) (cos ) r   sin cos r 1 r   Surface Area   dr dœ � � Ê ‚ œ � � œ � Ê œ ‚) ) ) ) )i j k r r r rk k k kÈ È

r r) )
# # # # ' '

Rr)

 1 r  dr d 1 r  ln r 1 r  d 2  ln 1 2  dœ � œ � � � � œ � �' ' ' '
0 0 0 0

2 1 2 21 1 1È È È È È’ “ ’ “Š ‹ Š ‹# # #" " "
# # #

"

!
) ) )r

2

 2 ln 1 2œ � �1 ’ “È ÈŠ ‹
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28. x y 1 d r  cos r  sin 1 1 r  dr d 1 r  dr d' '
S

È È È a b# # # # # # # #� � œ � � � œ �5 ) ) ) )' ' ' '
0 0 0 0

2 1 2 11 1

 r  d  dœ � œ œ' '
0 0

2 21 1’ “r 4 8
3 3 3

$
"

!
) ) 1

29. 0 , 0 , 0   Conservative` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x yœ œ œ œ œ œ Ê

30. , ,   Conservative` ` ` � ` ` `
` ` ` ` ` `

� �

� � � � � �

P N M 3xz P N M
y z z x x y

3zy 3xy

x y z x y z x y z
œ œ œ œ œ œ Êa b a b a b# # # # # # # # #�&Î# �&Î# �&Î#

31. 0 ye   Not Conservative` `
` `

P N
y zœ Á œ Êz

32. , ,   Conservative` ` ` ` ` � `
` � ` ` � ` ` � `

�P x N M P N z M
y (x yz) z z (x yz) x x (x yz) y

yœ œ œ œ œ œ Ê# # #

33. 2  f(x y z) 2x g(y z)  2y z  g(y z) y zy h(z)` `
` ` `

` #f f
x y y

gœ Ê ß ß œ � ß Ê œ œ � Ê ß œ � �

  f(x y z) 2x y zy h(z)  y h (z) y 1  h (z) 1  h(z) z CÊ ß ß œ � � � Ê œ � œ � Ê œ Ê œ �# w w`
`

f
z

  f(x y z) 2x y zy z CÊ ß ß œ � � � �#

34. z cos xz  f(x y z) sin xz g(y z)  e   g(y z) e h(z)` `
` ` `

`f f
x y y

g y yœ Ê ß ß œ � ß Ê œ œ Ê ß œ �

  f(x y z) sin xz e h(z)  x cos xz h (z) x cos xz  h (z) 0  h(z) CÊ ß ß œ � � Ê œ � œ Ê œ Ê œy f
z

`
`

w w

  f(x y z) sin xz e CÊ ß ß œ � �y

35. Over Path 1:  t t t , 0 t 1  x t, y t, z t and d ( ) dt  2t tr i j k r i j k F i j kœ � � Ÿ Ÿ Ê œ œ œ œ � � Ê œ � �# #

  d 3t 1  dt  Work 3t 1  dt 2;Ê œ � Ê œ � œF r† a b a b# #'
0

1

 Over Path 2:  t t , 0 t 1  x t, y t, z 0 and d ( ) dt  2t tr i j r i j F i j k" " "
# #œ � Ÿ Ÿ Ê œ œ œ œ � Ê œ � �

  d 2t 1  dt  Work 2t 1  dt ; t , 0 t 1  x 1, y 1, z t andÊ œ � Ê œ � œ œ � � Ÿ Ÿ Ê œ œ œF r r i j k" " " #
# #† a b a b'

0

1
5
3

 d  dt  2   d dt  Work dt 1  Work Work Work 1r k F i j k F r# # # # # " #œ Ê œ � � Ê œ Ê œ œ Ê œ � œ � œ† '
0

1
5 8
3 3

36. Over Path 1:  t t t , 0 t 1  x t, y t, z t and d ( ) dt  2t tr i j k r i j k F i j kœ � � Ÿ Ÿ Ê œ œ œ œ � � Ê œ � �# #

  d 3t 1  dt  Work 3t 1  dt 2;Ê œ � Ê œ � œF r† a b a b# #'
0

1

 Over Path 2:  Since f is conservative,  d 0 around any simple closed curve C.  Thus consider)
C

F r† œ

  d  d  d , where C  is the path from (0 0 0) to (1 1 0) to ( ) and C  is the path' ' '
curve C C

F r F r F r† † †œ � ß ß ß ß "ß "ß "
" #

" #

 from (1 1 1) to ( ).  Now, from Path 1 above,  d 2  0  d  d ( 2)ß ß !ß !ß ! œ � Ê œ œ � �' ' '
C curve C# "

F r F r F r† † †

  d 2Ê œ'
C"

F r†

37. (a) e  cos t e  sin t   x e  cos t, y e  sin t from (1 0) to e 0   0 t 2r i jœ � Ê œ œ ß ß Ê Ÿ Ÿa b a b a bt t t t 21 1

  e  cos t e  sin t  e  sin t e  cos t   and Ê œ � � � œ œd
dt

t t t t x y

x y

e  cos t e  sin t

e  cos t e  sin t
r i j i ja b a bi j F �

�

�

�a b
a b a b
a b# # $Î# $Î## #

t t

2t 2t

   eœ � Ê œ � � � œˆ ‰ ˆ ‰ Š ‹cos t sin t d cos t sin t cos t sin t sin t cos t
e e dt e e e e

t
2t 2t t t t ti j F † r # # �

  Work e  dt 1 eÊ œ œ �'
0

21
� �t 21

 (b)     f(x y z) x y g(y z)  F œ Ê œ Ê ß ß œ � � � ß Ê œ �x y y g

x y x y x y
f x f
x y y

i j� `

� � �

` `
` ` `

# # �"Î#

a b a b a b# # # # # #$Î# $Î# $Î#a b
   g(y z) C  f(x y z) x y  is a potential function for    dœ Ê ß œ Ê ß ß œ � � Êy

x ya b# # $Î#�

# # �"Î#a b F F r'
C

†

 f e 0 f(1 0) 1 eœ ß � ß œ �a b2 21 1�
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38. (a) x ze    is conservative   d 0 for  closed path CF F F rœ Ê Ê œ™ †a b# y )
C

any

 (b)  d x ze d x ze x ze 2 0 2' '
C 1 0 0

1 0 2

F r r† ™ †œ œ � œ � œ
Ð ß ß Ñ

Ð ß ß Ñ1 a b k ka b a b# # #
Ð"ß!ß# Ñ Ð"ß!ß!Ñ

y y y
1 1 1

39. 2y ; unit normal to the plane is 

y y 3z

™ ‚ œ œ � œ œ � �

�

F k n i j k
i j kâ ââ ââ ââ ââ ââ â
` ` `
` ` `
# #

� �

� �x y z
2 6 3

4 36 9
2 6 3
7 7 7

i j kÈ

  y;  and f(x y z) 2x 6y 3z  f 3  d  dA  dAÊ ‚ œ œ ß ß œ � � Ê œ Ê œ œ™ † ™ †F n p k p6 7
7 f 3

fk k 5
k kk k™

™ †p

   d y d  y  dA 2y dA 2r sin  r dr d  sin  d 0Ê œ œ œ œ œ œ) ' ' '
C 0 0 0

2 1 2

F r† ' ' ' ' ' '
R R R

6 6 7 2
7 7 3 35 ) ) ) )ˆ ‰ ˆ ‰ 1 1

40. 8y ; the circle lies in the plane f(x y z) y z 0 with unit normal

x y x y 4y z

™ ‚ œ œ ß ß œ � œ

� � �

F i
i j kâ ââ ââ ââ ââ ââ â
` ` `
` ` `

# #
x y z

   0   d  d  0 d 0n j k F n F r F nœ � Ê ‚ œ Ê œ ‚ œ œ" "È È2 2
™ † † ™ †)

C
' ' ' '

R R
5 5

41. (a) 2t 2t 4 t , 0 t 1  x 2t, y 2t, z 4 t   2, 2, 2tr i j kœ � � � Ÿ Ÿ Ê œ œ œ � Ê œ œ œ �È È È È È Èa b# # dx dz
dt dt dt

dy

   dt 4 4t  dt  M  (x y z) ds 3t 4 4t  dt (4 4t)Ê � � œ � Ê œ ß ß œ � œ �Êˆ ‰ ˆ ‰ � ‘Š ‹ È Èdx dz
dt dt dt 4

dy# ##
# # " $Î# "

!
' '

C 0

1

$

 4 2 2œ �È
 (b) M   (x y z) ds 4 4t  dt t 1 t ln t 1 t 2 ln 1 2œ ß ß œ � œ � � � � œ � �' '

C 0

1

$ È È È È È’ “ Š ‹Š ‹# # #
"

!

42. t 2t t , 0 t 2  x t, y 2t, z t   1, 2, tr i j kœ � � Ÿ Ÿ Ê œ œ œ Ê œ œ œ2 2 dx dz
3 3 dt dt dt

dy$Î# $Î# "Î#

   dt t 5 dt  M  (x y z) ds 3 5 t t 5 dtÊ � � œ � Ê œ ß ß œ � �Êˆ ‰ ˆ ‰Š ‹ È È Èdx dz
dt dt dt

dy# ## ' '
C 0

2

$

 3(t 5) dt 36; M  x  ds 3t(t 5) dt 38; M  y  ds 6t(t 5) dt 76;œ � œ œ œ � œ œ œ � œ' ' ' ' '
0 C 0 C 0

2 2 2

yz xz$ $

 M   z  ds 2t (t 5) dt 2  x , y , zxy
144 38 19 76 19

7 M 36 18 M 36 9 M 36
M MM 2

œ œ � œ Ê œ œ œ œ œ œ œ œ' '
C 0

2

$ $Î# È yz xyxz

144
7Š ‹È

 2œ 4
7
È

43. t t , 0 t 2  x t, y t , z   1, 2 t , tr i j kœ � � Ÿ Ÿ Ê œ œ œ Ê œ œ œŠ ‹ Š ‹ È2 2 2 2 dy
3 3 dt dt dt

t t dx dzÈ È$Î# $Î# "Î#
# #

# #

   dt 1 2t t  dt (t 1)  dt t 1  dt (t 1) dt on the domain given.Ê � � œ � � œ � œ � œ �Êˆ ‰ ˆ ‰Š ‹ È È k kdx dz
dt dt dt

dy# ##
# #

 Then M   ds (t 1) dt dt 2; M  x  ds t (t 1) dt t dt 2;œ œ � œ œ œ œ � œ œ' ' ' ' ' '
C 0 0 C 0 0

2 2 2 2

$ $ˆ ‰ ˆ ‰" "
� �t 1 t 1yz

 M  y  ds t (t 1) dt t  dt ; M  z  dsxz xy
2 2 2 2

3 t 1 3 15
32œ œ � œ œ œ' ' ' '

C 0 0 C

2 2

$ $Š ‹ ˆ ‰È È$Î# $Î#"
�

 (t 1) dt  dt   x 1; y ; zœ � œ œ Ê œ œ œ œ œ œ œ' '
0 0

2 2Š ‹ ˆ ‰t t 4 2 16
t 1 3 M M 15 M

M MM# #

# � # # #
" yz xyxz

32
15

ˆ ‰

 ; I  y z  ds t  dt ; I  x z  ds t  dt ;œ œ œ � œ � œ œ � œ � œ
ˆ ‰4

3
#

# # $ # # #2 8 t 232 t 64
3 9 4 45 4 15x y' ' ' '

C 0 C 0

2 2a b a bŠ ‹ Š ‹$ $
% %

 I  y x  ds t t  dtz
8 56
9 9œ � œ � œ' '

C 0

2a b ˆ ‰# # # $$

44. z 0 because the arch is in the xy-plane, and x 0 because the mass is distributed symmetrically with respectœ œ

 to the y-axis; (t) (a cos t) (a sin t) , 0 t   ds  dtr i jœ � Ÿ Ÿ Ê œ � �1 Êˆ ‰ ˆ ‰Š ‹dx dz
dt dt dt

dy# ##

 ( a sin t) (a cos t)  dt a dt, since a 0; M   ds  (2a y) ds (2a a sin t) a dtœ � � œ   œ œ � œ �È # # ' ' '
C C 0
$

1
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 2a 2a ; M  y  dt  y(2a y) ds (a sin t)(2a a sin t) dt 2a  sin t a  sin t  dtœ � œ œ � œ � œ �21 $# # # #
xz C C 0 0

' ' ' '1 1a b
 2a  cos t a  4a   y   x y z 0 0œ � � � œ � Ê œ œ Ê ß ß œ ß ß� ‘ ˆ ‰ˆ ‰ a b# # #

! # � � �

�
� �t sin 2t a 8 8

2 4 2a 2a 4 4 4 4

4a1 1 1 1
1 1 1

#
#

# #

Š ‹a#

#

1

45. (t) e  cos t e  sin t e , 0 t ln 2  x e  cos t, y e  sin t, z e   e  cos t e  sin t ,r i j kœ � � Ÿ Ÿ Ê œ œ œ Ê œ �a b a b a bt t t t t t t tdx
dt

 e  sin t e  cos t , e    dtdy dy
dt dt dt dt dt

t t tdz dx dzœ � œ Ê � �a b Êˆ ‰ ˆ ‰Š ‹# ##

 e  cos t e  sin t e  sin t e  cos t e  dt 3e  dt 3 e  dt; M   ds 3 e  dtœ � � � � œ œ œ œÉa b a b a b È È Èt t t t t 2t t t# # # ' '
C 0

ln 2

$

 3; M  z  ds 3 e e  dt 3 e  dt   z ;œ œ œ œ œ Ê œ œ œÈ È ÈŠ ‹ a bxy
t t 2t 3 3 M

M 3
3' ' '

C 0 0

ln 2 ln 2

$
È Œ �

È# #
xy

3 3È
#

 I  x y  ds e  cos t e  sin t 3 e  dt 3 e  dtz
2t 2t t 3t 7 3

3œ � œ � œ œ' ' '
C 0 0

ln 2 ln 2a b a b Š ‹È È# # # #$
È

46. (t) (2 sin t) (2 cos t) 3t , 0 t 2   x 2 sin t, y 2 cos t, z 3t  2 cos t, 2 sin t,r i j kœ � � Ÿ Ÿ Ê œ œ œ Ê œ œ �1 dx
dt dt

dy

 3   dt 4 9 dt 13 dt; M    ds 13 dt 2 13;dz dx dz
dt dt dt dt

dyœ Ê � � œ � œ œ œ œÊˆ ‰ ˆ ‰Š ‹ È È È È# ## ' '
C 0

2

$ $ 1$
1

 M  z  ds (3t) 13  dt 6 13; M  x  ds (2 sin t) 13  dt 0;xy yzœ œ œ œ œ œ' ' ' '
C 0 C 0

2 2

$ $ $1 $ $
1 1Š ‹ Š ‹È È È#

 M  y  ds (2 cos t) 13  dt 0  x y 0 and z 3   ( 3 ) is thexz
M
M

6 13
2 13

œ œ œ Ê œ œ œ œ œ Ê !ß !ß' '
C 0

2

$ $ 1 1
1 Š ‹È xy $1

$1

#È
È

 center of mass

47. Because of symmetry x y 0.  Let f(x y z) x y z 25  f 2x 2y 2zœ œ ß ß œ � � œ Ê œ � �# # # ™ i j k

  f 4x 4y 4z 10 and   f 2z, since z 0  M (x y z) dÊ œ � � œ œ Ê œ   Ê œ ß ßk k k kÈ™ ™ †# # # p k p ' '
R

$ 5

  z  dA  5 dA 5(Area of the circular region) 80 ; M  z  d 5z dAœ œ œ œ œ œ' ' ' ' ' ' ' '
R R R R

ˆ ‰10
z xy# 1 $ 5

  5 25 x y  dx dy 5 25 r  r dr d  d   zœ � � œ � œ œ Ê œ œ' '
R

È Š ‹È# # #' ' '
0 0 0

2 4 21 1

) ) 1490 980 49
3 3 80 12

Š ‹980
3 1

1

  x y z 0 ; I x y  d 5 x y  dx dy 5r  dr d 320 d 640Ê ß ß œ ß !ß œ � œ � œ œ œa b a b a bˆ ‰49
12 z ' ' ' '

R R

# # # # $$ 5 ) ) 1' ' '
0 0 0

2 4 21 1

48. On the face z 1:  g(x y z) z 1 and   g   g 1 and g 1  d dAœ ß ß œ œ œ Ê œ Ê œ œ Ê œp k k p™ ™ ™ †k k k k 5

  I  x y  dA 2 r  dr d ; On the face z 0:  g(x y z) z 0  g  and Ê œ � œ œ œ ß ß œ œ Ê œ œ' '
R

a b# # $' '
0 0

/4 sec1 )

) 2
3 ™ k p k

   g 1  g 1  d dA  I  x y  dA ; On the face y 0:  g(x y z) y 0Ê œ Ê œ Ê œ Ê œ � œ œ ß ß œ œk k k k a b™ ™ † p 5 ' '
R

# # 2
3

 g  and    g 1  g 1 d dA  I x 0  dA x  dx dz ;Ê œ œ Ê œ Ê œ Ê œ Ê œ � œ œ™ ™ ™ †j p j pk k k k a b5 ' '
R

# # "' '
0 0

1 1

3

 On the face y 1:  g(x y z) y 1  g  and    g 1  g 1  d dAœ ß ß œ œ Ê œ œ Ê œ Ê œ Ê œ™ ™ ™ †j p j pk k k k 5

  I x 1  dA x 1  dx dz ; On the face x 1:  g(x y z) x 1  g  and Ê œ � œ � œ œ ß ß œ œ Ê œ œ' '
R

a b a b# # #' '
0 0

1 1
4
3 ™ i p i

   g 1  g 1  d dA  I 1 y  dA 1 y  dy dz ; On the faceÊ œ Ê œ Ê œ Ê œ � œ � œk k k k a b a b™ ™ † p 5 ' '
R

# # #' '
0 0

1 1
4
3

 x 0:  g(x y z) x 0  g  and    g 1  g 1  d dAœ ß ß œ œ Ê œ œ Ê œ Ê œ Ê œ™ ™ ™ †i p i pk k k k 5

  I 0 y  dA y  dy dz   IÊ œ � œ œ Ê œ � � � � � œ' '
R

a b# # # " "' '
0 0

1 1

z
1 2 2 4 4 14
3 3 3 3 3 3 3 3
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49. M 2xy x and N xy y  2y 1, 2x, y, x 1  Flux   dx dyœ � œ � Ê œ � œ œ œ � Ê œ �` ` ` ` ` `
` ` ` ` ` `
M M N N M N
x y x y x y

' '
R

Š ‹
  (2y 1 x 1) dy dx (2y x) dy dx ; Circ   dx dyœ � � � œ � œ œ �' ' ' '

R R

' '
0 0

1 1
3 N M

x y# ` `
` `Š ‹

  (y 2x) dy dx (y 2x) dy dxœ � œ � œ �' '
R

' '
0 0

1 1
"
#

50. M y 6x  and N x y   12x, 1, 1, 2y  Flux  dx dyœ � œ � Ê œ � œ œ œ Ê œ �# # ` ` ` ` ` `
` ` ` ` ` `
M M N N M N
x y x y x y

' '
R

Š ‹
  ( 12x 2y) dx dy ( 12x 2y) dx dy 4y 2y 6  dy ;œ � � œ � � œ � � œ �' '

R

' ' '
0 y 0

1 1 1a b# 11
3

 Circ   dx dy  (1 1) dx dy 0œ � œ � œ' ' ' '
R R

Š ‹` `
` `

N M
x y

51. M  and N ln x sin y   and   ln x sin y dy  dxœ � œ Ê œ œ Ê �cos y sin y sin y cos y
x y x x x x

M N` `
` `

)
C

   dx dy   dx dy 0œ � œ � œ' ' ' '
R R

Š ‹ Š ‹` `
` `

N M
x y x x

sin y sin y

52. (a) Let M x and N y  1, 0, 0, 1  Flux   dx dyœ œ Ê œ œ œ œ Ê œ �` ` ` ` ` `
` ` ` ` ` `
M M N N M N
x y x y x y

' '
R

Š ‹
  (1 1) dx dy 2  dx dy 2(Area of the region)œ � œ œ' ' ' '

R R

 (b) Let C be a closed curve to which Green's Theorem applies and let  be the unit normal vector to C.  Letn
 x y  and assume  is orthogonal to  at every point of C.  Then the flux density of  at every pointF i j F n Fœ �

 of C is 0 since 0 at every point of C  0 at every point of CF n† œ Ê � œ` `
` `
M N
x y

  Flux   dx dy  0 dx dy 0.  But part (a) above states that the flux isÊ œ � œ œ' ' ' '
R R

Š ‹` `
` `
M N
x y

 2(Area of the region)  the area of the region would be 0  contradiction.  Therefore,  cannot beÊ Ê F
 orthogonal to  at every point of C.n

53. (2xy) 2y, (2yz) 2z, (2xz) 2x 2y 2z 2x  Flux  (2x 2y 2z) dV` ` `
` ` `x y zœ œ œ Ê œ � � Ê œ � �™ † F ' ' '

D

 (2x 2y 2z) dx dy dz (1 2y 2z) dy dz (2 2z) dz 3œ � � œ � � œ � œ' ' ' ' ' '
0 0 0 0 0 0

1 1 1 1 1 1

54. (xz) z, (yz) z, (1) 0  2z  Flux  2z r dr d dz` ` `
` ` `x y zœ œ œ Ê œ Ê œ™ † F ' ' '

D
)

  2z dz r dr d r 16 r  dr d 64 d 128œ œ � œ œ' ' ' ' ' '
0 0 3 0 0 0

2 4 25 r 2 4 21 1 1
È

�

#

) ) ) 1a b#
55. ( 2x) 2, ( 3y) 3, (z) 1 4; x y z 2 and x y z  z 1` ` `

` ` `
# # # # #

x y z� œ � � œ � œ Ê œ � � � œ � œ Ê œ™ † F

  x y 1  Flux  4 dV 4 dz r dr d 4 r 2 r r  dr dÊ � œ Ê œ � œ � œ � � �# # $#' ' '
D

' ' ' ' '
0 0 r 0 0

2 1 2 r 2 11 1

#

#È
�

) )Š ‹È
 4 2  d 7 8 2œ � � � œ �'

0

21 Š ‹ Š ‹È È7 2 2
12 3 3) 1

56. (6x y) 6, ( x z) 0, (4yz) 4y 6 4y; z x y r` ` `
` ` `

# #
x y z� œ � � œ œ Ê œ � œ � œ™ † F È

  Flux  (6 4y) dV (6 4r sin ) dz r dr d 6r 4r  sin  dr dÊ œ � œ � œ �' ' '
D

' ' ' ' '
0 0 0 0 0

/2 1 r /2 11 1

) ) ) )a b# $

 (2 sin ) d 1œ � œ �'
0

/21

) ) 1
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57. y z x   0  Flux  d   dV 0F i j k F F n Fœ � � Ê œ Ê œ œ œ™ † † ™ †' ' ' ' '
S D

5

58. 3xz y z  3z 1 3z 1  Flux   d   dVF i j k F F n Fœ � � Ê œ � � œ Ê œ œ# $ # #™ † † ™ †' ' ' ' '
S D

5

 1 dz dy dx  dx xœ œ œ � œ' ' ' '
0 0 0 0

4 16 x 2 y 2 4È
� Î Î# Š ‹ ’ “16 x x 8

16 48 3
�

%

!

# $

59. xy x y y  y x 0  Flux  d   dVF i j k F F n Fœ � � Ê œ � � Ê œ œ# # # #™ † † ™ †' ' ' ' '
S D

5

  x y  dV r  dz r dr d 2r  dr d  dœ � œ œ œ œ' ' '
D

a b# # # $ "
#

' ' ' ' ' '
0 0 1 0 0 0

2 1 1 2 1 21 1 1

�

) ) ) 1

60. (a) (3z 1)  3  Flux across the hemisphere  d   dV  3 dVF k F F n Fœ � Ê œ Ê œ œ œ™ † † ™ †' ' ' ' ' ' ' '
S D D

5

 3 a 2 aœ œˆ ‰ ˆ ‰"
#

$ $4
3 1 1

 (b) f(x y z) x y z a 0  f 2x 2y 2z   f 4x 4y 4z 4a 2a sinceß ß œ � � � œ Ê œ � � Ê œ � � œ œ# # # # # # # #™ ™i j k k k È È
 a 0    (3z 1) ;   f f 2z  Ê œ œ Ê œ � œ Ê œ œn F n p k p k2x 2y 2z x y z

a a a
zi j k i j k� � � �

# † ™ † ™ †ˆ ‰
  f 2z since z 0  d  dA  dA   d  (3z 1)  dAÊ œ   Ê œ œ œ Ê œ �k k ˆ ‰ ˆ ‰™ † †p F n5 5

k kk k™

™ †

f
f 2z z a z

2a a z a
p

' ' ' '
S Rxy

  (3z 1) dx dy  3 a x y 1  dx dy 3 a r 1  r dr dœ � œ � � � œ � �' ' ' '
R Rxy xy

0 0

2 aˆ ‰È Š ‹È# # # # #' '1 )

 a  d a 2 a , which is the flux across the hemisphere.  Across the base we findœ � œ �'
0

21 Š ‹a#

#
$ # $) 1 1

 [3(0) 1]  since z 0 in the xy-plane   (outward normal)  1  Flux across theF k k n k F nœ � œ œ Ê œ � Ê œ � Ê†

 base   d  1 dx dy a .  Therefore, the total flux across the closed surface isœ œ � œ �' ' ' '
S R

F n† 5 1
xy

#

 a 2 a a 2 a .a b1 1 1 1# $ # $� � œ

CHAPTER 16 ADDITIONAL AND ADVANCED EXERCISES

 1. dx ( 2 sin t 2 sin 2t) dt and dy (2 cos t 2 cos 2t) dt; Area  x dy y dxœ � � œ � œ �"
#
)

C

  [(2 cos t cos 2t)(2 cos t 2 cos 2t) (2 sin t sin 2t)( 2 sin t 2 sin 2t)] dtœ � � � � � �"
#
'

0

21

  [6 (6 cos t cos 2t 6 sin t sin 2t)] dt  (6 6 cos t) dt 6œ � � œ � œ" "
# #
' '

0 0

2 21 1

1

 2. dx ( 2 sin t 2 sin 2t) dt and dy (2 cos t 2 cos 2t) dt; Area   x dy y dxœ � � œ � œ �"
#
)

C

 [(2 cos t cos 2t)(2 cos t 2 cos 2t) (2 sin t sin 2t)( 2 sin t 2 sin 2t)] dtœ � � � � � �"
#
'

0

21

  [2 2(cos t cos 2t sin t sin 2t)] dt  (2 2 cos 3t) dt 2t  sin 3t 2œ � � œ � œ � œ" " "
# # #

#

!
' '

0 0

2 21 1 � ‘2
3

1
1

 3. dx cos 2t dt and dy cos t dt; Area  x dy y dx   sin 2t cos t sin t cos 2t  dtœ œ œ � œ �" " "
# # #
) '

C 0

1 ˆ ‰
 sin t cos t (sin t) 2 cos t 1  dt  sin t cos t sin t  dt  cos t cos t 1œ � � œ � � œ � œ � � œ" " " " "

# # #
# # # $

!
' '

0 0

1 1c d a ba b � ‘
3 3 3

21

 4. dx ( 2a sin t 2a cos 2t) dt and dy (b cos t) dt; Area   x dy y dxœ � � œ œ �"
#
)

C

  2ab cos t ab cos t sin 2t 2ab sin t 2ab sin t cos 2t  dtœ � � � �"
#

# #'
0

21 c da b a b
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  2ab 2ab cos t sin t 2ab(sin t) 2 cos  t 1  dt  2ab 2ab cos t sin t 2ab sin t  dtœ � � � œ � �" "
# #

# # #' '
0 0

2 21 1c d a ba b
 2abt ab cos t 2ab cos t 2 abœ � � œ"

#
$ #

!
� ‘2

3
1

1

 5. (a) (x y z) z x y  is  only at the point (0 0 0), and curl (x y z)  is never .F i j k 0 F i j k 0ß ß œ � � ß ß ß ß œ � �

 (b) (x y z) z y  is  only on the line x t, y 0, z 0 and curl (x y z)  is never .F i k 0 F i j 0ß ß œ � œ œ œ ß ß œ �

 (c) (x y z) z  is  only when z 0 (the xy-plane) and curl (x y z)  is never .F i 0 F j 0ß ß œ œ ß ß œ

 6. yz xz 2xyz  and , so  is parallel to  when yz , xz ,F i j k n F nœ � � œ œ œ œ# # # #� � � �

� �

x y z x y z cy
x y z R R R

cxi j k i j kÈ # # #

 and 2xyz   2xy  y x   y x and z 2x   z 2x.  Also,œ Ê œ œ Ê œ Ê œ „ œ „ œ Ê œ „cz xz c
R x y R

yz# # # # # # È
 x y z R   x x 2x R   4x R   x .  Thus the points are:  ,# # # # # # # # # #

# # # #� � œ Ê � � œ Ê œ Ê œ „ ß ßR R R 2RŠ ‹È

 , , , , ,Š ‹ Š ‹ Š ‹ Š ‹ Š ‹R R R R R R R R R R2R 2R 2R 2R 2R
# # # # # # # # # # # # # # #ß ß � � ß� ß � ß� ß� ß� ß ß� ß�

È È È È È

 , Š ‹ Š ‹� ß ß � ß ß�R R R R2R 2R
# # # # # #

È È

 7. Set up the coordinate system so that (a b c) (0 R 0)  (x y z) x (y R) zß ß œ ß ß Ê ß ß œ � � �$ È # # #

 x y z 2Ry R 2R 2Ry ; let f(x y z) x y z R  and œ � � � � œ � ß ß œ � � � œÈ È# # # # # # # # # p i

  f 2x 2y 2z   f 2 x y z 2R  d  dz dy  dz dyÊ œ � � Ê œ � � œ Ê œ œ™ ™i j k k k È # # # 5
k kk k™

™ †

f
f 2x

2R
i

  Mass  (x y z) d  2R 2Ry  dz dy R   dz dyÊ œ ß ß œ � œ' ' ' ' ' '
S R R

$ 5
yz yz

È ˆ ‰# �

� �
R
x

2R 2Ry
R y z

È
È

#

# # #

 4R   dz dy 4R 2R 2Ry sin dyœ œ �' ' '
� �

�

�

R 0 R

R R y R

0

R y
È

È
# #

# #

È
È È2R 2Ry

R y z
2 1 z

R y

#

# # #

�

� �
�

�
É Š ‹»2 2

 2 R 2R 2Ry dy 2 R 2R 2Ryœ � œ � œ1 1'
�

�

R

R 3/2

R

RÉ »2 1 16 R
3R 3

2 ˆ ‰a b� 1 $

 8. (r ) (r cos ) (r sin ) , 0 r 1, 0 2   cos sin 0
r sin r cos 

r i j k r r
i j k

ß œ � � Ÿ Ÿ Ÿ Ÿ Ê ‚ œ
� "

) ) ) ) ) 1 ) )

) )
r )

â ââ ââ ââ ââ ââ â
 (sin ) (cos ) r   1 r ; 2 x y 2 r  cos r  sin 2rœ � � Ê ‚ œ � œ � œ � œ) ) $ ) )i j k r rk k È ÈÈr )

# # # # # # #

  Mass (x y z) d 2r 1 r  dr d 1 r  d 2 2 1  dÊ œ ß ß œ � œ � œ �' '
S

$ 5 ) ) )' ' ' '
0 0 0 0

2 1 2 21 1 1È È’ “ Š ‹a b# # $Î# "

!

2 2
3 3

 2 2 1œ �4
3
1 Š ‹È

 9. M x 4xy and N 6y  2x 4y and 6  Flux (2x 4y 6) dx dyœ � œ � Ê œ � œ � Ê œ � �# ` `
` `
M N
x x

' '
0 0

b a

 a 4ay 6a  dy a b 2ab 6ab.  We want to minimize f(a b) a b 2ab 6ab ab(a 2b 6).œ � � œ � � ß œ � � œ � �'
0

ba b# # # # #

 Thus, f (a b) 2ab 2b 6b 0 and f (a b) a 4ab 6a 0 b(2a 2b 6) 0 b 0 or b a 3.a bß œ � � œ ß œ � � œ Ê � � œ Ê œ œ � �# #

 Now b 0  a 6a 0  a 0 or a 6  (0 0) and (6 0) are critical points.  On the other hand, b a 3œ Ê � œ Ê œ œ Ê ß ß œ � �#

 a 4a( a 3) 6a 0 3a 6a 0 a 0 or a 2 (0 3) and ( ) are also critical points.  The flux atÊ � � � � œ Ê � � œ Ê œ œ Ê ß #ß "# #

 (0 0) 0, the flux at (6 0) 0, the flux at (0 3) 0 and the flux at (2 1) 4. Therefore, the flux is minimized at (2 1)ß œ ß œ ß œ ß œ � ß

 with value 4.�

10. A plane through the origin has equation ax by cz 0. Consider first the case when c 0. Assume the plane is given� � œ Á

 by z ax by and let f(x y z) x y z 4.  Let C denote the circle of intersection of the plane with the sphere.œ � ß ß œ � � œ# # #

 By Stokes's Theorem,  d  d , where  is a unit normal to the plane.  Let
S

)
C F r F n n† ™ †œ ‚' ' 5
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 (x y) x y (ax by)  be a parametrization of the surface.  Then a b0 a
0 b

r i j k r r i j k
i j k

ß œ � � � ‚ œ œ � � �"
"

x y

â ââ ââ ââ ââ ââ â
  d  dx dy a b 1 dx dy.  Also,  and 

z x y
Ê œ ‚ œ � � ‚ œ œ � � œ5 k k È

â ââ ââ ââ ââ ââ âr r F i j k n
i j k

x y x y z
a b
a b 1

# # ` ` `
` ` `

� �

� �
™

i j kÈ # #

   d   a b 1 dx dy  (a b 1) dx dy (a b 1)  dx dy.  NowÊ ‚ œ � � œ � � œ � �' ' ' ' ' ' ' '
S R R R

™ †F n 5
xy xy xy

a b 1
a b 1
� �

� �
# #È # #

È
 x y (ax by) 4  x y xy 1  the region R  is the interior of the ellipse# # # # #� �

#� � � œ Ê � � œ ÊŠ ‹ Š ‹ ˆ ‰a 1 b 1 ab
4 4

# #

xy

 Ax Bxy Cy 1 in the xy-plane, where A , B , and C .  The area of the ellipse is# # � �
#� � œ œ œ œa 1 ab b 1

4 4

# #

   d h(a b) .  Thus we optimize H(a b) :2 4
4AC B a b 1 a b 1

4 (a b 1) (a b 1)
a b 1

1 1 1È È È� � � � �

� � � �
� �# # # # #

#

# #œ Ê œ ß œ ß œ)
C

F r†

  0 and  0  a b 1 0, or b 1 a ab 0` `
` `

� � � � � � � � � �

� � � �
#H H

a b
2(a b 1) b 1 a ab 2(a b 1) a 1 b ab

a b 1 a b 1
œ œ œ œ Ê � � œ � � � œa b a b

a b a b
# #

# # # #2 2

 and a 1 b ab 0  a b 1 0, or a b (b a) 0  a b 1 0, or (a b)(a b 1) 0# # #� � � œ Ê � � œ � � � œ Ê � � œ � � � œ

  a b 1 0 or a b. The critical values a b 1 0 give a saddle.  If a b, then 0 b 1 a abÊ � � œ œ � � œ œ œ � � �#

  a 1 a a 0  a 1  b 1.  Thus, the point (a b) ( 1 1) gives a local extremum for dÊ � � � œ Ê œ � Ê œ � ß œ � ß�# # )
C

F r†

  z x y  x y z 0 is the desired plane, if c 0.Ê œ � � Ê � � œ Á

 :  Since h( 1 1) is negative, the circulation about  is , so  is the correct pointing normal forNote clockwise� ß� �n n

 the counterclockwise circulation.  Thus ( ) d  actually gives the  circulation.' '
S

™ †‚ �F n 5 maximum

 If c 0, one can see that the corresponding problem is equivalent to the calculation above when b 0, which does notœ œ

 lead to a local extreme.

11. (a) Partition the string into small pieces.  Let s be the length of the i  piece.  Let (x y ) be a point in the?i i i
th ß

 i  piece.  The work done by gravity in moving the i  piece to the x-axis is approximatelyth th

 W (gx y s)y  where x y s is approximately the mass of the i  piece.  The total work done byi i i i i i i i
thœ ? ?

 gravity in moving the string to the x-axis is W gx y s  Work  gxy  dsD D ?
i i

i i ii C
œ Ê œ# #'

 (b) Work  gxy  ds g(2 cos t) 4 sin t 4 sin t 4 cos t dt 16g cos t sin t dtœ œ � œ' ' '
C 0 0

/2 /2
# # ## #

1 1a bÈ
 16g gœ œ’ “Š ‹sin t 16

3 3 

$
1Î#

!

 (c) x  and y ; the mass of the string is  xy ds and the weight of the string isœ œ
' '
' '
C C

C C

 x(xy) ds  y(xy) ds

 xy ds  xy ds
'

C

 g  xy ds.  Therefore, the work done in moving the point mass at x y  to the x-axis is'
C

a bß

 W g  xy ds y g  xy  ds g.œ œ œŠ ‹' '
C C

# 16
3

12. (a) Partition the sheet into small pieces.  Let  be the area of the i  piece and select a point (x y z ) in?5i i i i
th ß ß

 the i  piece.  The mass of the i  piece is approximately x y .  The work done by gravity in moving theth th
i i i?5

 i  piece to the xy-plane is approximately (gx y )z gx y z   Work gxyz d .th
i i i i i i i i?5 ? 5 5œ Ê œ ' '

S

 (b) gxyz d g  xy(1 x y) 1 ( 1) ( 1)  dA 3g xy x y xy  dy dx' ' ' '
S R

 5 œ � � � � � � œ � �
xy

0 0

1 1 xÈ È a b# # # #' ' �

 3g xy x y xy  dx 3g x x x x  dxœ � � œ � � �È È� ‘ � ‘' '
0 0

1 1x" " " " " " "# # # $ # $ %
# # #

"�

!2 3 6 6

 3g x x x x 3gœ � � � œ � œÈ È� ‘ ˆ ‰" " " " " "# $ % & "

! #12 6 6 30 1 30 20
3gÈ
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1000 Chapter 16 Integration in Vector Fields

 (c) The center of mass of the sheet is the point x y z  where z  with M  xyz d  anda bß ß œ œ
M
M

xy
xy

' '
S

5

 M xy d .  The work done by gravity in moving the point mass at x y z  to the xy-plane isœ ß ß' '
S

5 a b
 gMz gM gM gxyz d .œ œ œ œŠ ‹M

M 20
3gxy

xy
' '

S
5

È

13. (a) Partition the sphere x y (z 2) 1 into small pieces.  Let  be the surface area of the i  piece and let# # #� � � œ ?5i
th

 (x y z ) be a point on the i  piece.  The force due to pressure on the i  piece is approximately w(4 z ) .  Thei i i i i
th thß ß � ?5

 total force on S is approximately w(4 z ) .  This gives the actual force to be w(4 z) d .D ? 5 5
i S

� �i i
' '

 (b) The upward buoyant force is a result of the -component of the force on the ball due to liquid pressure.k
 The force on the ball at (x y z) is w(4 z)( ) w(z 4) , where  is the outer unit normal at (x y z).ß ß � � œ � ß ßn n n
 Hence the -component of this force is w(z 4) w(z 4) .  The (magnitude of the) buoyant forcek n k k n� œ �† †

 on the ball is obtained by adding up all these -components to obtain  w(z 4)  d .k k n' '
S

� † 5

 (c) The Divergence Theorem says w(z 4)  d  div(w(z 4) ) dV  w dV, where D' ' ' ' ' ' ' '
S D D

� œ � œk n k† 5

 is x y (z 2) 1  w(z 4)  d w  1 dV w, the weight of the fluid if it# # #� � � Ÿ Ê � œ œ' ' ' ' '
S D

k n† 5 14
3

 were to occupy the region D.

14. The surface S is z x y  from z 1 to z 2.  Partition S into small pieces and let  be the area of theœ � œ œÈ # # ?5i

 i  piece.  Let (x y z ) be a point on the i  piece.  Then the magnitude of the force on the i  piece due toth th th
i i iß ß

 liquid pressure is approximately F w(2 z )   the total force on S is approximatelyi i iœ � Ê?5

 F w(2 z )   the actual force is w(2 z) d w 2 x y  1  dAD D ? 5 5
i S R

i i i

xy

œ � Ê � œ � � � �' ' ' ' ˆ ‰È É# #
� �
x

x y x y
y#

# # # #

#

  2 w 2 x y  dA 2w(2 r) r dr d 2w r r  d  dœ � � œ � œ � œ œ' '
Rxy

0 1 0 0

2 2 2 2È È Èˆ ‰ � ‘È # # # $" #

"
' ' ' '1 1 1

) ) )3 3 3
2 2w 4 2 wÈ È 1

15. Assume that S is a surface to which Stokes's Theorem applies.  Then  d ( )  d)
C

E r E n† ™ †œ ‚' '
S

5

   d   d .  Thus the voltage around a loop equals the negative of the rate ofœ � œ �' ' ' '
S S

ˆ ‰` `
` `
B
t t† †n B n5 5

 change of magnetic flux through the loop.

16.  According to Gauss's Law,   d 4 GmM for any surface enclosing the origin.  But if ' '
S

F n F H† ™5 1œ œ ‚

 then the integral over such a closed surface would have to be 0 by the Divergence Theorem since div 0.F œ

17.  f g d (f g)  d  (Stokes's Theorem))
C

™ † ™ ™ †r nœ ‚' '
S

5

 (f g f g)  d  (Section 16.8, Exercise 19b)œ ‚ � ‚' '
S

™ ™ ™ ™ † n 5

 [(f)( ) f g]  d  (Section 16.7, Equation 8)œ � ‚' '
S

0 n™ ™ † 5

  ( f g)  dœ ‚' '
S

™ ™ † n 5

18. ( )    is conservative f; also, ™ ™ ™ ™ ™ † ™ †‚ œ ‚ Ê ‚ � œ Ê � Ê � œ œF F F F 0 F F F F F F" # # " # " # " " #

  ( ) 0  f 0 (so f is harmonic).  Finally, on the surface S, f ( )Ê � œ Ê œ œ �™ † ™ ™ † †F F n F F n# " # "
#

 0.  Now, (f f) f f f f so the Divergence Theorem givesœ � œ œ �F n F n# "
#† † ™ † ™ ™ † ™ ™
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  f  dV  f f dV  (f f) dV f f  d 0, and since f 0 we have' ' ' ' ' ' ' ' ' ' '
D D D S

k k™ ™ ™ † ™ ™ † ™
# # #� œ œ œ œn 5

  f  dV 0 0   dV 0    , as claimed.' ' ' ' ' '
D D

k k k k™
# #

# " # " # "� œ Ê � œ Ê � œ Ê œ F F F F 0 F F

19. False; let y x   (y) (x) 0 and 0 0 0
x y 0

F i j 0 F F i j k 0
i j k

œ � Á Ê œ � œ ‚ œ œ � � œ™ † ™` `
` `

` ` `
` ` `x y x y z

â ââ ââ ââ ââ ââ â
20.   sin   1 cos    cos  ( )k k k k k k k k k k a b k k k k k k k k k k k kr r r r r r r r r r r r r ru v u v u v u v u v u v u v‚ œ œ � œ � œ �# # # # # # # # # # ## # # #) ) ) †

  EG F d  du dv EG F  du dvÊ ‚ œ � Ê œ ‚ œ �k k k k Èr r r ru v u v
# # #5

21. x y z   1 1 1 3    dV 3  dV 3V  V    dVr i j k r r rœ � � Ê œ � � œ Ê œ œ Ê œ™ † ™ † ™ †' ' ' ' ' ' ' ' '
D D D

"
3

   d , by the Divergence Theoremœ "
3
' '

S
r n† 5
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CHAPTER 17  SECOND-ORDER DIFFERENTIAL EQUATIONS

17.1  SECOND-ORDER LINEAR EQUATIONS

 1. y y 12y 0 r r 12 0 r 4 r 3 0 r 4 or r 3 y c e c eww w �� � œ Ê � � œ Ê � � œ Ê œ œ � Ê œ �2 4x 3x
1 2� �� �

 3. y 3y 4y 0 r 3r 4 0 r 4 r 1 0 r 4 or r 1 y c e c eww w �� � œ Ê � � œ Ê � � œ Ê œ � œ Ê œ �2 4x x
1 2� �� �

 5. y 4y 0 r 4 0 r 2 r 2 0 r 2 or r 2 y c e c eww �� œ Ê � œ Ê � � œ Ê œ œ � Ê œ �2 2x 2x
1 2� �� �

 7. 2y y 3y 0 2r r 3 0 2r 3 r 1 0 r  or r 1 y c e c eww w �� � œ Ê � � œ Ê � � œ Ê œ œ � Ê œ �2 x x3
2 1 2� �� � 3

2

 9. 8y 10y 3y 0 8r 10r 3 0 4r 1 2r 3 0 r  or r y c e c eww w �� � œ Ê � � œ Ê � � œ Ê œ � œ Ê œ �2 x x1 3
4 2 1 2� �� � 1 3

4 2

11. y 9y 0 r 9 0 r 3i y e c cos 3x c sin 3x y c cos 3x c sin 3xww †� œ Ê � œ Ê œ ! „ Ê œ � Ê œ �2 0 x
1 2 1 2� �

13. y 25y 0 r 25 0 r 5i y e c cos 5x c sin 5x y c cos 5x c sin 5xww †� œ Ê � œ Ê œ ! „ Ê œ � Ê œ �2 0 x
1 2 1 2� �

15. y 2y 5y 0 r 2r 5 0 r 1 2i y e c cos 2x c sin 2xww w � � „ � �
� � œ Ê � � œ Ê œ œ „ Ê œ �2 x2 2 4 1 5

2 1 1 2
� � � � � �� �É

� �
2 � �

17. y 2y 4y 0 r 2r 0 r 1 3 i y e c cos 3 x c sin 3 xww w �� „ � %
� � œ Ê � � % œ Ê œ œ � „ Ê œ �2 x2 2 4 1

2 1 1 2
È � �� �� �

2 È È ÈŠ ‹

19. y 4y 9y 0 r 4r 9 0 r 2 5 i y e c cos 5 x c sin 5 xww w �� „ �
� � œ Ê � � œ Ê œ œ � „ Ê œ �2 2x4 4 4 1 9

2 1 1 2
È � �� �� �

2 È È ÈŠ ‹

21. y 0 r 0 r , repeated twice y c e c x e y c c xww † †œ Ê œ Ê œ ! Ê œ � Ê œ �2 0 x 0 x
1 2 1 2

23. 4 4y 0 r 4r 4 0 r 2 0 r 2, repeated twice y c e c x ed y dy
dx dx

2 2x 2x2
1 2

2

2 � � œ Ê � � œ Ê � œ Ê œ � Ê œ �� � � �

25. 6 9y 0 r 6r 9 0 r 3 0 r 3, repeated twice y c e c x ed y dy
dx dx

2 3x 3x2
1 2

2

2 � � œ Ê � � œ Ê � œ Ê œ � Ê œ �� � � �

27. 4 4 y 0 4r 4r 1 0 2r 1 0 r , repeated twice y c e c x ed y dy
dx dx 2

2 x x2 1
1 2

2

2

1 1
2 2� � œ Ê � � œ Ê � œ Ê œ � Ê œ �� � � �

29. 9 6 y 0 9r 6r 1 0 3r 1 0 r , repeated twice y c e c x ed y dy
dx dx 3

2 x x2 1
1 2

2

2

1 1
3 3� � œ Ê � � œ Ê � œ Ê œ � Ê œ �� � � �

31. y 6y 5y 0, y 0 0, y 0 3 r 6r 5 0 r 5 r 1 0 r 5 or r 1ww w w� � œ œ œ Ê � � œ Ê � � œ Ê œ � œ �� � � � � �� �2

 y c e c e y 5c e c e ; y 0 0 c c 0, and y 0 3 5c c 3Ê œ � Ê œ � � œ Ê � œ œ Ê � � œ1 2 1 2 1 2 1 2
5x x 5x x� � w � � w� � � �

 c  and c y e eÊ œ � œ Ê œ � �1 2
3 3 3 3
4 4 4 4

5x x� �

33. y 12y 0, y 0 0, y 0 1 r 12 0 r 0 2 3 i y c cos 2 3 x c sin 2 3 xww w� œ œ œ Ê � œ Ê œ „ Ê œ �� � � � È È È2
1 2

 y 2 3 c sin 2 3 x 2 3 c cos 2 3 x; y 0 c 0, and y 0 1 2 3 c 1Ê œ � � œ ! Ê œ œ Ê œw wÈ È È È È� � � �1 2 1 2

 c 0 and c y sin 2 3 xÊ œ œ Ê œ1 2
1 1

2 3 2 3È È È

CD1
Typewritten Text
SSM, not ISM (odd-numbered problems only)
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35. y 8y 0, y 0 1, y 0 2 r 8 0 r 0 2 2 i y c cos 2 2 x c sin 2 2 xww w� œ œ � œ Ê � œ Ê œ „ Ê œ �� � � � È È È2
1 2

 y 2 2 c sin 2 2 x 2 2 c cos 2 2 x; y 0 1 c 1, and y 0 2 2 2 c 2Ê œ � � œ � Ê œ � œ Ê œw wÈ È È È È� � � �1 2 1 2

 c 1 and c y cos 2 2 x sin 2 2 xÊ œ � œ Ê œ � �1 2
1 1

2 2È ÈÈ È

37. y 4y 4y 0, y 0 1, y 0 0 r 4r 4 0 r 2 0 r 2 repeated twiceww w w� � œ œ œ Ê � � œ Ê � œ Ê œ� � � � � �2 2

 y c e c x e y 2c e c e 2c x e ; y 0 1 c 1, and y 0 0 2c c 0Ê œ � Ê œ � � œ Ê œ œ Ê � œ1 2 1 2 2 1 1 2
2x 2x 2x 2x 2xw w� � � �

 c 1 and c 2 y e 2x eÊ œ œ � Ê œ �1 2
2x 2x

39. 4 12 9y 0, y 0 2, 0 1 4r 12r 9 0 2r 3 0 r  repeated twiced y dy dy
dx dx dx 2

2 2 32

2 � � œ œ œ Ê � � œ Ê � œ Ê œ �� � � � � �
 y c e c x e c e c e c x e ; y 0 2 c 2,  and 0 1Ê œ � Ê œ � � � œ Ê œ œ1 2 1 2 2 1

x x x x xdy dy
dx 2 2 dx

3 3� � � � �3 3 3 3 3
2 2 2 2 2 � � � �

 c c 1 c 2 and c 4 y 2e 4x eÊ � � œ Ê œ œ Ê œ �3
2 1 2 1 2

x x� �3 3
2 2

41. y 2y 3y 0 r 2r 3 0 r 3 r 1 0 r 3 or r 1 y c e c eww w �� � œ Ê � � œ Ê � � œ Ê œ œ � Ê œ �2 3x x
1 2� �� �

43. 4y 4y y 0 4r 4r 1 0 2r 1 0 r  repeated twice y c e c x eww w � �� � œ Ê � � œ Ê � œ Ê œ � Ê œ �2 x x2 1
2 1 2� � 1 1

2 2

45. 4y 20y 0 4r 20 0 r 5i y e c cos 5 x c sin 5 x y c cos 5 x c sin 5 xww †� œ Ê � œ Ê œ ! „ Ê œ � Ê œ �2 0 x
1 2 1 2Š ‹È È È È

47. 25y 10y y 0 25r 10r 1 0 5r 1 0 r  repeated twice y c e c x eww w � �� � œ Ê � � œ Ê � œ Ê œ � Ê œ �2 x x2 1
5 1 2� � 1 1

5 5

49. 4y 4y 5y 0 4r 4r 5 0 r i y e c cos x c sin xww w �� „ �
� � œ Ê � � œ Ê œ œ � „ Ê œ �2 x4 4 4 4 5

2 4 2
1

1 2
É� � � �� �� �

2
1
2 � �

51. 16y 24y 9y 0 16r 24r 9 0 4r 3 0 r  repeated twice y c e c x eww w� � œ Ê � � œ Ê � œ Ê œ Ê œ �2 x x2 3
4 1 2� � 3 3

4 4

53. 9y 24y 16y 0 9r 24r 16 0 3r 4 0 r  repeated twice y c e c x eww w � �� � œ Ê � � œ Ê � œ Ê œ � Ê œ �2 x x2 4
3 1 2� � 4 4

3 3

55. 6y 5y 4y 0 6r 5r 4 0 3r 4 2r 1 0 r  or r y c e c eww w �� � œ Ê � � œ Ê � � œ Ê œ œ � Ê œ �2 x x4 1
3 2 1 2� �� � 4 1

3 2

57. y 2y y 0, y 0 1, y 0 1 r 2r 1 0 r 1 0 r 1, repeated twiceww w w� � œ œ œ Ê � � œ Ê � œ Ê œ �� � � � � �2 2

 y c e c x e y c e c x e c e ; y 0 1 c 1, and y 0 1 c c 1Ê œ � Ê œ � � � œ Ê œ œ Ê � � œ1 2 1 2 2 1 1 2
x x x x x� � w � � � w� � � �

 c 1 and c 2 y e 2x eÊ œ œ Ê œ �1 2
x x� �

59. 3y y 14y 0, y 0 2, y 0 1 3r r 14 0 3r 7 r 2 0 r  or r 2ww w w� � œ œ œ � Ê � � œ Ê � � œ Ê œ � œ� � � � � �� �2 7
3

 y c e c e y c e 2c e ; y 0 2 c c 2, and y 0 1 c 2c 1Ê œ � Ê œ � � œ Ê � œ œ � Ê � � œ �1 2 1 2 1 2 1 2
x 2x x 2x7 7

3 3
� w � w7 7

3 3 � � � �
 c  and c y e eÊ œ œ Ê œ �1 2

15 11 15 11
13 13 13 13

7 3 x 2x� Î� �

61. Let r  and r  be real roots with r r . If e  and e  are linearly independent, then e  is not a constant multiple of e1 2 1 2
r x r x r xÁ 1 2 1 r x2

 (and vice versa). Assume that e  is a constant multiple of e , then for some nonzero constant c,  e c e cr x r x r x r x e
e

1 2 1 2
r x1
r x2œ Ê œ

 e c e c. Since r r , c is not a constant, which is a contridiction. Thus e  and e  are linearlyÊ œ Ê œ Ár x r x r r x r x r x
1 2

1 2 1 2 1 2� �� �
 independent.
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63. Let r i  and r i  be complex roots. If e cos x and e sin x are linearly independent, then e cos x1 2
x x xœ � œ �α " α " " " "α α α

 is not a constant multiple of e sin x (and vice versa). Assume that e cos x is a constant multiple of e sin x, thenα α αx x x" " "

 for some nonzero constant c, e cos x c e sin x e cos x c e sin x 0 e cos x c sin x 0α α α α αx x x x x" " " " " "œ Ê � œ Ê � œ� �
 e 0 or cos x c sin x 0. Since e 0 c cot x, thus c is not a constant, which is a contridiction.Ê œ � œ Á Ê œα αx x" " "

 Thus e cos x and e sin x are linearly independent.α αx x" "

65. (a) y 4y 0, y 0 0, y 1 r 4 0 r 2i y e c cos 2x c sin 2xww †� œ œ œ Ê � œ Ê œ ! „ Ê œ �� � � � � �1 2 0 x
1 2

 y c cos 2x c sin 2x; y 0 0 c 0, and y 1 c 1 no solutionÊ œ � œ Ê œ œ Ê œ Ê1 2 1 1� � � �1
 (b) y 4y 0, y 0 0, y 0 r 4 0 r 2i y e c cos 2x c sin 2xww †� œ œ œ Ê � œ Ê œ ! „ Ê œ �� � � � � �1 2 0 x

1 2

 y c cos 2x c sin 2x; y 0 0 c 0, and y 0 c 0 c 0, c  can be any real numberÊ œ � œ Ê œ œ Ê œ Ê œ1 2 1 1 1 2� � � �1
 y c sin 2xÊ œ 2

17.2  NONHOMOGENEOUS LINEAR EQUATIONS

 1. y 3y 10y 3 r 3r 10 0 r 5 r 2 0 r 5 or r 2 y c e c e ;  y Aww w �� � œ � Ê � � œ Ê � � œ Ê œ œ � Ê œ � œ2 5x 2x
c 1 2 p� �� �

 y 0 y 0 0 3 0 10A 3 A y c e c eÊ œ Ê œ Ê � � œ � Ê œ Ê œ � �w ww �
p p

3 3
10 101 2

5x 2x� �
 3. y y sin x r r 0 r r 1 0 r 0 or r 1 y c e c e c c e ;ww w # †� œ Ê � œ Ê � œ Ê œ œ Ê œ � œ �� � c 1 2 1 2

0 x x x

 y A sin x B cos x y A cos x B sin x y A sin x B cos xp p pœ � Ê œ � Ê œ � �w ww

 A sin x B cos x A cos x B sin x sin x A B sin x A B cos x sin xÊ � � � � œ Ê � � � � � œ� � � � � �
 A B 1, A B 0 A , B y c c e sin x cos xÊ � � œ � � œ Ê œ � œ Ê œ � � �1 1 1 1

2 2 2 21 2
x

 5. y y cos 3x r 1 0 r 0 i y e c cos x c sin x c cos x c sin x;ww # †� œ Ê � œ Ê œ „ Ê œ � œ �c 1 2 1 2
0 x� �

 y A sin 3x B cos 3x y 3A cos 3x 3B sin 3x y 9A sin 3x 9B cos 3xp p pœ � Ê œ � Ê œ � �w ww

 9A sin 3x 9B cos 3x A sin 3x B cos 3x cos 3x 8A sin x 8B cos x cos 3xÊ � � � � œ Ê � � œ� �
 8A 0, 8B 1 A 0, B y c cos x c sin x cos 3xÊ � œ � œ Ê œ œ � Ê œ � �1 1

8 1 2 )

 7. y y 2y 20cos x r r 2 0 r 2 r 1 0 r 2 or r 1 y c e c e ;ww w �� � œ Ê � � œ Ê � � œ Ê œ œ � Ê œ �2 2x x
c 1 2� �� �

 y A sin x B cos x y A cos x B sin x y A sin x B cos xp p pœ � Ê œ � Ê œ � �w ww

 A sin x B cos x A cos x B sin x 2 A sin x B cos x 20cos xÊ � � � � � � œ� � � �
 3A B sin x A 3B cos x 20cos x 3A B 0, A 3B 20 A 2, BÊ � � � � � œ Ê � � œ � � œ Ê œ � œ �'� � � �
 y c e c e 2 sin x 6 cos xÊ œ � � �1 2

2x x�

 9. y y e x r 1 0 r 1 r 1 0 r 1 or r 1 y c e c e ;ww # �� œ � Ê � œ Ê � � œ Ê œ œ � Ê œ �x 2 x x
c 1 2� �� �

 y Axe Bx Cx D y Ae Axe 2Bx C y 2Ae Axe 2Bp
x x x x x

p pœ � � � Ê œ � � � Ê œ � �# w ww

 2Ae Axe 2B Axe Bx Cx D e x 2Ae Bx Cx 2B D e xÊ � � � � � � œ � Ê � � � � œ �� � � � � �x x x x x x# # # #

 2A 1, B 1, C 0, 2B D 0 A , B 1, C 0, D 2Ê œ � œ � œ � œ Ê œ œ � œ œ �1
2

 y c e c e xe x 2Ê œ � � � �1 2
x x x1

2
� #

11. y y 6y e 7cos x r r 6 0 r 3 r 2 0 r 3 or r 2 y c e c e ;ww w � �� � œ � Ê � � œ Ê � � œ Ê œ œ � Ê œ �x 2 3x 2x
c 1 2� �� �

 y Ae B sin x C cos x y Ae B cos x C sin x y Ae B sin x C cos xp
x x x

p pœ � � Ê œ � � � Ê œ � �� w � ww �

 Ae B sin x C cos x Ae B cos x C sin x 6 Ae B sin x C cos x e 7cos xÊ � � � � � � � � � œ �� � � �x x x x� � � �
 4Ae 7B C sin x B 7C cos x e 7cos x 4A 1, 7B C 0, B 7C 7Ê � � � � � � � œ � Ê � œ � � œ � � œ �� �x x� � � �
 A , B , C y c e c e e sin x cos xÊ œ � œ œ Ê œ � � � �1 7 49 1 7 49

4 50 50 4 50 501 2
3x 2x x� �
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13. 5 15x r 5r 0 r r 5 0 r 0 or r 5 y c e c e c c e ;d y dy
dx dx

2 0 x 5x 5x
c 1 2 1 2

2

2 � œ Ê � œ Ê � œ Ê œ œ � Ê œ � œ �# † � �� �
 y Ax Bx Cx y 3Ax 2Bx C y 6Ax 2B 6Ax 2B 5 3Ax 2Bx C 15xp p pœ � � Ê œ � � Ê œ � Ê � � � � œ$ # w # ww # #� �
 15Ax 6A 10B x 2B 5C 15x 15A 15, 6A 10B 0, 2B 5C 0 A 1, B , CÊ � � � � œ Ê œ � œ � œ Ê œ œ � œ# #� � � � 3 6

5 25

 y c c e x x xÊ œ � � � �1 2
5x 3 6

5 25
� $ #

15. 3 e 12x r 3r 0 r r 3 0 r 0 or r 3 y c e c e c c e ;d y dy
dx dx

3x 2 0 x 3x 3x
c 1 2 1 2

2

2 � œ � Ê � œ Ê � œ Ê œ œ Ê œ � œ �� � †

 y Ax e Bx Cx y Ae 3Ax e 2Bx C y 6Ae 9Axe 2Bp
3x 3x 3x 3x 3x

p pœ � � Ê œ � � � Ê œ � �# w ww

 6Ae 9Axe 2B 3 Ae 3Ax e 2Bx C e 12x 3Ae 6Bx 2B 3C e 12xÊ � � � � � � œ � Ê � � � œ �3x 3x 3x 3x 3x 3x 3x� � � �
 3A 1, 6B 12, 2B 3C 0 A , B 2, C  y c c e x e 2x xÊ œ � œ � œ Ê œ œ œ Ê œ � � � �1 4 1 4

3 3 3 31 2
3x 3x #

17. y y x, r r 0 r r 1 0 r 0 or r 1 y c e c e c c e y 1, y eww w † � � �� œ Ê � œ Ê � œ Ê œ œ � Ê œ � œ � Ê œ œ2 0 x x x x
c 1 2 1 2 1 2� �

 v x and v x e v x dx x  andÊ œ œ œ œ œ œ � Ê œ œw w #�

� �

�
� �1 2

0 e 1 0
x e 0 x
1 e 1 e
0 e 0 e

x e x 1
e e 2

x
1

º º º º
º º º º

�

�

� �

� �

�

� �

x

x

x x

x x

x

x x
'

 v x e dx x e e y x 1 x e e e x x 1 y c c e x x2 p 1 2
x x x x x x x1 1 1

2 2 2œ � œ � � Ê œ � � � œ � � Ê œ � � �' # � # � #� � � �
19. y y sin x r 1 0 r 0 i y c cos x c sin x y cos x, y sin xww � œ Ê � œ Ê œ „ Ê œ � Ê œ œ2

c 1 2 1 2

 v sin x and v sin x cos xÊ œ œ œ � œ œ œw # w

� �

� �
1 2

0 sin x cos x 0
sin x cos x sin x sin x
cos x sin x cos x sin x
sin x cos x sin x cos x

sin x sin x cos x
1 1

º º º º
º º º º

#

 v sin x dx dx sin 2x x, and  v sin x cos x dx sin xÊ œ � œ œ � œ œ1 2
cos 2x 1 1 1

2 4 2 2
' ' '# #�"

 y sin 2x x cos x sin x sin x sin x cos x x cos x sin x sin x cos xÊ œ � � œ � � �p
1 1 1 1 1 1 1
4 2 2 2 2 2 2

ˆ ‰ ˆ ‰� � � �# # #

 x cos x sin x y c cos x c sin x x cos xœ � � Ê œ � �1 1 1
2 2 21 2

21. y 2y y e  r 2r 1 0 r 1 0 r 1, repeated twice y c e c x eww w � � �#
� � œ Ê � � œ Ê � œ Ê œ � Ê œ �x 2 x x

c 1 2� �
 y e , y x eÊ œ œ1 2

x x� �

 v x and v 1 v x dx xÊ œ œ œ � œ œ œ Ê œ � œ �w w #� �

� � � �

�
1 2

0 x e e 0
e e xe e e
e x e e x e
e e xe e e xe

x e e 1
e e 21

º º º º
º º º º

� �

� � � � �

� � � �

� � � � � �

�# �#

�# �#

x x

x x x x x

x x x x

x x x x x x

x x

x x
'

 and v 1dx x y x e x x e x e y c e c x e x e2 p 1 2
1 1 1
2 2 2

x x x x x xœ œ Ê œ � � œ Ê œ � �' ˆ ‰� � � �� �# � � # � � � # �

23. y y e  r 1 0 r 1 r 1 0 r 1 or r 1 y c e c e y e , y eww � �� œ Ê � œ Ê � � œ Ê œ œ � Ê œ � Ê œ œx 2 x x x x
c 1 2 1 2� �� �

 v  and v e v dx x and v e dx eÊ œ œ œ œ œ œ � Ê œ œ œ � œ �w w�

� �

�
� �1 2

0 e e 0
e e e e
e e e e
e e e e

1 1 e 1 1 1 1 1
2 2 2 2 2 2 2 4

2x 2x 2x
1 2

º º º º
º º º º

�

�

� �

� �

x x

x x x x

x x x x

x x x x

2x ' '

 y x e e e x e e y c e c e x eÊ œ � � œ � Ê œ � �p 1 2
1 1 1 1 1
2 4 2 4 2

x 2x x x x x x xˆ ‰ ˆ ‰ � �

25. y 4y 5y 10 r 4r 5 0 r 2 i y e c cos x c sin xww w �� „ �
� � œ Ê � � œ Ê œ œ � „ Ê œ �2 2x4 4 4 1 5

2 1 1 2
È � �� �� �

2 � �
 y e cos x, y e sin x vÊ œ œ Ê œ œ1 2

2x 2x
1

0 e sin x
10 e cos x 2e sin x

e cos x e sin x
e sin x e cos x e cos x 2e sin x

10e sin� � w �

� �# �

�
º º

º º
�

� �

� �

� � � �

�

2x

2x 2x

2x 2x

2x 2x 2x 2x

2x x
e

2x
�4x œ �10e sin x

 and v 10e cos xw � �#

� �# �

2

e cos x 0
e sin x e cos x 10

e cos x e sin x
e sin x e cos x e cos x 2e sin x

10e cos x
e

2xœ œ œ
º º

º º
�

� �

� �

� � � �

�

�

2x

2x 2x

2x 2x

2x 2x 2x 2x

2x

4x

 v 10e sin x dx 2e cos x 4e sin x and v 10e cos x dx 2e sin x 4e cos xÊ œ � œ � œ œ �1 2
2x x x 2x x x' '# # # #

 y 2e cos x 4e sin x e cos x 2e sin x 4e cos x e sin x 2 y e c cos x c sin x 2Ê œ � � � œ Ê œ � �p 1 2
x x 2x x x 2x 2x� �� � � �� � � �# # � # # � �
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27. y sec x, x r 1 0 r 0 i y c cos x c sin x y cos x, y sin xd y
dx 2 2

2
c 1 2 1 2

2

2 � œ � � � Ê � œ Ê œ „ Ê œ � Ê œ œ1 1

 v tan x and v sin x v tan x dxÊ œ œ œ � œ œ œ Ê œ �w w

� �

� �
1 2

0 sin x cos x 0
sec x cos x sin x sec x
cos x sin x cos x sin x
sin x cos x sin x cos x

sin x sec x 1
1 1 1

º º º º
º º º º

'

 dx ln cos x  and v 1 dx x y ln cos x cos x x sin x cos x ln cos x x sin xœ � œ œ œ Ê œ � œ �' 'sin x
cos x 2 pk k � �� � � �� � k kk k

 y c cos x c sin x cos x ln cos x x sin xÊ œ � � �1 2 k k
29. y 5y x e , y Ax e Bx e y 5Ax e 2Ax e 5Bx e B eww w # w #� œ œ � Ê œ � � �5x 5x 5x 5x 5x 5x 5x

p p

 y 25Ax e 20Ax e 2Ae 25Bx e 10B eÊ œ � � � �ww #
p

5x 5x 5x 5x 5x

 25Ax e 20Ax e 2Ae 25Bx e 10B e 5 5Ax e 2Ax e 5Bx e B e x eÊ � � � � � � � � œ� � � �# #5x 5x 5x 5x 5x 5x 5x 5x 5x 5x

 10Ax e 2A 5B e x e 10A 1, 2A 5B 0 A , B y x e x e ;Ê � � œ Ê œ � œ Ê œ œ � Ê œ �5x 5x 5x 5x 5x1 1 1 1
10 25 10 25p� � #

 r 5r 0 r r 5 0 r 0 or r 5 y c e c e c c e2 0 x 5x 5x
c 1 2 1 2� œ Ê � œ Ê œ œ Ê œ � œ �� � †

 y c c e x e x eÊ œ � � �1 2
5x 5x 5x1 1

10 25
#

31. y y 2cos x sin x, y Ax sin x Bx cos x y Ax cos x A sin x Bx sin x B cos xww w� œ � œ � Ê œ � � �p p

 y Ax sin x 2A cos x Bx cos x 2B sin xÊ œ � � � �ww
p

 Ax sin x 2A cos x Bx cos x 2B sin x Ax sin x Bx cos x cos x sin xÊ � � � � � � œ �� � � �
 2B sin x 2A cos x cos x sin x 2B 1, 2A 2 A 1, B y x sin x x cos x;Ê � � œ # � Ê � œ œ Ê œ œ � Ê œ �1 1

2 2p

 r 1 0 r 0 i y c cos x c sin x y c cos x c sin x x sin x x cos x2
c 1 2 1 2

1
2� œ Ê œ „ Ê œ � Ê œ � � �

33. e e r r 0 r r 1 0 r 0 or r 1 y c e c e c c ed y dy
dx dx

x x 2 0 x x x
c 1 2 1 2

2

2 � œ � Ê � œ Ê � œ Ê œ œ Ê œ � œ �� †� �
 (a) y 1, y e v e e  and v 1 e1 2

x x x 2x
1 2

0 e 1 0
e e e 0 e e

1 e 1 e
0 e 0 e

e 1 e e
e eœ œ Ê œ œ œ � � œ œ œ �w � w �� �� � �

º º º º
º º º º

x

x x x x x

x x

x x

2x x x

x x

� �

�

 v e e dx e e  and v 1 e dx x eÊ œ � � œ � � œ � œ �1 2
x x x x 2x 2x1

2
' '� � � �� � � �

 y e e 1 x e e e x e e y c c e x e eÊ œ � � � � œ � � � Ê œ � �p 1 2
x x 2x x x x x x x x1 1 1

2 2 2� �� � � �ˆ ‰� � � �

 (b) y Ax e B e y Ax e A e B e y Ax e 2A e B ep
x x x x x x x x

p pœ � Ê œ � � Ê œ � �� w � ww �

 Ax e 2A e B e Ax e A e B e e e A e 2B e e eÊ � � � � � œ � Ê � œ �� � � �x x x x x x x x x x x x� � � � �

 A 1, 2B 1 A 1, B y c c e x e eÊ œ œ Ê œ œ Ê œ � � �1 1
2 21 2

x x x�

35. 4 5y e 4 r 4r 5 0 r 5 r 1 0 r 5 or r 1 y c e c ed y dy
dx dx

x 2 5x x
c 1 2

2

2 � � œ � Ê � � œ Ê � � œ Ê œ œ � Ê œ �� �� � �

 (a) y e , y e v e e  and v1 2
5x x 4x 5x

1 2

0 e e 0
e 4 e
e e e e

5e e 5e e

1 e 1 2 e 4e
6e 6 3

5e e 4
œ œ Ê œ œ œ � œ œ� w � � w� �

� �

� �% �
�

�
º º º º
º º º º

�

�

� �

� �

�

x 5x

x x

5x x 5x x

5x x 5x x

x 6x 5

4x

5x x x

4x�6e 6 3
1 22x xœ � �e e

 v e e dx e e  and  v e e dx e eÊ œ � œ � � œ � � œ � �1 2
1 2 1 2 1 2 1 2
6 3 24 15 6 3 12 3

4x 5x 4x 5x 2x x 2x x' 'ˆ ‰ ˆ ‰� � � �

 y e e e e e e e y c e c e eÊ œ � � � � � œ � � Ê œ � � �p 1 2
1 2 1 2 1 4 1 4

24 15 12 3 8 5 8 5
4x 5x 5x 2x x x x 5x x xˆ ‰ ˆ ‰� � � �� � � �

 (b) y Ae B y Ae y Ae Ae 4Ae 5 Ae B e 4 8A e 5B e 4p
x x x x x x x x x

p pœ � Ê œ Ê œ Ê � � � � œ � Ê � � œ �w ww � �
 8A 1, 5B 4 A , B y c e c e eÊ � œ � œ Ê œ � œ � Ê œ � � �1 4 1 4

8 5 8 51 2
5x x x�

37. y y cot x, 0 x r 1 0 r 0 i y c cos x c sin x y cos x, y sin xww � œ � � Ê � œ Ê œ „ Ê œ � Ê œ œ1 2
c 1 2 1 2

 v sin x cos x and v coÊ œ œ œ � œ � œ œ œw w

� �

� �
1 2

0 sin x cos x 0
cot x cos x sin x cot x
cos x sin x cos x sin x
sin x cos x sin x cos x

sin x cot x cos x cos x cot x
1 sin x 1

º º º º
º º º º s x † œcos x cos x

sin x sin x

#

 v cos x dx sin x and v dx dx dx csc x sin x dxÊ œ � œ œ œ œ � œ �1 2
cos x 1 sin x 1 sin x
sin x sin x sin x sin x

' ' ' ' '� � � �# # #�
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 ln csc x cot x sin x y sin x cos x ln csc x cot x sin x sin x sin x ln csc x cot xœ � � Ê œ � � � œ � �k k � �� � � �� � � � k kk kp

 y c cos x c sin x sin x ln csc x cot xÊ œ � � �1 2 � � k k
39. y 8y e r 8r 0 r r 8 0 r 0 or r 8 y c e c e c c e ;ww w †� œ Ê � œ Ê � œ Ê œ œ Ê œ � œ �8x 2 0 x 8x 8x

c 1 2 1 2� �
 y Ax e y Ae 8Ax e y 16Ae 64Ax e 16Ae 64Ax e 8 Ae 8Ax e ep

8x 8x 8x 8x x 8x x 8x 8x 8x
p pœ Ê œ � Ê œ � Ê � � � œw ww � � � �

 8Ae e 8A 1 A y c c e x eÊ œ Ê œ Ê œ Ê œ � �8x 8x 8x 8x1 1
8 81 2

41. y y x r r 0 r r 1 0 r 0 or r 1 y c e c e c c e ;ww w †� œ Ê � œ Ê � œ Ê œ œ Ê œ � œ �3 2 0 x x x
c 1 2 1 2� �

 y Ax Bx Cx Dx y 4Ax 3Bx 2Cx D y 12Ax 6Bx 2Cp p pœ � � � Ê œ � � � Ê œ � �% $ # w $ # ww #

 12Ax 6Bx 2C 4Ax 3Bx 2Cx D xÊ � � � � � � œ� � � �# $ # 3

 4Ax 12A 3B x 6B 2C x 2C D x 4A 1, 12A 3B 0, 6B 2C 0, 2C D 0Ê � � � � � � � œ Ê � œ � œ � œ � œ$ #� � � � � � 3

 A , B 1, C 3, D y c c e x x 3x 6xÊ œ � œ � œ � œ �' Ê œ � � � � �1 1
4 41 2

x % $ #

43. y 2y x e r 2r 0 r r 2 0 r 0 or r 2 y c e c e c c e ;ww w # † � �� œ � Ê � œ Ê � œ Ê œ œ � Ê œ � œ �x 2 0 x 2x 2x
c 1 2 1 2� �

 y Ax Bx Cx De y 3Ax 2Bx C De y 6Ax 2B Dep
x x x

p pœ � � � Ê œ � � � Ê œ � �$ # w # ww

 6Ax 2B De 2 3Ax 2Bx C De x e 6Ax 6A 4B x 2B 2C 3De x eÊ � � � � � � œ � Ê � � � � � œ �� � � � � � � �x x x x x# # # #

 6A 1, 6A 4B 0, 2B 2C 0, 3D 1 A , B , C , DÊ œ � œ � œ œ � Ê œ œ � œ œ �1 1 1 1
6 4 8 3

 y c c e x x x eÊ œ � � � � �1 2
2x x1 1 1 1

6 4 8 3
� $ #

45. y sec x tan x, x r 1 0 r 0 i y c cos x c sin x y cos x, y sin xd y
dx 2 2

2
c 1 2 1 2

2

2 � œ � � � Ê � œ Ê œ „ Ê œ � Ê œ œ1 1

 v tan x and vÊ œ œ œ � œ œw # w

� �

� �
1 2

0 sin x cos x 0
sec x tan x cos x sin x sec x tan x

cos x sin x cos x sin x
sin x cos x sin x cos x

sin x sec x tan x cos x sec x tan x
1 1

º º º º
º º º º œ tan x

 v tan x dx 1 sec x dx x tan x and v tan x dx dx ln cos xÊ œ � œ � œ � œ œ œ �1 2
sin x
cos x

' ' ' '# #� � k k
 y x tan x cos x ln cos x sin x x cos x sin x sin x ln cos xÊ œ � � � œ � �p � �� � � �� � � � k kk k
 y c cos x c sin x x cos x sin x ln cos xÊ œ � � �1 2 � � k k
47. y 3y e r 3 0 r 3 y c e ; y Ae y Ae Ae 3Ae e 2A e ew w� œ Ê � œ Ê œ Ê œ œ Ê œ Ê � œ Ê � œx 3x x x x x x x x

c 1 p p

 2A 1 A y c e eÊ � œ Ê œ � Ê œ �1 1
2 21

3x x

49. y 3y 5e r 3 0 r 3 y c e ; y Ax e y 3Ax e A ew w� œ Ê � œ Ê œ Ê œ œ Ê œ �3x 3x 3x 3x 3x
c 1 p p

 3Ax e A e 3Ax e 5e A e 5e A 5 y c e 5x eÊ � � œ Ê œ Ê œ Ê œ �� �3x 3x 3x 3x 3x 3x 3x 3x
1

51. y sec x, x y 0 y 0 1 r 1 0 r 0 i y c cos x c sin xd y
dx 2 2

2
c 1 2

2

2 � œ � � � ß œ œ Ê � œ Ê œ „ Ê œ �# w1 1 � � � �
 y cos x, y sin xÊ œ œ1 2

 v sec x tan x and v sec xÊ œ œ œ � œ œ œw w

� �

� �
1 2

0 sin x cos x 0
sec x cos x sin x sec x
cos x sin x cos x sin x
sin x cos x sin x cos x

sin x sec x cos x sec x
1 1

º º º º
º º º º

# ## #

 v sec x tan x dx sec x and v sec x dx ln sec x tan xÊ œ � œ � œ œ �1 2' ' k k
 y sec x cos x ln sec x tan x sin x 1 sin x ln sec x tan xÊ œ � � � œ � � �p � �� � � �� � � � k kk k
 y c cos x c sin x 1 sin x ln sec x tan x ; y 0 1 1 c 1 c 2;Ê œ � � � � œ Ê œ � Ê œ1 2 1 1� � k k � �
 c sin x c cos x cos x ln sec x tan x sin x sec x, y 0 1 1 cdy

dx 1 2 2œ � � � � � œ Ê œ� � k k � � � �w

 y 2cos x sin x 1 sin x ln sec x tan xÊ œ � � � �� � k k
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53. y y x, y x, y 0 0, y 0 0; y x y x y 1 y y 1 x xww w w w ww ww w� œ œ � œ œ œ � Ê œ � " Ê œ Ê � œ � � " œp p
x x
2 2 p p
# #� � � �

 x x y  satisfies the differential equation. y y 0 r r 0 r r 1 0 r 0 or r 1Ê œ Ê � œ Ê � œ Ê � œ Ê œ œ �p
2ww w � �

 y c e c e c c e y c c e x y c e x 1;Ê œ � œ � Ê œ � � � Ê œ � � �c 1 2 1 2 1 2 2
0 x x x x xx

2
† � � � w �#

 y 0 0 0 c c y 0 0 c 1 0 c 1, c 1 y 1 e x� � � �œ Ê œ � ß œ Ê � � œ Ê œ œ � Ê œ � � �1 2 2 1 2
x x

2
w � #

55. y y y 4e cos x sin x , y 2e cos x , y 0 0, y 0 1; y 2e cos x y 2e cos x 2e sin x1
2

x x x x x
p p p

ww w w w� � œ � œ œ œ œ Ê œ �� � � � � �
 y 4e sin x y y y 4e sin x 2e cos x 2e sin x 2e cos x 4e cos x 4e sin xÊ œ � Ê � � œ � � � � œ �ww ww w

p
x x x x x x x1 1

2 2 � � � �
 4e cos x 4e sin x 4e cos x sin x y  satisfies the differential equation. y y y 0 r r 1 0Ê � œ � Ê � � œ Ê � � œx x x

p
1 1
2 2� � ww w #

 r 1 i y e c cos x c sin x y e c cos x c sin x 2e cos xÊ œ œ � „ Ê œ � Ê œ � �
� „ �

� �
1 1 4 1

2 c 1 2 1 2
x x xÉ ˆ ‰� �

ˆ ‰
2 1

2
1
2

� � � �
 y e c cos x c sin x e c sin x c cos x 2e cos x 2e sin x; y 0 0 c 2 0 c 2;Ê œ � � � � � � � œ Ê � œ Ê œ �w � �x x x x

1 2 1 2 1 1� � � � � �
 y 0 1 c c 2 1 c 3 y e 2cos x 3sin x 2e cos x 2 e e cos x 3e sin xw � � �� � � � � �œ Ê � � � œ Ê œ � Ê œ � � � œ � �1 2 2

x x x x x

57. y 2y y 2e , y x e , y 0 1, y 0 0; y x e y x e 2x e y x e 4x e 2 eww w # w # w # ww #� � œ œ œ œ œ Ê œ � Ê œ � �x x x x x x x x
p p p p� � � �

 y 2y y x e 4x e 2 e 2 x e 2x e x e x e x e x e y  satisfies the differentialÊ � � œ � � � � � œ Ê œ Êww w # # # # # #� � � �x x x x x x x x x
p

 equation  y 2y y 0 r 2r 1 0 r 1 0 r 1, repeated twice y c e c xeÞ � � œ Ê � � œ Ê � œ Ê œ Ê œ �ww w # #� � c 1 2
x x

 y c e c xe x e y c e c xe c e x e 2x e ; y 0 1 c 1; y 0 0 c c 0Ê œ � � Ê œ � � � � œ Ê œ œ Ê � œ1 2 1 2 2 1 1 2
x x x x x x x x# w # w� � � �

 c 1 y e xe x eÊ œ � Ê œ � �2
x x x#

59. x y 2xy 2y x y x , y x# ww w # �#� � œ ß œ œ1 2

 v x  and vÊ œ œ œ � œ œ œw w

� �

� �

1 2

0 x

1

x x x x
2x 1 2x 1

x 1 x 1
3x 3 3x 3

3

x 0

2x» » » »
º º º º

x
x

3 3

3 x
x

#

#

�# �#

� �

�# �#

�#

�
#

# �#

 v x dx x and v dx x y x x x x xÊ œ � œ � œ œ Ê œ � � œ1 2 p
1 1 1 1 1 1 1
3 12 3 3 12 3 4

3 4 4 2' ' ˆ ‰ ˆ ‰� � � ��#

17.3  APPLICATIONS

 1. mg 16 m ; k 1; 1 1 1y y , y 2, y 2œ Ê œ œ œ Ê � � œ ! Ê � � œ ! ! œ ! œ16 16 1
32 32 dt dt 2 dt dt

d y dy d y dy
$

2 2

2 2 � � � �w

 3. 20 k k 40; w 25 lb m ; 0 0 40y . If w 25 lb, it stretches theœ † Ê œ œ Ê œ œ Ê � † � œ ! œ1 25 25
2 32 32 dt dt

d y dy
$

2

2

 spring 25 40x x  ft spring is now stretched  ft below equilibrium y 0 ; initial velocityœ Ê œ Ê � œ Ê œ5 6 5 5 7 7
8 12 8 24 24

� � �
 is v   y . Thus we have 40y , y 0 , y!

w win ft 25 7
sec 12 sec 12 32 dt 24 12

v v vd yœ Ê ! œ � œ ! œ ! œ! ! !� � � � � �2

2

 5. E t 20cos t; R 4 ; q 10q; L 2 2 4 10q 20cos t q 0 2, q 0 3� � � � � �œ œ œ œ Ê � � œ ß œ œdq dq d q d q dq
dt dt C dt dt dt dt

1 di # #

# #

w

 7. mg 16 m ; k 1; resistance velocity 1 1 1y , y 2, y 2œ Ê œ œ œ Ê œ Ê � � œ ! ! œ ! œ16 1
32 2 dt dt

d y dy
$

2

2 � � � �w

 r r 1 r 2r 2 0 r 1 i y e c cos t c sin t ,Ê � � œ ! Ê � � œ Ê œ œ � „ Ê œ �1
2 2 1

2 2 t2 2 4 1 2
1 2

� „ � �È � �� �� �
2 � �

 y e c sin t c cos t e c cos t c sin t ; y 2 c 2; y 2 c c 2 c 4Ê œ � � � � ! œ Ê œ ! œ Ê � œ Ê œw � � wt t
1 2 1 2 1 2 1 2� � � � � � � �

 y t e 2 cos t 4 sin t . At t , y e 2 cos 4sin 2e 0.0864  0.0864 ft aboveÊ œ � œ œ � œ � ¸ � Ê� � � � � �� � �t 1 1 11 1

 equilibrium.

 9. 20 k k 40; w 25 lb m ; 0 0 40y . If w 25 lb, it stretches the springœ † Ê œ œ Ê œ œ Ê � † � œ ! œ1 25 25
2 32 32 dt dt

d y dy
$

2

2

 25 40x x  ft spring is now stretched  ft below equilibrium y 0 ; initial velocity isœ Ê œ Ê � œ Ê œ5 6 5 5 7 7
8 12 8 24 24

� � �
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 v   y . Thus we have 40y , y 0 , y r 40 r!
w w # #in ft 25 7 25 256

sec 12 sec 12 32 dt 24 12 32 5
v v vd yœ Ê ! œ � œ ! œ ! œ Ê � œ ! Ê � œ !! ! !� � � � � �2

2

 r 0 i y e c cos t c sin t c cos t c sin t , y 0 c ;Ê œ „ Ê œ � œ � œ Ê œ16 16 16 16 16 7 7
5 5 5 5 5

0 t
1 2 1 2 124 24È È È È È† Š ‹ Š ‹ Š ‹Š ‹ Š ‹ � �

 y c sin t c cos t , y c cw wœ � � ! œ Ê œ Ê œ16 16 16 16 16
5 5 5 5 51 2 2 2

v v
12 12 192

v 5È È È È È ÈŠ ‹ Š ‹ � � ! ! !

 y t cos t sin t  (in feet) or y t cos t sin t  (in inches)Ê œ � œ �� � � �Š ‹ Š ‹ Š ‹ Š ‹7 16 16 7 16 16
24 192 2 165 5 5 5

v 5 v 5È È È ÈÈ È
! !

11. mg 10 m ; 10 k k 60; 5 2  5 2 60y , y 0 , y 0œ Ê œ œ † Ê œ œ œ Ê � � œ ! œ ! œ5 1 40 5 1
16 6 16 dt dt 432

d y dy
$ È È È � � � �2

2
w

  r 5 2 r 60 r 16 2r 192 0 r 8 2 8iÊ � � œ ! Ê � � œ Ê œ œ � „5
16 2 1

2 2
16 2 16 2 4 1 192È È È� „ �È ÈÊŠ ‹ � �� �

� �
2

 y e c cos 8t c sin 8t y e 8 2 c 8c cos 8t 8c 8 2 c sin 8t ;Ê œ � Ê œ � � � � �� w �8 2 t 8 2 t
1 2 1 2 1 2

È È� � Š ‹Š ‹ Š ‹È È
 y 0 c , y 0 8 2 c 8c 0 c , c y e cos 8t sin 8t� � � � È Š ‹œ Ê œ ! œ Ê � � œ Ê œ œ Ê œ �1 1 1 1

4 4 4 4 4 41 1 2 1 2
2 28 2 tw �È ÈÈ

 Solve y t 0 e cos 8t sin 8t 0 cos 8t sin 8t 0 tan 8t t 0.3157 sec� � Š ‹œ Ê � œ Ê � œ Ê œ � Ê ¸�8 2 t 1 1 1
4 4 4 4

2 2
2

È È È È

13. First weight: w 10 lb m ; 10 k k 12 ; 0 0 12y , y 0 , yœ Ê œ œ † Ê œ œ Ê � † � œ ! œ ! œ �5 5 lb 5 1 1
16 6 ft 16 dt dt 6 3

d y dyˆ ‰ � � � �$
2

2
w

 r 12 5r 192 0 r 0 i y e c cos t c sin tÊ � œ ! Ê � œ Ê œ „ Ê œ �5
16 5 5 5

2 2 0 t8 15 8 15 8 15
1 2

È È È† Š ‹
 c cos t c sin t y c sin t c cos t; y 0 c , yœ � Ê œ � � œ Ê œ ! œ �1 2 1 2 1

8 15 8 15 8 15 8 15 8 15 8 15
5 5 5 5 5 5 6 6 3

1 1 1È È È È È Èw w� � � �
 c c , c y cos t sin t. The amplitude is CÊ œ � Ê œ œ � Ê œ � œ � �

8 15 15 8 15 15 8 15 15
5 3 6 72 6 5 72 5 6 722 1 2

1 1 1 1È È È È È ÈÊˆ ‰ Š ‹# #

 .œ
È159

72

 Second weight: x c cos t c sin t, x 0 , x 0 2 x c sin t c cos t; x 0œ � œ œ Ê œ � � œ3 4 3 4
159 159

72 72= = = = = =� � � � � �È Èw w

 c , x 0 2 c 2 c , c x cos t sin t. Since amplitude of secondÊ œ œ Ê œ Ê œ œ Ê œ �3 4 3 4
159 159 159

72 72 72
2 2È È Èw� � = = =
= =

 spring 2C 2 m mg 32œ Ê œ � Ê œ Ê œ œ Ê œ Ê œŠ ‹ Š ‹Ê ˆ ‰ ˆ ‰É ÉÈ È È È159 159
72 72 m m 192 192

2 48 48 k 12 53 53
53 53

# #

=
=

 8.8333 lbsœ

15. mg 16 m ; 16 k 4 k 4; 0 0 4y , y 0 5, y 0 r 4œ Ê œ œ † Ê œ œ Ê � † � œ ! œ ! œ Ê � œ !1 1 1
2 2 dt dt 2

d y dy 2$
2

2 � � � �w

 r 8 0 r 0 2 2i y e c cos 2 2 t c sin 2 2 t c cos 2 2 t c sin 2 2 tÊ � œ Ê œ „ Ê œ � œ �2 0 t
1 2 1 2

È È È È ÈŠ ‹†

 y 2 2 c sin 2 2 t 2 2 c cos 2 2 t; y 0 5 c 5 y 0 2 2 c 0 c 5, c 0Ê œ � � œ Ê œ ß ! œ Ê œ Ê œ œw wÈ È È È È� � � �1 2 1 2 1 2

 y t 5 cos 2 2 t. The amplitude is C 5 0 5Ê œ œ � œ� � È È # #

 y c cos 2 2 t c sin 2 2 t, y 0 5, y 0 v y 2 2 c sin 2 2 t 2 2 c cos 2 2 t; y 0 5 c 5œ � œ œ Ê œ � � œ Ê œ3 4 0 3 4 3
È È È È È È� � � � � �w w

 y 0 v 2 2 c v c 5, c y t 5 cos 2 2 t  sin 2 2 t, and the new amplitude is 2 5w� � � �È È Èœ Ê œ Ê œ œ Ê œ � †0 4 0 3 4
v v

2 2 2 2
0 0È È

 10 5 v 10 6 24.4949 Ê œ � Ê œ ¸Ê Š ‹ È#
#

v
2 2 0

ft
sec

0È

17.  decreases by 90% in 10 sec 10% remains e b ln 2b m$ $Ê Ê œ Ê œ � œ Ê œ Ê œ�10b 1 1 1 ln 10 ln 10
10 10 10 10 m 5

ˆ ‰ $

 period 2 sec 2 4 bœ Ê œ Ê œ Ê œ � œ � œ Ê œ2 4 ln 10 k
b b 10 100 m 100

100 ln 10 100 ln 101 1

= =

1 1È � � � �
# #

#

# #

# ## #

� �
# # # # # � �

= 1 1 ˆ ‰
 k m m m m y . When y  and y 2, thenœ Ê � � œ ! œ œ �

100 ln 10 100 ln 10
100 dt 5 dt 100 4

d y dyln 10 11 1
# ## #� � w� � � �2

2 ˆ ‰ Š ‹
 m m 2 m 1.5596 d y d y

dt 5 100 4 dt 5 400 sec
ln 10 1 2 ln 10 ft100 ln 10 100 ln 102 2

2 2� � � œ ! Ê œ � ¸ �ˆ ‰ ˆ ‰� � Š ‹1 1
# ## #

#

� �� � � �
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19. L , R 1, C , E t 0 1 q 0 q 0 2, q 0 4 r r 0œ œ œ œ Ê � † � œ ß œ œ Ê � � œ1 5 1 6 1 6
5 6 5 dt dt 5 5 5

d q dq� � � � � �#

#

w #

 r 5r 6 0 r 3 r 2 0 r 3 or r 2 q t c e c e q 3c e 2c eÊ � � œ Ê � � œ Ê œ � œ � Ê œ � Ê œ � �# � � w � �� �� � � � 1 2 1 2
3t 2t 3t 2t

 q 0 2 c c 2; q 0 4 3c 2c 4 c 8, c 10 q 8e 10e� � � �œ Ê � œ œ Ê � � œ Ê œ � œ Ê œ � �1 2 1 2 1 2
3t 2tw � �

 q 8e 10e 0lim lim
t t

3t 2t
Ä∞ Ä∞

� �œ � � œ� �

21. mg 16 m ; 16 k 4 k 4; 4.5; f t 4 e 4.5 4y 4 e , y 2, y 4œ Ê œ œ † Ê œ œ œ � Ê � � œ � ! œ ! œ16 1
32 2 dt dt

2t 2td y dy
$ � � � � � �� � w

2

2

 r 4.5r 4 0 r 9r 8 0 r 8 r 1 0 r 8 or r 1 y c e c e ;Ê � � œ Ê � � œ Ê � � œ Ê œ � œ � Ê œ �1
2 c 1 2

8t t# # � �� �� �
 y A Be y 2Be y 4Be 4Be 4.5 2Be 4 A Be 4 ep

2t 2t 2t 2t 2t 2t 2t
p p

1
2œ � Ê œ � Ê œ Ê � � � � œ �� w � ww � � � � �� � � � � �

 4A 3Be 4 e 4A 4, 3B 1 A 1, B y t c e c e 1 eÊ � œ � Ê œ � œ Ê œ œ � Ê œ � � �� � � � �2t 2t 8t t 2t1 1
3 31 2� �

 y 8c e c e e ; y 2 c c 2 c c , y 4 8c c 4Ê œ � � � ! œ Ê � � œ Ê � œ ! œ Ê � � � œw � � � w
1 2 1 2 1 2 1 2

8t t 2t2 2 4 2
3 3 3 3� � � �

 8c c c , c 2 y t e 2e 1 eÊ � � œ Ê œ � œ Ê œ � � � �1 2 1 2
10 2 2 1
3 3 3 3

8t t 2t� � � � �

23. m 2 mg 2 9.8 19.6; 19.6 k 1.96 k 10; 4; f t 20cos t 2 4 10y 20cos t,œ Ê œ œ œ † Ê œ œ œ Ê � � œ� � � �$
d y dy
dt dt

2

2

 y 2, y 3 2r 4r 10 0 r 1 2i y e c cos 2t c sin 2t� � � � � �! œ ! œ Ê � � œ Ê œ œ � „ Ê œ �w # �� „ �4 4 4 2 10
2 2 c 1 2

tÈ � �� �� �
2

 y Asin t Bcos t y Acos t Bsin t y Asin t Bcos tp p pœ � Ê œ � Ê œ � �w ww

 2 Asin t Bcos t 4 Acos t Bsin t 10 Asin t Bcos t 20cos tÊ � � � � � � œ� � � � � �
 8A 4B sin t 4A 8B cos t 20cos t 8A 4B 0, 4A 8B 20 A 1, B 2Ê � � � œ Ê � œ � œ Ê œ œ� � � �
 y t e c cos 2t c sin 2t sin t 2cos t y e c 2c cos 2t 2c c sin 2t cos t 2sin t;Ê œ � � � Ê œ � � � � � � �� � � � � �� � � �� w �t t

1 2 1 2 1 2

 y 2 c 2 2, y 3 c 2c 1 3 c 0, c 2c 2 c 0, c 1� � � �! œ Ê � œ ! œ Ê � � � œ Ê œ � � œ Ê œ œ1 1 2 1 1 2 1 2
w

 y t e sin 2t sin t 2cos t; y 2 2 m above equilibriumÊ œ � � œ � Ê� � � ��t 1

25. L 10, R 10, C , E t 100 10 10 500q 100 q 0 10, q 0 0 10r 10r 500 0œ œ œ œ Ê � � œ ß œ œ Ê � � œ1
500 dt dt

d q dq� � � � � �#

#

w #

 r r 50 0 r i q e c cos t c sin tÊ � � œ Ê œ œ � „ Ê œ �# �� „ �1 1 4 1 50
2 1 2 2 2 2

1 199 199 199
c 1 2

tÈ È È È� �� �� �
2 1

2 Š ‹
 q A q 0 q 0 10 0 10 0 500A 100 500A 100 Ap p p

1
5œ Ê œ Ê œ Ê � � œ Ê œ Ê œw ww � � � �

 q t e c cos t c sin t q e c c cos t c c sin tÊ œ � � Ê œ � � � � �� � Š ‹ ’ “Š ‹ Š ‹� w �1 1
2 2t t

1 2 1 2 1 2
199 199 199 199 199 199
2 2 5 2 2 2 2 2 2

1 1 1È È È È È È

 q 0 10 c 10 c , q 0 0 c c 0 c , c� � � �œ Ê � œ Ê œ œ Ê � � œ Ê œ œ1 1 1 2 1 2
1 49 1 49
5 5 2 2 5 995

199 49 199w È È
 q t e cos t sin tÊ œ � �� � Š ‹� 1

2 t 49 1
5 2 995 2 5

199 49 199 199È È È

17.4  EULER EQUATIONS

 1. x y 2x y 2y 0 r 2 1 r 2 0 r r 2 0 r 1 r 2 0 r 1 or r 2# ww w� � œ Ê � � � œ Ê � � œ Ê � � œ Ê œ œ �2 2� � � �� �
 y c e c e c e c e y c xÊ œ � œ � Ê œ �1 2 1 2 1

z 2z ln x 2ln x c
x

� � 2
#

 3. x y 6y 0 r 0 1 r 6 0 r r 6 0 r 3 r 2 0 r 3 or r 2# ww � œ Ê � � � œ Ê � � œ Ê � � œ Ê œ œ �2 2� � � �� �
 y c e c e c e c e y c xÊ œ � œ � Ê œ �1 2 1 2 1

3z 2z 3ln x 2ln x 3 c
x

� � 2
#

 5. x y 5x y 8y 0 r 5 1 r 8 0 r 6r 8 0 r 4 r 2 0 r 4 or r 2# ww w� � œ Ê � � � � œ Ê � � œ Ê � � œ Ê œ œ2 2� � � �� �
 y c e c e c e c e y c x c xÊ œ � œ � Ê œ �1 2 1 2 1 2

4z 2z 4ln x 2ln x % #

 7. 3x y 4x y 0 3r 4 3 r 0 3r r 0 r 3r 1 0 r 0 or r y c e c e# ww w † �� œ Ê � � œ Ê � œ Ê � œ Ê œ œ � Ê œ �2 2 0 z z1
3 1 2� � � � 1

3

 c e c e y cœ � Ê œ �1 2 1
0 ln x ln x c

x
† � 1

3 2
3È
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 9. x y x y y 0 r 1 1 r 1 0 r 2r 1 0 r 1 0 r 1, repeated twice# ww w #
� � œ Ê � � � � œ Ê � � œ Ê � œ Ê œ2 2� � � �

 y c e c z e c e c ln x e y c x c x ln xÊ œ � œ � Ê œ �1 2 1 2 1 2
z z ln x ln x

11. x y x y 5y 0 r 1 1 r 5 0 r 2r 5 0 r 1 2i# ww w � � „ � �
� � œ Ê � � � � œ Ê � � œ Ê œ œ „2 2 2 2 4 1 5

2 1� � � � � � � �� �É
� �

2

 y e c cos 2z c sin 2z e c cos 2 ln x c sin 2 ln x y x c cos 2 ln x c sin 2 ln xÊ œ � œ � Ê œ �z ln x
1 2 1 2 1 2� � � � � �� � � � � � � �

13. x y 3x y 10y 0 r 3 1 r 10 0 r 2r 10 0 r 1 3i# ww w � „ �
� � œ Ê � � � œ Ê � � œ Ê œ œ � „2 2 2 2 4 1 10

2 1� � É� � � �� �� �
2
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17.5  POWER-SERIES SOLUTIONS
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