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PREFACE TO THE INSTRUCTOR

This Instructor's Solutions Manual contains the solutions to every exercise in the 12th Edition of THOMAS' CALCULUS
by Maurice Weir and Joel Hass, including the Computer Algebra System (CAS) exercises. The corresponding Student's
Solutions Manual omits the solutions to the even-numbered exercises as well as the solutions to the CAS exercises (because
the CAS command templates would give them all away).

In addition to including the solutions to all of the new exercises in this edition of Thomas, we have carefully revised or
rewritten every solution which appeared in previous solutions manuals to ensure that each solution

e conforms exactly to the methods, procedures and steps presented in the text
is mathematically correct
includes all of the steps necessary so a typical calculus student can follow the logical argument and algebra
includes a graph or figure whenever called for by the exercise, or if needed to help with the explanation
is formatted in an appropriate style to aid in its understanding

Every CAS exercise is solved in both the MAPLE and MATHEMATICA computer algebra systems. A template showing
an example of the CAS commands needed to execute the solution is provided for each exercise type. Similar exercises within
the text grouping require a change only in the input function or other numerical input parameters associated with the problem
(such as the interval endpoints or the number of iterations).

For more information about other resources available with Thomas' Calculus, visit http://pearsonhighered.com.



TABLE OF CONTENTS

Functions 1

1.1  Functions and Their Graphs 1
1.2 Combining Functions; Shifting and Scaling Graphs 8
1.3 Trigonometric Functions 19
1.4 Graphing with Calculators and Computers 26
Practice Exercises 30
Additional and Advanced Exercises 38

Limits and Continuity 43

2.1 Rates of Change and Tangents to Curves 43

2.2 Limit of a Function and Limit Laws 46

2.3 The Precise Definition of a Limit 55

2.4 One-Sided Limits 63

2.5 Continuity 67

2.6 Limits Involving Infinity; Asymptotes of Graphs 73
Practice Exercises 82
Additional and Advanced Exercises 86

Differentiation 93

3.1 Tangents and the Derivative at a Point 93
3.2 The Derivative as a Function 99
3.3 Differentiation Rules 109
3.4 The Derivative as a Rate of Change 114
3.5 Derivatives of Trigonometric Functions 120
3.6 The Chain Rule 127
3.7 Implicit Differentiation 135
3.8 Related Rates 142
3.9 Linearizations and Differentials 146
Practice Exercises 151
Additional and Advanced Exercises 162

Appl|cat|ons of Derivatives 167
Extreme Values of Functions 167
4.2 The Mean Value Theorem 179
4.3  Monotonic Functions and the First Derivative Test 188
4.4 Concavity and Curve Sketching 196
4.5 Applied Optimization 216
4.6 Newton's Method 229
4.7 Antiderivatives 233
Practice Exercises 239
Additional and Advanced Exercises 251

Integratlon 257

Area and Estimating with Finite Sums 257
5.2 Sigma Notation and Limits of Finite Sums 262
5.3 The Definite Integral 268
5.4 The Fundamental Theorem of Calculus 282
5.5 Indefinite Integrals and the Substitution Rule 290
5.6  Substitution and Area Between Curves 296
Practice Exercises 310
Additional and Advanced Exercises 320



10

Appllcatlons of Definite Integrals 327

6.2
6.3
6.4
6.5
6.6

Volumes Using Cross-Sections 327
Volumes Using Cylindrical Shells 337
Arc Lengths 347

Areas of Surfaces of Revolution 353
Work and Fluid Forces 358

Moments and Centers of Mass 365
Practice Exercises 376

Additional and Advanced Exercises 384

Transcendental Functions 389

7.1
7.2
7.3
7.4
7.5
7.6
1.7
7.8

Inverse Functions and Their Derivatives 389

Natural Logarithms 396

Exponential Functions 403

Exponential Change and Separable Differential Equations 414
Indeterminate Forms and L'HOpital's Rule 418

Inverse Trigonometric Functions 425

Hyperbolic Functions 436

Relative Rates of Growth 443

Practice Exercises 447

Additional and Advanced Exercises 458

Techniques of Integration 461

8.1
8.2
8.3
8.4
8.5
8.6
8.7

Integration by Parts 461

Trigonometric Integrals 471

Trigonometric Substitutions 478

Integration of Rational Functions by Partial Fractions 484
Integral Tables and Computer Algebra Systems 491
Numerical Integration 502

Improper Integrals 510

Practice Exercises 518

Additional and Advanced Exercises 528

First-Order Differential Equations 537

9.1
9.2
9.3
9.4
9.5

Solutions, Slope Fields and Euler's Method 537
First-Order Linear Equations 543

Applications 546

Graphical Solutions of Autonomous Equations 549
Systems of Equations and Phase Planes 557
Practice Exercises 562

Additional and Advanced Exercises 567

Infinite Sequences and Series 569

10.1
10.2
10.3
10.4
10.5
10.6
10.7
10.8
10.9

Sequences 569

Infinite Series 577

The Integral Test 583

Comparison Tests 590

The Ratio and Root Tests 597

Alternating Series, Absolute and Conditional Convergence 602
Power Series 608

Taylor and Maclaurin Series 617

Convergence of Taylor Series 621

10.10 The Binomial Series and Applications of Taylor Series 627

Practice Exercises 634
Additional and Advanced Exercises 642



TABLE OF CONTENTS

10 Infinite Sequences and Series 569

10.1 Sequences 569

10.2 Infinite Series 577

10.3 The Integral Test 583

10.4 Comparison Tests 590

10.5 The Ratio and Root Tests 597

10.6 Alternating Series, Absolute and Conditional Convergence 602

10.7 Power Series 608

10.8 Taylor and Maclaurin Series 617

10.9 Convergence of Taylor Series 621

10.10 The Binomial Series and Applications of Taylor Series 627
Practice Exercises 634
Additional and Advanced Exercises 642

11 Parametric Equations and Polar Coordinates 647

11.1 Parametrizations of Plane Curves 647
11.2 Calculus with Parametric Curves 654
11.3 Polar Coordinates 662
11.4 Graphing in Polar Coordinates 667
11.5 Areas and Lengths in Polar Coordinates 674
11.6 Conic Sections 679
11.7 Conics in Polar Coordinates 689
Practice Exercises 699
Additional and Advanced Exercises 709

12 Vectors and the Geometry of Space 715
12.1  Three-Dimensional Coordinate Systems 715
12.2  Vectors 718
12.3  The Dot Product 723
124 The Cross Product 728
12.5 Lines and Planes in Space 734
12.6  Cylinders and Quadric Surfaces 741
Practice Exercises 746
Additional Exercises 754

13 Vector-Valued Functions and Motion in Space 759

13.1  Curves in Space and Their Tangents 759
13.2  Integrals of Vector Functions; Projectile Motion 764
13.3  Arc Length in Space 770
13.4  Curvature and Normal Vectors of a Curve 773
13.5 Tangential and Normal Components of Acceleration 778
13.6  Velocity and Acceleration in Polar Coordinates 784
Practice Exercises 785
Additional Exercises 791

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



14 Partial Derivatives 795

14.1 Functions of Several Variables 795

142 Limits and Continuity in Higher Dimensions 804

14.3  Partial Derivatives 810

14.4  The Chain Rule 816

14.5 Directional Derivatives and Gradient Vectors 824

14.6  Tangent Planes and Differentials 829

14.7  Extreme Values and Saddle Points 836

14.8  Lagrange Multipliers 849

14.9 Taylor's Formula for Two Variables 857

14.10 Partial Derivatives with Constrained Variables 859
Practice Exercises 862
Additional Exercises 876

15 Multiple Integrals 881

15.1 Double and Iterated Integrals over Rectangles 881
15.2 Double Integrals over General Regions 882
15.3  Area by Double Integration 896
15.4  Double Integrals in Polar Form 900
15.5 Triple Integrals in Rectangular Coordinates 904
15.6 Moments and Centers of Mass 909
15.7  Triple Integrals in Cylindrical and Spherical Coordinates 914
15.8  Substitutions in Multiple Integrals 922
Practice Exercises 927
Additional Exercises 933

16 Integration in Vector Fields 939

16.1 Line Integrals 939
16.2  Vector Fields and Line Integrals; Work, Circulation, and Flux 944
16.3  Path Independence, Potential Functions, and Conservative Fields 952
16.4  Green's Theorem in the Plane 957
16.5 Surfaces and Area 963
16.6  Surface Integrals 972
16.7  Stokes's Theorem 980
16.8  The Divergence Theorem and a Unified Theory 984
Practice Exercises 989
Additional Exercises 997

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



CHAPTER 1 FUNCTIONS

1.1 FUNCTIONS AND THEIR GRAPHS

11.

12.

13.

14.

domain = (—o0, 00); range = [1, c0) 2. domain = [0, c0); range = (—o0, 1]
domain = [-2,00); y inrange andy = 4/5x + 10 0 = y can be any positive real number = range = [0, c0).
domain = (—00,0] U [3, 0); y inrange and y = v/x2 — 3x 0 = y can be any positive real number = range = [0, o).

domain = (—00,3) U (3, 00); y in range and y = nowift<3 =3 —t>0= ﬁ > 0,orift >3

4
3-v
=3 — t < 0= 375 < 0=y can be any nonzero real number = range = (—o0, 0) U (0, c0).
domain = (—oo0, —4) U (—4, 4) U (4, 00); y in range and y = ﬁ, nowift< —4 =1t — 16> 0= ﬁ > 0, or if

—4<t<4=-16< - 16<0= -2 < 72 <0,0rift >4 = — 16 > 0= 52, > 0=y canbeany

nonzero real number = range = (—oo, —g] U (0, 00).

(a) Not the graph of a function of x since it fails the vertical line test.
(b) Is the graph of a function of x since any vertical line intersects the graph at most once.

(a) Not the graph of a function of x since it fails the vertical line test.
(b) Not the graph of a function of x since it fails the vertical line test.

base = x; (height)? 4 (%)2 =x?> = height = ? x; area is a(x) = 3 (base)(height) = 1 (x) (%x) = \/TE x%;

perimeter is p(x) = X + X + x = 3x.

. s =sidelength = s +s>=d> = s:%;andareaisa:s2 = a=d’

Let D = diagonal length of a face of the cube and ¢ = the length of an edge. Then (2 + D? = d? and
3/2

D2=202 = 32=¢@2 = (= dg . The surface area is 6¢2 = 67‘12 = 2d? and the volume is £3 = (%) = % )

S

The coordinates of P are (x, \/;) so the slope of the line joining P to the origin is m = Vx % (x > 0). Thus,

(x VX)) = (s )

2X+4y:5:>y:—%x+%;L:\/(X—O)Z—i—(y—O)z:\/x2+(—%x+%)2:\/xz—i—%xz—%x—i—%

— /552 _ 3 25 _ /20x2—20x+25 _ \/20x2—20x +25
= \/4X Xt = \/ 16 = 3

y=Vx=3=y +3=xL=/(x-42+(-02=/(?+3-42+y2=/(y> - 1)2 +y?
=V -2yt Ly =y -y 4]

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



2 Chapter 1 Functions

15. The domain is (—o0, 00). 16. The domain is (—o0, 00).

y y

st
Ny 12
i f(%\z_

AN\ f@=5-2

3 ) I 1
E— AN -
ok ok
41
17. The domain is (—o0, 00). 18. The domain is (—oo, 0].
sk
8(-\')=\/: 2+
Wk
BT Tm i
1+
19. The domain is (—oo, 0) U (0, 00). 20. The domain is (—oo, 0) U (0, co).
y G(t)

L L
-4 -3-2-1 1 2 3 4 G(t)=l
> I

21. The domain is (—oo, —5) U (=5, =3] U [3,5) U (5, 00) 22. The range is [2, 3).

23. Neither graph passes the vertical line test
() (b)

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Section 1.1 Functions and Their Graphs

24. Neither graph passes the vertical line test
(a) (b)

/! | NN

x+y=1 y=1-x
x+yl=1<¢« or = or
x+y=-1 y=-1-—x
25. | x |01 26. |x [0 12 ,
ylO[1]O0 y |1 0 1
1\‘\
. 1 7: IO Il " 1 > 1
B _ I-x, 0<x<1
- )_{2-,‘, l<x<2
27 Fx) = { 47X x<1 28 G(x) = { ¥ X <0
' Tl x2P42x x> 1 ’ T lx 0<x
y y
4\/y=x2+2x r3
B -2
i F1
i 2 L
1 I_ 1 i 1 1 X 1 2 3 X
- F-1
y=4-x I 2 ‘={% x<0
- -_3 x, 0<x

29. (a) Line through (0, 0) and (1, 1): y = x; Line through (1, 1) and (2, 0): y = —x + 2
x, 0<x<1
f(X)_{x+2, 1<x<2
, 0<x«1

2
0, 1<x<2
® =92 2<x<3
0

, 3<x<14

30. (a) Line through (0, 2) and (2, 0):y = —x +2
Line through (2, 1) and (5, 0):m = 3= = =l = —f,soy = —3(x —2) + 1= —3x + 3
fx) — x4+ 2, 0<x<2
() = —%x—i—g, 2<x<5
(b)ljneunough(—1,o)and(0,—3)nn:=(;i:% = -3,50y=—-3x—3
Line through (0, 3) and (2, —1):m= =}=2 = 5! = -2, s0y = —2x + 3
fx) = -3x—-3, -1 <x<0
1l —2x+3, 0<x<2

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



31.

32.

33.

34.

35.

36.

Chapter 1 Functions

(a) Line through (—1, 1) and (0, 0): y = —x

Line through (0, 1) and (1, 1):y =1

Line through (1, 1) and (3, 0):m = 3= = 5 = —J,soy = —3(x = 1) + 1 = —3x + 3
—X -1<x<0
f(x) = 1 0<x<1
—Ix+3 1<x<3
(b) Line through (=2, —1) and (0, 0): y = 1x 1x —2<x<0
Line through (0, 2) and (1, 0): y = —2x + 2 fix) =9 —2x+2  0<x<1
-1 1<x<3

Line through (1, —1) and (3, —1):y = —1

(a) Line through (3, 0) and (T, 1): m = 20~ =

T—(T/2) —
0,0<x<T
f()=4, g 2
Tx71,§<x§T
A, 0<x<I
A, T<x<«T

b) f(x) = T2

®) flx) A, T<x<3
—A, L <x<oT

(@) |x] =0forx e [0,1)

|x] = [x] only when x is an integer.

%)+0:%x71

(b) [x] =0forx e (—1,0]

For any real number x, n < x < n+ 1, where n is an integer. Now: n <x <n+1= —(n+1) < —x < —n. By

definition: [—x] = —nand |x] =n = —|x| = —n. So [—X]

To find f(x) you delete the decimal or
fractional portion of x, leaving only
the integer part.

= —|x] forall x € R.

y
3 *—0
2 *—0
1 *——20
0. 0.
-3 -2 -1 T 2 3 X
o—=e -1
x], x>0
o0—=e -2+ f(x)=
[xT, x <0
o—e -3

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Section 1.1 Functions and Their Graphs

37. Symmetric about the origin 38. Symmetric about the y-axis
Dec: —00 < X < © Dec: —co <x <0
Inc: nowhere Inc: 0 < x < @
y Y
2
2 y=—x3 % x
1 1 1 1 1 1 x
-2 2
,2 -
39. Symmetric about the origin 40. Symmetric about the y-axis
Dec: nowhere Dec: 0 < x < o0
Inc: —co<x <0 Inc: —co<x <0
0<x <o
Y
3-
2
R
1
; 3 x
1
41. Symmetric about the y-axis 42. No symmetry
Dec: —co <x <0 Dec: —co <x <0
Inc: 0 < x < 0 Inc: nowhere

-1

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



6 Chapter 1 Functions

43. Symmetric about the origin 44. No symmetry
Dec: nowhere Dec: 0 <x <
Inc: —oc0 < x < 0 Inc: nowhere

y Y

45. No symmetry 46. Symmetric about the y-axis
Dec: 0 <x < o0 Dec: —co <x <0
Inc: nowhere Inc: 0 < x < o0
y y

2 =
2/3
y=(=x)

.\,_
=k
- |
o |

8 6 4 2

47. Since a horizontal line not through the origin is symmetric with respect to the y-axis, but not with respect to the origin, the
function is even.

48. f(x) =x % = Land f(—x) = (—x)° = —; = — (%) = —f(x). Thus the function is odd.

49. Since f(x) = x> + 1 = (—x)* + 1 = —f(x). The function is even.

50. Since [f(x) = x? + x] # [f(—x) = (—x)* — x] and [f(x) = x? 4 x] # [~f(x) = —(x)? — x] the function is neither even nor
odd.

51. Since g(x) = x* + x, g(—x) = —x* —x = —(x3 + x) = —g(x). So the function is odd.
52. g(x) = x' 4+ 3x2 —1 = (—x)* 4+ 3(—x)* — 1 = g(—x), thus the function is even.

53. g(x) = o5 = —4— = g(—x). Thus the function is even.

54. g(x) = Z*7: g(—x) = =27 = —g(x). So the function is odd.

55. h(t) = 155 h(—t) = =1; —h(t) = 1. Since h(t) # —h(t) and h(t) # h(—t), the function is neither even nor odd.

56. Since | 3] = | (—t)*], h(t) = h(—t) and the function is even.

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

Section 1.1 Functions and Their Graphs

h(t) =2t + 1, h(—t) = =2t + 1. So h(t) # h(—t). —h(t) = —2t — 1, so h(t) # —h(t). The function is neither even nor
odd.

h(t) =2|t| + 1 and h(—t) = 2| —t| + 1 = 2|t| 4+ 1. So h(t) = h(—t) and the function is even.
s=kt=25=k(75) = k=1 =s=1t60 = jt=t=180

K =cv? = 12960 = c(18)> = ¢ = 40 = K = 40v2; K = 40(10)* = 4000 joules

=6=f=k=2=r=210=2=s=1

k 12
s s S 5

r = -

P=1%= 147 = 5% = k= 14700 = P = 14000, 23 4 — 19700 — vy — 2890 ~ 628.2 in’

v =1f(x) = x(14 — 2x)(22 — 2x) = 4x* — 72x> + 308x; 0 < x < 7.

(a) Leth = height of the triangle. Since the triangle is isosceles, AB 2 + AB2 =22 = AB = /2. So,
2
h? + 12 = (\/E) —h =1= Bisat (0, 1) = slope of AB = —1 = The equation of AB is

y=1f(x) = —x+1;x € [0, 1].
(b) A(x) =2xy =2x(—x+1) = -2x>+2x;x € [0, 1].

(a) Graph h because it is an even function and rises less rapidly than does Graph g.
(b) Graph f because it is an odd function.
(c) Graph g because it is an even function and rises more rapidly than does Graph h.

(a) Graph f because it is linear.
(b) Graph g because it contains (0, 1).
(c) Graph h because it is a nonlinear odd function.

(a) Fromthe graph, 3 > 1+ 1 = x € (=2,0)U(4,00) y
4 4
b 3>+ =35-1-:>0
. 4 2_2x—8 x=H(x+2)
x>0 3-1-7>0= =52 >0 = 2= >0 - 1e
= X > 4 since x is positive; X
Xx<0 $-1-450= 528 o0 o D flx) = %
= X < —2 since X is negative; (4.2) .
sign of (x — 4)(x + 2) 4
\
+ _ + ey
-2 4 ’
Solution interval: (—2,0) U (4, c0)
g(x) = ‘I+%
|

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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68.

69.

70.

71.

72.

1.2

Chapter 1 Functions

(a) From the graph, 2~ < m = X € (—00,-5U(-1,1) o/
(b) Casex < —1: —<H—1 = 3()z”'l)>2 \
- H H f(x) =3/(x-1)

= 3X+3<2x—2 = x< 5.
Thus, x € (—o00, —5) solves the inequality.

Case —1 <x<l: 2 <X = ¥V 9
= 3x+3>2x—2 = X > —5 whichis true
if x > —1. Thus, x € (—1, 1) solves the
inequality.

Case 1 < x: x_<x+_l = 3x+3<2x—-2 = x< -5
which is never true if 1 < X, so no solution here.

f(XE) =3/(x-1)

In conclusion, x € (—oo, —=5)U (—1,1).

A curve symmetric about the x-axis will not pass the vertical line test because the points (x, y) and (x, —y) lie on the same
vertical line. The graph of the function y = f(x) = 0 is the x-axis, a horizontal line for which there is a single y-value, 0,

for any x.

price = 40 + 5x, quantity = 300 — 25x = R(x) = (40 + 5x)(300 — 25x)

X 32 =P = x = by = Y cost = 5(2x) + 10h = C(h) = 10(¥3%) + 10h = 5h(v/2 +2)

2

(a) Note that 2 mi = 10,560 ft, so there are \/ 8002 + x?2 feet of river cable at $180 per foot and (10,560 — x) feet of land
cable at $100 per foot. The cost is C(x) = 1804/8002 + x2 + 100(10,560 — x).
(b) C(0) = $1,200, 000
C(500) ~ $1,175,812
C(1000) ~ $1,186,512
(1500) ~ $1,212,000
(2000) ~ $1, 243,732
C(2500) ~ $1,278,479
C(3000) ~ $1, 314,870
Values beyond this are all larger. It would appear that the least expensive location is less than 2000 feet from the

aQ

point P.
COMBINING FUNCTIONS; SHIFTING AND SCALING GRAPHS
Di: —oo<x<00,Dy: x 1 = Dy, =Dg: x 1Rt —co<y<oo,Riiy O, Ryety LRyy O

Di: x+1 0=x —-1,Di:x—-1 0 = x 1. Therefore D;,, = Dy,: x 1.
Ri=R;:y ORu:y \/E,ng: y O

Ds: —00 <X < 00,D,: —00 <X <00, Dyt —00 <X <00,Dgp: —00<x <00, Re: y=2,R,: 'y 1,
Ryt 0<y<2,Ryy: 3<y<oo

Di: —00<x<00,Dy: x 0,Dpt x 0,Dye: x O;Ri: y=1,R,: y 1,Rf/g:0<y§1,Rg/f:1§y<oo

(a) 2 (b) 22 (c) x2+2
(d x+52-3=x2+10x+22 (e) 5 6 -2
(g x+10 (h) x2-32-3=x-6x2+46

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Section 1.2 Combining Functions; Shifting and Scaling Graphs

— 1= =

) 2 © &

x+1
d) 1 © 0 ® 3
(8 x— (h) ﬁZé:ﬁ%
7. (fogoh)(x) = f(g(h(x))) = f(g(4 — x)) =f(3(4 —x)) =f(12 —3x) = (12— 3x) + 1 = 13 — 3x
8. (fogoh)(x) = f(g(h(x))) = f(g(x?)) = f(2(x?) — 1) = f{(2x®> — 1) = 3(2x> — 1) + 4 = 6x>+1
9. (fogoh)(x) = flg(h(x))) = 1(2(})) = () = f(i2w) = /i3 + 1= /355
10. (fogoh)(x) = fe(h(x))) = £(e(V2—x)) = f( : <;;;)H) i3z = B2 -
11. (a) (fog)(x) (®) (jog)(x) (©) (gog)(x)
(@) (joj)(x) (e) (gohof)(x) (f) (hojof )(x)
12. (a) (foj)(x) (b) (goh)(x) (¢) (hoh)(x)
(d) (fof)(x (€ (jogef)(x) () (gofoh)(x)
13. g(x) f(x) (fog)(x)
(@ x-—7 VX Vx—17
b x+4+2 3x 3x+2)=3x+6
© x? Vx—35 x2—5
d =5 e Tilix ooy = X
e L 1+1 X
o : :
14. (@) (fog)(x) = | x| =
(b) (fog)(x) = x :x+1:>1_$:x+1:>1_in:ix)éxi1:$’sog(x):x+l'
(c) Since (fog)(X) = Vex) = [x], g(x) = x*.
(d) Since (fog)(x) = f(1/x) = |x|, f(x) = x2. (Note that the domain of the composite is [0, c0).)
The completed table is shown. Note that the absolute value sign in part (d) is optional.
g(x) f(x) (fog)(x)
= x| =
x+1 X;I xil
% NG A
NG < x|
15. (a) fg(—1)) =1(1) =1 (b) g(f(0)) = g(=2) =2 (©) f(f(=1)) =f(0) = -2
(d) g(g(2)) =2(0)=0 (e g(f(=2)) =g(1) = -1 @ fg(1)) =f(=1)=0
16. (a) f(g(0)) =f(—1)=2—(—1) =3, whereg(0)=0—1=—1
() g(f(3))=g(-1)=—(-1)=1,where f(3) =2 -3 = —1
© glg(=1) =g(1) =1-1=0,where g(~1) = —(-1) =

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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17.

18.

19.

20.

21.

22.

23.

24,

25.

27.

Chapter 1 Functions

(d)
(e) g(f(0))=g(2)=2—1=1,wheref(0)=2-0=
 te(2)) =1(-5) =2~ (-1) = 5. where (1) =

(@) (fog)(x) = f(g(x)) =

X+
(b) Domain (fog): (—oo, —1] U (0, c0), domain (gof):
(c) Range (fog): (1, c0), range (gof): (0, o)

(@ (fog)(x) =f(g(x)) = 1 - 2¢/x +x
(gof)(x) = g(f(x)) = 1 = [x|

(b) Domain (fog): [0, co), domain (gof): (—o0, )
(c) Range (fog): (0, ), range (gof): (—oo, 1]

gx)
g(x) -2

“x = g(x) = -2 =2

(fog)(x) = x = flg(x)) = x =
= g(x) —x-g(x) =

(fog)(x) = x +2 = f(g(x)) = x+2 = 2(g(x)’ —4 =x+2 = (g(x))

@ y=—-x+7)?
(@ y=x*>+3
(a) Position 4

(b) Position 1

@ y=-x—1%2+4 O y=-x+2>+3

x+2)2+ @ +3)2=49

Y 3
y+l=@x+1)
y=x3

f(f(2)) = f(0) =2 — 0 =2, where f(2) =2 —2 =0

(=1, 00)

(b) y = —(x — 4

(b) y=x*-5

(c) Position 2

€ y=—-x+4?%-1

26.

(x+4°+(y-37=25
8

()

(d)

28.

Position 3

y=—(x—2)

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



29.

31.

33.

35.

37.

39.

-0.81 1 4

Yoy=2x
7
y=2x-17
x
/2
-7
y

Y
2
y=\x+4
-4 0

Section 1.2 Combining Functions; Shifting and Scaling Graphs

30. _
y
05
~05p,
_1_
-15|
42_
25|
_3_
32.
y
_\’+5=%(x—l+l)+5
L 6~ oL
y= 2(x+l)+§/ ory= 7X
et
s 2|
. 1 1 1 1 1 1 X
15 5 - 25 5 15
2F
4+
6
34.
¥
|
Hh
'_‘5
H
(AN
14
(N
:
k]
[N
oy,
L 1
Y=
;L y
.
.l L-J-1 |l § 1 x
6 -4 \| 2 4 o
re~——
1
y+1=
’ (x +2)? 2
36.
38.
-1
40.

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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41.

43.

45.

47.

49.

51.

Chapter 1 Functions

y
y=(x+1)2/3
1 1 1
3 2 -l o| T
y
1
/ 0 \ )
-1
yo1-x23
y=\l3x—1—1
1 1 5
1 2 3
1,-1
y
|
2 F : Ve 1
! x-2
1k |
I
1 : 1 1
. x
9 1 2 3 4
\
-1} :
I
-2+ i
|
y
; \\
__________ 2____________
1
=—+2
1 y
1 1 1 1 1 1 x
-3 2 - \‘o 1 2 3
y
4
3
2
1
X
-1 0

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.

42.
y
y=(x—8)2/3
2
1 1 1 1 x
5 810 15 20
2
44.
y
2_
1 1 1 1
4 2 2 s "
,2_
) y+4=x23
,6_
46.
y
X
48.
y
o 1
all y=1-2
2
1 1 1 1 x
4 2 | i
50.
y
i L
! 1
| Y x+2
:
: L
1 | i .
) 2 i
T 22k
:
e
.61
|
|
52.
y
1
1
y=—0-1
- -‘2
1 1 o 1 1 x
=T 2 1] Z T
,5_
,10_




53.

= N W s W

55. (a) domain: [0,2]; range: [2, 3]

y

nl
m=f(x)+2
2

1+

0 1 2 3 4

(¢) domain: [0, 2]; range: [0, 2]

y

y=2f(x)

1 1

0 1 2 3

() domain: [—2,0]; range: [0, 1]

y=fx+2)

-2 -1 0

(g) domain: [—2,0]; range: [0, 1]

y

2+

y=fx)

-2 -1 0

X

X

Section 1.2 Combining Functions; Shifting and Scaling Graphs

54.

o/\z ¥
-1
(d) domain: [0,2]; range: [—1,0]

y

1+

—1F

(f) domain: [1,3]; range: [0, 1]

y
2_
y=fx-1)
1.—
/\ R
0 1 2 3

(h) domain: [—1,1]; range: [0, 1]

y=—fx+1)+1

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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14 Chapter 1 Functions

56. (a) domain: [0,4]; range: [—3,0] (b) domain: [—4,0]; range: [0, 3]
y=8(n |
A 3r
3k !
—4 y=-g0) 0
(¢) domain: [—4,0]; range: [0, 3] (d) domain: [—4,0]; range: [1,4]

y y

y=gn+3

1 t 1 1 t

= o 4 2
(e) domain: [2,4]; range: [—3,0] (f) domain: [—2,2]; range: [—3,0]
. y=g(-1+2) | ) y=g(t-2) |
2 6 ! =2 d
3+ =3
(g) domain: [1,5]; range: [—3,0] (h) domain: [0,4]; range: [0, 3]
y y
A
3
1 5 t
y=-g(t-4)
-t
-3 0 2 4
57. y=3x2-3 58. y=(2x)? =1 =4x2 — 1
_1 1y _ 1 1 _ 1 9
59.y=311+%)=31+% 60. y=1+ o =1+3

6l. y=+4x+1 62. y=3y/x+1
63. y=1/4—(3)" =116 —x? 64. y=1/4—x?

65. y=1-(3x)> =1—27x% 6. y=1—(3)"=1-

ol

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



67.

68.

69.

70.

71.

Section 1.2 Combining Functions; Shifting and Scaling Graphs

Lety = —/2x + 1 = f(x) and let g(x) = x!/2,
h(x) = (x+ %)1/2, i(x) = \/§(X + %)1/2, and
jx)=— {\/g(x + %)1/2} = f(z). The graph of
h(x) is the graph of g(x) shifted left § unit; the
graph of i(x) is the graph of h(x) stretched

vertically by a factor of \/5; and the graph of
j(x) = f(x) is the graph of i(x) reflected across
the x-axis.

Lety = /1 — 5 =f(x). Let g(x) = (fx)l/z,
h(x) = (—x + 2)"/% andi(x) = (=% + 2)1/2
= /1 — 3 = f(x). The graph of g(x) is the
graph of y = \/; reflected across the x-axis.
The graph of h(x) is the graph of g(x) shifted
right two units. And the graph of i(x) is the
graph of h(x) compressed vertically by a factor

of \/5

y = f(x) = x>. Shift f(x) one unit right followed by a
shift two units up to get g(x) = (x —1)° + 2.

y=(1-2)"+2=—[(x—1)" + (-2)] = f(x).
Letg(x) = x> h(x) = (x — 1)°,i(x) = (x — 1)’ + (-2),
and j(x) = —[(x — 1)® + (—2)]. The graph of h(x) is the
graph of g(x) shifted right one unit; the graph of i(x) is
the graph of h(x) shifted down two units; and the graph
of f(x) is the graph of i(x) reflected across the x-axis.

Compress the graph of f(x) = % horizontally by a factor
of 2 to get g(x) = 5. Then shift g(x) vertically down 1
unit to get h(x) = - — 1.

10
L y=(-x)P+2

1 1 1 1 ™, 1 x
3 2 - I 2\3
,5_

7]0_

y

4t

3 1

y=5--1

) 2

1
1 1 1 1 1 1 1 1
432 =2 3 4 ~

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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16 Chapter 1 Functions

72. Letf(x) = L and g(x) = 3 +1 = ﬁ +1
2
1 1 :
=-———+1=——-=+1. Since
(v2) [(1/v2)]
\/5 ~ 1.4, we see that the graph of f(x) stretched
horizontally by a factor of 1.4 and shifted up 1 unit

is the graph of g(x).

-2 -1 1 2
73. Reflect the graph of y = f(x) = /X across the x-axis
y
t t = —/x.
0 get g(x) = —v/x Al
3L
2L
1L
 ERNEEER
1R
2k y:—%/;
3k
4}

74,y = 1(0) = (~20)7° = [(~ 1))
= (=1)"3(2x)® = (2x)*/%. So the graph

of f(x) is the graph of g(x) = x*/3compressed
horizontally by a factor of 2.
75. 76.
y
- 3
1k
77. 92425y =225 = 5+ 5 =1 78. 16x% +7y? = 112 = (;f)Z +3=
7
y y
61 1632+ 7y =112

41 9x2 +25y% =225

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Section 1.2 Combining Functions; Shifting and Scaling Graphs

2
79. 3X2+ y—22:3:>X_j_|_(y—2)2:
-2 ()

4F 3%+ (y-27=3

81. 3(x —1)* +2(y +2)> =6

2

[y - (722)] =1
(v3)

(x—1)?

M

+

4 3x-12+2(+2)%=6

83. % + %2 = 1 has its center at (0, 0). Shiftinig 4 units

left and 3 units up gives the center at (h, k) = (—4, 3).

ionis B L -3 _
So the equation is ——z—- + Y57~ =1
2 2
= 0‘“4“—24) + (y;—f;) = 1. Center, C, is (—4, 3), and

major axis, AB, is the segment from (-8, 3) to (0, 3).

84. The ellipse ’%f + % = 1 has center (h, k) = (0, 0).
Shifting the ellipse 3 units right and 2 units down
produces an ellipse with center at (h, k) = (3, —2)

x=3" | =2

Tt s

and an equation
C,is (3, —2), and AB, the segment from (3, 3) to
(3, —7) is the major axis.

= 1. Center,

80. (x—|—1)2—|—2y2:4:> [X_Z(;lﬂ 4+

(x+ l)2+2y2 =4 2r

82. 6(x+2)° +9(y—1)" =54
2] IO

10k
G+’ -3 8t
16 9
6+
1 1 L 1
10 -8 6 -4 2 2
b

85. (a) (fg)(—x) = f—x)g(—x) = f(x)(—g(x)) = —(fg)(x), odd

® (1) (0= = 10— (1) (x), odd

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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18 Chapter 1 Functions

© (3)(0=583=7=—(}) 0, odd

d) f2(—x) = f(—x)f(—x) = fx)f(x) = f3(x), even

() g(—x) = (g(—x))? = (—g(x))* = g*(x), even

() (fog)(—x) = f(g(—x)) = f(—gx)) = f(g(x)) = (fo g)(x), even

(&) (gohH(—x) = g(f(—x)) = g(f(x)) = (g o N)(x), even

(h) (fof)(—x) = f(f(—x)) = f(f(x)) = (f o )(x), even

(1) (gog)(—x) = g(g(—x)) = g(—gx)) = —g(g(x)) = —(g o g)(x), odd

86. Yes, f(x) = 0 is both even and odd since f(—x) = 0 = f(x) and f(—x) = 0 = —f(x).

87. (a) , (b)

0 1
d
(©) @
\
@)
f
(3)(x)
1 f(x) =vx
0 3
Z ! 7
=A-x
(g- f)(x) 90x) *
(f-9)(x) 0 N x
88. )
1 (fo)(x)
10k
g(X)=x25_
(8 °)(x)
N i
E_ fx)=x-17

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Section 1.3 Trigonometric Functions

1.3 TRIGONOMETRIC FUNCTIONS
I. @ s=r=(10)(¥) =8rm (b) s=10=(10)(110°) (135) = 4 = 3" m
2. §=2% =197 = 3 radians and 2 (1&) = 225°

3. 0=80° = 0 =280°(7gs) = & = s=(6)(¥) = 8.4in. (since the diameter = 12 in. = radius = 6 in.)

4. d=1meter = r=50cm = 023:%:0.6rad0r0.6(¥)z34°

2w T 3T 3T T s s 5T
5.0 G 5 | % 6. |0 ~3 -5 |~ | 1| &
. V3 1 . V3 1 1 1
Slne 0 5 0 1 % sm0 1 5 -3 ﬁ 3
I 1
cosf | —1 3 1 0 |- cosf | 0 L g ﬁ _?
tan ¢ 0 V3 0 |und. | —1 tan® |und. | —/3 _ﬁ 1 _%
1 _
cotf | und. 7 und. 0 1 cot 0 0 _ % _ \/§ _ \/5
sec | —1 -2 1 und. | —/2 secf | und. 5 % \/5 _ %
csc 6 | und. 2| und 1 \/5 5
V3 csc 6 1 | —=5= | —2 \/5 2
V3
_ 4 _ 3 ) _ 1
7. CosSX =—3z,tanx = — 3 8. smx—%,cosx—ﬁ
9. sinx:fé,tanx:f\/g 10. sinx:}%,tanx:f%
x — — L __ 2 —_ 3 - L
11. sinx = \/g,cosx— 7 12. cosx = 5, tan x = 7
13. 14.

—1+

period =7 period = 47

y ’ Y

1 ¥y =cos Tx

0 \77\ . .

1 1 x I}‘ Iv-—’/\,%\,
/ 0 1 2
T\

period = 2 period = 4

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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20 Chapter 1 Functions

17.
y
y=-sin X
1 /\
0 3 o~
R N
period = 6
19.
y
i \/2” |
2
_1_
period = 27
21.

period = 27

23. period = 7, symmetric about the origin

s

2
s=cot2t

1F

[STE)
[STE

25. period = 4, symmetric about the s-axis

22.

y=c0s[,x+2Tj—2

period = 27

24. period = 1, symmetric about the origin

26. period = 4, symmetric about the origin

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



27.

28.

29.

31.

32.

33.

34.

35.

36.

37.

Section 1.3 Trigonometric Functions

(a) Cos x and sec x are positive for x in the interval y=cosx y y/=58° 2
(=%, %) and cos x and sec x are negative for x in the
intervals (—37”, —g) and (%, 37”) Sec x is undefined B 2 i
when cos x is 0. The range of sec x is S . ps p ; 21:x
(—o0, —1]U[1, o0); the range of cos x is [—1, 1]. ﬂ 2 m

(b) Sin x and csc x are positive for x in the intervals
(—3—" —7r) and (0, 7); and sin x and csc x are negative

for x in the intervals (—m, 0) and (m, 3F). Csc x is

undefined when sin x is 0. The range of csc x is
(=00, —1]U[1, 00); the range of sin x is [—1, 1].

Since cot x = ﬁ , cot x is undefined when tan x = 0

and is zero when tan x is undefined. As tan x approaches
zero through positive values, cot x approaches infinity.
Also, cot x approaches negative infinity as tan x
approaches zero through negative values.

y=cotx

D: —co<x<oo;Riy=-1,0,1 30. D: —0o<x<oo;Riy=-1,0,1
y
A y:rsinx.l y=sinx
y=|sinx] y=sinx
—Zn'_.(n 1-4~ T 2
. BaeS
ol-—_h;> oaato ¥ y=[sinx]

cos (x — E) = COS X COS (f

3 ) — sin X sin (f g) = (cos x)(0) — (sin x)(—1) = sin x

g
cos (x + 5) = cos x cos (5) — sinx sin () = (cos x)(0) — (sin x)(1) = —sin x
sin (x + 7) = sin x cos (5) 4 cos x sin (§) = (sin x)(0) + (cos x)(1) = cos x

sin (x — 7) = sinx cos (— ) + cos x sin (— 5) = (sin x)(0) + (cos x)(—1) = —cos x

cos (A —B) = cos (A + (—B)) = cos A cos (—B) — sin A sin (—B) = cos A cos B — sin A (—sin B)
= cos A cos B + sin A sin B

sin(A — B) = sin(A + (—B)) = sin A cos (—B) + cos A sin(—B) = sin A cos B + cos A (—sin B)
=sin Acos B —cos AsinB

IfB=A,A—B =0 = cos(A—B)=cos0=1. Alsocos(A —B) =cos(A — A) =cos A cos A+ sin A sin A
= cos? A + sin2 A. Therefore, cos? A + sin? A = 1.

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

49.

51.

52.

53.

54.

55.

56.

57.

Chapter 1 Functions

If B = 2, then cos (A + 27) = cos A cos 2w — sin A sin 271 = (cos A)(1) — (sin A)(0) = cos A and
sin (A 4 27) = sin A cos 27 + cos A sin 27 = (sin A)(1) + (cos A)(0) = sin A. The result agrees with the
fact that the cosine and sine functions have period 2.

cos (m + x) = cos w cos x — sin 7 sin X = (—1)(cos x) — (0)(sin X) = —cos X
sin (27 — X) = sin 27 cos (—x) + cos (27) sin (—x) = (0)(cos (—x)) + (1)(sin (—x)) = —sin X

sin (% — x) = sin (%ﬂ) cos (—x) + cos (7”) sin (—x) = (—1)(cos x) + (0)(sin (—x)) = —cos x

3r

cos (3 4+ x) = cos (3£) cos x — sin (3) sin x = (0)(cos x) — (—1)(sin x) = sin x

in?Z —gin(Z + T s s Tgn T — (V2
s1n—_s1n(4—|—3)—s1n4cos3—|—cos4sm3—(2)(

)+ () () =2

2 2

coslll—;:cos(§+%)—cos4cos%—smzs1n2§:<\/7§) (—%)—(\/TE (\/75) :_M

cos 5 = cos (§ — ) =cos Feos (~5) —sin g sin (- 1) = ) (%) - (%) (- %) = 54

sin 35 = sin (% = ) = sin (%) cos (= §) +eos (¥) sin (= §) = (F) (F) + (-9 (- 8) = 55
cos? 5 = Lres(E) _ 1+ aays 43, cot 35— Lreost) L 15(F) _ a-va

gin? & — Lmes) _1-% 2o s0. sin? 3 — () 12(8) _2ev
sin?f = 2 = sinf = :E\/_ég_g’%"%ﬂ,%r

sin?g = cos?) = Y — < an2) = | = tanf= £ 1=9=1, 3 7 I

sin20 — cos) = 0 = 2sinf cos @ — cosf = 0 = cosH(2sinf — 1) =0 = cos§ =0 or 2sinf — 1 =0 = cosf =0 or

: 1 _r 3m _m 5w _m © 51 3w
51n9—2:>0—2,2,0r9—6,6 éa_é’z’e’z

0826 + cos ) = 0 = 2c0s?0 — 1 + cos = 0 = 2c0s?0 + cos — 1 =0 = (cosf + 1)(2cos — 1) =0

= cosf + 1 :Oor2c030—1:O:>0059:—10rcos0:%:>9:770r 92%,%”#02%,7r,57”
tan (A + B) = SnA+B) _ sinAcosBicosAcosB Aei oA _ _tanAttanB
cos (A+B) cos A cos B—sin A sin B cosAcosB__ sin Asin B I—tan A tan B
cos A cos cos A cos
tan(A — B) = SnA=B) _ sinAcosB-cosAcosB SAcoh “coAtes _ tanA—tanB
cos (A—B) cos A cos B+sin A sin B igz?zgz +Sin ﬁ _ I+tan A tan B

According to the figure in the text, we have the following: By the law of cosines, ¢> = a? + b? — 2ab cos 6
=12+4+1%2 —-2cos(A —B) =2 —2cos(A — B). By distance formula, c> = (cos A — cos B)? + (sin A — sin B)?
= cos?’ A — 2 cos A cos B + cos? B + sin? A — 2 sin A sin B + sin? B = 2 — 2(cos A cos B + sin A sin B). Thus

c?2=2—2cos(A—B)=2—2(cos A cos B+sin AsinB) = cos(A — B) = cos A cos B + sin A sin B.
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58.

59.

60.

61.

62.

63.

64.

Section 1.3 Trigonometric Functions 23

(a) cos(A—B)=cosAcosB +sinAsinB
sin § = cos(5 — 6) and cos 6 = sin(5 — 0)
Letd =A+B
sin(A + B) = cos[% - (A—i—B)] = cos[(g —A) —B} =cos (3 —A) cosB +sin (7 — A) sinB
= sin A cos B 4 cos A sin B
(b) cos(A —B) =cos AcosB +sin A sin B
cos(A — (=B)) = cos A cos (—B) + sin A sin (—B)
= cos(A 4+ B) = cos A cos (—B) +sin A sin (—B) = cos A cos B + sin A (—sin B)
=cos AcosB —sin Asin B
Because the cosine function is even and the sine functions is odd.

¢ =a’ +b? — 2ab cos C = 2% 4 3% — 2(2)(3) cos (60°) = 4 4+ 9 — 12 cos (60°) = 13 — 12 (
Thus, ¢ = ﬁ ~ 2.65.

)=1.

1
2

c? = a2+ b2 —2abcos C =22 4+ 32 — 2(2)(3) cos (40°) = 13 — 12 cos (40°). Thus, ¢ = /13 — 12 cos 40° ~ 1.951.

From the figures in the text, we see that sin B = }C—‘ If C is an acute angle, then sin C = %. On the other hand,
if C is obtuse (as in the figure on the right), then sin C = sin(7m — C) = %. Thus, in either case,
h=DbsinC =csinB = ah = absin C = ac sin B.

. 2,12 2 2,2 12 .
By the law of cosines, cos C = % and cos B = %. Moreover, since the sum of the

interior angles of a triangle is 7, we have sin A = sin (7 — (B + C)) = sin(B 4+ C) = sin B cos C + cos B sin C

= () [a“z'fb‘cz} + |:az+2(:jc—b2:| (1) = (52 ) (222 + b —c* + ¢ —b?) = & = ah =bcsinA.

Combining our results we have ah = ab sin C, ah = ac sin B, and ah = bc sin A. Dividing by abc gives

h _ sinA _ sinC __ sinB

bce — _a c b

law of sines

By the law of sines, S04 = ¥ = @ By Exercise 61 we know that ¢ = ﬁ Thus sin B = i? ~ 0.982.

2 2\/— =
From the figure at the right and the law of cosines, ¢
b> =a? +22 —2(2a) cos B
—a?rd—da(l)=a?—2a+4
; : . inA _ sinB e b
Applying the law of sines to the figure, *2= =
= @ = @ = b= \/ga. Thus, combining results, - b
T,
a?—2at+4=b"=3a> = 0=1a+2a—4 B 5 A

= 0 = a? +4a— 8. From the quadratic formula and the fact that a > 0, we have
—4 /A8 _ 4/3-4 1.464
2 = T2  — L0

a—=

(a) The graphs of y = sin x and y = X nearly coincide when x is near the origin (when the calculator
is in radians mode).

(b) In degree mode, when x is near zero degrees the sine of x is much closer to zero than x itself. The
curves look like intersecting straight lines near the origin when the calculator is in degree mode.

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



24 Chapter 1 Functions

65. A=2,B=27n,C=—m,D=—1

67. A=—2,B=4,C=0,D=1

T s E)

68. A=32,B=L,C=0,D=0

69-72. Example CAS commands:
Maple
f :=x > A*sin((2*Pi/B)*(x-C))+D1;
A:=3; C:=0; D1:=0;
f_list := [seq( f(x), B=[1,3,2*Pi,5*Pi] )];
plot( f_list, x=-4*Pi..4*P1, scaling=constrained,
color=[red,blue,green,cyan], linestyle=[1,3,4,7],
legend=["B=1","B=3","B=2*Pi","B=3*Pi"],
title="#69 (Section 1.3)");
Mathematica

Clear[a, b, c, d, f, x]
flx_]:=a Sin[27/b (x —¢)] +d
Plot[f[x]/.{a — 3,b — 1,¢c — 0,d — 0}, {x, —4m, 47 }]

Copyright © 2010 Pearson Education, Inc
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69. (a) The graph stretches horizontally.

Y\
\
\

’

/’\

N\

V| )

|

N

2
‘ 0 ST o TTVETE
[ \ _
N )it
v \/. AV/i Vi \Vj B=3*Pi

Section 1.3 Trigonometric Functions

B=3

-
\\
/ ‘ \\

[ B=27P1 "
=1

(b) The period remains the same: period = | B |. The graph has a horizontal shift of % period.

(b)

(c) A shift of & one period will produce no apparent shift. | C | = 6

71. (a) The graph shifts upwards | D |units for D > 0
(b) The graph shifts down | D |units for D < 0.

=)}
<

N

~

N

N

_
<

(b) For A < 0, the graph is inverted.

y
//‘\ A 84 AN "’\\
\ I 'y Y
[ H F Y
[ [ E [
P SRS o A=9
A% VAN 4 Ay NG !
oA TN £/ A !
I \ i \ i ' ;” \ ,"A=5
" [ ] W 24 “| b 1 i
h | 4 \ f \ ;, y ]
N ) JZN LA=1
T T T T
1 d d
Taos N NSt e
n ) n » 2+ W 5 B ,’,
1 " [} W I H i N 1"
' I II; |\\ _4;_ I ,’1 h i
1 '\ '\ W) W/
! (R RV v A
Vo | -6 Vo Vo
[ VT Vo vl
K 1 (] 1] ) 1 1
[ Vo [ [
Vg v =89 v v
v \ \vj v/

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.

25



26 Chapter 1 Functions

1.4 GRAPHING WITH CALCULATORS AND COMPUTERS

1-4. The most appropriate viewing window displays the maxima, minima, intercepts, and end behavior of the graphs and
has little unused space.

foy=x3—4ax2 —4x +16

15
\ 10 / 201
5 5
x 10
5-4-B-2-14/] 1 2 3 4 5 \
1 1

1o 4 2 L1 1
f(x)=x*-7x+6 *
o (x)=x*-7x"+6x 543/b|_5_1 N3 Js

3..d 4. b
Y A
251 f(x)=5+12x-x’ 4l fm=As+a—a?
I8 o

10 B
5 1k
x L X
-4 W 1 2 3 4 5 -1 1 2 3 4 5
1k
-10

-15

5-30.  For any display there are many appropriate display widows. The graphs given as answers in Exercises 5—30
are not unique in appearance.

5. [-2, 5]by [—15, 40] 6. [—4, 4] by [—4, 4]

y 4_43 Y
=x"-4x’+15 3 2
J@) =3~ 4x f= —X3 - —"; —2x+1

3
T
..
LA T T T
<_
IS
=

—_ [\ ]
(=] (=]
/l
L
|
w
\:5
L

o
N =
T T T

7. [~2, 6] by [-250, 50] 8. [—1, 5]by [-5, 30]
Y fw=x5 -5+ 10 A . .
fx) = 4x” —x

ol 30+

—_ | 1 1 x 20

1 3 4 6
10+
7T 2 s s
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Section 1.4 Graphing with Calculators and Computers

9. [~4,4]by [-5, 5] 10. [~2, 2] by [-2, 8]
y y
x)=xV\ —x2
Z: o 8 f)=226-x%)
3k or
2 ar
1 2r
S {oa 12345 0" B p— I P
,2_
L
5L
11. [=2, 6]by [-5, 4] 12. [—4, 4] by [-8, 8]
y y

- W A

T T
\

|

.

LL

)

.

o

L»’\

N

=

13. [=1, 6] by [1, 4] 14.
y
10
8 y=5:25_ 2,
2 X
N
b
15. [-3, 3]by [0, 10] 16. [—1, 2] by [0, 1]
y y
104 1
9
8- y=lx?-xl
7k
6
i: y=|x2—1[
3 1 1
2+ T n 5 X
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28 Chapter 1 Functions

17. [=5, 1]by [-5,5] 18. [=5, 1]by [-2, 4]

NS
T T T T
<
I
%%
+ [+
N
[ CERENN
T

T ﬁx L T 1 X
-10-8-6-4) ,[ 2 4 6 810 5 4 3/2 N
41
61 =r
S+
19. [—4, 4] by [0, 3] 20. [-5, 5]by [~2, 2]
y y
30} 2 =51

x2+2

251 ===
=22 \
2.0 |

K Ll
0.5
IR
21. [~10, 10] by [6, 6] 22. [-5, 5] by [-2, 2]
y y

8 x—1 2r
6 f(x)=x2_x_6 / L \
4
2

T R N T R N ¥
L -54-3-2-1 12345
= 8
fx)=
\ -9

L
o4
il
|
B
|
|
N
T T T T T T T T T T
S
[}
=
=
N\_\

4
| 6 B
18
23. [—6, 10] by [—6, 6] 24. [-3, 5]by [—2, 10]
y y
x2— 15x +
Jjﬁ li")=64x2i510x6 10~
o V
1 ~ | 1 x 6+
5 j 5 10 AL /<X)=‘f:23
-6 1 |/\/27-|\1 L1 ¥
77271_2_1\2345 ’
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25. [~0.03, 0.03] by [—1.25, 1.25]

y

1.0
y =sin 250x

0.5

1 1
20.02 002] > ”

27. [~300, 300] by [—1.25, 1.25]

y

y=cos (L)
N 10 30
1 1 1 / 1 1 1
300 300 "
05|
_1of

29. [—0.25, 0.25] by [-0.3, 0.3]

y =x+-Lsi
y=x+gg sin 30x

021

0.1+

1 L
-02 -0.1 0.1 0.2

Section 1.4 Graphing with Calculators and Computers

26. [—0.1, 0.1] by [3, 3]

y=3cos60x

VI
VEAV.

28. [—50, 50] by [~0.1, 0.1]

y

y=lsin X

'\ 0.1F 10 [W))
1 1 1 1 x
-50 s 25 \jo

1

30. [—0.15, 0.15] by [-0.02, 0.03]

y

2, 1 . .
y=x"+ == cos 100x
0.04 - 50

N\
*0-'54V’0;'X[2 _\0/05 \)/I 0.15

3. X2 4 2x=4+4y -y = y=24++/—x2 - 2x +8. A e 1P (2229

The lower half is produced by graphing

y=2—+—x2—-2x+8.
—4 w ,
32. y2 —16x> =1 =y = + /1 + 16x2. The upper branch R

is produced by graphing y = /1 + 16x2.

y=V1+ 16x%

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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30 Chapter 1 Functions

33. 34.

y f(x) =—tan 2x A

4 10 ﬂx):3cot[%)+l
3+ sk
6_
2t 4+
2_

= 1 | L 1 "

35. 36.

f(x) =sin 2x + cos 3x

x

| 10 ﬂx):3cm[ )+l
. 8 2
6
: 4
1 1 1 2 1 ] 1
) 6 4 Dol 2 2\6 *
1

37. 38.
y
41
,L .
2l S
1+ .‘- 1
| 1 1 1 1 l..'T“"Y -0.4
——, 3 4 5 6
1+ ....
2k .. g
3k Y i3
4
39. 40. ,
y y
8 X3
EU |
[ 6L y=x|x] 2:
5k ..'. T T I B | % x
$ <4 2 LF 2 4
L ° —r
2,1 ol
L7
S S S S B R R R
—1F
2k
CHAPTER 1 PRACTICE EXERCISES
1. The areais A = 71 and the circumference is C = 27r. Thus,r = & = A = TF(%)2 = g—;
2. The surface areais S = 471’ = r = (%)1/ 2. The volume is V = %w r=r=4 %’ Substitution into the formula for
: _ 2 _ 3v\2/3
surface area gives S = 4rr? = 4 (3¥)7".
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Chapter 1 Practice Exercises 31

3. The coordinates of a point on the parabola are (x, x?). The angle of inclination 6 joining this point to the origin satisfies

the equation tan § = % = x. Thus the point has coordinates (x, x?) =

4. tanf = ¢ = b

o = 500 = 500tan @ ft.

-2

10. y(=x) = (=%)" = (=x)* = (-x) =
11. y(—=x) =1 —cos(—x) =1 — cos x = y(x). Even.

—sinx

12. y(—x) = SeC(—X) tan(—x) _ sin(=x) _

~ cos?(—x) cos2x
—_x)* x4 x4
13- y(=x) = (_(,()32;(;() - —X3J~r#12x = 7x3—+21x = —y(x). Odd.

14. y(—x) = (=x) — sin(—x) = (—x) + sinx =

—(x —sinx) =

(tan 6, tan0).

2 y=Xx

\/
-3 -2 -1 1 2 3
-1

-2

Symmetric about the y-axis.

Y
1.5
y=e
0.5
' + + x
-1.5 -1 -0.5 0.5 1 1.5
-0.5

Symmetric about the y-axis.

—x5 4+ x3 4+ x = —y(x). Odd.

= —secxtanx = —y(x). Odd.

—y(x). Odd.

15. y(—x) = —x + cos(—x) = —x + cos x. Neither even nor odd.

—Xx) = —xcosx = —y(x). Odd.

17. Since f and g are odd = f(—x) = —f(x) and g(—x) =
(x)] =

@ (£ 8)(ox) = (%) — [0 = Fex
() £3(—x) = H(—X)F(—X)(—X) = [~F(0][—FR))[~(x)] =
(c) f(sin(—x)) = f(—sin(x)) = —f(sin(x)) = f(sin(x)) is
(d) g(sec(—x)) = g(sec(x)) = g(sec(x)) is even.

© le(—x)| = |-g(0)| = [g(x)] = [g] is even,

= (f-g)(x) = f-giseven
—f(x) - f(x) - f(x) = —f3(x) = 3 is odd.

odd.
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32 Chapter 1 Functions

18. Let f(a — x) = f(a + x) and define g(x) = f(x + a). Then g(—x) = f((—x) +a) = f(a — x) = f(a+ x) = f(x + a) = g(x)
= g(x) = f(x + a) is even.

19. (a) The function is defined for all values of x, so the domain is (—o0, c0).
(b) Since | x| attains all nonnegative values, the range is [—2, c0).

20. (a) Since the square root requires 1 —x 0, the domain is (—oo, 1].

(b) Since y/1 — x attains all nonnegative values, the range is [—2, co).

21. (a) Since the square root requires 16 — x> 0, the domain is [—4, 4].
(b) For values of x in the domain, 0 < 16 — x? < 16,50 0 < /16 — x2 < 4. The range is [0, 4].

22. (a) The function is defined for all values of x, so the domain is (—o0, 00).
(b) Since 37 attains all positive values, the range is (1, co).

23. (a) The function is defined for all values of x, so the domain is (—oo, 00).
(b) Since 2e~* attains all positive values, the range is (—3, o).

24. (a) The function is equivalent to y = tan 2x, so we require 2x # '%T for odd integers k. The domain is given by x # “4—” for
odd integers k.
(b) Since the tangent function attains all values, the range is (—o0, 00).

25. (a) The function is defined for all values of x, so the domain is (—o0, c©).
(b) The sine function attains values from —1 to 1, so —2 < 2sin(3x + 7) < 2 and hence —3 < 2sin(3x + 7) — 1 < 1. The
range is [—3, 1].

26. (a) The function is defined for all values of x, so the domain is (—o0, 00).

(b) The function is equivalent to y = +/x2, which attains all nonnegative values. The range is [0, co).

27. (a) The logarithm requires x — 3 > 0, so the domain is (3, o).
(b) The logarithm attains all real values, so the range is (—oo, 00).

28. (a) The function is defined for all values of x, so the domain is (—o0, 00).
(b) The cube root attains all real values, so the range is (—oo, c0).

29. (a) Increasing because volume increases as radius increases
(b) Neither, since the greatest integer function is composed of horizontal (constant) line segments
(c) Decreasing because as the height increases, the atmospheric pressure decreases.
(d) Increasing because the kinetic (motion) energy increases as the particles velocity increases.

30. (a) Increasing on |2, o) (b) Increasing on [—1, c0)

(¢) Increasing on (—o0, c0) (d) Increasing on [3, c0)
31. (a) The function is defined for —4 < x < 4, so the domain is [—4, 4].

(b) The function is equivalent to y = /| x|, =4 < x < 4, which attains values from 0 to 2 for x in the domain. The
range is [0, 2].

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



32.

33.

34.

35.

36.

37.

38.

39.

Chapter 1 Practice Exercises

(a) The function is defined for —2 < x < 2, so the domain is [—2, 2].
(b) The range is [—1, 1].

First piece: Line through (0, 1) and (1, 0). m=%=1t ==l = -1 = y=—x+1=1-x
Second piece: Line through (1, 1) and (2, 0). m=314 =" =-1=y=—(x—-1)+1=—-x+2=2—x

1—-x, 0<x<«1
f(X){Q—X, 1<x<?2

First piece: Line through (0, 0) and (2, 5). m = =0 = 3 = y = 3x
Second piece: Line through (2, 5)and (4, 0). m=9=3 = =-3=y=—-3(x—2)+5=—-3x+10=10— 2

f(x) = %x, 0<x<?2 (Note: x — 2 be included ther piece.)
X = 10 — X 2<x<4 ote: X = 2 can be 1ncluded on either piece.

2

@ (fog)(—1) = fle(~1) = f(24) =f(1) = L =1
_ 1

@ (eoe) () = ele) = ¢((553) =

(a)

(fog)(
® (£61)(2) = f(2(2) = 22— 2) = 20) = \3/o+1:1
(© (fof)(x) = f(f(x)) = f(2 — x) =

(

(d)

(@) (fog)(x) =fg(x) =f(v/x+2) =2— (Vx+2) = —x.x -2
(g0f)(x) = (2(x)) = (2 — X*) = /B =) T2 = /1—x2

(b) Domain of fog: [—2, c0). (c) Range of fog: (—oo, 2].
Domain of gof: [—2, 2]. Range of gof: [0, 2].

(@) (fog)(x) = f(g(x) = (\/ )=y VIx=vi-x

W=
(gof)(x) = f(g(x) = g(v/x) = /1= /X

(b) Domain of fog: (—oo, 1]. (c) Range of fog: [0, 0o).
Domain of gof: [0, 1]. Range of gof: [0, 1].
y = f(x) y = (fof)(x)
y Y

L ) >x —! > X
-4 N1 Pz -4\-3 2

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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34 Chapter 1 Functions

40.
y
3 -
2
2. x’l/i
ok
3}
41. 42.
y y
y=Ix|
y=x
y=x
The graph of fy(x) = f;(|x]) is the same as the It does not change the graph.

graph of f;(x) to the right of the y-axis. The
graph of f5(x) to the left of the y-axis is the
reflection of y = f;(x), x 0 across the y-axis.

43. 44,
Yy y
= 13
y=|x7] . v lx2eal 1k
H
X > L x
1 -1 ~10 1
- ? \'=—x2+x
.. ‘I i
5 °7
3
y=x
Whenever g;(x) is positive, the graph of y = go(x) Whenever g;(x) is positive, the graph of y = go(x) = |g1(x)|
= |g1(x)| is the same as the graph of y = g;(x). is the same as the graph of y = g;(x). When g;(x) is
When g; (x) is negative, the graph of y = g»(X) is negative, the graph of y = g»(x) is the reflection of the
the reflection of the graph of y = g;(x) across the graph of y = g;(x) across the x-axis.
X-axis.
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45.

47.

49.

50.

51.

-2

y=4- x2

Whenever g;(x) is positive, the graph of

y = g2(x) = |g1(x)| is the same as the graph of
y = g1(x). When g;(x) is negative, the graph of
y = g9(x) is the reflection of the graph of

y = g1(x) across the x-axis.

y
y=/IxT 1£
Tal

The graph of fy(x) = f;(|x]) is the same as the
graph of f;(x) to the right of the y-axis. The

y=/x

graph of f5(x) to the left of the y-axis is the

reflection of y = f;(x), x 0 across the y-axis.

(@ y=g(x—3)+3
(©) y=g(—x)
(e) y=5-g(x)

(a) Shift the graph of f right 5 units

46.

48.

Chapter 1 Practice Exercises

The graph of fy(x) = f; (|x|) is the same as the
graph of f;(x) to the right of the y-axis. The
graph of f5(x) to the left of the y-axis is the

reflection of y = f;(x), x 0 across the y-axis.

_v=sin|x|

I/ M
\
N /
N
/,’

y=sinx

The graph of fy(x) = fj (|x|) is the same as the
graph of f;(x) to the right of the y-axis. The
graph of f5(x) to the left of the y-axis is the

reflection of y = f;(x), x 0 across the y-axis.

(b) y=g(x+%)-2
d y=—gx)

®

y = g(5x)

(b) Horizontally compress the graph of f by a factor of 4

(c) Horizontally compress the graph of f by a factor of 3 and a then reflect the graph about the y-axis

(d) Horizontally compress the graph of f by a factor of 2 and then shift the graph left % unit.

(e) Horizontally stretch the graph of f by a factor of 3 and then shift the graph down 4 units.

(f) Vertically stretch the graph of f by a factor of 3, then reflect the graph about the x-axis, and finally shift the

graph up % unit.

Reflection of the grpah of y = \/g about the x-axis
followed by a horizontal compression by a factor of
3 then a shift left 2 units.
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36 Chapter 1 Functions

52. Reflect the graph of y = x about the x-axis, followed
by a vertical compression of the graph by a factor
of 3, then shift the graph up 1 unit.

53. Vertical compression of the graph of y = é by a
factor of 2, then shift the graph up 1 unit.

54. Reflect the graph of y = x'/3 about the y-axis, then .
compress the graph horizontally by a factor of 5.

55. 56.

y
y=cos 2x

\ /\ /\ I X
=27 2
y=sinZ
| | | 1 x : 2
0 n T 3 2r
2 2
,1 -

period = 7 period = 47

57. 58.

X
1\/2
_1 -

period = 2 period = 4
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61.

62.

63.

64.

65.

66.

67.

60.

y

2r y=2cos(x—§)

1

/ 1 1 /X

z T 5n 4n 1z

6 3 6 3 6

*1_

_2_
period = 27

Chapter 1 Practice Exercises

X
4 4

. T
y=1 +sm[x+—
: 4

=

-2

period = 27

(@ sinB=sinZ=2=2% = b=2sinZ=2 (—3) = /3. By the theorem of Pythagoras,

2

a24b2=c? = a=c2-b2=4-3=1.

b 2 2 2

2

(b) sinB=sin3=7=3% = C= Gz = (ﬁ) :%. Thus,a:\/CQ—bQ:\/(\%)Z—(Z)Z:\/g:%.

(@) sinA=% = a=csinA (b) tanA={ = a=btan A

_b _ _b : __a _ _a
(a) tanB—;éa—m (b) SIIlA_E:C_sinA
() sinA=2 (©) sinA =2 =veb

Let h = height of vertical pole, and let b and c denote the
distances of points B and C from the base of the pole,
measured along the flatground, respectively. Then,

tan 50° = 1, tan 35° = I, and b — ¢ = 10.

Thus, h = ¢ tan 50° and h = b tan 35° = (c + 10) tan 35°
= ctan 50° = (¢ + 10) tan 35°

= ¢ (tan 50° — tan 35°) = 10 tan 35°

= ¢= 3’ — h = ctan50°

tan 50°—tan 35
__ 10 tan 35° tan 50° 16.98 m

= T@ns50°—an35°

Let h = height of balloon above ground. From the figure at
the right, tan 40° = %, tan 70° = %, and a + b = 2. Thus,
h=btan 70° = h = (2 —a)tan 70° and h = a tan 40°

= (2 —a)tan 70° = atan 40° =- a(tan 40° + tan 70°)
=2tan70° = a= 270 — | — 3 tan 40°

tan 40°+tan 70°
__ 2tan 70° tan 40°
T tan 40°+tan 70° 1.3 km.
(a) ,

™ AN X
A B N

y=sinx+cos%

(b) The period appears to be 4.

B
10 ._,“._. —_—
F—. N c

N35° ¢/ s0°

balloon
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(¢) f(x + 4m) = sin(x + 4m) + cos (%) = sin (x + 27) + cos (% + 27r) = sin X + cos 3
since the period of sine and cosine is 27r. Thus, f(x) has period 4.

68. (a)

(b) D= (-00,0)U(0,00); R=[-1,1]
(¢) fisnot periodic. For suppose f has period p. Then f (3= + kp) = f (5= ) = sin 27 = 0 for all

integers k. Choose k so large that 2%( +kp > % = 0< < 7. But then

_ 1
(172m)+kp

f (5 +kp) = sin (m) > 0 which is a contradiction. Thus f has no period, as claimed.

CHAPTER 1 ADDITIONAL AND ADVANCED EXERCISES

1. There are (infinitely) many such function pairs. For example, f(x) = 3x and g(x) = 4x satisfy
f(g(x)) = f(4x) = 3(4x) = 12x = 4(3x) = g(3x) = g(f(x)).

2. Yes, there are many such function pairs. For example, if g(x) = (2x 4 3)3 and f(x) = x!/3, then

(fo g)(x) = f(g(x)) = £ ((2x +3)%) = (2x + 3)*)"* = 2x + 3.
3. Iffis odd and defined at x, then f(—x) = —f(x). Thus g(—x) = f(—x) — 2 = —f(x) — 2 whereas
—g(x) = —(f(x) — 2) = —f(x) + 2. Then g cannot be odd because g(—x) = —g(x) = —f(x) —2=—f(x)+2
= 4 = 0, which is a contradiction. Also, g(x) is not even unless f(x) = 0 for all x. On the other hand, if f is
even, then g(x) = f(x) — 2 is also even: g(—x) = f(—x) — 2 = f(x) — 2 = g(x).

4. If gis odd and g(0) is defined, then g(0) = g(—0) = —g(0). Therefore, 2g(0) =0 = g(0) = 0.

5. For (x,y) in the 1st quadrant, |x| + |y| = 1 + x
& x+y=1+x & y=1. For(x,y) in the 2nd
quadrant, x| + |y =x+1 & —x+y=x+1
< y =2x+ 1. In the 3rd quadrant, |x| + |y| =x + 1
& —x—y=x+1 & y=—-2x—1. Inthe 4th
quadrant, x| +|y| =x+1 < x+(-y)=x+1
& y = —1. The graph is given at the right.

|x|+|y|=1+x

H/“'”\H!
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Chapter 1 Additional and Advanced Exercises

We use reasoning similar to Exercise 5.
(1) 1stquadrant: y + |y| = x + [X|
S 2y=2Xx & y=xX. L
(2) 2nd quadrant: y + |y| = x + [X| -
S 2y=x+(—x)=0 & y=0.
(3) 3rd quadrant: y + |y| = x + |x] e 1
S y+(=y)=x+(—x) & 0=0 b
= all points in the 3rd quadrant "

y+ |yl =x+ [x]

satisfy the equation.

(4) 4th quadrant: y + |y| = x + |x]
& y+(—y) =2x & 0 =x. Combining
these results we have the graph given at the

right:
(@) sin®x+cos’x =1 = sin?x=1—cos?x = (I —cos x)(1 +cosx) = (1 —cosx) = %ﬁs"x
l—cosx __ _sinx
= sinx ~ I+cosx
(b) Using the definition of the tangent function and the double angle formulas, we have
1—cos (2 (3
tan? (%) — Sinz(i) — M _ l—cosx

cos? (3) ~ 1+eos(2(3)) T Idcosx
e a))

The angles labeled «y in the accompanying figure are
equal since both angles subtend arc CD. Similarly, the
two angles labeled « are equal since they both subtend
arc AB. Thus, triangles AED and BEC are similar which
implies %€ = Zcal=b

= (a—c)@a+c)=b(2acosd —b)

= a’? —c?=2abcos§ — b’

= ¢? =a’+b? —2abcos 6.

As in the proof of the law of sines of Section 1.3, Exercise 61, ah = bc sin A = ab sin C = ac sin B
= the area of ABC = § (base)(height) = £ ah = { bc sin A = § ab sin C =  ac sin B.

As in Section 1.3, Exercise 61, (Area of ABC)? = % (base)?(height)? = % a’h? = % a?b? sin? C
= 1a%b? (1 — cos®C). By the law of cosines, ¢* = a’ + b> — 2ab cos C = cos C = % .

2 bt — )2 22b? a2 4 b2 — c2)2
Thus, (area of ABC)? = § a?b? (1 — cos? C) =  a?b? (1 - (%) ) = 2¥ (1 - %)

= (4227 — (a2 + 17 — )7 = & [(2ab + (a2 + b — %)) (2ab — (a* + b* — c2))]
= 1z [((@+1)? —c?) (¢ — (a—b)?)] = 1z [(a+b) + c)((a+ b) — c)(c + (a — b))(c — (a — b))]
= [(25) (252) (55 (=285 = s ks s - wheres = 2

Therefore, the area of ABC equals \/ s(s—a)(s—b)(s—c).

If f is even and odd, then f(—x) = —f(x) and f(—x) = f(x) = f(x) = —f(x) for all x in the domain of f.
Thus 2f(x) = 0 = f(x) =0.
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12. (a) Assuggested, let E(x) = W = E(—x) = f(_"H;(‘("‘)) = f(")+2f("‘) =E(x) = Eisan
even function. Define O(x) = f(x) — E(x) = f(x) — & +2f(_x) = _2f(_x) . Then

O(—x) = f(_x)_g(_<_x)) = f(_");f(x) =— (f(x) _;(_X)) = —0(x) = Ois an odd function

= f(x) = E(X) + O(x) is the sum of an even and an odd function.

(b) Part (a) shows that f(x) = E(x) + O(x) is the sum of an even and an odd function. If also

f(x) = E1(x) + O1(x), where E; is even and Oy is odd, then f(x) — f(x) = 0 = (E;(x) + O1(x))

— (E(x) + O(x)). Thus, E(x) — E1(x) = O1(x) — O(x) for all x in the domain of f (which is the same as the
domain of E — E; and O — O;). Now (E — E{)(—x) = E(—x) — E1(—x) = E(x) — E1(x) (since E and E; are
even) = (E — E;)(x) = E — E; iseven. Likewise, (O; — O)(—x) = O1(—x) — O(—x) = —0;(x) — (—0O(x))
(since O and O; are odd) = —(0;(x) — O(x)) = —(0O; — O)(x) = O; — Ois odd. Therefore, E — E; and
0; — O are both even and odd so they must be zero at each x in the domain of f by Exercise 11. That is,

E; = E and O; = O, so the decomposition of f found in part (a) is unique.

13. y:ax2+bx+c:a(x2+gx+ %) — %Jrc:a(er 2%)27 %+c

(a) Ifa > 0 the graph is a parabola that opens upward. Increasing a causes a vertical stretching and a shift
of the vertex toward the y-axis and upward. If a < 0 the graph is a parabola that opens downward.
Decreasing a causes a vertical stretching and a shift of the vertex toward the y-axis and downward.

(b) Ifa > 0 the graph is a parabola that opens upward. If also b > 0, then increasing b causes a shift of the
graph downward to the left; if b < 0, then decreasing b causes a shift of the graph downward and to the
right.

If a < O the graph is a parabola that opens downward. If b > 0, increasing b shifts the graph upward
to the right. If b < 0, decreasing b shifts the graph upward to the left.

(c) Changing c (for fixed a and b) by Ac shifts the graph upward Ac units if Ac > 0, and downward —Ac
units if Ac < 0.

14. (a) If a > 0, the graph rises to the right of the vertical line x = —b and falls to the left. If a < 0, the graph
falls to the right of the line x = —b and rises to the left. If a = 0, the graph reduces to the horizontal
line y = c. As |a| increases, the slope at any given point x = X, increases in magnitude and the graph
becomes steeper. As |a| decreases, the slope at x, decreases in magnitude and the graph rises or falls
more gradually.

(b) Increasing b shifts the graph to the left; decreasing b shifts it to the right.
(c) Increasing c shifts the graph upward; decreasing c shifts it downward.

15. Each of the triangles pictured has the same base Y

b = vAt = v(1 sec). Moreover, the height of each

triangle is the same value h. Thus  (base)(height) = £ bh
= A} = Ay = A = ... . In conclusion, the object sweeps
out equal areas in each one second interval.

Kilometers

Kilomcters

16. (a) Using the midpoint formula, the coordinates of P are (22, 220) = (2 ). Thus the slope

2 02
OP = &y _b2 _b
of OP =3I =25 =3
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Chapter 1 Additional and Advanced Exercises

(b) The slope of AB = 2=% = — % The line segments AB and OP are perpendicular when the product

0—a a

of their slopes is —1 = (9) (f b) = g . Thus, b> = a> = a = b (since both are positive). Therefore, AB

a a

is perpendicular to OP when a = b.

From the figure we see that 0 < 6 < 7 and AB = AD = 1. From trigonometry we have the following: sin = EB

E
AB
_ AE _ _ CD _ __ EB __ sinf .
cosf = a5 = AE, tanf = +p = CD, and tanf = AE = sosg- We can see that:

area AAEB < area sector DB < area AADC = 1(AE)(EB) < %(AD)zﬂ < 3(AD)(CD)

= Lsinfcosd < 1(1)°0 < 1(1)(tan6) = Lsinfcosh < 1 < Lsinf

(fog)(x) = f(g(x)) = a(cx +d) + b = acx + ad 4 b and (gof )(x) = g(f(x)) = c(ax+b) +d =acx +cb+d
Thus (fog)(x) = (gof)(x) = acx + ad + b = acx + bc + d = ad 4+ b = bc + d. Note that f(d) = ad + b and
g(b) = cb + d, thus (fog)(x) = (gof)(x) if f(d) = g(b).

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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NOTES:
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CHAPTER 2 LIMITS AND CONTINUITY

2.1 RATES OF CHANGE AND TANGENTS TO CURVES

f(3) — f2 - f(1) = f(—1 -
1. (a) %: (;72():2819:19 (b) %: (1)7(7(1)):220:1
Ag _ g—g=D) _ 1-1 _ Ag _ g0)—g(=2) _ 0-4 _
2. (a)ﬂ_ﬁ_T_O (b)E—W—T——Z
W) -h(d) _ —i- h(5)-h(§) _ 0-v3 _ -3./3
3. (a) %: (4%_44) _ 1% 1 :7% (b) %: (2%_%(6) — j%\[: 7:[
Ag _ gm—-g0® _ 2-D-2+D _ 2 Ag _ gm—g-=m _ 2-DH-2-1) _
4. (a) At T -0 T—0 - T (b) At T a—-(-m 2 =0
5 AR _ RQ-RO) _ VBHI-VI _3-1 _
A T T 2-0 2 =2 =
AP _ PQ-P(1) _ 8—16+10)—(1—4+5) _ _
6. XM= 21 = T =2-2=0
2_3)—(22-3 3 2 .
7. (@) Ry = (@I o-(@3) _ drdniiiodol bl 44 b Ash — 0,44 h — 4 = at P(2, 1) the slope is 4.

A
b)) y—1=4x—-2)=y—-1=4x-8=y=4x—-7

2 2
8. (a) &Y= CoUEW)ZBol) _solodhoiod _ ol ) h Ash— 0,2 —h— —2 = at P(1, 4) the

slope is —2.
b) y—4=(2)x—1)=y—4=-2x+2=y=-2x+6

9. (a) % _ ((2+h)2—2(2+h);3)—(22—2(2)—3) _ 4+4h+h2_4h—2h—3—(—3) _ zhﬁ-hz =2+h Ash—0,24+h—2=at
P(2, —3) the slope is 2.
b)) y—(-3)=2x—-2)=y+3=2x—4=y=2x—1.
10. (a) % _ ((l+h)‘—4(1+}111))—(12_4(l)) _ l+2h+h2_h4_4h—(—3) _ h2£2h @ h_2.Ash 5 0h—2 2= a

P(1, —3) the slope is —2.
b y—(-3)=(2)x-1)=y+3=-2x4+2=y=-2x—1.

11. (a) % — (2+h})13—23 — 8+12h+4}t1h2+h378 — 12h+4}¥1h2+h3 —_ 12—|—4h—|—h2ASh—>O, 12+4h—|—h2 _ 12’ = at
P(2, 8) the slope is 12.

b)) y—8=12(x—-2)=>y—-8=12x—-24=y=12x — 16.

3 2
12, (@) Ry =200 —0o0) _ ooioshoswowiol _ 3ok o 33 b2 Ash— 0, -3 —3h—h? — -3, = at
P(1, 1) the slope is —3.

b)) y—1=(3)x—-1)=y—-1=-3x+3=y=-3x+4.

3 3_ 3
13. (a) % _ (L+h) —12(1+hh)_(1* 12(1)) _ 1+3h+3h2+h‘;12—12h7(711) _ 79h+t3lhz+h3 94 3h+h Ash— 0.

—9+3h+h?>— — 9= atP(l, —11) the slope is —9.
®) y—(—11)=(-9)x-1)=y+1l=-9x+9=y=-9x—2.
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14.

15.

16.

17.

18.

19.

(a)

(b)

(a)

(b)

()

(b)

(a)

(b)
©

()

(b)

(a)

(b)

(©

Chapter 2 Limits and Continuity

A (2+h)>—3(2+h)?+4— (23 -3(2)% +4 2 B3 _ 12— 12h—3h2+4— 24 p3
A - ( ) _ 8+12h46h’+h 2o 12h=3h'ed=0 _ MW 3p 4 p2 Agh — 0,
3h +h? — 0 = at P(2, 0) the slope is 0.

y—0=0x—-2)=y=0.

Q Slope of PQ = 2P
Q1(10,225) 650225 — 42.5 m/sec
Q.(14,375) 858=37 = 45.83 m/sec
Q;(16.5,475) 650473 — 50.00 m/sec
Q4(18,550) 650-3%0 — 50.00 m/sec
At t = 20, the sportscar was traveling approximately 50 m/sec or 180 km/h.

Q Slope of PQ = 22
Q1(5,20) $0-2 — 12 m/sec
Q:(7,39) 80-3 — 13.7 m/sec
Q3(8.5,58)  H=38 — 147 m/sec
Q4(9.5,72) $9-9% = 16 m/sec
Approximately 16 m/sec

§ 200
% 100
£

0 1 1 1 x

2000 01 02 03 04

Year

Ap _ _174-62  _ 112 _
Af = 5001200 = 3 = 6 thousand dollars per year
The average rate of change from 2001 to 2002 is% = % = 35 thousand dollars per year.
The average rate of change from 2002 to 2003 is% = % = 49 thousand dollars per year.

So, the rate at which profits were changing in 2002 is approximatley %(35 + 49) = 42 thousand dollars per year.

F(x) = (x +2)[(x — 2)

X | 1.2 1.1 1.01 1.001 1.0001 1
F(x) | —4.0 —-34 —3.04 —3.004 —3.0004 -3
AF _ —40-(3) _ _= . AF _ =33-(3) _ 4 7.

Ax T T 12-1 —5.0; Ax — T 11-1 —4.4;

AF _ —304—(-3) _ 7. AF _ —3.004—(=3) _ A
Ax — 101—-1 —4.04; Ax — 1001—-1 —4.004;
AF __ —3.0004 —(=3) __ AN0A4-

Ax — T 10001—1 —4.0004;

The rate of change of F(x) at x = 1 is —4.

Ag _ g@-g) _ V2-1 Ag _ g5 —g) _ J/I5-1

R = 20 - V2ol 5 0414213 o= D = Vo x0.449489

Ag _ gl+h)—gd) _ 1+h-1

Ax — (+m-1 — ~ n

g(x) = /x
1+h 1.1 1.01 1.001 1.0001 1.00001 1.000001
V1+h 1.04880 1.004987  1.0004998 1.0000499 1.000005  1.0000005
(\/ 1+h-— 1) /h | 0.4880 0.4987 0.4998 0.499 0.5 0.5

The rate of change of g(x) at x = 1is 0.5.
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(d) The calculator gives lim Hhh*l = %
—
. 3) — f2 i3 %
20 @0 B ==
” ED-fQ) _ T-5 _ f—g _ 2-T _ _2-T _
ii) (T—2 =15 =TT *2T2(T—T2)* —2%(2IT)*_%’T762
b) T 2.1 2.01 2.001 2.0001 2.00001 2.000001
f(T) 0.476190  0.497512  0.499750  0.4999750 0.499997  0.499999
(f(T) — £(2))/(T —2) | —0.2381 —0.2488 —0.2500 —0.2500 —0.2500 —0.2500

(c) The table indicates the rate of change is —0.25 att = 2.
d) Jim (=5) = -3

NOTE: Answers will vary in Exercises 21 and 22.

21. (@) [0,1]: & = B5=0 = 15 mph; [1,2.5]: 2 = =8 = D mph; [2.5,3.5]: £ = 32=20 = 10 mph

(b) At P(%, 7.5): Since the portion of the graph from t = 0 to t = 1 is nearly linear, the instantaneous rate of change

will be almost the same as the average rate of change, thus the instantaneous speed at t = % is 115:(; '55 = 15 mi/hr.

At P(2, 20): Since the portion of the graph from t = 2 to t = 2.5 is nearly linear, the instantaneous rate of change will
be nearly the same as the average rate of change, thus v = 22=2% — (0 mi/hr. For values of t less than 2, we have

25-2

Q Slope of PQ = &¢
Qi(1,15) 13-20 — 5 mi/hr
Q(1.5,19) =2 = 2 mi/hr
Q3(1.9,19.9) 23=3% = 1 mi/hr
Thus, it appears that the instantaneous speed at t = 2 is O mi/hr.

AtP(3,22):

Q Slope of PQ = &¢ Q Slope of PQ = &¢
Q1(4,35) 322 — 13 mi/hr Q1(2,20) 20-22 — 2 mi/hr
Q:2(3.5,30) P2 — 16 mi/hr Q:2(2.5,20) L2 = 4 mi/hr
Qs3(3.1,23) 2=2 = 10 mi/hr Q3(2.9,21.6) ZE=2 — 4 mi/hr
Thus, it appears that the instantaneous speed at t = 3 is about 7 mi/hr.

(c) It appears that the curve is increasing the fastest at t = 3.5. Thus for P(3.5, 30)

Q Slope of PQ = &¢ Q Slope of PQ = &¢
Qi(4,35) 33-30 — 10 mi/hr Q:(3,22) 230 — 16 mi/hr
Q2(3.75,34) 25— = 16 mi/hr Q2(3.25,25) 1555 = 20 mi/hr
Qs(3.6,32) 2=30 = 20 mi/hr Qs(3.4,28) B30 = 20 mi/hr

Thus, it appears that the instantaneous speed at t = 3.5 is about 20 mi/hr.

CAA 1015 1, CAA _39-15 1, CAA _0—-14 1
22 (a) [0,3]: 48 = 10=B ~ —1.67 £, [0,5]: 48 = 22=D ~ 22 87,10 28 = 051~ 05 &2
(b) AtP(1, 14):

Q Slope of PQ = 42 Q Slope of PQ = 42
Qi(2,122) 122-18 — 1.8 gal/day Q1(0,15) =14 — _1 gal/day
Q4(1.5,13.2) B2-14 — _1.6 gal/day Q4(0.3, 14.6) Be-14 — 1.2 gal/day
Qs(1.1,13.85) 185-14 — _1.5 gal/day Q3(0.9, 14.86) 18614 — 1.4 gal/day
Thus, it appears that the instantaneous rate of consumption at t = 1 is about —1.45 gal/day.

AtP(4,6):
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Q Slope of PQ = 52 Q Slope of PQ = 52
Q:(5,3.9) 32=8 — —2.1 gal/day Q:(3,10) 96 — —4 gal/day
Q,(4.5,4.8) 13-¢ = —2.4 gal/day Q2(3.5,7.8) 73=¢ = —3.6 gal/day
Q;(4.1,5.7) 21-6 — _3 gal/day Q3(3.9,6.3) 83-6 — _3 gal/day
Thus, it appears that the instantaneous rate of consumption at t = 1 is —3 gal/day.

AtP(8, 1):

Q Slope of PQ = 52 Q Slope of PQ = 52
Q1(9,0.5) %=1 = —0.5 gal/day Qi(7,1.4) La-l — —0.6 gal/day
Q4(8.5,0.7) 91— = —0.6 gal/day Q4(7.5,1.3) 13=% = —0.6 gal/day
Q5(8.1,0.95) 935-1 — —0.5 gal/day Q5(7.9,1.04) L04=1 — —0.6 gal/day

Thus, it appears that the instantaneous rate of consumption at t = 1 is —0.55 gal/day.
(c) It appears that the curve (the consumption) is decreasing the fastest at t = 3.5. Thus for P(3.5, 7.8)

Q Slope of PQ = 52 Q Slope of PQ = &¢
Qi1(4.5,4.8) $3-78 — 3 gal/day Qi(2.5,11.2) L2=78 — 3.4 gal/day
Q:2(4,6) 6-78 — 3.6 gal/day Q:(3,10) D=8 — —4.4 gal/day
Q3(3.6,7.4) 23-18 — —4 gal/day Q3(34,8.2) 82-18 — —4 gal/day

Thus, it appears that the rate of consumption at t = 3.5 is about —4 gal/day.
2.2 LIMIT OF A FUNCTION AND LIMIT LAWS

1. (a) Does not exist. As x approaches 1 from the right, g(x) approaches 0. As x approaches 1 from the left, g(x)
approaches 1. There is no single number L that all the values g(x) get arbitrarily close to asx — 1.
(b) 1 (© 0 (@ 0.5

2. (@ 0
(b) —1
(c) Does not exist. As t approaches O from the left, f(t) approaches —1. As t approaches 0 from the right, f(t)

approaches 1. There is no single number L that f(t) gets arbitrarily close toast — 0.
(d —1

3. (a) True (b) True (c) False
(d) False (e) False ) True
(g) True

4. (a) False (b) False (¢) True
(d) True (e) True

5. limO ﬁ does not exist because ‘7"| =3 =1lifx>0and ﬁ = 2, = —1ifx < 0. As x approaches 0 from the left,
X —

Ii_\ approaches —1. As x approaches 0 from the right, Ii_\ approaches 1. There is no single number L that all the

function values get arbitrarily close to as x — O.
6. As x approaches 1 from the left, the values of X—il become increasingly large and negative. As x approaches 1

from the right, the values become increasingly large and positive. There is no one number L that all the function
values get arbitrarily close to as x — 1, so lim1 ﬁ does not exist.
X —
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14.

15.

17.

19.

20.

21.

22.

23.

24.

Section 2.2 Limit of a Function and Limit Laws

Nothing can be said about f(x) because the existence of a limit as x — X, does not depend on how the function
is defined at xy. In order for a limit to exist, f(x) must be arbitrarily close to a single real number L when

x is close enough to xy. That is, the existence of a limit depends on the values of f(x) for x near X, not on the
definition of f(x) at x itself.

Nothing can be said. In order for limo f(x) to exist, f(x) must close to a single value for x near 0 regardless of the
X —

value f(0) itself.

No, the definition does not require that f be defined at x = 1 in order for a limiting value to exist there. If f(1) is
defined, it can be any real number, so we can conclude nothing about f(1) from lim1 f(x) = 5.
X —

. No, because the existence of a limit depends on the values of f(x) when x is near 1, not on f(1) itself. If

liml f(x) exists, its value may be some number other than f(1) = 5. We can conclude nothing about lim1 f(x),
X — X —

whether it exists or what its value is if it does exist, from knowing the value of f(1) alone.

. lim_ (Qx+5)=2-T)+5=-14+5= -9
X — —

cJim (X £ 5x—2) = (P +5(2) ~ 2= —4+10-2=4
X —

. tliﬁm6 8t—=5)(t—7)=8(6—-5)(6—-7)=-8

lim2(x3—2x2+4x+8):(—2)3—2(—2)2+4(—2)+8:787878+82716

X — —

lim X2 =243 — 2 16. lim 3s2s—1)=3(3)[2(3) - 1] =2(3-1) =
s — = - -

[=))

X — 2 X+ 2

1im1 302x — 1)2 = 3(2(=1) — 1)? = 3(=3)% = 27

X — —

y+2 242 4 4

lim

_ _ _ 4 _1
: y—2 y24+5y+6 = (22+52)+6 — 4+10+6 — 20 — 5

 im 6= =[5 - (I = ®)Y = (®3)" =24 =16
Jim 2z = 8)!/% = (2(0) - 8)!/% = (=8)!/* = -2

3

lim 3 = 3 =23 =
h—0 V3h+i+1  BO+1+1 ~ V141~ 2

lim YShEA=2 o WShea-a Shedeo g (Ghed) =4 _ 5h g 5
im Y=—— = lim . = lim /"< = lim ——2—— = lim ————
h— h— VEh+442 T h—0 n(vsh+d+2)  h—0 h(\shta+2)  h—0 VSh+d+2
= 5 = §

Va2 4

- 5 =5 _ o1 1
Jim 55 = im0 = M 5 =535 =1

- x+3 X3 _ o 1 _ 1
x£n13 x2+4x+3 —x£n13 (x+3)(x+1) —x£n13 x+1 7 =341 7 2
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48 Chapter 2 Limits and Continuity

. 243y . 5)x—2) .
25. lim_ X310 — iy GEIEZD iy (x—2)= -5 —2=—7
x— —5 x+5 X— =5 x+5 XH*E)( ) g
. 2 _ . — — .
26. lim X=0xH10 — fjy G202 D iy (x —5)=2-5=—3
X — 2 X—2 X — 2 x—2 X — 2
: 2t— -1 _ t+2 _ 142 _ 3
27. lim == - = Aim ey = m 5 =15 =
: 4342 E+)+D _ qs 42 _ =142 _ _ 1
28. lim m5 = lm ey = imyp S = 55 =3
—2x—4 __ —2(x+2) __ : =2 _ =2 _ _1
29 dim, Shae = limy, Sy = Iim, =T =
. S5y3+8y* g y:(5y+8) _ q: S5y+8 8 1
30. yhm N6y 11_r)n0 V2 (3y?—16) —ylino W16 — 16 — 2
. 1-1 L . X 1 :
31. lim lim —=— = lim ( ): Iim —= = -1
X — 1 1 x— 1 x-1 X — 1 X x—1 X — 1
32 li ! it ] 1 li ()EH)I)((:;) 1 2x 1 1 2 2 2
o lim =t = lim S = lim (e ) = M e = S = —
X — 0 X X — 1 X x_>1<(x71)(x+1) x) X — 1 x=Dx+1) -1

2 _ . 2
33. lim u.4_1 — lim (V+1)@+Du-1) lim (V+D)@+D) _ a+ba+1D _ 4

u 31 W +ut+ D=1 = ;757 w+u+l T 14+1+1 T 3
: 8 _ 1: V=2) (v +2v+4) _ Vi42v+4  _ 44+4+4 12 3
34. Vlﬂng t—16 _Vh_r,ng (V=2)v+2) (v +4) — Vlgng V+2)(VZ+4) T @B T 32 7 8
. 3 — .
35. lim VX Vx-3 = 1 —_1 _1

x—3 . o Vx=3 1 _
- imy S = limy S ey Ty s T Ve s

codxex? o (G- o XCHVX) VX)) g _ _
36. lim =3 = lim JE—2 = lim, = Jim x (24 V/x) =42 +2) =16

X —1

. x—1 1 (x—1) (v/x+3+2) T x—1(vx+3+2) ( )_ o
3. Jim e = im e ey —m s = iy (VX3 42) = Va2 =4

38 lim  Y*¥*3-3 _ lim (Vx” )(VXZJr +3) lim —_(+8-9
o1 x+l x> -1 (x+l)(\/x2+8+3) Ty x+D(V¥+8+3)
lim x+DhHx=1 _ _ox=1 . =2 _ 1
xafl (erl)(\/x2 +3) XHfl Vx2+8+3 343 3
30, lim YXE2-4 (Ves2-4) (Vi+12+4) lim (X +12)— 16
T x—2  x—2 X2 (x72)(\/x2+12+4> T x—2 (x72)(\/x2+1 +4)
G-2x+2) x42 _1

x 2 (x—2)(\/x2+l +4) x Y Veri2ia \F+4

(x+2) (\/x2 +3) (x+2) (\/x2 +3)

40. 22 = lim = lim —
XH -2 VX+45-3  x— -2 (\/x~+ - )(\/x2+ +3) x — —2 (*+5)-9
— lim (x+2) ('X2 +%) — lim VEF5+3 /943 3
= M, Y-y M, T2 T T T 72
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Section 2.2 Limit of a Function and Limit Laws

lim 2=V¥=5 _  1im (2—~x2—5)<2+vx2—5) lim —4=(2=5
X — —3 x+3 X — —3 (x+3)(2+\/x275> X — —3 (x+3)(2+\/x~ )

— lim 9—x2 lim B=xC+x) — lim 3-x __6 _ 3

X — —3 (x+3)(2+\/x2—5) X — 3(x+3)(2+\/x2 ) X— =3 2+Vx2-5 244 2
(4-x) (5+ Vi 9) ) —x) (5+ \/x2+9>

lim = lim lim — i
x—4 5319 \/X+ T x—4 (5 x2+9)(5+\/x2 ) X —4 - (x*+9)
oy (4—x)(5+\/x2+9) o (4—x)(5+\/x2+9) _ oy SV _54VE _ s
= Jm, 16—x2 = M TaoEro My Tai T T T3 T %

. . . . . . . 2 . 2
lim (2sinx — 1) = 2sin0—1=0—1=—1 44, lim sin’x = ( lim smx) = (sin0)"=0>=0
x—0 x—0 x—0
limsecx = lim — =1 =1=] 46. lim tanx = lim X — sin0 _ 0 _ ¢
X — 0 X — () COsX cos0 1 X — 0 X — () COsX cos0 1

: l+x+sinx _ 14+0+4sin0 __ 14040 __ 1
xlgno 3cos x - 3cos 0 - 3 -3

limo(x2 —1)(2 —cosx) = (0> —=1)(2 —cos0) = (=1)(2 - 1) = (=1)(1) = —1

X —

im /x+4cos(x+7) = lim_\/x+4 - lim cos(x+m)=+-7+4 -cosO=+4d—m-1=4—7

limo\/7 + sec?x = \/ lim (7 + sec?x) = \/7 + lim sec’x = V7 +sec0=1/7+ (1> =22
X — X — X —

(a) quotient rule (b) difference and power rules
(c) sum and constant multiple rules

(a) quotient rule (b) power and product rules
(c) difference and constant multiple rules

@ Jim 0200 = [ Jim_f00] [ lim, 600] = (5)(=2) = ~10

(b) Jim, 2fx) g(x) = 2 [ Jim_ 0] | lim, 00 = 265)(-2) = ~

(©) Jim_[f(x) +3g(0)] = Jlim_f(x) +3 lim_g(x) =5+ 3(-2) = —

) hm f(x) 5 _ 5
(d) xh;nc f0—gx — Im 0 — lmgx)  5-(-2 7

X—C

(a) x11314 [ex)+3] = xlim g(x) + lim 3==34+3=0
(b) Xlim4 xf(x) = Xlim4 X - hm f(x) (4)(0) =0

© lim (g0 = | lim g(x)] = [-3P =9

lim g(x)

g(x) — x—4 — ;3 —
) x15n4 -1 = Timfoo—Jim1 — 0-1 3

@ Tim [f00+g00] = lim {00+ lim 800 =7 +(=3) =4

(b) lim fx)- 200 = | lim 60| [ lim g00] = (7(-3) =~

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.

49



50 Chapter 2 Limits and Continuity

© xliinb 4gl0) = [Xli—r>nb 4] [xlijnb g(X)} =@ =12

(d) X11_r>nb fx)/gx) = x11_r>nb f(x)/xlgnb g(x) = =5 3

56. (a) XEm_Q [p(x) + r(X) + s(x)] = XE}m_Qp(x)4—)(£m_2r(x)4—)(2111_2s(x) =4+0+(-3)=1
(b) tlim pe <100 -500 = [ lim peo] | tim 10| | fim 50| = @)©0)(-3) =0

© lim [=4p(x) + S0V = |4 lim p(0+5 lim 10 / tim s = [~4(4) + 50O)Y-3 = £

57. lim (R lim RS lim P2ER = fim (24 h) =2

h—0 h—0 h—0
. - 2— - 2 . —_ _ . - .
58. lim CEERESCRN gy dshibod gy DO iy (b 4) = 4
h—0 h—0 h—0 h—0
59. lim BEEW-s-BO-4 - fiy 3h =3
h—0 h h—o N
G o) o Sl o 224k “h 1
60. hlﬂno F _hlino =7 _hllno ~3h(—21h) _hlﬂno h@—2m — 4

A (V) (TR

; _ _ T+h) -7 — 1 h _ 1 1
ol. hh—>m0 h h—0 h(\/7_ +h+\ﬁ) hh—>m0 h(\/7_ +h+\ﬁ) hh—>m0 h(\/7_ +h+\ﬁ) hh—>m0 VT+h+/7
_ _1
Q\ﬁ

. B0+ 13O T . (V3h+‘—1)(v3h+‘+1)7 . Gh+hH-1  _
62. lim o = lim = lim —————~ = lim
h—=0 h—0 h(\/3h+1+1) h—0 h(\/3h+1+1) h—0 h(\/3h+1+1)
— T 3 _3
- hlgno V3h+1+1 2

63. lim /5 —2x2 = /5 -2(0)° = /5 and lim_ V5 —x2 = /5= (0)2 = \/5; by the sandwich theorem,
X — X —
lirn0 f(x) = \/g
X —

3h

64. lim (2 — x2) =2—-0=2and lim0 2 cos x = 2(1) = 2; by the sandwich theorem, lim0 gx) =2
X — X —

x—0

: x? _ 0 _ . 1. : : Xsinx __
65. (a) Xlgn (1 — F) =1-—¢=1and xlgn(J 1 = 1; by the sandwich theorem, Xlgn0 5 cosx = 1

(b) Forx # 0,y = (x sin x)/(2 — 2 cos x) ¥ = (x sin x)/(2 — 2 cos x)
lies between the other two graphs in the . hix) =1~
figure, and the graphs converge as x — 0. \<
0.5

~2 -1 1 2
2 2
. lim (lf"—):lim 1~ jim 2 =1_0="1and lim ! = 1: by the sandwich theorem
66 (a)x_>0 373 Jmo g — lim 9 =3 0 2adx_)02 2,bytesad ch theorem,
lim 1=gsx — 1
x—0 2 2
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Section 2.2 Limit of a Function and Limit Laws 51

(b) For all x # 0, the graph of f(x) = (1 — cos x)/x> e
lies between the line y = % and the parabola

y = % — x2/24, and the graphs converge as x — 0.

N

67. (@) f(x) = (x2 — 9)/(x +3)

X -3.1 —3.01 —3.001 —3.0001 —3.00001 —3.000001
f(x) —6.1 —6.01 —6.001 —6.0001 —6.00001 —6.000001
X -29 —2.99 —2.999 —2.9999 —2.99999  —2.999999
f(x) -5.9 —-5.99 —5.999 —5.9999 —5.99999  —5.999999
The estimate is  lim 5 f(x) = —6.
X — —

(b)

f) =G =9)/(x+3)

_x2-9 _ (x+3)x-=3) __ : : _ _
(© 00 =577 = S —x ~3ifx # ~3,and_lim (x—3)=-3-3=6.

68. (a) g(x) = (x> —2)/ (x _ ﬁ)

X | 1.4 1.41 1.414 1.4142 1.41421 1.414213
g(x) | 2.81421 2.82421 2.82821 2.828413  2.828423  2.828426

(b)

y

v |
/ i .
/ﬁ V2

8 = (2 -2/ -12)

() g(x):xxiji: (X+(X22§23ﬁ) =x+ 2ifx;£\/§,andxgm\/§ (er\/E) :\/5+\/§:2\/§.

69. (a) G(x) = (x + 6)/ (x> +4x — 12)

X -5.9 -5.99 -5.999 —5.9999 —5.99999  —5.999999
G(x) —.126582 —.1251564 —.1250156 —.1250015 —.1250001 —.1250000
X —6.1 —6.01 —6.001 —6.0001 —6.00001 —6.000001
G(x) —.123456  —.124843  —.124984 —.124998 —.124999 —.124999
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(b)
y
10
-6 2 S
-10
20 G(x) = (x + 6)/(x? + 4x — 12)
(¢) GKx) = (x2+xzf;6712) = (x+"6;x672) = Loifx # —6, andxgrrl6 L=l =-1=—0125
70. (@) h(x) = (x> —2x —3)/(x* —4x + 3)
X 2.9 2.99 2.999 2.9999 2.99999 2.999999
h(x) 2.052631  2.005025  2.000500  2.000050  2.000005  2.0000005
X 3.1 3.01 3.001 3.0001 3.00001 3.000001
h(x) 1.952380  1.995024  1.999500  1.999950  1.999995  1.999999
(b) s
10
m 1 3
1
=20
hx) = (32 = 2x = 3)(x% —4x + 3)
(© h() = 5273 = G50ty = M ifx #3,and lim 35 =35 =5 =2.
71. (@) fx)=(x>—1)/(]x|—1)
X —1.1 —1.01 —1.001 —1.0001 —1.00001 —1.000001
f(x) 2.1 2.01 2.001 2.0001 2.00001 2.000001
X -9 -.99 —.999 —.9999 —.99999  —.999999
f(x) 1.9 1.99 1.999 1.9999 1.99999 1.999999
(b) y
2
|
|
Lo
: f&) =G =-D/(x -1
1 X
-1 1
(+ D(x— 1)
e ) oo =x+Lhx Oandx # 1 . ot
@ 10 == = { (Xl:(i()g(l_)l) =1-x, x<0andx # —1’ and lim (1-=x=1-=h=2
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Section 2.2 Limit of a Function and Limit Laws

72. (a) F(x) = (x> +3x+2)/(2 - [x])

X -2.1 —2.01 —2.001 —2.0001 —2.00001 —2.000001
F(x) —1.1 —1.01 —1.001 —1.0001 —1.00001 —1.000001
X —-1.9 —1.99 —1.999 —1.9999 —1.99999 —1.999999
F(x) -9 —-.99 —.999 —.9999 —.99999 —.999999
(b) ,
20
= > *
—60
Fx) = (2 + 3x + 2)/2 — |x)
s (x +22)(x+ 1) x 0
— X24+3x+2 —X ’ 1 = — = —
(© F&x) =55+ (HSRH):X—I—Lx<0andx;é—2’andxlimf?(x+1) 2+1 1.
73. (a) g(@) = (sin H)/0
0 .1 .01 .001 .0001 .00001 .000001
g(0) 998334 999983 .999999 .999999 .999999 .999999
0 —.1 —.01 —.001 —.0001 —.00001 —.000001
g(0) 998334 1999983 .999999 .999999 .999999 .999999
i, 8 =1
b
(b) )
1 y= smTB (radians)
Ll L |~ Jo—1 0
-5 —47 =37 2w 0 »™~2n 37 4w Sw
NOT TO SCALE
74. (a) G(t) = (1 — cos t)/t?
t 1 .01 .001 .0001 .00001 .000001
G(t) 499583 499995 499999 5 5 5
t —.1 —.01 —.001 —.0001 —.00001 —.000001
G(t) 499583 499995 499999 ) 5 5

Jlim G = 0.5
(b)

v

Gy = 1 —gost
0.5 !

1 1 1 1
—0.0003 -0.0001 | 0.0001  0.0003

Graph is NOT TO SCALE

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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54 Chapter 2 Limits and Continuity

75. lim_f(x) exists at those points ¢ where lim x* = lim x2. Thus, ¢* =¢? = ¢? (1- 02) =0=c¢=0,1,0r —1.
X—C X —C X —C

Moreover, lim f(x) = lim x> =0and lim f(x) = lim f(x) = 1.
x—0 x —0 X — —1 X — 1

76. Nothing can be concluded about the values of f, g, and h at x = 2. Yes, f(2) could be 0. Since the conditions of the

sandwich theorem are satisfied, lirn2 f(x) = =5 #0.
X —
o wes _ Jmo-ims  Emiw-s _ i ) — 24§
77. 1= Xlgn = ;!fﬂx_)}iiné == = xlgn4 fx)—5=2(1) = Xlgn4 fx)=24+5=17.
g Jlmyf0 lim ) :
78. (@) 1= lim = e = = lim fo =4,

b 1= tim = tim W gim L =] fim ) ©[(L) 5 dim =2

2 -
X X — —2 2 X — —

79. () 0=3-0= [ lim @} L@? (x — 2)} = lim {(“’%5) (x — 2)} = lim [f(0 = 5] = lim f(x) -5

Lx — 2 2
= lim2 f(x) = 5.

X —

() 0=4-0= lim f<">*5} [Xlimz (x — 2)} = lim f(x) = 5as in part (a).

x -2 X—2

r 2
80. (a) 0=1-0=[lim M] {lim x] - {lim @] {lim x'ﬂ = lim [f(—; -xﬂ — lim f(x). Thatis, lim f(x) = 0.
x—0 0 X X x—0 x—0

lx — 0 x — 0

() 0=1-0= [ fim %] [tim x| = lim [ x| = lim . Thatis, lim © = 0.
x—0 0 -0 * x—0

lx — 0 X

81. (a) Xliinoxsin%:0 Y

(b) —lgsiniglforx#o:

x>0 = —x<xsin % <x => lim0 x sin ¢ = 0 by the sandwich theorem;
X —

Xx<0 = —x xsin

=

X = lim0 x sin © = 0 by the sandwich theorem.

X —

82. (a) lim x2cos (%) =0 y
x — 0 X
h(z) = 22 cos(1/z?)

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Section 2.3 The Precise Definition of a Limit

(b) —1<cos (&) <lforx#0 = —x?<x%cos (&) <x* = lim0 x% cos (&) = 0 by the sandwich

X —

theorem since lim x% = 0.
x—0

83-88. Example CAS commands:

2.3

Maple:
f:=x->xM—-16)/(x —2);
x0:=2;

plot( f(x), x = x0-1..x0+1, color = black,
title = "Section 2.2, #83(a)" );
limit( f(x), x = x0);
In Exercise 85, note that the standard cube root, x(1/3), is not defined for x<0 in many CASs. This can be
overcome in Maple by entering the function as f := x -> (surd(x+1, 3) — 1)/x.
Mathematica: (assigned function and values for x0 and h may vary)

Clear[f, x]
fx_J:=(x> — x> — 5x — 3)/(x + 1)?
x0=—1;h=0.1;

Plot[f[x],{x,x0 — h,x0 + h}]
Limit[f[x], x — x0]

THE PRECISE DEFINITION OF A LIMIT

: e
1 5 17

Stepl:  [x—5]<éd = —6<x—-5<6 = —6+5<x<6+5
Step2: 6+5=7 = 6=2,or—6+5=1= 6=4.
The value of § which assures [x — 5] < § = 1 < x < 7 is the smaller value, § = 2.

X

7

Stepl:  |x—2| <6 = —6<x—2<8 = —64+2<x<6+2

Step2: —-64+2=1= 6=1Loré6+2=7 = §=>5.

The value of § which assures [x — 2| < = 1 < x < 7 is the smaller value, 6 = 1.

N -+

—752—I3 —1;2 *
Stepl:  |x—(-3)|<é = -6<x+3<d=> —6-3<x<6-3
Step2: —6-3=-1=>6=~Lor6-3=-1=6=3.
1

The value of § which assures |[x — (—=3)] < § = —7 < x < — } is the smaller value, 6 = 3

i } > X
3 _1
~2 T2
Stepl: |x—(=32)[ <6 = —6<x+3<é6=>-b6-3<x<b6-3
_ 7 1

Step 2: 757% f§:>6:2,oréf%:f§:>6:1.

The value of 6 which assures |x — (— %)| <6 = — % <X < — % is the smaller value, § = 1.

¢ I Y >x
Ay 7
49 172 47

Stepl: |x—%|<é=> —b<x-1<b6= b6+1<x<6+3

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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10.

11.

12.

13.

14.

15.

16.

Chapter 2 Limits and Continuity

Step 2: —6+%:g:>6:%8,0r6+%:%:>(5:%.
The value of § which assures |x — 1| <6 = § < x < 2 is the smaller value, § = .
—t +— } > X
2.7591 3 3.2391
Stepl: |x—3]<8 = —6<x—-3<86=> —-6+3<x<6+3
Step2: —6+3=2.7591 = §=0.2409,0r § + 3 = 3.2391 = § = 0.2391.
The value of § which assures |[x — 3| < § = 2.7591 < x < 3.2391 is the smaller value, 6 = 0.2391.
Stepl:  |x—=5|<8 = —6<x—-5<86 = —6+5<x<6+5
Step 2:  From the graph, -6 +5=49 = §=0.1,or6 +5=5.1 = 6 = 0.1; thus 6 = 0.1 in either case.
Stepl:  [x—(-3)|<é = —6<x+3<6=> —-6-3<x<6-3
Step2:  From the graph, -6 —3 = —-3.1 = §=0.1,0or6 —3=-29 = 6 =0.1; thus 6 = 0.1.
Stepl: |x—1]|<d = —6<x—1<é6 = —-6+1<x<é6+1
Step2: Fromthe graph, =6 +1=2 = §=L,or6+1=2 = §=2;thusé = L.
Stepl:  [x—3]<é6 = —6<x—-3<6=> —-6+3<x<6+3
Step 2:  From the graph, —6 +3 =2.61 = § =0.39,0or6 +3 =3.41 = 6 = 0.41; thus 6 = 0.39.
Stepl:  |x—2| <6 = —6<x—2<8 = —64+2<x<6+2
Step2:  From the graph, =6 +2=1/3 = 6§ =2 — /3~ 0.2679,0r6 +2=1+/5 = 6 = /52~ 0.2361;
thusé:\/gfz
Stepl:  |[x—(-D|<é = -0<x+1<éd=>-6-1<x<b-1
Step 2:  From the graph, —6—1:—§ = 5:@%0.1180,0r5—1:—§ = 6= 2_2\/3 ~ 0.1340;
thusézﬁ{z.
Stepl:  [x—(-D|<éd = -6<x+1<éd = -06-1<x<bd-1
. _ _ 16 7 _ _ 16 9 _ . _ 9 _
Step 2:  Fromthe graph, =6 —1=—-3 = 6 =5~077,0r6 —1=—32 = 5 =0.36;thus 6 = 55 = 0.36.
Stepl:  |[x—1| <6 = -d<x-L1<8d= S+i<x<b+}
. _ 1 _ 1 1 _ 1 _ 1 1. .
Step 2:  From the graph, 76+%— 501 = 0= 57m~0.00248,0r§+%— To5 = 0= 155 — 3 =~ 0.00251;
thus 6 = 0.00248.
Step1:  |(x+1)—5]<0.01 = |x—4| <00l = —00l <x—4<0.0l = 399 <x<4.01
Step2:  |x—4|<d = —6<x—4<éd=> —6+4<x<é+4 = 6§=0.01.
Step1:  |2x—2)—(—6)] <0.02 = 2x+4| <0.02 = —0.02<2x+4<0.02 = —4.02<2x < —3.98
= —2.01 <x<-199
Step2: [x—(-2)|<é = —6<x+2<éd=> —-6-2<x<6—-2 = 6=001.
. Step 1: ’\/x+1—1‘<0.1 = 01 <VX+1-1<01=09<xt1<11= 08l <x+1<121
= —0.19 <x<0.21
Step2: |x—0] <86 = —6 <x<é.Then, -6 = —0.19 = § = 0.19 or 6 = 0.21; thus, é = 0.19.
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. Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:
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[Vx=1] <01 = —01</x-1<01 = 04<,/x<06 = 016 <x<036
x—3<é6 = 6<x-1<é=> —6+<x<o+i
Then, =6+ =0.16 = § =0.090r 6 + ; = 0.36 = 6 = 0.11; thus 6 = 0.09.

‘\/19—x—3‘<1 = 1<y/19-x-3<1=2<y/19—x<4=4<19-x<16

= 4>x—19>—-16 = 15>x>3o0r3<x<15
x—10] <6 = —6<x—10<6 = —6+10<x <6+ 10.
Then -6 +10=3 = 6 =7,or6 +10=15 = § = 5;thus 6 = 5.

‘\/x—7—4‘<1 = —1<yVx—T-4<1 =2 3<y/x—-7<5=29<x-7<25 = 16<x<32

x —23] <6 = —6<x—-23<6 = —6+23<x<6+23.
Then —6 +23 =16 = 6 =T, 0r6 +23 =32 = 6§ =9;thusé = 7.

|1 -2 <005 = —005<1—-1<005=02<1<03=D>x>Ro0or<x<5
x—4|<bd = -6<x—4<éd=> —b6+4<x<b+4.
Then —6+4=2or§ =2 0oré6+4=50r6=1;thus 6 = 3.

X2 -3] <01 = —01<x2-3<01 = 29<x?<31 = /29<x<+3.1
‘x—\/g‘<(5 = —5<x—\3<6=> —6+V/3<x<6+3.
Then —6 + /3 =129 = 6§ =1/3—/29~00291,0r6+ /3 =1/3.1 = §=1/3.1—+/3 ~0.0286;

thus 6 = 0.0286.

X2 —4] <05=-05<x2-4<05=35<x><45=/35< x| <45 = —/45<x< —/35,
for x near —2.

X —(=2)|<éd = —6<x+2<éd = —-6—-2<x<6-2
Then —6 — 2= —+/45 = 6 =1/45—-2=~0.1213,0r6 —2=—+/3.5 = 6§ =2 — /3.5~ 0.1292;

thus 6 = /4.5 -2~ 0.12.

1 1 11 1 9 10 10 10 10
(D] <01l = —01<i+1<0l = —F<i<—-7 = -—[g>x>—-Fo—Fx<—1.

x—(-D|<éd = -6<x+1<d=>-6-1<x<b6—-1.

Then—6—1=-2 = 6=Lor6-1=-1 = §=1Lthusé =%,

(x2=5)—11]<1 = [X¥2—-16/<1 = -1<x*-16<1 = 15<x*<17 = VI15<x< /17
x—4|<éd = —6<x—4<b=> -6+4<x<b6+4.

Then -6 +4=+/15 = 6 =4—/15=0.1270,0r 6 +4 = /17 = 6 = /17 — 4 =~ 0.1231;
thus 6 = /17 —4 =~ 0.12.

2 -5l<1l = -1<2-5<1 =24<20<c6=1>5>8 = 30>x>200r20 < x < 30.
x —24| <6 = —6<x—-24<6 = —6+24<x<b6+24

Then —6 +24 =20 = § =4,0r6 +24 =30 = 6 = 6;thus = § = 4.

|mx — 2m| < 0.03 = —0.03 < mx —2m < 0.03 = —0.03 4+ 2m < mx < 0.03 +2m =
0.03 0.03
252 <X <24 52
x—=2|<éd = —6<x—-2<6 => —6+2<x<b6+2.
Then—6+2:2—% = 5:0%,0r6+2:2+0;nﬁ = 6:0%. Ineithercase,éz%.
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Stepl: |mx—3m/<c = —c<mx—-3m<c = —c+3Im<mx<c+3m = 3 -2 <Ix<3+ =
Step2: |[x—3]<d = —6<x—-3<é6=> —-6+3<z<d6+3.
Then -6 +3=3—-+ = 6= _,0or6+3=3+, = 0= . Ineithercase, 6 = .

m

Step 1: |(mx+b)—(%+b)|<c = —c<mx—3<c= —c+yg<mx<c+3gz = %—%<X<%+%.

Step2:  |x—1| <6 = b<x-Li<é6= b+i<x<éi+l
Then —6+3=1-£& = §=S oré6+1=1+< = §= < Ineithercase, § = <.
Step 1:  |(mx +b) — (m +b)| < 0.05 = —0.05<mx —m < 0.05 = —0.05+m < mx < 0.05+m
0.05 0.05
= 1-=2<x<1+ 72
Step2: |x—1]<d = —6<x—-1<6 = —-6+1<x<é+1.
Then—é—i—lzl—%:>5:O'm£,0r6+1:1+0'mﬁiéz%.lneithercase,ézo%.
lim3 B-2x)=3-23)=-3
X —
Stepl:  |(3—2x)—(=3)] <002 = —0.02<6—-2x<0.02 = —6.02< —2x < —5.98 = 3.0l >x>299or
2.99 < x < 3.01.
Step2: 0<|x—3]<6 = —6<x—-3<§=> —-6+3<x<é6+3.
Then -6 +3 =299 = 6 =0.01,or6 +3 =3.01 = 6 =0.01; thus 6 = 0.01.

lim (=3x—=2)=(=3)(-D)—-2=1
X — —
Step1:  |(—3x—2)—-1]<0.03 = —-0.03< -3x—-3<003 = 001l >x+1>-0.01 = —1.0l <x < —0.99.
Step2: |x—(—D|<éd = —d<x+1<d = -6-1<x<6—1
Then -6 —1=-1.01 = 6=0.0l,0or6 —1=-0.99 = 6 =0.01; thus 6 = 0.01.

lim =2 — ljm &£2x=2 _ lim (x+2)=2+2=4x#2
X —

X —2 X—2 X — 2 (x=2)

Step 1: ](*2:24) —4‘ <005 = —0.05 < 8= _ 4 2005 = 395 < x+2 <405 x £2

X x—2)
= 195 <x <205 x#2.
Step2: [x—2| <6 = —6<x—-2<6 => —6+2<x<b6+2.
Then —64+2=1.95 = § =0.05,0or6 +2 =2.05 = 6 = 0.05; thus § = 0.05.

. x246x+5 _ . E+HE+1D : _
m g SEEE = lim ) BE = im kb D = 4k S,
Step 1: (%;5) —(—4)| <005 = 005 < BTN 4 4 20,05 = 405 <x+ 1 < ~3.95x # 5

= —5.05 <x< —4.95,x # —5.
Step2: |x—(=5)|<éd = —6<x+5<6 = —6-5<x<b6—5.
Then —6 —5=-5.05 = 6 =0.05,0or6 —5=—-495 = ¢ = 0.05; thus 6 = 0.05.

lim /T 5x = /T=503) = /16 = 4
X — —

Step 1: ‘\/1—5)&—4‘ <05 = —05<1—-5x—4<05= 35<+/1—5x<45 = 1225 < 1 — 5x < 20.25

= 1125 < -5x < 19.25 = —3.85 <x < —2.25.
Step2: |x—(-3)|<éd = —6<x+3<d=> —6-3<x<6—-3.
Then -0 —3=-385 = 6 =0.85,0r6 —3=—-225 = 0.75; thus 6 = 0.75.

4

lim ¢=%=2
x—2 X 2
. 4 4 4 10 X 10 10 10 5 5
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Step 2:
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x—=2|<éd = —6<x—-2<6 => —6+2<x<b6+2.

Then—6—|—2:% = (5:%,0r6+2:% = 6:%;thu56:%.
[O—x)—5|<e=>—ec<d—x<ec=>—-€—4<x<e—4=>e+4>x>4—c=>4d—e<x<4d+e
x—4| <6 = —6<x—4<éd=> —b6+4<x<b+4.

Then —6 +4=—€+4 = 6 =¢c,or6 +4=c¢+4 = 6 =¢c. Thus choose 6 = e.

|Bx=7)=2[<e = —e<3x—9<e = 9-e<3x<9+e = 3-5<x<3+3.
x—3]<é = —6<x—3<é6=> —-6+3<x<6+3.

Then—6+3:3—§ = 6:§,or6+3:3+§ = 62%. Thuschooseézg.

‘\/x—5—2‘<e S e VX—5-2<e=2—c<c\/x—5<24¢c= Q- <x—5<2+e?
= Q2-e’+5<x< 2+ +5.

X -9/ <é = —6<x-9<b6 => —-6+9<x<6+9.

Then =6 +9=€2—4¢+9 = §=4de—eX,or6+9=e2+4e+9 = 6 = 4e + €2. Thus choose

the smaller distance, § = 4e — €2.

‘\/4—x—2‘<6 o e \/A_x—2<e = 2—e<\h-x<24€e= Q-2 <d—x< (2462
= 24 <x—4<—-0C2—-€? = —Q+eP+4<x<—-2—¢€?+4.

x—0] <6 = -6 <x<6é.

Then -6 = -2+ € +4=—€>—4e = 6 =4de+ €%, 0rd = —(2 — €)®> + 4 = 4e — €2. Thus choose

the smaller distance, § = 4e — €2.

Forx# 1L, [xX2—1|<e = —e<x}*—1<e=>1-e<x*<1l4+e = V]I-e<|x|<1l+e¢

= /1—e<x<+/1+enearz =1.

x—1]<é6 = —06<x—1<é6 = —6+1<x<d+1

Then —6+1=+v1—¢ = §=1—+/1—¢cord+1=+/14+¢ = 6 =+/1+¢— 1. Choose

6 = min {1 —V1—€+1+e— 1}, that is, the smaller of the two distances.

Forx# -2, x> 4| <e = —e<x’—4<e = 4—e<xX2<d+e = VId—e<|x|<d+e
= —y/4+e<x<—v4—enearx = —2.
X —(-2)|<é = —6<x+2<§=> —6-2<x<6—-2.

Then —6 —2=—\/4+¢€¢ = 6=+/4+ec—2,0r6 —2=—\/4—¢ = § =2—+/4—¢. Choose
6:min{ Ate—2,2— /4 }

1 1

I-1ll<e=> —e<i-l<e=l-e<i<l+de= = <x<it

x—1l<éd = —6<x—-1<6=>1-6<x<1+6.

Thenl—é=1 = 6=1- =i, orl+6=11 = 6= - 1=

Choose 6 = ﬁ,the smaller of the two distances.

1 1 1 1 1 1 1 1-3¢ 1 1+ 3¢ 3 2 3
|p—§’<€:> _6<F_§<6:> §_E<F<§+6:> T<F<T = 1735>X >1+3€

3 [ 3 [ 3 /3
= 1o < X </ or (/i <x < 1,—36forxnear\/§.
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Step 2: ‘x—\/g‘<§:>—5<x—\/§<5:>\/§—5<X<\/§+5.
Then /3 — 6 = 1f3€:6=\/§—\/ﬁ,0r\/§+5: 133€:>6:\/133e_\/§'
Chooseézmin{\/g—\/ﬁ,\/lfge—\/3}.

Stepl: [($58) — (-6 < = —e<x-3+6<ex£-3 = —e<x+3<e > —e-F<x<e3

Step2:  |x—(-3)|<éd = —6<x+3<bd=> —6-3<x<b6-3.
Then -6 —3=—-€—3 = 6 =¢c,or6 —3=¢—3 = 6 =¢. Choose 6 = ¢.

Step 1: ‘(ﬁ——l)—z‘« = e<(xtD-2<exA1 = 1-c<x<lte

x—1
Step2: |x—1]|<d = —6<x—-1<6=>1-6<x<1+6.
Thenl —6=1—¢ = 6=¢c,orl+6=1+¢ = 6§ =¢. Choose § = e.

Stepl:  x<1:|4—-2x)—2|<e = 0<2—-2x<esincex <1.Thus, | —§ <x <0
X 1|(6x—4)—2]<e = 0<6x—6<esincex 1.Thus,1<x<1+¢.
Step2: |x—1|<d = —6<x—-1<6d=>1-6<x<1+6.
Thenl—ézl—g:>5:§,0r1+5:1—|—§:>6:§.Choose(5:§.
Stepl: x<0: 2x—0/<e = —e<2x<0 = —§<x<0;
X 0:]53-0[<e=0<x<2e
Step2: [x—0] <6 = =6 <x<é.

Then—éz—% = 52%,0r6:2e = 6 = 2e. Chooseéz%.

1

By the figure, —x < x sin % <xforallx >0and —x xsiny xforx < 0. Since lim0 (—x) = lirn0 x =0,
X — X —

then by the sandwich theorem, in either case, lim0 X sin % =0.
X —

By the figure, —x? < x? sin 1 < x? for all x except possibly at x = 0. Since lim (—x*) = lim x% = 0, then

X — X —

by the sandwich theorem, lim x?sin 1 = 0.
x—0 X

As x approaches the value 0, the values of g(x) approach k. Thus for every number € > 0, there existsa é > 0
suchthat 0 < [x — 0] < 6 = |g(x) — k| <e.

Writex =h+c. Then0 < [x —¢c|<d e -6 <x—c<éfxFce —6<(h+c)—c<dh+c#c
& —6<h<6,h#0<0< |h—0| <6
Thus, limf(x) = L < for any € > 0, there exists 6 > 0 such that [f(x) — L| < e whenever 0 < |x —c| < §

< |f(h+c¢) — L] < e whenever 0 < |h — 0] < 6 @}llirréf(h—l—c):L.

Let f(x) = x2. The function values do get closer to —1 as x approaches 0, but lim0 f(x) = 0, not —1. The
X —

function f(x) = x? never gets arbitrarily close to —1 for x near 0.
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Let f(x) = sinx, L = 1, and xo = 0. There exists a value of x (namely, x = Z) for which |sin x — }| < € for any given

€ > 0. However, 1im0 sin X = 0, not % The wrong statement does not require X to be arbitrarily close to Xy. As another\
X —

L= %, and xo = 0. We can choose infinitely many values of x near O such that sin % = % as

you can see from the accompanying figure. However, lim0 sin % fails to exist. The wrong statement does not require all
X —

1

example, let g(x) = sin o
values of x arbitrarily close to Xy = 0 to lie within ¢ > 0 of L = % Again you can see from the figure that there are also
infinitely many values of x near O such that sin % = 0. If we choose € < % we cannot satisfy the inequality

|sin % - %‘ < ¢ for all values of x sufficiently near xo = 0.

y=1
17

— e - - - — ——- HH +

IA—9/ <001 = —001<7(3)"-9<001 = 899< ™ <901 = %899 <x2< (9.0
= 24/32 <x <2,/2% 0r3.384 < x < 3.387. To be safe, the left endpoint was rounded up and the right

endpoint was rounded down.

— vV _ \'4 120 120 10 R 10
V=Rl = §=1= |[§-5/<01 = -01<-5<01 =49<2<51 =73 55 »=
(120)(10) (120)(10)

CF2 <R < B0 = 23,53 <R <2448,

To be safe, the left endpoint was rounded up and the right endpoint was rounded down.

(@ —6<x—-1<0=1-6<x<1 = f(x)=x. Then|f(x) 2| =|x—2|=2—x>2—1=1. Thatis,

[fx) —2| 1 % no matter how small 6 is taken when 1 — 6 < x <1 = lirn1 f(x) # 2.
X —

b) 0<x—-1<8§=1<x<1+86 = f(x) =x+1. Then [f(x) — 1| = |(x+ 1) — 1| = |[x| = x > 1. Thatis,
[f(x) — 1| 1 no matter how small § is taken when1 < x <146 = Xliéml f(x) # 1.

© —-6<x—1<0=>1-6<x<1 = fx)=x. Then|fx)— 15|=|x—-15]/=15—-x>15-1=05.
Also,0<x—1<6 = 1<x<1+6 = f(x) =x+ 1. Then [f(x) — 1.5| = |(x+ 1) — L.5] = |x — 0.5]
=x—05>1-0.5=0.5. Thus, no matter how small ¢ is taken, there exists a value of x such that
—6 <x—1< ébut [f(x) — 1.5] % = Xliin1 f(x) # 1.5.

(@) For2<x<2+4+6 = h(x)=2 = |h(x) —4| =2. Thusfore < 2, |h(x) —4| € whenever2 < x <2+ 8no

matter how small we choose 6 > 0 = lim2 h(x) # 4.
X —

(b) For2 <x<2+4+6 = h(x)=2 = |h(x) —3| =1. Thusfore < I, |h(x) —3| € whenever2 < x <2+ 8 no

matter how small we choose 6 > 0 = lim2 h(x) # 3.
X —

(c) For2 —§ <x <2 = h(x) =x%so0|h(x) — 2| = [x* — 2|. No matter how small § > 0 is chosen, x? is close to 4
when x is near 2 and to the left on the real line = [x? — 2| will be close to 2. Thusif e < 1, [h(x) — 2| €
whenever 2 — § < x < 2 no mater how small we choose § > 0 = lim2 h(x) # 2.

X —
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59. (a) For3—6<x<3= f(x) >48 = |f(x) —4| 0.8. Thusfore < 0.8, [f(x) —4| € whenever
3 — § < x < 3 no matter how small we choose 6 > 0 = lim3 f(x) # 4.
X —

(b) For3<x<3+46 = f(x) <3 = [f(x) —4.8] 1.8. Thusfore < 1.8, [f(x) —4.8] e whenever3 <x <3+
no matter how small we choose 6 > 0 = lim3 f(x) £ 4.8.
X —

() For3—6<x<3 = f(x) >4.8 = |f(x) —3] 1.8. Again, fore < 1.8, [f(x) — 3] € whenever3 —46 <x <3
no matter how small we choose 6 > 0 = lim3 f(x) # 3.
X —

60. (a) No matter how small we choose 6 > 0, for x near —1 satisfying —1 — 6 < x < —1 + 4, the values of g(x) are
near 1 = |g(x) —2|is near 1. Then, for e = 1 we have |g(x) —2| 3 for some x satisfying
—l1-6<x<—-1+8000<|x+1]<b6 = limlg(x)#Z.

X — —

(b) Yes, lim | g(x) = 1 because from the graph we can find a 6 > 0 such that |g(x) — 1| < €if 0 < |[x — (—=1)| < 6.
X — —

61-66. Example CAS commands (values of del may vary for a specified eps):

Maple:
f:=x->(x"-81)/(x-3);x0 := 3;
plot( f(x), x=x0-1..x0+1, color=black, # (a)
title="Section 2.3, #61(a)" );
L := limit( f(x), x=x0 ); # (b)
epsilon :=0.2; #(c)

plot( [f(x),L-epsilon,L+epsilon], x=x0-0.01..x0+0.01,
color=black, linestyle=[1,3,3], title="Section 2.3, #61(c)" );
q := fsolve( abs( f(x)-L ) = epsilon, x=x0-1..x0+1); # (d)
delta := abs(x0-q);
plot( [f(x),L-epsilon,L+epsilon], x=x0-delta..x0+delta, color=black, title="Section 2.3, #61(d)" );
for eps in [0.1, 0.005, 0.001 ] do # (e)
q := fsolve( abs( f(x)-L ) = eps, x=x0-1..x0+1 );
delta := abs(x0-q);
head := sprintf("Section 2.3, #61(e)\n epsilon = %5f, delta = %5f\n", eps, delta );
print(plot( [f(x),L-eps,L+eps], x=x0-delta..xO+delta,
color=black, linestyle=[1,3,3], title=head ));
end do:
Mathematica (assigned function and values for x0, eps and del may vary):
Clear[f, x]
yl: =L —eps; y2: =L +eps; x0 = 1;
flx_]: = (3x> — (7x + 1)Sqrt[x] + 5)/(x — 1)
Plot[f[x], {x, x0 — 0.2, x0 4+ 0.2}]
L: = Limit[f[x], x — x0]
eps = 0.1; del = 0.2;
Plot[{{[x], y1, y2},{x, xO — del, xO + del}, PlotRange — {L — 2eps, L + 2eps}]
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2.4 ONE-SIDED LIMITS

1. (a)
(e)
)

2. (a)
(e)
()
3. (a)
(b)
(©)
(d)

(b)
©
(d

(b)
(©

(b)
©

True (b) True (c) False (d) True
True () True (g) False (h) False
False (j) False (k) True (1) False
True (b) False (c) False (d) True
True () True (g) True (h) True
True (j) False (k) True

1 = 2 = 1 = — =
xliné+ f(x)=5+1=2, Xlin%f fx)=3-2=1
No, lim_f(x) does not exist because lim f(x) # lim f(x)
X — 2 x — 2% X — 2
. _ 4 _ . _ 4 _
Xlgr}rf(x)_ 5 +1 _3’X1l,nl+f(x)_ ;+1=3

Yes, lim f(x) =3 because 3 = lim f(x) = lim f(x)
X —4 X — 4 X — 47+

xllné+ fx)=35=1, XILI%— fx)=3-2=1,1f2)=2
Yes, lim_f(x) = 1 because 1 = lim f(x) = Ilim_f(x)
X — 2 X — 21 X — 2
lim fx)=3—-(-1)=4, lim fx)=3-(-1)=4
x— -1 x— —1*F
Yes, lim f(x) =4because4 = Ilim f(x)= Ilim f(x)
x— —1 x— —1 X — —1%
No, lin}) . f(x) does not exist since sin (%) does not approach any single value as x approaches 0
X —
lim f(x)= lim_0=0
x—0 x—0

lim f(x) does not exist because lim f(x) does not exist
x—0 X — 0t

Yes, lir%+ g(x) = 0 by the sandwich theorem since —\/I <gx) < \/; when x > 0
X —
No, linb _ g(x) does not exist since /X is not defined for x < 0
X —

No, lim_g(x) does not exist since lim g(x) does not exist
x—0 x—0

(b) Xli)mr fx)y=1= xlin%+ f(x)

(c¢) Yes, lim1 f(x) = 1 since the right-hand and left-hand
X —

3
1k y={x, x#1

0, x=1 limits exist and equal 1

(b) lLim fx)=0= lim f(x)
X — 1t X —1

2, x=l (¢) Yes, lim1 f(x) = 0 since the right-hand and left-hand
X —

limits exist and equal 0
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10.

11.

13.

14.

15.

16.

17.

(a)

(b)

()
(d)

(a)

(b)

(©)
(d)

- [x+2 _ [-05+2 _ [ _
cm o = s = Ve S

limy () () = (52) (By) = e
Jim () (459) (5%) = (72) (59 (7)
lim m V5o lim (mfﬁ)(
h— 0+ h—>0+ h

lim W+ -5

lim

h—>0+ h(m+f)

Chapter 2 Limits and Continuity

domain: 0 <x <2

range: 0 <y<landy =2
Jim  f(x) exists for ¢ belonging to
©0,1Hu@a,2)

x=2

x=0

domain: —oo < x < o0

range: —1 <y <1

Xli_r’nC f(x) exists for ¢ belonging to
(=00, =1 U (-1,1)U (1, 00)
none

none

V3

~

|\‘1 x?, 0<x<1
y=

1 1<x<2
2, x=2
2r °
1‘5\._0
L x
0 1 2

ok

I, x=0

x, -1<x<0 or 0<x<1
-
0, x<-lorx>1

: x—1 __ 1-1 —
12 dim /35 = /153 =V0=0

h(h +4)

\/h2+4h+5+\/§>
Vi +4h+5+/5

0+4 2

h1—>0+ h(ViErants+y35) V55 s

h—0" h—>0’

. 6—(5h>+11h+6
li (5h* +11h +6)

—h(Sh+11)

V/6—+/5n2+11h+ 6 \/5h2+11h+ lim (\/6—\/5h2+11h+6) (\/6+\/5h2+11h+6)

V6++/5h2+11h+6
_ —O+1DH __

— _ 1
=0 (Ve s ) h b h(Ves e mre) | Verve | 2/

(a)

(b)

. (a)

(b)

. [x+2| _ . (x+2)
. l}r{l2+ x+3) 12 « EIEQ+ x+3) (x+2)
= lim
X —
. x+2] _ . —(x+2)
Jm, x+3) 555 = lim (x+3) [ xT2)

= lim
X — —27
lim  Y20-D iy V20D
x— 1t k=1 x— 1t &=D
= lirr}+ \/2x:\/§
X —
lim  Y20-D iy V20D
X — 1" [x—1] X — 1 —x=1
= hm —V2Xx = — \/E

}

(x+2| = (x+2) forx > —2)

n 3= () +3) =1

(x+2|=—-x+2)forx < —2)

K+3)(-D=—(-2+3) = -

(x=1=x—1forx > 1)

(x=1=-x—-1Dforx <1)
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20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Section 2.4 One-Sided Limits

i Bl 3 _ i o _2
@ im == ®) lim =3
(@ lim (t—[t]))=4-4=0 (b) lim (t—[t}))=4-3=1
—4F t— 4~
. i 9 .
lim S0V _ [y sinx _ g where x = /20
0 — \/59 x—0 X ( \/_ )
lim oK — i ksnkt — jjy ksl fiym S0 ] =k (where 6 = kt)
t—0 ¢ t—0 t 60— 0 0—0
lim S0 — 1 iy 30 _ 3 iy S0 3 iy sind 3 where § = 3
vy & 4y Ty 4,y Ty 41 g Z ( y)
. h o 1. 3\ _ 1 1 11 1 _1.1_1 _
hlg%f Sin 30 _hlf%f (3-a5%) =3 hlimof @Iy = 3 (91361 ;f’) =3-1=3 (where 6 = 3h)
sin 2x . .
lim 2 = fim &R o gy sin2e o (gim L) (im 2sh2) = 1.2=2
X — 0 X — 0 X X — () Xcos2x X — (0 €0s2x X — 0 2x
im 2L =2 lim i~ =2 lim lC.O“:z(nm cost) 1 )=2-1-1=2
t—(Q tant t—0 (i) t— (0 st t—0 }E%T
: X csc2X X R 1 _ (1 1 2X : 1 _ (1. _ 1
Xlﬂno cosS5x T x4 (sin2x cosSx) - (2 Xlgno sin2x) (Xh_r,no cosSx) - (2 1) (D= 2
. . 2 .
lim_6x*(cot x)(csc 2x) = lim XX — Jim (3cosx- X -2 ) =3.1-1=
XHO XHO SIn X Sin zX X*’O Sin X Sin zZX
: X+XCoOSX __ 13 X X COS X 1 x . _1 . X
Xlgno sinxcos X le»(J (sinxcosx + sinxcosx) - xlgno (sinx cosx) +xl£n0 sin x
~ lim (L) lim (-1)+ lim (L)z D) +1=2
X — 0 X X — 0 (cosx)—’—x*}() X ()()+
: xX2—x+sinx _ 13 x 1 4, 1(sinx)) _—n_1_,41 _
m, 2x —Xh_r,no(Q 33 (%) =0-3+3(0)=0
. 1—cosf __ 1 (1—cos)(1+cosb) _ 1 1—cos?f 1 sin® 9
ell_rpo sin 26 70121’10 (2sin 6 cos 0)(1 + cos 0) 7915110 (2sinf cos 0)(1 + cos 0) 70151’10 (2sinf cos 0)(1 + cos 0)
T sin 6 _ _0 _
= elgno Beosd)(170050) — @)@ — 0
. R oden s bim(se)
lim A5 = fim S o fim o = fim s = el — 50— 0
x—0 ¢ x—0 9 x—=0 53 x— 0 (¥2) ,}E‘})(T)
lim M-l — Jim 18 — ] gince =1—cost — Oast— 0
t—0 1-cos -0
lim 60D — iy s — | gince § =sinh — Oash — 0
h—0 S0 6—0
: sinf __ sin 20 _ 1 13 sinf 20 1. _ 1
6]21‘10 sin20 911—>0 (sinZ(? 29) 2 0]51‘10 ( 0 sin29) -2 1-1= 2
: sin5x __ 1; sin5x _4x 5\ _ 5 7q; sin5x | _4x _5.1.1—-35
Jim Gy = lim (k53 =13 im (5 - mw) =1-1-1=3
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37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

Chapter 2 Limits and Continuity

lim fcosd =0-1=0
6 —0

cos20 __

cos20 cos2 __ 1
sin20 lm

2sinfcosf 02cosﬁ 2

611m sinf cot20 = hrnosm 0

— —

hm sin 0
— 0

tan3x __ 13 sin 3x 1 1 sin 3x 1 U8 U3
xlgl() sin 8x —xlgllo (cos 3x sinSx) —xlgllo (cos 3x  sin8x  3x 8)
_ 375 1 sin 3x 8x _ 3 .1.1. _ 3
=g lim, (vs) (55) () =5 1-1-1=3

lim sin 3y cot 5y — lim sin 3y sin 4y cos 5y — lim sin 3y sin 4y cos Sy 3-4-5y
y—0 y cot 4y y—0 y cos 4y sin Sy y—0 y cos 4y sin 5y 3-4-5y

T in 3 in 4 5 5 34\ _
- ylgno (Sgyy> (Slzyy> (siny5y> <2224z/) (?) =1-1-1-1-

IS
oIS

sinf

. tanf 6 sinfsin30  __ 1; sin @ ( sin 30 3 _ 3\
Gh—I>nO B2cot30 hmo 92?;:‘:%9” - hmo 02 cos 0 cos 30 615110 ( 0 ) ( 30 ) (Cosﬂcos 30) - (1)(1) ( 1-1) =3
lim et — fim O5d Jim et — i Boosdt (Osinfeos6) _ pi, feosdd (dsin cos’ )
§ — 0 sin 6 cot?20 -0 sm29 ur\ 79 7 sin 6 cos>26 sin 46 sin%6 cos?26 sin 46 §— o0 sin 6 cos?26 sin 40
I 40 cos4fcosh _ 1: 46 cosd4fcos? 6\ __ 1 cos4fcos? 6\ __ 1 1_12 _
- ﬁlgno cos220sin4f 911110 (sin46) ( cos226 ) - 911110 (5‘“49 ) ( cos226 ) - (1) ( 12 ) =1
Yes. If hm f(x) =L = lim_f(x), then lim_ f(x) =L. If lim f(x) # lim_f(x), then lim_f(x) does not exist.
X—a Xx—a X —a’ X —a X —a

x—»a

Since lim f(x) = L if and only if lim+ f(x) = L and hm f(x) = L, then l1m f(x) can be found by calculating
X —C
11m f(x).

X — ¢t

If f is an odd function of x, then f(—x) = —f(x). Given lin%)+ f(x) = 3, then lin%) fx)=—
X — X —

If f is an even function of x, then f(—x) = f(x). Given liné _f(x) = 7 then lim2+ f(x) = 7. However, nothing
X — X — —

can be said about limT f(x) because we don't know lin%+ f(x).
X — — X —

I=0G,5+6) = 5<x<5+6 Also,/x—5<€ = x—5<€ = x<5+¢% Choose § = €2

= 11m vVx—5=0.

Xﬂd
I=4—-64)=>4—-6<x<4 Also,\/41—x<e=>4—x<e=x>4—¢> Choose § = ¢€>

= hn}; v4—x=0.
X —

Asx — 07 the number x is always negative. Thus, |- — (71)‘ <€ = |_LX + 1| < € = 0 < e which is always

X

true independent of the value of x. Hence we can choose any 6 > 0 with - < x < 0 = lirr(lr ‘i =—1.
X —

Since x — 27 we have x > 2 and |x — 2| = x — 2. Then,

1‘—]——1\<e:> 0<e
which is always true so long as x > 2. Hence we can choose any 6 > 0, and thus 2 < x <2+ 6

1‘ < €. Thus, lim X2 1,

x = —ot [x=2]

=

\X 2\
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51.

52.

2.5

10.

11.

12.

Section 2.5 Continuity 67

(a) li% o |x| = 400. Just observe that if 400 < x < 401, then |x| = 400. Thus if we choose § = 1, we have for any
X —

number € > 0 that 400 < x < 400+ ¢ = ||x| —400| = |400 — 400| =0 < e.

(b) 1i14r[1)07 |x] = 399. Just observe that if 399 < x < 400 then |x| = 399. Thus if we choose § = 1, we have for any
X —

number ¢ > 0 that 400 — 6 < x < 400 = ||x] — 399| = (399 — 399 =0 < .

(¢) Since lim _|x] # lim |x] we conclude that lim |x] does not exist.
X — 400* X — 400~ x — 400

(a) 1in(1)+f(x) = lin%]+ f: f:O; \/§70| <e = —e</x<e = 0<x< e forx positive. Choose § = €
X — X —
= lim f(x)=0.
x — 0" )
(b) liII(l) f(x) = linb _x%sin (1) = 0 by the sandwich theorem since —x* < x*sin (1) < x* for all x # 0.
X — X —
Since [x* — 0| = |—x? — 0] = x? < ¢ whenever |x| < /€, we choose 6 = /e and obtain |x? sin (1) — 0| < ¢
if —6 <x<0.
(c) The function f has limit 0 at xqg = 0 since both the right-hand and left-hand limits exist and equal O.

CONTINUITY
No, discontinuous at x = 2, not defined at x = 2

No, discontinuous at x = 3,1 = lin})r gx) #£gB)=1.5
X —

Continuous on [—1, 3]

No, discontinuous atx = 1, 1.5 = lilq kx) # lin%+ kx)=0
X — X —

(a) Yes (b) Yes, . _l)irzl1+ f(x) =0
(c) Yes (d) Yes

(a) Yes, f(1) =1 (b) Yes, Xli_r’n1 f(x) =2
(c) No (d) No

(a) No (b) No

[=1,00U 0, HU(,2)U(2,3)

f(2) =0,since lim f(x)=-2Q2)+4=0= lim f{(x)
X — 2 x — 2%
f(1) should be changed to 2 = lim1 f(x)
X —

Nonremovable discontinuity at x = 1 because lim1 f(x) fails to exist ( 1in}7 f(x) = 1 and lin%+ f(x) = 0).
X — X — X —

Removable discontinuity at x = 0 by assigning the number lim0 f(x) = 0 to be the value of f(0) rather than f(0) = 1.
X —

Nonremovable discontinuity at x = 1 because lim1 f(x) fails to exist ( lilq _f(x) =2and lin}+ f(x) = 1).
X = X — X —

Removable discontinuity at x = 2 by assigning the number lim2 f(x) = 1 to be the value of f(2) rather than f(2) = 2.
X —
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Chapter 2 Limits and Continuity

. Discontinuous only whenx —2 =0 = x =2 14. Discontinuous only when (x +2)2 =0 = x = —2

Discontinuous only when x> —4x4+3=0 = x—-3)x—-1)=0 = x=3o0rx=1

Discontinuous only when x> —3x —10=0 = (x—5)x+2)=0 = x=5o0rx = -2

Continuous everywhere. (|x — 1| + sin x defined for all x; limits exist and are equal to function values.)
Continuous everywhere. (|x| + 1 # 0 for all x; limits exist and are equal to function values.)
Discontinuous only at x = 0

Discontinuous at odd integer multiples o g, ie,x=2n—-1) g, n an integer, but continuous at all other x.

Discontinuous when 2x is an integer multiple of 7, i.e., 2X = n7, n an integer = X = “7”, n an integer, but
continuous at all other x.
X

Discontinuous when % is an odd integer multiple of 7—2T, i.e., %" =@n—1)Z,naninteger = x =2n— 1, nan

integer (i.e., X is an odd integer). Continuous everywhere else.
Discontinuous at odd integer multiples of I, i.e., x = (2n — 1) Z, n an integer, but continuous at all other x.

Continuous everywhere since x* +1 land -1 <sinx <1 = 0<sin?x <1 = 14sin’x 1; limits exist
and are equal to the function values.

3

Discontinuous when 2x +3 < 0 or x < — 3 = continuous on the interval [— 3

2700)'

2
Discontinuous when 3x — 1 < Qor x < % = continuous on the interval [%, oo) .

Continuous everywhere: (2x — 1)!/3 is defined for all x; limits exist and are equal to function values.

Continuous everywhere: (2 — x)/° is defined for all x; limits exist and are equal to function values.

. . . XZ—X—G_ 4 (X_3)(X+2) — 1 = =
Continuous everywhere since X11313 =0 = thl} S xh£13 (x+2)=5=¢g(3)
Discontinuous at x = —2 since _ lim 5 f(x) does not exist while f(—2) = 4.

Xli_r)nw sin (X — sin X) = sin (7 — sin ) = sin (7 — 0) = sin 7 = 0, and function continuous at X = 7.
tliﬁm0 sin (5 cos (tan t)) = sin (5 cos (tan (0))) = sin (3 cos(0)) = sin (3) = 1, and function continuous at t = 0.

lim sec (ysec’y —tan’y — 1) = lim sec (y sec’y —sec’y) = lim ‘sec ((y — Dsec’y) = sec ((1 — 1)sec? 1)
y— y—

y%

= sec 0 = 1, and function continuous aty = 1.

lim0 tan [% cos (sin x1/3)] = tan E cos (sin(O))] = tan (} cos (0)) = tan (%) = 1, and function continuous at x = 0.

X —
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Section 2.5 Continuity 69

V2

lim cos |—Z2——| =cos |—Z——| =cos = =cos = , and function continuous at t = 0.
t— 0 V19 — 3 sec 2t V19 —3sec 0 V16 4 2

lim_ \/cs02x+5\/§tanx = \/0ch (T) +5y3tan (2) = /4 +5V/3 (%) = /9 = 3, and function continuous at
X—>5'

X = %.

g0 = L= = IO 3 43523 o g3 = lim (x+3)=6

h(t) = SH310 — (D) _ ¢4 542 = h(2) = Jlim (t+5)=7

_ -1 (PAs+DG=D _ 451 — 1 s+l 3
f) == ="%en = 31 2871 = f(l)_slgnl( s+l )—2

o xX2—16 _ x+Hx-4 _ x+4 — 1; _ 8
g = T a T e — a1 X7 4 = g = Xhinél (1) =§

As defined, lir% f(x) =(3)>—1=28and liII:I)) . (2a)(3) = 6a. For f(x) to be continuous we must have
X = X —

6a=8 = a:g—‘.

As defined, limzf g(x) = —2 and lim2+ g(x) = b(—2)? = 4b. For g(x) to be continuous we must have
X — — X — —

4b=-2=b=—1.

As defined, lirré _f(x) =12 and lirré LX) = a%(2) — 2a = 2a? — 2a. For f(x) to be continuous we must have
X—= X —

12=2a?—-2a = a=3o0ra= —2.

As defined, lim g(x) = g;'l’ == and lim g(x) = (0)2 + b = b. For g(x) to be continuous we must have
x—0 + b+1 S
b _ _ _
m—b:>b—00rb—f2
As defined, limr f(x) = —2 and lim1+ f(x) =a(—1)+ b= —a+b, and limr f(x)=a(l)+b=a+band
X — — X — — X —

lin}+ f(x) = 3. For f(x) to be continuous we must have —2 = —a+banda+b=3= a= % and b = %
X —

As defined, lir%f g(x) = a(0) 4+ 2b = 2b and lir%+ g(x) = (0)> +3a—b = 3a—b, and
X = X —
lirrif g(x) = (2)2 +3a—b=4+3a—band 111%+ g(x) = 3(2) — 5 = 1. For g(x) to be continuous we must
X—= X —
have2b =3a—band4+3a—b=1= a=—3 andb=—

N1 0%}
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47.

49.

51.

52.

53.

54.

Chapter 2 Limits and Continuity
The function can be extended: f(0) =~ 2.3. 48. The function cannot be extended to be continuous at
x = 0. If f(0) ~ 2.3, it will be continuous from the
right. Or if f(0) = —2.3, it will be continuous from the
left.
Yy y
2.6
5 10 — 1
2.4 0% — 1 . f(x)=——;—
2.2 f(x)=
/ & 0.05 0.1 X
-0.1 -0.05 0.05 0.1 X
1.8
The function cannot be extended to be continuous 50. The function can be extended: f(0) ~ 7.39.

atx = 0. If f(0) = 1, it will be continuous from
the right. Or if f(0) = —1, it will be continuous

from the left.
ll 7.5 f(x):(l-}.zx)llx
0.5 7.3\

-0.5 -0.01 -0.005 0.005 0.01

) sin x
__4 fx)= W

f(x) is continuous on [0, 1] and f(0) < 0, f(1) > 0
= by the Intermediate Value Theorem f(x) takes

on every value between f(0) and f(1) = the
equation f(x) = 0 has at least one solution between
x=0and x = 1.

cosXx =X = (cosx)—x=0. IfX:—%,cos(—g)—(—g) > 0. Ifx:g,cos(g)—%<0. Thuscosx —x =0

for some x between — g and 5 according to the Intermediate Value Theorem, since the function cos X — X is continuous.

Let f(x) = x3 — 15x + 1, which is continuous on [—4, 4]. Then f(—4) = —3, f(—1) = 15, f(1) = —13, and f(4) = 5.
By the Intermediate Value Theorem, f(x) = 0 for some x in each of the intervals —4 < x < —1, —1 < x < 1, and

1 < x < 4. Thatis, x3 — 15x 4 1 = 0 has three solutions in [—4, 4]. Since a polynomial of degree 3 can have at most 3
solutions, these are the only solutions.

Without loss of generality, assume that a < b. Then F(x) = (x — a)? (x — b)? + x is continuous for all values of

X, S0 it is continuous on the interval [a, b]. Moreover F(a) = a and F(b) = b. By the Intermediate Value

Theorem, since a < % < b, there is a number ¢ between a and b such that F(x) = a;b.
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60.

61.

62.

63.

Section 2.5 Continuity 71

Answers may vary. Note that f is continuous for every value of x.

(a) f(0) =10, f(1) =13 —8(1) + 10 = 3. Since 3 < 7 < 10, by the Intermediate Value Theorem, there exists a c
sothat 0 < ¢ < 1 and f(c) = 7.

(b) f(0) = 10, f(—4) = (—4)> — 8(—4) + 10 = —22. Since —22 < _\/§ < 10, by the Intermediate Value
Theorem, there exists a ¢ so that —4 < ¢ < 0 and f(c) = ,\/g_

(c) f(0) = 10, f(1000) = (1000)? — 8(1000) + 10 = 999,992.,010. Since 10 < 5,000,000 < 999,992,010, by the
Intermediate Value Theorem, there exists a ¢ so that 0 < ¢ < 1000 and f(c) = 5,000,000.

All five statements ask for the same information because of the intermediate value property of continuous functions.
(@) A root of f(x) = x®> — 3x — 1 is a point ¢ where f(c) = 0.
(b) The points where y = x3 crosses y = 3x + 1 have the same y-coordinate, or y = x> = 3x + 1
=fx)=x>-3x—-1=0.
() x3—=3x=1 = x®—3x—1=0. The solutions to the equation are the roots of f(x) = x> — 3x — 1.
(d) The points where y = x> — 3x crosses y = 1 have common y-coordinates, or y = x> — 3x = 1
= fx)=x3-3x—1=0.
(e) The solutions of x3 — 3x — 1 = 0 are those points where f(x) = x® — 3x — 1 has value 0.
sin (X — 2)
x—2

Answers may vary. For example, f(x) = is discontinuous at x = 2 because it is not defined there.

However, the discontinuity can be removed because f has a limit (namely 1) as x — 2.

1
x+1

Answers may vary. For example, g(x) = has a discontinuity at x = —1 because lim ) g(x) does not exist.
X — —

( lim  g(x) = —ocoand lim g(x)= —1—00.)
X — -1 X — —1%

(a) Suppose xg is rational = f(xg) = 1. Choose € = % For any 6 > 0 there is an irrational number x (actually
infinitely many) in the interval (xo — 8,Xxg + 6) = f(x) = 0. Then 0 < |x — X¢| < 6 but |f(x) — f(x0)]

=1> % =€, S0 XILH}( , f(x) fails to exist = fis discontinuous at x, rational.
On the other hand, X, irrational = f(xy) = 0 and there is a rational number X in (xg — 0, X + 0) = f(x)

= 1. Again xlin;( f(x) fails to exist = fis discontinuous at xq irrational. That is, f is discontinuous at
— Xo

every point.
(b) fis neither right-continuous nor left-continuous at any point x, because in every interval (xg — 6, X) or
(Xo, X + 0) there exist both rational and irrational real numbers. Thus neither limits . lgr)l( _ f(x) and
0

lim+ f(x) exist by the same arguments used in part (a).
X — Xg

f(x) 1

Yes. Both f(x) = x and g(x) = x — % are continuous on [0, 1]. However 20 is undefined at x = 5 since
g(3)=0= % is discontinuous at x = 3.
No. For instance, if f(x) = 0, g(x) = [x], then h(x) = 0([x]) = 0 is continuous at x = 0 and g(x) is not.

Let f(x) = Xi—l and g(x) = x + 1. Both functions are continuous at x = 0. The composition f o g = f(g(x))
= m = 1 s discontinuous at x = 0, since it is not defined there. Theorem 10 requires that f(x) be

continuous at g(0), which is not the case here since g(0) = 1 and f is undefined at 1.

Yes, because of the Intermediate Value Theorem. If f(a) and f(b) did have different signs then f would have to
equal zero at some point between a and b since f is continuous on [a, b].
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72 Chapter 2 Limits and Continuity

64. Let f(x) be the new position of point x and let d(x) = f(x) — x. The displacement function d is negative if x is
the left-hand point of the rubber band and positive if x is the right-hand point of the rubber band. By the
Intermediate Value Theorem, d(x) = 0 for some point in between. That is, f(x) = x for some point x, which is
then in its original position.

65. If f(0) = 0 or f(1) = 1, we are done (i.e.,c = 0 or ¢ = 1 in those cases). Thenletf(0) =a > 0andf(1) =b < 1
because 0 < f(x) < 1. Define g(x) = f(x) —x = g is continuous on [0, 1]. Moreover, g(0) = f(0) —0 =a > 0 and
g(l)=1f(1) =1 =b—1< 0 = by the Intermediate Value Theorem there is a number c in (0, 1) such that
gc)=0 = f(c) —c=0orf(c)=c.

66. Lete = @ > 0. Since fis continuous at x = ¢ thereisa § > O such that |[x —c| < § = [f(x) — f(c)| < €
= f(c) — e < f(x) < f(c) +e.
If f(c) > 0, then e = § f(c) = 1f(c) < f(x) < 3 f(c) = f(x) > 0 on the interval (c — &, ¢ + &).
Iff(c) < 0, thene = — 1 f(c) = 2f(c) < f(x) < 1f(c) = f(x) < 0 on the interval (c — 6, ¢ + 6).

y  flc)+e

fle)r

A

f(c)-e

67. By Exercises 52 in Section 2.3, we have lim f(x) =L < hlimO f(c+h) =L.

Thus, f(x) is continuous at x = ¢ <> lim_f(x) = f(c) < hh—I>nO f(c +h) = f(c).

68. By Exercise 67, it suffices to show that hlimo sin(c + h) = sin ¢ and hlimo cos(c 4+ h) = cos c.
Now lim sin(c +h) = lim_[(si h inh)] = (sin c) (_lim cos h) (lim sin )
ow lim, sin(c + h) Jim [(sin ¢)(cos h) + (cos ¢)(sin h)| = (sinc) Jim cosh ) + (cosc) Jim sin
By Example 11 Section 2.2,h1imocos h=1 andhlimosin h = 0. So hlim0 sin(c + h) = sin ¢ and thus f(x) = sin x is
continuous at x = c. Similarly,
I h) = Ii h) — (sin c)(sin h)] = (lim cos h) = (sin )  lim sinh) = cosc.
Jim cos(c + h) Jim [(cos ¢)(cos h) — (sin ¢)(sin h)] = (cos ¢) lim cos (sin ¢) Jim sin cos ¢

— —

Thus, g(x) = cos X is continuous at x = c.

69. x ~ 1.8794, —1.5321, —0.3473 70. x ~ 1.4516, —0.8547, 0.4030
71. x = 1.7549 72. x = 1.5596

73. x =~ 3.5156 74. x =~ —3.9058, 3.8392, 0.0667
75. x = 0.7391 76. x ~ —1.8955, 0, 1.8955
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Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

2.6 LIMITS INVOLVING INFINITY; ASMYPTOTES OF GRAPHS

1. (@ Ilim f(x)=0 (b) lim f(x) = -2
X —2 X — —3+
(©) lim37 f(x) =2 (d) lim3 f(x) = does not exist
X — — X —
(e) Xlg%+ fx) = —1 () Xll%— f(x) = + o0
(2) XthO f(x) = does not exist (h) xILmOO fx)=1

@ |, lim__f(x)=0

2. (@) lim f(x) =2 (b) lim f(x)=-3
X — 4 x —2F
(© Ilim fx)=1 (d) lim_f(x) = does not exist
X —2 X — 2
(e) lim f(x)= + o0 ®) lim_ f(x)= + o
x — 3% X — —3
(g) lim_f(x) = + o (h) Ilim f(x)= + o0
x— =3 x — 0F
i) lim f(x)= - () lim_ f(x) = does not exist
x—0 x—0
(k) Jim_f(x) =0 @ dim_ f(x) = -1
Note: In these exercises we use the result linil Xn% = 0 whenever T+ > 0. This result follows immediately from
X — o
. . 1 . 1\m/n . 1 m/n
Theorem 8 and the power rule in Theorem 1:  lim (—/) = lim (—) = ( lim _) — o — .
X — oo X x— foo ‘X X — +oo X
3. (a -3 (b)y -3
4. (a) 7 (b) =
5. @ 3 OF
6. () § ()
7@ -3 ® -3
8. (a) 3 ®) 3

lim  $12X — () by the Sandwich Theorem
X = 00 X

10, — L <t < L — , Jim < — 0 by the Sandwich Theorem
— —00

2 sin
. 2—t+sint 1 ) 0—1+40
1. tLI)mOO t+cost 7t1*1>m30 T+ () = 1+0 1
. r+sinr 1 1+(L'r") 1 140 1
12. r1—1>moo 2r+7—5sinr 7rli>moo 2+%,5(ern‘) *r1_1>m00 2+0-0 2
13. (@) _lim 2% = 1lim 24y _2 (b) 2 (same process as part (a))
: x o x+7 T x 2 547 75 5 p p
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14.

15.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

29.

30.

. (a)

Chapter 2 Limits and Continuity
2+ (%
: 2x+7 _ 1 (x3) _
(@) X1i>moo X3 —x2+x+7 _xll>moo 1—%+XL2+XL3 =2
(b) 2 (same process as part (a))
+1 it
: X _ b X —
(a) xlgmOo T3 = XleOO | +% =0 (b) 0 (same process as part (a))
3x+7 o
3 X — 3 X x2
Xleoo iy = XleOO 2 =0 (b) 0 (same process as part (a))
. 7X3 _ . 7 _
(a) xlgmOo TR 6 —xlgmOO 375 = 7 (b) 7 (same process as part (a))
. 1 . 4
(a) Xleoo e e :XleOO 1752“% =0 (b) 0 (same process as part (a))
10x° 4 x* 431 Rratis
3 X X — 3 X X X! J—
(a) XleOO e —Xll)mOO ; =0 (b) 0 (same process as part (a))
. 9x* +x _ : 9+%3 -9
(@) Xleoo X +5x2—x+6 —XleOO +3-4+5 2
b) 2 (same process as part (a
3 p p
2 3
: —2x>—=2x+3 _ 1; _2_72_‘—73 —_2
@ xll>moo 3x3+3x2—5x_x1l>moo 3+%_xi? - 73
b) — 2 (same process as part (a
3 p p
. 7X4 _ . —1 _
(@) xll>moo xT—7x3+7x2+9 _Xll,moo 1,Z+x12+x% =-1
b) —1 (same process as part (a
P p
lim (/9223 = gim (/i =/ nm S8 = =02 a0
x—o0o V 2x+x T xS0\ 241 T\ x=002+1 210 -
1/3 1/3
1/3 11 1_ 1
. X4x—1 o . 1+ 5 _ . 1+ 3 _ (140-0
XLHEOO< 8x2 3) _xgmoo< 8,%2‘ - xleoo Sfx%x _( 8-0
1-x3 5 S -x ° o ’ 0+ 5
. 3 R . _ o\
xl}n—loo<x2 7X) xllnfloo Xl*% - X—!mocxl Z - (1*0) =
li x2—5x __ li %_iz . li %_x% _ 0—-0 _\/6_0
xRV ¥ =2 T T -2 T e T -3 TV TH0-0 T =
2 1 2
. 2 1 . +lz . 2 .
lim b lim (‘”> 7(2) =0 28. _lim +\/;: lim (‘1/2
X =00 3x-7 X =00 3-1 X=00 2—/x  x—=00 (12/,2
1
) S-S5 | _xm-am 17()(2/15) _
xLlnloo Vx+x T xLlnloo 14 x4/ =173 = XEI'QOO 1+( )l/y) -
x=/ 10
: x4xt : e
lim 25> = lim £ = 00
X =00 X “—X x—o0o 1-1
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31.

32.

33.

34.

35.

36.

37.

39.

41.

43.

45.

46.

47.

49.

51.

52.

53.

Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

1/15 1 7
20B—xyy o 2 Tmmt EE
1M, X543+ /x T ) m I+ 55+ 1im =
YX—5x+3 a5+ 5
- o . 2/ x _ 53
xg —o0 2x+x%/3— 4_)(2[‘900 Y m—— SV X
X
lim VL lim NN lim VEFDE lim VIHE 110 1
x =00 x+l Tx=00 (x+1)/V/x2  x—oo (x+D/x T x=oo (I+1/x) T (1+0) T
lim x24+1 lim VE+1/Vx2 lim X+1)/x2 lim VI+1/x2 /140 1
X > —00 X+1 T xS -00 (x+1)/\/; T x = —oo (x+1)/(—x) T X—>OC( 1-1/x) = (-1-0) —
lim —X=3  — q{jm _&=3/vx lim =3 i U= (-0 1
X = 00\/4x24+25 X — 00/4x2 +25/1/x> (4x2+25)/x2 X — 001/4+25/x? V4+0 2
lim 423 = gim GCXVVX gy Go300x) gy, (X3 043 g
X — —004/x64+9 X = =00 /X6 +9/1/x6 X — —00 /(x°+9)/x° X =00 y/1+9/x° 140
lim 1 _ 00 positive 38 lim 5 _ —00 positive
X — O 3x T positive x50 X - negative
lim 3 — 00 positive 40 lim 1 = 00 positive
X — 92— X2 - negative . X > 3+ X— -3 positive
2x negative : 3x negative
X _}Iil8+ X8 = X (positive) 42. X _1}@5— 10— X (negatlve)
4 _ positive : -1 negative
x1£n7 x=72 — S (positive) 44. Xh_r,no x-(x+l) -0 (posmve posmve)
. _ : 2 _
(a) XEH})+ 3x1/3 = o0 (b) xli{l%), 3xl,’3 - o0
: 2
a) lim == b) lim % = -0
@ lim 2 () lim 2
lim - = lim —'; =00 48. lim ;= lim —5 =00
x—0 ¥ T xS0 () x—0 ¥ T xS0 ()
lim tanx = oo 50. lim L SeCX =00
s T
= (3 x— (F)
91irr(1)7 (1+csch)=—
—
; lirr(1)+ (2 —cot ) = —o0 and hm (2 — cot #) = o0, so the limit does not exist
—
: 1 _
(a) xgn’é*. x2—4 xli) o+ (x+2)(x 2) = (posmve posmve)
: 1
(b) XILH%— x2—4 — Xli{%— (x+2)(x 2) -0 (posmve negallve)
: 1 1 _
(© x~1}r£12+ x2—4 x~1} Tot+ xHD(x=2) T o0 (pomlve negatwe)
: 1 : 1 _
Y X —1>1H—12’ x—4 Ty —I}IEQ* -2 — X (negatlve negatwe)
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54.

55.

56.

57.

58.

59.

60.

61.

(a)
(b)
()
(d)

(a)
(b)
(©

(d)

(a)
(©)
(d)

(a)
(b)
(c)
(d)
(e)

(a)
(b)
()
(d)
(e)

()

(a)

(a)
(©)

Chapter 2 Limits and Continuity

. _ positive
X E}Iri+ x2—1 — X lifri+ (x+l)(x 1) = (po%mve posmve)
. X - positive
X ll,n%— x2—1 — X quf (x+l)(x 1y — -0 (posmve negauve)
1 D S X negative
X l}@p— e l}ml-# (X-H)(X n = > (posmve negauve)
1 X : X negative
X *I}H,llf x2—1 = X l}njlf x+Dx-1) — o0 (negatlve negatlve)
. 2 .
lim X5—1—0—1— lim -+ =-c ( )
X — 0F X x — 0+ X negative
lim £ —-1=0+ lim 4 =
X — 0 X X — 0~ —X posmve
. 2 2/3 _ _
lim % —1=23- =275 _2718—9
x— /2 *
: x? 11 _(1Y)_3
xl_1>m,17_§_2 (71)_2
. x2—1 positive . x2—-1 _ positive
X _1}II}2+ TE (positive (b) X _I}H_IQ— x4 X negative
: XX—1 _ 1; x+Dx-=1) _ 20 __
xlgr% 2x+4—x£ml+ w+d — 344 =0
. -1 _ -1
X 11{%7 T
. x2—3x+2 __ . x=2x-1) _ negative-negative
x EI%+ x3—2x2 T X EH%)+ x2(x—-2) 0 positive-negative
. X2—3x+2 _ 1; =)= _ 1 x—1 _ 1
X]LrnZ+ S _)(]LrnZ+ X(x~2) _XEI%Jr x? _4’X7é2
: 2 : -2)x-1 : x—1 1
lim X7342 — i 8526-D iy =1 x#£2
X — 2~ —2x? X — 22—  XA(x=2) X — 92— X 4> #
. 2 . _)x—1) x=1 _ 1
lim X37342 — lim (X— lim 251 =1 x#£2
X — 2 x3-2x2 X —2 X(x— X—2 X 4° 7&
. x2—3x+2 __ 1: x=2)x-D _ _ negative-negative
xlgno x3—2x2 xlgno x2(x —2) S positive-negative
. x2 73x+2 : x=2)x=1) _ 1 x=D _ 1 _ 1
Jim ST = ML sooere = ML e T 5@ s
. x2—3x4+2 __ x=2x—-1 _ x—1 _ negative
. _I}H_12+ Todx _1}m2+ XK= 12) l1m2+ X2 = X negative-positive
. x2—3x42 __ . x—-2)(x—-1) __ . x—1) __ negative
X ]l{r(l)— x3—dx T 4 ]l{%— x(x=2)(x+2) T x ll,n}]— x(x+2) o0 negative-positive
: X2—=3x+2 __ x=2)x=1) _ 1 x=-D _ _0 _
Jm S = JIm e = M e — e 0
x—1 _ negative
X E}H;lﬁ x(x+2) -0 ( positive-positive )
i x—1 __ negative
and X ILI%— x(x+2) o0 (negalivepositive)
so the function has no limitas x — 0.
i _ 31 =_ i _ 31 =
t le(ﬁ [2 11/3] =- (b) t Lm(l)— [2 t! '3} =00
i 1 — i 1 —
Jim - [55 +7] = o0 (b) lim [g +7] = —c0
. 1 2 .
xlin’(lﬁ [xm + x—1)2 3:| &Y (b) xlin%), [xzs + (x,1)2/3:| &Y
. 1 2 _ : 1 2 _
xli>n%_+ [XZ,/E + (X71)2,f3i| =0 (d) XEH%7 |:x2,3 + (x71)2,/3i| =0
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: 1 1 _
62. () lim [ﬁ _ wms} _

© lim [% _ (xfl)m} __

x — 17

_ _1
63. y=
y
10
sk
1 1 x
-2 -1
sk
—10k
— 1
65. ¥y = 573
y
10
1
Y= ox+4
L P
2
_x+3
SIRAETY)
-\
al X

Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

b tim [ L — ] = o0

x— 0" Lx!
. 1 1 _
@ lim |5~ i) = o0
_ 1
64. y o
y
| _ 1
| ygx+1
x=—li
T X
_ =3
66. y= =5
y
bo =3
T ox-3 x=3

68, y= 2% —9_ 2

; y=2
_________ B S
- \
/ 0 ,,—\- -------- x
__l2 | o 2x
YETY HA YA
|
x=-1,
|

70. Here is one possibility.

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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78 Chapter 2 Limits and Continuity

71. Here is one possibility. 72. Here is one possibility.
y y
| |y =) 4b
i i 3+
S\ N2
o] . * T~ | M
| | -4 -2 Al 2 4

_4 -
75. Here is one possibility. 76. Here is one possibility.
y Y
hy=2, x#0
© R 4fk(x>=1_l
x—1
____~
0 * I 1 e N ¥
4 2 h 4 6
_4 -
77. Yes. If _lim_ ) — 2 then the ratio of the polynomials' leading coefficients is 2, so _ lim ) — 2 as well.
x — 00 gx X — —oo g(x)

78. Yes, it can have a horizontal or oblique asymptote.

f

2®) = L, then the ratio of the polynomials' leading coefficients is L, so

79. At most I horizontal asymptote: If lim

(x)
X l} )

, L e I (x+9) — (x+4)
50 xlimoo(v"”‘v”“)* fime [ xH9— Vx| [ = din G

0 =0

= lim —>—— =
X =00 Vx+9++/x+4 x%oo /IJr /144 1+

81. lim_ (\/x2+25—¢xzf1): lim_ [\/Xz+257\/xzf1} {4@1; V:i] = lim | D) -o1)

= L as well.

0

_XHOCm+\/_ X"OO\/H—ﬁ«k\/—_l =

82'xLiIEoo( X2+3+X):xli>nloo|: X2+3+X},{7\/ﬁ+3*x}: lim (2+3) — (<)

243-x X 00 X243 —x
3 3
. 2 —=
= lim_——— = lim i =_1li =0 _—9
X — —00 /x243-x X——00  [143 _ _x X— —00 /143 41 I+1
2R <2
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84.

85.

86.

87.

88.

89.

90.

91.

92.

93.

Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

; 2 _ _ 2 5| . [2x=VAal+3x-2] _ (4x) — (4x> +3x —2)

tim (2% VA 3x 2)_ n [ Va2 B = iy, SR
3 12 —3x+2 2

X =—=00 2x—/4x2+43x—2 X — —00 J% 4+% 2 T xS oo \/ﬁ X = —00 _2_m
= 3-0 :—§

—2-2 )

i V9x2 — x — = VOox2 — x — 3x| . [V =xa3x]| _ (9x2 —x) — (9¢)
xll>moo( Ox* —x 3x> = hm { 9x 3x} {m+3x] —XleOC o w3
— i — _ =1 _ 1
=M Zoamm — x M m—xlﬂn@o F“ =337 76

lemm(\/x2+3x—\/x2—2x): lim [\/X2+3X—\/X2—2X}-[L§:§i]— lim w

X2 +3x+ X =00 /x243x+ 2x
= lim —(— =
X =00 \/x2+43x+/x2—2x XHOO ,/1+ +4/1

im \/x2+x—\/x2—x= limoo (VXX = Vo x| - [ i Sy
1

X =00 /x2+x+Vx2-x

For any € > 0, take N = 1. Then for all x > N we have that |f(x) — k| = [k —k| =0 < e.
For any € > 0, take N = 1. Then for all y < —N we have that [f(x) — k| = [k — k| =0 < e.

For every real number —B < 0, we must find a § > 0 such that forall x,0 < |[x — 0| < § = ;—} < —B. Now,
~L<-B<0& 4>B>0& )< & |x|<ﬁ. Chooseézﬁ,then0<\x|<6 = |x|<ﬁ

-1 . 1
= 7 <-Bso thatxlln0 — g = —0o0.

For every real number B > 0, we must find a 6 > 0 such that forall x,0 < [x — 0] < 6 = ‘ > B. Now,

m>B>0<:>|x|<E.Chooseézﬁ.ThenO<|x—0|<6 :>|x|<§:>m>Bsothat hm0 L= oo0.
X —

[x

For every real number —B < 0, we must find a § > 0 such that forall x,0 < |[x — 3| < § = ﬁ < —B.

Now, z=; < ~B <0 & 25 >B>0 6 5% <l & (=32 <2 & 0<|zr—3/< /2. Choose
6:\/>then0<|x—3|<6:> 3)2< —B < 0so that hmgﬁ:—oo.

For every real number B > 0, we must find a § > 0 such that forall x, 0 < [x — (=5)| < § = m > B.
Now, g5z >B >0 & x+5* < g & [x+5[< ﬁ Chooseézﬁ. Then 0 < [x — (=5)| < §

1 1 - _
= |X+5|<ﬁ = W>Bsothatxl_1)m = 0.

1
—5 (x+5)?

(a) We say that f(x) approaches infinity as x approaches x; from the left, and write < lin}( _f(x) = o0, if
— Xp

for every positive number B, there exists a corresponding number 6 > 0 such that for all x,
Xg— 0 <X <x9 = f(x) > B.

(b) We say that f(x) approaches minus infinity as x approaches x, from the right, and write hm f(x) = —o0,
X — XO

if for every positive number B (or negative number —B) there exists a corresponding number § > 0 such
that for all x, xg < X < X9+ 6 = f(x) < —B.
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80 Chapter 2 Limits and Continuity

(c) We say that f(x) approaches minus infinity as x approaches x, from the left, and write . lin}( _f(x) = —o0,
— X0

if for every positive number B (or negative number —B) there exists a corresponding number é > 0 such
that for all x, xg — 6 < x < X9 = f(Xx) < —B.

94. ForB>0,1 >B>0 & x < g. Choose § = . Then0 <x <6 = 0<x< g = I>Bsothat lim {=oc.

X —

95. ForB>0,1 <-B<0 < —1>B>0« —x<i & —1<x Choosed=2. Then—6 <x<0
j*%<xéi<7Bsothat limifzfoo_
Xx—0" X

96. ForB>0, 25 <-B & — 15 >B & —(x—-2)<§ & x—2>—4 & x>2— . Choose § = §. Then

2-86<x<2=> —6<x-2<0=> —3<x-2<0=> L5 <-B<Osothat lim -5 =—oc.
x—2" X

97. ForB>0, 25 >B < 0<x—2<32. Choose§ =2. Then2<x<2+6§ = 0<x—2<¢§ = 0<x—-2<2
= —5 > B > 0so that lim+i:oo.

X—2 X — 2

98. ForB>Oand0<x<1,l;>B & l—x2<% & (1—X)(1+X)<%. Now%<1sincex<l. Choose

X

§<z5 Thenl—§<x<1l= —6<x—-1<0=1-x<6<z = 1-x0+x)<g (5 <t
= ﬁ>Bfor0<x<landxnear1 = linﬁf 1%:

X —

= = 0.
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Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

103, y=¥-1—-x_1 104, y=541 = x4+ L

X

105. y:\/4X__X2 106 y:\/;i_x2
y Lo y
=2 : o
5 2 : i
it | ; | =7
Ea— IR |
i -1 i
[
: x=2]
107. y =x*3 4+ 15 108. y = sin (")

109. (a) y — oo (see accompanying graph)
(b) y — oo (see accompanying graph)
(c) cuspsatx = =+ 1 (see accompanying graph)

- %(X %)2/3
110. (@) y — Oandacuspatx =0 (seethe accompanying .
graph) 1
b)) y— % (see accompanying graph)
(c) avertical asymptote at x = 1 and contains the point y=3

(71, ZEW) (see accompanying graph)

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.

81



82 Chapter 2 Limits and Continuity

CHAPTER 2 PRACTICE EXERCISES

1. Atx=—-1: Xilr{lr f(x) = xl}r{lﬁ fx) =1

= lim fx)=1=f(—1)
X — —1

= fis continuous atx = —1.
Atx=0: lim f(x)= Ilim f(x)=0 = Ilim f(x)=0.
x—0 x — 0t x—0

But f(0) = 1 # lim f(x)

= fis discontinuous at x = 0.
If we define f(0) = 0, then the discontinuity at x = 0 is

removable.
Atx=1: lim f(x)=—-1and lim f(x)=1
x—1 X — 1t

= lim_ f(x) does not exist
x—1

= fis discontinuous at x = 1.

2. Atx=—-1: Ilim f(x)=0and lim fx)=—
X — —1 x — —1F

= lim 1 f(x) does not exist

X — —
= fis discontinuous at x = —1.

Atx=0: lim f(x) = —ocoand lim f(x)=
x—0 x — 0F

= lim0 f(x) does not exist
X —

= fis discontinuous at x = 0.

Atx=1: lim fx)= Ilim fx)=1 = Ilim f(x)=1.
x—1 x — 1t X — 1
But f(1) =0 # lim1 f(x)
X —

= fis discontinuous at x = 1.
If we define f(1) = 1, then the discontinuity at x = 1 is
removable.

lim (3f(t)) =3 lim £(t) =

t*?tg t*?tg

(®) lim (£(1)° = ( lim £(1 (=749

© lim (1) £(0) = lim £~ lim &) = (-70) =0
f(t) t]]l?o f(t) dim £V

dm (g() =7) — lim g(t) —

(e) lim cos (g(t)) = cos (tILn}U g(t)) =cos0=1

— 1

3(~7) = —21

_ =1 _
lim7 =1
e

d lim

t—ty 80O-7

M lim |ft|:‘ lim f(t)‘:|—7|:7
t—1tp t— 1ty

(g) lim (f(t) +g(t)) = lim f(t)+ lim g(t)=-7+0=—7
t— tg t—to t—tp

: 1 _ 1 1 1

(h) tll»n%o (W) T olmfo T -7 7

4. (@) lim —gx) = — lim g(x) = —/2
x—0 x—0

0, x<-1

fw =1 0<lxl<1

0, x=1
I, x>1

—-

() lim (200 f00) = lim g0 lim ) = (v2) (4) = 2
(© lim (f(x)+g(x)) = lim f(x)+ lim g(x) =3+ V2
() lim ﬁ:@;ézz
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10.

11.

12.

13.

14.

15.

Chapter 2 Practice Exercises

(e) Xlgn0 (x +f(x)) = xlg‘n0 X + xlino f(x) =0+

2= 2
(B lim sy _ @ OIEOr (D)
X — 0 x—1 )}% X — }%1 0— 2

Since lim0 x = 0 we must have that lim (4 — g(x)) = 0. Otherwise, if lim0 (4 — g(x)) is a finite positive
X — X —
number, we would have lin}) ~ {4 g(x)} —o0 and hnz)+ {@} = oo so the limit could not equal 1 as
X — X —

x — 0. Similar reasoning holds if lim0 (4 — g(x)) is a finite negative number. We conclude that lirn0 g(x) = 4.
X — X —

2= lim , [x i, g00] = tim x- fim | im, g60] = ¢, i, |, g00] = ~4 Jim, g00

X — —

(since lim_ g(x) is a constant) = lim_ g(x) = %1 = — %
x—0 x—0 -

(@) lim f(x) = lim_ x'/? = c¢!/3 = f(c) for every real number ¢ = f is continuous on (—o0, c0).
X—C X—C

(b) Jim g(x) = lim x g(c) for every nonnegative real number ¢ = g is continuous on [0, 00).
(¢) Jim h(x) = lim x~ = h(

. —om x-1/6 1
(d) Jlim k(x) = lim x = Kk(

c) for every positive real number ¢ = k is continuous on (0, co)

@ U ((n — %)7‘(, ( ) ) where I = the set of all integers.
nel

() U (nm, (n+ 1)m), where I = the set of all integers.
nel

() (—o0, ™) U (m, 00)
(d) (—o0, 0)U (0, c0)

x=2)x=2)

(a) xlgn0 ;&+_5)(47~Xj144x = lim ey = XliLn0 X(X+7) , X # 2; the limit does not exist because
Jim o 555 =ocoand lim 5%y = —oo

(b) lim o = lim G300 = lim 222 x # 2and lim) 222 = 565 =0

(a) 11_r>n0 m = hm0 % = X11_r>n0 m Xlgn0 XQ(X“) ,X# 0and x # —1.
Nowthf m = ooandxlin%)+ m =00 = xhl}n0 m = oo.

b lim 5= lim G = dim X,(X+1),x # 0and x # —1. The limit does not

—oo and hm = o0.

exist because lim =
X > —1t x2(x+ 1)

1 —
X — —1- X2(x+D

. 1I—yx _ . 1-/x 1
Ay e = 0 e T TR

—

: x2—a2 _ 1 (x> —a?) — 1 _
xhipa xt—al T x—a (x2+4a?)(x2-a?) T Xtha xZ+aZ — 2a2

lim GHWIox o, (a2 o Jim (2x 4 h) = 2x

h—0 h h—0 h
2_ 2 . 2 2) _ 2 .
lim W — 1im <X+Zh’+h)x — lim 2x+h)=h
x—0 x—0 x—0
-3 —Q2+x) 1
1 2+x 2 J— —_ =
Xhino X - Xh_r,no 2x(2+x) - hmo 4+2x - 4

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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c) for every nonzero real number ¢ = h is continuous on (—oo, 0) and (—o0, 00).
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Chapter 2 Limits and Continuity

(x34+6x>+12x+8)—8

lim V=8 _ jipy = lim (x> +6x+4 12) =12
x—0 X x—0 X x—0
K1/3 1 T (x'3—1)  (&@P4x"Pr1)(Vx+1) . (x—1(y/x+1) Vx+1
Xh_>1 Vx—1 Xh_l,n] (Vx=1)  (Vx+1)(x23+x13+1) _Xh_l,n] (x— D3 +x13+1) hm1 x23 +x1/3+1
141 2
T 14+1+41 7 3
. B_16 1 (P-4 (x'P+4) . (x!3—4)(x '/3+4) (P4 ax!P416) (/x +8)
I B Y R OV S [ LR M aRTS
— Iim (x 64)(x'3+4) (/x+8) _ (X'P+4)(VX+8) _ (4+4)(8+8) _ 8
X — 64 (x—64)(x2B+4x153+16) — x gq x¥P4+4x13+16 T 16+16+16 T 3
tan2x __ 1z sin2x | cosmX __ q; sin 2x COS TX X 2x) __ 1.2 2
Xll,no tan X —thl’lO cos2X  sinmX _Xlino ( 2x )(cost)(sinfrx)(wx) - -1 T
lim cscx = lim L =
X — T o sinx
. . rx . o . e
Xlgn7T sin (5 + smx) = sin (5 + sm7r) = sin (5) =1
lim_cos? (x — tanx) = cos’ (1 — tan7) = cos? (7) = (-1)* =1
8x — 1 — 8 —
hmo 3sinx —x XIE,HO X _p 7T 3() -1 4
: cos2x—1 _ 13 cos2x—1  cos2x+1) _ 1; cos?2x—1  __ —sin? 2x _ 1
xlgno sinx xlgno ( sinx c052x+1) - Xlgno sinx(cos2x+1) — hmo sinx(cos2x+1) — xlgno

—4sinxcos>x __

—4(0)(1)*

cos2x+1

1+1

1/3
Xlir%+ 4ex)]/? =2 = L linr(l]+ 4 g(x)] =2 = Xlir%+ 4 g(x) = 8, since 2° = 8. Then xlir%+ g(x) = 2.

lim_ 1 -=2= lm_ +gx)=1%= 5+ lim_gx)=1% = Ilm_gx)=1-+/5
x — /5 *TE® X — 2 Vs x—/5 2 xS S
3241 : _ : : 2 _
Jim S =00 = Xlgn1 g(x)—OsmceXlgn1 B3x*+1)=4
. 5— . _ . . ) _
xl_l}mf2 \/&TX =0 = 1_1>rni2g(x)foos1ncexl_1>mi2(5 x?) =1
_ 1. . _ x(x* 1) i
Atx=—1: xilr{lr f(X)_ximfll’ =1 /
= lim _ X(’f:ll) = lim x=-1,and 1
x— —1 X x — —1
. x(x2—1) . x(x2—1)
im {0y = lim e = lim TG . : "
= hml(—x)_ —(—1) =1. Since
X — —
limlf f(x) # 1im1 f(x) /’ -1
X —
=x(x? = 1)/Ix? —
= lim f(x) does not exist, the function f cannot be f@) =2 =D =1
x— —1
extended to a continuous function at x = —1.
_1- : 1 x(-1) _ g -1 _ ) —
Atx = 1: xlimrf(x)_xlin} FoT _xlin%* *(XLU_lemr( X) 1, and
lim fx)= Lm 280 — jim XD _ fmox = 1. Again lim f(x) does not exist so f
X — 17 x -1+t K=l x -1+ x¥-1 x — 1 - he x—1

cannot be extended to a continuous function at x = 1 either.

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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Chapter 2 Practice Exercises

30. The discontinuity at x = 0 of f(x) = sin (1) is nonremovable because lim0 sin 1 does not exist.
X —

X

31. Yes, f does have a continuous extension to a = 1: y

32.

33.

34.

35.

36.

37.

39.

define f(1) = 1im1 Xx—l =4
X —

_4\/} 3°

-1 1

x -1
f(x)=x_~./;. a=1
Yes, g does have a continuous extension to a = %: o
8
T\ — 13 Scosf __ 5
g (5) - algni_)r 9—2r —  4°
80)= 450670;(; T
L ]
) 3
\ z
From the graph we see that lim h(t) # lim_ h(t) h(t)
t— 0~ t— 0t
so h cannot be extended to a continuous function \
2
ata=0.

1

—

-1 1

-1
h(@t) =1+ DY, a=0

From the graph we see that lim k(x) # lim k(x)
x —0 X — 0 k(x)

so k cannot be extended to a continuous function
ata = 0. -2l

2+

(@) f(—1)=—1andf(2) =5 = fhasaroot between —1 and 2 by the Intermediate Value Theorem.
(b), (¢) root is 1.32471795724

(a) f(—2) = —2and f(0) =2 = f has a root between —2 and 0 by the Intermediate Value Theorem.
(b), (c) root is —1.76929235424

3 B 3
s 2X4+3 i 2FF 240 _ 2 . 243 2+t3 240 _ 2
x UM S T x=005+1 7 5+0 T 5 38.  lim fos = XEIEOOKHXLQ =540 5
: X2 —4x+8 __ : 1 _ 4 8)Y—_0— =
xl}n—loo 3x3 _xlln—loo(Bx 3x2+3x3) =0-0+0=0

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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86 Chapter 2 Limits and Continuity

1
i — = 1 2 — 0 _
40. Xleooxz_7xH—lemOO17£+x% —o0 =0
H x2—Tx : x=7 x! + x3 x4+l
41. _ lim = _lim = —00 42, lim o525 lim -5 =00

x e T2 + 128 — x = —ool12+ 3

43. lim $8* < 1im -1 = O since int x — 0o as X — oo =_lim _$1* = (.
X =00 |x] X — 00 [x] X — 00 [X]

44. lim <=1 < lim 2 =0= lim ©f=1—0.

0 — oo 6= ool —oo 0
. sin x
45, fim AEemRVx o DR sod0 g
XS 00 X + sin x X = 00 1+S“”‘ 1+0

+xt g 1+ x5\ _ 140 _
46. xh—{noox2/3+c052x_xlll>’noo<1+%> 1 0_1
x2/

. 2 . .
47. (@) y =2+t x +34 = —ocoand lim_ **& = -+ oo, thus x = 3 is a vertical asymptote.
x—>3 = X — 3t X~
— =2 _ X" —x=2 X2—-x-2 _ 13 :
(b) y = 557 is undefined at x = 1: thr a1 — —ooand x11m1+ a1 = —00, thus x = 1 is a vertical
asymptote.
_ X>4+x—6 : : _ AT xX2+x—6 __ x+3 _ 5. 13 X24+x—6 _ 1; X+3 _
(¢) ¥y = 5795 is undefined at x = 2 and —4: thlz Tiax—g — Xthz e 6’x1Lm74* T ix—8 XILHLL* 3 =
x>+x—6 x+3 A3
lem e lim g+ xtd = 00 Thus x = —4 is a vertical asymptote.
48. (a) y= 2 gim =X — Jim X%_l—‘———land lim =2 = lim 2Tl o=l - thusy = —1lisa
: y_xz+1'x~>ooxz+l_xﬁ>oo +Xi_ 1 = oo X241 _x~>7001+%2_ 1 = ’ y=
horizontal asymptote.
4
VXA o x+4 I+7 110 _ s .
b) y= i kM e = Jim = = Vit6 = 1, thus y = 1 is a horizontal asymptote.
T
Ve fETa 1+5 1/_ . 2 . 1+5 . 1+3
(c) y= Y+t im Y14 — Jim =1land _lim 44— lim —~ = lim —
X X—00 X X — 00 1 X— —00 X X—= =00 73 X — —00 Ix
1+iz I
o X +0 1 _
= lim — = —1,thusy = 1 and y = —1 are horizontal asymptotes.
X — —oo0 —1

©

XZ . 1+7 _ _
P ccca 3 S e RSOV N = S e Y
thusy = 5 is a horizontal asymptote.
CHAPTER 2 ADDITIONAL AND ADVANCED EXERCISES
1. (@ x | 0.1 0.01 0.001 0.0001 0.00001

x* | 0.7943 0.9550 0.9931 0.9991 0.9999
Apparently, . ll.r%+ x*=1

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Chapter 2 Additional and Advanced Exercises 87

(b)
y
1
0.6 .
y=x
0.2
X
0.2 0.6 1
(@ x | 10 100 1000

()™ 03679 03679 0.3679

Apparently, lim (%)1/(]“) =0.3678 =1
(b)

Y

1 1/(1n x)
fo) = (-)

X
0.4

0.2

. . v2 vl‘g?,in 2
Jim L= lim Loy /1-%=Loy/1 -5 =1L /1-=0

The left-hand limit was needed because the function L is undefined if v > c¢ (the rocket cannot move faster
than the speed of light).

@ |5 -1]<02 5 —02<%-1<02 5 08< <12 = 16</X<24 = 256 <x <576,

®) |5 =1 <01 5 <01 <Y =1<01 = 09< <1l = 18</Xx<22 = 324 <x <4384,

|10 + (t — 70) x 10~% — 10| < 0.0005 = |(t— 70) x 10| < 0.0005 = —0.0005 < (t — 70) x 10~* < 0.0005
= 5<t—70<5 = 65°<t<75° = Within 5°F.

We want to know in what interval to hold values of h to make V satisfy the inequality

|V —1000| = |367h — 1000| < 10. To find out, we solve the inequality:

|367h — 1000] < 10 = —10 < 367h — 1000 < 10 = 990 < 367h < 1010 = % <h< %

= 8.8 < h < 8.9. where 8.8 was rounded up, to be safe, and 8.9 was rounded down, to be safe.

The interval in which we should hold h is about 8.9 — 8.8 = 0.1 cm wide (1 mm). With stripes 1 mm wide, we can expect
to measure a liter of water with an accuracy of 1%, which is more than enough accuracy for cooking.

Show lim1 f(x) = lim1 (x2—=17) = —6 = f(1).
X — X —
Stepl: [(x2=7)+6]<e = —e<x*—1<e=l-e<xt<l+e=VI-e<x<1l+e

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



88 Chapter 2 Limits and Continuity

Step2: |x—1]<éd = —6<x—1<é6=> —6+1<x<6+1
Then —§ +1=1/1—cord+1=+/11c Chooseé:mjn{l—\/l—e,\/1+e—1},then

O<|x—1]<é6 = |(x*-7)—6| <eand lim1 f(x) = —6. By the continuity test, f(x) is continuous at x = 1.
X —

. T S 1
8. Show lim, g(x) = lim, 5 =2=g(3).

1
. 1 1 1 1 1
Stepl: |5 —2|<e = —e<fE—2<e = 2-e< g <2+€=> 5 >x> .
Step2: |z -1 <6 = —b<x—-1<é = 6+i<x<é+i.
1 _ 1 _ 1 1 _ € 1 _ 1 _ 1 1 _ €
Then =8+ 3 =55 = 0= 1 x50 0 FTs=mx 2 0= 3= w9

44 2¢
Choose 6 = the smaller of the two values. Then 0 < |x — H <6 = |2lX — 2| < € and 1im1 2Lx =2.

4

_e
a@+e) >

. . . . _ 1
By the continuity test, g(x) is continuous at x = ;.

9. Show lim h(x) = lim \/2x—3 = 1="h).
X — X —
Step 1: ’\/2x—3—1’<6 = —e<V/2x—3-1<e=> l-e</2x—3<1+e = =95 oy o Qb3

Step2: |x—2|<éd = —6<x—2<bor—6+2<x<+2
Then —§ 42— U=043 L §_g_ Q=cfsd _1=0-0 | _ & qig 9 Uroies

2 2_ 5
= 6= W —2= % =€+ % Choose 6 = € — %, the smaller of the two values. Then,

0<|x=2|<é6 = ‘\/ 2x — 3 — 1’ < €, SO lim2 v/2x — 3 = 1. By the continuity test, h(x) is continuous at x = 2.
X —

10. Show lim_ F(x):xliing)\/ﬁ:z:F(S).
Step 1: ’\/ﬁ—zlq = e< V9 x-2<e=9-Q2-’>x>9— 2+
Step2: 0<|x—5|<d = —6<x—5<d = —0+5<x<6+5.
Then -6 +5=9-2+¢€? = 6=02+e)? —-4=€4+26,06+5=9—-2—-¢€? = §=4—2—¢)? =€ — 2e.
Choose § = €% — 2¢, the smaller of the two values. Then, 0 < |[x — 5| < § = ‘\/ﬁ—Q‘ < €, S0
lim \/9? = 2. By the continuity test, F(x) is continuous at x = 5.

X —5

11. Suppose L; and L, are two different limits. Without loss of generality assume Ly > L;. Lete = % (Lo — Ly).
Since lim f(x) = L, thereis a 6, > 0 such that 0 < [x —Xo] <6 = [f(x) —Li| <e = —e<f(x)—L; <e
= —1(@Ly—L)+L; <f(x) <i(Ly—Ly)+L; = 4L; — Ly < 3f(x) < 2L; + L,. Likewise, Jim f(x) = Lo
sothereis a § such that 0 < |[x —Xo| < 62 = |[f{X) —Ly| <€ = —e <f(x)— Ly <e¢
= —%(LZ —L)+ L <f(x) < %(Lz —Lp)+Ly = 2Ly +L; <3f(x) <4Ly — L4
= L — 4L, < —3f(x) < —2Ly — L;. If § = min {61, 62} both inequalities must hold for 0 < |x — x¢| < 8:

4L, — Ly < 3f(x) < 2L; + Lo
L; — 4L, < —3f(x) < —2Ly — L

a contradiction.

} = 5(L; —Ly) <0< L; —Ls. Thatis,L; — Ly <OandL; — Ly > 0,

12. Suppose thnc f(x) = L. If k = 0, then xlian kf(x) = XliLnC 0=0=0- xliLnC f(x) and we are done.
If k # 0, then given any € > 0, thereisa § > 0sothat 0 < |[x —¢| < § = |f(x) —L| < W= [k||f(x) —L| < e

= [k(f(x) —L)| < ¢ = |(kf(x)) — (kL)| < e Thus, lim_kf(x) = kL = k(x@c f(x)).

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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15.

17.

Chapter 2 Additional and Advanced Exercises 89

. (@) Sincex — 0M,0<x*<x<1 = (x*-x) > 07 = lim f(x*—x)= ]ir%ff(y):Bwherey:x?’—x.
y*?

x — 0t
(b) Sincex — 07, -1<x<x3<0 = (x3-x) - 0F = 1in})7f(x3—x): lin}ﬁf(y):Awherey:x?’—x.
X — y—
(© Sincex — 07, 0<x'<x* <1 = (x¥*—x') — 0" = lim f(x*-x')= 11113J+ f(y) = A where y = x* — x%.
X — y —

(d) Sincex — 07, -1<x<0 = 0<x'<x*<1 = (X*—-x') - 0" = lim f(x>—x*)=Aasinpart(c).

x—0

(a) True, because if Xli_r)na (f(x) + g(x)) exists then Xli_Ipa fx) + g(x)) — Xli_r)na f(x) = Xli_r)na [(f(x) + g(x)) — f(x)]

= XliLna g(x) exists, contrary to assumption.

(b) False; for example take f(x) = % and g(x) = — % Then neither limO f(x) nor lim0 g(x) exists, but
X — X —
: — 1 L1y — = i
X@n0 f(x) + g(x)) = xlino (-1 X15110 0 = 0 exists.
(c) True, because g(x) = |x| is continuous = g(f(x)) = [f(x)| is continuous (it is the composite of continuous
functions).
-1, x<0 . . .
(d) False; for example let f(x) = 1 x>0 = f(x) is discontinuous at x = 0. However |f(x)| = 1 is
continuous at x = 0.
: T =1 _ 1; x+bhx=1D _ _
Showxl_l’m_lf(x)fxl_1>m_1 )(Jrlfxl_l)m_1 aiD - = 2,x # —1.
xX—1 _
Define the continuous extension of f(x) as F(x) = { X 2+1 » X F 11 . We now prove the limit of f(x) asx — —1
_ X = —

exists and has the correct value.

GO 49 e = —e<(x—DH+2<ex# 1= —e—l<x<e—L

Step2: [x— (=) <6 = —d<x+1<6 = -6-1<x<é-1
Then -6 —1=—e—1 = §=¢cor6—1=€e—1 = 6§ =¢c. Choose 6 =e. Then0 < |[x —(=1)| < ¢

Step 1:

+1

’f*l—(—2)‘<e = —e<

= ’;:;11 — (72)’ <e = lim . F(x) = —2. Since the conditions of the continuity test are met by F(x), then f(x) has a
X — —
continuous extension to F(x) at x = —1.
; — i x2=2x-3 _ 1 x=3)x+1 _
. Show Xlgn3 g(x) = Xhin3 e = xhin3 a3 = 2, X # 3.

x2—2x-3
Define the continuous extension of g(x) as G(x) = { ) x-6 > % 73 . We now prove the limit of g(x) as

,x=3
x — 3 exists and has the correct value.

x>—2x-3

Step 1: T

72‘<6é —e< BED 2 ce = —e <M -2<ex#3 = 3-2<x <342

Step2: |x—3]<éd = —6<x—3<éd6=>3-6<x<b6+3.
Then,3 —6=3—2¢ = § =2¢,0r6+3=3+2¢ = é =2¢e. Choose § =2¢. Then0 < |[x —3| < §

X-2x-3 G390t — 9 Since the conditions of the continuity test hold for G(x),

= 2x—6

72‘ <€e = X11_r)n3 o —3)

g(x) can be continuously extended to G(x) at x = 3.

(a) Lete > 0be given. If x is rational, then f(x) = x = [f(x) — 0| =|x — 0| <€ < |x — 0] < € i.e., choose
6 =¢. Then|x — 0| <8 = [f(x) — 0| < e for x rational. If x is irrational, then f(x) =0 = |f(x) — 0] < €
< 0 < e which is true no matter how close irrational x is to 0, so again we can choose 6 = €. In either case,
given e > Othereisad = e > Osuchthat0 < [x — 0] < § = |f(x) — 0] < e. Therefore, f is continuous at
x = 0.

(b) Choose x = ¢ > 0. Then within any interval (c — 6, ¢ + ) there are both rational and irrational numbers.

If ¢ is rational, pick € = % No matter how small we choose § > 0 there is an irrational number x in
(c—b,c+06) = |f(x) —f(c)] = [0 —c| =c > § = e. Thatis, fis not continuous at any rational ¢ > 0. On
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18.

19.

20.

Chapter 2 Limits and Continuity
the other hand, suppose c is irrational = f(c) = 0. Again pick ¢ = 5. No matter how small we choose 6 > 0
there is a rational number x in (c — 6,¢ + 6) with [x —¢| < § =€ < § < x < 3. Then [f(x) — f(c)| = [x — 0|
= |x| > § = ¢ = fis not continuous at any irrational ¢ > 0.
_ C . el = . .
If x = ¢ < 0, repeat the argument picking € = 5 = . Therefore f fails to be continuous at any
nonzero value x = c.
(a) Letc = T be arational number in [0, 1] reduced to lowest terms = f(c) = % Pick € = zl—n No matter how

small 6 > 0 is taken, there is an irrational number X in the interval (c — 6,¢ + ) = |f(x) — f(c)| = |0 — %|
= 1> 1 = ¢ Therefore f is discontinuous at x = c, a rational number.

(b) Now suppose c is an irrational number = f(c) = 0. Let ¢ > 0 be given. Notice that % is the only rational
number reduced to lowest terms with denominator 2 and belonging to [0, 1]; % and % the only rationals with
denominator 3 belonging to [0, 1]; 4 and 3 with denominator 4 in [0, 1]; 1, %, 2 and  with denominator 5 in
[0, 1]; etc. In general, choose N so that % < e = there exist only finitely many rationals in [0, 1] having
denominator < N, say 11, Ia, ... ,T,. Leté =min{|c —r|: i=1,... ,p}. Then the interval (c — 8,c + §)
contains no rational numbers with denominator < N. Thus, 0 < |x —¢| < § = [f(x) — f(c)| = |f(x) — O

= |f(x)] < § < € = fis continuous at x = ¢ irrational.

(c) The graph looks like the markings on a typical ruler Y

when the points (x, f(x)) on the graph of f(x) are L

connected to the x-axis with vertical lines.
0.8
0.6
0.4
0.2

L x
0 0.2 0.4 0.6 0.8 1
Fox) = 1/n  if x'=m/n is a rational number in lowest terms
=10 if x is irrational

Yes. Let R be the radius of the equator (earth) and suppose at a fixed instant of time we label noon as the
zero point, 0, on the equator = 0 + 7R represents the midnight point (at the same exact time). Suppose X;
is a point on the equator “just after" noon = x; 4+ 7R is simultaneously “just after" midnight. It seems
reasonable that the temperature T at a point just after noon is hotter than it would be at the diametrically
opposite point just after midnight: That is, T(x;) — T(x; + mR) > 0. At exactly the same moment in time
pick xs to be a point just before midnight = x5 + 7R is just before noon. Then T(x3) — T(x2 + 7R) < 0.
Assuming the temperature function T is continuous along the equator (which is reasonable), the Intermediate
Value Theorem says there is a point ¢ between 0 (noon) and 7R (simultaneously midnight) such that

T(c) — T(c + 7R) = 0; i.e., there is always a pair of antipodal points on the earth's equator where the
temperatures are the same.

X—c 4

— 4@ - 1) =2

Jim, 0000 = Jim, £[(600 -+ £00)” — (1) — 00)?] = 2 [ (Jim, (709 + 20) "~ (Jim, () — £)) |
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0 T T —1++/1+a _ 1. 1+\/7)< 1+a)
21 (@) Atx=0: lim 1y @ = lim =S50 = fim ( =

T 1-(1+a) _ -1 _ 1
= lim, a(-1—/Tta)  -1-/it0 2
1-(+a) ; —a -1 __

Atx = —1I: aiilzl1+r+(a):ali{11+ a(-l—+1+a) =, im, a(C1-V1ta)  —1-V0
(b) Atx=0: lim r (@)=l 7*1*2{m: lim (*1*“1_“)(’“““)
a—

a— 0" a— 0" a —1++1+4a
= lim =03 — =l = because the
a— 0" a(- 1+\/l+a) a_>()* a(—1+/1+a) 1+\/l+a) a_>()* —1+/1+a 00 (
nominator is al n i lim r_(a)= lim —l——_ h nominator
denominator is always negat Ve),aﬁ0+ (a) Jim oo (because the denominato

is always positive). Therefore, lim0 r_(a) does not exist.
a—

— 1 : _ : —1-V1+a _ : -1 _
Atx =1 ailrzl1+r,(a)7ai11111+ a 7a*1>1n,11+ —1+\/m71
(©)
r (a)
1+ r_(a)
~1+J/T+a
0.8 r+(a)=_~ __l_ 1+a
. s‘ a 2 r-(a)—-a*
a a
-1 -0.5 0.5 1 -1 2 4
Graph not to scale -2
-4
(d)
f(x) f(x)
a=0.2 L
1 a=0.1 3?0.5
a=0.05
20
X
-1 .5 1 2=l
j X
fx)=ax*+2x—~1 =Y -30
f@ =axt+2x-1
-20

22. fx) =x4+2cosx = f(0)=0+2cos0=2>0and f(—7w) = —7m 4+ 2 cos(—m) = —7 — 2 < 0. Since f(x) is
continuous on [—7r, 0], by the Intermediate Value Theorem, f(x) must take on every value between [—7 — 2, 2].

Thus there is some number ¢ in [—7, 0] such that f(c) = 0; i.e., c is a solution to X + 2 cos x = 0.

23. (a) The function f is bounded on D if f(x) M and f(x) < N for all x in D. This means M < f(x) < N for all x
in D. Choose B to be max {|M|, |N|}. Then |f(x)| < B. On the other hand, if |f(x)| < B, then
—-B<fx) <B = f(x) —Bandf(x) <B = f(x)isbounded on D with N = B an upper bound and
M = —B a lower bound.

(b) Assume f(x) < N for all x and that L > N. Lete = % Since XILH}([) f(x) = L there is a 6 > 0 such that
0<[x—x| <8 = [fx)—L|<e & L-e<f(x) <L+e e L-EN<f(x) <L+~
& % < f(x) < # ButL >N = % > N = N < f(x) contrary to the boundedness assumption
f(x) < N. This contradiction proves L < N.
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Chapter 2 Limits and Continuity

(¢) Assume M < f(x) for all x and that L < M. Lete = M>E. Asin part (b),0 < [x — x| < §

= L— ML < f(x) <L+ ML & LM o fx) < MEE < M, a contradiction.

(@) Ifa b,thena—b 0 = |a—bl=a—b = max{a,b} = %wL@ =bpashb 2,y
Ifa<b,thena—b<0 = |a—b|=—(a—b)=b—a = max{ab} =230 B P _atdb ba
__2b _
=3 =b.

(b) Let min{a,b} = 2+b — ‘a;bl :

. _ sin(l—cosx) _ 1. sin(1 — cos x) o l—cosx  14cosx _ 1; sin(1 — cos x) . . 1—cos’x _ 1.1 sin? x

Xll_I')IlO - X —XII_IPO 1—cos x X 1+cos x 7X1E>n() 1—cos x Xll_I')IlO x(1+cos x) =1 Xlgno x(1+ cos x)

_ : sin X sin X _ 0y _
- Xlgno X T+cosx L- (5) =0.
: sinx : sinx \/; X 1. 0n 1 R H —1.0.0 —

Jim S = lim S 2o S =1 lim ol Tim /X =1-0-0=0.

x%O*( \ﬂ) x — 0"

s osin(sinx) _ q. osin(sinX) | sinx T sin(sinx)  q: . sinx —1.1=

xlll)no X - xlgno sin X X xlll)no sin X xlll)no X I-1 L
: 2 : 2 H 2

lim $GTEX%) gy SE4Y) 1) = 1im S 4X) 0 jim PN=1-1=1
X — 0 X X — 0 X+ X (X+ ) X — 0 X2 +x X—>O(X+ )

s osin(®—4) g osin(x®—4) i SNE—4) g 14—
Xlgnz—x_2 = xlgz o (x+2) thinz e Xlgnz(x—f—Z) =1-4=4

. sin(\[—b’) T sin(\/;—b’) . 1 T sin(\/;—?)) BT 1 _1.1_1
xh~I>n9 x=9 _x1£n9 Vx=3 Vx+3 _xlgn9 Vx=3 xhin‘)\/;*?’ =1 66
Since the highest power of x in the numerator is 1 more than the highest power of x in the denominator, there is an oblique

g p g p q

asymptote. y = % =2x — ﬁ, thus the oblique asymptote is y = 2x.

Asx — ioo,%—>O:>sin(l) —>O:>1—|—sin(%) — 1, thus as x — :I:oo,y:x—kxsin(%):x(l—ksin( )) — X;

1 1
X X

thus the oblique asymptote is y = x.

Asx — 00, x24+1 - x2=V/x24+1— Vx2;asx — —o0, VX2 = —x, and as x — + 00, VV x2 = x; thus the
oblique asymptotes are y = x and y = —X.

Asx — +00,Xx+2 —=x= /X2 +2x = /x(x+2) = VX%, asx — —o00, Vx> = —Xx, and as x — + 00, VX = X;

asymptotes arey = x and y = —X.
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CHAPTER 3 DIFFERENTIATION

3.1 TANGENTS AND THE DERIVATIVE AT A POINT

1. Pi:my=1,Py: my=35 2. Pi:mp=-2,Py: my=0
3. Pomy = %,PQ: my = —% 4. Pi: mp =3,Py: my = -3
[4-(1+0]—(4-(=1? y

5. m= lim ;
h—0

. —_ —_ 2 . —
— lim (1 2l;+h )+1 — lim h(2h h _ 2:
h—0 h—0

at(—1,3): y=34+2(x—(—1)) = y=2x+35,
tangent line

2 T — 12 . 2
[(1+h—1) +l}1 [(1-1)2+1] — lim hF
h—0

:hlimoh:O;at(l,l): y=14+40x—-1 = y=1,

6. m= lim
h

—0

tangent line

7. m= lim 2/1+h-2V1 _ lim 2¥lth=2 2y1+h+?2
' h=0 "  h—0 h 2y/1+h+2

_ st -4 _ g 2 .
—hh_r)no 2h(x/l+h+1) hlgno Vith+l L
at(1,2): y=2+1x—1) = y =x+ 1, tangent line

1

1
— ljm ST e gy L=’
8. m = fim, SR = lim S
T —(=2h+h?) . 2-h _ _ ».
*hh_ﬂno h(—1+h)? *hh_l,no Crohe = %

at(—=1,1) y=1+2x—(-1)) = y=2x+3,
tangent line
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9.

10.

11.

13.

14.

15.

16.

18.

19.

Chapter 3 Differentiation

. . _ _ 2 3 y
m= lim — lim 8+ 12h h6h +h’+8 \
h—0 h—0 y=12x+16 y=x

_ _ 2y _ 19.
= lim (12— 6h+h?) = 12;

at(—=2,-8): y=-84+12x—(—-2)) = y=12x+ 16,
tangent line

(=24h)* = (=2)}
h

(-2,-8)¢ -8}

1

1
— lim e iy 8- (24D
m—hlgn h —hlgno ZSh(—2 1 hy?
T —(12h=6h2+h3) _ . 12 — 6h +h?
= im =gy = Mmoo
2 _ 3.
T 8-% — 16’
1V, y— _1_ 3
at (=2, —3):y=—1— 2(x—(-2)
= y= —13—6x— %,tangentline
m= lim @thP+i-5 _ . (Shdhth)os o @b _ oy
h—0 h h—0 h h—o P ’

at(2,5): y —5 = 4(x — 2), tangent line

m= lim +m=20407-D _ ;0 (+h=2-4h-20)4+1 _ . h(=3-2h) _ 4.
h—0 h h—0 h h—0 h ’
at(1,—1): y+ 1 = —3(x — 1), tangent line

_3+h 3
_ 1 Gih-2 _ 1 B+h-3h+D _ s )
m= hlgno h - hlgno hth+1) - hh_I,n() hth+1) — 2;
at(3,3): y — 3 = —2(x — 3), tangent line
8 __2 2 2
T 2+n2 T 8—22+h?% 1. 8—2(4+4h+h%) _ . —2h@+h) _ -8 _ .
m= hlgno h hlgno PSS hlgno TP RN hlgno TEEE e

at(2,2): y—2=-2(x—-2)

. 3 _ . 2 3y _ . 2
m= lim 2+h°-8 _ lim (8+12h+6h*+h*) -8 lim h(12+6h+h*) 12:
h—0 h h—0 h h—0 h

at (2,8): y — 8 = 12(t — 2), tangent line

3 2 3 2
m= lim +’+3a+j-4 0 (I+3h+3h°+h'+3+3h)—4 4. h(6+3h+hY) 6;
h—0 h h—0 h h—0 h
at (1,4): y —4 = 6(t — 1), tangent line

. 4+h-2 . 4+h-2 /A+h+2 . (4+h)—4 . h 1
. m= lim Y———= = lim - = lim ——X——~ = lim =
h—0 h h—0 h VA+h+2 TR0 n(Varhe2)  h—0 h(Varhe2)  VA+2

=1 at(4,2): y —2 = 1(x — 4), tangent line

. Grm+i-3 . 9+ h-3 /9+h+3 . ©+h)—9 . h
m= lim Y27 "7 — [im . = _O0x0=2 _ — lim ——
h—0 h h—0 h VO+h+3 T h 0 h(\/9+h+3) h—=0 h(\/9+h+3)

\/§1+3 = 4;at(8,3): y — 3 = ¢ (x — 8), tangent line

_ 2_ . .
S+ =5 iy — lim

5(1-2h41) =S Sh=24h) _
h h—0 h h—0 h

Atx=-1,y=5 = m:hlim0 —10, slope
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

Section 3.1 Tangents and the Derivative at a Point

(1-4—4h—h?+3

Atx=2,y=-3 = m= lim [L=CWI-CD _ jip b = lim 740 — 4 slope
h—0 h—0 h—0
1 1
_ _ 1 S T Gih-1_2 __ 2—-2+h) _ —h 1
Atx=3,y=3 = m_hlgno S _hhin0 0 T h) —hlin0 T = — 4. slope
- (=D . (h—D+(h+1
— hit 7 pLLIm Ve Ul VA _<n
Atx=0,y=-1 = m= l_r>nO o —hh_r)n0 CES)) —hl_r>n(J h(hH)—Z,slope
[(x+h?+4x+h)—1]— (x2+4x—1)

At a horizontal tangent the slopem =0 = 0=m = hhm0 =
—

— Jjm (Crhehedo D)o (Eebo ) gy 2R iy (x4 h44) = 2x + 4
h—0 h—0 h—0

2x+4=0 = x=—-2. Thenf(—-2) =4—-8—1= -5 = (=2, -5) is the point on the graph where there is a
horizontal tangent.

[(x+h)? =3(x+h)]—(x*=3x) _ li (x® 4+ 3x%h + 3xh? + h® — 3x — 3h) — (x* — 3x)
h =, h
h—0

:hlim() M— hm (3x2 +3xh+h*>—-3)=3x>-3;3x>~3=0 = x=—lorx = 1. Then

f(—1)=2and f(1) = -2 = (-1, 2) and (1, —2) are the points on the graph where a horizontal tangent exists.

0=m= lim
h—0

1 1
1 — — 1 G+h—1  x—1 x—1)—(x+h-1) . —h _ 1
1_m_hlgno h —h1£“0 h(xX— D(x+h—1) —hlgno M —Dx+h=1) —  x=17
= x—-12=1=x>-2x=0 = x(x—2)=0 = x=00orx=2. Ifx=0,theny = —l andm = —1

> y=—1-xx—-0=—-x+1). fx=2,theny=1landm=-1 = y=1—-(x—-2)=—(x—3).

p=m=lim, S \/—_hlgno Ea gi? e h(y%h);:/—)
:hILO h(ﬁ+[) = ﬁ Thus,%: ﬁ = y/X=2 = x=4 = y =2. The tangent line is
y=2+3Gx-4=3+1
lim @+h-f® _ }im (100 —4.92 +h)*) — (100-4.92*) _ lim —4.9 (4+4h +h?) +4.9(4)
h—0 h h—0 h h—0 h

= hlim0 (—19.6 — 4.9h) = —19.6. The minus sign indicates the object is falling downward at a speed of 19.6 m/sec.

. —f . 2 _ 2 . 2
lim f(10+h£ 19 _ Jim 3(]0+h)h 3107 _ fim 3(20l;1+h) — 60 fi/sec.
h—0 h—0 h—0
- 2 2 2 .
lim w — 1im M — lim W = lim m(6+h) = 67
h—0 h—0 h—0 h—0
ar 3 _ 41 93 ar 2 3
lim 124W=fD) _ gy ZCEW I FO gy ZIEINT _ piny 47(12 4 6h + h?) = 167
h—0 h—0 h—0 >
. . . (m(xo+h)+b)—(mxo+b) __ mh _ 1 _

At (x9, mxo + b) the slope of the tangent line is hlgn0 (o Th) =0 _hhino A _hlgn0 m=nm

The equation of the tangent line is y — (mxg +b) = m(x — xg) = y = mx +b.

1 1 1
1 _ : G¥n 2 : 4+h7§ . 2yV4+h . 271/4+h)
Atx=d.y= andm = lim 5— = lim, [ b A o (2h\/4+h

7
. — /4 +v4+h| . 4—(4+h) BT —h
- hllm [ \/7 2+ \/m] 7h1£n0 <2h 4+h(2+\/m>> 7h1£n0 <2h 4+h(2+\/m>)
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33

34.

35.

36.

37.

38.

39.

=lm |—— | =~ =—%
h—0 (2\/4+h(2+\/4+h) 2V/4(2+/4) 16
2 sin (1 , .
. Slope at origin = lim w = lim =» Slﬁ(“) = lim_hsin (%) =0 = yes, f(x) does have a tangent at
h—0 h— —0

the origin with slope 0.

. —g . hsin (1 . . . . . .

lim &0 =e® _ pjp, 2B G) — lim sin i. Since lim sin L does not exist, f(x) has no tangent at
h=0 h h— h h—o b h—o b
the origin.

lim w = lim  ==% =o00,and lim w = lim 5% = co. Therefore,
h— 0~ h— 0~ h— 0" h— 0"

. f0+h)—f(0) _ . ..
hhm0 ————— =00 = yes, the graph of f has a vertical tangent at the origin.

—

lim w = lim %! =oc,and lim w = lim_1+1 =0 = no, the graph of f
h—0 h—0 h — 0* h— 0"

does not have a vertical tangent at (0, 1) because the limit does not exist.

(a) The graph appears to have a cusp at x = 0.

(0,0)

. { — 1 . 2/5 _ . .
(b) lim ORI = iy b0 = jim L = —coand lim
h— 0" h— 0" h— 0~ b¥ h—0*

= the graph of y = x*/® does not have a vertical tangent at x = 0.

hsi = 0o = limit does not exist

(a) The graph appears to have a cusp at x = 0.

©.0)]
(b)  lim O+h—f0) _ Jim h’”sh*‘) = lim_ =% = —ooand hlir%+ =% =00 = limit does not exist
— — — — '
= y = x*° does not have a vertical tangent at x = 0.
(a) The graph appears to have a vertical tangent at x = 0. Y
= M5
(0,0 y=x

A

=00 = y = x'/% has a vertical tangent at x = 0.

(b) lim D=0 _ i
h—0 h 0

h—

h'/—0 li 1
= 11m gz
h h—0 hi/5

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Section 3.1 Tangents and the Derivative at a Point

40. (a) The graph appears to have a vertical tangent at x = 0.

(=35

0,0)

f(0+h)—f(0) _ h¥/°—0

(b) [lim === = lim =2 = lim % =00 = the graph of y = x*° has a vertical tangent at x = 0.
41. (a) The graph appears to have a cusp at x = 0. s
5
y= llxz/5 - 2x
3
X
-1 0 1 2
li [0+ -f0) _ 3 4h%5—2h _ li 4 9 li 4 9 _
R Y e o and, I, e 2=

2/5

= limit does not exist = the graph of y = 4x*/° — 2x does not have a vertical tangent at x = 0.

42. (a) The graph appears to have a cusp at x = 0.

y= B 523
0,0

(2.0,-4.76)

(b) lim M0+0-10 Jim B —P Jim e Jim =5 does not exist = the graph of
— — — — :

y = x°/3 — 5x%/3 does not have a vertical tangent at x = 0.
43. (a) The graph appears to have a vertical tangent at x = 1 y
andacuspatx =0.
2
y=x?3_(x-1)1/3
1
X
-1 0 1 2

. 2/3 _ /3 . 2/3 _ /3 _
(b) x=1: lim d+h (thrh D L lim (€2 Vb e Y —00

h—0 h
= y=x*% — (x — 1)/3 has a vertical tangent at x = 1;

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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98 Chapter 3 Differentiation

. _ . 2/3 _ _ N3 _(_1\1/3 . _ 1H1/3
x=0 lim w:hm W7 —(h lk)1 =D im ﬁ_%"‘%

does not exist = y = x*3 — (x — 1)'/? does not have a vertical tangent at x = 0.

44. (a) The graph appears to have vertical tangents at x = 0 and
x =1

/ y=xPra-n'®

1/3 1/3 __1\1/3
(b) x=0: lim O+-10) _ Jim MO CDT — g = y=x3 4 (x— DY hasa
— —

vertical tangent at x = 0;
x=1: lim MW= _ }3y
h—0 h h—0

vertical tangent at x = 1.

1/3 /3 _
(1+h) +(1h+h Dl -0 = y=x"34+(x-1)"3hasa

45. (a) The graph appears to have a vertical tangent at x = 0. y

y=Yixt, x<0
v/x—, x>0
() lim [OEW=O gy VRS0 gy o
h— 0t x — 0t h—o0 vh
lim  fOEW—O oy VBZ0 iy oV iy L oo
h— 0" h h—o0- P h—0- —h " h—=0- Vil

= y has a vertical tangent at x = 0.

46. (a) The graph appears to have a cusp at x = 4.

(b) lim (G4 -4 _ iy \/\47(4h+h)|fo: lim \/hj

h—0F h h—0F h—0*
lim f(4+hlz—f(4) — lim \/\47}§4+h)| — lim \!Lﬂ
h— 0" h— 0" h—0- —hl

= y = v/4 — x does not have a vertical tangent at x = 4.

47-50. Example CAS commands:

Maple:
f:=x->x"3 +2*%x;x0 :=0;
plot( f(x), x=x0-1/2..x0+3, color=black, # part (a)
title="Section 3.1, #47(a)" );
q := unapply( (f(xO+h)-f(x0))/h, h ); # part (b)
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L :=limit( q(h), h=0); # part (c)

sec_lines := seq( f(x0)+q(h)*(x-x0), h=1..3 ); # part (d)

tan_line := f(x0) + L*(x-x0);

plot( [f(x),tan_line,sec_lines], x=x0-1/2..x0+3, color=black,
linestyle=[1,2,5,6,7], title="Section 3.1, #47(d)",
legend=["y=f(x)","Tangent line at x=0","Secant line (h=1)",

"Secant line (h=2)","Secant line (h=3)"] );
Mathematica: (function and value for X0 may change)

Clear[f, m, x, h]

x0 = p;

f{x_]: = Cos[x] + 4Sin[2x]

Plot[f[x], {x,x0 — 1,x0 + 3}]

dq[h_]: = (f[x0+h] — f[x0])/h

m = Limit[dg[h],h — 0]

ytan: = f[x0] + m(x — x0)

yl: = f[x0] + dq[1](x — x0)
y2: = {[x0] + dq[2](x — x0)
y3: = {[x0] + dq[3](x — x0)

Plot[{{[x], ytan, y1,y2,y3}, {x,x0 — 1,x0 + 3}]

3.2 THE DERIVATIVE AS A FUNCTION

1. Stepl: f(x)=4—x%and f(x +h) =4 — (x +h)?
oD —fx) _ B+ - (4—x%) _ (4—-x*—2xh—-h*)—44+x> _ _2xh—h> _ h(-2x—h)
Step 2: S —= = . = = A==

h h h
=—-2x—h
Step 3: f'(x) = hlim0 (—2x —h) = =2x; f'(=3) = 6, f'(0) = 0, f'(1) = -2

2. Fx)=(x—1?+1landF(x+h)=(x+h—-1?+1 = F’(x):hlimo [("+h—1>2+1}1—[(x—1>2+1]

. 2 2 o _(x2— . 2 _ .
— lim (x2+2xh+h? —2x 2h-;l+1) (x*—2x+141) lim W — lim (2x4+h—2)
h—0 h—0 h—0

=2(x— 1) F(=1) = -4, F(0) = —2,F(2) =2

. 1 _ 1
L N (127(1“,‘)2)

Step 2: &t —g®) _ wen? "2 vt ) @ (@42 4h?) 2t h?

p 4 h = h = h = T @rnPeEh  — ({+hZch

_ h(=2t—h) __ —2t—h
T (t+h)2t2h T (t+h)?e?

Step3: g'(h) = lim =5 = F:g(-D=2dQ)=-3¢ (\/§> =35

1—(@z+h _ 171)

L = 7 ks = 5 = K = i ()

—7— —(1—= . 2 _ g 2 .
(1-z—-hz—-(Q1 z)(z+h): lim 2=z zh—z—h+z°4+zh _ lim

= 2G+ h)zh 2+ hyzh 2_I;1h:1im2_lh
h—0 (z + h)zl h—0 (z +h)zl h— (o 2z+hz h— o 2z+hz

= SR = - LKW = - LK (V2) = -

5. Step1: p(d) = /30 and p(d +h) = \/3(0 + h)
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Step 2: RO —p@®) _ \/3(9+h V30 _ (V39+3 \/—) (V30+3h+V30) (35 an
Ps T (Ve va) | n(V3nv0)

3h _ 3
h(\/39+3h+\/§) /301 3h + /36

. ! I B 3 _ 3 _ 3 . _ 3 — 1 (2y_ _3
Step 3: p(0) = lim | ot = s = v P = 55 PO = 5.0 (5) = 555
6. 1(s) =+/2s+ landr(s+h) = /2 +h) + 1 = r’(s):hlimo Vostahtl-ovastl
—
~ lim (\/25+h+1—\/25+1) . (\/25+2h+1+\/25+1) (@s42ht 1)— 254 1)
h—0 h (Vason+i+yvas+1) ho h(v2s+2h+1+y/25+1)
= lim lim 2 2
h—0 h( 2s+2h+ 1+ 25“) hao Vtoht + /25l \/25+1+\/23+1 VT
1 1
= AT O=Lr) = Jo.r () = &
. 3 _ny3 . 3 2 2 h3) _ 9yl
7. y=f(x) =2x*and f(x + h) = 2(x + )} = ¥ = lim ZEW =20 iy ZOCEIChEIR R -2
X h—0 h—0
P p 2 2
= Jlim OREGITEA = lim BiS +esh o) — Jim (6x* + 6xh + 2h%) = 6x*
s+h)* —2(s+h)?+3) — (s> —2s2+3 . 082 _4sh—h 43— _
8. r=s3—22+3 = &= Tim ((s+h)°—2(s+ )h+) (9=2843) _ iy S35+ 3 4 b 25 dsh — W3- 07 = 3
S — 0 h—0
. —4sh— . h(3s®+3sh+h> —4s—h .
= hllmOSSZhMShZ*hhS 4sh hz = h11rn0 (3 +3s +h s=h) 11m0(3s2 +3sh+h? —4s —h) = 35 — 2s
— —
h d (24( fﬂ)hﬁ) = (557)
— _ t _ t+ s _ 1: t t
9. s=r() = ztyandr(t+h) = 35y = ¢ = lim 2RI
(t+h)2t+1)—t(2t+2h+1)
— im (W) . hm (t+h)Q2t+ 1) —t2t+2h+ 1)
- h—0 h =0 (2t+2h+ 1)(2t+ Dh
T 2[2+t+2ht+h—212—2ht—t_ 1
*hlgno 2t12h+ D2+ Dh *hh_ﬂno (2t+2h+1)(2t+1)h hlgno @i+2h+ D2+ D)
_ 1 1
= @rna+n . @i+Ie
<t+h)7¢}f(lf%) ho L1 (MW)
10. & = lim | = lim Gh Tl — Jim Gl
¢t hSo h h—0 h h—0 h
T h +h%+h _ q; +ht+1 _ 241 1
= Jim - Scme = im) S = = 1te
1. p=1f(q) = and f(q+h) = o —— = ¥ = lim (Zatorsr) - ()
- P q \/ q Vg+h+1 d 1) h
mwm
= lim YV iy Vel vathil
h—0 h h—o0 hv/ag+h+1y/q+1
— m Watfi-vathtl) (Vatl+yaihtl) (@+D=(q+h+1)
h—0 hya+h+1/q+1 (Va+1++q+h+1) — 15 h\/q+h+1«/q+ (Va+1++4q+h+1)
_ . _h _ .
_hlino hy/q+h+1/q+1(v/a+1+/q+h+1) _hllno \/q+h+l‘/q+1(\/q+1+\/q+h+l)
_ -1 _ -1
T Va+t1Va+1(Va+l+/q+1) T 2@+ D/q+1
1 1
12 dz _ lim <\/3<W+h)727 /3w—2) — lim V3w —2—+/3w+3h—
B gy h h—0 h\/3w+3h 23w — 2
i (R VAR) (VReAe) (Bw=2)— Gw+3h—2)
h—0 hy/3w+3h-23w-2 (\/3w—2+ 3w+3h—2) h—0 hy/3w+3h—2/3w— 2(\/3w 243w+ 3h— z)

_ -3 _ -3
h1—>0 \/3w+3h 23w — 2(\/3w 2+/3w+3h— 2) o \/3w—2\/3w—2(\/3w—2+\/3w—2)

= 26w-2) \/3w -
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x4+ | — [x+2
13. f(x) =x+ 2 and f(x + h) = (x + h) + bt |+ ] =[x+

(x+h) = h - h
_ x(x+h?4+9x—x2(x+h)—-9x+h) _ x34+2x%h+xh?+9x—x* —x2h—9x —%h __ x*h+xh?—9%h
- x(x +h)h - x(x +h)h ~  x(x+h)h
_ hGx®2+xh—=9) _ x2+xh—9. ¢ T x2+xh—-9 _ x2-9 __ / _
~  x(x+hh T x(x+h) f (X) - hlgno x(x+h — T xz2 1- x2 ; - f( 3) 0
14. k dk h 1 K T k(x+h) —kx) __ li (2+i+h - ﬁ)
. k(x) = 2+Xan (x+h) = TaTh (x)—hlm T S m
- hm Cro)—-Q+x+h) _ 3, —h —1 -1

m, h(2+x)(2+x+h) PR N YRS TG A & B hmo CrOC+xth) — CFx2’

15. 9 — lim [t+0)’—+h’) - (" —¢) lim (8 +3%h 4 3th® + %) — (2 +- 2th +- h?) — 3 4 ¢
B gy h h—0 h

. 2 2 13 o 12 . 2 2
= lim ACAETE 20 — iy RO = fim (32 + 3th b — 2t~ h)
h—0 h—0
__ 242 _ ds _
=3t —2tm= @ — =5
dy Ex{»(h)+h§_>l(+3 (x+h+3)((ll—x);)((xl+3))(l—x—h) tha3 ) b3 34 2+3 4 xh+3h
16. & = lim RIS i S i —— T E Bt B R 28
dx h—0 h h—0 h h—0 h(l*X*h)(l*X)
d 4 4
th$—hm 4 =4 & =4 4
h— 0 h(I-x=h)(I-x) h—o (I-x=h)(1-x) (1—x)* dx ——2 (3) 9

__ 8 ___8
17. fx) = 78_2 and f(x +h) = \/(th)_z = f(”hg_“x) = W Vxo2

8(\/3*\/”?) . < Xx—24++v/x+h— 8[(x —2) — (x +h—2)]
hy/x+h—2/x-2 ( x—2+ x+h—2) h/x+h—2vx—2 ( x— +\/x+h—2)

— —8h

T harh2vA2(Vi-2+ vxrh-2) = ') = lim, WF( xfzwm)

-8 _ —4 / —_1 i
= mm( — x—2) = aosm =1'(6) = \[ 5 = the equation of the tangent
lineat(6,4)isy—4:—%(x—6):>y:—%x+3+4:>y:—§x+7.

) (\/4717117\/44) ( 4—72—h+ 47z>
= lim n -
h—0 ( 4—z—h+ 4—2)

18. g(z) = lim (Ve - (14 Vi)
& h—0 h

(4—z—h)—(4—z) lim -1 1

= lim —h = = —
T h—>0 h( —z—h+ z) h—0 h( 4—z—h+ 472) h—0 ( 4—z—h+ 471) 24—z
m=g¢3) = 2\/— = — 1 = the equation of the tangent line at (3,2) isw — 2 = — £ (z — 3)

sw=—1z+3+2=>w=-1z+1

19. s=1f() =1—3t%and f(t+ h) = 1 = 3(t+ h)> = 1 — 3t> — 6th — 3h? = ¢ :hhmo f(t+h£—f(l)
_ N (1-3t2—6th—3h*) —(1-3¢) _ . _ ds B
_hlino h _hlgno (=6t —3h) = —6t = ¢ = 6

1-L)-(1-1
20, y=fx)=1-landfx+h)=1- 1 = &= lim - = }jy (oew) (1) ”h)h (1-3)

x+h dx h—0 h h—0
1 1
_ N X TX4h o 7 h g _ 1 dy 1
—hlgno h —hlgno XX+ hh —hlgno x(x+h) X T dx /i 3
9 0 2 _ 2
21. r=1(0 - and (0 + h) = 72— dr — iy 1OED=O) gy Ao VASd
©) = \/ ©+h = Ji—@rm @, h h—0 h

— lim 24=0-2yA—0-h _ o 2/4-0-2/1-0-h (ZV‘**H”V“*‘)**‘)
h—0 hV/4-0v4-6-h h—0 h/4-04-6-h (2\/476+2\/4797h>
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102 Chapter 3 Differentiation

44—0) —4(4—0-1h) — lim 2
hﬂo 24— 0/4— 69— (\/ 0+v/4—6— h) h—0 \/470\/479711(\/476“/479711)
1

- (44)(2@) - (4—9>\/m = oo =5

2. w=fz)=z++/zandfz+h)=@Z+h)++/z+h = g—jzh@lo fe+h -1

RN e

= lim

(z+h+¢7) (V) _ h+\/: hVzrh—yz _

lim

h—0 T h—0 h—0 (Va+n+2)
_ +h—-z ; 1 _ 1 dw _ 5
_1+h1£no h(\/z+ +\[) 1+hh—I>n() Vith+/2 1+2\f T P
/ o f(2) - f(x) g Z127x12 T (x+2)—(z+2) . o 1 4
2. fi(x) = Zlgnx z—x zlgnx% - Zlgnxm B zlgnx(z X)(Z+2)(x+2) B zlgnx(z+2)(x+2) T (x+2)?

. f(z) — £l . 72 -3z2+4+4) — (x2=3x+4 . 2 _ 3, 42 . 2 _ 42 _
24. f/(X) — lim (z) —fx) _ lim ( )= ( ) — Jim Z=82=X 43 _ (i 22X’ =324 3x
7 =X Z—X 7 — X Z—X 7 — X Z—X Z— X zZ—X

. z—Xx)(z+x)—3(z—x . z—Xx)|(z+x)—-3 .
:llmMZllmwzzlgnx[(z—kx)—ﬂ:h—:%

Z — X Z—X 7 — X Z—X

1 (z) —egx) _ 1; s it e ST z(x—1)—x(z—=1) _ q: —z24x _ -1
25. g(x) = Jlim 802 = lim 2= =1 = Mmoo 5e e —Zlinx(z—xxzjn(x—n —Zlﬁnx(z—m(x—n 17
g g g (VD) (VX)) Vim VX Vrhyx - _
26. g/(x)_zlgnxﬁ_zlgnT_ lgnx z—x i+ Jx z—»xm z—>x\f+\f_7

27. Note that as x increases, the slope of the tangent line to the curve is first negative, then zero (when x = 0),
then positive = the slope is always increasing which matches (b).

28. Note that the slope of the tangent line is never negative. For x negative, f5(x) is positive but decreasing as x increases.
When x = 0, the slope of the tangent line to x is 0. For x > 0, f4(x) is positive and increasing. This graph matches (a).

29. f3(x) is an oscillating function like the cosine. Everywhere that the graph of f3 has a horizontal tangent we expect f} to be
zero, and (d) matches this condition.

30. The graph matches with (c).

31. (a) f’isnotdefined at x = 0, 1, 4. At these points, the left-hand and right-hand derivatives do not agree.

For example, X 11)1%7 w = slope of line joining (—4, 0) and (0, 2) = % but . 11}11}J+ w = slope of
line joining (0, 2) and (1, —2) = —4. Since these values are not equal, f'(0) = limo w does not exist.
X —

(b)

f'on (-4, 6)
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32. (a)
¥
3
y=f&)
1 /\
1 1 1 1 x
2 1 3 \i
-1
33. )
y
32t—0
1: o—0
0.6 1 1 1 1 1
_07F 84 o0—o 87 88
-33F o0—0
34. (a)
18
161
141
12+
_dp
10 }—E
8_
6_
4
2_
1 1 1 1
10 20 30 40 530

Section 3.2 The Derivative as a Function

(b) Shift the graph in (a) down 3 units

(b) The fastest is between the 20™ and 30" days;
slowest is between the 40" and 50" days.

35. Answers may vary. In each case, draw a tangent line and estimate its slope.

(@) i) slope~ 1.54 = ' ~ 1.54°F

~ ar  o°E
iii) slope = 0 = ‘& = 0%

(b)

()

.. ~ dT oF
ii) slope ~ 2.86 = - ~ 2.86°-
iv) slope ~ —3.75 = 4f ~ —3.75°F

103

The tangent with the steepest positive slope appears to occur at t = 6 = 12 p.m. and slope ~ 7.27 = 9T ~ 7.27"%.

dt

The tangent with the steepest negative slope appears to occur att = 12 = 6 p.m. and

slope ~ —8.00 = 4T ~ —8.00° L

Slope

ol
(°F/hr) 6

Of 2 4 6 8\J0 12

t (hrs)

36. Answers may vary. In each case, draw a tangent line and estimate the slope.

(a) i) slope ~ —20.83 = 4% ~ —20.83
iii) slope ~ —6.25 = O ~ —6.25

.. N aw Ib
ii) slope ~ —35.00 = 4¥ ~ —35.00

month

(b) The tangentwith the steepest positive slope appears to occur at t = 2.7 months. and slope ~ 7.27

aw
= G~ 53

13 b

month
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104  Chapter 3 Differentiation

37.

38.

39.

40.

41.

42.

t (months)

Left-hand derivative: For h < 0, f(0 + h) = f(h) = h? (using y = x? curve) = . lin%) - w

= lim "0 = lim h=0;
h— 0~ h— 0~

Right-hand derivative: Forh > 0,f(0 +h) = f(h) = h (using y = x curve) = 1m(1J+ 10+h -0

= lim hh;o = lim 1=1;
h— 0" h—0F
Then lim MO4W -0 ) lirr%) ) MOED-TO = the derivative f'(0) does not exist.
— —

Left-hand derivative: Whenh < 0,1+h <1 = f(I1+h =2 = lim == lim 252
= lim 0=0;
h— 0"

Right-hand derivative: Whenh >0, 1+h>1 = f(14+h) =201 +h)=2+2h = 1in%+ flhl—fh)

= G2 = im 2= Jim 2=2;
h— 0" h— 0" h— 0"
Then lim M # lim w = the derivative f'(1) does not exist.
h—0" h— 0

Left-hand derivative: Whenh < 0,1+h<1 = f(l1+h)=+/1+h =  Jim M-
Y/ e 5 WA AR I (AL L) ST P B T
h— 0" h h—0- h ( 1+h+1> h— 0" h(\/1+h+1) h— 0" VIi+h+l 2

Right-hand derivative: Whenh >0,14+h>1 = f(1+h)=2(1+h)—1=2h+1 = hlir%+ R -HD)

(1+h)—1 . 1 1

@h+1)—1

= lim “—=—F— = lim 2=2;
h— 0" h— 0"

Then N lir% M #* hn%)+ w = the derivative '(1) does not exist.

—
Left-hand derivative: lim =M — iy D=L = jim | =1

h— 0" h— 0~ h—0"
o 1=Uth
Right-hand derivative: lim = — iy, () _ lim (55)
h— 0" h h— 0" h h— 0" h
-1 _ 1.

hn%+ M = lr% EaT i
Then N hr% M #* N hr%+ r(”hh;m) = the derivative f'(1) does not exist.

— —
f is not continuous at x = 0 since lirnof(x) = does not exist and f(0) = —1

X —
Left-hand derivative:  lim M = lim % = lim 45 = +o0;
h— 0~ h— 0" h— 0~ h*
Right-hand derivative: lim EM—2@ — iy D=0 — iy = = +00;
h— 0" h— 0" h— o0t "'

Then N lin%) - M = lin(l]+ M + 0o = the derivative g'(0) does not exist.

— —
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43.

44.

45.

46.

47.

48.

49.

50.

(a)
(b)
(©)

(a)
(b)
()
(a)

(b)
(©)

(a)
(b)

()

(a)
(b)

©
(a)
(b)
(©

(a)
(b)

()
(d)

(a)

Section 3.2 The Derivative as a Function

The function is differentiable on its domain —3 < x < 2 (it is smooth)
none
none

The function is differentiable on its domain —2 < x < 3 (it is smooth)
none
none

The function is differentiable on —3 < x < 0and 0 < x < 3

none
The function is neither continuous nor differentiable at x = 0 since liII(l) f(x) # lin(l) . f(x)
X — X —

fis differentiableon —2 <x < —1, -1 <x<0,0<x<2,and2 <x <3

f is continuous but not differentiable at x = —1: lim . f(x) = 0 exists but there is a corner at X = —1 since
X — —
lim W = —3and lim wﬁ_“_” =3 = f’(—1) does not exist
h — 0~ h— 0"

f is neither continuous nor differentiable at x = 0 and x = 2:
atx =0, lim f(x)=3but lim f(x) =0 = lim_ f(x) does not exist;
x — 0 X — 0F x—0

at x =2, lim_f(x) exists but lim_f(x) # f(2)
X — 2 X — 2

f is differentiable on —1 < x < 0and 0 < x <2
f is continuous but not differentiable at x = 0: lim0 f(x) = 0 exists but there is a cusp at x = 0, so
X —

£/(0) = lim D=1 g4eq not exist
h—0 h

none

fis differentiableon —3 < x < —2, 2 <x<2,and2 <x <3

f is continuous but not differentiable at x = —2 and x = 2: there are corners at those points
none
f/(X) — 1im fx+h) —fx) _ lim —(x+h?—(=x?% — 1im —x*—2xh—h*+x* _ lim (—2x —h) = —2x
h—0 h h—0 h h—0 h h—0
y y'
1 1
y= -x2 y'=-2x
X X
1 -1 1
-1

y' = —2x is positive for x < 0, y’ is zero when x = 0, y’ is negative when x > 0
y = —x? is increasing for —oo < x < 0 and decreasing for 0 < x < co; the function is increasing on intervals

where y' > 0 and decreasing on intervals where y’ < 0

-1 -1
f'(x) = lim W — lim M — lim =Xt&+h =1
h—0 X

1
h—0 h h—0 Xx+hh _h~>0 x(x +h)
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106  Chapter 3 Differentiation

(b)

(c) y'is positive for all x # 0, y’ is never 0, y’ is never negative
d y= —%isincreasingfor—oo <x<0and 0 < x < o0

L/~
b
o
Wt
N—

>

flz) — ) _ lim
Z—X Z—X z

51. (a) Using the alternate formula for calculating derivatives: f'(x) = Zli_I)le

2’ —x =X @+ x+x)

1 T 1 22 rax+x2 2 / 2
= Jm se—n = Aim, 3@ = Jim TS = s T =x
(b) ,
y y
1+ i+
3 2
=X y=x
=3

(¢) y'is positive for all x # 0, and y’ = 0 when x = 0; y’ is never negative
d y= %3 is increasing for all x # 0 (the graph is horizontal at x = 0) because y is increasing where y’ > 0; y is

never decreasing

52. (a) Using the alternate form for calculating derivatives: f'(x) = lim @ =19 — |im,
Z— X Z—X Z — X Z—X
T A_xt . (z—x) (2 + x>+ %2+ x%) . x4+ x%24+x3 _ 3 / — 3
_Zlgnx m—z@x 4z —x) _Zlgnx = s ) =x
(b) ,
y y

1+

(¢) vy is positive for x > 0, y' is zero for x = 0, y’ is negative for x < 0

d y= ’% is increasing on 0 < x < oo and decreasing on —oo < x < 0

(2(x +h)?=13(x +h) +5) — (2x2 = 13x + 5) 2x2 4+ 4xh+2h®> — 13x —13h +5—2x>+ 13x =5

53y = lim, h = pim, h
= lim axh+ 207 13h lim (4 + 2h — 13) = 4x — 13, slope at x. The slope is —1 when 4x — 13 = —1

= 4x=12 = x=3 = y=2-32-13-3+5= —16. Thus the tangent line is y + 16 = (—1)(x — 3)
= y = —x — 13 and the point of tangency is (3, —16).

(5 ) (vi7he i)

54. For the curve y = y/x, we have y/ = lim xt+h)—x
y f’ y h—0 h

= lim —————

) (\/x+h+\/§) h—0 (vx-&-h-*—ﬁ)h
= lim m = ﬁ . Suppose (a, \/a) is the point of tangency of such a line and (—1, 0) is the point

h—0
Va0

a—(—D)  a+1

on the line where it crosses the x-axis. Then the slope of the line is

which must also equal
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60.

Section 3.2 The Derivative as a Function

1. . . . o \/5 _ 1 o o .
3 /a0 Using the derivative formulaatx =a = Y5 = a = 2a=a+1 = a= 1. Thus such a line does
1

2
exist: its point of tangency is (1, 1), its slope is N % and an equation of the lineisy — 1 = 3 lx—1

=y=3x+3.
Yes; the derivative of —f is —f’ so that f'(x() exists = —f'(x() exists as well.
Yes; the derivative of 3g is 3g’ so that g'(7) exists = 3g'(7) exists as well.

Yes, hmO EES can exist but it need not equal zero. For example, let g(t) = mt and h(t) = t. Then g(0) = h(0)

=0,but lim &Y — lim ™ — ]im m = m, which need not be zero.
t>0 hO S0 t T 50

(a) Suppose [f(x)] < x2 for —1 < x < 1. Then [f(0)| < 0> = f(0) = 0. Then f'(0) = Jim fO£h) - 1O

_hhmow_lm W For|h| <1,-h?<fhy<h® = -h<™ <h = f(0) = mo%:o

by the Sandwich Theorem for limits.
(b) Note that for x # 0, [f(x)] = |x* sin 1| = [x?| [sin x| < [x?| - 1 = x? (since —1 < sinx < 1). By part (a),
f is differentiable at x = 0 and f’(0) = 0.

The graphs are shown below for h = 1, 0.5, 0.1. The functiony = # is the derivative of the function

y = /X so that ﬁ = lim H VXENZ VX e graphs reveal that y = H VXEh- VX gets closer to y = \1/;
as h gets smaller and smaller.
Y y Y
1
h=0.1
h=0.5
2 2. 2
y=UQRJ®) y = 1UQJ%)
1 1 / 1
/ SAFh-JE
—r
X
0 1 2 0 1 2

The graphs are shown below for h = 2, 1, 0.5. The function y = 3x? is the derivative of the function y = x3 so

that 3x? = hlimo W . The graphs reveal that y = % gets closer to y = 3x? as h

gets smaller and smaller.

1 / 1
}__.3,3 y=(x+h)’-x’ \ y=(x+h)’—1’ \

h y =33 " y=3x?

x
1 2 -2 -1 0 1 2 -2 -1 0 1

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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108  Chapter 3 Differentiation

61. The graphs are the same. So we know that Y

for f(x) = |x|, we have f'(x) = X 1

X

62. Weierstrass's nowhere differentiable continuous function.

2\' 2\? 2\?
8(x) = cos(nwx) + (3) cos(9mx) + (3) cos(9*rx) + (5) cos(®nx)

2 7
+eoo 4 (3) cos(9'rx)

63-68. Example CAS commands:
Maple:
fi=x->x"3 +x"2-x;
x0:=1;
plot( f(x), x=x0-5..x0+2, color=black,
title="Section 3.2, #63(a)" );
q := unapply( (f(x+h)-f(x))/h, (x,h) ); #(b)
L :=1limit( q(x,h), h=0 ); #(c)
m :=eval( L, x=x0);
tan_line := f(x0) + m*(x-x0);
plot( [f(x),tan_line], x=x0-2..x0+3, color=black,
linestyle=[1,7], title="Section 3.2 #63(d)",
legend=["y=f(x)","Tangent line at x=1"] );
Xvals := sort( [ x0+2/(-k) $ k=0..5, x0-2*(-k) $ k=0..51): #(e)
Yvals := map( f, Xvals ):
evalf[4](< convert(Xvals,Matrix) , convert(Yvals,Matrix) >);
plot( L, x=x0-5..x0+3, color=black, title="Section 3.2 #63(f)" );
Mathematica: (functions and x0 may vary) (see section 2.5 re. RealOnly ):
<<Miscellaneous'RealOnly"
Clear[f, m, x, y, h]
x0=m /4;
f[x_]:=x% Cos[x]
Plot[f[x], {x,x0 — 3,x0 + 3}]
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qlx_, h_]:=(f[x + h] — f[x])/h
m[x_J:=Limit[q[x,h],h — 0]
ytan:=f[x0] + m[x0] (x — x0)
Plot[{f[x], ytan},{x, X0 — 3, x0 + 3}]
m[x0 — 1]/N

m[x0 + 1]/N

Plot[{f[x], m[x]},{x, x0 — 3, x0 + 3}]

3.3 DIFFERENTIATION RULES

w‘%‘
Il

Loy=—x43 = B+ L@ = n+0=-2 = B =2

2. y=x2+x+8 = ¥ =2xt1+0=2x+1= =2

3. s=560 30 = &= d(53) d30) =152 — 15¢" = L5 = 4 (15¢2) — 4 (15t!) = 30t — 6083

4. w=37 -7 42172 = ‘;—‘;’ =217 — 2122 + 427z = CET‘; = 1262° — 42z + 42

2
5. y:%x3fx = %:4){271 = %:8){

6. y=S 454 o Wyl o S 140=2x+1

dx dxz

R3S

_2,-2 -1 dw _ -3 2 _ =6, 1 Pw —4 -3 _ 18
7. w=32"-z2" = g =-62"+7°"=3+5 = 5 =182"-22"= 73—

8 s=-2" 44?2 Lo oyt =2-8 o S 43t Y

2 t

9. y=6x>—10x—5x2 = ¥ =12x—10+10x3 =12x - 10+ 9= &y -2 0-30x*=12- 2

10, y=4—2x—x?% = ¥ = oy3t = 243 &g o5 =12

9 5.1 dr _ 23 5.2 _ Pr_ne—d 5.3 _ 2 5
s T = =58 " t3s Mt D =2 5870 =

11. r=
12.r=120""—4073 407 = &= 1202412074 — 495 =24 24 o & 0493 4895 4 2000
24 20
—F-F e
1B.@ y=063-x)-x+1) = y=0@-x)- 2 —x+1)+x-x+1)-L£(3-x%?
=0B-x)Bx®—1)+ (x> —x+1)(—2x) = —5x* + 12x> — 2x — 3
b) y=—x"+4x3 x> -3x+3 = y = -5x'+12x* = 2x -3

14. (a) y=2x+3)(5x%2 —4x) = y = 2x +3)(10x — 4) + (5x% — 4x) (2) = 30x% + 14x — 12
() y=(2x+3)(5x% —4x) = 10x> + 7x> — 12x = y' =30x> + 14x — 12

15. (@) y=(+1)(x4+5+1) = y=+1)- &L (x+5+) + (x+5+1) - L (x2+1)

=x+DA-x)+x+5+xH)2x) = (2—1—|—1—x‘2) + (2x2 —|—10x—|—2)_3x2—|—10x—|—2—%
) y=x*+5+2x+5+1 = y=3x>+10x+2 -
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

Chapter 3 Differentiation

y=(1+x3) (x3/4 — x’3)

@ y =(1+x2)- (%x*1/4+3x*4) + (M - x )(2x) 2+l K/t L
(b) y = x3/4 _x3 +X11/4 QN y 4Xl4 + b+ 11 7/4+ L
y = £%3 ; use the quotient rule: u=2x+5andv=3x—2 = v =2andv =3 = y = w

_ Bx=2Q-Qx+50) _ 6x—4—6x—15 _ _—19

Gx=27 = T Bx—27 T~ Gx-29

y = 34x2+3x :use the quotientrule: u =4 —3xandv=3x>4+x= v = -3andV =6x+1 = y = M
_ (340 (=3) - (4-30)(6x+1) _ 0% —3x+18x2 —21x—4 _ 9x’—24x—4
o (3x2 +x)° B (3x2 +x)* (3x2 +x)*

gx) = 55 4. use the quotient rule: u=x*> —4andv=x4+05 = v =2xandvV =1 = ¢(x) = w
(X+05)(2X)—(X -4A) _ 2x°4x—x*+4 _ C+x+4

(x+05)7 = T &+057 T x+057
o 2-1 =D+l 41 _ t+2)M) -+ (@) _ 42-t—1 _ 1
fv = tztﬂ 27 (t+2)(t=1) — :i_z’t?é 1= fi()= (t+2)° - tJr(t+2t)2 T (t+2)?
— 1 _ 21 _ 1=t dv _ (1+8)(= 1)*(1*0(20 “1-2-2t42 _ 2-2t—1
v=>0-90+6)  =m = ¢ = (1+e) are? . (+ep
x+5 _ XD -Ex+5Q) _ 2x-7-2x-10 _ _ —17
W= = W x =77 =T @mor T o
fo) = Vb o gy = VDGR A0 (a) | sy Ly
s+1 (Vs+1)’ 25 (Vs +1)’ Va(Vs+1)”
NOTE: % (\/g) = QL\/E from Example 2 in Section 3.2
_oSbl L du VR © -6+ () _ 5x—1
u= 2¢/x dx — ax = 4anr
V:1+x;4ﬁ N V/:x(l %) X( Fx—4/%) 2\/;2_1

r=2(%+V6) = ¢ = (Mjuﬁ):—#h;—a

_ 1
Y= Deixt)

V=x-1D2x+D+x+x+1)2x) =2x3 + x> = 2x — 1 + 2x> + 2x® +2x = 4x3 + 3x% — 1

; use the quotientrule: u=landv = (x> — 1) (x> +x+1) = v =0and

= dy  w—uw/ _ 0—-1(43+3x*-1) _4x3 —3x2 4+ 1
x T v T oD +x+1) T @@= 1) (R +x+1)
— DO+ X342 o (K =3x+2)2x+3) - (X’ +3x+2)2x=3) _ _ —6x+12 _ _—6(x*~2)
Y= G-Dx-2 — x¥—3x+2 y = =12 (x—2) T x-DPx=27 T -1Px-27

y:%x4—%x2—x = y=2x%-3x-1=y' =6x>-3 = y"=12x = yW =12 = y® =0foralln 5

Y= =Y =gx!=2y =13y =1i2 = yW=x= y»=1= y0)=0foralln 6

2

y=(x-—DE>+3x =5 =x+2x>-8x+5= y =34+4x-8= y' =6x+4= y" =6= y" =0forall
n
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33.
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y=(@x+3x)2—x) = —4x* +8x* = 3x> + 6x = y = —16x° +24x> —6x + 6 = y”" = —48x> +48x — 6
= y" =-96x+48 = y¥W = —96= y =0foralln 5

y:"sT”:x?—i—%(_1 = g—i:Zx—7x_2 =2x— 5 = gx§:2+l4x_3:2+%

s=CE=l 43 Lo g5l o2 5 S =05t 24203 = 5242 = 24 2

|o

— - -4 _ 10
= O 0P —6rt =10

t°

35 = OEDEROED 0ol L9 5 S 0430t =3t =S L= 12070 = 12
36. u— (x2+x)(§’7x+1) :x(x+1)(;427x+1) :x(xi:rl) _ xx4 — 142 x = 1+X
= Wo0-xt=-xt=F= =x0=2
3. w=(H2)B-2=(Gz"'"+1)B-2=z"'—§+3-z=z"'4}-z2= ¥ =—"2240-1=-2%-1
=d-1=> &y :22—3—0=2z—3=§3
38 w=e+Dz-DE@Z+1) =@ -1)ZE+1) =21 = W =43 0=47 = ¥ - 127
2 4 _ 6 _ 42 4 _ _ _ —
39.p:(%)(qq31>:%:%q2_%q2+__Zq4 dp:6q+6q3+q %(H'G%H'%
dp _ 1 1 1 1 5
Bkl It L B Ik Sl
40 _ +3 _ +3 _ ¢*4+3 ¢ +3 1 1.1
P T QoD@ T @3 3D+ (@ 334+ 20169  2q(q2+3) 2 24
2
= E=—1q?=-%5 > PB=q?=%
41. u(O):5 u'(0) = =3, v(0) = 71 v/(0) =2

42.

43.

=u(0)V'(0) + v(O)u'(0) =5-2 4+ (—1)(—3) =13

_ V(O)U’(O)*U(O)V’(O) =D(= 3)*(5)(2) 7
(v(0)? (=1)?

— Vll —uV u
O & (§) =25 (v)
_ uOVO —vOW () _ Q= (=D _ 1

(c) % (%) = uv,u;zvu di (I) = (0)? G 25

@ Lav-20=7 -2 = %(7V—2u)|x=0:7v’(0)—2u(0):7-2—2(—3):20

(a) (uv) =uw' +w =

ul)=2,u'(1)=0,v(l) =5,v'(1) = —1
@ S| _ =u@VD)+vDu(D)=2-(-1)+5-0= -2
(b) d_ (_) — v(O'/'(D)—u()V' (1) _ 5-0-2-(=1) __ 2

x=1 (D)2 =" 62 T
d (v 1
© & (E) =1 () 7 3

_ uvVD—vu'd) _ 2+(=D=5-0 _
@ Lv-2w  =wWDH-21)=7-(-1)-2-0=-7

y = x3 — 4x + 1. Note that (2, 1) is on the curve: 1 =23 —4(2) + 1

(a) Slope of the tangent at (x,y) is y’ = 3x> — 4 = slope of the tangent at (2, 1) is y'(2) = 3(2)> — 4 = 8. Thus the slope
of the line perpendicular to the tangent at (2, 1) is — % = the equation of the line perpendicular to the tangent line at
@ Disy—1=-tx-2ory=—%+3.

(b) The slope of the curve at x is m = 3x?> — 4 and the smallest value for m is —4 whenx = O andy = 1.
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45.

46.

47.

48.

49.

50.

51.

52.

53.
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(c) We want the slope of the curvetobe 8 = y/ =8 =3x> -4=8=3x>=12=x>=4=x= +2. Whenx =2,
y = 1 and the tangent line has equationy — 1 = 8(x —2)ory = 8x — 15; when x = =2,y = (=2)3 — 4(-2) + 1
= 1, and the tangent line has equationy — 1 = 8(x +2) ory = 8x + 17.

(@) y=x®—3x—2=y =3x?— 3. For the tangent to be horizontal, weneedm =y = 0= 0=3x> -3 =3x>=3
= x = *x 1. Whenx = —1, y = 0 = the tangent line has equation y = 0. The line perpendicular to this line at
(=1,0)isx =—1. Whenx =1,y = —4 = the tangent line has equation y = —4. The line perpendicular to this
line at (1, —4) is x = 1.

(b) The smallest value of y' is —3, and this occurs when x = 0 and y = —2. The tangent to the curve at (0, —2)
has slope —3 = the line perpendicular to the tangent at (0, —2) has slope % = y+2= % (x—=0)or
y = % X — 2 is an equation of the perpendicular line.

_4x dy _ (P+D@-@002x) _ 4x+4-8x2 _ 4(=x*+1) _ _ 40+
Y=g~ &= 211 =TSRt T ey Whenx =0,y =0andy’ = - = 4, so the

tangent to the curve at (0, 0) is the line y = 4x. Whenx = 1,y = 2 =y’ = 0, so the tangent to the curve at (1,2) is the

liney = 2.
Y=g =¥ = (o *(12(3)4’)28(2") = (X;f:)z . Whenx=2,y=1landy = (;i(i))z = — 1, so the tangent
line to the curve at (2, 1) has the equationy — 1 = — % (x—=2),0ory=—35+2.

y = ax? + bx + ¢ passes through (0,0) = 0 = a(0) +b(0) +¢ = ¢ = 0; y = ax? + bx passes through (1, 2)

= 2 =a+b;y = 2ax + b and since the curve is tangent to y = x at the origin, its slopeis 1 atx = 0

= y =1whenx=0 = 1=2a0)+b = b=1. Thena+b=2 = a=1. Insummarya=b = 1andc=0so
the curve is y = x% + x.

y = cx — x? passes through (1,0) = 0=c(l)—1 = c¢=1 = thecurveisy = x — x. For this curve,
y=1-2xandx=1 = y = —1. Sincey = x — x> and y = x> + ax + b have common tangents at x = 0,

y = x2 + ax + bmust also have slope —latx =1. Thusy' =2x+a = —1=2-1+a = a= -3

= y = x? — 3x + b. Since this last curve passes through (1,0), we have 0 =1 —3 +b = b = 2. In summary,

a=-3,b=2andc = lsothecurvesarey = x> —3x +2andy = x — x>.

y=8x+5=>m=8f(x) =32 —4x=>f/(X) =6x — 4 6x —4=8=x=2=f(2) =3(2)" —4(2) =4 = (2,4)

8x —2y=1l=y=4x-1=om=4gx)=1x*-3x+1=2g/(x) =x*-3x;x> - 3x=4=x=4orx = —1

e =140 -3@+1=-3g-) =11’ 31 +1=-3= (4 -3 or (-1,-3)

X x—2)(1)—x(1 — . = 2
y=2x+3sm=2=m = -—py= 2oy = PR = R e = s d=(x-2)
= +2=x-2=x=4orx=0=ifx=4,y=;%5 =2 andifx =0,y = 525 = 0= (4,2) or (0, 0).

m=y=32 f(X):X2:>f/(X):2X;m:f/(X):>y_§:2X:>X2_8:2X2>X2—8:2X2—6X:>X2—6X+8:O

x—3; X — x—3

S x=4orx=2=f(4) =42 =16,1(2) =22 =4 = (4, 16) or (2, 4).

(@ y=x>-x = y =3x>~1. Whenx=—1,y=0andy’ =2 = the tangent line to the curve at (—1,0) is
y=2(x+1Dory=2x+2.
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(b)

=X _X} = X3 —x=2x4+2 = ¥ -3x-2=(x-2(x+1)2=0 = x=2o0rx = —1. Since

y = 2(2) 4+ 2 = 6; the other intersection point is (2, 6)

(@ y=x>—6x>+5x = y' =3x> -~ 12x +5. Whenx =0,y =0andy =5 = the tangent line to the curve at

(0,0)is y = 5x.
(b)
30
20:
10:
Ry A

3 2

©) yy*_XSX ox +5X} = P62 +5x=5x = xX*—6x2=0 = x2(x—6) =0 = x=0orx = 6.

Since y = 5(6) = 30, the other intersection point is (6, 30).

. 50 _
lim =1 =50x% =50(1)" =50
X—1 X x=1

2/9
lim Xl = 2x 770 =2 =-3
X—o1 X+l — 09 x=—1 917" 9

g'(x) = 2x =3 X>0,sincegisdifferentiableatx:O:> lim (2x—3)=—-3and lim a=a=a= -3
a x <0 X —0F X—0

f'(x) = a x> _1, since f is differentiable at x = —1 = lim a=aand lim _(2bx) = —2b = a = —2b, and
2bx x < —1 X — —1* X — —1

since fis continuous at x = —1 = lim +(ax+b):—a+bandxlim71 (bx? -3)=b—-3=—-a+b=b-3

X — —1

=a=3=3=-2b=b=-3.
P(x) = a,x" + a,_1x" 71 + -+ + apx? + a;x + ag = P’(x) = na,x"! + (n — 1)a,_1x"2 + -+ + 2apx + &y

R=M? (5 - Y¥) =SM? — L M?, where Cis aconstant = & =CM — M?

Let c be a constant =- %:0 = %(u-c):u-g—i—l-c-g—i:u-O—i-cg—;:cg—i. Thus when one of the

functions is a constant, the Product Rule is just the Constant Multiple Rule = the Constant Multiple Rule is
a special case of the Product Rule.

dv dv
1 v-0— l-a -1

(a) We use the Quotient rule to derive the Reciprocal Rule (with u = 1): % (1) = %o = = —

dv
dx *

Tl
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(b) Now, using the Reciprocal Rule and the Product Rule, we'll derive the Quotient Rule: & (%) = 4 (u- 1)

dx v
Ca vy du
=u-24 (1) 4+ 1.8 ProductRule) =u- () & + L & (Reciprocal Rule) = & (¥) = ud"vijdx
du dv
= devi“* the Quotient Rule.
63. (a) %(uvw) = %((uv).w) (uv) 4 v 4w (uv) =uv dW —|—W(u g—z +v g—g) =uv ‘é—‘: +wu o T wv g—g

=uvw +uv'w + u'vw
) L (uupuguy) = L ((uuzug) ug) = (ujupug) & gy L (wuoug) = L (wupuzuy)
dx dx dx dx
d d
= ujusug d—x‘ + uy (uluz o —|— uzug “2 + U3ll2 d‘:j) (using (a) above)
d du
= 3, (wuuzuy) = uuaus dx + ujusuy dx + ujuguy dx + uguzuy G
= u1u2u3u4 + u1u2u3U4 + u1u2u3U4 + u1u2u3U4

(c) Generalizing (a) and (b) above, ddx (ug---u,) = ugug---u,_qu! + wyug--u, U’ _ju, 4 ... +ujuye-eu,

—m x™-0—1 (m-x™"! —m-x™ ! m—1-2m —m—
64 (™) = () = T = S e = mexon
65. P= \?Egb vz . We are holding T constant, and a, b, n, R are also constant so their derivatives are zero
P _ (V—nb-0—@RTY(D) _ VO —(an’)(2V) _ _—nRT 2
= = n(V—nb)I; o (v2)? - nnb)2 + \a/l;
m — — 2 — m
66. A(q) = +om+ 5 = (km)q ™! +em+ (§)g = § = —(km)q + (3) = —F + § = @ = 2(km)q~* =
3.4 THE DERIVATIVE AS A RATE OF CHANGE
. s=2-3t+2,0<t<2
(a) displacement = As = s(2) — s(0) = 0m — 2m = —2 m, v,, = ﬁf = ’72 = —1 m/sec
) v==2=2t-3 = [v(0)| =|-3| =
a= W =2 = a(0) = 2 m/sec? and a(2) = 2 m/sec?
©) v=0=>2t—3=0 = t= g.visnegative in the interval 0 <t < % and vV is positive when £ <t < 2 = the body

changes direction at t = %

2. s=6t—t3,0<t<6
(a) displacement = As = s(6) —s(0) =0m, v,, = ﬁf = = = 0 m/sec
(b) v=%=6-2t = [v(0)] = | 6] = 6 m/sec and |V(6)| = |—6| = 6 m/sec;

d12 = —2= a(0) = —2 m/sec? and a(6) = —2 m/sec>

() v=0=6—-2t=0 = t= 3. vispositive in the interval 0 < t < 3 and v is negative when 3 < t < 6 = the body
changes direction at t = 3.

a —

3. s=—t2+32-3,0<t<3
(a) displacement =As=53)—s(0)=-9m,v, = % = _Tg —3 m/sec
b) v=%= 3224 6t—-3 = |v(0)] = |-3| =3 m/sec and |[v(3)| = |~ 12| = 12 m/sec; a = ¢ d—2 =—6t+6
= a(O) = 6 m/sec” and a(3) = —12 m/sec?
() v=0= 32+6t—3=0 = t2—-2t+1=0 = (t—1)>=0 = t= 1. For all other values of t in the
interval the velocity v is negative (the graph of v = —3t> + 6t — 3 is a parabola with vertex at t = 1 which
opens downward = the body never changes direction).
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4. s:%7t3+t2,0§t§3

(@ As=s53)—s(0)=2m,v, =% =1 =3m/sec

(b) v=1t>—3t2+2t = |v(0)] = 0 m/sec and |v(3)| = 6 m/sec; a = 3t> — 6t +2 = a(0) = 2 m/sec? and
a(3) = 11 m/sec?

€ v=0 =t =32 +2t=0 = tt—2)(t—1)=0 = t=0,1,2 = v =t(t—2)(t — 1)is positive in the interval
for 0 < t < 1 and v is negative for 1 < t < 2 and v is positive for 2 < t < 3 = the body changes direction at
t=1landatt=2.

9

5. s=%-321<t<5
(@) As=s(5)—s(1)=-20m,v, = =2 = —5m/sec
(b) v==22+3 = [v(1)| =45 m/secand |[v(5)| = : m/sec;a = 12 — 10 = a(1) = 140 m/sec? and
a(5) = 55 m/sec?

© v=0= # =0= —-50+5t =0 =t =10 = the body does not change direction in the interval

6. s=2,-4<t<0

t+_5 )
(@) As=s(0)—s(—4)=-20m,v,, = — 2 = -5 m/sec
(b) v= ﬁ = |v(—4)| = 25 m/sec and |v(0)| = 1 m/sec; a = (lf;)g = a(—4) = 50 m/sec’ and

a(0) = % m/sec?

—25

(C) v=0 = 352

= 0 = vis never 0 = the body never changes direction
7. s =t3 — 6t> + 9t and let the positive direction be to the right on the s-axis.
(@ v=32—12t+9sothatv=0 = 2 —4t4+3=(t—-3)(t—1)=0 = t=1or3;a=6t— 12 = a(l)
= —6 m/sec? and a(3) = 6 m/sec?. Thus the body is motionless but being accelerated left when t = 1, and
motionless but being accelerated right when t = 3.
(b) a=0=6t—12=0=t=2 withspeed |v(2)| = |12 — 24 + 9| = 3 m/sec
(c) The body moves to the right or forward on 0 <t < 1, and to the left or backward on 1 <t < 2. The
positions are s(0) = 0, s(1) = 4 and s(2) = 2 = total distance = |s(1) — s(0)| + |s(2) — s(1)| = 4| + |-2| = 6 m.

8. v=t—4t+3 = a=2t—4
@ v=0=t?—4t+3=0 = t=1o0r3 = a(l) = —2 m/sec? and a(3) = 2 m/sec?
(b)) v>0= (t—3)(t—1)>0 = 0<t< lort> 3 and the body is moving forward; v< 0= (t—3)(t—1) <0
= 1 <t < 3 and the body is moving backward
(c) velocity increasing = a>0 = 2t—4 >0 = t> 2; velocity decreasing = a<0=2t-4<0=>0<t<2

9. s, =1.86t> = v, =3.72tand solving 3.72t = 27.8 = t= 7.5 sec on Mars; s; = 11.44t> = v; = 22.88t and
solving 22.88t = 27.8 = t ~ 1.2 sec on Jupiter.

10. (a) v(t) = s'(t) = 24 — 1.6t m/sec, and a(t) = v/'(t) = s (t) = —1.6 m/sec?
(b) Solvev(t) =0 = 24 —-1.6t=0 = t=15sec
(c) s(15) = 24(15) — .8(15)*> = 180 m
(d) Solves(t) =90 = 24t — .82 =90 = t= M ~ 4.39 sec going up and 25.6 sec going down

(e) Twice the time it took to reach its highest point or 30 sec

1. s=15t—1gt? = v=15—gtsothatv=0 = 15— gt=0 = g =12 Therefore g, = 12 = 3 = 0.75 m/sec?
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12. Solvings,, = 832t —2.6t> =0 = (832 —2.6t) =0 = t=0or 320 = 320 sec on the moon; solving
S =832t — 16t2 =0 = (832 —16t) =0 = t=00r52 = 52 sec on the earth. Also, v,, =832 —5.2t=0
= t =160 and s,(160) = 66,560 ft, the height it reaches above the moon's surface; v. = 832 — 32t =0
= t=26and s.(26) = 10,816 ft, the height it reaches above the earth's surface.

13. (a) s=179 — 16t = v = —32t = speed = |v| = 32t ft/sec and a = —32 ft/sec?

(b) s=0 = 179—-162 =0 = t= /2 ~33sec

(¢) Whent= /12 v=-32,/12 = —8\/179 ~ —107.0 ft/sec

A

I

14. (a) lim_v = elimﬂ 9.8(sin )t = 9.8t so we expect v = 9.8t m/sec in free fall

|

0
(b) a= % =9.8 m/sec?

15. (a) at2 and 7 seconds (b) between 3 and 6 seconds: 3 <t <6
© (d)
|v] (m/sec) a
_dv
4t T
Speed 3 =0 o—0
3 2k
1L
| P S I S N S . | t
1 L1 L1 ¢ (sec) _(1)_12345678910
of 2 4 6 8 >k
_3 | O=——0
4}

16. (a) P is moving to the left when2 < t <3 or5 < t < 6; P is moving to the right when 0 < t < 1; P is standing
stillwhen 1 <t<2or3<t<5

(b) v (cm/sec) speed (cm/sec)
41+ 4 o—o0
velocity
2 —0 2 O—
S—& S—1L t (sec) Ss—- oum— 1 (sec)
1 2 3 5 i 2 3 5
2k O—
4+ Oo—o0
17. (a) 190 ft/sec (b) 2sec
(c) at 8 sec, 0 ft/sec (d) 10.8 sec, 90 ft/sec

(e) Fromt = 8 until t = 10.8 sec, a total of 2.8 sec
(f) Greatest acceleration happens 2 sec after launch
_ _ . : : . _ v(10.8)—v(2)
(g) Fromt=2tot=10.8 sec; during this period, a = —77—~ ~ —32 ft/sec?
18. (a) Forward: 0 <t < land5 <t < 7;Backward: 1 <t < 5;Speedsup: 1 <t<2and5 <t <6;
Slowsdown: 0 <t< 1,3 <t<5,and6<t<7
(b) Positive: 3 <t < 6; negative: 0 <t<2and6 <t<7; zero: 2<t<3and7 <t<9
(c) t=0and2 <t<3
d 7<t<9

19. s =490t> = v =980t = a =980
(a) Solving 160 = 490t> = t= % sec. The average velocity was w = 280 cm/sec.
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20.

21.

22.

23.

24.

25.

26.

Section 3.4 The Derivative as a Rate of Change

(b) At the 160 cm mark the balls are falling at v(4/7) = 560 cm/sec. The acceleration at the 160 cm mark
was 980 cm/sec?.

(c) The light was flashing at a rate of % = 29.75 flashes per second.
@ .
100 - ZSK
501 /\ | Ly
1 1 t 5 10 15
_sok 5 1 15 -25
-100 - =50
-150
200
®
751 20 &io—m
S0 1 T 1 1
25|/ v=300-37 2 4 8§ 10 12 14
1 1 1 1 1 1 ' 0k
sk 2 4 6 8 10 12 14
50k —40
=15 60
—-100 -
C = position, A = velocity, and B = acceleration. Neither A nor C can be the derivative of B because B's derivative

is constant. Graph C cannot be the derivative of A either, because A has some negative slopes while C has only
positive values. So, C (being the derivative of neither A nor B) must be the graph of position. Curve C has both
positive and negative slopes, so its derivative, the velocity, must be A and not B. That leaves B for acceleration.

C = position, B = velocity, and A = acceleration. Curve C cannot be the derivative of either A or B because
C has only negative values while both A and B have some positive slopes. So, C represents position. Curve C
has no positive slopes, so its derivative, the velocity, must be B. That leaves A for acceleration. Indeed, A is
negative where B has negative slopes and positive where B has positive slopes.

(a) c(100) = 11,000 = c, = L% = 3110

(b) c(x) = 2000 + 100x — .1x?> = c/(x) = 100 — .2x. Marginal cost = ¢(x) = the marginal cost of producing 100
machines is ¢/(100) = $80

(c) The cost of producing the 101" machine is ¢(101) — c(100) = 100 — % = $79.90

(@) r(x) =20000 (1 —1) = r'(x) = 252, which is marginal revenue.r'(100) = 3§’ = $2.

(b) r'(101) = $1.96.

(©)  lim_ r'(x) = Jim

will approach zero.

20990 — 0. The increase in revenue as the number of items increases without bound

b(t) = 10° + 10% — 10°%2 = b/(t) = 10* — (2) (10%t) = 103(10 — 20)
(a) b'(0) = 10* bacteria/hr (b) b’(5) = 0 bacteria/hr
(c) b'(10) = —10* bacteria/hr

Q(t) = 200(30 — )2 = 200 (900 — 60t + 2) = Q/(t) = 200(—60 + 2t) = Q'(10) = —8,000 gallons/min is the rate

the water is running at the end of 10 min. Then w = —10,000 gallons/min is the average rate the water flows

during the first 10 min. The negative signs indicate water is leaving the tank.
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27.

28.

29.

30.

31.

Chapter 3 Differentiation

2
@ y=6(1-%)"=6(1-t+) = F=p-1
(b) The largest value of % is 0 m/h when t = 12 and the fluid level is falling the slowest at that time. The smallest
value of i—{ is —1 m/h, when t = 0, and the fluid level is falling the fastest at that time.
(c¢) In this situation, % <0 = the graph of y is
always decreasing. As % increases in value,

the slope of the graph of y increases from —1
to 0 over the interval 0 <t < 12.

av

@@ V=3m = ¥ =d4m? = §|  =4n(2)? = 167 ft’/ft

(b) Whenr =2, ‘f]—‘r’ = 167 so that when r changes by 1 unit, we expect V to change by approximately 167. Therefore
when r changes by 0.2 units V changes by approximately (167)(0.2) = 3.27 ~ 10.05 ft>. Note that

V(2.2) — V(2) ~ 11.00 ft3.

r=2

200 km/hr = 55 3m/sec = 22 m/sec,and D = P12 = V=2t Thus V=3 = Lt=230 = t=25sec. When
t=25D=4@25"=%"m
v v

s=vot— 16" = v=v)—32;v=0 = t=35:1900 = vot — 16t* so that t = 35 = 1900 = 3} — &

= Vo = /(64)(1900) = 80+/19 ft/sec and, finally, S0L19 . 60sec _ 6Omin . _Lmi o 938 mph.

600 - 5=200¢ - 167
400
ds _ _

200 i 200 —32¢

1 1 1 1 1 t

12
./
2001 4S__3p
d?

(a) v=0whent=06.25 sec

(b) v>0when0 <t<6.25 = body moves right (up); v < 0 when 6.25 <t < 12.5 = body moves left (down)

(c) body changes direction at t = 6.25 sec

(d) body speeds up on (6.25, 12.5] and slows down on [0, 6.25)

(e) The body is moving fastest at the endpoints t = 0 and t = 12.5 when it is traveling 200 ft/sec. It's moving slowest at
t = 6.25 when the speed is 0.

(f) When t = 6.25 the body is s = 625 m from the origin and farthest away.
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32.

2 3 4
ok
ds_o 3

dt

(a) v=0whent= % sec

(b) v<Owhen0 <t< 1.5 = body moves left (down); v > 0 when 1.5 < t <5 = body moves right (up)

(c) body changes direction at t = % sec

(d) body speeds up on (3, 5] and slows down on [0, 3)

(e) body is moving fastest at t = 5 when the speed = |v(5)| = 7 units/sec; it is moving slowest at t = % when the
speed is 0

(f) When t = 5 the body is s = 12 units from the origin and farthest away.

33.
s
L 2,
10 %=6t—12 %:3:2712”7
5 ™ /
1 1 1 t
-5
-10 s=P 62+t
+4/1
(a) v=0whent= 6 3 3 sec

§|

(b) V<Owhen%B <t< % = body moves left (down); v > 0 when 0 <t < 673 15 or 6+3‘/G <t<4

= body moves right (up)
(c) body changes direction at t = %ﬁ

(d) body speeds up on (6%@7 2) U (%,4} and slows down on [0, “T\E) U (2, Hf‘m) .

N &

(e) The body is moving fastest at t = 0 and t = 4 when it is moving 7 units/sec and slowest at t = % sec

(f) Whent= @ the body is at position s &= —6.303 units and farthest from the origin.

s=4-Tr+62- 1

5/\
% =7+ 1203

t
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b) v<Owhen0 <t< 6_7‘6 or % <t <4 = body is moving left (down); v > 0 when
% <t< HT\E = body is moving right (up)

(c) body changes direction at t = % sec

(d) body speeds up on (@,2) U (6+3—\/B,4} and slows down on [O, G}—ﬁ) U (2, —6+3\/E)

(e) The body is moving fastest at 7 units/sec when t = 0 and t = 4; it is moving slowest and stationary at t = Gi;/B
(f) Whent = % the position is s =~ 10.303 units and the body is farthest from the origin.

3.5 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

. y=-10x+3cosx = %:—10+3 (cosx) = —10 — 3 sinx

2. y:%+55inx:> Si—_3+5dx(smx) 23—{-5005)(

3. y=x*cosx = % = x?(—sinx) + 2xcos x = —x?sinx + 2x cos X

4, y:\/gsecx+3:>%:\/gsecxtanerS";C/’i+0—\/_secxtaner;‘ic/5

5. y:cscx—4\/§+7:>g—i:—cscxcotx—Ziﬁ—i—O:—cscxcotx—%

6. y=x’cotx— % = Si =x? L (cotx) +cotx - & (x?) + F = —x? csc? x + (cot X)(2x) + 3
= —x?csc?x +2x cotx + 5

7. f(x) = sinxtanx = f’(x) = sinx sec?x + cosx tanx = sinx sec’x + cos x 22X = sinx(sec’x + 1)

8. g(x) = cscxcotx = g'(x) = csc x(—cse?x) + (—csc xcotx)cot x = —cse’x — csc x cot’x = —csc x(csc?x + cot?x)

9. y = (sec x + tan x)(sec X — tan X) = g—i = (sec x + tan x) % (sec x — tan x) + (sec X — tan x) (% (sec x + tan x)

= (sec X + tan x) (sec X tan x — sec” x) + (sec x — tan x) (sec X tan x + sec? x)

3

= (sec? x tan x + sec x tan? x — sec® x — sec? x tan x) + (sec? x tan x — sec x tan® x + sec® x — tan x sec?x) = 0.

(Note also thaty = sec’x — tan’x = (tan’x + 1) —tan’x = 1 = § = )

10. y = (sin X + cos X) sec X = g_y _(smx+cosx)d (secx)—l—secx ~ (sin X + cos X)

(sin X + cos X) sin X + Cos X — sin X
cos? x coSs X

= (sin X 4 cos x)(sec X tan X) + (sec x)(cos X — sin X) =

_ sin’®x4cosxsinx+cos’x—cosxsinx __ 1 2
= 1 =1 —=sec’x
cos? x cos?x

(Note alsothaty =sinxsecx +cosxsecx =tanx+ 1 = g—i = sec? x.)

11 — _cotx dy (1+cotx) £ (cot x) — (cot x) & (1+ cot x) _ (1 + cot x) (—esc? x) — (cot x) (—csc? x)
-y 1 + cot x dx (1 + cot x)? (1 + cot x)2
_ —csc?x—csc?xcotx +esc’xcotx . —esc’x
- (1 + cot x)? T (1+cotx)?
12 _ _cosx dy _ (+sin x) & (cos x) — (cos x) & (1+sinx) __ (14sinx) (—sinx) — (cos x) (cos x)
y 1 + sin x dx (1 + sin x)? (1 + sin x)?
_ —sinx—sin’x—cos’x __ —sinx—1 _ —(+sinx) -1
- (1 + sin x)? T (I+sinx)2 T (1+sinx)?2 ~ 1+sinx
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Section 3.5 Derivatives of Trigonometric Functions

y= -t + L =4secx+cotx = £ =4secxtanx —csc?x
__ cosx X dy __ x(=sinx) — (cos x)(1) (cos x)(1) = x(=sinX) _ —xsinx —cosx cOos X + X sin x
Y="x + cos X = dx x2 + cos? x - x2 + cos? x
y = x?sinx +2x cos X — 2 sinx = % = (x% cos x + (sin X)(2x)) + ((2x)(—sin x) + (cos x)(2)) — 2 cos X

= x2 cos X + 2x sin X — 2x sin X 4+ 2 cos X — 2 c0S X = X cO0s X

121

y =x?cos X — 2xsinX — 2 cos X = % = (x%(—sin x) + (cos x)(2x)) — (2x cos x + (sin x)(2)) — 2(—sin x)
= —x%sin X + 2X cos X — 2X cos X — 2 sin X + 2 sin x = —x? sin X
f(x) = x*sinx cos x = f/(x) = x>sinx(—sinx) + x3cos x(cos x) + 3x?sinx cos x = —x>sin?x + x>cos?x + 3x%sin x cos x

g(x) = (2 — x)tan’x = ¢'(x) = (2 — x)(2 tan x sec’x) + (—1)tan’x = 2(2 — x)tan x sec’x — tan’x
2

= 2(2 — x)tan x( sec’x — tanx)
_ ds __ 2 __ 2 ds __
s=tant—t = F =sec’t—1 20. s=t"—sect+1 = {H =2t—secttant
g = 14csct = ds _ (I —csct)(—csctcott)—(1+csct)csctcott)
T l-—csct de — (1 —csct)?
__ —cscteott+csc’tcott—csctcott—csc’teott _ —2csctcott
- (1 —csct)? — (I—csct)?
g— —sint _ ds __ (I-cosncos)—(sint)siny) _ cost—cos’t—sin®t _ _cost—1 __ _ _ 1 _ 1
T 1-—cost de (1 —cost)? - (1 —cos t)2 T (I—cost)? l—cost ~ cost—1

r=4—-60>sinf = % =— (92 %(sin 0) + (sin 0)(29)) = — (6? cos 0 + 20 sin §) = —0(0 cos O + 2 sin 0)

r=0sinf +cosf = %:(00050+(sin0)(1))fsin0:00050

r=secfcscld = % = (sec #)(—csc 6 cot 0) + (csc O)(sec # tan 0)

= (c;slﬁ) (si111€) (%) + (silllg) (cnﬁﬁ) (ggl_qee) = si;’zle + 001—29 = sec’ ) — csc?f

r=(1+secH)sinf = % = (1 + sec 8) cos 0 + (sin A)(sec 6 tan #) = (cos § + 1) + tan® = cos 8 + sec?

p=5+- =5+tanq = g—gzseczq

cot q

p=(+cscq)cosq = g—g = (1 4 csc q)(—sin q) + (cos q)(—csc q cot q) = (—sinq — 1) — cot’> ¢ = —sin q — csc?q

__ sing4cosq = dp __ (cos g)(cos q —sin ) — (sin g + cos g)(=sin q)

p= cos q dq cos2q
_ coszq—cosqsinggsin2q+cosqsinq = g _ SCCQq
cos? q cos?q
ang - _, dp _ (I+tang)(sec®q) —(tan q) (sec’q) _ sec’q+tangsec’q—tangsec’q _  sec’q
P 1+tanq dq — (1 + tan q)? - (1 + tan q)? ~ (1+tanq)?
_ gsing = dp _ (4®—1)(qeosq+sinq(l)) — (qsing)(2q) __ g cosq+q?sing—qcosq—sing —2¢sing
P= @17 @17 @17
_ q’cosq—qg?sing—qcosq—sing
- 2
(@-1)
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122 Chapter 3 Differentiation

3. p= 3q+tanq dp _ (qsecq) (3 + sec’q) — (3q + tanq)(qsecqtanq + secq(1))

qsecq dq (qsecq)?
_ 3qsecq+qsec’q— (3q2secqtanq+3qsecq+qsecqtan2q+secqtanq) gsec3q— 3q’secqtanq — qqecqtan q—secqtanq
(qsecq)® (qsecq)®
33. (@) y=cscx = y = —cscxcotx = y” = —((csc x) (—csc? x) + (cot x)(—csc x cot X)) = csc® x + csc x cot? x

= (csc x) (esc? x + cot? x) = (esc x) (esc?x + esc? x — 1) = 2 esc® x — esc x
(b) y=secx = y =secxtanx = y” = (sec x) (sec? x) + (tan x)(sec x tan x) = sec® x + sec x tan® x
= (sec x) (sec? x + tan® x) = (sec x) (sec? x + sec® x — 1) = 2 sec® x — sec x

34. (a) y=-2sinx = y = —2cosx = y’ = —2(—sinx) =2sinx = y” =2cosx = y* = —2sinx
(b) y=9cosx = y = -9sinx = y’" = -9cosx = y” = —9(—sinx) =9sinx = y® =9cosx

35. y=sinx = y =cosx = slope of tangent at
X = —mis y/(—m) = cos (—m) = —1; slope of
tangent at x = 0 is y’(0) = cos (0) = 1; and y=-x-m
slope of tangent at x = 3 isy’ (3F) = cos I

—371"/2 -7 —71"/2 71"/2 71"/2 2
= 0. The tangent at (—7r7 0)isy—0=—-1(x+m), \4 y;lA(WZ’,f
ory = —x — m; the tangent at (0, 0) is

y — 0 = 1(x — 0), or y = x; and the tangent at
(37”,— )isy: —1.

36. y=tanx = y' =sec’x = slope of tangent at x = —

W

is sec? (— §) = 4; slope of tangent at x = 0 is sec” (0) = 1; y= 4x+——\/—

and slope of tangent at x = 7 is sec? (§) = 4. The tangent , / @B\DS .
a (= (= 5)) = (= 5.-v3) sy + V3=4(x +9); i

the tangent at (0, 0) is y = x; and the tangent at (5, tan (5))

= (%,\/g) isy— 324(X— %) 2 (777/3‘7\/3)72/ y=4xf4?‘”+‘/§

y=tanx

[SIE]

37. y=secx = y =secxtanx = slope of tangent at
x =—Tissec (—5) tan (— §) = —24/3; slope of tangent

(=3

c(f)tan (%) = /2. The tangent at the point
(= 5sec(=3) = (-5.2) sy —2=-2V/3 (x +5):
the tangent at the point (%, sec (7)) = (%, \/5) isy — /2
VA9,

atx =7 IS N ¢

—71'/2 —7/3 0 4 /2

38. y=1+4+cosx = y = —sinx = slope of tangent at

X = — 3 is —sin (— %) = ﬁ ; slope of tangent at x = 37”

is —sin (3F) = 1. The tangent at the point

(—571+COS( 3))=(=52)

isy—35 = (x %) ; the tangent at the point
3
2

(gﬂl—l—cos( )) (77 )1sy—l:x—377r

39. Yes,y =x+sinx = y =1+ cos x; horizontal tangent occurs where 1 +cosx =0 = cosx=—1 = x=7
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40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

Section 3.5 Derivatives of Trigonometric Functions

No,y = 2x +sinx = y' = 2 + cos x; horizontal tangent occurs where 2 4+ cos x =0 = cos x = —2. But there
are no x-values for which cos x = —2.

No,y = x —cot x = y' = 1+ csc? x; horizontal tangent occurs where 1 + csc?x = 0 = csc?x = —1. But there
are no x-values for which csc? x = —1.

Yes,y =x+2cosx = y' = 1 — 2 sin x; horizontal tangent occurs where | —2sinx =0 = 1 =2sinx

1 _ o _m __ 5w
= 5 =sinx = x=gorx ==
We want all points on the curve where the tangent

line has slope 2. Thus,y = tan x = y’ = sec?x so
thaty =2 = sec?x =2 = secx = + /2

= x = =+ 7. Then the tangent line at (5,1) has .
equationy — 1 = 2 (x — ) ; the tangent line at i
(—%,—1) hasequationy + 1 =2 (x + ) . y=2:x+§—1

We want all points on the curve y = cot x where
the tangent line has slope —1. Thus y = cot x
2+ y=cotx

= y = —csc?xsothaty = =1 = —csc?x = —1
= csc’x=1 = cscx=+1 = x=75. The L

tangent line at (3,0) isy = —x + 7.

y=—x+7/2

y=4+cotx —2cscx = y = —csc’x +2csc X cot X = — (mllx) (%)
(a) Whenx = 7, theny’ = —1; the tangent lineis y = —x + § + 2.
(b) To find the location of the horizontal tangent sety’ =0 = 1 —2cosx =0 = x =

theny =4 — \/§ is the horizontal tangent.

y=1+12cscx+cotx = y =—/2cscxcotx —cse?x = — () (7‘/52?;;“)

(a) Ifx = 7, theny’ = —4; the tangent line is y = —4x + 7 4 4.

(b) To find the location of the horizontal tangent sety’ =0 = \/5 cosx+1=0= x= %Tﬂ radians. When

X = %’", then y = 2 is the horizontal tangent.

xliin Sm(%*%) —Sin(%*%) =sin0=0

xgnl% /1 + cos(mcsc x) = \/1 +cos (mese (—Z)) = /1 +cos(m-(—2)) = V2
i LR i T 3

elﬂni slzig“ = %(SmQ)‘&:% = 0089‘9:% = cos(g) = 4
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50.

52.

53.

54.

55.

56.

57.

58.

59, &

60.

61.

62.

Chapter 3 Differentiation
lgnZ —‘ag:ﬁl = %(tan@)‘ - 56029’ = sec? (2) =2
11m0 sec [cosx + mtan (772~ ) — 1] =sec [1 + 7w tan (; ;) — 1] = =sec [rtan (§)] =secm = —1
Jim sin (PSR = sin (G2 50) = sin (= ) =~

1 —w = —_— 1 “—nt = —_ =
tlleOtam(I ) tan(] tlgn0 t) tan(1—1)=0

t

i ) — i 0 ) = 1) = R

915110005(““6)—005 (Welgno sinf))—cos (w o 5120> cos (7 - 1) 1
s:2—25int:>v:g—f:—Zcost;Sa———Zsmt:n———2cost Therefore, Veloc1ty—v(4)
*f\/_m/sec speed—|v( )|—\/_m/sec acceleratlon—a() \/_m/sec ]erk—]( ):\/_m/sec3.
s:sint+costév:%:costfsintéa:%:fsintfcost;sj:%:fcostqtsint. Therefore

velocity = v ( ) = 0 m/sec; speed = |v ( ‘)| = 0 m/sec; acceleration = a (g) = f\/i m/sec?; jerk = j (g) = 0 m/sec?.

: I T in3x __ in 3x sin 3x\ __ : : _ : _ _
Xlgn0 f(x) = Xlgn0 g% — hm 9 (852%) (S£2%) = 9 50 that f is continuous at x = 0 = X11_r>nO f(x) = f(0) = 9 =c.

lim g(x)= lim (x+b)=band lim g(x) = lim cosx = 1so thatgiscontinuousatx =0 = lim_ g(x)
x—=0 x—0 x — 0F x— 0" x — 0
= 1inb+ g(x) = b = 1. Now gis not differentiable at x = 0: At x = 0, the left-hand derivative is
X —

& (x+b)|__, = L, but the right-hand derivative is & (cos x)| = —sin 0 = 0. The left- and right-hand

derivatives can never agree at x = 0, so g is not differentiable at x = 0 for any value of b (including b = 1).

% (cos x) = sin x because d% (cos x) = cos x = the derivative of cos x any number of times that is a
multiple of 4 is cos x. Thus, dividing 999 by 4 gives 999 = 249 -4 +3 = 47 (cos x)

3 249-4 3 .
= % { dxml (cos x)} x3 (cos X) = sin x.

_ _ 1 dy _ (cosx)(0)—()(=sinx) __ sinx __ 1 sinx) __
(a) y=secx = cos X = dx (cos x)2  cos?x (cosx) (cosx) = sec X tan x
= i ~ (sec x) = sec X tan x

_ _ (sin x)(0) — (1)(cos x) —COS X __ —1 cosx) _ _
(b) y=cscx= sin X = dx (sin x)? sin2x (sin x) ( sin x) = —cscxcotx
= E (csc x) = —csc x cot X

_ __ cosx dy _ (sinx)(=sinx)—(cosx)(cosx) __ —sin’x—cos’x _ -1 _ _ .2

(C) y =cotx = sin x = dx (sin x)?2 sin? x T osin?x T cscr X

= 4 (cotx) = —csc?x

(@ t=0—x=10cos(0) = 10cm; t =
(b) t=0—v=—10sin(0) =0 ;¢ =

sec’

4
— v = —10sin( ):fSﬁgg,t ¥ — v =—10sin(f )7*5\/7522

Wi Wi

—x=10cos(]) =5cm;t =3 — x = 10cos(3) = ~5y/2cm
3

(@) t=0—x=3cos(0)+4sin(0) =3ft;t=7 — x =3cos(5) +4sin(5) =41t

t=m — x =3cos(m) + 4sin(w) = =3 ft
(b) t=0—v=—3sin(0) +4cos(0) =4 L:t=7 —v=-3sin(]) +4cos(]) =-3 L,
t=m—v=—3sin(r) +4cos(m) = -4 &L
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63.

A

As h takes on the values of 1, 0.5, 0.3 and 0.1 the corresponding dashed curves of y =

sin (x +h) —sin x

5 get

w = cos X. The same

closer and closer to the black curve y = cos x because % (sin x) = hlim(J
—

is true as h takes on the values of —1, —0.5, —0.3 and —0.1.

cos(x+h) —cosx

As h takes on the values of 1, 0.5, 0.3, and 0.1 the corresponding dashed curves of y = b get
closer and closer to the black curve y = —sin x because % (cos x) = hlim0 W = —sin x. The
same is true as h takes on the values of —1, —0.5, —0.3, and —0.1.
65. (a)
The dashed curves of y = Sm("H‘);—hbm(X*h) are closer to the black curve y = cos x than the corresponding dashed
curves in Exercise 63 illustrating that the centered difference quotient is a better approximation of the derivative of
this function.
®
2 \d\ 5
-n
-0.5; \\ /
-1 -
The dashed curves of y = ws(x“‘g—hcob(x*h) are closer to the black curve y = —sinx than the corresponding dashed
curves in Exercise 64 illustrating that the centered difference quotient is a better approximation of the derivative of
this function.
66. lim %}I‘O_h‘ = lim |h‘2_h|h‘ = lim 0 =0 = the limits of the centered difference quotient exists even
h—0 x—0 —0

though the derivative of f(x) = |x| does not exist at x = 0.
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68.

Chapter 3 Differentiation

67. y=tanx = y' = sec? x, so the smallest value | 4 |
— 2 : e — 0 | |
y’ = sec” x takes onis y' = 1 when x = 0; | e ]
y' has no maximum value since sec? x has no : |l
largest value on (f 3 %) ; ¥ is never negative : 1 [
1
since sec’x 1. - G ’”2:
i =tan x ]
if Y |
] !
| I

y=cotx = y = —csc?x 0y’ has no smallest

69.

70.

value since —csc? x has no minimum value on
(0, 7); the largest value of y" is —1, when x = Z
the slope is never positive since the largest
value y’ = —csc? x takes on is —1.

sin x

y = %3 appears to cross the y-axis at y = 1, since y

sin X
X — X

aty =2,since lim 22X = 2;y — S0 appears to
X —
cross the y-axis at y = 4, since lim 0% — 4, 2
x—0 X

However, none of these graphs actually cross the y-axis

hm0 ME=1y=

™.
9

$in2% appears to cross the y-axis
X Ly =(sindx)/x

Y= (sin2x)/x

since x = 0 is not in the domain of the functions. Also, y = (sinx)/x
lim S5 5 fim 030 _ 3 and fim sk /
T x—o0 X X0 X X

sin kx

. y SN 1 2
=k = thegraphsofy:%,y:%ﬁh),and \/ \/\

y = ¥ approach 5, —3, and k, respectively, as

x — 0. However, the graphs do not actually cross the

y-axis.
@ ||
1 .017452406 | .99994923
0.01 017453292 | 1
0.001 .017453292 | 1
0.0001 017453292 | 1
Jimy 5= Jimy S = i S = Jim, S5 =y 0 =he gy
(converting to radians)
(b) h cos}lllfl
1 —0.0001523
0.01 —0.0000015
0.001 —0.0000001
0.0001 0
hlim0 % = 0, whether h is measured in degrees or radians.

(c) Indegrees

d
> dx

sin(x+h)—sinx __ lim (sin x cos h 4 cos x sin h) — sin x
h h—0 h
sin h

sin X) = lim
( ) h—0

= lim - (sinx - €23=1) + lim = (cos x - %) = (sinx) - lim = (*4=1) + (cos x) - Tim ~(**)

= (sin x)(0) + (cos X) (155) = 735 €08 X
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(d) In degrees d (COS X) _ lim cos(x—H;l)—cosx — lim (cosxcosh—si;xsinh)—cosx
—0 h—0
— lim (cosx)(coshfhl) smxsmh — lim (COS X - coshfl) _ lim (sinx . sin )
h—0 h—0 -0

— : cosh—1 : : sin h T o

= (cos X) hlgn0 ( T) — (sin x) hm ( ) (cos x)(O) — (sin x) (180) = — g Sin X

42 : _d T _ T d T : _ T \3 .
(e) gz (sinx) = 4 (m cos x) = — (m) sin X; dx3 (sin X) = I (— (m) sin x) = — (m) COS X;

d 2 L& d T \2 3
L(cosx) = & (- Zsinx) = — (&) cosx; & (cosx) = & (— (7&5) " cos X) = (15) sinx

3.6 THE CHAIN RULE

10.

11.

12.

13.

14.

fwy=6u—9 = f'lu)=6 = f'(g(x)) =6;gKx) =5 x4 = g'(x) = 2x3; therefore di = f'(g(x)g'(x) = 6 - 2x3 = 12x3

fw) =2 = f'(u) =6u® = f'(g(x)) = 6(8x — 1)?; g(x) = 8x — 1 = g'(x) = 8; therefore dy = f'(g(x))g'(x)
— 6(8x — 1) - 8 = 48(8x — 1)

f(u) =sinu = f'(u) =cosu = f'(g(x)) =cosBx + 1); g(x) =3x + 1 = g'(x) = 3; therefore g—i = f'(g(x))g'(x)
=(cos(3x+ 1)(3) =3 cos(3x+ 1)

f(u) =cosu = f'(u) = —sinu = f'(g(x)) = —sin (F) ; gx) = F = g'(x) = — 1; therefore g—i = f'(g(x))g'(x)

——sin(3) - () = sin (3)

f(u) =cosu = f'(u) = —sinu = f{'(g(x)) = —sin(sin x); g(x) = sinx = g'(x) = cos x; therefore
dy = f'(g(x))g'(x) = —(sin (sin X)) cos X

f(u) =sinu = f'(u) =cosu = f'(g(x)) = cos(x — cos X); g(X) = X —cos X = g'(x) = 1 + sin x; therefore
dy = f'(g(x))g'(x) = (cos (x — cos x))(1 + sin x)

f(u) =tanu = f'(u) =sec’u = f'(g(x)) = sec? (10x — 5); g(x) = 10x — 5 = g'(x) = 10; therefore
dy = f'(g(x))g'(x) = (sec? (10x — 5)) (10) = 10 sec? (10x — 5)

f(u) = —secu = f'(u) = —secutanu = f’(g(x)) = —sec (x> + 7x) tan (x> + 7x) ; g(x) = x> + 7x
= g'(x) = 2x + 7; therefore g—i = f'(g(x))g'(x) = —(2x + 7) sec (x? + 7x) tan (x> + 7x)
Withu = (2x + 1),y =u® & = & du— 554 .9 — 1002x + 1)*

&x = du dx
Withu =4 —3x),y=u’ & = & =9u®.(-3) = —27(4 — 3x)°
Withu=(1-13),y=uT & =d_ g5 (1) (13"
Withu= (3 —1),y=u"10; & =& du_ o1 (1) — _5(x )~

3
Wit (§4x= 1)y =ut =g g —a e d) =4 (¥ ex-1) G d)

S — 32 . _ _3x-=2
Withu =3x> —4x + 6,y =ul/2: L = & / (6X_4)_3x+4x+6
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15. Withu =tanx,y = sec u: g—i = % % = (sec u tan u) (sec’ x) = (sec (tan x) tan (tan x)) sec® x
: _ 1o — Lody _dy du _ 2 1) _ 1 2 1
16. Withu=7— 1 y=cotu: ¥ =g & = (—csc?u) (&) =— L cse? (m— 1)

; — g — 3 &y _dy du _ 3.2 — 02
17. Withu =sinx,y =uv’: 3§ = 3 ¢ = 3u® cos x = 3 (sin” x) (cos x)

18. Withu=cosx,y =5u"% £ = ¢ & = (—20u™) (—sin x) = 20 (cos ™ x) (sin x)

dj - d - —
19. p=V3-t=3-09" = F=53-0"-46-0=-36-0"= Z—

.q=V2r—r2=_2r—r = Jd=z02r—r*) - L 2r—1r)=zQ2r—r T —
20 q=v2r-r=@-M" = f§=te-)7 - =i e-m= 2=

21. s = 37 sin 3t + & 5- COs 5t = ‘3 = 3 cos 3t- %(3t)—|— ;iﬂ(—sinSt) . %(St) = % cos 3t — % sin 5t
= % (cos 3t — sin 5t)

22. s =sin (m) + cos (%;”) = 9 — ¢og (37“) .4 (@) — sin (3”‘) .4 (@) = %2” cos (32 ) 3; sin (m)

dt 2 dat \ 2 2 ) Ta\2 2
__ 37 37t . 3wt
= 37 (cos ' — sin 37)
_ 71 dr _ 2 __cschcotf+csc’f _ csch(cotf+csch) csc
23. r = (csc 0 + cot 6) &= —(csc O+ coth)~ (Csc 0 + cot ) = a0 ootfT = (o0 oot0F = cecftoord
_ _ 3/2 dr _ .3 _ 1/2 d _ — _ 2
24. r=6(sec § —tan 0)/* = G =6 5(secd —tan ) '~ 5(sec & —tan §) = 9+/sec O — tan H(sec O tan & — sec*6)

25. y=x*sin*x + x cos 2 x = gy—XQ;(sm x)—|—smx L (x) +x £ (cos™2x) + cos2x - 4 (x)
(4 sin® x (%( (sin x)) + 2x sin* x + x (—2 cos 3 x - & (cos x)) +cos2x

2 (4 sin® x cos x) + 2x sin? x + x( (=2 cos™® x) (—sin x)) + cos ™2 x

2

3 2

=x
=X
4x X cos X + 2x sin? x + 2x sin x cos ™3 x + cos 2 x

sin

26. y=1sin?x—%cos’x = y =1L (sin?x)+sinPx- L (1) -3 L (cos?x) —cos’x- L (%)
=1 (=5sin%xcosx) + (sin ™" x) (— %) — 3 ((3 cos?x) (—sin x)) — (cos®x) ()
= —3sin"x cos x — % sin"®x + x cos’ x sin x — % cos®x
-1 -2
27. y=203x-2+(4- %) = j—i:21(3x—2)6-d@ix(sx—2)+(—1)(4—2—§2) FACEE
=50Bx—=25-34+(-1)(4 —2;) (%) = (3x—2)6—%

28 y=(5-207+124+ D" = ¥ = 36520+ 2C+1)°(-2)=66-207"— (L) 2+ 1)°

_ 6 (%“)3

— G-t x2

29. y=x+)'x+ D = L=Ux+D'EHE+ DL x4+ D+ x+ DP@@Ex+3)P - L (@x+3)
(4x + 3=+ D7D + x+ D3@)Ex +3)°@) = —3(dx +3)*x + D7+ 16(dx + 3 (x + D73

X : : i
= I (2304 +3) + 16(x + 1)] = SLDLBED
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

Section 3.6 The Chain Rule

y=0x =51 -5x)" = ¥ =02x-5716)(x? - 5%)°(2x — 5) + (x2 - 5x)° (= )(2x — 5)72(2)

5 2(x2 —5x)°
=6(x* - 5x)° — 25 =3

h(x) = x tan (24/X) +7 = N(x) =x & (tan (2x'/2)) + tan (2x1/%) - L (x) +0

= xsec? (2x1/2) - & (2x1/2) 4 tan (2x1/2) = x sec? (21/x) - ﬁ + tan (2,/x) = y/x sec? (24/x) + tan (2,/%)

k(x) =x?sec (1) = K(x) =x* i (sec 1) +sec (1) - & (x?) =x?sec (1) tan (1) - L (1) +2xsec(2)
=x%sec (1) tan (1) - (= &) +2xsec (1) = 2xsec (1) — sec (1) tan (1)

f(x) = /7 +xsecx = f'(x) = %(7+xsecx)_1/2(x~ (secx tanx) + (secx) - 1) = Xseextanxtseex

24/T+xsecx

_ tan3x  (x+7)*(sec?3x:3) — (tan3x)4(x + 7)1 (x+7)* (3(x + 7)sec?3x — 4tan 3x)
g(x) = 28 = g(x) = e - ;
(x+7) [(x+7)%] (x+7)
_ (3(x+7)sec?3x — 4tan 3x)
- (x+7)°

. 2 . . . e e
f(a):( sin 0 ) = f/(Q)ZZ( sin 0 ) d( sin 0 )_ 2sinf (1 +cos 6O)(cos 0) — (sin §)(—sin 6)

1 +cos 6 1 +cos 6 d0 \T+cos6/) — T+cosf (1 +cos 6)2
(2 sin 0) (cos 6 +cos> 6 4-sin®f) _ (2sinfh)(cosf+1) _  2sinf
(1 +cos 6)3 - (1 +cos 6)3  (1+4cos 6)?
_ (l4sin3t\~1 _  3-2 repy — (I45sin30(=2) — (3—-20)(3cos3t) _ —2—2sin 3t — 9 cos 3t + 6tcos 3t
g = ( 3-2t ) = Trsm3t =~ gom= (1 + sin 3t)? (1 + sin 3t)?

r =sin (6%) cos (20) = & = sin (6?) (—sin 20) & (20) + cos (26) (cos (62)) - & (6%)

= sin (6?) (—sin 260)(2) + (cos 26) (cos (#%)) (26) = —2 sin (6?) sin (20) + 26 cos (26) cos (6?)

Ny

r= (sec \/5) tan () = & = (sec \/5) (sec? 3) (— %) +tan(}) (sec /6 tan \/_> (7)

1
0
L)
= - 917 sec \/ésec2 (3) + 2%/5 tan (%) sec v/ 0 tan 9 = (sec ) {tan Ouan(y) _ _)(

q:sin< : ):>d—q:cos< L )i( t ):cos( t ).\/‘*_WH-%(\/H_I)

t+1 dt \/m dt NiES| /t+1 ( /7t+l)2
t+1- —F—
_ t N 2/t41 t 2+ D) —t) _ t+2 t
_COS( t+1) 1 = cos (\/ﬁ) <z<r+1>3/2) = (2<t+1>3’2) cos (m)
_ sin t dq _ _ . ~2 (sint) _d (sint) _ 2 (sint tcost—sint
q*COt(t):> t CSC(t)dt(t)*(CSC(t))( t2 )

y = sin? (7t — 2) = iy*ZSIH(Wt 2) - fsm(7rt 2):2sin(7rt72)-cos(7rt72)~%(mfZ)

= 27 sin (7wt — 2) cos (7wt — 2)

dy _

4 = (2sect) - (sec 7t) = (2 sec mt)(sec 7t tan 7rt) - % (mt) = 27 sec? «t tan 7t

y = sec’mt =

y=(+cos20™ = ¢ = —4(I +cos 2077 - & (I + cos 20) = —4(1 + cos 20)*(—sin 20) - § (20) = FE A

)

NI

y=(1+cot(s)) " = G =-2(1+cot(3)) - §(1+cot(5)) = -2 (1+cot(5)) " - (~esc® (3)) - &
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45. y = (ttant)"” = ¥ = 10(ttant)’(t - sec’t + 1 - tant) = 10’ tan¢(tsec’t + tant) = 10t'° tan’t sec’t + 10’ tan'’t

. N\4/3 . . . int)!/3 int)*/3
46. y = (t_3/4sm t) 3 t‘l(smt)4/3 = % = t_l(;—‘)(sm t)l/Scost —t~2(sin t)4/3 = 4<Smt)3t cost _ <S‘“t;)
__ (sin t)l’/3(4t cos t — 3cost)
- 3t
47 . R Ay g ¢ 2. (P-4)(20)-CGBC—4) 3¢ ad_ge-_3t4a2 _ (P -40)  —32(P+4)
YT \F-a de T T\ P-4 (B —40) T (P-4 @©-4* de-4t T (@e-4)
L (3-4\S5 . dy o (3t-4\"6 (5t+2)3-(3t—4)-5 _  <(5t42\6 15t+6- 51420 _ (t+2)° 26
48. y = (5t+2) = a = 5(5t+2) (5t12)° - 5(3t74) (51+2)° 5(3&4)6 (5t+2)%
_ —130(5t+2)*
- (3t-4)°

49. y = sin (cos 2t — 5)) = dy = cos (cos (2t — 5)) - % cos (2t — 5) = cos (cos (2t — 5)) - (—sin (2t — 5)) - % 2t—5)
= —2cos(cos (2t — 5))(s1r1 (2t —5))

50. y =cos (5sin (%)) = ‘(jj—y = —sin (5 sin (3)) - % (5sin (%)) = —sin (5 sin (%)) (5 cos (%)) : % (
— —sin(s i (5) (o5 (2)

51. y = [1 + tan* (%)] =
=121 + tan* (%)]2 [tan3 (ﬁ) sec? (15) - 5] = [1 +tan* (55)

52 y= L1 +cos?(70]° = % =2 [1+cos2(70)]" - 2 cos (TO)(—sin (T))(7) = —7 [1 + cos? (7)) *(cos (7¢) sin (7))

t

53. y = (1+cos ()" = ¥ = 1(14cos () & (1+cos(2)) = L (1 +cos (12)) > (=sin (2) - & (©2))

=—1(1+cos ()" Y2 (sin (12)) - 2t = — )

1+ cos (t2)

54. y_4sin(m> = ;‘1{4cos( 1+\ﬂ>-g<m)_4cos<m)-m-;{(1+\/E)

(i) _ ()
N \/H-\/E-z\/I N \/t+t\/I

55. y = tan?(sin’t) = & = 2tan(sin®t) - sec(sin’t) - (3sin’t - (cost)) = 6 tan(sin’t)sec?(sin’t)sin’tcost

56. y = cos*(sec?3t) = & = 4cos’(sec?(3t))(—sin(sec(3t)) - 2 (sec(3t)) (sec(3t) tan(3t) - 3))

= —24cos’(sec?(3t))sin(sec?(3t))sec?(3t) tan(3t)

57,y =312 —5)' = & =30.4(22 - 5)°(40) +3- (22 - 5)* =322 - 5)° [16t2 28— 5} =302 - 5)° (182 — 5)

58.y_\/3t+\/2+\/ﬁ;» ‘g—%(3t+\/2+\/ﬁ)_l/2< (2+J—) Ly 1))

=1 _ 1 12\@\/?\/?—1 _ lzm\/m_l
ZF Vit Nw_ EE oy ary/im AV /Ty 21ty 3y 2t
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60.
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64.

65.

66.

67.

68.

69.
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R e R e R T S JRE J(EE A (RO RE 0
—CHEOHY R HE D =R+ D0+ =S QY 14D
5+ (1+2)

y=(1- \/;)*1 =y=—(1- \/Q)*Z (- 1x ) =1(1- \/;)—2)(_1/2
=¥ =3[ VR () e (1= ) (- 5

=3B =) T (- ﬁ)_s] = I (1= R A (1= x) + 1]
F0-v07(3- %)

Il
Pl
—~

~
|
B
SN—
!
|
(3]
.
>
_|_
o=
+
.
N————

y=3cotBx—1) = y=—1csc?Gx—DB)=—3csc?Bx—1) = y" = (—3) (escBx— D - L cse(3x — 1))
= — % csc(3x — 1)(—csc(3x — 1) cot(3x — 1) - % (3x —1)=2csc2Bx—DcotBx—1)

y=9tn(3) =y =9(sec? (§)) (5) =3sec® (5) = y" =3-2sec(}) (sec(§) tan (§)) (5) = 2sec? (3) tan ()

y=x(2x+ 1) = vy =x-402x+1)°2) +1-2x+ 1)* = 2x + 1)’ (8x + 2x + 1)) = 2x + 1)’ (10x + 1)
= y" = (2x+ 1)’(10) +3(2x + 1)*(2)(10x 4+ 1) = 2(2x + 1)*(5(2x + 1) + 3(10x + 1)) = 2(2x + 1)*(40x + 8)
= 16(2x + 1)*(5x + 1)

y = x> (x} — 1)5 =y =x>5x>- 1)4(3x2) +2x(x* — 1)5 =x(x3 — 1)4 [ISX3 +2(x3 - 1)] =(x} - 1)4(17x4 — 2x)
=y = (x> = D683 —2) +4(x* — 1)’ 3x)(17x* — 2x) = 2(x* — 1)’ {(x3 —1)(34x% — 1) + 6x2(17x* — 2x)
=2(x* — 1)’ (136x° —47x3 + 1)

=X = g =57 = gh=landg()=3:fw=v"+1 = f')=5" = fl)=f1)=5
therefore, (fo g)'(1) = f'(g(1)) - g'(1) =5 - % =2

g =1-0" = g0=-10-02-D=r5 = g-D=jadg(-)=z:fw=1-7
= f'(u) =4 = f'(g(—1) =1 (1) = 4; therefore, (fo g)/(—1) = f'(g(-1)g(-1) =4- 1 =1

u

g(x) = 5\/§ = gdKx) = 2\% =g(l)=5and g'(1) = % f(u) = cot( ) = f'(u) = —csc? (7{—“) (%) =7 csc? (T—“)
5
2

= f'(g(1)) = 1'(5) = — 75 csc? (§) = — 7 ; therefore, (fo g)'(1) = f'(g()g'() = — 5 - 3=—1%
g(x)—ﬂx:>g(x)—7r:>g(%) Zandg (i)—w;f(u):u—ksecZu:>f'(u):1+ZSecu-secutanu
=1+2sec’utanu = f'(g(3)) =1 (%) = 1+2sec’ 7 tan § = 5; therefore, (fo g)' (3) ='(g(3)) g (3) =57

g0 =102 +x+1 = g0 =20x+1 = g0)=land g'(0) = I; f(w) = 2 = f/(u) = LA

w41 (u? +1)°
- lezzuﬁ)g = f'(g(0)) = f'(1) = 0; therefore, (f o g)'(0) = '(g(0))g'(0) =0-1 =10
_1\2 _ _
g =%-1=gx=-—5 = g-hH=0and g(-1) =2:f(w) = (:4)" = fw=2() & (~9)
=2 (ﬁ) St DO D0 0@ = M) = f(g(—1)) = £(0) = —4; therefore,

(fog)(=1) =f'(g(=g'(-1) = (=H(©2) = -
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132 Chapter 3 Differentiation

72. r=sin(f(1)), f(0) = 5, £'(0) =4 = § = cos(f(t)) - f'(t) = &

73. (@) y=2(x) = L =20'(x) = & =20Q)=2(})=2
x=2

b) y=fx) +gx) = L=f®)+gx = ¢

=f'Q3)+gB)=2r+5
x=3

© y=fx)-gx = L =fxgx +gxf'x) = & = 13EG) +gB'G) =35+ (~42m = 15— 8x

_ @ -fg@ _ @G -®3) _ 37
= EOK = b2 %

0 dy _ 00— g0 dy
@y=w = & [0 = &

x=2

© ¥y =few) = & =g = ¥

0 y =" = §=1E0) 2100 =7 = ¢

=f(g2)gQ2) =f'2)(-3) = ;(-3) = -

_f’<2>_(%)_L_ 1

- T2 ~ 28 6v/8  12v/2 24
@ y=(x)7 = §=-20)7"¢® = §| =-2e0)¢@) =-2A0-4"5=5
() y = (00 + (@00) ™ = § = § (00 + (@) (2660) - £00) + 2800) - £/()

= = 5@ + @) QIOFQ) + 26 @) = § (82 +22) 77 (2-8- 3 4+2-2-(-3) = - 5

<

T4 @) y =50 -gx) = g =50 g > §|

=M —g ) =5 (-H-(F)=1
(b) y=10Ex)’ = § =) (3er)’g®) + @’Fx) = F| = 3f0)(0)’¢ )+ (20)*'(0)
=3’ (3) +()*(5) =6

_ i &y _ DI —fge o dy| e+ DI - f)g)
© Y=g+ = &= (e + 17 = |, e+ 17
_ Doy
(—4+1)2 -

@ y = fleo) = & =g = §|

= OO = 1 (3) = (1) (3) =~

W gEONf'O) =g = (-3 G =-2

M y=x"+f0)7 = ¥ =2 +£x) P (10 4+ /() = ¥ =201+ (1) (11 + (1)
= —20+37 (1= 1) = (- 3) (3) = -4

@ y=g() = § =@ 0 = F|

(@) y=1x+gx) = dl—f(X+g(x))( +¢(x) = d—y i :f’(0+g(0))(1+g’(0)):f’(])(lJr%)
=3 @) =-5
75. %:g—;-%: s=cosf = %z—sin@ = g—; 6:%:—sin(37):lsothat%:g—;~%—f:1-5:5
76 W =By = -5 5 $=x+T 5 Y| —osothaty =% 8 =9.1=3
77. Withy = x, we should get 9 — 1 for both (a) and (b):
(a) y:%+7:>§§ 5 ;u=5x—-35 = —‘;:5'therefore,%:g—ﬁ-g—2:l-5:1asexpected
b) y=1+1 = jlyl :7%; =x-D1! = g” =—x-1)" 2(1)_ ])z,therefore gy = gi gi
:;_21'()(:11)2:((,(_11)71)2 o= 1)3_(x—1)2 1) = 1, again as expected
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With y = x*/2, we should get & = 3 x!/2 for both (a) and (b):
@ y=uv= P=3%Hu=/x = L= zﬁ;therefore,%:g—z-g—izﬁw2\1/;:3(\/§)2-2\1/;:%\/§,
as expected.

(b)y:\/ﬁé%:—f u=x% = § =3x% therefore, %:%-%:—2\%-3){2: L. 3x2 = 3x1/2,

again as expected.

_ (x=1)\2 _ _(0-1\2 _ 2 _ x—1 (x+1)1—(x—1)1 _ ~A(x—1) ) 4k
y_(x+1) aHdX—Oéy—(m) =(-1) —1.y/_2(x+1)' T _2(X+1)(x+1)2_ T
_40-1) _ 4 _ -
Y/X:O_ (0+1)° _T—_4:>y_1——4(x—0):>y_—4x+1

~1/2 _
y=vx2—x+T7andx=2=y=4/(2 +7—\/§_3y_%X—X+7) (zx_l)zz\/zﬁ

_ e s ;»y_g—;(x_zby 42

y=2un(3) > 8= (25 2) (5) = F et 3

(a ¥

$| =73sec? (3) =7 = slope of tangent is 2; thus, y(1) = 2 tan () =2 and y'(1) = 7 = tangent line is
x=1

2

givenbyy—2=n(x—1) = y=mx+2 -7
b) y=2 S602 ( 1 ) and the smallest value the secant function can have in —2 < x < 21is 1 = the minimum

Valueofy is 7 and that occurs when 7 = 7 sec? (Z*) = 1 =sec? (3) = £1=sec (%) = x=0.

(a) y=sin2x = y =2cos2x = y(0) =2cos(0) =2 = tangent to y = sin 2x at the origin is y = 2x;

y=-sin(}) = y=—1cos(}) = y(0)=—4cos0=—3 = tangenttoy = —sin (}) at the origin is
y=— % x. The tangents are perpendicular to each other at the origin since the product of their slopes is —1.
(b) y=sin(mx) = y' =mcos(mx) = y(0)=mcos0=m;y=—sin(X) = y' =—Lcos(%)
= y'(0)=—21cos(0)=—21. Sincem- (— 1) = —1, the tangent lines are perpendicular at the origin.
(¢) y=sin(mx) = y = mcos(mx). The largest value cos (mx) can attain is 1 at x = 0 = the largest value
y’ can attain is |m| because |y’| = |m cos (mx)| = |m| |cos mx| < |m\ -1=|m|. Also,y = —sin ()
=y == % cos (ﬁ) = ly|= |— cos( )| < | | |cos( )| < \ml = the largest value y’ can attain is |%|

(d) y=sin(mx) = y =mcos(mx) = y(0) =m = slope of curve at the origin is m. Also, sin (mx) completes
m periods on [0, 27]. Therefore the slope of the curve y = sin (mx) at the origin is the same as the number
of periods it completes on [0, 27r]. In particular, for large m, we can think of “compressing” the graph of
y = sin x horizontally which gives more periods completed on [0, 27], but also increases the slope of the
graph at the origin.

s=Acos(2rbt) = v = % = —A sin 27bt)(27b) = —27bA sin (27bt). If we replace b with 2b to double the
frequency, the velocity formula gives v = —4nbA sin (4wbt) = doubling the frequency causes the velocity to
double. Alsov = —27bA sin(27bt) = a = Q = —47?b2A cos (27bt). If we replace b with 2b in the
acceleration formula, we get a = —1672b%A cos (47rbt) = doubling the frequency causes the acceleration to
quadruple. Finally, a = —47?b?A cos (27bt) = j = ¥ = 873b?A sin (27bt). If we replace b with 2b in the jerk
formula, we get j = 647°b3A sin (47bt) = doubling the frequency multiplies the jerk by a factor of 8.

84. (a) y=37sin[5% (x — 10D)] +25 = y' =37 cos [5% (x — 101)] (3%) = & cos [3% (x — 10D)] .

The temperature is increasing the fastest when y’ is as large as possible. The largest value of
cos [%65 x - 101)] is 1 and occurs when 2 365 (x—101)=0 = x =101 = onday 101 of the year

( ~ April 11), the temperature is increasing the fastest.
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89.

90.

91.

92.
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(b) y'(101) = 2T cos [ (101 — 101)] = 2% cos (0) = 2L ~ 0.64 °F/day

s=(1+4)1? = v=3 =1 —|—4t)_1/2(4) =2(14+407Y% = v(6) =2(1 +4-6)"1/2 =  m/sec;

v=201+40)"1 = a=9 =—1-200+40732@) = —4(1 + 40732 = a(6) = —4(1 +4-6)73/> = — 3 m/sec?

— dv —dv _dv s dv _ d — _k_ —dv _ds _ dv
We need to show a = {f is constant: a = i = ¢ - ¢ and & = ¢ (k\/g)_z\/g >a=gF-g=q "V

_ _k . — & which i
=57 ky/s = % which is a constant.

Vproportional to ﬁ = V= % for some constant k = g—: = - 2 . Thus,a = ?TZ = g—z - % = ‘;—Z -V
— k _ _ K1
=—5a5 " =—-3 (S—Z) = acceleration is a constant tlmes L 50 a is inversely proportional to s>

Let & =f(x). Then,a=§ = - & = fx) = L (&) - f(x) = L (f(x)) - f(x) = f'(x)f(x), as required.

a@ T dx Cd
T=2r,/t = L —p. L_.1__71__ _T_ Therefore, &L = 4T Q:L-kL:”k\f - 27k
g dL 2\/? g g\/g el * ’ du — dL  du /gL

= % , as required.
No. The chain rule says that when g is differentiable at 0 and f is differentiable at g(0), then f o g is
differentiable at 0. But the chain rule says nothing about what happens when g is not differentiable at 0 so
there is no contradiction.
Ash — 0, the graph of y = sin 2(x+h)—sin 2x 2(’”'2)_“" 2
approaches the graph of y = 2 cos 2x because

. sin 2(x+h)—sin2x __ d : _
hlgno == = g (sin 2x) = 2 cos 2x.

cos [(x + h)*]—cos (x?)

Ash — 0, the graphof y = -
approaches the graph of y = —2x sin (x?) because
Jim M}w = & [cos (x?)] = —2x sin (x?).
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94.

(a)

(b)
(©)

()

(b)
()

Section 3.7 Implicit Differentiation
dg/dt
o—O0 1
-7 -n/2 /2 T
o -1 o—o

% = 1.27324 sin 2t + 0.42444 sin 6t + 0.2546 sin 10t + 0.18186 sin 14t

t

The curve of y = ‘é—i approximates y = ‘é—% df/dt

the best when t is not —m, — g 0, %, nor . 1
/VNAJ\ .
t

dg/dt

1

—0 o—a- t
-t -u/2 T w/2 T
-1

% = 2.5464 cos (2t) 4+ 2.5464 cos (6t) + 2.5465 cos (10t) + 2.54646 cos (14t) + 2.54646 cos (18t)

dh/dt

AT
Y

3.7 IMPLICIT DIFFERENTIATION

x%y + xy? = 6:
Step 1: (x2%+y-2x)+(x-2yg—§+y2.1):0
Step 2: x> % + 2xy ?TZ = —2xy —y?

dy

Step3: £ (x*+2xy) = —2xy —y?

dx

Step4: & — 2wy

X4y =18xy = 3x®+3y? & =18y + 18x & = (3y> — 18x)

dx x2 + 2xy

dy

dy dy _ 6y—x
dx

dx T yzZ—6x

=18y — 3x* =

2xy +y2 =x+y:
Step 1: (2x%+2y)+2yg_i:1+g_z

Step2: 2x P +2y Y- L =1-2y
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Step3: T @2x+2y—1)=1-2y

. dy _  1-2y
Step 4: dx T 2x+42y-—1

4. F—xy+y =1 =23 -y xL43y? P =0= By’ —x) L=y-3x* = g—izgyji’i

5. X2(x—y)? =x2 -y
Step1: X2 [2(x—y)( - d—y)} (X —y)PEx) =2x — 2y &
Step2:  —2x%(x — y) +2y dy =2x — 2x%(x — y) — 2x(x — y)?

Step 3: % [—2x2(x —y) +2y] = 2x [1 — x(x —y) — (x — y)?]

Step 4: dy _ 2x[1-xx-y)-Gx-y’] _ x[l-xGx-y-&-y*] _ x(1-x"+xy—x*+2xy —y?)
p = dx —2x*(x —y) +2y - y—x3(x—y) - X’y —x+y

— x=2x7 4+ 3x% — xy?
X%y —x3+y

6. Bxy+7)2=06y = 2(3xy+7)- (3x vy 3y) =6 % = 203xy+7Bx) L —6 L = —6y(3xy +7)

= % [6x(3xy +7) — 6] = —6y(3xy +7) = g_i =~ x(gngyr;)l)l = 1ix3y;2;zy7x

Ty =351 = 2y = (H(L)H(;_l) (xfnz = ii = y(xlTl)z

8. x> = x+3y = x4 33y =2x —y = 43 + 9%y + 3%y =2 —y' = (3x3+1)y’ =2 —4x® — 9x%y
oy = g

9. x=tany = 1= (sec’y) ¥ = ¥ = seclzy = cos’y

10. xy = cot (xy) = x— +y= —CSCQ(Xy)( y) = xj—i + XCSCQ(Xy)S—i = —yesci(xy) —y
= 8 [x ot xese)] = -y [ese?oy) 1] = & = el -

X sec? (Xy)

11. x+tan(xy) =0 = 1+ [sec? (xy)] (y+x g—i) =0 = xsec’(xy) & & — 1 —ysec? (xy) = % — Zloysecly)

_ -1y zeos’(xy) _y _ —cos’(xy)—y
 xsec?(xy) x X x X

12. x* +siny =x’y? = 4x3 —F(cosy)d =3x%y*+x} 2y & dy - (cosy—2x3y)g—i:3>(2y2—4x3 = j—i:%

13. ysm(y>_1—xy = y[cos(y)-(—l)yl—z-g—i]—f—sin(%)-%:—xd—y—y =

d _ d__ — _ —y?
% [—;COS( >+81n< )+X:| - y:> di cos( )jsm( )+x_ysin( )7cyos( )ery

14. xcos(2x + 3y) = ysinx = —xsin(2x + 3y)(2 + 3y’) + cos(2x + 3y) = ycosx + y'sinx
—2xsin(2x + 3y) — 3xy’sin(2x + 3y) + cos(2x + 3y) = ycosx + y'sinx

= cos(2x + 3y) — 2xsin(2x 4 3y) — ycosx = (sinx 4 3xsin(2x + 3y))y’ = y/ = s+ 3y) ~ xsinx 1 3y) —ycosx

sinx + 3x sin(2x + 3y)

12 4 1/2 _ 19-1/2 | 1,.-1/2 dr dare |1 ] e _ 2/t
15. 0~ +r/==1 = 50 +3r —O:de[Q\ﬁ}—N—: N/

16. r=2\/0 =363+ 36% = & 9712 =013 49711 = & —pg124 9713 4 g1/
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20.

21.

22.

23.

24.

25.

26.

27.

X4yl =1 = 2x+2yyY =0 = 2yy = —2x = d—i:y’:—y nowtofmddz,di(y’):%(—i)

Section 3.7 Implicit Differentiation

sin(@d) =3 = [cos@d)] (r+0 L) =0= L[fcos(rf)] = —rcos(rf) = & = ;rcf)‘;sére‘? = —1,cos(rf) #0
.cost+cot =rf = (—sinr) § —csc? 0 =r+60 9% = ¢ [—sinr—f] =r+csc? = & = —rs;tlcrsf:

y
= v/ = y=D+xy _ 7y+x(7§) sincey = — X = Py o =y -x2 ¥ -(1-y) a1
y = y? B y? y ="y x* —J Ty B y Ty
X2/3 4 \2/3 — 2 —1/3 4 2 —1/3 dy _ dy 12-1/3] — _ 2 4—1/3 dy _x B y\1/3,
+y 1:>3X +3y dx_Oidx[Sy ]_ :>y_ - y 1B = (x) P
1/3 1,-2/3 yl/3 1/3 (1 ,—2/3
) o ) XUB. (L y=2/3) yf 4 y1/3 (L x-2/3 X3 (= 3y )( 1/3>+Y (Gx7%)
Differentiating again, y” = (v ))(2'3 A L) -
d°y_ x~2/3y-1/3 1/3y—4/3 —
= ax2 3 / / + y / / 3x4/3 + 3y1 3x2/3

y—aeny _ Yo D ()

y2:x2—|—2x:>2yy’:2x+2:>y’:2";yr2: = = 7
2 2 _(x 2
= %:y//:y (y;—l)
V—2x=1-2y = 2y-y —2==2y = yQy+2)=2 = y = =@+ D theny’ = —~(y+1)2-y
2
=-G+DPG+D > F=y' =
2. /y=x—-y = y—1/2y/:]_y/ = y/(y—1/2+]):] = gi:y —%H: \/_\y/il;wecan
differentiate the equation y’ (y*/2 4+ 1) = L again to findy”: y' (= 1y=%2y') + (y"/2+1)y" =0
2
1 1 —3/2
~1/2 1 [y12y-3/2 dy _ _5(*1/2+1>y _ 1 _
= (Y)Y =3Iy = =y = y(yfl/2+1) T2’ T 21+ )]
Xy+y2 =1 = xy +y+2yy =0 = xy +2yy = -y = yYER+2))=—y = ¥ = 5555 ="
_ —oaayyasay) _ 2ot [ 0y 142 (555)] |l b vty oy
- (x+2y)? (x+2y)? - (x+2y)?
_2y(x+2y)—2y* 2y +2xy _ 2y(x+y)
T 2y T 2y T (x+2y)8
X3+y3=16 = 3x2+3y’y =0 = 3yly = -3x> = y = — ;—j ; we differentiate y?y’ = —x? to find y”:
2\2 4
—2x—2y (-3 72x7243
y2y//_|_y [2y-y’} — 0% = y2y// _ —2X—2y [y/]Z = y// _ y2( y ) — = y
_ 2o eyl 32-3 4
- y? dx? 22 - 32 -
2 _ _ _ _ -y _ G429 (=y) - (= y)(1+2y)
xy+y'=1=xy+y+2yy =0 = yx+2y)=-y =y =3; = Y = )
. 1 . @) -mo
since y’|(017,) = — 5 we obtain y’ |(0 y= =3

Y +x2=y' —2xat(-2,Dand (-2,-1) = 2y L +2x =4y’ L -2 = 2y L 4y’ ¥ = 22

dy 3\ _ dy _ x+1 dy _ dy _
= ax (2y —4y ) =-2-2Xx = X~ 2yiy = ax o = —1and x o) =1
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28. (x2+y2)? = (x —y)2at(1,0)and (1, - 1) = 2(x2 +y?) (2x+ 2y g_Y) —2x—y) ( - j—Y)

=1

(1,00 B

—2x (x2 2 X —
= Ry Y+ -y = X (E )+ x—y) > §= PRI o o

and % =1
a,-1

29. X2+xy—y2=1= 2x+y+xy —2yy =0 = (x=2y)y = 2x—y = y’:g’;—fi;

(a) the slope of the tangent linem = y'| ,, = I = the tangentlineisy —3 =7 (x—2) = y=jx— 3

(b) thenormallineisyf3:f%(fo) = y:f%x+%
30. X2—|—y2=25 = 2X+2yy/:() = y’:—%;
(a) theslopeofthetangentlinem:y’|(374>:—§ :%:>thetangentlineisy+4:%(X—S)éy:%x—%
> G,-4)
(b) thenormallineisy+4:fg—‘(xf?)) = y:f%X

31 X2y =9 = 2xy? +2x%yy' =0 = XPyy' = —xy? = y = -7

X °*

(a) the slope of the tangent line m = y'| n =" =3 = thetangentlineisy —3=3(x+1) = y=3x+6

%|(71,3)
(b) thenormallineisyf3:*%(x+1) = y:,%er%
32. P = 2x—dy—1=0= 2yy =24y =0 = 2y -2y =2 = y = 15}

2 9
(a) the slope of the tangent line m = y/| o = —1 = thetangentlineisy — 1 =—-1(x+2) = y=—-x—1
(b) thenormallineisy —1=1(x+2) = y=x+43

33. 6x%2 +3xy +2y2 + 17y —6 =0 = 12x + 3y +3xy’ +4yy + 17y’ =0 = y'3x +4y + 17) = —12x — 3y

y . —12x—-3y .
=Y = Riayr17>
(a) the slope of the tangent linem = y'| _, , = %‘ =% = the tangentlineisy — 0= $(x + 1)
: 10
6 6
(b) thenormallineisy—O:—%(x—i—1) = y:—%x—%

34. x2—\/§xy+2y2:5:>2x—\/§xy/—\/§y+4yy/:0:>y’(4}’*\/§x):\/§3’*2xéy/zilf_y_\/%i;

(a) the slope of the tangent line m = y’| (v32) = ﬁ'\}%ﬁ

=0 = thetangentlineisy =2
(v32) g y

(b) the normal line is x = \/§

35. 2xy+wsiny =21 = 2xy +2y+w(cosy)y =0 = y(2x +mcosy) = -2y = y’:ﬁ;
. -2 . L
(a) the slope of the tangent linem = y'| ., = m w2 = the tangent line is
y—5=—-5&-1) = y=—-3x+m7
(b) thenormallineisy—%:%(x—l) = y:%x—%-i-%

36. x sin 2y =y cos 2x = x(cos 2y)2y’ + sin 2y = —2y sin 2x + y’ cos 2x = y'(2x cos 2y — cos 2x)

sin 2y 4 2y sin 2x
cos 2x — 2x cos 2y

= —sin2y — 2y sin2x = y' =

(a) the slope of the tangent line m = y’| 5 = sindy 42y sin2x = % =2 = the tangent line is

) cos 2x — 2x cos 2y (5.3) T
12 =

y—%:Z(x—%) = y=2x
(b) thenormallineisy—%:—%(x—z) = y=-—3X+3%
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37.

38.

39.

40.

41.

42.

43.

44.

y=2sin(rx—y)=y =2[cos(mx —y)]- (m =y )=y [l +2cos(mx —y)| =2mcos(mx —y) =y =

(a)

(b)

Section 3.7 Implicit Differentiation 139

2mcos(mx —y) .
14+2cos(mx—y)

27 cos (X —y)

the slope of the tangent line m = y'| ;4 = T 2costmsy)

=271 => the tangent line is
a0
y—0=2n(x—-1) = y=2mx—27
1

the normal lineisy — 0= —5- (x = 1) = y=— & + 5

x2cos’y —siny =0 = x2(2 cos y)(—siny)y’ +2x cos’y —y' cosy =0 = y'[-2x%cosy siny — cos Y]

()
(b)

o 2 ’ 2x cos’y .
2x cos y =y = 2x2 cosysiny+cosy ’
2% cos’y

. /
the slope of the tangent line m = y’| 0m = 2T cosysiny Fcosy

=0 = thetangentlineisy =7
©m

the normal line is x = 0

Solving x> +xy +y?’=7andy=0 = x*=7 = x = :l:ﬁ = (—ﬁ,O) and (ﬁ,O) are the points where the

curve crosses the x-axis. Now x2 +xy +y? =7 = 2x +y+xy +2yy =0 = (x+2y)y = —2x—y

=y =- i":zi = m=— iszi = the slope at (—\/7,0) ism=— 12\/\/7—5 = —2 and the slope at (ﬁ,O) is
m= — %77 = —2. Since the slope is —2 in each case, the corresponding tangents must be parallel.
Xxy+2x—y=0 = x g—i +y+2-— g—i =0 = g—i = ¥f§;theslopeoftheline2x+y:Ois —2. In order to be

parallel, the normal lines must also have slope of —2. Since a normal is perpendicular to a tangent, the slope of

1

the tangent is % . Therefore, % =5 = 2y+4=1—-x = x = —3—2y. Substituting in the original equation,

2

V(=3 -2y)+2(-3-2y)—y=0 = y’+4y+3=0 = y=—-3ory=—1. Ify = —3, thenx = 3 and
y+3=-2(x—-3) = y=-2x+3. fy=—-1,thenx=—-landy+1=-2(x+1) = y=-2x—-3.

yl=y = x? = 4’y =2yy —2x = 2(2y° —y)y = —2x = y' = ;755 the slope of the tangent line at
3 3 v3 L . . 3

(%,7) 1S 3 2y;‘ (%34) = P = %j% = ﬁ = —1; the slope of the tangent line at (T?%)

. 3 23

is S5 :%iézj:\/g

V2-x)=x3 = 2yyQ2 - x) +yi(~-1)=3x* = y' = zyyz(;ri’f) ; the slope of the tangent line is m = i‘/;(;ix;)
n
% =2 = the tangent lineisy — 1 =2(x — 1) = y = 2x — 1; the normal lineisy — 1 = f%(xf D=y= f%er%

yi—dy? =x1—9x% = 4y3y —8yy =4x3 —18x = y' (4y® —8y) =4x> — 18x = y = 40— 18x _ 20— 9x

X3+y—0xy =0 = 32 +3y’y —9xy' =9y =0 = y 3y’ - 9%) =9y —3x*> = y =

(a)
(b)

(©)

—x(@2¢-9) _ m; (—3,2): m= U89 — %7 :(—3,-2): m= %7 13,2 m=2;3,-2): m=—2%

To4y-8y T2yt -4y

8 8

y (2y? —4) 28-4)

9y —3x*> __ 3y—x>
3y2—-9x T y2—3x

/ _ 5 ! _ 4.
Yy =7andy|,, =3

2

N\ 3 ,
y=0 = ig:;ﬁ:o =3y—-x*=0=>y=% = X3—|—(§) —9x("3—'):0 = x0-54x3 =0

= xX*(x*-54)=0 = x=0o0orx=*/54=3 3\/5 = there is a horizontal tangent at x = 3 /2. To find the

corresponding y-value, we will use part (c).
2 3
3—;:0:>§y:i§:0:>y2—3x:0:>y:i 3x;y:\/3x:>x3+<\/3x> —-9xy/3x=0

= X~ 6\/3x2=0= x3? (x3/2—6\/§) —0 = X2 =00rx3? =63 = x=0o0rx = /108 = 3 /4.

Since the equation x* + y3 — 9xy = 0 is symmetric in x and y, the graph is symmetric about the line y = x. That is, if
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(a,b) is a point on the folium, then so is (b, a). Moreover, if y'| ., =m, theny’| . = & . Thus, if the folium has a
horizontal tangent at (a, b), it has a vertical tangent at (b, a) so one might expect that with a horizontal tangent at

X = v/54 and a vertical tangent at x = 3 */4, the points of tangency are (\3/ 54,3 \3/1) and (3 NZRY, 54),

respectively. One can check that these points do satisfy the equation x* + y* — 9xy = 0.

45, X2+ 2xy = 3y? =0=2x +2xy + 2y — 6yy =0 = yY(2x — 6y) = —2x -2y = y' = 3xy+yx = the slope of the tangent
linem=y'[, = ;er_yX = 1 = the equation of the normal line at (1,1)isy — 1 = —1(x — 1) = y = —x + 2. To find
: an

where the normal line intersects the curve we substitute into its equation: x> + 2x(2 — x) — 3(2 — x)?> = 0
Sx24+4x—2x2 34 —4x+x)=0= 42+ 16x—12=0=x>-4x+3=0= x—3)x—-1)=0

= x=3andy = —x + 2 = —1. Therefore, the normal to the curve at (1, 1) intersects the curve at the point (3, —1).
Note that it also intersects the curve at (1, 1).

46. Let p and q be integers with q > 0 and suppose that y = +/xP = xP/4, Then y9 = xP. Since p and q are integers and

~1 _1
assuming y is a differentiable function of x, & (y9) = L (xP) = qyd 'L =pxP ! = § = PL =P . &

x(p/a) -1

qya—T T q  yi!

! _p,x"! _p yp-1-(p—p/q) _ P .
(xp/q)qfl q xP-p/d q q

p.
q
47. y P =x = 4 — L If a normal is drawn from (a, 0) to (x1,y1) on the curve its slope satisfies yl = -2y

=y = —2y1(x1 —a)ora=x; + 5 . Since x; 0 on the curve, we must have that a 5 . By symmetry, the two

points on the parabola are (xy, /1) and (x1, —,/x1) . For the normal to be perpendicular, (M@) (ﬁ) =1

a a—x;

=> gy =l xu=a-x) = xlz(x1+%—x1)2 = x; = andy; = =+ }. Therefore, (1, + 1) anda= 3.

(ax

2x
3y

__2 / _ X _2.
=—sandy'|, = = 5 ;also,

48. 2X2+3y2:5:>4X—|—6yy/:0:>y/:—§ :>Y’|(1,1):_ an 3 - T3y

3y

a,=1

_ 3
’andY|(1 -y T 2y

3x2
2y

= 2yy':3x2 = y/:% = Y|(11)

a1
tangents to the curves are perpendicular at (1, 1) and (1, —1) (i.e., the curves are orthogonal at these two points of

2 _ 43 3
y* =X 5 - Therefore the

intersection).

49. @) x> +y*=4,x>=3y’=(3y)+y’ =d4=y’'=1=y= :tl.Ify:1:>x2+(1)2:4:>x =
Sx=+3.Ify=—1=>x2+ (-1 =4=>x2=3=>x= +./3.

X2 +y _4:>2X+2ydy_0 :>m1:g_i:_ and x?2 —3y :>2x—6yd = mp =

&=
At(\/g,l):mlzg—i:—éz—\/gandmz gi—%:‘?jmpmg:(—\/g) ?):—1

At \/g,fl):mlzg—i:fgzﬁandmz gi:%:—éémpmz:(\/g)(f%):fl
,1>:m1:d—y:f(_\/§):\/gandmzzﬂ:;—ﬁ:féémpmz:(\/5)(—73):—1

\/5 dx 1 dx 1)
-3 -3
At *\/3,*1) m]:d—i:—((_l))zf\/gandmzfg—i:(3<_1>)_§:>m1 my, = | — 3)(%):—1
2
b) x=1-yx=1¢= () =1-y =y =isy=+Liy=Lox=1-(¥) =11

V3 3\2 2 dy dy )
:—T:>x—l—(—7) =3.x=1-y ' =21==2yg=>m=g =—5andx=3y
él—%yg—iémz—g—i—%

At(i, f%):ml:d—i:fm:ﬁandmzzj—i:m:f\%éml-mzz(—3)(7%)271
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2 2 2
0.y = bty f o —tamdoyk =3 s E =¥ o (D(F) 1o 5=y (5) =
:>%4:X3:>X4—4X3=0:>X3(X—4)=0:>X=001‘X=4.IfX=O:>y=((;)Zzoal’ld(—%)<32—);z)=—lis

indeterminant at (0,0). Ifx =4 =y = (4) =8.At(4,8),y=—ix+b=>8=—-4) +b=b=2.

51 xy? +x’y =6 = X(By2 dy)-l—yg—i—x2 dy+2Xy—0 = %(37(}’2'1‘?(2):_}’3_27‘)’ = %:%

VA2 also, xy3 + x2y = 6 = x (3y?) + 3d"—|—x +y(2xg—;):0 = j—;(y?H—ny):—3><y2—x2

vay~ T2
= g—; = — 3y)§y+42‘x?; thus d" y appears to equal & ¥ . The two different treatments view the graphs as functions

symmetric across the line y = X, so their slopes are reciprocals of one another at the corresponding points
(a,b) and (b, a).

52. x3+y? =sin’y = 3x2+2y di—(2smy)(cosy) o y(2y—2sinycosy):—3x2 = %:%

— 3x2

T 2sinycosy—2y

appears to equal - . The two different treatments view the graphs as functions symmetric across the line
&

y = X so their slopes are reciprocals of one another at the corresponding points (a, b) and (b, a).

. _ 2d dx __ 2sinycosy—2y ., d
;also, x® +y? =sin’y = 3x X+2y—251nycosy = ﬁ—T,thusﬁ

53-60. Example CAS commands:

Maple:
ql = x"3-x*y+y"3 =7,
= [x=2,y=11;
pl :=implicitplot( q1, x=-3..3, y=-3..3 ):
pl;

eval(ql, pt);
q2 :=implicitdiff( q1, y, x );
m :=eval( g2, pt);
tan_line :=y = 1 + m*(x-2);
p2 := implicitplot( tan_line, x=-5..5, y=-5..5, color=green ):
p3 := pointplot( eval([Xx,y],pt), color=blue ):
display( [p1,p2,p3], ="Section 3.7 #57(c)" );
Mathematica: (functions and x0 may vary):
Note use of double equal sign (logic statement) in definition of eqn and tanline.
<<Graphics' ImplicitPlot®
Clear[x, y]
{x0, yO}={1, n/4};
eqn=x + Tan[y/x]==2;
ImplicitPlot[eqn,{ X, X0 — 3, x0 4 3},{y, yO — 3, yO + 3}]
eqn/.{x — x0,y — y0}
eqn/.{ y — y[x]}
D[%, x]
Solve[%, y'[x]]
slope=y'[x]/.First[%]
m=slope/.{x — x0, y[x] — y0}
tanline=y==y0 + m (x — x0)
ImplicitPlot[ {eqn, tanline}, {x, x0 — 3, x0 + 3},{y, yO — 3, yO + 3}]
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3.8 RELATED RATES

— dA _ dr
1. A=7ar" = dl—27rrd[

— 2 dS __ dr
2. S=4mr* = E—S’ﬂ'ra

X d; X d
3. y=5x%=2=9=59=3=52)=10

4. 2x+3y=12,%¥ = 2228 4 3% _ =28 1 3(2) =0 = & =3

X d X. d;
5. y=x2,9=3=9 =% whenx=-1=F=2(-1)(3) =6

6. x=y —y, ¥ =5= & 320 Yo gpeny=2= & =302)%5) —(5) =55

7. 24y =25 %= 2=2%x% 42y ¥ =0 whenx =3andy = —4 = 2(3)(-2) +2(-4) ¥ =0= L = -3

8. x2y3:24—7,%:%:>3x2y2%+2xy3%:O;Whenx:2:>(2)2y3:%:y:%.Thus
2 (1\2(1 1\3dx _ dx _ _9
3°()(G)+20 () T =0=G=—3
T d dy dL i dx dy XEIYE.
9. L=+/x +y,E:fl,a:3éa:2m(2xa+2ya):W,whenx:Sandy:H

10, t4+82 4V =12, 8 =g &= 35 &4 o5d 4 328 _ g whenr=3ands=1= (3)+ (1)’ +vV =12=v=2

= 4+2(1)(-3) +32) ¥ =0= & =1

X X . 2
11 (a) S=6x% ¢ =-50 = 8 = 12x&; whenx =3 = 8 =12(3)(—5) = —180 2
(b) V=x) &= 50 - &V _ 3328 yhenx =3 = & =3(3)*(-5) = —135 L

1208 =6x2, S =720 o 85 _ o &t 7)) — 2(3) B o Ky =3 o OV 308 whenx =3

> dt sec dt sec? dt

= & =3(3)°(2) =54 I

sec

13. (@ V=nr’h = ¥ =m P (b) V=mr’h = & =2narh §

() V=nr’h = & =7 ¢ +27rh &

14. (@ V=jn’h = §=1im? ¢ (b) V=3mr*h = & = Zmrh &

dv. _ 1.2 dh 2 dr
(© TG =3m G +3mh G

15. (a) % =1 volt/sec (b) % = — % amp/sec
av di dr dR _ 1 (dV di dR _ 1 (dVv _ VvV dI
© FT=R(H+I(F) = F=1(FR® = T=1(F-T7

(d) % = % [1 — L (— %)] = (%) 3) = % ohms/sec, R is increasing

— 2 dP __ 12 dR dl

16. (@) P=RP = % PR 4oy d
P
T

_ D12 _ &P _pP R dI dR _  orrdr . 2(5) ar _ _ opar
(b) P=RI :>O_E_I 3+2Rla:>¥—71—25—7 P ad =" F &
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.
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1/2
@ s= VX2+y2:(X2+y2)/ = %: \/x2x+y2 c:l_)t(
1/2 d
(b) s= VX2+Y2:(X2+y2)/ = % - \/x2x+y2 ?T)t("‘ \/x2y+y2 @t
© s=vxX2+y? = 2=x>+y? = 25 B =2x B 4oy D = . 0=2x L oy P o o VO

@ s=/xX+y2+22 = 2=x"+y’+22 = 2s L =2x B 2y ¥ 27 &

ds _ X dx y dy z dz
= dt — \/x2+y2+22 dt + \/x2+y2+zz dt + /x2+y2+22 dt
ds y dy z dz

: dx __ _
(b) From part (a) with . =0 = § = I T d + ST d

(c¢) From part (a) with § =0 = O:ZX%—’:—i—Zy‘;—{—i—ZZ% = %—{—%%—{—%%:0

() A=3absing = % =1labcosd ¢ (b) A=Zabsing = % =1labcosd ¥ + lbsing &

=1 i da _ 1 dd | 1y g da 4 1, db
(c) A=g3absinf = ‘¢ =gabcost G +5bsind F + jasinf F

Given A = 7r?, § = 0.01 cm/sec, and r = 50 cm. Since & = 27t | then 42 o = 2m(50) (165) = ™ cm*/min.

Given %f = —2 cm/sec, “}T‘:’ =2cm/sec, { = 12cmand w = 5 cm.

(a) A=tw = ‘fi—‘? =/ %—V[V +w j—f = % = 12(2) + 5(—2) = 14 cm?/sec, increasing

(b) P=20+2w = € =2d 42 d_52)+2(2) =0 cm/sec, constant

/ 12 12 0w ey
© D=+/W+ 0= (w?+ )" = D Lw+ )7 (2w & 20 &) :%zw%wg
_ 001 _

14 :
— = reasin
SEy 5 cm/sec, decreasing

av

@ V=xyz = ¥ =yz & 4 xz ¥ 4 xy ¥ = & wan = B + HR)N(=2) + HB)(1) = 2 m*/sec

(b) S=2xy+2xz+2yz = ¥ =2y+22) L +2x+22) ¥ + 2x+2y) &
= Rl s = 0D + (12)(=2) + (14)(1) = 0 m*/sec

dt | 432

1/2
(© L=x2+y*+22= (X +y* +727) 2= g_f = «/x2+xy2+zz (31_): + \/x2+yy2+z2 (c% + \/x2+zy2+zz %
de _ 4 3 2 _
= &)= (ﬁ) (1) + (ﬁ) (—2) + (ﬁ) (1) = 0 m/sec

Given: % = 5 ft/sec, the ladder is 13 ft long, and x = 12, y = 5 at the instant of time
(a) Since x* +y? =169 = % = — § % = — ('5—2) (5) = —12 ft/sec, the ladder is sliding down the wall

(b) The area of the triangle formed by the ladder and wallsis A = 1 xy = 9 = (1) (x &ty fi—’t‘) . The area

dt 2
is changing at 1 [12(—12) + 5(5)] = — 12 = —59.5 ft*/sec.

P
X L _gnpgdd _ 1 d o d0_ 1 _ (1) (s)— _
(€ cosf=% = —sinf P =% = L=—51-%=_(1)(5 =—1rad/sec

Pyl oS oyl s (x oy j‘i—{) = & = _L_[5(—442) + 12(-481)] = 614 knots
Let s represent the distance between the girl and the kite and x represents the horizontal distance between the girl and kite

=7 = (300 +x* = § =1 % = XD = 20 fi/scc.

When the diameter is 3.8 in., the radius is 1.9 in. and % = L in/min. AlsoV = 6712 = ¥ = 127t %

~ 3000 dt
= ‘fj—\[' = 127(1.9) ( = 0.00767. The volume is changing at about 0.0239 in/min.

00)
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217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Chapter 3 Differentiation
_ 3r __ 4h 1 h)2y, _ 167rh3 dv __ 167h* dh
V= 371'1' —8(21') I:>I'—?:>V 3T ()h— :>E— 79T at
(a) E|h=4:( W42)(10) W~01119m/sec_11 19cm/sec
b)) r=2 = F=3F=3(22) = 1= ~0.1492 m/sec = 14.92 cm/sec

2 15h _ 1. (15h\2y __ 757h? dV __ 2257h? dh dh _ A4=50) -8
(@) V= gﬂ'rhandr— 2 :>V_37T(2)h_ 4 T @ T 4 @ 7 dtlnes = D5:G¢ — 157

~ —0.0113 m/min = —1.13 cm/min

b) r=5 = F=0& = & = (5)(52) =57t =~ —0.0849 m/sec = —8.49 cm/sec

(@ V=3y"3R-y) = ﬂzg[zy(3R—y)+y2(—1)] & & _[7(6Ry - 3y?)] ¥ = aR=13and

dt
d
y =8 we have & = —L-(—6) = 71 m/min

(b) The hemlsphere is on the circle r? + (13 —y)? = 169 = r = \/26y —y?m

_ 2\1/2 ar _ 1 2y=1/2 _ 13-y d dr _ _13-38 —1
© r=026y—y) " = $=1026y-y) "26-2y ¢ =>4 = Ty A 7 dilyes \/m(m)
288 m/min
fv=2 7rr S = 4nr?, and dv = kS = 4knr?, then = 4qr? % = 4knr? = 4ar? gf = E =k, a constant.
Therefore, the radius is increasing at a constant rate.
IfV =37’ r=5 and & = 1007 ft*/min, then § = 4mr* & = & =1 f/min. Then S = 4mr® = §

= 8nr ¢ a = 8m(5)(1) = 4O7r ft?/min, the rate at Wthh the surface area is increasing.

Let s represent the length of the rope and x the horizontal distance of the boat from the dock.

(@) Wehaves? =x?+36 = & =5 & \/sf_—% & Therefore, the boat is approaching the dock at

dt x dt
dx _
10 m( 2) = —2.5 ft/sec.
(b) cos@zg = —smﬁd—ef—r%% = i_?*ru?ne g{ Thus,r:10,x:8,andsin0:%
de
= 5_102(1%) (—2) = %rad/sec

Let s represent the distance between the bicycle and balloon, h the height of the balloon and x the horizontal
distance between the balloon and the bicycle. The relationship between the variables is s> = h? 4 x>

= $=1hP+x%) = §=5I68(1)+51(17)] = 11 ft/sec.

(a) Let h be the height of the coffee in the pot. Since the radius of the pot is 3, the volume of the coffee is

dav dh sedh 1 dV _ 10 : .
=97h = G =97 = therate the coffee is rising is it = 5- ‘Fr = g, in/min.

(b) Let h be the height of the coffee in the pot. From the figure, the radius of the filter r = g = V= % nr’h
= ® | the volume of the filter. The rate the coffee is falling is & = =L & -2 (-10)=—2 in/min.

y=QD! = ¥ =p 1R _qQD?PL =1 ) (131?2 (—2) = 88 L/min = increasing about 0.2772 L/min

Let P(x, y) represent a point on the curve y = x* and @ the angle of inclination of a line containing P and the

.. 2 .
origin. Consequently, tan =¥ = tanf =% =x = sec?f ¥ =& = B _ ;4529 & Since & = 10 m/sec

2 2
X = 3 =1L wehave dt| = 1 rad/sec.

2 _
and cos® 0| _, = Vol T e T 100
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The distance from the origin is s = y/x2 + y? and we wish to find % cin = % (x2+ y2)71/2 (2X ‘(‘i—’t‘ + 2y %)
’ (5,12)

_ ®OCED+A=S

= mria 5 m/sec

Let s = distance of car from foot of perpendicular in the textbook diagram = tan 0 = 55 = sec? 6 % = % %
= ¥ = C‘l’g;‘g & & — _264and 0 =0 = % = —2rad/sec. A half second later the car has traveled 132 ft

1

right of the perpendicular = |0 = 7, cos?f = % and % = 264 (since s increases) = ‘(ij—f = % (264) = 1 rad/sec.
Lets = 16t2 represent the distance the ball has fallen, h the L

. . Ballattime t=0
distance between the ball and the ground, and I the distance

between the shadow and the point directly beneath the ball. 1/2 sec later

Accordingly, s + h = 50 and since the triangle LOQ and = P
triangle PRQ are similar we have I = % = h =50 — 16t>
- 30 Q
_ 30(50—16t") __ 1500 _ dl _ 1500

and I = 5555160y = Tor — 30 = & = — 50 © R

= 9. = —1500 ft/sec.
When x represents the length of the shadow, then tan 6 = 8)(—0 = sec’f % = — % ‘é—’t‘ = ‘é—’t‘ = ”‘2830“29 ‘(jj—f . We are

i o _ o_ 3m i — -3 dx| _ [=x?sec’d df — 3z i
given that 5 = 0.27° = 5000 rad/min. Atx = 60, cos § = s = | = % pr (= g sec0-1) =1 ft/min
~ 0.589 ft/min ~ 7.1 in./min.
The volume of theiceis V=478 — $ 743 = & =d4n? & = & = =3 in./min when & = —10 in®/min, the

. . . . 5 . . . _ 2 dS di ds _ -5
thickness of the ice is decreasing at 73— in/min. The surface area is S = 47r* = ¢ =8nr g = G| _ =487 (m)

= — 13—0 in?/min, the outer surface area of the ice is decreasing at '3—0 in?/min.

Let s represent the horizontal distance between the car and plane while r is the line-of-sight distance between the car and

plane = 9+s* =1’ = % = \/rer % = % = ﬁ (—160) = —200 mph =- speed of plane + speed of car

= 200 mph =- the speed of the car is 80 mph.

Let x represent distance of the player from second base and s the distance to third base. Then % = —16 ft/sec
(@ s> =x*+8100 = 2s $ =2x & = $ = & When the player is 30 ft from first base, x = 60
= s=30y/13and & = 30% (—16) = % ~ —8.875 ft/sec
(b) sinf; = % = cos 6 % = —95—9 . g—i = % = _522)291 . % = —% - %. Therefore,x:60ands:30\/E
= & = —7(30\/91_%(60) . (%) =3 rad/sec;cos 0 = 2 = —sinfy P2 = 0. & - b _ Ty - ¢
= 3_—?( - %. Therefore, x = 60 and s = 30\/E = dd—‘gf = m . (\_/—31—23) = —% rad/sec.
© @ =—vas &=y ) () =02 () =(vhw) & = Jlin ¢
= Jim (~ i) (19) = § radisee; = - = (2) (3) () = (2) ()
= (%% & = Jim 9 — 1 rad/sec
Let a represent the distance between point O and ship A, b the distance between point O and ship B, and D the distance

between the ships. By the Law of Cosines, D* = a® + b? — 2abcos 120° = 2 = L 2a & 4 2b P +a P +b £].

Whena =35, % = 14,b =3, and =21, then Y = %2 where D = 7. The ships are moving 42 = 29.5 knots apart.
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3.9 LINEARIZATION AND DIFFERENTIALS

L fX)=x>-2x+3 = ) =3x2-2 = LK) =f'Q)(x —2) +f2) = 10(x —2) +7 = L(x) = 10x — 13 atx =2

2. 10 =V +9=(2+9" = 0= (1) (2+9) 20 = 2 = LO0 = f(-4)(x +4) + f(—4)
—%(x+4)+5:>L(x):—%x+5at —4

3 =x+!l = fO=1-x?=LR=f(D+f(Dx-1)=2+0x—1)=2
4. 1) =x" = F(x) =325 = L) =1 (-8)(x — (—8)) +f(—8) = 5 (x+8) -2 = L(x) = 5 x— 3
5. f(x) = tanx = f'(x) = sec?x = L(x) = f(m) + f'(m)(x = m) = 0+ I(x = 7) = x — 7
6. (a) f(x)=sinx = f'(x) = cosx = L(x) = f(0) + f'(
(b) f(x) =cosx = f'(x) = —sinx = L(x) = f(0) + f/(0)(x —0) = 1 = L
(©) f(x) = tanx = f'(x) = sec?x = L(x) = f(0) + f/(0)(x — 0) = x = L(x) = x
7. fx)=x242x = f'(x) =2x+2 = L&x) =f'(0)(x — 0) + f(0) =2(x — 0) + 0 = L(x) =2xatx =0
8. fx)=x"! = f®X)=-—x2 = L =f(Dx-D+f1)=(-Dx-D+1 = LEx) =-x+2atx =1
9. fx)=2x244x -3 = f'X) =4x+4 = LE) =f'(—DE+ 1) +f(—=1) =0x + 1) +(=5) = L(x) = —5atx = —1
10 f(x)=1+x = X =1 = LE)='@)(x -8 +f(8) =1(x -8 +9 = LX) =x+ latx =8

1L fx) = /x=x% = )= (3)x?® = L =/@®)x—-8) +f8) =5 x -8 +2 = Lx) = 5x+ Fatx =8

12, f(0) = 25 = oo = 0 — s = L) = f'(Dx — D+ (1) = § (x— D+

= LKx) = %x—i—%atx:l
13. f'(x) = k(1 4 x)*'. We have f(0) = 1 and f'(0) = k. L(x) = f(0) + f'(0)(x —0) = 1 + k(x — 0) = 1 + kx

14. (@) f(x)=(1-x°=[1+(—x)]"~1
b) f(x) = 2= =2[1+ (—x)] " ~2[1+ (~1)(-x)] =2+ 2x
() f(x :(l—l—x)*l/Zzl—i—(—

)
)
)
(d) fx)=\/2+—x2=ﬁ(1+ Z)I/Qzﬁ(1+%x2_z):\/§ 1+x£)
) %3
)

() f(x) = (4+3x)"% = 41/3(1 4 35)° x 4153(3
(-

® flx

15. (a) (1.0002)°° = (1 + 0.0002)*° ~ 1 + 50(0.0002) = 1 + .01 = 1.01
(b) v/1.009 = (1 4 0.009)"/3 ~ 1+ (1) (0.009) = 1 +0.003 = 1.003

16. f(x) = /x+ L +sinx = (x+ DY2 +sinx = f'(x) = (3) x+ D> +cosx = Li(x) = f'(0)(x — 0) + £(0)
= %(X -0 +1 = Lix) = %X + 1, the linearization of f(x); g(x) = v/x+ 1 = (x + D'/ = ¢'(x)
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Section 3.9 Linearization and Differentials

= (%) x+1)YV2 = L,(x) = g(0)(x — 0) + g(0) = % x—-0+1 = Lx = %x + 1, the linearization of g(x);
h(x) =sinx = h'(x) = cosx = L,(x) =h(0)x —0)+h0) = (1)x—0)+0 = L,(x) = x, the linearization of
h(x). L{(x) = L,(x) + L,(x) implies that the linearization of a sum is equal to the sum of the linearizations.

y=x}-3/x=x>-3x12 = dy= (3> - Ix1?) dx = dy = (3X 77)

y=xVT=x2 =x(1=x)"" = dy= () (1=x)" 400 (3) (1 =) (=20] ax
=(1- )(2)71/2 [(1—x%)—x%dx = (1=20) 4%

o @) (1+x°) — (22x) e
Y=t = dy= ( (I +x0)° ) dx = Ty dx

. 24/x gl (x2 (3 (1+x12)) —2x!/2 (3x71/?) )  3xl243-3
Y= 3 ym T e = ( 9 (14+x1/2) dx = 9(1+x1/2)
_ 1
= dy 3/ (1+ %) dx

2932 4 xy —x=0 = 3y"2dy+ydx+xdy—dx=0 = (By"/?+x)dy=(1—-y)dx = dy = 3l/_§ix dx

xy? —4x*? —y =0 = y?dx +2xydy — 6x//2dx —dy =0 = (2xy — 1) dy = (6x"/2 —y?) dx

= dy765£_¥ dx

y = sin (Sﬁ) = sin (5x1/2) = dy = (cos (5x1/2)) (% X_l/z) dx = dy = SCOS\(}\/_)

y = cos (x?) = dy = [—sin (x?)] (2x) dx = —2x sin (x?) dx

y = 4 tan (X;> = dy=4 (8602 (%3)) (x?) dx = dy = 4x? sec? ("3—3> dx

y =sec(x? — 1) = dy = [sec (x? — 1) tan (x? — 1)] (2x) dx = 2x [sec (x? — 1) tan (x* — 1)] dx
y=3csc(l—2y/x) =3csc(l—2x2) = dy =3 (—csc (1 —2x"/2)) cot (1 — 2x1/2) (—x7/2) dx
= dy = \[csc(l—Z\/_) cot(l—Z\/) dx

y = 2 cot (ﬁ) =2 cot (X’I/Q) = dy = —2 csc? (x’l/Q) (— %) ( ’3/2) dx = dy = \F csc (%)
fx)=x>+2x,x=1,dx=0.1 = f/x) =2x+2

(a) Af = f(xo + dx) — f(xg) = £(1.1) — f(1) = 3.41 — 3 = 0.41

() df = f'(xo) dx = [2(1) + 2](0.1) = 0.4

(© |Af—df| = [0.41 — 0.4 = 0.01

fx)=2x>+4x—-3,x0=—-1,dx=0.1 = f'x) =4x+4

(2) Af = f(xo + dx) — f(xo) = £(—=.9) — f(—1) = .02

(b) df =f'(xo)dx = [4(—=1) +4]1(.1) =0
(©) |Af—df| =02 -0 =.02
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Chapter 3 Differentiation

fx)=x>—xx=1,dx=0.1 = f'(x) =3x>—-1
(a) Af = f(xg + dx) — f(xg) = f(1.1) — f(1) = 231
(b) df = f'(xp)dx = [3(1)2 — 1](.1) = 2

(c) |Af—df| =231 —.2| =.031

f(x) = x4, xo = 1,dx = 0.1 = f'(x) = 4x3

(a) Af = f(x +dx) — f(xg) = f(1.1) — f(1) = .4641
(b) df = f'(xo)dx = 4(1)3(.1) = .4

(©) |Af—df| = 4641 — 4] = 0641

fx) =x71,x0=05,dx=0.1 = f'(x) = —x2
(@) Af = f(xo + dx) — f(xo) = f(.6) — f(.5) = — %

(b) df =f'(x)dx = (—4) (§5) = — 2

(© |Af—df|=|-1+2[=4%
fx)=x>—2x+3,x=2,dx=0.1 = f'(x) =3x>-2
(@) Af =f(xo + dx) — f(xo) = f(2.1) — f(2) = 1.061

(b) df = f'(x)dx = (10)(0.10) = 1

(c) |Af—df| =]1.061 — 1| = .061

V=124m = dV =4rrldr 36. V=x% = dV =3x3 dx

S =6x2 = dS = 12xq dx

S = 7ry/r2 +h? = 7r(r? + h2)1/2, h constant = % =7+ h2)1/2 +ar-r(r? + h2)71/2

2 2 2 2 2
= &8 _r@e) et g - TGN g h constant

dr V24 h? \/rg+—h2
V = 7r’h, height constant = dV = 27roh dr 40. S =2nrh = dS =27nrdh

Givenr=2m,dr=.02m
(@) A=nar? = dA =27rdr =27(2)(.02) = .087 m?
(b) (4&) (100%) = 2%

C=2mranddC=2in. = dC=2rdr = dr=1 = the diameter grew about 2 in.; A = mr? = dA = 27rdr
=27(5) (1) =10in?

The volume of a cylinder is V = 7r?h. When h is held fixed, we have %_\: = 2mrh, and so dV = 27rh dr. For h = 30 in.,
r = 6 in., and dr = 0.5 in., the volume of the material in the shell is approximately dV = 27rh dr = 27(6)(30)(0.5)
= 1807 ~ 565.5in?.

Let § = angle of elevation and h = height of building. Then h = 30tan 6, so dh = 30sec?¢ df. We want |dh| < 0.04h,
which gives: [30sec?d df| < 0.04|30tan 6] = —L|df| < 2288 — 49| < 0.04sin 6 cos § = |d6]| < 0.04sin 22 cos 22

cos26 cos 0 12

= 0.01 radian. The angle should be measured with an error of less than 0.01 radian (or approximatley 0.57 degrees),
which is a percentage error of approximately 0.76%.
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dr
The percentage error in the radius is @ x 100 < 2%.

dc
(a) Since C =27r= dC = 27r ;- The percentage error in calculating the circle's circumference is ( g) x 100

k] )><100f(‘“) % 100 < 2%.

2'rr

(b) Since A = 1> = ¥ = 27rr ;- The percentage error in calculating the circle's area is given by =& &) x 100

= g )><100—2( 1) ><100§2(2%):4%.

dx
The percentage error in the edge of the cube is M x 100 < 0.5%.

(a) Since S = 6x> = d = 12x i - The percentage error in the cube's surface area is (‘“) x 100 = (12)( ‘“) x 100
=20« 100 < 2(0.5%) = 1%

(b) Since V =x* = & = 3x?%_ The percentage error in the cube's volume 1s( 1) 100 = (x—“‘) x 100
=304« 100 < 3(0.5%) = 1.5%

V = 7h® = dV = 37h? dh; recall that AV & dV. Then |AV] < (1%)(V) = LD - |qy| < LD

= |37th dh| < (1) "h W) |dh| < 55 h = (3 %) h. Therefore the greatest tolerated error in the measurement
of his 5 %.

(a) Let D, represent the interior diameter. Then V = 7ir*h = 7 ( ) h=""andh=10 = V= SﬂDQ =
dV = 57D, dD;. Recall that AV & dV. We want |AV| < (1%)(V) = |dV| < (5%) (@) = 74_'3?

= 57D, dD; < 71—?)7 = % < 200. The inside diameter must be measured to within 0.5%.

(b) Let D, represent the exterior diameter, h the height and S the area of the painted surface. S = 7D.h = dS = 7whdD,
= % = %. Thus for small changes in exterior diameter, the approximate percentage change in the exterior diameter

is equal to the approximate percentage change in the area painted, and to estimate the amount of paint required to
within 5%, the tanks's exterior diameter must be measured to within 5%.

GivenD = 100 cm,dD = 1 cm, V = gw(gf = o gv= Z2D?dD = Z (100)*(1) =

6
= [@}(102%): [@}%:3%

6 6

197 . Then Y (100%)

V=i = 4n(B)" = " = dV = 7" dD; recall that AV ~ dV. Then |AV] < %)V = () (2)

_ D? D3
=% = 1AV < 55 =

”TDZ dD‘ < glo)g = |dD| < W = (1%) D = the allowable percentage error in

measuring the diameter is 1%.

bdg
W:a—i-gza—f—bg’1 = dW = —bg? dg——bdg = i‘\;‘]\,“"h = E ‘ij’; = (52) = 37.87, so a change of
(32)?

gravity on the moon has about 38 times the effect that a change of the same magnitude has on Earth.

1/2
@ T=2r (%) = dT =21/L (— L g?) dg = —m/Lg™32 dg
(b) If gincreases, then dg > 0 = dT < 0. The period T decreases and the clock ticks more frequently. Both
the pendulum speed and clock speed increase.

(¢) 0.001 = —7+/100 (98073/2) dg = dg ~ —0.977 cm/sec? => the new g ~ 979 cm/sec?

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



150

Chapter 3 Differentiation

53. E(x) =f(x) —g(x) = Ex) =f(x) —m(x —a)—c. ThenE(a) =0 = f(a) —m(a—a) —c=0 = c=f(a). Next

54.

we calculate m: lim
X—a

M:O:> lim f(x) —m(x—a)—c

X—a X —a X—a

=0 = Xli_I)na [w — m} = 0 (since ¢ = f(a))

= f’(a) —m =0 = m = f'(a). Therefore, g(x) = m(x — a) + ¢ = f’(a)(x — a) + f(a) is the linear approximation,

as claimed.
(a) i. Q(a) = f(a) implies that by = f(a).
ii. Since Q'(x) = by + 2by(x — a), Q'(a) = f'(a) implies that by = f’(a).
iii. Since Q”(x) = 2by, Q”(a) = f”(a) implies that b, = %
In summary, by = f(a), by = f’(a), and b, = fT@
®) f(x)=1—-x)"5Fx) =-1(1-x)2(=1) =1 —x)"%"(x)=-2(1—x)3(-1)=2(1—x)*
Since f(0) = 1, f’(0) = 1, and f”(0) = 2, the coefficients are by = 1,b; = 1, by = % = 1. The quadratic
approximation is Q(x) = 1 + x + x>,
© As one zooms in, the two graphs quickly become
1 indistinguishable. They appear to be identical.
3
y=l+x+x , y=:
-2 -1 1 2 >
a1 —
[-2.35, 2.35] by [-1.25, 325]
) g(x) =xThg(x) = —1x7% g"(x ):2
Since g(1) = 1, g'(1) = —1, and g"(1) = 2, the coefficients are by = 1, b; = —1, by = 2 = 1. The quadratic
approximation is Q(x) = 1 — (x — 1) + (x — 1)
As one zooms in, the two graphs quickly become
indistinguishable. They appear to be identical.
-1 1 2 *
~ 1
[-1.35, 3.35] by [-1.25, 3.25]
@ h(x) = (1+x)"50(x) =31 +x) 7350 (x) = —L(1 4+ %72
Since h(0) = 1, h'(0) = 3, and h"(0) = —1 , the coefficients are by = 1, by = £, by = _7% = —%. The quadratic
approximation is Q(x) =1+ § — ’%
As one zooms in, the two graphs quickly become
i indistinguishable. They appear to be identical.
3
2 y=vl+x
yﬂé-%///%
-1 1 2 -
-1
(f) The linearization of any differentiable function u(x) at x = a is L(x) = u(a) + v'(a)(x — a) = by + by (x — a), where

by and by are the coefficients of the constant and linear terms of the quadratic approximation. Thus, the linearization
for f(x) at x = 0 is 1 + x; the linearization for g(x) at x = 1is 1 — (x — 1) or 2 — x; and the linearization for h(x) at
x=0is1+ 3.
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55-58. Example CAS commands:

Maple:
with(plots):
a=1l:fi=x >XxA3+xXxA2—2%x;
plot(f(x), x=—1..2);
diff(f(x),x);
fp := unapply (”,x);
L:=x ->f(a) + fp(a)*(x — a);
plot({f(x), L(x)}, x=—1..2);
err:=x -> abs(f(x) — L(x));
plot(err(x), x=—1..2, title = #absolute error function#);
err(—1);

Mathematica: (function, x1, X2, and a may vary):
Clear[f, x]
{x1,x2} ={—1,2};a=1;
flx_]:=x> +x* — 2x
Plot[f[x], {x,x1,x2}]
lin[x_]=fla] + f[a](x — a)
Plot[{f[x], lin[x]}, {x, x1,x2}]
err[x_]=Abs[f[x] — lin[x]]
Plot[err[x], {x,x1,x2}]
err//N

After reviewing the error function, plot the error function and epsilon for differing values of epsilon (eps) and delta (del)
eps =0.5; del =0.4
Plot[{err[x], eps},{x, a — del, a 4 del}]

CHAPTER 3 PRACTICE EXERCISES

1. y=x%-0.125x2 + 0.25x = % = 5x* - 0.25x + 0.25

2. y=3-07x+03x" = £ =-21x*+2.1x°

3. y=x3-3(x*+7%) = g—z =3x2 —3(2x + 0) = 3x% — 6x = 3x(x — 2)

4. y:X7+\/7x—ﬁ = %:7x6+ﬁ

5. y=x+1)?(x2+2x) = g—i =x+1D?22x+2)+ (x2+2x) Qx + 1) = 2(x + D [(x + 1? + x(x + 2)]
=2(x+ 1) (2x2 +4x + 1)

6. y=2x-54 -0 = L=2x-5H-DE-02(-D+@-x"1Q2) =@ —x)2[2x - 5) + 2(4 — x)]
=3(4—-x)2

7. y=(0>+sect+1)° = g—g:3(92+sec¢9+1)2(20+sect9tan9)

2 .
8.oy=(-1-s2—8) =5 §=o(-1-egt o ) (bt 0y (g el 8 (esc G cot §— )
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0 s— Vi _ a_ V05 \/(#) _ -V 0
1+t dt (1+\/) 2Vt (1+ ) 2/t (1+ )
_ 1 ds (Vi- )0)71< )f -1
IO.S—\ﬂ71 ﬁa— (\/ ) —2%(%_1)2

2 dy

11. y:2tan2x—sec X = 3 :(4tanx)(seCQX)—(2secx)(secxtanx):2se02xtanx

_ 12 e2y
12. y= g — 55 =0sc"x—2cscx =

dy — (2 csc x)(—csc x cot X) — 2(— csc x cot X) = (2 csc x cot x)(1 — csc x)

13. s =cos’ (1 —20) = & =4cos® (1 — 20)(—sin (1 — 20))(—2) = 8 cos® (1 — 20) sin (1 — 20)

14, s =cof (3) = § =3eo () (-ese? () () = oot (2) es? ()

15. s=(sect+tant)y® = % = 5(sec t + tan t)* (sec t tan t + sec® t) = 5(sec t)(sec t + tan t)°

16. s =csc® (1 —t+3t%) = £ =5csc! (1 —t+36%) (—cse (1 —t+3t%) cot (1 — t+ 3t%)) (—1 + 6t)
= —5(6t — 1) csc® (1 — t+ 3t%) cot (1 — t+ 3t?)
17. r=1/20sin6 = (20 sin 0)"? = § = 3 (20 sin )~"/%(20 cos ¢ + 2 sin ) = L3 TEAME
18. r=20+/cos § = 26 (cos )/ = & =20 (1) (cos 6)"V/2(—sin 0) + 2(cos O)/? = _‘QCS;:; +2+4/cos 6

_ 2cosf—0sind
cos 0

19. r=sin /20 =sin(20)'/? = L = cos(20)'/% (1 (20)"1/%(2)) = ﬁ—?

20. r:sin<9+\/9—|——1) = %:cos(9+\/m> (14_2\/%):22\/\5_21 cos(9+\/¢9+—1>

21. y= %XQ csc £ 2 = % = %XQ(—csc%cot %) (;—22) + (csc %) (% -2x) = CSC %Cot— —l—Xcch
22. y=2y/xsin \/x = ¥ =2,/x(cos \/x) (ﬁ) + (sin /) (ﬁ) = cos /X + Silz/\—x/;
23, y=x""?sec(2x? = § = >r1/2 sec (2x)? tan (2x)2(2(2x) 2) + sec 2x)? (— 1 x73/2)
= 8x1/2 sec (2x)? tan (2x)% — L x73/2 sec (2x)? = 2 sec (2x)? [16 tan (2x)> — x %] or ﬁsec@x)2 [16x2tam(2x)2 —1]

24. y=/xcsc(x+ 1P =x2 csc(x + 1)3
= &= x1/2(_cse(x + 1)3 cot (x 4+ 1)3) (3(x + 1)?) + csc (x + 1)? (3 x71/2
dx
= —-3/x(x+ )% esc(x + 1)° cot (x + 1) + “C(’i/tl) =1 /xese(x+ 1) [L —6(x+1)? cot(x + 1)7]
or ﬁcso(x + 1)3[1 — 6x(x + 1) cot (x + 1)?]

25. y=5cotx?> = £ =5(—csc? x?) (2x) = —10x esc? (x?)
26. y = x? cot 5x = g—i = x2 (—esc? 5x) (5) + (cot 5x)(2x) = —5x? csc? 5x + 2x cot 5x
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27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

dy

dy
dx

= x% (2 sin (2x%)) (cos (2x?)) (4x) + sin? (2x?

Chapter 3 Practice Exercises 153

) (2x) = 8x? sin (2x?) cos (2x%) + 2x sin® (2x?)

x~2 (2 sin (x*)) (cos (x*)) (3x%) + sin? (x*) (—2x73) = 6 sin (x?) cos (x3) — 2x73 sin? (x3)

(4t \ 2 ds _ 4 73 (t+ D& —@nd) 40 \73 4 @+D
s= () = &= 2 ()7 (CHAER0) - 2 () T i = - Y
_ -1 _ 1 - ds _ 4
§= 15(15t— 1) — 15 (15t — 1) = d_: - 15 (=3)(A5t = 1)7*(15) = (lSt— !
Y A S I Y Wi € I o K N T S
y= (x+1 = & =2 x+1)° 2G+1)2 = TxrDF T GEIP
_(2 X) — dy _ 2(2%5) ey () -V () ) oA (R -
2V/x+1 dx 2v/x+1 vx+1)’ VR R+
X2+ x 1\1/2 d 1 1/2 1 1
y= ng _(1+§) j§_§(1+x) ( P)_izxz 141

y =4x4/x + x:4x(x—|—x1/2)1/2 = %—4x
= (x—l— \/;)—1/2 [ZX (1 +

217)+4(x+\/§)] =

(5) (e x2) 2 (1 x2) (x4 x002) o

(x+ /%) 2 (2x + X+ 4x+4y/x) = 6*\/%

_ sinf )2 dr _ sin ¢ (cos 6 — 1)(cos 0) — (sin )(—=sin §) | _ sin ¢ c0s? 6 — cos 6 4 sin® 0
r_(cose—l) jd6_2(cos€—]) [ (cos 0 —1)2 :| _2(cos€—1)< (cos 6 —1)2
(2%m6)(1—co€6) ___—2sinf
(cos 6 —1)3 ~ (cos —1)?

= (sin9+l)2:>§_§:2(

1 —cos 6

2(s1n0+1)(cos¢9 sin 6 — 1)
(1—cos §)?

y=0x+1D)y2x+1=02x+ 132 =

y = 20(3x — 4)'/4(3x —

y = 3(5x? + sin 2x)_3/2

y = (3+cos?3x)"/*

xy+2x+3y=1= (xy+y)+2+3y' =0 = xy +3y' =

x2+xy+y2—5x:2:>2x+(x

dy _ 5-2x-y

= dx — x+2y

2(sinf+1)

cos? § — sin? @ — sin )

=

sin 0+ 1 ) (1 —cos B)(cos 0) — (sin @+ 1)(sin ) | __
1 —cos

4)~1/% =2003x — 4
=

dy

dx

(cos 6 —

(1 —cos 6)2 (1 —cos 6)3

& =302x+DV22)=3y/2x + 1

)1/20 = % =20 (%) (3x — )—19/20(3) —

3
(3x — 4)19 20

& =3 (= 3) (5x2 4 sin 2%) (10 + (cos 20(2)] = P Eendy
= —1(3+cos®3x)” 13 (3 cos? 3x) (—sin 3x)(3) = %’;;ﬁf’;

y+2

2-y = yYEx+)=-2-y = y=-13

%+g+@ —5=0=x P42y P=5-2%x-y=>Lx+2)=5-2x—y

X3 dxy — 3y =2x = 3x2+(4x§—§+4y>—4y1/3g—i:2 = 4xg—i—4y1/3g—i:2—3x2—4y

= %(4){

_ 4y1/3) —2_

3x2

dy _ 2-3x>—4y

74y = dx T 4x—4yl3
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44, 5x1° +10y90 =15 = 4x V54 12y/0 L =0 = 12y/° L= —dxV0 = F = LIx 1oyl =

_1
3y

45 ()2 =1 = Lo (x P hy) =0 = )y = ) V2 o sty o o

46. Xy =1 = x2(2yj—§)+y(zx)—o = oy W= oxy? = o

(=%
<
>

2 X x+ D) —x)(1) dy _ 1
4.y =535 = g =0 > § =5y

2 _ (1 1/2 4_ 1 3d _ =M =+x)(=1) d

-1
— 2y —x)7
49. p? +4pq —3q2 =2 = 3p? “P+4(p+q§—g) —6q=0 = 3p> £ +4q P =6q—4p = £ (3p?+4q) = 69— 4p

dp __ 6q—4p
= dqg T 3p?+4q

-3/2 5/2

50. q = (5p2 +2p) * = 1=—3(5p* +2p) " <10p "P+2dp) = —2(5p* +2p)

— W _ (a2
q 3Gp+ 1D

= £ (10p+2)

51. rcos2s +sin’s =7 = r(— s1n25)(2)+(c052s)( )+251nscoss—0 = dr(cosZs)—ersts 2 sin s cos s

= dr _ 2rsin2s—sin2s __ (2r—1D)(sin2s) __ (2r — 1)(tan 2s)

ds cos 2s cos 2s
2 __ dr _ dr _ dr _ 1—-2s—2r
52 2s—r—s+s'=-3 = 2(r+sF) —F-1+25=0=> F2s—-1)=1-25s—2r = §=18%
2 2 dy
3 3 2 2 dy dy 2 42 _}’(*zx)*(*x)(z}’ﬁ)
53. (@) x*+y’=1 = 3x*+3y %—O:%——;—zﬁd—xﬁ— o
2
= ey ~2x9 + (2x%) <7 ;7) _ 72xy27% _ 2xyt-x!
axz — vl - yi - yo
2 d 2 d 1 d 1 dy 2 2d
O y=l-i=22yg=3=>g=w=>a=0 = g=-0x) [y(ZXHX &
1
o &y 29 -¥ () aneod
ax2 y2x1 y3x1

54. (a) X2 —y2=1 = 2x—2de—0 = —Zydy:—Zx = D=2

(b) %:3 = 5= 7;_31 (since y? — x? = —1)
55. (a) Leth(x) = 6f(x) — g(x) = W(x) =6f'(x) —g'(x) = W) =6f'()—g()=6(3) —(—4) =7
(b) Leth(x) = f(x)g’(x) = h'(x) = f(X) (26(0)) £(x) + 2(0f'(x) = 1'(0) = 2f(0)g(0)g'(0) + g*(0)f'(0)
=2 (3) + (D*(=3) = —

_ _f® Iigy — @00+ DF(X) — g (x) 11y — EOFDPFO —fgd) _ G+D(5)=3(=4) _
(¢) Leth(x) = 47 = h'(x) FERY: =h1) = FOFSY] G =

(d) Leth(x) = f(g(x)) = W (x) = f'(gx)g'x) = h(0) = f'(gO)g'©) =f'(1) (}) = (1) (}) =1

(e) Leth(x) = g(f(x)) = h'(x) = gE)f'(x) = W (0) = g(fO)F(0) = g'()f'(0) = (—4) (—=3) = 12

() Leth(x) = (x +f(x))*? = N(x) =3 (x+ ) (1 +1'(x)) = W) =31+ (1+£(1)
=301+3)2(1+3)=1

(g) Leth(x) = f(x + g(x)) = W(x) =f'(x+ gx) (1 + ¢'(x)) = h(0) = f'(g0)) (1 + £'(0))

= (+4) = (3) () =2

Sle
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56. (a) Leth(x) = /xf(x) = h(x) = /xf'(x) + f(x) - # = (1) =/1f'(1)+1£(1)- fﬁ =i+-3(3)=-8
(b) Leth(x) = (fx)/? = hW(x) =} (x)"? (f'x)) = W ()= 2(f(O)) V2£10) = $(9)V2(-2) = — 1

© Leth®) =f(vx) = NG =F (VX) - 50z = WO =1 (V1) - jn =11 =4

(d) Leth(x) =f(1 —5tanx) = h'(x) =f’(1 — 5 tan x) (=5 sec®’x) = h’(O) = f’(l —5tan 0) (=5 sec?0)
= PS5 = L (-5) = -

© Letho = 55 H(o = oSty ) - S0 _h

(f) Leth(x) =10sin (Z*) f2(x) = h'(x) = 10 sin (% )(2f(x)f’(x))+f2(x)(locos(%")) (2)
= h'(1) =10sin (§) (2f(Df'(1)) + 2 (1) (10 cos (3)) (5) =20(=3) (3) +0=—12

W

57. x =t +71 = ¥ =2,y =3sin2x = g—i = 3(cos 2x)(2) = 6 cos 2x = 6 cos (2t> + 27) = 6 cos (2t?) ; thus,

dt
by b geos(22) -2t = D] =6cos(0)-0=0

dt T dx T de | _,

Butlps=24+5t = & =245

58 t=(u+2u)"? = & — 12420 Pu+42)= 2 (u2+2u)" ds
+5] (3) @ +20) P+ 1)

:2(u2+2u)1/3+5;thus9 =08 [2(u2+2u)1/3

= &

d
&L =[@+20)" +5] B) @ +20) P+ ) =2(2-8 +5) (327 =22-2+5) (}) = 3

u=2

59. r=8sin(s+ %) = L =8cos(s+Z);w=sin(y/r—2) = & =cos(,/r-2) (rlﬁ)

051/8SiH<S+%)* - thus dw _ dw  dr _ COS( SSin(S+%)72) . [8 cos (S+ E)]
= 6

2,/8sin (s + ) PE T d S Ty Rsin(s+g)
o dw _ cos (,/SSm )SCOS % (cosO)(S) (4) B \/g
dsls=0 2/8sin (%) VR

1/3

60. ’t+0=1= (+t(209)+L=0= Lo+ 1)=-0 = ¥ =0 r=(0°+7)

1 (p2 -2/3 _ 2 2 -2/3, _ 2 _ _ do I
= g =30"+7) TQH=50"+7) "snowt=0and0’t+0=1=0=1sothat @ _,,_ =T =—1
a2 a3 _ 1 _ dr|  _dr| Ny 1
and @, =50 +7) =6 T dleo — dolico a (6)( D=—5
6l. yY+y=2cosx = 3y? L+ & = -2sinx = LGBy’ +1)=-2sinx = £ = Ezyzsrlx = ¥ o
_ _2sin(0) 0- &y (3y? +1) (=2 cos x) — (=2 sin x) (Gy %)
- 341 T dx2 - (3y2+1)°
L&y _ BH(=2cos0)— (=25in0)6-0) _ _ 1
%) G112 2
o1
13 4 y1/3 — 14-2/3 4 1y-2/3dy _ dy _ 98 dy g dy _
62. X/ +y/P=4 = 3Xx +3y a=0= 5= T oy l,dx_xz,3
N dz_y B (xz/:s) (7%}, 1/3 %) 7(7},2/:;) (%x 1/:;) <12_y B (82"3) [_ %-8*1/3{—1)} (82/3) (2 8- 1/3)
dxz T (X2/3>2 dx? ®8) - 84/3
ity 3 _1
&7 — 4 T 6
1 1
_ 1 f(t+h) —f() _ rmel ~ 3T _ 20+ 1—(Qt+2h+ 1)
63. f(t) = 2[+1 and f(t + h) = 544577 = h = I = @tr2h+ DRt Dh
_ —2h _ -2 / T f(t+h) flo -2
= G heg e — agmrnan o LM = hlg‘n = hlgnO Qi+ 2h+ DR+ D)
_ -2
BRCE
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64. g(x) = 2x + land g(x +h) = 2x + h)2 + 1 = 2x2 4 4xh + 2h2 4 | = ECEN—e0) _ @ adbhidnd 1) - (24 )

h
— 4xh42n’ _ I(x) — 1 g+ —g) _ 3 —
= 2 4x +2h = g'x) hhm0 o hhm0 (4x + 2h) = 4x

65. (a)

L x
1 0 \1
1k
f(x):{ x2,—1Sx<0

%, 0<x<1

. _ . 2 . _ . _ 2 — . — . . _ — .
(b) . ILHE)* f(x) = . IHI(IJ— x* = 0 and i} gr%+ f(x) = . 15%* X 0= Xlgn0 f(x) = 0. Since Xlgn(J f(x) = 0 = 1(0) it

follows that f is continuous at x = 0.
(¢) lim f'(x)= lim (2x)=0and lim f'(x)= lim (—2x)=0 = lim f’(x) = 0. Since this limit exists, it
x — 0 x — 0 x — 0 x — 0 x—0

follows that f is differentiable at x = 0.

66. (a)

o x, -1<x<0
/(A)_{lanx. 0<x<w/4

1
-1

ISEIS

—1+

(b) lim f(x)= lim x=0and lim f(xX)= lim tanx =0 = lim f(x) =0. Since lim f(x) =0 = f(0), it
x—0 x—0 + + x—0 x—0

x—0 x—0
follows that f is continuous at x = 0.

() lim f'x)= lim I=1and lim f'x)= lim sec?x =1 = lim f’(x) = 1. Since this limit exists it
x—=0 x—0 x — 0" x — 0F x—0

follows that f is differentiable at x = 0.

67. (a)

J ES 0<x<1
Y= 2-x1<x52

(b) lim f(x)= lim x=1land lim fx)= lim 2-—x)=1 = lim f(x) = 1. Since lim f(x) =1 = f(1), it
X —1 X —1 Xx — 11t X — 17 X —1 X —1
follows that f is continuous at x = 1.
. PN B . L 1 . , . , . ,
(©) xli>mr f'x) = xli>mr 1=1 andxlim1+ f'(x) = x1im1+ 1 1 = Xli)mr f'(x) #£ xlim1+ f'(x), so Xlgn1 f'(x) does
not exist = fis not differentiable at x = 1.

68. (a) lim f(x)= lim sin2x =0and lim f(x)= lim mx =0 = lim f(x) = 0, independent of m; since
X — 0 x—0 x — 0F — 0F x—0

X
f0)=0= lim0 f(x) it follows that f is continuous at x = O for all values of m.
X —
(b) lim f'(x)= lim (sin2x) = lim 2cos2x =2and lim f'(xX)= lim (mx) = lim m=m = fis
x—0 x—0 x—0 x — 0F x — 0F X — 0"

differentiable at x = 0 provided that lin}) f'(x) = lin%) . f'(x) = m=2.
X — X —
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69.

70.

71.

72.

73.

74.

75.

76.

77.
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y=3+sly=ix+@x -4 = & =1-202x—4)2; the slope of the tangentis — 3 = — 3 =1 —2(2x — 4)?

= 2=-22x-4 = l=Glo = @x-4=1= 42— 16x+16=1= 4> — 16x+15=0

= (2x—5@2x-3)=0=x=3orx=3 = (3,7) and (3, — 1) are points on the curve where the slope is — 3 .

1

?:>X

; the slope of the tangentis3 = 3 =1+ 5; = 2= 2

1

2x2 ° T4

= X = 1= (l 71) and (,l l) are points on the curve where the slope is 3.
= 207 3 202 p p

y=2x3—-3x> - 12x + 20 = % = 6x? — 6x — 12; the tangent is parallel to the x-axis when g—i =0

= 6x2-6x—12=0=x2—x-2=0= x—-2x+1)=0 = x=2o0orx=—-1 = (2,0)and (—1,27) are
points on the curve where the tangent is parallel to the x-axis.

y=x3 = gi =3’ = S—i = 12; an equation of the tangent line at (=2, —8)isy + 8 = 12(x + 2)
(2,-8)
4

= y = 12x + 16; x-intercept: 0 =12x + 16 = x = —3 = (—%,0); y-intercept: y = 12(0) + 16 = 16 = (0,16)

y=2x>—3x? - 12x +20 = £ =6x>—6x— 12

=24;6x2 —6x — 12 =24

(a) The tangent is perpendicular to the liney = 1 — % when ( T
4
= xX—x-2=4=>x>-x-6=0=> (X—3)(X+2)—O = x=—-2o0orx=3 = (—2,16)and (3,11) are
points where the tangent is perpendiculartoy = 1 — 5 .
(b) The tangent is parallel to the line y = /2 — 12x when Y=o 2= 6x2-6x—12=-12 = x>~x=0

= x(x—1)=0 = x=0o0rx=1 = (0,20) and (1, 7) are points where the tangent is parallel to

y=\/§—12x.

y = ZShx = g—i = M0 =m0 o gy = g—i = _ﬂ—f =—landmy = g—i o % = 1. Since m; = — m% the
tangents intersect at right angles.
y=tanx,— I <x<? = ¥ =sec’x; now the slope A
ofy=—13is—3$ = the normal line is parallel to el y=tanx
y =—%when & =2. Thus,sec’x =2 = _L_=2 SRS (/4. 1)
= coszx:% = cosx:% = x=-—Fandx =7}
for—3 <x<3 = (—%,—1)and (%,1) are points SR w2
where the normal is parallel toy = — 7.
(~ml4,-1) -1F y=7% -To

\
y=14cosx = g—i:—sinx = % (71): 1
= the tangent at (5,1) istheliney — 1 = — (x — )

= y = —x+ § + 1; the normal at (E l)is
y—1=M(x-%) = y=x—-7+1

; thus,

D=

y =X +C:>gy—2xandy—x:>dy—1;theparabolaistangenttoy:xwhen2x:1 = x:%:>y:
=) +c=c=}
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=3a? = the tangent line at (a,a%) is y — a® = 3a®(x — a). The tangent line

X=a

78 y=x3 => ¥ =332 = &

intersects y = x* when x> — a® = 3a’(x —a) = (x — a) (x2+xa+a?) =3a’(x —a) = (x—a)(x?+xa—2a?)=0

= (x—a)’(x+2a)=0 = x=aorx = —2a. Now 4 2 = 3(—2a)? = 12a% = 4 (3a?), so the slope at
x=-2a
X = —2a is 4 times as large as the slope at (a, a%) where x = a.
79. The line through (0, 3) and (5, —2) has slope m = % = —1 = the line through (0, 3) and (5, —2) is
y=—Xx+3y=5 = dy = 5107 sothecurvelstangenttoy— —x+3 = gi =-1=7
= x+1)?=cx#—1. Moreover,y— 7 =—x+3 = H=—x+3x#-1

= c=x+1D(—x+3),x# 1. Thusc=c = x+1P?=x+D(x+3) = x+Dx+1—(—x+3)]
=0,x#—-1= x+1)2x—-2)=0 = x=1(sincex# —1) = c=4.

80. Let (b, + v/ a? 7b2) be a point on the circle x* + y? = a?. Then x* +y? =a’ = 2x+2y =0 = % = —§
= % =7 _,b —; = normal line through (b + va? —b2) has slope iiva;sz = normal line is
x=b
y-(:l: a2 ):i\/az (X—b) = yF / b2 72 X F b2 - y = + a2b_b2x

which passes through the origin.

—% = the tangent lineisy =2 — %(x -1

81. x2 4 2y? —9:>2X+4ydy:0:>§i:_% gi

(12)

:71x+Zandthenormallineisy:2+4(x71):4x72.

:—% = the tangent line is y = 1+_73(X—1)

82. x3 +y? =2 = 3x? +2ydy—0 = %:_23;2 = g—i
an

:—'Ex-i-%andthenormallineisy:1+%(x—l):§x+%.

83. xy +2x -5y =2 = (x§—§+y)+2 58=0= Px-95=-y-2= =22 5 ¥ =3
G2

= thetangentlineisy:2+2(x—3):2x—4andthenormal]ineisy:2+%l(x—?a):—%x—i—%

84 (- xP=2x+4 = 2y -0 ($-1) =22 -0 =1+G-0 = =120 = ¥ I
= the tangent lineisy =2+ 3 (x — 6) = 3 x — 3 and the normal lineisy =2 — § (x — 6) = — $ x + 10.

85. X+, /xy=6 = 1+ 1L (xd—y+y)—0:>x +y=-2 y:>dy— 2ﬁ_y:>d—y =2
2,\/xy dx dx @ 4
éthetangentlineisy—17—(x74) f—x+6andthen0rmall1nelsy—1+ x—-4) = —xfls—l.

= —1 = the tangent line is

4
14
y:4—%(x—1):—ix+%andthenormallineisy:4+4(x—1):4x.

86. x32 42y32 =17 = %xl/Q—i—Syl/?%:O = %: ;;‘11; = %

87. X*y3 +y’=x+y = |:X (3y2 dy) +y3 (3x2)} F2y =149 = 33?2 P42y L — ¥ =1-3x%°
dy (343y2 1) =1—3x2y3 dy _ _1-3x%° | 2 dy i -
= & 0By +2y—-1)=1-3xy’ = 3 = LT < o = 7. but 5 (1’71)15 undefined.

Therefore, the curve has slope — % at (1, 1) but the slope is undefined at (1, —1).
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88. y =sin(x — sinx) = % = [cos(x —sinx)](1 —cosx);y =0 = sin(x —sinx) =0 = x —sinx = km,
k=-2,-1,0, 1, 2 (for our interval) = cos (x — sin x) = cos (kw) = =+ 1. Therefore, g—i = 0and y = 0 when
1 —cos x = 0and x = km. For —27 < x < 2, these equations hold when k = —2, 0, and 2 (since
cos (—m) = cos m = —1). Thus the curve has horizontal tangents at the x-axis for the x-values —2m, 0, and 27

(which are even integer multiples of 7) = the curve has an infinite number of horizontal tangents.

89. B = graph of f, A = graph of f’. Curve B cannot be the derivative of A because A has only negative slopes
while some of B's values are positive.

90. A = graph of f, B = graph of f’. Curve A cannot be the derivative of B because B has only negative slopes
while A has positive values for x > 0.

91. 92.

y=fx) 4. D

1,0 /\ .
N

6,-1)

1,-2)

93. (a) 0,0 (b) largest 1700, smallest about 1400

94. rabbits/day and foxes/day

95. lim S — Jim [(Si“)-m] () (L) =-1

X —0 2¥°—x x—0 X

: 3x—tan7x __ 1; 3x _ _sin7x _ 3 _ 1 1 _sin7x | _1 _ 3 _ 1.7y —
96. xll_l’}IlO 2X = lim (2x 2xcos7x) 2 Xlgno (cos7x 7x (%)) -2 (1 1 2) =-2

7. lim anr = i (S5 2 1) = (1) () im 22 = (1) (0 (1) = }

98. Jim MG — fim (SUE0) (350) — fim SEEO . Letx = sin¢. Thenx — Oasf — 0

9 —0 0 9 —0 sin 0 0 6 —0 sin 6
. sin(sinf) __ 1. sinx __
:> elgno sin 6 - Xlgno X - 1
. 44 L 41
i dan’ftanf+l _ i ( n mnze) _ (4+0+0) _
99. y lim @lfts lim (1+ s ) ="avo —4
H(E) _b(f) tan2 §
1
. e . 7—2) 0-2) 2
100, fim stz2ees _ piy (o = =-1
g 0F Scolfi-Tcotd—8 — o o+ (Fﬁ—wfzg) G-0-0) 5
: xsinx  __ 13 xsinx 13 X sin X S H 35 _sinx | 1 (%) R (%) . sinx
101 lim, 4505 = lim i = lim sty = lim [y ] = img [0 a0

=MD =1

. I—cos® _ 1; 2 sin’ (%) _1; Si“(g) Si“('g) 1] — 1y = 1
102 fim, == = lim) == = im T Ty e =M (3) =3
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103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

113.

Chapter 3 Differentiation

: tanx __ 13 1 sinx) _ 1. _ : o 1: tan (tan x)
Xlgn0 . —xlgn0 (& -9%) =1;letd =tanx = § — Oasx — 0 = Xlgnog(x) —Xlgno o
= lim @% — | Therefore, to make g continuous at the origin, define g(0) = 1.
o ¢
: tan(tanx) __ 7q: tan (tan x) sin X 1 _ . _sinx
hm f(x) = hmo YETEY xlgn0 { xS m} =1- hm0 STCTES] (using the result of #105);

let 9 =sinx=60—0asx —0 = hm sin x = 1. Therefore, to make f continuous at the origin,

=, sin(sinx) 794,0 sin 6
define £(0) = 1.

(@) S =2nr’+ 27rhand h constant = § = 47xr § + 27h & = (4nr + 27h) &

(b) S =2nr® + 27rh and r constant = %8 = 271 &

(© S=2n’+2rrh = L =drr §+2n(r ¢ +h§) = @ar+27h) § + 27 §

(d) Sconstant = £ =0 = 0=@mr+2rh) §+2mr § = QU+ F=—1F = $=575 ¢

_ /2 2 s _ g+ ) /2 2 dr.
S =ary/r’+h ia—ﬂ'l"W—Fﬂ' r“+h dt °
dh _ s _ _m g 2 p2 dr _ 2 1 he dr
(@ hconstant = & =0 = Jaam TV +h* 5§ = |mV/1* +h? + \/r2+—112 dt
ds nrh dh

dr __ —
(b) rconstant = ¢ =0 = F = JeE i dt

dr + mrh dh
dt \/r2+h2 dt

2
2+h2

(c¢) Ingeneral, & = { 2 +h? 4 7

A=m? = ® =2mr §isor=10and § = — 2 m/sec = & = (2m)(10) (— 2) = —40 m?/sec

V=gl = Y =3g2.d o ds _ L dV.g55_20and &¥ = 1200 cm?/min = @:ﬁ(IZOO)zlcm/min

dt dt dt 32 dt dt dt
® = : =0.5ohm/sec;and g = ¢+ 5 = T & = E—% ® Ri% R . Also, Ry = 75 ohms and
Ry =50 ohms = ¢ = =& + 5 = R = 30 ohms. Therefore, from the derivative equation,
-1 dR _ 1 dR _ 5000-5625\ __ 9(625) __
@Oy dt (75)Z (= 1) (50)’ (0 5) (5625 5000) = ‘& = (=900) ( 5625-5000 ) 503625 — 30 — 0-02 ohm/sec.
dR
% = 3 ohms/sec and dX = —2ohms/sec;Z = v/R2 + X2 = % = % so that R = 10 ohms and
_ dz _ dO3)+20(=2) _ -1 . _
X =20ohms = & = i S s 0.45 ohm/sec.
Given & = 10 m/sec and = 5 m/sec, let D be the distance from the origin = D? = x* 4+ y* = 2D 4

=2x dx L2y & &Y =~ p dD =x & —|—y . When (x,y) = (3,—4),D = 32—1—(—4)2 =5and
5 ‘ii—[l) = (3)(10) + (—4)(5) = % = ? = 2. Therefore, the particle is moving away from the origin at 2 m/sec
(because the distance D is increasing).

Let D be the distance from the origin. We are given that 92 = 11 units/sec. Then D? = x> + y? = x* + (x%/ 2)2
=x*+x® = 2D dD = 2x —|—3x2 dx —x(2+3x) @ ;X: 3 = D = /32 + 33 = 6 and substitution in the
derivative equation gives (2)(6)(1 1) = (3)(2 +9) & o E = 4 units/sec.

(a) From the diagram we have ho = % = r= % h.
21 47h3 dV __ 4rnh? dh av _ _ dh _ 125 :
(b) V= 37Trh 37T(5h) h—? = E_TE’SO dl——Sandh 6 = & 1447Tft/m1n.
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114. From the sketchin the text, s =10 = & =r % 4+ 9 &' Alsor = 1.2isconstant = L =0 = & =r¥ - (1.2) ¢,
Therefore, % =6 ft/secandr = 1.2 ft = % = 5 rad/sec

115. (a) From the sketch in the text, & = —0.6 rad/sec and x = tan 6. Also x = tan § = C(li—’t‘ =sec? 6 9 at point A, x = 0

> dt e
=0=0= % = (sec?0) (—0.6) = —0.6. Therefore the speed of the light is 0.6 = % km/sec when it reaches
point A.
(3/5) rad  1rev 60sec __ 18 .
(b) sec  2rrad  min 7w revs/min
. P b 4 b .
116. From the figure, & = 2% = 2 = T We are given y
that r is constant. Differentiation gives, 8 c
Loa . () @) -0 (F) ()
Toa b2 . Then,
b r
b=2rand £ = —03r
3 o _ 2r(—0.3r) X
w“ v/ (2r) r? (—0.3r) — (2r) <\/m> 0 . A
= a=r -2

2
V3R (03044030 a5 4 @) (03 i i iti i is i I
_ . Vi _ (3)( 3:)/;() *) 031 _ 30\;% = T:/? m/sec. Since % is positive, the distance OA is increasing
2 ; ;

when OB = 2r, and B is moving toward O at the rate of 0.3r m/sec.

117. (a) Iff(x) =tanxand x = — 7, then f'(x) = sec? x, y
f(— %) = —landf’ (— %) = 2. The linearization of L y=tanx
fx)isL(x) =2 (x + I) + (1) = 2x + 552 [P,
—71'1/4 7TI/4 *
/4, -1) -1F
(b) Iff(x) = sec x and x = — 7, then f’'(x) = sec x tan X, ;
f(—2) =2andf' (- T) = —/2. The :
linearization of f(x)is L(x) = —\/5 (X + %) + \/E
_ N :
= —/2x V2D, :
y:secxi
7rI/2 4

y=Nzx 4+ V2(4-m)ia

118. f(x) = m = f'(x) = % . The linearization at x = 0is L(x) = f/(0)(x — 0) + f(0) = 1 — x.
119. f(x) = /x+ 1 +sinx—05=(x+ DY2+sinx - 0.5 = '(x) = (3) x+ D2 +cosx
= L&x)=1{'(0)x —0) +f(0) = 1.5(x — 0) + 0.5 = L(x) = 1.5x + 0.5, the linearization of f(x).

120 f(x) == +/1+x=31=20-0)"+1+x0)"?=31=fx)=-2(1-x)2(-D+ 11 +x7"?

= (l_%)o + 2\/}? = L(x) = f’(0)(x — 0) + f(0) = 2.5x — 0.1, the linearization of f(x).

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



162

121.

122.

123.

124.

Chapter 3 Differentiation

S =mry/r> +h% rconstant = dS =mr- (12 +h?)” Y2oh dh = \/;%hhzdh. Height changes from hy to hy + dh

— S — mrho(dh)

(/2 +h2

(a) S=6r2 = dS = 12rdr. We want |dS| < 2%)S = |12rdr| < 220 = |dr| <

< 300 The measurement of the

T
100
edge r must have an error less than 1%.

(b) When V =13, then dV = 3r? dr. The accuracy of the volume is (£*) (100%) = (3r dr) (100%)
= (2) @(100%) = (3) (<) (100%) = 3%

C=2mr = r=£,S=dm’>=S andV =47 = & . Ttalso follows that dr = ;- dC, dS = 2 dC and
dv = C—Z dC Recall that C = 10 cm and dC = 0.4 cm.
(@ dr=9%=2cm = (¥)(100%) = (22) (3) (100%) = (.04)(100%) = 4%

(b) dS = 20 (04) Sem = (€) (100%) = (2) (755) (100%) = 8%
(© dV =12 04) =L cem = () (100%) = (2) (6—0) (100%) = 12%

27‘2
Similar triangles yield 32 = 1 = h = 14 ft. The same triangles imply that 22 = 2 = h=120a"! +6

= dh=-120a?da=—-Rda=(-) (£ L)=(-&)(+L)=+ 2 ~ +.0444 ft = + 0.53 inches.

CHAPTER 3 ADDITIONAL AND ADVANCED EXERCISES

1.

4.

(a) sin20 =2sinfcosf = % (sin 20) = % (2sin @ cos #) = 2 cos 20 = 2[(sin #)(—sin @) + (cos B)(cos 0)]
= cos 20 = cos? — sin’ @

(b) cos 20 =cos’f —sin’H = T d (cos 20) = (cos2 6 —sin?§) = —2 sin 20 = (2 cos B)(—sin #) — (2 sin H)(cos )
= sin 260 = cos 0 sin § + sin 6 cos § = s1n29:2s1n90039

The derivative of sin (X 4+ a) = sin X cos a + cos X sin a with respect to x is cos (x + a) = cos x cos a — sin x sin a, which

2 2

is also an identity. This principle does not apply to the equation x* — 2x — 8 = 0, since x

it holds for 2 values of x (—2 and 4), but not for all x.

— 2x — 8 = 0 is not an identity:

(@) f(x) =cosx = f'(x) = —sinx = f"’(x) = —cosx,and g(x) =a+bx +cx?> = g'(x) =b+2cx = g"(x) = 2c;
also, f(0) = g(O) =cos(0)=a=a=1;f'(0) =¢'(0) = —sin(0) =b=b=0;f"(0) =g"(0) = —cos(0) =2c
= ¢ = — 5. Therefore, g(x) =1 — —x

(b) f(x) = sin (x +a) = f'(x) = cos (x + a) and g(x) = bsin X + ¢ cos x = g'(x) = b cos x — ¢ sin x; also, f(0) = g(0)
= sin(a) = b sin(0) + c cos (0) = ¢ =sin a; f'(0) = g'(0) = cos(a) = b cos (0) — ¢ sin(0) = b = cos a.
Therefore, g(x) = sin x cos a + cos X sin a.

(c) When f(x) = cos x, f”/(x) = sin x and f*)(x) = cos x; when g(x) = 1 — %XQ, 2" (x) = 0 and g¥(x) = 0. Thus
f”(0) = 0 = ¢""(0) so the third derivatives agree at x = 0. However, the fourth derivatives do not agree since
f<4>(0) =1 but g(4)(0) = 0. In case (b), when f(x) = sin (x + a) and g(x) = sin X cos a 4 cos X sin a, notice that
f(x) = g(x) for all x, not just x = 0. Since this is an identity, we have f M(x) = g(")(x) for any x and any positive

integer n.

(@) y=sinx = y =cosx = y'=—sinx = y"+y=—sinx+sinx=0;y =cosx = y = —sinx
= y'=—cosx = y'+y=—cosx+cosx=0;y=acosx+bsinx = y = —asinx+ b cosx
= y’'=—acosx—bsinx = y"+y=(—acosx—bsinx)+(acosx+bsinx) =0
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(b) y=sin(2x) = y' =2cos(2x) = y" = —4sin(2x) = y’ +4y = —4 sin(2x) + 4 sin (2x) = 0. Similarly,
y = cos (2x) and y = a cos (2x) + b sin (2x) satisfy the differential equation y"’ 4 4y = 0. In general,
y = cos (mx), y = sin (mx) and y = a cos (mx) + b sin (mx) satisfy the differential equation y” + m’y = 0.

5. Ifthe circle (x —h)? + (y —k)?> = a? and y = x? + 1 are tangent at (1, 2), then the slope of this tangent is
m = 2x| 12 = 2 and the tangent line is y = 2x. The line containing (h, k) and (1, 2) is perpendicular to
y=2x = % = — % = h =15 -2k = the location of the center is (5 — 2k,k). Also, (x —h)? + (y — k)> = a?
= x—h+@H-ky=0= 1+ +@y-ky' =0=y = ]k%(yy,)o At the point (1,2) we know
y’ = 2 from the tangent line and that y” = 2 from the parabola. Since the second derivatives are equal at (1, 2)

we obtain 2 = 11(%(22)2 = k=72. Thenh=5—2k = —4 = thecircleis (x +4)* + (y — %)2 = a2, Since (1,2)

lies on the circle we have that a = # .

6. The total revenue is the number of people times the price of the fare: r(x) = xp = x (3 — %)2 , where

0 < x < 60. The marginal revenue is &£ = (3 — %)2 +2xB-%5) (%) = L=3-%5)[B-%) - %]

=3(3-2%)(1—%). Then f =0 = x =40 (since x = 120 does not belong to the domain). When 40 people

are on the bus the marginal revenue is zero and the fare is p(40) = (3 — 4—’5)2‘ = $4.00.
x =40

7. (3 y=uv = % = % vV+4u ‘ji—f = (0.04u)v 4 u(0.05v) = 0.09uv = 0.09y = the rate of growth of the total production is
9% per year.

(b) If % = —0.02u and ‘é—: = 0.03v, then i—f = (—0.02u)v + (0.03v)u = 0.0luv = 0.01y, increasing at 1% per year.

8. When x* +y* = 225, theny’ = — § . The tangent y
line to the balloon at (12, —9)isy + 9 = § (x — 12) x2 4 y? =225
= y= % x — 25. The top of the gondola is 15 4 8
= 23 ft below the center of the balloon. The inter-
sectionof y = —23 andy = % x — 25 is at the far

right edge of the gondola = —23 = ‘3—‘ x —25

(-12, —9)
= X = % . Thus the gondola is 2x = 3 ft wide.

/ 0y
. = (43)x - 25
Suspension cables —x—— y= (43 8¢ﬂ

Gondola .
—>|  |+~— Width

NOT TO SCALE

9. Answers will vary. Here is one possibility.

0

10. s = 10cos (t+ %) = v() = L = —10sin (t+7) = a) = % =45 = —10cos (t+ T)
(a) s(0)=10cos (%) = %
(b) Left: —10, Right: 10
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(¢) Solving 10 cos (t + %) = —10 = cos ( %) = —1 = t = 7 when the particle is farthest to the left.
Solving 10 cos (t+5) =10 = cos (t+5) =1 = t=—7% butt 0 = t=2m+ 7% = IT when the particle
is farthest to the right. Thus, v () =0,v (Z%) = (—) =10, and a (I) = —10.

(d) Solving 10cos (t+2) =0 = t=1 V(E) = v(Z)|=10anda (%) =0.

11. (@) s(t) = 64t — 166> = v(t) = % = 64 — 32t = 32(2 — t). The maximum height is reached when v(t) = 0
= t =2 sec. The velocity when it leaves the hand is v(0) = 64 ft/sec.

(b) s(t) = 64t —2.6t> = v(t) = % = 64 — 5.2t. The maximum height is reached when v(t) =0 = t ~ 12.31 sec.
The maximum height is about s(12.31) = 393.85 ft.

12. s =33 — 122 + 18t +5Sand sy = —t3 + 92 — 12t = v; =92 — 24t + 18 and vy = —3t2 + 18t — 12; v; = vy
= 02 —24t+18=-324+18t—12 = 22 - 7t+5=0 = (t—1D)Q2t—5) =0 = t=1secandt= 2.5 sec.
13. m(v2 = v3) =k (x —x?) = m(ZV %) :k(—2x %) = m‘(jjf :k(—%) ‘é—’t‘ = m‘é—‘t' = —kx(%) ‘é—’t‘. Then
substituting =V = m % = —kx, as claimed.
14. (a) x=At+Bt+Con[t},t] = v==% =2At+B = v (452) =2A ("52) + B=A(t; + ;) + Bis the
instantaneous velocity at the midpoint. The average velocity over the time interval is v,, = %
2 _ (A2 ,—
_ (At2+Bt2+(2_£lAt1+Bt1+C) _ (a—t) [égijtlHB] —A (tg + tl) +B.
(b) On the graph of the parabola x = At> + Bt + C, the slope of the curve at the midpoint of the interval
[t1, to] is the same as the average slope of the curve over the interval.
15. (a) To be continuous at x = 7 requires that . lirr71r7 sin X = hm (mx+b) = 0=mr+b = m=— % ;
- X — 7t
(b) Ify = { COSX, x<m is differentiable at x = 7, then lim_cosXx=m = m= —landb = 7.
m, X ™ X =T
16. f(x) is continuous at 0 because lim 1=S%X — 0 = £(0). f'(0) = lim =IO _ jipy "
’ x—0 X ) x—0 x-0 x—0 X
= Xli_r)nO (%) (%) = Xli_r>n0 (Sii")2 (1+iosx) = % . Therefore f'(0) exists with value % .
17. (a) For all a, b and for all x # 2, f is differentiable at x. Next, f differentiable at x =2 =- f continuous at x = 2
= lirrif f(x) =f2) = 2a=4a—2b+3 = 2a—2b+ 3 =0. Also, f differentiable at x # 2
X —
= f'(x) = 3, x <2 In order that '(2) exist we musthavea = 2a(2) —b = a=4a—b = 3a="Db
T l2ax—b, x >2° o o o
Then2a—2b+3 =0and3a=b = a=3andb=3.

(b) For x < 2, the graph of f is a straight line having a slope of % and passing through the origin; for x 2, the graph of {
is a parabola. At x = 2, the value of the y-coordinate on the parabola is % which matches the y-coordinate of the point
on the straight line at x = 2. In addition, the slope of the parabola at the match up point is % which is equal to the
slope of the straight line. Therefore, since the graph is differentiable at the match up point, the graph is smooth there.

18. (a) Forany a, b and for any x # —1, g is differentiable at x. Next, g differentiable at x = —1 = g continuous at

x=—-1= lim1+ gx)=g(—1) = —a—1+2b=—-a+b = b= 1. Also, g differentiable at x # —1
X — —

a, x < —1

I(— 1 = — 2 =
3ax? 41, x> 1" In order that g'(—1) exist we must havea = 3a(—1)°"+ 1 =a=3a+1

égw—{

__1
=a=—3.
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(b) For x < —1, the graph of g is a straight line having a slope of —% and a y-intercept of 1. For x > —1, the graph of gis

a cubic. At x = —1, the value of the y-coordinate on the cubic is g which matches the y-coordinate of the point

on the straight line at x = —1. In addition, the slope of the cubic at the match up point is —% which is equal to the

slope of the straight line. Therefore, since the graph is differentiable at the match up point, the graph is smooth there.

fodd = f(—x) = —f(x) = £ (f(—x) = &L (—fx) = f'(—x)(-1) =—F(x) = f'(-x) =f'(x) = {’iseven.

feven = f(—x) =f(x) = % f(—x)) = % (fx)) = f'(—x)(—1) =f'(x) = f'(—x) = —f'(x) = " isodd.

Let h(x) = (f)(0) = {0 g(x0) = W) = lim P90 = lim ~ EG= {000

X —Xp X — Xp X —Xp
— lim f(x)g(x)ff(x)g(xo)tf(x)g(m)ff(xo)g(xo) _ lim [f(x) {M” + lim { (Xo) [MH
X — Xp X —Xo — Xp X — Xp X —Xo
= 100 Jim, [ ERE ] g0 ) = 0 i, [FZ02] - g00) F130) = x0) ), i g

continuous at xy. Therefore (fg)(x) is differentiable at xq if f(x¢) = 0, and (fg)’ (x¢) = g(xo) f'(Xo).

From Exercise 21 we have that fg is differentiable at O if f is differentiable at 0, f(0) = 0 and g is continuous at 0.

(a) If f(x) = sin x and g(x) = |x|, then |x| sin x is differentiable because f'(0) = cos (0) = 1, f(0) = sin(0) =0
and g(x) = |x| is continuous at x = 0.

(b) If f(x) = sin x and g(x) = x*3, then x?/3 sin x is differentiable because f'(0) = cos (0) = 1, f(0) = sin(0) = 0

and g(x) = x*/? is continuous at x = 0.

(c) Iff(x) =1 —cos x and g(x) = */x, then */x (1 — cos x) is differentiable because f'(0) = sin (0) = 0,
f(0) =1 —cos(0) = 0 and g(x) = x!/3 is continuous at x = 0.

(d) Iff(x) =xand g(x) = x sin ( ) then x2 sin ( ) is differentiable because f'(0) = 1, f(0) = 0 and

lim x sin (l) = lim w: lim S — O (so g is continuous at x = 0).
x—0 X X — x t—oo ¢

If f(x) = x and g(x) = x sin (1), then x sin (1) is differentiable at x = 0 because {'(0) = 1, f(0) = 0 and

11m xsin (1) = 11m0 Sml(*) = hm sint — () (so g is continuous at x = 0). In fact, from Exercise 21,

h’(O) = g(0)f'(0) = 0. However, for x # 0,0 (x) = [x*cos (1)] (= &) +2xsin (). But

lim W(x) = hm [—cos () + 2x sin (1)] does not exist because cos (1) has no limitas x — 0. Therefore,
x—0 X —

the derivative is not continuous at X = ( because it has no limit there.

From the given conditions we have f(x + h) = f(x) f(h), f(h) — 1 = hg(h) and lim g(h) = 1. Therefore,

P = lim D=0 - gy OO0 — i f(x) 