Mathematics B2: Newton

Plot of F(x,vy)
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Functions of several variables
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Definition of functions on R?



Functions of several variables
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Definition of functions on R"

DEFINITIONS Suppose D is a set of n-tuples of real numbers (xy, x, ..., X,).
A real-valued function f on D is a rule that assigns a unique (single) real
number

w = f(x1,x2,...,%,)

to each element in D. The set D is the function’s domain. The set of w-values
taken on by f is the function’s range. The symbol w is the dependent variable
of f, and f is said to be a function of the » independent variables x; to x,,. We
also call the x;’s the function’s input variables and call w the function’s output
variable.




Definition of functions on R?
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FIGURE 14.1 An arrow diagram for the function z = f(x, y).
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Definition of functions on R?

Example: f 'R > R

f:(XYy)—+y—xIn(y+x)

For example:
f(1,5=v5-1In(6+1)=2In6~358
y

Domain:

y—-Xx — Yy—x=0

|n(y+ X) = Y+x>0 Doma}n of f (red)
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Graphs of functions on R?
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Graphs of functions on R?

Graph of f: {(x, vy, (X, y))e R* ‘(X1 Y)E D}
(D = Domain of f)

Example:

f(x,y)=—xy-e
D = R?

x2+y2)

Graph of f
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Graphs of functions on R?

How Is a graph built up? | f ()(, y) = —XY- e_(X2+y2)
Domain; D = R?

For each (x,y) € R? (z =0 plane),
the image (the z-value) should be calculated.

Examples: f (1,1) = —e=2 (blue) en f(-1,1) = e? (red)

0154
0.14
0.05

-0.054
0.1
0154
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Graphs of functions on R?

Graph drawing by hand?
Only doable in ‘standard cases’:
balls, cones, cylinders, paraboloids, etc.

Method:

First plot the intersections of the graph
with the x =0, y =0 and the z = 0 planes
to get an impression.
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Graphs of functions on R?

Example: f (X,y) =3— x2 _ yz D = R2

Intersections of the graph with:

X =0 plane: y =0 plane: 2 =0 plane: f(x,y) =0
f(0,y) =3 —y? f(x,0) = 3 — x? X2 +y2=3
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Graphs of functions on R?

Example (continued): | f (X, y) =3—X* —y°
D = R?

Intersections of the graph with the coordinate planes:
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|_evel curves

"Andenes are terraces dug into the slopes of mountains for agricultural purposes. They were constructed and much used
in the Andes mountain range to provide cultivable hillsides. The majority of these terraces were constructed and used by
the pre-Hispanic cultures, and many can still be observed throughout the region.”
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|_evel curves

e

TP s

Schiehallion (Scotland)

First use of level curves: Charles Hutton (1774)
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| evel curves

Definition:
A level curve of a function f: R2 > R is a set:

(X, y) e R?| f(X,y) =cC| whereccR

It Is possible that the equation f(X,y) = ¢ has no solutions;
then the level curve (for level ¢) does not exist.
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| evel curves

The contour curve f(x, y) = 100 — x> — y?> = 75
is the circle x> + y? = 25 in the plane z = 75.

z=100 — x2 — y?
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| evel curves

< The surface

0 =f(x,y)
f(x,y) =175 = 100 — x% — y?

is the graph of f.

Jf(x,y) =31
(a typical
level curve In
the function’s
domain)




| evel curves

‘\
\\\“\

1

A
bl \g\\\ A
\\

il
7 //n, I Om\
,, ' .ONM

@G

(a) = Sinx + 2 Siny (b) = (4x2 + y2)e—x2—y2 (C) 7= xye—yz

FIGURE 14.11 Computer-generated graphs and level curves of typical functions of two variables. 21



Functions of several va

Theme: Basic concepts

Theme: Continuity
o Limits

« Continuity

» Polar coordinates

Theme: Partial derivatives

Theme: Tangent plane
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Limits in R?
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Definition: We say that the sequence of vectors

X1= (X1, Y1)y Xo= (X3, ¥2), X5= (X3, Y3), ... tends to
¢ = (cy, C,) If X, — c| becomes very small for n very large.

lim
We write: X,=C

—>»Q0

Remark: |x, —c| is the distance from x, to c.

°
X
% —cl
°
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Definition: We say that fim f(x)=L
X—>C

If for every sequence X, X,, Xs, ..., different from c, holds:

511 521 ¥39 ... tends to g
implies X; = (X i)
21,2y, 23, ... tends to L

Here:z,=1(xy Y1), Z,=1(X ¥a) . Z3=1(X3 Y3),- ..

Remark: We need that X;, X,, X3, ... are in the domain of f.
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Does having the same limit along all straight half lines
approaching (0,0) imply that the limit exists at (0,0)?

/\

lIm f(x,y) = 227
(x,y) > (0,00 " - 29




Having the same limit along all half lines approaching
(Xo,Yo) does not imply a limit exists at (X,,Y,)-

Example: f(x,y)=0,  everywhere
f(x,y)=1, except for y=X%% x>0

f(xy)=0
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Concluding:

e For all paths in R? towards the limit
point (a,b), the function values
should tend to the same value L.

e Hence: If two paths lead to different
values, then the limit does not exist.

1_

/&
1 08 0% 04 Oz 02 g4 0B 08 1
X-3as
051

Example:
Three different paths
to (0,0)
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Continuity in R?
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Continuity in R?

Definition:
A function f: R> — R is called continuous at (X,,Y,) if:

lim

f(xy)="1 00 Yo
(6 y) > (%, 5) | o= oo

DEFINITION A function f(x, y) is continuous at the point (x, yo) if

1. fis defined at (xo, yo),

2. lim  f(x, y) exists,
(x, ¥)—(xo0, o)

3. lim f(xa J/’) - f(an J/O)
(x, ¥)—(x0, y0)

A function is continuous if it is continuous at every point of its domain.




Continuity in R?

\

FIGURE 14.13 (a) The graph of

"

- 2xy

, (x,y)# (0,0

fley) = {3t ey BN 700
® L0, (x,y) = (0, 0).

The function is continuous at every point

y except the origin. (b) The values of f are

2% 112 different constants along each line
-0.8 %0-8 y = mx,x # 0 (Example 5).
0 > X
0.8 \ -0.8
1 iy
0.8 o| —0.8
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Polar coordinates
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Polar coordinates

Example: calculate im 2Xy
' —(0,0) \/x +y?

(if the limit exists)

BOoMOO M &
1 sl e b a1l

-
a7
2_1012
3

Graph of f(x,y)= ixy -
X“+y 36



Polar coordinates lim 2y

(X, y) > (0,0) /x? +y?

Solution: use polar coordinates:

r = distance to (0,0)

B 5{ """" '? (Xar?")
£

SO r=4x"+y’

@ = angle with the positive x-axis

So: x=r-cos(d), y=r-sin(6)
I (xy)—(0,0) " ’
Then: r—>0"

lim 2 XY - e
S0: lim  2rcos@-rsind

(% y)—=>00) /x*+y> ~r 0 r a7



Polar coordinates lim 2y

(X, y) > (0,0) /x? + y?

Solution: (continued)

lim 2xy ~ lim  2rcos@-rsing
(xy)—>00) /x*+y> r—0* r
lim . :
_ orcos@sing =0  (independent of 6)
r—-0°
_ lim
Conclusion: Y _o

(X! y) — (O’O) \/X2 + y2
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Polar coordinates (see Thomas, page 7/81)

Remember:

y=rsing

X =1TrCOoS{&

lim g(x,y)

Useful for limits of the form:
(x,y) = (0,0) (x* + y*)* 39
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Functions of several var
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Theme: Continuity

Theme: Partial derivatives
o Definitions

 How to calculate?

» Higher order derivatives

Theme: Tangent plane
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Definition of partial derivatives
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Definition of partial derivatives

Definition:

The partial derivative with respect to x of the function
f: R? > R, at the point (X,, Y,) is given by:

lim £ (x,+h,y,)= (X, Y,)
-0 h

fx(xo’ yo) — h

Compare: the definition of derivate f: R — R:

im £ (x; +h) = f(x,)
-0 h

f l(Xo):h
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Definition of partial derivatives

P(xg, y0,f(x0, ¥0))

The curve z = f(x, yq)
in the plane y = y,

Tangent line

x/ \

/ (X0, ¥o)
(xo + A, yo)

Horizontal axis in the plane y = y,

A Vertical axis in
~the plane y = y,

rd

z=f(x,y)

Yo

44



Definition of partial derivatives

Interpretations oy = M P06t Y0~ f (% ¥o)
’ h—0 h

f,(Xo:Yo) =

» the rate of change of f(x,, y,) If X changes
(X=X, =& X=X,+h) andy remains constant (y =y,).

 the slope of the tangent line to the graph of f
In the point (X, Yo, f (X, V) “in the x-direction”.
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Definition of partial derivatives

Definition:

The partial derivative with respect to y of the function
f: R?2— R, at the point (X,, Y,) is given by:

lim  f(x,,y, +k)— (X, Y,)
-0 K

fy(XO’ yo) = "
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Definition of partial derivatives

Vertical axis
in the plane
X = xO A

Tangent line
2~ P(xg, y0.f(x0, ¥0))

z=f(xy)

(xg> yo + k)

The curve z = f(xq, y)
in the plane
X = .XO

Horizontal axis
in the plane x = x|,

47



Definition of partial derivatives

| i _
Interpretations o y)= Yo tK) = FO o)
y k -0 k

f,(X0, Yo) =

. the rate of change of f(x,, y,) If y changes
(Y=Y, = Y =Y,+k) and x remains constant (X = X,).

. the slope of the tangent line to the graph of f
In the point (X, Yo, f (X0, Vo)) “in the y-direction”.
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Definition of partial derivatives

Notations
of 0z
f (X, y)=—=—=*F =D.f=D_f
x( y) 8X 8X 1 1 X
of OZ
fy(x,y)=5:5=f2=D2f=Dyf
of

Also: f (a,b)=—
so: f,(ab) o

(a,b)

49



How to calculate partial derivatives?
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How to calculate partial derivatives?

EXAMPLE 1  Find the values of 9f/dx and df/dy at the point (4, —5) if

fo,y) =x*+3xy+y— 1.

o1



Higher order partial derivatives
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Higher order partial derivatives

EXAMPLE9  If f(x,y) = xcosy + ye”, find the second-order derivatives

aZf aZf aZf aZf
ox?’ dyox ’ ay?’ oxady



Higher order partial derivatives

THEOREM 2—The Mixed Derivative Theorem If f(x,y) and its partial
derivatives f, f;, f1y, and fy, are defined throughout an open region containing
a point (@, b) and are all continuous at (a, b), then

fola,b) = fila,b).

o4



Functions of several varis

Theme: Basic concepts

Theme: Continuity

Theme: Partial derivatives

Theme: Tangent plane

Tangent plane

|_Inearizatio

i
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The tangent plane

Remember:

f: R> ->R leads to a surface in R?, the graph of f:
z = f(x,y)

Or: ifF(xyz)=z-f(xy),
then graph of f Is given by: F(x,y,z) =0

56



The tangent plane

Example: f(X,y) = —x2—y?

z="f(x)y)| isthegraphf:z+x?+y?=0

S7




The tangent plane

What Is the tangent plane?

58
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The tangent plane at P, = (X, Yo, Zo)

é

This tangent line P(xg, Yo, f (xo» yo))T

has slope fy(xg, yo)- This tangent line

has slope f,(xq, yo)-

The curve z = f(xq, y)

in the plane x = x The curve z = f(x, yq)

in the plane y = y,

z= f(x,y)

(X0, Y0) \



The tangent plane at P = (X;,,Y0,20)

<

This tangent line
P(xg, yo, f(xg, yo))]
has slope f,(xo, yo)- 0> 70 This tangent line

has slope f,(xg, ¥o)-
The curve z = f(xg, y)
in the plane x = x The curve z = f(x, yq)

in the plane y = y,

z= f(x,y)

Y=JXYo (x0.Y9) X =Xo

The tangent plane is spanned by:

i+ fx(X01y0)k a.nd j+ fy(XO’ yO)k
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The tangent plane at P, = (Xo,Y0:20)

The vectors u and v span the tangent plane at :

u=i+ f (X, Y,)k| and |v=]+ f (X, Yo)k

Hence: n = v x U Is orthogonal to the tangent plane:

N=vxu=f,(Xy, Yo)l + 1Ey(xo’ Yo)J—K

Hence x =x 1+ Yy ]+ z K is in the tangent plane if:

n-(x—P,)=0

Or:

fx(xo’yo)'(x_xo)+ fy(XO’ yo)’(y_yo)_(z_zo):O
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The tangent plane

Theorem: The equation for the tangent plane to the graph
of f at the point Py=(X,, Yo, Zy) IS:

2—2o= T, (X, Vo) - (X=%g) + T, (X5, Yo) - (Y = Yo)

Here z, = (Xo,Y,)-

The surface
X+yP+z-9=0

z
Py(1,2,4) I /
|
|
|
Normal line
|
iR \Tangent plane
7 .
P

Yy

62



The tangent plane

Example

Find the equation for the tangent plane to the graph of the
function f(x,y)=-x’-y* at the point (X,,Y0,Zo) = (3,5,—52).

100+ 1007

"‘“‘ o 3 iy
50 507 i ﬁ%ﬁo‘#‘#‘#"ﬁp’ COXHEI
D |

RN
oo%%’&&%%g,%:g“? #‘%
S

X

iitele

-501

-a04

-1001 -0

1504 -100 4

-1004

-150- -150-

Graph of f and Partial derivative Tangent plane at (3,5,—-52)
the point (3,5,-52) at the point (3,5)
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The tangent plane

(Xo’ Yoo Zo) — (315 _52)

Solution: Equation tangent plane:

22, =T (Xy, Yo ) (X=X, )+ f, (%o, Yo)(Y = Yo)

with: x, =3 y,=5 z,=1(x,Y,) =f(85) =—38_52 =-52

and: f,(x,y)=-3x*> S0: f,(X.Y¥,) = (35 =-3.32 =-27

f,(X,y) =-2y so: f,(x.Y,) =f,(35) =—2-5=-10

Hence: |Z2+52=-27(x—3)—-10(y—-5)

or. Zz=—-27Xx—10y+ 79

64



L Inearization
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| Inearization

Eguation: for the tangent plane to the surface z = f (x,y):

7= f (X01 yo) + fx (XO, yo)(X— XO)+ fy(xo; yo)(y_ yo)

The tangent plane is the graph of the function L(X, y):

L(X, Y) = T (X, Vo) + Ty (Xo0 Yo ) (X =%, )+ F, (X, Yo )Y = Vo)

The function L(x, y) iIs called the linearization of f at (X, ;).

Around (X,, Yo) the linearization is an approximation of f :

f(xy)=L(XYy)

66




| Inearization

Example: f(x,y)=-x>—y* and (X,, ¥o) = (3,5)

Tangent plane in (3,5,-52) Is given by:
z+52=-27(x—3)-10(y —5)

So: L(x,y)=-52-27(x—-3)-10(y—5)

The linear approximation of f (3.1, 4.95):
L(3.1,4.95) =-52-27(3.1-3)-10(4.95-5) =-54.2

Exact value:
f(3.1,4.95) =—(3.1) -(4.95) =-54.2935
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Functions of several varis

Theme: Basic concepts

Theme: Continuity

Theme: Partial derivatives

Theme: Tangent plane
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Summarizing Excercise

The function f : R — R is given by
2
= { TV () #(0.0

372‘|‘y2
0 if  (z,y)=(0,0)

(a) Investigate continuity of f in (0,0)

(b) Determine the tangent plane to the graph
of fin (1,2,2/5)
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