
Mathematics B2: Newton

Lecturers:

Bernard Geurts and Gerard Jeurnink



Mathematics B2: Newton

- Contents -

 Limits and continuity

 Derivatives and applications

 Functions of 2 variables



2

 Integrals

 Calculation techniques for integrals

 Power and Taylor series



3

Theme: defining limits

• Newton

• Limit of a sequence

• Limit of function values

Theme: evaluating limits

Theme: continuity

Limits and continuity
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Newton



Newton

Isaac Newton (1643 – 1727)
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Isaac Newton (1643 – 1727)
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Newton
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Newton’s innovation:

Handling infinitesimalsIntroducing calculus

Newton
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2.2

What is a limit of a sequence of numbers?
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Limit of a sequence
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function SumPowersOfHalf
{

sum := 0.0;
k := 1;
while( sum < 2)
{

sum := sum + (0.5)^k;
k := k +1;

}
return k;

}

function SumOfReciprocals
{

sum := 0.0;
k := 1;
while( sum < 2)
{

sum := sum + 1/k;
k := k +1;

}
return k;

}
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Limit of a sequence; does program complete?
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function SumPowersOfHalf
{

sum := 0.0;
k := 1;
while( sum < 2)
{

sum := sum + (0.5)^k;
k := k +1;

}
return k;

}

...
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Limit of a sequence
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function SumPowersOfHalf
{
sum := 0.0;
k := 1;
while( sum < 2 )
{

sum := sum + (0.5)^k;
k := k +1;

}
return k;

}
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Limit of a sequence
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function SumOfReciprocals
{
sum := 0.0;
k := 1;
while( sum < 2 )
{

sum := sum + 1/k;
k := k +1;

}
return k;

}
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Limit of a sequence
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function SumOfReciprocals
{

sum := 0.0;
k := 1;
while( sum < 2 )
{

sum := sum + 1/k;
k := k +1;

}
return k;

}
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So:

Limit of a sequence

(integrate (1/x) from 1 to n+1)
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a
nn

x 


lim

Definition: We say that the sequence x1, x2, x3, …

tends to a if |xn – a| becomes very small for n very large.

We write:

Remark 1: |xn – a| is the distance from xn to a.

Limit of a sequence

Remark 2:        is NOT a number. 

It represents growth beyond any bound. 


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2.2
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Definition: We say that 

if for every sequence  x1, x2, x3, …, different from c, holds:

Lxf
cx




)(
lim

x1, x2, x3, … tends to  c 

implies 

y1, y2, y3, … tends to  L

Here: y1 = f(x1), y2 = f(x2) , y3 = f(x3),…

Limit of function values

Remark: We need that x1, x2, x3, … are in the domain of f.



Example 2.2.1

18

???)(
1

lim



xf

x

Limit of function values



Example (continued)
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Limit of function values



Example 2.2.2
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Limit of function values
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Example 2.2.3

Limit of function values



22

Theme: defining limits

Theme: evaluating limits

• Handling limits

• Calculating limits

Theme: continuity

Limits and continuity
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Handling limits

2.2
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)()(
lim

cfxf
cx




Direct substitution theorem: 
if f is a “nice formula-function” in which the point c is 

“without problem”, then the limit is obtained by “direct” 

substitution:  

Example:

Handling limits

410278107
2
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3 


xx
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!
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""lim
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caretake
x

x

x
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


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Example

Improved solution: 0
1limlim
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Handling limits
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Example: !
"0"

"0"1415.3

0

lim
caretake

x

x

x




Improved solution:

1415.31415.3
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lim1415.3
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x

x

Handling limits
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Be careful with limits where term(s) tend to 0 or infinity !


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Handling limits
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Handling limits
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Limit laws (product): 

)(
lim

xf
cx 

If and   )(
lim

xg
cx 

both exist, then:   
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lim

)()(
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





“If f(x) approaches L and g(x) approaches M, 

then f(x)  g(x) approaches L  M.”   

Handling limits
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Example

Suppose:                        and 
1

7
)(




x
xg

The answer 0 is wrong! 
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Since:                              we have: 0)()(
1
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


xgxf

x

Correct is:

Handling limits
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Question: Is this correct ? 

undecided
hh




0

0

lim

00
0

lim0

0

lim





 hhh

N.B. Note the difference between 

being 0 and tending to 0.

Correct is:

Handling limits



32

Which solution is correct ? 

1)1(
0

lim
/1 



hh
h




hh
h

/1)1(
0

lim

(h > 0)

(I) (II)

(a) (I) is correct, (II) is not correct.

(b) (I) is not correct, (II) is correct.

(c) Both solution are incorrect.

(d) Both solution are correct.

Handling limits

answers

http://www.ewebdeveloping.com/smsverwerken/fullscreen_crypt.php?s=MmFuRjlZNGFUTXpNd1h0eGVwYmd1QT09&IV=f5c79bd7b7be860a76a839a44119225a061b38bc48205a040d53150f69f7ec54
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Calculating limits 



Calculating limits
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Methods

• direct substitution (“no problems”).

• split in left-hand and right-hand limit.

• divide out common zero-making factor.

• divide out highest power at infinity.

• use the square root trick.

• use the sandwich theorem.



Calculating limits
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Calculating limits
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Calculating limits:

(split in left and right)



Calculating limits
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Example: calculate lim

x® 0

x

x
Type:

0

0

Solution

does not exist !

Right-hand limit: =
lim

x®1+

x

x

Hence: 

lim

x® 0+

x

x
=1

Left-hand limit: =
lim

x®1-

x

-x

lim

x® 0-

x

x
= -1

lim

x® 0

x

x



Calculating limits
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Example (continued): graph



Break



Calculating limits
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Dividing out factors
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




 xx
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x 23

62lim
2

2






 xx

xx

x 23

62

0

lim
2

2

[ For x  ∞ the highest

power of x will dominate!

Divide by x2. ]

[ For x  0 the lowest

power of x will dominate!

Divide by x (remove factor). ]  

x

x
x 2

3

6
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

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2
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
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x

x

x
3

Calculating limits

Examples
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Calculating limits

“The” trick with square roots
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Calculating limits

Example:
7

32

7

lim





 x

x

x

Type: 
0

0

ba

ba
ba

ba

ba
ba











2

)(

Remove         in numerator: 
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Calculating limits

 
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Calculating limits

Sandwich theorem
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Calculating limits
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Calculating limits
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Calculating limits

Example: 








 x
x

x

1
sin

0

lim
Calculate  

Solution:

x
x

xx 









1
sin for all x  0.   

http://www.google.nl/url?sa=i&source=images&cd=&cad=rja&docid=7y2tIj3UsPnOIM&tbnid=Gs-6sue2C5lNUM:&ved=0CAgQjRwwAA&url=http://www.math.tamu.edu/~sottile/teaching/03S/xsin1x.html&ei=Agh9UrnBBcfW0QWlkIHwCQ&psig=AFQjCNEDPHabkVdrnLW4ELyHAVTVfJb07A&ust=1384012162127750
http://www.google.nl/url?sa=i&source=images&cd=&cad=rja&docid=7y2tIj3UsPnOIM&tbnid=Gs-6sue2C5lNUM:&ved=0CAgQjRwwAA&url=http://www.math.tamu.edu/~sottile/teaching/03S/xsin1x.html&ei=Agh9UrnBBcfW0QWlkIHwCQ&psig=AFQjCNEDPHabkVdrnLW4ELyHAVTVfJb07A&ust=1384012162127750
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Calculating limits

So (by the sandwich theorem):   

Clearly:    0
0

lim



x

x
and 0

0

lim



x

x

x
x

xx 









1
sin

0
1

sin
0

lim










 x
x

x



50

Theme: defining limits

Theme: evaluating limits

Theme: continuity

• Definitions

• Intermediate value theorem

• Asymptotes

Limits and continuity
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2.5

Continuity
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Defining continuity

Domain of  f : [a, b]
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Defining continuity
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Defining continuity
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How many of these are continuous at 0 ?

Defining continuity
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Intermediate value theorem
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Intermediate value theorem
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Intermediate value theorem: f must be continuous
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Intermediate value theorem: not on Q

2)( xxf 

The domain of f is Q, the set of fractions.

There is no x in Q, such that f (x) = 2.

2y
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2.6

Limits Involving Infinity;                          

Asymptotes of Graphs
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Asymptotes (horizontal)

2
)(tan

lim
1 




 x
x

2
)(tan

lim
1 




 x
x
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Definition: will mean: bxf
x




)(
lim

If x grows very large, 

then f (x) will approach L as close as you want.  

Asymptotes (horizontal)
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Is the line y=2 a horizontal asymptote?

Asymptotes (horizontal)
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Asymptotes (vertical)

Example: 


 

xx

1

0

lim


 

xx

1

0

lim
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Theme: defining limits

Theme: evaluating limits

Theme: continuity

Limits and continuity
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Summarizing Excercise

(a) Show that f(x) is continuous in x=0

(b) Compute                   and 
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