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PART 1

FUNDAMENTALS

OF

DISCRETE MATHEMATICS



CHAPTER 1
FUNDAMENTAL PRINCIPLES OF COUNTING

Sections 1.1 and 1.2

(a) By the rule of sum, there are 8 + 5 = 13 possibilities for the eventual winner.

(b) Since there are eight Republicans and five Democrats, by the rule of product we have
8 x 5 = 40 possible pairs of opposing candidates.

(c) The rule of sum in part (a); the rule of product in part (b).

By the rule of product there are 5 x5 x5 x 5 x 5 x 5 = 5° license plates where the first
two symbols are vowels and the last four are even digits.

By the rule of product there are (a) 4 x 12 x 3 x 2 = 288 distinct Buicks that can be
manufactured. Of these, (b) 4 x 1 X 3 X 2 =24 are blue.

(a) From the rule of product there are 10 x 9 x 8 x 7 = P(10,4) = 5040 possible slates.
(b) (i) There are 3 x 9 x 8 x 7 = 1512 slates where a physician is nominated for president.
(i1) The number of slates with exactly one physician appearing is 4 x [3 x 7 x 6 x 5] = 2520.
(iii) There are 7 X 6 x 5 x 4 = 840 slates where no physician is nominated for any of the
four offices. Consequently, 5040 — 840 = 4200 slates include at least one physician.

Based on the evidence supplied by Jennifer and Tiffany, from the rule of product we find
that there are 2 x 2 x 1 x 10 x 10 x 2 = 800 different license plates.

(a) Here we are dealing with the permutations of 30 objects (the runners) taken 8 (the first
eight finishing positions) at a time.. So the trophies can be awarded in P(30,8) = 30!/22!

ways.

(b) Roberta and Candice can finish among the top three runners in 6 ways. For each of
these 6 ways, there are P(28,6) ways for the other 6 finishers (in the top 8) to finish the
race. By the rule of product there are 6:- P(28,6) ways to award the trophies with these
two runners among the top three.

By the rule of product there are 2° possibilities.

By the rule of product there are (a) 12! ways to process the programs if there are no
restrictions; (b) (4!)(8!) ways so that the four higher priority programs are processed first;
and (c) (4!)(5!)(3!) ways where the four top priority programs are processed first and the
three programs of least priority are processed last.
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11.

12.
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19.

20.

(a) (14)(12) = 168
(b) (14)(12)(6)(18) = 18,144
(c) (8)(18)(6)(3)(14)(12)(14)(12) = 73,156,608

Consider one such arrangement — say we have three books on one shelf and 12 on the
other. This can be accomplished in 15! ways. In fact for any subdivision (resulting in
two nonempty shelves) of the 15 books we get 15! ways to arrange the books on the two
shelves. Since there are 14 ways to subdivide the books so that each shelf has at least one
book, the total number of ways in which Pamela can arrange her books in this manner is

(14)(15Y).

(a) There are four roads from town A to town B and three roads from town B to town
C, so by the rule of product there are 4 x 3 = 12 roads from A to C that pass through B.
Since there are two roads from A to C directly, there are 12 + 2 = 14 ways in which Linda

can make the trip from A to C.
(b) Using the result from part (a), together with the rule of product, we find that there

are 14 x 14 = 196 different round trips (from A to C and back to A).
(c) Here there are 14 x 13 = 182 round trips.

(1) ac,t (2) at,c (3) cat (4) c,t,a (5) t,a,c (6) t,c,a
(a) 8!= P(8,8) (b) 6! .

(8) P(7,2)=T/(7T~2)! = 7!/5! = (7)(6) = 42
(b) P(8,4) = 8!/(8 — 4)! = 8!/4! = (8)(7)(6)(5) = 1680

(c) P(10,7) = 10!/(10 — 7)! = 10!/3! = (10)(9)(8)(7)(6)(5)(4) = 604,800
(d) P(12,3) = 12!/(12 — 3)! = 12!/9! = (12)(11)(10) = 1320

Here we must place a,b,c,d in the positions denoted by x: e xexe x e xe. By the rule
of product there are 4! ways to do this.

(a) With repetitions allowed there are 40%° distinct messages.
(b) By the rule of product there are 40 x 30 x 30 x ... x 30 x 30 x 40 = (407)(30%)

messages.

Class A: (27 — 2)(2% — 2) = 2,113,928, 964
Class B: 2'(21® — 2) = 1,073, 709, 056
Class C: 2%1(2% — 2) = 532, 676, 608

From the rule of product we find that there are (7)(4)(3)(6) = 504 ways for Morgan to
configure her low-end computer system.

(a) 7! = 5040 - (b) 4x3xIx2x2x1x1=(4)3!) =144
(c) (31)(5)(4!) = 720 (d) (31)(4")(2) = 288

(a) Since there are three A’s, there are 8!/3! = 6720 arrangements.
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22.

23.

24.

25.

26.

27.

28.

(b) Here we arrange the six symbols D,T,G,R,M, AAA in 6! = 720 ways.

(a) 12!/(3!212!2!)

(b) [111/(312'212)] (for AG) + [11!/(3!12!2!2})] (for GA) _

(c) Consider one case where all the vowels are adjacent: S,C,L,G,C,L, OIOOIA. These
seven symbols can be arranged in (7!)/(2!2!) ways. Since 0,0,0,L,1,A can be arranged

in (6!)/(3!2!) ways, the number of arrangements with all the vowels adjacent is

[71/(220)i6!/(3121)].

(Case 1: The leading digit is 5) (6!)/(2!)

(Case 2: The leading digit is 6) (6!)/(2!)?

(Case 3: The leading digit is 7)  (6!)/(2!)?

In total there are [(6!)/(2)][1 + (1/2) + (1/2)] = 6! = 720 such positive integers n.

Here the solution is the number of ways we can arrange 12 objects — 4 of the first type,
3 of the second, 2 of the third, and 3 of the fourth. There are 12!/(4!3!2!3!) = 277, 200

ways.

Pn+lr)=(n+1)/(n+l-r)=[n+1)/(n+1-r)]-[nl/(n-r)l]=
[(n+1)/(n +1-r)|P(n,r).

(a) n=10 (b) n=35
(c) 2nt/(n —2)' 4+ 50 = (2n)1/(2n - 2)! => 2n(n~1)+ 50 = (2n)(2n — 1) = n? =25 =
n=3J.

Any such path from (0,0) to (7,7) or from (2,7) to (9,14) is an arrangement of 7 R's and
7 U’s. There are (14!)/(7!7!) such arrangements.

In general, for m,n nonnegative integers, and any real numbers «, b, the number of such
paths from (a,b) to (¢ 4+ m,b+n) is (m + n)l/(m!n!).

(a) Each path consists of 2 H’s, 1 V, and 7 A’s. There are 10!/(2!1!7!) ways to arrange
these 10 letters and this is the number of paths.

(b} 101/(21117") _

(c) H a,b, and c are any real numbers and m,n, and p are nonnegative integers, then
the number of paths from (a,b,¢) to (a+m,b+n,c+p) is (m +n + p)/(m!nlp!).

() The for loop for ¢ is executed 12 times, while those for j and k are executed 10-5+1 = 6
and 15 — 8 4+ 1 = 8 times, respectively. Consequently, following the execution of the given
program segment, the value of counter is

0+ 12(1) + 6(2) + 8(3) = 48.

(b) Here we have three tasks — T, T3, and T3. Task T} takes place each time we traverse
the instructions in the ¢ loop. Similarly, tasks T3 and T5 take place during each iteration
of the j and k loops, respectively. The final value for the integer variable counter follows
by the rule of sum. '



29.

31.

32.

33.

34.

35.

36.

37.

(a) & (b) By the rule of product the print statement is executed 12 x 6 x 8 = 576 times.

(a) For five letters there are 26 x 26 x 26 x 1 x 1 = 26° palindromes. There are 26 x 26 x
26 x 1 x 1 x 1 =26% palindromes for six letters.

(b) When letters may not appear more than two times, there are 26 x 25 x 24 = 15,600
palindromes for either five or six letters.

By the rule of product there are (a) 9x 9 x 8 x 7x 6 x 5= 136,080 six-digit integers
with no leading zeros and no repeated digit. (b) When digits may be repeated there are
9 x 10°% such six-digit integers.

(i) (a) (9x8x7x6x5x1) (for the integers endingin 0) + (8 x 8x 7x 6 x 5 x 4) (for
the integers ending in 2,4,6, or 8) = 68,800. (b) When the digits may be repeated there
are 9 x 10 x 10 X 10 x 10 x 5 = 450,000 six-digit even integers.

(i1) (a) (9x8x7x6x5x1) (for the integers endingin 0) + (8x8x 7x6x5x 1)
(for the integers ending in 5) = 28,560. (b) 9 x 10 x 10 x 10 x 10 x 2 = 180, 000.

(iii) We use the fact that an integer is divisible by 4 if and only if the integer formed by
the last two digits is divisible by 4. (a) (8 x 7 x 6 x5 x 6) (last two digits are 04, 08, 20,
40, 60, or 80) + (7 x 7x 6 x 5x 16) (last two digits are 12, 16, 24, 28, 32, 36, 48, 52, 56,
64, 68, 72, 76, 84, 92, or 96) = 33,600. (b) 9 x 10 x 10 x 10 x 25 = 225, 000.

(a) For positive integers n, k, where n = 3k, n!/(3!)* is the number of ways to arrange
the n objects z;,z;,2y,2,, 23,23, ...,2k, Tk, ;. This must be an integer.
(b) If n,k are positive integers with n = mk, then n!/(m!)* is an integer.

(8) With 2 choices per question there are 2!° = 1024 ways to answer the examination.
(b) Now there are 3 choices per question and 3!* ways.

(4!/2!) (No 7’s} + (4!) (One 7 and one 3) + (2)(4!/2!) (One 7 and two 3's) + (4!/2) (Two
7’s and no 3’s) + (2)(4!/2!) (Two 7’s and one 3) + (4!/(2!2!)) (Two 7’s and two 3’s). The
total gives us 102 such four-digit integers.

(a) 6! (b) Let A,B denote the two people who insist on sitting next to each other.
Then there are 5! (A to the right of B) + 5! (B to the right of A) = 2(5!) seating
arrangements. :

(a) Locate A. There are two cases to consider. (1) There is a person to the left of A on
the same side of the table. There are 7! such seating arrangements. (2) There is a person
to the right of A on the same side of the table. This gives 7! more arrangements. So there
are 2(7!) possibilities. (b} 7200

10
selection there are 9! ways of arranging the 10 people around the table. The remaining six

people can be seated around the other table in 5! ways. Consequently, there are (}:)9!5!
ways to seat the 16 people around the two given tables,

We can select the 10 people to be seated at the table for 10 in (162) ways. For each such



38.

39.

3.

The nine women can be situated around the table in 8! ways. Each such arrangement
provides nine spaces (between women) where a man can be placed. We can select six
of these places and situate a man in each of them in (2)6! =9-8.7-6-5-4 ways.

Consequently, the number of séa.ting arrangements under the given conditions is (8!) (:) 6! =
2,438, 553, 600.

procedure SumOfFaci(i, sum: positive integers; j,k: nonnegative integers;
factorial: array [0..9] of ten positive integers)
begin
factorial [0} := 1
fori:=1to9do
factorial [3] := ¢ * factorial [: - 1]

fori:=1to9do
forj:=0to9do
for k:=0to 9do

begin '
sum := factorial [§] + factorial [j] + factorial [k]
if (100 * 4 + 10 * j + k) = sum then

print (100 * i + 10 * j + k)
end
end

The unique answer is 145 since (1!) + (4!) + (5!) = 1 + 24 + 120 = 145.

Section 1.3

(5) = 6/[21(6-2)1] = 61/(2a!) = (6)(5)/2 = 15

a b b c c e
a c b d ¢ f
a d b e d e
a e b f d f
a f c d e f

Order is not relevant here and Diane can make her selection in ('52) = 792 ways.

(3) C(10,4) = 10!/(4'61) = (10)(O)BYT)/(4)(BY2)(1) = 210
(b) (%) = 121/(715t) = (12)(11)(10)(9)(B)/(5)(4)3)(2)(1) = 792



10.

11.

12.

(c) C(14,12) = 141/(12!2!) = (14)(13)/(2)(1) = 91
@ (i) = 15!/(20151) = (15)(14)(13)(12)(11)/(5)(4)(3)(2)(1) = 3003

(a) 2°—1 =63 (b) (5) =20 @ O++()=n

(a) There are P(5,3) = 5!/(5—3)! = 5!/2! = (5)(4)(3) = 60 permutations of size 3 for the
five letters m, r, &, f, and t.

(b) There are C(5,3) = 5!/[345 — 3)!] = 5!/(3!2!) = 10 combinations of size 3 for the five
letters m, r, 8, f, and t. They are .

afm afr a,f,t : a,m,r a,m,t
a,r,t fm,r f,m,t_ fr,t m,r,t
(5)+("57) = @m0+ G)n = 1 =2 = G~ Vo + (- 20 =
G)(n~1)2n —2) = (n - 1)%
(® (i3) ®)(3) (%) |
() (20)( g) (2 women) + (w) (10) (4 women)+. ..+ ( ) ( ) (10 women) = ¥°%_, (‘2?) (12132;)
(d) ('7) ( 50) (7 women) + (w) (10) (8 women) + (10)( ) (9 women) +
(10) () (10 women) = =i, (%) (122)-
(& £ (7) ()
(2) (i) (%) ® (@) © DOEG) @ ()6

2) ® (7)) (7)6) =srae

) ( ) /2 (Division by 2 is needed since no distinction is made for the order
h

(a) (:) ONH) (© (§) @ @+0)+ (3);
(152); (?) .
@ (%) =12 ) () =56 © () (Gour of the first six) +() (%)

(five of the first six) +(5)(!) (all of the first six) = (15)(4) + (6)(6) + (1)(4) = 100.

(a) The first three books can be selected in (132) ways. The next three in (g) ways.
The third set of three in (g) ways and the fourth set in (g) ways. Consequently, the 12
books can be distributed in (132) (g) (36) (g) = (121)/[(3!1)*] ways.

8
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14.

15.

16.

i7.

18.

19.

®) (OE)E) = azy/ierey.

The letters M,LLLLP,P,I can be arranged in [7!/{4!)(2!)] ways. Each arrangerment provides
eight locations (one at the start of the arrangement. onc at the finish, and six between
letiers) for placing the four nonconsecutive §’s. Four of these locations can be selected in
(:) ways. Hence, the total number of these arrangements is (2) {71 /(41)(24)}.

(1) = 12,376 when n =17,

{a) Two distinct points determine a line. With 15 points, no three collincar, there
are (’2”) possible lines.

{b) There are (2;) possible triangles or planes, and (24"‘) possible tetrabedra.

6
(8) I_(3*+1) = (P1)H 2+ 132+ ) H4P+ DHE +1)4+(6%+1) = 2+5+10+1T+26-+37
=1
97

il

(b) L(J -1) (2P -+ (1P = 40P 1)+ (P 1)+ (27~ 1) = =9 2 14 04T

10
(c) 2[1 +{(-1Y]=2404+2+0+2+04+2+04+2+4+04+2=12

(@) S0 = (1) + (=1 [(=1)™2 4 (1)) oo (1) (1))
S o 0404...40=0

13
(¢) Y U~-1)=-14+2-344-5+6=3

@ L o) Yo (©) Llf 1P ‘5"( s
~t 41 ijnte

@ S @ -1y [e]

(s) 10'/{413i30) ®) (92t + (V)2 + (19

{c) (“’) (four 1's, six 0°s) + (m)( ) {two 1's, one 2, seven 0's) +
‘,':) {two 2's, eight 0’s)

g‘:% (three 15, seven 0’s} + (',0) (g) (one 1, one 2, eight 0's} +
;) {one 3, nine 0’s) = 220

(9409 + () + () =s



20.

21.

22.

23.

24.

25.

26.

27.

(2% ;?)) — Select an even number of locations for 0,2. This is done in ('2?) ways

for 0 <1 < 5. Then for the 2: positions selected there are two choices; for the 10— 2;
remaining positions there are also two choices — namely, 1,3.

(a) We can select 3 vertices from A, B, C,D,E,F,G, Hin ( ) ways, sothereare() = 56

distinct inscribed triangles.

(b) (48) = 70 quadrilaterals.

(c) The total number of polygons is (g) + (f) + (ﬁ) + (g) + (:) + (:) =25~ [(g) + (f) + (:)] =
- [1+ 8 +28] = 219.

n

There are (3} triangles if sides of the n-gon may be used. Of these triangles,
when n > 4 there are n triangles that use two sides of the n-gon and n(n — 4)
triangles that use only one side. So if the sides of the n-gon cannot be used, then there
are ;) —n—n(n—4), n 2 4, triangles.

(a) From the rule of product it follows that there are 4 x 4 X 6 = 96 terms in the complete
expansionof (a+ b+c+d)e+ f+g9g+h)u+v+w+z+y+2)
(b) The terms dvz and egu do not occur as summands in this expansion.

@ (Y ) ()@

(c) Let a =2z and b= —3y. By the binomial theorem the coefficient of a’® in the
expansion of (a+ b)'? is (n) But (':) a®b® = (192) (22)°(-3y)® = (':) (2°)(—3)® z%°, so
the coeficient of z%° is (’92)(29)( 3).

(B))m) - O ) =

(,.—,(7’1‘,..)':) (remidy) (demnls) - ()

= m!na!'n;!...m!' ’

(a) (1.:.2) =12 (b) (0.141,2) =12

(c) ,:,)(2)( ~1)(-1p = - @ (1,)(-23)7 = 216
(€ (5222)@P(-1*3)- 2)2-—161 280

(
(o
() (2 22 2) = (100/(2))° = 113,400
0) (5 5324 OFIPERIP(-2)* = [02)/ (WP (@) =18, 502,40

{c) (0 2, 21 22 2 4)(1)’(—2)’(1)’(5)’(3)4 = [(122)/(0!)(2!)4(4!)]}(2)2(5)2(3)* = 10, 103, 940, 000

In each of parts (a){e) replace the variables by 1 and evaluate the results.
(a) 28 (b) 2% _ (¢) 3 - (d4) 4° (e) 4%

10



28.

29.

30.

31.

32.

33.

34.

&k k() #

b) zn: z'((n }-)z)' = 2 zf(nl) 5 )1 n' E( - ( ) = ;1‘-(0) =0.

() =niz = dpin

m3n) - m+n}! — m+n
(m + 1)(m+l (mY(n—1)t — (m+ 1)(m+l (n1) — (m + 1)(mil)
The sum is the binomial expansion of (1 +2)* = 3".

(@) 1=[1+z)—a" =1+ () @+ + () 22QA + 22~ ...+ (1) ()2"
(b) 1=[2+z)—(z+1)" () 2"=[(2+z)—2]"

2, ()8 = (14 8)% = 9% = [(£3))]* = (£3)', s0 z = £3.

(a) E(a.- —a;1)=(ay —ag) + (az —a1) + (a3 — a;) =as —ao

=1

(b) zn:(ﬂi - ai—l).= (a1 —ag)+{az—a1)+(as—a)+ ...+ (@1 —ay—2) + (G — ) =

=1

Gy ~— Qg
(c) 27_1"2“217 _("""H("""H( )“L"'“L(nln”1(1)())“L(1(1)2”1(1)1)=

1=1

1 1_1—51_—50 —25

— s -

102 2 102 ~ 102 51 °

procedure Select2(i,j: positive integers)
begin
fori:=1to5do
forj:=:+1to6do
print (i,j)
end

procedure Selectd(1,j,k: positive integers)
begin
fors:=1to4do
forj:=¢t+1to5do
fork:=j;+1to6do
print (5,5,k)
end

11
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3.

9.

Section 1.4

Let z;,1 <: < 5, denote the amounts given to the five children.

(a) The number of integer solutions of z; + z2 + T3+ T4+ 25 =10, 0< z;, 1 <: < 5, is
(5"’:3") = G;) Here n =5, r = 10.

(b) Giving each child one dime results in the equation z; + z2 +z3+z4+ 25 =5, 0 <
z;, 1 <i < 5. There are (5+§") = (g) ways to distribute the remaining five dimes.

(c) Let z5 denote the amount for the oldest child. The number of solutions to z; +
T+ zs+za+zs =10, 0 <z, 1 €1 <4, 2 <z is the number of solutions to

mt+ntus+tyatys =8 0<y, 1<i<s whichis (*377) = (V).

Let z;, 1 <t < 5, denote the number of candy bars for the five children with =z,
the number for the youngest. (z; = 1) : z2 4 z3s+ z4 + z5 = 14. Here there are

(4+§:_1) = G:) distributions. (23 =2): =z2+ z3+ z4 + z5 = 13. Here the number of

distributions is (“':g") = (;g) The answer fs (::) + (:g) by the rule of sum.
(2 - @
@ () - ®) () =(3)

(c) There are 31 ways to have 12 cones with the same flavor. So there are (g) —31 ways
to order the 12 cones and have at least two flavors.

(a) 2°

(b) For each of the n distinct objects there are two choices. If an object is not selected,
then one of the n identical objects is used in the selection. This results in 2" possible
selections of size n.

(ee0) (22
@ (*%7)=() ®) (27 =Gs)
© (%37 =) @ 1
(e) mi+za+23+24=32 2,22, 1<i<4 Let yy=2,+2,1<1<4 The
number of solutions to the given problem is then the same as the number of solutions to
ity tus+va=40,520,1<i<4 Thisis (*07) = (§).

(f) («»;:—1) — (4+§-‘) = (g;) - (g), where the term (g) accounts for the solutions where
T4 > 26.

For the chocolate donuts there are (3+§—1) = (:) distributions. There are (3"':"') z= (ﬁ)

ways to distribute the jelly donuts. By the rule of product there are (Z) (46) ways to
distribute the donuts as specified.

n+20-—~1 n+19
230,230-—( 20 )...( 00 )::}n-?

12



10.

11.

12.

13.

14‘

15.

Here we want the number of integer solutions for z; + =, + z3 + z4 + z5 + s = 100,
z; 23,1 <1<6. (Forl <: <6, z; counts the number of times the face with ¢
dots is rolled.) This is equal to the number of nonnegative integer solutions there are to

h+y+ys+ya+ys+ve = 82,1 > 0,1 < i < 6. Consequently the answer is (&":g") = (:; .

(a) (1025-1) - (154) (b) (7-;.:-1) + 3(7+:—1) + 3(7+g-—1) + (7+:'—1) -
(‘5’) + 3(1‘0) + 3(:) + (g), where the first summand accounts for the case where none of
1,3,7 appears, the second summand for when exactly one of 1,3,7 appears once, the third
summand for the case of exactly two of these digits appearing once each, and the last
summand for when all three appear.

(a) The number of solutions for z;+ 2z, +...+ 25 < 40,z; 20, 1 <1 <5, is the same as
the number for z; + z2+... + 25 < 39,z; > 0, 1 <i <5, and this equals the number of
solutions for z; + 2+ ...+ 25+ 26 =39,2; 2 0, 1 <:¢ < 6. There are (6*';3") = (;;)

such solutions.

(b) Let y; ==z;+3, 1 <: <5, and consider the inequality y; +y2+...+ys < 54, y; > 0.

There are [as in part (a)] (6"'::' ) = (ﬁ) solutions.

= (1) =)
(b) (3"'7") (container 4 has one marble) +(3+5") (container 4 has three marbles)

+ (a+g—1) (container 4 has five marbles) +(3+' ‘) (container 4 has seven marbles)

= Tio (::::' :
(a) (,4,0,)(3)*(2)4

(b) The terms in the expansion have the form v*wbreydz® where a, b,c,d,e are
nonnegative integers that sum to 8. There are (5+§' ) = (xss) terms.

Cousider one such distribution - the one where there are six books on each of the four
shelves. Here there are 24! ways for this to happen. And we see that there are also 24!
ways to place the books for any other such distribution.

The number of distributions is the number of positive integer solutions to
| Ty + 22+ 23+ 24 =24,
This is the same as the number of nonnegative integer solutions for
ity +ys+ya =20

Here y; +1 =z forall1 <i <4}
So there are (‘“%'l) = (g) such distributions of the books, and consequently, (2)(24!)
ways in which Beth can arrange the 24 books on the four shelves with at least one book

on each shelf.
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16.

17.

18.

19.

20.

21.

22.

23.

24.

For equation (1) we need the number of nonnegative integer solutions for
w1+ Wy + W3+ ... + w19 = — 19, where w; > 0 for all 1 <i < 19. Thisis ("4 191) =

(:—_19) The number of positive integer solutions for equation (2) is the number of nonneg-

ative integer solutions for

it ot z3+...+ 24 =n—64,
and this is “"‘((':‘_'&‘})") = (:_‘6’4)
So (1) = (2) = (")) and n ~ 19 = 63. Hence n = 82.

@ (127 = (1) (b) 5%

(a) There are (3"‘2' ) = (:) solutions for z;+z,+2z3; =6 and g‘“‘gi") (3") solutions
for z4 + x5 + x¢ + z7 = 31, where z; 2 0, 1 <1 < 7. By the rule of product the pair of

equatious has 2) (g:) solutions.
®) ()()

Here there are r = 4 mnested for loops, so 1 < m <k < j £i £20. We are making
selections, with repetition, of size r = 4 from a collection of size n = 20. Hence the
print statement is executed (20*;4") = (243) times.
Here there are r = 3 nested for loops and 1 < ¢ < j <k £ 15. So we are making
selections, with repetition, of size r =3 from a collection of size n = 15. Therefore the

statement .
counter := counter +1

is executed (‘5+3") (‘37) times, and the final value of the variable counteris 104 (1;) =
690.

3
this segment the value of the variable sum is 12294 = (220)(221)/2 = 24, 310.

(n;Z) =y (a+x) — 1n+2)gn+x) n(i+1)i = L'Lﬂl(z'_t})& =1 1y, '2+'I'E:‘=1 i =
1y it = (n:t?)e(u-f-l]n h‘:ﬂl’l = ):‘_lz' = n(n + 1)[—=§2 1] = n(n + 1)[224=2] =
n!niuﬂn‘ﬂl.

6

The begin-end segment is executed ("’*3' ) = (”) =220 times. After the execution of

(a) Put one object into each container. Then there are m —n identical objects to place
into n distinct contsiners. This yields ("+($::)") = z:i) ( ) distributions.

(b) Place r objects into each container. The remaining m ~rn objects can then be dis-

tributed among the n distinct containers in ("”:::::)") = ("‘"‘n"_("_;')") = '"":.(_1!")“)
ways. '

(o)

procedure Selections!(3,j: nonnegative integers)

14



25‘

26.

27,

begin
for i := 0 to 10 do
forj:=0to10-: do
print (i,j, 10 —i — 7)
end

(b) Forall 1<1<4 let y; =2z;+2 > 0. Then the number of integer solutions to
Zy + z3 + z3 + 24 = 4, where —2 < z; for 1 < ¢ <4, is the number of integer solutions
to y1 +y2+ys+ys =12, where y; 2 0 for 1 < i < 4. We use this observation in the
following.

procedure Selectionsf(i,j,k: nonnegative integers)
begin
for i:=0to 12 do
forj:=0to 12—~: do
fork:=0to12-i—~j3do
print (3,5,k, 12~ -5 - k)
end

If the summands must all be even, then consider one such composition — say,
20=10+4+2+4=2(5+2+1+2).

Here we notice that 5+ 2 + 1 + 2 provides a composition of 10. Further, each composition
of 10, when multiplied through by 2, provides a composition of 20, where each summand is
even. Consequently, we see that the number of compositions of 20, where each summand
is even, equals the number of compositions of 10 — namely, 219} = 28,

Each such composition can be factored as k times a composition of m. Consequently,
there are 2™~! compositions of n, where n = mk and each summand in a composition is a
multiple of k.

a) Here we want the number of integer solutions for @; + 23+ 23 = 12, 24,23 > 0, z2 = 7.
The number of integer solutions for z, + z3 = 5, with z;, z3 > 0, is the same as the number
of integer solutions for y, 4 y3 = 3, with y;, 43 > 0. This is (2+:;—-1) = (; = 4,

b) Now we must also consider the integer solutions for w; + w; + w3 = 12, w;, w3 > 0,
w; = 5. The number here is (’*2‘1) = (g) = 6.

Consequently, there are 4 + 6 = 10 arrangements that result in three runs.

c) The pumber of arrangements for four runs requires two cases [as above in part (b)}.

15



28.

If the first run consists of heads, then we need the number of integer solutions for z; +
T+ 23+ 24 = 12, where z; + 23 = 5, 23,23 > 0 and z; + 24 = 7, 22,24 > 0. This

number is (2+§") (2+:") = (;) (g) = 4 -6 = 24. When the first run consists of tails we get

(g) (;) = 6 - 4 = 24 arrangements.

In all there are 2(24) = 48 arrangements with four ruas,

d) If the first run starts with an H, then we need the number of integer solutions for
T+ 22+ 23+ 24+ x5 = 12 where )y + 23+ 25 = 5, 23,235,725 > 0 and z, + 24 = 7,

z2,z4 > 0. This is (3"':'1) (2+§") = (;) (:) = 36. For the case where the first run starts

with a T, the number of arrangements is (3*':") (“'g") = (3) (34) = 60,

In total there are 36 + 60 = 96 ways for these 12 tosses to determine five runs.

e) (3“ ') (3*'3") = (:2 (;) = 90 - the number of arrangements which result in six runs, if
the first run starts with an H. But this is also the number when the first run starts with
a T. Consequently, six runs come about in 2 - 90 = 180 ways.

0 2037 (1) +2( 3 7) () +2() ) 2(M ) ()2 () =

2o () (5) =21-1+4-6+6-15+4-20+1-15] = 420.

(a) For n > 4, consider the strings made up of n bits — that is, a total of n 0’s and 1’s.
In particular, consider those strings where there are (exactly) two occurrences of 01. For
example, if n = 6 we want to include strings such as 010010 and 100101, but not 101111
or 010101. How many such strings are there?

(b) For n > 6, how many strings of n 0’s and 1’s contain (exactly) three occurrences of 017
(c) Provide a combinatorial proof for the following;: :

| n+l
For n>1, 2"= n+l + n+l +oo4 nl’ n odd
1 3 ") n even.

n+1

(a) A string of this type consists of z; 1's followed by z, 0’s followed by z3 1’s followed by
z4 0’s followed by z5 1’s followed by z¢ 0’s, where,

it 22+ 23+ T4+ T35+ Te =n, 11,7620, 23,725,475 > 0.
The number of solutions to this equation equals the number of solutions to
Mttt vatys+ye=n—4, where y; 20 for 1<i<6.
This number is (**¢-P-1) = (14]) = ("),

(b) For n > 6, a string with this structure has z, 1’s followed by 2, 0’s followed by z3 1’s
... followed by zg 0’s, where

T+ 22423+ +zg=n, 01,2320, z3,23,...,27y > 0.
The number of solutions to this equation equals the number of solutions to

Vi+w+yat-+ys=n—6, where y; >0 for 1 <i<8.

16



This number is (*+079-1) = (1) = ("#1).

(c) There are 2" strings in total and n + 1 strings where there are k 1’s followed by n — k
0’s, for k = 0,1,2,...,n. These n + 1 strings contain no occurrences of 01, so there are
—-(n+1)=2"~ (":”) strings that contain at least one occurrence of 01. There are

("“) strings that contain (exactly) one occurrence of 01, (“;") strings with (exactly) two

3
n+l

occurrences, ( ) strings with (exactly) three occurrences, ... , and for

7
(i) n odd, we can have at most 25} occurrences of 01. The number of strings with 22

occurrences of 01 is the number of integer solutions for
Ty +z2+ -+ T =0, 15 Tnl 20, z;,z3,...,2,> 0.
This is the same as the number of inieger solutions for
mtyt- ot =n—(n-1)=1, where y1,y2,...,yns1 2 0.

This number is (("“)1“") = ("':") = ("“) = (2(,{;‘) +1)‘

(ii) n even, we can have at most oc:urrences of 01. The number of strings with }
occurrences of 01 is the number of integer solutions for
T1+ 224+ Tpp2 =0, 1,8042 20, 23,23,...,2, > 0.
This is the same as the number of integer solutions for
nitya+ - -tynpz2=n—n=0, where ;>0 for 1 <i<n+2.

Thia mumber i (92°77) = (%) = (1) = ()
Consequently, - :

1 1 1 1) n oodd
2,‘_(n+ )=(n+ )+(n+ )+”-+ k3 o
1 3 5 nt1)s T €ven,
and the result follows.

Section 1.5

2n 2n \ _(2n)! (2n)! _

(n) - (n-— 1) Tl (n—Dln+1)
(2n){n+1)  (2n)ln  (2n)lin+1)-n] 1 (2n)! _
(n+ 1! nln+1) (n + 1)in! T (n41) nin!

()
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0.

by = 429 bg = 1430 by = 4862 bio = 16796

(a) 5(= bs); 14(= by)

(b) For n > 0 there are bu(= ;35 (2:)) such paths from (0,0) to (n,n).

(¢) For n > 0 the first move is U and the last is H.

(a) b =132 . (b) bs =42 (¢) by =429
Using the results in the third column of Table 1.10 we have:
111000 110010 101010
123 125 135
456 346 246
(a) (i) 1347 (i) 1257 (i) 1235
2568 3468 4678
(b) (i) 10111000 (i) 11100010 (iii) 11011000

There are bs(= 42) ways.
(a) (i) 1110001010 (i) 1010101010 (iii) 1111001000

(6) () (((able(de & (((ab)(c(de)))f)
(i) ((ab((cd(e & ((ab)((cd)(ef)))
(iii) (a(((be(de & (a(((be)(de))f))

(i) When n = 4 there are 14(= b,) such diagrams.

(ii) For any n > 0, there are b, different drawings of n semicircles on and above a horizontal
line, with no two semicircles intersecting. Consider, for instance, the diagram in part (f)
of the figure. Going from left to right, write 1 the first time you encounter a semicircle
and write 0 the second time that semicircle is encountered. Here we get the list 110100.
The list 110010 corresponds with the drawing in part {(g). This correspondence shows that
the number of such drawings for n semicircles is the same as the number of lists of n 1’s
and n 0’s where, as the list is read from left to right, the number of (’s never exceeds the
number of 1’s.

(a) In total there are (170) = (130) paths from (0,0) to (7,3), each made up of seven R’s

and three U’s. From these (l,?) paths we remove those that violate the stated condition

— namely, those paths where the number of U’s exceeds the number R’s (at some first
position in the path). For example, consider one such path:

RURUURRRRR.
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11.

1.

2'
3.

Here the condition is violated, for the first time, after the third U. Transform the given
path as follows:

RURUURRRRR~RURUUUUUUU.

Here the entries up to and including the first violation remain unchanged, while those
following the first violation are changed: R’s become U’s and U’s become R’s. This
correspondence shows us that the number of paths that violate the given condition is the
same as the number of paths made up of eight U’s and two R’s — and there are ( ) ('20)
such paths.

Consequently, the answer is
(10)_(8) ot __ 30l _ 1!@1__0_11_( 5o (L 7“ )(m)

7 7ial ~ 82t 8wt 8134 g =
m+n m+n) __ (min)! m+n)t
(b) ( )_ (n+1) = Tnlmt T (ﬁ?ﬁl{,—n)::—)z

(m+1g!(n+l)—(m+n)!m (!!il—m )( {m+n)! ) _ (!.!i —m )(m+'n)
{n41)im! = n4l niml /T n41

[Note that when m = n, this becomes (#)( ) the formula for the nth Catala.n number.}

Consider one of the (g17)(%%) = (1) (’62) ways in which the $5 and $10 bills can be arranged
— Say, :

*) $5, $5, $10, $5, $5, $10, $10, 310, $5, $5, $10, $10.

Here we consider the six $5 bills as indistinguishable — likewise, for the six $10 bills. How-
ever, we consider the patrons as distinct. Hence, there are 6! ways for the six patrons, each
with a $5 bill, to occupy positions 1, 2, 4, 5, 9, and 10, in the arrangement (*). Likewise,
there are 6! ways to locate the other six patrons (each with a $10 bill). Consequently, here
the number of arrangements is

(%)(162 ) (e!)(6) = (%)(12!) = 68,428, 800.

Supplementary Exercises

@@+ +EQ

(a) 5° (b) 5(4%)

Select any four of these twelve points (on the circumference). As
seen in the figure, these points determine a pair of chords that in-
tersect. Consequently, the largest number of points of intersection
for all possible chords is (1:) = 495.
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8.

9.

3
® (%)

(b) 3(";5) ( ) (four hymns from one book, one from each of the other two) + 6( ) (225) ( 3)
(one hymu from one book, two hymns from a second book, and three from the third book)

+("§’)3 (two hymns from each of the three books).

(a) 10%

(b) There are 10 choices for the first flag. For the second flag there are 11 choices: The
nine poles with no flag, and above or below the first flag on the pole where it is situated.
There are 12 choices for the third flag, 13 choices for the fourth,.. ., and 34 choices for the
last (25th). Hence there are (34!)/(9!) possible arrangements. :

(c) There are 25! ways to arrange the flags. For each arrangement consider the 24 spaces,
one between each pair of flags. Selecting 9 of these spaces provides a distribution among
the 10 flagpoles where every flagpole has at least one flag and order is relevant. Hence
there are (25!)(2;) such arrangements.

Consider the 45 heads and the 46 positions they determine: (1) One position to the left
of the first head; (2) One position between the i-th head and the (i + 1)-st head, where
1 < i £ 44; and, (3) One position to the right of the 45-th (last) head. To answer the
question posed we need to select 15 of the 46 positions. This we can do in (1 5) ways.

In an alternate way, let z; denote the number of heads to the left of the i-th tail, for
1 <3 < 15. Let z;¢ denote the number of heads to the right of the 15th tail. Then we
want the number of integer solutions for

i+ T2+ 23+ ...+ T15 + T16 = 45,

where z; > 0, 16 > 0, and z; > 0 for 2 < : < 15. This is the number of integer solutions
for
n +y2+ys+...+y;5'+ym=3l

with y; > 0 for 1 <i < 16. Consequently the answer is (“’*3‘ ‘) ( ) (
{8) C(12,8) (b) P(12,8)

There are (7!/2!) ways to arrange the seven symbols OE,W,N,N,D,R,G. In each arrange-
ment there are 6 locations for the I so that it is not adjacent to a vowel, so there are
(6)(7!/2!) arrangements. The three vowels can be divided up into a pair and a single
vowel in six ways (order counts), so the total number of arrangements is (62)(7!/2!).

(a) There are two blocks, for example, that differ only in size. There are four that differ
only in color, one that differs only in the material used for construction, and five that differ
only in shape. In total there are 2 + 4 + 1 + 5 = 12 blocks that differ from the small red
wooden square block in exactly one way.

(b) There are ( ) = 6 ways of selecting the two dxffermg properties. Each such pair must
be considered separately. .
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10'

11.

12.

13.

14.

15.

(i) Material, size: Here there are 1 x 2 = 2 such blocks.

(1) Material, color: This pair yields 1 x 4 = 4 such blocks.

(iii) Material, shape: For this pair we obtain 1 x 5 = 5 such blocks.

(iv) Size, color: Here we get 2 x 4 = 8 of the blocks.

(v) Size, shape: This pair gives us 2 x 5 = 10 such blocks.

(vi) Color, shape: For this pair we find 4 x 5 = 20 of the blocks we need to count.

In total there are 2 + 4 + 5 + 8 + 10 4+ 20 = 49 of Dustin’s blocks that differ from the
large blue plastic hezagonal block in exactly two ways.

Since ‘R’ is the 18th letter of the alphabet, the first and middle initials can be chosen in
(‘J) = (17)(16)/2 = 136 ways.

Alternately, since ‘R’ is the 18th letter of the alphabet, consider what happens when the
middle initial is any letter between ‘B’ and ‘Q’. For middle initial ‘Q’ there are 16 possible
first initials. For middle initial ‘P’ there are 15 possible choices. Continuing back to ‘B’
where there is only one choice (na.mely ‘A’) for the first initial, we find that the total
number of choicesis 1 + 2+ 3 + ... + 15 + 16 = (16)(17)/2 = 136.

The number of linear arrangements of the 11 horses is 11!/(5!3!3!). Each circular arrange-
ment represents 11 linear arrangements, so there are (1/11)[11!/(5!3!3!)] ways to arrange
the horses on the carousel.

(a) P(16,12) by (%) P(15,10)

@ 6 O+OO+0 @ () + () () + () = () +
6O +() Gi) @)+ + (-9 |
® 6 OO+00 @and i) ()3 +()(0) = OO+O6).

(a) If there are no restrictions Mr. Kelly can make the assignments in 12! = 479,001,600
ways.

(b) Mr. DiRocco and Mr. Fairbanks can be assigned in 4 X 3 = 12 ways, and the other
10 assistants can then be assigned in 10! ways. Consequently, in this situation, Mr. Kelly
can make one of 12(10!) = 43,545,600 assignmeuts.

(c}) Suppose that Mr. Hyland is assigned to the first floor and Mr. Thornhill is assigned
to the third floor. This can be accomplished in 4 x 4 x (10!) = 58, 060, 800 ways. There
are 3 x 2 = 6 ways to assign these two assistants to different floors, so in this case we have
(3 x 2) x {4 x 4 x (101)] = 348,364, 800 possibilities.

Alternately, from part (b), there are 3 x{12(10!)] = 130, 636, 800 ways in which Mr. Hyland
and Mr. Thoruhill could be assigned to the same floor — and (12!) - [(3)(12)(10Y)] =
348,364,800. '

(a) For each increasing four-digit integer we have four distinct digits, which can only be
arranged in one way. These four digits can be chosen in (2) = 126 ways. And these same
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16.

17.

18.

19.

four digits can also be arranged as a decreasing four-digit integer.

To complete the solution we must account for the decreasing four-digit integers where the
units digit is 0. There are ( ) = 84 of these. :

Consequently there are 2( ) ( ) = 343 such four-digit integers.

(b) For each nondecreasing four-dxgxt integer we have four nonzero digits, with repetmons
allowed. These four digits can be selected in (9“") = ( ) ways. And these same four

digits account for a nonincreasing four-digit integer. So at this point we have 2( 4) 9 of
the four-digit integers we waat to count. (The reason we subtract 9 is because we have
counted the nine integers 1111, 2222, 3333, ..., 9999 twice in 2(7).)

We have not accounted for those nonincreasing four-digit integers where the units digit is
0. There are ('°+3 l) 1= (132) — 1 of these four-digit integers. (Here we subtracted 1
since we do not want to include 0000.)

Therefore there are [2(‘2) -9+ {('2) [2(12) ( )] — 10 = 1200 such four-digit

integers.

(a) (354)(1/2)°(-3) = 135/2 -

(b) Each term is of the form z™y™2z" where each n;, 1 < ¢ < 3, is a nonnegative
integer and n; + n; + ng = 5. Consequently, there are (3"'2 1) ( ) terms.

(c) Replace z,y, and z by 1. Then the sum of all the coefficients in the expansion is

((1/2) +1 - 3) = (-3/2)".

(a) First place person A at the table. There are five distinguishable places available for
A (e.g., any of the positions occupied by A,B,C,D,E in Fig. 1.11(a)). Then position the
other nine people relative to A. This can be done in 9! ways, so there are (5)(9!) seating
arrangements. '

(b) There are three distinct ways to position A,B so that they are seated on longer sides
of the table across from each other. The other exght people can then be located in 8!
different ways, so the total number of arrangements is (3)(8!).

(a) For z; + z2 + 3 = 6 there are (3"'8 ') ( ) ‘nonnegative integer solutions. With
i+ T3+ 23 =06 and zy + x3 + 23 + 14 + x5 = 15, the number of nonnegative integer
solutions for z,+z; = 9 is (2*':") = (10)_ The number of solutions for the pair of

equatious is ( )(“’) ’

(b) Let 0 <k<6 For ;i+z,+z3=k there are (3"""' ) ("“) solutions. To
solve z4, + 25 < 15 — k, consider x4 + x5 + ¢ = 16 — k, z4,25,2¢ > 0. Here there are

(3"':::"“ ) ("" ) solutions. The total number of solutions is 6o ("*2) G::: .

(a) Here A must win set 5 and exactly two of the four earlier sets. This can be done in

(;) ways. With seven possible scores for each set there are ( )7'i ways for the scores to

be recorded.
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20.

21.

22.

23.

24.

25.

26!

(b) Here A can win in four sets in (:) ways, and scores can be recorded in (:) 7% ways.
So if A wins in four or five sets, then the scores can be recorded in [(g) ™+ (;) 7%] ways.
Since B may be the winner, the final answer is 2[(2) ™+ (;) 7%}

We can choose r objects from n in (:) ways. Once the r objects are selected they can
be arranged in a circle in (r — 1)! ways. So there are (:) (r —1)! circular arrangements
of the n objects taken r at a time. .

For every positive integer n, 0 = (1 -1)* = (I;)(l)0 - (';)(1)l + ('2‘)(1)2 - (?;)(1)3 +

Py () + () Q)= @ Q) + 6+

(2) 73 (b) st | © (54
(a) There are P(20,12) = £¥ = (20)(19)(18)---(11)(10)(9) ways in which Francesca can
fill her bookshelf.

(b)' There are (1;) ways in which Francesca can select nine other books. Then she can
arrange those nine books and the three books on tennis on her bookshelf in 12! ways.
Consequently, among the arrangements in part (a), there are ( )(12') arrangements that

include Francesca’s three books on tennis.

Following the execution of this program segment the value of counter is

104+ (12-141)(r~14+1)(2) +[34+4+.. .+ (s =3+ 1)}(9)+(12~3+1)}(6) + (¢~ T+ 1)(8)
10+ (12)(7)(2) + [(1/2)(s =3+ 1)(s — 3+ 2) — 2~ 1}(4) + (10)(6) + (t —6)(8) =

224+ 24r+ 8t +2(s—2)(s—1)~12 =14 + 247 + 8t + 2s(s — 3).

(a) For 17 there must be an odd number, between 1 and 17 inclusive, of 1’s.

For 2k +1 1's, where 0 < k < 8, there are 2k + 2 locations to select, with repetitions
allowed. The selection size is the number of 2’s, which is (1/2){17—(2k+1)] =8~k. The
selection can be made in (2'”'“(_8,: ")") = (91"‘ ways, and 3o the answer is Y§_, (gf:) =
2584.

(b) In the case of 18 the number of 1’s must be even: 2k, for 0 < k < 9. Hf there are 2k
1’s, there are 2k 4+ 1 locations, with repetitions allowed, for the (1/2)(18 -2k} =9~k
2’s. The selection can be made in ""’”'(9"‘)' ) = (9 ") ways, and the answer is

9k
2o (51 = 4181.
(c) For n odd,let n=2k+1 for k2> 0. The number of ways to write n as an
ordered sum of 1’s and 2’s is 1%, ("t:"‘) _
For n even, let n =2k for k > 1. Here the answer is Y%, k_')

(a) (i) 1 (one3) + 1 (three 3’s) + 1 (five 3’s) = 3.
() (%) (one3)+ (}) (three 3s) +(7) (five 3's).
(b) 8 1 (no 3’s) + 1 (two 3’s) + 1 (four 3’s) + 1 (six 3’s) =

g {no 3’s) +(§) (two 3’s) +(:) (four 3’s) +(2) (six _3’s)..
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28.

20.

30.

31.

32.

(a) The number of positive integer solutions to the given equation is the same as the
number of nonnegative integer solutions for g1 + 2+ ...+ ¢ = n -~ r, where y ¥ 0 for
all 1 <: <r. Here there arc ("*"'”")") = (““) = ("‘1) solutions.

n—-r At r-1

" . (- n— n— n- R
(b) The totalis T2, (7) = (%31 + (1) +.. + (0] = 21,
(a) There are 3 ~1 =4 horizomtal moves and 9-—-2 = 7 vertical moves. One con
arrange 4 R’s und 7 U’s in 11}/(4!7!) ways.
(b) Since a diagoual move takes the place of one horizontal move and one vertical move,
the number of diagonal moves is between 0 and 4, inclusive. The resulting cases are as
follows:

(6 D’s): 4R’s, 7Us: 111/(4)
(1 D’s): 3R’s, 6 U's: 101/(113'61)
(2 D's): 2R’s, 5U’s: 9!/(212!5!)
(3 D's): 1R, 4Us 81/(311141)
{4 D's}: O0R’s, 3Us: 71/(416!31)

The answer is the sum of the results: T3 o[(11 — i)/(24(4 ~ )7 — £))].

(a) 111/(711)
(b) [L11/(7141)] — [4t/(2120]{4!/(311D)]

() [111/(TM40] + [108/(6131L] + [9Y/(512120)] + [8/(4118N)] + [71/{310141)]  (for pact (a))
{[10/(T140)] + [101/(613111)] + [9!/(5!2120)] + [81/(411131)] + [71/(3l041))} —

[{14!/(220] + BTN + [2/20) x {[41/(BUH} + [3/@UD]}  (for part (b)),

Here we want certain paths from (1,1) to (14,4) where the moves are of the form:
(m,n) = (m + 1,n + 1), if the (n + 1)-st ballot is for Katalin.
(m,n) = (m+ 1,n -- 1), if the (n + 1)-st ballot is for Donna.

These paths are the oues that never touch or cross the horizontal (or z-) axis. In general, an
ordered pair {m, n) here indicates that m ballots have been counted with Katalin leading
by n votes. The number of ways to count the ballots according to the prescribed conditions

is
13 13
(8) - (9) = 1287 — 715 = §72.

Each rectangle (contained within the 8 x 5 grid} is detcrmined by four corners of the form

(a,b), (¢, 8), (c,d},{a,d), where a,b, c,d are integers with 0 < a <c<8and 8 < b d < 8.

We can select the pair a,c in (:) ways and the pair 5,4 in (g) ways. Consequently, the

munber of rectangles is (:) (2) = 540.
Here we consider the number of integer solutions for
Ti+za+2z3=6, 2,>0, 1<:1<3, and i +we =6, w;>0, 1L:<2

This equals the number of integer sojutions for
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33.

34.

n+yt+rp=3, ¥z20 1<:L3, and z1+2,=3, % >0, 112
So the answer is (“?;“) (“3"‘) = (;) (;)

3

There are (i) = 15 ways to chouse the four quarters when Hunter will take these dectives.

For each of these choices of four quarters, there are 12:11:10-9 ways to assign the electives.
So, in total, there are (2) -12-11-10-9 = 178, 200 ways for Hunter to select and schedule
these four electives.

Consider the family as one unit. Then we are trying to arrange nine distinet objects - the
family and the cight other people — around the table. This can be done in 8! ways. Since
the family unit can be arranged in four ways, the total number of arrangements under the
prescribed conditions is 4(8!).



CHAPTER 2
FUNDAMENTALS OF LOGIC

Section 2.1

The sentences in parts (a), (¢), (d), and (f) are statements.
The statements in parts (a), (c), and (f) are primitive statements.

Since p — ¢ is false the truth value for p is 1 and that of ¢ is 0. Consequently, the truth
values for the given compound statements are

(a) 0 (b) © (c) 1 (d o
(a) v—¢q (b) 9—p (c) (sAr)—gq

(a) If triangle ABC is equilateral, then it is isosceles.

(b) If triangle ABC is not isosceles, then it is not equilateral.
(c) Triangle ABC is equilateral if and only if it is equiangular.
(d) Triangle ABC is isosceles but it is not equilateral.

(e) If triangle ABC is equiangular, then it is isosceles.

(a) True (1) (b) False (0) (c) True (1)

(a) If Darci practices her serve daily then she will have a good chance of winning the
tennis tournament.
(c) If Mary is to be allowed on Larry’s motorcycle, then she must wear her helmet.

plelpVvegi(® ~(pV~q)—=-pip—qglg—p|(d) (p—q —(¢—p)
ofo| o 1 1 1 1

of{1{ 1 1 1 0 0

1{o] 1 1 0 1 1

1i1] 1 1 1 1 1
plalp—glpAlp—=qg)|le)lpA(p—=g] =gl (f)|(g)

o(o]| 1 0 1 1] 0

ol1f 1 0 1 1)1

1{0] o 0 1 1!{0

111 1 1 1 1|0
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9.

10.

11.

12.

13.
14.

15.

16.

17.

plaglrlg=r{(b)ps(g=r)ip—g|(c)lp—g)—r|(h)
0j0|0]| 1 1 1 0 1
ojoji} 1 1 1 1 1
oj1{o] o 1 1 0 1
of1{1] 1 1 1 1 1
1{ojo] 1 1 0 1 1
1fof1] 1 1 0 1 1
1{1}{o] o 0 1 0 1
1f1]1} 1 1 1 1 1

Propositions (a), (e), (f), and (h) are tautologies.

8 t
plafrlp=(@=rilpog—=(por)|s—t
01010 1 1 1
0i01i1 1 1 1
g11}0 1 1 1
011})1 1 1 1
11010 1 1 1
1j10]1 1 1 1
1110 0 0 1
11141 1 1 1
(a) 2°=32 (b) 2"

(a) [(pAg)Ar] — (sVi) is false (0) when (pAg)Ar is true (1) and sVt is false (0).
Hence p,q, and r must be true (1) while s and ¢ must be false (0).

p:0; r:0;, s:0

(a) n=9 (b) n=19 (c) n=19
(a) m=3,n=86 (b) m=3,n=9 (c) m=18, n=9
(d) m=4,n=9 (e) m=4,n=9

(a) 10°-10=290 (b) 20°-20=380

{c}) (10)(20) 10 =190 (d) (20)(10) — 10 = 190

Consider the following possibilities:

(i) Suppose that either the first or the second statement is the true one. Then statements
(3) and (4) are false -— so their negations are true. And we find from (3) that Tyler did
not eat the piece of pie — while from (4) we conclude that Tyler did eat the pie.

{(ii) Now we’ll suppose that statement (3) is the only true statement. So statements (3)
and (4) no longer contradict each other. But now statement (2) is false, and we have Dawn
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guilty (from statement (2)) and Tyler guilty (from statement (3)).

(iii) Finally, consider the last possibility — that is, statement (4) is the true one. Once
again statements (3) and (4) do not contradict each other, and here we learn from statement
(2) that Dawn is the vile culprit.

Section 2.2

(a)

@)
plalrigArip—=(gAr)|p—oglp=ri(p=gA(p—rT)
ojojo] O 1 1 1 1
ojof{1]| o 1 1 1 1
o[1jo} o 1 1 1 1
ot1|1]| 1 1 1 1 1
1j{ojo]| o 0 0 0 0
1{of1} o 0 0 1 0
1j1{0] o 0 1 0 0
1{1j1] 1 1 1 1 1
(ii)
plajripVai(@Vg—riporigori(p—riA(g—r)
ofojlo| © 1 1 1 1
ofoj1] o 1 1 1 1
oji1]{o} 1 - 0 1 0 0
of1f1]| 1 1 1 1 1
1{oje} 1 0 0 1 0
1jof{1] 1 1 1 1 1
1{1{o0] 1 0 0 0 0
1j1f1) 1 1 1 1 1
(iii)
pleg|rigVr|p—o(gVr)|p—gq|-r—=(p—g)
ofale] © 1 1 1
olo{1] 1 1 1 1
oj1{0] 1 1 1 1
ol1]1} 1 1 1 1
1{of{o| o 0 0 0
tjof1f 1 1 0 1
1{1{0] 1 1 1 1
111} 1 1 1 1
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b)

[p— (g Vv )] <= [~r—=(—q)] From part (iii) of part (a)

< [~r = (mpVg)) By the 2nd Substitution Rule,
and (p — ¢) &= (~pV q)
<> [~(-pVq) = ~r] By the lst Substitution Rule,

and (s — t) <= (~t — —s), for
primitive statements s,1

<> [(mp A ~g) = 7] By DeMorgan’s Law, Double Negation

and the 2nd Substitution Rule
<> {(pA~q) =] By Double Negation and the
2nd Substitution Rule

plalpAgipV(pAg)
0l0] © 0
0(1] o 0
1/o} o 1
11 1 1

a) For a primitive statement s, sV —s <= Tp. Replace each occurrence of s by
pV (¢ Ar) and the result follows by the 1st Substitution Rule.

b) For primitive statements s, ¢ we have (s — t) <= (=t — =s). Replace each
occurrence of s by pV ¢, and each occurrence of ¢ by r, and the result is a consequence
of the 1st Substitution Rule.

(1) [pADArIVIPAGA-T]I <= PADA(rV )& (pADAT <> pAg.
(2) [(pAQ Vgl = (pV-g)A(qV ~g) = (pV ) ATo &> pV —q.
Therefore, the given statement simplifies to (pV ~g) —+ s or (¢g—p) = s

a) Kelsey placed her studies before her interest in cheerleading, but she (still) did not get
a good education.

b) Norma is not doing her mathematics homework or Karen is not practicing her piano
lesson.

¢) Harold did pass his C++ course and he did finish his data structures project, but he
did not graduate at the end of the semester.

(a) ~[pA(gVr)A(mpV —gVr) <= pV(~gA-r)V(pAgA-r)<=> (~gA-r)V[-pV
(pAgA-T) &= (qA-T) V[T A(~pV (A 7))} <> (~g A7)V [-pV(gA-r)| <=
-p V(=g Vq)A-r] &= ~pV-r.

(b) ~l(pAg)—=r] <= ~[~(pAgVr]<> (PAGA-T.

(c) pA(gVv—T) (d) ~pA-~gA-r
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10.

11.

12.

)
g

eV A@A(PAY) | p

0

-0 O Ol>

- O OIS

q
0
1
0
1

0
0
1

b) (~pAQV(PV(PVY)) <=>pVyg

() g—p<=>-qVp,so(qg—p) <> ~gAp.

(b) p—(gAr)<>-pV(gAr),s0[p— (gAT)]* = ~pA(gVr)

(e) pe g (p— QN — p) <> (~pVQA(~gVD), s0 (p & q)* <> (~pAg)V(~gAp).
(d) p¥g <> (pA—q)V (~pAg), so(pNg)! <> (pV~g)A(-pVyq).

(a) 0+0=0,then2+2=1.

Let p: 04+0=0,9:1+1=1.

(The implication: p — ¢) - 0+ 0 =0, then 1+ 1 = 1. - False.

(The Converse of p~+¢q: ¢ —p)-H1+1=1, then 0+ 0 =0. - True

(The Inverseof p — ¢: ~p— —~¢) - If0+03# 0,then 1+ 1 3# 1. — True

(The Contrapositiveof p —+ ¢: ~¢ — ~p} -1+ 1# 1, then 0+ 0 # 0. — False

(b) If ~1 < 3 and 3 + 7 = 10, then sin(¥) = ~1. (TRUE)
Converse: If sin(2%) = ~1, then ~1 < 3 and 3+ 7 = 10. (TRUE)
Inverse: If —1 > 3 or 3+ 7 # 10, then sin(2£) # —1. (TRUE)
Contrapositive: If sin(32) # ~1, then ~12> 3 or 3 + 7 # 10.

(a) True (b) True (c) True
a) (g—=r)V-p b) (~qVr)V-p
pla|py¥gipA—g|-pAg|(pA=g)V(-pAg)|~pog)

00} O 0 0 0 0
01 1 0 1 1 1
110 1 1 0 1 1
111 0O 0 0 0 0




13.

14.

15.

16.

plalrilpegA@enIA(rep)lip—= gAg—r)A(r - p)
000 1 1
o{ol1 0 0
0f{1{0 0 0
ol1]1 0 0
1{ojo 0 0
1|01 0 0
1{1}o0 0 0
1{1l1 1 1

plelrAgla—= (A ipr—lg—(pAg)

0j0| © 1 1
@|of1] o 0 1

1{o0]| o 1 1

1j1] 1 1 1

(b} Replace each occurrence of p by pVgq. Then we have the tautology (pVg) — [¢ =
[(pVg)Aq]] by the first substitution rule. Since (pV q)A g <> ¢, by the absorption laws,
it follows that (pVq) — [¢ — ¢] <= Tp.

plaglpValprgla—= A [(PVe —lg—(pAqg)

0{0]| O 0 1 1
)joj1]| 1 0 0 0

1{o]| 1 0 1 1

11 1 1 1 1

So the given statement is not a tautology. If we try to apply the second substitution rule
to the result in part (a) we would replace the first occurrence of p by pV g. But this
does not result in a tautology because it is not a valid application of this substitution rule
— for p is not logically equivalent to pV g.

() p<=>(ptp

(b) pVag<= (~pA-g)<=>(-pT~q) <= (pTP)T(aT9)

() pAg<=(pAg) <= ~(pTa)=(@TT(rTa)

(d) poge-pVege-pAq) <= (p1 ) <=>pl (gt 9

() prag=(p—gA(g—p)e=>tAu<>(t1Tu)t(t1u), where ¢ stands for
pt{(gTq) and u for ¢1(p 1 p).

(8) —p<=>(plp)

(b) pVee=~(pVa = -(pla)=(plall9

() pAgE~pA-g&>(mpl~g)<=(pip)l(ala)

d) pmge=pVe=(plal(plad=plpldllripr)ld

() porge=>(rir)i(sls) where r standsfor [(p{p)lqll{(pi{p)lq] and s
for {(glq)iplilela)!p]
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17.

plal~(pla)i(cpT~a) | ~(pTg | (-pl~q)

00 0 0 0 0

011 1 1 0 0

1{0 1 1 0 0

1)1 1 1 1 1

18.

(a) [(eve)A(pV—q)lVye Reasons

& [pv(@A—-g)lVvy Distributive Law of V over A

& (pVF)Ve g A ~q & Fy (Inverse Law)

& pVyg pV Fp & p (Identity Law)

(b) (p— @) A[~gA(rV~q)] Reasons

& (p—=9A~g Absorption Law (and the
Commutative Law of V)

& (~pVe)A—g pogepVy

& ~gA(-pVyg) Commutative Law of A

& (~gA-p)V(~qAQq) Distributive Law of A over V

& (qA-p)VEF Inverse Law

& ~gA-p Identity Law

& ~(gVp) DeMorgan’s Laws

19.

(8) pVipA(pVq) Reasons

& pVp Absorption Law

& p Idempotent Law of V

(b) pVgV(~pA-gAr) Reasons

& (VvaVvi(pveAar] DeMorgan’s Laws

& [(vaV-{pVvara(pVeVr) Distributive Law of V over A

& ToA(pVgVr) Inverse Law

& pVgVr Identity Law

() {(mpV—qg)—(pAgAT) Reasons

& ~(-pV-g)V(pAgATr) s—=t& sV

& (" pA-q}V(pAgAT) DeMorgan’s Laws

& (pAgQ)V(PAgQAT) Law of Double Negation

& pAg Absorption Law

20. (a) [pA(~rVgVg]V[(rVEV-or)A-g <> PA(rVI)IVHTo V) A -] <
(pAT)V(ToA~q) <=>pV g
() pVvipAg)V(pAgAT)A[(PATrAt)ViE] < pAt by the Absorption Law.
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Section 2.3

(3)

plajrlp—qi(pVeg|(@Vg —r
ojojo| 1 0 1
ofol1} 1 0 1
of1f{o]| 1 1 0
ol1f{1] 1 1 1
1{ojo| o 1 0
1{o{1] o 1 1
1j1{of 1 1 0
{11} 1 1 1

The validity of the argument follows from the results in the last row. (The first seven rows

may be ignored.)
(b)

(pAg—r|~q

1

OO0 0 OIS
O OO O

OO O O

1

b

O et et ek i b

QO it et OO =

0

- -.pV ~g
1 1
1 1
1 1
1 1
1 1
0 1
1 0
0 0

The validity of the argument follows from the results in rows 1, 2, and 5 of the table. The
results in the other five rows may be ignored.

()

plalr|gVripV(gVr)|[pV(gVr)lA~g|ipVr
ololol o 0 0 0
ofof1] 1 1 1 1
ol1le] 1 1 0 0
ol1l1} 1 1 0 1
1{o0i{0] o 1 1 1
1foj1] 1 1 1 1
1{1jo] 1 1 0 1
111} 1 1 0 1

Consider the last two columns of this truth table. Here we find that whenever the truth
value of [pV (¢ V)] A =g is 1 then the truth value of pV r is also 1. Consequently,

[lpV(gVriA-g)=pVr.
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(The rows of the table that are crucial for assessing the validity of the argument are rows
2,5, and 6. Rows 1, 3, 4, 7, and 8 may be ignored.)

(a)
plelrip—=ala—rip=rilp—=9Al@—=r)—=(—r)
olojo] 1 1 1 1
oloj1} 1 1 1 1
oli{o!l 1 0 1 1
ol1j1} 1 1 1 1
1{o0j0{ O 1 0 1
1{of{1| o 1 1 1
1{1{of 1 0 0 1
111} 1 1 1 1
(b)
plalp—=ql(podA~qlilp—oaAg—-p
0jo| 1 1 1

of1] 1 0 1

1{o| © 0 1

11| 1 0 1

(c)
pla|l-ploVel(@V@A-p|llpVagA-pl—gq
0j0] 1] O 0 1
of1{1] 1 1 1

1joj o] 1 0 1
1{1{o| 1 0 1

(d)

r'—-i—-\
plalrip—orlg=ri(pvag—rillporA(g—=r)—s
0lojo0]| 1 1 1 1
ololi] 1 1 1 1
oj1j{o] 1 0 0 1
ol1l1] 1 1 1 1
1{olo] o© 1 0 1
1{ol1} 1 1 1 1
1{1{0f o 0 0 1
1{1{1} 1 1 1 1

(a) If p has the truth value 0, then so does pAgq.

(b) When pV g has the truth value 0, then the truth value of p (and that of ¢)is 0.
{c) f ¢ has truth value 0, then the truth value of {(pV ¢) A =p] is 0, regardless of the
truth value of p.

(d) The statement ¢V s has truth value 0 only when each of ¢,s has truth value 0. Then
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(p — ¢) has truth value 1 when p has truth value 0; (r — s) has truth value 1 when r
has truth value 0. But then (pV r) must have truth value 0, not 1.

(e) For (=pV —r) the truth value is 0 when both p,r have truth value 1. This then
forces g¢,s to have truth value 1, in order for (p — g), (r — s) to have truth value 1.
However, this results in truth value 0 for (—gV -s).

(a) Janice’s daughter Angela will check Janice’s spark plugs. (Modus Ponens)
(b) Brady did not solve the first problem correctly. (Modus Tollens)

(c) This is a repeat-until loop. (Modus Ponens)

(d) Tim watched television in the evening. (Modus Tollens)

(2) Rule of Conjunctive Simplification

(b) Invalid — attempt to argue by the converse
(c¢) Modus Tollens

(d) Rule of Disjunctive Syllogism

(e) Invalid — attempt to argue by the inverse

(a)
Steps Reasons
(1) gAr Premise
2 ¢ Step (1) and the Rule of Conjunctive Simplification
3) ,.gvr Step (2) and the Rule of Disjunctive Amplification

Consequently, (g Ar) — (¢ V r) is a tautology, or gAr =g Vr.

(b) Consider the truth value assignments p: 0, ¢ : 1, and r : 0. For these assignments
[pA(gAr)V-lpV(gAr) has truth value 1, while [pA (g VvV r)]V =[pV (g V r)] has truth
value 0. Therefore, P - P, is not a tautology, or P # P;.

(1) & (2) Premise

(3) Steps (1), (2) and the Rule of Detachment

(4) Premise

(5) Step (4) and (r > —~g) <= (=g — -r) &= (¢ > -r)
(6) Steps (3), (5) and the Rule of Detachment

(7) Premise

(8) Steps (6), (7) and the Rule of Disjunctive Syllogism
(9) Step (8) and the Rule of Disjunctive Amplification

(1) Premise

2) Step (1) and the Rule of Conjunctive Simplification
(3) Premise

4) Steps (2), (3) and the Rule of Detachment
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(5) Step (1) and the Rule of Conjunctive Simplification
(6) Steps (4), (5) and the Rule of Conjunction

(N Premise

(8 Step (7) and [r - (8 V1)] &= [~(s V t) — ~r]

(9) Step (8) and DeMorgan’s Laws

(10) Steps (6), (9) and the Rule of Detachment

(11) Premise

(12)  "Step (11) and [(~pV q) = r] <=>[~r — =(=pV g)]
(13) Step (12) and DeMorgan’s Laws and the Law of Double Negation
(14) Steps (10), (13) and the Rule of Detachment

(15) Step (14) and the Rule of Conjunctive Simplification

(2)
(1) Premise (The Negation of the Conclusion)
2) Step (1) and (=g — 8) &> ~(-gV 8) &> ~(gV 8) &> g A s
3) Step (2) and the Rule of Conjunctive Simplification
4) Premise
(5) Steps (3), (4) and the Rule of Disjunctive Syllogism
(6) Premise
(D Step (2) and the Rule of Conjunctive Simplification
(8) Steps (6), (7) and Modus Tollens
9 Premise
(10) Steps (8), (9) and the Rule of Disjunctive Syllogism
(11) Steps (5), (10) and the Rule of Conjunction
(12) Step (11) and the Method of Proof by Contradiction
(b)
(1) p-og Premise
(2) -~g-—-p Step (1) and (p — ¢) <=> (—¢ — -p)
3 pvr Premise
4) ~p-or Step (3) and (pVr) & (-p—r)
(5) ~g-r Steps (2), (4) and the Law of the Syllogism
(6) -rvs Premise
() r—=s Step (6) and (-r V s) <= (r — 3)
(8) ., ~g—s Steps (5), (7) and the Law of the Syllogism
(c)
(1) “p e gq Premise

(2) (-p—a)A(g—-p) Step (1) and (~p & ¢) <= [(~p — ¢) A (¢ — —p)]
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10.

(3)
(4)
(5)
(6)
(M .5

(a)
(1)
(2)
(3)

(4)
(5) .%

(b)

(1)
(2)
(3)
(4)
(5) %

(1)
(2)
(3)
(4)
5) %

(d)

(1)
(2)
(3)
(4)..

-p — g
gq—r
-p T

pA—g

~

pPAT
(pAT)Ve

P, Pp—4q

-qVr
q—+r

p—4q 79

-r
~pA-r
"l(p \'% r)

Step (2) and the Rule of Conjunctive Simplification
Premise

Steps (3), (4) and the Law of the Syllogism
Premise

Steps (5), (6) and Modus Tollens.

Premise '

Step (1) and the Rule of Conjunctive Simplification
Premise

Steps (2), (3) and the Rule of Conjunction

Step (4) and the Rule of Disjunctive Amplification

Premises

Step (1) and the Rule of Detachment
Premise

Step (3) and ~gVr <> (¢ —r)

Steps (2), (4) and the Rule of Detachment

Premises

Step (1) and Modus Tollens

Premise

Steps (2), (3) and the Rule of Conjunction
Step (4) and DeMorgan’s Laws

Premises

Step (1) and the Rule of Detachment
Premise

Steps (2}, (3) and Modus Tollens
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(e)

) »

(2) ~g — mp
(8) p—g

4) ¢

(8) pAg

6) p—(g—r
() (pAgQ—r
(8) .. r

(f)

(1) pAg

2 »

3 p—=(rAg)
(4) rAg

G r

(6) r—(svt)
(7) sVt

8 -

9) . ¢

(8)

(1) ~s, pVs
2 v»r

(3) p—(g—r)
(4) q—r

5) t—g

(6) t—r
(7)., -r— -t
(h)

(1) -=pvr

(2) p—r

@ -or

(4) -p

() »pVge

(6) -p—yg

(1) .%, ¢

Premise

Premise

Step (2) and (p — q) <= (~g — ~p)

Steps (1), (3) and the Rule of Detachment
Steps (1), (4) and the Rule of Conjunction
Premise

Step (6), and [p— (g — 1)l <= [(p A g) — 1]
Steps (5), (7) and the Rule of Detachment

Premise

Step (1) and the Rule of Conjunctive Simplification
Premise

Steps (2), (3) and the Rule of Detachment

Step (4) and the Rule of Conjunctive Simplification
Premise

Steps (5), (6) and the Rule of Detachment

Premise

Steps (7), (8) and the Rule of Disjunctive Syllogism

Premises

Step (1) and the Rule of Disjunctive Syllogism
Premise

Steps (2), (3) and the Rule of Detachment
Premise -

Steps (4), (5) and the Law of the Syllogism
Step (6) and (¢ — r) &= (~r — ~t)

Premise

Step (1) and (p = r) & (mpVr)

Premise

Steps (2), (3) and Modus Tollens

Premise

Step (5) and (pV g) ¢ (=—pV g) & (~p — g)
Steps (4), (6) and Modus Ponens
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11,

12.

(a)
(b)

(<)
(d)

a)

p:1 q:0
p:0 q:0
p:0 q:1

psg,r:1 s:0
s:0

pg,r:l

r:0orl

p: Rochelle gets the supervisor’s position.

¢: Rochelle works hard.
r: Rochelle gets a raise.
s

: Rochelle buys a new car.

(pAg)—r
r—3
~s
o'o =p \' —q
1) s
(2) r—s
3 -r
4) (pAg)—r
(5) ~(pAq)
(6) .% —~pV—g

Premise

Premise

Steps (1), (2) and Modus Tollens
Premise

Steps (3), (4) and Modus Tollens
Step (5) and ~(p A ¢) <= ~pV —q.

b) p: Dominic goes to the racetrack.

¢: Helen gets mad.

r: Ralph plays cards all night.

s: Carmela gets mad.
t: Veronica is notified.

Py
(qv-s) =1
1
o' PACT
(1) -t
(2) (qvs)—t
(3) ~(qvs)
(4)  —qn-s
(5) —q
6) p—gq
(1)  -»p
8) s

Premise

Premise

Steps (1), (2) and Modus Tollens

Step (3) and ~(qV 8) < ~g A s

Step (4) and the Rule of Conjunctive Simplification
Premise

Steps (5), (6} and Modus Tollens

Step (4) and the Rule of Conjunctive Simplification
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9 r—s Premise

(9)

(10) -r Steps (8), (9) and Modus Tollens

(1)) ,%, ~p A ~r Steps (7), (10) and the Rule of Conjunction

c) p: There is a chance of rain.
g: Lois’ red head scarf is missing,.
r: Lois does not mow her lawn.
s: The temperature is over 80° F.

(pVg)—r
s—-b-lp
s A ~q

[
Oi—.r

The following truth value assignments provide a counterexample to the validity of this
argument:
p:0;,g:0;,r:1;5:1

(a) t
plglripvag|-pVr|(@VgA(-pVr)lgVrit—=(qVr)
0 ]0o/o] o 1 0 0 1

0 lofl1] o 1 0 1 1

0 l1jol| 1 1 1 1 1

0 |11 1 1 1 1 1

1 {ojo] 1 0 0 0 1

1 {01} 1 1 1 1 1

1 {1]o] 1 0 0 1 1

1 {11 1 1 1 1 1

From the last column of the truth table it follows that [(pVg)A(~pVr)] = (gVr)isa
tautology.

Alternately we can try to see if there are truth values that can be assigned to p,q, and r
so that (g V r) has truth value 0 while (pV ¢), (=p V r) both have truth value 1.

For (g V r) to have truth value 0, it follows that ¢ : 0 and r : 0. Consequently, for (p V ¢)
to have truth value 1, we have p : 1 since ¢ : 0. Likewise, with r : 0 it follows that
=p : 1 if (~pV)r has truth value 1. But we cannot have p : 1 and ~p : 1. So whenever
(pV gq), (-pV r) have truth value 1, we have (¢ V r) with truth value 1 and it follows that
[(pVg)A(~pVr)]— (gVr)is a tautology.

Finally we can also argue as follows:
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T 0NGoth Wi

[y
~—

’ ~
CONOmB e eE SR BN

(i)

b A o ol

Steps
pVvVyg
qVp
~(~q)Vp
q—p
“pVr
p—=r
"lq--)r

e qVr

Steps

pV(gVvr)
(pVa)A(pVr)
pVvr

p—s

—pVs

e TVS

Steps

peg

(p— a)A(g—p)
P49

—pVy

p

pVyg
[(pVa)A(-pV )
qVyq

JSe q

Steps

pVyg

p—r

“pVr
(pvVa)A(-pVr)
qVvr

r—+3s8

-rVvs

[V g) A {~r v 8)]

Lo qVs

@ N OO WD

AR ol ol

e B S ol o o

Reasons
Premise
Step (1) and the Commutative Law of V

- Step (2) and the Law of Double Negation

Step (3), ~¢ —»pe —(~q)Vp

Premise

Step (5),p—r & pVr

Steps (4), (6), and the Law of the Syllogism
Step (7), ¢ > r & gqVr

Reasons

Premise

Step (1) and the Distribution Law of V over A

Step (2) and the Rule of Conjunctive Simplification
Premise

Step (4),p— s & ~pVs

Steps (3), (5), the Rule of Conjunction, and Resolution

Reasons

Premise

(perg)eip—9A(g— p)

Step (2) and the rule of Conjunctive Simplification
Step 3),p— g —pVyg

Premise

Step (5) and the Rule of Disjunctive Amplification
Steps (6), (4), and the Rule of Conjunction

Step (7) and Resolution

Step (8) and the Idempotent Law of V.

Reasons

Premise

Premise

Step (2),p—=r& ~pVr

Steps (1), (3), and the Rule of Conjunction
Step (4) and Resolution

Premise

Step (6),r » s & —~rVs

Steps (5), (7), the Commutative Law of V,
and the Rule of Conjunction

Step (8) and Resolution

Moo AW

o

©
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10.

Steps
—pVgVvr
gV (-pVr)

al’)
~qV(~pVr)

lav(=VnIA[-gV(=pVr)l]
(mpVr)

-r
-rV =P

[(r vV =p) A(=rV -p)]

a.. -p

10.

42

Reasons

Premise

Step (1) and the Commutative and
Associative Laws of V

Premise

Step (3) and the Rule of Disjunctive
Amplification

Steps (2), (4), and the Rule of
Conjunction

Step (5), Resolution, and the
Idempotent Law of A

Premise

Step (7) and the Rule of
Disjunctive Amplification

Steps (6), (8), the Commutative Law
of v, and the Rule of Conjunction
Step (9), Resolution, and the
Idempotent Law of V



(v) Steps
1. -pVs 1.
2. pvgVi 2.
3. pvigVvid) 3.
4. [[pvV(gV)A(-pV3)] 4.
5. (gVvt)Vs 5.
6. gV(tVs) 6.
7. —qVr 7.
8. [lgv(Vs) 8.
9. (tVvs)Vr 9.
10. tv(svr) 10.
11. ~tV(sAr) 11.
12. (~tVs)A(-tVr) 12.
13. ~tvVs 13.
14. [[tv(sVr)A(=tVs) 14.
15. (sVr)Vs 15.
16. .S rvs 16.

(c) Consider the following assignments.

p: Jonathan has his driver’s license.
¢: Jonathan’s new car is out of gas.

Reasons

Premise

Premise

Step (2) and the Associative
Law of V

Steps (3), (1), and the Rule

of Conjunction

Step (4) and Resolution (and

the First Substitution Rule)

Step (5) and the Associative Law of V
Premise

Steps (6), (7), and the

Rule of Conjunction

Step (8) and Resolution (and the
First Substitution Rule)

Step (9) and the Associative
Law of V

Premise

Step (11) and the Distributive
Law of V over A

Step (12) and the Rule of
Conjunctive Simplification

Steps (10), (13), and the Rule

of Conjunction

Step (14) and Resolution (and
the First Substitution Rule)
Step (15) and the Commutative,
Associative, and Idempotent Laws of V

r: Jonathan likes to drive his new car.
Then the given argument can be written in symbolic form as

~pVyg
pV-r

~qV or

[ 4
«es T
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Steps Reasons

1. ~pVg 1. Premise

2. pV-r 2. Premise

3. (pv-r)A(-pVyg) 3. Steps (2), (1), and the Rule of Conjunction

4. -rvyg 4. Step (3) and Resolution

5. qV-r 5. Step (4) and the Commutative Law of V

6. ~qV-r 6. Premise

7. (gV-r)A(-gqV-r) 7. Steps (5), (6), and the Rule of Conjunction

8 -~rv-r 8. Step (7) and Resolution

9. ,-r 9. Step (8) and Idempotent Law of V
Section 2.4

(a) False (b) False (c) False

(d) True (e) False (f) False
(a) (3) True (i) True (ii1)) True (iv) True

(b) The only substitution for  that makes the open statement [p(z) A ¢(z)] A r(z) into a
true statement is z = 2.

Statements (a), (c), and (e) are true, while statements (b), (d), and (f) are false.

(a) Every polygon is a quadrilateral or a triangle (but not both). (True — for this
universe.)

(b) Every isosceles triangle is equilateral. (False)

(c) There exists a triangle with an interior angle that exceeds 180°. (False)

(d) A triangle has all of its interior angles equal if and only if it is an equilateral triangle.
(True)

(e) There exists a quadrilateral that is not a rectangle. (True)

(f) There exists a rectangle that is not a square. (True)

(g) If all the sides of a polygon are equal, then the polygon is an equilateral triangle.
(False)

{(h) No triangle has an interior angle that exceeds 180°. (True)

(1) A polygon (of three or four sides) is a square if and only if all of its interior angles are
equal and all of its sides are equal. (False)

(3) A triangle has all interior angles equal if and only if all of its sides are equal. (True)



(a) 3z [m(z) A c(z) A j(z)) True

(b) dz [s(z) A o(z) A ~m(z)] True
(c) Vz [e(z) — (m(z) ¥ p(2))] False
(d) Vz [(9(z) A e(z)) — ~p(2)], True

or Vz [(p(z) A c(z)) — —g(2)],
or ¥z [(g(z) A p(z)) — ~c(z)]

. (a)

(e) Vz {(c(z) A 8(2)) — (p(z) ¥ e(2))], True
(a) True (b) True (c) False

- (d) True (e) False (f) False
(i) 3z g(=)

(i) 3z [p(z) A q(=)]

(i) Vz [¢(z) — ~t(z)]

(iv) Vz {g(z) - ~i(z)]

(v) 3z [g(z) At(z)]

(vi) Vz [(g(z) Ar(z)) — s(=)]
(b) Statements (i), (iv), {(v), and (vi) are true. Statements (ii) and (iii) are false: z = 10
provides a counterexample for either statement.

c
© (i) ¥ z is a perfect square, then = > 0.
(ii) If z is divisible by 4, then z is even.
(iii) ¥ z is divisible by 4, then z is not divisible by 5.
(iv) There exists an integer that is divisible by 4 but it is not a perfect square.
(d) (i) Let z =0. (iii) Let z = 20.

. (a) True (b) False: For z =1, ¢(z) is true while p(z) is false.

() True (d) True (e) True (f) True
(&) True (h) False: For z = -1, (p(z) V g(z)) is true but r(z) is false.

(a) () True (ii) False — Consider z = 3.
(ii1)) True (iv) True
(by (i) True (ii) False - Consider z = 3.
(iii) True (iv) True
() (i) True (ii) True
(ili) True (iv) False— For ¢ = 2 or 5, the truth

value of p(z) is 1 while that
of r(z)is 0.

. (a) VYm,n Ajm,n] >0

(b) Vm,n 0< Afm,n] <70
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11.

12.

13.

14.

15.

16.

17.

(¢) Im,n Alm,n} > 60

(d) ¥Ym [(1 £n<19) - (4m,n] < Alm,n + 1])]

(e) Vn [(1 < m<9)— (4m,n] < Alm + 1,n])]

(1) Y 1<m,i<3 V¥ 1<n,j <20 [((m,n)# (i) — (Alm,n] £ AL, )

(a) In this case the variable z is free while the variables y, z are bound.
(b) Here the variables z,y are bound; the variable z is free.

()

(i) False (i) True (iii) True
(iv) False,ifz =0 (v) Fulse,if =0 (vi) True
(vii)) False —Hf y=0then z#0;ify #0,let z =2y.

(viii) False — Let z = 2 and y = —2, for example.

(b) Statements (iv), (v), and (viii) are now true — because of the change in universe.

(c) (i) True (31) True (iii) True
(iv) False — For any y consider z = 2y.

(a) P(2,3) Ap(3,3) Ap(5,3)
(b) [P(2,2)V p(2,3) V p(2,5)] V [p(3,2) V p(3,3) v p(3,5)] V [p(5,2) V p(5,3) V p(5,5)]
(c) [p(2,2)V p(3,2) v p(5,2)] A[p(2,3) V p(3,3) V p(5,3)] A [p(2,5) V p(3,5) V 5(5,5)

Statements (a), (b), (e), and (f) are logically equivalent and each may be expressed as
Vnlg(n) — p(n)]. Statements (c), (g) are logically equivalent and each may be expressed
as Vn[p(n) — ¢(n)]. Statement (d) is not logically equivalent to any of the other six
statements.

a) The proposed negation is correct and is a true statement.
b) The proposed negation is wrong. A correct version of the negation is: For all rational
numbers z,y, the sum z + y is rational. This correct version of the negation is a true
statement.
c) The proposed negation is correct — but false. The (original) statement is true.
d) The proposed negation is wrong. A correct version of the negation is: For all integers
z,y, if z,y are both odd, then zy is even.

The (original) statement is true.

(a8) Some student in Professor Lenhart’s C4++ class is not majoring in either computer
science or mathematics.
(b) If a student is in Professor Lenhart’s C++ class, then that student is not majoring in
history.

or, No student majoring in history is in Professor Lenhart’s C++ class.

a) There exists an integer n such that n is not divisible by 2 but n is even (that is, not

odd).
b) There exist integers k,m,n such that kK — m and m — n are odd, and & — n is odd.
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18.

19.

20.

c) For some real number z, 22 > 16 but —4 < z < 4 (that is, ~4 < z and z < 4).
d) There exists a real number z such that |z — 3| < 7 and either z < ~4 or z > 10.

() Vz [~p(z) A ~g(z)]

(b) 3z [~p(z) V o(2)]

(c) 3z [p(z) A ~g(z)]

(d) Yz [(p(=) V 9(z)) A —r(2)]

(a) Statement: For all positive integers m,n, if m > n then m? > n?. (TRUE)
Converse: For all positive integers m,n, if m? > n? then m > n. (TRUE)

Inverse: For all positive integers m,n, if m < n then m? < n?. (TRUE)

Contrapositive: For all positive integers m,n, if m? < n? then m < n. (TRUE)

(b) Statement: For all integers a,b, if a > b then a? > b?. (FALSE — let @ = 1 and
b= ~2.)

Converse: For all integers a, b, if a? > b% then a > b. (FALSE — let a = ~5 and b = 3.)
Inverse: For all integers a,b, if a < b then a® < b?. (FALSE — let a = ~5 and b = 3.)
Contrapositive: For all integers a, b, if a?> < b? then @ < b. (FALSE — let a = 1 and

b=-~2.)
(c) Statement: For all integers m,n, and p, if m divides n and n divides p then m divides
p. (TRUE)

Converse: For all integers m and p, if m divides p, then for each integer n it follows that
m divides n and n divides p. (FALSE —let m=1,n =2, and p =3.)

Inverse: For all integers m,n, and p, if m does not divide n or n does not divide p, then
m does not divide p. (False —let m=1,n =2, and p =3.)

Contrapositive: For all integers m and p, if m does not divide p, then for each integer n
it follows that m does not divide n or n does not divide p. (TRUE)

(d) Statement: Vz [(z > 3) — (z* > 9)] (TRUE)

Converse: Vz [(z? > 9) — (z > 3)] (FALSE — let z = ~5.)

Inverse: Vz [(z £3) — (2 £9)] (FALSE — let z = ~5.)

Contrapositive: Vz {(z? < 9) — (z £ 3)] (TRUE)

(e) Statement: Vz [(z* +4z —21>0)— [(z > 3)V (z < -7)]] (TRUE)

Converse: Vz [[(z > 3)V(z < =T7)] - (z* + 4z — 21 > 0)} (TRUE)

Inverse: Vz [(z? +42-21<0) = [(z<3)A(z2-T]},orVz [(z? +4z-21<0) —
(=7 <z < 3)] (TRUE)

Contrapositive: Vz [[(z <3)A(z 2> ~7)] = (22 +4z-21 < 0)},orVz (-7 <2< 3) >
(z* + 4z — 21 < 0)] (TRUE) :

For each of the following answers it is possible to have the implication and its contrapositive
interchanged. When this happens the corresponding converse and inverse must also be
interchanged.

(a) Implication: If a positive integer is divisible by 21, then it is divisible by 7. (TRUE)
Converse: If a positive integer is divisible by 7, then it is divisible by 21. (FALSE —
consider the positive integer 14.)
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21.
22.

23.

24.

25.

26.

Inverse: If a positive integer is not divisible by 21, then it is not divisible by 7. (FALSE
— consider the positive integer 14.)

Contrapositive: If a positive integer is not divisible by 7, then it is not divisible by 21.
(TRUE)

(b) Implication: If a snake is a cobra, then it is dangerous.

Converse: If a snake is dangerous, then it is a cobra.

Inverse: If a snake is not a cobra, then it is not dangerous.

Contrapositive: If a snake is not dangerous, then it is not a cobra.

(c) Implication: For each complex number z, if z? is real then z is real. (FALSE — let
z=1.)

Converse: For each complex number 2, if z is real then 2? is real. (TRUE)

Inverse: For each complex number z, if z? is not real then z is not real. (TRUE)
Contrapositive: For each complex number z, if z is not real then 2? is not real. (FALSE
—let z =1i.)

(a) True (b) False (c) False (d) True (e) False
(a) True (b) False (¢) True (d) True {e) True

(a) Va3bla+b=b+a=0]

(b) 3Ju Va [au = ua = g}

(¢) Va# 03b[ab=ba =1]

(d) The statement in part (b) remains true but the statement in part (c) is no longer
true for this new universe.

(a) True (b) False (c) False (d) True

(a) Iz [(x>y)A(z~-y<L0)]
(b) Ixyl(z<y)AVzlz 2 zVz2yl
(c) 3z 3y [(l=] = [y]) A (y # *)]

Imr, #L&3e>0Vk>03n[(n>k)Aljr, — L] 2 ¢

Section 2.5

Although we may write 28 =25+ 1+ 1+ 1 =16 + 4 + 4 + 4, there is no way to express
28 as the sum of at most three perfect squares.

Although 3=14141 and 5 =4+ 1, when we get to 7 there is a problem. We can write
=4+4+1+41+1, but we cannot write 7 as the sum of three or fewer perfect squares.
[There is also a problem with the integers 15 and 23.]
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Here we find that

30=25+4+1 40=36+4 50 =25+ 25
32=16+16 42=25+16+1 52 =36+ 16
34=25+9 44=36+4+4 64 =25+25+4
36 = 36 46=36+9+1 56 =36+ 16+4
38=36+1+1 48 =16 + 16+ 16 8 =49+9
4=2+4+2 16 =13+3 28=23+5

6=3+3 18=13+5 0=17+13

8=3+5 20=17+3 32=19+13

10=5+35 22=17+5 34 =17+ 17

12=7+3 24 =1747 36 =19+ 17

14=74+7 26=1947 38=19+19

(a) The real number 7 is not an integer.

(b) Margaret is a librarian.

(c) All administrative directors know how to delegate authority.
(d) Quadrilateral M NPQ is not equiangular.

(a) Valid — This argument follows from the Rule of Universal Specification and Modus
Ponens.

(b) Invalid — Attempt to argue by the converse.

(c) Invalid — Attempt to argue by the inverse.

(a) When the statement 3z [p(z) V g(z)] is true, there is at least one element ¢ in the
prescribed universe where p(c) V g(c) is true. Hence at least one of the statements
p{c), g(c) has the truth value 1, so at least one of the statements Iz p(z) and 3z ¢(x) is
true. Therefore, it follows that 3z p(z) V 3z ¢(z) is true, and 3z [p(z) V ¢(z)] =
3z p(z) V 3z g(z). Conversely, if 3z p(x) V Iz ¢(z) is true, then at least one of
p{(a), g(b) has truth value 1, for some a, b in the prescribed universe. Assume without loss
of generality that it is p(a). Then p{e) V g(a) has truth value 1 so 3z [p(z) V ¢(z)] is a
true statement, and 3z p(z) V 3z ¢(z) = Iz [p(z) V ¢(z)].

(b) First consider when the statement Vz [p(z) A g¢(z)] is true. This occurs when
p(a) A g(a) is true for each a in the prescribed universe. Then p(a) is true (as is ¢(a))
for all a in the universe, so the statements Vz p(x), Vr ¢(z) are true. Therefore, the
statement Vz p(z) A Vz ¢(z) is true and Vz [p(z) A ¢(z)] =3 Ve p(z) A Vz g(z).
Conversely, suppose that Vz p(x) A Vz ¢(z) is a true statement. Then Vz p(x), Vz ¢(z)
are both true. So now let c be any element in the prescribed universe. Then p(c), ¢(c), and
p(c) A g(c) are all true. And, since ¢ was chosen arbitrarily, it follows that the statement
Vz [p(z) A ¢(z)] is true, and Vz p(z) A Vz g(z) = Vz [p(z) A ¢(z)].

(a) Suppose that the statement Vz p(z) V Vz ¢(z) is true, and suppose without loss of
generality that Vz p(z) is true. Then for each ¢ in the given universe p{c) is true, as is
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b(c) V g(c). Hence Vz [p(z) V ¢(x)] is true and Vz p(z) vV Vz ¢(z) = Vz [p(z) V ¢(z)].
(b) Let p(z): >0 and ¢(z): z <0 for the universe of all nonzero integers. Then
Vz p(z),Vz g(z) are false, so Vz p(z) V Vz ¢(z) is false, while Vz [p(z) V ¢(z)] is true.

(1) Premise

(2) Premise

(3) Step (1) and the Rule of Universal Specification

(4) Step (2) and the Rule of Universal Specification

(5) Step (4) and the Rule of Conjunctive Simplification
(6) Steps (5), (3), and Modus Ponens

(7) Step (6) and the Rule of Conjunctive Simplification
(8) Step (4) and the Rule of Conjunctive Simplification
(9) Steps (7), (8), and the Rule of Conjunction

(10) Step (9) and the Rule of Universal Generalization

(4) Step (1) and the Rule of Universal Specification

(5) Steps (3), (4), and the Rule of Disjunctive Syllogism

(6) Premise '

(7) Step (6) and the Rule of Universal Specification

(8) Step (7) and ~q(a) V r(a) & g(a) — r(a)

(9) Steps (5), (8), and Modus Ponens (or the Rule of Detachment)
(10) Premise
(11) Step (10) and the Rule of Universal Specification
(12) Step (11) and s(a) — ~r(a) & ~—r(a) — ~s(a) & r(a) = ~s(a)
(13) Steps (9), (12}, and Modus Ponens (or the Rule of Detachment)

Consider the open statements
w(z): z works for the credit union
{(z): z writes loan applications
c(z): z knows COBOL
¢(z): z knows Excel
and let r represent Roxe and ¢ represent Imogene.

In symoblic form the given argument is given as follows:
Vz jw(z) = o(z)]
Va [(w(z) A =) - ¢())
w(r) A —q(r)
g3} A —c(i)
+THr) A w(i)

The steps (and reasons) needed to verify this argument can now be presented.
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12.

13.

Steps Reasons

(1) Vz [w(z) — (z)] Premise
(2) g(i) A ~c(3) Premise
(3) —e(3) Step (2) and the Rule of Conjunctive Simplification
(4) w(?) = c(3) Step (1) and the Rule of Universal Specification
(8) -w(s) Steps (3), (4), and Modus Tollens
(6) Vz [(w(z) Ad(z)) — ¢(z)] Premise
() w(r) A —g(r) Premise
(8) —q(r) Step (7) and the Rule of Conjunctive
Simplification
(9) (w(r)Af(r)) — g(r) Step (6) and the Rule of Universal Specification
(10) ~(w(r) A{(r)) Steps (8), (9), and Modus Tollens
(11) w(r) Step (7) and the Rule of Conjunctive
Simplification
(12) —w(r) Vv ~4(r) Step (10) and DeMorgan’s Law
(13) —~4r) Steps (11), (12), and the Rule of Disjunctive
Syllogism
(14) .5 ~4(r) A ~w(3) Steps (13), (5), and the Rule of Conjunction

(a) Proof: Since k,£ are both even we may write ¥ = 2¢ and ¢ = 2d, where ¢,d are
integers. This follows from Definition 2.8. Then the sum &k + ¢ = 2¢c + 2d = 2(c + d) by the
distributive law of multiplication over addition for integers. Consequently, by Definition
2.8, it follows from k + £ = 2(c + d), with ¢ + d an integer, that k + £ is even.

(b) Proof: As in part (a) we write k& = 2c and £ = 2d for integers ¢,d. Then —
by the commutative and associative laws of multiplication for integers — the product
kf = (2¢)(2d) = 2(2cd), where 2cd is an integer. With (2¢)(2d) = 2(2cd), and 2¢d an
integer, it now follows from Definition 2.8 that k£ is even.

(a) Contrapositive: For all integers k and ¢, if k, £ are not both odd then k£ is not odd.
— OR, For all integers k and £, if at least one of k, £ is even then k€ is even.

Proof: Let us assume (without loss of generality) that & is even. Then k = 2¢ for some
integer ¢ — because of Definition 2.8. Then k¢ = (2¢)f = 2(cf), by the associative law of
multiplication for integers — and cf is an integer. Consequently, k£ is even — once again,
by Definition 2.8. {Note that this result does not require anything about the integer £.]

(b) Contrapositive: For all integers k and £, if k and £ are not both even or both odd
then k + £ is odd. — OR, For all integers k and £, if one of k, £ is odd and the other even
then k + ¢ is odd.

Proof: Let us assume (without loss of generality) that k is even and £ is odd. Then it
follows from Definition 2.8 that we may write k = 2¢ and £ = 2d + 1 for integers c and d.
And now we find that k+ € = 2c + (2d + 1) = 2(c + d) + 1, where ¢+ d is an integer — by
the associative law of addition and the distributive law of multiplication over addition for
integers. From Definition 2.8 we find that & + £ = 2(c + d) + 1 implies that & + £ is odd.
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14.

15.

16.

17.

18.

19.

Proof: Since n is odd we may write n = 2a + 1, where a is an integer — by Definition
2.8. Then n? = (2a + 1) = 4a® + 4a + 1 = 2(2a? + 2a) + 1, where 2a? + 2a is an integer.
So again by Definition 2.8 it follows that n? is odd.

Proof: Assume that for some integer n, n? is odd while n is not odd. Then n is even
and we may write n = 2a, for some integer a — by Definition 2.8. Consequently, n? =
(2a)? = (2a)(2a) = (2:2)(a - a), by the commutative and associative laws of multiplication
for integers. Hence, we may write n? = 2(2a?), with 2a? an integer — and this means that
n? is even. Thus we have arrived at a contradiction since we now have n? both odd (at the
start) and even. This contradiction came about from the false assumption that n is not
odd. Therefore, for every integer n, it follows that n? odd = n odd.

Here we must prove two results — namely, (1) if n? is even, then n is even; and (i) if n is
even, then n? is even.

Proof (i): Using the method of contraposition, suppose that n is not even — that is, n is
odd. Then n = 2¢+1, for some integer a, and n? = (2a+1)? = 4a?+4a+1 = 2(2a*+2a)+1,
where 2a” + 2a is an integer. Hence n? is odd (or, not even).

Proof (ii): If n is even then n = 2¢ for some integer c. So n? = (2¢)’ = (2¢)(2¢) =
2(c(20)) = 2((e-2)e) = 2((2c)e) = 2(2c?), by the associative and commutative laws of
multiplication for integers. Since 2¢? is an integer, it follows that n? is even.

Proof:

(1) Since n is odd we have n = 2a + 1 for some integer a. Then n 411 =(2¢+1)+11 =
2a + 12 = 2(a + 6), where a + 6 is an integer. So by Definition 2.8 it follows that n + 11 is
even. _

(2) Ifn + 11 is not even, then it is odd and we have n + 11 = 2b + 1, for some integer b.
Son=(2b+1)~11 = 26~ 10 = 2(b ~ 5), where b — 5 is an integer, and it follows from
Definition 2.8 that n is even — that is, not odd.

(3) In this case we stay with the hypothesis — that n is odd — and also assume that
n + 11 is not even — hence, odd. So we may write n + 11 = 2b + 1, for some integer b.
This then implies that n = 2(b — 5), for the integer b — 5. So by Definition 2.8 it follows
that n is even. But with n both even (as shown) and odd (as in the hypothesis) we have
arrived at a contradiction. So our assumption was wrong, and it now follows that n + 11
is even for every odd integer n.

Proof: [Here we provide a direct proof.] Since m,n are perfect squares, we may write
m = a’ and n = b?, where a,b are (positive) integers. Then by the associative and
commutative laws of multiplication for integers we find that mn = (a?)(#*) = (aa){bb) =
((aa)b)e = (a(abd))b = ((ab)a)b = (ab){ab) = (ad)?, so mn is also a perfect square.

This result is not true, in general. For example, m =4 = 22 and n = 1 = 12 are two
positive integers that are perfect squares, but m +n = 22 +1? = 5 is not a perfect square.
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21.

22.

23.

24.

Let m = 9 = 3% and n = 16 = 4%. Then m + n = 25 = 52, so the result is true.

Proof: We shall prove the given result by establishing the truth of its (logically equivalent)
contrapositive.
Let us consider the negation of the conclusion — that is, ¢ < 50 and y < 50. Then with
r < 50 and y < 50 it follows that z + y < 50 + 50 = 100, and we have the negation
of the hypothesis. The given result now follows by this indirect method of proof (by the
contrapositive).

Proof: Sincedn+7=4n+6+1 = 2(2n+ 3) + 1, it follows from Definition 2.8 that 4n + 7
is odd. .

Proof: If_nlis odd, then n = 2k + 1 for some (particular) integer k. Then 7n + 8 =
72k +1)+8=14k+7+8 =14k + 15 =14k + 14 + 1 = 2(7k + 7) + 1. It then follows
from Definition 2.8 that 7n + 8 is odd.

To establish the converse, suppose that n is not odd. Then n is even, so we can write
n = 2t, for some (particular) integer ¢. But then 7n +8 = 7(2t) + 8 = 14t + 8 = 2(7¢ + 4),
so it follows from Definition 2.8 that 7n+8 is even — that is, 7Tn+8 is not odd. Consequently,
the converse follows by contraposition.

Proof: If n is even, then n = 2k for some (particular) integer k. Then 31n + 12 =
31(2k) + 12 = 62k + 12 = 2(31k + 6), so it follows from Definition 2.8 that 31n + 12 is
even.

Conversely, suppose that n is not even. Then n is odd, so n = 2t + 1 for some (particular)
integer ¢. Therefore, 31n+12 = 31(2t +1)+12 = 62t + 31 + 12 = 62t +43 = 2(31¢ +21) +1,
so from Definition 2.8 we have 31n+ 12 odd — hence, not even. Consequently, the converse
follows by contraposition.
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Supplementary Exercises
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(b) If p, then g, else r.
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6.

.
L4

plelrlgeoripe@eon|@eglipeqger
0j0fo0f 1 0 1 0
0(0]1{ © 1 1 1
of{1{o| o 1 0 1
of1l1] 1 0 0 0
1{lojo| 1 1 0 1
1{of{1| o 0 0 0
1{1{0f{ o 0 1 0
1l1i1] 1 1 1 1

It follows from the results in columns 5 and 7that [p— (g o r)] & [(p ~ q) & 1]

(b) The truth value assignments p : 0; ¢ : 0; r : O result in the truth value 1 for
[p = (g—r) and 0 for [(p — ¢) — r]. Consequently, these statements are not logically
equivalent.

P g (p—gA(g—p)<= (-pVaA(~qVp),s0 ~(peq) =
“(-pVg)V-(-gVp) <> (pA-q)V(gA-p)

Since pV ~q & —-p V ~g & —p — —¢g, we can express the given statement as:
(1) If Kaylyn does not practice her piano lessons, then she cannot go to the movies.

But pV ~q & gV p & ¢ — p, so we can also express the given statement as:
(2) If Kaylyn is to go to the movies, then she will have to practice her piano lessons.

a) p—(gAr)

Converse: (gAr)—p

Taverse: [=p — ~(g A 7)] ¢ [p = (=g V )]
Contrapositive: [~(g Ar) — ~p] & [(=g V =r) = ~p]

b) (pVg)—r

Converse: r — (pVgq)

Inverse: [~(pV g} — ~r] & [(=p A =q) — -]
Contrapositive: [~r — ~(pV ¢)] & [~r — (=p A —g)]

(a) (pV-g)A(FoVp)Ap
(b) {(~pV-og}A(FoVp)Ap
<= (=pV-g)A(pAp) FobVp<=p
& (pVg)Ap Idempotent Law of A
&> pA(-pVg) Commutative Law of A
<> (pA-p)V(pA~g) Distributive Law of A over V
< FoV(pA—g) pA-p &> Fy
&= pA-yg Fy is the identity for V.
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8.

10.

() (PA=g)V(-rAs)
(b) Since p — (¢ A-rAs) & —~pV(gA-rAs)it follows that [p — (gA-rA s &

~pA(gV-rVs).
() pAFR)V(@AT)A[rVsV )

(a) contrapositive (b) inverse (¢) contrapositive
(d) inverse (e) converse

Proof by Contradiction

1) ~(p—s) Premise (Negation of Conclusion)

(2) pA-s Step (1), (p — 8) <> ~pV s, DeMorgan’s Laws, and the Law
of Double Negation

3) p Step (2) and the Rule of Conjunctive Simplification

(4) p—g Premise

B) g Steps (3), (4), and the Rule of Detachment

6) r Premise '

() gAr Steps (5), (6), and the Rule of Conjunction

8) (gAr)—s Premise

9 s Steps (7), (8), and the Rule of Detachment

(10) -s Step (2) and the Rule of Conjunctive Simplification

(11) sA-s (<> Fy) Steps(9), (10), and the Rule of Conjunction

(12) Sop— s Steps (1), (11), and the Method of Proof by Contradiction

Method 2

(1) (¢gAr)—s Premise
(2) r—(g—=s) r—o(gs)s>(gAr)—s

3 -« Premise

(4) gqg—s Steps (2), (3), and Modus Ponens

8) p—yg Premise

6). .p—s Steps (4}, (3), and the Law of the Syllogism
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Method 3

(1) (gAr)—s
(2)

(8) sV-=(gAr)
4 (sv-qV-r
5) r

(6) sVv-q

(7) g—s

B) p—gq

9 . .p—s

Premise

-5 — =(g Ar) Step (1) and for primitive statements u, v

u — v & ~w — -y — and the 1st Substitution Rule.

Step (2) and for primitive statements u,v,u — v &> ~u Vv -
and the lst Substitution Rule. Also, ~-s <= s.

Step (3), DeMorgan’s Law, and the Associative Law of V
Premise

Steps (4), (5), and the Law of Disjunctive Syllogism

Step (6) and sV g <= qV s <> qg—3s

Premise

Steps (7), (8), and the Law of the Syllogism

Method 4 (Here we assume p as an additional premise and obtain s as our conclusion.)

1) p Premise (assumed)

(2 p—q Premise

3 g Steps (1), (2), and Modus Ponens

4 r Premise

BY gAr Steps (3), (4), and the Rule of Conjunction

) (¢gAr)—s Premise

(7) .8 Steps (5), (6), and Modus Ponens
11. (a)

plajripVYa|l(p¥Y @ ¥Yrig¥rip¥Y(g¥r)

0{010 0 0 0 0

0j0}1 0 1 1 1

011{0 1 1 1 1

0j1j1 1 0 0 0

1{0{0 1 1 0 1

11011 1 0 1 0

111410 0 0 1 0

11141 0 1 0 1

It follows from the results in columns 5 and 7that [(p ¥ ¢) ¥ ri<=[p ¥ (¢ ¥ r)}
(b) The given statements are not logically equivalent. The truth value assignments
p:1; ¢:0; r:0 provide a counterexample.
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12.

13.

14.

15.

16.

p: The temperature is cool on Friday.
g¢: Craig wears his suede jacket.
r: The pockets (of the suede jacket) are mended.

p—(r—9

pA-or

9'0 =q

The argument is invalid. The truth value assignments p:1; ¢:1; r:0 providea
counterexample.

(a) True (b) False () True (d) True
(e) False (f) False (g) False (h) True

a) This statement is true. Note that 1 = 7(—2) + 5(3), so for each integer z, z =
7(—2z) + 5(3=).

b) Since 2 divides both 4 and 6, it follows that 2 divides 4y + 6z. Consequently, the result
is false for each odd integer z. [Since 2 = 4(—1) + 6(1), the result is true for each even
integer z.]

Suppose that the 62 squares in this 8 x 8 chessboard (with two opposite missing corners)
can be covered with 31 dominos. We agree to place each domino on the board so that
the blue part is on top of a blue square (and the white part is then necessarily above a
white square). The given chessboard contains 30 blue squares and 32 white ones. Each
domino covers one blue and one white square — for a total of 31 blue squares and 31 white
ones. This contradiction tells us that we cannot cover this 62 square chessboard with the
31 dominos.

Suppose that the 60 squares in the 8 x 8 chessboard (with two squares — one blue and
one white — removed from each of two opposite corners) can be covered with 15 of these
T-shaped figures. When covering the chessboard we agree to place each T-shaped figure
on the board so that the color of each square in the T-shaped figure matches the color of
the chessboard square that it covers. Let n be the number of T-shaped figures with three
blue squares (and one white one) used in the covering. The chessboard contains 30 blue
squares, so it follows that
3n+1-(15n —n) = 30.

Consequently, 2n = 15 — so 15 is both odd and even. This contradiction tells us that we
cannot cover the given chessboard with these T-shaped figures.
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10.

11.

CHAPTER 3
SET THEORY

Section 3.1

They are all the same set.
All of the statements are true except for part (f).
All of the statements are true except for parts (b) and (d).

All of the statements are true except for parts (a) and (b).

(a) {0,2}
(b) {2,21,8L, 51 71}

3?75}

(c) {0, 2, 12, 36, 80}

(a) True (b) True (¢) True
(d) False (e) True (f) False

(a) Vz[z€A—-z€B]A3z{z€B A z¢A]
(b) 3z[z€AAz¢gB)VVz[z¢gB Vz € A4

(&) 2"=128 (b) 128 —1 =127 (We substract 1 for 9).

(c) 128 —1 =127 (We subtract 1 for A) (d) 126 (e) (5) =35

(f) For each of the other five elements of A there are two choices: Include it with 1,2
in a subset or exclude it from a subset that contains 1,2. By the rule of product there are
25 subsets containing 1,2.

@6 o O+O+O+O=0¢ O O+O+O+() =0

(a) lAj=6 (b) IBj=7
(¢) H B has 2" subsets of odd cardinality, then |B|=n+ 1.

The only nonempty sets are in parts (d) and (f).

(a) There are 2° — 1 = 31 nonempty subsets for the set consisting of one penny, one
nickel, one dime, one quarter and one half-dollar.
(b) 30 (c) 28
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12.

13.

14.

15‘

18.

17.

18.

6

@ ()

(b) Since the smallest element in A is 5 we must select the other four elements in A from
{6,7,8,...,29,30}. This can be done in (245) ways.

(c) Let z denote the smallest element in A. Then there are four cases to consider.

(z =1) Here we can choose the other four elements in (249) ways.

(x = 2) Here there are (248) selections.
(z =3) There are (247) subsets possible here.
(z =4) In this last case we have (%) possibilities.

In total there are (?) + (248) + (247) + (T) subsets A where |A| = 5 and the smallest element

in A is less than 5.

(a) (%) =924 (b) (§)() =225 (c) 25-1=63

(a) There are 2! subsets for {1,2,3,...,11}, and 2® subsets for {1,3,5,7,9,11}. The
26 subsets of {1,3,5,7,9,11} contain none of the even integers 2,4,6,8,10. Hence, there
are 2'!' — 26 = 1984 subsets of {1,2,3,...,11} that contain at least one even integer.
(b) 2!% — 26 = 4032

(c) For n =2k +1, where k > 0, the number of subsets of {1,2,3,...,n} containing
at least one even integer is 2" — 2¢+1,

For n =2k, with k > 1, the number of such subsets is 2" — 2*,

Let W ={1}, X = {{1}$2}$ Y= {X$3} :

(n = 6) 1 6 15 20 15 6 1
(n=7) R 21 35 35 21 71
(n=8 1 8 28 56 70 56 28 8 1

(a) Let £ € A. Since ACB, x € B. Thenwith BCC,z€C. So xr€c A=z€C
and ACC.

(b) Since A C B= AC B, by part (a), A CC. With A C B, there is an element
t € B suchthat z ¢ A. Since BCC, z € B= 1z € C, so thereis an element
z € C with z € 4 and ACC.

{(c) Since B C C it follows that B C C, so by part (a) we have A C C. Also,
BcC=3zceld(x € CAz ¢ B). Since ACB,z § B=>z ¢ A. So ACC
and 3zrceUd (x € CAz ¢ A). Hence ACC.

(d)} Since A C B => A C B, the result follows from part (c).

False. Let A = {1}, B ={1,2},and C = {1,3}.
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19.

20.

21.

22.

23'

(a) Forn,k € Z* with n > k+ 1, consider the hexagon centered at (). This has the form
G )

) (3:)
() G

where the two alternating triples — namely, (" ‘) (k:!), (":1) and (n;l)’ (::)’ (kzl) B

satisty (22) (2) (1) = () ) ()

(b) Forn,k € Z* with n>k+1,
(Z _ 1) (k : 1) (n : 1) [(k —( ';)T(:)i k)!} [(k n 1)!(;2 !_ k— 1)!] [k!(y(zn++1l-)-! k)!]

- [ [t [ -
Ce)EEGm)

(a) Each of these strictly increasing sequences of integers corresponds with a subset of
{2,3,4,5,6}. Therefore there are 2° such strictly increasing sequences.

(b) 28

(c) 2% and 2%

(d) Let m,n be positive integers with m < n. The number of strictly increasing sequences
of integers that start with m and end with n is 2(n—m)+1l=2 = gn-m-1_

(1/%;) = ("}") = (1/9)[(n)/(5}(n—5))) = (n—1)!/(4(n—5)!) = n! = 20(n—1)! =>

(%)

a) 2n b) 4n=2'n c) 2%n

For a given n € N, we need to find k € N so that the three consecutive entries ( ) ( k+1)

(kia) are in the ratio 1 : 2 : 3. [Consequently, n > 2 {(and k > 0).] In order to obtain the

given ratio we must have

(13a) =22) = (3e) =)

From (H-l) = 2( ) it follows that 2(k.)(n iy = (HU'{:‘! =iy 80 2k+2=n—k orn =

2+ 3k. leewise, (k+2) = 3(,‘) unplxes that 3m W, and we find that
HE+2)(k+1) = (n—k)(n—k—1). Consequently, with n = 2+ 3k, we have 3(k+2)(k+1) =
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24'

25'

26.

27.

28.

(2 + 2k)(1 + 2k), or 0 = k? — 3k — 4 = (k —4)(k + 1). Since k > 0, it follows that k = 4
and n = 14. So the 5th, 6th, and 7th entries in the row for n = 14 provide the unique
solution.

0000 ) 0011 {v, z}
1000 {w} 1011 {w,y,z}
1100 {w,z} 1111 {w, z,y, z}
0100 {=} 0111 {z,y,2}
0110 {z,y} 0101 {z, z}
1110 {w,z,y} 1101 {w,z,z}
1010 {w,y} 1001 {w, z}
0010 {v} 0001 {z)

As an ordered set, A = {z,v,w, z, y}.

( ) (n+l) ( +2) ( )+ + (n;l:‘;l) + ('n;}‘-r) — (ngl) + (n-’H) + (n;—ﬂ) + (n;J) ot
() 4 0 = O+ (70 () 4o () () = ()4 () v
) (9 = (59 4% (1) (7)== () 4 () = ()
(a) If S€ S, thensince S = {A|A ¢ A} wehave S ¢ S.

(b) ¥ S ¢S, then by the definition of S it follows that S € S.

(b)

10 Random

20 Dim B(12), S(6)

30 B(1)=2:B(2)=3B3)=5B4)="7

40 B(5) = 11: B(6) = 13: B(7) = 17: B(8) =19

50 B(9) = 23: B(10) = 29: B(11) = 31: B(12) = 37
60 ForI=1To6

70 S(I) = Int(Rnd*40) + 1

80 ForJ=1Tol-1

90 If S(J) = S(I) Then GOTO 70
100 Next J

110 Next I

120 ForI=1To 6
130 ForJ=1To12

140 If S(I} = B(J) Then GOTO 170
150 Next J

160 GOTO 240

170 Next I

180 Print “The subset S contains the elements”;
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29.

30.

190 ForI=1To 5

200 Print S(I); «, ”;

210 Next I

220 Print S(6); “ and is a subset of B”
230 GOTO 290

240 Print “The subset S contains the elements”;

250 For1=1To5
260 Print S(I); %, ™;
270 Next I

280 Print S(6); “ but it is not a subset of B”

290 End

procedure Subsetsf(i,j,k, & positive integers)

begin
fori:=1to4do
for := i+1 to 5 do
fork:=j+1to6do
for {:= k+1 to 7 do
print ({i,,1})
end

Program List_subsets4 (Input, OQutput);
Const
Size = 10;
Type
Member_type = 1..Size;
Set_type = set of Member.type;
Var
n: 1..Size;
S: Set_type;

Procedure Write_set (S: Set_type);
Var

1: 1..5ize;
Begin

Write (‘{’);

For i := 1 to Size do
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Ifiin S then
Begin
=8 - [if;
S <> [], then
~ Write (i:3, ¢,
Else Write (i: 3);
End;
Writeln (‘}’);
End;

Procedure Subsets (L,R : Set_type; i: Member_type);
Begin
Ifi <= n then
Begin
Subsets (L + [i], R, i+1);
Subsets (L, R + [i}, i+1);
End
Else
Begin
Write_set (L);
Writeset (R);
End;
End;

Begin
Write (‘What is the value of n?’);
Readln (n);
Subsets ({1},[ },2);

End.

Section 3.2

(a) {1,235} ) A © U-{2}
(d) U- {2} (e) {4’8} (f) {1,2,374,578}
(g) @ (h) {248} (1) {1,3,4,5,8}
2. '
(2) [2,3] (b) [0.7) (¢} (=00,0)U(3,+00)
(d) [0,2)u(3,7) (e) [0,2) ) (379

3. (a) Since A = (A - B)U(AN B) we have A = {1,3,4,7,9,11}. Similarly we find B =
{2,4,6,8,9}.
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6.

(b) C = {1,2,4,5,9}, D = {5,7,8,9}.

(a) (1) True (ii) False (iii) False
(iv) True (v) True (vi) False

(by @) E (i) B (i) D
(ivy D (v) Z-A={2n+1n € Z} = The set of all (vi) E

(positive and negative) odd integers

(a) True (b) True (c) True (d) False (e) True
(f) True (g) True (h) False (1) False

(a) ze ANC=(z€A and z€C)= (r€ B and z € D), since A C B and
CCD==zeBND,so ANCCBND.

2 €AUC =z €A or z€C. If z € A, then z € B, since A C B. Likewise,
z€C=>z€D. Ineithercase, r€ AUC =z BUD,so AUCCBUD.

(b) Let AC B. We always have # C ANB,solet z€ ANB. Then z€ A and z € B.
rEA=>z2€B,since ACB. z€B,treB=zcBnB==§,s0o AnB =§.
Conversely, for ANB=0,let z€ A If z¢& B, then r€ B,s0 z€ ANB = . Hence
z€B and AC B.

(c) Follows from part (b) by the principle of duality.

(a) False. Let U = {1,2,3}, A= {1}, B= {2}, C = {3}. Then ANC=BNC but
A # B.

(b) False. Let ¥ = {1,2}, A= {1}, B={2}, C={1,2}. Then AUB=AUC but
A # B.

(c) z€eA=>2z€ AUC=z€BUC. Soze€e Borz€ C. If z € B, then we
are finished. If z € C, then z€ ANC = BNC and z € B. In either case, z € B so
A C B. Likewise, y€¢e B=y€ BUC = AUC,soyc€ Aorye C. fy e C, then
y€ BNC = ANC. In either case, y € A and B C A. Hence A = B.

(d) Let z € A. Consider two cases: (i) z€ C =z ¢ AAC => z ¢ BAC => z € B.
(ii) ¢ C =>z€ AAC =3 2 ¢ BAC == z € B. In either case A C B. In a similar
way wefind BC A,s0 A = B.
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10.

11.

12.

13.

14.

{a)

_.
AA(BNC) (AAB)N(AAC)

From the Venn diagrams it follows that AA(B N C) # (AAB) N (AAC), so the result is
false.

(b) True (c) True

(ANB)UC = {d,z,z} which has 2° —1 =7 proper subsets; AN(BUC) = {d} which
has 1 proper subset.

(a) 0 (b) Oand1

(a) 9=(AUB)N(AUB)N(AUB)N(4AUB)
(b) A=AU(ANB)

(¢ ANB=(AUB)N(AUB)N(AUB)

(d) A=(ANnB)U(ANY) |

The dual of the statement ANB = A is the statement AUB = A. But AUB = A4 <
B C A, so the dual of the statement A C B is the statement B C 4.

(a) False. Let U = {1,2,3}, A = {1}, B = {2}. P(A) = {§,A}, P(B) = {6, B},

P(Au B) = {8, {1}, {2},{1,2}}, and {1,2} ¢ P(A) U P(B).

(b) X € P(A)YNP(B) <= X € P(A) and X € P(B) <= X C A and X C B <
XCANB &> X € P(ANB), so P(A)NP(B) = P(AN B).

(a} & (c

A{B|AnB|{AnNB|AUuB| AU(ANB)
0{0] © 1 1 0
61} o 1 1 0
1{0f 0 1 1 1
11 1 0 0 1




(b)
AlAuA

0] o0

1 1
(d)
A|B|C{AnNB|AnC | (ANBY)U(ANC)
olojo}| o 0 1
0{01{1 0 1 0
oj1{o| o 0 1
0j1(1 0 1 0
1{6}l0} O 0 1
1{o}1 0 0 1
1{1jo0 1 0 0
1f1]1 1 0 0
AnNB|ANC | (AnB)U(ANC)

0 1 1

0 0 0

0 1 1

0 0 0

1 0 1

1 0 1

0 0 0

0 0 0

15. (a) 2°=64 (by 2°

(c) In the columns for A, B, whenever a 1 occurs in the column for A, a 1 likewise occurs
in the same position in the column for B.

67



16.

17.

18.

19.

20.

(d)

A{B|C{AUB|AnB|BNC|{(AnB)u(BnC)

01010 1 0 1 1

0/0}1 1 0 1 1

010 0 0 1 1

0j1]1 0 0 0 0

11010 1 0 1 1

110}1 1 0 1 1

11140 1 1 1 1

11111 1 1 0 1
Steps Reasons
(ANBYU[BN((CNnD)u(CnD))

= (ANBYU[BN(CN(DuD))) Distributive Law of N over U

= (ANB)U[BN(CniU)] DuD=U

= (ANB)U(BNC) Identity Law [CNU = C]

= (BNA)U(BNC) Commutative Law of N

= BN{AUC) Distributive Law of N over U

() AN(B~A)=AN{BNA)=BN(ANA)=Bn=9

(b) [(ANB)U(ANBNCND)U(ANB)=(ANB)U(4AN B) by the Absorption Law
=(AUA)NB=UNB=B

() (A-B)U(ANB)=(ANB)U(ANB)=AN(BUB)=ANU=A
(d) AUBU(ANBNC)=(ANB)U[(ANB)NC] = [(ANB)U(ANB)IN[(ANB)uUC] =
[(AnB)uC]=AUBuUC

7 7
U A=A = {1,2,3,41516’7}; n A=A = {1}
a=l n=1
U) A= An = {1,2,3,...,m —1,m}, (] 40 = 4, = {1}.

n=1 n=1

(a) [-6,9] (b) [-8,12] (c) 0 (d) [-8,-6)u(9,12]
(e) [“14, 21} . (f) [—2)3] (g) R (h) ["2a 3]
z€{lAdie>zd[Aie>r¢A foratleastonei€ <=z € 4;
el iel

for at least onet € I <=z € UZ:
i€l
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Section 3.3

Here the universe U comprises the 600 freshmen. If we let A, B C U be the subsets

A: the freshmen who attended the first showing

B: the freshmen who attended the second showing,

then ] = 600, |A| = 80, | B| = 125, and {4 N B} = 450.

Since |A N B} = |AU B| = 450, it follows that |4 U B| = 600 — 450 = 150. Consequently,
|AN B| = |A| +{B]| — |AU B| = 80 + 125 — 150 = 55 - that is, 55 of the 600 freshmen
attended the movie twice.

Here the universe I{ comprises the 2000 automobile batteries. If we let A,B C U be the
subsets

A: the batteries with defective terminals

B: the batteries with defective plates,

then || = 200, |A N B} = 1920, |B] = 60, and |[AN B| = 20.

Since AN B = AUB, it follows that |4 U B| = 2000 — 1920 = 80. From |A U B| =
|A| + |B| — {A N B} we learn that [A] = |AU B|~ |B|+ |AN B| = 80 — 60 + 20 = 40 - that
is, 40 of her 2000 batteries have defective terminals.

There are 22 such strings that start with three 1’s and 2% that end in four 0’s. In addition,
25 of these strings start with three 1’s and end in four 0’s. Consequently, the number that
start with three 1’s or end in four 0’s is

2% +2% — 25 = 512 + 256 — 32 = 736.

(a) Here AUBUC = C, so JAUBUC| = |C| = 5000.

(b) Here ANBNC = § as well, so it follows from the formula for |JAUBUC| = |A|+|B|+|C| =
50 + 500 + 5000 = 5550.

(c) JAUBUC| = |A|+|B|+|C|-|ANB|-|AUC]|~|{BNC|+|ANBNC| = 50+ 500 +
5000 -3 -3 -3+ 1=05542.

9!+ 9! 8! 6. (a) 12 (h) 2 (c) 16

(a) There are 24! permutations containing each of the patterns O U T and D I G. There
are 22! permutations containing both patterns. Consequently there are 2(24!) — 22!
permutations containing either O U T or DI G.

(b) There are 26! permutations in total. Of these there are 24! that contain each of the
patterns M A N and A N T and 23! that contain both patterns (i.e., contain

M A N T). Hence there are 2(24!) — 23! permutations that contain either M A N or

A N T and 26! — [2(24!) ~ 23!] permutations that contain neither pattern.

For the pattern F U N we consider four cases.

(a) F UN ___. Here the blauks can be filled in (36)® ways.
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10‘

(b) -F UN __. Here the blanks can be filled in (26)(36)? ways.

(c) --F U N_. Again there are 26(36)* ways to fill in the blanks.

(d) ---F U N. There are also 26(36)* ways to fill in the blanks here.

Consequently the number of six character variable names containing F U N is (36)3 +
3(26)(36)% — 1, because the variable F U N F U N is counted in both case (a) and case (d).

There are also (36)° + 3(26)(36)?

— 1 of these variables that contain T I P and two that

contain both F U N and T I P. Consequently, the number of these six character variables
that contain either F U N or T I P is 2[(36) + 3(26)(36)* — 1] - 2.

(1) (i)

A
\y/
6&

Giy) 8

The circle labeled (i) is for the arrangements with con-
secutive S’s; drcle (ii) is for consecutive E’s; and circle
{iii) for consecutive L’s. The answer to the problem
is the number of arrangements in region 8 which we
obtain as follows. For region 5 there are 10! ways
to arrange the 10 symbols M,I,C,A ,N,0,U,SS,EE,LL.
For regions 2,4,6 there are (11!/2!) — 10! arrange-
ments containing exactly two pairs of consecutive let-
ters. Finally each of regions 1,3,7 contains (12!/(2!2!))—
2[(11!/2!)~10!]—-10! arrangements, so region & contains
{3131/(2!)%] —3[12!/(2!21)} + 3(11!/2!) ~ 10! arrangements.

The number of arrangements with either H before E, or E before T, or T before
M equals the total number of arrangements (i.e., 7!) minus the number of arrangements
where E is before H, and T is before E, and M 1is before T. There are 3! ways
to arrange C, I, S. For each arrangement there are four locations (one at the start, two
between pairs of letters, and one at the end) to select from, with repetition, to place M, T,
E, H in this prescribed order. Hence there are (3!)(4*’:") = (3!) :) arrangements where

M is before T, T before E, and E before H. Consequently, there are 7! — (3!)(;’)
arrangements with either H before E, or E before T, or T before M.

Section 3.4

(a) Pr(A)=]A|/|S|=3/8
(b) Pr(B)=|B|/|S|=4/8=1/2

(¢) AnB={a,c}s0 PrfANB)=2/8=1/4

(d) AUB = {a,b,c,e,9} so Pr(AUB)=5/8

(e) A={d,e,f g,k} and Pr(4) =5/8=1~3/8=1— Pr(A)
(f) AU B = {a,c,d,e, f,g, k} with Pr(AUB) = 7/8

(g) AnB = {b} so Pr(AnB)=1/8.

() §={(z,y)r,y€{1,23,...,20}}
(b) S={(=v)lz,ve{1,2,3,...,20},z # y}
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lo.

Here each equally likely outcome has probability ;- = 0.04. Consequently, there are
924 — 6 outcomes in A.

The probability of each equally likely outcome is 9‘-7‘-1 =0.02 = 3; Therefore, n = 0—},—2 = 50.

(a) (§)/(5) =15/66 = 5/22 = 0.2272727....
® () + )6 + OOV () =21/66 =7/22 = 1-(3)/(7))

S = {{z,y}lz.y € {1,2,3,...,99,100}, = # y}
A={{z,z+ 1}z € {1,2,3,...,99}}

I51= ('°) = 4950; |4] =99

Pr(A) = 99/4950 = 1/50

S = {{z,y}lz,y € {1,2,3,...,99,100},z # y}
A = {{z,y}|{z,y} € S,z + y is even}
= {{z,y}l{z,y} € S,z,y even} U {{z,y}|{z,y} € S, 7,y odd}
|51 = (1) = 4950; |4] = () + (%) = 2450
Pr(A) = 2450/4950 = 49/99

S = {{a,b,c}la,b,c € {1,2,3,...,99,100}, a # b, a # ¢, b # c}

A = {{a,b,c}|{a,b,c} € S,a+ b+ cis even} = {{a,d,c}|{a,b,c} € S, a,b,c are even, or
one of a, b, ¢ is even and the other two integers are odd}

5] = (") = 161,700; |4] = () + () (%) = 19,600 + 61,250 = 80,850

Pr(A) = 80,850/161, 700 = 1/2.

The sample space § = {(z;, %2, 73,24, %5,%6)|zi = Hor T, 1 < ¢ £ 6}. Hence |S| = 2¢ = 64.
(a) Here the event A = {HHHHHH} and Pr(A) = 1/64.
(b) Theevent B= {HHHHHT,HHHHTH, HHHTHH HHTHHH HTHHHH,
THHHHH)} and Pr(B) = 6/64 = 3/32.
(¢) There are 6!/(4!2!) = 15 ways to arrange two heads and four tails, so the probability
for this event is 15/64.
(d) 0 heads: 1 arrangement

2 heads: {6!/(2!4!)] = 15 arrangements

4 heads: [6!/(4!2!)] = 15 arrangements

6 heads: 1 arrangement
The event here includes exactly 32 of the 64 arrangements in 8, so the probability for an
even number of heads is 32/64 = 1/2.
(e) 4 heads: {6!/(4!2!)] = 15 arrangements

5 heads: [6!/(5!1!)] = 6 arrangements

6 heads: 1 arrangement
Here the probability is 22/64 = 11/32.

@ (D){¥)/(%) = (4-4845)/177100 = 0.10943
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11.

12.

13.

14.

15.

160

) ($)()/(%) = (364-45)/177100 = 0.09249
@ OO /(E) = (4-9-45)/177100 = 0.00915

a) Let § = the sample space = {(z;1,23,73)|]1 < z; <6, i =1,2,3}; |S| = 6% = 216.
(a)

5
Let A = {(z1,2,23)|71 < 7 and 7, < z3} = | J{(n, 22,%3)|n < z; and n < z3}.

n=1

For 1 < n <5, |{(n, z3,zs){n < 2, and n < z3}| = (6 — n)%.
Consequently, |A]| = 5% + 4% + 3% + 2% 4 12 = 55.
Therefore, Pr{ A) = 55/216.
(b) With S as in part (a), let B = {(z1, 22, 2s)|z1 < 2 < z3}.
Then [{(1,z2,23)]1 < z; < z3}} = 10,

H(2, z2,%3)|2 < z3 < z3}| =6,

H(3, 22, z3)I8 < 7, < 23} = 3, and

{4, 23)4 < 7, < 23} =1,
so |B] = 20 and Pr(B) = 20/216 = 5/54.

(a) 10 (b) 1 (c) 4/15

(a) =21 (b) [(14) + (14N}/(15!) = 2(14})/(15!) = 2/15
(c) (2)(9)(13')/(15') = 3/35

(a) 24/300 = 0.08
(b) (1) There are 180 students who can program in Java. Two can be selected in

(":0) ways. The sample space consists of the (320) pairs of students. So the proba-

bility that two students selected at random can both program in Java is (120) /(320) =
(180)(179)/(300)(299) = 0.36. (i) (**)/(*F") = 0.29.

Pr(A) = 1/3; Pr(B) =7/15, Pr(AN B) = 2/15; Pr(AUB) = 2/3 Pr(AUB)=2/3 =
(1/3) + (7/15) — (2/15) = Pr(A) + Pr(B) ~ Pr(AN B).

(a) 2[(5!/20)}/[(7}/(2121))] = 120/1260 = 0.0952

(b) [(7/(221)) — 2((61/2!) ~ B!) — BT /(212))] =
[Tt/ (212) — 2(81/2!) + BY/1(7!/(212))]) =
[1260 — 720 + 120}/(1260) = 660/1260 = 0.5238

Section 3.5

Pr(A)=1-Pr(A)=1-04=0.6

Pr(By=1-Pr(B)=1-03=0.7

Pr(AU B) = Pr(A) + Pr(B) - Pr(ANB)=04+03~02=05
Pr(AUB)=1-Pr(AUB)=1-0.5=0.5

Pr{ANB) = Pr(A)~ Pr{ANB) because A = (ANB)U(ANB) with (ANB)N(ANB) =
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10.

So Pr(ANB) =04-0.2=0.2

Pr(ANB) = Pr(B)—~ Pr(ANB)=03-0.2=0.1
Pr(AUB)=Pr(ANB)=1~Pr(ANB)=1-~0.1=0.9
Pr(AUB)=Pr(ANB)=1-Pr(ANB)=1~02=0.38

@) ()2 = (§)(})® = 0.109375

() (YA + OB + ()@ = GFIE) + (@) + ()1 = 0.144531
(© ()(G)()° =0.100375

(@) )3+ D+ ()ErGr = 3rIE) + () + ()1 = 0.144531

(a) S = {(z,y)lz,y € {1,2,3,...,10}, z # y}.

(b) For 1 <y <9, if y is the label on the second ball drawn, then there are 10 — y possible
values for z so that (z,y) € § and = > y. Consequently, if A denotes the event described
here, then |A| =9+ 8+ 7+ ---+ 1 =45 and Pr(A) = |A|/|S| =45/90 = 1/2.

(c) Let B = {(v,w)}v even,w odd}. Then we want Pr(BUC) where BNC = §. So
Pr(BUC)=Pr(B)+Pr(C)=28 4+ 8 =3 =2,

Here Pr(A) = 52, Pr(B) =1, Pr(C) =14, Pr(ANB) = §, Pr(ANC) =
Pr(BNC) =15 and P(ANBNC) = L. So

Pr(AuBuC)_L+E+L_E_%_%+%=g=%

Since A, B are disjoint we know that Pr(AU B) = Pr(A)+ Pr(B),so Pr(B) =0.7—0.3 =
0.4.

Pr(AAB) = Pr(A) + Pr(B) — 2Pr(AN B)

(a) Let p be the probability for the outcome 1. Then for 1 < n < 6, the probability for the
outcome n is np and p+ 2p + 3p + 4p + 5p + 6p = 1. Consequently p = 1/21.

So the probability for a 5 or 6 is 2 2] +£= 5—}
(b) The probability the outcome is even st 4448 =12

- 21
1-Z=f=x+5+5%

(a) Let z be the outcome on the first die and y the outcome on the second die. Here we
want Pr(z =6,y = 4)+ Pr(z =5,y = 5) + Pr(.z: = ,y 6)). So the probability a 10 is
rolled is ()(57) +(H)(5) + (F)(5) = 243 “5, 2 m = 0.165533.

(b) The proba.blhty of rolling an 11 is (£)(X) + (& X 21) = For 12 the probability is

1
(SXZ) So the probability of rolling at least 10 is 13400136 33 = 19 = 0.383220.
EHEER I b L RN

Here the sample space § = {z;2,z3z47s|z; € {H,T}, 1 <i < 5}. So |S} = 2% = 32. The
event A of interest here is A = {HHHHH HHHHT,HHHTH HHHTT,HHTHT,
HHTHHY) nad Pr(4) = 6/32 = 3/16.

Pr(dy =820 =8 = 12 =052 Pr(B) = $430415 - 108 . 21 - g8y
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11.

12.

13.

14.

15.

16.

17.

Pr(ANB)= 2 =1 =048

Pr(AUB) = Pr(A) i Pr(B) ~ Pr(AN B) = 0.52 + 0.84 — 0.48 = 0.88
Pr(4) =1~ Pr(A) = 0.48 Pr(B)=1-~ Pr(B) =0.16
Pr(AUB) = Pr(ANB) =1~ Pr(ANB) = 0.52
Pr(ANB)=Pr(AUB)=1- Pr(AUB) =0.12

Pr(AAB) = Pr(A) + Pr(B) —2Pr(ANB) = 0.52 + 0.84 ~ 2(0.48) = 0.4

() Pr(AUB)=1-Pr(AUB)=1~-1=1%
(ii) Pr(AU B) = Pr(A) + Pr(B) ~ Pr(A N B). Here Pr(A) = Pr(B), so Pr(Au B) +
Pr(ANB) =2Pr(A), or 2Pr(A) =} + { = 1. Hence Pr(4) =

(iii) Pr(A — B) = P(AN B). Since A (An B) U(an B), where (ANB)N(ANB) =

we have Pr(A ~ B) = Pr(A)~Pr(ANB)=}~-1t=2

(iv) Pr(AAB) = Pr(A) + Pr(B) —2Pr(AN B) 3+ % 2(3) =2

m

6.6 _1_1
14 + 14 14 14

((5) @) + (D) 6) + (D)) + ) CWE) = 6) = (5))
= [(252)(126) + (210)(84) + (120)(36) + (45)(9))/[92378 — 1 — 10]
= (31752 + 17640 + 4320 + 405)/92367 = 54117/92367 = 0.585891.

(a) Ann selects her seven integers in one of (370) ways. Among these possible selec-
tions there are (") that are winning selections. So the probability Ann is a winner is

(’7’) / ( ) = 330/3,176, 716,400 = 0.000000104. [Using a compuier algebra system one
gets 0.1038808501 x 1074.]
(b) The probability of having two winners is (0.000000104)? = 0.1079123102 x 10~'* —

NOT very likely.

In general, B= BNS = BN(AUA) = (BN A U(BNA). With A C B it follows
that B = AU (BN 4), and since AN(BNA) = BN(ANA4) =Bnd =0, we have
Pr(B) = Pr(A)+ Pr(BNA). From Axiom (1), Pr(A), Pr(BNA) > 0, so Pr(B) > Pr(A).

Since AU B C 8, it follows from the result of the preceding exercise that Pr(AU B} <
Pr(8§} = 1. Sol 2 Pr(AUB) = Pr(A) + Pr(B) — Pr{AN B), and Pr(AN B) >
Pr{A)+ Pr(B)~1=0.7+0.5-1=0.2.
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Section 3.6

Let A, B be the events
A: the card drawn is a king
B: the card drawn is an ace or a picture card.

Pr(A|B) = Pr(AN B)/Pr(B) = ()/(}) = { = } = 0.25.

Pr(AN B) Pr(A) + Pr(B) ~ Pr(AU B)
06+04~0.7=03

Pr(A{B) Pr(ANB)/Pr(B)=2=2=0.75
A=AN(BUB) = (ANB)U(ANB), with (ANB)N(ANB) = And = 9, so
Pr(A) = Pr(ANB) + Pr(ANB).

Therefore, Pr(AN B) = Pr(A) — Pr(A N B) 0.6 —0.3 = 0.3, and Pr(4|B) =
Pr(ANB)/Pr(B)=03/[1-04] =2 =1 = =0.5.

Let A, B be the events
A: Coach Mollet works his football team throughout August
B: The team finishes as the division champion.
Here Pr(B|A) = 0.75 and Pr(A) = 0.80, so Pr(AN B) = Pr(A)Pr(B|A) = (0.80)(0.75) =
0.60.

Let A, B be the events
A: a given student is taking calculus
B: a given student is being introduced to a CAS.

(a) Here we want Pr(B|A).
Pr(A) = (170 + 120)/420 = 29/42
Pr(Bn A) = 170/420 = 17/42
So Pr(B|A) = Pr(BN A)/Pr(A) = (/&)=
(b) In this case the answer is Pr(4|B).
Pr(B)=1- Pr (B) =1-[(170 + 80)/420} =1 - & = 11
Pr(An ﬁ) _j"i
So Pr(A[B) = Pr(ANB)/Pr(B) = (5)/() = &.

In general, Pr(AU B) = Pr(A) + Pr(B) — Pr(A N B). Since A, B are independent,
Pr(An B) = Pr(A)Pr(B). So

Pr(AUB) = Pr(A)+ Pr(B) - Pr(A)Pr(B)
Pr(A)+[1 ~ Pr(A)]Pr(B)

Pr(A) + Pr(A)Pr(B).

n i

The proof for Pr(B) + Pr{B)Pr(A) is similar.
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10.

Let A, B denote the events
A: first toss is a head
B: three heads are obtained in five tosses.
(a) Pr(B|A) = Pr(BNA)/Pr(A) = ( )( )*/(3) = & = 3. [For the event BN A we consider
t(l;se }number of ways we can place two Hs and two Ts i m the last four positions. This is
2)-

(b) Pr(B|A) = Pr(BNA)/Pr(@) = (1)L = $ = 1.

Let A, B denote the events
A: Bruno selects a gold coin
B: Madeleine selects a gold coin

(a) Pr(B) = Pr(BNA)+ Pr(BNnA)

= Pr(A)Pr(B !A) + Pr(A)Pr(B|4)

= (R +(R)G) =8P =8 =
(b) Pr(4|B) = ;:’SB = ”"'}2,” ).

= [(15)( )]/( _1—5'3_%%

A= (TH,TT}, Pr(A) = (N + (P =1+ =3 =]
B = {TT,HH}, Pr(B)= () + () =1 4§ =1
ANB={TT}, P(ANB)=(}) =
Pr(ANB)=1=32 # £ =(3)(

\—/@li-

= Pr(A)Pr(B), so A, B are not independent.

Pr(AUB) = Pr(A)+ Pr(B)— Pr(AN B)
= Pr(A)+ Pr(B) — Pr(A)Pr(B),
because A, B are independent.
06 = 03+ Pr(B)~(0.3)Pr(B)
0.3 = 0.7Pr(B)
So Pr(B) =2

(a) Let A, B denote the events
A: Alice gets four heads (and three tails)
B: Alice’s first toss is a head.

Pr(A|B) = Pr(AN B)/Pr(B) = @(%‘,‘—)’—‘i’-l (1) = 8 = & =0.3125.

(b) Let A, C denote the events
A: Alice gets four heads (and three tails)
C: Alice’s first and last tosses are heads.

Pr(A|C) = Pr(ANC)/Pr(C) = %Wﬁﬁ (@Y =28 =& 03125
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11.

12.

13.

14.

15.

16.

17.

pr(4) = OOy +()d )3(l>2 + {5y
GYB+10+1)=8=1
Pr(B)
Pr(An B) ()3 + )(l>2( )2 ( Y3
QYr+6+1=
Since Pr(ANB)=1=(1)1) = Pr(A)Pr(B), the events A, B are independent.

(0.95)(0.98) = 0.931

Let A, B be the events
A: Paul initially selects a can of lemonade

B: Betty selects twg (cax};s of c}gl(a.lp -
. r{An r(A)Pr(BiA
Pr(AlB) = Pr(B)l = TPe(B)
Pr(A)

Pr(B)

ﬁ' _ -
Pr(A)Pr(B|A) + Pr(A)Pr(B|A)
(113)_( W3 ) +({HEGE)
- S,f)(nl iz ~ .80 ___ 6 _1

So Pr(A|B) = BEE+ENENE) = 604286 =~ 30 ~ 5
Pr(AUBUC) = Pr(4) + Pr(B) + Pr(C) ~ Pr(AN B) = Pr(ANC) ~ Pr(BN C)+
Pr(ANnBNC)=Pr(A)+ Pr(B)+ Pr(C)— Pr(A)Pr(B)— 0~ Pr(B)Pr(C) +0.
Note: A, C disjoint = ANC=0=ANBNC=0=Pr(ANBNC)=0.

08 = 0.2+ Pr(B)+ 0.4-—0.2Pr(B)—0.4Pr(B)

0.2 = 04Pr(B)

So Pr(B) = L=05

Let A, B denote the events
A: the first component fails
B: the second component fails.

Here Pr(A) = 0.05 and Pr(B|A) = 0.02. The probability the electronic system fails is

Pr(AN B) = Pr(A)Pr(B|A) = (0.05)(0.02) = 0.001.

Let R, B, W denote the withdrawal of a red, blue, and white marble, respectively. Here

we are interested in the following cases (with their corresponding probabilities).

RRR: Pr(RRR) = ( s )( 13)( 17)

RRB,RBR,BRR: Pr(RRB)= (19)( l_,‘)(1,) [= Pr(RBR) = Pr(BRR)]
RRW,RWR,WRR: Pr(RRW) = ( 9)( (%) [= Pr(RWR) = Pr(WRR)]
RBB,BRB,BBR: Pr(RBB)=(£)(&)&) [= Pr(BRB) = Pr(BBR)|

Consequently, the probability Gayla has thhdx awn more red than white marbles is

(8){7 DHBIE}4-3(8)(8){4 9}(6){b T .
O AL CHIE) — 2474 — 103 = ,597523.

In general, Pr(AUBUC) = Pr(A) + Pr(B) + Pr(C) - Pr(ANB) - Pr(ANC)-
Pr(BNC)+ Pr(AnBNC). Since A, B, C are independent we have
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18.

19.

20.

21‘

22,

1= Pr(AUBUC) = Pr(A)+Pf(B)+Pr(C)-Pr(A)Pr(B)—-Pr(A)Pr(C)—Pr(B)Pr(C)+
Pr(A)Pr(B)Pr(C) = (5 )+ (3)+ Pr(C) = (R)2) =~ (Pr(C) ~ (Q)Pr(C) + ()(3)Pr(C).
Consequently, 7 — 1 — % +5=[1-3-1+ %IP!‘(C) and Pr(C) = &

Let A, B, C, D denote the following events

A: the graphics card comes from the first source
B: the graphics card comes from the second source
C: the graphics card comes from the third source
D: the graphics card is defective.

Then

Pr(A) =0.2, Pr(B) = 0.35, Pr(C) =0.45
Pr(DJ]A) = 0.05, Pr(D|B) = 0.03, Pr(D|C) = 0.02

(a) Pr(D) = Pr(DN A)+ Pr(DN B)+ Pr(DNC) = Pr(A)Pr(D|A)+ Pr(B)Pr(D|B) +
Pr(C)Pr(D|C) = (0.2)(0.05) +(0.35)(0.03) + (0.45)(0.02) = 0.0295.
So 2.95% of the company’s graphics card are defective.

(b) Pr(C|D) = £E62) = EAQPADIC) — (0.45)(0.02)]/(0.0295) = 18/59 = 0.305085

Here A = {HH,HT} and Pr(A) = %; B = {HT,TT} with Pr(B) = }; and C =
{HT,TH} with Pr(C) = 1.

Also AN B = {HT}, so Pr(ANB) =} = (3)(3) = Pr(A)Pr(B); ANC = {HT}
Pr(Aﬂ C) = 1 =(3)(3) = Pr(A)Pr(C) and BNC = {HT} with Pr(BNC) = (}) =
3)3) = Pr(B)Pr(C) Consequently, any two of the events A, B, C are mdependent

However, ANBNC = {HT}s0o Pr(ANBNC) = 1 # } = (-)(-)(— = Pr(A)Pr(B)Pr(C).
Consequently, the events A, B, C are not mdependent

(0.75)(0.85)(0.9) + (0.75)(0.85)(0.1) -+ (0.75)(0.15)(0.9) + (0.25)(0.85)(0.9) = 0.57375 +
0.06375 + 0.10125 + 0.19125 = 0.93. |

(a) For 0 < k < 3, the probability of tossing k heads in three tosses is (:)(%)"(%)3"" =

(2)(%)3 The probability Dustin and Jennifer each toss the same number of heads is
2 2 2 2

S AP =GRI) + ) +G) +() 1=t +9+9+1) =8 = £ =0.3125.

{b) Let z count the number of heads in Dustin’s three tosses and y the number in Jennifer’s.

Here we consider the cases wherez = 3: y=2,1,0r0; 2 =2: y=1lor0; z = 1: y = 0. The

probability that Dustin gets more heads than Jenmfer is ( )(1)3[( )(1)2(1) + ( )(l)(§)2 +
¢ )(1)31+(,,)( OIS )(1)(1)z G+ C)OGHE G = GrB+3+1+(2)E)B3+
1+ (@)1 =(3)°(22) =

(c) Hete the answer is hkemse %

[Note: The answers in parts (a), (b), and (¢) sum to 1 because the union of the three events
for these parts is the entire sample space and the events are disjoint in pairs. Consequently,
upon recognizing how the answers in parts (b), (c) are related we see that the answer to

part (b) is ()1 — 5] = (3)({5) = 5]
We need the (equal) probabilities for the disjoint events: {1) One cousin gets a head and
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23.

24.

25.

26.

the other four get tails; (2) One cousin gets a tail and the other four get heads.

The probability for event (1) is (5)(3)° = . So the answer is J; + 5 = .

Let A, B denote the following events:

A: A new airport-security employee has had prior training in weapon detection

B: A new airport-security employee fails to detect a weapon during the first month on the
job.

Here Pr(A) = 0.9, Pr(4) = 0.1, Pr(B|4) = 0.03 and Pr(B|A) = 0.005.

The prdbability a new airport-security employee, who fails to detect a weapon during the

first month on the job, has had prior training in weapon detection = Pr(A|B) = £{408) ;’rA(g)B =

Pr{A)Pr(BIA)- _ __ Pr(A)Pr(BlA} — _
PrBNAVIPrBrA) = PrAPrBIAV P PiE = (0-9)(0.005)/[0.9)(0.005) + (0.1)(0.03)] =

0.0045/{0.0045 + 0.003] = % = 2 = 0.6.

Let A, B, C denote the events

A: the binary string is a palindrome

B: the first and sixth bits of the string are 1

C: the first and sixth bits of the string are the same

(a) Pr(A|B) = Pr(AN B)/Pr(B) _
Pr(B) = (1)(1)(1)(1)(1)(1) = 1, where each 1 is the probability that a given position
(second, third, fourth, or fifth) is filled with a 0 or 1.
Pr(An B) = A)(1)(1)GEX3)(E) = &, where, for example, the first 1 is the probability
that the second position is filled with a 0 or 1, and the third % is the probability that the
bit in the fifth position matches the bit in the second position.
| 1,1, 1
Pr(A|B) = Pr(AN B)/Pr(B) = (E)/(Z) =1
(b) Pr(A|C) = Pr(ANC)/Pr(C)
Pr(C) = (MDD + BOOOOE),
for the two disjoint events where the binary strings start and end with 0, or start and end
with 1. _
Pr(ANC) = ()IN)(F)EGN3) + DADDENF)
Pr(AIC) =3+ /3 + 3 =(D/3G) =1
{a) There are (2) = 10 conditions - one for each pair of events; (;) = 10 conditions — one
for each triple of events; (2) = 5 conditions ~ one for each quadruple of events; and (:) =1
condition for all five of the events. In total there are 26 [= 2° — (:) - (f)] conditions to be

checked.

(b) 2" - (g) - ('I') =2"—1-—n=2"—(n+1) conditions must be checked to establish the

independence of n events.

Since 0.3 = Pr(ANB = Pr(AUB), it follows that Pr(AUB) =1~ 0.3 = 0.7.
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27.

28.

29.

30.

Pr(AAB|AU B) = FAURBIGLLEN - pr(AAB)/Pr(AUB) =

[Pr(AU B) — Pr(AN B)}/Pr(AU B) = (0.7 — 0.1)/(0.7) = 0.6/0.7 = 6/7.
Let By, By, B;, Bs, and denote A denote the events

B;: for the three envelopes randomly selected from urn 1 and transferred to urn 2, i
envelopes each contain $§1 while the other 3—1¢ envelopes each contain $5, where 0 < < 3.
A: Carmen’s selection from urn 2 is an envelope that contains $1.

Here, Pr(A) = Pr(AN By) + Pr(AN By) + Pr(AN By) + Pr(AN Bs)
= Pr( Bo)PrSAIBo) + Pr(B,)Pr(A|By) + PréBg)Pr(AlBg) + Pr(B,)Pr(A|B,)

= 1) G)/ (NGD + Q) )/ (D160 +1G) G)/ GNGD + 1(E) (6)/ (N =
(13)(11)"'('1%)('111')"'(3(1))(11)"'(91)(11)"‘
()42 + 168 + 150 + 30] = 390/1001 = 30/77.

Pr(B|A) < Pr(B) = Pr(BN A)/Pr(A) < Pr(B) = Pr(BN A) < Pr(A)Pr(B).

Consequently, Pr(ANB) = Pr(BNA) < Pr(A)Pr(B), so Pr(A|B) = Pr(ANB)/Pr(B) <
Pr(A).

= Pr(A|B) + Pr(B|A) = BiASE + BB = Pr(4 n B)[(1/0.3) + (1/0.5)], so
(0.15)(0.8) = Pr(A N B){0.5 + 0.3] = (0.8)Pr(A N B). Consequently, Pr(AN B) = 0.15.

Pr(AU B) ~ Pr(AAB) = Pr(AN B) = 0.7~ 0.5 = 0.2. Since 0.5 = Pr(A|B) = Pr(AN
B)/Pr(B), it follows that Pr(B) = Pr(AN B)/0.5 = 0.2/0.5 = 0.4. '

0.7 = Pr(AU B) = Pr(A) + Pr(B) — Pr(AN B) Pr(A)+ 0.4 - 0.2, so Pr(A) =0.5.

Section 3.7

(a) Pr(X =3) =1

(b) Pr(X S4) =Yoo PrX =z) =g+ 343+ 3+5=1
(€ PrX>0) =T, PriX=z)=+3+i+}§=3
(d) Pr(1< X <3) = 23r1Pr(X~x)=i-+§+%=%
r = d -
(C)Pr(X=2!X53)=P(Xpr(ifms;)fss)zllz( 53‘( )/[~+1+1+—]-

PIG) =GN =2 |
) Pr(X510rX=4)=Pr(X=O)+Pr(X=1)+Pr(X=4)=%+4l+%=%

(B) PriX =3)=38M 10 . & _
b)) Pr(X <1)=Pr(X = 0)+Pr(X_.1)_J.Ji_+§0_)L 122 +A=E
() Pr1<X<3)=Pr(X=1)+Pr(X=2)= -Ui-+-i-%bt 245+;75=%=%

3 2
(d) Pr(X > -2) = T2 Pr(X = )= APt | 3002 | 30H1 , AD4] 14447400 . 22

(&) PriX = 1X < 2) = Pr(xp}lxmsd;)( =2 };rgc;;; i3(”“1/{‘“"’“ ¥
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3(12)2+ 1, 3(2) t_ (22)/(5) _4_ %

10\ 110

(a) Pr(X = z) = (-wz)ég):-l z=0,1,2,...,5.
-3 .
110
(o) i ) _ (2100110) __ 23100  __ - q
(b) Pr(X =4) = (m = 190,578,0214 = 190,578,024 2,2:;,5786 = 0.000121

10 110 10 110
(c) Pr(X 24)=Pr(X =4)+Pr(X =5)= %?—2? + Lﬁ(lg%lls = ';%&‘s’gzgﬁ = 1902'35-,‘,’;324 =
2 £ 0.000123.

(d) Pr(X =1|X <2) =
1W0\/110 / 120

= {( 10) uo)/ 120 )+( 10 110 /(!20))_'_( l: 1;0)/ l‘gﬂ )]

(10) (uo) /[(10) (x;o) + (110) (1:0) + (1;)) (uo)

(10)(5 773, 185)/[(1)(122 391, 522) + (10)(5 773,185) +(45)(215 820)]

57,731,850/[122, 391, 522 + 57,731,850 + 9, 711,900]

57,731,850/189, 835, 272 = 2675/8796 = 0.3041186.

PriX=1and X <2) Pr(X=1)
Pr(X £2) T Pr(X <2

() Xy: Pr(Xi=ux)
Xgi PT(Xz = zz)
X Pr(X =-3)

3'31 (%)"'l(%)a-".x = :l (%)3, rn = 07 172,3.
13y @3y = (2)@3), 72 =0,1,2,3.

z2 z2

Pr(X; = 0)Pr(X; = 3|1X; = 0) = 8(%)%1) =1y

Pr(X = -1) Pr(X, = 1)Pr(X; = 21X, = 1) = (})(2)’Q) = (3)(3)°
Pr(X =1) Pr(X, = 2)Pr(X, = 1)|X; = 2) = (;)(3)’(1) = B)(3)
Pr(X =3) Pr(X: =3)Pr(X; = 0|X; = 8) = () (3P(1) = ¢)°

(b) E(X) = z:i,gozmr(xx =a)=0-()3rP+1-)Gr+2-5)@yr+3- ()(%)3 =
0+2+8+3= —ﬁ[—3(l) = np, since X is binomial with n =3 and p =3

E(Xz) g

E(X) = (-3)(3’ + (-1)@)FP + M)B)E) +3(3)° = 0= E(X1) ~ E(X,)].

. (2) Pr(X > 3) s Pr( X =2)=Pr(X=3)+Pr{(X=4)+Pr(X =5)+ Pr(X =

6)=§+5+% +‘—i=3

(b) Pr(2< X <8) =Y PriX=2)=Pr(X =2)+Pr(X =3)+Pr(X =4)+Pr(X =
5)—l+l+l+l—§—2

() Pr(X = 4jX > 3) = 1K Pr(“Xa‘;d;)f 23) ﬁ:g: ‘;g = (1/6)/(4/6) = 1/4.

() BX) =8 ,2Pr(X =2) =T 1 z-(3) = (1)1 +2+3+4+5+6) = (1)(21) = 7/2.
(&) E(XH =8 2’Pr(X =z) = (1)1 +4+9+16+25+36) = (1)(91) = &

(ByS(Ip=9_48_1m-ur_n
6 2 6 4 1 12

Var (X)

c @ 1=cTia =l i+ 345+ 5) = (MRS = () = (), s0c= §.
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10.

11'

(b) Pr(X 23) = Pr(X = 3() +PrX =4)+ P;%:g} = r()*’ + ;3 + {3 (43)( =
r 4 an >3 T 4

(c) Pr(X =4|X 2 3) = Pr(X = 3) Pr(X > 3) (43)(24)/(_ T 57

(d) E(X)= i7" Pr(X =z)= (-‘*)Eiﬂx 5

= (43)2:_1 S=@0++T+5+15

=(E) )= =2 457364

4

(e) E(X’)—(Q)Esﬂ-’— (43)[1+‘6+“‘+25“+6—§ = (L)) = 22

!

Var (X) = E(X?) ~ E(X)* = Sury2 — 16320 - 100895,

129

(a)'l=Ei=1Pr(X=x)=c)'_‘,5=l(6—x)=c(5+4+3+2+1)—15c,soc=1/15.
() PrX < 2) = Pr(X =)+ PriX =2) = (1)6 ~ D+ (§)6 ~2) = § = }
(c) E(X) Temz PrX=z)=%,,z- (15)(6 2)

( )N1-5+2.4+43-34+4-245- 1]—(15)(35)—‘-

(d) B(X?) = 212 ()6 —z) =

(L)1-5+4-449-3+16-2+25-1] = (&)(105) =7

Var (X) = B(X?) — BX)? =7~ (1)} = 55 — 18

Let the random variable X count the number of heads in the 100 tosses. Assuming that
the tosses are independent, this random variable is binomial with n = 100 and p = 2. So
Wayne should expect to see E(X) = np = 100(3) = 75 heads among the results of h:s 100
tosses.

Since X is binomial, E(X) = 70 = np and Var (X) = 45.5 = npq. Hence, we find
that 45.5 = T70q, so ¢ = 45.5/70 = 0.65. Consequently, it follows that p = 0.35 and
n =70/p = 70/0.35 = 200.

Let the random variable X denote the player’s net winnings and let C denote the cost of
playing one round of this carnival game. The probability distribution for X is as follows:

T Pr(X =1z)
g=13

¢ B=1
10

Here 0=E(X)=4(5-C)+X(8-C)+ Z(-C)=3+¥ - Cand C =& =2 So the
game is fair if the player pays two dollars to play ea.ch round

Here X is binomial with n = 8 and p = 0.25.

(a) Pr(X = 0) = (3)(0.25)°(0.75)* = 0.100113

(b) Pr(X = 3) = (3)(0.25)3(0.75)° = 0.207642

() Pr(X > 6) = Pr(X = 6) + Pr(X = 7) + Pr(X = 8) = (§)(0.25)%0.75)* +
(2)(0-25)(8.75)" + (£)(0.25)%(0.75)° = 0.004227.

(d) Pr(X 2 6|X > 4) = PT(XPZT(S X”;_dsz 24 - ]zz:g ig
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12.

13.

14.

15.

16.

17.

Pr(X > 4) = T2, (£)(0.25)7(0.75)%= = (§)(0.25)%(0.75)* + (£)(0.25)°(0.75)*+
(%) (0.25)6(0.75) + g;‘)(o.zs)f(o.m)' (2) (0.25)%(0.75)° = 0.113815

So Pr(X > 6}X > 4) = 0.004227/0.113815 = 0.037139..

(e) E(X) =np=8(0.25) =2.

(f) Var (X) = np(1 — p) = 8(0.25)(0.75) = 1.5

Here oy = /9 = 3.

(a) Pr(l1 £ X <23) = Pr(11—17<X—17<23—17) Pr(- 6£X——17<6)
=Pr(lX —171<6) = Pr(JX —E(X)|<2x)21=%=1-1= 3,

(b) Pral0 < X <24) = Pr(IX - 17| S ) = Pr(|I X —EX)| £ $)ox) 2 1 -1/(3)* =
1— .2. QQ

(c) Pr(8 $x <26)=Pr(1X -17|<9) = Pr(|[X — E(X)|<80x) 21— =1-1=2

In Chebyshev’s Inequality Pr([X E(X) < kox) 21— H1-—2% = 096, then
1-0.96=0.04 = %, and k? = ;L Smoek>0wehavek——‘;=5.
HereVar(X)=4soa'x=2andc=kax=5-2=1().

Here X is binomial with n = 20 and p = 1/6. So E(X) =np =(20)(}) =2 = L and
Var (X) =np(1 —p) = (20)(3)(3) = %-

Let D denote a defective chip and G a good one. Then the sample space § =
{D,GD,GGD,GGG} and X(D) =1, X(GD) = 2, and X(GGD) = X(GGG) = 3.
(a) Pr(X=1) 2?
Pr(X =2) ( 6)(,9) =45
PrX=3) = (3)is )(%) +( (s )(” =
(b) Pr(X £2)=Pr(X = 1())—(!- P'i(X : ;)< 23 ;-—(; _1§ _ 19
Pr(X =1an r(X =
(c) Pr(X =1}X £ 2) = PrX <2) Pr(X 52) ( )/(
(@) BUX) = E5on 2Pr(X = 2) = 1(0) £ 208) + () = 1 4 8 + 2 = st _ 30 _
2.431579
(&) B(X?) = £2., Pr(X =) = 1(3) +4(18) + 9(}2) = 1 + & 4+ 108 — 1setsse _ o0

= 0.645319

Var (X) = B(X?) ~ E(X)* = 6253 (f’;) = f:;t = ;’;33‘;

(a) E(aX+b) = Y (az+b0)Pr(X =z) =a ), zPr(X =z)+b%, Pr(X = z) = aE(X)+b,

since 3, Pr(X = z)=1.

(b) Var (aX +b) = ¥ [(ez +b) ~ BlaX + bPPr(X = z) =

Y:l(az + b) — (aE(X) + b))’ Pr(X = z) [from past (a)] = ¥, (az — e E(X)PPr(X = z) =
a? T (z — B(X))*Pr(X = r) = a* Var (X)

(8 BX(X 1)) = Egx(z = )Pr(X =)
" etz - DPr(X =z)=30_,z(z - 1)( ) n—z

= 23'32 z!(n—x)!z(x l)ptqu—x
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z—2 Nn-2
q

= Tiwe Goaiemai? 0" = Pn(n = ) Tl iasayp
= pn(n ~ 1) Tood 8=l pugn=+3), substituting z — 2 =y,
= p’n(n - 1) E;‘;g L!—[-(—(,:‘_:'-z%)_{-ld—!pvq(ﬂ—Z)—y
= p*n(n — 1)(p + ¢)~~?, by the Binomial Theorem
= p’n(n - 1)(1)*~? = p’n(n ~ 1) = n’p? — np? |
(b) Var (X) = E(X?) - BE(X)? = [B(X(X -1)) + E(X)] - E(X)? = [(n’p? ~np®) + np] -
(np)? = n’p? — np® + np — n?p® = np —np® = np(1 — p) = npq.
18. (a) Pr(X>1)=Pr(X =2)+Pr(X =3)+Pr(X =4)=03+02+01=06=1-04=
1-Pr(X<1)
() PrX =31 2 2) = ZEZECS 2D prx = 5)/Pr(X 22)
Pr(X = 3)/[Pr(X =2) + Pr(X =3) + Pr(X = 4)] =0.2/0.6 = 1/3
(c) B(X)=33:.,2Pr(X = z) = 1(0.4) + 2(0.3) + 3(0.2) + 4(0.1) = 2
(d) E(X?) = T2, 2°Pr(X = z) = 1%(0.4) + 2%(0.3) + 3%(0.2) + 4%(0.1) = 5
Var (X)= E(X?) - E(X)*=5-2"=5-4=1

(a) Word z, the number of letters and apostrophes in the word
run 4
make 4
him 3
an 2
offer 5
he 2
can’t 5
" refuse 6
T Pr(X = z)
19. 2 2/8 = 1/4
3 1/8
4 2/8=1/4
5 2/8=1/4
6 1/8 '
(®) B(X) =3i,z-Pr(X=2)

= 2(1/4) + 3(1/8) + 4(1/4) + 5(1/4) + 6(1/8)
=(1/8)[4+3+8+ 10+ 6] = 31/8
© B(X?) =%S,s?-Pr(X=z)
= 4(1/4) + 9(1/8) + 16(1/4) + 25(1/4) + 36(1/8)
= (1/8){8 + 9 + 32 + 50 + 36} = 135/8
Var (X) = E(X?) - B(X)* = (135/8) — (31/8)* = [1080 — 961]/64 = 119/64

20. (a) Pr(X = 0) = (0.05){0.1){0.12) = 0.0006
Pr(X = 1) = (0.95)(0.1)(0.12) + (0.05)(0.9)(0.12) + (0.05)(0.1)(0.88) = 0.0114 + 0.0054 +
0.0044 = 0.0212
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21.

3.

Pr(X = 2) = (0.95)(0.9)(0.12) + (0.95)(0.1)(0.88) + (0.05)(0.9)(0.88) = 0.1026 -+ 0.0836 +
0.0396 = 0.2258
Pr(X = 3) = (0.95)(0.9)(0.88) = 0.7524
[Note that ¥3_o Pr(X = z) = 0.0006 + 0.0212 + 0.2258 + 0.7524 = 1.]

> >
(b) Pr(X 2 2|X > 1) = P'(XPr (f;“f f; D - Pr(X > 2)/Pr(X > 1) = [0.2258 +
0. 7524]/[0 0212 + 0 2258 + 0.7524] = 0. 5'.782/0 9994 = 0.978787272
(c) B(X) = £2_oz - Pr(X = z) = 0(0.0006) + 1(0.02122) + 2(0.2258) + 3(0.7524) = 2.73.
(d) E(X?) = T3_, 2 - Pr(X = z) = 0%(0.0006) + 1%(0.0212) + 2%(0.2258) + 32(0.7524) =
7.696 .
Var (X) = B(X?) - E(X)* = 7.696 — (2.73)" = 0.2431.

Pr(x =2)= ()W) =1/10 Pr(x =3)=[(}) )1/ () = 2/10

Pr(X =4)=[(}) )1/ () =3/10 Pr(X =5)=[(}) )/ ) = 4/10

E(X) = (1/10)(2)+(2/10)(3) +(3/10)(4) + (4/10)(5) = (1/10)[2+6 + 12+ 20] = 40/10 = 4
E(X?) = (1/10)(4) + (2/10)(9) + (3/10)(16) + (4/10)(25) = (1/10)[4 + 18 + 48 4 100] =
170/10 = 17

Var(X) = E(X?) ~ E(X)* =17-16 =1, 50 0x = vi=1

Supplementary Exercises

Suppose that (A-B)C C and z€ A—~C. Then 2€ A but z¢C. f z ¢ B,
then [r€ AAz¢Bl=z2€(A—-B)CC. Sonow we have 2 ¢ C and z € C. This
contradiction givesus z € B,so (A-C)C B.

Conversely, f (A—C)C B,let y€ A—B. Then y€ A but y¢ B. If y ¢ C, then
lyeAAygCl=ye(A-C)CB. Tlusoontradxctxon,xe, y¢ B and y € B, yields
yeC,so (A-B)CC.

Let S = {z,y,a4;,0,,...,a,}. There are (“*2) subsets of S containing r elements,

where r > 2. These subsets fall into three categories. (a) Neither z nor y is in the
subset. There are ('r‘) of these. (b) Exactly one of z and y is in the subset. These

account for 2( ) subsets. (c) Both z and y are in the subset. There are ( ) such
subsets.

(a) U=1{1,2,3}, A= {1,2}, B= {1}, C = {2} provide a counterexample.

(b) A= ANU = AN{CUC) = (ANC)U(ANC) = (ANCY)U(A-C) = (BNCYU(B-C) =
(BnC)u(BnC)=Bn({Cul)=BnNnU=B

{¢c) The set assignments for part (a) also provide a counterexample for this situation.

{a) Consider m + n objects denoted by {z1,Z3,..., 2} U{t1,¥2,.-. 0} Let A =
{Z1,.--yZm}s B={w1,...,yn}. Inselecting r elementsfrom AUB weselect k elements
from A(0 <k <m), and (r — k} elements from B (0 < r — k < n). Consequently, the
number of subsets of AUB with r elements is ("':"‘) = ("‘)( )+( )(r-1)+ +(,)( ) =
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Tieo (2) (26)-

(b) Replace m by n and r by n in part (a), and use the fact that (:) (nfb) = (:)2
5. (a) 126 (if teams wear different uniforms); 63 (if teams are not distinguishable).
(b) 2" -2;(1/2)(2"—-2). 2" -2 -2n;(1/2)(2" - 2 - 2n).

6. (a) False: Let A={0,1,2,3,...}, B={0,~1,~2,...}. Then A,B are infinite but
AN B| =|{0}| =1 |
(b) False: Let A={1,2} and B=72Z%
(c) True
(d) False: Let A={1,2} and B =2Z*.

7. (a) 128 (b) |A]=8
8 (a) 2 () (G © ()
(d) 10 Random
20 Dim S(8)
30 ForlI=17T08
40 S(I) = Int(Rnd * 15) + 1
50 ForJ=1Tol-1
60 If S(I) = S(J) Then GOTO 40
70 Next J
80 NextlI
90 C=0

100 Rem C counts the odd elements of the subset
110 For I =1To 8

120 I (S(1)/2) <> Int (S(I)/2) Then C=C +1
130 Next I

140 Print “The eight-element subset generated ”;
150 Print “in this program contains the elements”
160 For1=1To 7

170 Print S(I); “”;

180 Next I

190 Print “ and ”; S(8); %, and ”; C;

200 Print “ of these elements are odd”

210 End

9. Suppose that (ANB)UC = AN(BUC) andthat z € C. Then z€ C =>z €
AnNBYUC=z€ AN{BUC)C A,s0 z€ A,and CC A
Conversely, suppose that C C A.
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10.

11.

12.

13.

14.

1) ¥ ye(ANnB)UC,then ye€ ANB or ye C. (i) y€ ANB =y ¢€
(ANB)U(ANC)=>y€ AN(BUC). (ii) y€ C=>y¢€ A, since CC A. Also,
yeC=y€BUC. So y € AN(BUC). In either case ((i) or (ii)) we have
ye€AN(BUC),so (ANB)UCCAN(BUC).

(2) Nowlet z€ AN(BUC). Then z€ AN(BUC)=(4ANB)U(ANC)C (ANB)UC.
From (1) and (2) it follows that (ANB)UC = AN (BUC).

(a) Here |AU B} —|AN B| =5, so there are 2°® subsets C where ANBC CC AUB.
The number containing an even number of elements is (i) (for |C| =4)+ (g) (for
ICl=6)+ (}) (for [C]=8)=16.

© 2 )+ () + (-0

(a) [0,14/3] -~ (b) {0}u(6,;12] (c) [0,+o0) (d) 0

(a) AAB=(A-~B)U(B~A)=(B-A)U(A- B)=BAA
(b) AAA=(A-AU(A-A)=AUd=U
(c) AAU=(A~UWUU-A)=0UA=4
(d) AAd=(A-Bu@-A)=AuUbd=A

(a) |A{B}|ANB .
— .01 0 -0 Since A C B, we only consider rows 1,2,
— | 0]1 0 and 4 of the table. In these rows A and
10 0 ANB have the same column of results, so
— {111 1 ACB= A= ANB.
(c) |A|B|CIANC|AnB|{BNC|(AnB)u(BNC)
—{010{0}] O 0 0 0
0101]1 0 0 0 0
0j11}60 0 0 1 1
01111 0 0 0 0
— {11040 1 1 0 1
110}1 0 1 0 1
— {11110 1 0 1 1
— 1 1§1f1 ¢ ] 1] 0

We consider only rows 1,5,7, and 8. There ANC = (AN BYU(BNC).

(b) & (d) The results for these parts are derived in a similar manner.

(8) BCA=>AUB=A.
(b) (AUB=A) and (BNC=C)=>ANBNC =C.
(¢ C2B2D2A=>(AUB)N(BUC)=AuUC.
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15.

16.

19.

20.

(d) (AUB)N(BUA)=C=>(AUC)N(CUA)=B and (BUC)N(CUB) = 4.

(a) The r 0’s determine r + 1 locations for the m individual 1’s. If r+1 2> m, we

can select these locations in (

r+1
m

) ways.

(b) Using part (a), here we have k 1's (for the elements of A) and n — k 0’s (for the
elements in &/ — A). The n~k 0’s provide n — k+ 1 locations for the k£ 1’s so that no
two are adjacent. These k locations can be selected in ("':“) waysif n—k+12k

or 2k < n+ 1. So there are (
contains no consecutive integers.

2/7

(1)

s
(2

(1i)

(i1)

8

k

""‘“) subsets A of U with {A| =k and such that A

17. (a) 23 (b) 8 18. 7

For the given figure let circles (1), (ii), and (iii) denote
the subset of assignments where no one is working on
experiments 1,2,3, respectively. For each assistant there
are seven possibilities: the seven nonempty subsets of
{1,2,3}. So there are 7'® possible assignments. To de-
termine the number of assignments in region 8 we need
to determine the number of assignments in the union
of the three subsets. Region 5 has 0 elements, while
regions 2,4,6 each contain 1 element (e.g., for region 2,

" if all assistants are assigned only to experiment 3 then

this is the one way that everyone is working on an ex-
periment, but no one is working on experiments 1 and
2).

In each of regions 1,3,7 there are 3'®*—2 elements (e.g., for regions 1,2,4,5 there are 3 cases
to consider where no one is working on experiment 1 — for each assistant can be working
on only experiment 2 or only experiment 3 or both experiments 2,3). The number of
assignments where at least one person is working on every experiment is 715 —3[3'5 —2]-3.

Consider the Venn diagram shown on the left. From the
information given we know that

(i) a+btc+dte+ f=21--9=12;

(i) b+c+ f=25;
(ii} a+c+e=7;and

(iv)] e+b+d=6. _
Adding equations (ii), (ili) and (iv) we find that 2{a +
bt+c)+(d+e+ f)=18,30 12=(a+b+c)+ {18 -
2(a+ b+ c)], and the number of students who auswered
‘exactly one question is a4+ b+ c = 6.
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21.

22.

Since |[AN B| =0, |AU B| =12 + 10 = 22. There are (272) ways to select seven elements

from AUB. Among these selections ('42) (’;) contain four elements from A and three from

B. Consequently, the probability sought here is ('42) (':) / (2.,2) = (495)(120)/(170, 544) =
0.3483.

(a) 'P(I,() = {0,{1},{2}, {3}7{1$2}${1,3}’{2’3}$u} and EAE'P(U) O(A) =1+2+4+3+
1+2)+(1+3)+(2+3)+(1+2+3)=4(1+2+3)=2%(1+2+3)=24.

(b) 2%(1+24-3+4)=280 (c) 24(1+2+4+3+4+5)=240

(@ 2'(1+2+43+...4+n)

Proof (1): Let z € &. Then z appears in 1 subset by itself, (“;1) subsets of size 2,

(";1) subsets of size 3,..., (',:::) subsets of size k,..., and :‘;: subsets of size n.

Hence z appears in a total of [(“;‘) + (";1) + (";’) +.o+ (:::)] = 2"1 subsets. So
Taep)o(A) =2""T.qyz =2"7(14+24+3+...+n). _

Proof (2): Let z € U. For each subset A C U, if ¢ ¢ A then z € A. Hence for each pair
(A, A) of subsets of U, exactly one of them contains z. How many such pairs are there?
(1/2)(2") = 2"'. Consequently, each z € U can be found in exactly 2°~! subsets of
and the result for = ,¢pu) o(A4) follows. '

(e) Using the result from part (d) it follows that ¥ ,epuy0(4) =2"'s.
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23. (a)

b @e Qe

N e N’ N o’
no diagonal one diagonal two diagonal
moves move moves
1 8 _ 6 -
H(5)07) - (o) v (e
N — S~
three diagonal four diagonal five diagonal
moves moves moves
4 - 2 3471 O 148—
+ (2) (5+2 1) + (1) ( 7 ) + (O) ( +8 _1)
—~—— —— . N~
six diagonal seven diagonal eight diagonal
moves moves moves

-5 5T -20)62)

) @ () (3)/ T () (5)
@) (o) ()i () (35 o
G 1(5)+ (@) E) + Q)+ O E) + @)V o (1) GE)
24, 22 -Tz=-12=22-724+12=0=(z-4)(z-3)=0=>z =4,z = 3.

?P-z2=6=322-2-6=0=(z~-3)(z+2)=0=z=3,z=-2
Consequently, AN B = {3} and AUB = {~-2,3,4}.

25, 2?2-Tr<-12=2"—72+4+12<0=>(z-3)(z-4)<0=[(z~3) < 0and (z—4) > 0]
0r[(:c—3)>()and(z-—4)<0]=>[z<3a.nd:c>4]or[:c>3and:v<4]=>3<:c<4
s0 A= {z|3 <z <4} =[3,4].
2-z2<6=32"-2-6<0=3(z-3)x+2)<0=>[(z-3)<0and(z+2)>0]or
(z-3)>0and (z+2)<0]=>[z<3andz > -2or{z>23andr > -2]=-2<z <3,
so B={z}]-2<z<3}=[-23].

Consequently, AN B = {3} and AUB = [-2,4].

26. The probability that all four of these torpedoes fail to destroy the enemy ship is
(1-0.75){(1 - 0.80)(1 ~ 0.85)(1 —0.90) = (0.25)(0.20){0.15)(0.10) = 0.00075. Counsequently,
the probability the enemy ship is destroyed is 1 — 0.00075 = 0.99925.

27. There are two cases to consider.
(1) The one tail is obtained on the fair coin. The probability for this is ( )( )(l)( )( ).

(2) The one tail is obtained on the biased coin. The probability in this case is (2) (3)? (3) 3P
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28.

29.

30.

31.

32.

33.

Consequently, the answer is the sum of these two probabilities — namely, £L + 198 = 138 =
0.263672.

Let § be the sample space for an experiment &, with events A, B C §. Prove that
Pr(A|B) > BAALTAAICL

Proof: P(A|B) = Pr(AN B)/Pr(B) = [Pr(A) + Pr(B) — Pr(A U B)}/Pr(B). Since
AUB C 8, it follows that Pr(AU B) < Pr(S) = 1. Consequently, —-Pr(AU B) 2 —1 and
Pr(A{B) 2 [Pr(A) + Pr(B) — 1)/ Pr(B).

Pr(AN(BUC)) = Pr((ANBYU{ANC)) = Pr(ANB)+Pr(ANC)—Pr((ANB)N(ANC)).
Since A, B, C are independent and (ANB)N(ANC)=(ANA)N(BNC)=ANBNC,
Pr(AN(BUC)) = Pr(A)Pr(B) + Pr(A)Pr(C) — Pr{A)Pr(B)Pr(C) = Pr(A)[Pr(B) +
Pr(C) — Pr(B)Pr(C)] = Pr(A)[Pr(B)+ Pr(C)— Pr(BNC} = Pr(A)Pr(BUC), s0 A
and B U are independent.

Suppose we toss a fair coin n times and we let the random variable X count the number
of heads among the n tosses. Here we want Pr(X > 2) > 0.95, or Y}, (2)(%)"(%)“"‘ =

i () () 2 0.95.

Now g, (3)(3)" 2 0.95 = - T, (}) (3 < 095 = 1 - Tp, (})()" < 1-095 =
Sho (D)3 €005 = ()" +n(d)" = (n+1)(}) <005

Forn=7,(n+1)(3)"=8(3) = 123 = 0.0625.
Forn=8, (n+ 1)(3-)" = 9(1)® = 335 = 0.035156
Consequently, the minimum number of tosses is 8.

(a) The probability that both tires in any single landing gear blow out is (0.1)(0.1) = 0.01.
So the probability a landing gear will survive even a hard landing with at least one good
tire s 1 — 0.01 = 0.99.

(b) Assuming the landing gears operate independently of each other, the probability that
the jet will be able to land safely even on a hard landing is (0.99)* = 0.970299.

For A,B C S, 1 = Pr(S) 2 Pr(AU B) = Pr(A) + Pr(B) — Pr(A N B). Consequently,
Pr(An B) > Pr(A) + Pr(B) - 1.

Let A, B denote the events

A: the exit door is open

B: Marlo’s selection of iwo keys includes the oune key that opens the exit door

The answer then is given as Pr(4) + Pr(AN B) = Pr(A) + Pr(Z)Pr(B) = (%) +
GIO/EN=B+BD =D+ =%=1

Let A, B, C denote events

A: the first and last outcomes are heads
B: the first and last outcomes are tails
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35.

36.

37.

38.

39.

40.

C: the eight tosses result in five heads and three tails.
The answer to the problemis Pr(C|AUB). But Pr(C|AUB) = 2{Cn{40B)) . Pr(Gnaluicns)

Since A, B are disjoint, it follows that C N A, C N B are disjoint. Further,
Pr(AUB)=Pr(A)+Pr(B)=(3)*+(})* =

Pr((CRAU(CNB)) = Pr(CNA)+Pr(CNE) = (%)[(2)( PEFID+GIE GO =
(3)%(20 + 6) = 13(3)°

Consequently, Pr(ClAu B) =[13(3)"]/(3 )= (13) (1) =

(5)(0.8)%(0.2)* + (£)(0.8)4(0.2) + (£)(0.8)° = 0.2048 + 0.4096 + 0.32768 = 0.94208

Pr(19,000 < X < 21,000) = Pr(~1000 < X — 20,000 < 1000) = Pr(|X — E(X)| < 1000)
Since Var {X) = 40,000 boxes?, we have gx = 200 boxes. So Pr(|X — E(X)| < 1000) =
Pr(iX ~E(X)I<50x) 21~ % =1~ % =2 =0.96.

Success: one head and two tails — the probability for this is (‘;’)( ey =2

= 4, p= g
Among the four trials (of tossing three fair coins) we want two successes. The probability

for this is (3)(2)%(8) = (6)(9)(25)/2? = 675/2" = £,

@ (E)/(F)=k-5.U=1~=0 363636

22 31T 20

(b) (1)( )( ) ( ) (3!X( 22)( 31 )(20) = = 0.249351
QI+ QN = Wﬂﬂ = 18 = 0.200909

(a) 1 = Tt oPr(X =1z2) = c(0+4)+c(1+4)+c(4+4)+c(9+4)+c(16+4) =
cf4+5+8+13+20}=50c,50c= — = 0.02

(b) Pr(X >1)=Pr(X 2 2) = Pr(X = 2) + Pr(X = 3) + Pr(X = 4) = (0.02)(8) +
(0.02)(13) + (0.02)(20) = 0.02(8 + 13 + 20) = (0.02)(41) = 0.82
Pr(X=3and X >22) Pr(X=3)

(€) Pr(X = 31X > 2) = e = X 5 = (00D(3)/002)(41) =
% = 0.317073 :

(@) B(X) = Tiooz Pr(X = 2) = 0- (c)(4) + 1-(c)(5) + 2- (6)(8) + 3+ (c)(13) + 4-(c)(20) =
cl6 + 16 + 30 + 80] = 140c = 2.8

(e) B(X?) =T33 .22 Pr(X =z)=0?. (4c) +13.(5¢) + 2. (8¢c) +3%-(13c) + 4% - (20c) =
474c = 948

Var (X) = E(X?) — E(X)* = 0.48 — (2.8)* = 1.64

For each student the probability that all five marbles are green is (7/11)°. Therefore, the
probability all 12 students draw only green marbles is [(7/11)%}'? = (7/11)%®. Consequently,
the probability that at least one student draws at least one red marble is 1 — (7/11)%0.
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41.

42.

43.

44.

(a) To finish with a straight flush, Maureen must draw (i) the 4 and 5 of diamonds; (ii)
the 5 and 9 of diamonds; or (iii) the 9 and 10 of diamonds. The probability for each of
these three situations is 2)/ (47) so the answer is 3/ ( )

(b) Maureen will finish with a flush if she draws any two of the remaining ten diamonds,
which she can do in (xo) ways. However, for three choices [as described in part (a)], she

actually finishes with a straight flush. Consequently, the answer here is [( 2) 3] /(427)
(c) To finish with a straight from 4 to 8, Maureen must select one of the four 4s and one

of the four 5s. This she can do in (:) (:) ways. For the straights from 5 to 9 and 6 to

10 there are likewise (:) (:) possibilities. Howpver, these 3(:) (;) straights include three
straight flushes, so the answer is {3 (:) (:) -3/ (‘27)

HOOOOOOOEE

The total number of chips in the grab bagis 1 +2+3+:-- 4+ n = n(n + 1)/2, and the

probability a chip with ¢ on it is selected is 2¢/[n(n + 1)]. Let A, B be the events.

A: the chip with 1 on it is selected

B: a red chip is selected.

Pr(A|B) = Pr(AN B)/Pr(B) = Pr(A)/Pr(B).

gggg = ?1/("2(";' o }/2[/[(71("1")'/12)]] [m(m+1)/2]/[n(n+1)/2] = [m(m+1)}/[n(n+1)]
r(B) = {14243+ : -4+m}/[n(n+ = m(m+1 n(n+1)/2] = m(m+1)}/in(n+1)].

Consequently, Pr(A|B) = Fﬁ%ﬁ%l—ﬂ = 2/[m(m + 1)}.

) z . Pr(X=1zx)
1 )(1/6)° = 1/36
2 (5)(1/6)° = 15/36 = 5/12
3 2)(1/6)° = 20/36 = 5/9
(b) E(X) =YL,z Pr(X ==z)=(1)(1/36) + (2)(15/36) + (3)(20/36)
= (1/36)[1 + 30 + 60] = 91/36
(c) E(X?) =Yo7’ Pr(X =z)=(1)(1/36) +(4)(15/36) + (9)(20/36)

= (1/36)f1 + 60 + 180] = 241/36
Var (X) = E(X?) - E(X)? = (241/36) ~ (91/36)*
= [8676 — 8281]/1296 = 395/1296
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(a) Outcome Probability z, the number
of Outcome of runs

HHH (3/4)® =27/64 1
HHT (3/4)*(1/4) = 9/64 2
HTH  (3/4)(1/4)(3/4) =9/64 3
THH (1/4)(3/4)* = 9/64 . 2
HTT (3/4)(1/4)* = 3/64 2
THT  (1/4)(3/4)(1/4) =3/64 3
TTH (1/4)%(3/4) = 3/64 2

1

ITT (1/4)® =1/64
The probability distribution for X:
z Pr(X = z)
1 (27/64) + (1/64) = 28/64 = T7/16
2 (9/64) + (9/64) + (3/64) + (3/64) = 24/64 = 3/8
3 (9/64) + (3/64) = 12/64 = 3/16
(b) E(X) =3io 2 Pr(X ==z)=(1)(7/16)+(2)(3/8) +(3)(3/16)
= (1/16){7 +12+ 9] =28/16 = 7/4
(c) E(X?) 2=1 %+ Pr(X = z) = (1)(7/16) + (4)(3/8) + (9)(3/16)

= (1/16)[7 + 24 + 27} = 58/16 = 29/8

Var (X) = E(X?)— E(X)* = (29/8) — (7/4)* = (29/8) — (49/16)
= (58 — 49)/16 = 9/16

Soox = /9/16 = 3/4.



CHAPTER 4
PROPERTIES OF THE INTEGERS: MATHEMATICAL INDUCTION

Section 4.1

(a) S(n): 12 +3 +52+...+(2n —1)? = (n)(2n — 1)(2n + 1)/3.

S(1): 12 = (1)(1)(3)/3. This is true.

Assume S(k): 12+ 3%+ ... + (2k — 1)? = (k)(2k — 1)(2k + 1)/3, for some k > 1.
Consider S(k+1). [12432+...+(2k~1)*]+(2k+1)? = [(k)(2k—1)(2k+1)/3] +(2k+1)* =
[(2k + 1)/3)(k(2k — 1) + 3(2k + 1)} = [(2k + 1)/3][2k* + 5k + 3] = (k +1)(2k + 1)(2k + 3)/3,
80 S(k) = S(k+1) and the result follows for all n € Z* by the Principle of Mathematical
Induction.

(C) S(n) El-l l(l+l) 'n+l

S1): ¥, '("H) = -1-(;3 = m, so S(1) is true.

Assume S(k): X, '('“) ,‘“ Consxder S(k + 1)

Efjll T'.%}.T' 2!—1 § .+1) + (k+1)(l¢+2) (I¢+ﬂ + (k+1)(k+2) = [k(k + 2) + 1]/[(k + 1)(k + 2)] =
(k+1)/(k +2), so S(k) => S(k + 1) and the result follows for all n € Z* by the Principle
of Mathematical Induction.

The proofs of the remaining parts are similar.

(a) S(n): T, 27 =2" -1

S(1): TI,27'=21"1' =21~ 1 s0 5(1) is true.

Assume S(k) : TO¥, 21 = 2% — 1. Consider S(k + 1).

Y101 = yok 201 Lok — 2k 1 42k = 241 _ 1 50 §(k) => S(k + 1) and the result

is true for all n € Z* by the Principle of Mathematical Induction.

(b) Forn =1,3 1, z(2‘) = 2 =2+ (1 - 1)2'1, 50 the statement S{1) is true. Assume

S(k) true — that is, Z,_, i(2) = 24 (k— 1)2*. Forn =k + 1,752 = ©X, 4(2) +

(k+ 1)2k1 =24 (k 1)28 4 (k + 1)244 = 2 4 (2k)25+! = 2 4 k- 2542 50 S(n) is true

for all n € Z* by the Principle of Mathematical Induction.

() Forn =1, we find that 1., (i}(i}) = 1 = (1 + 1)I — 1, so §(1) is true. We assume the

truth of S(k) - that is, X, i(3!) = (E+1)i — 1. Now for the case where n = k + 1 we have
(i) = T i)+ (DL = (1)L (k+)(E+1)! = [14+ (k4 D)(k+1) -1 =

(k+2)(k+1}}—1=(k+2)!—1. Hence S(k}) => S(k + 1), and since S(1) is true it follows

that the statement is true for all n > 1, by the Principle of Mathematical Induction.

(a) From 0, 4+ (n4+ 1P = T2 ,(P+3% 4+ 3i+ 1) = S0, P+ 30, 2430, ¢+ Yo 1,
we have (n +1¥ =3 YL, i% 4+ 3E,=, i + (n + 1). Consequently,
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(nP+3n?+3n+1)-3[(n)(n+1)/2]—n -1
n® 4+ (3/2)n? +(1/2)n

(1/2)[2n3 + 3n? + n} = (1/2)n(2n® + 3n + 1)
(1/2)n(n +1)(2n + 1), so

nat2=(1/6)n(n+ 1)(2n + 1) (as shown in Example 4.4).

3 Ez“'l i

(b) From Y0, t*+(n+1) = T ,(+1) = (z4+433+622+4z+1) =372, 44Yr, 3+
63" 2440, i+ 0,1, it follows that (n+1)4 pOHIPREE N D PHIRE L - S RV E D pid
Consequently,

Ay P =(n+1)1-6n(n+1)2n+1)/6]—4n(n+1)/2]—-(n+1) =n*+4n*+6n?+4n+
1—(2n8 +3n2+n)—-(2n2+2n)—(n+1) =n!+2n*+n? = n¥(n?+2n+1) = n?}(n+1)>%
So y°r 3% = (1/4)n*(n + 1)? [as shown in part (d) of Exercise 1 for this section].

From F, % 4+ (n +1f = Tl +1)° = Tl + 54 + 102 102 4 5i 4 1) =
e+ 0T P+ 10T P+ 5 i+ Yo, wehave 5 ¢4 = (n+
1)5 (10/4)n?(n + 1)* —~ (10/6)n(n + 1)(2n + 1) — (5/2n(n + 1) —~ (n + 1). So

55% .1 = n®+35n'+10n% + 10n? 4+ 5n + 1 — (5/2)n?
-5n® — (5/2)n? ~(10/3)n3 — 5n? — (5/3)n ~ (5/2)n* - (5/2)n —n ~ 1
= n%+(5/2)n* + (5/3)n® — (1/6)n.

Consequently, 3%, i* = (1/30)n(n + 1)(6n + In? + n — 1).

Let z,,z2,...,%25 denote the numbers (in their order on the wheel), and assume that
zy +:c2+:c3 <39, z,+z3+4<39,...,224+ 25+ 23 <39, and z25 + ;4 72 < 39. Then
28, 32; < 25(39). But 3%, 37, =3 ):,__1 ¢ = (3)(25)(26)/2 = (39)(25).

(a) 7626 (b) 627,874

a) The typical palindrome under study here has the form abba where 1 <a <9 and 0 <
b < 9. Consequently there are 9 - 10 = 90 such palindromes, by the rule of product. Their
sum is T0, (S0 abba) = T3, Tho(1001a + 1105) = £2.,(10(1001a) + 1105548 =

®_1(10010a + 110(9 - 10/2)) = 10010 5°2_, a + 0, 4950 = 10010(9 - 10/2) + 9(4950) =
450450 + 44550 = 495000.

b) begin
sum ;=0
fora:=1to9deo
for b:=0to 9 do
sum ;= sum + 1001 xa+ 110 %)
print sum
end
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10.

11'

12.

n+110 = 6+8+10+-- +[6+(n—1)2]
6n+{0+2+4+ - +(n-1)2
6n+21+2+--+(n—1)

6n + 2{(n — 1)(n)/2]
6n+(n—1)(n) =n?+5n
(n+11)(n — 10) =0,

n? +n—110
so n = 10 — the number of layers.
n 2n
Here we have Y_i* = (n)(n +1)(2n + 1)/6 = (2n)(2n + 1)/2 =) 1,

and (n)(n+1)(2n+1)/6 =(2n)(2n +1)/2 = (n)(n +1)/6 = (2n)/2 >

n+1)/6=1=3n+1=6=n=>_.

(a) T2y i = T2, i ~ Ty ¢ = [(33)(34)/2] ~ [(10)(11)/2] = 561 - 55 = 506

1=1

(b) 2y #* = X2, i ~ T, % = [(83)(34)(67)/6] — [(10)(11)(21)/6] = 12144

Ti% 6 = Tidl i — i, = (100)(101)(102)/6 — (50)(51)(52)/6 = 171,700 — 22,100 =
149, 600.

a) Yoy ty=rn, B = 5 (22 44) =270, 2+ TN, i = 2[(n)(n+1)(2n +1)/6]+
[n(n+1)/2) = [n(n + 1)(2n + 1)/3] + [n(n + 1)/2] = n(n + D[ + }] = n(n +1)[2] =
n(n + 1)(4n +5)/6.

b) 1% 4, = 100(101)(405)/6 = 681, 750.

c) begin
sum := 0
for::=1to 100 do
sum := sum + (2%} *(2xi 4+ 1)/2
print sum
end

(a) (cos88 + isin6)? = cos® B + 2isinfcos @ — sin®§ = (cos? § — sin? 8) + i(2s8in 6 cos ) =
cos 28 + isin 26.

(b) S(n) : (cosb + isind)" = cosnb + isinnd. S(1) is true, so assume S(k) : (cos +
i8in8)* = (cos k@+4 sin k8). Consider S{(k+1) : (cos 84-isin8)*+! = (cos 8+ sin§)*(cos 6+
isinf) = (cos k@ + isinkf) - (cos@ + isinf) = (cos kb cos 6 — sin kf sin§) + i(sin @ cos k6 +
sin k8 cos @) = cos(k + 1)8 + isin(k + 1)8. So S(k) = S(k + 1) and the result is true for
all n € Z* by the Principle of Mathematical Induction. '

(©) (1 + §)1% = 259(cos 4500° + i sin 4500°) = 2°(cos 180° + i sin 180°) = —(2°9),
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13.

14.

15.

16.

17.

(a) There are 49(= 7?) 2 x 2 squares and 36(= 6?) 3 x 3 squares. In total there are
12492432 4. 4 8 = (8)(8 +1)(2- 84 1)/6 = (8)(9)(17)/6 = 204 squares.

(b) For each 1 < k < n the n X n chessboard contains (n — k + 1)? k x k squares. In total
there are 12 + 22 + 32 + -- - + n? = n(n + 1)(2n + 1)/6 squares.

For n = 4 we have 2! = 16 < 24 = 4!, 50 the statement S(4) is true. Assume the truth
of S(k) — that is, 2 < k. For k > 4,2 <k+1l,and [2* < ENA(2 < k+1)] =
(2¥)(2) < (kN)(k + 1), or 25*1 < (k + 1)! Hence S(n) is true for all n > 4 by the Principle
of Mathematical Induction.

For n = 5,2% = 32 > 25 = 5% Assume the result for n = k(> 5) : 2* > k%. For
E>2,k(k—2)>1,0r k2 > 2k +1. But 28 > k? => 2F 4+ 2F > k% 4 k2 = 2k >
k? + k* > k* + (2k + 1) = (k + 1)%. Hence the result is true for n > 5 by the Principle of
Mathematical Induction.

(a) 3 (b) 82=2; s,=4

(¢c) Forn>1,8,= 3 -p‘:::n.
B£ACX,
Proof: Forn =1,s; =1 =1, so this first case is true and establishes the basis step. Now,

for the inductive step, assume the result true for n = k(> 1). That is, s, = Z -p’: = k.

B£ACK,

For n = k + 1 we find that sp4y = E ;‘;: E ;1;+ E ;%,wherethe
B£AC X1 ##BC X, {k+1}CCC X4y

first sum is taken over all nonempty subsets B of X and the second sum over all subsets

C of Xk41 that contain k + 1. Then sp41 = s + [(537) + (sl = b + () + Gk =

k+(g7)(1 +k) = k+ 1. Consequently, we have deduced the truth for n = k 41 from that

of n = k. The result now follows for all n > 1 by the Principle of Mathematical Induction.

(a) Once again we start at n = 0. Here we find that 1 = 1 + (0/2) < H, = Hy, so this
first case is true. Assuming the truth for n = k(€ N) we obtain the induction hypothesis

1+ (k/2) < Hy.

Turning now to the case where n = k+1 we find Hyun: = Hoe +[1/(25 4+ 1)} 4+ {1/(2F + 2)] +
o [1(25425)] 2 Hou +{1/(2°425)] 4+ [1/(25 4 2)] 4. 4 [1/(25425)] = Hpu42K1/2H ] =
Hy +(1/2) 214 (k/2)+ (1/2) =1 4+ (k + 1)/2.

The result now follows for all n > § by the Principle of Mathematical Induction.
(b) Starting with n =1 we find that

SGH; = Hy = 1= [(2)(1)/213/2) - [(2)(1)/4] = (2)(1)/21H, — [2)(1)/4].

i1
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18.

19.

20.

Assuming the truth of the given statement for n = k, we have
k
2_5H; = [(k + 1)(k)/2}Hysa - [(k + 1)(R)/4).
ot

For n = k 4+ 1 we now find that

k1 k
Y iH; = jH;+ (k+ 1)Hep

j=1 =1

= [k + 1)(k)/2Hens — [0k + D(EY/4) + (k + Do
= (k+ {1+ (6/D1Hess - [(k + 1D)(k)/4)

= (k+ D[t + 6/} Hara — (1/(k +2)] = [(k + 1)(k)/4]

= [(k + 2)(k + 1)/21Husa = [(k + 1(k + 2)1/[20k +2)] - [(k + 1)(k)/4]
= [(k + 2)(k + 1)/2)Hiy2 — [(1/4)[2(k + 1) + k(K + 1)]]

= [(k + 2)(k + 1)/21Hiz — [(k + 2)(k + 1)/4].

Consequently, by the Principle of Mathematical Induction, it follows that the given state-
ment is true for all n € Z*.

n+41
Conjecture: Foralln € N, (n?+1)+(n?+2)+(n*+3)+... 4+ (n+1)?= Y _(n*+i)=
=1

n®+(n+1)%
n+1 2n+1 Intl

Proof: Y} (n*+i)=n’) 14+ Y i=n’2n+1)+(2n+1)(2n+2)/2=
=1 =1 =1

2n3+n2+(2n+1)(n+1)=2n3+n2+2n2+3n+1=n3+[n3+3n2+3n+1]=
n? + (n+1)%

Assume S(k) true for some k > 1. For S(k+ 1), 5% i = [k + (1/2)2/2+ (k + 1) =
(B + k) +(1/4)+2k+2)/2={(k+1)* + (k+ 1)+ (1/4)]/2 = [(k + 1) + (1/2)]*/2.
8 S(k) =% S(k + 1). However, we have no first value of & where S(k) is true:

For each k > 1,T% ¢ = (k)}(k + 1)/2 and (k)k + 1)/2 = [k + (1/2)]*)/2 = 0 = 1 /4.

For n = 0,5 = {a,} and 0 comparisons are required. Since 0 = 0 - 2°, the result is
true when n = 0. Assume the result for n = k(> 0) and consider the casen = k + 1. If
|S} = 2%t then § = $1US; where |S)] = {S2] = 2*. By the induction hypothesis the number
of comparisons needed to place the elemeunts in each of S, 53 in ascending order is bounded
by k-2F. Therefore, by the given information, the elements in S can be placed in ascending
order by making at most a total of (k-2%)4(k-2¥)4+(2F4+2% 1) = (k+1)25+1 —1 < (k+1)25H?
COTnpArisons.
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21.

22.

23.

For z,n € Z*, let S(n) denote the statement: If the program reaches the top of the while
loop, after the two loop instructions are executed n(> 0) times, then the value of the
integer variable answer is z(n!).
First consider S(1), the statement for the case where n = 1. Here the program (if it reaches
the top of the while loop) will result in one execution of the while loop: z will be assigned
the value z-1 = z(1!), and the value of n will be decreased to 0. With the value of n equal
to O the loop is not processed again and the value of the variable answer is z(1!). Hence
S(1) is true.
Now assume the truth for n = k: For z,k € Z*, if the program reaches the top of the
while loop, then upon exiting the loop, the value of the variable answer is z(k!). To
establish S(k + 1), if the program reaches the top of the while loop, then the following
occur during the first execution:

The value assigned to the variable z is z(k + 1).

The value of n is decreased to (k +1) -1 = k.
But then we can apply the induction hypothesis to the integers z(k + 1) and k, and after
we exit the while loop for these values, the value of the variable answer is (z(k+1))(k!) =
z(k+ 1)t
Consequently, S(n) is true for all n > 1, and we have verified the correctness of this
program segment by using the Principle of Mathematical Induction.

If n = 0, then the statement ‘n # 0’ is false so the while loop is bypassed and the value
assigned to answer is z = z + 0- y. So the result is true in the first case.
Now assume the result true for n = k - that is, for z,y € R, if the program reaches the
top of the while loop with k € Z, k > 0, then upon bypassing the loop when & = 0, or
executing the two loop instructions k(> 0) times, then the value assigned to answer is
z + ny. To establish the result for n = k + 1, suppose the program reaches the top of the
while loop. Since £ 2 0,n =k + 1 > 0, so the loop is not bypassed. During the first pass
through the while loop we find that

The value assigned to z is z + y; and

The value of n is decreased to (k+1) -1 = k.
Now we apply the induction hypothesis to the real numbers z+y and y and the nonnegative
integer n — 1 = k, and upon bypassing the loop when k& = 0, or executing the two loop
instructions k(> 0) times, then the value assigned to answer is

(z+y)+ky=z+(k+1)y.
The result now follows for all n € N by the Principle of Mathematical Induction.

(a) The result is true for n = 2,4, 5,6. Assume the result is true for all n = 2,4,5,.
k—1,k, where k > 6. If n = k + 1, then n = 2+ (k ~ 1), and since the result is true for
k — 1, it follows by induction that it is true for k¥ 4+ 1. Consequently, by the Alternative
Form of the Principle of Mathematical Induction, every n € Z*,n # 1,3, can be written
as a sum of 2’s and 5’s. '

(b) 24=8+5+7+7 26=5+5+5+5+5 26=0+T7+7+7

100



24.

25.

26.

2T=5+5+54+5+7 =T74+74+7+7
Hence the result is true for all 24 < n < 28. Assume the result true for 24 <n <28 <k,
and consider n = k+1. Since k+1 > 29, we may write k+1 = [(k4+1)~5]+5 = (k—4)+35,
where k — 4 can be expressed as a sum of 5’s and 7’s. Hence k 4+ 1 can be expressed as
such a sum and the result follows for all n > 24 by the Alternative Form of the Principle
of Mathematical Induction.

(a) az =3 ay =35 as =8 ag = 13 ar = 21

(b) a1 = 1 < (7/4)}, so the result is true for n = 1. Likewise, a3 = 2 < £ = (7/4)? and
the result holds for n = 2.

Assume the result true for all 1 < n < k, where k > 2. Now for n = k + 1 we have a;4; =
Gh+ an_y < (T/4) + (T[4 = (T/4P-1[(7/4) + 1] = (174 1(11/4) = (7/4)*-1 (44/16) <
(7/4)*-1(49/16) = (7/4)*-(7/4)* = (7/4)**'. So by the Alternative Form of the Principle
of Mathematical Induction it follows that a, < (7/4)" for all n > 1.

B(X) = L.aPr(X =2) = Tl e(p) = () Tim = = (5] = =52
E(X") = E.a'Pr(X =2) =T, oi(}) = () Thy ot = (& N e a—
Var(X) = E(xZ) E(X)z (N+1)(2n+1) ('H;IJ (n+ 1)[2...:!:}. E:tl]

4n+2-(3 +3) n41)(n—1
(n+ 1) ni9)) - o)) e

8) & = L5 E ;G.a(x-x)-. = gogaoao =a}

o = Y (})aioe-1-i = (5)0er + (})ara0 = 243

b) az = _-:(; (3. )ala(3—1)—l E,:o ( )a.ag_.
(3)aoaz + (Jarar + (3)arao
a0(2a3) + 2(ag)(af) + (2a3)ao = 6ag

c} ay = ’;& (4;])“-6“(4-1)—" = 2?:0 (?)aiaa—.'
(D) aoas + (})araz + (Z)azal + (§)a3ao
;Zg%aﬁ) + 3(ad)(2a}) + 3(2a3)(a3) + (6ag)ao)

c) Forn 20, a, = (nl)ajtt.

i
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27.

28.

Proof: (By the Alternative Form of the Principle of Mathematical Induction)

The result is true for n = 0 and this establishes the basis step. [In fact, the calculations in
parts (a) and (b) show the result is also true for n = 1,2,3, and 4.] Assuming the result
true for n = 0,1,2,3,..., k(= 0) - that is, that a, = (n!)al*! for n = 0,1,2,3,..., k(> 0)
— we find that

Gt1r = E?=o Qi Qi

oo (§)(@)(agt)(k — i)l (ag~H)

o (Y0 ~ i)lak*?

Thoklagt? '

(k + 1)[klal*?) = (k + 1)laf 2. .

So the truth of the result for n = 0,1,2,... , k(2 0) implies the truth of the result for
n = k + 1. Consequently, for all n > 0, a, = (n!)al*! by the Alternative Form of the
Principle of Mathematical Induction.

e n

Let T = {n € Z*|n 2 n¢ and S(n) is false}. Since S(ng), S(ng + 1), S(ng + 2),...,S5(n1)
are true, we know that ng,ng + L,no + 2,...,ny ¢ T. ¥ T # @, then by the Well-
Ordering Principle T has a least element r, because T C Z*. However, since S(no),
S(ne + 1),...,S(r — 1) are true, it follows that S(r) is true. Hence T = @ and the result
follows.

(a) (i) The number of compositions of 5 that start with 1 is the number of compositions
of 4, which is 241 =23 =8, :

(i) 2'=22=14 S GE) 2'=21=2

(iv) 2171 =2°=1 (v) 1

(b) In total, there are 2(**1)-1 = 2" conpositions for the fixed positive integer n + 1.
For 1 < i < n, there are 2("*1=9-! = 2" compositions of n + 1 that start with i. In
addition, there is the composition consisting of only one summand — namely, (n + 1). So
we have counted the same collection of objects — that is, the compositions of n + 1 ~ in
two ways. Thisgivesus 2" = Y0, 2" 41 = (2" 4202 4273 4... 422421 420 41 =
(2°+2'4+2% 4. 42034272 4 2n 1) 1 1 = TR0 20 + 1. Consequently, 300 20 = 27 — 1.

Section 4.2
(a) ¢ =7; and (d) ¢ =7T; and
Cuit = Cy+ 7, forn 2 1. Cn41 = Cp, fOor n.2> 1.
(b) & =17; and | () aa=1;and
Cns1 = Teg, for n 2 1. i1 =Cn+2n+1,forn > 1.
(¢) c =10; and (f) ©a=3,c2=1;and
Cn41 = Cp+ 3, forn > 1. : Cn42 = Cn, forn > 1.

(a) For any statements py,ps,.- ., Pn,Prs1, We define
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5.

(1) the disjunction of p;,p; as py V p;; and
(2) the disjunction of pi, Py, PrsPrst BY PV DIV ...V Pu V Py <=
(PrVp2V...VPa)V Posa.
(b) The result is true for n = 3. This i3 the Associative Law of V of Section 2.2.
Now assume the truth of the result forn =k >3 and all 1 <7 < k, that is,
VPV .. Vp)V(puV..VR) = BV V... VP Vo V...V i)
When we consider the case for n = k 4+ 1 we must account forall 1 <r <k +1.

1) r=4kthen(pmVPp V... VP) VP <> 1 VP V... Vi V iy, from our
recursive definition.

2) Fori<r<k,wehave (; VP2 V...VD)V(Drsa V.. . VD VD) <= (m VP V
VPV Vo VP V] S (VP V. VPV (Praa V.V )] Y Pryr =

VPV VOV Vo VPV Pk < VRV VP VP V. VD V Prga.
So the result is true for all n > 3 by the Principle of Mathematical Induction.

Forn € Z*,n > 2, let T(n) denote the (open) statement: For the statements p,q1, 42, .- ,4x,
pV(@aA...A@G)< (pVa)A(PV@)A...A(pVgn)

The statement T'(2) is true by virtue of the Distributive Law of V over A. Assuming
T(k), for k > 2, we now examine the situation for the statements p,q1,¢2,...,qx, greq1-
We find that pV (@ A@ A ... AGAGH) = PV @ A@RA... Aq) A 1] &
[PV AgaA...A@)A(PY ga) <= [(pVa)A(Va)A...AlpVa)lA(pY gin) <
(pVa)A(pV@)A...A(pV @) A(pV gis1). It then follows by the Principle of Mathematical
Induction that the statement T(n) is true for all n > 2.

(a) For n = 2, the result is simply the DeMorgan Law ~(py V p;) <> -p; A ~p;. Assuming
the truth of the result forn = k, we find forn =k + 1 that ~(pi Vp2 V... px V ps1) &
AP VeV V) VP = (1 VP2V V) A pigy = (Cpr ACpa AL A ) A
=Pyl &> P APy AL AP A —pryay, 8o the result is true for all n > 2, by the Principle
of Mathematical Induction.

(b) This result can be obtained from part (a) by a similar argument, or by the Principle
of Duality for statements.

(a) (1) The intersection of A;, 4, is A N Az.

(i1) The intersection of A;, Az,...,An, Anpr I8 given by A; N A N...NA N Ay =
(A1 NA;N...NA,)N ALy, the intersection of the two sets: A;NA;N...NA, and A.,.
(b) Let S(n) denote the given {open) statement. Then the truth of S(3) follows from the
Associative Law of N. Assuming S(k) true for some & > 3 and all 1 <r < k, consider the
case for k 4+ 1 sets. Then we find that

1) For r = k we have (A; nAzn ...ﬂAk)nA,,“ = Al nAgn... nA,,nA,H.I. This
follows from the given recursive definition.

2) For1l <r< k we have (AlnAgﬂ...ﬂA,)ﬂ(A,.Hﬂ...ﬂAknAk“) = (A;ﬂAgﬂ
o NAIN (A 0L NA) N Aga] = [(A N AN NA)N (At N N AN Ak =
(A] ﬂAgﬂ...ﬂA,ﬂA,H n...nAk)nAk.H = A] ﬂAgn...nA,,ﬂA,.;.; ﬂ...nA,,ﬂAkH.
So by the Principle of Mathematical Induction, S(n) is true for all n > 3.
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6.

9.

(i) For n = 2, the result follows from the DeMorgan Laws. Assuming the result forn =k >
2, consider the case for k + 1 sets Ay, Aa,..., Ak, Appr. Then 41N A2N...NAN A4 =
(A NAN.  NANAm=(ANAN. .NA)UAm =[A1UAU...UAJU A =
A UALU. . UALUAL;1, and the result is true for all n > 2, by the Principle of Mathematical
Induction.

(ii) The proof for this result is similar to the one in part (i). - Simply replace each
occurrence of N by U, and vice versa. (We can also obtain (ii) from (i) by invoking the
Principle of Duality ~ Theorem 3.5.)

For n = 2, the truth of the result AN(B; UB,) = (AN B;) U(AN B,) follows by virtue of
the Distributive Law of N over U.

Assuming the result for n = k, let us examine the case for the sets A, By, B,,..., Bi, Bry.
We have AN (B UB;U...UByUByyy) = AN[(ByUB;U...UB)UBiy] = [AN
(BiUB;U...UB)JU(ANBky1) = [(ANB))U(ANB,)U...U(ANBL)JU(AN Byyy) =
(ANB)U(ANB;)U...U(AN B.) U (AN By

(a) (i) For n =2,z; + z, denotes the ordinary sum of the real numbers z; and z.
- (ii) For real numbers z;,%3,...,%5,Zp41, we have z; + 22 + ... + Zp + Zppy = (71 +
Zz 4 ...+ Ty) + Top1, the sum of the two real numbers z; +z; +... + z, and z,44.
(b) The truth of this result for n = 3 follows from the Associative Law of Addition - since
z1 + (23 + z3) = (z, + z2) + z3, there is no ambiguity in writing z; + z2 + z3.
Assuming the result true for all £ > 3 a.nd all 1 <r <k, let us examine the case for k +1
real numbers. We find that '

1) Whenr =k we have (zi +z2+ ... +2,)+ 21 =21+ 22+ ... + T, + Tr41, bY
virtue of the recursive definition.

2) For1<r<kwehave(z;+z3+...+2.)+(Zy1 +... + Zp + Tp41) = (71 + 2, +

etz @tz ol =Tzt ) (e e D)+ T =

(FTr14+z2+... .tz + 2o+ AT =0+ T2+ T T o+ Tk T
So the result is true for all n > 3 and all 1 < r < n, by the Principle of Mathematical
Induction.

a) (i) For n'= 2, the expression z;r; denotes the ordinary product of the real numbers z,
and Z2.
(ii) Let n € Z* with n > 2. For the real numbers z,,z3,...,Z,,Zn41, We define
T1T2** TyTny1 = (xl E2- xn)xn-}-l,
the product of the two real numbers 232, -« -z, and 2,4;.
b) The result holds for n = 3 by the Associative Law of Multiplication (for real numbers).
So z1(x323) = (#172)x3, and there is no ambiguity in writing z,z3z3.
Assuming the result true for some (particular) k£ > 3 and all 1 < r < k, let us examine the

case for k + 1 (2> 4) real numbers. We find that
1) When r = k we have

(2122 2, )T 41 = T1 T2 T, Ty
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10.

11.

12.

by virtue of the recursive definition.
2) For 1 <r <k we have

(1"11"2 te zr)(xr+l.' TEThy1) = (7"13"2 e ""r)((""rﬂ T $E)$k+1)

= (@122 - T {(@ra1 Tk ))Thtr = (T1T2 -+ Ty Tr1 Tk )T

=173 " TpTrgl - ThThid,

so the result is true for all n > 3 and all 1 < r < n, by the Principle of Mathematical
Induction. ' '

The result is true for n = 2 by the material presented at the start of the problem. Assuming
the truth for n = k real numbers, we have, for n = k+ 1,|zy + z2 + ... + Tt + Tiqa| =
Hz+ 22+ ..+ Ze) +Tra] Slzr+ 22+ 2|+ zen| S ozl + iz + .0 4 el + g0l
so the result is true for all n > 2 by the Principle of Mathematical Induction.

Proof: . (By the Alternative Form of the Principle of Mathematical Induction)

For n =0,1,2 we have

(n=0) ao4r=a;=12(v2)%

(n=1) ajpa=az=a;+a=22 V2= (\/i)l; and

n=2) ay2=0a3=az+a =2+1=322=(\/§)2.

Therefore the result is true for these first three cases, and this gives us the basis step for
the proof. .

Next, for some k > 2 we assume the result true for all n = 0,1,2,..., k. Whenn =%k +1
we find that

Bki1)43 = Grts = Gkaz + @ 2 (V2 4+ (V2)2 = [(V2)? + 1)(V2)? = 3(V2)*-?

= (3/2)(2)(V2)? = (3/2)(V2)* > (V2)**!, because (3/2) = 1.5 > /2 (= 1.414). This
provides the inductive step for the proof. '

From the basis and inductive steps it now follows by the Alternative Form of the Principle
of Mathematical Induction that a,.3 > (v2)" for all n € N.

Proof: (By Mathematical Induction)
0
We find that Fy = ZF: =0=1-1= F; —1, so the given statement holds in this first

i=0 :
case — and this provides the basis step of the proof.
For the inductive step we assume the truth of the statement when n = & (> 0) — that is,

that Zh:F:' = F;..,.g ~ 1. Now we consider what happens when n = k + 1. We find for this
case éi:_t
k41 k _
gF-‘ = (gF-‘) + Feir = (Fiyz — 1) + Fip1 = (Fh2 + Frn) — 1 = Fiya — 1,
so the truth of the statement at n = k implid the truthat n =k + 1.
Consequently, iF} = Fay2—1for alln € N — by the Principle of Mathematical Induction.

i=0
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13.

14.

15.

Proof: (By Mathematical Induction).
Basis Step: When n = 1 we find that

L F_, F; Fiys
--1—_-— = F, =0=1- =] =1 -
g > 0/2=0=1-(2/2)=1-F=1-—7F,
so the result holds in the first case. .
Inductive Step: Assuming the given (open) statement for n = k, we have E %—1 =1~- F;:’ .

=1

When n = k + 1, we find that

"i‘F.-_,_ . Fou B _y_ B B
2% 2 2k+1 T 9k 2k+1

=1 t=1

=1+ (1/2"")[Fi — 2Fi4s] = 1 + (1/2"*")[(Fi — Fipz) — Fryo]
=1+ (1/2Y)[~Fiy1 — Frga) = 1 = (1/25)(Fiyy + Frps) = 1 — (Fiy3 /2.

From the basis and inductive steps it follows from the Principle of Mathematical Induction
that '
Vn € Z* E(F_l/?) =1~ (Fps2/2").

=1 .
Proof: (By Mathematical Induction)

For n = 1 we find _
L=1=1=(1)38)-2=LL; -2,

so the result holds in this first case. .
Next we assume the result is true when n = k. This gives us Y L} = LyLiys — 2. Then

=1
. k$1 k
forn=k+1wefindthat 3 L? = 3 L2+ L%,, = LyLpys — 2+ L2y, = LyLyyy + L2, =2

i=1 =1
= Lgg1(Lie + Liys) ~ 2 = Lig1Liya — 2.
Consequently, by the Principle of Mathematical Induction, it follows that

Vﬂ € Z+ ZL? = LnLﬂ+1 - 2.

i=1

Proof: (By the Alternative Form of the Principle of Mathematical Induction)

The result holds for n = 0 and n = 1 because

(ﬂ=0) 5F0+2=5F2=5(1)=5=7‘—2=L4—Lo=L0+4'—Lo; and

(ﬂ= 1) 5F'1+2m5F3=5(2)= 10= 11-1 =L5'—L1 = L1+4-—L1.

This establishes the basis step for the proof.

Next we assume the induction hypothesis — that is, that for some k (> 1), 5F 3 =
Loys—L,foralln=0,1,2,...,k—1,k It then follows that for n = k + 1,
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16.

17.

18.

5F(k41)42 = 5Fkya = 8(Fiya + Fiy1) = 5(Figz + Fleo1ye2)

= 5Fpy2 + 5F(k-1)42 = (Liga — Lie) + (Lg-1)44 = Li1) = (Liga — L) + (Liya — Li-1)

= (Lk+4 + Lk+3) - (Lk + Lk...l) = Lk+5 - Lk+1 = L(k+1)+4 - Lk+] - where we have used the
recursive definitions of the Fibonacci numbers and Lucas numbers to establish the second
and eighth equalities.

It then follows by the Aliernative Form of the Principle of Mathematical Induction that

Vn € N 5Fn+2 = Ln+4 - Ln.

(a) Let E denote the set of all positive even integers. We define E recursively by
(1) 2€ E; and '
(2) Foreachne€ E,n+2€ E.

(b) If G denotes the set of all nonnegative even integers we define G recursively by
(1) 0€G;and '
(2) Foreachme G, m+2¢€G.

(a) Steps . Reasons
(1) p,q,7,To Part (1) of the definition
2 (pve) Step (1) and Part (2-ii) of the definition
3) (-r) ' ~ Step (1) and Part (2-i) of the definition
(4) (ToA (7)) Steps (1), (3), and Part (2-iii) of the definition
(5) ((pVvq) = (ToA(-))) Steps (2), (4), and Part (2-iv) of the definition
(b) Steps Reasons
(1) p,g,7s,Fo ' Part (1) of the definition
(2) (-p) Step (1) and Part (2-i) of the definition
(3) ((=p) «~ 9) Steps (1), (2), and Part (2-v) of the definition
4) (sV Fp) Step (1) and Part (2-ii) of the definition
(5) (rA(sV Fy)) Steps (1), (4), and Part (2-iii) of the definition

(6} (((~p) © g) - (rA(sV F))) Steps (3}, (§), and Part (2-iv) of the definitior

(a) 1 321

4 132, 213, 231,312

1 123

1 4321 ,

1 1432, 2143, 2431, 3142, 3214, 3241,

3421, 4132, 4213, 4231, 4312

1243, 1324, 1342, 1423, 2134, 2314,

2341, 2413, 3124, 3412, 4123
k=3: 1 1234 :

{c) Two descents '

(b)

LR IR N
O | I

—_ON O

o
i

[
et
Py
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19.

20.

(d) (m—1)=k=m~ k—1 descents.

(e) (i) Five locations: (1) In front of 1; (2) Between 1,2; (3) Between 2,4; (4) Between
3,6; (5) Between 5,8. [The five locations are determined by the four ascents and the one
location at the start (in front of 1) of p.]

(ii) Four locations: (1) Between 4,3; (2) Between 6,5; (3) Between 8,7; (4) Following 7.
{The four locations are determined by the three descents and the one locatlon at the end
(following 7) of p.] '

(f) Tmpe = (k + 1)7fm—1 k+ (m k)"rm—l k=1

Let z: z,,23,...,%,, denote a permutation of 1, 2 3,...,m with k ascents (and m -k —1
descents). (1) If m = z,, or if m occurs in ;mz;,, 1 _<_ ¢ < m—2, with z; > z;;, then the
removal of m results in a permutation of 1,2,3,...,m — 1 with k — 1 ascents — for a total
of [1+(m —k~Dxm_14-1 = (m — k)Tp_; 1 permutations. (2) If m = z; or if m occurs
in ;mzig, 1 <1 < m— 2, with z; < z;;,, then the removal of m results in a permutation
of 1,2,3,...,m — 1 with k ascents — for a total of (k + 1)m,,—1 4 permutations.

Since cases (1) and (2) have nothing in common and account for all possibilities the re-
cursive formula for %, follows. [Note: These are the Eulenan numbers a,, , of Example
4:21)

@) (&) + (%) = k(b ~ 1)/2] + [(k + Dk/2] = (K — k + k¥ + k)/2 = k2.
© (+a()+ (447 = (k= 1)(k~2)/6]+4[(k + 1)(k)(k~1)/6] + [(k+2)(k +1)(k)/6] =
(k/6){(k — 1)(k — 2) + 4(k + 1)(k ~ 1) + (k + 2)(k + 1)] = (k/6)[6K*] = &°.

(d) Tpa k=i () +4Zm () + S () = (1) +4() + (1) =

(1/29)[(n + 1)(n)(n ~ 1)(n ~ 2) + 4(n + 2)(n + 1)(n)(n — 1) + (n + 3)(n + 2)(n + 1)(n)]

[(n+1)(n)/24}[(n—1)(n— 2)+4("+2)(n 1)+(n+3)(n+2)] = {(n+1)(n)/24][6n + 6n]
n’(n +1)*/4.

@ k= () 41107+ 1(5) + (45)

In general, k! = ¥'20 ,("”) where the a;,’s are the Eulerian numbers of Example 4.21.
[The given summation formula is known as Worpitzky’s identity.]

(a) Forn = 2,{(py — p2) A(pz — pa)]l = [(;1 A p2) — ps], for if (p1 A p3) — pa
bhas value 0, then p; and p; have value 1 and ps bas value 0. But then p; — ps and
(;1 — p2) A(p2 — ps) both have value 0. Assume the result for n = k — 1, and consider
the case of n = k. Then [(p; — p2)A(P2 — B3} Ao A (Pr—r — Pe)A(Pr ~— Py )] =
(AP A APe) — p) Al — per))l = (L AP AL AP — ]
(b} Suppose that S(1) is true and that if S(k) is true for some k € Z*, then S(k) =>
S(k +1). Then we find that [S(1) = 5(2), S(2) = 5(3),...,S5(k) = S(k + 1)] and by
part (a), [(S(1) A S(2)A ... AS(k)) => Siya]- So by Theorem 4.2, S(n) is true for all n.
Hence Theorem 4.2 implies Theorem 4.1.

(c) Ifn = 1 the result follows. Assume the result for n = k (> 1), for some k € Z*
and consider the case for n = k+ 1. If 1 € S then the result follows. If 1 ¢ 5, let
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T = {z~1lx € S} # 0. Then k € T and by applying the induction hypothesis to T, T has
a least element ¢ > 1 and S has a least element ¢t + 1 > 2.

(d) From part (c), Theorem 4.1 implies the Well-Ordering Principle. In the solution
of Exercise 27 of Section 4.1 the Well-Ordering Principle implies Theorem 4.2. Hence
Theorem 4.1 implies Theorem 4.2.

Section 4.3

(a)a=a-1,s01la;0=a-0, so a|0.

(b) alb => b = ac, for some c € Z. bla = a = bd, for some d € Z. So b = ac = b(dc)
andd=c=1or ~1. Hence a =bor a = —b.

(c) alb = b = az, bjc == c = by, for some z,y,€ Z. So c = by = a(zy) and alc.

(d) alb =% ac = b, for some c € Z => acx = bx => albz.

(e) If a|z,aly then z = ac,y = ad for some ¢,d € Z. So z = z — y = a(c — d), and alz.
The proofs for the other cases are similar.

(g) Follows from part (f) by the Principle of Mathematical Induction.

(a) a|b = az = b, for some z € Z*;c|d = cy = d, for some y € Z*. Then (ac)(zy) = bd,
so ac|bd.

(c) aclbc == acz = bc, for some z € Z* = (azx ~ b)c = 0 => [az — b = 0, since
c> 0] => az = b = alb.

The proof for part (b) is similar.

Since ¢ is prime its only positive divisors are 1 and ¢. With p a prime, p > 1. Hence
ple=p=4¢

No. 6{(2-3) but 6 /2 and 6 }3.

Proof: (By the Contrapositive)

Suppose that a | bora | c.

If a | b, then ak = b 3k € Z. But ak = b = (ak)c = a(kc) = bc = a | be.
A similar result is obtained if a | c.

Proof: (By Mathematical Induction)

The result for n = 2 is true by virtue of part (a) of Exercise 2. So assume the result
for n = k (= 2). Then consider the case for n = k + 1: We have positive integers
G1,a3,...,0k Gky1, 1,02, ., bk, bks1, where ailh; for all 1 < i < k+1. I welet a =
ajaz---a; and b = bby --- by, then we know that a}b by the induction hypothesis. And
since ajb and a4 lbiy1, by the case for n = 2, it follows that a - @y q|b- B4y, or
(ay-az- @k - aepr)}(bs - Ba -+ by - biya).

Therefore the result is true for all n > 2 — by the Principle of Mathematical Induction.

a) leta=1,b=5, c=2. Another exampleis a=b=5,c=3.
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10.

11,

12.

13.

14.

15.

b) Proof:
31)(5a + 7b + 11c) = 31|(10a + 14b + 22c). Also, 31[(31a + 316+ 31c), so 31|[(31a + 316+
31c) — (10a 4+ 14b + 22¢)]. Hence 31{(21a + 1756+ 9¢).

Note that each of Eleanor’s 12 numbers is divisible by 6. Consequently, every sum that
uses any of these numbers must also be divisible by 6 (because of part (g) of Theorem 4.3
— where each z; = 1, for 1 £ i < n). Unfortunately 500 is not divisible by 6, so Eleanor
has not received a winning card.

bla, bl(a + 2) = bjlaz + (a + 2)y] for all z,y € Z. Let z = —1,y = 1. Then b > 0 and bJ2,
sob=1or2.

Letn =2k+1,k>0. n? -1 =(2k+ 1) — 1 = 4k® + 4k = 4k(k +1). Since one of k,k + 1
must be even, it follows that 8{(n? —1).

Let 2 =2m + 1,b = 2n + 1, for some m,n > 0. Then a® + b = 4(m? + m + n? + n) + 2,
so 2|(a® + %) but 4 [ (a* + b*).

(a) 23=3:7+2, ¢q=3,r=2.

(b) -115=(~-10):12+5, ¢=-10,r=35.
(c) 0=0-42+4+0, ¢=0,r=0.

(d) 434 =14-314+0, g¢=14,7=0.

Proof:

For n = 0 we have 7" — 4" = 7% — 4% =1 — 1 = 0, and 3|0. So the result is true for this
first case. Assuming the truth for n = k we have 3|(7* — 4*). Turning to the case for
n = k41 we find that 7k — 4+t = 7(7%) — 4(4*) = (3 +4)(T*) — 4(4*) = 3(T*) + 4(7T* — 4F).
Since 3|3 and 3|(7* —4*) (by the induction hypothesis), it follows from part (f) of Theorem
4.3 that 3{[3(7%) + 4(7* — 4%)], that is, 3|(7*+! — 4¥*1), It now follows by the Principle of
Mathematical Induction that 3|(7" — 4") for all n € N.

(a) 137 = (10001001), = (2021), = (211)s
(b) 6243 = (1100001100011), = (1201203), = (14143)s
(c) 12,345 = (11000000111001), = (3000321), = (30071)s

Base 10 Base 2 Base 16
(a) 22 10110 16
(b) 527 1000001111 20F
(c) 1234 10011010010 4D2
(d) 6923 1101100001011 1B0B
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Base 16 Base 2 Base 10

(a) A7 10100111 167
16. (b) 4C2 10011000010 1218
(¢) 1CB2 1110010110010 7346
(d) A2DFE 10100010110111111110 667134
Base 2 Base 10 Base 16
(a) 11001110 206 CE
17. (b) 00110001 49 31
(c) 11110000 240 FO
(d) 01010111 87 57

18. The base 7.

19. Here n is a divisor of 18 - so n € {1,2,3,6,9,18}.

20. (a) 00001111 (b) 11110001 (c) 01100100
(d) Start with the binary representation of 65 65
!
01000001
Interchanges the 0’s and i
1’s to obtain the one’s complement 10111110
!
Add 1 to the one’s complement 10111111
(e) 01111111 (f) 10000000
21.
Largest Integer Smallest Integer
(2) T=23-1 -8 = —(2%)
(b) 1271=27-1 ~128 = ~(27)
(c) o1 _ 1 ~(2'%)
(d) 2 -1 —(2%)
(e) 2n—l -1 _(2n—l)
22.
(a) 0101 (=5) (b) 1101 (=-3)
+0001 (=1) 11110 (= -2)
0110 (=6) 1011 (= —5)
(¢ Ol (=7) (d) 1101 (=-3)
+1000 (= -8) +1010 (= -6)
1111 (= -~1) 0111 (# —9) (overflow error)

23. ax =ay => az —ay = 0 => a(z — y) = 0. In the system of integers, if b,c € Z and
bc=0,thenb=0o0rec=0. Sincea(z —y)=0anda# O then(z~y)=0and z =y.
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24.

25.

26.

Program ChangeOfBase (Input,Output);

Var Number, Base, Remainder,

Power, Result, Keep : Integer;

Begin .
Writeln (‘Input the base 10 number - positive integer - that is to be changed.’);
Write (‘Number = ’);

Read (Number);
Writeln (‘Input the base - an integer between 2 and 9 inclusive.’);
Write (* Base = ’);
Read (Base);
Keep := Number;
Result := 0;
Power := 1;
While Number > 0 Do
Begin
Remainder := Number Mod Base;
Result := Result + (Remainder * Power);
Power := Power * 10;
Number := Number Div Base
End;
Writeln (‘The number ’, Keep:0, when converted to’,
‘base ’, Base:0, ‘is written as ’, Result:0)
End.

(1) Ha=0,choose g=r=0.

(ii) Let @ > 0,0 < 0. Then —b > 0 so there exist g,r € Z with a = ¢g(~b) + r, where

0 <r < (-b). Hence a=(—q)b+ r with 0 < r < |B].

(iti) Finally, consider the case where a < 0 and b < 0. Then ~a,-b > 0 80 —a =
(-0 +r' with0 < r < (~b). Soa=¢gb~r" =(¢ +1)b+(—r"—b) = ¢gb+ r with

0<r=—~b—-r'<-b=|b).

For uniqueness, let a,b, € Z,b # 0, a.nd assume @ = g b+7; = gab+r,, where 0 < ry, r; < {bl.

Then 0 = (g1 —@2)b+ (n ‘—7‘2) and |g1 — ga{|b] = |ry —r3]. If ry # 7y, then |ry —r3| > 0 but
jry — 72} < |bl. Hence |g; — 2|} < |b}. This can only happen if ¢; = ¢;. But then r; = r;,

80 ¢,r are unique.

Program Base_16(Input,Output);
(* This program converts a positive integer less than 4,294,967,295 (= 16° — 1) to base
16.%)

Type '
subl = 0..15;
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sub2 = 10..15;
sub3 = 0..8;
sub4 = -1..7;
Var
remainders: subl;
larger: sub2;
positions: array [0..7] of sub 1;
i: sub3;
~ j: sub4;
m,n: integer;
Begin
‘Writeln (‘What positive integer do you wish to convert to base 167°);
Readln (n);
Fori:=0to 7do
positions [i] := 0;
m :=n;.
1:=0; _
While m > 0.do
Begin
positions[i] := m mod 16;
m := m div 16;
i:=i+1
End;
ji=11
Write (‘The integer ’, n:0, ' in base 16 is written ’);
Whilej > =0do
Begin
If positions{j] < 10 then
Write (positions[j] : 1)

Else
Begin
larger := positions{j];
Case larger of
10: Write (‘A’);
11: Write (‘B’);
12: Write (‘C’);
13: Write (‘D’);
14: Write (‘E’);
15: Write (‘F’)
End
End;
ji=j-1
End;
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27.

28.

Writeln (%.")
End.

Program Divisors (input,output);

Var
N, Divisor: Integer;
Begin
Write (‘The positive integer N whose divisors are sought is N = ’);
Read (N);
Writeln;
If N =1 Then
Writeln (“The only divisor of 1 is 1.%)
Else
Begin
Writeln (‘The divisors of *, N:0, ‘are :');
Writeln (1:8);
If N Mod 2 = 0 Then
Begin
For Divisor := 2 to N Div 2 Do
If N Mod Divisor = 0 Then
Writeln {Divisor:8)
End
Else
For Divisor := 3 to N Div 3 Do
If N Mod Divisor = 0 Then
Writeln (Divisor:8)
End;
Writeln (N:8)
End.

Proof: Let Y = {3k | k € Z*}, the set of all positive integers divisible by 3. In order to
show that X = Y we shall verify that X CY and Y C X.

(i) (X CY): By part (1) of the recursive definition of X we have 3 in X. And since
3 =31, it follows that 3 is in ¥. Turning to part (2) of this recursive definition suppose
that for z,y € X we also have z,¥y € Y. Now z + ¢y € X by the definition and we need
to show that z + y € Y. This follows because z,y € ¥ = z = 3m,y = 3n for some
mneZt=>z+y=3m+3n=3(m+n), withm+ne€Zt = z+y €Y. Therefore every
positive integer that results from either part (1) or part (2) of the recursive definition of
X is an element in Y, and, consequently, X C Y.
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29.

(ii) (Y € X): In order to establish this inclusion we need to show that every positive
integer multiple of 3 is in X. This will be accomplished by the Principle of Mathematical
Induction.
Start with the open statement

S(n): 3n is an element in X,
which is defined for the universe Z*. The basis step — that is, S(1) — is true because
3-1=23isin X by part (1) of the recursive definition of X. For the inductive step of
this proof we assume the truth of S(k) for some k (> 1) and consider what happens at
n =k + 1. From the inductive hypothesis S(k) we know that 3k is in X. Then from part
(2) of the recursive definition of X we find that 3(k + 1) = 3k + 3 € X because 3k, 3 € X.
Hence S(k) = S(k + 1). So by the Principle of Mathematical Induction it follows that
S(n) is true for all n € Z* — and, consequently, ¥ C X.
With X CY and Y C X it follows that X =Y.

(a) Since 2{10* for all t € Z*,2|n iff 2|ry. (b) Follows from the fact that 4|10° for t > 2.
(¢) Follows from the fact that 810! for t > 3.
In general, 2*tn iff 214 (r, - 10° + -« - + 1y - 10 + 1p).

Section 4.4

(a) 1820 = 7(231) + 203
231 = 1(203) + 28
203 = 7(28) + 7
28 = 7(4), so gcd(1820,23) = 7
7 = 203 - 7(28) = 203 - 7[231 - 203] = (-7)(231) + 8(203) = (-7)(231) + 8[1820 -
7(231)] = 8(1820) + (-63)(231)
(b) ged(1369,2597) = 1 = 2597(534) + 1369(-1013)
(c) ged(2689,4001) = 1 = 4001(-1117) + 2689(1662)

(a) If as + bt = 2, then ged(a,b) = 1 or 2, for the ged of a,b divides a, b so it divides
as + bt = 2.

(b) as + bt = 3 = ged(a,b) =1 or 3.

(c) as + bt = 4 = ged(a,b) = 1,2 or 4.

(d) as + bt = 6 = gcd(e,b) = 1,2,3 or 6.

ged(a,b) = d => d = az + by, for some z,y € Z. ged(a,d) = d => a/d,b/d € Z.
= {a/d)z + (b/d)y = gcd(a/d,b/d) = 1.

Let ged(e,b) = g, ged(na,nb) = h. ged{a,b) = ¢ => g = as + bt, for some 3, € Z.
ng = (na)s + (nb)t, so hlng. h = ged(na,nd) = h = (na)z + (nb)y, for some z,y € Z.
h = n(az + by) = n|h => nh; = h for some h, € Z and k; = az + by. g = ged(a, d) =
glhs => n(ghs) = h for some hy € Z. Since (ng)|h and h|(ng), with h,ng € Z+, it follows
that ged(na,nbd) = h = ng = nged(a, b).
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11.

12.

Proof: Since ¢ = ged (a, b) we have a = cz, b = cy for some z,y € Z*. So ab = (cz)(cy) =
c*(zy), and c? divides ab.

(a) 2 = 1(n+ 2)+ (—1)n. Since gcd(n,n + 2) is the smallest positive integer that can
be expressed as a linear combination of n and n + 2, it follows that ged(n,n + 2) < 2.
Furthermore, gcd(n,n + 2){2. Hence ged(n,n +2) = 1 or 2. In fact, ged(n,n 4+ 2) =1, for
n odd, and ged(n,n +2) = 2, for n even.

(b) Arguing as in part (a) we have gcd(n,n 4 3) = 1 or 3. When n is a multiple of 3, then
ged(n, n + 3) = 3; otherwise, ged(n,n + 3) = 1.

For ged(n,n + 4) we need to be cautious. The answer is not 1 or 4. Here we have
ged(n,n +4) =1 or 2 or 4. For n a multiple of 4, ged(n,n + 4) = 4. When n = 4t + 2,
t € Z*, we find that gcd(n,n + 4) = 2. For n odd, ged(n,n +4) = 1.

(c) In general, for n,k € Z*, ged(n,n + k) is a divisor of k. Consequently, if k is a prime,
then ged(n,n + k) = k, for n a multiple of k, and ged(n,n + k) = 1, for n not a multiple
of k.

Let gcd(a,b) = h, ged(b,d) = ¢g. ged(a,b) = b => hla,hjb => hi(a-1 + bc) = h|d.
hlb, hld => hlg. ged(b,d) = g = glb,gld => g|(d- 1 + b(—c)) = gla. glb,gla,h =
ged(a, b) == g|h. hlg, glh, with g,h € Zt => g = h.

ged(a,b) = 1 == az + by = 1 for some z,y € Z. Then ¢ = acz + bey. ajc => ¢ =
ad, bjc => ¢ = be, s0 ¢ = ab(ex + dy) and ablc. The result is false if gcd(a,b) # 1. For
example, let a = 12,b = 18,c = 36. Then alc, bjc but (ab) fc.

(a) If c € Z*, then c = ged(a, b) if (and only if)
(1) c|a and c}b; and
(2) VdeZ [[(d]a)A(d]|b)] =d]| ]

(b) I c € Z*, then c # ged(a, b) if (and only if)
(1) cfaorc/ bor
(2) 3deZ[(d|a)A(d}b)A(d } c)].

If c = ged(a — b,a + b) then cl[{a — b)z + (a + b)y] for all z,y € Z. In particular, for
z =y =1,c|2q, and for z = ~1,y = 1, ¢|2b. From Exercise 4, gcd(2a,2b) = 2 gcd(a,b) = 2,
soc/2and c=1or2

ged(a,b) = 1 => ax -+ by = 1, for some a,b € Z. Then acz + bey = c. ajacz, albey (since
albc) = alc.

Proof: Let d; = gcd(a, b) and d; = ged(a — b, b).
dy = ged(a—b,b) = [dyl{a—b) Ady|b] = [d;][(a~ b)+b]] by part (f) of Theorem 4.3 = dya,
and [dg'a A dzlb] = dz!d;.

d; = ged(a, b) = [dilaAd,y|bl = dy|{a+(~1)b], by part (f) of Theorem 4.3. Hence d;|(a—b).
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14.

15.

16.

17.

Since d;|(a — b) and d,|b, it follows that d, |d;. Consequently, we find that [d,[d; A d3]d; A
ged(d;, ds) > 0] = ged(a, b) = dy = d; = ged(a — b,b).

Proof: We find that for each n € Z*, (5n+3)(7)+(Tn+4)(-5) = (35n+21)—(35n+20) = 1.
Consequently, it follows that the gcd(5n 43,7 +4) = 1, or 5n+3 and 7n + 4 are relatively
prime.

33z + 29y = 2490
gcd(33,29) = 1, and 33 = (1)(29) +4,29 = (7)(4) + 1,80 1 = 29— 7(4) = 290 —7(33~29] =
8(29) — 7(33). 1 = 33(—7) + 29(8) = 2490 = 33(—17430) + 29(19920) = 33(~17430 +
20k) + 29(19920 — 33k), for all k € Z.

z = ~17430 + 29k, y = 19920 — 33k

z > 0 = 20k > 17430 = k > 602

y > 0 = 19920 > 33k = 603 > k
k=602:z=28y=>54k=603:z=>57y=2L

We need to find z,y € Z* where y > z and 20z + 50y = 1020, or 2z + 5y = 102. As
ged(2,5) = 1 we start with 2(~2) + 5(1) = 1 and find that 2(~2) 4+ 5(1) = 1 = 102 =
2(~204) + 5(102) = 2[~204 + 5k] + 5{102 ~ 2k}. Since z = —204 + 5k > 0, it follows
that £ > 204/5 = 40.8 and y = 102 ~ 2k > 0 implies that 51 > k. Consequently
k =41,42,43,...,50. Since y > z we find the following solutions:

k z = —204 + 5k y =102 - 2k
41 1 20
42 6 18
43 - 11 16

Proof: Suppose that there exist ¢,d € Z* with ¢d = a and ged(e, d) = b. Since ged(c,d) =
b, we have ¢ = bc;, d = bdy. Consequently, a = ed = (be, )(bd;) = ¥*(c1dy), so ba.

Conversely, ¥|a = b’z = a, for some z € Z*. Let ¢ = bz and d = b. Then ¢d = a and
ged(c,d) = ged(bz, b) = b.

ged(84,990) = 6, s0 84z +990y = ¢ has a solution Zo, o in Z if 6jc. For 10 < ¢ < 20, 6jc ==
¢ = 12 or 18. There is no solution for ¢ = 11, 13, 14, 15, 16,17, 19.

When ¢ = 12,84z + 990y = 12 (or, 14z + 165y = 2).

165 = 11(14) + 11

14=l(ll)+3
11 = 3(3) + 2

Therefore 1 = 3 — 2 = 3 — [11 — 3(3)] = 4(3) ~ 11 = 4{14 — 11] - 11 = 4(14) - 5(11) =
4(14) — 5{165 — 11(14)] = 59(14) — 5(165)

1 = 14(59) + 165(~5)

2 = 14(118) + 165(—10) = 14(118 — 165k) + 165(~10 + 14k).
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19.

20.

21.
22.

The solutions for 84z + 990y = 12 are ¢ = 118 — 165k, y = —~10 4 14k, k € Z.
When ¢ = 18, the solutions are x = 177 — 165k, y = —15 + 14k, k € Z.

Let a,b,c € Z*. If az + by = c has a solution zo,yo € Z, then azp + by = ¢, and since
ged(a, b) divides a and b, ged(a, b)jc. Conversely, suppose ged(a, b)jc. Then ¢ = ged(a, b)d,
for some d € Z. Since ged(a,d) = as + U, for some s,t € Z, we have a(sd) + b(td) =
ged(a, b)d = ¢ or azg + byp = ¢, and az + by = ¢ has a solution in Z.

Let ged(a,b) = g, lem(a,b) = h. ged(a,b) = ¢ => as + bt = g, for some s,t € Z.
lem(a,b) = b => h = ma = nb, for some m,n € Z*. hg = has + hbt = nbas + mabt =
ab(ns + mt) = ablhg. ged(a,b) = g = g|a, glb, s0 (a/g)b = (b/g)a is a common multiple
of a and b. Consequently h|(a/g)b, and hz = (a/g)b, for some z € Z, or ghz = ab. Hence
ghlab.

From Theorem 4.10 we know that ab = lem(a, b) - ged(a, b). Consequently,
b = [lem(a, b) - ged(a, b)]/a = (242, 500)(105)/630 = 40, 425.

lem(a, b) = (ab)/ ged(a, b)

(a) lem(231,1820) = (231) (1820)/7 = 60,060
(b) 1cm(1369,2597) = (1369)(2597) = 3,555,293
(c) 1em(2689,4001) = (2689)(4001) = 10,758,689

ged(nyn+1)=1lem(n,n+1)=n(n+1)

Proof: The result follows from Theorem 14.10 and Exercise 4 for this section. We find
that lem (na,nb) = faolel, — #“:,5) = n[ 5] = nlem(a, b).
Section 4.5

(a) 22-8%-5°-11 (b) 2%-3.5%.7%.112
(c)32-5%-72.11-13

gcd(148500, 7114800) = 22-3- 52 - 11 = 3300

lem (148500, 7114800) = 2¢ . 3% . 5%. 72 . 11% = 320166000
ged(148500, 7882875) = 32 - 5% - 11 = 12375

lem(148500, 7882875) = 22- 3% 5%. 72 - 11 - 13 = 94594500
ged(7114800, 7882875) = 3 - 52 - 72 - 11 = 40425

lem( 7114800, 7882875) = 2% - 32 53 - 72 . 11% - 13 = 1387386000

2ey . 2ez,,263 | 2¢;

m? = pi*plapis ... p}
m® = p{ p32pie -
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The result is true for n = 1. From Lemma 4.2 the result follows for n = 2. For k > 2,
assume that pla;a;---ax =3 pla;, for some 1 < i < k. Now consider pla;a; - - araiy,-
Then pl(a1as - - - 8k )41 = playa; - - - ax or plaryy (by the case where n = 2) = pla; for
some 1 < ¢ < k (by the induction hypothesis) or plar,: = pla; for some 1 <: < k+ 1.

The general result then follows by the Principle of Mathematical Induction.

Proof: (The proof is similar to that given in Example 4.41.)

If not, we have \/p = a/b, where a,b € Z* and gcd(a,b) = 1. Then /p=a/b=>p =
a’/t* = pb* = a® = p| a® = p | a (by Lemma 4.2). Since p | a we know that @ = pk
3k € Z*, and pb? = a? = (pk)? = p?k?, or b* = pk?. Hence p | b’ and sop | b. Butifp|a
and p | b then ged(a,b) = p > 1 — contradicting our earlier claim that gcd(a, b) = 1.

Here 25n + 10n 4+ 40n = 100k, so 75n = 100k or 3n = 4k. From Lemma 4.2 it follows that
3|k. So k =3-r. Then 3n =4(3:r) = n = 4r. So n is any positive multiple of 4.

(a) 3x4x4x2=96 (b) 270 (c) 144

a) There are (15)(10)(9)(11)(4)(6)(11) = 3,920,400 positive divisors of n = 214395871011313537%,
b) (i) (14—3+1)9—4+1)8—7+1)(10~0+1)(3—-2+1)5-0+1)(10—241) =
(12)(6)(2)(11)(2)(6)(9) = 171,072

(ii) Since 1,166,400,000 = 2°3°5°, the number of divisors here is (14~9+1)(9—-6+1)(8 -
54+1)10-0+1)3~0+1)(5~0+1)(10—-0+1)=(6)(4)(4)(11)(4)(6)(11) = 278, 784.

(iii) (8)(5)(5)(6)(2)(3)(6) = 43,200

(iv) (7)(3)(4)(6)(1)(3)(6) = 9072

(v) G)4)ENH(2)(2)(4) =

(vi) (HA)2)R)D)(L)3) = 12

(vi)) (3)(2)(2)(2)(1)(1)(2) = 48

From Theorem 4.10 we know that mn = lcm(m n)-gcd(m, n), so ged(m, n) = mnflem(m,n) =
223'5'11! = 660.

ged =3.5%-11 =285

lem = 2%-3%-5%-77. 112 - 13 = ¢, 162, 158, 000

248396544 = 28. 3%. 113, so there are (8 + 1)}(6 + 1)(3 + 1) = 252 possibilities for n.

Since 2a is a perfect square we have @ = 2z?, for some z € Z*. Likewise, 3a a perfect
cube = a = 3% = (3y)®y for some y € Z*. To minimize the valie of a choose y = 2 and
z=3y=6. Thena =172 =2%.32

a) Proof. (i) Since 10{a? we have 5|a? and 2ja®?. Then by Lemma 4.2 it follows that 5la
and 2ja. So a = 5b for some b € Z*. Further, since 2[5b we have 2{5 or 2|b (by Lemma
4.2). Consequently, a = 5b = 5(2¢) = 10¢, and 10 divides a.

(i) This result is false — let a = 2.

b} We can generalize section (i) of part (a) by replacing 10 by an integer n of the form
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15.

16.

17,

18.

18.

Pip2 - - - Pi, & product of ¢ distinct primes. (So n is a square-free integer — that is, no square
greater than 1 divides n.)

Proof: We find that abcabe = (abc)(1001) = (abe)(7)(11)(13).

Since 7! = 2*-3%2.5. 7, the smallest perfect square that is divisible by 7! is 2%-32.52.72 =
(35) x (71) = 176, 400.

If n € Z* and n is & perfect square, then n = p{'p?? - - - pi*, where p; is prime and ¢; is a
positive even integer for all 1 < ¢ < k. Hence (e; + 1)(ez + 1) - (ex + 1) is a product of
odd integers. Therefore the number of positive divisors of n is odd.

Conversely, if n € Z* and n is not a perfect square, then n = p;'p3? - - - p;* where each p;
is prime and e; is odd for some 1 < i < k. Therefore (e; + 1) is even for some 1 < i < k,
g0 (e; + 1)(e2 + 1)+ (ex + 1) is even and n has an even number of positive divisors.

For 1260 x n to be a perfect cube, the exponent on each prime divisor must be a multiple
of 3. Since 1260 = 22.32.5.7, we want 1260 xn = 23-33.5%-7%, son = 2-3-52-72 = 7350.

(a) Since 200 = 2%.5%, the number of times the 200th coin will be turned over is (4)(3) = 12,
the number of divisors of 200.
(b) The following coins will also be turned over 12 times:

(i) 22-32 =172 (i) 2°-3=96 (iti) 22-3% =108 (iv) 2%-5=160
(c) The 192nd coin is turned over 14 times because 192 = 2°. 3.

(a) 4=2%8=2%16=2% 32 =2%

Considering the powers of 2, there are 5 different sums of two distinct exponents: 5 = 2+3;
6=2+4;,7=2+4+5=3+4;8=3+5;9=4+5. Hence there are 5 different products
that we can form.

(b) Here we have 2" for n = 2,3,4,5 and 6. Now there are 7 different sums of two distinct
exponents: §=2+4+3;6=2+4;,7=24+5=3+4+48=24+6=3+4+5;9=3+6=4+5;
10 =4 4+ 6; 11 = 5 + 6. Consequently, we can form 7 different products in this case.

(c) The set here may also be represented as AU B where A = {2"|n € Z%,2 < n <6} and
B={3*keZ*,2<k<5}.

If the product uses two integers from A then there are 7 possibilities. If both integers
are selected from B then we have 5 possibilities. Finally there are 5 x 4 = 20 products
using one number from each of the sets A, B. In total, the number of different products
8 7+5+20=32.

(d) Consider the set given here as AUBUC where A = {4,8,16,32, 64}, B = {8, 27,81, 243, 729}

end C = {25, 125,625, 3125}.
Here there are six cases to enumerate.

(1) Both elements from A: 7 possibilities.
(2) Both elements from B: 7 possibilities.
(3) Both elements from C: 5 possibilities.
(4) One element from each of A, B: 5 x § = 25 possibilities.
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(5) One element from each of A, C: 5 x 4 = 20 possibilities.

(6) One element from each of B, C: 5 x 4 = 20 possibilities.

In total there are 747 + 5 + 25 + 20 + 20 = 84 possible products.

(e) This case generalizes the result in part (d). Once again there are 84 possible products.

20. Program Primefactors (input,output);

Var
P, j, k, n, originalvalue, count: integer;
Begin
Write (‘The value of n is °);
Read (n);
originalvalue := n;
Writeln (‘The prime factorization of ’, n: 0 s’);
If n Mod 2 = 0 Then

Begin
count := 0;
While n Mod 2 = 0 Do
Begin
count := count + 1;
n := n Div 2
End;
Write (‘2(°, count: 0, 97
End; -
- Ifn Mod 3 = 0 Then
Begin
count := 0;
While n Mod 3 = 0 Do
Begin
count := count + 1;
n:=1nDivy
End;
Write (‘3(’, count :0, ¢) ’)
End;
pi=38 .
While n >= 5 Do
Begin
i=L
Repeat
=j+ 1
k:=p Mod }

Until (k = 0) Or (j = Trunc(Sqrt(p)));
I (k <> 0) And (n Mod p = 0) Then
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22.

23.

Begin

count := 0;
While n Mod p = 0 Do
Begin
count := count + 1;
n:=n Divp
End;
Write (p:0, ‘)’, count:0, ‘) *)
End;
p:=p+2

End;
End.

The length of AB = 28 = 256; the length of AC' = 2% = 512. The perimeter of the triangle
is 1061. |

@ IM-1=-1

- ‘ 1 for n odd
—1) = (—1)@+1)(n+2)/2 _ (__1)(2n+1)n+1) _ s
) TI(=1)=(-1) (~1) { o e

@ [EADEED_ (3:0)(0.1y (T0) (6:0) (210) 80010,

(d) ﬁ2n—ii+l = (n:—l) (n::l) (:ﬁ)(znz.l) (?ig) =

=n

[2n)!/(n = Dl}/(n + 1)1 = @n)l/{(n — Dln + 1) = () = (20)

(a) From the Fundamental Theorem of Arithmetic 88,200 = 22 - 3% . 5% . 72. Consider the
set F = {23,3%,5%, 7*}. Each subset of F determines a factorization ab where gcd(a, b) = 1.
There are 2* subsets — hence, 2* factorizations. Since order is not relevant, this number (of
factorizations) reduces to (1/2)2* = 2°. Andsince 1 < @ < n, 1 < b < n, we remove the
case for the empty subset of F (or the subset F itself). This yields 22~1 such factorizations.

(b) Here n =23-3?.5%.7%.11 and there are 2* ~ 1 such factorizations.

(¢) Suppose that n = p{''p3® - - - pi*, where py, pa, ..., pi are k distinct primes and
ny, Ny, ..., N > 1. The nuinber of unordered factorizations of n as ab, where 1 < a < n,
1 <b<n,and ged(a, b) =1, is 281 — 1,

5 5 8
24. (a) JIG:*+9) (b) H(1+x") (&) I +¥Y)

i=1 =1 i=1
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26.

270

Proof: (By Mathematica.l Induction)
For n = 2 we find that H(l—— )— (1— )—(1——) 3/4 = (24 1)/(2-2), s0 the

result is true in this first ¢ case a.nd this estabhshes the basis step for our inductive proof.
Next we assume the result true for some (particular) k € Z* where k > 2. This gives us

H(l -~ -—) = (k + 1)/(2k). When we consider the case for n = k + 1, using the inductive
step, we find that
1 1

k+1 1
n<1—,-—z>>=(ml—-)“‘m)“"“+”"2’°)“1 &+ 17

=2 =2
E+1] [(k+1)*—1] K +2k
2k (k+1)2 | (2k)k+1)
The result now follows for all positive integers n > 2 by the Principle of Mathematical
Induction.

={k+ é)/(2(k + 1)) = ((k + 1) + 1)/(2(k + 1)).

(a) When n is a prime then it has exactly two positive divisors — namely, 1 and n.

(b) If n=p? wherepisa pnme, then n has exactly three positive divisors — namely, 1,
p, and p*.

(c) Let p,q denote two distinct primes. If n = p® or n = pq, then n has exactly four
positive divisors — 1,p, p?, and p® for n = p?, and 1, p, ¢ and pg for n = pq.

(d) If n = p*, where p is a prime, then n has exactly five positive divisors — namely,
1,p,p*,p% and p'.

(a) The positive divisors of 28 are 1, 2,4, 7, 14,and 28, and 1+ 2+4+ 7+ 144+ 28 =
56 = 2(28), so 28 is a perfect integer.

The positive divisors of 496 are 1, 2, 4, 8, 16, 31, 62, 124, 248, and 496, and 1 + 2+ 4 +
8 + 16 + 31 + 62 + 124 + 248 + 496 = 992 = 2(496), s0 496 is a perfect integer.

(b) It follows from the Fundamental Theorem of Arithmetic that the divisors of
2m-1(2m —1), for 2™ —1 prime, are 1,2,2%,2%,...,2™-1 and (2™ —1), 2(2™ -1), 2%(2™ —1),
2(2™ - 1),..., and 2™71(2™ — 1).

These divisorssum to [1 +2 422428 4., . + 2™ 4 (2™ —-1)[1 + 2422+ 2% ... 4271 =
(2™ — 1)+ (2™ - 1)(2™ — 1) = (2™ = 1)[1 + (2™ — 1)] = 2™(2™ — 1) = 2]2"~1(2™ — 1)}, s0
2m-1(2™ — 1) is a perfect integer.

Supplerhentary Exercises

at+(a+d)+@+2d)+...+(a+(n—1)d) =na+|(n - Vnd}/2. Forn=1,a=a+0,
and the result is true in this case. Assuming that Y5 [a + (i — 1)d] = ka + [(k ~ 1)kd]/2,

we have 5 Ha + (8 — 1)d] = (ka + [(k -- 1)kd}/2) + (a + kd) = (k + 1)a + [k(k + 1)d}/2,
so the result follows for all n € Z* by the Principle of Mathematical Induction.
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Let t be the number of times the while loop is executed. Then we have
sum = 10+174+244+...+(104+7(t-1)) = 10+ (10+ 7)+ (10 + 14) +... + (10+ 7(t — 1)).

From the previous exercise we know that for each t € Z*
a+(a+d)+(a+2d)+...+ (a+ (t —1)d) =ta + [(t — 1)(¢)d]/2, so here we have
sum = 10t + (7/2)¢(t — 1).
For t = 52, we have sum = 9802, and for ¢ = 53, we find sum = 10176. Therefore, n, the
last summand, is 10 + 7(52 — 1) = 367.

Conjecture: ) (—1)"*1i? = (~1)"*' 34, for all n € Z+.
i=1 1
Proof: (By the Principle of Ma.them;tical Induction)
1 ' 1
Ifn = 1 the conjecture provides Y (—1)"*'* = (1)1 (1) = 1 = (-1)'*(1) = (-1)'* 4,

=1 =1
which is a true statement. This establishes the basis step of the proof.
In order to confirm the inductive step, we shall assume the truth of the result

k k
D=1 = (- D

=1 =1

for some (particular) k > 1. When n = k + 1 we find that
k41

(-1 = (DD (- DR + 1)

=1 =1

= (—I)H‘Zi + (=M, + 1) = (=) (E)(k +1)/2 + (1) (k + 1)°

= (—1)"*¥(k + 1) — (k)(k + 1)/2]

= (—1)"¥(1/2)[2(k + 1)* — k(k + 1))

= (—~1)¥%(1/2)[2k? + 4k + 2 — k* — k]

= (-~ 1)*“(1/2)[1:2 + 3k + 2] = (=1)H2(1/2)(k + 1)(k + 2)

= (— 1)"“‘222, so the truth of the result at n = k implies the truth at n = k+ 1 — and
=1

we have the inductive step.
It then follows by the Principle of Mathematical Induction that

i(_l)ii-lzﬂ = (_1)n+1 i_‘-’

i=1 i=1

for all n € Z*.

(8) S(n) : 5{(n® ~n). Forn = 1,n® —n = 0 and 5|0, so S(1) is true. Assume S(k) :
BI(k® — k). For n =k +1,(k + 1) — (k + 1) = (kS — k) + 5k* + 104® + 10k2 + 5k. Based
on S(k),58)((k + 1) — (k 4+ 1)) so S(k) == S(k + 1) and the result is true for all n € Z*
by the Principle of Mathematical Induction.

(b) S(n) : 6}(n®+ 5n). When n = 1,n% + 5n = 6, so S(1) is true. Assuming S(k), consider
Sk +1). (k41 +5(k4 1) = (k* + 5k) + 6 + 3(k)(k + 1). Since one of k, k + 1 must be
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8.

even, 6{[3(k)(k + 1)]. Then assuming S(k) we have 6{[(k + 1)* + 5(k + 1)] and the general
result is true for all n € Z* by the Principle of Mathematical Induction.

(a) n n*+n+41 n n?4n+41 n n4+n+41
1 43 4 61 , 7 97
2 47 5 71 8 113
3 53 6 83 9 131

(b) For n = 39,n? + n + 41 = 1601, a prime. But for n = 40,n% 4+ n + 41 = (41)?, so
S(39) A= S(40).

(b) s4=119/120 = (5! —1)/5!.  s5 = 719/720 = (6! ~1)/6!

se = 5039/5040 = (7! ~1)/7!
(c) sn =[(n+ ! = 1]/(n + 1)!
(d) Based on the calculation in part (a) the conjecture is true for n = 1. Assuming that
s =[(k+ 1) = 1)/(k+ 1)}, for k € Z*, consider s;4,.
sipr=sk+(k+1)/(k+20 =[(k+ D) =1}/(k+ 1)+ (k+1)/(k+2)=[(k+2)! - (k+
2) + (k+ 1)}/(k+ 2)! = [(k+ 2)! — 1}/(k + 2)}, so the result follows for all n € Z* by the
Principle of Mathematical Induction.

() Forn=0,2""*'+1=2+1=3, s0 the result is true in this first case. Assuming that
3 divides 22%¥! + 1 for n = k € N, consider the case of n = k 4+ 1. Since 22(-+)+1 4 | =
27443 1 1 = 4(22M1) + 1 = 4(22k+1 4 1) — 3, and 3 divides both 2%*! + 1 and 3, it follows
that 3 divides 22k+1)+! | 1. Consequently, the result is true for n = k + 1 whenever it is
true for n = k. So by the Principle of Mathematical Induction the result follows for all
n € N.

(b) When n = 0,0° + (0 + 1)? + (0 + 2)® = 9, so0 the statement is true in this case. We
assume the truth of the result when n = k > 0 and examine the result forn = k+ 1. We
find that (k+ 1)* + (k+ 2+ (k+3¥ = (k+ 1P+ (k+ 23+ [£* + Ok* + 27k + 27] =
(B +(k+ 13 4+ (k+2)%]+[9(k? + 3k + 3)], where the first summand is divisible by 9 because
of the induction hypothesis. Consequently, since the result is true for n = 0, and since
the truth at n = k (> 0) implies the truth for n = k + 1, it follows from the Pnnclple of
Mathematical Induction that the statement is true for all integers n > 0.

Proof: There are four cases to consider.

(1) n = 10m + 1. Here n! satisfies the condition sought.

(2) n = 10m + 3. Here n? = 100m? + 60m + 9 and n* = 10000m* + 12000m? + 5400m? +
1080m + 81 = 10{1000m* + 1200m3 + 540m? + 108m + 8) + 1, so the units digit of n*is 1.
(3) n = 10m4 7. Asin case (2) we need n®. For n? = 100m? + 140m + 49, and
nt = 10000m?* 4 28000m3 + 29400m? + 13720m + 2401 = 10(100m* + 2800m3 + 2940m? +
1372m + 240} + 1, where the units digit is 1.

(4) n = 10m + 9. Fortunately we only need n? here, since n? = 100m? + 180m + 81 =
10(10m? + 18m + 8) + 1.

[Note: For any n € Z*, where n is odd and net divisible by 5, we always find the units
digit in n* to be 1.
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10.

11.

12.

13.

14.

Converting to base 10 we find that 81z + 9y + z = 36z + 6y + z, and so 80z + 3y — 35z = 0.
Since 5/(80z ~ 35z) and ged (3,5) = 1, it follows that 5y. Consequently, y =0 or y = 5.
For y = 0 the equation 80z — 35z = 0 leads us to 16z ~ 7z = 0 and 16z = 7z = 16|z. Since
0 < z < 5 we find here that z = 0 and the solutionis z =y =2 =0.

fy=25, then80z+15—-352=0=1624+3~-72=0. With0< 2,2 5,16z =72~3 = 2
is odd and z = 1,3, or 5. Since 16 does not divide 4(= 7(1) ~ 3) or 18(= 7(3) — 3), and
since 16 does divide 32(= 7(5) —3) we find that z = 5 and z = 2. Hence z =2, y = 5, and
z = 5. [And we see that (zyz)e = 81z +9y+2 = 81(2)+9(5)+5 = 212 = 36(5)+6(5)+2 =
36z+6y+z= (zyz)e.}

From the Fundamental Theorem of Arithmetic we have 3000 = 23 . 3 - 5%, so 3000 has
(34 1)(1 4+ 1)3 + 1) = 32 divisors. Since ged(n,n + 3000) is a divisor of 3000, there are
32 possibilities — depending on the value of n.

Forn=2wefindthat 22 =4 < 6= (;) < 16 = 42, so the statement is true in this first
case. :

Assuming the result true for n = k > 2 - ie., 2F < (2,"‘) < 4*, we now consider what
happens for n = k + 1. Here we find that

(i) = () = [FeESY (2) = 20@e+ 0/ + DI(Y) > 20k + /(e + D)2 >

2++1, since (2k+1)/(k+1) = [(k+1)+k]/(k+1) > 1. In addition, [(k+1)+K))/(k+1) <2,

50 (2::12) =2[(2k + 1)/(k + 1)] (2:) < (2)(2) (2:) < 41, Consequently the result is true

for all n > 2 by the Principle of Mathematical Induction.

For n = 1,7% + 8% = 855 = (57)(15). Assuming that 57|(7*+2 4 82*+1), gsince 7(F+1)+24
82(k+1)+.l = Tk+3 + g2k+3 _ 7(7k+2) + 64(82I¢+1) - 64(7I¢+2) + 64(82k+1) - 57(7I¢+2), we have
57|(75+° 4 8%*4%), 50 the result follows by the Principle of Mathematical Induction.

First we observe that the statement is true for all n € Z* where 64 < n < 68. This follows
from the calculations: -

64 = 2(17) + 6(5) 65 =13(5) 66 =3(17) + 3(5) 67 =1(17) 4+ 10(5) 68 = 4(17)
Now assume the result is true for all n where 68 < n < k and consider the integer k + 1.
Then k+1 = (k —4) + 5, and since 64 < k — 4 < k we can write k ~ 4 = a(17) + b(5)
for some a,b € N. Consequently, k + 1 = a(17) + (b + 1)(3), and the result follows for all
n > 64 by the Alternative Form of the Principle of Mathematical Induction. '

To find all such a,b we solve the Diophantine equation 12a + 7b = 1. Since ged(12,7) =1,
we start with the Euclidean algorithm:

12 = 1745, . 0<8<7
7 =1-54+2, 0<2<5
B = 2:-2+1, 012
2 = 2-1
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15.

16.

17.

18.

19.

20.

Then1=5~2-2=5~2[7T~ 5] = (~2)7 + 3(5) = (=2)7 + 3(12 = 7) = 12- 3 + 7(~5) =
12[3 + 7k) + 7[~5 ~ 12k}, k € Z. Hence

a=3+T7k b=-5-12k, ke€Z.

(a)r = ro+r1-10+r;- 10%+.. +r,. 10" = ro+r;(9)+r1 +r2(99)+r2+.. . 470 (99...9) +r, =
97
n
[Or:+99r3+...4+(99.. 9)r,.]+(ro+r, +rpt...4ra). Hence Olr iff 9|(ro+ri+ro+...+10).
(c)3|tfor:c—lor4or7 9jt forz = 7. _

50z + 20y = 620 = 5z + 2y = 62
ged(5,2) = 1 and 1 = 5(1) + 2(—2) so 62 = 5(62) + 2(—124) = 5(62 — 2k) + 2(—124 + 5k),
k€Z. 2=62-2k20=312ky=-124+5k20=> k> 24.8

Solutions: (1) k=25:z =12,y =1;(2)k =26:z = 10,y = 6;(3)k = 27: :c—8y—
1;(4k =28:2=6,y=16:(5)k =20: =4,y =21;(6)k = 30: o =2,y = 26;(k =
31:z =0,y =31.

(8) Let n=2%.3%-5%.7%.11% where e; + e2 + €3 + €4 + 5 = 9, with ¢; > 0 for all
1 <1 £ 5. The number of solutions to this equation is (5+g'1) = ('93)

® ()
(a.) 24(1+2+3)54(1+2+3) . (b) 25(143+3) 54(14243+4)
(<) 22(4)(142+43) 52(4) (14243} 74(4)(1) (d) 23(49)(1+243) 34(4)(142) 53(4)(1+24-3)
(e) p°q’, wheree=(n+1)(14+2+--+-+m) =(n +1)(m)(m +1)/2 and
f=m+1)(1+2+-- +n)=(m+1)(n)(n+1)/2
() p°¢/r?, when e = (n+ 1)}k + 1)1+ 2+ - +m) = (n + 1)(k + 1)(m)(m + 1)/2,
f=m+DE+DA+2+- +n) =(m+1)(k+1)n)n +1)/2, and
=(m+Dn+1)A+24+---+k)=(m+1)(n+1)k)(k+1)/2

(a) 14,9 :
{(b) 1,4,9,16,...,k where k is the largest square less than or equal to n.

Proof: For 1 < i £ 5, it follows from the division algorithm that a; = 5¢; + r;, where
0 < r; £ 4. So now we shall consider the remainders: ry,rz, r3,rq,7s. For if a selection
of the remainders adds to a multiple of 5, then the sum of the corresponding elements of
A will also sum to a multiple of 5. (Note that for the remainders we need not have five
distinct integers.)

1) K r; = 0 for some 1 < ¢ < 5, then 5ja; and we are finished. Therefore we shall assume
from this point on that r; #0 for all 1 <7 <5.

2 H1<rm=rp=r=ri=rs<4,thenay+a;+...+a5=5q +g+...¢)+5m,
and the result follows. Consequently we now narrow our attention to the cases where at
least two different nonzero remainders occur. _

Case 1: (There are at least three 4’s). Here the possibilities to consider are (i) 4 + 1; (ii)
444+ 2;and (3ii) 4 + 4 + 4 + 3 — these all lead to the result we are seeking.
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21.

22.

23.

24.

Cage 2: (We have one or two 4’s). If there is at least one 1, or at least one 2 and one 3,
then we are done. Otherwise we get one of the following possibilities: (i) 4 + 2 + 2 + 2
or (ii)4 + 3 + 3.

Case 3: (Now there are no 4’s and at least one 3.) Then we either have (i) 3 + 2; (ii) 3
+1+10r ()3 +3+3+1.

Case 4: (We now have only 1's and 2’s as. summands). The final possibilities are (i) 2 +
141+ 1;and (ii)2+ 2+ 1.

(a) Foraln€Z*,n>3,142+3+...+n=n(n+1)/2. If {1,2,3,...,n} = AUB with
sS4 = sp, then 2s4 =n(n+1)/2, or 4s4.=n(n+1). Since 4jn(n+1) and ged(n,n+1) =1
then either 4|n or 4|(n + 1).

(b) Here we are verifying the converse of our result in part (a).

(1) If 4|n we write n = 4k. Here we have {1,2,3,..:,k,k+1,...,3k,3k+1,...,4k} = AUB
where 4 = {1,2,3,...,k,3k+1,3k+2,...,4k— 1,4k} and B= {k+ 1,k +2,...,2k, 2k +
1,3k — 1,3k}, with s, = (1 +24+34+ ...+ k) +[Bk+1)+ 3k +2)+... + Bk + k)] =
((k+1)/2] + k(3k) + [k(k+1)/2] = k(k+ 1)+ 3k* =4k* + k,and sp = [(k+ 1)+ (k+2)+
oot (EHE)H[(2E+ 1)+ (26 +2)+. . .+ (2k+ k)] = (k) +[k(k+1)/2]+ k(2k)+[k(k+1)/2] =
32 + k(k+1)=4F + k.

(i) Now we consider the case where n + 1 = 4k. Then n = 4k — 1 and we have
{1,2,3,...,k~1,k,...,3k—1,3k,..., 4k ~ 2,4k~ 1} = AU B, with 4 = {1,2,3,...,k —
1,3k,3k+1,...,4k—1} and B = {k,k+1,...,2k—1,2k, 2k +1,...,3k~1}. Here we find
sa=[14+24+3+...+(k-1)]+[3k+(Bk+1)+.. .+ (3k+(k—1))] = [(k~1)(k)/2] + k(3k)+
[(k—1)(k)/2] = 3k*+k?* —k = 4k*—k, and sp = [k+(k+ 1)+...+(k+(k~1))]+[2k+(2k+
D+...+(2k+(k—1))] = B +{(k~1)(k)/2]+ k(2k) +[(k~1)(k)/2] = 3k*+(k—1)k = 4k*—k.

Let n be one such integer. Then 5n — 4 = 6s and Tn + 1 = 41, for some s,t € Z. Since
2{4 and 2|6, it follows that 2|5n because 5n — 4 = 6s. From Lemma 4.2 we have 2|n.
Consequently, as Tn + 1 = 4f, we find that 2|1. This contradiction tells us that no such
integer n exists. '

(a) The result is true for @ = 1, so consider a > 1. From the Fundamental Theorem
of Arithmetic we can write ¢ = p{'p3* - .- pi*, where p;,pa,...,pt, &are t distinct primes
and e; > 0, for all 1 < i < t. Since a?|i® it follows that p?*|p* for all 1 < ¢ < &

SO b2 = p?f‘pgh...p?f‘cg, where f.' 2 € fora.ll 1 S l 5 t, a,nd b = p{‘pi’...p{‘c -
a(pl = pfr~" ... pf )¢, where f; ~¢; > 0 for all <i < ¢t. Consequently, alb.

(b) This result is not necessarily true! Let a = 8 and b = 4. Then a?(= 64) divides
(= 4), but a does not divide b.

Proof: Suppose that n > 1. If n is not prime, then n = n;n, where 1 < n; < n and
1 < n3 < n. Since n|n we have n|nyn,. So n|n, or n{n, — where either result is impossible.
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26.

27.

(a) Recall that '
{a+ b)(a? — ab + b?)

a+b =
a®+ b = (a+b)(a?— a®b+ a®b? —ab® + bY)
a4+ = (a+b)(a”“1 —a” b4 4 P

(a+ B> e (~ -,

i=1 .
for p an odd prime.
Since k is not a power of 2 we write k = r - p, where pis an odd prime and r > 1. Then
P o -
ak+ ¥t =(aP+(yP=(a"+ b')z:a'("‘)(—b)'("'”, so a* + b* is composite.
=1
(b) Here n is not a power of 2. If, in addition, n is not prime, then n = r-p where p is an odd

P o . P “
prime. Then 2" +1 = 2" 417 = 2P 4 177 = (27 +17)Y_2=(—1y -V = (2 4+ 1)) 2709,
i=1 =1
so 2" + 1 is composite — not prime.

Proof: Here the open statement S(n) represents: Hzn < 1+ n, and for the basis step we
consider what happens at n = 0. We find that Hyrn = Hp = H; =1<14+0=1+n, so
S(n) is true for this first case (where n = 0).

Assuming the truth of S(k) for some k in N (not just Z*), we obtain the induction

hypothesis
S(k) : Ha <14k

Continuing with the inductive step we now examine S(n) for n = k + 1. We find that

Hpnn = 1+3+5+ -+ ¥+ gm+ oot + oam)
= Hp+ {(2‘14-1) + (2Fl+2) +---+ (2‘1—25)]°

Since ?27147) <%k, forall1 <j <2k it follows that

Hgk-fl < sz + (2k)( ) = sz + 1
And now from the induction hypothesis we deduce that
Hpns SHp +1< U+ k) +1=14(k+1),

so the result §(n) is true for all n € N — by virtue of the Principle of Mathematical
Induction. '

Proof: Forn=0weﬁndthat Fo=0<1= (5/3)°, and for n = 1 we have F} =1 <
(5/3) = (5/3)'. Consequently, the given property is true in these first two cases {and this
provides the basis step of the proof).

Assuming that this property is true for n = 0,1,2,...,k — 1,k, where £ > 1, we now
examine what happens at n = k + 1. Here we find that
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28.

29.

Fivr = Fo+ By < (5/3) + (5/3)1 = (5/3)1((5/3) + 1] = (5/3)*"1(8/3)

= (5/3)F1(24/9) < (5/3)"71(25/9) = (5/3)*71(5/3)" = (5/3)+.

It then follows from the Alternative Form of the Principle of Mathematical Induction that
F, £(5/3)" for all n € N.

Proof: When n = 0 we find that

0
Lo=) Li=2=3-1=L;~1= Loz — 1,
=0
so the claim is established in this first case.
For some k € N, where k > 0, now we assume true that

k
L0+L1+L2+---+L,¢=EL.~=L;,+9-—1.

i=0
Then for n = k + 1(= 1) we have

k+1 k
(*) Y Li=3 Li+Liyr = (Lrr2~1)+Liys = (Lisa+Liesr)—1 = Liys—1 = Lay2—1,
i=0 1=0
and so we see how the truth at n = k implies that at £ + 1. Consequently, the summation
formula is valid for all n € N by the Principle of Mathematical Induction.
[Note that for the equations at (*), the first equality follows from the generalized associative
law of addition — and the fourth equality rests upon the given recursive definition of the
Lucas numbers since k + 3 > 3(2 2).]

a) There are 910 - 10 = 900 such palindromes and their sum is ¥2_, 59 9 _, abcba =

O T o o(10001a+1010b+100c) = 32, ¥°2_,(10(10001a + 10105) +100(9- 10/2)} =
5 Th_0(100010a + 101005 + 4500) = 3-2_, [10(100010a) + 10100(9 - 10/2) + 10(4500)] =
1000100 =5, a+9(454500)+9(45000) = 1000100(9-10/2)+4090500+405000 = 49, 500, 000.

b) begin
sum =0
fora:=1to9do
for 5:=0 to 9 do
forc:=0to9do
sum := sum + 10001 x a4 1010+ 64 100+ ¢
print sum
end
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31.

32.

33.

34.

Proof: Let ¢ = ged(a, b), d = ged(%52, b).

Since a, b are odd, it follows that a — b is even and a ~ b = 2(%2), with %% € Z*. Also,
c is odd since a, b are odd. Nowc—gcd(a,b)=>claa,ndclb=>c|(a-b)=>cl(°"")
because ged(2,c) = 1. Consequently, ¢ | b and ¢ | (252) = ¢ | d.

As d = ged(252,8), it follows that d | 2(25* 22} + b, that is, d | a. Since d | a and d | b, we
have d | c. :

Since ¢ | d and d | ¢ and ¢,d > 0, it follows that ¢ = d.

Proof: Suppose that 7[n. We see that 7|n = T|(n—21u) = 7|[(n—u) —20u] = 7[[10(""" -
20u} = T|[10(&3 ~ 2u)] = T|(%3 — 2u), by Lemma 4.2 since ged(7,10) = [Note:

2=4 ¢ Z* since the units digit of n — u is 0.] Conversely, if 7|(%z — 2u), then since
u 2u = 2221 we find that T|[(252%) = 7-10- 2 = n ~ 21u, for some z € Z*. Since 7|7
and 721, it then follows that 7|n - by part (e) of Theorem 4.3.

a) If 19m + 90 + 8n = 1998, then m = (1/19)(1908 — 8n). Since 1908 = 19(100) + 8, the
remainder for 8n/19 must be 8. This occurs for n = 1, and then m = (1/19)(1908 — 8) =
(1/19)(1900) = 100.

b) In a similar way we have n = (1/8)(1908 — 19m). Here 1908 = 8(238) + 4, so the
remainder for 19m /8 must be 4. This occurs for m = 4 (and not for m = 1,2, or 3), and
then n = (1/8)(1908 — 76) = 229.

If Catrina’s selection includes any of 0,2,4,6,8, then at least two of the resulting three-digit
integers will have an even unit’s digit, and be even - hence, not prime. Should her selection
include 5, then two of the resulting three-digit integers will have 5 as their unit’s digit; these
three-digit integers are then divisible by 5 and so, they are not prime. Consequently, to
complete the proof we need to consider the four selections of size 3 that Catrina can make
from {1,3,7,9}. The following provides the selections - each with a three-digit integer
that is not prime.

(1) {1,3,7} : 7113 =23-31

(2) {1,3,9} : 913 =11-83

(3){1,7,9} : 917=7-131

(4) {3,7,9}: 793 = 13-61

Let T = {a,b,¢c,d,¢, f,g, h} represent the eight element subset of {2,3,4,7,10,11, 12,13, 15}
that we use.

altdbll4)c

dibiel9

11 flgih

These numbers are placed in the table as shown in the figure. Since each row has the same
average, it follows that 2iflite o disiesd —ﬂ:f”—— Likewise, from the columns of the
table we learn that 234tl = -i—ﬂ- -itfﬂ «t34h - Consequently, both 3 and 4 divide
s={a+b+c+d+e + f+g + h +29), a.nd smce ged(3,4) = 1 it follows that 12 divides
s. So we may write s = 12k. The total of the nine given integers is 77. If we let i denote
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35.

36.

the integer not in T, then s = (77 — ¢{) + 29 s0 77 — ¢ + 29 = 12k, or 106 — : = 12k.

As we examine the nine given integers we see that
106 — 2 =104 = 12(8) + 8 106 -~ 7=99 = 12(8) + 3 106 ~12 =94 =12(7) + 10
106 — 3 =103 =12(8) +7 106 — 10 = 96 = 12(8) 106 — 13 = 93 = 12(7) + 9
106 -4 =102 = 12(8) + 6 106 — 11 = 95 = 12(7) + 11 106 - 15 =91=12(7)+ 7
Therefore we do not place 10 in the table. So T = {2,3,4,7,11,12,13,15} and the 12
entries in the table total 67 + 29 = 96. It then follows that a4+ b0+ 14+c=d+54+¢e+9 =
1+4f+g9g+h=3anda+d+1=8+5+f=14+e+g=c+9+h=24.

From column 3 we have 14 + e + g = 24, so e + ¢ = 10. The entries in T imply that
{e,9} = {3,7}; e = 3 = d = 15 (from the equation d + 5 + ¢ + 9 = 32). With d = 15,
from a + d 4+ 1 = 24 we have a = 8, but 8 ¢ T. Consequently, e = 7 and g = 3, and then
d = 32 - 21 = 11. Column 1 indicates that a + d + 1 = 24 so a = 12. From column 2 it
follows that b+ f = 19,580 {b,f} = {4,15}. As b=15=a+ b+ 14 4+ c > 32, it follows
that b =4 and f = 15. Row 1 then indicates that ¢ = 32 —a — b — 14 = 2 and from row 3
(or column 4) we deduce that h = 13. The completed table is shown in the figure.

121 4 |14} 2
11151 7191{
1 11513 |13

Let z denote the integer Barbara erased. The sum of the integers 1,2,3, ...,z — 1,z +
Lz +2, ...,nis [n(n 4+ 1)/2] - z, so [[n(n + 1)/2] ~ z]/(n — 1) = 35%. Consequently,
[n(n+1)/2] ~z = (355)(n — 1) = (602/17)(n — 1). Since [n(n +1)/2] —z € Z+, it follows
that (602/17)(n — 1) € Z*. Therefore, from Lemma 4.2, we find that 17|(n — 1) because
17 does not divide 602. For n = 1,18, 35, 52 we have:

n r = [n(n + 1)/2] - (602/17)(n — 1)
1 1

18 —~431

35 -574

52 ~428

When n = 69, we find that z = 7 [and (T2, i — 7)/68 = 602/17 = 351].

Forn =69+ 17k, k > 1, we have

T (69 + 17%)(70 + 17k)/2] — (602/17}{68 + 17k}
7+ (k/2){1159 + 289k]
= [T+ (1159k/2)] + (289%%)/2 > n.

Hence the answer is unique: namely, n =69 and z = 7.

oW

Let $ ={1,2,3,...,100} be the sample space for this experiment and let A, B, C denote
the following events:

A: Leslie’s selection is divisible by 2: {2,4,6,...,98,100}

B: Leslie’s selection is divisible by 3: {3,6,9,...,96,99}
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317.

C: Leslie’s selection is divisible by 5: {5,10,15,...,95, 100}

(a) Pr(AUB) = Pr(A)+ Pr(B) - Pr(ANB) = B2 + 2 - J& = 5L = (,67. [Note:
Here AN B = {6,12,18,...,96}, the set of integers between 1 and 100 (inclusive) that are
divisible by 6 — that is, divisible by both 2 and 3]

(b) Pr(AUBUC) = Pr(A)+ Pr(B)+ Pr(C)~Pr(ANB) - Pr(ANC)-Pr(BNC) +
PriAnBnC)=Z +B + 2 _J6_J10 6 4 3 =T =074

A common divisor for m,n has the form py'py?p3’, where 0 < »; < min{e;, f;}, for all
1<:i<3. Letm; = mxn{e;,f}, 1 €1 £ 3. Then the number of common divisors is
(ml + 1)(m2 + 1)(m3 + 1).
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CHAPTER §
RELATIONS AND FUNCTIONS

Section 5.1

Ax B ={(1,2),(2,2),(3,2),(4,2),(1,5),(2,5),(3,5),(4,5)}

B x A = {(2,1),(2,2),(2,3),(2,4),(5: 1),(5,2), (5,3), (5,4)}

AU(B x C)={1,2,3,4,(2,3),(2,4),(2,7),(5,3),(5,4),(5,7)}

(AUB)xC = (AxC)U(BxC) = {(1,3),(2,3),(3,3).(4,3),(5, 3),(1,4),(2,4),(3,4),(4,4),
(5,4),(1,7),(2,7),(3,7),(4,7),(5,7)}

(a) {(1,2)};{(1,2),(1,4),(1,5),(2,2),(2,49};Ax B
(b) {(1’ 1)’ (2’ 2)’ (3’ 3)}; {(1’ 1)’ (1’ 2)’ (1’ 3)’ (2’ 2)’ (3’ 3)}; {(1’ 2)’ (2’ 1)’ (3’ 3)}'

(a) |AxB|=|A||B|=9

(b) Since a relation from A to B is a subset of A x B, there are 2° relations from
A to B.

(c) Since |A x A] =9, there are 2° relations on A.

(d) For the other seven ordered pairsin A x B there are two choices: include it in the
relation or leave it out. Hence there are 27 relations from A to B that contain (1,2)
and (1,5).

ONH) ® )+ +6)
If either A or B i1s § and when A = B.

(a) Assume that AXB CCx D andlet a € Aand b € B. Then (q,b) € A x B, and since
A x B C C x D we have (a,b) € C x D. But (¢,b) € C x D = a € C and b € D. Hence,
ca€EA=>a€eC,30ACC,andbe B=be D,so BCD.

Conversely, suppose that A C C and B C D, and that (z,y) € A x B. Then (z,y) € A x
B=z€Aandy€ B= z¢€ C(since ACC)andy € D (since BC D) = (z,y) € CxD.
Consequently, A x B C C x D.

(b) I any of the sets A, B,C, D is empty we still find that
(AcC)A(BCD)]=[{AxBCC x D]

However, the converse need not hold. For example, let A =0, B = {1,2}, C = {1,2} and
D = {1}. Then A x B = 0 — if not, there exists an ordered pair (z,y) in A x B, and this
means that the empty set A contains an element z. Andso AX B =9 C C x D — but
B={1,2}¢ {1} = D.
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7. (a) Since |A| = 5 and |B| = 4 we have |A x B} = |A]|B| = § -4 = 20. Consequently, A x B
has 2% subsets, so [P(A x B)| = 2%,
(b) If |A| = m and |B] = n, for m,n € N, then |4 x B| = mn. Consequently, |P(Ax B)| =

2mn,
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10.

11.

12,

13.

14.

(b) Ax(BUC)={(z,y)jzr€ A and ye€ (BUC)} ={(z,y)lx€ A and (y€ B or
yeC)} ={(z,y){z €A and ye B) or (r€ A and y € C)} = {(z,y)lr € A and
yeEB}U{(z,y)lx€ A and ye C} =(Ax B)U(A xC).

(c) & (d) The proofs here are similar to that given in part (b).

14+ 2+ 2(3) + 2(3)(5) = 39; 38

(z,y) e Ax(B-C)<>z€ A and ye B-C <>z € A and (y € B and
ygC)<>(z€A and ye B) and (z€ A and y C) < (2,y) € Ax B and
(z,y) § AxC < (z,y) € (Ax B)~-(AxC)..

20318) = 4096 =5 3|B| = 12 == |B| = 4.

(8 (1) (0,2) € R; and
(2) If (a,8) € R, then (a + 1,b+ 5) € R.

(b) From part (1) of the definition we have (0,2) € R. By part (2) of the definition we

then find that

(i) (0,2)eR=(0+1,24+5)=(L,7eR;

() (1,7)€ER=(1+1,7+5)=(2,12) € R;

(iii) (2,12) € R = (2+ 1,12+ 5) =(3,17) € R; and

G(v) (3,17) € R=(3+1,17+5) = (4,22) € R.

(8 (1) (1,1),(2,1) € R; and
(2) ¥ (a,b) e R,then (a+1,b+ 1) and (a + 1,b) are in R.
(b) Start with (2,1) in R — from part (1) of the definition. Then by part (2) we get
G) )eR=12+1,1+1)=(3,2)€R;
(i) B,2)eR=>(3+1,2)=(4,2) € R; and
(i) (4,2)eR=>(4+1,2)=(5,2) € R.

Start with (1,1) in R — from part (1) of the definition. Then we find from part (2) that
() 1,1)eR=(1+1,14+1)=(2,2) e R;

Gi) (2,2 eR=(2+1,24+1)=(3,3) € R; and

(i) 3,3)eR=3+1,3+1)=(4,4) €R.

Section 5.2

(a) Function: Range = {7,8,11,16,23,...}

(b) Relation, not a function. For example, both (4,2) and (4, ~2) are in the relation.
(c) Function: Range = the set of all real numbers.

(d) Relation, not a function. Both (0,1) and (0, ~1) are in the relation.

(e) Since |R|> 8, R cannot be a function.

The formula cannot be used for the domain of real numbers since f(v/2), f(~+2) are
undefined. Since v2,—v2 ¢ Z the formula does define a real valued function on the
domain Z.
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10.

11.

(a) {(1,2),(2,%),(8,z),(4,2)}, {(1,¥),(2,9),3,¥), 4,0}, {(1,2),(2,2),(3,2),(4,2)}
{(1, x), (2, y), (37 z)’ (4, y)}, {(1, x)’ (2, y)’ (3, z), (4, z)}
(b) 8* (c) © (d) 4 (e) 24 (f) 3 (8) 3° (b) 3?

3Mi = 2187 == |A| =7

(a) ANB = {(z,y)ly =2z +1 and y = 3z}
2z4+1=3z=z=1
So ANB = {(1,3)}.

(b) BNC = {(z,y)ly =3z and y =z — 7}
Ir=z~7T=2r=~-T7,50z=-T/2
Consequently, BNC = {(-7/2,3(-7/2)} = {(-7/2,-21/2)}.

(¢) AUC=ANC=ANC={(z,y)ly=2z+1andy=z~T7}

Now 2z +1=z~7= z=-8,andso ANC = {(—8,~15)}.
(d) We know that BUC = BNC, and since BN C = {(~7/2,~21/2)} we have BUCT =
R? — {(=7/2,~21/2)} = {(z,y)lz # ~7/2 or y # —21/2}.

(a) () ANnB={(1,3)} ) BnC={}=9
(i) AUC = {(~8,~15)} (ivy BUC=2*=2Zx1Z
(b) () AnB={(1,3)} (i) BNC={}=9
(i) AuC=9 (iv BUC =2Z*x1Z*t
(a) [23—-16]={07]=0 _ (b) {23} -[|16]=2~-1=1
(c) [3.4]]62) =46 =24 (d) [3.4][6.2] =3-7=21
(e) |2x) =6 (f) 2[x] =8
(a) True (b) False: Let a=1.5. Then |1.5] =1 # 2 = [1.5]
(¢) True (d) False: Let a=15. Then ~[a] = -2 # -1 = [-al.
@) ...[~1,-6/7)U[0,1/7)U[1,8/7)U2,15/7T)U...
(b) [1,8/7) (c) Z (d) R
R
(a) - H(=7/3, -2} U(—4/8, ~1JU(-1/3,00(2/3,1]U(5/3,2}U... = |J (m ~1/3,m]

wmeZ+

(b} .. U(=2n—~1)/n, ~2JN(-n~1)/n, - JU(=1/n,0lU((n ~1)/n, 1] (2~ 1)/n, 2]U...

= |J (m~—1/n,m]

meZt
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12.

13.

14.

Proof: (Case 1: kin) Here n = gk for ¢ € Z*, and (n — 1)/k = (¢k — 1)/k = ¢ — (1/k)
with ¢ — 1 < ¢ — (1/k) < q. Therefore [n/k] = fq] =g¢g=(g~-1D+1={(n~1)/k} +1
(Case 2: k Jn) Now we have n = gk +r, where ¢,r € Z* with r < k, and n/k = g+ (r/k)
with 0 < (r/k) < 1. Son—~1=gk+(r—1) and (n — 1)/k = ¢ + [(r — 1)/k] with
0 < [(r — 1)/k]} < 1. Consequently, [n/k] = [g+(r/k)] =¢+1=|{(n—-1)/k} + 1.

a) Proof (i): If a € Z*, then [a] = a and [[a]/a} =|1] =1. fa ¢ Z*, writea=n + ¢,
where n € Z* and 0 < ¢ < 1. Then [a}/a=(n+1)/(n+¢) =1+ (1 - c)/(n + ¢), where
0<(1=c)/(n+c)< 1l Hence lfal/a] ={1+ (1 ~c)/(n+c)} =1.

Proof (ii): For a € Z*, [a| = aand [|a]/a] = [1] = 1. When a ¢ Z*, let a = n+c, where
ne€Ztand0< c< 1 Then |a|]/a=n/(n+c)=1~[c/(n+c)], where 0 < ¢/(n+¢c) < 1.
Consequently [la}/a] = [1—(c/(n + )} = 1.

b) Consider a = 0.1. Then
G) Lfal/a] = [1/0.1] = [10] = 10 # 1; and
(i) [la}/al = [0/0.1] =0 #1.

In fact (ii) is false for all 0 < a < 1, since [|a]/a] = O for all such values of a. In the case
of (i), when 0 < a < 0.5, it follows that [@¢]/a > 2 and [[a]/a] > 2 # 1. However, for
0.5<a<l,[a]/a=1/awherel <1/a <2 andso |[a]/a} =1for05<a< 1.

(8) @62 = 2ayzp2) = 2a; = 2
ag = 20[3/2] = 201 =2
ay = 20“/2] = 202 =4
asg = 20[5/21 = 2(12 =4
ag = 2Gjg/y) = 2a3 =4
ar = 2ayr2y = 2a3 = 4
ag = 2a|gs2) = 2a4 = 8

(b) Proof: (By the Alternative Form of the Prmcxple of Mathematical Induction)
For n = 1 we have a; = 1 < 1, so the result is true in this first case. (This provides the
basis step for the proof.)
Now assume the result true forsome k > land alln =1,2,3,...,k~1,k. Forn =k+1 we
have axs1 = 2aj41)sa < 2{(k + 1)/2], where the inequality follows from the assumption
of the induction hypothesis.
When k is odd, then, {(k + 1)/2} = (k + 1)/2 and we have apy; < 2{(k + 1)/2] =k + 1.
When k is even, then [(k 4+ 1)/2] = [(k/2) + (1/2)] = (£/2), and here we find that
a1 S2Ak/2)=k<k+ 1
In either cese it follows from ayynyz) < [(F + 1)/2] that apyy < b+ 1. So we have
established the inductive step of the proof.
Therefore, it follows from the Alternative Form of the Principle of Mathematical Induction
that

WwmezZt a, <n
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15.

16.

17.

18.

19.

20.

21.

22.

(a) One-to-one. The range is the set of all odd integers.

(b) One-to-one. Range = Q

(c) Since f(1) = f(0), f is not one-to-one. The range of f = {0, +6,+24,+60,...} =
{n® ~n|n € Z}.

(d) One-to-one. Range = (0, +o0) = R+

(e) One-to-one. Range = [-1,1]

(f) Since f(w/4) = f(3w/4),f is not one-to-one. The range of f = [0,1].

(a) {49} (b) {49} (c) [0,9)
(@) [09) (e) [0,49] (f) [9,16) U[25,36]

The extension must include f(1) and f(4). Since |B| = 4 there are four choices for
each of 1 and 4, so there are 4> = 16 ways to extend the given function g¢.

Let A={1,2},B ={3,4) and f = {(1,3),(2,3)}. For 4, = {1},4; = {2}, f(AiN4;) =
f(9) =0 while f(4i)N f(42) = {3} n {3} = {3}.

() f(AAUA)={y€eBly=f(z), z€ AAUA} ={y € Bly= f(z), € 4 or
z € A3} = {y € Bly = f(z), € A }U{y € Bly = f(z), z € 43} = f(A1) U f(43).

() y € f(A)N f(A2) => y = f(z1) = f(z2), 71 € Ay, T2 € Ay => y = f(z4) with
T, = Zq, since f is one-to-one = y € f(A4; N A2).

The number of injective (or, one-to-one) functions from A to B is (|B|!)/(|B}—5)! =
6720, and |B|=38.

No. Let A= {1,2}, X = {1}, Y = {2}, B = {3}. For f = {(1,3),(2,3)} we have f|x, fly

one-to-one, but f is not one-to-one.

(a) A monotone increasing function f : X, — X; determines a selection, with repe-

titions allowed, of size 7 from {1,2,3,4,5}, and vice versa. For example, the selection

1,1,2,2,3,5,5 corresponds to the monotone increasing function ¢ : X; — X;, where g =

{(1,1),(2,1),(3,2),(4,2),(5,3),(6,5),(7,5)}. (Note the second components.) Consequently,
the number of monotone increasing functions f : X; — Xj is (5"';'1) = (‘71) = 330.

(b) (%51 = (&) = 3003.
(c) For m,n € Z*, the number of monotone increasing functions f : X,,, — X, is (""'::"’).

(d) Since f(4) = 4, it follows that f({1,2,3}) C {1,2,3,4} and f({5,6,7,8,9,10}) C
{4,5,6,7,8} because f is monotone increasing. The number of these functions is

(sa-1) (1) = (8) (1) = (20)(210) = 4200.

(e) (%)) = 900.
(f) Lt myn,k,l € Z* with1 <k <mandl <2 <n If f: X, — X, is monotone
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23.
24.

25.

26.

27.

increasing and f(k) = ¢, then f({1,2,...,k-1})C {1,2,...,£} and f({k +1,...,m}) C
{£,£41,...,n}. So there are

(HE::%—I) (("_Hz,):_(a;?;i:;“)“!) = (tﬁ;z) ("+,',':::_k) such functions.

(a) flaij) =12(i ~1)+y (b) flai) =10 ~1)+j (c) flag)=T(~1)+j
9(ai;) =m(j — 1)+

(a) () fla)=nGE-1)+(k-1)+j
(i) gla;) =m(G—-1)+(k-1)+i
(b) k+{mn-1)<r

(a) There is only one function in 5), namely f : A — B where f(a)} = f(b) = 1 and

f(c) = 2. Hence |5,| = 1.

(b) Since f(c) = 3 we have two choices — namely 1,2 — for each of f(a) and f(b).

Consequently, |S,| = 22.

(c) With f(c) = ¢ + 1 there are i choices — namely 1,2,3,...,¢ — 1,§ — for each of f(a)

and f(b), so |S;| = 1%.

(d) Any function f in T is determined by two elements z,y in B, wherel <z <y <n+l

and f(a) = f(b) = z, f(c) = y. We can select these two elements from B in (“;'1) ways,
|T1I - (n—:l).

(e) For T; we have f(a) < f(b) < f(c), so we need three distinct elements from B, and

these can be chosen in "“) ways. The argument for T3 is similar.

(f) S=S51USUS3U...US,, where S;NS; =fforalll1 <i<j<n,and S=TUTUT;

WlthT1nT2 T;ﬂT3--T2r1T3—0

(g) From part (f) we have |S| = YISil = 3° & -zm_ (""2”)+z(";1). Henee

=1 =1

_}: 2 =(n+1)n)/2 + 2(n+ )(n)(n ~1)/6 =(n + )(n)[(1/2) + (n - 1)/3] =
(n + 1)(n){(3 + 2n — 2)/6] = n(n + 1)(2n + 1)/6.

(a) A(1,3) = A(0,A(1,2)) = A(L,2) +1 = A0, A(LD) +1 = [AQ, 1) +1]+1 =
A(1,1)+2 = A(0, A(1,0))+2 = [A(1,0)+ 1] +2 = A(1,0)+3 = A(0,1)+3 = (1+1)+3 =5

A(2,3) = A(1, A(2,2))

A(2,2) = A1, A(2,1))

A(2,1) = A(1, A(2,0)) = A(1, A(L, 1))

A(1,1) = A(0,A(1,0)) = A(1,0) 4+ 1 = A{0,1) + 1 = (14 1) +1=3

A(2,1) = A(1,3) = A(0, A(1,2)) = A(1,2) + 1 = A(0, A(1, 1)) = [A(L, 1) + 1] + 1 =5

A(2,2) = A(L,5) = A(D,A(1,4)) = A(1,4) +1 = A(0,A(1,3)) +1 = A(1,3)+2 =
A0, A(1,2)+2=A(1,2) +3=A(0,A(1,1)) + 3= A(1,1) +4 =7

A(2,3) = A(l 7) = A(0, A(1,6)) = A(1,6) + 1 = A0, A(1,5)) +1 = A(0,7) +1 =
(T+1)+1=
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28.

(b) Since A(1,0) = A(0,1) = 2 = 0 + 2, the result holds for the case where n = 0.
Assuming the truth of the (open) statement for some & (> 0) we have A(1,k) = k + 2.
Then we find that A(1,k+1) = A(0, A(L, k)= AL, k)+1=(k+2)+1=(k+1)+2,80
the truth at n = k implies the truth at n = k + 1. Consequently, A(1,n) = n + 2 for all
n € N by the Principle of Mathematical Induction.

(¢) Here we find that 4(2,0) = A(1,1) = 1+ 2 = 3 (by the result in part(b)). So
A(2,0) = 3 + 20 and the given (open) statement is true in this first case.

Next we assume the result true for some k (> 0) — that is, we assume that A(2, k) = 3+2k.
For k + 1 we then find that A(2,k + 1) = A(1, A(2,k)) = A(2,k) + 2 (by part (b)) =
(3 + 2k) + 2 (by the induction hypothesis) = 3 + 2(k + 1). Consequently, for all n € N,
A(2,n) = 3 + 2n — by the Principle of Mathematical Induction.

(d) Once again we consider what happens for n = 0. Since A(3,0) = A(2,1) = 3+ 2(1)
(by part (c)) = 5 = 2°+3 — 3, the result holds in this first case.

So now we assume the given (open) statement is true for some & (> 0) and this gives
us the induction hypothesis: A(3,k) = 2¥%3 —~ 3, For n = k + 1 it then follows that
A(3,k+1) = A(2, A(3,k)) = 3+2A(8, k) (by part (c)) = 3+ 2(2**3 — 3) (by the induction
hypothesis) = 2(F*1)+3 _ 3 5o the result holds for n = k + 1 whenever it does for n = k.
Therefore, A(3,n) = 2"*3~3, for all n € N — by the Principle of Mathematical Induction.

@ Qe+ @+ Qe+ Q8 =15 - (e - (o =5 e

) () + () 4t ()t = b 1 —m =1
Section 5.3

Let A={1,2,3,4},B = {v,w,z,y,2}: (a) f={(1,0),(2,v),(3,w),(4z)}

(b) f={(1,v),(2,2),(3,v),(4,2)}

(c) Let A={1,2,3,4,5},B = {w,z,y,2},f = {(1,w),(2,w),(3,2),(4,v), (5, 2)}.
(d) Let A= {1,2,3,4},B = {w,z,y,2},f = {(1,w),(2,2),(3,9),(4,2)}.

(a) One-to-one and onto.

{b) One-to-one but not onto. The range consists of all the odd integers.

(c) One-to-one and onto.

(d) Since f(~1) = f(1), f is not one-to-one. Also f is not onto. The range of
f=1{0,1,4,9,16,...}.

(¢) Since f(0) = f(-1), f is not one-to-one. Also f is not onto. The range of
f=1{0,2,6,12,20,...}.

{(f) One-to-one but not onto. The range of f = {...,—64,-27,-8,-1,0,1,8,27,...}.

(a), (b}, (c), (f) One-to-one and onto.
(d) Neither one-to-one nor onto. Range = [0, +00)
(e} Neither one-to-one nor onto. Range = [— 1/4 +00)
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4l

5.

8.

10.

(a) 6% 6!/2!; O (b) 4% (4)S(6,4); O

For n=5,m =3, Tio(~1)*(s3,) 5~ #)° = (=1)°(5) (51 + (1) () (° + (-1 ) 3 +
-12(5)@° + D)@ + (- 1*(3)(0)* =125~ 320+ 70~ 80 + 5= 0

(a) g(?)(i!)S('?,i) = ()ansa, 1 + (§)@)s( 2) + (5)(8HS(7,3) + () (4)S(7,4) +

(g)(s'ﬁsa, 5) = (5)(1)(1) + (10)(2)(63) + (10)(6)(301) + (5)(24)(350) + (1)(120)(14) =
78,125 = 57.

(b) The expression m" counts the number of ways to distribute n distinct objects among
m distinct containers.

For 1 <: < m, let i count the number of distinct containers that we actually use — that

is, those that are not empty after the n distinct objects are distributed. This number of

distinct containers can be chosen in (':‘) ways. Once we have the : distinct containers we

can distribute the n distinct objects among these ¢ distinct containers, with no container
m

left empty, in (i!)S(n, i) ways — where S(n,i) = 0 when n < i. Then 3 ("7)(i!)S(n, i) also

=1

counts the number of ways to distribute n distinct objects among m distinct containers.

Hence m® = 3°(%)()S(n, ).

(8 () 28(7,2) Gi) (5)218(7,2)] (iii) 3!5(7,3)
(v) (5)3!8(7,3)] (v) 45(7,9) ) ()uis(7,4)

(o) (Z)[k1S(m, k)]

Let A be the set of compounds and B the set of assistants. Then the number of
assignments with no idle assistants is the number of onto functions from set A to set B.
There are 5!5(9,5) such functions.

For each r € R there is at least one a € R such that a® — 2a? +a ~r = 0 because
the polynomial z® — 2x? + £ —» has odd degree and real coefficients. Consequently, f
is onto. However, f(0) =0 = f(1),so f is not one-to-one.

(a) (41)5(7,4)

(b) (31)S(6,3) (Here container II contains only the blue ball} + (41)5(6,4) (Here
container II contains more than just the blue ball).

(c) S(7,4)+ S(7,3)+ S(7.2) + S(7,1).
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11.

12.

13.

14.

15.

nilt 2 3 4 ] 6 7 8 9 10
m

1 255 3025 7770 6951 2646 462 36 1
1 511 9330 34105 42525 22827 5880 750 45 1

9
10

(a) Since 31,100,905 = 5 x 11 x 17 x 29 x 31 x 37, we find that there are S(6,3) = 90
unordered factorizations of 31,100,905 into three factors —— each greater than 1.

(b) If the order of the factors in part (a) is considered relevant then there are (3!)5(6,3) =
540 sgch factorizations.

(c) 3. 5(6,¢) = S(6,2) + S(6,3) + S(6,4) + S(6,5) + S(6,6) = 31 + 90+ 65 + 15+ 1 = 202

=2

(d) i(i!)s(ﬁ, i) = (21)5(6,2) + (31)S(6, 3) + (41)5(6,4) + (8!)5(6, 5) + (6!)5(6,6) =

(2)(31) + (6)(90) + (24)(65) + (120)(15) + (720)(1) = 4682.

(a) Since 156,009 =3 x 7 x 17 x 19 x 23, it follows that there are S(5,2) = 15 two-factor
unordered factorizations of 156,009, where each factor is greater than 1.

(b) ‘::5(5, i) = 5(5,2) + S(5,3) + S(5,4) + S(5,5) = 15+ 25+ 10 + 1 = 51.

=3
n

(c) ES(T&, £).

=2

10 Dim S(12, 12)

20 For1=1T012

30 S(LH =1

40 Next I

50 Print “M = : 17

60 For M =2 To 12

70 Print “M ="; M; “ 1, 7;
8¢ For N = 2 To M-1

90 S(M,N) = S(M-1,N-1) + N*S(M-1,N)
100 Print S(M,N); ¢, ”;
110 Next N

120 Print “ 17

130 NextM

140 End

a) n=4: i:i!S(/i,i); n=2_5: i:i!S(5,i)

¢=1 =1
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16.

17.

18.

In general, the answer is »_i!S(n, i).

=1

12
b) (12)3its(12,9).

=1
a) (i) 10!
(i1) The given outcome — namely, {C3,C3,Cr}, {C1,C4 Cy,Cro}, {Cs}, {Cs,Cs} —- is
an example of a distribution of ten distinct objects among four distinct containers, with
no container left empty. [Or it is an example of an onto function f : A — B where
A = {C,Cy,...,Cio} and B = {1,2,3,4}.] There are 4!5(10,4) such distributions [or
functions}.

10

The answer to the question is Ez’!S(lO, t).

(iii) (g“)};i!S(?,z‘).
b) (3)i18(7,9)

=1

c) For 0 < k £ 9, the number of outcomes where C; is tied for first place with k other
9k

candidates is (2) 3 i1S(9 — k,i). [Part (b) above is the special case where k = 3 — 1 = 2]
= 9 9 9—k
Summing over the possible values of ¥ we have the answer E(k) Y ilS(9 - k,i).
k=0 i=1

Let a@y,4a3,...,Gm,z denote the m + 1 distinct objects. Then S,(m + 1,n) counts the
number of ways these objects can be distributed among n identical containers so that each
container receives at least r of the objects.

Each of these distributions falls into exactly one of two categories:

1) The element z is in a container with r or more other objects: Here we start with
Sy(m, n) distributions of a3, a3, . . . , an, into n identical containers — each container receiving
at least r of the objects. Now we have n disisnct containers — distinguished by their
contents. Consequently, there are n choices for locating the object z. As a result, this
category provides nS,(m,n) of the distributions.

2) The element z is in a container with r — 1 of the other objects: These other r — 1
objects can be chosen in (r'_'_‘l) ways, and then these objects — along with z ~ can be
placed in one of the n containers. The remaining m 4- 1 — r distinct objects can then be
distributed among the n — 1 identical containers — where each container receives at least r
of the objects —in S,(m + 1 —r,n — 1) ways. Hence this category provides the remaining
(r'f‘) Se(m + 1 - r,n — 1} distributions.

(a) For n > m we have s(m,n) = 0, because there are more tables than people.
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19.

(b) For m 2 1, (i) s(m,m) = 1 because the ordering of the m tables is not taken into
account; and, (ii) s(m,1) = (m — 1)!, as in Example 1.16.

(c) Here there are two people at one table and one at each of the other m — 1 tables.
There are (';‘) such arrangements.

(d) When m people are seated around m— 2 tables there are two cases to consider: (1) One
table with three occupants and m — 3 tables, each with one occupant — there are (';‘)(2')
such arrangements; and, (2) Two tables, each with two occupants, and m — 4 tables each

with a single occupant — there are (1/2) (';‘) ("‘,; 2) of these arrangements. We then find

that (7)(2)+(1/2)(3) (5?) = (1/3)(m)(m—1)(m—2)+(1/2)[(1/2)(m)(m~1)][(1/2)(m~
2)(m~3)] = (m)(m—1)(m = 2)[(1/3) + (1/8)(m - 3)] = (1/24)(m)(m — 1)(m ~2)(3m — 1).

(a) We know that s(m,n) counts the number of ways we can place m people — call
them p1,p2, ..., Pm — around n circular tables, with at least one occupant at each table.
These arrangements fall into two disjoint sets: (1) The arrangements where p; is alone:
There are s(m — 1,n — 1) such arrangements; and, (2) The arrangements where p; shares
a table with at least one of the other m — 1 people: There are s(m — 1,n) ways where
P2,P3,-- - Pm can be seated around the n tables so that every table is occupied. Each
such arrangement determines a total of m — 1 locations (at all the n tables) where p;
can now be seated — this for a total of (m — 1)s(m — 1,n) arrangements. Consequently,
s(myny=(m—-1)s(m-L,n)+s(m—-1,n-1),form>2n>1.

m~1
(b) For m = 2, we have s(m,2) =1 =1§1/1) = (m-1)! Z -} So the result is true in this
case; this establishes the basis step for a proof by mathe;;:nical induction. Assuming the
k-1 -
result for m = k(> 2) we have s(k,2) = (k — 1)1 % Using the result from part (a) we

=1

now find that s(k+1,2) = ks(k, 2)+s(k, 1) = k(k~1)!'§ %+(k—1)! = k!'f %-}-(l/k)k! =

=1 =1

k
k!z -:— The result now follows for all m > 2 by the Principle of Mathematical Induction.

=1
Section 5.4

Here we find, for example, that

f(f(a,b),¢) = f(a,c) = ¢, while
f(a, f(b,¢)) = f(a,b) = a, so f is net associative.

(a) For all a,b € R, f(a,b) = [a + b} = [b+ a] = f(b, a), because the real numbers are
commutative under addition. Hence f is a commutative (closed) binary operation.
(b) This binary operation is netf associative. For example,

F(f(3.2,4.7),6.4) = f([3.2+44.7],6.4) = £([7.9],6.4) = £(8,6.4) = [8+6.4] = [14.4] = 15,
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while,
F(3.2,£(4.7,6.4)) = £(3.2, [4.746.4]) = £(3.2, [11.1]) = £(3.2,12) = [3.2+12] = [15.2] = 16

(¢) There is no identity element. If a € R — Z then for any b € R, [a + b] € Z. So if
z were the identity element we would have a = f(a,z) = [a + z] with e € R - Z and
[a+z] €Z.

3. (a) f(z,y)=z+y—zy=y+z—yz= f(y,z), so the binary operation is commutative.
f(f(w,2),y) = fw,z)+y— fw,zly = (w+z-—vr)+y—(w+tz-wrly=w+z+y—
wr — wy — Yy + wry.
flw,f(z, ) =w+f(z,y)—vw-flz,y)=w+(E+y—zy)-—wiz+y—zy) =w+z+y—
wzr — wy — Yy + wry.

Since f(f(w,z),y) = f(w, f(z,y)), the (closed) binary operation is associative.
(b), (d) Commutative and associative
(c) Neither commutative nor associative.

4. (a) The identityis z=0.
(d) The identity is z = 3.
(b), (¢) Neither of these (closed) binary operations has an identity.

5. (a) 25 (b) 5% (c) 5% (d) 5
6. (a) 5% (b) 5'

(c) 35", because neither a nor b can be an identity.

(d) 3-5°
7. (a) Yes -~ (b) Yes (c) No

8. Each element in A is of the formn 2' for some 1 < i < 5, and ged(2°,2%) = 2¢ = ged(2%,2%),
so 2° = 32 is the identity element for f.

9. (a) |A]=(32)(38) = 1216.
(b) The identity element for f is p*¢*.

10. For n € Z% let py,p,,...,pn be distinct primes and for each 1 < i < n let M; be a fixed
positive integer. If 4 = { H i | €& €N, 0< ¢ < M;} define the closed binary operation
f: AwaAbvf(a b) gcd(a b).
Then [A] = H(M + 1) and the identity element for f is H

f==1 i=1

11. By the Well-Ordering Prineiple A has a least element and this same element is the identity
for g. If A is finite then A will have a largest element and this same element will be the
identity for f. If A is infinite then f cannot have an identity.
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12.

13.

14.

3.

8.

(a) ‘n’A(D) = [0, +OO) 7I'B(D) =R

(b) =a(D)=R xp(D) = [-1,1]

(¢) ma(D)=[-1,1] =p(D)=[-1,1]

(a) 5 (b) {(25,25,6), (25,2,4), (60,40,20), (25,40,10)}
(C) A, A;

(a) &

(b) {(1,4),(1,D),(1,E),(2,A),(2,D),(2,E)}; _
{(10000, 1, 100), (400, 1, 100), (30, 1, 100), (4000, 1, 250), (400, 1, 250), (15, 1, 250)}
(c) A1 x Az; Az X As; Az X As ,

Section 5.5

Here the socks are the pigeons and the colors are the pigeonholes.

The result follows by the Pigeonhole Principle where the eight people are the pigeons and
the pigeonholes are the seven days of the week.

26° +1 =677

Subdivide the set S into the 14 subsets: {3}, {7,103}, {11,99}, {15,95},..., {43,67},
{47,63}, {51,59},{55}. By the Pigeonhole Principle if we select at least 15 elements of S
then we must have the elements in one of the two-element subsets and these sum to 110.

(a) Foreach z € {1,2,3,...,300} wrote z =2"-m, where n >0 and ged(2,m) = 1.
There are 150 possibilities for m: namely, 1,3,5,...,299. In selecting 151 numbers from
{1,2,3,...,300} there must be two numbers of theform z=2"-m, y=2'm. f z<y
then zly; otherwise y < z and y|z.

(b) If n+1 integers are selected from the set {1,2,3,...,2n}, then there must be two
integers z,y in the selection where zly or yjz.

Any selection of size 101 from S must contain two consecutive integers n, n 4+ 1 and
ged(n,n4+1)=1.

(a) Bere the pigeons are the integers 1,2,3,...,25 and the pigeonholes are the 13 sets:
{1,25}, {2,24},...,{11, 15}, {12, 14}, {13}. In selecting 14 integers we get the elements in
at least one two-element subset, and these sum to 26.

(b) If §={1,2,3,...,2n+ 1}, for n a positive integer, then any subset of size n 4 2
from S must contain two elements that sum to 2n + 2.

{a) Since [S| =3, 3z,y € S where z,y are both even or both odd. In either case
z +y iseven.

(b) 5(=2°+1) (c) 9(=2%+1)
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(d) For n€ Z* let §S={(a1,a,...,8,)|a; € Z*,1<i<n}. If |S|>2"+1,then S
contains two ordered n-tuples (z;,%3,...2Z.), (#1,¥2,-..,Yn) such that z; +y; is even
Vi<i<n.

(e) 5 - as in part (b).

(a) Forany ¢ € {1,2,3,...,100},1 < v/ < 10. Selecting 11 elements from {1,2,3,...,100}
there must be two, say z and y, where |/z] = |/§], sothat 0 < |/z— /4] < L

(b) Let n€ Z*. If n+ 1 elements are selected from {1,2,3,...,n?}, then there exist
two, say z and y, where 0 < |v/z — /il < 1.
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10.

In triangle ABC, divide each side into three equal parts and form
the nine congruent triangles shown in the figure. Let R; be
the interior of triangle ADE together with the points on segment
DE, excluding D,E. Region R; is the interior of triangle DFG
together with the points on segments DG, FG, excluding D,F.
Regions Hj,...,Rs are defined similarly so that the interior of
A ABC is the union of these nine regions and R; N R; = §, for

12'

13.

14.

15.

1 # j. Then if 10 points are chosen in the interior of A ABC, at
I J least two of these points are in R, for some 1 < <9, and these
two points are at a distance less than 1/3 from each other.

E Divide the interior of the square into four smaller congruent squares

- A-T B  o&s shown in the figure. Each smaller square has diagonal length

1/V?2. Let region Ry be the interior of square AEKH together
with the points on segment EK, excluding point E. Region R; is

— Ko F  the interior of square EBFK together with the points on segment

FK, excluding points F,K. Regions Rj, R; are defined in a sim-
ilar way. Then if five points are chosen in the interior of square
6 ABCD, at least two arein R; for some 1 < ¢ <4 and these
points are within 1/4/2 (units) of each other.

For any five-clement subset £ of A wefind that 1 +2+3+4+44+5=15<sg <115 <
21 + 22 + 23 + 24 + 25, so there are 116 possible values for such a sum sg. Since |4} =9,
there are (:) = 126 five-element subsets of A.

The result now follows by the Pigeonhole Principle where the 126 five-element subsets of
A are the pigeons and the 116 possible sums are the pigeonholes.

Consider the subsets A of S where 1 < |4 < 3. Since |S| = 5, there are (:) +

(:) + (;) = 25 such subsets A. Let s; denote the sum of the elements in A. Then
1<384 <7+4+8+4+9=24. So by the Pigeonhole Principle, there are two subsets of S
whose elements yield the same sum.

For 1 <1<42, let z; count the total number of resumés Brace has sent out from the
start of his senior year to the end of the i-th day. Then 1< z; < z3<... < 249 < 60, and
T +23 <2, 423< ... < 242+ 23 < 83. We have 42 distinct numbers z,,z,,..., 24, and
42 other distinct numbers &, + 23,z; + 23,...,24 + 23, all between 1 and 83 inclusive.
By the Pigeonhole Principle z; = z; + 23 for some 1< j <i<42; z; —z; = 23.

For( #)TC S, wehavel <sy<m+(m-1)+---+{(m—6) = Tm ~21. Theset S
has 27 — 1 = 128 — 1 = 127 nonempty subsets. So by the Pigeonhole Principle we need to
have 127 > Tm — 21 or 148 > "m. Hence 7 < m < 21.

149



160

17.

18.

19.

20.

21.

22,

23.

Proof: Consider the k£ + 1 integers: (1) 3; (2) 33; (3) 333; ...; and (k+1) 333...3,
where for all 1 <:¢ < k + 1, the ¢-th integer has ¢ digits — each of which is a 3. Since there
are k41 integers, it follows from the Division Algorithm and the Pigeonhole Principle that
two of these integers, say a and b, have the same remainder when divided by k. Suppose
that a = qk+ 7, b = g2k + r, and that a > b. Then a ~b = (g1 — ¢2)k, so k{(a — b) and the
only digits in a ~ b are 0’s and 3’s. [Note: The integer 3 is not special. The result is also
true if we replace 3 by any of the digits 1, 2, 4, 5, 6, 7, 8, 9. However, we cannot obtain
the result without using the digit 0.]

(a) 2,4,1,3

(b) 3,6,9,2,5,8,1,4,7

(c) For n > 2, there exists a sequence of n? distinct real numbers with no decreasing or
increasing subsequence of length n+1. For example, consider n,2n,3n,...,(n~1)n,n? (n—
1),(2n—1),...,(n*-1),(n-2),(2n~2),...,(n?=2),...,1,(n+1),(2rn+1),...,(n~1)n+1.
(d) The result in Example 5.49 (for n > 2) is best possible — in the sense that we cannot
reduce the length of the sequence from n? +1 to n? and still obtain the desired subsequence
of length n + 1.

This follows from the result due to Paul Erdés and George Szekeres: A sequence of 50(=
72 + 1) distinct real numbers contains a decreasing or increasing subsequence of length
8(=7+1).

Proof: If not each pigeonhole contains at most k pigeons — for a total of at most kn
pigeons. But we have kn + 1 pigeons. So we have a contradiction and the result then
follows.

(a) 7 (b) 13 (c) 6(n-1)+1

(a) 1001 (b) 2001

(¢) Let k,n € Z*. The smallest value for |S| (where § C Z*) so that there exist n
elements z;,z,,...,2, € S where all n of these integers have the same remainder upon
division by k is k(n - 1) + 1.

Proof: If not, each pigeonhole contains at most {(m ~ 1)/n| pigeons — for a total of
n{(m —1)/n} £ m~1 pigeons. But this contradicts the fact that we have m pigeons. The
result then follows.

[Note: This result is true even if m < n.}

Proof: If not, then the number of pigeons roosting in the first pigeonhole is 7, < p; —1, the
number of pigeons roosting in the second pigeonhole is z; < p; — 1,..., and the number
roosting in the n-th pigeonhole is r, < p, — 1. Hence the total number of pigeons is
ittt =m-D+Ep-)+t - =p+p+--+p.—-n<
P+ P2+ 4+ po —n + 1, the number of pigeons we started with. The result now follows
because of this contradiction.
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24.

42

Section 5.8

(a) There are 7! bijective functions on A — of these, 6! satisfy f(1) = 1. Hence there
are 7! — 6! = 6(6!) bijective functions f:4 — A where f(1)# 1.
() nl—=(n-1=mn-1)n-1)

(a) Here f,g have the same domain A and some codomain R, and for all £ € A we find
that

22 -8 2z’ —-4) 2z -2)(z+2)
z+2 42 (z+2)
Consequently, f = g.

(b) Here there is a problem and f # g. In fact for any nonempty subset A of R,if-2€ 4
then g is not defined for A because g(—2) = 0/0. {We note that £ ‘ —2, for z # -2

9(z) = =2(z—-2) =2z -4 = f(z)

9z2 ~ 9z + 3 = g(f(z)) = 1 ~ (az + b) + (az + b)* = a®z? + (2ab—~a)z + (* — b+ 1). By
comparing coefficients on like powers of z, e = 3,b=-1 or a=-3,b=2.

go f = {(1,4),(2,6),(3,10),(4,14)}

g(A) = g(TN(SUA) =TN(SU[TN(SUA)) =
TASUT)N(SUSUA)) =Tn[(SUT)N(SUA)] =
[TN(SUTN(SUA) =Tn(SU 4) = g(A).

(fog)z)=f(czx+d)=alczc+d)+ b
(g0 f)(z) =g(az +b) =c(az +b) +d
(fogz)=(9of)z) &> aczct+ad+b=acz+bct+d<=> ad+b=bc+d

(8) (foglz)=3z—1; (gof)z)=3(z—1);

0, =z even; 0, =z even;

(g0 b)) ={ 3 7 odd (hog)(z) = { 1, zodd

1, z even;

(f o (g o B))z) = f({g 0 h)z)) = { “2, z odd

vy J (fog)0), zeven _ f ~1, zeven
((fog)oh)(:c)-—{ (fog)1), zodd -{ 2 zodd

) =)= f(f(z)) =2 -2 fz) =2~3; g*(z) = 92; ¢*(z) = 2Tu; A2 =R =¥ = h.

(a) ¥ c € C, there is an element a € A such that {go f)(a) = c. Then g{f(a)) =c
with f(a) € B, so ¢ is onto.
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10.

11.

12.

13.

(b) Let z,y € A f(z) = f(y) => 9(f(z)) = 9(f(y)) => (9o f)z) = (9o f)y) =+ z =

y, since go f is one-to-one.

(a) f'(z)=3(fnz~5)
(b) For z € R, (fo f')z) = f(3(bnz ~5)) = 212 (tns=5))+5 — tna=5+5 . otns — 4.
for z € R, (f' o f)(z) = f1(e¥*®) = L{tn(e**%) ~ 5] = }{22 + 5 ~ 5] = =.

(a) Fl={=yRy+3z=7} ®) fF={=ey+bz=c, b#0, a #0}
() f={@wy=2}={(zlz=y"}
(d) Here f(0) = f(—1) = 0, so f is not one-to-one, and consequently f is not invertible.

f,g invertible == each of f,g is both one-to-one and onto == go f is one-to-one and
onto = go f invertible. Since (go f)o(flog ) =1c and (f~log ) o(gof)=
14, f~V0g™! is an inverse of go f. By uniqueness of inverses f~1og~! =(go f).

(a) F'({2}) = {a € Alf(a) € {2}} = {a € A|f(a) =2} = {1}

(b) £1({6}) = {a € A|f(a) € {6}} = {a € A|f(a) = 6} = {2,3,5}

(c) f1({6,8}) = {a € A|f(a) € {6,8}} = {a € A|f(a) =6 or f(a) = 8} = {2,3,4,5,6},
because f(2) = f(3) = f(5) = 6 and f(4) = f(6) = 8.

(d) f1({6,8,10}) = {2,3,4,5,6} = f~'({6,8}) since f~'({10}) = 0.

(e) f-l({e’ 8,10, 12}) = {2$ 3,4,5, 6;7}

) f({10,12}) = {7}

(a) " U-10)={reR|z<10andz +.7 = ~10} = {-17}
10 ={-1,5/2}
F7(4)={-3,1/2,5}

176) = {-17)
f7Y(7)={0,8}
£7(8) = {9}
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14.

15.

186.

17.

(b) @) (-5 -1)={zreR|z2<0and -5<24+7L -1}U{z€eR|0<z<3
and -5 < -2z +5<-1}U{z€ R|{3<zand -5<z-1<~-1}={zeR|z<0
and -12 <z < -8lU{z€eR|[0<z<3and3 <z <5}U{reR|{3 <z and
4<z <0} =[-12,-8]UBUS = [-12, —8§]

(ﬁ) f—l([_5, 0]) = {_12,_7} U {5/2’3)

(i) Y ((-24)={zreR|z<0and -2<z+7<4}U{z€eR|0<z<3and
-2<-2z+5<4}U{reR|3<zand-2<z-1<4}={zeR |z <0and
9<z<-3jUu{reR|0<z2z<3and1/2<L 2L 7/2}U{z€R |3 <z and
-1<z< 5} = ["9,_31 U [1/2,3) u [3,5] = ['_9"_3]U [1/2$5]

(iv) f1((5,10)) = (~2,0] U (6,11)

v) FI((i,17) ={z e R |z <0and11 <z+7<17}U{z e R|0<2z<3
and 11 < -2z +5 <17T}U{z € R|3 <zand 11 <z-1<17}={z€e R}z <0
and4 <z <W}U{reR|0<z<3and 6<z<-3}JUu{zeR|3 <z and
12 <z < 18} = BUPU[12,18) = [12,18)

(a) {-1,0,1} (b) {-1,0,1} (c) [-1,1 (d) (-1,1)
(e) [_2= 2] (f) (_3, _2) u ['_1’ 0) U (0$ 1} U (2$ 3)

Since f~1({6,7,8}) = {1,2} there are three choices for each of f(1) and f(2) — namely, 6,
7 or 8. Furthermore 3,4,5 ¢ f~*({6,7,8}) s0 3,4,5 € f~%({9,10,11,12}) and we have four
choices for each of f(3), f(4), and f(5). Therefore, it follows by the rule of product that
there are 32 - 43 = 576 functions f : A — B where f~!({6,7,8}) = {1,2}.

(a) [0,2) (b) [-1,2) (c) {0,1)  (d) [0,2)
(e) {_1$3) (f) {_I,O)U[2$4)

(a) The range of f = {2,3,4,...} =2+ - {1}.
(b) Since 1 is not in the range of f the function is not onto.
(c) Forall z,y € Z*, f(z) = f(y) =>z+ 1=y + 1=z =y, so f is one-to-one.
(d) The range of g is Z*.
(e) Since g(Z*) = Z*, the codomain of g, this function is onto.
(f) Here g(1) =1 = ¢g(2), and 1 # 2, so g is not one-to-one.
(8) Forallz € Z*, (go f)(z) = g(f(z)) = 9(z +1) = max{l, (z +1) -1} = max{l,z} = =z,
since z € Z*. Hence go f = 1z4.
(b) (fog)2) = f(max{L,1}})=f(1)=1+1=2
(fog)3) = fimax{1,2)) = f(2) =2 +1=13
(f 0 9)(4) = f(max{1,3)) = £(3) =3+1=4
(fog)(7) = f(max{1,6}) = f(6) =6+1=7
(fogX12) = f(max{1,11}) = f(11) =11 + 1 =12
(f 0 g)(25) = f(max{1,24}) = f(24) =24 + 1 = 25
(i) No, because the functions f,g are not inverses of each other. The calculations in part
(h) may suggest that f og = lz+ since (f o g)(z) = z for £ > 2. But we also find that

(f 09)(1) = f(max{1,0}) = f(1) = 2, so (f 0 g)(1) # 1, and, consequently, fo g # 1z+.
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18.

19.

20.

21.

22.

23.

(a) F(8,0)=0= f(9,{1}) and (8,0) # (9, {1}), so f is not one-to-one.
g({l},{z}) = {1,2} = g({1,2},{2}) and ({1}’ {2}) # ({1$2},{2})1 so g is not one-to-

h({1},{2}) = {1,2} = h({2},{1}) and ({1}, {2}) # ({2}, {1}), s0 h is not one-to-one.
(b) For each subset A of Zt, f(A, A) = g(A,A) = h(A,8) = A, so each of the three
functions f, g, and &, is an onto function.

(c) From the results in part (a) it follows that none of these functions is invertible.
(:nghe sets f=1(0), R7'(8), f7'({1}), A7'({3}), F7'({4,7}), and R7)({5,9}), are all
infinite.

(e) lg7'(8) ={(9,0)}, 50 [s7'(B)| = 1.

g7'({2h) = {(8, {2}), ({2},9), ({2}, {2})}, s0 I~ ({2})| = 8

lg' ({812} = 9.

(8) ae€ f_l (B] nBz) = f(a) € B]ﬂBg = f(a) € Bl and f(a) € Bg > ac f-l(Bl)
and a€ f“_(Eﬂ(::)aEf‘iB])ﬂf"(Bz) -
(c) a€ f(B1) <= fla) € By <= f(a) ¢ By == a ¢ f7(By) <= a € f7!(B1)

(a) (1) fl=) =2z (ii) f(z) =|=/2|
(b) No. The set Z is not finite.

one

(a) Suppose that z;,z; € Z and f(z;) = f(z2). Then either f(z,), f(z2) are both even or
they are both odd. If they are both even, then f(z;) = f(z2) = ~2z; = ~2z3 = 7, = z3.
Otherwise, f(z1), f(z3) are both odd and f(z;) = f(z;) = 2z; ~1 =223 -1 = 2z; =
2z, = z; = z;. Consequently, the function f is one-to-one.

In order to prove that f is an onto function let n € N. If n is even, then (-—n/2) € Z and
(—n/2) < 0, and f(~n/2) = —2(~n/2) = n. For the case where n is odd we find that
(n+1)/2€Zand (n+1)/2>0,and f(n+1)/2)=2[(n+1)/2)~1=(n+1)-1=n.
Hence f is onto.

(b) f': N — Z, where

1 -
sy o B+, £=1357T...
== { ~z/2 z=0,24,6,...

It follows from Theorem 5.11 that there are 5! invertible functions f: A — B.

(a) Forallne N, (go f)(n)= (ko fY(n)= (ko f}(n)=n.

(b) The results in part (a) do not contradict Theorem 5.7. For although go f = ho f =
ko f = 1N, we note that

() (Foal1)=F(L1/3]) = F(©0)=3-0=0# 1,50 fog # In;

() (foh)(1)=f(|2/3]) = F(0) =3-0=0#1,50 f o h # Ly; and

i) (fok)(1)=F(13/3]) = f(1) =3-1=3#1,50 fok# In.

Consequently, none of g, h, and k, is the inverse of f. {After all, since f is not onto it is
not invertible.)
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Section 5.7

(a) f€O0(n) (b) feo)) (c) feO0n’)
(d) feO(®®) () feOm) (f) feO(r?)
(8) fe O(n?)

Let m = 1 and k = 1 in Definition 5.23. Then Vn > k [f(n)] =n < n + (1/n) = |¢g(n)}, so
f € 0(9).

Nowlet m =2 and k=1, Then Vn > k |g(n)| = n+ (1/n) < n+n = 2n = 2{f(n)],
and g € O(f).

(a) Forall n€Z*,0<log;n<n. Solet k=1 and m =200 in Definition 5.23. Then
|F(n)] = 100log,n = 100((1/2) logyn) < 200((1/2)n) = 200lg(n)}, s € O(g).

(b) For n =6, 2" = 64 < 3096 = 4096 — 1000 = 2'? ~ 1000 = 22" — 1000. Assuming
that 2F < 22% —1000 for n = k > 6, we find that 2 < 22 = 2(2¥) < 23(2%* ~ 1000) <
2223F _ 1000, or 2F+! < 2%k+1) _ 1000, so f(n) < g(n) for all n > 6. Therefore, with
k=6 and m =1 in Definition 5.23 we find that for n > k |f(n)| < m|g(n)| and
f € 0(g).

(¢) Forall n>4, n? <2 (A formal proof of this can be given by mathematical
induction.) Solet k=4 and m =3 in Definition 5.23. Then for n 2 k, |f(n)] = 3n? <
3(2") < 3(2" + 2n) = m|g(n)| and f € O(g).

Let m =11 and k=1. Then Vn 2 k |f(n)| = n + 100 < 11n? = m|g(n)|, so f € O(g).
However, Vin € R* Yk € Z* choose n > maz{k,100 + m}. Then n? > (100 + m)n =
100n + mn > 100m + mn = m(100 + n) = m|f(n)], so g & O(f).

To show that f € O(g), let £ =1 and m = 4 in Definition 5.23. Then for all
n2k [f(n)]=n?+n <n?4n?=2n?< 2 = 4((1/2)(n?)) = 4|g(n)|, and f is
dominated by g.

To show that ¢ & O(f), we follow the idea given in Example 5.66 — namely that

Vm € R* Vk € 2% 3n € Z* [(n > k) A (lg(n)] > m|f(n)])].

So not matter what the values of m and k are, choose n > maz{4m,k}. Then
lg(n)| = (1/2)n® > (1/2)(4m)n? = m(2n?) > m(n? + n) = m{f(n){, 50 ¢ & O(f).

Vm € R* ¥k € Z* choose n > maz{k,m} with n odd. Then n=|f(n)i >m=m-1=
mig(n)}, so f & O(g). In a similar way, Ym € Rt Yk € Z* now choose n > maz{k,m}
with n even. Then n =lg(n}| > m =m -1 =m|f(n)}, and g & O{f).

For all n > l,logo,n < n,sowith £k =1 and m =1 in Definition 5.23 we have
lg(n)| =log,n < n=m . n =m|f(n)]. Hence g € O(f).

To show that f € O(g) we first observe that lim, .o 725 = +oo. (This can be
established by using L’Hospital’s Rule from the Calculus.) Since lim, .o Ef:; =400 we
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10.

11.

12.

13.

find that for every m € R* and k € Z* thereis an n € Z* such that To'::? > m, or
|f(n)} = n > mlog;n = m|g(n)|. Hence f ¢& O(g).

f € O{g) => Im; € Rt Ik, € Z* so that Vn > k |f(n)] < milg(n)|. g € O(k) =
Im,; € R* 3k, € Z* so that Vn > k; |g(n)| < malk(n)|. Therefore, ¥n > max{k;, k2}
we have |f(n)] < mulg(n)] < mymalh(n)| and f € O(h).

Since f € O(g), there exists m € R*,k € Z* so that |f(n)| < m|g(n)| for all n > k.
But then |f(n)| < [m/cllleg(n)| for all n > k, so f € O(cy).

(2) Let k=1 and m =1 in Definition 5.23.

(b) X he O(f) and f € O(g), then h € O(g) by Exercise 8. Likewise, if h € O(g)
and g € O(f) then h € O(f) — again by Exercise 8.

(c) This follows from parts (a) and (b).

(a) Foralln > 1, f(n) = 5n®+ 3n > n? = g(n). So with M =1 and k¥ = 1, we have
1f(n)] 2 M|g(n)| for all n > k and it follows that f € Q(g).

(b) For all n > 1, g(n) = n? = (1/10)(5n* + 5n?) > (1/10)(5n% + 3n) = (1/10)f(n). So
with M = (1/10) and k = 1, we find that |g(n)] > M|f(n)| for all n > k and it follows
that g € Q(f).

(c) Foralln > 1, f(n) = 5n?4+3n > n = h(n). With M =1 and k = 1, we have
|F(n)] > M|h(n)| for all n > k and so f € Q(h).

(d) Suppose that h € 2(f). If so, there exist M € R* and k € Z* with n = |h(n)| >
Mif(n)l = M(5n%+3n) foralln > k. Then 0 < M < n/(5n?+3n) = 1/(5n+3). But how
can M be a positive constant while 1/(5n + 3) approaches 0 as n (a variable) gets larger?
From this contradiction it follows that h & Q(f).

Proof: Suppose that f € §(g). Then there exist M € R* and k¥ € Z* such that
If(n)] > Ml|g(n)| for all n > k. Consequently, lg(n)] < (1/M)|f(n)] for all n > k, so
g € O(f).

Conversely, ¢ € O(f) = 3m € R* 3k € Z* Vn 2 k (jg(n)] £ m|{f(n)]) = Im € R¥
ke € Z* Vn 2 k (If(n)l 2 (1/m)lg(n)l) = 3IM € R* 3k € Z* Vn 2 k (|f(n)] 2
Mig(n)}) = f € Q(g). [Here M = 1/m.] [Note: Upon replacing each occurrence of = by
& we can establish this “if and only if” proof without the first (separate) part in the first
paragraph.|

{a) Forn 2> 1, f(n) = LL,i=n(n+1)/2 = (n?/2) + (n/2) > (n*/2). With k = 1 and
M = 1/2, we have |f(n)} > M|n?} for all n > k. Hence f € Q(n?).

(b) Thyi® =1+ 20 4.2 4n? > [nf2]2 44 n? > [0/2]' + - + [n/2]? = [(n +
1}/21[n/2}1? > n®/8. With k = 1 and M = 1/8, we have |g(n)| > M|n?| for all n > k.
Hence g € Q(n3).

Alternately, for n > 1, g(n) = T, % = n(n + 1)(2n + 1)/6 = (2n® + 3n? + n)/6 > n3/6.
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14.

15.

16.

With k£ = 1 and M = 1/6, we find that |g(n)] > M|n3| for all n > k - s0 g € (n?).

(c) T8, ¢t = 1424 4nt > [n/2]'+-- -4n' > [n/2]'+ - +[n/2]' = [(n+1)/2][n/2]' >
(n/2)**'. With k =1 and M = (1/2)**}, we have |h(n)| > M|n**}| for all n > k. Hence
h € §(nt*?).

Proof: f € O(g) = Fmy,m; € R* Ik € Z* Vn > k mulg(n)| < |f(n)] € malg(n)] =
3y € RY 3k € Z* Vn < k malg(n)] < |f(n)| and Im,y € R* 3k € Z+ Vn > k |f(n)| <

malg(n)l = f € Yg) and f € O(9g).

Conversely, f € Q(g) = 3Im; € R* 3k € Z% Vn 2 k; mylg(n)] < |f(n)]. Likewise,
f € 0(g9) = 3my € R 3k; € Zt Vn > k; | f(n)] < mylg(n)|. Let k = max{k, k,}. Then
for all n 2 k, mujg(n)| < |f(n)} < malg(n)l, so f € B(g).

Proof: f € ©(g) = f € Qg) and f € O(g) (from Exercise 14 of this section) = g € O(f)
and g € Q(f) (from Exercise 12 of this section) = g € O(f).

Proof: Part (a) follows from Exercises 14 and 13(a) of this section and part (a) of Example
5.68.

The situation is similar for parts (b) and (c).

Section 6.8

(a) f € O(n?) (b) f e 0(n? (¢) fe 0(n?)
(d) f € O(logy,n) (e) fe€ O(nlog,n)

(a) f € O(n) (b) f € O(n)

(a) For the following program segment the value of the integer n, and the values of the
array entries A[1), A[2}, A[3],..., A[r] are supplied beforehand. Also, the variables :, Max,
and Location that are used here are integer variables.

Begin
Max := Afl};
Location := 1;
I n =1 then
Begin
Writeln ("The first occuurence of the maximum °);
Write (‘entry in the array is at position 1.”)
End;
¥n > 1then
Begin
Fori:=2tondo
I Max < Alfj] then
Begin
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Max := Ali};
Location := i
End;
Writeln (* The first occurrence of the maximum ’);
Write (’ entry in the array is at position ’, i:0, ’.")
End
End;

(b) If, as in Exercise 2, we define the worst-case complexity function f(n) as the number
of times the comparison Max < Alf] is executed, then f(n) =n — 1 for all n € Z*, and

f € O(n).

(a) For the following program segment the value of the integer n, and the values of
the array entries A[1], A[2], A[3],..., A[n] are supplied earlier in the program. Also the
variables i, Max, and Min that are used here are integer variables.

Begin
Min := A[l}];
Max := A[l};
Fori:=2tondo
Begin
If Afi] < Min then
Min := Ali};
If Afi} > Max then
Max := Ali];
End; :

Writeln ( The minimum value in the array is ’, Min :0);
Write (' and the maximum value is ’, Max:0, *.”)

End;

(b) Here we define the worst-case time-complexity function f(n) as the number of com-
parisans that are executed in the For loop. Consequently, f(n) = 2(n — 1) for all n € Z*
and f € O(n).

(8) Here there are five additions and ten multiplications.
(b) For the general case there are n additions and 2n multiplications.

(a) For each iteration of the for loop there is one addition and one multiplication. There-
fore, in total, there are five additions and five multiplications.
(b) For the general case there are n additions and n multiplications.

Proof: For n =1, we find that a; = 0 = |0} = {log, 1}, so the result is true in this first
case.
Now assume the result true for all n = 1,2,3,...,k, where k£ > 1, and consider the cases

forn=k+1.
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8.

10.

11,

(i) n=k+1=2™, where m € Z*: Here a, = 1+ @jnj3) =1+ agm-1 =14 |log,2™1| =
1+ (m—1) =m = [log,2™| = |log, n]; and

(i) n=k+1=2"+r, wherem € Z* and 0 < r < 2™: Here 2™ < n < 2™+ 50 we have
1) 2™ < (n/2) < 2™

(2) 2m ' = (2™ 1] < |n/2] < |2™] =2™; and

(3) m —1=log, 2™ < log,|n/2] < log, 2™ = m.

Consequently, llog,[n/2}| =m~1landa, =1+ apns =1+ llogg{n/2)} =1+ (m-1)=
m = |log, n}.

Therefore it follows from the Alternative Form of the Principle of Mathematical Induction
that a, = {log, n| for all n € Z*.

We claim that a, = [log,n] for all n € Z*,

Proof: When n = 1 we have a; = 0 = [0] = [log, 1], and this establishes our basis step.
For the inductive step we assume the result truefor alln = 1,2,3,..., k (= 1) and consider
what happens at n = k + 1. _

(i) n=k+1=2" wherem € Z*: Here an =1+ a3 =1+ azm-1 =1+ [log, 2™} =
1+ (m~1)=m = [log; 2™] = [log, n].

(i) n=k+1=2"+r, where m € Z* and 0 < r < 2™: Here 2™ < n < 2™*! and we
find that

(1) 2» < nj2<2™;

@) 27 = [271] < /2] < [2"] = 2" and

(3) m—1=log; 2™ < log,[n/2] < log, 2™ = m.

Therefore, [log,[n/2]] = m and @, = 1+af2) = 1+ [log,[n/2]] = 1+m = [log, n], since
m<n< 2™ S log, 2™ =m<logyn <m+1=log, 2™ = m < [log,nl =m+ 1.
Consequently, it follows from the Alternative Form of the Principle of Mathematical In-
duction that a, = [log, n] for all n € Z*.

Here np=3/4and g =1~np=1/4, so E(X) = np(n + 1)/2 4+ ng = (3/4)[(n + 1)/2] +
(1/4)n = (3/8)n + (3/8) + (1/4)n = (5/8)n + (3/8).

Pr(X =i)=i/[n(n+1)],s0 TiL, Pr(X = i) = L, i/[n(n + 1)} =
(1/in(n+ D) Ty i = (1/In(n + 1)DIn(n + 1)/2] = 1/2 and ¢ =1 ~ (1/2) = 1/2.

B0 S i /it £ ) (/2 = i+ DU TR+ 172 =

n{n+1}
a) procedure LocateRepeat (n: positive integer; a1, 4a,,as,...,a,: integers)
begin

location ;=0

ti=2

while i < n and location =0 do

begin
j:i=1

while j < i and locetion = 0 do
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12.

if a; = a; then location := 1
elsej:=j7+1
ti=t+1
end
end {location is the subscript of the first array entry that repeats a previous
array entry; location is 0 if the array contains n distinct integers}

b) For n 2> 2, let f(n) count the maximum number of times the second while loop is
executed. The second while loop is executed at most n—1 times for each value of :, where
2 < i < n. Consequently, f(n) =14+2+3+---+(n—-1) =(n~1)n)/2, which occurs
when the array consists of n distinct integers or when the only repeat is a,_y and a,. Since

(n — 1)(n)/2 = (1/2)(n? — n) we have f € O(n?).

a) procedure FirstDecrease (n: positive integer; a;,az,a3,...,a6,: integers)
begin
location ;=0
ti=2

while i < n and location =0 do
if a; < a,;_; then location :=:
elsei:=i+1
end {location is the subscript of the first array entry that is smaller than its
immediate predecessor; location is 0 if the n integers in the array
are in increasing order}

b) For n > 2, let f(n) count the maximum number of comparisons made in the while
loop. This is n — 1, which occurs if the integers in the array are in ascending order or if
a;<a3<a3<...<a,. and a, < a,.;. Consequently, f € O(n).

Supplementary Exercises

(a) If either A or B is § then A x B =8 = AN B and the result is true.
For A, B nonempty we find that:
(z,¥y) E(AxB)N(Bx A)=> (z,y) €E AxBand(r,y) E BxA=(z€ Aand y € B)
and (z€ Bandy€ A)=>z€ ANBandy€ ANB = (z,y) € (AN B)x (AN B); and
(z,¥) € (ANB)x(ANB) = (r € Aandz € B)and(y € Aandy € B) = (z,y) € AxB
and (z,y) € Bx A = (z,y) € (A x B)N(B x A).
Consequently, (A x ByN(B x A)={ANB)x (AN B).

(b) Hf either A or B is § then A x B =0 = B x A and the result follows.
¥ not, let (z,y) € (A x B)U (B x A). Then
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(z,y) € (AXxB)U(Bx A)=(z,y)€E AxBor(z,y) € (BxA)=>(z € Aand y € B)
or(z€Bandy€ A)=>(z€ Aorze€ B)and{(y€ Aory€ B)=>z,y € AUB =
(z,y) € (AU B) x (AU B).

(a) True (b) False: Let A= {1,2},B = {z,y},f = {(1,2),(2,y)}

(c) False: Let f:Z — Z, f(z) = 2z. (d) True.

(e) Fulse: Let A={1,2},B=1{1,2,3},C={1,2,3,4},f = {(1,1),(2,2)},

9= {(1,1),(2,2),(3,3)}, h = {(1,1),(2,2),(3,4)}.

(f) False. Let A={1,2,3,4},B = {5,6},4; = {1,2}, 4; = {2,3,4},

.(f )= {&5)» (2,6),(3,5),(4,5)}. Then f(A1NA4;) = f(2) = {6}, but f(4:)Nf(43) = {5,6}.
g e

(@) F()=f(1-1)=1-f(1)+1- f(1), 50 f(1) =0.

(b) f(0)=0

(c) Proof (by Mathematical Induction): When a = 0 the result is true, so consider a # 0.
For n = 1, f(a") = f(a) = 1-a°- f(a) = na""'f(a), so the result follows in this first
case, and this establishes our basis step. Assume the result true for n = k(> 1) — that
is, f(a*) = ka*~1f(a). For n = k + 1 we have f(a**!) = f(a - a*) = af(a*) + a*f(a) =
aka*! f(a) + a* f(a) = ka* f(a) + a* f(a) = (k + 1)aFf(a). Consequently, the truth of the
result for n = k + 1 follows from the truth of the result for n = k. So by the Principle of
Mathematical Induction the result is true for all n € Z+.

2iAxBl = 262 144 = |A x B| =18 =% |A]| = 2,|B| =9 or |A| = 3,|B| = 6.

(z,9) € ANB)x(CND) < z€ ANB,ye CND <> (z € A,y € C) and
(z€B,ye D)= (z,y) € AxCand(z,y) € Bx D <= (z,y) € (AxC)N(B x D)

(a) 5! (b) 4!

If0<z<1,then |z] =0 and 22 = 1/2. So z = 1/v/2.

1<z<?2, then |z| =1 and z? = 3/2. So:cz\/372-.

ForkeZ*and k2> 2,if k <z < k+ 1, then |z| = k and if z satisfies the given equation
we have 2% = k 4- (1/2). But for k > 2 we find that k(k~1) > 0,80 k(k—1) > 1> 1/2,
and k% — k > 1/2. Now k*> > k 4+ (1/2) = k > /k+(1/2) = z and we do not have
k<z<k+1.

Finally, let k¥ € Z* and consider -k < z < —k + 1. Then 2% - |z} = 2? — (k) = 22 + k,
and z? - |z] =1/2 = 22 = —k 4+ 1/2 < 0, 50 z cannot be & real number.

Consequently, there are only two real numbers that satisfy the equation 2? — |z} =1/2 —

namely, z = 1/v/2 and z = v 3/2.

Proof: First we show that the result holds for the first part of the recursive definition.
Since 2-1 = 2 > 1 we find the result true in part (1). In order to complete the proof we
need to verify that every ordered pair (s, t) in R that results from part (2) of the definition
satisfies the condition 2s > ¢. We consider three cases:
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10.

11.

(i) (a+ 1,b) with (a,8) € R: Here we have 2a > b, and since a + 1 > a it follows that
2a+1)2>22a2b

(ii) (a+1,b+1) with (a,b) € R: Now wefindthat2a > b=>2a+22>b+4+1=>2(a+1)2
b+ 1; and

(iii) (a+ 1,6+ 2) with (a,b) € R: In this last case it follows that 2 > b => 2a + 2 >
b+2=2a+1)>b+2

Consequently, for all (a, b) € R we have 2a > b.

(a) fiz)=f(f(x)) =a(f(z) +b)-b=al(a(z +B) - B) + b —b=a’(z + b)~ b
) = f(fi(z)) = f(a’(z + b) - b) = af(a’(z + ) — V) + B] —b=a®(z + b) - b

(b) Conjecture: For n € Z*, f*(z) = a"(z + b) — b. Proof (by Mathematical Induction):
The formula is true for n = 1 - by the definition of f(z). Hence we have our basis step.
Assume the formula true for n = k(> 1) - that is, f¥(z) = a®(z + b) — b. Now consider
n = k+1. We find that f**}(z) = f(f¥(z)) = f(a*(z +8) —b) = a[(a*(z + ) -~ b) +b] ~b =
a**1(z + b) — b. Since the truth of the formula at n = k implies the truth of the formula
at n = k + 1, it follows that the formula is valid for all n € Z* — by the Principle of
Mathematical Induction.

Let n = |A]—]A,|. Since |B|® is the number of ways to extend f to A and |B|* = 6" = 216,
then n = 3 and 4] = 8.

(a) (7 x 6 x 5 x 4 x 3)/(7°) = 0.15.
(b) For the computer program the elements of B are replaced by {1,2,3,4,5,6,7}.

10 Random

20 Dim F(5)

30 Forl=1Tod

40 F(I) = Int(Rnd*7 + 1)
50 NextlI

60 ForJ=2Tob

70 For K=1ToJ-1

80 H F(J) = F(K) then GOTO 120
90 Next K

100 Next J

110 GOTO 140

120 C=C+1

130 GOTO 10

140 C=C+1

150 Print “After 7; C; “ generations the resulting”
160 Print “function is one-to-one.”

170 Print “The one-to-one function is given as:”
180 ForI=1To5

190 Print “(”; I; «”; F(1); “)”
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13.

14.

15.

16.

17.

18.

19.

20.

200 Next I
210 End

For each subset A of 5, let s4 denote the sum of the elements of A. Consider only those
nonempty subsets A of S where |A| < 5. There are 2" —1 — 1 — 7 = 119 such subsets and
here 1 < 84 < 20+ 21 +22+ 23+ 24 = 110. The result follows by the Pigeonhole Principle
for there are 119 subsets (pigeons) and 110 possible sums (pigeonholes).

For 1 <1 <10, let z; be the number of letters typed on day s. Then z; + za + 23+ ... +
Tg+ Tog +T10 =84,0r z3+... + zg = 54. Suppose that z; + z, + 23 < 25,23+ T3+ 74 <
25,...,$3+$9+$10 < 23. Then I +2$2+3($3+...+$g)+2$9+1‘10< 8(25):200, or
3(z3 + ...+ zs) < 160. Consequently, 54 = z3 +... + zs < (160)/3 = 53 1/3.

If two elements in {z;,z;,...,27} have the same units digit then their difference is di-
visible by 10. If this does not happen consider the ten possible units digits as follows:
{0}, {1,9}, {2,8}, {3,7},{4,6},{5} — these are the pigeonholes for the problem. When the
seven pigeons {z1,Z;,...,Z7} go to the pigeonholes where their units digits are located,
at least one two-element subset is filled and those two numbers (pigeons) will sum to a
multiple of 10.

For [1¢_,(k — i) to be odd, (k — i) must be odd for all 1 < k < n, i.e., one of k, #; must be
even and the other odd. Since n is odd, n = 2m + 1 and in the list 1,2,...,n, there are m
even integers and m + 1 odd integers. Let 1,3,5,...,n be the pigeons and iy,%3,%5,...,1,
the pigeonholes. At most m of the pigeonholes can be even integers, so (k — i;) must be
even for at least one k = 1,3,5,...,n. Consequently, [Ti_,(k — 1i) is even.

(2) The answer is the number of onto functions f : A — B where |4| = 10 (weekly
chores) and |B| = 3 (for the three young men). There are 3!$(10, 3) such functions.

(b) 215(9,2) (Thomas only mows the lawn) +3!5(9, 3) (Thomas does more than just mow
the lawn).

Let the n distinct objects be z,,x3,...,z,. Place z,, in a container. Now there are two
distinct containers. For each of z;,2;,...,%,_; there are two choices and this gives 2"!
distributions. Among these there is one where z1,z;3,...,z,_; are in the container with
Z.., 80 we remove this distribution and find S(n,2) = 2#~! —1.

@ (5) (b) 55(9,5)
(c) 415(7,4) (Donald gets only the two books on basketball) + 5!5(7,5) (Donald gets the

two books on basketball and at least one other book.)

(a) and (b) m!S(n, m}

S(n,n—2) is the number of ways to place n distinct objects into n — 2 identical conteiners
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21.

22.

23.

24.

25.

26.

with no container left empty. There are two cases. One container contains three objects

and the others one. This can happen in (;‘) ways. The other possibility is that two

containers each contain two objects and the others one. This happens in (1/2) ('2‘) (";2) =
(nt)/[21212}(n — 4)!] = 3(7) ways.

Fix m = 1. For n = 1 the result is true. Assume fo f* = f*o f and consider f o f**.
foff'=fo(fof)=Ffo(ffof)=(fof*)of=f*"0of. Hence fof* = f"of for
all n € Z*. Now assume that for t > 1, fo f* = f" o f*. Then fi*' o f* =(fo f')o f* =
fo(ffefr)y=fo(ffof)y=(fof)ofi=(ffof)ofi=f"o(fof)=f"of* s
fmofr=fro f™ for all m,n € Z*.

(b) y € f(Nier Ai) &=y = f(z), for some z € ;s Ai ==
y € f(A), for all i € I <= y € Mies F(A).

(c) From part (b), f(Mier 4i) € Miesr f(A;). For the opposite inclusion let y € MN;e; f(A;).
Then y € f(A;) for all i € I, so y = f(=z;),z; € A;, for each ¢ € I. Since f is one-to-one,
all of these z;’s, ¢ € I, yield only one element z € (;¢; Ai. Hence y = f(z) € f(Nier 4i),
50 Nier f(Ai) € f(Mher Ai) and the equality follows.

The proof for part (a) is done in a similar way.

Proof: Let a € A. Then

f(a) = g(f(f(a))) = f(g(f(F(f(a))})) = f(g o £°(a)).

From f(a) = g(f(f(a))) we have f*(a) = (f o f)(a) = f(9(f(f(a))). So f(a) =
f(go f3(a)) = fa(f(f(f(a))))) = f2(f(a)) = fA9(f(a))) = F(f(9(f(f(a))))) =
f(g(f(a))) = g(a).

Consequently, f = g.
(a) n(“’(“) == n(nz) (b) n(ns) (C) n(“k)
(d) Since [A] = n, there are n choices for each selection of size k, with repetitions allowed,

from the set A of size n. There are r = (“+:") possible selections and n” commutative
k-ary operations on A.

a) Note that 2 = 2!, 16 = 24, 128 = 27, 1024 = 29, 8192 = 2V, and 65536 = 2'°.
Consider the exponents on 2. I four numbers are selected from {1,4,7,10,13, 16}, there
is at least one pair whose sum is 17. Hence if four numbers are selected from §, there are
two numbers whose product is 2?7 = 131072.

b) Let a,b,c,d,n € Z*. Let S = {b,5°%, b3, ... b*+™}. If [2]+1 numbers are selected
from S then there are at least two of them whose product is b?*+™4,

(a) xanB, X4 - xp both have domain &/ and codomain {0,1}. For each z € Y, x4nn(z) =
lif z€e ANBiff t € Aand z € B iff ya(z) = 1 and xp(z) = 1. Also, xann(z) =
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27.

28.

29.

30.

31.

32.

0ifcd ANBiff z ¢ Aorz € Biff x4(z) =0 or xg(z) = 0iff x4 - xa(z) = 0. Hence
XAnB = XA * XB-
(b) The proof here is similar to that of part (a).

() xa(z)=1ifz € Aiff ¢ € Aiff xa(z) = 0iff (1 — xa)(z) = L. x4(z) = 0iff
cg Aif z € Aiff xa(z) = 1iff (1 — xa)(z) = 0. Hence x5 =1 ~ x4.

fog={(z2),(v,¥),(z,2)};90 f ={(z,2),(y,2),(z,)};
1={(z,2),(v,2),(z,1)}; 97" = {(z,9), (v, 2), (2, D)}
(g o f)_1 = {(z, z), (y,z), (Z, y)} = f_l og_l;g_l o f_l = {(z, Z), (y7 y); (Z,z)}'

(a) f71(8) = {zlbz +3 =8} = {1}.

(b) [z +3z+ 1| =1 =>2?+3z+1=1lorz*+3r+1 = -1 =22 4+3z =0 or
24324 2=0= (z)(z+3)=0o0r (z+2)(z+1)=0=> 2 =0,-30rz = -1,-2.
Hence ¢7(1) = {-3,-2,~1,0}.

(c) {-8/5,—8/3}

Under these conditions we know that f~'({6,7,9}) = {2,4,5,6,9}. Consequently we have
(i) two choices for each of f(1), f(3), and f(7) — namely, 4 or 5;

(ii) two choices for each of f(8) and f(10) - namely, 8 or 10; and

(iii) three choices for each of f(2), f(4), f(5), f(6), and f(9) — namely, 6, 7, or 9.
Therefore, by the rule of product, it follows that the number of functions satisfying these
conditions is 23 - 2% . 3% = 7776.

Since f! = f and (f~!)! = f~!, the result is true for n = 1. Assume the result for
=k (7 = (FO Forno= k41, = (Fo M = (f9) o () =
(F Yo (F ) =(f1) o(f1)* (by Exercise 21) = (f~1)¥!, Therefore, by the Principle
of Mathematical Induction, the result is true for all n € Z*.

(&) (roo)z)=(con)z)==z
(b) #*(z) =z —n;0™(z) =z +n(n 2 2).
(e)x™z)=z+n07z)=2z—n(n2=2).

(8) 7(n) = (e2 + 1)lez + 1)+~ (e +1)

bD)ek=2:72)=7(3)=7(6)=2
k=3:7(2")=1(3) =r(5*)=3
k=4:7(06)=7(8)=7(10)=4
k=5: 72 =783 =7(5%)=5
k=6:r(12) = r(18) = r(20) = 6

{(c) For all k > 1 and any prime p, 7(p¥?) = k.

(d) Let ¢ = p;lpgz '”pik and b = q{lqu - "(I{‘, where P1,P2y« -, Pky41,92, . - -, 4t ATE k+1t
distinct primes, and e, e3,...,€x, fi, f2,... ft € Z*. Then
r(ab) = (e +1)(ea + 1)+~ (ex + 1)(fi + 1)(fa +1)--- (/i + 1)
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34.

35.

36.

37.

= [(ex + 1)(ez + 1) -+~ (ex + DI(f1 + 1)(f2 + 1) -+ - (£ + 1)] = r{(a)7(b).

(a) Here there are eight distinct primes and each subset A satisfying the stated property
determines a distribution of the eight distinct objects in X = {2,3,5,7,11,13,17,19} into
four identical containers with no container left empty. There are S(8, 4) such distributions.

(b) $(n, m)
Define f : Z* — R by f(n) =1/n.

(a) Let m =1 and k = 1. Then for all n > k,|f(n)] < 2 < 3 < |g(n)| = mig(n), so
f € 0(9).
(b) Let m =4 and k = 1. Then for all n > k, [g(n)| < 4 = 4-1 < 4|f(n)| = m|f(n)|, so
9 € 0(f)

(a)f € O(fr) => 3m, € R* 3k; € Z* such that |f(n)| < mi|fi(n)] Vn = k.

g € 0(g1) => 3Im, € RY 3k, € Z* such that [g(n)| < mylg1(n)] Vn > k..

Let m = maz{m;,m;}. Then for all n > meaz{k, k.},|(f + ¢)(n)| = |[f(n) + g(n)|] =
F(n)l + lg(n)l < malfi(n)l + malga(n)] < m(lfi(n)] + ga1(n)]) = m|fi(n) + i(n)| =
m|(f + g1)(n)l, so (f + g) € O(fi + ¢1)-

(b) Let f?fhg,.ql : Z+ — R be defined by f(n) = n,fl(n) =1 _"',g(n) = l,gl(n) =n.

First note that if log, n = r, then n = a” and logy n = log,(a") = r log, ¢ = (log, a)(log, n).
Now let m = (log, a) and k = 1. Then for all n > k,]g(n)| = logyn = (log, a)(log, n) =

m|f(n)], so g € O(f).
Finally, with m = (logya)™ = log, b and k = 1, we find that for all n > &,|f(n)| =

log, n = (log, b)(log, n) = m|g(n)|. Hence f € O(y).
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11.

CHAPTER 6
LANGUAGES: FINITE STATE MACHINES

Section 6.1

(a) 25, 125 (b) X2, 5 = 3906

() 4 (®) ()3 (c) & (@) 3+ (3)° + (3)3
12

(a) 0 (b) 0 (€) 1 (d) 2
(e) 3 (f) 4 (g) 1 (b) O

2?:1 5"

There are 100 substrings of length 1: z;,z,,..., Zi00; 99 substrings of length 2:
Z1T3, T2T3,-..,To9T100; --- ; 1 substring of length 100: z,z;...7100. So there are 100 +
99 +...4+1=312;=(100)(101)/2 = 5050 nonempty substrings in total.

(a) { 00,11, 000,111, 0000,1111}

(b) {0,1}

(c) ¥ ~{A,00,11,000,111,0000,1111}

(d) {0,1, 00,11}

(e) T

(f) "~ {0,1, 00,11} = {3,01,10} U {w| | w ||2 3}

(a) AB = {1000,101,1100,111}

(b) BA = {0010,0011,110,111}

(c) A® = {101010,101011,101110,111010,101111,111011,111110,111111}
(d) B? = {0000,001,100,11}.

(8) € AC =z =ac, forsome a€ A,c€C =>z € BD,since AC B,CCD.

(b) KAB#£B letzec AB. € Al => z = yz, forsome y € A,2 € 8. But z € @ is
impossible. Hence A8 = 8. {In like manner A = 8}.

(a) AB = {zy,zyz} (b) BA = {zy, zzy} (c¢) B3 = {),z,2% 2%}
(d) B = {z"|n € Z+} (e} A* = {\, zy, zyzy, ...} = {A} U {(zy)"|n € Z*}

For any alphabet 3, let B C 3°. Then, if A = B*, it follows from part (f) of Theorem 6.2
that A* = (B*)* =B*= A.
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13.

14.

15.

16.

17.

18.

(a) Yes (b) Yes (c) Yes
(d) Yes (e) No (f) Yes

(a) Here A* consists of all strings = of even length where if z # A, then z starts with 0
and ends with 1, and the symbols (0 and 1) alternate.

(b) In this case A* contains precisely those strings made up of 3n 0’s, for n € N.

(c) Here a string z € A* if (and only if)

(i) z is a string of n 0’s, for n € N; or

(ii) z is a string that starts and ends with 0, and has at least one 1 — but no consecutive
1’s.

(d) For this last case A* consists of the following:

(i) Any string of n 1’s, for n € N; and

(ii) Any string that starts with 1 and contains at least one 0, but no consecutive 0’s.

There are five possible choices:

(1) A= {)}, B = {01,000,0101,0111,01000,010111};
(2) A ={01,000,0101,0111,01000,010111}, B = {)};
(3) A= {0}, B ={1,00,101,111,1000,10111};

(4) A= {0,010}, B = {1,00,111}; and

(5) A= {01}, B = {01,000,0111}.

Let ¥ be an alphabet with § £ A C 3". If [A| = 1 and z € A, then zz = z since 4% = 4.
But f zz |=2|lz||=fjz |l=llzll=0=> 2= A If|A] > 1,let £ € A where || z ||> 0 but
| z || is minimal. Then z € A? = z = yz, for some y,z € A. Since ||z ||=||y | + || z ||,
if | yl.Il zlI> 0, then one of y, z is in A with length smaller than || z ||. Consequently,
oneof |[yforf z]|is0,s0A€A.

(8) Pa)3asT
(b) r,d are onto; po(X°) = {a} % 54(X°) = T*{a}
() r is invertible and r~! =,
(d) 25;125;5™2 for n even, 52 for n odd.
(e) (dopX(z) =z =(rodoros,)z)
(f) r~Y(B) = {ea, ta, oa, 00, ote, uuoie}
.} (B) = {e,i,0}.
s;%(B)=19
ld™(B)] = |Uren d™ (o)l = Liepd™'(2) = Loen 5 = 6(5) = 30

If A = A? then it follows by mathematical induction that A = A™ for all n € Z*. Hence
A = A*. From Exercise 15 we know that A = A% =3> A € 4, s0 A = A*.

Theorem 6.1(b): z € (AB)C <= = = (ab)c, for some a € A,b€ B,ce C <
z={(ajaz...aehiby...bp)Yc161...¢,), where ¢; € 4,1<i <L b€ B,1<j<m,

G €Cl1<k<n&>zrz=aja;...atb1by...b,c1¢;...ch, where ¢; € 4,1 <1 <4,
b;€B,1<j<m c€C1<k<n&z=(a1a;...a)bib...bncics...¢,), Where

168



19.

20.

21.

22.

g, €A1<i<t bjeBl1<j<m, el 1<k<n<azec ABC). Hence
(AB)C = A(BC).

Theorem 6.2(b): For a € A,a = Aa with A € B*. Hence A C B*A.

Theorem 6.2(f): From Theorem 6.2(a) A* C A*A*. Conversely, z € A*A* = z = yz
where y = a;03...8m,2z = a10;... 4}, with a;,a} € A, for 1 <i<m,1 <j < n. Hence
z € A%, so A*A* C A* and the equality follows.

Since (A*)* = U2o(4*)", it follows that A* C (A*)*. Conversely, if z € (A4*)*, then
T = 21T3...Zy, where z; € A*, for 1 < i < n. Each z; = ana;...ax, where
a;; € A,1 <j <k Hence z € A7, so (4*)* C A* and (A*)* = A~

(A )Y = Ul (A*)* C Uplo(A*)* = (A7), K z € (A*), then z = zyz2...2,, where
z; € A*, for 1 <i < n. Then z = anaz...015,021822...82k, .. . Gn1 ... Apk,, € A* C
Uszi(A*)" = (A")*, so (A7) = (A)*.

Since At C A*,(A*)* C (4*)* by part (d) of this theorem. For z € (4*)*, if z = A, then
r € (AY)". If z # A, then as above z = ay1a12...014,G21... 024, . . . Gp1 .. . Gk, € AY C
(A*)* and the result follows.

By Definition 6.11 AB = {abla € A,b € B}, and since it is possible to have a;5, = a;b,
with a,, a; € 4,4, # a,, and by, b; € B, b # b;, it follows that |AB| < |A x B| = |A||B|.

(a) {y}*=z{y}" -~ (0) {yy={y) =y} (¢) z{z,y}*
(d) {z, ¥y} yzy (e) (z{z,y}*) U({z,y} yzy)
(f) i(=z{=, y}*) U ({z, ¥} yzy)] — [o{z, y} y=y]

(a) The words 001 and 011 have length 3 and are in A. The words 00011 and 00111 have
length 5 and they are also in A.
(b) From step (1) we know that 1 € A. Then by applying step (2) three times we get

(1) 1e A=>011€ A;

(ii) 011 € A = 00111 € 4; and

(ii1) 00111 € A = 0001111 € A.
(c) I 00001111 were in A, then from step (2) we see that this word would have to be
generated from 000111 (in A). Likewise, 000111 in A = 0011 is in A =3 01 is in A.
However, there are no words in A of length 2 — in fact, there are no words of even length
in A.

(a) (1) A€ 4;and

(2) I x € A, then each of the following is also in A:
(1) =1 (i) 1z (iif) 00z (iv}) 200 (v) 0z0
[And no other string of 0's and 1’s is in A.)

(b) (1) A€ A; and
(2) For each z € A the strings 1z and z0 are also in A.
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23.

24.

25.

26.

27.

28.

(a) Steps Reasons

1. ()isin A Part (1) of the recursive definition

2. (())isin A. Step 1 and part (2(ii)) of the definition

3. (N()isin A. Steps 1, 2, and part (2(1)) of the definition
(b) Steps Reasons

1. ()isin A. Part (1) of the recursive definition

2. (())isin A Step 1 and part (2(ii)) of the definition

3. (()()isin A. Steps 1, 2, and part (2(i)) of the definition

4. (( X )isin A. Steps 1, 3, and part (2(i)) of the definition
(c) Steps Reasons

1. ()isin A. Part (1) of the recursive definition

2. ()()isin A. Step 1 and part (2(i)) of the definition

3. (()))isin A. Step 2 and part (2(i1)) of the definition

4. (X)) isin A. Steps 1, 3, and part (2(i)) of the definition

(1) A€ Aand s € Aforall s € X; and
(2) For each z € A and s € X, the string szs is also in A.
[No other string from T* is in A.}

Length 3: (3) + (2) =3
Length 4: () + (3) +
Length 5:  (3) + ({) +

Lengtho: (§+()+ ()%

are no 0s; the summand (f) counts the strings where we arrange the symbols 1,1,1, 1,00;

2
2
3

"ll

2
) = 13 {Here the summand (g) counts the strings where there

the summand (;) is for the arrangements of 1,1,00,00; and the summand (g) counts the
arrangements of 00,00, 00.]

{Here ( ) counts the arrangements for one 111 and eight 00’s; ( ) counts the arrangements
for three 111’s and five 80’s; and (5) is for the arrangements of five 111’s and two 00's.}

A: (1) Xe4d
(2) I a € A, then 0a0,0al,1a0,1al € A.

B: (1) 0,1€ A
(2) Ifac€ A, then 0a0,0el, 1a0,1al € A.

Of the 3:3-3-3 =31 = 81 words in 3%, thereare 3-3-3-2 = 27- 2 = 54 words that
start with one of the letters a,b, or ¢ and end with a different letter. Consequently, one
must select at least 54 + 2 = 56 words from }_* to guarantee that at least two start and
end with the same letter.
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3.

Section 6.2

(a) 0010101; 5, (b) 0000000; s, (c) 001000000; s,

Because of the first output of 1 we must be at state s; when the third input is read. This
then forces the first three inputs to be 1,0,1. To get the second output of 1 we must be
at state s; when the fifth input is read. This forces the remaining two inputs to be 0,1.
Hence z = 10101.

(a) 010110 (b)
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4'

7.

§ = {5;]0 < i < 5}, where at state s;, the machine remembers the insertion of a total of 5:
cents.

I = {5¢, 10¢ , 25¢, B, W}

O = {n (nothing), P(peppermint), S(spearmint), 5¢, 10¢, 15¢, 20, 25¢}

v w

5¢ 10 25¢ B W |54 104 254 B W

8o | 8 87 83 8 S| n n n n n
83118 83 S8 8 s |{n n 5 n n
s318 84 8 83 s2!/n n 10§ n n
8318 S8 8 383 s3/n n 15 n n
S48 85 85 84 s4|n 5¢ 20f n =n
. 85 | 35 85 85 89 So 5¢ 10¢ 25¢ S P

(a) 010000; s, (b) (51)100000;s, (s2)000000;s; (s3)110010;s,

(c)

v w
0 1{0 1
sols 810 O
sy |8 sl 1
s21383 5210 0O
83| 3 83 01
84183 s3({0 1

(d) s, (e) z = 101 (unique)

(a) The machine recognizes (with an output of 1) every 0 (in an input string ) that is
preceded by another 0.

(b) State s; remembers that at least one 0 has been supplied from an input string z.
() A={1}",B = {00}

(a) () 15 (ii) 315 (iii) 215 (b) 615
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8. (a)

Input g 110111011
OQutput 06 0 0 0 0 0 0 0 1 O
(b)
v w
0 110 1
So | 39 $1 0 0
81 { 81 82 0 0
s2 /s, 8310 0
s3|s3 8410 O
s4|84 8510 O
S8t 85 Seg 0 1

(c) w(z, so) = 0000001 for z = (1)1111101; (2)1111011;(3)1110111;(4)1101111;
(5)1011111; and (6)0111111
(d) The machine recognizes the occurrence of a sixth 1, a 12th 1,... in an input z.

9.
(a) v w

0 1]0 1
solssg 8]0 O
81183 8210 0
82 |83 83 0 1
s3|ss s3]0 O
84|85 383 00
85 | 8s 83 10

(b) There are ounly two possibilities: z = 1111 or z = 0000.
(c) A= {111}{1}*U {000}{0}"
(d) Here A = {11111}{1}* U {00000}{0}*.

173



(b)




(b} (i) Input 111

QOutput 011

(ii) Input 1010
Output 0101
(iii) Input 00011
Output 00001

(¢) The machine outputs a 0 followed by the first n — 1 symbols of the n symbol input
string z. Hence the machine is a unit delay.

(d) The machine here performs the same tasks as the one in Fig. 6.13 (and has only two
states.)
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6.

7.

8.

3.

4.

Suppose the contrary and let the machine have n states, for some n € Z*. Consider the
input string 0"+*1". We expect the output here to be 0°*11". As the 0’s in this input string
are processed we obtain n + 1 states s;,82,...,3,, Sp41 from the function ». Consequently,
by the Pigeonhole Principle, there are two states s;,s; where { < j but s; = s;. So if
the states s,,, for i + 1 < m < j, are removed, along with their inputs of 0, then this
machine will recognize the sequence 0"t!~~}1", where n + 1 —(j —i) < n. But the string
0n+1—(j-t')1'n ¢ A.

(a) The transient states are sy, s;. State s4 is a sink state. {s1,52,33,34,85}, {34},
{82, 83, 85} (with the corresponding restrictions on the given function ») constitute subma-
chines. The strongly connected submachines are {s,} and {s,, 33, 35}

(b) States s;, s3 are transient. The only sink state is s4. The set {so, 31,83, 34} provides
the states for a submachine; {sq, 3;}, {34} provide strongly connected submachines.

(c) Here there are no transient states. State sg 15 a sink state. There are three subma-
chines: {s;, 33, 84, 35, 36}, {33, 34, 35, 36}, and {s¢}. The only strongly connected submachine

is {86}.

Either 110 or 111 provides a transfer sequence from s, to ss.

Supplementary Exercises
(a) True (b) False (c) True
(d) True (e} True (f) True
No. Let z € ¥ with A = {z,zz}, B = {z}. Then A* = B* = {z"|n > 0}, but A Z B.
Let = € Y and A = {z}. Then A? = {2?} and (A?)* = {)\,z%,z%,...}. However A* =
(A 2,2%,...} and (4°)? = 4, s0 (A")! # (42)"
(a) A* C B*. [For example, 111 € B* but 111 ¢ 4*]
(b) A*=C".
Oy : Starting at so we can return to sp for any input from {1,00}*. To finish at state s5

requires an input of 0. Hence On; = {1,00}*{0}
O : {ﬂ}ﬂ 00}-{0}

On:

Ogo : {1 00}* ~ {A}

010 : {1}{1,00}* U {10}{1,00}*
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6.

10.

(=)

v w

0 1}0 1
Sols 10 O
81181 382 0 0
S2 | 83 83 00
83 {83 8|0 1

(b) For any input string z, this machine recognizes (with output 1) the occurrence of
every fourth 1 in z.

(<) (g) + (f) + (g) = 72. (The first summand is for the sequence of eight 1’s, the second
summand for the sequences of four 1’s and four 0’s, and the last summand for the sequence
of eight 0’s.)

For || z ||= 12, there are (::) + (‘82) + (142) + (1:) = 992 such sequences.
(a) By the Pigeonhole Principle there is a first state s that is encountered twice. Let y

be the output string that resulted since s was first encountered until we reach this state a
second time. Then from that point on the output is yyy....

(b) n () n
z =110

v W
0 10 1
Sp | 81 S 01
311383 S 1 0
81 8 82 1 O
331 8 8 01

Here the table for w is obtained from Table 6.15 by reversing 0 and 1 (and, 1 and 0) for
the columns under 0 and 1.
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11.

12.

(2)

(b) w((s0, 33),1101) = 1111; M is in state so and M; is in state s,.

The following program determines the output for the input string 1000011000.

10
20
30
40
50
60
70
80
90
100
110
120
130
140
150
160
170
180
190

210
220

v w
0 1

(30, 33) (30, 34) (31,33)
(50:34) | (%0,83) (81,%4)
(81,83) | (81,83) (82,84)
(31,34) (31, 34) (32, 53)
(83,383) | (52,33} (30,34)
(32, 34) (-92, 34) (30,53)

- O O
O bt bt b b ek |

Dim A(3,2), B(3,2)
Mat Read A,B
Data 2,1,3,1,3,1,0,0,0,0,1,1
Dim P(100), S(100)
Read N
ForI=1to N
Read X
I <> 1 Then 120
If X = 0 Then P(1) = B(1,1) Else P(1) = B(1,2)
If X = 0 Then 5(1) = A(1,1) Else S(1) = A(1,2)
Go To 140
Y=X+1
P(I) = B(S(I-1)Y) : §(I) = A(S(I-1),Y)
Next I
Data 10,1,0,0,0,0,1,1,0,0,0
Print “The output is”;
ForI =1 To N-1
Print P(I);
Next I
Print P(N)
Print “The machine is now in state”; S(N)
End
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7.

CHAPTER 7
RELATIONS: THE SECOND TIME AROUND

Section 7.1

(a) {( 1,1),(2,2),(3,3),(4,4),(1,2),(2,1),(2,3),(3,2)}
(b)  {(1,1),(2,2),(3,3),(4:4),(1,2)}
(c) {(1,1)42,2),(1,2),(2,1)}

~9,-2,5,12,19

(a) Let fi, f2, fa € F with fi(n) =n +1, fo(n) = 5n, and f3(n) =4n +1/n.
(b) Let 91,932,953 € F with g1(n) = 3, g2(n) = 1/n, and fs(n) =sinn.

(a) The relation R on the set A is
(i) reflexiveif Vz € A (z,z) € R
(ii) symmetricif Vz,y € A [(z,y) € R = (y,z) € R]
(i) transitive if Vz,y,z € A [(z,¥),(y, 2) € R => (2,2) € R}
(iv) antisymmetric if Vz,y € A|(z,¥),(¥,2) E R ==z =y].
(b) The relation R on the set A is
(i) not reflexiveif 3z € A (z,z) € R
(ii) not symmetric if 3z,y € A[(z,y) € RA (v, z) € R}
(iii) not transitive if 3z,y,z € A [(z,y),(y,2) € RA(z,z) € R]
(iv) not antisymmetric if 3z,y € A [(z,y),(y,z) € RAz # y].

(a) reflexive, antisymmetric, transitive

(b) transitive

(c) reflexive, symmetric, transitive

(d) symmetric

(e) (odd): symmetric

(f) (even): reflexive, symmetric, transitive
(zg) reflexive, syminetric

(h) reflexive, transitive

The relation in part (a) is a partial order. The relations in parts (¢} and (f) are equivalence
relations.

(2) Forall z € A,(z,z) € Ry, R2, s0 (2,2) € R; NR; and R, N R, is reflexive.
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(b) All of these results are true. For example if Ry, R, are both transitive and (z,y), (y,2) €
R; N R, then (z,y),(y,2) € R, Ry, s0 (z,2) € R, R, (transitive property) and (z,z) €
R; NR;. [The proofs for the symmetric and antisymmetric properties are similar.]

(a) Forall z € A,(z,z) € R;,R; C Ry UR,, so if either R; or R; is reflexive, then
Ry UR,; is reflexive.
() () Kaz,y e Aand (z,y) € Ry UR,, assume without loss of generality, that
(z,y) € Ri. (z,y) € Ry and R, symmetric => (y,z) € Ry => (y,z) € R1 URy, so
Ry U R, is symmetric.
(i) False: Let A = {1,2},R: = {(1,1),(1,2)}, R = {(2,1)}. Then (1,2),(2,1) €

Ri UR,, and 1 # 2, so R, UR; is not antisymmetric.

(iii) False: Let A = {1,2,3},R: = {(1,1),(1,2)}, Rz = {(2,3)}. Then (1,2),(2,3) €
R; UR,, but (1,3) € R, UR,, so R; UR; is not transitive.

(a) False: Let A= {1,2} and R = {(1,2),(2,1)}.
(b) (3} Reflexive: True
(ii) Symmetric: False. Let A = {1,2},R; = {(1,1)},R; = {(1,1),(1,2)}.
(iii) Antisymmetric & Transitive: False. Let A = {1,2}, R, = {(1,2)},
R = {(1,2),(2,1)}.

(c) (i) Reflexive: False. Let A = {1,2}, R, = {(1,1)}, R = {(1,1),(2, 2)}.
(ii) Symmetric: False. Let A = {1,2},R; = {(1,2)},R2 = {(1,2),(2,1)}.
(ili) Antisymmetric: True
(iv) Transitive: False. Let 4 = {1,2},R; = {(1,2),(2,1)}, R. = {(1,1),(1,2),

(2,1),(2,2)}.
(d) True
(a) 2% (b) (2)(2%) =2 (c) 2°
(@ 2 () (2))=2 () 2490
(g) 2¢-3° (h) (24) @ 1

ot
Pt

~~

o

~
—

»

+

Y

i

()

N—
—~~

»

+

~ XY
L

s’ e’
W W
——
X
—

©

(f) Since 18,860 = 22.3%.5-7-11, it follows that R contains (3"':")2(2"':'1)3 = (;)2(:;')3 =
(36)(27) = 972 ordered pairs.
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12.

13.

140

15.

16.

17.

18.

3.

Since 5880 = ém-l) (4+:—1) ((k+1)2+2-1)

NE)(57) = @1A0)E)(E + 2)(k + 1),
we find that 56 = (k+2)(k+1)and k =6.

For n = p3p3p8 there are (5 + 1)(3 + 1)(6 + 1) = (6)(4)(7) = 168 positive integer divisors,
so |A| = 168.

There may exist an element a € A such that for all b € B geither (a, b) nor (b,a) € R.

There are n ordered pairs of the form (z,z),z € A. For each of the (n? ~ n)/2 sets
{(z,¥),(y,z)} of ordered pairs where z,y € A,z # y, one element is chosen. This results
in a maximum value of n + (n? ~n)/2 = (n? + n)/2.

The number of antisymmetric relations that can have this size is 2("*~m)/2,

r — n counts the elements in R of the form (a,b),a # b. Since R is symmetric, r — n is
even.

(a) zRy if z < y.

(b) For example, suppose that R satisfies conditions (ii) and (iii). Since R # @, let
(z,y) € R, for z,y € A. Since R is symmetric, it follows that (y,z) € R. Then by the
transitive property we have (z,z) € R (and (y,y) € R). But if (z,z) € R the relation R
is not irreflexive.

(C) 2(n’—n); 21;2 - 2(2(1;2—1;))

@)QP+©@+®@

®) (@) +6EGE)+06)

(a) Let A1 = f~Y(z), A2 = f~'(y), and A3 = f~(z). Then R = (A; x A1) U(4; x A3) U

(A3 x Aj), so |R| = 10% + 10? + 5% = 225.
(b) n} +nf +n3 +nj

Section 7.2

RoS§ = {(1,3),(1,4)};5 oR = {(lvz)a(1,3)a(1:4)a (234)};
52 =5%={(1,1,(1,2),(1,3),(1,4)}.

Let z € A. R reflexive => (z,2) € R. (z,2) € R,(z,2) E R=> (z,2) € RoR = R2.

(a,d) € (RyoR;) o R3 == (a,c) € Ryo0 Ry, (c,d) € R3 for some ¢ € C = (a,b) €
Ry, (b, ¢) € Ra,(c,d) € R3 for some b € B,c € C =% (a,b) € Ry,(b,d) € Ry o Rz =
(d,d) € R] ] (Rg OR:;), and (Rl ORQ) Oka (_: Rl O('Rq 0R3).
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10.

11.

(8) Rio(R2URs) =Ryo0{(w,4),(w,5),(z,6),(y,4), (¥,5), (v, 6)}
= {(1,4),(1,5),(3,4),(3,5),(2,6),(1,6}}

('R.x (o) Rg) U (R] (o] 'R-s)

= {(1,5),(3,5),(2,6),(1,4),(1,6)} U{(1,4),(1,5),(3,4),(3,5)}

= {(1,4),(1, 5),(1,6),(23 6),(3,4),(3,5)}

(b) Ri0(RaNRs)=Ryo {(w,5)} = {(1,5),(3,5)}
(R0 Rz) N (Ry 0 Rs) = {(1,5),(3,5),(2,6),(1,4),(1,6)} N {(1,4),(1,5),(3,4),(3,8)} =
{(1,4),(1,5),3,5)}-

Ry 0(R;: NR3) =R, 0 {(m,3),(m,4)} = {(1,3),(1,4)}
(RioR)N(RioRs) = {(1,3),(1,9}n {(1,3),(1,4)} = {(1’3)’(1’4)}-

() (z,z) € R10(R; UR3) < for some y € B,(z,y) € R1,(y,2) € RaUR3 < for
some y € B,((z,y) € R1,(y,2) € R;) or ((z,y) € Ra,(y,2) € R3) => (2,2) E R 0 R; or
(z,2) € RyoR3 <> (z,2) € (R10R;)U(R 0R3), so R10(R20R;3) C (R10R;)U(R0R;,).
For the opposite inclusion, (z,2) € (R1 o R)U(R10R3) = (2,2) € Ry oRy or (z,2) €
R1 o Rs. Assume without loss of generality that (z,z) € R; o R,. Then there exists an
element y € B so that (z,y) € R, and (y,2) € R3. But (y,2) € Ry == (y,2) € RaUR,;,
so (z,2) € Ry o (R; UR3), and the result follows.

(b) The proof here is similar to that in part (a). To show that the inclusion can be
proper,let A=B =C = {1,2’3} with R, = {(17 2),(1’1)}$R2 = {(2,3)},Rs = {(1’3)}
Then R; 0 (R; 0 R3) =Ry 00 =0, but (R; 0o Ry) 0 (R; 0 R3) = {(1,3)}.

This follows by the Pigeonhole Principle. Here the pigeons are the 2% + 1 integers between
0 and 2", inclusive, and the pigeonholes are the 2" relations on A.

Let § = {(1,1),(1,2),(1,4)} and T = {(2,1),(2,2),(1,4)}.

Here there are two choices for each a;,1 < ¢ < 6. For eack pair a;5,a;,1 <1< j <86,
there are two choices, and there are (36 — 6)/2 = 15 such pairs. Consequently there are
(26)(2'%) = 22! such matrices.

For each 0 in E the matrix F can have either 0 or 1 (the other entries in F are 1). Since
there are seven 0’s in E there are 27 possible matrices F. There are 2° possible matrices G.

Cousider the eniry in the i-th row aund j-th column of M(R; o R;). If this entry is a 1 then
there exists b, € B where 1 < £ < n and (a;, ) € Ry, (bx,¢;) € R;. Consequently, the
entry in the i-th row and k-th column of M(R,) is 1 and the entry in the k-th row and
j-th column of M(R;} is 1. This results in a 1 in the i-th row and j-th column in the
product M(R,) - M(R,).

Should the entry in row i and column j of M(R; o R;) be 0, then for each b;,1 < k < n,
either (a;, b)) € R, or (b, c;) & Ra. This means that in the matrices M(R,), M(R;), if the
entry in the i-th row and k-th column of M(R,;) is 1 then the entry in the k-th row and j-th

182



12.

13.

column of M(R;) is 0. Hence the entry in the i-th row and j-th column of M(R,) - M(R,)
is 0.

(a) If M(R) =0, then Vz,y € A (z,y) € R. Hence R = §. Conversely, if M(R) # 0O,
then 3z,y € A where zRy. Hence (z,y) € R and R # 0.

(c) For m = 1, we have M(R') = M(R) = [M(R)}', so the result is true in this
case. Assuming the truth of the statement for m = k we have M(RF) = [M(R)}*. Now
consider m = k+ 1. M(RF') = M(R o R*¥) = M(R) - M(R*) (from Exercise 11)
= M(R) - [M(R)}F = [M(R)}F*'. Consequently this result is true for all m > 1 by the
Principle of Mathematical Induction.

(a) R reflexive <> (z,z) € R, forall z € A & m,, = 1 in M = (m;;)uxn, for all
€A I, <M.

(b) R symmetric <= [Vz,y € A (z,y) e R=(y,z) E R} > Vz,y€ A m,, =11in
M= my,=1in M] &> M=M".
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14.

10!
20!
30!
40!
50!
60
70
80
90
100
110
120
130
140
150
160
170

180
190
200
210
220
230
240
250
260
270
280

300
310
320
330
340
350

370

380

THIS PROGRAM MAY BE USED TO DETERMINE IF A RELATION
ON A SET OF SIZE N, WHERE N <= 20, IS AN

EQUIVALENCE RELATION. WE ASSUME WITHOUT LOSS OF
GENERALITY THAT THE ELEMENTS ARE 1,2,3,...,N.

INPUT “N ="; N
PRINT “ INPUT THE RELATION MATRIX FOR THE RELATION”
PRINT “BEING EXAMINED BY TYPING A(LJ) = 1 FOR EACH”
PRINT “1 <= I <=N, 1 <= J <= N, WHERE (1,J) IS IN”
PRINT “THE RELATION. WHEN ALL THE ORDERED PAIRS HAVE”
PRINT “BEEN ENTERED TYPE 'CONT’
STOP
DIM A(20,20), C(20,20), D(20,20)
FORK =1TON
T =T + A(K.K)
NEXT K
IFT = N THEN &
PRINT “R IS REFLEXIVE”; X = 1: GO TO 190
PRINT “R IS NOT REFLEXIVE”
FORI=1TON
FORJ=I+1TON
IF A(LJ) <> A(3,]) THEN GO TO 260
NEXT J
NEXT I
PRINT “R IS SYMMETRIC”: Y = 1
GO TO 270
PRINT “R IS NOT SYMMETRIC”
MATC = A
MAT D = A*C
FORI=1TON
FORJ=1TON
IF D(1,J) > 0 AND A(LJ} = 0 THEN GO TO 360
NEXT J
NEXT I
PRINT “R IS TRANSITIVE™; Z = 1
GO TO 370
PRINT “R IS NOT TRANSITIVE”
IFX+Y+%=3THEN &
PRINT “R IS AN EQUIVALENCE RELATION” &
ELSE PRINT “R IS NOT AN EQUIVALENCE RELATION”
END
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15. (a)

3 d f
b e
c
(b)
s x
r ” y
w z
16. (a) True (b) True (¢) True (d) False

17. (i) R={(a, b), (b, a},{a, ¢e),(e,a),(b,c),(c, b), (b, d),(d,b), (b, e),(e,b),(d,e),(e,d),(d, ), (f, d)

(a) (B) (c) (d){e) (f)

{a) O 100 1 0]

) {1 01110

_ (¢ |010000
M(R)_(d) 010011
() 1110100

(f) {00010 0]

oy

For parts (ii), (iii), and (iv), the rows and columns of the relation matrix are indexed as
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in part {i).

(i) R ={(a,b),(be),(d,b),(d,¢), (e f)}

M(R) =

(ii1) R = {(a,a),{a,b),(b,a),(c,d),(d,c),(d,e),(e,d),

M(R) =

L

L]
OO0 O

SO0 O0OC

0

OO OO =

d

0
0
0
1
0
0
( ) (£, d), (e, f)’(f’ e)}

0
0
0
0
0
0
d

—~ O OO O ~C
S o000

d,

QOO0
OO0
-0 OO0
O -0

1
0
0
0
0
0

(iv) R = {(b,a),(b,¢c),(c,b),(b,€),(c,d),(e,d)}

M(R) =

T 1
SO0 O = O

O O~ OO
OO OOOO0
[N g3

OO OO
O COO O
SO0 O =0

18. (a) R= {(v? w)v (U’ z), (w’ v)a (w; 3), (w7 y)’ (w’ z)$ (3’ z)’ (y’ z)}

v

W
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20.

(b) R= {(v, w),(v,z),{v,¥), (w,v),(w, z), (z,v), (z,w), (=, z),{(y,v),(y,2),(2,z),(z, y)}

R: R?: R3 and R*:

= @ ()

(ii) Each directed path corresponds to a subset of {2,3,4,5,6}. There are 2% subsets of
{2,3,4,5,6} and, consequently, 2° directed paths in G from 1 to 7.

®) @) () =IEl

(1) There are 2"~? directed paths in G from 1 to n.

(iii) There are 20((6-21+1)~2 = 2b=2-1 directed paths in G from a to b.
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22.

23.

24.

25.

26.

225; (25)(210) = 215
225; (25)(210) — 2!5
(a,) 'Rq : Rz :

SO O
O OO
O OO
QOO
OO e e
Oo»—-lp-n_»-l
OO e et
- oo
- OO

(b) Given an equivalence relation R on a finite set A, list the elements of A so that
elements in the same cell of the partition (See Section 7.4.) are adjacent. The resulting
relation matrix will then have square blocks of 1’s along the diagonal (from upper left to
lower right).

WHHINY

S5

(a) Let k € Z*. Then R'?* = {(1,1),(2,2),(3,3),(4,4),(5,5),(6,6),(7,7)} and R} =
R. The smallest value of n > 1 such that R* = R is n = 13. For all multiples of 12 the
graph consists of all loops. When n = 3,(5,5),(6,6),(7,7) € R?, and this is the smallest
power of R that contains at least one loop.

(b) When n =2, we find (1,1),(2,2) in R. For all k € Z+,R*® = {(z,z)|lz € Z+,1 <
z < 10} and R¥*+! = R. Hence R is the smallest power of R (for n > 1) where R* = R.
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27.

1.

(c) Let R be a relation on set A where |A| = m. Let G be the directed graph associated
with R - each component of G is a directed cycle C; on m; vertices, with 1 < : < k.
(Thus m; + my + ... + my = m.) The smallest power of R where loops appear is R', for
t =min{m;|1 <: < k}.

Let s = lem(my,m3,...,mx). Then R™ = the identity (equality) relation on A and
R™+! = R, for all r € Z*+. The smallest power of R that reproduces R is s + 1.

(7) =703 = n =38

Section 7.3

N
{1.23) {1.2.4) {1.3.4) {23.4)
(1.2) {1.3) (1.4) (2.3) {2.4) {34)
{1) {2) (3) (4)

T

189



¢

6/18\9
N
N,

For all a € A,b € B,aR,a and bRb s0 (a,b)R(a,b), and R is reflexive. Next
(a,b)R(c,d),(c,d)R{a,b) == aR,c,cRia and bR2d,dR3b => a = ¢,b = d => (a,b) =
(c,d), so R is antisymmetric. Finally, (a,b)R(c,d),(c,d)R(e, f) = aRic,cRie and
bRad,dRyf = aRye,bRyf = (a,b)R(e, f), and R is transitive. Consequently, R is
a partial order.

No. Let A = B = {1,2} with each of R,, R, the usual “is less than or equal to” relation.
Then R is a partial order but it is not a total order for we cannot compare (1,2) and (2,1).

# < {1} < {2} < {8} < {1,2} < {1,3} < {2,3} < {1,2,3}. (There are other possibilities.)

(a) (a) (b) (o) (@) ()
(@) [1 1 1 1 1]
(b) 0 1 0 1 1
MR)= (¢) |0 0 1 1 1
(dy o 0 0 1 1
(e) Lo 0 0 0 1]
(b)

(Ja<b<e<d<e or a<c<bad<e
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10.

11.

12.

13.

14.

15.

4 (b)3<2<l<4or3<l<2<4.

® S,
N (c) 2

Suppose that =,y € A and that both are least elements. Then zRy since z is a least
element, and ¥Rz since y is a least element. With R antisymmetric we have z = y.

Let =,y both be greatest lower bounds. Then xRy since z is a lower bound and y is a
greatest lower bound. By similar reasoning yRz. Since R is antisymmetric, z = y. [The
proof for the lub is similar.]

Let # = {1,2,3,4}. Let A be the collection of all proper subsets of U, partially ordered
under set inclusion. Then {1,2,3}, {1,2,4}, {1,3,4}, and {2,3,4} are all maximal elements.

Let U = {1,2}, A = P(U), and R the inclusion relation. Then (4, R) is a poset but not a
total order. Let B = {#, {1}}. Then (B x B)N R is a total order.

For all vertices z,y € A,z # y, there is either an edge (z,y) or an edge (y, z), but not
both. In addition, if (z,y), (y,z) are edges in G then (z,z) is an edge in G. Finally, at
every vertex of the graph there is a loop.

n+ (';)
n+ (72')

(a) The n elements of A are arranged along a vertical line. For if A = {a;,a,,...a,},
where a;Ra;RazR ... Ray,, then the diagram can be drawn as
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16.

17.

18.

19.

asg

as

a)
(b) n!

(a) Let a € A with a minimal. Then for z € 4, 2Ra =% z = a. So if M(R) is the
relation matrix for R, the column under ‘a’ has all 0’s except for the one 1 for the ordered
pair (a,a).

(b) Let b € A, with b a greatest element. Then the column under ‘b’ in M(R) has all 1’s.
If c € A and c is a least element, then the row of M(R) determined by ‘c’ has all 1’s.

lub glb lub glb lub glb
(a) {12} @ () {12} 0 (e) {1,238} 0
(b) {123} @ (d) {1,2,3} {1}

(a) (i) Only one such upper bound - {1,2,3}. (ii) Here the upper bound has the form
{1,2,3,z} where z € & and 4 < z < 7. Hence there are four such upper bounds. (iii)

There are (;) upper bounds of B that contain five elements from U.

®) @+ +E+E)+()=2=16
(¢) WbB={1,2,3}

(d) One - namely §

(e) glbB =190

For each a € Z it follows that aRa because a —a = 0, an even nonnegative integer. Hence
R is reflerive. If a,b,¢c € Z with aRb and dRc then

a — b =2m, for some m € N

b — ¢ = 2n, for some n € N,
and a —c = (@ — b) + (b — ¢) = 2(m + n), where m + n € N. Therefore, aRc and R is
transitive. Finally, suppose that aRb and dRe for some a,b € Z. Then a~band b~ a
are both nonnegative integers. Since this can only occur for a ~ b = b — a, we find that
[aRb A bRa] = a = b, so R is antisymmetric.
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20.

21.

22.

23.

Consequently, the relation R is a partial order for Z. But it is nof a total order. For
example, 2,3 € Z and we have neither 2R3 nor 3R2, because neither —1 nor 1, respectively,
is a nonnegative even integer.

(2) For all (a,b) € A, a = a and b < b, so (a,b)R(a,b) and the relation is reflexive. If
{a,b),(c,d) € A with (a,b)R(c,d) and (c,d)R(a, b}, then if a # c we find that
(a,5)R(c,d) = a < c, and
(c,d)R{a,b) = c < a,
and we obtain a < a. Hence we have a = ¢.
And now we find that
(a,b)R(c,d) = b < d, and
(c,d)R(a,b) =>d < b,
so b = d. Therefore, (a,b)R(c,d) and (c,d)R(a,b) = (a,b) = (c,d), so the relation is
antisymmetric. Finally, consider (a, b), (¢, d), (¢, f) € A with (a,b)R(c, d) and (c,d)R(e, f).
Then
(i) a<ec,or (ii)) a=cand b< d; and
(@Y e<e,or(iiy c=eandd< f.
Consequently,
(i)’ a < eor (ii)” a = e and b < f — so0, (a,b)R(e, f) and the relation is transitive.
The preceding shows that R is a partial order on A.

b) & c) There is only one minimal element — namely, (0,0). This is also the least element
for this partial order.

The element (1,1) is the only maximal element for the partial order. It is also the greatest
element.

d) This partial order is a total order. We find here that
(0,0)R(0, 1)R(1,0)R(1,1).

(a) The reflexive, antisymmetric, and transitive properties are established as in the pre-
vious exercise.

(b) & (c) Here the least element (and only minimal element) is (0,0). The element (2,2)
is the greatest element (and the only maximal element).

(d) Once again we obtain a total order, for

(0,0)R(0, 1)R(0, 2)R(1, 0)R(1, 1)R(1, 2)R(2,0)R(2, 1)R(2, 2).

Here |X|=rn+1, [A] = (n +1)? and |R| = (n + 1)? + ("*4%).

(a) False. Let U = {1,2}, A = P(U), and R be the inclusion relation. Then (4,R)isa
lattice where for all S,T € A, b{S,T} = SUT and ¢l6{S,T} = SNT. However, {1}
and {2} are not related, so (A4, R) is not a total order.
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24.

25.

26.

27.

28.

29.

30.

(b) I (A,R)is a total order, then for all z,y € A,zRy or yRz. For zRy, lub{z,y} =y
and glb{z,y} = z. Consequently, (4, R) is a lattice.

Since 4 is finite, A has a maximal element, by Theorem 7.3. If z,y (z # y) are both
maximal elements, since z, yRIub{z, y}, then lub{z, y} must equal either z or y. Assume
lub{z,y} = z. Then yRz, so y cannot be a maximal element. Hence A has a unique
maximal element z. Now for each a € A,¢ # z, if lub{a,z} # z, then we contradict z
being a maximal element. Hence aRx for all a € A, so z is the greatest element in A.
[The proof for the least element is similar.]

(a) a (b) e () ¢ (d) e (e) = (f) e (g) v
(A, R) is a lattice with z the greatest (and only maximal) element and ¢ the least (and
only minimal) element.

a) 5 b)andc) n+1
d) 10 e)andf) n+(n—1)+---+2+1=n(n+1)/2

Consider the vertex p*¢®r¢, 0 < a < m, 0 < b < n, 0 < ¢ < k. There are mnk such
vertices; each determines three edges — going to the vertices p**+1g*r®, p®g™t1re, p*gbreott,
This accounts for 3mnk edges.

Now consider the vertex p™¢’r®, 0 < b < n, 0 < ¢ < k. There are nk of these vertices;
each detemines two edges — going to the vertices p™¢**'r¢, p™q¢®r°t!. This accounts for
2nk edges. And similar arguments for the vertices p*¢"r°(0 < a < m,0 < ¢ < k) and
p°¢°r*(0 < a < m,0 < b < n) account for 2mk and 2mn edges, respectively.

Finally, each of the k vertices p™¢"r¢, 0 < ¢ < k, determines one edge (going to p™g"r°+!)
and so these vertices account for k new edges. Likewise, each of the n vertices p™¢'r*,
0 < b < n, determines one edge (going to p™¢**'r*), and so these vertices account for n
new edges. Lastly, each of the m vertices p®¢"r*, 0 < a < m, determines one edge (going
to p*+1¢"r*) and these vertices account for m new edges.

The preceding results give the total number of edges as (m+n+k)+2(mn+mk+nk)+3mnk.

a) 24 = 2%.3. There are 4 - 2 = 8 divisors for this partial order and they can be totally
ordered in %(ﬁ) == 14 ways.

b) 75 = 3 - 5%. There are 2- 3 = 6 divisors for this partial order and they can be totally
ordered in i—(g) = 5 ways.

c) 1701 = 3% .7, Here the 12 divisors can be totally ordered in -}(lﬂ"‘) = 132 ways.

429 = (%)(l;) so k = 6, and there are 2 - 7 = 14 positive integer divisors of p°q.

For the (0,1)-matrix £ = (ei;)mxn we have ¢;; = ¢;j, 50 €;; < ¢;5, forall 1 < i < m,

1 < j € n. Consequently, E < E and the “precedes” relation is reflexive.
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Now let £ = (€i;)mxn, F = (fij)mxn be (0,1)-matrices, with £ < F and F < E. Then,
foralllﬁiS_m,lS_jS_n,e,-,-S_f,-,- andf.‘j __<_e,~,-=>e.-,-=f.-,-,soE=F—andthe
“precedes” relation is antisymmetric.

Finally, suppose that E = (€i;)mxn, F = (fij)mxn, 80d G = (gij)mxn are (0,1)-matrices,
with E< Fand FXG. Then,forall 1 <i<m, 1 <j<n,¢; < fi;and fi; < gi; =
ei; < gij, 50 E < G - and the “precedes” relation is transitive.

In so much as the “precedes” relation is reflexive, antisymmetric, and transitive, it follows
that this relation is a partial order — making A into a poset.

Section 7.4

(a) Here the collection A;, Az, A3 provides a partition of A.
(b) Although A = A; U A; U 43U A4, we have A; N A; # B, so the collection 4,, A, As,
A, does not provide a partition for A.

(a) There are three choices for placing 8 — in either A,, A, or A;. Hence there are three
partitions of A for the conditions given.

(b) There are two possibilities with 7 € A,, and two others with 8 € A,. Hence there are
four partitions of A under these conditions.

(c¢) If we place 7,8 in the same cell for a partition we obtain three of the possibilities. If
not, there are three choices of cells for 7 and two choices of cells for 8 — and six more
partitions that satisfy the stated restrictions. In total — by the rules of sum and product
— there are 3 + (3)(2) = 3 + 6 = 9 such partitions.

R = {(1,1),(1,2),(2,1),(2,2),(3,3),(3,4),(4,3), (4, 4). (5,5)}.

(a) (1] ={1,2} = [2};[3] = {8}
(b) A= {1,2} U {3} U{4,5} U {6}.

R is not transitive since 1R2, 2R3 but 1&3.

(a) For all (z,y) € A, since z = z, it follows that (z,y)R(z,y), so R is reflexive. If
(xl,yx), (z2, yz) € A and (371,91)73(1'2, ¥2), then 2, = z,, so x; = z; and (-7»'2, yz)R(-l‘hyt)-
Hence R is symmetric. Finally, let {(z1,41), (%2, ¥2), (Z3,¥3) € 4 with (z1,11)R(z2, ¥2)
and (23, 12)R(z3,¥3). (T1,)R(%2, 1) == 23 = 23;(22, Ya)R{z3, ¥a) == 23 = z3. With
Ty = Zq,T, = Z3, it follows that z, = z3, 80 (z1, 11 )R(x3,y3) and R is transitive.

(b) Each equivalence class consists of the points on a vertical line. The collection of these
vertical lines then provides a partition of the real plane.

(a) Forall (z,y) € A,z +y=2z+y==(z,9)R(z,y)
@ELn)R(EZLp) = n+tn=n+p =T+ =01+ =>
(23, ¥2)R(z1, 1) (21,3 )R(z2,12), (22, ya)R(zs, y¥3) =>

195



10.

11'

T+t =T+ Y2, T2 + Y2 = T3+ Y3, 80 Ty + 1 = T3 + y3 and (24,41 )R(z3,43). Since R is
reflexive, symmetric and transitive, it is an equivalence relation.

(b) [(1,3)] = {(1,3),(2:2),(3,1)};
[(2,4)] = {(1,5),(2,4),(3,3),(4,2),(5,1) }; [(1,1)] = {(1,1)}.

(c) A={(1,1)}u{(1,2),(2,1)} U{(1,3),(2,2),(3,1)}u
{(17 4)7 (2’ 3)7 (37 2)7 (47 1)} U {(1! 5)7 (2’ 4)‘ (373)7 (47 2)7 (57 1)}U
{(2,5),(3,4),(4,3),(5,2)} U{(3,5),(4,4),(5,3)} U {(4,5),(5,4)} U {(5,5)}.

(a) Foralla € A,a—a =3-0, so R is reflexive. For a,b € A,a —b = 3¢, for some
c€EZ=3b—~a=3(—c), for —c€ Z, s0 aRb=> bRa and R is symmetric. If a,b,c € 4
and aRb,bRc, then a — b =3m,b~c=3n, forsome mneZ=>(a—-b)+(b—-¢)=
3m + 3n = a — c = 3(m + n), so aRec. Consequently, R is transitive.

(b) [1] = [4] = [7] = {1.4, 7} [2] = [5] = {2,5}; 3] = [6] = {3,6}.
A={1,4,7U{2,5} U{3,6).

(a) For all (a,b) € A we have ab = ab, so (a, b)R(a,b) and R is reflexive. To see that R is
symmetric, suppose that (a,d), (¢, d) € A and that (a, b)R(c,d). Then (a,b)R(c,d) = ad =
bec = ¢b = da = (¢, d)R(a, d), so R is symmetric. Finally, let (a,b),(c,d),(e, f) € A with
(a, 8)R(c,d) and (c,d)R(e, f). Then (a,b)R(c,d) = ad = bc and (c,d)R(e, f) = cf = de,
8o adf = bcf = bde and since d # 0, we have af = be. But af = be = (a,b)R(e, f), and
consequently R is transitive.

It follows from the above that R is an equivalence relation on A.

() [(2,14)] = {(2,14)}
K -3, _9)] = {(_3’ "‘9)7 (""17 "‘3)’ (47 12)}
[(4s 8)] = {(-2, —4)7(1’ 2), (8, 6), (47 8)}

(¢) There are five cells in the partition — in fact,

A= {(—47 "'20)] U [("'37 —9)] U [("‘27 "‘4)} U [("'1’ _11)] U [(27 14)}'

(a) Forall X C A,BNX = BNX, so XRX and R is reflexive. If X,Y C A, then
XRY =>XNB=YNB=YNB=XNB=YRX, so R is symmetric. And finally,
if W, X,Y € Awith WRX and XRY,then WNB=XNBand XNB=YNB. Hence
WNB=YNB,so WRY and R is transitive. Consequently R is an equivalence relation
on P(A4).

(b) {8, {3}}u {{1},{1,3}} U {{2},{2,3}} U {{1,2},{1,2,3}}

(c) [X] = {{3,3},{1,8,4},{1,8,5},{1,3,4,5}}

(d) 8 - one for each subset of B.

(a) (-})(g) — The factor () is needed because each selection of size 3 should account for
only one such equivalence relation, not two. For example, if {a,b,c} is selected we get
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12.

13.

14.

15.

16.

17.

the partition {a,b,c} U {d,e, f} that corresponds with an equivalence relation. But the
selection {d, e, f} gives us the same partition and corresponding equivalence relation.

(b) (g) [1+3] = 4(2) — After selecting 3 of the elements we can partition the remaining 3
in

(i) 1 way into three equivalence classes of size 1; or
(ii) 3 ways into one equivalence class of size 1 and one of size 2.

@ (+1]=2(
(@) D) +46) +20) + ) + €)

(a) 2'° = 1024 (b) £, 5(5,1) =1+ 15+25+10+1 =52
(c) 1024 — 52 = 972 (d) 8(5,2) =15
(e) TL,8(4,8)=1+7+6+1=15 ) T2,86,)=14+34+1=5
(8) T S(3,) =1+3+1=5 (b) (T 5(3,8)) — (T, S(2,4)) = 3
300

(a) Not possible. With R reflexive, |R| > 7.

(b) R={(z,2)lzr€Z,1<z< 7}

(¢) Not possible. With R symmetric, |R| — 7 must be even.

(@) R={(z,2)lz€Z,1<z<T}U{(1,2),(2,1)}.

(&) R={(z,2)lz€Z,1 <z<T7T}U{(1,2),(2,1)} U {(3,4),(4,3)}.
(f) and (h) Not possible with r — 7 odd.

(g) and (i) Not possible. See the remark at the end of Section 7.4.

Let {A;}ics be a partition of a set A. Define R on A by zRy if for some i € I, z,y € A;.
For each z € A,z,z € A, for some i € I, so zRx and R is reflexive. 2Ry == z,y € A;,
for some : € I = y,z € A;, for some : € I = yRz, so R is symmetric. If zRy and yRz,
then z,y € A; and y, 2 € A; for some ¢,j € I. Since A; N A; contains y and {A;}icr is 2
partition, from A; N A; = @ it follows that A; = A;, so i = j. Hence z,z € A;, s0 zRz and
R is transitive.

Let P = U;¢;A; be a partition of A. Then E = U;er(A; X A;) is an equivalence relation
and f(E) = P, so f is onto.

Now let E;, E; be two equivalence relations on A. If E, # E,, then there exists z,y € A
where (:c,y) € E] and (.’C,y) g Ez. Hence if f{E]) = P1 = U,‘g]A,‘ and f(Eg) = Pg =
UjesA;, then (z,y) € By = z,y € A;, Ji € I, while (z,y) ¢ E, =

VieJ(z ¢ A; Vy & Aj). Consequently, P, # P, and f is one-to-one.

Proof: Since {B,, By, Bs, ..., B,} is a partition of B, we have B = ByUB,UB3U...UB,.
Therefore A = f~Y(B) = f~1(B,U...UB,) = f~1(B,)U...U f~(B,) [by generalizing part
(b) of Theorem 5.10}. For 1 <i < j < n, fYB)NFfB;)=fB:nB;)= f ) =0
Consequently, {f~'(B:)|1 <i < n, f1(B;) # 8} is a partition of A.
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Note: Part (b) of Example 7.55 is a special case of this result.

Section 7.5

(a) P] : {31,34}1 {32,335 35}

(¥(31,0) = 34)E1(v(34,0) = 81) but (v(8,1) = s;)¢,(v(s4, 1) = s3), s0 31¢284.
(¥(33,1) = s3)H1(v(s3,1) = 34) s0 52K, 33.

(v(s2,0) = 33)Ey(v(s5,0) = s3) and (v(s2,1) = 83) E;(v(85,1) = 33) 80 3, E;ss.
Since s, B2Ss and s, Fy 35, it follows that s3H,ss.

Hence P; is given by P; : {1}, {32,885}, {33, }, {84}, (¥(82,2) = s3)Ea(v(ss5,z) = s3) for
r = 0, 1. Hence 33E335 and Pg = P3.

Consequently, states s; and s5 are equivalent.
(b) States s; and s are equivalent.
(c) States s3 and s7 are equivalent; ss and s4 are equivalent.

(2)
Py:  {s1}, {s2, 87}, {83,384}, {ss}, {se}

*‘5/

Fs: {31,35}, {32,37}, {33,384}, {36}

P2 . 1,85 , {32133, 34) 37}1 {36}
/ 0,0 ? 0,0
Py i {s1,82,53, 54, 85,57}, {s6}

10,0 10,1

Consequently, 1100 is a distinguishing sequence since w(s;,1100) = 0000 # 0001 =
(85,1100)

(b} 100 {c) 00

(8) 81 and sy are equivalent; s; and s; are equivalent.

(b) (i) 0000 (i) 0 (i) 00
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M:{0 1 {0 1
8; |8 8311 O
s2 18 8211 0
83 S¢ % 10
84 {83 8410 O
-7 8, & 1 0

Supplementary Exercises

() False. Let A = {1,2},I = {1,2},R; = {(1,1)},R: = {(2,2)}. Then U;cR; is reflexive
but neither R, nor R; is reflexive. Conversely, however, if R; is reflexive for all (actually
at least one) 2 € I, then U;g;R; is reflexive.

(b) True. N/ R; reflexive <= (a,8) € NigfR; foralla € A <> (a,a) € R; foralla € A
and all ¢t € I <= R; is reflexive for all : € I.

(i) (a) False. Let A = {1,2}, R, = {(1,2)},R; = {(2,1)}. Then R, UR; is symmetric
although neither R, nor R; is symmetric.

Conversely, however, if each R;,i € I, is symmetric and (z, V) € Ui;erR;, then (z,y) € R;
for some i € I. Since R; is symmetric, (y,z) € Ri, 50 (y,z) € UijesR; and Ui R; is
symmetric.

(b) If (z,y) € NierRy, then (z,y) € R;, for all i € I. Since each R; is symmetric,
(y,z) € Ry, for all : € I, so (y,z) € NierR: and N R; is symmetric.

The converse, however, is false. Let A = {1,2,3}, with R, = {(1,2),(2,1),(1,3)} and R, =
{(1,2),(2,1),(3,2)}. Then neither R, nor R, is symmetric, but R; N R, = {(1,2),(2,1)}
is symmetric.

(iii) (a) Let A = {1,2,3} with Ry = {(1,2)} and R; = {(2,1)}. Then both R,, R, are
transitive but R; U R; is not transitive.

Conversely, for A = {1, 2,3} and Rl = {(1,3)}, RZ = {(112),(2,3)}7 Rl URZ =
{(1,2),(2,3),(1,3)} is transitive although R, is not transitive.

(b) I (z,y),(y, %) € NiesR;, then (z,y),(y, 2) € R; for all ¢ € I. With each R;,t € I,
transitive, it follows that (z, z) € R,, so (z, z) € Nie/R; and Ny R; is transitive.
Conversely, however, {(1,2),(2,3)} = R: and R; = {(1,2}} result in the transitive relation
R1NR; = {(1,2)} even though R, is not transitive.

(i1) The results for part (ii) follow in a similar manner.

(a,c) € R0 Ry = for some b € 4,(a,b) € Ry, (b,c) € Ri. With R, R; symunetric,
(b,a) € R,,(c,b) € Ry, 50 {c,a) € RioR; C Ry0R;. (c,e8) € Rz 0 Ry = (c,d) €
Ra,(d,a) € Ry, for some d € A. Then (d,c) € R;,(a,d) € R, by symmetry, and (a,c) €
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10.

R,0R;, 80 R, 0R; C Ry 0R,; and the result follows.

(2) Reflexive, symmetric.

(b) Equivalence relation. Each equivalence class is of the form A, = {t € T| the area of
t=r,r € Rt}. Then T = U,cr+ 4.

(c) Reflexive, antisymmetric. (d) Symmetric.

(¢) Equivalence relation. [(1,1)] = {(1,1),(2,2), (3,3), (4, 4)};

[(1,2)] = {(1,2),(2,1),(2,3),(3,2),(3,4), (4, 3)};

[(1,3)] = {(1,3),(3,1),(2,4),(4, 2)}[(1, 4] = {(1,4),(4, 1)}

A=[1DIV{E2ju(a, V1]

(c,a) € (R o Ry) <= (a,c) € Ry o R; &= (a,b) € Ry, (b,c) € Ry, for some b € B &
(c,b) € R, (b,a) € R, for some b € B &= (c,a) € R; o Rj.

(a) I P is a partition of A then P < P, so R is reflexive. For partitions P;, P; of A

2

if P, < P; and P; < P;, then P; = P; and R is antisymmetric. Finally, if P;, P;, P, are
partitions of A and P;RP;, P;RP;, then P; < P; and P; < P, so each cell of P; is contained
in a cell of P, and P; < P. Hence R is transitive and is a partial order.

(b) p
N,
e

Let & = {1,2,3,4,5}, 4 = P(U)} — {U4,8}. Under the inclusion relation A is a poset with
the five minimal elements {z},1 < z < 5, but no least element. Also, A has five maximal
elements — the five subsets of I of size 4 — but no greatest element.

(b) (A1) = {11} [(2:2)] = {(1,4),(2,2),(41)};
[(3’2)] = {(116)1(293),(3,2)7(671)}; [(4’3)] = {(2,6),(3’4),(4,3),(6,2)}'

n=10

P2 3

i

(a) For each f € F,|f(n)] £ 1{f(n)| for all n > 1, so fRf, and R is reflexive. Second,
if f,g € F, thea fRg == (f € O(y) and gy € O(f)) => (¢ € O(f) and f € O(g)) =>
gRf, so R is symmetric. Finally, let f,g9,4 € F with fRg,¢Rf, gRh, and hRg. Then
there exist m;,my; € RY, and ki, k; € Z% so that {f(n)] < nyg(n)] for all n > &;,
and {g(n)] < malh(n)| for all n > k;. Consequently, for all n > maz{k,, k;} we have
()] < myjg(n)}} < mymglh(n)] so f € O(h). And in a similar manner h € O(f). So fRR
and R is transitive.

(b) For each f € F, f is dominated by itself, so [f]S[f] and S is reflexive. Second, if
[g], [h] € F' with [g]S{h] and {h]S{g], then gRh (as in part (a)), and [g] = [h]. Consequently,
§ is antisymmetric. Finally, if [f], [g], [h] € F' with [f]}S[g] and [g]S[h], then f is dominated
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by ¢ and g is dominated by k. So, as in part (a), f is dominated by h and [f]S5[h], making
S transitive.

(c) Let f, f1, fa € F with f(n) = n, fi(n) =n+3, and fa(n) = 2—n. Then (fi+ f}(n) =5,
and f; + fa € [f], because f is not dominated by f; + fi.

Adja..cency Inflex Adjacency | Index Adja.cency Im.iex
List List . . List List
List List
1 2 1)1 1 5 BB 1 2 11
2 3 212 9 3 2l o 2 3 212
@[3 1 [3|3{Mm|5| | |al3| @3] 1t |3]3
4 4 415 4 5 4l 4 4 4 41 6
5 5 5{ 6 5 4 5l 5 5 517
6 3 68 6! 6 6 1 618
7 5 7 4
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12.

13.

140

(a) For each v € V,v = v so vRv. If vRw then there is a path from v to w. Since the
graph G is undirected, the path from v to w is also a path from w to v, so wRv and R is
symmetric. Finally, if vRw and wRz, then a subset of the edges in the paths from v to
w and w to z provide a path from v to z. Hence R is transitive and R is an equivalence
relation.

(b) The cells of the partition are the (connected) components of G.

(a) Pl : {31,33$37}! {32,34,35, 36738}
P2 : {31;33;37}, {32, 8s, 38}, {34, 36}
Ps: {81}, {33,587}, {32, 35,38}, {54}, {36}
Py= P

v w
M:10 1

S 83 Sg
83 |83 33
33 83 83
84 S2 33
S¢ [84 8

(b)
Py: {s1},{s3,87}, {82,385, 38}, {84}, {36}

e

Py: {sy,83,87}, {82, 85,88}, {54, 36}

OO O =IO
OO C O Ofm

0,0 0,0

P {31533’37}, {32,54’35,36,55}

0,1 0,0
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15.

16.

Hence w(s4,000) = 001 # 000 = w(se, 000), so 000 is a distinguishing string for s4 and se.

One possible order is 10, 3,8, 6, 7,9, 1, 4, 5, 2, where program 10 is run first and program
2 last.

(a) ()n=2: (i)n=4: (ii)n=26:
4 8
2
[ o 2 2 3
1 1 4
(iv)yn=28: (vin=12: (vi) n=16:
16
8
12 8
4 4 6 .
2 2 3 | 2
1
1 )
(viii) n =24 : (viii) n = 30: (ix) n = 32:
32
24 30
16
12 6 15 8
N D XX )
2 5
2 3 2
_ 1 1
1

{b) For 2 < n < 35, n can be written in one of the following nine forms: (i) p; (i) p?;
(i) pg;  (iv) p% (v} ¢ (vi) p% (vii) pPg; (vii) pgr; (ix) p®, where p,q,r denote
distinct primes. The Hasse diagrams for these representations are given by the structures
in part (a).

For n = 36 = 2% . 3%, we must introduce a new structure.

(c) The converse is false. 7{24) = 8 = 7(30) but the Hasse diagrams in (vii) and (viii) of
part (a) are not the same.

(d) This follows from the definitions of the gcd and lcm and the result of Example 4.45.

17. (b) {(0.3,0.7)] = {(03,0.7)}  [(05,0)] = {(0.5,0)}  [(04,1)] = {(0.4,1)}
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18.

19.

20.

21.

22.

23.

24.

[(0,0.6)] = {(0,0.6),(1,0.6)} [(1,0.2)] = {(0,0.2),(1,0.2)}
In general, if 0 < a < 1, then {(a,b)] = {(a, b)}; otherwise, {(0, b)] = {(0,d),(1,b)} = [(1,b)].
(c) The lateral surface of a cylinder of height 1 and base radius 1/2x.

(a) ECCU,then0 L |C}] <3.For 0 <k <3 there are (2) subsets C' of U where
{C| = k; each such subset C determines 2* subsets B C C. Hence the relation R contains

G20 + (32" + (3)2° + (3)2° = (1 + 2)* = 3° = 27 ordered pairs.

(b) For U = {1,2,3,4} the number of ordered pairs in R is (:)2°+ (':)2‘ + (‘;)22 + (;)234.
(2t =1 +2) =3 =51

(c¢) Forl ={1,2,3,...,n}, where n > 1, there are 3" ordered pairs in the relation R.

Since JU| = n, |P(U| = 2" and so there are (2")(2") = 4" ordered pairs of the form (A4, B)
where A, B C U. From Exercise 18 (above) there are 3" order pairs of the form (A, B)
where A C B. [Note: If (A,B) € R, then so is (B, A).] Hence there are 3" + 3" — 2"
ordered pairs (4, B) where either A C B or B C A, or both. We subtract 2" because we
have counted the 2" ordered pairs (A, B), where A = B, twice. Therefore the number of
ordered pairs in this relation is 4" — (2. 3" - 2") = 4" - 2.3" 4+ 2",

(a) There are 2™ equivalence classes — one for each subset of B.

(b) 27"

(a) (i) BRARC; (ii) BRCRF
BRARCRPF is a maximal chain. There are six such maximal chains.

(b) Here 11 R 385 is a maximal chain of length 2, while 2 R 6 R 12 is one of length 3.
The length of a longest chain for this poset is 3.
() @Y0c{1}c{1,2}c{1,23}Cl;

)0 C {2} C 2,3} C{1,2,3) CU.
There are 4! = 24 such maximal chains.
(d) n!
If ¢; is not a minimal element of (A, R), then there is an element ¢ € A with aR¢;. But
then this contradicts the maximality of the chain (C,R')
The proof for ¢, maximal in {A, R) is similar.
Let a;Ra3R ... Ra,-,Ra, be a longest (maximal} chain in (4, R). Then a, is a maximal
element in (A, R) and a;Ra;R ... Ra,_, is a maximal chain in (B, R’). Hence the length
of a longest chain in (B, R’} is at least n — 1. If there is a chain 5 R'®BR'... R, in (B,R')

of length n, then this is also a chain of length n in (4, R). But then b, must be a maximal
element of (A, R), and this contradicts b, € B.

(2) {2,3,5); {56,7,11}; {2,3,5,7,11}
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25.

26.

27.

(b) {{1,2},{3,4}}, {{1,2,3}, {2,3,4}}; 4

(c) Consider the set M of all maximal elements in (A, R). If this set is not an antichain
then there are two elements a, b € M where aRb or ¥Ra. Assume, without loss of generality,
that aRb. If this is so, then a is not & maximal element of (A, R). Hence (M, (M x M)NR)
is an antichain in (4, R).

The proof for the set of all minimal elements is similar.

If n=1, thenforall z,y€ A, if z#y then zRy and yRz. Hence (4,R) is an
antichain, and the result follows.

Now assume the result true for n =% > 1, and let (A,R) be a poset where the length of
a longest chain is k+1. If M is the set of all maximal elements in (4,R), then M #§
and M is an antichain in (4,R). Also, by virtue of Exercise 23 above, (4 — M,R'),
for R'=((A~M)x(A-M))NR,is a poset with &k the length of a longest chain. So
by the induction hypothesis A ~ M = C,UC3U...UC,, a partition into k antichains.
Consequently, A=C,UCU...UC, UM, a partition into k+ 1 antichains.

(a) Sinee 96 = 2% - 3, there are -;—(162) = 132 ways to totally order the partial order of 12
positive integer divisors of 96.

(b) Here we have 96 > 32 and must now totally order the partial order of 10 positive
integer divisors of 48. This can be done in %(150) = 42 ways.

(c) Aside from 1 and 3 there are ten other positive integer divisors of 96. The Hasse
diagram for the partial order of these ten integers — namely, 2,4,6,8,12,16,24,32,48,96 — is
structurally the same as the Hasse diagram for the partial order of positive integer divisors
of 48. So as in part (b) the answer 1s 42 ways.

(d) Here there are 14 such total orders.

(a) There are n edges — namely, (0,1),(1,2),(2,3),...,(n ~1,n).

(b) The number of partitions, as described here, equals the number of compositions of n.
So the answer is 2",

(c) The number of such partitions is 23~ . 25! = 64, for there are 23~! compositions of 3
and 2°~' compositions of 5(= 12 — 7).
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1.

2.

CHAPTER 8
THE PRINCIPLE OF INCLUSION AND EXCLUSION

Section 8.1

Let z € S and let n be the number of conditions (from among ¢, ¢;, cs, c4) satisfied by z:
(n = 0): Here z is counted once in N(¢,¢3¢4) and once in N(¢;¢;¢32,).

(n = 1): If z satisfies ¢; (and not ¢z, 3, ¢4), then z is counted once in N(¢,¢3¢,4) and once
in N(c1626364).

If = satisfies c;, for ¢ # 1, then z is not counted in any of the three terms in the equation.
(n = 2,3,4): If z satisfies at least two of the four conditions, then z is not counted in any
of the three terms in the equation.

The preceding observations show that the two sides of the given equation count the same
elements from S, and this provides a combinatorial proof for the formula N(¢,c3¢4) =
N (Cx 523364) + N (61626364).

Proof (By the Principle of Mathematical Induction):

If t = 1, then we have N = N(¢;) = the number of elements in § that do not satisfy
condition ¢; = N ~ N{¢,). This is the basis step for the proof.

Now assume the result true for k conditions, where k (2 1) is fixed but arbitrary, and for
any finite set S. That is, N(€1¢;¢3...C) = N — [N(c1) + N(c2) + N(c3) + - + N(a)} +
[N(aic3)+N(eres)+- -+ N(arer) +N(czez)+ - -+ N(czck)+- - -+ N(cack )+ - -+ N(cr-1¢k)]—
[N(crcze3) + -+ + N(ck—z2¢k-1¢)] + -+ - + (=1} N(cic3¢3. .. ).

Now consider the case for ¢ = k + 1 conditions. From the induction hypothesis we have
N(Gi&;. .. Cker1) = N(cks1) = [N(ercis1) + N(c2ce41) + N(escka) + - -+ + N(ckcrs1)]
+[N{crc2er1) + N(crcaciq1) + « -+ + N(erckersr) + N(cacaCrqr) + - + N(czcicisr)
4+ N{cacicis1) + - - + N(ciacrcisr)] = [N{ciczcacipa) + - +

N(ck-2¢k-1ckChir)] + -+ + (=1} N{crcxes . . . ckCigr)-

Subtracting this last equation from the one given in the induction hypothesis we find that
N(Elfgza - Ekzb—ﬂ) = N(E]EQE;; e .T) — N(T482C3. . . BiCiogr )

=N —[N(a1) + N{e3) + -+ + N(ci)] + [N(crcz) + N(eses} + - -+ + N{erar) + N(ezcs)

+ -+ N(czer)+ -+ N{cser )+« - -+ N{ciacr)) — [N(ereze3) + - - - 4 N(Com2Chmsci)] + - -+
(—l)kN(Cx c2¢3. . €)= N(ces1} +[N{c1ckp1)+ N(e2¢k41) + -+ -+ N{crcrr )]~ [N(cresch41) +
N(C;Cack.ﬂ) + -+ N(Ck,16k0k+1)l +--- 4 ('-'l)k'HJ’V(C;Cgcs e c,,c,,“) =
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4.

N—~[N(a)+N{c2)+---+ N(ci) + N{ck1)] +[N(c1e2) + - -+ N(ciew) + N(cicppa) +- - +
N(cu-1¢e41) + N(crcrsr)] ~ [N(crczea) + - - + N(cx—zi-sce) + - - + N(ci—16xChsa )] + -+ +
(=¥ N(cicocs - - - ckCrar)-

So the Principle of Inclusion and Exclusion is true for any given finite set S and any number
t (2 1) of conditions ~ by the Principle of Mathematical Induction.

N =100

N(e1) = 35; N(cz2) = 30; N(c3) = 30; N(cy) =41

N(cic2) =9; N(arcs) = 115 N(cieq) = 135 N(cze3) = 10; N(czeq) = 14; N(cseq) = 10.
N(cicze3) = 8; N(crcaeq) = 6; N(cycscq) = 6; N{cacseq) = 6

N(cicacses) = 4

(a) N(E]Egc;aag) = N(616264) - N(E]Eg6364)

N(€,8;¢4) = N ~ [N(c1) + N(cz) + N(cq)]

+[N(c1¢2) + N(c1es) + N(czeq)) — N(crcoes) = 100 — [35 + 30 + 41] + {9 + 13 + 14] ~ 6
=100 - 106 4+ 36 — 6 = 24

N(¢;¢,¢3¢4) = 12 (as shown in Example 8.3)
So N(E]EQC3E4) =24-~12=12

Alternately,

N(E1e:61) = N ~ [N(c1) + N(c2) + N(cs)] + [N(c1c2) + N(cica) + N(c2aa)] — N(c1c2¢4), so
N(€122¢3¢4) = N(c3) — [N(cics) + N(cacs) + N(cscq)) + [N(crczes) + N(cicsea) + N(cxcses)]
~N(crcesca) =30 —[11+10+10] + [5+6 +6] ~4=30—31 + 17 ~4 = 12,

(b) N(€i€y) = N — [N(¢1) + N(ca)] + N(crcq), 80 N(Tieaescy) = N(ezes) — [N{erczes) +
N(czesca)l + N(crczeacy) =10~ [5+ 6] +4 = 3.

¢y Staff member brings hot dogs

c;: Staff member brings fried chicken

c3: Staff member brings salads

c¢: Staff member brings desserts

N =265

N(ey) = 21; N(c) = 35; N{c3) = 28; N(cs) = 32

N(ciea) = 13; N(cie3) = 10; N(cyeq) = 9; N{ezes) = 12; N{caeq) = 17; N(csey) = 14
N{cicarz) = 4; N{(cieaeq) = 6; N(cresea) = 5; N(cacseq) =7

N(c1eze3¢4) = 2.

(a) N(T)E46sTy) = 65~ [21 4+ 354+ 28 +32] +{13+10+9+ 12417 +14] - [4+6+5+ 7]+ 2=
65 ~1164+75~224+2=4.

(b) N(€:¢3¢4) = N —[{N(c3)+ N(cs)+ N{ca)]+[N(cacs) + N(czeq) + N(cacq)] — N(czcacy), 2o
N(e185€3¢¢) = N(cy)—~[N{(cyc2) + N(eye3) + N{eyea)] +{N(ercae3) + N{cicacq) + N(cycacs)] —
N{ciczeacd) =21 {13 4+104+ 9]+ {4+ 6+4+5]-2=21~32+15~-2=2.

(C) N(61C2(_2354) = IV(CQ) - {N(Clcg) + N(CgC;a) + N(Cgc.;)] + [N(c1Cgc3) 4+ N(C]Cgc.;) -+
N(cgeses)) — N(crcacaes) =35~ [13+ 12+ 17+ [4+64+ 7] -2=356—-42+17-2=8
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N(©1€2¢38) = N(cs)~[N(cics)+ N(cxes)+N(cseq)} +[N(creaes) + N(ereaca) + N czcsea)] -
N(ciegeacy) =28 —[10+ 12+ 14]+ {4 +5+ 7] -2=28~36 + 16 —2 = 6.

N(€12:83¢4) = N(ca)—[N(cica) + N(caca) + N(csca)] +[N{crczea) + N(crcacq) + N(ezcsed)] -
N(cicacsc) =32~ [0+ 17+ 14] +[6+5+ 7] ~2=32~40+ 18— 2 = 8.

So the answer is 2+ 8 + 6 + 8 = 24.

() c: number n is divisible by 2
c;z number n is divisible by 3
cs: number n is divisible by 5
N(c1) = |2000/2] = 1000, N(c,) = |2000/3] = 666,
N(cs) = [2000/5] = 400, N(cic;) = [2000/(2)(3)] = 333,
N(ezcs) = [2000/(3)(5)} =133, N(cies) = |2000/(2)(5)] = 200,
N{cicaes) = [2000/(2)(3)(5)) = 66.
N(:5,5;) = 2000 — (1000 + 666 + 400) + (333 + 200 + 133) ~ 66 = 534

(b) Let c;,c,c3 be asin part (a). Let ¢4 denote the number n is divisible by 7. Then
N(C;) = 285, N(C]Cq) = 142, N(Cng) = 95, N(0364) = 57, N(C;CzCQ) = 47, N(C;CaCQ) =
28, N(CgCva) = 19, N(C]CQC;;C‘) = 0. N(Elégaaég) = 2000 — (1000 + 666 + 400 + 285) +
(333 + 200 + 133 + 142 4 95 + 57) — (66 + 47 + 28 + 19) + 9 = 458

(c) 534~ 458 =T76.

Ty +To+ x3+ x4 =19,

@ osm1sise ()= (3

(b) For 1<i<4 let ¢:2;28.

N(c): s+ ozt zat+za=11: (M) =(}1), 1<i<4
N(cic;): si+x+ 23+ 24 =3: (‘*g ‘) () 1<i<j<4
N(@&ese) = N - 51+ 5 = () - 4(31) +6(3)

(¢) The number of solutions for z; + z; + z3 + 4 = 19 where 0 <z, <5, 0<z; <
6,3 <z3<7, 3<z,<8 equals the number of solutions for z; + z; + 23+ z4 = 13 with
0<2, <5 0<z,<6,0<z3 <4, 0<z4<5. Define the conditions ¢;, 1 <1 <4, as
follows: ¢;: 2126, ¢c2: 22 >7; ¢c3: 23 255 ca: T4 2 6.

N = (3 =(39)
Ne). N(e): o+ o tas+aa=T: (%7 = (¥)
N{ed): o1 +z2+23+24=6: ( ﬁ ) ()

N(cs) :c1+:c3+$3+3'4--3 ( g )"(8)
N(6102)=1
N(6103) I T o B 2 o TR 2: (4+§_1) = (:)
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9.

10.

N{ae): si+ 2+ z3+z4=1: (‘+:_l) = (:)
N{cye3) = (:), N(esxea) =1, N(cseq) = (:)
N@&aed) = (1) ~2(7) + @) + (1 + 20+ () + G))

Let ¢; denote the condition where an arrangement of these 11 letters contains two occur-
rences of the consecutive pair IN. Define similar conditions ¢, c3, cq, c5, and cg, for the
consecutive pairs NI, 10, OI, NO, and ON, respectively. Then

N = S = 111/(2Y)%

Nes) = 9/(21)2, i = (§)19/(2)7;

N(cicz) = N(acs) = N(cice) = N(czes) = N(cacs) = N{cacq) = N(cacs) = N(cacs) =
N{cseg) =0, N(cie4) = 71/2, and S; = (6)[7!/2!]; and

53=Sq=55=56=0.

Consequently, the number of arrangements under the given restrictions is N(¢;€,C3¢4Cs5Cs) =

So — S1+ Sa = [111/(2!)%) ~ (§)[9!/(2)] + (6)[7!/2!] = 4,989,600 — 544,320 + 15,120 =
4, 460, 400.

The number of integer solutions for z; + z2 + 23 +z4 =19, ~5 <7, <10, 1 <i <4,
equals the number of integer solutionsfor 1 + 1+ ya+y4 =39, 0 <y < 15.
For 1<i<4,let ¢;: y 2 16.

N),1<i<4: m+ytys+m=23: (4.;.::-1) = (gg)
N(cic;), 1£i<j<4: p+pt+ptn=": (”;_1) = (170)
N(&18,838,) = (;:) - (:) (:g) + (;) (170 )
Let z be written (in base 10) as z;z;...z7. Then the answer to the problem is the

number of nonnegative integer solutions to =; +z; + ...+ 27 =31, 0 < z; £ 9 for
1<: <7

If 1 <5< 7,let ¢; denote the condition that z,,z,,...,z7 is an integer solution of
Ty +2y+...4+27=31,0<7;,1<i<7, but z; >9 (or z; > 10).

N(c1) is the number of integer solutions for ¢ +z;+z3+...+27=21,0< 1y, 0< z;
for 2<i< 7. Here N(ci) = (3]) and 8, = (7)(Z]).

N(cy¢;) is the number of integer solutions for y;+y,+2z3+...+27 =11, 0 < y1,¥2, 0 < =;
for 3<i<7. Onefinds N(aie;) = (}]) and 85 = (J){}])-

In a similar way we obtain S; = (;) (:) and Sy =S5 =S =97,=0. Since N=5;=
(30), we have M@,z = () - () ) + ) G) - G) 6)-

Here we are working with units of 5 credits. So we are seeking the number of credit

assignments where each question receives at least 2, but not more than 5, units (of 5
credits). Hence the answer is the number of (nonnegative) integer solutions to z; + 23 +
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11.

12.

13.

14.

15.

16.
17.

23+ ...+ z;3 = 16 (units of 5 credits) where 0 < z; < 3forall 1 < ¢ < 12. We find

the answer to be (12+11‘;s—1) _ (112) (12+11:—1) + (122) (12+:—1) _ (132) (12+:—1) + (142) (12+:—1) -
2\ (19 2\ (15 2\ (11

(:;) - (112)(3) + (12)(18) - (13)(4) + (14)(0)'

For each distribution of the 15 plants there are 15! arrangements. Consequently, in order

to answer this question we need to know the number of positive integer solutions for

T1+Z2+ 23+ Za+25 =15, where 1 < z; <4forall1 <1 <5.

This is equal to the number of nonnegative integer solutions for

Vit +ys+ya+ys =10, where 0 < y; < 3forall 1 < i < 5. [Here i + 1 = z; for all

1<i<5]

For 1 <3 < 5 let ¢; denote the condition that y; + ¥y, + ys + va + ys = 10 where y; > 4

(ory; >3)and y; > 0for 1 <j <5 andj#i. Then N(c)is the number of nonnegative

integer solutions for

21+ z3+25+24+25 =6. Here 3 +4 =y, and z; = y; for all 2 < ¢ < 5] This is

(425 = (2), s o 5. = (9.

If1 <1< j <5, N(cic;) is the number of nonnegative integer solutions for

wy+wrt+wi+ws+ws=2. [Herew;+4 =y, w;+4=y;and wy =y forall 1 <k <5,

k£

This is (5"’:"1) = (g) and s0 S; = (g) (g)

Similar calculations show us that S5 = S; = S5 = 0, and so N(€,62€3¢4C5) = So~S51+ 52 =

() -0 00 - (-0 + 00

uently, Flo can arrange these 25 plants, according to the restrictions given, in
DI~ () () + () Q1 were

The answer is the number of integer solutions for z; + 22 + 25+ 24 =9, 0<2; <3, 1 £
1<4. For 1 <:<4 let ¢; denote that z;,z;,z3,z4 is a solution with z; > 4. Then

Nazae) = (3) - ()0 + () 0)-

Let ¢; denote that the arrangement contains the pattern spin. Likewise, let ¢2,¢3,¢4
denote this for the patterns game, path, and net, respectively. N(&;6283¢4) = 26!~[3(23!)+
241 — (20! + 21!)

Let a,b,c,d,e,f denote the six villages. For 1 <i < 6, let ¢ be the condition that a
system of two-way roads isolates vxlla,ge a b, ¢, d, e, f, respectively.

N(c;) =2 S, = ()210 N{cie;) = (6)2 N(ciezes) = 22, S5 = (3)23;
Niciczeaeqy) =28, Sy = (6)2‘ N(C]Lz(_)C4C5) =20 S5 = (5)2", Se = 1.
N(@tataiste) = 2% — (520 + (928 - (22 + (2 - (D2° + ().
6~ (7)5° + ()4 = ()3° + ()2 - ().

- @+ Qe - ().

Let c; : the three z's are together; c¢; : the three y’s are together; and c¢3 : the three
2’s are together.
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18.

19.

N =9/[@)]  N(er) = N(es) = N(es) = T/[(3)1]
N(cie;) =(51)/(3"), 1£i<j <3 N(cicea) = 3!
N(&:éés) = 91/[(31)°%] — 3[7!/[(3!)?%]] + 3(5!/3!) ~ 3!

Here we need the number of integer solutions for
1+ z2+x3 + x4 =50,

where 1 < z; <20 fori =1,2,3,4.
This 1s the same as the number of integer solutions for

th +ya2+ys+ys =46, (*)
where 0 <y; <19 forz=1,2,3,4.

Let S be the set of integer solutions for equation (*) where 0 < y; for 1 < i < 4. Then
N=5S,=|S= (4+:§") = (::). So define conditions ¢;, ¢, c3, ¢4 On the elements of S as
follows:
¢ (Y1,¥3, Y3, 94) € S but y; > 19 (= 20), i = 1,2,3,4. Then
N(e)= ("2 = (B),1<i<4
N{cie;) = (‘“’2") = (Z)s 1<i<i<4
N(cicjer) =0,1 <3< j <k £ 4; and N(ciez¢3¢4) = 0. Consequently,
V(e = S0 5,4 51~ 5545, = (8 () () + () ()
= 18424 ~ (4)(3654) + (6)(84) = 4312.
So the probability the selection includes at least one boy from each of the four troops is
4312/ () = 4312/18424 = 0.234.

Here we need to know the number of integer solutions for
Ty 4+ T+ z3+ 24+ 25 = 20,

where1<z; <6for1 <t <3.
This is equal to the number of integer solutions for

nityatys+ v+ ys =15,

with0 <y, <B8for1 <i<5.
If 1 < i <5 then let ¢; denote the condition that y;,y2, ys, y4, ¥s 18 a solution for y; + y; +
Ys+ys +ys =15, where 0 < y; for 1 < 7 < 5 and j # i, but y; > 6. Then the number of
integer solutions for

ity t+ys+ys+ys =15,

where 0 < y; <5 for 1 <t < 5, is N(€1C;€3¢,465).
N: Here N counts the number of nonnegative integer solutions for y; +y; +ys+ys+ys = 15.
This number is (5"':;") = (l‘:) [Hence Sy = Gg)

N(e1): To determine N(c;) we need to find the number of nonnegative integer solutions
for

nt+zn+tatzitz=9,
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20.

21.

22.

23.

24'

25'

26.

27.

28.

where z; = y; fori # 1, and y; = 2;+6. Consequently, N(¢;) = (5"’9" ) (‘93), and S; =

G ):

N(eic;): Now we need to count the number of nonnegative integer solutions for
w,+w2+w3+w4+w5=3,

where w; = y;, for i = 3,4,5; 31 = wy +6, and y, = w; + 6. This number is (**37*) = (),
and, as a result, we have S, = (g) (;)

Since S3 = Sy = S5 = 0, it follows that N(€1c,¢384C5) = So— S1 + 52 = (xs) (1) (1:) +
(6) (%) = 3876 — (5)(715) + (10)(35) = 3876 — 3575 + 350 = 651.

The sample space here is S = {(z;,%,,23,%4,25)|]1 < z; <6,for 1 < i < 5}. And since
[S} = 6% = 7776, it follows that the probability that the sum of Zachary’s five rolls is 20
equals 651/7776 = 0.08372.

For 1 <i<7,let ¢; denote the situation where the i-th friend was at lunch with Sharon.

Then N(&é,... &) = 84~ (7)(35)+ () (16)~ @‘8)“‘ H@-(E@+ W= =o.

Consequently, Sharon always had company at lunch
(a) 32 (b) 96 (c) 3200

(a) 5186 = (2)(2593), and ¢(5186) = (5186)(1/2)(2592/2593) = 2592.
(b) 5187 = (3)(7)(13)(19), so $(5187) = (5187)(2/3)(6/7)(12/13)(18/19) =
(2)(6)(12)(18) = 2592.
(c) 5188 = (22)(1297), and $(5188) = (5188)(1/2)(1296/1297) = 2592.
Hence ¢(5186) = ¢(5187) = ¢(5188).
(a) 2 (b) 2 (p-1)

#(n) odd =>n=2.

(a) $(6000) = $(2*-3-5°) = 6000(1 ~ (1/2))(1 — (1/3))(1 ~ (1/5)) = 1600.
(b) 6000 — 1600 — 1 (for 6000) = 4399.

Proof: ¢(n™) = (n") [[(1 - -) But for every prime p it follows from Lemma 4.3 that if

pin™

pin™ then pin. Therefore,

$lnm) = (") T1 (1 - —) =" N[ - ")] = n""1g(n).

pin™ pin

$(17) = $(32) = $(48) = 16.

For ¢(n) to be a power of 2 we must have one of the following:
(1) n=2F for k > 1;
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29.

1.

2.

(2) n =pyp;---pi, where t > 1 and each prime p; has the form 2% +1,for 1 <i < ¢t;0r
(3) n = 2*pypy---py, where £ > 1, ¢t > 1, and each prime p; has the form 2% + 1, for
1< <t

If 4 divides ¢{n) then one of the following must hold:

(1) n is divisible by 8;

(2) n is divisible by two (or more ) distinct odd primes;

(3) n is divisible by an odd prime p (such as §, 13, and 17) where 4 divides p - 1; and
(4) n is divisible by 4 (and not 8) and at least one odd prime.

For 1 <t < 5 let condition ¢; denote the situation where the seating arrangement has

Here Sy is the number of ways one can arrange 15 distinct objects around a circular table.
This is (15 ~ 1)! = 14!

N(¢y) = 6(13 — 1)} = 6(12!), for there are (13 — 1}! = 12! ways to arrange 13 distinct
objects [family 1 (considered as one object) and the other 12 people] and 6 ways to seat
the three members of family 1 so that they are side by side. Consequently, S; = (f)6(12!).
Similar reasoning leads us to
N(cicz) = 6%(10) S = ($)6*(10!) N(cicoes) = 6%(8!) S5 = (5)6%(8!)
N(ercacscq) = 6461 Sy = (5)6%(6!) N(aicxcscqcs) = 6%(41) S5 = (5)6°(4Y).

Therefore, N(,€;¢35¢4€) = So — S1 + S2 — Sz + Sq — S5 = Lio(—1) (?)6‘(14 -2 =
87,178, 291, 200 — 14, 370, 048, 000 + 1, 306, 368, 000 — 87, 091, 200 + 4, 665, 600 — 186, 624 =
74,0831, 998, 976.

Section 8.2

5
Y Ei=1024=N.

=0

() Let ¢ denote the condition that the two A’s are together in an arrangement of
ARRANGEMENT. Conditions ¢3,c3,c4 are defined similarly for the two E’s, N’s, and
R’s, respectively.

N = (111)/{(21)*} = 2494800

For 1<i<4, N(c)=(100/[(2))°] = 453600.

For 1<i<j<4, N(cce;) =(99)/{(2")*] = 90720.

N(eicjer) = (81)/(2) = 20160, 1 <i<j<k <4

N(cicaeseq) = T = 5040

Sy = (1)(453600) = 1814400 Sz = (£)(90720) = 544320
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Ss = (3)(20160) = 80640 Sy = ({)(5040) = 5040

() E;= S~ (3)Ss+ (3) S = 544320 — (3)(80640) + (6)(5040) = 332640
(i) Lp=S;~ (})Ss+ (})Sa = 398160

(b) (i) Es=Ss~ (})Ss=60480 (i) Ls=Ss— (3)Sa=65520

. Let ¢; denote the presence of consecutive E’s in the arrangement. Likewise, ¢, cs,cy,

and ¢; are defined for consecutive N’s, O’s, R’s, and S’s, respectively.
(a) N =(141)/(21)°

N{a) = (13)/(20% 51 = ()I(13)/(2)1]

N(aer) = (120/(2)%  S2 = (§)la2)/(2)°]

N(arezes) = (11)/(2)%;  Ss = ()1(11)/(21)?]

N(eiczeseq) = 101/24 Sy = (5)(101/21)

N(cicaeseqcs) =9 = Ss

N(&18,856455) = 1,286,046, 720

(b) Er=8~ (3)Ss+ (§)Sa— (§)Ss = 350,179,200

(¢) Ls=Ss—(3)Ss+ (1) Ss = 74,753,280

. For 1 <i<7 let ¢; denote the condition that : is not in the range of f. Then the

number of functions f: A — B where |f(A)|=4 is E3=S3— (:)54 + (2) S5 — (g)Ss +
(5= (17— () (9+ () ()2° - e+ () o = stssemo
Note: Using Stirling numbers of the second kind the result is (3)4!5(10,4) = 28648200.

Ly =3~ (3)S4+ () Ss = ()Sa+ ()51 = ()4 - Q) (3 + () ()2 - () (O)r™

. Here A ={1,2,3,...,10}, B = {1,2,3,4}. Using the ideas in the first part (of Exercise
4) for |f(A)| =2 we find that E; = 6132. For |f(4)|] < 2 we find that L, = 6136.

. For 1<i<10 let ¢; denote a replacement where card ¢ is placed in its correct place.

N{crcaesca) = 61 Sy = (140)(6!)

In like manner, S; = (*?)(!) for 5<i <10
Ey=58,~- (5)55 + (g)Ss - (;)57 + (ﬁ) Ss — (:)39 + (‘: Sie.
Ly = Su= (385 + (3)Ss = (5) 57+ (355 = ()50 + (5) Swo

. For 1<i<4,let ¢ denote a void in (z = 1) clubs, (i = 2) diamonds, (i = 3) hearts, and

(¢ = 4) spades.

Ne)=(%),1<i<4 Nee)) = (), 1<i<j <4 Naga) = (33), 1 Si<j<k<
4, N(C;CgCaC4) = Q.

Wz = () - () + (O - O
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5.

The probability that the 13 cards include at least one card from each suit is N(&,&,¢3¢,)/ (g) .
(b) E1=5;~— (f) Sz + (:) Ss — (;) Sy = (:) (;’g) - 2(;) fg) + 3(;) (:‘;) — 0. The probability

of exactly one void is E,/ (f: .

(¢) E;=8~— (;’) Ss = (;) (fg) —3(;) (:g) . The probability of exactly two voidsis E,/ (g

(b) Eioy= Si1—tSy Li—y = Ly + E,,

(¢) Ley=Li+ By =S+ Sy — 81 = Sy — (¢ = 1)Se = Sy — (23) S

(d) Lyp=Lypy1+ En

(e) Lg Sg

Liy =841~ (::;)St

Assume Liyy = Sk+l - (ktl)sk+2 + (ktz)SH.:; - .+ (—-1)'_"’_l (t;l) S

Li = Lpys + Er = [Sip1 — (ktl)skq-z + (ktz) Skyz— ...+

(—1)t-k-1 ('ZI)SJ + [Sk — (k':'l) Skt + (k';z) Sitz — ...+ (=1)* (g_tk) Sy

For 1 <r <t~—k, the coefficient of Sy, is (—1)"* (""’;'l) +(~1) (":’") = (-1 (k+
r— DIIRGr = 1) = (b + ) (BIr)] = (=17 [r(k 7+ D)= (k4 )]/ (Rirl) = (LY -1k +
r — DI(=k)/(ktrY) = (-1 (%4771).

Consequently, L; = S; — (k-:)SkH + (',:'f:) Skez — ...+ (=1)F (;::)S,.

Section 8.3

For 1 <i<5 let ¢; be the condition that 2 is in position 2i.
N =104 N(c.-) =9 1 5 1 <5 N(cicj) =8!, 1 <i<j<B5;... ;N(arcaeacqcs) = 5!

(a) There are only two derangements with this property: 23154 and 31254.
(b) Here there are four such derangements:
(1) 231546 (i) 231645 (iii) 312546 (iv) 312645

The number of derangements for 1,2,3,4,5 is 511 — 1 + (1/2!) — (1/3!) + (1/4!) - (1/3")] =
(/2 — (1/3) +(1/4) - (1/8)) = (B)(4)(3) — (5)(4) +5-1=60—-20+5— 1 = 44.

There are 7! = 5040 permutations of 1,2,3,4,5,6,7. Among these there are

T -1+ (1/2) - (1/3) + (1/4) — (1/5Y) + (1/6}) — (1/7})] = 1854 derangements. Con-
sequently, we have 5040 — 1854 = 3186 permutations of 1,2,3,4,5,6,7 that are not derange-
ments.

(a) T'—d7 (d7 =(M)e™1); (b) doe = (26!)e!
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10.

11.

12.

13.

14‘

(a) There are (d,)* = 9? = 81 such derangements.
(b) In this case we get (4!)? = 24? = 576 derangements.

Let n = 5+ m. Then 11,660 = d5 - dn = 44(dn), and so d,, = 265 = dg. Consequently,
n =11.

(a) (4Mds = (4!)'13—1 (b) and (c) (2)(32)(6)/{(4!)2e'1]
(100)d;o = (101)%(e™ 1)

(2) () du/n! (it) n(dn_y)/n! (iii) 1 (dn/nl) (i) [(})da-r)/n!
(b) (i) et (ii) e™? (1iii) 1 —¢! Gv) (1/rh)e?
(a) (dm)2

(b) For 1 <1 <10 let ¢; denote that woman i gets back both of her possessions.
N = (101)?; N(¢) = (9!)?% 1 <i £ 10; N(cic;) =(8Y)?%, 1 <i < j <10; etc.

N(&&,...&0) = 1002 = (V) (907 + (P82 — ... + (=1)°(¥) (0.

(a) (12)die (b) (12)(7)do

For each n € Z*, n! counts the total number of permutations of 1,2,3,...,n. Each
such permutation will have & elements that are deranged (that is, there are k elements
Ty, T2,-.-,%k in {1,2,3,...,n} where z; is not in position z,, z; is not in position z,,...,
and z is not in position ;) and n — k elements are fixed (that is, the n — k elements
Y1, ¥2, - >Yn—k in {1,2,3,...,n} — {21, %2,..., 7} are such that y, is in position y;, y; is
in position y,..., and y,_, is in position y,_;).

The n — k fixed elements can be chosen in { " k) ways and the remaining k elements
can then be permuted (that is, deranged) in d; ways. Hence there are (n'_‘ k) dy = (:)d,,
permutations of 1,2,3,...,n with n — k fixed elements (and k deranged elements). As k
varies from 0 to n we count all of the n! permutations of 1,2,3,...,n according to the
number k of deranged elements.

Consequently,

ol = (g)do+ ('1‘)«1l ¥ (’;)«m... + (Z)d - é(:)dk.

(a) For 1 <i<n-1 let ¢ denote the occurrence of the pattern (i + 1) in the linear
arrangernent

Nie)=nh-1)l, 1<i<n-1

N(gej)=(n-2)} 1<i<j<n=-1

N(cejer)=(n-3)), 1<i<j<k<n-~1,...,

N{ciez...en)=(n—(n -1}
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15.

16.

N(&&E.. T} =nl= (")~ D+ () =2 = (") (n =3 +...+
() =R+ D)) (= (= 1)

() dytduy == (Dn~)+ (-2 — ...+ ()" () (n —n)+

[(n =~ = ("= + ()=~ + () (T (= 1) = (n = 1))
The coefficient of (n —k)! in dy+dasy is (~1)*() + (=11 (371) =

(=1 [[(n~1)!/[(k = 1) (n — )} [t/ [RiCn — B} = (1) [[k(n — 1)t —nt) /[l (n — )]} =
(=1 (n — DY(k — n)/[Ki(n — B)]] = (~1)*(n ~ DYk - k — 1)1 = (<1 ("3).

Q- = F -2+ G =3 — ...+ (=)™ (" )O) + (=)~ (%)
(a) (11,088)/(10!) = 0.003 (b) (13,264)/(10!) = 0.004

Sections 8.4 and 8.5

These results follow by counting the possible locations for the desired numbers of rooks on
each chessboard.

Consider a chessboard made up of 10 squares arranged in a diagonal so that in each row
and column there is only one square.

@ (o + (8= + () 1a? +()(8 7-6)2 + ((8-7-6-5)a* + ...+ ()(8)* =
w2 (3) P8, i)', (b) T, (})P(n,i)af

r(C1,z) = 1+ 4z + 32 = r(C>, z)

(a) (i) (1 +2z)° (i) 1+ 8z + 14z% + 448

(i) 1+ 9z + 252 + 215° (iv) 1+ 8z + 16z?% 4 723
(b) If the board C consists of n steps, and each step has k blocks, then r(C,z) =
(1 + kz)".

m

(a) Select the k row positions in ( kl ways. As we go from row 1 to row 2to ... to row
m, for the first row containing a rook there are n column choices. For the second such
row there are n — 1 column choices, ..., and for the row containing the k-th rook there
a.re n—k 41 column choices. Hence we can arrange the &k identical nontaking rooks on

in (7))n—-1)--(n—k+1)= {k*)("‘)( ) ways.
(b) r(C,) = 1+ (mn)z + (3)(n)n ~ 1)z? + (F)(n)(n — 1)(n — 2)® + - + (W) (n)(n -
1)(n ~2)-(n~m+1)z™ = (3) + (T)nz + (3)(n)n - 1)a? + (T)(n)n - 1)(n ~ 2)z> +
+(R))(n=1)(n~2)-+ (n=m+ 1™ = T (T)(0)n = D) ~2)- - (n—i+ Da' =
i (7wt
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9.

10,

(1) Jeanne
(2) Charles
(3) Todd
(4) Paul
(5) Sandra

r(C,z) = {1 + 4z + 32?)(1 + 4z + 22?) = 1 + 8z + 212? 4 2023 + 6z

For 1 <: <5 let ¢; be the condition that an assignment is made with person (i) assigned
toa language he or she wishes to avoid.

~ 8(41) + 21(8!) — 20(2!) + 6(1!) = 20.

The factor (6!) is needed because we are counting ordered sequences.

(a) 20

1

5

2

4

6

N(eys...8%) =

(61)(160)/1(28)°] = 0.00024.

My

My

Mg

fe! -

(b) 3/10

r(Ciz) =(1+4zx+22%) - (1+3z+2%) - (1+2) =
1+ 8z + 222% + 252°% + 1224 + 2z5.

For 1 <i<6,let ¢; denote the condition where,
having rolled the dice six times, all six values occur
on both the red die and green die, but i on the red
die is paired with one of the forbidden numbers on
the green die.

8(5') + 22(41 — 25(3!) + 12(2!) — 2(1!) + 0(0!)} = 160.
The probability that every value came up on both the red die and the green die is

W

My

Mg

N{(€1836364)

r(Cz)y =145z +42*) (1 + 4z +32*) =1+ 9z +
27z° + 31z + 1224,

For 1 <:<4,let ¢ denote the condition where
each of the four women has been matched with one
of the six men but woman i is paired with an incom-
patible partner. Then

=(6-5-4-3)—9(5-43)+27(4-3) - 31(3) + 12 = 63.

221



12.

Consider the chessboard C of shaded squares.

Here r(C,z) = 1 + 8z + 2022 + 17z + 4z*. For any one-to-one function f : A — B, let
1, ¢z, €3, ¢4 denote the conditions:

a: f(l)=vorw aa: f@)==z

ca: f(2)=wuorw ¢s: f(4)=v,z,0ry
The answer to this problem is N(&,¢;¢3¢4) = 6! — 8(5!) + 20(4!) — 17(3!) + 4(2!) = 146. So
there are 146 one-to-one functions f : A — B where

£(1) # v, f(3) # 2

f(2)7éu$w f(4)7év,:c,y.

Supplementary Exercises
We need only consider the divisors 2,3, and 5. Let ¢, denote divisibility by 2, ¢,
divisibility by 3, and c¢3; divisibility by 5.

N = 500; N(a1) = |500/2] = 250; N(c;) = |500/3] = 166; N(cs) = |500/5] =
100; N(cic2) = [500/6] = 83; N(cics) = |500/10] = 50; N{coe3) = |500/15] = 33;
N(C]CgC3) = LMO/%J = 16.

N{€,18,8) = 500 ~ (250 + 166 + 100) + (83 + 50 + 33) — 16 = 134.

Let n = ninanzngnsghig, where 0 S n; S 9foril S ) S 6. We want n;+ng+n3+n4+n5+n6 S

37. Hence the answer to this problem is the number of nonnegative integer solutions for
ny + nz + ng + ng + ns + ng + ny = 37,

where 0 <n; < 9for 1 €1 <6, and 0 < ny (<L 37).
For 1 < i < 6 define the condition ¢; as follows: n,,n3, n3, ny,ns, ng, n7 is a nonnegative
integer solution for

ny4+ny+...4+ny, =37
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but n; > 9 (or n; > 10).
T+37-1 43
S°‘N‘( 37 )‘(37)
N(c1) 1s the number of nonnegative integer solutions for z; + z, + z3 + ... + z7 = 27 —
here z; +10 =n;,and z; = n; for2<i < 7. So N{(e;) = (7+:;-1) = (;2) and S = ( )( )

N(ecic,) is the number of nonnegative integer solutions for yy + y2 +ya + ... +y7 = 17
—here y1 + 10 = ny, y2 + 10 = ng, and y; = n; for 3 < i < 7. This is (7+}; ’) (%), and

s 5 = () ()

N(cicqc3) counts the number of nonnegative integer solutions for z; + z2423+... 42, =7,
where z; + 10 = n; for 1 <: < 3, and z; = n; for4 <1 < 7. So N(ciczc3) = (7"’;'1) = (173
and S5 = (3)(7)-

Since Sy = S5 = Ss = 0, the answer to this problem is

N(¢1CC3...C) =So— S1+ 52— 53+ S4— S5+ S6 = ( 7) - (‘:) (22) + (g) f‘;) - (§) (173) =

930,931.

For each distribution of the 24 balls (among the four shelves) there are (241)/(6!)* possible
arrangements. Hence we need to know in how many ways the boys can distribute the balls
for the given restrictions. This is the number of integer solutions for

T+ x +x3 + 4 = 24,

where2<z; <T7foralll <:<4.
This equals the number of integer solutions for

h+y+ys+ys= 16,

where 0 < y; < 5forall1 <i<4. [Herey;, +2==z;foreach1 <i < 4]
For 1 <t < 4 define ¢; to be the condition that y,,y;, y3, ¥4 13 a solution of

h+ya+ys+ys= 16,

where y; > 5 (or y; 2 6) and y; > 0 for all 1 < j < 4, 5 # i. Then, for example, N(¢,) is
the number of nonnegative integer solutions for

w; + wy + wg + wy = 10.

{Here w; +6 = y; and w; = y; for ¢ = 2,3,4.] So N{¢;) = (4-4-10— ) = ( )Md Sy = ()(!3)

10

Similar arguments show us that N(c,¢;) = ('“‘:"’) = (:) and §; = (;) (:); and
Sa = 34 ={.
Therefore the number of distributions for the given restrictions is

v~ (2) - ()(3)+ ()
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and Joseph and Jeffrey can arrange the 24 balls in
e ()-()2) - ()

Here S = {1,2,3,...,1000} and N = Sp = 1000. We define the conditions c;, c;, €3 on the
elements of S as follows:
ci: n € S and n is a perfect square;
c;: n € S and n is a perfect cube; and
ca: n € S and n is a perfect fourth power.
Then N(Cl) = 31, N(Cg) = 10, N(Cs) = 5,
N(eicz) =3, N(cics) = N{c3) =5, N(cacs) =1, and
N(eiexe3) = N(czcs) = 1. Consequently,
N(E,E,Es) = So - Sl + Sg - Sa =
1000 ~ [31 + 10+ 5] + [3 + 5+ 1] — 1 = 1000 — 46 + 9 — 1 = 962.

ways.

Let ¢; denote the occurrence of the pattern iz +1) for 1 <i1 < 7.
The occurrence of the pattern 81 is denoted by cs.

For 1<¢<8, N(¢;) =T N(cic;) =6!, 1 <1< j<8; ete.
N(@g...&) =81— ()7 + (5)6! - ()8! +... + (1) (§)1! = 14832.

(a) Label the walls of the room (clockwise) as 1,2,3,4, and 5. Let ¢, denote that walls 1,2
have the same color. Condition c; denotes that walls 2,3 have the same color. In a similar
way we define conditions c3 and ¢4, while ¢5 denotes that walls 5,1 have the same color.

N=F;N()=k,1<i<5 N(ag)=F,15i<j<5;
N(C,'Cjcl) =k31<s <j<£<5

N(cicieiem) = k,1 €1 < j <€ <m < 5; and N(cieacseacs) = k.
So N(&riststats) = k° — ()t + () — ()2 + ()& - ().
(b) For k = 1,2 this result is 0. For k = 3 the result is 30.

For 1 €1 < 10, let ¢; denote the condition where student i occupies the same chair before
and after the break. Then the answer to this exercise is N(¢,¢;¢3...%10) =
So—S814+ 5 ~8+-+ S

Here S, = (}3)10! = (14)(18)(12) - - (5).
N(a) = (193)9! = (13)(12)---(5), and by symmetry N(c¢;) = N(¢;) for 2 < ¢ < 10. So
5= (9)(B)o

N(cicz) = (3)8! and 8, = (§) (V)8!

224



10.

11.

In general for 0 < k < 10,
10\ /14 -k
- — !
Sy (k)(lo—k)(m k)

and N(G&%. .. So) = Lilo(—1)*Sk = Ti%0(~1)* () (1425) (10 — k)! = 1,764,651, 461.

= (") Smar + ("2 sz — o+ (=1 (1) S~ o+ (1) (2) S

Si = ( )( )("") ("'2') - "("1)') (n—1)*""", where ( ) is for the selection of the ¢ contain-
ers (from the n possible distinct containers), each of which will contain exactly r elements.
The product (:) (":') e ("("r'”') is for the selection of r distinct objects for each of the
i distinct containers. Finally, (n — 1)*~" appears because for each of the remaining s — ir
objects there are n — ¢ containers to select from.

( )(.—r) (s—zr) . (a- :—l)r) TE'::")!!_(E)"'
(5 =7 () O =

)-—ar

= (D) " e e G (™
= (=1 ZE[(—1)}(n = P ~"I/[(E — m)(n — iY(s — ir)l(r!)']
and Ep, = (~1)" 2 5 (~1) oSy
The total number of arrangements is T = (13!)/[(2!)%].
(@&-(mewm

« = (Dlen/2N]

s = (5)(8

_m-@&+ﬁwn

() By =[Si— () Sl Es =S
The answer is [T — (E4 + E;)}/T.

Let ¢; denote that the arrangement contains a consecutive quadruple of (i = 1) w’s; (¢ = 2)
z’s; (i = 3) y's; and (i = 4) 2’s.

N =16//(4) N(c;) = 131/(41)%,1 < i < 4; N(¢icj) = 10Y/(41)%,1 < i < j £ 4; N{cicier) =
/(41,1 <i<j<k<4;N(cieacscq) = 4!

N(&&,58) = [161/(a1)4 — () {13/(40% + () 1101/¢4)?) ~ () (n/4) + ((ah)

@ (o) =G

(b) Let A= {z1,22,...,Zm,Ym+1,...,¥n}. For 1 < ¢ < m let ¢; denote that r elements
are selected from A with r > m and z; is not in the selection.

N=() Ney=(T)rgi<ms=(0)(7)
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12.

13.

14.

185.

N(aie)) = ("), 1<i<ism S = (7) (%), ete.
(%) = N@ze- .. en) = Zmo(~1(7) (7).

(a) Define conditions ¢;,1 < ¢ < 5, as follows:
¢;: a8 and b have the same color.
¢2: b and ¢ have the same color.
cs: b and e have the same color.
¢s: c and e have the same color.
¢s: c and d have the same color.

N=AN(c) =2,1<1<5N(cic;) = A%,1 <1 <5 <5
N{czcseq) = A3, N(cicjer) = A% for all other 1 i< j < k < 5;
N(aiczeses) = N(czescqcs) = A2, N(cycpcacs) = N(cycacscs) =

N(eyeacqes) = Ay N(ercaeseqcs) = A

For A = 1,2, this result is 0. When A = 3 the result is positive and so the chromatic
number is 3.

(b) Draw a graph with a vertex for each room. If two rooms share a common doorway
draw an edge connecting their corresponding vertices.

The result is the graph in part (a) and the answer is 6° — 5(6*) + 9(6%) — 7(6%) + 2(6) = 3000.

Consider the derangements of the symbols L,A,P;,T,0,P,. There are dg such arrangements.
Of these there are
(i) d, arrangements where P, is in position 3 and P; is in position 6;

(ii) ds arrangements where P, is in position 6 and P, is not in position 3; and,

(iii) ds arrangements where P, is in position 3 and P; is not in position 6.
There are dg — 2ds — dy such arrangements of L,A,P,,T,0,P;. Hence there are (1/2)[ds —
2ds — dy] = (1/2)[265 — 2(44) — 9] = 84 ways to arrange the letters in LAPTOP so that
none of L,A,T,Q is in its original position and P is not in the third or sixth position. [Why
the 1/2? Because we do not distinguish arrangements such as P, LAP; TOand P, L A
P, TOJ)

Proof: Let n = ¢gm where ¢ is prime and m > 1. Then ¢(r) = nJ] t:,t,;,m(l ~(1/p)) <

n{l — (1/q)). Consequently, n — 1 = ¢(n) < n—~(n/g),or 1 > n?q =m>1—a
contradiction!

(a) S ={1,5,7,11,13,17} S, = {2,4, 8, 10, 14,16}
Ss = {3,15} Se = {6,12}
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16.

17.

18.

(b) |81} =6 = ¢(18) |Ss] = 2 = ¢(6) |Ss| = 1 = ¢(2)
|S3] = 6 = ¢(9) |Sel = 2 = ¢(3) [Sisl =1 = ¢(1)

(a) Let k € Z*,1 < k < m. Then ged(k,m) =d < m, for some d € D,,. If k €
Say, Sa, then d; = ged(k,m) = d,. So the collection Sy, d € D,,, provides a partition of
{1,2,3,4,...,m ~1,m}.

(b) Recall that ged(n,m) = d if and only if gcd(n/d,m/d) = 1, so |Sy4] = [{n|0 < n <
m and ged(n,m) = d}| = |{n|0 < n/d < m/d and ged(n/d, m/d) = 1}| = ¢(m/d).

Proof:
(a) I n is even then by the Fundamental Theorem of Arithmetic (Theorem 4.11) we may
write n = 2*m, where k > 1 and m is odd. Then 2n = 2**1m and ¢(2n) =

(21 ~ Dé(m) = 2*4(m) = 22)(})¢(m) = 2[2*(1 ~ })¢(m)] = 2[¢(2"m)] = 24(n).
(b) When n is odd we find that ¢(2n) = (2n)(1 ~ H]J(1 - i—), where the product is taken
Pin
over all (odd) primes dividing n. (If n = 1 then H(l—-l-) is 1.) But (2n)(1-H]J(1 —%) =
pin pin

1
aJ](1 - ;) = ¢(n).

pin

Proof:

Let a = pi"'py? ---pi* and b = p'py* - - - p*, where py, ps,...,p; are distinct primes, and
my, My, ..., My, N1, Ng,...,0 € N. Then ¢ = ged(e, b) = p',mn{m""‘}p?m{m""’} . prin{mened

So ¢(ab)é(c) = . )
[P gyt e (= A = )= ) TT AP — —) and

1<i<s
min{m; n;}3#0

sarsve= | I a5 | 7o) [ o]
o 7S P i Pi | kit

For 1 < i <t we shall verify that we get the same factors involving the prime p; for beth
#{ab)d(c) and $(a)é({b)c. This will then establish that ¢(ab)é(c) = ¢(a)d(b)c. We consider
the following cases:

(1) min{m;,n;} =0: Say 0 = m; < n;. (The same type of argument applies if 0 = n; <
m;.} Then in ¢(ub)g(c) we find p*(1 — 3}, and in $(a)¢(b)c the term is also p*(1 — L).
(2) min{m;,n;} = m; > 0: (The same type of argument applies if 0 < n; < m;.) {{ere

-

we find the term pft™i(1 — i)p}"‘(l - ;1'-) in ¢(ab)¢(c), while the corresponding term in
Ha)g(b)e is pF(1 — L)pl (1 ~ )™ = g1~ Lyp (1 =~ 1)
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19. a) d,(12!)*
b) ({)ds(12!)*
c) d4(d13)4

228



5.

6.

CHAPTER 9
GENERATING FUNCTIONS

Section 9.1

The number of integer solutions for the given equations is the coefficient of

(a) z2¥ in Q+z+2%+...+2")4

(b) z° in 1+z+z*+...+2°)°(1 422 +z* +... + %) or
A+z+z2+.. )20 +22+2t+...)%

(c) 2 in (B2 + 3 +z) P+ +... + 5L

(d) z¥ in Q+z+22+... 42031 +2? + 2z +... + %)
(z+z2+2°+...+ %) or
A+z+22+.. 0 1+22 42 +.. Yz + 22 +25+..)).

(d) QA+z+22+...42%)° or 1+z+22+...)p

(b) (z+z*+...4+2%)P or 25(1+z+2%+...)°

(c) (*+2*+...42®) or (A +z+2*+...)°

(@ QA+z+z2+... +2¥) (20 + 2 +...+2%) or
A+z+224+.. )20+ 21 + 22+ ...)

(e) 0+ +...+2¥)(1+z+2?+...+2%)P or
(z°+z"+ .. P +z+22+...)°

(a) The generating function is either (1+z+z?+2%+...+2%P or 1 +z+2%+2%+...)5
[The number of ways to select 10 candy bars is the coefficient of z° in either case.]

(b) The generating function is either (14+z+2?+z%+...+z" ) or (1+z+ 22 +23+...)".
[The number of selections of r objects is the coefficient of z” in either case.]

{a) The first factor counts the pennies; the nickels are counted by the second factor.
(b) fle)=(1+z+2*+... )1+ +2"0+.. N1 +20+220+..))

a+ecztcates =20, -3<¢,0, -5<e3<5,0<¢
(3+c)+(3+e)+(5+c3)+ecg=31

Y+ T2+ T3+ Ty = 31, 0 < ZT1,T2,T4, 0 <z < 10.

Consequently, the answer is the coefficient of z* in the generating function
(Q+z+22+... P20 +z+2%+...+ 219

(a) (14 az)(1+bx)(1+cz) - (1 +rz)(1 + sz)(1 +1z)
(b) (1 + az + a%z? + a®2*)(1 + bz + b*2? + b%23)- - - (1 + tz + 32% + t323).
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10.

Section 9.2

(a) A+=)f (b) 8(1+z) () (1+2)!
(d) 6z3/(1+z) (e) (1—2)"1 (f) 2*/(1-ax)
(a) —27,54,~36,8,0,0,0,... (b) 0,0,0,0,1,1,1,1,1,...

(c) fz)=23/1~2)=2*1+z°+2*+2%+..|=22+2°+2"+2°+...,50 f(2)

generates the sequence 0,0,0,1,0,1,0,1,0,1,...

(d) f(z) =1/(1+3z) = 14+(=3z)+(-3z)* +(-3z)*+..., 50 f(z) generates the sequence
1,-3,32 35, ...

() f(z)=1/(3~-z)=(1/3)[1/(A~(z/3))] = (1/3)[1 + (z/3) + (=/3)* + (z/3)* +.. ], s0
f(z) generates the sequence 1/3,(1/3)%,(1/3),(1/3),...

() fz)=1/1-2)+3"-Nl=(1+z+z2+2°+...)+ 32" ~ 11,50 f(z) generates
the sequence ag, @y, G, ..., where ag = —10, a; = 4, and a; = 1 for all : # 0, 7.

(8) 9(2) = F(2) — 52> + 32°
(b) g(x) = f(z) — asz® + 3z° — arz” + 727
(c) 9(z) =2f(z) — 261z + = — 2a3z> + 32>
(d) g(z) = 2f(z) +[6/(1 —z)] + (1 — 2a; — 5)z + (3 — 2a3 ~ 5)z> + (7 — 2a; — 5)z’
(155) (35 )(210)
(a) (—;5)(_1)7 = (__1)7 (15+77-1)(_1)7 = (271)
) ()Y =y ()Y = (F)
(—86)(__1)8 = (—1)8 (6+g—1)(__1)s - (1:)
@) - OEED+EE) =6 - 06 +6)
@ () +E+) ®) () +6)+E)
(C) (:) + (rtl) + (r:Q)
(a}) 0 () (-1 -s( 1" = (1) ~5(2)
(@ G+ OE)ED+ Q)Y+ QD2+ ) ) =
() + (6D + (6 + G) 62 + ()
(a) (ZB+z*+.. Y =z1+z+2°+...)" =2"%(1 —z)™*. The coefficient of z'* in
(1-2)* is ()02 =02 ()Y = ().

(b) (B +z*+...+2°) =z?(1+z+22+...+2°%)". The coefficient of z'* in [(1-2z)"/(1—
D = (1—2"(1-2)* = [1~d"+...+2®) () 4.+ (F) (=) +.. + ()22 +. ]
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11.

12.

13.

14.

15.

16.

is (~4)(3)(-1F + () (- = @1 () + (5) = (3) - 4()-

Consider each package of 25 envelopes as one unit. Then the answer to the problem is
the coefficient of z'* in (28 4+ 27+ ... +2%® + %) = z22(1 + z 4 ... + z3%)%. This
is the same as the coefficient of z* in [(1 - z3¥)/1-2z)! = 1 - z¥)(1 —-2)* =

[1—4x35+6z7°—...+:c“°][(_04)+. ( )(-—:1:)26+ +( )(-— ). +('4)(-—:4':)96 ]

Consequently the answer is (;:)(—-1)96-— ( )( 1)‘“+6( )( ~1)% = (98) 4(2:)+6(§:).

(a) The coeflicient of z** in (*+2*+... =21 +z+22+.. 0 =21 ~-2) 3 =

10[( )+Q(_x)+( )( P +..] is (— g(-—l)“=(-—1)“(5+“ 1)( 1)14_( ) This

is the number of ways to dxstnbute the 24 bottles of one type of soft drink among the

surveyors so that each gets at least two bottles. Since there are two types, the two cases

. . » - 2
can be distributed according to the given restrictions in (:f) ways.

(b) The coefficient of z? in (z® +z*+...)° is (193) and the answer is (:g) (193).

(z+2% +2° +24 425+ 292 = (1 -2%)/(1 - 2)]"? = 2*((1 - =)*)*((3°) + (}*) (—2) +
("2‘2)( —z)2+...]. The numerator of the answer is the ¢oefficient of z® in (1 -—xs)'z[(loz) +
(_ln)(_x) +..)=[1- (112)1:6 + (12) 12 _ (12)1:18 +. +zn][(-12) (-12)(__1’,) +...] and

his equals ()1 - (3) () (-1r+ (3) () -0e - (D)) = () - ()2 +

g:: ) (167) - ('32). The final answer is obtained by dividing the last result by 6%, the size of
t

e sample space.

(22 4+ 23 + 24 + 25)%(2% + 21°) = 2?(1 + z + z? + 2%)3(1 + 2°)?, so we need the coefficient
of z1 in [(1-zY)/(1-2)P(1 +22° + 2% = (1 - z4)°(1 — 2)"%(1 + 22° + 21%) =
(14 @) =2+ () (=2 +-. -+ (=2U(7) + () (=2) + () (=) +.. (1 +22° +229).

This coefficient is [(14)( 1)“+2( )( 1)9+('8)( 1)4}-—()[(;:)(—1)‘°+2('58)(_1)5+
N+ QUL + 2301 = G = 16D +2(5) + (1~ OIE) +
2(%?) + (’)]+(){('3)+z()]—()() This result is then divided by (4%)(22), the size of

the sample space, in order to determine the probability.

Here we need the coefficient of z" in (1+z+22 422 +.. )1 +22+21+..) =

(1/(1 —2))*(1/(1 - =%)) = (/1 - =)P’(1/(1 + z))-
Using a partial fraction decomposition, - 5w &ﬁi zﬁjlf—% + -(11—'!1,- + .ﬂ%,
where the coefficient of z* is (—1)"(1/8) + (1/8) + (1/4)( )(-1)" (1/2)('“3)(—1)" =

(1/8)(1 + (-1 + (/9 (") + (1/2("F).
For the hamburgers we need the coefficient of z'? in (z +2?+ ..} 2* +23+...) =
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17.

18.

19.

20.

z7(1/(1 — z))*. This is the coefficient of z°® in (1 -z)™ i.e, ('54)(-—1)5 = (ﬁ).

For the hot dogs we need the coefficient of z'® in (23 +z'+... )1 +z4+22+...+2°)° =
3(1/(1 -z))((1 -—:c?/%l —z))3. This is the coefficient of z'? in (1-2z%)}(1-2z) ' ={1-

l-2z
()e+ ()22~ 2(F) + () (=) +. . Jie, (H02-O)G)=1+() (2,‘)(_1) =
Ga) = () + G ()-

the rule of product the total number of distributions for the prescribed conditions is
G~ OE 00
(l—z-22 -2 -2t -2 -2 ' =[1-(z+2? +2® +2* + 2° + 2)]!

=1+Sz+x2+...+x6l+§x+x2+...-i-zs)21+g:c+:c2+...+x°):i+

onevroll two rolls three rolls

where the 1 takes care of the case where the die is not rolled.

(1 -4z)™ V7 = [(';/2) + ("1/2)(—41:) + ("2/2)(-—43)2 +...). The coefficient of z" is
V)=

(=1/2)—n+1)(=1/2) —=n +2)---((-1/2) - 1)(-1/2)(_4),. -

n!

(1420 —2)(1 +2n —4)--- (1 +2)(1)
n!

(271 - 1)(2n - 3) o (5)(3)(1)(2)1; =

n!

[(2n —1)(2n - 3) - -- (5)B)D2")(nY) _ (2n)! _ (271).

@r =

nin! nin!

{(a) There are 2°~! = 27 compositions of 8 and 2!5/2 = 2* palindromes of 8. Assuming each
composition of 8 has the same probability of being generated, the probability a palindrome
of 8 is generated is 24/27 = 1/8.

(b) Assuming each composition of n has the same probability of being generated, the
probability a palindrome of n is generated is 2(7/2) /271 = 2in/3]-n+1 . 91-Tn/2}

(a) If a palindrome of 11 starts with 1, then that palindrome ends in 1. Upon removing
‘14’ from the start and ‘41’ from the end of the palindrome, we find a palindrome of 9.
And there are 212 = 2¢ = 16 palindromes of 9.

Similar arguments tells us that there are 2"/% = 8 palindromes of 11 that start with 2,
23/2} = 4 palindromes of 11 that start with 3, and 213/2 = 2 palindromes of 11 that start
with 4.
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21'

22.

23.

24.

25.

26.

27.

28.

(b) For the palindromes of 12, we find that 21%/2} = 32 start with 1, 2!#/% = 16 start with
2, 216/2} = 8 start with 3, and 214/ =< 4 start with 4.

The number of palindromes of n that start (and end) with ¢ is the number of palindromes
of n — 2t. This is 21(*—20/2],

Suppose a palindrome of n has an even number, say 2k, of summands. Let s be the sum
of the last k summands. Then n = 2s, contradicting n odd.

Let n = 2k. The palindromes of n with an even number of summands have a plus sign at
the center and their number is the number of compositions of k — namely, 2*-? = 2(»/3)-1,

Since there are 2"/? palindromes in total, the number with an odd number of summands
is 2n/2 — 2(n/2)—1 — 2u/2(1 _ %) - 2n/2(]2_) - 2(1;/2)—1_

(a) The number of palindromes of 10, where all summands are even, equals the number
of palindromes of 5, which is 215/ = 4,

(b) 2% =8

(c) 2~/4

(a) Pr(Y =y) = () () ¥ =1,2,3,....

(b) and (c) Using the general formulas at the end of Example 9.18, with p = 1 and

g=1 —-p = 6, it follows that
EY)=1=qgg 76 = 6, and

oy = Wu (Y) = v/a/p* = \J(5)/(2)? = /(3)(36) = V30 = 5.477226.
Here we want 3.2, Pr(Y = 2:).

12, Pr(Y = 21)—233:( R =@ TR ()P = (UG )+(3)3+(6)5 )=
(l)(e)[1+( )2+( &+ ]_(36)'__({)" (36)'{—('2."_(36)11"_(36)( )= 12'

Let the discrete random variable Y count the number of tosses Leroy ma.kes until he gets
the first tail. Then Pr(Y =y) =(2p-1(1),y=1,2,3,....

Here we are interested in Pr(Y = 1) +Pr(Y =3)+ Pr(Y = 5) +---=(F)+EPG)+
@)+ = B+ BF + (B + 1 = Bdys = B = DO = &

Since E(Y') = 1 =1, the probability of success for each Bernoulli trial is p = .

(a) Pr(Y =3) = 4% (3) & = 0.139942.
(b) Pr(Y = 1) = (7) and UPrY = 2) = (4 N =R soPr(Y 23 =1-(3)-(§)) =

ka

19-21-12 = 18 = (,326531.
Alternately, Pr(Y > 3) = (3)*(3 )+(“‘)’( DHER =GO+ D+E+ )=

O =P S =t
(c) Pr(Y 2 5) =T (3 (3) = {( MR+ GY3+ G D+l =@OL+ )+
(3P +--I=( )"(g)*:%r—( ) = &% = 0.106622.
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29.

30.

31.

32.

Pr(Y>25andY > 3)

(d) PrY 2 )Y 2 3) = =555

4 2
()
(e) Pr(Y 2 6)[Y 2 4)=($)°(3)° = (3)*
(f) Var (Y) = ¢/p?, where g = 1—p =$. So Var (Y) = (})/(3)* = )/ (H) = G} ¥) =
Consequently, oy = /28/9 = 1.763834.

= Pr(Y > 5)/Pr(Y 2 3) = (3)/(3)" =

(a) The differences are 3 —1,6 —3,8—6,15—8, and 15— 15 - that is 2,3,2,7, and 0,
where2 +3+24+7+0=14.

(b) {3,5,8,15}

(c) {t+a,l+a+bl+a+b+c,l+a+d+c+d}

Using the ideas developed in Example 9.17, we consider one such subset: 1<1<3 <
6 < 10 < 15 < 30 < 42 < 50. This subset determines the dnﬁ'erences 0,2,3,4,5,15,12,8,
which sum to 49.

A second such subset 1s 1 <7< 9 <15 <21 < 32 < 43 < 50 < 50, which provides the
differences 6,2,6,6,11,11,7, 0, which also sum to 49.

These observations suggest a one-to-one correspondence between the subsets and the in-
teger solutions of ¢; + ¢y +cs+ ... +¢cg = 49 where ¢,c3 2 0 and ¢ > 2 for
2 < i £ 7. The number of these solutions is the coefficient of z*® in the generating func-
tion (1+z+z%+...)(z*+2%+.. . (1 +z+2%...)) = [1/(1-=2)?][='?/(1~2)f] = z'?/(1—=)8.

The answer then is the coefficient of z*7 in (1 — z)™® and this is (;:)(—-1)37 =
(_1)37(8+37— )( 1)37 ( )
e =YX oi(k—i)? = Tioi(k2—2ki+i%) = R T i—2k TE 24+ 50 = k?[k(k+1)/2]—

2k{k(k+1)(2k+1)/6]+[(K*)(k+1)? /4] = (k*+K*)/2—(K®)(k+1)(2k+1)/3+ (K*)(k+1)* /4 =

(1/12)[6k* +6k° —4k?(2k2 + 3k +1)+ 3k3 (k2 +2k+1)] = (1/12)[k*— k%] = (1/12)(k?)(k*~1).

(a) (i) co=aibp =1; ¢) = aphy + @by = 2; €3 = aphy + a1y + azby = 3; c3 = apbs + ayby+
azby + ashe = 4.
i) o=l a=3iag=Tc=15
(iii) co=1=2¢3=3;, c3=4
(b) () en=n+1
Gi) ca=1+4+24+224.. . 420 =27 1
i) =1l e1=2,c,=3; cn=4,n23.

[ ]

(@) Q+z+a2+28+2)0+2+2:2+32°+...) = Y ciz' where ¢ = 0, &1 = 1,
i=0
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e3=14+2=3,c=1+2+3=6,c,=1+2+3+4=10, and
tn=n+n-1)+n-2)+(n-3)+(n—-4)=5n—10for all n > 5.
(b) -z+z*-2*+-- Y l-z+z?-2+..) = (—1;_1;;5=ﬂ+:c)'2, the generating

function for the sequence (‘02), ('12), ('22), ('32), .... Hence the convolution of the given

pair of sequences is ¢, ¢}, ¢3,. .., where
Gy = (:‘3) - (_1)n(2+:—1) ~ (_l)n(n:l) _ (_l)n(n + 1), n e N.
[This is the alternating sequence 1,-2,3, —4,5,—6,7,....]

Section 9.3

7 641; 542; 5+1+1; 4+3; 4+2+1; 44+1+1+1; 3+3+1; 3+2+2; 3+2+1+41;
S+14+1414+1; 24242+1; 2424+ 1+141; 24+1+14+141+1; 1+14+14+1+141+1

(8) f(z)=[1/(1-2")1/Q-=)/(A - 2)%-- = [I%[1/(1 - z*)]
(b) g(z)=(1+2*)1+2*)(1+2°)---= ,_1(1 +z%)
() h(z)=Q1+z)1+2°)1+2%)-- =[IZ,(1+2*7)

The number of partitions of 6 into 1’s, 2’s, and 3's 1s 7.
(a) [1/(1-#)]{1/(1 - )1/(1 - £)){1/(1 - #7)]
(b) 1/ —)E"?/(1 — )N/ (1 — ][/ (1 ~ 7))
(a)and (b) (1+z*+z'+2%+.. )1+ +254+.. )1 +28+2"2+...)---
=12, 2=
(a) f(z) —(1+:c+:c2+ l+:c5)(1 +224+zt ... +219)... =
M2, + 28+ 2% + ...+ 2%) = [I2,[(1 - 2%)/(1 - z¥))]
(b) ML+ +2%+... +2%) = [I5,[1 - %)/ ~ 29
Let f(z) be the generating funcion for the number of partitions of n where no stunmand

appears more than twice. Let g(z) be the generating function for the numnber of partitions
of n where no summand is divisible by 3.

9(z) = —z ek l—lz“ ) l-—lxg e ALl
f(&)=(1+z+ :2'2)(1 + 22+ 21+ 23+ 2%) {1 + 24 + 25) -
=l .15 g 12r = g(a).

Let f(z) be the generating function for the niumnber of partitions of n where no summand
is divisible by 4; g(z) is the generating function for the number of partitions of n where
no even suminand is repeated (odd summands may be repeated).

f(d:) l-.t —z’ ) l‘-.‘l:z 1- ::5 _J?
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10.

3.

12
= b .=zt _1 l—z‘ L1 1——3‘2 Cl=zt®
= 1-z 1-? —33 —z* 1—-z5 —z8 1-
= ..L. . 1 . 1 e —
= 1~ —z’ z3 1-z5 1-28 " 1-27 * 1-5° - f("")

This result follows from the one-to-one correspondence between the Ferrers graphs with
summands (rows) not exceeding m and the transpose graphs (also Ferrers graphs) that
have m summands (rows).

Consider the Ferrers graph for a partition of 2n into n summands (rows). Remove
the first column of dots and the result is a Ferrers graph for a partition of n. This
correspondence is one-to-one, from which the result follows.

Section 9.4

@ e B e (e
(d) e** (e) ae** (f) ze**

(a) f(z) = 3e* = 3): ., , 80 f(z) is the exponential generating function for the
sequence 3,3%,33,.

(b) f(z) = 6 —3e?= = 6 T2, L=k 3): , 50 f(:c) is the exponential generating
function for the sequence 3,24, 138 .,6(5") — 3(2"),

(c) 1,1,3,1,1,1,1,...
(d) 1,9,14,-10,24,25,26, ...

(e) f@=14+z+z*+2+...=T2¢! (-f—;), so f(z) is the exponential generating
function for the sequence 0!,1},2!,3!,...

) fx)=3[1+2x+(2z)°+ (22 +...]+ iz ".—:, so f(z) is the exponential generating
function for the sequence 4,7,25,145,...,(3n!)2" +1,...

() g(z) = f(z) + 3 — as](z*/3!)

(b) g(z) = f(z) + [~-1 - a3}{=3/3!) = &° — (1262%)/3!

(c) g{z) =2f(z) +[2 - 2a:}(= /1)) + [4 — 2a,}(2?/2})

(d) g(z) = 2f(z) + 3e® + [2 — 2a, — 3}(z'/1!) + [4 — 24, — 3)(2?/2}) + (8 — 2a; —~ 3](z%/3!)

(@) (z+(/2)+ /3 +.. ) = (e - 1) = &% — (2o + (2=~ (e + (1) The
coeflicient of z!2/12! in (e* —1)* is 412~ (':)3‘2 + (;)212 - (;)1”.

(b) How many onto functions are there from A = {1,2,3,...,12} to B = {red, white,
blue, black}?

(c) fl@)=(+z+(?2)+... P21 +(=*/2) + (z*/4)) +...)? = e¥(e* + e77)/2)? =
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10.

(1/4)(e**)(e + 2 + e72) = (1/4)(e** + 2¢*° + 1).
Here the coefficient of =z!?/(12!) is (1/4)[4'? + 2(2'?)] and this counts the number of
signals where the number of blue flags is even and the number of black flags is even.

g9(z) = A+z+(=?/2D)+.. )2 (2 +(23/3)+.. ) = e¥[(e* —e7*) /2] = (1/4)(e** —2e¥* +1).
The coefficient of z'?/(12!) in g¢g(z) s (1/4)[4'? — 2(2!?)], and this counts the signals
where the numbers of blue and black flags are both odd.

Consequently, the number of signals where the total number of blue and black flags is even
is (1/4)[4" +2(2")} + (1/4)[4" - 2(2'%)] = (1/2)(4™).

We find that
L = 14z 4254

= ()5 + (NS +(@NE+@NE + -+,
so 1/(1 — z) is the exponential generating function for the sequence 0!,11,2!,3!,.. ..
(8) () (1+2)’(1+z+(=/2))
@) (1+z)A+z+ (@320 +z + (2%/2) + (=3/3) + (z4/41))?
(i) (1421 +2 +(2*/2)"

(b) (1+z)-(1+z+(z2/2))-(1+z+(2?/21) +(z3/3") +(z /41))- ((z2/2) + (z3/31) + (=1 /41)).

The answer is the coefficient of 3’2% in (%+%+.'.+%)4'

k(z) = f(z)g(z) = co + 17 + c3(x?/2!) + ¢c3(23/3!) + .. ., where

cal@®/n!) = Thg(aiz' /i) (baoiz™ [(n ~ i)}) =

[Sho(@iba=i)/(l(n ~ i)™ =

[T oln!/(l(n ~ i))]aiba-i](z"/n!) = [Tg (7 aiba-il(z"/n)

(3) (1/2)[3% + 1}/(3%) (b) (1/4)[3% + 3)/(3%)

(¢) (1/2)[3* - 1)/(3%) (d) (1/2)3% - 1}/(3%)

) (1/2)[3% +11/(3%)

(8) f(z)=(z+(@/3)+(=/5) +...) (z+ (/2) + (2%/3) +...) - (e)e®) =
(1/2)(e" ~ 1Y%(*) = (1/2)(e” — 1)(€* — ) = (1/2)(e* — &% — € + €7).

The answer is the coefficient of z%°/(20!) in f(z)} whichis (1/2)[4*® ~ 3% - 2% + {].
() glz) = (L4 2+ (/30 + (z*/8) + .. ) = (e = (2}/2)* = e — ({)e>(z?/2) +
(:)ez’(:c’ﬂ)’ - (;)e‘(:c’/2)3 + (z?/2)%. The coefficient of z?°/(20!) in g¢g(x) is 4%° —
($)(1/2)(3'®)(20)(19)+ () (1/4)(21)(20)(19)(18)(17)— () (1/8)(114)(20)(19)(18)(17)(16)(15)

() B(2) = (1 +z+ (/3 + (/) + .. = (e ~ (2*/2))! = ¥ — (})e>(2°/6) +
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(})e*(z2/6)* ~ (})e*(z°/6)° + (z°/6)*. The coefficient of z%/(20!) in h(z) is 4% ~
(1) (1/6)(3'7)(20)(19)(18) + () (1/6)*(24)(20)(19)(18)(17)(16)(15) — () (1/6)](201) /(111)].

(d) The coefficient of zZ/(20!) in (e*)3(1 + (22/2!)) = ¥ + 3(2?/2)) is 3*° +
(1/2)(3"%)(20)(19).

Section 9.5

(a) 1+ z + z? is the generating function for the sequence 1,1,1, 0; 0,0,...,
so (14 z + z?)/(1 — z) is the generating function for the sequence
1,14+1,141+4+1,141+4+1+40,... - that is, the sequence 1,2,3,3,....

(b) 1+ z + z? + z® is the generating function for the sequence 1,1,1,1,0,0,0,..., so
(1 +z + 2%+ 2%)/(1 — z) is the generating function for the sequence 1,1+ 1,14+1+1,1+
14+141,141414+140,1414+14+14+0+0,... - that is, the sequence 1,2,3,4,4,4,....

(c) 142z is the generating function for the sequence 1,2,0,0,0,0,..., so (1+2z)/(1 - z)
is the generating function for the sequence 1,14+ 2,14+2+4+0,1+2+0+0,... — that is,
the sequence 1,3,3,3,.... Consequently, (1/(1 —z))[(1 + 2z)/(1 ~z)] = (1 + 22)/(1 — z)?
is the generating function for the sequence 1,1+ 3,1 +3+3,14+3+ 3+ 3,... — that is,
the sequence 1,4,7,10,....

() () = (ii) z/(1 ~z) (i) z/(1~z)? (iv) z/(1-z)
i k the coefficient of z" in z/(1 — z)?
the coefficient of z" in z(1 — )3
the coefficient of z"! in (1 — z)™3
ST = (R
1) = tn+1)(n) ,

(b)

-1

f(z) = [z(1+2)]/(1~z)® generates 0%,1%,22,3% .. .; [z(1+2))/(1-2)® = 0 +1%z+2%-2%+
2.2+, . (d/dz){(z+22) /(1 ~2)®} = 1342224 8%-22 +. - .; z(d/dz)|(z+2*)/(1-2)%] =
0+ 1Pz +23. 2243234+ ...; (d/dz)[(z + z?)/(1 ~ 2)3] = (2? + 4z + 1)/(1 — )%, so
z(z? + 4z + 1)/(1 — z)° generates 0°,0°+ 13,03 + 13+ 23,. .., and the coefficient of z"
is Toh, 8.

(22 +42%+z)(1-2) % = (2 +42? +x)[(_05)+ (_,5)(;x)+ (—25)(-2:)2+. ..}. Here the coefficient
of z* is (-1 +4( )00+ (D)0t = (0 + 400 + (08) =
1/)in+ D(n)n—-1){n-2)+4n+2)(n+ 1)(n)n-1)+ (n+3)}n+2)(n + 1)(n)} =
[(n + 1)(r)/41)(6r? + 6n) = (1/4)(n + 1)(n)(r? + n) = {(n + 1)(n)/2}.

The function (1 + z)f(z) generates the sequence ag, a6 + a;,a;1 + az,a; + az,.... For the
sequence ag,ag + ax, do + @1 + 62,81 + 63 + 23,83 + a3 + a4,. .., the generating function is
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4.

(1 + = +2%)f(z).

(1 —z)f(z) = (1—z)(ap+arz+ a2z +azz®+...) = ao+(a,—-a0):c+(ag—-a;):c +(as-‘02)$3+
so (1—z)f(z) is the generating function for the sequence ag, 81 —ag,a2—0ay,03—a;,.

[f(z) = f(D}/(z - 1) = 1/(z — 1))l(a0 — @0} + (@17 — @1) + (a22® ~az) +...]. For n 2
0, (a,z" —a)/(z —1) = ap(z* = 1)/(z = 1) = ap(z" '+ 2™ 2+ ...+ 22+ z + 1), 50
F@)-fW(z-D)=a1+az+1)+as(z?+z+1)+ay(z®*+ 2 +z+1)+... Hence
the coeflicient of z", for n > 0,is 3.2 ., a;.

Since €® is the generating function for 1,1,1/2!,1/3!,..., it follows that e*/(1 — z)
generates the sequence ay,a;,0z,..., where a, = Y1 (1/:!).

(8) f&- =14+ z + z* + 2% 4+ - - - is the generating function for the sequence 1, 1, 1, 1, ....
Applying the summation operator, we then learn that (;2-)? is the generating function for
the sequence 1,1+ 1,1+ 14+ 1,1+ 141+ 1, ... - that is, the sequence 1, 2, 3, 4, ....
Consequently, z/(1 — z)? is the generating function for 0, 1, 2, 3, 4, ... and z/(1 — z)? the
generating function for 0,0+ 1,04+1+2,0+1+24+3,0+1+2+3+4,... - that is, the
sequence 0, 1, 3, 6, 10, ... (where 1, 3, 6, 10, ... are the triangular numbers).

(b) The sum of the first n triangular numbers is the coefficient of z" in the generating
function z/(1 —z)* =z(1 —z)™* = ""[(_04) ( )(—-:c)+ ( )(——:t':)2 --]. So the answer is
the coefficient of ! in (1 ~z)~* and this s (74 )(~1)"! = (=1)*} (*{- D) (-1 =
(“+2) = (1/6)n(n + 1)(n + 2), as we learned in Example 4.5.

Supplementary Exercises

(8) 6/(1—2z)+1/(1—2zf  (b) 1/(1-az)
() 1/[1—-(1+a)z] (d) 1/(1 —z)+ 1/(1 — ax)

Let f(:c) = (a:5+:c8+x"+:c“+:c")l° = 21+ 23+ 2%+ 29+ 23)!°. The coefficient of %
in equals the coefficient of z* in ((1 —z¥)/(1 =23 = (1 -1 - 2%)" 1 =
[1 1 %+ (“’) 0.+ 250, [(—10) -10)( )+ ('2!05(-—13)2 +...]. This ecoefficient

s (DM = () (2900 + () (-1 = (2) = () () + () ().
The generating function for cach type of bullet is (z* + 2+ ... 4+ 2")* = 38(1 +z+zt 4
..+ z%)% The coefficient of z'? in (1 -2 {1 —z) 4 =1~ (:):c + ( ) .. .][('0“) +

(2 (e -1 B (0 (O-1+ () = (- (0 + ()

By the rule of product the answer is [(:g) - ('1’) (2) + (;)}2

f(x)=(1+$+$3+$5+...)(1+x2+mé+x‘°+...). =R+ +z¥% +2%+..)
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10.

Let f(z) be the generating function for the number of partitions of n where no even
summand is repeated (although an odd summand may be repeated); g(z) is the generating
function for the number of partitions of n in which no summand occurs more than three
times. Then g¢(z) = (14+z+2°+2%)(1+x?+2*+2%)(1+23+28+2°) ... = [(1+2)(1+2?))[(1+
)1+ 21+ %) 1 + 2. = [(1—22)/(1 — D))(L + 2)[(1 ~ 24)/(1 - a1 + )1 —
2/ (1=ad)(1+2%) ... = [1/(1-2)|(1+2) /(1 — 21+ 2L/ (1 =251 +2%)... = (1+
z+z3 4234, YA+ (1+ 23+ 28+ 2%+ )1+ 24 (1 + 2B+ 2042154, . )1+ 28) ... = f(2).

This result is the coefficient of z'°/(10!) in (1+(z?/2)+(z3/31)+...) = (e ~z)! = ¥
(:)zea' + (;) zle?® — (;) e + (:) z*. This coefficient is 41®— (:)(10)(39) + (;)(10)(9)(28)—-

()0)(9)(®).
(8.) (1 . 21’.)—5/2 =14 Z:il b5/2l((—5/2)—1)((—5/2)—2)'"((-5/2)'-"-!'11(_2x)r

r!

=14+32, -(—5)-(11@);'!1&*&1::', so g(z) is the exponential generating function for 1,5, 5(7),
5(7)(9),...
(b) (1—az) =14y, QENEA-Gortl (40 = 1 — gbz + b(b — 1)a®2?/2! + ...

Consequently, by comparing coefficients of like powers of z, we have —ab=7,b(b—1)a? =
7-11 and a=4,b= —7/4.

For each partition of n, place a row of n + k dots above the top row in its Ferrers graph
and the result is a Ferrers graph for a partition of 2n + £ where n + k is the largest
summand. This one-to-one correspondence yields P, = P,. Taking the transpose of a
Ferrers graph for a partition in P; yields the Ferrers graph for a partition in Pj, and vice
versa. The result now follows from these two observations.

Foreachn € Z*, (1+z)" = (3) + (';)x+ (;)$2+ (;)x3+ S (:):c". Taking the derivative
of both sides we find that

n(l+z)*! = ('1‘) + 2(;)::: + 3(;')752 .4 n(:):v"".

When ¢ = 1 we obtain
nei _ oon-1y _ [P n n n
a4+ 17" = n(2") (1)+2(2)+3(3) +...+n(n)~

)=+ 1 +22+2)(1+2°+2542°) -1+t +2* + 2% 4. 4 2F) ... =

o ¥
1)

k=1 =0
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11.

12.

13.

14.

15.

16.

(8) The coefficient of % in (z+z*+...)2 = (1 +z+ 2% +...)!? is the coefficient of
®in (1+z+28+.. )1 = (1~2)7"?, and thisis (77)(~1)® = (=1)*(**32")(~1)* = (¥).

(b) The coefficient of z'° in (z+2?+...)0 =281 +z+2%+...)% is (F)(=1)*= (%).
The probability for this type of distribution is (g) (2) / (189).
Fix m, 0 <m < n. The m objects can be arranged in (k)(k+ 1)---(k+ m~ 1) ways.

Since there are (";) ways to select m of these objects, there are (;)(k)(k +1)---(k+
m—1) ways to select m of the n objects and place them in the containers as prescribed.

/(1 -z} = [1+z+ 2+ (22/3) +..)- [(T) + () (~=) + (F)(~=)* +...]. The
coefficient of z"/n! in e*(1—z)* is (¥)+ (F)(~Dm)+ (F)~1PM)n~1)+...+

() w1 + GHD)R o) = Tr, (D" a2y = S (™5 2
and Tn_o (1 )(k)(k+1) (k+m—1) = Th o ety S = Tn, Sl ety
= Zm_o (m+': l) (n-—m)‘

(a) We start with a + (d -~ a)z, the generating function for the sequence a,d~aq,0,0,0,....
Then [a + (d — a)z}/(1 — z) is the generating function for the sequence a,a + (d — a),a +
(d~a)+0,a+(d~a)+0+0,... - that is, the sequence a,d,d,d,.... Consequently,
[a + (d ~ a)z]/(1 — z)? generates the sequence a,a + d,a+d+d,a+d+ d+d,... - that
is, the sequence a,a + d,a + 2d,a + 3d,.... [Note: Part (c) of Exercise 1 for Section 9.5 is
a special case of this result: Let a =1,d = 3.]

(b) Here we need the coefficient of z"~! in (1/(1 — z))[a + (d — a)z]/(1 — z)? = [a +

(d — a)z}/(1 — z)® = [a + (d — a)z](1 — z)~%. This coefficient is a(;_‘\’l)(—l)““ +(d -
&)(2) (=17 = a(=1)r (H DT~ (da) (- ) (D) (<1 = 6 (0) +

(d=a)(,s) = a(B)n+1)(n)+(d—a)()(n)(n~1) = a(2)(n)[(n+1)~(r~1)]+d(})(n)(n~

1) =na+(})(n)(n~1)d.

{The reader may wish to compare this with the result for the first Supplementary Exercise

in Chapter 4.]

(a) For n € N, a, = |T"| = 2%, and the generating function for 2°,2!,2% 23 ... is

fz)=14224+42 +82%+--- =14+ (22) + (22)* + 22)° + - = 2.

(b) When |Y| = k, for k a fixed positive integer, we have @, = k™ and the generating
function is g(z) =1+ kz + k*2? + .- = 1 + (kz) + (k2)* + .- = .

(a) ="f(z)

(b) [f(z) — (a0 + a1z + 622% + -+ - + @pyz™ M)} /2"
(@) 1= 2o k(3 =kl + 5+ () +-- 1=Kz (,,4,1 = K[1/(3/4)] = (4/3)k, so k = 3/4.
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17.

18.

(b) Pr(X = 3) = (3/4)(1/4)° = 3/256

Pr(X < 3) = Zono Pr(X = 2) = (3/4)[1 + (1/4) + (1/4)* + (1/4)*] = (3/4)(85/64) =
255/256

Pr(X>3)=1-Pr(X <£3)=1-(255/256) = 1/256

[Alternately, Pr(X > 3) = Pr(X 2 4) = Y2, Pr(X = 1) = (3/4)[(1/4)* + (1/4)° +
(1/4° + -4

= S/ YAIL+ (1/8) + (/4 + -1 = (S/4)1/2) =] = (1/4)" = 1/256)
PrX22)=Y 3, Pr(X =z) = 2:-2(3/4)(1/4)'

= (Q/(/APIT (1/4)+ (/47 + 7] = (3/68) =] = 1/ = 1/16.
(c)Forn€Z*, Pr(X 2n)=32, Pr(X =z)=32,(3/4)(1/4) =

(3/4)(1/4) T20(1/2) = (114 ;

Consequently, Pr(z > 41X > 2) = L1X ;:Xa‘; 2")( 22) - Pr(X > 4)/Pr(X > 2) =

(1/4)4/(1/4)* = (1/4)*. Likewise Pr(X > 104|X > 102) = (1/4)2.

For k € Z+, k fixed, we find that Pr(Y 2 k) = £2, ¢*~'p (where ¢ = 1 — p)

=q*! ptd bp *Fp e = g Ipll g+ g+ ]

= gk} p(l-q) = gt~ 1p(L )= g*-. Consequently, Pr(Y 2 m|Y 2 n)=Pr(Y 2mand¥ >
n)/Pr(Y 2 n) = Pr(Y > m)/Pr(Y > n) = g™ '/q"? = g™ ". [This property is the
reason why a geometric random variable is said to be memoryless. In fact, the geometric
random variable is the only discrete random variable with this property.]

(a) The car travels the first mile in one hour, the second mile in 1/2 hour, the third milein
1/4 [= (1/2)?] hour, and the fourth mile in 1/8 [= (1/2)?] hour. Consequently, the average
velocity for the first four miles is 4/{1+(1/2)+(1/2)*+(1/2)%] = 4/[[1-(1/2)*}/[1~-(1/2)]] =
4/[2(15/16)] = 32/15 = 2Z miles per hour.

(b) The average velocity for the first n miles is n/[1 4+ (1/2) + (1/2)? 4+ --- + (1/2)* ] =
n/(l1 — (1/2)")/(1 - (1/2}]] = n/[2{(2" ~ 1)/2"]] = n(2""")/[2" - 1] miles per hour.

(c) For n = 19 the average velocity is 4980736/524287 = 9.500018120 miles per hour. For
n = 20 the average velocity is 2097152/209715 = 10.00000954 miles per hour. Hence the
smallest value of n for which the average velocity for the first n miles exceeds 10 miles per
hour is n = 20.
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8.

CHAPTER 10
RECURRENCE RELATIONS

Section 10.1

(8) @ =5a,3, n 21, a0=2 () an=(2/5)an_y, n21,a=7
(b) an=-36,1,n>21,a =6

(8) an41 = 1.5an, an = (1.5)"ag, n 2 0.

(b) 4an = 5an_1, an = (1.25)"ag, n 2> 0.

(c) 3an41 = 44y, 3a; = 15 = 4ay, ap = 15/4, so

a, = (4/3)"ao = (4/3)*(15/4) = 5(4/3)*"!, n > 0.

(d) an = (3/2)au-1, Gn = (3/2)"ag, 81 = a4 = (3/2)%as s0 ap = 16 and a, =
(16)}(3/2)*, n 2 0.

Gn41 —da, =0, n > 0,50 a, =d"ag. 153/49 = a3 = dPay, 1377/2401 = a5 = d®ay =>

Op41 = Gy + 2.5a,, n 2 0.
a, = (3.5)"ag = (3.5)"(1000). For n = 12, a, = (3.5)'?(1000) = 3, 379,220, 508.

P, = 100(1 + 0.015)", P, = 100

200 = 100(1.015)" = 2 = (1.015)"

(1.015)* = 1.9835 and (1.015)* = 2.0133.

Hence Laura must wait (47)(3) = 141 months for her money to double.

P, = Py(1.02)"
7218.27 = Py(1.02)%, so P = (7218.27)(1.02)~% = $2200.00

(a) 19+18+17+...+10=145
(b) 9+8+7+...+1=45

(a) Suppose that for ¢ = k, where 1 < k < n —~ 2, no interchanges result (for the first
time) in the execution of the inner for loop. Up to this point the number of executions
that have been madeis (n—1)+(n—~2)+...+(n—k). If we continue and execute the inner
forloop for k+1<:i<n-—1, then wemake [n—(k+1)]+[n—(k+2)]+...4+43+2+1=
(1/2)(n—k—~1¥n—k) unnecessary comparisons. [Note: (n—1)+(n—-2)+...+(n—k)=
kn—(142+43+...4+k) = kn—(1/2)(k)}(k+1) and (1/2)(n—1)(n)—[kn—(1/2)(k)}k+1)] =
(1/2)(n — k — 1)(n — k)]
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(b) The input for the following procedure is an array A of n real numbers. The output
is the reordered array A with A[1l] € 4[2] £... < A[n].

Procedure BubbleSort2(var A: array; n: integer);
Var
Switch: boolean; {The value of Switch is true if}
{an interchange actually takes place.}
i): integer;
temp: real;
Begin
Switch := true;
While Switch do
Begin
Switch := false;
Fori:=1ton-1do
For j := n downto i+1 do
If Afj} < A[j-1] then

Begin
temp := Al[j-1};
Ali-1] := Aljf;
Afj] := temp;
Switch := true
End {if}

End {while}
End. {procedure}

(¢) The best case occurs when the array A is already in nondecreasing order. When
this happens the procedure is only processed for i:= 1 and j;:= n down to 2. This results
in n— 1 comparisons so the best-case complexity is O(n).

The worst case occurs when a Switch is made for all i := 1 to n ~ 1. This results (as in
Example 10.5) in (n? — r)/2 comparisons, so the worst-case complexity is O(n?).

9. (a) 21345 (b) 52143, 52134, 25134
(c) 25134, 21534, 21354, 21345
10.
(a) 1,23 3,1,2
1,3,2 32,1
(b) 1,234 4,123
1,2,4,3 4,1,3,2
1,4,2,3 4,312
14,3,2 4321
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(c) The value of p, is either 1 or 5.

(d) Let py,pq,ps,...,Pn be an orderly permutation of 1,2,3,...,n. Then p, is either 1 or
n. lfpy =1, then p;—1, p3 ~1,...,p, — 1 is an orderly permutation of 1,2,3,...,n ~ 1.
For p; = n we find that py, ps,...,pa is an orderly permutation of 1,2,3,...,n — 1. Since
these two cases are exhaustive and have nothing in common we may write
G, = 2an—17 n 2 3, az = 2.
Hence, as =2a2=2-2=22,
Ay = 203=2‘22=23,
and, in general,
a, =21 n>2

Section 10.2

(8) Gn=205ar.1+6ap_2,n22 =1, ay =3

Let a, = cr™, ¢,r # 0. Then the characteristic equation is r?~5r—6 = 0 = (r—6)(r +1),
so r = —1,6 are the characteristic roots.

a, = A(-1)" + B(6)"

l=ay=A+B

3=a;=-A+6B,s0 B=4/7 and A=3/7.

an = (3/T(=1)" + (4/T)6)", n 2 0.

(b) ax = 4(1/2)" — 2(5)", n > 0.

(¢) Gny2+3,=0,n20,a=0, a=3.

With a, = cr®, ¢,r # 0, the characteristic equation r? + 1 = 0 yields the characteristic
roots =i Hence a, = A(3)" + B(—i)" = A(cos(x/2) + isin(x/2))" + B(cos(n/2) +
tsin{—x/2))* = C cos(nx/2) + Dsin(nx/2).

0=ay=C, 3=a; = Dsin(n/2)= D, so a, = 3sin(nr/2), n > 0.

(d) a,.—ﬁau_1+9tz,._g==0 n22 a =95, ag = 12.

Let a, =cr*, ¢,r #0. Then r? —6r+9 = 0 = (r — 3)?, so the characteristic roots are
3,3 and a, = A(3") + Bn(3").

B=ap=4;12=4a,=34A+3B=15+3B, B = -1.

G = 5(3") = n(3") = (5 — n)(3"), n > 0.

(e) an+2ap.1 4264, =0,n2>22,a=1, g =3.
P4+2r+2=0,r=—-1%1

(=1 + 1) = v2(cos(3x /4) + i sin(37 /4))

(=1 — i) = v/2(cos(57 /4) + i sin(5x /4)) =

V2(cos(—3n/4) + i sin(—37/4)) = V/2(cos(37/4) — i sin(3x/4))
a, = (V2)"|A cos(3xn/4) + Bsin(3xn/4)]

l=agy=A

3 = a; = V2fcos(3r/4) + Bsin(3r/4)] =
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5.

v2[(-1/v2)+ B(1/V2)},s0 3= -1+ B, B=4
an = (V2)*[cos(37n/4) + 4sin(3mn/4)], n > 0

(a) Example 10.14: a, = 10a,-1 + 29a,,-2, n 2 2, a; = 10, a, = 100.
r2—10r—29=0, r=5+6V6. .

an = A(5 + 6VB)" + B(5 — 6/6)"

a; = 100 = 10a; + 29ap = 100 + 29ag, so ag =0

0=ay,=A+ B,so B=-A.

6, = A[(5 + 6VE)" — (5 — 6/6)"]

10 = a; = A[5 + 6v6 — 5 + 6v6] = 1264, A = 5/66.

a, = (5/6V6)[(5 + 6vE)" — (5 - 6V6)"], n 2 0.

Example 10.23: a, = c1(2%) + con(2"), 1 20, ag =1, a; = 3.
ap=1=¢; ay =3=2+¢)2), c, =1/2.

G = ()L + (n/2)}, 1 2 0.

(b) Example 10.16: a, =ap_1 +8n-2, 122, aog =1, a; =2.

r?—r—-1=0, r=(1++5)/2.

a=1=A+B

o =2 = A[(1 + v5)/2] + B[(1 - V5)/2]
4=A1+V5)+B(1~V5)=(A+B)+V5(A~B)=1+5(A-B),s0 3=+54-B)
and A— B = 3//5.

24=(A+B)+(A-B)=1+3/V5=(3+V5)/V5, A=3+V5)/2V5; B=1-A=
a, = [(V5 + 3)/2V5){(1 + VB)/2I" + [(V5 - 3)/2VE][(1 - vB)/2]*, n 2 0

(n=0): a;+ba; +cap=0=4+b1) +¢(0), s0 b= —4.

(n=1): as~4a;+cay =0=37~4(4) +¢,s0 ¢c=-21.

Gn42 — 4Gnyy — 21a, =0

r?—4r—-21=0=(r~7)(r+3),r=17-3

a, = A(T* + B(-3)"

0=ay=A+B= B=-4

l1=a,=74~3B=104,s0 A=1/10, B =-1/10 and a, = (1/10)[(7)*~(-3)"], n > 0.

@y = Qp..1 + Ap2, N 22, Gp=a; =1

r—r~1=0, r=(1£v5)/2

an = A((1 + vB)/2)" + B((1 — VB)/2)"

o=y =1=2A=(1+V5)/2V5, B=(V5-1)/2/5
an = (1/VB)[((1 4 VB)/2)"+ — ((1 - VB)/2)™+]

For all three parts, let a,, n > 0, count the number of ways to fill the n spaces under the
condition(s) specified.

(a) Here ap = 1 and a; = 2. For n > 2, consider the nth space. If this space is occupied
by a motorcycle — in one of two ways, then we have 2a,_; of the ways to fill the n spaces.
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Further, there are a,_, ways to fill the n spaces when a compact car occupies positions
n — 1 and n. These two cases are exhaustive and have nothing in common, so

Gy =281+ a2 n2>2, ag=1, a;=2.

Let a, = cr®, ¢ # 0, r # 0. Upon substitution we have r? ~2r —1 =0, s0 r = 1 £ /2
a.nda,.—c,(l+f)“+cz(1—-\/_)“n>0 Froml =gy =c+cand 2 =aqa, =
ei(l + v2) + e2(1 ~ v2), we have ¢; = M and ¢; = 3—3C So a, = (V2 +2)/4)(1 +
VEP +((2 = V)1~ VB = (1/2V3)[(1 + V2™ ~ (1= VB, n 2 0.

(b) Here o = 1 and a; = 1. For n 2> 2, consider the nth space. This space can be occupied
by a motorcycle in one way and accounts for a,_; of the a, ways to fill the n spaces. If
a compact car occupies the (n — 1)s¢ and nth spaces, then we have the remaining 3a,_;
ways to fill n spaces. So here a, = @¢,—1 +3a,_2,n 22,80 =1,0a; = 1.

Let a, = cr™, ¢ # 0, r # 0. Upon substitution we have r’ ~r~3=0,s0r =

(1 £13)/2, and a, = ¢;[(1 + V13)/2]" + &;f(1 ~ V13)/2]*,n 2 0. From 1 = ag = ¢; + ¢,
and 1 = a; = ¢i[(1 4 v13)/2] + (1 — V13)/2], we find that ¢; = [(1 + v13)/2v/13] and
ez = [(~1+ V13)/2V13]. So an = (1/VII){(1 + V13)/2]**! ~ (1/VI3)[(1 - V13)/2]*",
n2>0.

(c) Comparable to parts (a) and (b), here we have ap = 2a,_1 + 3an_2, n 2 2, a0 = 1,
a; = 2. Substituting a, = er™, ¢ # 0, r # 0, into the recurrence relation, we find that
r2~2r-3 =0s0(r—3)(r+1) =0 and r = 3, r = ~1. Consequently, a, = ¢;(3")+c,(-1)",
n2>0. From1=ag=c +c¢; and 2 = a; = 3¢; — ¢z, we learn that ¢; = 3/4 and ¢; =1/4.
Therefore, a, = (3/4)(3") + (1/4)(-1)*,n > 0.

For all three parts, let b,, n > 0, count the number of ways to fill the n spaces under the
condition(s) specified — including the condition allowing empty spaces.

(a) Here by = 1, b, = 3, and b, = 3b,_y + b,—2, n 2 2. This recurrence relation leads us to
the characteristic equation r? — 3r — 1 = 0, and the characteristic roots r = (3 + +/13)/2.
Consequently, b, = ¢;[(3 + vV13)/2]" + c2[(3 — V13)/2]", n > 0. From 1 = by = ¢; + ¢,
and 3 = b, = ¢[(3 + V13)/2] + &|(3 — v13)/2], we find that ¢; = (3 + V/13)/2V/13 and
c; = (=3 + V13)/2V/13. So b, = (1/VI3)[(3 + V13)/2]"* — (1/VI3)[(3 — V13)/2]"*,
n2>0.

(b) For this part we have b, = 2b,_y +3b.—2, n 2 0, 8g = 1, b; = 2. Here the characteristic
equation is 72 — 2r — 3 = 0 and the characteristic roots are r = 3, r = —1. Therefore,
by = (3"} 4+ c2(-1)*, n 2> 0. From 1 = 8y = ¢; + ¢; and 2 = b; = 3¢; — ¢3, we find that
¢y = 3/4, cp = 1/4. So b, = (3/4)}3") + (1/4}-1)", n 2 0.

(c) Here by = 1, b; = 3, and b, = 3b,_1 + 3b,_2, n > 2. The characteristic equation
r? = 3r + 3 gives us the characteristic roots r = (3 £ v/21)/2. So b, = ¢;{(3 + V21)/2]" +
(3 - v21)/21", n 2 0. From 1 = by = ¢; +¢; and 3 = b, = ¢;{(3 + v21)/2) + &f(3 ~
Vv21)/2], we have ¢; = [(3 + v21)/2v21] and ¢; = [(~3 + v/21)/2v/21}. Consequently,
be = (1/V2D{((3 + v21)/2)™ — ((3 - v21)/2)**'], n 2 0.
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(a)

F1 = Fz - Fo

Fs = F-F

F5 = Fs —F4
F2'n—l = F?n - F2n—2

Conjecture: Foralln € Z+, R+ F4Fs+- 4 Fony = F, — Fy = F,.

Proof: (By the Principle of Mathematical Induction).

For n = 1 we have F} = F3, and this is true since F; = 1 = F,. Consequently, the result is
true in this first case (and this establishes the basis step for the proof).

Next we assume the result true for n = k (2 1) - that is, we assume

R+ F+F+- 4 Fopy = Fy.
When n = k+ 1 we then find that
R+ FB+F+ -+ P+ By =

(Fi+ Fs+ Fs+ -+ + Fary) + Farr = For + Forgr = Fargz = Fopy)-

Therefore the truth for n = k implies the truth at n = k 4+ 1, so by the Principle of
Mathematical Induction it follows that for all n € Zt

FF+F+Fs+-- -+ Fpy = F,.

(b)
Fz = F3 '—F1
Fy, = F,-F;
Fe = F-r - Fa
Fy = Fppp—Fopy
Conjecture: Forallne N, B, + Fy+ -+ Fpn=FR+ B+ Fi+ -+ Fn=Fpanu-FA =
F2n+l -1

Proof: (By the Principle of Mathematical Induction)
When n = 0 we find that 0 = F, = F} — F) = 0, so the result is true for this initial case,
and this provides the basis step for the proof. :

k
Assuming the result true for n = k (> 0) we have E Fy; = Forey — 1. Then whenn = k+1
i=0

k41 k
it follows that Y F,; = }:Fz.'+ Foesr)y = Farpn — 14 Foega = (Frpge + Fpn) = 1 =

=0 =0
Fieys — 1 = Fypy1yp ~ 1. Consequently we see how the truth of the result for n = k
implies the truth of the result for n = k + 1. Therefore it follows that for all n € N.

F0+F.2+F4+"'+F2n=F2n+l '_lv
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10.

11.

by the Principle of Mathematical Induction.

. Fass _ 1: QAN +VEY 2= ((1-VB) 2]
(8) limnoo "Bt = littnsoo 37 A 1vE) 2P —(1—VE)2P]

T 14+y/B)/2)" ! —((1-v/B)/2)"+?
= lim,_ 00 f{(1+v5)/2)"—((1—VB)/2)"
= limp o SZET (where o = 155, = 1565)

1-(4)mH
me -

Since |8] < 1 and |a] > 1, it follows that [£] < 1 and |£|" -0 as n — co.

= lim

Consequently, limn_.co f‘;.:-‘- = éﬁ =a= 1’;’5

(b) () AC/AX =sindXC/sin ACX = sin108°/sin36° = 2sin 36° cos 36°/ sin 36° =
2 cos 36°
(ii) cos18° =sin72° = 2sin 36° cos 36° =
2(2sin 18° cos 18°)(1 ~ 25in?18°) =+ 1 =
45in 18°(1 ~ 25in? 18°) = 45in 18° — 8sin’ 18°.
0 = 8sin®18° —~ 4sin18° + 1, s0 sin18° is a root of 823 ~4x + 1 =0.
82° ~4z+1=(2r ~1)(4z* +2z - 1) = 0.
The roots of 4z +2z~1=0 are (—1+/5)/4.
Since 0 < sin18° < sin30° = 1/2, sin18° = (~1 + /5)/4.

(c) (1/2)(AC/AX) = cos36° =1 ~2sin®18° = 1 ~ 2[(~1 + v5)/4]* = (1 + V5)/4.
AC/AX =2(1 + V5)/4 = (1 + V5)/2.

Gn =08y 1+ 08n2, n20,00=a,=1
(Append ‘+1°) (Append ‘+2%)

a, = A[(1 + V5)/21" + B[(1 - V5)/2]"

l1=ao=A+B; 1=a = A1 +V5)/2+ B(1 -/5)/2 or
2=(A+B)+V5(A~B)=1+5(A~B) and A~ B =1/5.

1=A+B, 1\ =A~B= A= (1+V5)/2V/5 B =(V5~1)/2v/5 and a, =
(/VE((1 + VB)/2)" ~ (1~ VB)/2)"+], n 2 C.

Here a; = 1 and a; = 1. For n > 3, a, = a,—; + a,—2, because the strings counted by a,
either end in 1 (and there are a,,_, such strings) or they end in 00 (and there are a,,_, such

strings).

Consequeuntly, a, = F,,, the nth Fibonacci number, for n > 1.

8} The solution here is similar to that for part (b) of Example 10.16. For n = 1, there are
two strings - namely, 0 and 1. When n = 2, we find three such strings: 00, 10, 01. For

n > 3, we can build the required strings of length n (1) by appending ‘0’ to each of the
@, strings of length n — 1; or (2) by appending ‘01’ to each of the a,_; strings of length
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12.

13.

n — 2. These two cases have nothing in common and cover all possibilities, so
Gy = 0Gp—3 + Gu2, N 2 3701 = 2,02 = 3.

We find that a,, = F,yp = (a™*?—f"*3)/(a —f) where a = (1+/5)/2 and 8 = (1—/5)/2.
b) Here b, = 1 since 0 is the only string of length 1 that satisfies both conditions. For
n = 2, there are three strings: 00, 10, and 01 - so b; = 3. For n > 3, consider the bit in
the nth position of such a binary string of length n.

(1) If the nth bit is a 0, then there are a,_; possibilities for the remaining n — 1 bits.
(2) If the nth bit is a 1, then the (n — 1)st and 1st bits are 0, and so there are a,_3
possibilities for the remaining n — 3 bits.

Hence b, = a1 + @n-3 = Fry; + F,,, from part (a). So
b'n =(Fn + F—l)+(Fn—2 + Fn—3) = (Fn +Fn—2)+ (Fn—l + F;n—a) = bn—l +bn—2-

The characteristic equation z? — z — 1 = 0 has characteristic roots a = (1 + ﬁ)/2 and
B = (1-+5)/2, 80 b, = c;a™ + 8™ From 1 = by = c1a + ¢;8 and 3 = by = ¢;0 + ¢;5°
we learn that ¢; = ¢c3 = 1. Hence b, = o™ + 8" = L, the nth Lucas number. [Recall that
in Example 4.20 we showed that L, = F,.; + F,_;.]

Let &, count the number of ways to arrange n such chips with no consecutive blue chips.
Let b, equal the number of arrangements counted in a,, that end in blue; ¢, = a, —b,.

Then any1 = 3bn + 4en = 3(bn + ¢n) + n = 3a, + 364-1.

Hence an4; —3a, —3a,.1 =0, n > 1, ao =1, a; = 4. This recurrence relation has
characteristic roots r = (3£ v/21)/2 and a, = A((3 + v21)/2)" + B((3 — v21)/2)".

ao =1, a; = 4 => A = (5+ v21)/2V21, B = (v/21 - 5)/2V/21 and

an = [(5 + VE1)/(@VED)[(3 + V21)/2I" = [(5 — V31)/(2VZDI(3 — VET)/2J",n > 0.

For n > 0, let a, count the number of words of length n in X* where there are no consecutive
alphabetic characters. Let af!) count those words that end with a numeric character, while
al? counts those that end with an alphabetic character. Then a, = a{}) + a{?.

11af) 4 4aQ

[4a() + 4a{¥} 4 7a()
. 4a, + Taf)

4a, + M(4an-1)

4611 + zsan—h

For n21, a,n

I S T 1 I

and gg = 1, a3 = 11.

Now let a,, = cr", where ¢,r # 0 and n > 0. Then the resulting characteristic equation is
r?—4r-28=0,

where r = (4 £ /128)/2 = 2 + 4V/2.
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14.

15.

186.

17.

18.

Hence a, = A[2 +4v2]" + B[2 - 4/2]", n > 0.

1l1=ga =11 = A2+4v2]+ B[2-4V7?)

A2+ 4v2) + (1 - A)[2 - 4V7]
[2—-4v2 + A2+ 4v/2 - 2 4+ 14/7]

s0 A = (9+4v2)/(8v2) = (8 +9v2)/16, and B =1 — A = (8 —9/2)/16.
Consequently,

an = [(8 + 9v/2)/16)[2 + 4V2]" + (8 — 9v2)/16][2 ~ 4V2]*, n > 0.

Using the ideas developed in the prior exercise we find that 7k = 63, or k = 9.

Here we find that
ap =1, a =2, a; =2, az = 223 a4 = 23; @ = 25; ag = 28,

and, in general, a, = 2k »_ where F, is the nth Fibonacci number for n > 0.

ay=0,a;,=1 a3=1 For n>4,let n =.$1+$2+...+$g, where z; > 2 for 1 <i<¢,
and 1 <t < |nf2]. If z, =2, then z;+ ...+ z, is counted in a,_,. If z; # 2, then
zy>2 and (z; —1)+z3+...4+ 2 is counted in a,_,;. Hence a, =a,—; +a,_2, n > 3,
and a, = F,_,, the (n — 1)-st Fibonacci number.

(a) From the previous exercise the number of compositions of n+3 with no 1s as summands
is Fp 4.
(b) (i) The number that start with 2 is the number of compositions of n + 1 with no 1s as
summands. This is F,,.

(i) Fas

(iii) The number that start with k, for 2 < k < n+ 1, is the number of compositions of
(n + 3) — k with no 1s as summands. Thisis Fioy3) k-1 = Frp42, 2 <k <n+ 1.
(c) If the composition starts with n+2 then there is only one remaining summand — namely,
1. But here we are not allowed to use 1 as a summand, so there are no such compositions
that start with n + 2.

The one-summand composition ‘n + 3’ is the only composition here that starts {and ends)
with n + 3. :
(d) These results provide a combinatorial proof that
Fn+2=EH;Fn—k+2+1=(Fn+Fn—l +'+F2+F‘l)+1a or
Faya~1=Y1, F; = Y0 F,, since Fy = 0.

From 22 — 1 = z we have 22 —z ~ 1 = 0, 50 = = (1 £ v/5)/2. Consequently, the points of
intersection are (1 +v5)/2, (1+v5)/2) = (a, @) and (1~ V5)/2, (1 - v5)/2) = (8, B).
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20.

21.

From 1+! =z welearn that z+1 = 2%, 0or 2~z -1 =0, So z = (1++/5)/2 and the points
of intersection are ((1+v5)/2, (1+f)/2)_(a ) and ((1—v5)/2, (1-v5)/2) = (8, 8).

(a) o® = [(1+v5)/2)® = (1+2V5+5)/4 = (64+2v5)/4 = (3+V5)/2 = [(1+V5)/2]+(2/2) =
a+l.

(b) Proof: (By Mathematical Induction) For n =1, wehavea" =a' =a=a-140 =
aF, + Fy = aF, + F,_,, so the result is true in this case. This establishes the basis step.
Now we assume for an arbitrary (but fixed) positive integer k that a* = aF, + F;_,. This
is our inductive step. Considering n = k + 1, at this time, we find that

k1 a(a*) = a[aFi + Fi—1] (by the inductive step)
o?Fi + aFy_,

(e +1)Fi+ aFi., [by part (a)]

a(Fy + Fi_1) + Fy

aFk+1 + F;.

(4 4

Since the given result is true for n = 1 and the truth for n = k + 1 follows from that for
n = k, it follows by the Principle of Mathematical Induction that a™ = aF,, + F,_; for all
n €zt

Proof (By the Alternative Form of the Principle of Mathematical Induction):
(a) F3=2=(1+v08)/2>1+V5)/2=a=a’?
Fi=3=(34+v9)/2>8+5)/2=a%=a'?,
so the result is true for these first two cases (where n = 3,4). This establishes the basis
step. Assuming the truth of the statement for n = 3,4,5,..., k(= 4), where k is a fixed
(but arbitrary) integer, we continue now with n =k + 1:
P Fo+ Foy
ak=2 4 glk-1)-2
k 2+ak— _ak—S(a+ 1)
o*3. 02 = ok ‘—a("‘“) -2
Consequently, F, > a" 2 for all n > 3 ~ by the Alternative Form of the Principle of
Mathematical Inductio;
(b) F=2= <3+\/g)/2<<3+f)/2-a = o1,
F,=3=2+1<2+V6=a*=0a"",
so this result is true for these first two cases (where n = 3,4). This establishes the basis
step. Assuming the truth of the statement for n = 3,4,5,...,k(> 4), where k is a fixed
(but arbitrary) integer, we continue now with n =% + 1: :
Fyp1 = Fi+ Fiy
< okl 4 otk-B-1
= o' 4+a*?=a*Ha+1)
= ar"" ot =a —a(""") -1
Consequently, F, < o™} for all n > 3 — by the Alternative Form of the Principle of
Mathematical Induction.

[ VAR |
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23.

24.

(a) Since @n41 = 2a, we have a, = ¢(2"), n 2 1. Thenag) =2 = 2c =2 = ¢c =1,
so a, = 2". Consequently, for n even, the number of palindromes of n is oounted by
Gnj2 = 2n/2 — 2[_1;/2_[

(b) Here b4y =2b,,n 21,5 =1. So b, =d(2"),n2land by =1=2d=1=d=1/2,
so b, = 2!, Hence, for n odd, the number of palindromes of n is counted by bins1)fz =
2{(u+l)/21— = 9(n-1)/2 _ 9ln/2}_

Here we shall use auxiliary variables. For n > 1, let a{®) count the number of ternary
strings of length n where there are no consecutive 1s and no consecutive 2s and the nth
symbol is 0. We define a{!) and a{?) analogously. Then

a, = as‘o) + as‘l) + as‘z)
Qn— + [an—- - an—l] + [an—l - an—l]
2a,-1 + [an— anl—) (2) ]

= 2Gp-1 + af.°-)1 = 2ap-1 + Gn_2

Letting a, = cr®, ¢ # 0, r # 0, we find that r> — 2r — 1 = 0, so the characteristic roots
are 1 + /2. Consequently, a, = ¢;(1 + \/5)“ + 21 — \/5)“ Here a; = 3, for the three
one-symbol ternary strings 0, 1, and 2. Since we cannot use the two-symbol ternary strings
11 and 22, we have a; = 3> — 2 = 7. Extending the recurrence relation so that we can use
n=0, wehave a; =2a,+apsoay=a; —2a; =7—2-3 =1. With

l=ay = ¢ +¢;, and
3=a = a(l+v2)+ca(l~v2)
= (a+a)+vV2a—c),

we now have 1 = ¢; + ¢; and V2 = €~ €y S0 C = (1+\/§)/2 and c; = (1—\/5)/2.
Consequently,

aw = (1/2)(1 + VI™ +(1/2)1 ~ V2™, n20.

Here a; = 1, for the case of one vertical domino, and @3 = 3 - use (i) one square tile ; or
(ii} two horizontal dominoes; or (iii) two vertical dominoes. For n > 3 consider the nth
column of the chessboard. This column can be covered by

(1) one vertical domino -- this accounts for a,_; of the tilings of the 2 x n chessboard;
(2) the right squares of two horizontal dominoes placed in the four squares for the (n—1)st
and nth columns of the chessboard — this accounts for a,.; of the tilings; and

(3) the right column of a square tile placed on the four squares for the (n — 1)st and nth
columns of the chessboard — this also accounts for a,_; of the tilings.

These three cases account for all the possible tilings and no two cases have anything in
COmMmmon so
a, =a,_; +2a,_3, n2>3,a =1a;=3.

Here the characteristic equation is 2 — z ~ 2 = 0 which gives z = 2, * = —1 as the

characteristic roots. Consequently, a, = ¢i(~=1)" + c3(2)%, n > 1. From 1 = a; = ¢y(~1) +
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25.

26'

27.

c2(2) and 3 = a3 = ¢;(~1)? +¢2(2)? we learn that ¢; = 1/3, c3. = 2/3. So a, = (1/3)[2"*! +
(=1)*], n > 1. [The sequence 1,3,5,11,21,..., described here, is known as the Jacobsthal
sequence. ]

Let a, count the number of ways one can tile a 2 x n chessboard using these colored
dominoes and square tiles. Here a; = 4, a; = 4° + 42 +5 = 37, and, forn > 3, a, =
4a,-1+16a,_3+5a,-3 = 4a,_;+21a,_;. The characteristic equation is 22 ~4z~21 = 0 and
this gives £ = 7, z = —3 as the characteristic roots. Consequently, a,, = ¢;(7)™ + ca( ~3)",
n>1. .

Here ay = (1/21)(a; — 4a;) = 1 can be introduced to simplify the calculations for ¢,,¢;.
From 1 = ay = ¢; + ¢z and 4 = 7c; — 3¢c; we learn that ¢ = 7/10, c; = 3/10, so
a, = (7/10)(7)" + (3/10)(~3)*, n 2 0.

When n = 10 we find that the 2x 10 chessboard can be tiled in (7/10)(7)? +(3/10)(—~3)!° =
197, 750, 389 ways.

Here a; = 1 (for the string 0) and a; = 3 (for the strings 00, 01 and 11). For n > 3, there
are three cases to consider:

(1) The nth symbol is 0: There are a,_; such stnngs

(2) The (n ~ 1)st and nth symbols are 0, 1, respectively: There are a,_, such strings.

(3) The (n — 1)st and nth symbols are both 1: Here there are also a,_; strings.

These three cases include all possibilities and no two cases have anything in common.
Consequently,

G = Gp-1 + 2011-2; a = 1, Qz = 3.
The characteristic equation, r> — r — 2 = 0, yields the characteristic roots 2 and —1, so
an = c1(2)" + ca(—1)". From 1 = a; = 2¢; — ¢; and 3 = a; = 4¢; + c;, we learn that
¢ =2/3and ¢; =1/3. So

a, = (2/3)(2)" + (1/3)(-1)*, n2 1.
[So here we find another occurrence of the Jacobsthal numbers.]

There is a; = 1 string of length 1. (namely, 0) in 4*, and a; = 2 strings of length 2 (namely,
00 and 01) and a3 = 5 strings of length 3 (namely, 000, 001, 010, 011 and 111). For n > 4
we consider the entry from A at the (right) end of the string.

(1) 0: there arc a,.; strings.

(2) 01: there are a,_, strings.

(3) 011, 111: there are a,-3 strings in each of these two cases.

Consequently,
Gy = Gp_y + Qy—2 + 2011—3, n 2 4) &G = 1, a3 = 21 a3 = 3.

From the characteristic equation r* —r? —r — 2 = 0, we find that (r ~2)(r?+r41) = 0 and
the characteristic roots are 2 and (—13:{v/3)/2. Since (~1+iv/3)/2 = cos 120°+i sin 120° =
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29.

cos(%) + s sin(%), we have
2 2
an = ¢;(2)" + ¢y cos -—'—;1 + c3sin —%I, n2>1.

From
1=a; =2¢; — /2 + c3(V3/2)
2=a;=4¢c;, —c3/2 - Ca(\/§/2)
5 =a3 =8¢, + c3,
we learn that ¢, = 4/7, ¢; = 3/7, and ¢c3 = v/3/21, so

a, = (4/T)2)" + (3/7) cos(2n7/3) + (V/3/21) sin(2nx/3), n > 1.

[Note that a, also counts the number of ways one can tile a 1 x n chessboard using 1 x 1
square tiles of one color, 1 x 2 rectangular tiles of one color, and 1 x 3 rectangula.r tiles
that come in two colors]

Here a, = 1 (for 0), a; = 2 (for 00,01), a3 = 4 (for 000, 001, 010, 011), a4 = 9 (for 0000,
0001, 0010, 0100, 0011, 0110, 0111, 1111, 0101), and forn > 5

Gn = Qn-1 + An-2 + n-3 + 20,_4.

The characteristic equation r* —r® ~r? —r — 2 = 0 tells us that (r — 2)(r +1)(r?> + 1) =0,
so the characteristic roots are 2, ~1, +:. Consequently,

an = ¢1(2)" 4 c2(~1)" + c3 cos(nn/2) + ¢4sin(nx/2), n > 1.

From
=aq =20 -—c +c4
2= a; = 461 +c2 —~c3
4= a = 801 —C3 —~Cy4

9= as = 1661 +c  +c3
we learn that ¢; = 8/13, ¢; = 1/6, ¢ = 3/10, and ¢4 = 1/10, so0 a, = (8/15)(2)" +
(1/8)(—1)" + (3/10) cos(nx/2) + (1/10) sin(nx/2), n > 1.
[Note that @, also counts the number of ways one can tile a 1 X n chessboard using red
1 x 1 square tiles, white 1 x 2 rectangular tiles, blue 1 x 3 rectangular tiles, black 1 x 4
rectangular tiles and green 1 x 4 rectangular tiles.]

Za12 — Tnpr = A&pia — o), 120, 2o =1, and x, =5.

Zpig = 3Ep41 + 2T, = 0

Forn 2 0, let z, = cr", where ¢, r # 0. Then we get the characteristic equation r?-3r+42 =
0 = (r - 2){r ~ 1), so z,, = A(2*) + B(1") = A(2") + B.

2g=1=A4+B

1 =5=24+B _

Hence 4 = A, B=-3,and z, =4(2")-3=2"*2-3,for n > 0.
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30.

31.

32.

33.

34.

Expanding by row 1, D, = 2D,_, ~ D, where D isan (n~1) by (n~1) determinant
whose value, upon expansion by its first column, is D, _,. Hence D, =2D,_; — D, _,.
This recurrence relation determines the characteristic roots r = 1, 1 so the value of
D, =AQQ)* + Bn(1)" = A+ Bn.

21
Dy =2 =2 Dz=]12‘

2=D,=A+B;3=D,=A+2B=+B=A=1and Da=1+n,n>1.

Let b, = a2, by = 16, b, = 169. |

This yields the linear relation b,,; — 5b,; + 4b, = 0 with characteristic roots
r=4,1,s0 b, = A(1)" + B(4)".

bo = 16, by = 169 => A = ~35, B = 51 and b, = 51(4)* — 35. Hence a, =
J/51(4)* — 35, n > 0.

a, =c¢; + ¢(7)", n > 0, is the solution of a,43 + bapy +ca, = 0,50 r> + br +¢c =0 is
the characteristic equation and (r—1)(r —7) = (r? —8r + 7) = r? + br + c. Consequently,
b=-8andc=T.

Since ged(F, Fy) = 1 = ged(F,, Fy), consider n > 2. Then
Fs = Fz + F](= 1)

Fu=F+F

Fs = F4 + F3

Fop=F, + F,,.

Reversing the order of these equations we have the steps in the Euclidean Algorithm for
computing the ged of Frqy and F,,, for n > 2. Since the last nonzero remainder is F =1,
it follows that gcd(F, ., F,) =1 for all n > 2.

Program Fibopacci (input, output);
Var
number: integer; {the input}
i; integer; {i is a counter}
current: integer;
Fibonacci: array [1..100] of integer;
Begin
Write (‘This program is designed to determine if ’);
Write (‘a given nonnegative integer is a ’);
Writeln (‘Fibonacci number.’);
Writeln (*What nonnegative integer n do you wish to test?”);
Write (‘u=");

256



1.

Readln (number);
If number < 0 then
Writeln (‘Your input is not appropriate.’)
Else if number = 0 then
Writeln (‘Your number is the 0-th Fibonacci number.’)
Else if number = 1 then
Writeln (‘Your number is the 1-st Fibonacci number.’)
Else {number > 2}
Begin
Fibonacci (1] := 1;
Fibonacci [2] := 1;
current := 1;

1:=3;
While number > current do
Begin
Fibonacci [i} := Fibonacci [i-1] + Fibonacci [i-2];
current := Fibonacci [i};
If number < current then
Writeln (“Your number is not a Fibonacci number.’)
Else if number = current then
Writeln (*Your number is the ’, i:0, ‘-th Fibonacci number.’)
Elsei:=i+1 {number > count}
End {while}
End {else}

End.

Section 10.3

(8) anp1—an=2n+3,n20,a=1
=ao+0+43
e=a;+2+3=ag+2+2(3)

a3 = a3.+ 2(2) + 3 = ag + 2 + 2(2) + 3(3)
aq—-as+2(3)+3 ao + {2 + 2(2) + 2(3)] + 4(3)

a,.=ao+2[1+2+3+...+(n-1)}+n(3)=1+2[n(n_1)/2]+3n=1+n(n__1)+3n=
n+2n+1=(n+1) n>0.
) an=3+n(n—-1% n>0
(¢} anp1 =22, =5n20,8 =1
ay=2a+5=2+35
=2a;+5=224+2.5+5
=2a;+5=2"+(22+2+1)5
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a =2 +5(14+2+4+224... 4+ 2 =2"4+5(2"-1) =6(2") -5, n > 0.
(d) an=2"+n(2"1),n>0.

an = o’

Gny1 "‘an+(n+1)2, n.>_0, a():O'

npp—an=Mn+1)2=n*+2n+1

a® = A, o = Bn 4+ Cn? + Dn®
B(n+1)4+C(n+1)?+D(n+1P=Bn+Cn?+Dn®+n?+2n+1 =
Bn+B+Cn*+2Cn+C+Dn®+3Dn*+3Dn+D=Bn+Cn?+Dn®+n?42n+1.
By comparing coeflicients on like powers of n we find that C+3D =C+1,s0 D =1/3.
Also B+2C +3D =B +2,s0 C=1/2, Finallyy B+C+D=1= B=1/6.

So a, = A +(1/6)n + (1/2)n? + (1/3)n3. With ao = 0, it follows that A =0 and

a, = (1/6)}(n){1 + 3n 4+ 2n? = (1/6)(n)}(n+ 1)(2n + 1),n > 0.

(a) Let a, = the number of regions determined by the n lines under the conditions
specified. When the n-th line is drawn there are n — 1 points of intersection and n
segments are formed on the line. Each of these segments divides a region into two regions
and this increases the number of previously existing regions, namely a,_;, by n

An = Ay +n, n2>1, ag=1.

a® = 4, alP) = Bn + Cn?

Bn+Cn*=B(n—-1)+C(n—-1¥+n

Bn+Cn?*—~Bn+B—-Cn?*+2Cn-C =n.

By comparing the coefficients on like powers of n we have B =C =1/2 and a, =
A+ (1/2)n +(1/2)n?.

l=ay=A4A s0 a, =14+ (1/2)(n)(n+1),n>0.

(b) Let b, = the number of infinite regions that result for n such lines. When the nth
line is drawn it is divided into n segments. The first and nth segments each create a new
infinite region. Hence b, = b,-1+2, n 2 2, b; = 2. The solution of this recurrence relation
b, =2n,n21, by=1.

Let p, be the value of the account n months after January 1 of the year the account is

started.

Ppo = 1000

71 = 1000 + {.005)(1600) + 200 = (1.005)p, + 200

Pusr = (1.005)p, + 200, 0 <n < 46

Pas = (1.005)p47

Pas1 — 1.000p, =200, 0 <n < 46

) = A(1.005)", piP) =C

C — 1.005C = 200 = C' = —40,000

po A(1.005)° — 40,000 = 1000, so A = 41,000
= (41, 000)(1.005)" — 40,000

p4-,- = (41, 000)(1.005)*" — 40,000 = $11, 830.90
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10.

Pas = (1.005)pg7 = $11,890.05

(8) aﬂ+2+3a'n+l +2a"n=3n’ nZO’ (lo=0, a = 1.

With a. = cr™, ¢,r # 0, the characteristic equation r?+3r+2=0=(r +2)(r + 1)
yields the characteristic roots r = -1, -2.

Hence af" = A(—1)"* + B(—2)", while a{P = C(3)".

C3)t?+3C(3)"*H +2C3)"=3"==9C+9C +2C =1 == C = 1/20.

an = A(=1)" + B(-2)" + (1/20)(3)"

0=ap=A+ B+ (1/20) '

l1=a;, =-A-2B+(3/20)

Hence 1=a9+a; = ~B+(4/20) and B = —4/5. Then A= —~B —(1/20) = 3/4.
an = (3/4)(—1)" + (—4/5)(—2)" + (1/20)(3)", n 2 0

(b) an =(2/9)(—2)" — (5/6)(n)}(—2)" + (7/9), n 2 0

Gny2 —6an 1 +9a, =3(2)"+7(3)", n20,a,=1, a; = 4.

a® = A(3)" + Bn(3)" al? = C(2)" + Dn*(3)".

Substituting a{P into the given recurrence relation, by comparison of coefficients we find
that C =3, D =17/18.

a, = A(3)" + Bn(3)" + 3(2)" + (7/18)n?(3)"

l=ap,4=0a, = A=-1,B=17/18, s0

a, = (=2)(3)* + (17/18)n(3)" + (7/18)n%(3)" + 3(2)", n > 0.

Here the characteristic equation is * ~3r? +3r —1=0=(r—~1)%, 50 r =1,1,1 and
a¥) = A+ Bn + Cn?, a® = Dn® 4+ En*.
D(n+3P+E(n+3)"-3D(n+2)®—3E(n+2)*+3D(n+1)*+3E(n+1)* — Dn® ~ Ent =
34 5n = D = ~3/4, E = 5/24. |

a, =A+ Bn+Cn?—(3/4)n + (5/24)n*, n > 0.

Gnp1 = 3an + 3", ao = 1, @; = 4. The term 3" accounts for the sequences of length n
that end in 3; 3a, accounts for those sequences of length n that end in 0, 1, or 2.

a®) = A3", o) = Bn3"

B(n+1)3"" = 3(Bn3")+3"=3B(n+1)=3Bn+1==3B=1= B=1/3

a, =A-3"+n-3"!

l=ay=A,80 ¢, =3"+n3"),n>0.

From Example 10.29, P = (Si){t — (1 +:)~7]"!, where P is the payment, S is the loan
($2500), T is the number of payments (24) and i is the interest rate per month (1%).

P = (2500)(0.01){1 — (1.01)"#]"?! = $117.68.

Gny2 +bla,.+1 +bzan = b3n+b4
a,.=c12"+(:33“+n-—7
r24+bhr+b=(-2(r-3)=r?-5r+6=>b=-5,b8=6
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12.

a?) =n~7
(n+2)~7-5[(n+1)~T+6(n—-T)=bsn+ by => b3 =2, by = —17.

(a) Let a2 =8,,n>0
bn+2 - 56,,4.1 +6b, =Tn
bM = A(3") + B(2"), b =Cn+ D ‘
Cn+2)+D-5[C(n+1)+ D]+ 6(Cn+D)=Tn=C=17/2, D=21/4
b, = A(3") + B(2") + (Tn/2) + (21/4)
bo=a§=l, bl =ﬂ§=—‘1
1==A+B+21/4
=b=34+2B+7/2+21/4
3A+2B=-31/3
2A + 2B = —34/4
A=3/4, B=-5
an = [(3/4)(3)" — 5(2)" + (Tn/2) + (21/4)]}/*, n > 0
(b) 62 —2a,,=0,n2>1, a,=2
a: = 20,‘_1
log, @2 = log,(2an-1) = log, 2 + log, an—;
2log, a, =1+ log,a,_;
Let b, =log; a,.
The solution of the recurrence relation 2b, =1+ b,_; is b, = A(1/2)" + 1.
bo=logaap=1log;2=1,50 1 =8g=A+1 and A =0.
Consequently, b, =1, n>0,and a,=2,n 2>0.

Consider the nth symbol for the strings counted by a,. For n > 2, we consider two cases:
(1) If this symbol is 0, 2, or 3, then the preceding n — 1 symbols provide a string of length
n — 1 counted by a,_;.

(2) X this symbol is 1, then the preceding n — 1 symbols contain an even number of 1s —
there are 4"~ ! — a,_; such strings of length n — 1.

Since these two cases are exhaustive and have nothing in common we have
On = 3an_; + (4" —ap-1) =200 + 4™, n>2

Hese a, = a{) + a{), where a{?) = A(4*"') and o{}) = (2").

Substituting al?) into the above recurrence relation for a, we find that A(4*~!) =
2A(4" %) +4" 1, 8044 =24 +4and A =2,

There is only oue string of length 1 where there is an odd number of 1s - namely, the
string 1. So
g =1=¢(2)+2(4°), and c¢=-1/2.

Consequently, a, = (~1/2)(2") + 2(4"*"'),n > 1.

We can check this result by using an exponential generating function. Here @, is the
coefficient of z"/n! in e*(5==)(e")* = 1e** — 1e%. Hence a, = (1)}(4") - }(2"),n > L.
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14.

(a) Consider the 2" binary strings of length n. Half of these strings (2"~!) end in 0 and
the other half (2*~!) in 1. For the 2"! binary strings of length (n — 1), there are t,_,
runs. When we append 0 to each of these strings we get t,_1 + (1)(2""?) runs, where the
additional (1)(2"~") runs arise when we append 0 to the (1)(2") strings of length (n —1)
that end in 1. Upon appending 1 to each of the 2"~? binary strings of length n —~ 1, we get
the remaining #,_; + (1)(2*~?) runs. Consequently we find that

tn=2tp1 +2", n22 t =2
Here t{#) = ¢(2"), so t{P) = An(2"). Substituting ¢{P) into the recurrence relation we have

An(2™) 2A(n —1)2%"1 4 201

An(2") — A(2") + 27

By comparison of coefficients for 2" and n2" we learn that A = }. Consequently, ¢, =

th +iP) = e(2*) +n(@ "), and 2=t = c(2)+ 1 => c = L, 50 tn = (3)(2") + n(2* 1) =
(r+1)2"7 "), n21. |

(b) Here there are 4™ quaternary strings of length n and 4"~
one symbol suffices 0,1,2, and 3. In this case

! of these end in each of the

o = Aftas + (2)4"-'1 434, n22, 4 =4

Comparable to the solution for part (a), here t{? = ¢(4") and t{») = An(4"). So An4™ =
4A(n — 14" 4+ (3)(4™!) = And” — A(4") + (3)4", and 4 = 3. Consequently, ¢, =
c(4")+ (3)na" and 4 =t; =4dc+ (I)4) > c= 1, s0t, = (3" + (B)nd" = 4™!(1 + 3n),
n2>1.

(c) For an alphabet I, where |Z| = r 2> 1, there are r™ strings of length n and these r*
strings determine a total of r"~![1 + (r — 1)n] runs. {Note: This formula includes the case
where r = 1]

(8) Snt1 = 8n+tpy1 =30+ (n 4+ 1)(n +2)/2

Sns1 = 8n = (1/2)(n? 4+ 3n + 2)

5 = oM 4 59

s&) — s =0,80 sM = A(1") =4

8" = n(Bn® + Cn 4+ D) = Bn®+ Cn®+ Dn

B(n+1P +Cn+1) 4+ D(n+1)— Bn®—Cn? —~ Dn = (1/2)(n? + 3n + 2) =
B=1/6,C=1/2, D=1/3

s =A+(1/6)n% + (1/2)n? +(1/3)n

Since s; =t; =1, 1 = A+(1/6)+(1/2)+(1/3) => A =0, and s, = (1/6}(n)(n+1)(n+2).

(b) (i) 310,000,000 atoms.
(i1) sgp,099 — S10000 = 1.665 x 10 atoms.
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15.

Program Towers_of_Hanoi (input, output);
Var
number: integer; {number = number of disks}

Procedure Move_The_Disks (n: integer; start, inter, finish; char);
{This procedure will move n disks from the start peg to the finish peg using inter as
the intermediary peg.}
Begin
If n=1 then
Writeln (‘Move disk from ', start, ¢ to ’, finish, ‘.)
Else
Begin
Move_The_Disks (n-1, start, finish, inter);
Move_The_Disks (1, start, ¢ °, finish);
Move_The_Disks (n-1, inter, start, finish)
End {else}
End; {procedure}
Begin {main program}
Write (‘How many disks are there? ’);
Readln (number);
If number < 1 then
Writeln (‘Your input is not appropriate.’)
Else
Move_The_Disks (number, ‘1°,2°,'3’)
End.

Section 10.4

(a) Gpy1—6,=3" n20,a=1

Let f(z) = Yorg anz®. | _
TS0 n 12 — Doy 0™ = T, 37!
(f(2) — ao] — 2f(z) = 2 T726(32)" = z/(1 - 3x)
£(2) ~ 1~ 2f(x) = 2/(1 - 3x)

f(z) =11~ 2)+2/((1-2)(1-32)) = 1/(1 —2) + (-1/2)/(1 — 2) + (1/2)/(1 - 3z) =

(1/2)/(1 - 2) 4+ (1/2)(1 - 3z), and a, = (1/2){1 +3"],n 2 0.
(b) an=1+4[n(n~1)2r-1)/6},n >0.
(¢) Guy2 ~ 3841 +20, =0, 20, ap=1, 4; =6

[>+] [>+] o0
Y 6u42z®? -3 @z +2) az™? =0
n=0 n=0

n=0
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o0 o0 o0
E Gny2x™t? — 32 E Qi " 4 252 Z a,z" =0
n=0 n=0

n=0

Let f(z) = f:a,.:c". Then

n=0
(f(z)—1~6z)—3z(f(z)—1)+22%f(z) = 0, and f(z)(1 ~3z+4+222) =14+6z—3z = 1+3z.
Consequently,

1432 _ 5 (=4 _ S g
A a2 - Ta=g o5 4L

f(z) =

and a, =5(2")—4, n >0.

(d) a,.+g—2a,.+, + a, =2", n _>_0, ag = 1, ay = 2

)::o___o a,.+2:c“+2 —_ 2220:0 an+1$"+2 + 2:0__.0 anxn+2 - ):r:o 2"1:““

Let f(z) = ¥0lo@az". Then

[£(z) = a0 — a12] — 22[f(z) — ao] + 2*f(z) = =? £324(22)"

f(z)—1—2z - 2zf(z) + 2z + z* f(z) = z*/(1 — 2z)

(22 -2z + D)f(z) = 1 + 2% /(1 — 2z) = f(z) = 1/(1 - z)’+

22 /(1 -22)(1-2)*) = (1-22+23)/((1 - 2)*(1 - 22)) = 1/(1 - 2z) = 1 + 22+ (22)* +
80 a, =2", n2>0. '

. a(n,r)y=ga(n-1, r—1)+a(n—1 r), r2> 1

Y2, a(n,r)e" =2 a(n-1,r— D"+ T2, a(n - 1,7)z"

a(n,0)=1,n2>0; a(O r)=0,r>0.

Let fo=¥2pa(n,r)z".

fa—a(n,0) =zfoy + fa-1—a(n—1,0)

fo= (L4 2)far and fo=(1+2)fo

fo = T2pa(0,r)z" = a(0,0) + a(0, 1)z + a(0, 2)1: +...=a(0,0)=1,80 fo=(1+2z)"
generates a(n,r), r 2 0.

(a) Qp4t = "'2(1,‘ - 4bn
bn+l = 4an + Gbn
n20,a=1, b=0.
Let f(z) = E:oso anx 3 g(ﬂ:) = En—o bnxn-
T2 g ng1 2 = =272 Ja, 2" — 4 T2 bt
E:ozo bn+l$“+l = 4:3:;0 a,;a:""" + 62"30 nxu-}-l
£(z) ~ a0 = —22f(z) — 4z9(z)
9(z) — by = 4z f(z) + 6zg(z)
F(z)(1 +22) + dzg(z) = 1
f(z)(~4x) + (1~ bz)g(z) = 0
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1
f@) = t o

0 (1-6z) | .
(1+2z) 4z =(1-6z)/(1-2z)* =
—4z (1 -6z)

(1 - 62)(1 — 22)% = (1 - 62)[(F) + () (~22) + (F)(~22)* +.. ]

an = () (=2 - 6(A) (-2 =2"(1-2n), n 2 0

f(z)(—4z) + (1 - 6z)g(z) = 0 == g(z) = (42)f(z)(1 - 6z)™"! =+ g(z) =
4z(1~22)"? and b, =4(%)(~2)*" =n(2**'), n 2 0.

(b) an = (—3/4) +(1/2)(n + 1) +(1/4)(3"), n 20
by = (3/4) + (1/2)(n + 1) — (1/4)(3"), n 2 0

Section 10.5

. by = bobs + bibz + baby + bsbo = 2(5 +2) = 14

ba = [(2n)!/((n + DU(n!Y)], by = 81/(5'41) = 14

P OV AT G AP S G
AN Y 22

2 /2 + (20 F7) = a/oa/ian + vy [Ert DEet LR

= (1/2){(2n + 2)/(n + 17J(20)} /(1)) = (1/(n + 1))(%)
> (2nf: 1) - (2:—_ 21) B [5('2(%%%'7] B {(n Ezg)!znli 1)!] =

{(2n—1>!(n+1>]_[(2n—1>!(n-1)}=[ (2n — 1! ]{<n+1>~<n-xn=

(n+1)}(n- 1) (n—D(n+ 1) (n+1n-1)
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6.

7.

2n-1Y2) _ (2n—-1Y(2n) _ (2n)! 1 (2n)
m+Dn-1" (r+n! ~ (n+1)nHE) (m+1)\n

(a) No (b) Yes (c) No (d) Yes
(&) (1/9)(¥) (b) [(1/4)(2312
© /e @ /8

(a) fa41: For n 2> 2, let v;,v,,...,0,41 be the vertices of a convex (n + 1)-gon.
In each partition of this polygon into triangles, with no diagonals intersecting, the side
v1Un4e1 18 part of one of these triangles. The triangle is given by vivvn41, 2 < 1 < n.
For each 2 < ¢ < n, once the triangle v v;v,4; is drawn, we consider the resulting
polygon on vy,%v,...,v; and the other polygon on v;,v;41,...,vn41. The former polygon
can be partitioned into triangles, with no intersecting diagonals, in f; ways; the latter
polygon in tn.41-i41 = fng2—¢ ways. This results in a total of ¢; - ¢,42—; triangular
partitions with no overlapping diagonals. As ¢ varies from 2 to n we have {,4 =
toln +tatn—y +.. . + taals + tt = i, titngo—.

(b) From Example 10.36, t, = b,—2, n > 2. With b, = (2n){/[(n + 1)!n!] we have
th=C2n—-4)/[(n-1)(n-2)Y], n>2. '

(a)
a{blcd)) a((bc)d) {a{bc))d
(b} (iii) (((ad)c)d)e (iv) (ab)(c(de))
_( 1 2n+ 2\ 1 (2n + 2)! _
(8) buts = (n+2) (n+l) B (n+2) [(n+1)!(n+1)!} -
@n4+2)2n+ @) 22n+1)  (2) 22 +1) { 1 (2,1)]
(n+2)(n+1P0)PE ~ (n+2) (+1)r)P (n+2) {n+lin
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10.

11.

_2(2n+1)
 (n+2)

In Fig. 10.23 note how vertex 1 is always paired with an even numbered vertex. This must
be the case for each n > 0, otherwise we end up with intersecting chords.

Foreach n > 1,let 1 <k < n,sothat 2 < 2k < 2n. Drawing the chord connecting
vertex 1 with vertex 2k, we divide the circumference of the circle into two segments — one
containing the vertices 2,3,...,2k — 1, and the other containing the vertices 2k + 1,2k +
2,...,2n. These vertices can be connected by nonintersecting chords in ay_;a,-, ways,
S0

Gp = AgGn—1 + 01Gp_2 + G2Gp_3 + ... + an—20; + a,—180.

Since ap =1,a; = 1,a;, =2, and a3 = 5, we find that a, = b,, the nth Catalan number.

Consider, for example, the second mountain range in Fig. 10.24. This path is made up
from the moves NS N N S S. Replace each ‘N’ by a ‘1’and each ‘S’by a ‘0’toget 10110
0 — a sequence of three 1’s and three 0’s, where the number of 0’s never exceeds the number
of 1’s as the sequence is read from left to right. We know that the number of such sequences
is 5(= b3). In general, for n € N, there are b, such sequences and, consequently, b, such
mountain ranges. [Note: the above argument could also be established by replacing ‘N’
by ‘push’ and ‘S’ by ‘pop’, setting up a one-to-one correspondence between the mountain
ranges and the permutations obtained with the stack.]

(8) = Afilz) filz) fi(z) fu(z) fo(2)
1 1 3 2 2 1
2 2 3 2 3 3

3 3 3 3 3 3
(b) The functions in part (a) correspond with the following paths from (0,0) to (3, 3).

by fy /ﬁy
L—-—-—-—‘—'-'.—'_’
7/ / !:
/7 .
/ 7 //
7 /
/7

/ s v -
x / x' X

{¢) The mountsin ranges in Fig. 10.24 of the text.

(d) For n € Z*, the number of monotone increasing functions f : {1,2,3,...,n} —
{1,2,3,...,n} where f(:) > iforall1 <i<n,is b, =(1/(n+ 1))(2:), the n-th Catalan
number. This follows from Exercise 3 in Section 1.5. There is a one-to-one correspondence
between the paths described in that exercise and the functions being dealt with here.

266



12.

13.

(8) z gi(z) 9:x(z) g3(z) ga(z) g5(2)

1 1 1 1 1 1
2 2 1 2 1 1
3 3 1 2 2 3
(b) For 1 < ¢ < 5, fi [in part (a) of the previous exercise] corresponds with g;. We
demonstrate the correspondence for i = 1,2, and 4.
(:=1) (:=2) (i=4)
z  fi(z) a(2) z  filz) giz) 2 fuz) gu(z)
1 1 1 1 3 1 1 2 1
2 2 2 2 3 1 2 3 1
3 3 3 3 3 1 3 3 2

Consider the column for any f;. In that column replace each entry k by 3 — (k — 1): so
1’s and 3’s are interchanged while 2’s remain as 2’s. Then reverse the order of this new
column. The result is the column for ¢;. [In order to generalize this to the case where the
domain and codomain are {1,2,3,...,n}, n € Z*, we write down two columns — one for
1,2,3,...,n and another listing fi(1), fi(2), £i(3),..., fi(n). Each entry k [in the column
for f;] is replaced by n — (k — 1). Then the order of the column is reversed, giving us the
image under the corresponding function g;.

(¢) For n € Z*, the number of monotone increasing functions ¢ : {1,2,3,...,n} —
{1,2,3,...,n}, where g(i) < iforall 1 <i < n,is (1/(n + 1))(2:) = b,, the n-th Catalan
number.

For n € N, let a, count the number of these arrangements for a row of n contiguous
pennies. Here ag = 1, ¢; = 1, a; = 2, and a3 = 5. For the general situation, let n € N
and consider a contiguous row of n + 1 pennies. These n + 1 pennies provide n possible
locations for placing a penny on the second level. There are two cases to consider:

(1) The first location (as the second level is scanned from left to right) that is empty is
at position ¢, where 1 < ¢ < n. So there are : — 1 pennies (above the first i pennies in the
bottom contiguous row) in the positions to the left of position i. These i — 1 contiguous
pennies provide a;_; possible arrangements. The n— {(i — 1) + 1} = n — ¢ positions (on the
gecond level) to the right of position 7 are determined by a row of n—:+1 contiguous pennies
at the bottom level and these n — ¢ + 1 contiguous pennies provide a4 arrangements.
As ¢ goes from 1 to n we get a total of

o Bim108piy] = GGy + @ An_y + Aza,-3 + -+ + Gy @) arrangements.

{2) The only situation not covered in case 1 occurs when there is no empty position on
the second level. So we have a row of 'n 4+ 1 contiguous pennies on the bottom level and
n contiguous pennies on the second level — and above these 2n + 1 pennies there are
an(= anay) possible arrangements.

From cases (1) and (2) we have a,,1 = Goan + 01051 +G20y—3+ -+ An101 +aAnag, ag = 1,
50 @, = by, = (1/(n + 1))(2:), the nth Catalan numbers.
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15.

(8) 83 = 6

(b) s3= ()b + (Db + (3)bo

(€) s3=(Sbs+ ($)ba+ ()b + ()b =22

(d) Consider those paths from (0,0) to {n,n) where there are r diagonal moves, for
0 < r < n. How can one generate such a path? It must contain (n — r) R’s and (n - r)
U’s and these 2(n ~ r) letters provide 1 (location at the start) +2(n — r) — 1 [locations
between the (n —r) R’s and (n —r) U’s] +1 (location at the end) = 2(n —r) + 1 locations
in total, for inserting the r D’'s. Further, these 2(n ~ r) 4 1 locations are selected with
repetitions allowed. So there are (2(“"')1'“""1) bor = (2",."') b,—, paths with r D’s, n"—r
R’s, and n — r U’s (with the path never crossing the line y = z). Sumuning over r we have
Sp = 2o (2“:r) bp—yr.

(a) 132,231 Es=2

(b) 13254 34152
14253 34251
14352 35142
15243 35241
15342
23154 45132
24153 45231
24351
25143
25341 Es =16

(c) For each rise/fall permutation, n cannot be in the first position (unless n = 1); n is the
second component of a rise in such a permutation. Consequently, n must be at position 2
or4 .. or2[n/2|.

(d) Consider the location of n in a rise/fall permutation z,z323...Zn-12, 0f 1,2,3,...,n.
The number n is in position 2i for some 1 < i < |n/2]. Here there are 2: — 1 numbers
that precede n. These can be selected in (;’_‘1) ways and give rise to Ej;_, rise/fall
permutations. The (n — 1) — (2¢ — 1) = n — 2: numbers that follow n give rise to E,_3;
rise/fall permutations. Cousequently, E, = };{2} ;}:11)15'2.-_115' —2i,n > 2

{e) Comparable to part (c), here we realize that for n > 2, 1is at the end of the pernmtation
or is the first component of a rise in such a permutation. Therefore, 1 must be at position
lor3or..or2|(n—-1)/2} +1.

(f) As in part (d) look now for 1 in a rise/fall permutation of 1,2,3,...,n. We find 1
is position 2: + 1 for some 0 < ¢ < {(n — 1)/2]. Here there are 2: numbers that precede

1. These can be selected in (";.') ways and give rise Yo Fy; riseffall permutations. The
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remaining (n — 1) — 2i = n — 2¢{ — 1 numbers that follow 1 give rise to E, _3;_, riseffall
permutations. Therefore, E, Z}("_l)/ g (“'I)Ez,E,.._,,_,, n>1.
(g) From parts (d) and (f) we have:

(d) E'n = (n;l) ElEn—Z + (ngl)ESE -4t + (zl:/;}_t)Eﬂ_n/Qj—lE =2[{n/2]

) En=("")EoBn-1+ ("7') ErBns+ - + (2[(:—_1!)/21)Ezl("-l)ﬁlEﬂ-zl(ﬂ-i)/ﬂ-l
Adding these equations we find that 2E, = Z:‘.___To‘ (“'I)E Ey_iyor E, =
(/) Tis (n;l)EiEn—i—l-

Es = (1/2)T% () EiEs_ | o

= (Y2)()EoBs + (}) ErE + (5) EBs + (3) BsEz + (§) EaEr + (§) EsEo)
(1/2){1-1-16+5-1-54+10-1-24+10-2-14+5-5-1+1-16-1]
(0 (1/2)[16 + 25+ 20 + 20 + 25 + 16] =

E,

(1/2) 26=0 ( )E Es—t
(1/2)[1-1-61+6-1-16+15-1-54+20-2-2+15-5-1+4+6-16- l+l 61 - 1]
272

(i) Consider the Maclaurin series expansions

secz = 1+ z?/2! + 524/4! + 612%/6! + - - - and

tanz = z + 2z°/3! + 1625 /5! + 27227 /7! + - - -

One finds that sec z + tanz is the exponential generating function of the sequence
1,1,1,2,5,16,61,272,... — namely, the sequence of Euler numbers.

Section 10.6

1. (a) f(n)=(5/3)(4n*%4~1) and fe O(n'%*Y for ne {3'i e N}
(b) f(n) =T7(logsn+1) and f € O(logsn) for n € {5'i € N}
2. As in the proof of Theorem 10.1 we find that f{n) = a*f(1) + 1 + a+a+... +a* 1) =
a'd+cfl+a+a®+...+a"]
(a) Fora=1, f(n)=d+ck=d+clogn,since n=>bt.
(b) For a>1, f(n) = a*d + ¢[(a* - 1)/(a — 1)]
n = b =% k = log,n
= a8 = np* == log,(a!® ") = log, n* == (log, n)(log, a) = z(log, n) = z = log, a.
So for a > 1, f(n) = dn¥®* 4 (c/{a — 1))[nlee — 1].
3. (a) f€ O(logyn) on {b*|k € N}
(b) fe€ O(n¥%°) on {¥]k € N}

4, (a) d=0,0=2,b=5,¢c=3
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f(n) = 3fnss? — 1

f € O(nls?)

(b) d=1l,a=1,b0=2¢c=2
f(n) =1+ 2loggn

f € O(loggn)

(a) f(1)=0

f(n)=2f(n/2) +1

From Exercise 2(b), f(n)=n-1.

(b) The equation f(n) = f(n/2) + (n/2) arises as follows: There are (n/2) matches
played in the first round. Then there are (n/2) players remaining, so we need f(n/2)
additional matches to determine the winner.

(i) Corollary 10.1: From Theorem 10.1

(1) f(r)=c(loggn+1) for n=1,bb%..., when a= 1. Hence f € O(log,n) on
S = {b*|k € N}. '

(2) Ff(n) = [c/(a~1)]lan'*®® ~1] for n = 1,b,8?,..., when a > 2. Therefore
f € O(n'*®2) on § = {¥*|k € N}.
(ii) Theorem 10.2(b): Since f € O(g) on S, and g € O(nlogn), it follows that
f € O(nlogn) on S. So by Definition 10.1 we know that there exist constants m € R*
and s € Z* such that f(n) = |f(n)|] < minlogn| = mnlogn for all n € S where
n > s. We need to find constants M € Rt and s, € Zt so that f(n) < Mnlogn for
all n > s; - not just those n € S.

Choose t € Z* so that s < b* < ¢ < ¥**! (and logs > 1). Since f is monotone
increasing and positive,
f@&) < fEH) < om b log(br)
m b¥+{log b* + log b]
m bkt log b* 4+ m b**!logh
m b{b*(log b* + log b)]
m b[b* log b*(1 + log b)]
m b(1 + log b)(b* log b*)
m b(1 + logb)tlogt
So with M = m b(1 +logb), and s, = b* + 1, we find that for all £ € Z+,if ¢ > s, then
f(t) < M(tlogt) (so f(t) < M(tlogt), and f € O(nlogn)).

0(1)

(a) Here f(1)=0, f(2) =1, f(3) =3, f(4) =4, 50 f(1) < f(2) < (3) < f(4). To
show that f is monotone increasing we shall use the Alternative Form of the Principle of
Mathematical Induction. We assume that for all ¢,j € {1,2,3,...,n}, j > ¢ == f(§) >
f(z). Now we consider the case for n + 1, where n > 4.

(Case1: n+1 isodd) Here wewrite n+1 = 2k+1 and have f(n+1) = f{k+1)+f(k)+2 >

A

A
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f(k} + f(k) + 2 = f(2k) = f(n), since k,k+ 1 < n, and by the induction hypothesis
f(k+1) 2 f(k).
(Case 2: n <41 is even) Now we write n+1 = 2r, where r € Z* (and r > 3).

Then f(n+1)=f(2r) = f(r)+ f(r) + 2f(r) + f(r —1) + 2 = f(2r — 1) = f(n), because
f(r) 2 f(r — 1) by the induction hypothesis.

Therefore f is a monotone increasing function.

(b) From part (a), Example 10.48, and Theorem 10.2 (c) it follows that f € O(n) for
all ne Zt.

()

f(r) < of(nfb) + en
af(n/b) < a*f(n/b) + ac(n/b)
Pf(n/B) < Cf(n/B) + d’e(n/¥)
Sf(n/B) < A f(n/b) + aeln/F)

a*~1 f(n/bk1) 5 a* f(n/bk) + a*le(n/bk-1)
Hence f(n) < a*f(n/b)* + cen[l + (a/b) + (a/b)* + ... + (a/b)*'} = & f(1) + en[l +
(a/b) + (a/b)* + ...+ (a/b)*7"], since n = b*. Since f(1) <c and (n/b) =1, we have
f(n) < enft + (a/b) + (a/b)? +... + (a/b)*" + (a/b)*] = (en) Thol(a/b)'.
(b) When a =b, f(n) < (cn)T% 1 = (cn)(k + 1), where n = b*, or k = log, n. Hence
f(n) £ (en)(logyn + 1) so f € O(nlog, n) = O(nlogn), for any base greater than 1.

1~ (a/b)"“]

k
(c) Fora#b, cnd (a/b) =cn [ 1= (a/5)

=0

(o (L (e/DF =c[£’f:.£‘f_’ﬂ’l =c[!"‘_“_::“_"i _
”(’("’[ = (a/t) ] 1= (a/b) ] b=a ]‘

ak+l — pr+1
)

(d) Frompart (¢), f(n)<(c/(a—Db)le** ~b*¥]
= (caf(a — b))a* — (cbf{a — b))b*. But a* = a¥&" = nl®* and b* = n,s0 f(n) <
(ca/(a — b))nl°ss® — (cb/(a — b))n.

(i) When a < b, then log,a <1,and f€ O(n) on Z*.

(ii) When a > b, then log,a > 1, and f € O(n'*%%) on Z*.

(a) a =9, b =3, n'8e? = plogs® = 2
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3.

4.

h(n) = n € O(n™:%¢) for e = 1.
So by case (i) for the Master Theorem we have f € ©(n?).
(b)a=2,b=2,nP8* =npe?=pl=p
h(n)=1¢€ O(n"%? —¢) for e = 1.
By case (i) for the Master Theorem it follows that f € ©(n).
(c)a=1,b=3/2 not =plsnl =n®=1,
h(n) =1 € O(n'ses21)
Here case (ii) for the Master Theorem applies and we find that f € O(n™®¢log;n) =
B(logy n).
(d) @ =2, b= 3, nloBs® = plota? = 063N
h(n) = n € Q(n'% %) where € = 0.369.
Further, for all sufficiently large n, a A(n/b) = 2h(n/3) = 2(n/3) = (2/3)n < (3/4)n =
¢ h(n), for 0 < ¢ = 3/4 < 1. Thus, case (iii) of the Master Theorem tells us that f € O(n).
() a=4, b=2 n¥8® =plosnd=y?
h(n) = n? € ©(nle21)
From case (ii) of the Master Theorem we have f € ©(n¥%:*log, n} = 6(n?log, n).

Supplementary Exercises

(k: 1) T (k+ 1)!(:!— k-1 ?1: :L ’3 k!(nni Ik (,1: ; ilc) (:)

(a) Consider the element n+1 in § ={1,2,3,...,n,n+ 1}. For each partition of S
we consider the size of the subset containing n + 1. If the size is 1, then n + 1 is by
itself and there are B, partitions where this happens. If the size is 2, there are (’1‘) =n
ways this can occur, and B,_; ways to partition the other n — 1 integers. This results
in (’;)B,...l partitions of S. In general,if n+ 1 isin a subset of size : +1, 0 <¢ < n,
there are (':) ways this can occur with (';) B,_; resulting partitions of S. By the rule
of sum By = £ig () Buci = Tig (o) Buei = Tiko (7) B

(b) For n >0, B, =Y %,S(n,i) [S(0,0)=1].

There are two cases to consider. Case 1: (1 is a summand) — Here there are p(n—1,k~1)
ways to partition n — 1 into exactly k— 1 swmmands. Case 2: (1 is not a summand)
— Here each summand s4,82,...,8; > 1. For 1 <:< k,let t; =s,—12 1. Then
t,t3,...,4 provide a partition of n — k into exactly k summands. These cases are

exhaustive and disjoint, so by the rule of sum p(n, k) =p(n — 1,k —~ 1)+ p(n — k, k).

Here a; =1 and a; = 1.

For n>3 write n =z, + 294 ...+, where each z;, for 1 < ¢ < ¢, is an odd
positive integer (and 1 <t < n,for n odd; 2 <t < n,for n even) If z, =1,
then n—1=z3+...+ z; and this surnmation is counted in a,.;. f =z, # 1, then
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6.

723 and n~2=(2; —2)+z,+...+ 2, a summation counted in a,_;. Consequently,
Gp = Gp1 + Gn_3 for all n > 3, and a, = F,, the nth Fibonacci number, for n > 1.

(a)

Az_rz 1._-F3 F ] A% = 32| |F F
_Lll __FQ F]J’ - 21 - F3 Fz !
w331 [B B

-'_3 2‘_LF4 Fy |

(b) Conjecture: Forn € Zt, A" = [ Fo.a F, ] ’

F n F n-1
where F, denotes the nth Fibonacci number.

P F

£ Fy

Proof: Forn =1, A=A‘=[; (1)] =[

] ,80 the result is true in

this first case. Assume the result truefor n=%k > 1, i.e,,

fi":[i.,?"‘}'l ?‘ ] For n=k—\!—l,A"=A"‘“—_-A".A=[F"‘*'l Ei }[1 1]
k k-1 1

- Fepi+ Fe Fep - Feya Figa
Fr+ Feon F Feyr B}

Consequently, the result is true for all n € Z* by the Principle of Mathematical Induction.

MM=P1LW=P3LW=F8}ME[mm}

12 3 5 8 13 21 34
[11]_[R R . [231 [R F
MM%1J4ER} M“Lskh&d
3 - 5 8 - Fs Fﬁ 4 — 13 21 - F7 Fs
M—hlJ_th M=lau|"|r R

Fln F 2n41

Proof: We see that the claim is true for n = 1 (as well as, 2, 3, and 4). Assume the result
true for k(> 1) and consider what happens when n = k 4- 1.

R EI R UYL SRR My
Slr2f T2l 2] Tl 2] P Fun
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We claim that forn € Zt, M™ = [ Fany By } .



_ [ Forr + Foe Far + Farg ]
| Fae1 +2Fn Far + 2Fpe4

_ [ Farnr Faiye
| (Fakr + Far) + Fare (Foie + Farn) + Fara

- [ Faiqs Fory2 _ | Faerr Farz
| Faryr + Far Farez + Fainn Faeyz Fags

- [ FZn-—! F2'n }
| Fon Fangr |

It follows from the Principle of Mathematical Induction that M" = {
alln > 1.

F 2n-1 F 2n fOl‘
F n F an+1

. Fromz?—1 =1+ wefind that z°~z = z+1,0r 2% ~2z—1 = 0. Since (-1)*~2(~1)~1 =

—1+42~1 =0, it follows that —1 is a root of z> —2z — 1. Consequently, z —(~1) =z +1
is a factor and we have z° — 2z ~ 1 = (z 4+ 1)(z? — = — 1). So the roots of z° — 2z — 1 are
~1,(1 + v5)/2, and (1 ~ V5)/2. |

Forz=-1,y=(~1-1=0.

Forz=(1+v8)/2, y={1+VB)/2P—1=(1/4)6 +2v5) -1 = [3+VB)/2| -1 =
(1+ vB)/2.

For z = (1-v8)/2, y = (1 - VB)/2P -1 = (1/4)(6 —2V5) ~1 = (3~ VB)/2| -1 =
(1~ v5)/2.

So the points of intersection are (—1,0), ((1+v5)/2, (1 +v5)/2) = (a, @), and ((1-v5)/2,
(1 - V5)/2) = (8,8).

. (8) a®=(1+VE/4=(6+2vB)/4=(3+VE)/2

a+1=01+v5)/2+1=(3+V5)/2

B = (1~ VB)* /4= (6~ 2VB)/4 = (3 - V5)/2
B+1=(1~v8)/2+1=(3-V5)/2

(b) Theo (I Fr = Tieo (()a* = B4)/(a - 8)

= [1/(a ~ AlTheo (3)a* — Timo (3) A4

= [1/(a - A1 + a)* = (1 + A)"] = [1/(a - B)}{(a®)" - (8*)"]
= (a®™ - *)/{a - B) = Fs

(c) o®=a(e?)=[1+vE)/2[(3+ V)2l =(8+4vB)/4=2+5
1+2a=1+2{(1+V5)/2 =2+ V5

B = B(A%) = [(1 - vB)/2)[(3 - V5)/2l = (8 - 4vB)/4 =2~
1+28=1+21-v5)/2=2~5

@) Theo(})2'F = Tieo (§)2(* ~ 85)/(a - B)
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10.

= [1/(a ~ B)[Ek0 (}) 2*e* ~ T (7)2*4*]

= [1/ (e~ A0 ()2 — Thso (2) (284

= [1/(a~ A1 +2a)" ~ (1 +28)"] = [1/(a~ B)][a® - 5*] = (a® - B*") /(a — B) = F.
(a) Since o> = a + 1, it follows that a® +1 =2+ a and 2+ a)) =4+ 4a+a® =
4(1 + a) + o? = 5a’.

(b) Since % = B+1 we find that f?+1 = f+2and (2+8)? =4+48+5* = 4(1+5)+ 8% =
582.

2n m 2n on a?b+m _ﬂ2k+m
0 5 (0)me - (7)==

=0

=afte-m) |3 () @ran - 3 (V) 6]

pard
= (1/(a - A))fe™(1 + a®)™" - f™(1 + B%)™"
= (1/(a ~ B)[a™(2 + &)™ - (2 + B)*"]

= (1/(a = B)la™((2 + a)’)" - B™((2 + B)*)"]
= (1/(e - B))la™(5a”)" — A™(56°)"]
=5"(1/(a — B))[a®*™ = B"™] = 5" Frnim.

(a) Let po = $4000, the price first set by Renu, and let p; = $3000, the first offer made
by Narmada. For n > 0, we have

Priz = (1/2)(Pas1 + pn)-

This gives us the characteristic equation 2r? —z — 1 = 0; the characteristic roots are 1 and
-1/2. So

Po= AQL)" + B(~1/2)", n 20,
From pp = 4000, p; = 30600 it follows that A = 10,000/3, B = 2000/3.

Narmada’s fifth offer occurs for n = 9(= 2-5~1) and pg = $3332.03. Her 10th offer occurs
for n = 19 and p;9 = $3333.33. For k > 1, her kth offer occurs when n = 2k — 1 and
pn = (10,000/3) + (2000/3)(~1/2)%1.

(b) As n increases the term (~1/2)* decreases to 0, so p(n) approaches $10,000/3 =
$3333.33.

(¢) Here p, = A(1)* + B(—1/2)", n > 0, with py = $§4000. As n increases p,, approaches
A = $3200. So 4000 = py = 3200 + B, and B = 800.

With p, = 3200 + 800{—1/2)" we find the solution p; = 3200 + 800(—1/2) = $2800.
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12.

13.

Consider the case where n is even. (The argument for n odd is similar.) For the fence
F. = {a;,as,...,0,}, there are c,_, order-preserving functions f : F, — {1,2} where
f(an) = 2. [Note that {{1,2}, <) is the same partial order as F,.] When such a function
satisfies f(a,) = 1, then we must have f(a,-;) = 1, and there are ¢,_; of these order-
preserving functions. Consequently, since these two cases have nothing in common and
cover all possibilities, we find that

Cn=Cpo1+Cn2, €1 =2, c2=3.

So ¢q = Fp43, the (n + 2)nd Fibonacci number.

This combinatorial identity follows by observing that F.4; and Y, (“',’:‘H), for m =

|(n+1)/2], each count the number of subsets of {1,2,3,...,n} that contain no consecutive
integers.

(a) For n > 1, let a, count the number of ways one can tile a 1 x n chessboard using the
1 x 1 white tiles and 1 X 2 blue tiles. Then a; =1 and a; = 2.

For n > 3, consider the nth square (at the right end) of the 1 x n chessboard. Two
situations are possible here:

(1) This square is covered by a 1 x 1 white tile, so the preceding n —1 squares (of the 1 xn
chessboard) can be covered in a,_; ways;

(2) This square and the preceding ((n ~ 1)st) square are both covered by a 1 x 2 blue
tile, so the preceding n — 2 squares (of the 1 x n chessboard) can be covered in a,_; ways.
These two situations cover all possibilities and are disjoint, so we have

Gy, =01 +8yz 123, a1=1, a;=2.

Consequently, a, = Fy,;1, the (n + 1)st Fibonacci number.

(b) (i) There is only 1 = (;) = (:_'2?0) way to tile the 1 x n chessboard using all white
squares.

(i) Consider the equation z; + 23+ -+ T4y =n—1, wherez; =1for1 <i: <n—-1. We
can select one of the z;, where 1 <i<n-1,in (“;') = (::; = (n"_'zll) ways. Increase
the value of this z; to 2 and we have

14224+ Ty =0

In terms of our tilings we have i — 1 white tiles, then the one blue tile, and then n —1—1
white tiles on the ri§ht of the blue tile - for a total of (1 = 1)+ 14+ (n—i—1) = n~1 tiles.

(it}) There are (";2 = ("'2) = (“'2) tilings where we have exactly two blue tiles and

n—4 n—2-2

n — 4 white ones.

(iv) Likewise we bave ("3%) = (*=3) = (") tilings that use 3 blue tiles and n — 6 white
ones

(v) For 0 < k < {n/2], there are (*;*) = (1) tilings with k blue tiles and n — 2k white
ones.
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15.

16.

17.

(c) Fapp = 2};/:] (“;") = E;/ozj (::2'2). [Compare this result with the formula presented
in the previous exercise.]

c2=1+J1+\/1+\/1+\/1+---=1+c. Soc®?~c~1=0and c=aorec=pf. Since
c > 0 it follows that ¢ = a = (1 + v/5)/2.

(a) For each derangement, 1 is placed in position i, 2 <i < n. Two things then occur.
Case 1: (¢ is in position 1) — Here the other n — 2 integers are deranged in d,_; ways.
With n —1 choices for i this results in (n — 1)d,., such derangements.

Case 2: (¢ is not in position 1 (or position i)). Here we consider 1 as the new natural
position for i, so there are n —1 elements to derange. With n —1 choices for :
we have (n — 1)d,_; derangements. Since the two cases are exhaustive and disjoint, the
result follows from the rule of sum.

(b) do=1 (€) dy—nduoy = dug — (= 2)dns
(d) dn—nduy = (=1)[dn_i ~ (n ~ i)dn—i1]
Let i=n-2

dn = ndyy = (=1)"~"[d; ~ 241] = (=1)"* = (=1)"

(e) dn—~ndny =(-1)"
(dn — ndp_y )(2"/n!) = (=1)"(="/n!)

22(dn = nduy)(@"/nl) = Ti2y(—z)"/nl = e — 142
2::':2 dﬂxn/n! -z E;.:—.z dn—lxn_l/(n - 1)! =e?-142z2
[f(z) ~ diz — do) ~ 2[f(z) ~do] =e™* = 1 + 2
f@~1-zf(@)+z=c7~1+z and flz)=e/(1-2)

Drawing the (n + 1)st oval, n > 0, we get 2n new points of intersection which split
the perimeter of this oval into 2n segments. Each segment takes an existing region and
divides it into two regions. So

Gt =a,_.+2n, n>1 a =2

a®) = A, o =n(Bn+ C)

(n+1)[B(n+1)+C]=n(Bn+C)+2n=> B(n’+2n+1)+Cn+C = Bn?*+Cn+2n =
2B4+C=C+2, B+C=0=3B=1,C=~1l.0 a,=A+nr ~n. 2=a;, = 4 =
g, =n*~n+2=2n(n-1)/2]+2.

(&) an=(%)

(b) (r+sz) =r'(1+ (s/r)a) = #{(;) + ()(s/m)z + ()(s/r)2* + ..} = a0 + a4z +
azi+...=14+22+622+...

rf=1l=3r=1

(Je=2=ts, () =6=2t{t~1)/2l =s(t~1)=2~35,50 s=—4, t =—1/2, and
(1 — 4z)~'/? generates (2:), n>0.
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19.

20.

(c) Let a coin be tossed 2n times with the sequence of H’s and T’s counted in a,. For
1 <t < n, there is a smallest ¢ where the number of H’s equals the number of T’s for the
first time after 2t tosses. This sequence of 2i tosses is counted in b;; the given sequence
of 2n tosses is counted in a,.;b;. Since by = 0, as ¢ varies from 0 to n,

ay = Z:"-—‘O a,-b,._.-.
(d) Let g(z) = To2obuz™, f(z) = Tirgans™ = (1 ~4z)~'/2.
% 1 BnT" = Y02 (aphs + G1bacy + ... + anbo)z™ => f(z) ~ ap = f(z)g(x) or g¢(z)
=1~[1/f(z)] =1~ (1 - 4z)'/2.
(@~ 422 = [(*) + () (~42) + (L) (~42P + .. ]

The coefficient of z™ in (1 —4z)}/? is ("{2)(—4)“ =

(1/2)((1/2) - 1)((1/2) ~2)---((1/2) —n + 1)(_4),. _ EHAEKE)---(n — 3)(2,.) -
n!

n!

(D00 0= Y- -G 2 D) 0,y (),

nin! (2n ~1) nin!

Consequently, the coefficient of z" in g(z) is b, =[1/(2n — 1)) (2:), n2>1, b =0.

Bl =18 = < Lo Rt =i = kg = wr = na SE =5 =
Sl = (199 = -5,

2
Sincea + 8 = (l-“tz’@) + (’—'35) = 1, it follows that o ~ 1 = ~§.

T2olBl* = TRS(S) = 1—(352—-1) = (a_:iﬁ) v i H2f5 = elh = (1)(3+v5),
and o? = (L55)? = (&424) = (1)(3 + VB).

For z,y,z € R,

f(f(z,y), z) = f(a+bey+c(z+y), 2) = a+b(a+bay+c(z+y))z]+c|(a+bry+c(z+y))+2)]
= a + ac + ¢z + bexy + BPxyz + bexz + cy + beyz + abz 4 cz, and

f(z, fy,2)) = fz,a + byz + c(z + y))
= a+blz{a + byz + c(y + 2)) + clz + (a + byz + c(y + 2))]
= a+ac+ abz + cz + 2y + c*z + Vayz + bezy + bezz + beyz.

f associative = f(f(z,y),2) = f(z, f(y,2)) = 2z + (ab + ¢}z = abz 4 cz + *z. With
ab =1 it follows that

rtztez=z+cfz+cz, or (*—c-1Dz=(c?—c~1)z.
Since z, z are arbitrary, we have ¢* — ¢ — 1 = 0. Consequently, ¢ = a or ¢ = 8.

@a-B=3t+vE-31-vB=V5

278



21.

22.

23.

a?_a—2=(1;?§)2_(1_#)2=§i§£_6+; 5=&¥§—3_f:ﬁ' = 5_§_j:23§_6—4 =
A3+ V5 -3+ V5 =65

g~ p? = (T:Z7§)2 _(1-23/5)2 _ e-;ﬁ _ 6—';'15 - 3—_2;73 ) §+ g - 3-2\/3 - e+i\/§ - 3—2\/5 =
)3+ V5 -3+ VE) =5

(b) Using the Binet form we have

ntl_an 2 nel_ an— 2
F2, —Fo = (53) - (555)
- 22n+2+ﬂ2n+3 —2(05)”:’1 __;)2;1—2 _ﬂ%n—2+2(aﬁ)n-—l
o—
2_ =2\ _@Bn(a~2 .
= oo a(a)_ﬂﬁ;_(é“ #) (since aff = ~1)

= (a’® — ") /(a ~ B) [from the results in part (a)] = Fy,.

(c) Here the base angles are 60° and the altitude is (1/2)(v/3)F,. Consequently, the area
of T is (1/2)(V/3/2)FulFuzy + Frpa] = (V3/4)Fu[Fry + Fuial.

Returning to part (b) we find that Fy, = F2,, ~ FZ_, = (Fop1 — Fan1)(Fagr + Fasa) =
F.F,.1 + F,F,_,. Consequently, the area of T = (V3/4)F;,.

Since AN B = @, Pr(S) = Pr(AU B) = Pr(A) + Pr(B). Consequently, we have 1 =
p+p* sopP +p~1=0and p=(-1%+5)/2. Since (—1 ~5)/2 < 0 it follows that
p=(-1+VB)/2=-5.

The probability that Sandra wins is p+(1—p)(1 —p)?p+(1-p)(1~p)?*(1 ~p)(1 —p)’p+--+ =
i+ -pP+ (1 -p)°+ A ~pP°+--]=p[1/1 -1 -p)]l.

For the game to be fair we must have 1/2 = p[1/[1 — (1 — p)?]}, so

p = (1/2)1 -1 -p)

2p = 1-(1-pPl=1~-(1-3p+3p*-p°
2p = 3p—3p®+p° and

0 = pPP~3p*+p=p(p*-3p+1)

Since p > 0, it follows that p* —3p + 1 = 0, or p = (3 % /5)/2. Since p < 1, we find that

p=(3~v5)/2={(1~V5)/2f = g%

Here a; = 1 (for the string 0) and a; = 2 (for the strings 00, 11). For n > 3, consider the
nth bit of & binary string (of length n) where there is no run of 1’s of odd length.

(i) If this bit is 0 then the preceding n — 1 biis can arise in a,_; ways; and

(ii) I this bit is 1, then the (n — 1)st bit must also be 1 and the preceding n — 2 bits can
arise in a,_; ways.

Since the situations in (i} and (ii) have nothing in common and cover all cases we have

G = Quoy + Ay, N 2 3: a4 = 11 a; = 2.
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25.

Here a, = F,,;,n 2 1, and so we have another instance where the Fibonacci numbers
arise.

Here 7o = a, z; = b, 2, = 2179 = ba, 3 = ;71 = ba, T4 = 237, = ¥a?, and z5 =
z4z3 = b%a®. These results suggest that zo = a and, for n > 1, z, = baf*-1, where F,
denotes the nth Fibonacci number (for n > 1). To establish this in general we proceed by
mathematical induction. The result is true for n = 0, as well as for n = 1,2, 3,4, 5.

Assume the result true for n = 0,1,2,...,k ~ 1,k, where k is a fixed (but arbitrary)
positive integer. Hence z;.; = bf*~1a"2 and z, = bfraFfi-1, s0 Thyy = ZpTioy =
(V% aFu-1)(bFb-1gFb-3) = pFrtFu-s gFemi+Fiez = pFis1gFs by the recursuve definition of the
Fibonacci numbers. Consequently, by the alternative form of the Principle of Mathematical
Induction the result is true for (n = 0 and) all n > 1.

(Second Solution). For n > 0 let y, = logz,. Then yp = loga, y; = logb, and y, =
Yns1 + Yn-2, 1 .>_ 2. So Yn = C]Ct" + cZﬁn7 where o = (1 + \/5)/2 and ﬂ = (1 - \/5_)/2.

loga =¢; + c3,logb =cia + 28 =

ez = (~1/v/5)logh + [(1 + V5)/2V/5] log a,

a1 = (1/V/5)logh + [(=1 + v/5)/2V/5] log a,

where the base for the log function is 10 (although any positive real number, other than
1, may be used here for the base).

Consequently,
Yn = Clan +62ﬂn
= {(1/v5)logb + [(~1 + v/5)/2V/5] log aja"
+[(—11\é§)logb +[(1 + v/5)/2V5]loga)8", so0
z, = lpaottas”

10[[(—1+\/§/2\/§]log a+(1/V5)logbjo™,
10l(1+V8)/2V5}loga+(~1/V5) log}a™
all(-14VB)/2/Blom +{(1 4+/8) /2V/B}6"} (™ -87) /B
a(an-—l _ﬂn-—l }/\/g b(an__an )/\/g

aFn-l bFn,

since F,, = (a” — §")/(a — B) = (a" — p")/ V5.

(8) (n=0) F2—FoF,~Ft=12-0-1-0"=1
n=1) FF-FRF/”~-Fl=1-1-1-1"=-1
n=2) FI-FRF-F}=22-1.2-1?=1
(n=3) FP—FyF —F2=32-2.3-92= —1

(b) Conjecture: For n 2> 8,

F3+l - R "‘F: ={

1, neven
-1, nodd
(c) Proof: The result is true for n = 0,1, 2,3, by the calculations in part (a). Assume
the result true for n = k(> 3). There are two cases to consider — namely, k& even and
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26.

27.

28.

29.

k odd. We shall establish the result for k even, the proof for k odd being similar. Our
induction hypothesis tells us that F?, — FiFiy; — FZ = 1. When n = k + 1(2> 4) we find
that F2,; ~ FaprFraz — FRpy = (Fen + B — B (Feqa + Fi) ~ FR = F 4 2Fn P +
F,? - FI?+I - Fk...ka — FJ?-H = Fk...]Fk + F,? _FI¢2+1 = —[F,?+! - Fka...] - F,?] = ~1. The
result follows for all n € N, by the Principle of Mathematical Induction.

The answer is the number of subsets of {1,2,3,...,n} which contain no consecutive entries.
We learned in Section 10.2 that this is F,.,,, the (n + 2)nd Fibonacci number.

(a) r(Ci,z)=1+4+2z r(Ci,z) =1+ 4z + 32°
r(Ce,z) =142z r(Cs,z) =1+ 5z + 6% 4 3
r(Cs,z) =1+ 3z + z? r(Cs,z) = 1 + 6z + 102? + 42°

In general, for n 2 3, r(Cy, 2) =r(Ch_1,2z) + 2r(Cp_s, 7).

(b) T(Ch 1) =2 'I‘(Cs, 1) =5 T(Cs, 1) =13

r(Cp, 1) =3 r(Cs,1) =8 r(Ce, 1) = 21

[Note: For 1 < i < n, if one "straightens out” the chessboard C; in Fig. 10.28, the result
is a 1 x 1 chessboard - like those studied in the previous exercise.]

For 0 < n £ 18, let p, be the probability that Jill bankrupts Cathy when Jill has
n quarters. Then ps = 0 and pjg = 1 and the answer to this problem is p;o. For
0 < n < 18, if Jill has n quarters, then after playing another game of checkers,

Pn = £1/2)Pn-11+£1/2)l’n+11

Jill has lost  Jill wins
the game the game

Pns1l — 2Pn + Pn-1 = 0 has characteristicroots r =1,1,80 p,=A+Bn.py=0= A=
0, 1 =ps=>B=1/18, so p, = n/18. Heunce Jill has probability 10/18 = 5/9 of
bankrupting Cathy.

(a) The partitions counted in f(n,m) fall into two categories:

(1) Partitions where m is a summand. These are counted in f(n — m,m), for m
may occur more than once.

(2) Partitions where m is not a summand — so that m — 1 is the largest possible
summand. These partitions are counted in f(n,m — 1).

f(n—m,m)+ f(n,m —1).
(b)

Program Summaunds(input,output);
Var
n: integer;



Function f(n,mn: integer): integer;
Begin
If n=0 then
f:=1
Else if (n < 0) or (m < 1) then
=0
Else f := f(n,m-1) + f(n-m,m)
End; {of function f}

Begin
Writeln (‘What is the value of n?’);
Readln (n};
Writeln (‘What is the value of m?’);
Readln (m);
Write (‘There are °, f(n,m):0, ¢ partitions of ’);
Write (n:0, ¢ where ’, m:0, ¢ is the largest ’);
Writeln (‘summand possible.’)
End.

(c)
Program Partitions(input,output);
Var

n: integer;

Function f(n,m: integer): integer;

Begin
If n=0 then
f:=1
Else if (n < 0) or (m < 1) then
f:=0

Else f := f(n,m-1) + f(n-m,m)
End; {of function f}

Begin
Writeln (‘What is the value of n?');
Readln {n};
Write (‘For n ="', n :0, * the number of °);
Write (‘partitions p(’, n:0, ‘) is ’, f(n,n):0, *.’) -
End.

30. Let |Bl=n=1 and [{A]=m. Then f: A — B where f(a)=0b forall a€ 4 and
{5} = B, is the only onto function from A to B. Hence a(m,1) = 1.
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31.

For m 2 n > 1, n™ = the total number of functions f: A - B. If 1 <i<n-1,
there are (’:) a(m, 1) onto functions g with domain A and range a subset of B of size i.
Furthermore, any function h: A — B that is not onto is found among these functions g¢.
Consequently, a(m,n) = n™ - o} (':)a(m, i).

The following program will print out the units digit of the first 130 Fibonacci numbers:
Fy — Fize.

Program Units(input, output);
Var
FibUnit: array[0..129] of integer;
1,j: integer;

Begin
FibUnit[0] := 0;
FibUnit[l] := 1;
Fori:=2to 129 do
FibUnit[i} := (FibUnit[i-1] + FibUnit{i-2]) Mod 10;
For 1 :=0 to 12 do
Forj:=0to9do
If j < 9 then
Write (FibUnit[10 * i + j]: 4)
Else {j = 9}
Writeln (FibUnit[10 * i + 9]: 4)
End.
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APPLICATIONS



1.

2.

4.

CHAPTER 11
AN INTRODUCTION TO GRAPH THEORY

Section 11.1

(a) To represent the air routes traveled among a certain set of cities by a particular airline.
(b) To represent an electrical network. Here the vertices can represent switches, transis-
tors, etc., and an edge (z, y) indicates the existence of a wire connecting = to y.

(c) Let the vertices represent a set of job applicants and a set of open positions in a
corporation. Draw an edge (A,b) to denote that applicant A is qualified for position b.
Then all open positions can be filled if the resulting graph provides a matching between
the applicants and open positions.

(a) {b,eL {e, f}’ {f’g}, {.q, e}7 {e, b}’ {b7 c}, {c,d}
(b) {be},{e,f}.{f.9},{g,€}.{e,d}

(c) {b,e},{e,d}

(d) {b,e},{e, f},{f,gL {g,e},{e, b}

(e) {b, e}’ {e, f}, {f’ g}’ {976}7 {e, d}, {d, c}, {c, b}
(f) {b,a},{a,c},{c,b}

6

We claim that x(G) = 2. To verify this consider the following:

(1) Let C; be the set of all vertices v € V where the binary label of v has an even number
of 1s. This includes the vertex z whose binary label is the n-tuple of all 0s. For any
vo € C,, where vy # z, we can find a path from vp to z as follows. Suppose that the binary
label for vy has 2m 1s, where 2 < 2m < n. Change the first two 1s in the binary label for
vy to 0s and call the resulting vertex v;. Then v; € C); and {vg,v,} € E. Now change the
first two 1s in the binary label for v; to 0s and call the resulting vertex v,. Once again
vg € C; and {vo,v1} € E. Continuing this process we reach the vertex v,, = z and find
that {Um-1,9m} € E, with v,,_, € C;. Hence each of the vertices in Cy — {z} is connected
to z.

(2) Now let Cy be the set of all vertices w € V where the binary label for w has an odd
number of 1s. Let z* € C, where the binary label for 2* consists of a 1 followed by n — 1
0s. For each wg € Cj, wy # z*, one of two possibilities can occur:

(i) There are 2m+1 1s in the binary label for wo, with 3 < 2m +1 < n, and the first entry
in the label for wp is 1. Here we chiange the next two 1s in the binary label for wp to 0s
and obtain the vertex wy € C; with {wg, w;} € E. Now the first entry in the binary label
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for w; is a 1 and upon changing the second and third 1s in this label to 0s we obtain the
vertex w; € C; with {w;,w;} € E. Continuing this process we reach the vertex w,, = 2*
with wy,—; € C3 and {wn_1,wn} € E. Consequently each vertex in C3 — {z*} whose binary
label starts with 1 is connected to 2”.

(ii) There are 2m +1 1sin the binary label for wy, with 3 < 2m+1 < n, and the first entry
in the label for wy is 0. Change the first entry in the binary label for wq to 1 and the first
1 in the binary label for wg to 0. This results in the vertex wy € C; with {wo, w,} € E.
Upon changing the second and third 1s in the binary label for w; to 0s we obtain the
vertex wy € Cy with {w;, w3} € E. Continuing this process we reach the vertex w,,;; = z*
with {@pm, Wm+1} € E. This shows that each vertex in C3 whose binary label starts with 0
is also connected to z*.

(3) We claim that the components of G are the graphs determined by C, and C;. Can
there exist an edge {z,y} € E where z € C,, y € C;7 Here the binary label for z has an
even number of 1s while the label for y has an odd number of 1s. This contradicts the
definition of E — for if {a,b} € E then the total number of 1s in the binary labels for a,b

i3 even.

Each path from a to A must include the edge {b,g}. There are three paths (in G) from a
to b and three paths (in G) from g to h. Consequently, there are nine paths from a to h
in G.

There is only one path of length 3, two of length 4, three of length 5, two of length 6, and
one of length 7.

c: 1 e 1 f: 1
ir 4 ;3 k 2

e
[ ]

h: 3
m: 3

(b) {(g,d),(d,e), (e;a)};

{(9,%), (b, ¢),(c,d),(d,€),(e,a)}.
(c) Two: One of {(b,c),(c,d)} and one

of {(b,1).(f,9).(¢g.d)}.
(d) No
(¢} Yes: Travel the path

{(c,d),(d, €}, (e, a),{a, b}, (b, f), (f.9)}.

(f) Yes: Travel the path {(g,b),(}, f), (£,9),(9,d),(d, ), (b,c),(c, d),(d,e), (e, a),(a, B)}.

The smallest number of guards needed is 3 - e.g., at vertices «, g, i.

If {a,b} is not part of a cycle, then its removal disconnects a and & (and G). If not,
there is a path P from a to & and P, together with {a,b}, provides a cycle containing

{a, b}
Conversely, if the removal of {a,b} from G disconnects G then there exist z,y € V
such that the only path P from z to y contains e = {a,b}. If e were part of a cycle
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10.

12.

13.

14.

15.

16.

C, then the edges in (P — {e})U(C — {e}) would provide a second path connecting z to
y. |

Any path. 11. (a) Yes (b) No (c) n—-1

(a) In a loop-free undirected graph (that is not a multigraph) the maximum number of
edges is (’2‘) Hence e < (;) = v{v—1)/2, so 2¢ < v? —uv.

b) In a loop-free directed graph (that is not a multigraph), e < v? — v.
(b) P graph ( graph), e <

This relation is reflexive, symmetric and transitive, so it is an equivalence relation. The
partition of V' induced by R yields the (connected) components of G.

(a) There are three cycles of length 4 in Wj, five cycles of length 4 in W, and five such
cycles in W,

(b) Denote the consecutive cycle (rim) vertices of W, by v;,v,,...,v, and the additional
(central) vertex by vn4;.

(i) For n # 4, there are n cycles of length 4:
(1) vi — v; = v3 = vy — vy
(2) v; = v3 = vy — Vo —

.
(n —1) vpoy — Un =+ V] — V41 — ve_y; ad
(n) vp = vy — V2 = Vpqq —+ Op.

When n = 4 the vertices v;,v2,v;3,v4 provide a cycle. The other four cycles of length 4
consist of vertex vs and three of the four vertices v;, v;,v3,v4.

(it) There are n + 1 cycles of length n in W,;:

(1) vy 2 v, 2 v3 = ... U =+ v, = vy

(2) v; = Upyy —P U3 = Vg —> ...~ Vpg — Uy — Vg

(3) va = Vuy1 = Us = Vs = ... > Up_g — Uy — U] — Vg

.

(N) Vet = Vpg1 =+ V) =+ V3 = ... = Up_3 ~> Up_p — Uy_,; 80d
(P+1) vy 2 Vpy1 2 V3= V3= ... = Up3 — Upy — U

For n > 1, let a, count the number of closed v — v walks of length n (where, in this case,
we allow such a walk to contain or consist of one or more loops). Here a; = 1 and a; = 2.
For n > 3 there are @,_; v — v walks where the last edge is the loop {v,v} and a,_3 v —v
walks where the last two edges are both {v,w}. Since these two cases are exhaustive and
have nothing in common we have a, = @pq + g2, 2 23,0, =1,a3 =2,

We find that a, = F,,;, the (n + 1)st Fibonacci number.

a) There are two other unit-interval graphs for three unit intervals.
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0 1
[ sy
0 1
>-——p oy o—py
0 10 1 0 1 0 1
P » . ;
Wi Wo wj Wi 7 w3
010101 001011

b) For four unit intervals there are 14 unit-inteval graphs.

c) For n 2> 1, there are b, = ;}_—,—(2:) unit-interval graphs for n unit intervals. Here b, is
the nth Catalan number. The binary representations set up a one-to-one correspondence
with the situations in Example 1.40 - in particular, change 0 to 1 and 1 to 0 in part (b) of
Example 1.40 to obtain the binary representations of the 14 unit-interval graphs on four

unit intervals.

Section 11.2

1. (a) Three: (1) {b,a},{a,c},{c,d},{d,a}
(2) {f, c}v {c, a}s {a7 d}s {d, c}
(3) {:,d},{d,c},{c,a}, {a,d}

(b} G, is the subgraph induced by U = {a,b,d, f,g, h,%, 5}

G1 = G— {C}
(c) G, is the subgraph induced by W = {b,¢,d, f, 9,1%,5}
G =G — {a,h}
(@ b, (@)
f
|
h.

2. (a) G, is not an induced subgraph of G if there exists au edge {a,8} in E such that
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a,be V,but {a,b} ¢ E,.
(b) Let e = {a,d}. Then G —e is a subgraph of G but it is not an induced subgraph.

(a) There are 2° = 512 spanning subgraphs.

(b) Four of the spanning subgraphs in part (a) are connected.
(c} 2°

There is only one — the graph G itself.
G is (or is isomorphic to) the complete graph K,, where n = |V|.

There are 11 loop-free nonisomorphic undirected graphs with four vertices.

W, ., @ (3)
- - I Z
(5) V (7) (8) r [ (10) [ j
(11) @ Six of these graphs are connected.
(a) (b) No solution.
A ) 4 8
sl1]vh|2]e v]3|aw]aslw
w 8 Y
(c)
w 8 v A
Ri1jwwjais vla|r B]a]y
Y A 8 w

(a} There are (1/2){(7H6)(5)(4)(3) = 1260 paths of length 4 in K.
(b) The number of paths of length m in Ky, for 0 <m < n, is
(1/2)(n)(n - 1)(n ~2)--+(n —m).

(a) Each graph has four vertices that are incident with three edges. In the second graph
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10.

11.

12.

d c d I : -G:

these vertices (w,x,y,z) form a cycle. This is not so for the corresponding vertices (a,b,g,h)
in the first graph. Hence the graphs are not isomorphic.

(b) In the first graph the vertex d is incident with four edges. No vertex in the second
graph has this property, so the graphs are not isomorphic.

If G has v vertices and e edges, then by the definition of G, there are (‘2') ~ e edges
in G since there are ('2’) edges in K,.

(a) ¥ G, = (W,E) and G, = (V;,E;) are isomorphic, then there is a function
f : Vi — V, that is one-to-one and onto and preserves adjacencies. If z,y € V; and
{z,y} € Ei, then {f(2), f(v)} &€ E2. Hence the same function f preserves adjacencies

for G;,G, and can be used to define an isomorphism for G, G;. The converse follows in
a similar way. )

(b) They are not isomorphic. The complement of the graph containing vertex a is a
cycle of length 8. The complement of the other graph is the disjoint union of two cycles
of length 4.

(a) Let e; be the number of edgesin G and e; the number in G. For any (loop-
free) undirected graph G, ¢ +¢; = (’2‘), the number of edges in K,. Since G is

self-complementary, e; = 3,50 ¢ = (1/2)(’2‘) =n(n —1)/4.

(b) Four vertices:

6: 6:

Five vertices:

) A
b b

(¢) From part (8), 4{n{(n ~1). Oneof n and n—1 is even and the other factor odd.
If n is even, then 4jn and n = 4k, for some k€ Z*. f n—1 is even, then 4|(n —1)
and n~1=4k, or n=4k+ 1, for some k€ Z*.
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13.

14.

15.

16.

17.

If G is the cycle with edges {a,b}, {b, ¢}, {c,d},{d, ¢}
and {e,a}, then G is the cycle with edges {a,c},
{c,e}, {e,b}, {b,d}, {d,a} . Hence, G and G are a ¢
isomorphic. Conversely, if G is a cycle on n vertices

and G,G are isomorphic, then n = (1/2)(;), or n=

(1/4)(n)(n — 1), and n = 5. e d

(a) All of the examples in Exercise 12 above satisfy these conditions.

(b) Since G is not connected, there exist vertices z,y and no path in G connecting
these vertices. Hence {z,y} is an edge in G. For each vertex a in G, a # r,y, either
{a,z} or {a,y} isin G. If not, both {a,z},{a,y} arein G and {z,a},{a,y} provide
a path in G connecting z and y. Let bc€ V. If {bz},{c,z} are both in G,
there is a path connecting b, c: namely, {b,z},{z,c}. The same is true if {b,y}, {c,y}
both occur in G. If neither of these situations occurs we have {b,z},{c,y} in G (or
{6,y},{c,z}) and then the edges {b,z},{z,y},{y,c} provide a path connecting & and
c.

(a) Here f must also maintain directions. So if (a,b) € E,, then (f(a), f(b)) € E,.

(b) They are not isomorphic. Consider vertex a in the first graph. It is incident to
one vertex and incident from two other vertices. No vertex in the other graph has this

property.
() (&)@ = (§)26)) ® (§)eb)
(©) T2 (8)26) @ T, ()e6)

There are two cases to consider:

Case 1: .- > - —
v w T w

Case 2:
- 45 -
v y z w

Here there are n — 2 choices for y — namely, any vertex other than v,w - and there are
n — 2 choices for z — namely, any vertex other than w or the vertex selected for z.

Consequently, there are (n — 1) + (n — 2)? = n? — 3n + 3 walks of length 3 from v to w.

Section 11.3

(a) V| =6

(b) |[V]=1or20r3or5or6orllorl5or 30 [Inthe first four cases G must be a
multigraph; when V| = 30, G is disconnected.]
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(c) V|=6

2|E} = 2(17) = 34 = ¥,y deg(v) 2 3{V|, so the maximum value of |V] is 11.

Since 38 = 2|F| = Z deg(v) > 4]V}, the largest possible value for [V] is 9. We can have
veV

(i) seven vertices of degree 4 and two of degree 5; or (ii) eight vertices of degree 4 and one
of degree 6. The graph in part (a) of the figure is an example for case (i); an example for
case (ii) is provided in part (b) of the figure.

(a) _ (b)

a) We must note here that G need not be connected. Up to isomorphism G is either a
cycle on six vertices or (a disjoint union of) two cycles, each on three vertices.

b) Here G is either a cycle on seven vertices or (a disjoint union of) two cycles — one on
three vertices and the other on four.

c) For such a graph G,, G, is one of the graphs in part (a). Hence there are two such
graphs G.

d) Here G, is one of the graphs in part (b). There are two such graphs G; (up to
isornorphism).

e) Let G, = (Wi, E,) be a loop-free undirected (n — 3)-regular graph with |V} =n. Up to
isomorphism the number of suck graphs G, is the number of partitions of n into summands
that exceed 2.

(a) Vi =8={Wl; |Ey| = 14=|E,|.

(b) For ¥, we find that deg(a) = 3, deg(b) = 4, deg(c) = 4, deg(d) = 3, deg(e) = 3,
deg(f) = 4, deg(g) = 4, and deg(h) = 3. For V; we have deg(s) = 3, deg(t) = 4,
deg(u) = 4, deg(v) = 3, deg(w) = 4, deg(z)} = 3, deg(y) = 3, and deg(z) = 4. Hence each
of the two graphs has four vertices of degree 3 and four of degree 4.

{(c) Despite the results in parts (a) and (b) the graphs G, and G, are not isomorphic.

In the graph G; the four vertices of degree 4 — namely, t, u,w, and z — are on a cycle of
length 4. For the graph G; the vertices b,c, f, and ¢ — each of degree 4 — do not lie on
a cycle of length 4.

294



6.

A second way to observe that G} and G; are not isomorphic is to consider once again the
vertices of degree 4 in each graph. In G, these vertices induce a disconnected subgraph
consisting of the two edges {b,c} and {f,g}. The four vertices of degree 4 in graph G;
induce a connected subgraph that has five edges — every possible edge except {u,z2}.

d e d ' -
C\f | 4
a a C a e
b b e b
(i)

(i1) (i)

7.

8.

10.

11.

12.

a) 19 b) Y (dz') [Note: No assumption about connectedness is made here.}
=1

a) There are 8- 27 = 1024 edges in Qs.

b) The maximum distance between pairs of vertices is 8. For example, the distance

between 00000000 and 11111111 is 8.

c) A longest path in Qs contains all of the vertices in Qg. Such a path has length

28 — 1 = 255.

a) n-2"! =524,288 = n =16
b) n-2*?! =4,980,736 = n = 19, so there are 2!? = 524, 288 vertices in this hypercube.

The typical path of length 2 uses two edges of the form {a, b}, {b,c}. We can select the
vertex b as any vertex of Q,, so there are 2" choices for b. The vertex b (labeled by a

binary n-tuple) is adjacent to n other vertices in Q, and we can choose two of these in (;)

ways. Consequently, there are (’2‘) 2" paths of length 2 in Q,,.

The number of edges in K, is ('2‘) = n{n —1)}/2. If the edges of K, can be partitioned into

such cycles of length 4, then 4 divides (’2‘) and ('2‘) = 4f for some ¢ € Z*. For each vertex v
that appears in a cycle, there are two edges (of K.} incident to v. Consequeantly, each vertex
v of K, has even degree, so n is odd. Therefore, n—1 is even and as 4t = (’;) = n(n-1)/2,
it follows that 8¢ = n(n — 1). So 8 divides n(n — 1}, and since n is odd, it follows (from
the Fundamental Theorem of Arithmetic) that 8 divides n — 1. Hence n — 1 = 8k, or
n = 8k + 1, for some k € Z*.

a) Let v € V. Then vRv since v and itself have the same bit in position & and the same
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13.

14.

13.

16.

bit in position £ — hence, R is reflexive. If v,w € V and vRw then v, w have the same
bit in position k and the same bit in position £. Hence w, v have the same bit in position
k and the same bit in position £. So wRv and R is symmetric. Finally, suppose that
v,w,z € V with vRw and wRz. Then v, w have the same bit in position k¥ and the same
bit in position £, and w, z have the same bit in position k and the same bit in position £.
Consequently, v,z have the same bit in position k and the same bit in position £, so vR=z
— and R is transitive. In so much as R is reflexive, symmetric and transitive, it follows
that R is an equivalence relation.

There are four blocks for (the partition induced by) this equivalence relation. Each block
contains 2"~? vertices; the vertices in each such block induce a subgraph isomorphic to

Qn—Z-

(b) For n > 1 let V denote the vertices in Q,. For 1 < k; < k3 < ... < k; < n and
w,z € V define the relation R on V by wRz if w, z have the same bit in position k;, the
same bit in position kz,..., and the same bit in position k;. Then R is an equivalence
relation for V and it partitions V into 2! blocks. Each block contains 2"~ vertices and the
vertices in each such block induce a subgraph of Q, isomorphic to Q,_,.

S|V] £ Toev deg(v) < AlV|. Since 2|E| = ¥ ¢y deg(v), it follows that
S|V < 2|E| £ AJV] s0 § < 2(e/n) < A.

(a) f7! is one-to-one and onto. Let z,y € V' and {z,y} € E'. Then f one-to-one
and onto == there exist unique a,b € V with f(a) ==z, f(b) =y. If {a,b} ¢ E, then

{f(a), 7(b)} € E".

(b) If deg{a) = n, then there exist z;,z3,...,z, €V and {a,z;} € E,1 < i < n. Hence,
the edge {f(a), f(z;)} € E' forall 1 <i < n,so deg(f(a)) = n. If deg (f(a)) > n,
let y €V’ suchthat y # f(z;)forall1 < i < n,and y = f(z). Since f~! is an
isomorphism by part (a), {a,z} € E and deg(a) > n. Hence deg f(a) = n.

Proof: Start with a cycle v; — v3 — v3 — ... = vy — vg — vy. Then draw the k edges
{vi,vi1}, {va, ves2}s - -5 {vis Viga}s - -« {vi, V2 }. The resulting graph has 2k vertices each
of degree 3.

Proof: (By the Alternative Form of the Principle of Mathematical Induction)

The result is true for n = 1 (for the complete graph K3) and for n = 2 (for the path on four
vertices). So let us assuine the result for all 1 < n < &, and consider the case for n = k+1.
Let G be a graph for n = k- 1, and add to this graph two isolated vertices # and y. Now
introduce two other vertices a and b and the edge {a,b}. Draw an edge between a and z,
and between @ and k — 1 of the vertices (one of each of the degrees 1,2,...,k - 1) in G'.
Now draw an edge between b and y, aud between b and the other k¥ — 1 vertices in G’ (the
vertices not adjacent to vertex a). The resulting graph has 2(k + 1) vertices where exactly
two vertices have degreet forall 1 <: <k + 1.

Consequently, the result follows for all » € Z* by the Alternative Form of the Principle of
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17.

18.

19.

20.

21.

Mathematical Induction.

(Corollary 11.1) Let V = VUV, where V; (V2) contains all vertices of odd (even)
degree. Then 2|E| — Ty, deg(v) = Loy, deg(v) is an even integer. For |V3| odd,
Svev, deg(v) is odd.

(Corollary 11.2) For the converse let G = (V,E) have an Euler trail with a,b as the
starting and terminating vertices, respectively. Add the edge {e¢,b} to G to form the
graph G' = (V, E'), where G’ has an Euler circuit. Hence G’ is connected and each
vertex has even degree. Removing edge {a,b} the verticesin G will have the same even
degree except for a,b. degg(a) = deggi(a)—1,degg(b) = degq(b) ~1, so the vertices a,b
have odd degree in G. Also, since the edges in G form an Euler trail, G is connected.

Select v;,v; € V where {v;,v;} € E. Such an edge must exist since V # § and
deg(v) 2 k>1 forall veV. If k=1 the result follows. If k£ > 1, suppose that we have
selected vy, vy, ...,0 €V with {v1,v3},{vs, v3},. .., {vr—1, vs} € E. Since deg(vy) > k,
there exists vi4; € V; where vy # v; for 1 <i<k—~1, and {v,va41} € E. Then
{v1,v2}, {v2,v3}, ..., {vr-1,v}, {Vk,Vks1} provides a path of length k.

(a) Let a,b,c,z,y € V with deg(a) = deg(b) = deg(c) =1, deg(z) = 5, and deg(y) = 7.
Since deg(y) =7, y is adjacent to all of the other (seven) vertices in V. Therefore vertex
z 18 not adjacent to any of the vertices a,b, and c. Since = cannot be adjacent to itself,
unless we have loops, it follows that deg(z) < 4, and we cannot draw a graph for the given
conditions.

(b)

(a) a=bwcargarkarjargabafasjmsiasfueriahodoseab—
d—a

(b) dwa—osbsd—-h—oivesfariajasfoboscoargskoarjargoabdo
¢

n odd: n=2 22. 1; Any single bridge.

Yes. Model the situation with a graph where there is a vertex for each room and the
surrounding corridor. Draw an edge between two vertices if there is a door common to
both rooms, or a room and the surrounding corridor. The resulting multigraph is connected
with every vertex of even degree.
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24,

25,

26.

We find that Y _ id(v) =e = ) od(v).

veV veVY
(a) (i) Let the vertices of K¢ be v;,v,,v;, vy, vs, vg, where deg(v;) = 5forall 1 <i <6.
Consider the subgraph S of K¢ obtained (from Kg) by deleting the edges {vz,vs} and
{vs,v6}. Then § is connected with deg(v;) = deg(vy) = 5, and deg(v;) = 4 for ¢ €
{2,3,5,6}. Hence S has an Euler trail that starts at v, (or v,) and terminates at v (or
v;). This Euler trail in S is then a trail of maximum length in Kg, and its length is
(5) - /26 ~2]=15-2=13.
Giy () -(1/2)i8~2/=28-3=25
Gi) (¥)-@/2)f10-2=45-4=41
Gv) (3)-(1/2)2n-2=n@2n-1)—(n-1)=2n"-2n+1.

(b) (i) Label the vertices of K¢ as in section (i) of part {a) above. Now consider the
subgraph T of Kg obtained (from Kg) by deleting the edges {v;, v}, {v3, vs}, and {v, ve}.
Then T is connected with deg(v;) = 4 for all 1 < ¢ < n. Hence T has an Euler circuit
and this Euler circuit for T is then a circuit of maximum length in Kg. The length of the
cireuit is (3) — (1/2)(6) = 15~ 3 = 12.

Gi) (5)-@/2)8)=28-4=24

Git) (%) - (1/2)(10) =45 -5 =40

Gv) () —(1/2)(2n) =n(2n — 1) ~n =2n® —2n = 2n(n — 1).

(a) f G =(V,E) has a directed Euler circuit, then for all z,y € V there is a directed
trail from z to y (that part of the directed Euler circuit from z to y ). Thisresultsin a
directed path from z to y, as well as one from y to z . Hence G is connected (in fact,
G is strongly connected as defined in part (b) of this exercise). Let s be the starting
vertex (and terminal vertex) of the directed Euler circuit. For every v € V,v # s, each
time the circuit comes upon vertex v it must also leave the vertex, so od(v) = id(v). In
the case of s the last edge of the circuit is different from the first edge and od(s) = id(s).

Conversely, if G satisifies the stated conditons, we shall prove by induction on |E| that
G has a directed Euler circuit. For |E| =1 the result is true (and the graph consists of a
(directed) loop on one vertex). We assume the result for all such graphs with |E| edges
where 1 < |E| < n. Now consider a directed graph G = (V,E) where G satisfies the
given conditions and |E} = n. Let « € V. There exists a circuit in G that contains a.
If the loop (a,a) & E, then there is an edge (a,b) € E for b # a. If not, a is isolated
and this contradicts G being connected. If (b,a) € E we have the circuit {{a, b), (b, a)}
containing a. If (b,a) € E, then there is an edge of the form (b,c), ¢ # b, ¢ # a, because
od(b) = id(b). Continning this process, since od(a) = id(a) and G is finite, we obtain
a directed circuit C containing a. f C = G we are finished. If not, remove the edges
of C from G, along with any vertex that becomes isolated. The resulting subgraph
H = (Wi, E;) is such that (in H) od(v) = id{v) for all v € V;. However, H is not

298



necessarily connected. But each component of H is connected with od(v) = id(v) for
each vertex in a component. Consequently, by the induction hypothesis, each component
of H has a directed Euler circuit, and each component has a vertex on the circuit C
(from above). Hence, starting at vertex a we travel on C until we encounter a vertex
vy on the directed Euler circuit of the component C; of H. Traversing C; we return to
v; and continue on C to veriex v, on component C; of H. Continuing the process,
with G finite we obtain a directed Euler circuit for G.

2 — b (b) If G =(V,E) is adirected graph with a directed Euler
circuit then for all z,y € V, = # y, there is a directed path
from z to y, and one from y to =z, so the graph is
+ strongly connected. The converse, however, is false. The

directed graph shown here is strongly connected. However,
J since od(d) # id(b) the graph does not have a directed
d  Euler circuit.

c s

27. From Exercise 24 we see that ¥ .cy[ od(v) — id(v)] = 0. For each v €V, od(v)+
id(v) =n—1,50 0=(n~1)-0=Y,ev(n—1)[od(v) - id(v)] = L,ev| od(v)+
id(v))f od(v) — 1d(v)] = T,evi( 0d(v))? - (id(v))3), and the result follows.

28. Let G be a directed graph satisfying the three conditions. Add the edge (z,y). Then
by part (a) of Exercise 26 the resulting graph has a directed Euler circuit C. Removing
(z,y) from C yields a directed Euler trail for the given graph G. (This trail starts at
y and terminates at z.) In a similar manner we find that if a directed graph G has a
directed Euler trail then it satisfies the three conditions.

29. (a) and (b) (c)

1 —> —PTINN

Id 73y 0T [m) ey 7 J
! “ i 7/ o /
N \\ ‘\\\:_. _-///('3‘/ /

30. 33

31. Let |V| =n > 2. Since G is loop-free and connected, for all z € V we have
1 < deg(z) < n — 1. Apply the pigeonhole principle with the n vertices as the pigeons
and the n ~ 1 possible degrees as the pigeonholes.
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32. (a)

33.

34.

U1 U2 vz g U5
wio 1 1 0 1
w1l 001 1 1
A—vslllll

vy i0 1 1 0 1
vsL_l_llllJ

£1 €2 €3 ¢4 €5 € €7 €3 E €0 €n
»nfl 110 0 0 0 0 0 0 0
I_v,00111100000
T vl 0 0 01 0 0 1 0 1 1
vy t0 0 0 0 01 0 1 1 @ O
0501010010119.1

(b) If there is a walk of length two between v; and vj, denote this by {vi,vi}, {ve,v;}.
Then aj =ap; =1 in A and the (,5)-entry in A? is 1. Conversely, if the (i, j)-entry
of A? is 1 then there is at least one value of k, 1 < k < n, such that a; = ax; =1, and
this indicates the existence of a walk {v;,vi},{ve,v;} between the ith and jth vertices of

V.

(c) Forall 1<i,j < n, the (i,j)-entry of A? counts the number of distinct walks of
length two between the ith and jth vertices of V.

(d) For v at the top of the column, the column sum is the degree of v, if there is no
loop at v. Otherwise, deg(v) = [(column sum for v) — 1]+ 2 (number of loops at v).

(e) For each column of I the column sum is 1 for a loop and 2 for an edge that is not a
loop.

(a) Label the rows and columns of the first matrix with a,b,c. Then the graph for this
adjacency matrix is a path of two edges where deg(a) = deg(b) = 1 and deg(c) = 2.

Now label the rows and columns of the second matrix with z,y,2. The graph for this
adjacency matrix is a path of two edges where deg(y) = deg(z) =1 and deg(z) = 2.

Define f : {a,b,c} — {z,y,2} by f(a) =y, f(b) = 2, f(¢) = z. This function provides an
isomorphism for these two graphs.

Alternatively, if we start with the first matrix and interchange rows 1 and 3 and then
interchange columns 1 and 3 (on the resulting matrix), we obtain the second matrix. This
also shows us that the graphs (corresponding to these adjacency matrices) are isomorphic.

(b) Yes
{(c) No

(a) Here each graph is a cycle on three vertices — so they are isomorphic.
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35.

36.

37.

(b) The graphs here are not isomorphic. The graph for the first incidence matrix is a cycle
of length 3 with the fourth (remaining) edge incident with one of the cycle vertices. The
second graph is a cycle on four vertices.

(c) Yes

No. Let each person represent a vertex for a graph. If v, w represent two of these people,
draw the edge {v, w} if the two shake hands. If the situation were possible, then we would
have a graph with 15 vertices, each of degree 3. So the sum of the degrees of the vertices
would be 45, an odd integer. This contradicts Theorem 11.2.

Define the function f from the domain A x B (or the set of processors of the grid) to the
codomain of corresponding vertices of Q5 as follows:

f({ab, cde)) = abcde, where ab € A, cde € B, and a,b,¢,d,e € {0,1}.
If f((ab, cde)) = f(a b1, c1d1€1)), then abede = a;bjc1dvey, soa =a;, b=by, c= ¢y, d = dy,
e = e;, and {(ab, cde) = (a1 by, c;dse;), making f one-to-one. Since [A x B| = 15 = the
number of vertices {of @5) in the codomain of f, it follows from Theorem 5.11 that f is
also onto.

Now let {(ab, cde), (vw,zyz)} be an edge in the 3 x 5 grid. Then either ab = vw and
cde, zyz differ in (exactly) one component or cde = zyz and ab, vw differ in (exactly) one
component. Suppose that ab=vw (soa=v,b=w)andc=1z,d =y, but e # z. Then
{abede, vwzyz} is an edge in Q5. [The other four cases follow in a similar way.] Conversely,
suppose that {f(a;b;, c;dyey), f(v1wy, z13121)} is an edge in the subgraph of Q5 induced by
the codomain of f. Then a;b¢,dye; and vyw;zy 1 2; differ in (exactly) one component — say
the last. Then in the 3 x 5 grid, there is an edge for the vertices (a1b, 1d,0), (a;b1c1d1 1).
[Similar arguments can be given for any of the other first four components.] Consequently,
f provides an 1somorphism between the 3 x § grid and a subgraph of Q)s.

[Note that the 3 x 5 grid has 22 edges while Q5 has 5. 2! = 80 edges.)

Assign the Gray code {00,01,11,10} to the four horizontal levels: top — 00; second (from
the top) — 01; second from the bottom — 11; bottom - 10. Likewise, assign the same code
to the four vertical levels: left (or, first) — 00; second — 01; third - 11; right (or, fourth) —
10. This provides the labels for py, p2,. .., p1s, where, for instance, p; has the label (00, 00),
p2 has the label (01,00),...,ps has the label (11,01),..., py; has the label (11,10), and pis
has the label (10, 10).

Define the function f from the set of 16 vertices of this grid to the vertices of @, by
f((ab,cd)) = abed. Here f((ab,cd)) = f({a1h,c1dy)) = abed = a1bicidy = a = @y, =
b,c = a,d = dy = (ab,cd) = (a;by,1dy) = f is one-to-one. Since the domain and
codomain of f both contain 16 vertices, it follows from Theorem 5.11 that f is also onto.
Finally, let {(ab,cd),(wz,yz)} be an edge in the grid. Then either ab = wz and cd,yz
differ in one component or ¢d = yz and ab, wzr differ in one component. Suppose that
ab = wz and ¢ = y, but d # z. Then {abed, wzyz} is an edge in Q4. The other cases follow
in a similar way. Conversely, suppose that {f((a18;,c1d1)), f((w173,%21))} is an edge in
Qs. Then a;bicidy, wyiz,y;2; differ in exactly one component — say the first. Then in the
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grid, there is an edge for the vertices (0b;,c;d;), (1b1,c1dy). The arguments are similar
for the other three components. Consequently, f establishes an isomorphism between the
three-by-three grid and a subgraph of Q.

[Note: The three-by-three grid has 24 edges while Q4 has 32 edges.}

Section 11.4

In this situation vertex b is in the region formed
by the edges {a,d}, {d,c}, {c,a} and vertex e is
outside of this region. Consequently the edge
{b,e} will cross one of the edges {a,d}, {d,c},
{a,c} (as shown).
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2.

8.

From the symmetry in these graphs the following demonstrate the situations we must
sonsider

K 5 § . ;; K3’3 .
(2)
Graph Number of vertices Number of edges
Koz 1 28
Koy 18 77
Kun m+n mn
(b) m=6

Let G = (V, E) be bipartite with V' partitioned as V; U V3, so that each edge in F is of
the form {a,b} where e € V3, b € V. If H is a subgraph of G let W denote the set
of vertices for H. Then W = WNV = Wn (hu W) = (Wn W) U(WnV,), where
(Wnwn)NWnv;) =0. If {z,y} is an edge in H then {z,y} is an edge in G — where,
say, z € V; and y € V,. Hence z € W), y € W; and H is a bipartite graph.

(a) Let i = {a,d,e,h} and V; = {b,c, f,g}. Then every vertex of G is in V; UV, and
ViNnV; = B. Also every edge in G may be written as {z,y} where z € V; and y € V5.
Consequently, the graph G in part (a) of the figure is bipartite.

(b) Let V{ = {a,b,9,h} and V; = {c,d, ¢, f}. Then every vertex of G' is in V{ U V and
V! NV} = . Since every edge of G' may be written as {z,y}, with z € V{ and y € V},
it follows that this graph is bipartite. In fact G’ is (isonorphic to) the complete bipartite
graph K, 4.

(c) This graph is not bipastite. If G* = (V”, E") were bipartite, let the vertices of G”
be partitioned as V' U V}’, where each edge in G" is of the form {z,y} with z € V} and
y € V. We assume vertex @ is in V{". Now consider the vertices b, ¢,d, and e. Since {a, b}
and {a,c} are edges of G we must have b,c in V;'. Also, {b,d} is an edge in the graph, so
d is in V. But then {d,e} € E" = e € V', while {c,e} € E" => e € V.

There are four vertices in K 3 and we can select four vertices from those of X, in ('4‘) ways.
Since each of the four vertices (in each of the ('4‘) selections) can be the unique vertex of
degree 3 in K3, there are 4(;‘) subgraphs of K, that are isomorphic to K; 3.

Alternately, select the vertex of degree 3 in K; 3 — this can be done in n ways. Then select
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10.

11.

12.

n-1

3 ) ways. Hence the number of

the remaining pendant vertices — this can be done in (
subgraphs of K, that are isomorphic to K3 is

n(n 3 1) = (n)(n — 1)(n — 2)(n — 3)/6 = (4)[(n)(n — 1)(n - 2)(n — 3)/24] = 4(2)‘

The vertices in K, , may be partitioned as V; U V3 where |V}| = m, |V, = n, and each
edge of the graph has the form {z,y} where z € V; and y € V5.

(a) In order to obtain a cycle of length four we need to select two vertices from each of
Vi and V;. This can be done in (7)(}) ways — each resulting in a distinct cycle of length
four.

[Note: Say we select vertices a,b from V; and vertices ¢, d from V;. We do not distinguish
thecyclsea wc—+b—+d—-aanda—d—+b—c— al

(b) For a path of length two there is one vertex of (path) degree 2 and two vertices of
(path) degree 1. If the vertex of (path) degree 2 is in V; then there are m('z') such paths.

There are n(';‘) such paths when the vertex of (path) degree 2 is in V,. Hence there are
m(’z‘) + n(';') = (1/2)(mn)[{m + n — 2] paths of length 2 in K, ...
(c) Here a path of length 3 has the form a —+ b — ¢ — d where a,c € V] and b,d € V;. By

the rule of product there are (m)(n)(m —1)(n —1) = 4(’;) (';) such paths in K, ,.

(a) 2 (b) 6 (=2(3) (c) 14 (=2(7)) (d) 2m

(a) 6 (b) (1/2)(7)(3)(6)(2)(5)(1)(4) = 2520 (c) 50,295,168,000
(d) (1/2)(n)(m)(n —1)(m —1)}(n —2)---(2)(n — (m + 1))(1)(n ~m)

Let G =(V,E) be bipastite with V=V,UV,, NV, =8. If G has a cycle of odd
length then there is an edge in the cycle of the form {z,y} with z,y € ¥ (or z,y € 1}).
This contradicts the definition of a bipartite graph.

Partition V as VUV, with [l =m, |V} = v—-m. If G is bipartite, then the
maximum number of edges that G can have is m{(v — m) = —[m — (v/2)]* + (v/2)?,
a function of m. For a given value of v, when v is even, m = v/2 maximizes
m(v — m) = (v/2)[v ~ (v/2)] = (v/2)*. For v odd, m = (v -1}/2 or m = (v +1)/2
maximizes m(v —m) = [(v — 1)/2][v - (v~ 1)/2)] = (v~ 1)/2][(v + 1)/2) = (v + 1)/2][0 -
((v +1)/2)] = (v¥ = 1)/4 = [(v/2)?] < (v/2)%. Hence if [E| > (v/2)?, G cannot be
bipartite.

(a) Thereare 3: (i) K,g; (ii) K4 and (ili) Kiga.
(b) {n/2] for n€eZ*, n>2.
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13. (a)

a: {1,2} f: {4,5}

b: {3,4} g {2,5}

c: {1,5} h: {2,3}

d: {24} i: {1,3}

e: {3,5} it {14}

(b) G is (isomorpbic to) the Petersen graph. (See Fig. 11.52(a)).
14. (1) (2) (3}

Graph (1} shows that the first graph contains a subgraph homeomorphic to K33, so it is
not planar. The second graph is planar and isomorphic to the second graph of the exercise.
The third graph provides a subgraph homeomorphic to K33 so the third graph given here
is not planar. Graph (6) is not planar because it contains a subgraph homeomorphic to

b

15. The result follows if and only if mn is even (that is, at least one of m,n is even).

Suppose, without loss of generality, that m is even — say, m = 2¢. Let V denote the vertex
set of K, , where V = ViUV, and Vi = {v1,v, ..., 0, V41, -, U }, Vo = {wy, w1, ..., 0.}
The mn edges in K., . are of the form {v;, w;} where1 <i < m, 1< j < n. Now consider
the subgraphs G, G; of K, , where G} is induced by {v;,v;,...,v,JUV, and G, is induced
by {vi+1,vt42,--,vm} U Vo. Bach of G;, G, is isomorphic to K;,, and every edge in K,,
is in exactly one of G;,G,.

305



18.

17.

18.

19.

20.

21.

22.

If both m,n are odd, then K|, has an odd number of edges and cannot be decomposed
into two isomorphic subgraphs — since each such subgraph has the same number of edges
as the other.

Consider how the vertices of the Petersen graph are labeled in Fig. 11.52(a). The following
correspondence of vertices provides an isomorphism for the two graphs:

a—s bov c—2z d-y e—ot
f—=u g—=r how 19z j—gq

(a) There are 17 vertices, 34 edges and 19 regions and v—e+r =17-34 4+ 19 = 2.
(b) Here we find 10 vertices, 24 edges and 16 regions and v —e +r =10 — 24 + 16 = 2.

Proof: Since each region has at least five edges in its boundary, 2|E| > 5(53), or |E| >
(1/2)(5)(53). And from Theorem 11.6 we have |V| = [E|-53+2 = |E|-51 > (1/2)(5)(53)—
51 = (265/2) — 51 = 811, Hence |V'| > 82.

10

(a) For each component C; = (V,,E;), 1 <i<n,of G,if ¢; =|E;] and v; = |V]| then
e;—v;+2 = r;. Summing as i goes from 1 to n wehave e~v+2n =r+(n~1) because
the infinite region is counted n = x(G) times. Hence e—v+n+1=r =e—~v+[x(G)+1}.

(b) Using the same notation as in part (a) we have 3r; < 2¢;, 1 <1 <n,s0 3r <
T (Bri) < Yh 2 =2 Also, ¢; <3v;—~6,1<i<n, B0 e=3" 6 <Y ,(3v;,—6) =
Jv—6n < 3v—6.

If not, deg(v) > 6 forall v € V. Then 2 = ¥,y deg(v) > 6|V|, so e > 3|V,
contradicting e < 3|V}~ 6 (Corollary 11.3.)

(a) Suppose that G = (V,E) with |V|=11. Then G = (V,E,) where {a,b} € E;
iff {a,b} € E. Let e = |E|,e; = |E;]. Hboth G and G are planar, then by
Corollary 11.3 (and part (b) of Exercise 20, if necessary), ¢ < 3{V| -6 = 33 —6 = 27
and e < 3|V|—6 = 27. But with |V| = 11, there are (%) = 55 edges in Ky, so
|E| + |Ey| = 55 and either e > 28 or e, > 28. Hence, one of G, G must be planar.

¥ G=(V,E) and |V| > 11, consider an induced subgraph of G on V' C V where
V') = 11.

Fav, |

d : e
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23.

24.

25.

26.

(a) 2e > kr = k(2+e—v) =3 (2—k)e 2 k(2 —v) => e < [k/(k - 2)}(v - 2).
(b) ¢

(¢) In K33, =9, v=6[k/(k-2)(v—2)=(4/2)4) =8 < 9 =¢. Since Ki3 is
connected, it must be nonplanar.

(d) Here k=5, v=10, e =15 and [k/(k —2)}(v —2) = (5/3)(8) = (40/3) < 15 =e.
Since the Petersen graph is connected, it must be nonplanar.

(2)

(b} There are no pendant vertices. But this does not contradict the condition mentioned
because the loops contain other vertices and edges of the graph.

(a) The dual for the tetrahedron (Fig. 11.59(b)) is the graph itself. For the graph (cube)
in Fig. 11.59(d) the dual is the octahedron, and vice versa. Likewise, the dual of the
dodecahedron is the icosahedron, and vice versa.

(b) For n € Z*, n > 3, the dual of the wheel graph W, is W, itself.

(a) The correspondence @ —+ v, b— w, ¢ =y, d = z, e — z provides an isomorphism.

(b) (1) a* (2)
p
b r
N
s

(c) In the first graph in part (b} vertex ¢’ has degree §. Since no vertex has degree 5 in
the second graph, the two graphs cannot be isomorphic.
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(d)
b L

27.

28. The number of vertices in G?, the dual of G, is r, the number of regions in a planar depiction
of G. Since G is isomorphic to G? it follows that r = n. Consequently, |V|— |E|4+r =
2=3n—-|Ejl+n=2=|E|=2n~2.

29. Proof:

a) As we mentioned in the remark following Example 11.18, when G}, G, are homeo-
morphic graphs then they may be regarded as isomorphic except, possibly, for vertices of
degree 2. Consequently, two such graphs will have the same number of vertices of odd
degree.

b) Now if G, has an Euler trail, then G; (is connected and) has all vertices of even degree
— except two, those being the vertices at the beginning and end of the Euler trail. From
part (a) G; is likewise connected with all vertices of even degree, except for two of odd
degree. Consequently, G; has an Euler trail. [The converse follows in a similar way.]

c) I G, has an Euler circuit, then Gy (is connected and) has all vertices of even degree.
From part (a) G; is likewise connected with all vertices of even degree, so G; has an Euler
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cireuit. {The converse follows in a similar manner.}

Section 11.5

% B Z VA,

(a) (b) () (d)

2. The graph is a path (cycle).

3. (a) Hamiltoncycle: a v g—k—=i—h-sbosc—adoj—foe—a
(b) Hamilton cycle: a «d—s+b—se—sg—j—ois>fsh—c—a
(c) Hamiltoncycle: e »h—e—f—og—i—-d—sc—ob—a
(d) The edges {a,c}, {c,d}, {d,b}, {b,e}, {e, f}, {f, g} provide a Hamilton path for the
given graph. However, there is no Hamilton cycle, for such a cycle would have to include
the edges {3,d}, {b,¢e}, {a,c}, {a,e}, {9, f}, and {g,e} — and, consequently, the vertex e
will have degree greater than 2.
(¢) Thepatha b —c—wd—e—j—ish—gofok-lam—oan—=ois
one possible Hamilton path for this graph. Another possibility is the path a — b — ¢ —
d—si—-+h—-sg—=af—=k—-l—-m-—=n-o0— 3 — e However, there is no Hamilton
cycle. For if we try to construct a Hamilton cycle we must include the edges {a, b}, {a, f},
{f. k}, {k,1}, {d,e}, {e,7}, {7,0} and {n,0}. This then forces us to eliminate the edges
{f,g} and {3,j} from further consideration. Now consider the vertex i:. If we use edges
{d,i} and {i,n}, then we have a cycle on the vertices d,e, },0,n and : - and we cannot
get a Hamilton cycle for the given graph. Hence we must use only one of the edges {d,i}
and {i,n}. Because of the symmetry in this graph let us select edge {d, i} — and then edge
{h,1} so that vertex ¢ will have degree 2 in the Hamilton cycle we are trying to construct.
Since edges {d,:} and {d, e} are now being used, we eliminate edge {c,d} and this then
forces us to include edges {b,c} and {¢,h} in our construction. Also we must include the
edge {m,n} since we eliminated edge {i,n} from consideration. Next we eliminate edges
{h,m}, {h,g} and {b,g}. Finally we must include edge {m,{} and then eliminate edge
{1, 9}. But now we have eliminated the four edges {b.¢}, {f, ¢}, {h,g} and {l,¢} and ¢ is
consequently isolated.
{f) For this graph we find the Hamilton cyclea - b—wc—d—e-j i h-g—

l-om—an—so—-tas—sra+g—p—=k—f—a

4. (a) Consider the graph as shown in Fig. 11.52(a). We demonstrate one case. Start at

vertex a and consider the partial path ¢ — f — ¢ — d. These choices require the
removal of edges {f,h} and {g,i} from further consideration since each vertex of the
graph will be incident with exactly two edges in the Hamilton cycle. At vertex d we can
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7.

8.

go to either vertex ¢ or vertex e. (i) If we go to vertex ¢ we eliminate edge {e,d}
from consideration, but we must now include edges {e,j} and {e,a}, and this forces the
elimination of edge {a,b}. Now we must consider vertex b, for by eliminating edge {a,b}
we are now required to include edges {b,g} and {b,¢} in the cycle. This forces us to
remove edge {c,h} from further consideration. But we have now removed edges {f,h}
and {c,h} and there is only one other edge that is incident with A, so no Hamilton cycle
can be obtained. (ii) Selecting vertex e after d, we remove edge {d,c} and include
{c,h} and {b,c}. Having removed {g,{} we must include {g,5} and {g,j}. This forces
the elimination of {a,b}, the inclusion of {a,e} (and the elimination of {e,j}). We now
have a cycle containing a, f,1,d, e, hence this method has also failed.

However, this graph does have a Hamilton path: ¢ b —sc—<d—e—j— h— f—
1 —g.

(b) For example, remove vertex j and the edges {e,j},{9,7},{h,7}. Then e — a —
f—=h—c—b—g—i—d— e provides a Hamilton cyele for this subgraph.

(a) If we remove any one of the vertices a, b or g, the resulting subgraph has a Hamilton
cycle. For example, upon removing vertex a, we find the Hamilton cycle 8 -+ d — ¢ —
f—g—e—=b

(b) The following Hamilton cycle exists if we remove vertex g: ¢ - b —+¢c —+d — e —
j—+0o—n—s+t—+h—-+m—=1—-k— f— a A symmetric situation results upon
removing vertex t.

Let the vertices on the cycle (rim) of W, be consecutively denoted by v,,vs,...,v,, and
let v,41 denote the additional (central) vertex of W,. Then the following cycles provide n
Hamilton cycles for the wheel graph W,.

(1) v1 = Vp41 = V2 = V3 = Vg = ... =+ Vg — Uy — V)3

(2) v 2V =V V3DV Uy U, Uy

(3) Y1 = U3 = Uz = Unyy =+ Vg = ... = Vp_g = Up = Uy

(n—1)v; 2 V3 = V3 D Vg ... =+ Up_g =+ Upyy — ¥y — Uy; and
(NYv; = vy = V3 = Vg — ... = Uy =+ U, = Uy — V).

(a) (1/2)(n -1)! (b) 10 () 9

(a) Partition the vertices of K,n a8 X UY where |[X| = |{V|=n. Write X =
{Z1,23,...:2Za}, ¥ = {¥1,¥2,...,¥n}; each edge of K, , is of the form {x;,3;} where
1 <£4,7 <n. Since x; is on every Hamilton cycle of K, ., start with z,. There are then
n choices for y; where {z,,y;} is on the cycle. From y; we canreturnto X in n—1
ways (we cannot use z; again), forming the second edge {y;,=:}, where 2 < ¢ < n.
Continuing in this manner there are (n — 1)In! results. Since directions are not assigned
to any of the edges we get a total of (1/2){(n — 1)!n! Hamilton cycles for K, ,.

(b) In this case the “starting” vertex of a Hamilton path is in oneof X or Y (as
described in part (a)) and the “terminating” vertex is then in the other set. The number
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10.

of such paths is (n!)?. (Note: n =1 makes sense in this part but not for the formula in
part (a).)

Let G =(V,E) be a loop-free undirected graph with no odd cycles. We assume that G
is connected — otherwise, we work with the components of G. Select any vertex z in V
and let V; = {v € V]d(z,v), the length of a shortest path between z and v, is odd} and
Va = {w € Vl{d(z,w), the length of a shortest path between z and w, is even}. Note
that (i) z € Va; (i) V =V, UV;; and (iii)) V1NV, = 0. We claim that each edge {a,b}
in F has one vertex in V; and the other vertex in V5.

For suppose that e = {a,b} € E with a,b € Vj. (The proof for a,b € V; is similar.)
Let E, = {{a,n},{v1,v2},...,{Vm-1,2}} be the m edges in a shortest path from a
to =, and let E, = {{b,vi},{v},v3},...,{v}_1,z}} be the n edges in a shortest path
from b to z. Note that m,n are both odd. If {vy,v3,...,vp-1}N{v},v5,...,v 1} =9,
then the set of edges E’' = {{a,b}} U E, U E, provides an odd cycle in G. Otherwise,
let w(# z) be the first veriex where the paths come together, and let E” = {{a,d}} U
{{a,vl}, {vh'U?}, cees {vi,w}} U{{b’ v}, {v), v}y es {v;‘,w}}’ for some 1 <i <m-—1 and
1 <j £ n~—1. Then either E” provides an odd cycle for G or E’' — E" contains an
odd cycle for G.

(a) Suppose that G has a Hamilton cycle C. Then C contains |V| edges and the
vertices on C must alternate between vertices in V; and those in V; because G is
bipartite. This forces {V'| to be even and |V}| = |V}].

(b) In a similar way, if G has a Hamilton path P, then P has |V]~1 edges and
the vertices on P must alternate between the vertices in V; and those in V;. Since

[Vil # V4], it follows that {3 — [V3] = £1.

(c) Let V ={a,b,c,d,e} with V; = {a,b}, V; = {c,d,e} and E = {{a,c}, {a,d}, {a,¢},
{b,c}}.
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11.

12.

a a

(b)
od(a) =3 id{a)=0 od{a) =3 id(a)=0
od(b) =2 id(b) =1 od(b) =1 id(b) =2
od(c) =0 id(c)=3 od(c) =1 id(c)=2
od(d) =1 id(d) =2 od(d) =1 id(d)=2
od{a) =1 id{a}=2 oda) =0 id{a)=3
od(b) =1 id(b) =2 od()) =2 id(b) =1
od{c) =2 id(e)=1 od{c) =2 id(c)=1
od(d) =2 id{d)=1 od(d)=2 id(d)=1

Proof: From Example 11.26 we know the result is true for n = 2. Assume that @}, has a
Hamilton cycle for some arbitrary (but fixed) n > 2. Now consider Qn41. From Example
11.12 we know that Q.4; can be constructed from two copies of @, — one copy, Qno,
induced by the vertices of Q4 that start with 0, the other copy, Qn,, induced by the
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13.

14.

18.

16.

17.

18.

19.

20.

vertices of Q.41 that start with 1. Each of Q,o. Q. has a Hamilton cycle — each may
have more than one but we agree to pick the same cycle in each. [The only difference in
the cycles is the first bit in the vertices of an edge — that is, if {0z,0y} is an edge in the
Hamilton cycle for Q.0 (where z,y are binary strings of length n that differ in only one
position), then {1z,1y} is the corresponding edge in the Hamilton cycle for Q,;.] Select
edges {0v,0w} and {1v,1lw} from the Hamilton cycles for Q.o and Q.. ;, respectively.
Remove these edges and replace them with the edges {Ov,1v}, {Ow, 1w} (in Qn41)- The
result is a Hamilton cycle for Q4.

It now follows from the Principle of Mathematical Induction that Q,, has a Hamilton cycle
for all n > 2.

Proof: If not, there exists a vertex z such that (v,z) ¢ F and, forall y € V, y # v, z, if
(v,y) € E then (y,z) € E. Since (v,z) ¢ E, we have (z,v) € E, as T is a tournament.
Also, for each y mentioned earlier, we also have (z,y) € E. Consequently, od(z) > od(v)+1
— contradicting od(v) being a maximum!

Let G be any path with more than three vertices.

a C d

For the multigraph in the given figure, |V| = 4 and
deg(a) = deg(c) = deg(d) = 2 and deg(b) = 6. Hence
deg(z) + deg(y) > 4 > 3 = 4 — 1 for all nonadjacent
z,y € V, but the multigraph has no Hamilton path.

b

Corollary 11.4: Proof: For all z,y € V, deg(z) + deg(y) = 2{(n — 1)/2] = n — 1, so the
result follows from Theorem 11.8.

Corollary 11.5: Proof: Let a,b € V where {a,b} ¢ E. Then deg{a) + deg(b) > (n/2) +
(nf2) = n, so the result follows from Theorem 11.9.

For n > 5 let C, = (V, E) denote the cycle on n vertices. Then C, has (actually is) a
Hamilton cycle, but for all v € V| deg(v) = 2 < n/2.

Construct a graph with 12 vertices, one for each person. If two people know each other,
draw an edge connecting their corresponding vertices. By Theorem 11.9 this graph has a
Hamilton cycle and this cycle provides such & seating arrangement.

This follows from Theorem 11.9, since for all (nonadjacent) z,y € V, deg(z) + deg(y) =
12> 11 ={V}.

Proof: Letz,y € V with {z,y} € E. Consequently, z, y are nonadjacent in G. In G we find
that degz(z) = dega(y) 2 2n+2—~n = n+2, so degg(z) +dega(y) = 2n+4 > 2n+2 = |V|.
Therefore, by virtue of Theorem 11.9, the graph G has a Hamilton cycle.
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21.

22.

23.

24.

When n = § the graphs C; and C; are isomorphic, and both are Hamilton cycles on five
vertices.

For n > 6, let u, v denote nonadjacent vertices in C,. Since deg(u) = deg(v) =n —3
we find that deg(u) + deg(v) = 2n — 6. Also, 2n ~ 6 > n <= n > 6, so it follows from
Theorem 11.9 that the cocycle C,, contains a Hamilton cycle when n > 6.

(a) If z # v and y # v, then deg(z) = deg(y) = n — 2, and deg(z) + deg(y) =2n—4 > n,
forn > 4.

If one of z,y is v, say z, then deg(z) = 2 and deg(y) = n — 2, and deg(z) + deg(y) = n.
(b) From part (a) it follows that deg(z) + deg(y) = n for all nonadjacent z,y in V.
Therefore G,, has a Hamilton cycle — by virtue of Theorem 11.9.

{(c) Here |E| = (n;‘) — 1+ 2, where we subtract 1 for the edge {v;,v;}, and add 2 for the
pair of edges {v,,v} and {v, v;}. Consequently, |E|= (";‘) + 1.

(d) The results in parts (b} and (c) do not contradict Corollary 11.6. They show that the
converse of this corollary is false — as is its inverse.

(a) The path v — vy — v, — v3 — ... — v, provides a Hamilton path for H,. Since
deg(v) =1 the graph cannot have a Hamilton cycle.

(b) Here |E} = (“;1) + 1. (So the number of edges required in Corollary 11.6 cannot be
decreased.)

(2)
000 Since the given graph has a Hamilton path
1 we use this path to provide the following
00 010 Gray code for 1,2,3,...,8.
011 > 1
101
111 110
1: 000 2: 010 3: 110 4: 100
5 101 6: 111 7. 011 8: 001
(b)
1: 0000 2: 0001 3. 0011 4: 0111
5 1111 6: 1110 7: 1100 8: 1000
9: 1010 10: 1011 11: 1001 12: 1101
13: 0101 14: 0100 15: 0110 16: 0010
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25.

26.

2.

3.

(8) () {acf b} {agh (i) {z},{u,0,y}

(d) () BG)=4 (il) A(G)=3

(cy (3 3 (ii) 3 (i) 3 (iv) 4 (v) 6
(vi) The maximum of m and n.

(d) The complete graph on |I| vertices.

(a) If not, there is an edge {a,b} in E where a,b € I. This contradicts the independence
of I.
(b) A Hamilton cycle on v vertices must have v edges.

Let I = {a,b,c.,d,f}, as shown in the figure. Here
v=11,e=18, and e~ T ¢sdeg(v) +2|I| =18 - (4 +
4+3+4+3)+2(5) =10 < 11, so by part (b), the
Herschel graph has no Hamilton cycle.

Section 11.6

Draw a vertex for each species of fish. If two species z,y must be kept in separate aquaria,
draw the edge {z,y}. The smallest number of aquaria needed is then the chromatic number
of the resulting graph.

Draw a vertex for each committee. If someone serves on two committees ¢;,c¢; draw the
edge joining the vertices for ¢; and c;. Then the least number of meeting times is the
chromatic number of the graph.

We can model] this problem with graphs. For either part of the problem draw the undirected
graph G = (V,E) where V = {1,2,3,4,5,6,7} and {i,j} € E when chemicals ¢ and j
require separate storage compartments. For part (a), the graph (in part (a) of the figure)
has chromatic number 3, so here Jeannette will need three separate storage compartments
to safely store these seven chemicals.




4.

8‘

10.

Now consider the graph in part (b) of the figure. Note here that the subgraph induced by
the vertices 2,3,4,5,6 is (isomorphic to) K. Consequently, with these additional conditions
Jeannette will need five separate storage compartments to store these seven chemicals
safely.

Let G be a cycle on n vertices where n is odd and n > 5.

(a) P(G,A) =AA—1)
(b) For G = K, we find that P(G,A) = A(A — 1)".
X(Kl,n) = 2.

(a) (i) Here we have A choices for vertex a, 1 choice for vertex b (the same choice as
that for vertex a), and A — 1 choices for each of vertices z,y, 2. Consequently, there are
A(A — 1)? proper colorings of K33 where vertices a and b are colored the same.

(i) Now we have A choices for vertex a, A — 1 choices for vertex b, and A — 2 choices for
each of the vertices z,y, and 2. And here there are A(A — 1)(A — 2)® proper colorings.

(b) Since the two cases in part (a) are exhaustive and mutually exclusive, the chromatic
polynomial for K3 is

AA=1P + AN =1)(A =2 = A~ 1A =572 + 100 - 7).

X(Kz’:;) = 2.
() P(K2p,A)=AA=1)"+MA~1)(A~2)"
X(Kg'.n) = 2.
(a) 2 (b) 2 (n even); 3 (n odd)

(c) Figure 11.59(d): 2; Fig. 11.62(a): 3; Fig. 11.85(i); 2; Fig. 11.85(31): 3 (d) 2

If G = (V,E) is bipartite, then V=V, UV, where VNV, =@ and each edge is of the
form {z,y} where z € ¥,y € V;. Color all the vertices in V; with one color and those
in V; with a second color. Then x(G) = 2.

Conversely, if x(G) = 2,let V; be the set of all vertices with one color and V, the set
of vertices with the second color. Then V =V, UV, with VNV, =@ and each edge of
G has one vertex in ¥} and the other in V3, so G is bipartite.

(&) () AA-1P(A~2%  (2) A3 ~ 1)(A - 2)(3% — 20 + 2);
(3) M(A = DA —-2)(A* —B5A+ 7)

® @3 @ @3

(c) (1) 720; (2) 1020 (3) 420

(s) These graphs are not isomorphic. The first graph has two vertices of degree 4 — namely,
f and k. The second graph has three vertices of degree 4 — namely u,w,z.
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11.

12.

13.

14.

(b) For the first graph there are two cases to consider.

Case (i): Vertices f and k have the same color: Here there are A(A — 1)?(\ — 2)? ways to
properly color the vertices.

Case (ii): Vertices f and k are colored with different colors: Here the vertices can be
properly colored in A(A — 1)(A — 2)%(\ — 3)? ways.

By the rule of sum, P(G,)\) = A(A —1)2(A =202 + AM(A = 1)(A - 2*(A - 3)* =

A(A = 1) (A —2)%(\? ~5) + 8).

Using the same type of argument, with the two cases for vertices u and z, the chromatic
polynomial for the second graph is also found to be A(A ~ 1)?(A ~ 2)%(A? - 5\ + 8).

(¢) If Gy1,G; are two graphs with P(Gq,A) = P(G, ), it need not be the case that G|
and G, are isomorphic.

Let e = {v,w} be the deleted edge. There are A(1}(A ~1)}(A ~2)---(A — (n — 2)) proper
colorings of G, where v,w share the same color and A(A — 1)(A = 2)---(A = (n = 1))
proper colorings where v, w are colored with different colors. In total there are P(G,, \) =
AA=-1D)--A~n+2)+ XA -1 (A~n+1)=XA-1)--(A=n+3)A~n+2)?
proper colorings for G,,.

Here x(Gn) =n—1.

a) Here (3) + (9) = (5) + (3) = 15+ 3 =18, and ("4*) = (2) = 36. So there are 18 edges
that are red or green, and 18 blue edges.

b) (5)+ () = W2(¥) & @/2rer—1)+1/2)9g ~ 1) = A/ +g)(r+9~1) &
2r(r~1)+29(9~1)=(r+g)r+9-1)r’-r+ g —g=2rg & (r—gPl =r+g.
Letr = g+k, k 2 0. Then [(r—g)* = ¥ = r+g = 2g+k] & [g = (1/2)(k*~k) = (1/2)k(k—
1) = ty_y andr = g+k = (1/2)k(k~1)+k = (1/2)k[(k~1)+2k] = (1/2)k(k+1) = t] & r.g
are two consecutive triangular numbers.

(a) IV} =2n; |E] = (1/2) Suev deg(v) = (1/2)[4(2) + (2n ~ 4)3)] = (1/2)[8 + 6n — 12} =
In-2,n>1.

(b) For n =1, we find that G = K, and P(G,\) = A(A-1) = A(A-1)(A\* =31 +3)"? s0
the result is true in this first case. For n = 2, we have G = Cj, the cycle of length 4, and
here P(G,\} = MA—1P=A(A=1)(A—2) = A(A=1)(A’=3A+3)*"!. So the result follows for
n = 2. Assuming the result true for an arbitrary (but fixed) n 2> 1, consider the situation
for n4 1. Write G = G{UG),, where G, is C4 and G, is the ladder graph for n rungs. Then
G1 N G3 = K;, so from Theorem 11.14 we have P(G,\) = P(G1,A) - P(G2,A)/P(K;, ) =
YA =1)(A2 = 3A+ 3(AXA = 1) (A% = 3A + 32}/ (ANA =1) = (AN A = 1) (A2 = 3) + 3)".
Consequently, the result is true for all n > 1, by the Principle of Mathematical Induction.

(a) Select a vertex v € V' and color it with one of the A + 1 available colors. If we V
and w has not been colored, since deg(w) < A we can color w, net using any of
the colors used on the vertices adjacent to w. This procedure is repeated until all of the
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vertices in V' have been (properly) colored.
(b) For n€Z*, n23, x(K,)=n=A4+1.

15. (a) MA-1)(A-2) (b) Follows from Theorem 11.10
(c) Follows by the rule of product.

(d)
P(CaX) = P(Pai,A) = P(Cat,A) = AA = 1)*1 = P(Coy, A)

[(A = 1) + 1}(A = 1) = P(Coes, A)

A= 1"+ (A= 1)*1 = P(Ciy, A) =>

P(Co, )= (A—1)" = (A= 1)*" = P(Cu-s, M)
Replacing n by n —1 yields

P(Crnct, \) = (A=1)" = (A =1)""% = P(C3,)) = (-1)[P(Cr3, A) — (A — 1"
Hence

P(Cn,)) = (A =1)" = P(Cn-2,2) — (A = 1)*? = (=1)*[P(Cp-3,2) — (A = 1)*"%].

(e) Continuing from part (d),
P(Cu,A) = -1+ (-1)"°[P(C5,)) - (A - 1)7]
=AD"+ (-1D)"PAA-D(A=-2) - (A -1)F
=A-1)"+(-1)"(A-1).

18. (a) x(W,) = x(Cn)+ 1. [Cn has n vertices; W, has n +1 vertices.]
(b) P(W,,A) = AP(Cy, A = 1) = A[(A = 2)" + (~1)"(A - 2)}.
{c) () and (ii) P(Ws,A) = A(A—2)°+(=1)’A(A—2) — For k colors we have P(W;, k) =
k(k ~ 2)° + (=1)%k(k — 2) = k(k — 2){(k — 2)* — 1] proper colorings, whenever k > 4.

17. From Theorem 11.13, the expansion for P(G,\) will contain exactly one occurrence of
the chromatic polynomial of K,. Since no larger graph occurs this term determines the
degree as n and the leading coefficient as 1.

18. (a)

Vi = 1 P{(G,A)= A

Vi = 20 |E|=0: P(G, ) = \?
|El=1: P(G,A)=AA=1)=2X =)

V] = 3 |E|=0:  P(G A=\
IBl=1:  P(G,A)=M(A—1) =5
|Ej=2: PG AN =AMA-1P=)23-2)2+ )
B} =3: PG A =XA-1D(A=-2)= A2 =-3)x% +2)
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19.

(b) Let G =(V,E) be aloop-free undirected graph where |V{=n2>4 and |E|=k 2> 1.
(f ¥ =0, P(G,A = \* and the result is true.) From Theorem 11.10, P(G,\) =
P(G.,\) — P(G.,)) where e = {a,b} is an edge in G. Since G. has n vertices but
k ~ 1 edges, by the induction hypothesis,

P(GesX) = A" — (k= DA™ 4 camadA™? — euosA™ 3 4 ... 4 (1) ey,

where k&~ 1,c-3,¢60-3,..-,c1 2 0. (When a coefficient in this list is zero, all successive
coefficients are zero.) Likewise, since G, has n—~1 vertices, by the induction hypothesis,

P(G!,A) = A" — by gA™2 4 b _sA™S L (=1)" 25,0,

where b,_3,bn_3,...,8 2> 0.
Then P(G,\) = P(G.,\)~ P(G.,\) =

At — (k))\n_l + (Cn_z + b _g)t\n_z +... 4+ (—1)“"(c1 + b]))ﬁ.

(c) This was shown in part (b).

(a) Forn € Z*, n > 3, let C, denote the cycle on n vertices.

If n is odd then x(C,) = 3. But for each v in C,, the subgraph C, ~v is a path with n —1
vertices and x(Cn ~ v) = 2. So for n odd C, is color-critical.

However, when n is even we have x(C,) = 2, and for each v in C,, the subgraph C, — v
is still a path with n — 1 vertices and x(C, — v) = 2. Consequently, cycles with an even
number of vertices are not color-critical.

(b) For every complete graph K,, where n > 2, we have x(K,) = n, and for each vertex v
in K,,, K, —v is (isomorphic to) K,_;, so x(K,—v) = n—1. Consequently, every complete
graph with at least one edge is color-critical.

(c) Suppose that G is not connected. Let G, be a component of G where x(G:) = x(G),
and let G; be any other component of G. Then x(G,;) > x(G;) and for all v in G, we find
that x(G — v) = x(G,) = x(G), so G is not color-critical.

(d) If not,let v € V with deg{v) £ k—~2. Since G is color-critical we have x{(G—v) < k-1,
and so we can properly color the vertices in the subgraph G — v with at most k — 1 colors.
Since deg(v) < k — 2, we have used at most k& — 2 colors to color all vertices in G adjacent
to v. Therefore we do not need a new color (beyond those needed to color the subgraph

G ~ v} in order to color v and can color all vertices in G with at most k£ — 1 colors. But
this contradicts x(G) = k.
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3.

Supplementary Exercises

(3) =56 +80 =136 => n(n ~ 1) =272 = n = 1.

For n > 1, let ¢, count the number of cycles of length four in Q,. Then ¢; = 0 and
¢z = 1. Recall the recursive construction of Q.41 from @, — given in Section 11.3. Let
V,,(g)‘ denote all the vertices in @, that start with 0, and V,,(% those vertices in Q,,, that
start with 1. [Each of the subgraphs of Q,; induced by V,,g_, and V,fi), is isomorphic to
Qr.] Let v; — v3 — v3 — vy — v; denote a cycle of length four in Q,4;. There are three
cases to consider:

(1) vy,vp,v3,v4 € V,,(g_),: Here there are c, such cycles;

(2) v1,vz,v3,v4 € V,,(P,: Here there are also ¢, such cycles; and,

(3) one edge of the cycle (call it the first) is in (V,,(g_),) and another edge (namely, the
third) is in (V,,‘P, ): Here the other two edges are each adjacent to a vertex in V,fg_), and one
in V,,(i)l [Let {v1,v.} € (V,,(?,), then {vs,v4} € (V,,(i),) and the binary labels on v; and v,
differ only in the first (left-most) position, while the binary labels on v, and v also differ
only in the first (left-most) position.] Since there are n2"~! possible choices (the number
of edges in Q,,) for the so called “first” edge, here we find »2*~} new cycles of length four.

The preceding discussion gives us

Capl =20, +n2" 1 =2¢,+(1/2)n2* n>1, =0, c,=1.
M = A2", P =n(B+Cn)2*

(n + 1)}(B + C(n + 1))2"*! = 2n(B + Cn)2" + n2""!

= [B(n + 1) + C(n + 1)?]2**! = [Bn + Cn?|2**! 4 (n/4)2°H
=2C=1/4, B+C=0=C=1/8, B=-1/8.

So cfP) = (1/8)(n? — n)2".

0=c;=c¥+cP =24+0=4=0, s

en = (1/8)(n* = n)2* = (})2*"%, n>1.

Alternate Solution: Let vy — v3 — v3 — vg — v; be a cycle of length four in Q. Say v,,v;
differ in position ¢ and v,, v, differ in position j, where 1 < i< n, 1< j < n,and: # j.
Then v; is determined: it differs from v; in positions s and j. Starting with v; there are 2
choices. Then for a specific v; there are ('z‘) ways to select positions ¢, j. [Remember that
th — vy — v3 — vy — ¥y is the same cycle as v; — v, — v3 — v, — v;.] So at this point we
have (';)2" cycles, But since each of v3 — vy — v — v; — Vg, U3 — By — ¥y — U3 — Vg,
and vy, — vy ~ v; — v3 — v, 18 the same cycle as v; — v, — vy — v, — v;, the total
number of distinct cycles of length fowr in @, is (1 /4)('2‘)2" = (';) 23 n>1.

(a) Label the vertices of K¢ with a,b,...,f. Of the five edges on a at least three
have the same color, say red, and let these edges be {a,b},{a,c},{a,d}. If the edges
{b,c}, {c,d},{b,c} are all blue, the result follows. If not, one of these edges, say {c,d}, is
red and then {a,c},{a,d}, {c,d} yield a red triangle.
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(b) Consider the six people as vertices. If two people are friends (strangers) draw a red
(blue) edge connecting their respective vertices. The result then follows from part (a).

() @) 1Bl=(1/2)(;) B
(ii) For any undirected graph G , if G is not connected then G is connected. In this
situation G X G, so G is connected.

(b) Proof: When n = 1 we have K;. For n = 4 the path on four vertices is an example of
a self-complementary graph. The cycle on five vertices provides an example for n = 5.

Now suppose we have a self-complementary graph G = (V,E). Construct the graph
G, = (W, £,) where V} = V U {a,b,¢c,d} (so none of a,b,c,d is in V) and E; = E U
{{a,}}, {b,¢},{c,d}} U {{v,aHv € V} U {{v,d}jv € V}. Then G, is self-complementary
and |V3| = |V|+ 4.

(a) We can redraw G; as

(b) 72

Only the graph for the cube is bipartite as seen
in part (b) of the given figure. In any of the other
four graphs (See Fig. 11.59(b) and Fig. 11.60)
there are cycles of odd length, so these graphs
cannot be bipartite.

(a)
a b
¢ d
f
e
h g
£)]

(a) Let the vertices of K37 be partitioned as V; U V; where |V}] = 3 and |V3| = 7. Then
there are (3)(7)(2){6)(1)(5) = 1260 paths of length & where each such path contains all
three vertices in V.
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10.

(b) With ¥}, V, as in part (a) we find that there are (1/2)(3)(7)(2)(6)(1) paths of length
4 that start and end with a vertex in ¥}, and there are also (1/2)(7)(3)(6)(2)(5) paths of
length 4 that start and end with a vertex in V;. Consequently, there are 126 + 630 = 756
paths of length 4 in K3 7.

(¢) (Case 1: pisodd, p =2k + 1 for k € N). Here there are mn paths of length p = 1
(when k = 0) and (m)(n)(m ~1)(n—~1).--(m —k)(n — k) paths of length p =2k +1 > 3.
(Case 2: pis even, p = 2k for k € Z*). When p < 2m (i.e., ¥ < m) the number of paths
of length pis (1/2)(m)(n)(m—1)(n—1)---(n—(k—1))(m—k)+ (1/2)(n)(m)(n—1}(m~—
1)---(m —(k — 1))(n — k). For p=2m we find (1/2)(n)(m)(n~1}(m ~1)-.-(m - (m —
1))(n — m) paths of (longest) length 2m.

() (n=2): X ={1,2} and G consists of the single vertex v that corresponds to X.
(n=3): X ={1,2,3}. Here G is made up of three isolated vertices.
(n=4): X ={1,2,3,4}. Now G has six vertices and is drawn as follows:
a: {1,2} d: {2,4}
b: {34} e: {1,4}

/ d £ c: {1,3} f: {2,3}
a c / e /

(b} Let v({a,8}) and w({z,y}) be two vertices of G. If {a,b} N {z,y} = @, the edge
{v,w} isin G. If {a,b} N {z,y} # B, assume without loss of generality that a = z but
b #y. Hence a,b,y are three distinct elements of X and since |X| > 5,let ¢,d € X
with ¢ # d and ¢,d & {a,b,y}. Then there exist edges from {a,b} to {c,d} and from
{e,d} to {z(=a),y}, since {a,d}N{c,d} =0={c,d}N{z,y}. Hence G is connected.

(c) For n =5 G is (isomorphic to) the Petersen graph, which is nonplanar. For
n>6 G contains a subgraph isomorphic to the Petersen graph and consequently G is
nonplanar.

(a) Let I beindependent and {a,b} € E. If neither a nor b isin V -1, then a,b€ I,
and since they are adjacent, I is not independent. Conversely, if ICV with V~1TI a
covering of G, then if I is not independent there are vertices z,y € I with {z,y} € E.
But {2,y} € E==> either z or y isin V —1I.

(b} Let I be a largest maximal independent set in G and K a minimal covering. From
part (u), K| S|V ~I={V{-{I| and [[| 2|V - K|=|V|- K|, or |[K[+|I}]2[V|2
1K} +[1).

(a) Let D be a minimal dominating set for G. ¥ V ~ D is not dominating, then there
is a vertex z € D such that z is not adjacent to any vertex in V — D. Since G has
no isolated vertices, z is adjacent to at least one vertex in D — {z} and D~ {z} isa
dominating set, contradicting the minimality of D.
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12.

(b} Suppose that I is a dominating set. If I is independent but not maximal indepen-
dent, then there is a vertex v € V such that v is not in I and is not adjacent to any
vertex in I. But this contradicts I being a dominating set. Conversely, if I is maximal
independent then every vertex in V isin I or is adjacent to a vertex in I. Hence I is
dominating. :

(¢) 4(G) £ B(G) follows from part (b). For the other condition, let x(G) = m. We
can partition the vertices of G into m cells V;, 1 < i < m, where two vertices are in
the same cell if they have the same color in G. Each of these cells is an independent set
so {Vi] < B(G), for all 1 <i < m. Since V| =0, Vi, VI S TR, 8(G) = mB(G) =
B(G)x(G).

Since we are selecting n edges and no two have a common vertex, the selection of n edges
will include exactly one occurrence of every vertex. We consider two mutually disjoint and
exhaustive cases:

(1) The edge {zn,yn} is in the selection: Then {zn_1,2,} and {yn-1,yn} are not in the
selection and we must select the remaining n — 1 edges from the resulting subgraph (a
ladder graph with n —1 rungs) in a,_; ways.

(2) The edge {zn,yn} is not in the selection: Then in order to have z,, and y, appear in
the selection we must include edges {z,_1, s} and {yn_1,yn}. Consequently, we must now
select the other n — 2 edges from the resulting subgraph (a ladder graph with n — 2
rungs) in a,_, ways.

Hence a, =ap_1+an-2, a0 =1, ¢, =1, and a, = F,,;, the (n+ 1)st Fibonacci number.

There are two cases to consider:

(1) The vertex y, is not used. Then there are a,_; independent subsets that contain z,,,
and another a,_; such subsets that do not contain z,,.

(2) The vertex y, is included in the independent subset. Now we cannot use either of the
vertices z, or y,—). Consequently, there are a,_; such subsets for each of the following
situations: (i) z,-; is in the subset; and (ii) z,_, is not in the subset.

These considerations give rise to the recurrence relation

ap = 2Gn-1 + 2“11—2,

with initial conditions ay = 1, a; = 3. (We used a; = 8 to determine ag = 1.)
To solve this recurrence relation let @, = Ar", where 4 # 0, r # 0. This leads to the
characteristic equation

r?—2r ~2=0,

and the characteristic roots 1 ++/3. Consequently, a, = A;(1+ \/:-3-)" + Az(1— \/ﬁ)“, where
A,, A; are constants.

l=ay=A1+ A

3=a; = A1+ V3) + A2(1 — V3) = (A1 + A2) + V3(4: — 43)
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=14 \/§(A| - Az), so 2/\/5 = (Ax - Az).
Therefore, 4; = (V3 + 2)/2V3, A2 = (V3 — 2)/2V/3, and
an = [(V3+2)/2V3(1 + V3" + (V3 - 2)/2v3)(1 - V3)", n 2 0 (or » 2 1).

13. If the vertex y, is included in the independent subset then we cannot use any of the vertices
Yn~1, Tn-1, OF T,. There are a,_; such subsets — and another a,_, independent subsets
where z, is included. In addition, there are a,-; independent subsets when both z, and
y. are excluded. This leads us to the recurrence relation

On = Gp_3 + 2(1"_2,

with initial conditions a; = 3, a; = 5.

To solve this recurrence relation let a, = Ar®, where A # 0, r # 0. This leads to the
characteristic equation
r?er—-2=0,

and the characteristic roots —1 and 2. Therefore, a, = 4,(—1)" + A,(2"), where A,, A4,
are constants.

a=3,8,=5=2>2a=3-3=3>a =1

1= Qg = Al + Ag.

3 = a; = "'Al +2A2 = ‘(1—A2)+2A2 = "1+3A2, 80 Ag = 4/3, and A; =
1- Az = —1/3.
Consequently, a, = (=1/3}(-1)" + (4/3)(2"),n 20 (or n > 1).

14. G =a1 = 0
For n 22, an = (}) = (1/2)n(n = 1) > 0.
1/l-z)=14+z+2*+2°+...
(d/dz)[1/(1 —2)) =1+ 224+ 3z? + 423 +...
(d/de)1/(1 - 2)] = (d/dz)(1 — 2] = (~1)(1 - 2)*(~1) = (1 — 2)"?
(1-2)?=14+2c+322 +423 + ...
(dldz)[(1-2) = (-2)(1 -2)3(~1)=2(1~-2)3,80 2(1 —2) 3 =243 -224+4-32% +

5-42%+ ...
2e)(1~z)° =212 +3-2 +4-32* +5- 4" +... =X _n(n-1)z" =Y _n(n—1)
n=2 n=0

Hence f(z) = 2?/(1—2) = 532 4[n(n—1)/2]z™ is the generating function for the sequence
a, = (’; ,n20.

13. (a) 7G)=2; B(G)=3; x(G) =4
(b} G has neither an Euler trail nor an Euler circuit; G does have a Hamilton cycle.
(¢) G is not bipartite but it is planar.

16. (a) (i) m=2, n=8 (ii) m=n=+4
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17.

18.

(b) (i) Kpnn, for m < n, has an Euler circuit but not a Hamilton cycle if m and n are
both even and m # n.

(ii) When m,n are both even and m = n, then K,,, has both an Euler circuit and a
Hamilton cycle.

(a) x(G) 2 w(G) (b) They are equal.

(a) (i) Here vertex 1is for edge {a,c}, 2 for {a,d}, 3 for {b,c}, and 4 for {c,d}.
1 2

(ii) Here the correspondence bei:veen vertices 13 L{G)
and edges in G 1is given by

1: {y,z}; 2: {z,z}; 3: {w,z};

4: {w,y}; 5: {u,y}; 6: {u,z}

(b) Let » € V with deg(v) = k. Then there are k¥ edgesin G of the form
{vi,v}, 1 £ % < k. Any two of these edges are adjacent at v and give rise to an
edge in L(G). Hence v brings about (%)) edges in L(G). In total, L(G) has

Toev (5) = (1/2) Toev deg(v)[deg(v) — 1] = (1/2) Tyev deg(v)? — (1/2) Lyev deg(v) =
(1/2) Toey deg(v)? ~ e edges.

(c¢) First we shall prove that L{G) is connected. Let e;,e; be two vertices in L(G)

where e; arises from edge {a,b} and e, from edge {z,y} in G. Since G is connected
thereis a pathin G from b to z: b— v; % v, = ... = v; — z and a path from a to
y: a —=b—-v —... > v, —z — y. These vertices and edges then determine a path in
L(G) from e; to ey, s0 L(G) is connected. Now for any vertex e in L(G), let {a,b}

be the edgein G that determines e. Then deg(e} (in L(G)) = (deg(a)—1)+(deg(b)—1),
an even integer, since deg(a), deg(b) are both even. Hence by Theorem 11.3, L(G)

bas an Euler circuit. Furthermore, the ordered list of edges in an Euler circuit for G

determine s cotresponding Hamilton cycle for the vertices of L(G).

(d) For G = K,, L(K,) is shown here. This graph has
both an Euler circuit and a Hamilton cycle. However, for each
vertex v in K, deg{v) = 3, so K; does not have an Euler
circuit. '
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(e) Suppose that G = (V, E) has a Hamilton cycle vy 2 v; > v3 > ... = v, > v; and
let e; = {v;,v,1}, 1 <1 <n~—1,and e, = {v,,v4}. Then thereis a cycle in L(G) on
the vertices e;, 1 < ¢ < n. If |E| = n, then this cycle is a Hamilton cycle. If [E} > n,
let e € E, where e #¢;, 1 <i<n,andlet e = {v;,v;}, 1 <1< j <n. (This also
takes care of the case where G is a multigraph.) In L(G) there are edges {e;_;, e},
where ¢;_; =¢, if i =1,and {e,¢;}, and we can extend the cycle in L(G) by replacing
{ei—1,€;} by the edges {e;_,,e} and {e,e;}. Since |E] is finite, as we continue enlarging
our present cycle in this way, we obtain a Hamilton cycle for L(G).

(f) The graph in Fig. 11.99(b) has no Hamilton cycle, but its line graph, as seen in part
(), has a Hamilton cycle.

(g) For G = K5, L(G) has 10 vertices and 30 edges. Since G is connected, L(G) is
connected. But since 30 > 3(10) —6, it follows by Corollary 11.3 that L(G) is nonplanar.

For G = K33 we number the edges as shown in the first figure. Then in L(G) we find
the subraph shown in the second figure, so L(G) is nonplanar.

Let G be the graph shown here with six vertices (five pendant
and one of degree 5). Then in L{G) there are five vertices each
® of degree four, and L(G) = Kj, a nonplanar graph.

8
5

{a) The constant texm is 3, not 0. This contradicts Theorem 11.11.

(b) The leading coefficient is 3, not 1. This contradicts the result in Exercise 17 of Section

11.6.
{¢) The sum of the coefficients in -1, not 0. This contradicts Theorem 11.12.

(3) 2’y ~ay® =ay(z® —y*) = zy(z - y)(z +y)
i z or y iseven then zy and zy(z — y)(z +y) are both even. When z,y are both
odd, then 2 ~y and z-+y are both even, asis zy(z — y)(z + y).

(b) 1 9 2 3
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22.

(c) From part (a) z°y —zy® = zy(z —y)(z +y) is always even. If the units digit of either
z or y is 0 or 5, then the result follows. Also, if z,y have the same units digit, then
z —y is a multiple of 10 and so is z%y — zy®. In all other cases we have three positive
integers z,y,z with distinct units digits in the set V = {1,2,3,4,6,7,8,9}. By the
pigeonhole principle two of these integers, say z and y, must be in the same component
(K,) of G. Since the component is complete, {z,y} is an edge, soeither z+y or z—y
is divisible by 5. Hence z3y — zy® is divisible by 10.

(a) a; = 2, a; = 3. For n > 3 label the vertices of P, as wv;,v;,v3,...,v, where the
edges are {v;,v;}, {va,v3},..., {vn-1,vs}. In constructing an independent subset S from
P, we consider two cases:

(1) v, € S: Then S is an independent subset of P,_; and there are a,_; such subsets.

(2) v, €S: Then v,_; ¢S and S~ {v,} is one of the a,_, independent subsets of
P,_,.

Hence @, =a@n-1+0y—2,n23,a1=2,a,=3,0r gy, =a,1+Gr—3,n 22, 0p=1, ) =
2. So a, = F, 2, the (n+ 2)nd Fibonacci number.

(b) Consider the subgraph of G, induced by the vertices 1,2,3,4. From part (a) we know
that this subgraph determines 8 (= Fg, the sixth (nonzero) Fibonacci number) independent
subsets of {1,2,3,4}. Therefore, the graph G, has 1 + Fy independent subsets of vertices.

Likewise the graph G, has 1 + F; mdependent subsets (of vertices), and the graph G,
determines 1 + F,,, such subsets.

(c) Hy:3+Fs=(2*—1)+Fs
H223+F7=(22—1)+F7
Hy:3+4 Fop2 = (22— 1)+ Fopa

(d) There are 2* — 1 + m independent subsets of vertices for graph G' = (V', E').

Proof: First we prove that G is connected. If not, let C}, C3 be two of the components of
G and let v;,v3 € V with v, a vertex in C; and v, a vertex in C,. If C; has n, vertices and
C; bas ny vertices, then 10 = deg(v;) + deg{v2) < (n; — 1)+ (2~ 1) =(n; +n3) -2 < 8.
This contradiction tells us that G is connected.

Here |E| = (1)L, deg(v) = ($)(50) = 25. If G were planar, then we would have 25 =
|E] < 3jV} -6 = 3(10) — 6 = 24, according to Corollary 11.3. This coatradiction now tells
us that G is nonplanar,
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CHAPTER 12
TREES

Section 12.1

(a)

AN 1T 11771

(b) 5

(a) Let e;,ez,...,e7 denote the numbers of edges for the seven trees, and let vy, v,,... vy,
respectively, denote the numbers of vertices. Then v; = ¢;+ 1, forall 1 < ¢ < 7, and
IV',':UI+vz+...+v7=(€1+€2+...+€7)+7=40+7=47.

(b) Let n denote the number of trees in F;. Then if ¢;, v;, 1 < ¢ < n, denote the numbers of
edges and vertices, respectively, in these trees, it follows that v, =e;+1,forall 1 <i < n,
and 62 = v;+vo+...+v, = (3 +1)+(e2+1)+.. . +(en+1) = (e1+e2+...+¢€,)+n = 5l+n,
son =62 — 51 = 11 trees in F,.

e=v—K
A path is a tree with only two pendant vertices.

(a) Since a tree contains no cycles it cannot have a subgraph homeomorphic to either Kj
or K3,3.

(b) If T = (V,E) is n tree then T is connected and, by part (a), T is planar. By
Theorem 11.6, |V|—|E}j+1=2 or |V|=|E|+ 1.
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11.

12.

13.

14.

od

a <

(a) Let z be the number of pendant vertices. Then 2|E| = }_ ey deg(v) =z + 4(2) +
1(3)+2(4)+ 1(5) and |E|=|V|-1=z+4+14+2+1~1=z+ 7.
So 2(z+7)=2z+24 and z =10.

(b) 2|E| = ¥ ,cv deg(v) = vy +v2(2) + v3(3) + ... + v (m)
Ej=|V|-1=(n+v,+...v5)~1

2nitvet.. . Vv —~1)=v1+2v0, 4. ..+ MUy, 50 vy =v3+204+3v5+...+(m—2)v, +2,
and [V]|=vi+v+...4+vp=[va+20+...+(m—-2vp+2]+vatv3+...+ v, =
v+ 203+ 3 +...+(Mm—1v, +2, |[E|=|V|-1=v,4+2v3+ ...+ (m - 1)v,, + L.

If there is a (unique) path between each pair of vertices in G then G is connected. If
G contains a cycle then there is a pair of vertices z,y with two distinct paths connecting
z and y. Hence, G is a loop-free connected undirected graph with no cycles, so G is a
tree,

31

Since T is a tree, there is a unique path connecting any two distinct vertices of T'. Hence

there are (’2‘) distinct pathsin T

If G contains no cycles then G is a tree. But then G must have at least two pendant
vertices. This graph has only one pendant vertex.

(a) In part (i) of the given
figure we find the complete 4 P
bipartite graph K2'3. Parts a a F]
(ii) and (iii} of the figure pro-
vide two nonisomorphic span- d d
ning trees for K2,3. b b b
{b) Up to isomorphism these
are the only spamming troes 0] i)

(iii)
for K. 2.3+

Let V = {z,y,),w;,...,w,} be the vertices for K3 ,,, where V; = {z,y}, V5 = {wy,ws,... ,wp}

and all edges have one vertex in V; and the other in V3. If T is a spanning tree for K, ,,,
then 7 has n + 1 edges and deg(z) + deg(y) = n + 1. So the number of nonisomorphic
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16.

17.

18.

19.

20.

spanning trees for K,, is the number of partitions of n into two (nonzero) summands.
This pumber is |(n + 1)/2].

(a) 6: Any one of the six spanning trees for Cg (the cycle on six vertices) together with
the path connecting f to k.
(b) 6-6 =36

(1) This graph has 9 = 3-4-—-3 = 3 + 3(4—2) vertices, so any spanning tree for it will have
eight edges. There are 12 = 3 - 4 edges (in total) so we shall remove four edges. Two edges
must be removed from one 4-cycle (a cycle on four vertices) and one edge from each of
the other two 4-cycles. When two edges from a 4-cycle are removed one must be from the
3-cycle (induced by a, b, and c) — otherwise, we get a disconnected subgraph. There are
three ways to select the 4-cycle for removing two edges and three ways to select the edge
not on the 3-cycle. We then select one edge from each of the remaining 4-cycles in 4 - 4
ways. So the number of nonidentical spanning trees for this graph is 3(4 — 1)(4?) = 144.

(2) Here the graph has 8 =4-3 —4 = 4 4 4(3 ~ 2) vertices and 12 = 4 - 3 edges. There are
4(3 — 1)(3%) = 216 nonidentical spanning trees.

(3) This graph has 16 = 4-5 — 4 = 4 + 4(5 — 2) vertices and 20 = 4 - 5 edges. There are
4(5 — 1)(5%) = 2000 nonidentical spanning trees.

(8 n2m+1
(b) Let k be the number of pendant vertices in T. From Theorem 11.2 and Theorem 12.3
we have

2(n—1)=2|E| = Y _ deg(v) > k + m(n — k).

veVY
Consequently, 2(n ~1) 2 k4+m(n~k)] = 2n -2 2> k+mn—mk] = [k(m-1) >
2=-2n+mn=2+(m-2n 2 2+(m-2)(m+1)=24m?*~m-2=m?~m = m(m-1)],
so k> m.

T.ev deg(v) = 2|E| = 2(JV}| — 1) = 2(999) = 1998.

(a) If the complement of T contains a cut set, then the removal of these edges disconnects
G and there are vertices z,y with no path connecting them. Hence T is not a spanning
tree for G.

(b) If the complement of C contains a spanning tree, then every pair of verticesin G
has a path connecting themn and this path includes no edges of C. Hence the removal of
the edges in C from ' does not disconnect G, so C is not a cut set for G.

(d) => (e): Let C beacycle (in G) with r vertices and r edges. Since G
is connected, the remaining vertices of G can each be connected to a vertex in C
by a path (in G). Each such connection requires at least one new edge. Consequently,
in G, |E| 2 {V|, contradicting |V| = |E| + 1. So G has no cycles and is connected,
and G is a tree. Let G’ be the graph obtained by adding edge {a,b} to G. Since
{a,b} & E, there is a unique path P, of length at least 2 in G, that connects a to b. In
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21.

22.

G', PU{{a,b}} isacycle. If G’ contains a second cycle C}, then C; must contain edge
{a,b}. If not, then G would contain a cycle. This second cycle C; = P, U{{a, b}}, where
P, is a path in G and P, # P. This contradicts Theorem 12.1.

(e) = (a): If G is not connected, let Cy,C; be components of G with a € Cy,b € C,.
Then adding the edge {a, b} to G would not result in a cycle. Consequently, G is connected
with no cycles, so G is a tree.

(a) (i) 3,4,6,3,8,4 (i) 3,4,6,6,8,4

(b) No pendant vertex of the given tree appears in the sequence so the result is true for
these vertices. When an edge {z,y} is removed and y is a pendant vertex (of the tree
or one of the resulting subtrees), then the deg(z) is decreased by 1 and z is placed in
the sequence. As the process continues either (i) this vertex = becomes a pendant vertex
in a subtree and is removed but not recorded in the sequence, or (ii) the vertex z is left
as one of the last two vertices of an edge. In either case ¢ has been listed in the sequence

(deg(z) — 1) times.
(c)

3
4
7
L J

(d) Input: The given Priifer code ,,z3,...,Zn-2.
Output: The unique tree T with n vertices labeled with 1,2,...,n. (This tree T has
the Priifer code zy,z3,...,Zn-3.)

C:=[z1,22,...,Tn-3] {Initializes C as a list (ordered set).}
L:={1,2,...,n] {Initializes L as a list (ordered set).}
T:=8 '

t:=1ton-2do
v :== smallest element in L not in C
w := first entry in C
T:=TU {{v,w}} {Add the new edge {v,w} to the present forest.}
delete v from L
delete the first occurrence of w from C
T :=Tu{{y 2}} {The vertices y, z are the last two remaining entries in L.}

Let V be the vertex set for K,. From the previous exercise we know that there are
{n — 1)"? spanning trees for the subgraph of K, induced by V' — v (namely, the complete
graph K,,_,). For v to be a pendant vertex it can be adjacent to only one of the n — 1
vertices in V — v. Consequently, there are (n — 1)[(n — 1)"~?] spanning trees of K, where
v is a pendant vertex.
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23.

24.

25.

1.

2.

3.

4.

(a) If the tree contains n + 1 vertices then it is (isomorphic to) the complete bipartite
graph K, — often called the ster graph.
(b) If the tree contains n vertices then it is (isomorphic to) a path on'n vertices,

Consider the Priifer codes for the n"~? labeled trees on n vertices. For a given labeled
tree, the pendant vertices (of degree 1) have the labels which do not appear in the Prifer
code for that tree. If there are k pendant vertices, then there are k labels missing from
the code and these can be selected in ( ways. That leaves n — k labels that must all be
placed in the n ~ 2 positions of the Prufer code. This can be counted as the number of
onto functions from the set of n ~ 2 positions to the set of n — k labels — that is,

(n—k) S(n ~2,n—k).

The result then follows by the rule of product.

Let E, = {{a’ b}: {b$ c},{c’dL {d,e}a {b,h},{dii}a {f:i}$ {g,z}} and
E,= {{a’ h}, {b’i}’ {h,i}: {g’ h}’ {f,g}, {c$ '}1 {d’f}’ {e’f}}

Section 12.2

(8) fahak,p,q.as,t (b) a . (c) d
(@) efiast (&) at ® 2
(g) k,pas,t '
(a)
Vertex || Level Number

p 35

3 36

t 36

v 37

w 38

z 38

y 39

z 39

(b) The vertex u has 37 ancestors.
(¢) The vertex y has 39 ancestors.

(a) l1+w-—zy*x712z3 (b) 04

(a) 5 (b) 2.1.3 (¢} 4 (including the root)
(d) 213z, 1<z<5 213, 212, 211, 21, 2, 1
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6.

7.

Preorder: rij ,h $gve$d7b,a,c,f,i,k=m$p1s,n!q,t,v,w,u ’
Inorder: h’e’aab,daca_gff:j,i ,0,m,8,p.k,n,v.t w »q,u
Postorder: a,b,c,def,gh,ij,s,p,m,v,w,tuqnkr

Preorder: 1,2,5,9,14,15,10,16,17,3,6,4,7,8,11,12,13
Postorder: 14,15,9,16,17,10,5,2,6,3,7,11,12,13,8,4,1

(3)
() & (i) (i)

(1) {ii) (i1i)
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8. {(a) (i) & (i) (ii)

(b) (i) & (iii) (i)

10. (s} Here the maximum height is n —~ 1.
(b) In this case n must be odd and the maxinmm height is (n — 1)/2.

11. Theorem 12.6
(a) Each internal vertex has m children so there are m: vertices that are the children
of some other vertex. This accounts for all vertices in the tree except the root. Hence
n=mi+1
M) +i=n=mit+l=l=(m~-1)i +1
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12.

13.

14.

() b=(m~-1)i+l=i=(l~1)/(m 1)
n=mi+l=>i=(n~-1)/m.

(Corollary 12.1)

Since the tree i 1s balanced m*! < £ < m* by Theorem 12.7.
mh! < £ < mh =3 log,, (m*1) < log,,(£) < log,,,(m") =

(h—1) <log, € < h=>h = [log, €].

From Theorem 12.6 (c) we have

(a) -1D/(im-1)=(n~-)/m=>n-1)m~1)=m(l-1)=
n—l=ml-m)/(m—~-1)=n=[(ml-—m)/(m-1)]+1=

[(mé —m) + (m - 1)}/(m — 1) = (mé - 1)/(m — 1).

) -1)/(m-D)=n-1)/m=>L-1=(m~1)(n-1)/m =
£=[(m~-1)(n—~-1)+m]/m=[m-1n+1]/m.

(a) From part (a) of Theorem 12.6 we have |V| = number of vertices in T = 3i +1 =
3(34)+1 = 103. So T has 103 —~1 = 102 edges. From part (b) of the same theorem we find

that the number of leaves in T is (3 — 1)(34) + 1 = 69. [We can also obtain the number of
leaves as |V} —: =103 — 34 = 69.)

(b) It follows from part (¢) of Theorem 12.6 that the given tree has (817 ~1)/(5 - 1) =
816/4 = 204 internal vertices.

(a) | ()

(b) 9;5 (¢) M(m -1} (h—-1)+(m—~1)
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16.

17.
18.

19.

20.

21.

22.

23.

24.

(a) From Theorem 12.6 (c), with £ = 25, m = 2, it follows that ¢ = (25~1)/(2~1) = 24.
Hence 24 cans of tennis balls are opened and 24 matches are played.
(b) Either 4 or 5.

21845; 1+ m+m?+...+ mt 1 = (mht - 1)/(m ~1).
25452 +5°+5'+5° +5°+57); 2[5°+35°+57)

{1,2,3,4} - {9,10, 11,12} - (5, 6, 7, 8)

{s, 6} - (7.8}
{s} - {e}
{7}~ (8}

{1,2} - {3, 4}

{9, 10} - {11, 12}

{9} - {10)
{11} - (12}

{3} - {4}

{11 8 {2} {3) ¢ {4} {9} o [10) (11) 8 (12) (5} ¢ {6} {7} B (8

The number of vertices at level A — 1 is m*~!, Among these we find m*~! — b,_; of the !
leaves of T". Each of the b,y_; branch nodes account for m leaves (at level k). Therefore,
[=mtt = by +mby_y = mh! 4 (m ~1)b,_;.

Let T be a complete binary tree with 31 vertices. The left and right subtrees of T are then
complete binary trees on 2k + 1 and 30 — (2k + 1) vertices, respectively, with 0 < k < 14.

The number of ways the left subtree can have 11(= 2-5 +1) vertices is (}) (‘50) . This leaves
19(= 2-9 + 1) vertices for the right subtree where there are (;’6)(198) possibilities. So by the

rule of product there are (3) (15‘))(?16)(1:) = 204,204 complete binary trees on 31 vertices
with 11 vertices in the left subtree of the root. A similar argument tells us that there are
(-lll)(fg)(%) :) = 235, 144 complete binary trees on 31 vertices with 21 vertices in the right
subtree of the root.

nil = GOy + B1Gn-y + 628n-3 + *** + Gr_1 G + €00
[Compare with the equation for b,4; in Section 10.5.]

(a) 1,2,5,11,12,13,14,3,6,7,4,8,8,10,15,16,17
{b) The preorder iraversal of the rooted tree.

(a) 11,12,13,14,5,2,6,7,3,8,9,15,16,17,10,4,1
(b) The postorder traversal of the rooted tree.

Here the algorithm is iterative, while the one given in Definition 12.3 is recursive.
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Section 12.3

(a) Lp: 1,3,5,7,9

L,: 2,4,6,8,10

(b In: 1,3,5,7,...,2m~3,m+n

2. (a)

(b)

Ly: 2,4,6,8,....2m-22m-1,2m,2m +1,...,m+n -1

-‘.0'2'4'3 T -

6:‘3.5{
1,4

-1,0,2 -2.\3 6,-3,5 =
2,0 L 2 2 L3 6,-3 ./5 \. 5
-1./0 \z-zl X 6-'--3 \s \1 \n
VAN &\
Yoo e Yo s
-1,0,2 2,3 =3,5.6 1,3
eEs s vl

"30'29“000 .2.3'.'.5.5

"1070.0 11,5,-8 - ‘SI‘3.-2160‘<

“'1.7\0. - "05< ‘50“'3_0"2 - 6, 10,3
\ N\ ]
-1 =7 ] 11 /-\ 5 -8 15 /‘\03 2 6/-\10' 3

-1/\7 1" S 15 =3 6 10
-1 7 11 S 15 3 ' 6 10 N
-1 '7\/. S' 1 "'8 ‘BQV,i/’Z 6. 10 3

‘3.‘2' ‘5 3. 6. 10

-3,-2, 3, 6, 10, 15

"‘i '30 "2""30 .OSQ 6011 '03 ". ‘5
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{~1.02.-230.-3514)

(-3} (-2). (6.5.4)

(b)

To establish this result we use mathematical induction (the alternative form). We know
that ¢(1) < ¢(2) < ¢(3) < g(4). So we assume that for all 2,5 € {1,2,3,...,n},
i < j == ¢(i) < g(j). Considering the case for n +1 we have two results to examine.

(1) ¥n+1isodd thenn+1=2k+ 1 for some k € Z*. In the worst case, g(n + 1) =
9(2k+1) = g(k)+9(k+1)+[k+(k+1)—1) = g(k) +9(k+1)+2k > g(k)+g(k) +(2k~1) =
g(2k) = g(n), since g(k + 1) > g(k} by the induction hypothesis.

(2) If n4-1iseven, then n4+1 =2t for somet € Z*. In the worst case, g(n+1) = g(2t) =
g(8)+9(t)+[t+t—1] = g(t) + () + (2t —1) 2 g(t) + (¢~ 1) + (2t ~ 2} = ¢(2t - 1) = g(n),
because g(t) > g(t — 1) by the induction hypothesis.

Consequently ¢ is a monotone increasing function.
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1.

Section 12.4

(a) tear (b) tatener (c) rant

r = y = Z = 1

a: 111 e 10 h: 010

b: 110101 f: 0111 i: 00

c: 0110 g 11011 j: 110100

d: 0001

(a) 2° (b) 27 (c) 2% (d) 2

Since the tree has m” = 279,936 leaves, it follows that m = 6. From part(c) of Theorem
12.6 we find that there are (m” —1)/(sn — 1) = (279,935)/5 = 55,987 internal vertices.

v = l4m4m?4-4mb = (1-mh*) /(1—m) = (mPt ~1)/(m—~1), sov(m~1)+1 = m*+!,
Consequently, b+ 1 =log, [v(m — 1} + 1} and & = log,, [v(m - 1) + 1] - 1.

30
10 4 20
10 10
5 5
2 3

Amend part (a} of Step 2 for the Huffman tree algorithm as follows. If there are n(> 2)
such trees with smallest root weights w and v, then

(i) if w < v’ and n — 1 of these trees have root weight ', select a tree (of root weight w')
with smallest height; and

(ii) if w = w' (and all n trees have the same smallest root weight), select two trees (of
root weight w) of smallest height.

(2) To merge lists L; and L, requires at most 75440 — 1 = 114 comparisons (from
Lemma 12.1), for L3 and L, at most 110+ 50 — 1 = 159 comparisons. Merging the
two resulting lists then requires at most 115 4+ 160 — 1 = 274 comparisons for a total of
at most 114 + 159 + 274 = 547 comparisons.

(b) At most 114; at most 224 (338 at most, in total); at most 274 (in total, at most 612).
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1.

3.

4.

5.

(c) Merge L, and L,, then merge the resulting list (for L,, L) with L,, and finally merge
the resulting list (for Ly, Ly, L) with L;. This requires at most a total of 8941644274 =
527 comparisons.

(d) In order to minimize the number of comparisons in the sorting process construct an
optimal tree with the weights w;, 1 <t < n, given by w; = |L;|.

Section 12.5

The articulation points are b, e, f, h,j, k. The biconnected components are
By: {{a,b}}; Ba: {{d,e}};

By: {{bc},{c,f}.{f,e}.{e,;b}}; Ba: {{f.g},{g,B}, {h,f}};

Bs : {{h72}7{21]},{]1h}}; Bs : {{J?k}},

B : {{k$ p}, {p,n}a {n7 m}7 {7n7 k}7 {p7m}}

If every path from z to y contains the vertex z, then splitting the vertex z will result
in at least two components C,,C, where z € C,, y € C,. If not, there is a path that
still connects z and y and this path does not include vertex z. Conversely, if z is an
articulation point of G then the splitting of z resultsin at least two components Cj,C;
for G. Select z € C;, y € C;. Since G is connected there is at least one path from z to
y, but since z and y become separated upon the splitting of z, every path connecting z
and y in G contains the vertex z.

(a) T can have as few as one or as many as n — 2 articulation points. If T contains a
vertex of degree (n — 1), then this vertex is the only articulation point. If T' is a path
with n verticesand n —1 edges, then the n — 2 vertices of degree 2 are all articulation
points.

(b) In all cases, a tree on n vertices has n —1 biconnected components. Each edge is a
biconnected component.

(a) From Exercise 2, if v is an articulation point in T then there are vertices =z,y
where every path from z to y includes vertex v. Hence deg(v) > 1. Conversely, if
deg(v) > 1,let a,b € V such that {a,v}, {v,b} € E. Then in splitting vertex v, the tree
is separated into components C,,C, coutaining a, b, respectively. If not, there is another
path from a to & that does not include v. This contradicts Theorem 12.1.

(b} Since G is connected, G has a spanning tree T = (V, E’}). This tree has at least
two pendant vertices. Let v be a pendant vertex in T. If v is an articulation point of
G, then there are vertices z,y in G such that every path connecting z and y contains
v. But then one of these paths must be in T. So degp(v) > 1, contradicting v being a
pendant vertex.

x(G) = max{x(B:)|1 < ¢ <k}
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6. The graph G has n; - n; .- - ng distinct spanning trees.

7. Proof: Suppose that G has a pendant veriex, say z, and that {w, z} is the (unique) edge
in E incident with z. Since |V| 2 3 we know that deg(w) 2> 2 and that
&(G ~ w) 2 2 > 1 = k(G). Consequently, w is an articulation point of G.

ect) e(z,/) P
a(z) aa) (r’ ( 44¢2,9)
03 #17) /'/7-03 1)

W yqm |700F y3(%2) \3 (19)

b0 dpy |04 Shery) g

h(87)

ece) Cl4#)

(a) The first tree provides the depth-first spanning tree T' for G with e as the root.
(b) The second tree provides (low'(v),low(v)) for each vertex v of G (and T). These results
follow from step (2) of the algorithm.

For the third tree we find (dfi(v),low(v)) for each vertex v. Applying step (3) of the
algorithm we find the articulation points d, f, and g, and the four biconnected components.
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10.

i, 1
. \
(1) €2, 1) a2 ¢
de \!
d2) d(1, 1) y 8b(8 1)
13,24 !
f(3) b(8) £2,2) (1, 1) N\
fo! Ve, 2)
[-10))] e(6) g(3,3) e(2,2) / \
g(4, 3) a(7, 3)
his) a(?) h(a, 4) a(3, 3) y
h(s, 4)

(a) The first tree provides the depth-first spanning tree T' for G where the order prescribed
for the vertices is reverse alphabetical and the root is c.

(b) The second tree provides (low'(v),low(v)) for each vertex v of G (a.nd T). These results
follow from step (2) of the algorithm.

For the third tree we find (dfi(v),low(v)) for each vertex v. Applying step (3) of the
algorithm we find the articulation points d, f, and g, and the four biconnected components.

The ordered pair next to each vertex v in the figure provides (dfi(v),low(v)). Following
step (3) of the algorithm for determining the articulation points of G we see here that
this graph has four articulation points — namely, c, ¢, f, and h. There are five biconnected
components — the figure shows the spanning trees for these components.
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11.

12.

13.

d(g3)

No! For any loop-free connected undirected graph G = (V, E) where [V| > 2, we have
low(z1) = low(z;) = 1. (Note: Vertices r; and z; are always on the same biconnected
component.}

(a) The vertex set for each graphis V — {v}. If ¢ = {z,y} isan edgein G —v then
e isnotin G — v, and since z,y # v, e is an edge in G — v. For the opposite inclusion
if e = {z,y} is an edge in G — v, then z,y # v and e is not an edge in G, nor the
subgraph G —v. Here ¢ is an edgein G —v.

Since G —v and G — v have the same vertex and edge sets, these graphs are equal.

(b) If v is an articulation point of G, then &(G —v) > k(G), so G—v is not connected.
But then G — v is connected. So n_('c':' ~v) = k(G — v) = 1 < &(G), and consequently v
cannot be an articulation point of G.

Proof: If not, let v € V where v is an articulation point of G. Then «(G —v) > x(G) = 1.
{From Exercise 19 of Section 11.6 we know that G is connected.) Now G —v is disconnected
with components H,, H,,..., Hy,fort > 2. For 1 <i <, let v; € H;. Then H; +visa
subgraph of G — v;y,, and x{(H; + v) < x(G — viy1) < x(G). (Here vy = v;.) Now let
x{(G) = n and let {¢;,c3,...,¢,} be a set of n colors. For each subgraph H; +v, 1 <i <Y,
we can properly color the vertices of H; + v with at most n — 1 colors — and can use ¢
to color vertex v for all of these ¢ subgraphs. Then we can join these t subgraphs together
at vertex v and obtain a proper coloring for the vertices of G where we use less than
n(= x(G)) colors.
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14.

6.

No! Consider the graph and breadth-first spanning tree shown in the figure. Here {c,d} €
E and {c,d} ¢ E', but c is neither an ancestor nor a descendant of d in the tree T.

Supplementary Exercises

If G is a tree, consider G as a rooted tree. Then there are A choices for coloring
the root of G and (A —1) choices for coloring each of its descendants. The result then
follows by the rule of product.

Conversely, if P(G, ) = M\ —1)""1, then since the factor A only occurs once, the graph
G is conpected. P(G,A) = A A =11 =X —(n-DA"?+ ...+ (-1)"'A = G has
n vertices and (n — 1) edges. Therefore by part (d) of Theorem 12.5, G 1is a tree.

Model the problem with a complete quaternary tree rooted at the president.

(a) Since there are 125 executives (vertices) there are 124 edges (phone calls).

(b) The total number of executives making calls is the number of internal vertices. From
Theorem 12.6 (¢}, ¢ = (125 —1)/4 = 61. So 60 executives, in addition to the president,
make calls.

(2) 1011001010100
(b) () (ii)

(¢} Since the last two vertices visited in a preorder traversa! are leaves, the last two
symbols in the characteristic sequence of every complete binary tree are 00.

(8) {1,11} {3723} {479} {6’15} {'5118} {217} {'10’35} {'2’5}
{-5,1,11,18} {2,3,7,23} {-10,4,9,35} {-2,5,6,15)
{-10,-5,1,4,9,11,18,35} {-2,2,3,5,6,7,15,23)
{-10,-5,-2,1,2,3,4,5,6,7,9,11,15,18,23,35}

(b) Th,(@ -1+

We assume that G = (V, E) is connected — otherwise we work with a component of G.
Since G is connected, and deg(v) > 2 for all v € V, it follows from Theorem 12.4 that
G is not a tree. But every connected graph that is not a tree must contain a cycle.

From the first part of the definition of R the relation is reflexive. To establish the antisym-
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9.

10.

metric property let Ry and yRz for z,y € V. 2Ry = z is on the path from r to y. If
z # y then z is encountered before y as we traverse the (unique) path from r to y. Hence
by the uniqueness of such a path we cannot have yRzx. Hence (zRy AyRz) = z = y.
Lastly, let z,y,2 € V with zRy and yR2. Then z is on the unique path from r to y and y
is on the unique path from r to z. Since these paths are unique the path from  to z must
include z so Rz and R is transitive.

For 1 < i(< n),let z; = the number of vertices v where deg(v) = i. Then
i+ z2+...+ T =|V|=|Ej+ 1,50 2|E|=2(—-14+21+ 224+ ...+ zp—1). But 2|E}=
Tovev deg(v) = (1 + 222+ 323+ ...+ (n—1)z,_y). Solving 2(—1+z+z3+...+25) =
T +222+...+(n—1)z,_ for z;, we find that z; = 24+ 234+22,+325+...+(n—3)z—y =
2 + Laog(vi)2aldeg(vi) — 2.

(a) Foralle € E, e = ¢, 80 ¢eRe and R is reflexive.
I e;,e, € E with e, # e; and e;Re,, then e, and e, are edges of a cycle C of G.
Hence e, and e; are edges of the cycle C, so e3Re; and R is symmetric.

Let e;,ez,e3 be three distinct edges with e;Re, and e;Res. Let C; be a cycle of G
containing e;,e; andlet C, be a cycle of G containing e;,e3. f Cy # C;, let C be
the cycle of G made up from the edges of C;,C,, where common edges are removed. (In
terms of edges, C = C,AC,.) Since e1,e3 areon C we have e;Res, and R is transitive.

(b) The partition of E induced by R provides the biconnected components of G.

(a) G? is isomorphic to K.
(b) G? is isomorphic to K.

(c) G? is isomorphic to K,,;, so the number of new edges is (“'ZH) -—n= ('2‘)

(d) If G? has an articulation point z, then there exists u,v € V such that every
path (in G?) from u to v passes through z. (This follows from Exercise 2 of Section
12.5.) Since G i8 connected, there exists & path P (in G) from u to v. If
r is not on this path (which is also a path in G?), then we contradict z being an
articulation point in G?. Hence the path P (in G) passes through z, and we can write
P:tu—ty—+...=+tUp_g —+Uy =T — Up, =+ Vpn_y — ...~ vy — v, But thenin G? we
add the edge {u,,v,.}, and the path P’ (in G*)givenby P': u = u; — ... = up_y —
thy, — Uy = U1 —* ... — U] — v does not pass through z. So z is not an articulation
point of G?, and G? has no articulation points.

(a) For the minimum value of {V| we have six leaves at level 8 and the other 87 — 1 leaves
are at level 7. Since there are 67 + 5 leaves, it follows from part (¢} of Theorem 12.6 that
V] =(6/5)[(6" +5) — 1] + 1 = 335,929.

For the maximum value of |V| we have one leaf at level 7 and the other {67 — 1)(6) leaves
are at level 8. So there are (62 — 6) + 1 = 65 — 5 leaves in total. Once again we use part
(c) of Theorem 12.6 to find that |V| = (6/5){(6° — 5) — 1] + 1 = 2,015,533.

(b) Let £ denote the number of leaves in T. For the minimum case £ = {(m*! - 1)4+m =
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11.

12.

mh1 + (m ~1) a.nd [Vl = [m/(m — D)[m*? + (m — 1) ~ 1} + 1. For the maximum case
wehave £ = m(m* ! — 1)+ 1=mP —m + 1 and |V| = [m/(m — 1)][m* —m] + 1.

(8) £n = La_y +4€n_z, forn > 3 and ¢, = £, = 1. Since this is precisely the Fibonacci
recurrence relation, we have I, = F,, the nth Fibonaeci number, for n > 1.
(b) i =tp_y + i3+ 1, n 23,1 =i; =0. The summand “+1” arises when we count
the root, an internal vertex.
(Homogeneous part of solution):
i =i® 4 n>3
i® = Aa™ + BB, where a = (1 + v/5)/2 and § = (1 — v/5)/2.
(Particular part of solution):
i) = C, a constant
Upon substxtut:on into the recurrence relation ¢, = i,_; +i,—3 + 1, n > 3, we find that
so C = ~1,
and 3, = Aa"+ Bf" —1.
With 23 = ¢, = 0 we have
0=i,=Aa+BS -1
0=1,= Ao’ +Bp* -1,
and consequently,
= (a — 1)/[B(a - B)] = [((1 + V5)/2) - 1/[((1 - VB)/2)(VE)] =
[t +v5 —2)/I(1 = V5)(v5)] = =1/v/5, and A = [1 — Bf)/a = 1/+/5. Therefore,

in = (1/VB)a" — (1/VB)p" — 1= F, - 1,

where F,, denotes the nth Fibonacci number, for n > 1.
(¢) vn =4+ iy, for all n € Z*. Consequently, v, = F,, + F, ~ 1 = 2F, — 1, where, as in
parts (a) and (b), F, denotes the nth Fibonacci number.

(a) For the graph G3 in Fig. 12.48 (d) there are 12 nonidentical spanning trees in total.
(b) Consider the graph G,.,,. Here the nonidentical spanning trees arise from the following
three cases any two of whick are mutually exclusive.

{1) The edge {a,n + 1} is used: Here we can then use any of the ¢, nonidentical
spanning trees for G, and the result is a spanning tree for G, ;.

(2) The edge {n + 1,5} is used: Here we have a situation similar to that in (1) a.nd
we get t,, additional nonidentical spanning trees for Gpn4;.

(3) The edges {a,n + 1}, {n + 1,b} are both used: Now for each vertex i, where
1 < s £ n, we have two choices — include the edge {a,1} or the edge {i,b} (but not both).
In this way we obtain the final 2" nonpidentical spanning trees for G,41.

The results in (1), (2}, and (3) lead us to the following recurrence relation:

(%) tag1 =26 +2",  H=1 n>Ll
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13.

(Homogeneous Selution): t,; = 2t,
M = A(2"), A a constant.

(Particular Solution): () = Bn(2"), B a constant.
Substituting £ into equation (+) we find that
B(n + 1)(2"*!) = 2Bn(2") 4 2"
Bn(2"') + B(2**') = Bn(2"+1) 4 20

Consequently, 2B(2") = 2" and 2B = 1, or B = 1/2. Therefore, t, = A(2")+(1/2)n(2") =
A(2") + n2m1,

Sincet; =1=A(2)+1,A=0andt, =n2"! n>1

(a) For the spanning trees of G there are two mutually exclusive and exhaustive cases:
(i) The edge {z1,11} is in the spanning tree: These spanning trees are counted in b,.
(ii) Theedge {z;,1} isnot in the spanning tree: In thiscase the edges {z1,z.}, {t1,¥2}
are both in the spanning tree. Upon removing the edges {z;,z:}, {y1,y:}, and {z;,11},

from the original ladder graph, we now need a spanning tree for the resulting smaller ladder
graph with n — 1 rungs. There are a,_; spanning trees in this case.

(b) Here there are three mutually exclusive and exhaustive cases:

(i) The edges {z:,z2} and {y;,y;} are both in the spanning tree: Delete {z;,z2},
{1,¥2}, and {z;,1} from the graph. Then b,.; counts those spanning trees for ladders
with n — 1 rungs where {z3,y.} is included. For each of these delete {z;,y;} and add
{z1,23}, {91,932} and {z1, 1}

(ii) The edge {z1,z2} is in the spanning tree but the edge {yi,y2} is not: Now the
removal of the edges {z1,1}, {#1,2:}, and {y1,y2} from G results in a subgraph that
is a ladder graph on n — 1 rungs. This subgraph has a,_; spanning trees.

(iii) Here the edge {y1,ya} is in the spanning tree but the edge {z,,z;} isnot: Asin
case (i1) there are a,_: spanning trees.

On the basis of the preceding argument we have b, = b,_; + 2a,.1, n > 2.

(C) anzan—l+bn

bn::bu—l"'zan—l

Gy = dp—y + b1 + 284_1 = 3au—1 + bn

by =a, — an-y, 90 bp-1 = Qpn-1 — Ap_3

@y, =30p_1 + Op) —Gpog =4Gq g — 0y, n23, 8, =1, a;=4
Gy —4Gpy +0p2 =0

3 —4r+1=0

r=(1/2)4+ V16 ~4) =2+ 3

So a, = A(2 + V3)" + B(2 - V3)"
a=0=>A+B=0=B=-A.
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14.

a1 =1=A2+V3) - A2~ V3) =243 = A=1/2/3 and B = -1/2\/3.

Therefore a, = (1/(2V3)I(2 + V3)* — (2 ~ V3)*},n > 0.
(a)

A}

T e s e T e

For n even, &y =n/2 and £, =§ +1
For n odd, £ ={, 41 and £ = [n/2]

(b) Label the vertex of degree 1 with the label 1. Label the other n vertices (one vertex

per label) with the labels 2,3,...,n,n+ 1.

(¢) For [V| =4 the only trees are a path of length 3 and K, ;. These are handled by

parts (a) and (b), respectively.

For |V| =5 there are three trees: (1) A path of length 4; (2) K4 and (3) The tree
with a vertex of degree 3. Trees (1) and (2) are handled by parts (a) and (b), respectively.

The third tree may be labeled as follows.

1
4 3 5<
2

For |V| = 6, there are six trees. The path of length 5 and K5 are dealt with by parts
(a) and (b), respectively. The other four trees may be labeled as follows.
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15.

16.

17.

(a) (i) 3 (i) 5
(b) G, =@p.q +0p-3, N2 3, a3=2, a;=3.
a, = Fp41, the (n + 1)st Fibonacci number.

2 7 ¢ 7 &
f\[/
; A5 vz, 9

Ky /3 2
2 3 2 207 8 S

£ g BEE wFET

Here the input cousists of

(a) the k (= 3) vertices of the spine — ordered from left to right as vy, vq, ..., vy;
(b) deg(vi), in the caterpillar, for all 1 < i < k; and

(¢) n, the number of vertices in the caterpillar, with n > 3.

If k = 3, the caterpillar is the complete bipartite graph (or, star) K, ,_1, for some
n > 3. We label v; with 1 and the remaining vertices with 2,3,...,n. This provides the
edge labels (the absolute value of the difference of the vertex labels) 1,2,3,...,n~1-a
graceful labeling. :

For k > 3 we consider the following.
:=2 {£ is the largest low label}
h:=n-1 {histhe smallest high label}
label vy with 1
label vy with n
for::=2tok—-1do
if 2|¢/2| = ¢ then {t is even}
begin
if v; has unlabeled leaves that are not on the spine then
assign the deg(v;) — 2 labels from ¢
to £ + deg{v;) — 3 to these leaves of v;
assign the label £ + deg(vi) — 2 to v;y
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£:=f+ deg(v;)—1
end
else
begin
if v; has unlabeled leaves that are not on the spine then
assign the deg(v;) — 2 labels from h — [deg(v;) — 3}
to h to these leaves of v;
assign the label A ~ deg(v;) + 2 to vy
h:=h—~deg(v;) +1
end

18. (a) Fig. 12.50 10001000010001
Fig. 12.51 100001000010000100001
(b) Yes, when the caterpillar is a path.
(c) Yes, when the caterpillar is the complete bipartite graph (or, star) K; ,—;, wheren > 3.

(d)

1111
¢ -~ & &> it
P o> ® 1011
-— - 1001

There are three nonisomorphic caterpillars on five vertices. Two of the corresponding
binary strings are palindromes.

350



(€)

10111
PN J e . 11011

———I-—.L._‘ 10101

»M..__. 10011

There are six nonisomorphic caterpillars on six vertices. Four of the corresponding binary
strings are palindromes.

(f) Since the caterpillar has n vertices it has n — 1 edges, and its binary string hasn — 1
bits, where the first and last bits are 1s. For each of the remaining n — 3 bits there are two
choices — 0 or 1. This gives us 2*~2 binary strings. However, for each binary string s that is
not a palindrome, the reversal of that string — namely, s® — corresponds with a caterpillar
that is isomorphic to the caterpillar determined by s. So each pair of these strings - s
and s® - determines only one (nonisomorphic) caterpillar. Further, each palindrome also
determines a unique caterpillar. For the palindromes we have two choices for each of the
first [(n -~ 3)/2] positions (after the first 1). So there are 2/"~3/7) binary strings that are
palindromes. Consequently, 2*~3 + 2/("=3}/3} counts each of the nonisomarphic caterpillars
on n vertices twice. Therefore, the number of nonisomorphic caterpillars on n vertices, for
n > 3, is (1/2)(2%3 + 2f(»-3)/3y,
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19. (a) 1,-1,1,1,~-1,-1 1,1,-1,1,-1,-1 i,-1,1,-1,1, -1

(b)

In total there are 14 ordered rooted trees on five vertices.

(c) This is another example where the Catalan numbers arise. There are (i< o (2") ordered
rooted trees on n + 1 vertices.

20. (a) Consider the case for n = 4, shown in part (a) of the figure. The five spanning
subgraphs in parts (b)—(f) of the figure provide pairwise mutually exclusive situations that
account for all the spanning trees of the graph given in part (a). As we scan the figure
from left to right we find that

3
=8+t +L+4 +to=t3+zt.'-
=0
This result generalizes to provide t, 41 =1¢, + Y0 o ¢.
., ¥ p p
¢
3 7 J 3
z 2 2 2
o / Y Y 7 | g 71 ‘o
(1) ) () (@) @ £)
(b)
tﬂ+l = t + E'—O
= 2¢, + 2"“ t;

2t + {tn—l + En_l t ] - tn—l
3t t'n—l, n 2 2
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21.

(C) t'n-H = 3tn - t,._.l,n 2 2,t2 = 3,t1 = 1.
Let £, = Ar®, A#0,r #0.
P2 ~3r+1=0
= (3 +/5)/2
So t, = B[(3 + v5)/2]" + C[(3 — V5)/2]".
Since 1 = ; = B{(3 + v5)/2} + C[(3 — v/5)/2] and
3 =t; = B[(3 + v5)/2)]* + C[(3 - V5)/2]%,
we find that
B = 1/\/5,0 = —1/\/5_.
Consequently, t, = (1/V5){(3 + vB)/2]" — (1/VB)[(3 - vB)/2]", n > 1, to = L.

Recall that the nth Fibonacci number F, is given by
Fo = (1/VB)[(1 + V5)/2" — (1/V5)[(1 = VB)/2]",n 2 0.

For n > 1, Fon = (1/V5)[(1 + vB)/21* — (1/VB)[(1 = vB)/21*" = (1/VB)[(1 + VB /4" ~
(1/VB(1 ~ VB /4 = (1/VB)I(3 + v5)/2]* — (1/VB)I(3 — VB)/2]" = tn.

(a) There are (g) —2 = 8 nonidentical (though some are isomorphic) spanning trees for the
kite induced by @, b,¢,d. Since there are four vertices, a spanning tree has three edges and
the only selections of three edges that do not provide a spanning tree are {a, ¢}, {b,c},{a, b}
and {a,b}, {a,d}, {b,d}.

(b) There are 8-1-8-1-8-1-8 = 8! nonidentical (though some are isomorphic) spanning
trees of G that do not contain edge {c,h}. These spanning trees must include the edges
{9, k}, {1, p}, and {d, 0}, and there are eight nonidentical (though some are isomorphic)
spanning trees for each of the four subgraphs that are kites.

(¢) Consider the kite induced by a,b,c,d. There are eight two-tree forests for this kite
that have no path between ¢ and d. These forests can be obtained from the five edges of
the kite by removing three edges at a time, as follows:

(i) {a,b},{a,c},{b,c} (ii)) {a,c}, {b,c}, {b,d}
(i) {a,c},{a,d},{b,c} (iv) {e,b},{a,d},{b,d}
(v} {a,d}, {b,c},{d,d} (vi) {a,c},{a,d},{b,d}
(vii) {a,b},{a,d}, {bc} (viii) {a,b},{a,c},{b d}

Vertex c¢ is isolated for (i), (ii), (iii). For (iv), (v), {vi), vertex d is isolated. The forests for
(vii), (viii) each contain two disconnected edges: {e,c}, {b,d} for (vii) and {a,d}, {b, ¢} for
(viii).

Consequently, there are 4-8-1-8-1-8-1.8-1 = 4 - 8! nonidentical (though some are
isomorphic) spaoning trees for G that contain each of the four edges {¢,k},{g, k}, {I,p},
and {d,o}.

(d) In total there are 4 - 84 + 4 - 8% = 2(4 - 8*) nonidentical (though some are isomorpbic)
spanning trees for G.

(e) 2n8"
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Section 13.1

CHAPTER 13
OPTIMIZATION AND MATCHING

(a) If not, let v; € S, where 1 <i<m and i is the smallest such subscript. Then
d(vp, v;) < d(vp,Vyn41), and we contradict the choice of v,41 as a vertex v in S for
which d(vg,v) is a minimum.
(b) Suppose there is a shorter directed path (in G) from vo to vi. If this path passes
through a vertex in S, then from part (a) we have a contradiction. Otherwise, we have a
shorter directed path P” from vy to vy and P” only passes through vertices in S.
But then P” U {(vk, Yk+1)s (Vk+1, Ve42)s- -+ s (Ym—1, Um )}, (Um, Um41)} 18 & directed path (in
G) from vp tO Um41, and it is shorter than path P.

(a) Initialization:

First Iteration:

(Counter = 0) a = vy, Sp = {a}. Label a with {(0,—~) and
the other six vertices with (o0, ).

§l'.l = {b,c,f,g, h)z}

L(b) = 14, L(g) = 10, L(h) = 17.

So we have the labels: g:(10,a); b:(14,a); k: (17,4).

L(v) = 00 for v =¢,f, and :. Hence v, =g, S = {a,9}
and the counter is increased to 1.

Second Iteration: S = {b,¢, f, h,1}

L(b) = 13 = L(g) + wi(g,b) < 14, so b is now labeled (13,9).
L{h) = 16 = L{g)+wt(g,h) < 17,50 h is now labeled (16,g).
L(:) = 14 = L(g) + wt(g,i) < oo, so ¢ now has the label
(14,9).

The vertices ¢, f are still labeled by (o0, ). Now we find
v, = b and we set S; = {a,g,b} and increase the counter to
2.
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Third Iteration: S; = {c, f, h,i}

L(c) = 22 = L(b) + wi(b,c) and c is labeled (22,5).

L(f) = 23 = L(b) + wi(b, f) and f is labeled (23,b).

L(h) =16 and h is labeled (16,g).

L(:) = 14 and i is labeled (14,9).

Now we have v3 =i with S3 = {a,9,5,7} and the counter is
increased to 3.

Fourth Iteration: 83 = {c, f, h}

L(c) =22 and c is labeled (22,)).

L(k) = 15 = L(z) + wi(i,h) < 16 and h is labeled (15,%).
L(f) = 21 = L(?) + wt(s, f) < 23 and f is labeled (21,:).
Here we have vy = h, Sy = {a,9,5,i,h} and counter is now
assigned the value 4.

Fifth Iteration: S.= {c, f}

L(c) =22 and c is labeled (22,5).

L(f) =21 and f islabeled (21,1).

Now v; = f, S5 = {a,9,b,%, h, f} and the counter is increased
to 5.

Sixth Iteration: S5 = {c}

L(c) =22 and c is labeled (22,b).
Here v = ¢, S¢ = {a,9,b,:,h, f,c}, and now counter = 6 =
7—-1=|V]| -1, so the algorithm terminates.

(b) c: {a,g},{g,b},{b,c} f: {a,g},{g,i},{i,f} i {a’g}’{%i}
(a) d(a,bd) =35; d(a,c) =6; d{a, f) =12; d(a,g) = 16; d(a,h) = 12
(b) f: {(ayc),(c:f)} g: {(a,8),(bh),(h,9)}

h: {(a,b),(b,h)}

{a) Order the vertices of G as [a,b,c, f, 9, h).
For L, we get the following array of labels: [oo, 00,0, 00, 00,00}, and S, = {c}.
In a similar manner we obtain the arrays:

Ly
L2
Ls
Lq
Ls

: [00,00,0,6,00,11} S; = {¢, f}

: [11,00,0,6,15,10}; S, = {c, f, h}

: [17,00,0,6,14,10}; S; = {c, f,k,9}

: [17, o, 0,6, 14, 10}; Ss= {c’f7 k,gva}

: {17,22,0,6,14,10}; S5 = {c,f, h,g,a,b}

(b) Onrder the vertices of G as [a,b,c, f,g,h,1].
We obtain the following arrays for the six iterations:
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Lo: [0’00$°°,°°7 00, 00, 00]; So = {a}

L, : [0,14,00,00,10,17,00}; S; = {a,g}

L,: [0,13,00,00,10,16,14}; S; = {a,g,b}

Ls: {0,13,22,23,10,16, 14]; Ss = {a, g, b,i}

L,: [0,13,22,21,10,15,14]; S, = {a,g,b,i, h}
Ls: [0,13,22,21,10,15,14); S5 = {a,9, b,1,h, f}
Le: [0,13,22,21,10,15, 14]; S = {a,g,b,i,h, £, c}

5. False — consider the weighted graph

Section 13.2

1. Kruskal’s Algorithm generates the following sequence (of forests) which terminates in a
minimal spanning tree T of weight 18:

(1) Fr = {{e, h}}, (2) Fr = FiU {{a,b}},
(8) Fs = FyU {{b,c}}, (4) Fy = F3U {{d, e},
(5) F5=F4U{{C,f}}, (6) Fﬁ:FSU{{a’e}}y
(7) Fr = Fe U {{d, g}}, (8) e =T = Fru {{f,i}}.

Note: The answer given here is not unique.
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7.

No! Cousider the following countcrexainple:

i w
Here V = {v,z,w}, E = {{v,z}, {z,w}, {v,w}} and E' = {{v,z}, {z,w}}.

Gary — South Bend (58); South Bend — Fort Wayne (79); Fort Wayne - I.ndia.napolis
(121); Indianapolis - Bloomington (151); Bloomington — Terre Haute (58); Terre Haute —
Evansville (113).

(a) Evansville — Indianapolis (168); Bloomington — Indianapolis (51); South Bend - Gary
(58); Terre Haute — Bloomington (58); South Bend - Fort Wayne (79); Indianapolis -
Forth Wayne (121).

(b) Fort Wayne — Gary (132); Evansville - Indianapolis (168); Bloomington - Indianapolis
(51); Gary — South Bend (58); Terre Haute — Bloomington (58); Indianapolis — Fort Wayne
(121).

Start with the prescribed edge(s), unless one or more cycles result. (If so, delete the edge
of maximum weight in each such cycle.} Then apply Kruskal’s Algorithm starting at Step

(2)-

(a) To determine an optimal iree of maximal weight replace the two occurrences of “small”
in Kruskal’s Algorithm by “large”.

(b) Use the edges: South Bend — Evansville (303); Fort Wayne — Evansville (290); Gary -
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Evansville (277); Fort Wayne — Terre Haute (201); Gary — Bloomington (198); Indianapolis
— Evansville (168).

The proof for Prim’s Algorithm is similar to that of Kruskal’s Algorithm.

Proof: Let |V|=n, and let T be a spanning tree for G obtained by Prim’s Algorithm.
The edges in T are labeled as e, e3,...,e,_1, where the subtree S; of T, obtained after
the ith iteration of the algorithm, contains the edges €,,e;,...,€;, forsome 1 <: <n-1.
For each optimal tree T' of G define d(T"), as in the proof of Theorem 13.1. Let T}

be an optimal tree for G where d(T}) =r is maximal. We shall prove that T = T;.

If not, then r < n— 1, and there exists an edge e, = {z,y} with e, € T,e, ¢ T;. Since
T: is a spanning tree for G, however, there is a unique path P connecting z and y

in T. Assuine that z € S,_1, y  S,-1. Select an edge ¢! in P which joins a vertex in
S,_; with a vertex that is not in S,_;. By the minimality condition in Step 2 of Prim’s
Algorithm wt(el) > wi(e,). Adding the edge e, to T;, e, together with the edges in
P form a cycle. Deleting edge ¢/, the cycle becomes a path and a new subgraph of G

is obtained. Since this subgraph is connected with n vertices and n ~1 edges, it isa
tree Tj, where wi(T3) = wt(Th) + wt(e,) ~ wi(e}). With wi(e.) 2> wi(e,), we find that
wi(T;) < wt(Ty), and since T; is optimal it follows that wit(T;) = wi(T;). But then T}

is an optimal tree for the graph G with d(73) > r, and this contradicts the choice of T}
(where d(T}) is maximal).

When the weights of the edges are all distinct, in each step of Kruskal's Algorithm a unique
edge is selected.

Section 13.3

(a) s=2;t=4, w=8,z=9;y=4 (b) 18

(¢ () P={a,b,h,d, g,i}_;_—ﬁ = {z}
(ii) P = {a,b h,d,g}; P = {i,z}
(i) P={a,h}; P={bd,gi,z}

Corollary 13.3: This result is a special case of Theorem 13.3.
Corollary 13:4: This result follows from the observation following the proof of Theorem
13.3, namely,

val(f) = 2 f(z,9) ~ T f(v, ).

yeP veP
If val(f)= c(P,?) = E c(z,y), since 0 < f(z,¥) < ¢(z,y), for
P
veP

z € P, y € P, it follows that f(e) = c(e) foreach e = (z,y), z € P, y € P, and
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f(e) = 0 for each e = (v,w), v € P, w € P. Conversely if conditions (a) and (b) hold,
then

val(.f) = Ef(z7y) - Zf(v7w) = Ec(z,y) -0= C(P,?)

s€P weP 2€P
yebP veP yeP

(1) @)
b 1514 d

i 86 j1212k
The maximal flow is 32, The maximal flow is 23,
which is ¢(P,P) for which is ¢(P, P) for
P = {a,b,d,g,h} and P = {1i,z}. P = {a} and P = {b,9,%,j,d, h,k,z}.

(Example 13.12)

- (P;ﬁ.)

(Example 13.13)

18,10
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(Example 13.14) Four messengers should be sent out — one for each of the following paths
(which are mutually disjoint in pairs).

Na—=b—ohosp—o2

2)ea—>d—it—om-—g—z

Ba—-fojonar—z

4)a—=g—ok—s—z

Here ¢(e) is a positive integer for each ¢ € E and the initial flow is defined as f(e) =0
for all e € E. The result follows because A, is a positive integer for each application of
the Edwards-Karp algorithm and, in the Ford-Fulkerson algorithm, f(e) — A, will not be
negative for a backward edge.

(a)

(b)




1.

2.

Section 13.4

5/(%) = 1/14
(a), (b), and (c} K

N F

The edges {K, A}, {T,Jo}, {C,R}, {Ja,D}, and {N,F} determine a complete match-
ing which pairs Janice with Dennis and Nettie with Frank.

(d) No. Every complete matching must include {N, F}.

Let the committees be represented as ¢, ¢,,...,cqs, according to the way they are listed
in the exercise.

(a) Select the members as follows: ¢; —4; ¢; ~G; es— M; ¢4~ N; cs— K; cg— R.
(b) Select the nonmembers as follows: ¢, — K; c; — A; &3 —G; ca—J; ¢s — M; g~ P.

(a) (1)) =12 (b) (4)(3)(2)(1) =4l =24
(c) (9)BXNTNEXSE) = 9!/4! = P(9,5)
(d) (n)(n-1)(n-2)---(n—m+1) =n!/(n—m)! = P(n,m).

(a) A one-factor for a graph G = (V, E) consists of edges which have no common vertex.
So the one-factor contains an even number of vertices, and since it spans G we must have
|V} even.

(b) Consider the Petersen graph as shown in Figure 11.52 (a) of the text. The edges

{e.a}  {be} {di} g5} {fiR}

provide a one-factor for this graph.

(c) There are (5)(3) = 15 one-factors for K.

(d) Label the vertices of K3, with 1,2,3,...,2n — 1,2n. We can pair verfex 1 with any
of the other 2n — 1 vertices, and we are then confronted, in the case where n > 2, with
finding a one-factor for the graph K», . Consequently,

@, = (2n - 1)ap1, a=1.
We find that
a, = (2n—1ap.1 =(2r - 1)(2n - 3)a,—2 = (2n — 1)(2n - 3)(2n — 5)@y_3 =...
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10.

11.

12.

13.

(2n)(2n — 1)(2n — 2)(2n — 3) - - - (4)(B)(2)(1)

= (2n — 1)(2n - 3)(2n - 5)--- (5)(3)(1) = (2n)(2n —2)---(4)(2)

(Corollary 13.6) Let A C X. Since deg(z) 2 k for all z € X, there are at least
k}A| edges that are incident from the vertices in A. These edges are incident to |[R(A)|
verticesin Y. Since deg(y) < k forall y €Y, it follows that k|A} < k|R(A)|, so we have
|A} < |R(A)|, and there is a complete matching of X into Y (by virtue of Theorem
13.7).

Yes, such an assignment can be made by Fritz. Let X be the set of student applicants and
Y the set of part-time jobs. Then for all z € X, y € Y, draw the edge (z,y) if applicant
z is qualified for part-time job y. Then deg(z) > 4 > deg(y) forall z€ X, y €Y, and
the result follows from Corollary 13.6.

(a) 4€A,3€A,, led; 2€ A,
(b) 2€ Ay, 4€ A;, 5€ A3, 1 € Ay, 3 € As.
(c) Since |Ui,; Ai]l = 4 < 5, there is no system of distinct representatives.

(a) (1) Select ¢ from A;,for1<i<4.
(2) Select i+ 1 from A;, for 1 <i<3,and 1 from A,.

(b) 2

(a) If there is a system of distinct representatives then |UL; A;| > n, i.e., k > n, since
jur, Al = |A] = k, for all 1 < i < n. Conversely, if there is no system of distinet
representatives, then for some 1 < i < n, the union of ¢ of the sets A,, A,,...,4,
contains less than ¢ elements. Hence k<2< n,or k < n.

(b) P(k,n).

Proof: For each subset A of X, let G4 be the subgraph of G induced by the vertices in
AU R(A). If e is the number of edges in G4, then e > 4]A| because deg(a) > 4 for all
a € A. Likewise ¢ < 5|R(A)| because deg(b) < 5 for all b € R(A). So 5|R(A)| > 4]A|
and 8(A4) = [A] — |R(A)] < |4] - (4/5)IA] = (1/5)|A} < (1/58)]X| = 2. Then since
8(G) = max{6(A)|A C X} we have §(G) < 2.

Let 8 #ACX and E, C E where E; = {{a,b}{a € A,b € R(A)}. Since deg(a) >3
for all a € A, |E}} > 3]A|. For each b€ R(A) CY, deg(d) < 7,50 |E;| < 7|R(A)]. Hence
3{A| < TIR(A)l and &(A) = |4} - [R(A)] < |A] - (3/T)|A] = (4/7)]A]. Since |X| < 50
and A C X, 6(A) < (4/7)(50) = 200/7 and 5(G) = max{5(A)]4 C X} < 28.

(a) 6(G)=1. A maximal matching of X into Y is given by
{{32,!(4},{3:2,}]2}, {3"3, yx}, {xa,'ya}}.
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14.

(b) I &(G) = 0, there is a complete matching of X into Y, and A(G) = [Y|,
or [YV|=8(G)—-6G). If 6(G)=k>0,let AC X where |A|— |R(A)| = k. Then
AU(Y —R(A)) is a largest maximal independent set in G and B(G) = |A|+|Y —R(4)| =
Y| + (141 - [R(A)]) = [Y] + §(G), so Y] = B(G) - §(G).

(c) Figure13.30 (a): {z1,%2,Z3,¥2, ¥4, ¥5};
Flgum 1332 {$3,$4,y2,'y3,'y4}-

Proof (By Mathematical Induction):

The hypercube @, has vertex set V = {00,01,10,11} and edge set E = {{00,01}, {01,11},
{11,10}, {10,00}}. Here there are two perfect matchings: {{10,00}, {11,01}} and
{{10,11},{00,01}}. So the result is true in this first case, where n = 2.

Assume the result is true for n = k (> 2) — that is, that Q, has at least 2%*") perfect
matchings. Now consider the case for n = k + 1. In dealing with the hypercube Qg+,
consider the subgraphs induced by the two sets of vertices V{) = {v}v is a vertex in Qx4
with first component i}, i = 0,1. The subgraph of Qi,; induced by V' is (isomorphic
to) @i — likewise, for the subgraph induced by V(). From the induction hypothesis each
of these subgraphs has at least 2(*™") perfect matchings. Since the two subgraphs have no
common edges, it follows from the rule of product that Q.4 has at least 2025%)  9(3*?) =
9(2*~2+3*%) . ola(2*%)) = 92"*)™? perfect matchings.

The result now follows for all n > 2 by the Principle of Mathematical Induction.

Supplementary Exercises

d(a,0) =5; d{a,c)=11; d(a,d)=T; d(a,e)=S8;

d(a,f)=19; d(a,9)=9; d(a,h)=14

(Note that the loop at vertex g and the edges (c,a) of weight 9 and (f,e) of weight 5
are of no significance.)

The algorithm is not correct. The following weighted directed graph provides a counterex-

ample. ]
a P €

(a) Theedge e, will alwnys be selected in the first step of Kruskal's Algorithm.

(b) Again using Kruskal’s Algorithm, edge e; will be selected in the first application of
Step (2) unless each of the edges e;,e; is incident with the same two vertices, i.e., the
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edges e;,e; form a circuit and G is a multigraph.

(a) In applying Kruskal’s Algorithm, the only way we would have to consider edge ¢,
as our last choice is if there is a vertex v in the graph where €; = {w,v} and v isa
pendant vertex of G. This cannot happen here since e; is part of a cycle.

(b) This result is false. Let G be the graph K3 where the edges are assigned the weights
wi(ey) = 3, wife;) = 2, wi(es) = 1.

The transport network in the first diagram is determined by using the in degrees of the
vertices for the capacities of the edges terminating at the sink z; the out degrees of the
vertices are used for the capacities of the edges that originate at the source a.

(a) One possible selectionis gs: ¢; tg: ¢ ut: u; pgr: p; srt:r.

(b) There are nine selections that each determine a system of distinct representatives.
Consequently, the probability that the selection yields a system of distinct representatives

is 9/[(2°)(3)].

The number of different systems of distinct representatives is d,,, the number of derange-
ments of {1,2,3,...,n}.

(a) 8% m!
(b) Each entry in B is nonnegative and the sum of the entries in each row or column is
1.

(c)

010 1 00 001 0 01
B=(@1)]0 0 1|+(02]010}+(03)}010]+(4]100
100 001 160 010

(d) The r rows of B sum to r, since each row of B sums to 1. When we add the
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entries, considered in s columns, we get a result of s if we are dealing with all of the
entries in the s columns. Hence here the entries sum to a number less than or equal to
s. Consequently we have both v > s and r < s, a contradiction.

Since this is a complete matching of X into ¥ we have n edges of the form {z;,y;},
where each of z; and y;, 1 <i,7 < n, appears exactly once. These edges are determined
by the n nonnegative numbers b;;, where no two of these numbers are in the same row
or column of B. Writing B = ¢, P, + B, where ¢; is the smallest entry in B and P,
is an n X n permutation matrix, the sums of the entries in each row and column of B,
is 1—~¢;, where 0<1~¢; <1.

(e) We now repeat the argument in part (d) for the matrix B, and get B = P, +
c2P; + B,, where the sum of the entries in each row and column of B; is 1 —¢; ~ ¢,
where 0 <1 -—¢; —¢; < 1—¢. This process is continued until we obtain B = ¢;P; +
&P, + ...+ ¢ P, + B, where all entries in B, are 0.

The vertices (in the line graph L(G)) determined by E’ form a maximal independent
set.
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CHAPTER 14
RINGS AND MODULAR ARITHMETIC

Section 14.1

(Example 14.5): ~a=a, ~b=¢, —c=d, ~d=c, —e=1b
(Example 14.6): —-s=s, ~t=y, ~v=1r, ~w=w, ~T=v, ~y =1

(a) This set is not a ring under ordinary addition and multiplication because there are
no additive inverses.

(c) and (d) These sets are rings under ordinary addition and multiplication.
(d) This set is not a ring because it is not closed under multiplication.

(a) (a+8)+c¢c (b+a)+c Commutative Law of +

b+ (a+c) Associative Law of +

b+ {(c+a) Commutative Law of +

d+ (ab+ ac) Distributive Law of - over +
(d+ ab) + ac  Associative Law of +

(ab+ d) + ac Commutative Law of +
ab+ (d+ac) Associative Law of +
ab+c(d+b) Commutative Law of +

ab + (cd + ¢b) Distributive Law of - over +
ab + (cb + cd) Commutative Law of +
(ab+ cb) + c¢d Associative Law of 4
(a+c)b+cd Distributive Law of - over +
(ab)c + (ab)d  Associate Law of -

{(ab)(c+ d) Distributive Law of - over +
(ab}(d + ¢c) Commutative Law of +

(b) d+a(b+c)

(c) c(d+b)+ad

(d) a(bc) + (ab)d

No. Although there is an identity for this definition of +, nainely 8, there are no additive
inverses.

(a) (i) The closed binary operation & is associative. For all a,b,c € Z we find that
(a®b)Dec=(a+b~-1)Pec=(a+b-1)+c—-1=a+b+c-2

and
a®(bddc)=a®(b+c—1)=a+(btc—1)~1=a+b+c—-2.
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(ii) For the closed binary operation ©® and all a,b,c € Z, we have
(a®b)Oc=(a+b~ab)Oc=(a+b—ab)+c—(a+b—ab)c = a+b—ab+c~ac~bctabc =
a+ b+ c— ab— ac— bc + abc; and
a®(bOc) = a®(b+c~bc) = a+(b+c—~bc)—a(b+c—bc) = a+b+c—bc—ab—ac+abec =
a+ b+ c—ab— ac— bc+ abe.
Consequently, this closed binary operation is also associative.
(iii) Given any integers a, b, ¢, we find that
(6&8c)Pa=(b+c-1)0a=(b+c—-1)+a—(b+c—1)a=b+c—~1+a~ba—cata=
2a+b+4c— 1~ ba - ca, and
(bGa)®(cOa)=(b+a—-ba)d(c+a—ca)=(b+a—ba)+(c+a—~ca)~-1=
2a+b4+c—1~ba~—ca.
Therefore the second distributive law holds. (The proof for the first distributive law is
similar.) ,
(b) Foralla,beZ,
aQb=a+b—ab=b+a—-ba=b0a,

because both ordinary addition and ordinary multiplication are commutative operations

for Z. Hence (Z, @, ©) is a commutative ring.

(c) Aside from 0 the only other unit is 2, since 20 2 = 2 + 2 ~ (2- 2) = 0, the unity for

(Z,8,0).

(d) This ring is an integral domain, but not a field. For all a,b € Z we see that
a®b=1 (the zero element) = e+ b—ab=1=>a(l -b)=(1 -0 > (a~1)(1 -b) =

0= a =1 or b= 1, so there are no proper divisors of zero in (Z, 3, 0).

The trouble here is with the Distributive Laws. For a,b,c € Z we find that

a@(d®c) = aR(b+ec—N=a+(b+c—7)~3a(b+c~T7)
= a+b+c—~3ab—3ac+2la—-7
= 22a+b+¢c~-3ab—3ac-T1,
while
(a0b)P(ade) (a+ b— 3ab) ® (a + ¢~ 3ac)

(a+b—-3ab)+(a+c—3ac)—7
2a+b+c—3ab—3ac-T.

Hence, f a # 0, then a © (0@ c) # (a0 b) D (a O ¢).

From the previous exercise we know that we need to determine the condition(s) on k,m
for which the Distributive Laws will hold. Since © is commutative we can focus on just
one of these laws.

If z,y,z € Z, then
zO(yBz)=(z0y)B(z02)=>
cQ(y+z-k)=(z+y—mzy)®(z+ z—mzz)
Sz+(ytz—k)-me(y+z-k)=(c+y—mzy)+{(c+z—mzz)~k

370



10.

>z4+yt+z—k—mary—mzz4+mkz=c+y—mry+z+z—mzz-k
S>mkr=c=>mk=1=>m=k=1lorm=k= -1, sincem,k € Z.

(a) = (b) —s=t, ~t=s, —z=2, —y=y
(¢) t{s+zy)=y (d) Yes, the ring is commutative.
(e) No, there is no unity. (f) The elements s,y are a pair

of (proper) zero divisors.

(a) We shall verify one of the distributive laws. If a,b,c € Q, then

a®d®c) = a®(b+c+17)
= a+(b+c+T)+[a(b+c+T7))/7
= a+b+c+ 7+ (ad/7)+ (ac/T) + a,
while
(a0 ®(aGe) (a@b)+(a@c)+ T

a+b+(ab/T)+a+c+ (ac/T)+ T

a+b+c+ 7+ (ab/7) + (ac/7) + a.

Also, the rational number —7 is the zero element, and the additive inverse of each rational
number a is —14 — a.

(b) Sincea®b=a+b+(ab/7) =b+a+(ba/7) = bOa for all a,b € Q, the ring (Q, B, ©)
is commutative.

(c) Foreacha€ Q,a =aQu=a+u+ (au/7) = ufl + (a/7)] = 0 = u = 0, because a is
arbitrary. Hence the rational number 0 is the unity for this ring.

Now let @ € Q, where a # ~7, the zero element of the ring. Can we find b € Q so that
a ® b = 0 - that is, so that a + b+ (ab/7) = 0? It follows that a + b + (ab/7) = 0 =
b1 +(a/7)) = ~a = b = (~a)/[1 + (a/7)]. Hence every rational number, other than —7,
is & unit.

(d) From part (¢} we know that (Q,3,©®) is a field. In order to verify that it is also an
integral domain, let a, b € Q with a®b = —7, Here we have a®b = -7 = a+b+(ab/7) = -7
= a[l + (/7)) = —b— 7 = a[7 + b} = (-1)[7 + b(7) _

S (a+Nb4+7)=0=3a+7=00rb+7=0=>a=~Torb=-T.

Consequently, there are no proper divisors of zero {the rational number —7) and (Q, @, ®)
is an integral domain.

() k=3 m=-3.

(b) The zero element is k. Hence we have 6 ® (—9) =k =6 + (~9) — k, s0 2k = —3 and
k= ~3/2. [Here m = 3/2.]

(c) The unity is the rational number 0. So we want 0 = 20 (1/8) = 2+(1/8) +{2(1/8)/m].
This happens when —17/8 = 1/4m, or 4m = ~8/17. Hence m = ~2/17 and k = 2/17.
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12.

13.

14.

15.

(a) Forexample, (a+bi)+(c+di) = (a+c)+(b+d) = (c+a)+(d+b) = (c+di)+(a+bi),
because addition in Z is commutative. In like manner, each of the other properties for R
to be a commutative ring with unity follow from the corresponding property of (Z, +,-).
Finally, with respect to divisors of zero, if (a+bi)(c+di) = (ac—~ bd)+(bc+ad): =0 and
a + b # 0, then at least one of a,b is nonzero. Assume, without loss of generality, that
a#0 ac—bd=0=>c=0bdfa; bc+ad =0=>d = —~bcfa. cd = (bd/a)(—bc/a) =
(—¥/a*)(cd) = cd(1 + (F*/a?)) =0 => cd(a? + ) = 0 => ¢ =0 or d = 0, since
a,bc, d€Z and a#0. ¢c=0,d=—-bcfa=d=0. Also d=0, c =bdfa =>c=0.
Hence c+di =0 and R is an integral domain.

(b) a+ b isaunitin R if thereis an element c+ di € R with (a + bi)(c+ di) = 1.
l1=(a+bi)c+di) =(ac—bd)+(bc+ad)yi => ac—bdd =1, bcet+ad =0 =>c =
af(a*+8), d=~b/(a*+¥). c,d€Z=>a’+P =1=a==+], b=0;a=0, b==1.
Hence, the units of R are 1,—1,:, and —i.

3 7]lc d 01
a=17b=-2 c=~3, d=1.
(b) [ ; : ] [ (- ;/2) (1/2) ] € M,(Q) but this matrix is not in M(Z).

[‘: 3]_1=(1/(ad—bc))[_i ‘Z] when ad — bc # 0.

Let U = {1,2,3} and R = P(U). Then (R,A,N) is a ring with eight elements. To
obtain a ring with 16 elements consider U = {1,2,3,4}. In general, for each n € Z*, if
U=1{1,2,...,n} and R=P(U), then (R,A,N) is aring with |R|=2"

(8) zz=z(t+y)=at4+zy=t+y=z
=(z+tii=zt4tt=t+t=3
yy=ylt+z)=yt+yz=s+s=3
tr=(y+z)z=yz+rz=s+c==2
ty={y+zly=yytay=s+y=y

(b) Since iz =z # t = #t, this ring is not commutative.
(c) There is no unity, and consequently no units.

(d) The ring is neither an integral domain nor a field.



1.

Section 14.2

(Theorem 14.5 (a)) Suppose that u;,u; € R and that uj,u, are both unity elements.
Then u; = wjuz = uz. The first equality holds because u; is a unity element; the second
equality follows since u; is a unity element.

(Theorem 14.5 (b)) Let 3,y € R with zy = y@z = u = zy; = y,z, where u is the
unity of R. Then y = uy = (y22)11 = ¥2(211) = 21 = 4.

(Theorem 14.10 (b)) If S is a subring of R, then a,b € S => a+b, ab € §. Conversely,
let §={z1,22,...,2:}. T={zi+ 7)1 £i<n}CS. z,+2z =z; + 1, = z; = x4,
go |T)=n and T =S. Hence z;+z; =z; forsome 1 <:<n,and z; =z, the zero
element of R. Foreach z€ S,z+S={z+z{1 <i<n}=S. With z€ S5, z+z;=2
for some z; € S, 50 z; = —z € S. Consequently, by Theorem 14.9 S is a subring of R.

(8) a(b—c)=alb+ (—c)] = ab+ a(—c) = ab + [a(~c)} = ab + (—ac) = ab — (ac).
(b) This part is verified in a similar way.

(a) (ab)(d'a!)=auva'=aa ' =u and (b7'a')(ab) =blub=b""b=u,s50 ab isa
unit. Since the multiplicative inverse of a unit is unique, it follows that (ab)™! = b~'a™!.

(b) A“=[ 2 "7}, B“={ 1 —2], (AB)_1=[ 4 -15

-1 4 -2 -9 34}’
_1_ 16 "“39 -1 _1_ 4 _15
(B4 ‘[—9 nf BAT= 9 s

Let u be the unity of R andlet z be a unit. Hence there is an element y € R with
zy = yzr = u. If zw = 2, the zero of R, then y(zw) =yz =z and y(zw) = (yz)w =
uw = w. Hence z is not a zero divisor.

(—a) = —(a™)

(a) S = {z,w}

S+s8=3s 8-8=38
St+uwu=wis=w SrWw=w-8=3sg
wt+w=3s w=w

~§=8,~wW=W

It follows from Theorem 14.9 that (S, +,:) is a subring of (R, +,:).
Forall re R rs=sr=s and rw = wr =3 or w. Hence (5,4, ) is an ideal of
(R, +,").

(b) T = {s,v,z}.
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+/s v =z s v I
s$|s v 818 8 8
vijiv T S8 vis T v
s{rxT 8 v rT)|s8 v I

—8=8,~V=2z,-T =0,

1t follows from Theorem 14.9 that (T, +,) is a subring of (R, +,-).
Also, for all r» € R we have rs, sr, rv, vr, rz, and zr in T, so (T,+,:) is an ideal
of (R,+,").

2€8T=2€6SNT=SNT#B. a,be SNT =>a,b€ S and g, b€ T =
a+bab€S and a+babeT=a+babeSNT.

a€ESNT=a€S and a€T=>—a€S and —a €T = —a& SNT.

So SNT is asubring of R.

Forz:y:ﬂwehave[g g]GS,soSisnotempty.
Now consider two elements of S — that is, two matrices of the form
[ z z-—y} and { v v—-w],
T—y v v—w @ w
where z,y,v,w € Z. Then
. zr zT-y [ v v-w z—~v (z—y)—(v—w)
(1) _ — . = = . _ _ ==
-y Y lv—w W (z—y)—(v-w) y—w

z—v (x—v)—(y—w)]
| (z-v)—(y—w) y—w ’

an element of S; and
(ii)
[ T z—y'[ v v-—w}=[xv+(:¢:-—y)(v—w) :c(v—-w)+(:c~—y)w]

z-y y |lv-w w (@-yw+uv—w) (z—y)(v—w)+ypw

F:w+:w-—-yv-—-:cw+yw IV — TWw 4 TWw — yw
] Tv—yv +yv —yw TV — Yv — TW + yw + yw
Zu + TV — yv — zw + yw U — yw _ a a-==>b

v — yw v—-yp—zwH+yw+yw | ja-b b
for a = zv 4 zv - yv —zw + yw and d = zv — yv — zw + yw + yw — and this result is also
in S.

Therefore, S(# 8) is closed under subtraction and multiplication, and it follows from
Theorem 14.10 that S is a subring of R.
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10.

11.

12.

If not, there exist a,b € S with a € T},¢a € T5, and b € T3,b ¢ T;. Since S is a subring of
R, it follows that a + b€ S. Hencea+ b€ Ty ora+ b€ 1.

Assume without loss of generality that a + b € T;. Since o € T; we have —a € T, so by
the closure under addition in T; we now find that (—a) +(a + b) = (—a+a)+b=be T},
a contradiction.

Therefore, SCTHiUT, = SCTior SCTh

(a) If r is a proper divisor of zero we are finished. Otherwise, consider the function
f: R — R where f(a) = ar, for all a € R. This function f is one-to-one — if not, we
have f(a;) = f(a3) for distinct elements a,, a; in R. But f(a;) = f(a;) = a;r = ar =
(a1 — a3)r = z, the zero element of R. And since a; — a3 # z and r # 2 we find that r is a
proper divisor of zero. Furthermore, with R finite it follows from Theorem 5.11 that f is
also an onto function. Consequently, there is an element s in R such that sr = f(3) = u,
and since R is commutative we have rs = u. With rs = u = sr we find that r is a unit of
R.
(b) The result in part (a) is not valid when R is infinite. Consider the commutative ring
(Z, +,-) with unity 1. For any integer n, if n # —1,0,1, then n is neither a proper divisor
of zero nor a unit.

(a) Follows by Theorem 14.9.
10 10
o [5] © [4]
(d) S is an integral domain while R is a noncommutative ring with unity.

(e) SisnotanidealofR—forexample,[1 1][(1) g]:[l 0],a.ndth.isresu1tis

11 10
not in S.
(a) Let
A={‘; 2], B=[i 2](—:5. Then A+ B =
a+d 0 _|ad 0 .
{b-{-e c+f}’ and AB—{bd+ce cf] with

a+d, b+e c+ f, ad, bd+ce,andcf € Z. So A+ B, AB € S. Also,

5 Les ma [ 2]

-b —c —b —c

Hence S is a subring of M,(Z), by Theoreom 14.5.
However, § is not an ideal of M;(Z). We have

10 11
[1 l]es and {1 l]eMg(Z) but
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14.

15.

18.

=R

_f2 2 [ 2 2
® e a=[2 2] 5=[2 H]er

2a+2 264+2f] [2a+e) 2(b+f)}

Then A+B=[2c+2g 2d+2h | = | 2c+g) 2d+h)

and AB = 4ae +4bg daf +4bh | [ 2(2ae + 2bg) 2(2af + 2bh)
" | dce+4dg 4dcf +4dh | T | 2(2ce +2dg) 2(2cf + 2dh)

~2a -2 ]| _[2(~a) 2(-d)

so A+ B, AB€T. Also{_zc -2d‘_{2(—c) o —d)

is the additive inverseof A anditisin T. So by Theorem 14.9 T is a subring of M;(Z).

w T w T 2a 2b
If C—[y z]eMg(Z) then C’A_[y z][Zc 2d]=

[20w+2c:c 2bw +2dz | _ [ 2(aw + cz) 2(bw + dz) and

2ay +2cz 2by+2dz |~ | 2(ay +cz) 2(by + dz)

o[z 2]3:

2c 2d y z |

- [ 2(aw + by) 2(ez + bz) ]
2(cw +dy) 2(cz + dz)

and CA, AC € T, so T is an ideal of M,(Z).

2aw + 2by 2az + 2bz
2cw + 2dy 2cx + 2dz

Since za = z, it follows that z € N(a) and N(a) # 0. If r,r2 € N(a), then (r;—r2)a=
Mma—Ta =2z —2 =2 80 ry—ry € N(a). Finally, if r € N(a) and s € R, then
(rs)a = (sr)a = s(ra) = sz = z,80 rs, sr € N(a). Hence N(a) is an ideal - by
Definition 14.6. :

(8 TCR Foreach reR,ru=r€l,so RCI. Hence I=R.

(b) Let z €I with z aunitof R Let y € R where zy = yz = u. Then y € R,
z € I = yz = u € I and the result follows by part (a).

Two ideals: R and {z}, where 2z is the zero of R,

(a) Simce u™' =u, a”? =5, b™! = g, each nonzero element of (R, +,) is a unit, so
(R, +,-) is a field.

(b) {u,z} isasubring. However, 2 € R and u € {u,2} but au=a ¢ {u,z},s0 {u,z}
is not an ideal.
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17.

18.

19.

20.

(¢) z+by=z=zc=-by,s0 u=y+d-by)=y—ay=y+ay =(u+a)y=>by and
y=ub'=b"'1=a Hence z=~by=~ba=-u=u.

(a) a=au€aR,so aR#80. If ary,ar; € aR, then ar, — ar; = a(ry — ;) € aR. Also,
for ar; € aR,r € R, r(ary) = (ar1)r = a(r1r) € aR. Hence aR is an ideal of R.

(b) Let a€ R,a# 2. Then a=au € aR so aR=R. Since u € R=aR, u=ar for
some r € R, and r =a™'. Hence R is a field.

(a) If zg,zr denote the zero elements of S, T, respectively, then forall s€ S,t €T,
(sat) 5] (257 ZT) = ('5 + zs,1 + ZT) = ('57t) = (ZS + 8,27 +' t) = (zS,zT) @ (37t)1 80 (257 ZT)
is the zero element for R. For (s,t),(s1,4),(s2,82) € R, (3,8) O [(81,41) ® (s2,82)] =
()0 Bi1+s b+ L) =(-(si+s)t'(h+ )=(s-s1+5-8,t ' H +'t't) =
(3-81,8 " £1) B (8- 32,8 " t3) = ((8,8) ® (81,81)) @ ((3,¢) © (83,¢2)). Hence this distributive
law follows from the corresponding law in each of the rings S,7T. In the same way one
finds that the remaining ring properties are also satisfied by (R, ®,0).

(b) For all (s1,t), (s2,82) € R, (81,4) © (82,82) = (81 82,41 ' £3) = (82 - 81,82 ' 1) =
(327 t2) O] (sl,tl)'

(¢) up=(us,ur)

(d) No. Let S,T both be the field of rational numbers. In SxT there is no multiplicative
inverse for (2,0). (Also, (2,0) and (0,2) are proper divisors of zero = (0,0).)

@) (5)49) (b) 7 (d) Yes, the element (u,u,u,u). (d) 4*

(a) By the given recursive definition the result is true for all m € Z* and n = 1. Assume
the result for all m € Z* and n =k (> 1). Now consider m € Z* and n=k+ 1.
(m+n)a=(m+(k+1))a = ((m+ 1)+ k)a=(m+1)a+ ka (by the induction hypothesis)
= (ma+a)+ka (by the definition given in the exercise) = ma+(ka+a) = ma+{(k+1)a] =
ma + na. Hence the result is true for all m,n € Z*. f m or n is 0 the result remains
true. If m,n are both negative we have m = —m;, n = —n,, for m;,n; € Z* and
(m+n)(a) = (—my—ni)(a) = (m1 +m)(—a) = my(~a) + ny(~a) = (—m)a+(—ni){a) =
ma + na. Finally, suppose mn < 0. We consider the case m > 0, n = —n; < 0. Then
(m+n)a = (m — ny)(a). f m = n, the result follows. If m > n;, m = s+ n, and
(m4n)a = ({s + my) — n1)a = sa = sa +ma - na = (s + ny)a — na = ma + na. For
m<n, m=t+m and (m+n)e={m~(t+m))a =(-t)a = t(—a) = t{—a) + m(—a) —
m{~a) = —m(—~a) + (m+t)(—a) = ma + na. (The proof is similar for the case where
m <0 and n > 0.) Consequently, for all m,n € Z, (m+n)a = ma + na.

(¢) For n =1, n{a+b) = a + b = na + nb. Assume the result for n = k (2 1) and
consider n = k + 1. n(a+b) = (k+1)(a+b) = (k(a+d)) + (a+d) = (ka+kd) + (a+b) =
(ka+a) + (kb+b) = (k+1)a + (k+1)b = na + nbd, so the result is true for all n € Z+. If
n <0,le¢ n=—m. Then n(a+d) = (~m)a+d) = m(—(a+b)) = m((—a) + {-b)) =
m(—a) + m(~b) = (—m)(a) 4+ (—=m)(b) = na + nbd, so the result is true for all n € Z.

377



21.

(b),(d), and (e). The proofs for these parts are done in a similar way.

(a) Foreach m € Z*,(a™)a') = a™a = a™*! so the result is true for n = 1. Assume
the result for m € Z* and n=k (> 1). For m € Z*,n = k+1, (a™)(a") = (a™){a**') =
(@™)(a*a) = (a™a*)(a) = (a™*)(a) = a(mtiIHl = gmH{k+l) = gm+n  Consequently, by the
Principle of Mathematical Induction the result is true for all m,n € Z*.

In like manner, (a™)" = a™ for all m € Z* and n = 1. Assuming the result for
m € Z* and n = k (2 1), we consider the case for m € Z* and n =k + 1. Then
(a™) k) = (a™)¥(a™) = (a™F)(a™) = a™*+™ (from the first result) = a™*+1) = g™ and
the result is true for all m,n € Z* by the Principle of Mathematical Induction.

(b) If R has a unity u, define a®=u,for a € R,a # z. If a is a unit of R, define
a™" as (a”1)*, for n € Z*.

Section 14.3

(a) (1) 118 — 62 =56 = 7(8), s0 118 = 62 (mod 8)
(ii) —~237—(—43) = ~194, but 8 does not divide —~194, so —237 and —43 are not congruent
modulo 8.

Also, —43 =5 (mod 8)while ~237 =3 (mod 8), so ~237 and —43 are not congruent
modulo 8 .
(iii) 230 — (~90) = 320 = 40(8), s0 230 = ~90 (mod 8).

Also, 230 = 28(8) + 6 and —90 = ~12(8) + 6 50 230 = 6 = ~90 (mod 8).

b) (i) 243 — 76 = 167 = 18(9) + 5 so 243 and 77 are not congruent modulo 9.
Also, 243 = 27(9) + 0 while 76 = 8(9) + 4. Since the remainders for 243 and 76 are
different for division by 9, it follows that 243 and 76 are not congruent modulo 9.
(i) 700 — (—137) = 837 = 93(9), so 700 and —137 are congruent modulo 9.
(iii) 056 — (—1199) = 1143 = 127(9), so —56 and —1199 are congruent modulo 9.

(a) 28— 6 = 22, so n(> 1) is a divisor of 22. With 22 = 211, there are four divisors of 22
- including 1. Consequently, there are three possible values for n-namely, 2, 11, and 22.
(b) 68 — 37 = 31, a prime. Consequently, n = 31 in this case.

(c) 301 — 233 = 68 = 22- 17, so there are five possible values for n{> 1) - namely, 2, 4, 17,
34, and 68.

(d) Since 49 — 1 = 48 = 2* . 3, there are nine possible values for n{> 1) — namely, 2, 4, 8,
16, 3, 6, 12, 24, 48.

(a) —6,1,8,14 (b) -9,2,13,24 (¢) —7,10,27,44

Proof: Here we find the following: b= ¢ (mod n) = b = ¢ + mn, for some m € Z =
ab = ac + m{an) => ab = ac (mod an). .

Proof: Since a =b (mod n) we may write a = b+ kn for some k € Z. And min = n = £fm
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for some £ € Z. Consequently, a =b+ kn =b+ (k€)m and a = b (mod m).

Proof: fa=b (mnod m), then a—~b = km, for some k € Z. Likewise,a = b (mod n) =
a— b= fn, for some ¢ € Z. With km = a — b = {n, it follows that njkm.

Now ged(m,n) = 1 = mz + ny = 1, for some z,y € Z. Consequently, k = kmz + kny,
and since n{kmz (because n|km) and n|kny, we have n|k. Therefore, k = nk,, for some
k, € Z,and a ~ b= km = ky(mn). Hence,a =b (mod mn).

Conversely, suppose that a = b (mod mn). Then a — b = tmn, for some t € Z. Conse-
quently, a~b=(tm)n=>a=b (modn),anda-~b=(tn)ym =>a=b (mod m).
[Note that this result does not require ged(m,n) = 1.}

Let a=8,b=2,m =6,and n = 2. Then gcd(m,n) =gcd(6,2) =2>1,a=b (mod m)
anda=b (modn). Buta~b=8~2=6 # k(12) = k(mn), for some k € Z. Hence
a#b (mod mn).

Proof: If3jnthenn =0 (mod 3)and2n =0 (mod 3). Hence 2n+1 =1 (mod 3)
and 2n —1 =2 (mod 3).

If 3 [ n, then exactly one of the following occurs:

(a) n=1 (mod3)==2n=2 (mod3),andso2n+1=0 (mod3), while2n-1=2
(mod 3), so 3|(2n + 1).

b)) n=2 (mod3)=>2n=1 (mod3),andso2n—-1=0 (mod 3), while2n+1=2
(mod 3), so 3|(2n ~1).

Proof: For n odd consider the n — 1 numbers 1,2,3,...,n ~3,n~2,n~1 as (n —1)/2
pairs: 1and (n—~1), 2and(n—~2), 3and (n—3),...,n—(22)~1 and n ~ (231). The
n—1
sum of each pair is n which is congruent to 0 modulo n. Hence Y i =0 (mod n).
=1
When n is even we consider the n — 1 numbers 1,2,3,...,(n/2) — 1,(n/2),(n/2)+ 1,...,
n—-3,n~2,n-1as(n/2)—1 pairs — namely, landn~1,2andn~-2,3andn-3,...,
(n/2) - 1 and (n/2) + 1 — and the single number (n/2). For each pair the sum is n, or 0
n—1

modulo n, so ¥ i =(n/2) (mod n).

=1

(Theorem 14.11) Foreach a€Z,a—~a=0-n so a=a (mod n) and the relation is
reflexive. If a,b € Z,then a=b (mod n) = a~b=kn, k€ Z == b—a=(-k)n,~ke€
Z =% b=a (mod n), so the relation is symmetric. Finally let a.b,c € Z with a=b
(mod n) and b=c (mod n). Then a~b=kn,b—~c=rmn, for some k,m € Z and
(a—b)+ (b—c)=a—c=(k+m)n,s0 a=c (mod n) and the relation is transitive.

(Theorem 14.12) For all {a],[b},[c] € Zn, (la} + [B}) +{c]=[a+ B]+{c]=[(a +B)+ ] =
{a+(b+c)] (since a,b,c € Z and additionin Z is associative) = [a]+[b+c] = [a}+([B]+[c})-
Hence the addition of equivalence classes in Z, is associative. Likewise, all other properties
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12.

13.

14'

for (Zy,+,-) to be a commutative ring with unity [1] follow from the corresponding
properties of the ring (Z, +,-).

(a) For each a € Z* 7(a) = 7(a), so the relation is reflexive. If aq,b € Z*, 7(a) =
7(b) = 7(b) = 7(a) so the relation is symmetric. Finally, for a,b,c € Z*, 7(a) = 7(3)
and 7(b) = 7(c) == 7(a) = 7(c) so the relation is transitive.

(b) No, 2R3,3R5 but 578. Also, 2R3, 2R5 but 4715,

Zyr: [ =(1], 27 = 6], [3]7" = [4], [4]7* = (3], [5]~* = [9], [6]" = (2],
(7= =8}, {8]' =[7], [9]7* = {5}, [10]" = {10].

Zis: [t =[1}, [2]7" =17}, [3]7" =[9], (4] = [10}, [5]~" = {8}, [6]7" = [11],
(- = (2), (817" = (5], (91" = [3], (10" = 4], [11] = [6], [12)* = [12].

Zip: [T =[], 217 =9}, B)" =6], [4~" = (13], [5]7' =7}, [6]" = 3],
(77! =[5}, (8]~ = [18], [9]~" = [2}, [10]! = [12], [11]~" = [14], [12]~" = [10],
[18]~" = [4], [14]7" = [11], [15]" = [8], [16]~" = [16].

(a)

1009 = 59(17) + 6 0<6<17
17 = 2(6)+5 0<5<6
6 = 1(5)+1 0<1<5,

s0 1=6~5=6—[17—2(6)] = 3(6) — 17 = 3{1009 — 59(17)] — 17 = 3(1009) — 178(17).
Hence 1= (—178)(17) (mod 1009), so [17]~! = [~178] = [~178 + 1009] = [831].
(b) [100]-! =[111] (c) [777]! = [735).
(a) Zn: {0}, {0,6}, {0,4,8}, {0,3,6,9}, {0,2,4,6,8,10,12}, Zy,.
Zis: {0}, {0,9}, {0,6,12}, {0,3,6,9,12,15}, {0,2,4,6,...,16}, Zs.

Zy: {0}’ {0, 12}’ {O, 8, 16}, {0,6,12, 18}, {0, 4,8,12,16,20},
{0,3, 6,..., 18,21}, {0, 2,4,6,...,20, 22}, Zy.
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16.

17.

180

12 | Z,
®) 4 6 {0,3.6.9} {0.2,4,6,8,10}
2 3 (0.6} £.4,8}
g fo}
18 218
9 6 {0.2,4,...,16}%{6,3,6,9.12,15}
3 2 f.6.12 (0.9}
1 | W (o}

24

{0,3.6,...,21} {.2,4,6,...,20,22}

0.6.12,18] f.4.5,....20]

fo.12}

{0,8,16}

{0}
(c) The number of subrings of Z, is 7(n), the number of positive divisors of n.

(a) 16 units; 0 proper zero divisors (b) 72 units; 44 proper zero divisors
(c) 1116 units; 0 proper zero divisors.

Let ay,a;,...,a, be & list of n consecutive integers, n > 1. For 1 <¢ < n, let b
be the remainder upon division of a; by n; b = a; (mod n), 0 < b < n—1. Then
{by,bgy... . 0n} = {0,1,2,... ,.n—1},30 b; =0 forsome 1 <i<n b=0<&>a, =0
(mod n) <= nja;.

{1,2,3,...,1000} = {1,4,7,10,...,997,1000} U {2,5,8,...,995,998} U {3,6,9,...,998}.
In this partition the first cell has 334 elements while the other two cells contain 333
elements each. If three elements are selected from the same cell then their sum will be
divisible by three. If one number is selected from each of the three cells then their sum is
divisible by three. Consequently the probebility that the sum of three elements selected

from {1,2,3,...,999} is divisible by three is [(*¥) +2(%) + () (%)")/ ().

(a) For m =1 the result is true. Assume the result true for m = F, i.e.,

381



19.

20.

21.

22.

23-

c=d (mod n)=>c*=d* (mod n), and consider the case of m = k+1. ¢™ = ¢! =
(F)(c) = (d*)(d) (mod n), since ¢ =d (modn) and (c*) = (d*) (mod n). Hence
™ = Ml = d* = d™ (mod n). By the Principle of Mathematical Induction the result
follows for all m € Z*.

The other result also follows by induction.

(b) Since 10 =1 (mod 9),10*=1* =1 (mod9) forall ¥ > 0, and forall 0 < a <

9,(a)(10*) = ¢ (mod 9). Consequently, z, 10" + zo_3 - 10" ' +--- + 2, - 10+ 2o
Tpn+Znat--+T1 47 (mOd 9)-

(a) For n =0 we have 10° =1 = 1(~1)° so 10° = (~1)° (mod 11). [Since
10 — (-1) = 11, 10 = (~1) (mod 11), or 10! = (-1)! (mod 11). Hence the result
is true for n = 0,1.] Assume the result true for n = k > 1 and consider the case
for k + 1. Then since 10* = (~1)* (mod 11) and 10 = (-1) (mod 11), we have
10%+! = 10% - 10 = (—1)*(~1) = (=1)**' (mod 11). The result now follows for all n € N
by the Principle of Mathematical Induction.

(b) I ZpZTpy...ZT2Z1%0 = o+ 10" + Tpy - 10"V + -+ + 2,10 + 7, - 10 + z¢ denotes
an (n+1)-st digit integer, then

TpTpoy... 222170 = (=120 + (-1)* 'zp_1 + -+ 22 — 23 + 79 (mod 11).

Proof: ZnZTp—1...222120 =Zpn-10"+2p_1-10" 1 4. 4 2,-102 4+ 2,-10 + 7o = z(—1)" +
Tnot (1) 4 (1P b n(-D) b o = (1) Za + (1) Mzpy - 22— 21+ 0
(mod 11).

If a®> = ain Z,, then o = a (mod p), and it follows that p|(a? — a). But pi(a® — a) =
pla(a — 1) = pla or p|(a — 1), because p is prime. With 0 < a < p, pla = a = 0 and
pl(a—1) = a = 1. So the only elements in Z, that satisfy a’ = a are a = 0,1. [Ora =0,1
are the only idempotent elements under multiplication in Z,,.]

Let g = ged(a,n), h=ged(byn). a=bd (modn)=>a=0>b+kn, forsomek € Z =
g|b, hla. glb,gln => glh; hla,hin == hlg. Since ¢,k >0, g = h.

(a) 1=1; 2% =64="7(9)+1; 3° =729 = 7(104) + 1; 4° = 4096 = 7(585) + 1;

59 = 15625 = 7(2232) + 1; 6° = 46656 = 7(6665) + 1.

(b) If ged(n,7)=1,then n=¢ (mod 7),for 1<i<6 and n*=:*=1 (mod?7).
nf=1 (mod 7)< 7|(n — 1).

()Plaintext a £ £ g a v £ i 8 d ¢ v i d e d
2) ¢ 11 11 6 0 20 11 8 18 3 8 21 8 3 4 3
3) 3 14 14 9 3 23 14 11 21 6 11 24 11 6 7 6
4)Ciphertext D O O J D X O L V GG L Y L G H G
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24.

25.

26.

t n t o t h r e e p a r t s

8 13 19 14 19 7 17 4 4 15 0 17 19 18
11 16 22 17 22 10 20 7 7 18 3 20 22 21
L Q W R W K U H H S DUWV

For each 8 in row (2), the corresponding result below it in row (3) is 6 + 3 (mod 26).
Since the most frequently occurring letter in the English alphabet is e, we correspond the

plaintext letter e with the ciphertext letter Q. As Q is 12 letters after e in the alphabet
we have (a) £ = 12; (b) E(#) =0 + 12 (mod 26) and D(0) =6 — 12 (mod 26).

For part (c) consider the following:

(1)Ciphertext F T Q@ I M K I Q@ I Q@ D Q

(2) 5 19 16 8 12 10 8 16 8 16 3 16
3) 19 7 4 22 0 24 22 4 22 4 17 4
(4)Plaintext ¢t h e w a y w e w e r e

Here the results in row (3) are obtained from those in row (2) by applying the decryption
function D.

The plaintext reveals the original message as ‘The Way We Were'. [This is the title of
an Academy award winning song sung by Barbra Streisand, as well as the title of a film
starring Barbra Streisand and Robert Redford.]

From part (c) of Example 14.15 we know that for an alphabet of n letters there are n- ¢(n)
affine ciphers. Here we have:

(a) 244(24) = (24)[24(1 - 3)(1 — 3)} = (24)(8) = 192

(b) 254(25) = (25)[25(1 ~ £)] = (25)(20) = 500

(c) 274(27) = (27)[27(1 — })] = (27)(18) = 486

(d) 304(30) = (30){30(1 — 1)(1 - 1)(1 - 1)] = (30)(8) = 240.

The nonnegative integers that correspond with the given plaintext and ciphertext letters

are as follows:
e: 4 W22 t:19 X:23

The encryption function E : Zgg — Zys is given by E(f) = af + « (mod 26), with
E(4)=4a+x=22 (mod 26) and £(19) =19a+ £ =23 (mod 26). Therefore (19« +
k)—{4a+£)=16a=23-22=1 (mod 26),anda = 15! (mod 26). The multiplicative
inverse of 15in Zyg is Tsince 15-7=1056=14+104 =1+ 4(26) =1 (mod 26),s0 a =7
(mod 26) and x = 22 — 4(7) = —6 = 20 (mod 26). Consequently, E(6) = 76 4+ 20
(mod 26).

Here D(6) = 77}(6 — 20) (mod 26). From above we see that 7! = 15 (mod 26), so
D(8) = 15(8 — 20) (mod 26). Applying D to the nonnegative integers in row (2) of the
following gives us the result in row (3), from which we extract the plaintext.
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27.

28.

29,

()Ciphertext R W J W Q@ T O O M Y H K U X G O

(2) 17 22 9 22 16 19 14 14 12 24 7 10 20 23 6 14
(3) 7 4 17 4 18 11 14 14 10 8 13 6 0 19 24 14
(4)Plaintext h e r e s £ o o k ¢ m g a t y o
E MY P
4 12 24 15
20 10 8 3
u k : d

So the original message is

‘Here’s looking at you, kid.” [Spoken by Humphrey Bogart to Ingrid Bergman in the
Academy award winning film Casablanca.}

(a) zo =10
1 =5(z0)+3 (mod 19)= (mod 19} =15 (mod 19), so z; = 15.
z, =5(z;)+3 (mod 19) =78 (mod 19) =2 (mod 19), so z, = 2.
z3 = 5(z2) +3 (mod 19) =13 (mod 19), so z3 = 13.
T4 =5(z3) +3 (mod 19) =68 (mod 19) =11 (mod 19), s0 z,4 =11.
Further computation tells us that 5 =1, x4 =8, z; = 5, zg = 9, and zg = 10, the seed.

So this linearcongruential generator produces nine distinct terms.
(b) 10,15,2,13,11,1,9,5,9,10,15,2,.. ..

Tg = 1

z; =28

T2 =T + z¢ (mod 37) = 28 + 1 (mod 37) =29 (mod 37), B0 T, = 29

z3=z3+2; (mod 37)=29+28 (mod 37) =57 (mod 37), so z3 =20
Further computation leads to z4 =12, 25 =32, 2 =7, 27 = 2, 25 = 9, and zg = 11.

Proof: (By Mathematical Induction)
[Note that for n > 1, (a® — 1)/(a—1) =a""' + a*? +--. + 1, which can be computed in
the ring (Z, +,-).}

When n — 0, a®z¢ + ¢[(a® — 1)/(a ~ 1)] = 2o + c[0/(a — 1)] = zo (mod m), so the

formula is true in thisfirst basis (n = 0) case. Assuming the result for n we have

Tn = @z + cf(a” — 1}/(a - 1)] (mod m), 0 £ z, < m. Continuing to the next case

we learn than
Tt az, +¢ (mod m)
ala”zo +ef(a™ - 1)/{(a - )i+ ¢ (mod m)
a"tlzg +acf(a® - 1)/{a - 1)+ c{a~1)/(a~ 1) (mod m)
a"*tlzg+ef(abn+1-a+a—1)/(a~1)] (mod m)
a**tlzy 4 cf(a™*? - 1)/(a — 1)] (mod m)
and we select Zny41 80 that 0 < z,4; < m. It now follows by the Principle of Mathematical

Induction that

wemom oo

zq = a"zo + cf(a” - 1)/(a—1)] (mod m), 0 <z, < m.
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30.

31.

32.

From the previous exercise we have
T4 a‘zo + c[(a* ~1)/(a —1)] (mod m)
a'zo+c(a®+a®*+a+1) (modm)
Tzo + 4P +7+74+1) (mod9)
Tz0+4)14+4+7+1) (mod9)
Tzo + 4(13) (mod 9)
Tzo+4(4) (mod 9)=Tzo+ 7 (mod9)
With z4 = 1, it follows from 1 =7z +7 (mod 9) that 3= 7z, (mod 9). Since 77! =4
(mod 9), we have 12= (mod 9), so zp = 3, the seed.

Proof: Let n,n 41, and n+ 2 be three consecutive integers. Then n®+(n+1)2+(n+2)% =
n®+ N+ 32+ 3n+ 1)+ (n®+6n% + 12n + 8) = (3In® + 15n) + 9(n? + 1). So we
consider 3n® + 15n = 3n(n? 4+ 5). If 3jn, then we are finished. If not, then n = 1
(mod3)orn=2 (mod3). fn=1 (mod3),thenn?+5=14+5=0 (mod 3), so
3|(n?+5). in=2 (mod3),thenn®?+5=9=0 (mod 3), and 3|(n?+5). All cases are
now covered, so we have 3|[n(n? + 5)]. Hence 9|[3n(n? + 5)] and, consequently, 9 divides
(B3n® +15n)+ 9(n? + 1) =n?+ (n + 1) + (n + 2)

Since 55 =32+ 16+ 4+ 2+ 1 = (110111)2, we have 3% = 332. 31¢.3%.32. 31,
Now, 3' = 3 (mod 10) and 3° = 9 (mod 10), so 3-3' = 7 (mod 10). Further,
3¥=81=1 (mod10)s03*-32-3' =7 (mod 10). With 3* =1 (mod 10) it follows
that 3* =1 (mod 10),3"® =1 (mod 10) and 32 =1 (mod 10). Consequently,

3% =3%.316.39.32.3'=1.1-7=7 (mod 10),
so the last digit (that is, the units digit) in 3% is 7.

From the presentation given in Example 14.18 it follows that for n € Z*,

rn-1
Y p(k(n + 1),n,n) = i : (2”),the nth Catalan number.
k=0

{rn—k+ 1) (=k+1)* (mod n)

k*~2k+1 (mod n)

k—2k+1 (mod n) - because k is idempotent

~k+1 (mod n)

n—k+1 (mod n)

Consequently, n — k + 1 is idempotent in Z, whenever k is idempotent in Z,,.

Wonemowom

(a) 1+424+3=6=1 (mod5); 0+4=4=1 (mod3); 2+2+74+5=16=2
(mod 7). {123 — 04 — 2275) = 112.

(b) Let n =112 —43 — 8295. Then k(112 — 43 — 8205) = 413.
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36.

37.

Program Hashing (input,output);
Var
sspum: array{l..9] of integer;
i, a2, b, ¢, result: integer;
Begin
Writeln (‘Input the social security number, °’,
‘without hyphens, one digit at a time. ’);

Writeln (‘Input the 1st digit and then type a return. ’);
Read (ssnum(1]);
Writeln (‘The 1st digit 1s ’, ssnum[1]:0);

Writeln (‘Input the 2nd digit and then type a return. %
Read (ssnum[2]);
Writeln (‘The 2nd digit is °, ssnum[2]:0);

Writeln (‘Input the 3rd digit and then type.a return. ’);
Read (ssnum([3});
Writeln (‘“The 3rd digit is °, ssnumn{3}:0);

Fori:=4t09do
Begin
Writeln (‘Input the °, i:0, ‘-th digit and then type a return. ’};
Read (ssnumli));
Writeln (‘The ’, i:0, ‘-th digit is ’, ssnum([i}:0)
End;

a := (ssnum{1] + ssnum{2] + ssnum(3]) Mod 5;
b := (ssnum[4] + ssnum(5]) Mod 3;

¢ := (ssnum|6} + ssnum{7] + ssnun[8] + ssnum(9]) Mod 7;
result := 100*a + 10*b + ¢;

Writeln (‘The hashing function assigns the result °,
result:0, ¢ o this social security number.’)
End.

(2) h(206) = 1 mod 41, since 206 = 5(41)+1. Likewise, A(807) = 28 mod 41, A(137) = 14
mod 41, h(444) = 34 mod 41, h(617) = 2 mod 41. Since A(330) = 2 mod 41 but that
parking space has been assigned, this patron is assigned to the next available space — here,
it is 3. Likewise, the last two patrons are assigned to the spaces numbered 14 + 1 = 15
and 3+ 1=4.

(b) 1,2, 3,4, 0r 5.
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38.

(8) 3z =7 (mod 31)

Since gcd(3,31) = 1, 37! exists in Z3. Using the Euclidean algorithm we have 31 =
10(3)+1, so 1 = 31 —10(3) and 3~ = [3]~! = [~10] = [21]. (Note: 3-21 = 63 = 2(31)+1).
Hence 3z =7 (mod 31) = 21(3z) = 21(7) (mod 31) = z = 147 (mod 31) = z =23
(mod 31).

(b)5z =8 (mod 37)
With ged(5,37) = 1, we use the Euclidean algorithm to determine 57! in Z3,.
37 = 7(5)+2, 0<2<5
5 = 2(2)+1, 0<1<2
So1=5—2(2) =5 2[37 — 1(5)] = 5 — 2(37) + 14(15) = 37(~2) + 5(15). Consequently,
[1] = [5][{15] in Z37 and 5! = [5]~! = [15].

Therefore, 52 = 8 (mod 37) = 15(5z) = 15(8) (mod 37) = z = 120 (mod 137) =
z=9 (mod 37).

(c) 6z =97 (mod 125)
Since 6 = 2-3 and 125 = 53, it follows that gcd(6,125) = 1. Using the Euclidean algorithm

we learn that
125 = 20(6) + 5, 0<5<6
6 = 1(6)+1, 0<1<5
Consequently, 1 = 6 ~ 5 = 6 — [125 — 20(6)] = 6 — 125 + 20(6) = 21(6) + 125(~1) =
6(21)+125(—1) and [1] = [6][21] in Zy25. S0 6~ = [6]~! = [21] and 6z = 97 (mod 125) =>
z=21-97 (mod 125) = z = 2037 (mod 125) = z = 37 (mod 125).

Section 14.4

$§=0t—=21,v—=-2,w—3,z—-4,y—5

(Theorem 14.15 (d)) The result is true for n = 1. Assume the result for n = k¢ and
consider n = k+1. Then f(a**!) = f(a*a) = f(a*)f(a) = [f(a)]* f(a) = [f(a)}**'. Hence
the result follows for all »n € Z* by the Principle of Mathematical Induction.

(Theorem 14.16 (a)) For s € S, there exists r € R with f(r) = s, since f is onto.
r=upr =rup, so 5= f(r) = f(urr) = flup)f(r) = f(u,)s and s=f(r) = f(rup) =
F(r)f(un) = sf(ur), 5o f(un) is the unity of .

(Theorem 14.16 (b)) Since a is a unit of R, thereis an element b £ R with ab = ba = ug.
Then us = f(ur) (by part(a)) = flab) = f(a)f(b) = f(ba) = f(¥)f(a), s0 f(a) isa
unit of S. Since b= a”l, it follows that f(8) = f(e™!) is a multiplicative inverse of f(a).
By Theorem 14.5 (b) we have f(a ) = {f(a)].

(Theorem 14.16 (¢)) Let s;,8; € S. Then there exist ry,ry € R with f(r;) = s;,1 <

t < 2. So 8193 = f(r1)f(r2) = f(rira) = f(rar1) = f(r2)f(r;) = s3s,, and consequently §
18 commutative.
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. Let (R, +,),(5,8,0), (T, +,) be the rings. Forall a,b € R, (gof Y(a+8) = g(f(a+5)) =

9(f(a) + f(B)) = 9(f(a)) +" 9(f(8)) = (g 0 f)(a) +' (g o f)(}). Also, (go f)(a-b) =
9(f(a-b)) = 9(f(a) © f(8)) = 9(f(a)) " 9(f(b)) = (90 f)(a) (g F)(}). Hence, gof isa

ring homomorphism.

. Define f: R—S by f(r)=[8 2] for each € R. Then f is

a one-to-one function from R onto S. For all r,s € R,

sera=["0 0 =10 v+ s o] = s s

wa se0=[5 2 ]=[4 ][4 O] =rome

0 rs

So f is a ring isomorphism and R is isomorphic to S.

. (a) Since f(zr) = zg, it follows that 25 € K and K # 0. If z,y € K, then

fe-y=fz+(-y) =f)of(-v)=f(=)0f(y) =25025 =z5,50 z~y € K.
Finally, if z € K and r € R, then f(rz) = f(r) © f(z) = f(r) ® zs = zg, and
f(zr) = f(z) O f(r) = 25 ® f(r) = z5, 0 rz,zr € K. Consequently, K is an ideal of R.

(b) The kemel is {6n|n € Z}.

(¢) If f 1is one-to-one, then for each z € K,[f(z) = 25 = f(2r)] => [z = zg],
so K = {2g}. Conversely, if K = {2z}, let z,y € R with f(z) = f(y): Then
zs = f(z) © f(y) = f(z - y), 50 z—y € K = {2p}. Consequently, z~y=zp =3z =y,
and f is one-to-one,

. (a) fI(12)(23) + 18] = f(13) - f(23) + F(18) = (1,1,3)-(1,2,3) + (0,0,3) = (1,2,4) +

(0,0,3) = (1,2,2) = f(17), so (13)(23) + 18 =17 in Zs.

(0,2,0) = (1,~2,1) = (1,1,1) = f(1), so (11)}21)—20=1 in Zao.

(¢} 24
{(d) 29
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70

10.

11.

120

13.

(a)

A (m Zgo) f(:c) (m Z4 X Za) A (m Zgo) f(:c) (m Z4 X Zs)
0 (0,0) 10 (2,0)
1 (1,1) 11 (3,1)
2 (2,2) 12 (0,2)
3 (3,3) 13 (1,3)
4 (0,4) 14 (2,4)
5 (1,0) 15 (3,0)
6 (2.1) 16 (0,1)
7 (3,2) 17 (1,2)
8 (0,3) 18 (2,3)
9 (1,4) 19 (3,4)

(b) () F(A7)(19) + (12)(14)) = (1,2)(3,4) + (0,2)(2,4) = (3,3) + (0,3) = (3,1) and
F1(3,1) = 11.

f-‘g)z) F((18)(11) — (9)(15)) = (2,3}(3,1) — (1,4)(3,0) = (2,3) — (3,0) = (3,3) and

f(ma+ tb) = mf(a) +££(8) = m(1,0) + (0, 1) = (m, )
(a) 4 (b) 1 () No
(a) There are ¢(15) = 15(2/3)(4/5) =8 units in both Z,5 and Z; x Z;.

(b) Yes. Define f: Zns — ZaxZs by f(0)=(0,0); f(1) =(1,1); f(2)=(2,2); F(3) =
(0,3); £(48) = (1,4); £(5) = (2,0 £(6) = (0,1) F(7) = (1,2); £(8) = (2,3) f(9) =
(0,4); F(10) = (1,0); F(11) = (2,1); f(12) = (0,2); f(13) = (1,3); f(14) = (2,4). In
general, f(z) = (a,b), where 0 <z <14, and z=a¢ (mod3),z=b (mod35), for
0<a<2,0<bL4.

No, Z, has two units, while the ring in Example 14.4 has only one unit.

Since J#8, f71(J)#0. If a1,a; € f~Y(J) then f(a1), f(az) € J. Since J is an ideal,
fla) + fa2) = f(as + a2) € J, 50 ay +az € f7(J). Also, f(a1)f(a2) = f(maz) € J,
and aya; € f~YJ). Finally, s € f"{J)=> fla) e J => ~f(a) € J = f(~a) € J ==
-a € f~}(J),s0o f7}(J) is a subring of R.

Nowlet r € R and a € f~}(J). Then f(ra) = f(r)f(a), where f(r)€ S and f(a) € J.
Since J is an idealof S, f(ra) € J and it follows that ra € f~'(J). In a similar manner
we find that ar € f~1(J). So f~1(J) is an ideal of R.

Here ay = 5; a3 = 73; my = 8; my = 81; m = mym; = 8- 81 = 648; M; = m/m; = 81; and
Mg m/"’h 8.

[2:] = [M]™' = [10(8) + 1] =[1]"" = {1} in Z4

[og] = [Mo]™! = [8]7" = [-10} = [71} in Z,

z —-ayMyzy +aaMazy =5-81-1473-8- 71 = 41869 = 64(648) + 397.
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14.

15.

1.

So the smallest positive solution is 397 and all other solutions are congruent to 397 modulo
648.
Check: 397 = 48(8) + 3 = 4(81) + 73.

Here we want a simultaneous solution for the system of three congruences
z=3 (mod 17)
z=10 (mod 16)
z=0 (mod 15).

Soay =2; a3 = 10; a3 = 0; my = 17; mp = 16; m3 = 15; m = mym,m; = 17.16-15 = 4080;
M, = m/m,; = 240; M; = m/m, = 255; and Ma = m/m3 = 272.
[z1] = M7 = [240]" = [14(17) + 2] = [2]! = [9} in Zy/
[z)] = [M,]™? = [255] = [15(16) + 15}~! = [15]~! = [15] in Z;6
[.'1,'3] = {Ma]_l = [272]_l = {18(15) + 2]_1 = [2}_1 = [8] in le
2=3-9-240+10-15-255+0-8+ 272 = 44730 = 3930 (mod 4080).

So the smallest number of (identical) gold coins that could have been in the treasure chest
15 3930. Any other solution is congruent to 3930 modulo 4080.
Check: 3930 = 231(17) + 3 = 245(16) + 10 = 262(15).

Hereay =1l;a:=2;a3=3; a4 =5, my =2, my =3, mg=05; mg=7;, m =mymomamy =
2-3-5-7= 210, M] = m/ml = 105, Mz = m/mg = 70, M3 = m/ma = 42 and
M4 = m/m4 = 30.

[ = (] = [108]" = [52(2) + 1] = (1] = [1] in 25

[z2] = [Mp]™* = [70]7! = [23(8) + 1! = {1] ' = [1] in Z

[2] = [M]™ = [42]' = [8(5) + 2]~ = [2]~! = 3] in Z;

fed = (MJ7 = RO = [(7) + 2] =[2]7' = [4] in Z,

z=1-106-142-70-1+3-42-3+5-30-4=1223 =173 (mod 210).

So z = 173 is the smallest positive simultaneous solution for the four congruences. Any
other solution would be congruent to 173 modulo 210.
Check: 173 =86(2)+ 1 =57(3) + 2 = 34(5) + 3 = 24(7) + 5.

Supplementary Exercises

(a) Fulse. Let R=2Z and S =127%

(b) Fulse. Let R=Z and § = {2z|z € Z}.

(c) False. Let R= M, (Z) and 5—_-{{" O];aez}.

00
(d) True.
(e) False. (Z,+,-) is a subring (but not a field) in (Q, +,-).
(f) False. For each prime p, {a/(p")la,n € Z, n 2 0} is a subring of (Q,+,").
(g) False. Consider the field in Table 14.6.
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5.

(h) True

R commutative <=> ba =ab forall a,b€ R <= a® + ab+ ba+ 8 = a*? + 2ab+ b* for
all a,b€ R<=> (a+b)? =a’+2ab+ ¥ forall a,be R.

() a+a=(a+a)P=a’+a’+a’+a’=(a+a)+(6+a)=>a+a=2a=02.

(b) Foreach a € R, a+a=2=>a=—a. For a,b € R, (a+b) = (a+b)} =
a’+ab+ba+b =a+ab+ba+b= ab+ba =2 =>ab= ~ba =ba, 50 R is
commutative.

~b a

so f is a one-to-one function. It is also onto. (Why?)

a+bi=c+d£4=>a=c,b=d¢:=>[ N b]=[ ¢ d],

Further,
f((a+b)+(z+9) = fl(a+2)+(b+y))
a+z b+y]=[ a b]+[ z y]
~(b+y) a+=z -b a -y T
= f(a+bi)+ f(z + i),
and

f((a+bi)(z +yi)) = f((az—by)+ (bz + ay)i)
az—~by bxt+ay | | a b z
~(bx + ay) a:c—by] - { -b a] [—y
fla+ bi)f(z +yi),

i
8«
(W'

so f is a ring isomorphisn.

Since @z = z = z2a forall a€ R,wehave z€ C and C # 0. If z,y € C, then
(z+y)a=za+ ya = az + ay = a(z + ¥), (zy)a = z(ya) = z(ay) = (za)y = (az)y, and
(~z)a = —(za) = ~(ar) = a(~z), forall a € R,s0 z+y,zy, and —z € C. Consequently,
C is a subring of R.
(a) G) 2* (i) 3* (i) p*
(b) () (2*-1)2°~-2)=(3)(2)=6

() (3 - 1)(3" - 3) = (8)(6) = 48

i) (»*-1)(»* -p)
(a) Since a® = b® and a® = b°, it follows that a® = (¥*)(¥?) = (a®)(#*). Consequently,
(a®)(a?®) = (a®}(b?) with a® # z, s0 a® = .

Now with ¢® = ¥ and a? = b® we have (a?)(a) = a® = ¥ = (}*)(b) = (a®)(b), and since
a® # z it follows that a = b.
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9.

10.

11'

(b) Since m,n are relatively prime we can write 1 = ms+nt where s, € Z. With m,n >0
it follows that one of s,¢ must be positive, and the other negative. Assume (without any
loss of generality) that s is negative so that 1 ~ ms =nt > 0.

Then a" = b" =% (a")! = (b")! = a™ = V™ = '™ = b'~™* == a(a™){~) = b(b™ )(~2).
But with —s > 0 and a™ = ™, we have (a™)(~* = (™ )(~*). Consequently,

([(a™)= = (") # 2] A [a(a™)") = B(b™)-I]) = a = b,
since we may use the Cancellation Law of Multiplication in an integral domain.

(a) R?* isclosed under @ and ©. Forall a,b,c € R, a®b = ab = ba = bBa; a®(bBc) =
a®(bc) = a(bc) = (ab)c = (ab)Bec = (a®b)Pc; and a®l = 1Ga = a, 50 @ is commutative
and associative with additive identity 1. Also, for each ¢ € R*, a™* ¢ R*, and a! is
the (additive) inverse of a.

Now consider ®. For a,b,c ERY, a@(bO¢c) =a @ () = aloga (#9529 (log; c)(log; b)
and (6O b) Oc = (ad°%) © c = aloBbllond) 56 @ is associative. Also, for a,b €
RY, log,b log,a = log;a log, b == log,[a'*%}] = log,[0°%°] == a'°®:b = PoKs =—
a@b=5b0a,s0o ® commutative. In addition, a ©2 = al62? =q! =a forall a€ Rt
so 2 is the multiplicative identity. Finally, ¢ ® (b®c) = a © (bc) = a°8:(59) = glotabHlogz e
(a°82%)(a'*®2¢) = {a © b) & (a O ), so the distributive law holds and (R*,®,0) is a
commutative ring with unity.

| (b) For each a € R*, a # 1, we find that a @ 296 = gloa(#*%) = gllos.2)(les;2) =

a'?8:? = 2, the unity of the ring. So (R*,®, ) is a field.

Let z =ay+b;, y = az+by, for a;,e; € A, b1,b; € B. Then z—~y = (a3 —a)+(b —b;) €
A+B. If reR and a+be A+ B,with a€ A, b€ B, then ra€ A, rb€ B and
r(a+b) € A+ B. Similarly, (e +b)r € A+ B, and A+ B is an ideal of R.

(a) For 0<k<p,(2)=)/Ik(p— k) =pllp— DY/(ki(p~B))]. [(p— I/ (K(p~ k)]
is an integer because for any 0 < k < p, none of 2,3,...,max{k,p—k} divides p when
p is prime.

(b) (a+dPF = Yio (Z)a"b"‘”. By part (a) ({) =0 (modp) for 0 < k < p, s0
(a+b8P=a?+¥V (modp).

Consider the numbers 2, zy+ 2y, 21+ 23+ 23, ..., 2y + 23 +x3+...+ 2,.. If one of these
numbers is congruent to {0 modulo n, the result follows. If not, thereexist 1 <i<j<n
with (r1+z3+...+z)=(z1+...+2i +Zig1 +...+2z;) (mod n). Hence n divides
(g1 + ...+ 25)

Since 2 =1+ 1 and 3 = 4 — 1 we know that (2,1,1) and (3,4, —1) are elements in S.
However, (2,1,1)©(3,4-1) =(2-3,1-4,1-(-1)) = (6,4 — 1), and (6,4, ~1) is not in
S because 6 # 4 + (—1). Consequently, S is not closed under multxphcat:on 80 it is not a
subring of (23,8, ®).
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13.

14.

[Note: The set S is nonempty and it is closed under subtraction.}

(a) Foreacht €N,

74+ =7 (mod 10) 3+ =3  (meod 10)
7™+ =9 (mod 10) 342 =9 (mod 10)
743 =3 (mod 10) _ 34+3 =7 (mod 10)
™+ =1 (mod 10) 34+ =1 (mod 10)

So in order to get the units digit of 7™ 4 3" as 8 we must have (i) m =1 (mod 4) and
n=0 (mod4),or(ii)m=0 (mod4)andn=3 (mod4), or (iii) m =2 (mod 4)
andn =2 (mod 4).

For case (i) there are 25 choices for m (namely, 1,5,9,...,93,97) and 25 choices for n
(namely, 4,8,12,...,96,100) — a total of 25? = 625 choices for the pair. There are also
625 choices for the pair in each of cases (ii) and (iii). Consequently, in total, there are 625
+ 625 + 625 = 1875 ways to make the selection for m,n.

(b) For case (i) there are 32 choices for m and 31 choices for n, and 32 x 31 = 992 choices
for the pair. There are 31 choices for each of m,n, resulting in 31> = 961 possible pairs,
for case (ii) and case (iii). Therefore we can select m,n in this situation in 992 + 961 +
961 = 2914 ways.

(c) There are (100)? = 10,000 ways in which one can select the pair m,n.

Here we consider three cases:

(i) m=2 (mod4)andn=1 (mod 4);

(iil) m=3 (mod4)andn=2 (mod 4); and

(iii) m=0 (mod4)andn=0 (mod 4).

For each case there are (25)° = 625 ways to select the pair m,n. Therefore, we have 1875
ways in total.

Consequently, the probability for the problem posed is wooo = 0.1875 = 3[(E)NE&)] =
3/16.

Proof:

(8 Forn =2and k =1 wehave 1° = 1, and 1° = 1 (mod 2). When n > 2 then
k3 —k =k(k*—1) = k(k — 1)}(k + 1) # 0, where k — 1 and &k + 1 are both even. Hence
n = 2k divides k> — k, s0 k> = k (mod n).

(b) When n =4k it follows that (2k)* = (4k)(2k’) = n(2k2) =0 (mod n).

(c) Recall that for all real numbers z ¥ we have 23 + y% = (x + y)}{(u? —zy + y‘)

(i) ¥ n is even with 1/2 odd, then E: =14+ 4.4 (— - 1P+ ( )3 +( +1°%+
i=l i
ceet (n -1
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Consider the following pairs:

Bt(n-1P = 1+ (-1 - 1(n~ 1) +(n-1)?]

0 (mod n)

Bi(n-2P = 2+ (n = 2)][2% — 2(n — 2) + (n — 2)?] 0 (mod n)

E-1P+E+1° = (E-D+EG+DG -1 =@ -DE+D+E+1)7 = 0 (mod n).

n~-1
Hence ) i* = (g)3 = (-'21) (mod n), for n even with n/2 odd — by virtue of part (a).

=1

(i1} If n is even and divisible by 4, then by an argument similar to that in part (i) we have

n-1

Yii= (-g—)3 =0 (mod n) — because of part (b).

i=1

(iii) Finally, consider the case where n is odd. By an argument similar to the one in part
n—1 (n=1)/2 (n-1)/2

(i) wehave Y i°= Y [P+ (n—-i)l’l= 3 (i+(n—i))fi¥ - i(n—i)+ (n—i)?, where

eafh summz;;:i has tilel factor n — makiné-;t congruent to 0 modulo n. Consequently,
Y ® =0 (mod n).
i=1

15. Proof: For all n € Z we find that n? =0 (mod 5) ~ when 5jn - or n? =1 (mod 5) or
n? =4 (mod 5). Suppose that 5 does not divide any of a, b, or ¢. Then
(i) @+ +c*=3 (mod5)-whena?=bl=c?=1 (mod5);
(i) a* +¥+c? =1 (mod 5) — when each of two of a?,b?,c? is congruent to 1 modulo 5
and the other square is congruent to 4 modulo 5;
(i) @® + ¥ +c®* =4 (mmod 5) — when one of a2, ¢? is congruent to 1 modulo 5 and
each of the other two squares is congruent to 4 modulo 5; or,
(iv) @+ +c2=2 (mod5)-whena’=d=c?=4 (mod}5).

16.
Program Reversal (input, output);
Var
posint, rightdigit: integer;
Begin

Writeln (‘Input the positive integer whose digits are to be reversed.’);
Read (posint); '
Write (‘The reversal of ’, posint:0, ‘ is ’);
While posint > 0 do
Begin

rightdigit := posint Mod 10;

Write (rightdigit:0);

posint := posint Div 10
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17.

18.

End;
Writeln
End.

From Section 4.5 we know that a— b has (e; +1)(ez+1)- - - (ex + 1) positive integer divisors.
Consequently, there are (e;+1)(ea+1)- - (ex+1)—1 possible values for n which will make
a=b (mod n) true.

We use the Chinese Remainder Theorem to find a simultaneous solution for the system of
three congruences:

3 (mod 8)
4 (mod 11)
5 (mod 15).

8 8 8
Mmoo

Here a; = 3; a; = 4; a3 = 5, m; = 8; my = 11; m3 = 15; m = mymams = 8-11-15 = 1320;
M; = m/m; = 165; My = m/m, = 120; and M = m/ms = 88.
[21] = [My]7! = [165]7" = [20(8) + 5] = [5]~! = [5] in Z
[23) = [Mp}? = [120])? = [10(11) + 10]~! = [10])7! = [10} in Z;,
[zs] = [M5])™? = [88]! = [5(15) + 13]" = [13]™! =[7] in Z;s
z=3-165-240+4-120-10+5-88-7 = 10355 = 7(1320) + 1115 = 1115 (mod 1320).

So z = 1115 is the smallest number of freshman that Jerina and Noor could be trying to
organize for the pregame presentation.
Check: 1115 = 139(8) + 3 = 101(11) + 4 = 74(15) + 5.
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CHAPTER 15
BOOLEAN ALGEBRA AND SWITCHING FUNCTIONS

Section 15.1

(2) 1 (b) 1 (c) 1 (d) 1

(a) Since z has value 1, z + zy + w has value 1 regardless of the valuesof y and w.
(b) Three assignments: (1) y:1, w:1; (2) y:0, w:1; and (3) y:1, w:0.

(¢) Two assignments: (1) y:1, w:1; (2) y:0, w:l.

(d) Two assignments: (1) y:1, w:1; (2) y:0, w:1.

) 2 (b) 26
a) (i) wzyz (i) wzyz
(iii) wzyz (ivy wzygz
b) () w+z+7+7% () w+zT+7+2
(i) w+T+7+7 Gv) w+z+y+:z
zlylziz+y|Zz|(z+y)+(Zz)
0§010 1 0 0
0j0]1 1 1 0
0j110 0 0 1
01111 0 1 0
11010 0 0 1
11011 © 0 1
111}0 0 0 1
111]1 0 0 1
(a) d.anf Yz + Tz + *§ Z + 2yZ + FTyz
c.uf. (z+y+z)(z+y+2Nz+7+%)

(b) f=3¥Xm(2,4,5,6,7)=][1M(0,1,3)
a) g(w,z,y,7) =(wz +zyz)(z + Z §z) = wzz + zyz + wT Jz = wz(y + §)z+

(w +@)zyz + wT Yz = wryz + wrYz + wryz + Wryz + wZ Yz. Consequently, the d.n.f. for
g is wzyz + WYz + Wzyz + wT §z, a sum of four minterms.
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8.

90

100

11.

12.

From the d.n.f. for ¢ we know that the c.n.f. for g is a product of 12 maxterms. The
binary labels for the above minterms are
wzryz: 1111(= 15) wryz  1101(=13)
wzyz: 0111(=T7) wI §z: 1001(=9)
Consequently we have the maxterms
0000(=0) w+z+y+2z{000(=1) w4+z+y+zZ{0010(=2) wH+z+y+=z
0110(=3) w+z+7+z{0100(=4) w+T+y+2|00(=8) w+T+y+z

0110(=6) w+T+y+2|1000(=8) wW+z+y+2{1010(=10) W+z+§+=
1011{(=11) B+z+7+7|1100(=12) W4+F+y+2z|1110(=14) T+T4+5+2

and the c.n.f. for g is the product of these 12 maxterms.

b) g = S m(7,9,13,15) = [] M(0,1,2,3,4,5,6,8,10,11,12, 14)

(a) 284 (b) 2¢ (c) 2¢

(a) f(w,z,y,z) =wWzyz +.'u—::cy7 +wIY 7+ wIyz

(b) f(w,z,y,2) =W Tyz + Wz§z + Wryz + wTYZ + wTyz + w2y 7 + wryz + wryZ + wryz
m+k=2"

fzez=0thenz+yt+z=zyz=z4+y+2z=0=y=2z=0.
If z=1,thenzty+z=zyz=l=zyz=y=z=1.

(@) zy+(z+y)z+y=y(z+ D)+ +y)z=y+2Z2+yz=y(1 +2)+ 22 =y + zZ.
() z4+y+EF+y+2)=z+y+(=y2)=2z(1+9Z)+y=z+y.

(c) yztwz+z+{wz(zytwz)l=2(y+ 1)+ wz +wryztwz =zt wz(l+yz)+wz =
z4+wr +wz=2(1+w)+uz=2z+ws.

z+ZTy=0=2>2=0=Ty=2z2=y=0;Ty=7z, z2=y=0=> 2=0; Ty+Z Z4+zw =
Tw,rz=y=z=0=>w=1.
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13.

14.

(a)

flojh|fg|fhigh|fog+fh+gh|fg+ fh
ofofojo]o0 /|0 0 0
ofojijo{1}o 1 1
@lojriofojoyo 0 0
oj1{1{0}{1]1 1 1
1{ofojo}lo}o 0 0
1{ofrjofojo 0 0
1{1jo}li1{o0}o0 1 1
1fijiji1joj1 1 1

Alternately, fg+ fh=(fg+ ) (fg+h)=(f+ g+ )fg+h)=Lg+F)fg+h)=
f99+gh+Ffg+Fh=fg+gh+0g+Fh=Ffg+gh+fh. _
() fo+fi+fo+fa=flg++fg+q)=f-1+F-1=f+f=1

(b) G) (F+9(f+h)g+h)=(f+a)F+h)
(i) (fF+9)f+DTF+9)f+7)=0

(a) Forany f € F,, f has value 1 whenever f has value 1 so the relation is reflexive.
If f,geF, and f<g and g < f, thenif f has value 1 for a certain assignment of
Boolean values to its n variables, ¢ also has value 1 since f < ¢g. Likewise, when ¢
has value 1, f does also, since ¢ < f. So f and g have the value 1 simultaneously
and f = g, making the relation antisymmetric. Finally, if f,g,h € F,, with f <g and
g < h,then if f has the value 1 so does g (since f < g) and so does h (since g < h).
Hence f < h and the relation is transitive.

(b) fg hasthe value1iff f,g both have value 1 so fg < f. When f has the value 1
sodoes f+g,50 f<f+yg.

398



15.

(e)

///',/"/ ! \f
\4:// ‘

—"

-l

Minterms Maxterms
fl(x,y).‘_‘xy f“(:c,y)=x+ii fS(x,y) =Y, fG(z’y)=-j,
oz, y) =Ty fulz,y)=z+y f(z,9) =%, fo(z,y) ==z,
folz,y) =% His(z,y) =T+ y fo(z,y)=2zy+7%
fu(z,y) = zYy fulz,y) =% +7 fro(z,y) =Ty + 2§

Let X = {a,b,c, d}

h,d}

Ignaring the labels at the vertices, these Hasse diagrams are structurally the same.

(a) fof=0fef=1fal=f feo=f

(b) () fE9=0® ff+fg=0=fg+fg=0 [f=1 andfg=0]=g=1
{f=0and fg =0} = g =0. Hence f=g.

(i) Fog=li+fi=le+f5=13+f9=FDg

(iv) This is the only result that is not true. When f has value 1, ¢ has value 0 and &
value 1 (or ¢ has value 1 and h value 0), then f@gh has value lbut (fog)(feh)
has value 0.

(v) fe&fh=Tofb+ fofh =(F+g)fn+ fo(f+R) = ffh+ foh + ffg + fgh =
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. (8) zoy=(z+y)7TV)

. (a)

fgh + fgh = f(gh+ gh) = f(g® h).
(vi) FOg=Fi+fg=fo+fi=Fa7
Tog=fi+fo=F+f+9)=Ffi+f9=F®9

“i) [feg=fohll=fofen=fo(feh=(fofNos=(oNoh=>
D®g=06h = [g=Al.

Section 15.2

D>
ALS T e
B

(b) =¥
X —— —
y— xy
@) TF7 . o
y—-1>_'[>°—"+’
(b)

(c)

. (a) | x~{:>—+;
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(b) | x—
—]

(c) y—-ﬂ Do-—ox-r-y
~f \xz '
X L/
1 ,
(b) y - yrze
Z
S
X )
i
© | (xy)(yz)
X ]\ XY (xy){yz)
. | . | xy D yz

5. f(w,z,y,z)=BEyZ+(w+2z+7)z

xy + y2
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(=)
{ r

o= —D>—

: L .
| : c = xy

a) The output is (z + §)}z + y) +y. This simplifies to z+{Fy)+y=2+0+y=2z+y
and provides us with the simpler equivalent network in part {a)} of the figure.

4
@ ®)

b) Here the output is (z + §) + (¥ ¥ +y) which simplifies to TY+ZTF+y =Ty +ITy+y=
#y + V) +y =F(1) + y =7 + y. This accounts for the simpler equivalent network in part

(b) of the figure.

o - O
- - D
wyz -——ﬂ:),_____
D
el .
wyr 3 '
— ‘ fw.X,y,2)
- —
vz
. =)
WYL b )———-J



9.

()
w\xyIOO 01 11 10

I

(b} f(w,z,y)==z

(c)
wz\ yz |00 01 11 10

oo (1) ()
01
O

10

f(w,z,y) =Ty + 27

f(w,z,y,2) =zz+TZ

() flw,z,y4,2)=2z+TZ+wfz or 22+TZ+wWI Y

(e)
wr\yz|00 01 11 10
00
o1 .
11
10

f(w,z,y,2) = WG Z+ 2§z + wyz + zy%

()
wz\yz |00 01 11 10

wz\yz[00 01 11 10

01@

11
10

(v="0)

0 m

f(v,w,:c,y,z) =V WIYZHvwrZ +VZYZ+ W0 Tz + vy + vyz

403



10.

11.
12.

13.

wz\ yz |00 01 11 10
00
01
11
10 |
fw,z,y,2) = (w+y}T + YT+ T+ 2)(c +7 +2)
() 2 (b) 3 (c) 4 (d) k+1
(a) 64 (b) 32 (c) 16 @ 8
(& IO =171l =8 | (b) /'O =12, [f'(1)}=4
(c) If'O) =14, |f7(DI=2 @) If'O)l=4, IfF'(1)I=12
(e) If'(O)l=6, lfF'(1)l=10 & 17O =7 [f@QI=9

Section 15.3

fu,v,w,z,y,2) =(v+w+z+y)u+w)(v+z)ut+y+2)=
(wwH+uwtuz+uytvwtwtwrt+wy)v+z)uty+2z)=
(wwHtuzt+uy+(u+v+ltz+y)w)(v+2z)ut+y+2)=
(vwwtuz+uy+w)(uv+vytvztuztyz+2)=

(vv + uz + uy + w)(uv + vy + 2) =
(uv+uvz+uvy+uvw+uvy+uv:cy+uvy+wvy+uvz+u:cz+uyz+wz)=
uv + woy + urz + uyz 4+ wz
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2. Due to the size of this table we show only two of the simplifications.

ed\ef|00 01 11 10 ed\ef |00 01 11 10
00 |0 0_0 0 00 jo 11 1
o1 (o 1 01 |0 /1 1 1
1t {o 1 11 (o \ 1
10 o T™1\ o 10 [0 1771\ 1
(a=0,b=0) (a=0,b=1)
cd\ef |00 01 11]10 cd\ef |00 01 11/10
00 {0 00/ 0 00 |0 11 1
01 1 .01
11 N1 g 1 T N1 \1 1
10 |0 1 10 {0 1
(a=1,b=0) (ea=1,0=1)
9(a,b,c,d,e, f) =bf + be + ad + df +de + cf + ace
3. (a)
wr\ yz |00 01 11 10
00
01
11 |y v
10 v
fw,z,y,2) =2
(b)

wz\yz |00 01 11 10

00
01
11
10

f(w,z,y,2) —'5'37‘5 TYz + Yz
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(c)
wz\yz |00 01 11 10 wz\ yz |00 01 11 10

00
- 01
11
10

(v =0)

(8) f(a,b,c,e) =abce (2) + abee (3) + abee (5) + abee (7) + abee (11) + abe (13)
(b) f =¥ m(2,3,5,7,11,13)

ab\ce |00 01 11 10 albe —-D__
Ea——
00 —
01 abe ——1 ) |j' .
11 — f
10 tce e
I
bee :::D—J

(c) f = ¥m(2,3,5,7) +d(10,11,12,13,14,15)
ab\ce {00 01 11 10

00
01
11
10

be b

(a) (a+b+c+d+e)at+btct+fiat+btctd+flatc+dtety):
(a+d+e+g)b+c+f+g)d+e+f+g)=(a+b+c+d+e)
(a+b+c+fllatd+et+g)b+c+f+g)(d+e+f+g)=

(a+b+c+df +efla+d+e+g)d+c+f+g)d+e+ f+g)=

(a+btctdf +ef)(d+etg+af)(btetf+g) = [(b+e)+(a+df tef)(f+g)l(dtetg+af) =
[b+c+af+df +ag+dfg+efgl(d+et+g+af) =[b+ctaf+df+ef+agl(d+e+g+af)=
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bd+cd+adf +df +def+adg+be+cetaef+def+ef+aeg+bg+cg+afg+dfgtefg+ag+abf
+acf+af+adf +acf+afg=bd+cd+df +ag+ef +be+ ce+af +bg +cg.

Section 15.4

(The second Distributive Law). Let z = 203k5k y = 2migmaEms ;= 2M3n25m where
for 1<:<3,0<Lk;,myn; <1.

ged(y, z) = 213%5% where s; = min{m;,n;},1 < i < 3. lem(z,gecd(y,z)) = 281345
where ¢, = max{k,s;}, 1 <1 < 3. Also, lem(z,y) = 2% 35", lem(z,z) = 2" 375"
where u; = max{k;,m;}, v; = max{ki,n}, 1 <i <3, and ged(lem(z,y),lem(z,z)) =
2w13“a5"  where w; = min{yu;,v;}, 1 < i < 3. To prove that lem(z,ged(y,z)) =
ged(lem(z, y), lem(z, z)) we need to show that ¢, = w;,, 1 < i< 3. If k; = 0, then
ti =s;, u; =m;, v; =n; and w; = min{u;,v;} = min{m,n;} =s; =¢. f k; =1, then
ti=1=u;=v; =w;.

(The Identity Laws) z + 0 = thelcm of z and 1 (the zero element) = z; -1 = the
ged of z and 30 (the one element) = z, since z is a divisor of 30.

(The Inverse Laws) =z +Z = thelem of z and 30/z = 30 (the one element of this
Boolean algebra); zZ = the ged of 2 and 30/z = 1 (the zero element of the Boolean
algebra).

(bY
t+zy =z-1+zy Def. 15.5 (c)’
=z(1+y) Def. 15.5 (b)
=z-1 Th. 15.3 (a)
=z Def. 15.5 (c)

(b) Follows by duality.
(b) 0=7F=F+z=1
(k) Follows by duality.

() sg=0=cc=zx-l=z(y+y) =cy+cy=zy+0=uzy
zy=z=>0=2T =z(Zg)=2(T+Y)=2T+ 2§ =0+ a2y = 27
(1) Follows by duality.

(a) 30 (b) 30 () 1 (d) 21 (&) 30 ) 70

(a) z4+y=zy+y=ylz+)=y-1=y
b)) z{y=>r+y=y=c1ty=7=>Fy=y=y<T

(8) w<0=w-0=w. Butw-0=0, by part (a) of Theoremn 15.3.
(b) 1<z=1-z=1,and 1:-z =z from our defintion of a Boolean algebra.
(c) y<z=yz=y,andy<zZ=>yzZ=y. Thereforey=yz = (y2)z =y(ZTz) =y -0 =0.
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10.

11.

12.

13.

14.

15.

Proof:

(8) w<z=wzr=w and y < z=> yz =y. Consequently, (wz)(yz) = wy, and we find
that wy = (wz)(yz) = (wy)(zz) = wy < zz.

(b) Asin part (a), w <z => wz = w, and y < z = yz = y. Therefore, (w + y)(z + 2) =
wz +wz + yz + yz = (w + wz)+ (y + yz) = w + y, by the Absorption Law

(Theorem 15.3 (b)). But (w+y)z+2)=wty=>wty<c+2

z<y<=>zy==z.Thedualof zy=z is z+y==.

z+y=c=zy=(+yly=zy+ty=y@+l)=y-l=yandzy=y &>y <z
Consequently, the dualof z <y is y < z.

2“

From Theorem 15.5(a), with z;,z; distinct atoms, if z;,z; # 0, then =, = z12; =
Z,T1 = T3, a contradiction.

If 0 and 0’ are both zero elements of B then 0 =0+ 0’ = 0'. In a similar way, if 1 and 1
are both one elements of Bthen 1=1-1"=1".

(d) Since z isanatomof B,z #0 so f(z)#0. Let y € B; with 0 # y and y < f(=).
With f an isomorphism there exists z € B, with f(z) =y. Also, f~': B, — B, is
an isomorphism so f(z) £ f(z) = z < z. With z an atomand 0 < z <z we have
z=z so f(z)=y=f(z), and f(z) is an atom.

(8) f(35)=f(5+T7)=f(5)Uf(7) ={c}U{d} = {c,d}
f(110) = f(2+ 5+ 11) = {a,c, e}
f(210) = f(2+3+5+7) = {a,b,¢,d}
f(330)= f(2+3+5+11) = {a,b,c,¢}

(b) 5! (Since any isomorphism of finite Boolean algebras must correspond atoms.)

@) flzy)=FETD) =TEF9) =F@D 1@ = 7@ - TG) = 1B - f&) = f(z) - F(w).
(b) Let B,,B; be Boolean algebras with f: B; — B, one-to-one and onto. Then

f is an isomorphism if f(TF) = f(.'c) and f(zy) = f(z)f(y) for all z,y € B,. {Follows
from part (a) by duality.]

Let SCU. I S=0,then f(0)=S.H S#80,thenlet =37, cz; where ¢; =1 if
t€S and ¢, =0 if :¢S. Then f(xr)=S. Hence f is onto.
Since |B| = |P{{)] = 2", it follows from Theorem 5.11 that f is also one-to-one,

Foreach 1 <i<n, (z14Z3+...+2,.)% = 012+ 22T +. . .+ T Ti + TiZi + Ty Ti+. . . +
Tozi =04+0+... 4042, 40+...4+0 =z, by part (b) of Theorem 15.5. Consequently,
it follows from Theorem 15.7 that (z; + 22+ ...+ z,)z =z for all = € B. Since the one
element is unique (from Exercise 10) we conclude that 1 =z; + 22+ ... 4 z,.
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7.

Supplementary Exercises

(a) When n =2, 2,42z, denotes the Boolean sum of z; and z,. For n 2 2, we define
Ty + T2+ ...+ Tn + Ty recursively by (z1 +z2+ ...+ Tn) + Toyr. JA similar definition
can be given for the Boolean product.]

For n = 2, 7, + ; = T;T3 is true, for this is one of the DeMorgan Laws. Assume the
result for n = k (> 2) and consider the caseof n=k+1. (z; +z2+... + Tk + Tp1) =
(z1+z24+...+ k) + 241 = (Z1+ 224 ... +Zk) - Tkx1 = T1T2- - TaZrs1. Consequently,
the result follows for all n > 2 by the Principle of Mathematical Induction.

(b) Follows from part (a) by duality.

y=4,z=7; =16 or 25

Let v,w,z,y,z indicate that Eileeen invites Margaret, Joan, Kathleen, Nettie, and Cathy,
respectively. The conditons in (a) — (e) can then be expressed as

(8) (v—ow)e=@+w) (b) (2 — vy) &= (T +vy)
(¢) Wz+ wz (d) yz+9y2 (e) z+y+zy<=>z+y

(T + w)(Z + vy)(Wz + wZ)(yz + § 2= +y) <= (+ w)(Ty + vy)(Bz + wZ)(yz + 7 Z)
<= (V+ w)(Ty + vy)(Wyz + vy Z) <= (V + w)(V Tyz + Woyz) &< U @ Tyz

Consequently, the only way Eileen can have her party and satisfy conditions (a) — (e) is to
invite only Nettie and Cathy out of this group of five of her friends.

h = Y m(2,4,6,8) + d(0, 10, 12, 14)

Proof: If z < z and y < z then from Exercise 6(b) of Section 15.4 we have z + y < z + 2.
And by the idempotent law we have z + z = z.

Conversely, suppose that z + y < z. We find that z < z + y, because z(z + y) = z + zy
(by the idempotent law) = z (by the absorption law). Sincez < z+yand 2+ y < z we
have z < z, because a partial order is transitive. {The proof that y < 2 follows in a similar
way.)

Statement: Let B be a Boolean algebra partially ordered by <. f z,y,z € B, thenzy > =
ifandonly if z > zand y > 2.

Proof: If z > z and y > z, then from Exercise 6(a) of Section 15.4 we have zy > zz. The
result now follows from the idempotent law because z2 = z.

Conversely, suppose that zy > 2. We claim that £ > xy. This follows because (zy)z =
z(yz) = z{zy) = (zz)y = ry. Since < is trausitive, ¢ > zy and zy 2 z = = > z. [The
proof that y > 2 follows in a similar manner.] '

Proof:

() 2Sy=2>224+T<y+7=1<y+7=>y+T=7T+y =1 Conversely, T+y=1=
z(Z+y)=z-1=2>2T(=0)+ry=z=>ay=c=>zc <y

b) z<g=ri=z>2y=(cF)y=2Ty)=2z-0=0. Conversely, sy =0=>z=2z-1=
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Hy+y)=zy+zry=zy,andz=2y=>z 7.
8. Proof: Hz=ythenzy+Ty=2zE+ZTc=04+0=0.
Conversely, suppose that 2y + Ty = 0. Then

t=z4+0 = z+4(z¥+7Ty)
= (z + zY) + Ty, by the Associative Law of +
= z + z¥, by the Absorption Law (Theorem 15.3 (b))
= (z +Z)(z + y), by the Distributive Law of + over -
= Yz +y)
= zr+Yy
= (z+y)l
= (z+y)F+vy)
= z¥ + y, by the Distributive Law of + over -
(and the Commutative Law of +)
= zy+ (Ty + y), by the Absorption Law (Theorem 15.3 (b))
= (z¥ + Ty) + y, by the Associative Law of +
= 0+y=y.
9. (a)
wz\yz |00 01 11 10
00 ' f(w,z,y,2) =TT +zy
01
s U
10
(b)
wz\yz |00 01 11 10 wz\ yz [00 01 11 10
00 1 00 1
01 01 1
11 1 11 1
10 1 10 1
(v=0) (v=1)

glv,w,2,¥,2) =TWYyz+ T2+ WYZ+T Y2

10.
(a) g(a,b,c,e) = abce (1) + abce (2) + abc & (4) + abc & (8)
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(b)

s
=
—s
o =
are = )—

(c) 9(a,b,c,e) =¥ m(1,2,4,8) +d(10,11,12,13, 14, 15)
ab ce|00 01 11 10

00
01
11
10

1. (a) 26" (b} 2% ont
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13.

14,

(a) 60 =22-3-5 so there are 12 divisors of 60. Since 12 is not a power of 2 these divisors
cannot yield a Boolean algebra.

(b) 120 =2%-3-5 and there are 16 divisors of 60. Let z = 4. Then T = 120/4 = 30
and z-T= gedof z and T = gecd(4,30) = 2, not 1. Hence although 16 = 2¢ the
divisors of 120 do not yield a Boolean algebra.

If ¢ < a,then ac =c¢, 50 ab+c = abtac = a(b+é). Conversely, if ab+c = a(b+c) = ab+ac,

then ac = ac+0 = ac + (ab + ab) = (ab+ ac) + ab = (ab+ c) + ab = c + (ab + ab) = ¢, and
ac=c=rc<a.
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CHAPTER 16
GROUPS, CODING THEORY, AND
POLYA’S METHOD OF ENUMERATION

Section 16.1

(a) Yes. The identity is 1 and each element is its own inverse.

(b) No. The set is not closed under addition and there is no identity.

(c¢) No. The set is not closed under addition.

(d) Yes. The identity is 0; the inverse of 10n is 10(—n) or —10n.

(e) Yes. Theidentityis 14 and the inverseof g: A+ A is g"': A — A
(f) Yes. The identity is 0; the inverse of a/(2") is (~a)/(2").

(¢) ab=ac=a"'(ab) =a"'(ac)= (¢ 'a)b=(a"la)c=> eb=ec=b=c
(d) ba =ca=>(ba)a™! =(ca)a? = b(aa?) =c(aa™}) => be =ce=>b=c

Subtraction is not an associative (closed) binary operation —e.g., (3-2)—-4=-3#5=
3-(2-4).

(i) Forall a,b,ce @,
(aob)oc=(a+b+ab)loc=a+b+abtc+(a+b+ablc=a+b+ab+c+ac+be+abe
ao(boc)=ao(b+ct+bc)=a+b+c+bc+a(b+c+bc)=a+b+c+ bc+ab+ ac+ abe.
Since (aob)oc=ao(boc) forall a,b,c € G it follows that the (closed) binary operation
is associative.

(i) If zr,y€ G, then zoy=z+y+zy =y+z+ yz = yo z, so the (closed) binary
operation is also commutative.

(iii) Canwefind a € G sothat z =zoaqa forall z € G?
z=zo0a=>z=z+a+za=>0=a(l +z)=>a =0, because z is arbitrary, so 0 is
the identity for this (closed) binary operation.

(iv) For s €G,canwefind y € G with zoy=0? Here 0 =zoy=z+y+zy =
—z=y(l+z)=>y=-z(l +z)?, sotheinverseof z is —z{1+ z) .

It follows from (1} - (iv) that (G,0) is an abelian group.

Since z,y € Z == r +y + 1 € Z, the operation is a (closed) binary operation (or Z is
closed under o). Forall w,z,y € Z, wo(zoy)=wo(z+y+l)=w+(z+y+1}+1=
(w+z+1)+y+1 = (woz)oy, so the (closed) binary operation is associative. Furthermore,
zoy =z+y+1l=y+z+1 =yoz, forall z,y € Z, so o is also commutative. If £ € Z then
zo(—1) = 2+ (~1)+1 = z[= (~1)oz],s0 ~1 is the identity element for o. And finally, for
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8.

10.

11.

[

12.

each z € Z,wehave ~z--2€ Z and zo(—z~2)=2z+4+(-2-2)+1 = ~1[=(~2—~2)+z],
so —z —2 is the inverse for z under o. Consequently, (Z,0) is an abelian group.

(i) For all (a,b),(u,v),(z,y) €S we have

(a,8) 0 [(1,) 0 (2, 4)] = (a,b) 0 (uz, vz + y) = (ana, buz + vz +y)

[(@,5) 0 (w, )] © (2,4) = (au, bu + v) o (2,y) = (auz, (bu + v)a + y) = (auz, buz + vz + ),
so the given (closed) binary operation is associative.

(ii) To find the identity element we need (a,b) € S such that (a,b)o (u,v) = (u,v) =
(u,v)o(a,d) forall (u,v)€S.

(u,v) = (u,v) o (a,b) = (ua,va+d)=>u=ua and v=va+b=>a=1 and b=0.
In addition, (1,0)o0 (u,v) = (1-u4,0-u + v) = (u,v), so (1,0) is the identity for this
(closed) binary operation.

(iii)) Given (a,b) € S can we find (c,d) € S so that (a,b)o(c,d) = (¢,d)o(a,d) = (1,0)?
(1,0) =(a,b) 0 (c,d) = (ac,bc+d)=>1=ac, 0 =bc+d== c=a"?, d= ~ba™'.

Since (a~1,~ba?)o(e,b) = (a7 'a,(~ba"!)a + b) = (1,0), (a~!,—ba"!) is the inverse of
(a,b) for this (closed) binary operation.

From (i)-(iii) it follows that (S,0) is a group. Since (1,2),(2,3) € S and (1,2)0(2,3) =
(2,7), while (2,3)0(1,2) = (2,5), this group is nonabelian.

Us = {1,3,7,9,11,13,17,19}
Use = {1,5,7,11,13,17, 19, 23}

Proof: Suppose that G is abelian and that ¢,b € G. Then (ab)? = (ab)(ab) = a(ba)b =
a(ab)b = (aa)(bb) = a®b?, by using the associative property for a group and the fact that
this group is abelian.

Conversely, suppose that G is a group where (ab)? = a?b? for all a,b € G. f z,y € G,
then (zy)? = z%y® = (zy)(zy) = 2°y* = z(yz)y = z(zy®) = (yr)y = zy’ (by Theorem
16.1 (¢)) = (yz)y = (zy)y = yz = zy (by Theorem 16.1 (d)). Therefore, the group G is
abelian.

(a) The result follows from Theorem 16.1(b) since both (a~!})~! and a are inverses of
at.

(b) (b7'a"*)(ab) = b ala)b = b (e)b =00 =¢ and (ab)(b7'a™!) = a(bb)a"! =
a{e)a”! =aa"? =e. So b'a"! is an inverse of ab, and by Theorem 16.1(b), (ab)™! =
b~lal

G abelian == a”167! = b~la"). By Exercise 9(b), bla! = {(ab)"!, so G abelian
== g 10 = (ab)"'. Conversely, if a,b € G, then a 1! = (ab)™! = &b =
bla ! == ba bl = a™! == ba~? = a"'b == b= a"'ba = ab = ba = G is abelian.

(a) {0}$ {0$6}1 {01478}; {0,3,679}; {072)476v8,10}; Z]Z-
(b) {1}$ {1)10}$ {113,4)5,9}: z:l
(e) {mo}i {mo,m,m2}; {#a,r1}; {mo,r2}; {mo,73}; Sa

(a) There are eight rigid motions for a square: 7y, m, m;, %3, where =; is the
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13.

14.

15.

counterclockwise rotation through :(90°), 0 < i < 3; r; is the reflectin in the vertical;
r, is the reflection in the horizontal; r3 the reflection in the diagonal from lower left to
upper right; and r4 the reflection in the diagonal from upper left to lower right.

(b)

o Mo T Ry N3 T 2 r3 T4
fo|%®o ®y A2 A3 rp rz r3 ¥4
Ty |Mm ®2 A3 T T3 T4 Tz N
Ry f{my W3 Rg W4 T2 T T4 T3
A3 |A3s W My %2 T4 T3 11 T2
r|mn 74 T2 r3s T Rz A3 M
re |rg 3 ™y T4 ®; Tp * T3
rs s r, r4 r7z W W3 %o W2
r4 |Tq T2 r3s T A3 ® Wy N

no is the group identity.

The inverse of each reflection is the same reflection. The inverse of the rotation #; is the
rotation %3, and conversely. The inverse of the rotation =, is itself. Also, the inverse of
%o is ®o.

(a) There are 10: five rotations through #(72°),0 < ¢ < 4, and five reflections about lines
containing a vertex and the midpoint of the opposite side.

(b) For a regular n-gon {n > 3) there are 2n rigid motions. There are the n rotations
through 3(360°/n), 8 < i < n-— 1. There are n reflections. For n odd each reflection is
about a line through a vertex and the midpoint of the opposite side. For n even, there
are n/2 reflections about lines through opposite vertices and n/2 reflections about lines
through the midpoints of opposite sides.

_ (12345 _ {12345 3 __ (12345
aff = (15234)7 Ba = (32514)’ a = (13345)’

ﬁ‘ - (12345) a~l = (12345) B..x - (12345)
12634/ 31245 21453/

-1 _ f13ss A=1  _ (12345 —1.-1 __ {12345
(aB) = (13452)’ (Ba) = (42153)v A a = (13452)‘

Since eg = ge forall g € G, it followsthat e € H and H # 0. If z,y € H,
then zg = gr and yg = gy for all ¢ € G. Cousequently, (zy)g = 2(yg) = z(gy) =
(z9)y = (9z)y = g(zy) for all g € G, and we have zy € H. Finally, for all z ¢ H and
9gEG, zg' =g 'z. So (zg7') ' =(g7z) Y, or gz~! =z"'g, and z~! € H. Therefore
H is a subgroup of G.
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186.

17.

18.

18.

(a)

w =(1/v2)(1 +1) w? =

W = (1/V2)(~1 + 1) wi= 1
S = (1/V2)(~1—1) Wb = —i

w’ = (1/v2)(1 — ) wl=1

(b) Let S={w*|1<n<8}). Thenforall 1<;k<8, v -w'=wm™ where m=j+k
(mod 8) and 1 < m < 8 So S is closed under the binary operation of multiplication,
which is commutative and associative for all complex numbers ~ so, in particular, the
complex numbers is S.

The element w® =1 is the identity element and, forall 1 < n < 7, we have (w")~! = Wt
so every element of S has a multiplicative inverse in S.

Consequently, S is an abelian group under multiplication.

(a) Let (91,M),(92.h3) € G x H. Then (g1,h1) - (92,h2) = (91 0 92,1 * h3), where
g1092 € G, hy *h, € H, since (G,0) and (H,*) are closed. Hence G x H is closed.
For (g1, m),(92, h2), (95, ks) € Gx H, [(91,h1)-(92, h2)]-(93, h3) = (91092, h1+h;) (g3, hs) =
((91 © 92) © g5, (h1 * h3) * hs) = (g1 0 (g2 © g3), b1 * (ha * h3)) = (91, 1) - (920 g3, hy * h3) =
(91, k1) - [(g3, h2) - (g3, ha)], since the operations in G and H are associative. Hence,
G x H is associative under - .

Let eg, ey denote the identities for G, H, respectively. Then (eg,ey) is the identity
in Gx H.

Finally, let (g,h)€ G x H. If ¢g~! istheinverseof g in G and h™! is the inverse of
h in H,then (g~',h™!) is the inverse of (g,h) in G x H.

(b (1) 216

(i) Hy = {(=,0,0)|z € Zg} is a subgroup of order 6; H, = {(z,y,0)|z,y € Z¢, y = 0,3}
is a subgroup of order 12; H; = {(z,y,0)|z,y € Z¢} has order 36.

(i) —(2,3,4) = (4,3,2); —(4,0,2)=(2,0,4); —(5,1,2) = (1,5,4).

(2) Since e€ H and e€ K,wehave e€c HNK and HNK # . Nowlet z,y € HNK.
z,y€E HNK => z,y€ H and z,yc K =>zy € H and zy € K (since H,K are
subgroups) => zy € HN K

teHNK=2z€H and z€ K= 21€ H and z* € K (because H,K are
subgroups) = z! € H N K.

Therefore by Theorem 16.2 we have H N K a subgroup of G.

(b) Let G be the group of rigid motions of the equilateral triangle as given in Example
16.7. Let H = {mg,m, %3} and K = {wy,r;}. Then H, K are subgroups of G. Here
H UK = {my, 71,73, } and, since ri7; = r; § HU K, it follows that H U K is not a
subgroup of G.

(a) z=1,z=4 (b) z=1,z=10

() z=2z3 = 22=1 (modp) = 22-1 =0 (modp) = (z—~1)(z+1) =
(mod p) > 2-1=0 (modplorz+1=0 (modp)=>z=1 (modplorz=-1=p-1
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20.

(mod p).

(d) The result is true for p = 2, since (2 - 1)! = 1! = -1 (mod 2). For p > 3, consider
the elements 1,2,...,p — 1 in (Z;,-), The elements 2,3,...,p — 2 yield (p — 3)/2 pairs of
the form z,z~!. [For example, when p = 11 we find that 2,3,4,...,9 yield the four pairs
2,6; 3,4; 5,9; 7,8.] Consequently, (p— 1) = (1)(1)*?(p-1)=p~1=-1 (mod p).

(a) In (Us,-) wehave 32 =1,803 =31, and 5° = 1,50 5 = 571,

(b) In (Uss,") wehave " = 1,50 7=7"1,and 92 = 1,50 9 =971,

(c) Let z = (2! — 1) in (Up,-). One finds that 2% = (2F-1 — 1(2k-1 — 1) = 222
2.2k1 41 =(2F)(2k?) -2k +1=0(2"2?)-0+1=1,s0z=2z"". Thisis also true for
z= (21 41).

Section 16.2

(c) ¥ n =0, the result follows from part (a) of Theorem 16.5. So consider n € Z*.

For n =1, f(a") = f(a') = f(a) = [f(a)]' = [f(a)]", so the result follows for n = 1.
Now assume the result true for n = k (> 1) and consider n = k + 1. Then f(a") =
f(a**1) = f(a*-a) = f(a*)- f(a) = [f(a)}*- f(a) = [f(a)]**! = [f(a)]". So by the Principle
of Mathematical Induction, the result is true for all n > 1.

For n > 1, we have a™™ = (a™!)" - as defined in the material following Theorem 16.1. So
f(@a™) = fl(a™")"] = [f(a™")]* by our previous work. Then [f(a™)]" = [(f(a))7']* =
{f(a)]™ - by part (b) of Theorem 16.1. Hence f(a™") = [f(a)]™™.

Consequently, f(a")=[f(a)]",for all a € G and all n € Z.

(a)
-1 0

2_ 3_0‘—1 4_10
A’ = 0_1], =1 "o md at={ L

(b) Foralll <m,n <4, A™ A" = A™*" = A" wherel <r <4andm+n=r (mod 4).
Hence the set {A, A%, A3, A1} is closed under the binary operation of matrix multiplication.
Matrix multiplication is an associative binary operation for all 2 x 2 real matrices. Conse-
quently, it is associative when restricted to these four matrices.

The matrix A% = (1) ‘1’ is the identity element, and A~! = A7, (A?)~! = A~% = A3,
(A3 = 473 = 4, and (A%} = 471 = 4% = A%, s0 every element has a multiplicative
inverse.

Finally, forall 1 S m,n <4, A™ - A" = 4™ = A% = 4. 4™ s0 {4, A%, A%, A%} is an
abelian group under ordinary matrix multiplication.

(c) Define f: {A4,A4% A% A} — G by
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f: A— or f: A— —i

A? — 1 =42 A? — =1 =(—1)?
A — ~1 =48 A — = (=)
At — 1 =14 At — 1= (~1)!

In either case f is an isomorphism for the two given cyclic groups of order 4.

f(O) = (010) f(l) = (1$ 1) f(2) = (2$ 0)
f3)=(0,1) f(4)=(1,0) f(5)=(2,1)

Let z,y € H. Since f is onto, there exist a,b € G with f(e) = z, f(b) = y. Then
zy = f(a)f(b) = f(ab) = f(be) (since G is abelian) = f(b)f(a) = yz, so H is abelian.

We need to express the element (4,6) of Z x Z in terms of the elements (1,3) and (3,7),

so let us write
(4,6) =a(1,3)® b(3,7), wherea,be Z.
Then f(4,6) = f(a(1,3) ®8(3, 7)) = f(a(1,3)) + f(b(3,7)) = af(1,3) + bf(3, 7).
With (4,6) = a(1,3) & §3,7) we have 4 = a + 3b and 6 = 3a + 7b, from which it follows
that ¢ = —5 and b = 3.
Consequently, f(4,6) = —5g; + 3g..

(a) Foreach k € Z, we find that (k,0) € Z x Z and f(k,0) = k ~ 0 = k, so the function f
is onto Z. Furthermore, if (a,b), (¢,d) € Z x Z, then f((a,b) ® (¢,d)) = f(a+c,b+d) =
(a+c)—(b+d)=(a—~Db)+(c—d) = f(a,b) + f(c,d). Consequently, the function f is a
homomorphism onto Z.

(b) If f(a,b) =0, then since f(a,b) = a— b, it follows that a = b. Also,a=b=>a-b=
0 = f(a,b) = 0. Hence f(a,b) =0 if and only if a = b, or f~1(0) = {(a,a)|a € Z}.

(c) Since f~Y(7) = {(a,b)|f(a,b) = a — b = 7}, here we may also write f~1(7) =
{(b+17,b)jbe Z} = {(a,a— 7)|a € Z}.

(d) Let (a,b8) € Z x Z. We find that (a,b) € f~}(E) if and only if f(a,b) =a—bis an
even integer.
[We may also write f~}(E) = {{(Z2m,2n)}jm,n € Z} U {(2m + 1,2n» + 1)}m,n € Z}.]

() o(me) =1, o(m) = o(m2) =3, o(r1) = o(r2) = o(r3) = 2.
(!z) ) (S;e Fig. 16.68) o(no) = 1, o(m) = e(m3) = 4, o(x3) = o(ry) = o(r;) = o(r3) =

) has order 2 and generates the cyclic subgroup
123435
5)’(1 2 3 4 5)} of S
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9.

10.

11.

12,

1 2
n=3.<2 3
1 2 3 4
231 4

1 2
n=4.(2 3
1234
23 41

1 2
n—5.(2 3
1 2 3 4

2 345
1 23465
51 2 3 4

5
1

(b) The elements of order 10 are a, a'?, a

j g ) has order 3 and generates the cyclic subgroup

12345 12345 ¢ s
'\31245/)'\1 23145 ot s
45
15

4 5 123435 1 23435 ¢

25)'\41235)'\12345:5 ©

has order 5 and generates the cyclic subgroup
123435 123435

W3 4512/’\45123)°

2345
2345)} of 5s.

N’

(a) The elements of order 10 are 4, 12, 28, and 36.

2 a®, and a%.

(a) Uha=1{1,3,5,9,11,13} = {a € Z* |1 £ a £ 13 and gcd(a, 14) = 1}.

(b) Since
3 =3 3 =9 3% =13
3t=11 3¥=5 =1,
we know that Uy is cyclic and Uy, = (3).
We also find that :
5'=5 52 =11 5% =13
5'=9 5 =3 5% =1,
so Uy = (B).
There are no other generators for this group.
L=(2)=3) Z;=@) =) Z ={2 =(6)=(7)=(8)

Let f: G — G, defined by f(a) = a™?, be an isomorphism. For all e¢,b € G, (ab)™! =
F(ab) = f(Q)f (B) = a~'b71. Also (ab)™? = a=*b~! = (ab)~ = (ba)~} => ab = ba, 50 G
is abelian, Conversely, the function f: G — G defined by f(a) = a™! is one-to-one and
onto for any group G. For G abelian f(ab) = (ab)™! = b~1a™! = "0 = f(a)f(b),

and f is an isomorphism.
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13.

14.

15.

16.

Let (G,+), (H,*), (K,-) be the given groups. For any z,y € G, (9o f)(z +y) =
9(f(z +v)) = 9(f(=) * f(v)) = (s(£(2)) - (9(f(y)) = ({9 © F}=)) - (9 © f)¥)), since f,g

are homomorphisms. Hence, go f: G — K is a group homomorphism.

(a) From Exercise 16 of Section 16.1 we know that G = (w). It is also true that
= (@%) = (W°) = ().

(b) Define f:G — 2 by flw*)=1In],1 <n<8 If 1 <km¢<8, then wf =

W™ =k =m > [k] = [m] &= f(w*) = f(w"‘), so f is a one-to-one function. Since

|G| = |Zsl, it follows from Theorem 5.11 that f is also onto. Finally, for 1 < k,m <8,

flwk-w™) = f(wk*™) = [k + m] = [k] + [m] = f(w*) + f(w™),s0 f is an isomorphism.

Note: Three other isomorphisms are also possible here. They are determined, in each case,

by the image of w. We find these to be:

fi 1 G — Zg, where fi(w) = [3];

fa: G — Zg, where fo(w) = [5]; and

fs: G — Zg, where f3(w) = [T7].

(8) (Zna,+) = (1) =(7) = (11)

(Zne, +) = (1) = (3) = (8) = (7) = (9) = (11) = (13) = (15)

(Zog, +) = (1) = (8) = (7) = (11) = (13) = (17) = (19) = (23)

(b) Let G = (a*). Since G = (a), a = (a*)* for some s € Z. Then a'™* = ¢, s0

1 ks=1in sxnce o(e) =n. l—ks =tn => 1 = ks+in =3 gcd(k,n) = 1. Conversely, let
= {a) where a* € G and gcd(k,n) = 1. Then {a*) € G. ged(k,n) =1 =3 1 = ks+in,

for some 38,t € Z => a = a' = ak**™ = (a*)*(a")! = (a*)*(e)! = (a*)* € (a*). Hence

G C (a*). So G = (a*), or o* generates G.

(c) ¢(n)

H kfnlet n=gk+r,0<r<k. Then f(a")= fleg) =ey and f(a") = (f(a))* =
(F(@)™* = (f(a)*)*(f(a)) = (f(a)). But (f(a)) =ey with 0 < r < k contradicts
o(f(a)) = k. Consequently, kin.

Section 16.3

123 4 123 4 123 4 12 3 4
@loza1)lsarehlar2s3)l1234

(b)
1-234H_ 123 4 1234 123 4 1 23 4
2143 - 3214/°{\4321)'\1432/’\214313
1234H_ 1 23 4 1 23 4 123 4 123 4
4 2 31 - 1 342/°\2413)’\3124)’\4231



12

3.

{2,5,8,11,14,17,20,23}.

1+ H = {1,4,7,10,13,16,19, 22}

4. H={3]) = (3) = {0,3,6,9,12, 15,18, 21}
2+ H
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9.

K = ([4]) = {4) = {0,4,8,12,16,20}
1+ K ={1,5,9,13,17,21}

2+ K = {2,6,10,14, 18,22}

3+ K = {3,7,11,15,19,23}

From Lagrange’s Theorem we know that |K| = 66(= 2-3-11) divides |H} and that |H|
divides |G| = 660(= 22 -3.5-11). Consequently, since K # H and H # G, it follows that
|H|is 2(2-3-11) = 132 or 5(2- 3- 11) = 330.

Let G be the set of units in R. u € G => G # 0. Also, the elements of G are
associative under multiplication (inherited from the multiplication in R). If z,y € G
them z7',y ' € R (andin G), and (zy)(y'z7') = u = (y~ 'z~ ‘)(:cy), so zy € G.
Consequently, G is a multiplicative group.

(2)
(1)2)(3)(4) (12)(34)  (13)(24) (14)(23)

()XY | (DR)B)4) (12)(34)  (13)(29) (14)(23)
(12)(34) | (12)(34) (LER)3)(4) (14)(23) (13)(24)
(13)(24) [ (13)(24)  (14)(23) (1)(2)(3)(4) (12)(34)
(14)(23) (19)(23)  (13)(29) (12)(34) (1)(2)(3)(4)

It follows from Theorem 16.3 that H is a subgroup of G. And since the entries in the
above table are symmetric about the diagonal from the upper left to the lower right, we
have H an abelian subgroup of G.

(b) Since |G| = 4! = 24 and |H| = 4, there are 24/4 = 6 left cosets of H in G.
(¢} Consider the function f: H — Z; x Z; defined by

£ (D(2)(3)(4) — (0,0), f:(12)(34) — (1,0),
f: (13)(2¢) = (0, 1), £ (14)(23) — (1,1).
This function f is one-to-one and onto, and for all z,y € H we find that
f(z-y) = f(z) & f(y).

Consequently, f 1s an isomorphism.
[Note: There are other possible answers that .can be given here. In fact, there are six
possible isomorphisms that one can define here.]

Let o{a) = k. Then |{a)] = k, so by Lagrange’s Theorem & divides n. Hence
a® = gf™ = (ak)m —eMm =¢.

(8) ¥ H is a proper subgroup of G, then by Lagrange’s Theorem |[H|is 2or p. I
|H| = 2, then H = {e,z} where z? =¢,50 H = (z). If |H|=p,let y € H, where
y # e. Then ofy) =p,s0 H = (y).

(b) Let € G, z#e. Then o(z)=p or o(z) =p% If o(z) =p, then |(z)]=p K
o{z) = p?, then G = (z) and (z*) is a subgroup of G of arder p.
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10.

11.

12.

13.

Corollary 16.1. o{a) = |{a)|. By Lagrange’s Theorem |(a)| divides |G|, so o(a)||G|.

Corollary 16.2. Let G be a group with |G| = p, a prime. Let z € G, z # e. By
Corollary 16.1, o(z) = p,s0 G = (2} and G is cyclic.

(a) Let ze HNK. z € H => o{2)|10 == o(z) = 1,2,5, or 10. z € K = o(z)|21 =
o(z) =1,3,7, or 21. Hence o(z)=1 and z=e.

(a) Forall ¢ € G, a”'a =¢ € H, so aRa and R is reflexive. If a,b € G and aRb,
then aRb =% a™'b € H = (a~b)"! € H (because H is a subgroup) == b~ la €
H = bRa, so R is symmetric. Finally, let a, b, ¢ € G with aRbd and dRc. Then we
have a~!'b,b7'c € H and since H is closed under the group operation, (a~'6)(b~'c) =
a~1(bb~Y)c = a7 '(e)c = a”'c € H, s0 aRc and R is transitive. Hence R is an equivalence
relation.

(b) aRb == a b€ H = a”'b = h, whete h € H = bH = (ah)H = o(hH) = aH.
Conversely, aH = bH == a € bH =3 a = bh for some h € H = h~! = a~'b, where
h'e H=>a"'5€ H and aRb.

(c) Let z € [a]. Then zRa so z~'a € H. Since H is a subgroup, (z~!a)! =a~'z € H.
So a'zr = h € H and z = ah € aH. Hence [a] C aH. Conversely, if y € aH then
y = ah,, for some h; € H. y = ah; => a”'y = h; € H = aRy. With R symmetric we
also have yRa, and so y € [a]. So here we find aH C [a]. With both inclusions established
it now follows that aH = [a].

(d) Define f:aH — H by f(ah)=h,for h€ H. ahy = ah; & hy = hy &= f(ahy) =
f(ahz), so f is a one-to-one function. Also, for h € H, f~)(h) 2 {ah}, so f~'(h) # 0,
and f is onto. Hence f is bijective and |aH| = |H|.

(e) Since R is an equivalence relation on G, R induces & partition of G as
G = [a]UfasJU... Ulay).

Hence [a;] = a;H for all 1 < i < ¢, and |a;H| = |H| = m for all 1 <i <t. Consequently,
|G| = t|H}, and |H] divides |G]. |

(8) In (Z;,-) there are p—~ 1 elements, so by Exercise 8, for each [z} € (Z;,'),
[zt =[1},or 2 =1 (modp),or 2P =z (modp). Forall a€ Z,if p|a then
6=0 (modp) and ?» =0=a (modp). If p Ja,then a=b (modp), 1 <b<p-1
and a? =P =b=a (mod p). :

(b) In the group G of units of Z, there are ¢{n) units. If a € Z and ged(a,n) =1
then [a] € G and [a]*™ ={1] or ¢*™ =1 (mod n)

(c) and {d) These results follow from Exercises 6 and 8. They are special cases of Exercise
8.
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Section 16.4

Here n = 2573 and e = 7.

The assignment for the given plaintext is:
IN VE ST IN ST OC KS
0813 2104 1819 0813 1819 1402 1018

Since
(0813)7 mod 2573 = 0462 (1819)7 mod 2573 = 1809
(2104)" mod 2573 = 0170 (1402)" mod 2573 = 1981
(1819)7 mod 2573 = 1809 (1018)7 mod 2573 = 0303,

(0813)" mod 2573 = 0462

the ciphertext is
0462 0170 1809 0462 1809 1981 0305

Here n = 1459 and e = &.
The assignment for the given plaintext is:

OR DE RA PI 7272 AX
1417 0304 1700 1508 2525 0023

Since
(1417)° mod 1459 = 0152 (1508)° mod 1459 = 1177
(0304)® mod 1459 = 0466 (2525)° mod 1459 = 0055
(1700)° mod 1459 = 1318 (0023)° mod 1459 = 0694

the ciphertext is
0152 0466 1318 1177 0055 0694.

Here n = 2501 = (41)(61), so r = ¢(n) = (40)(60) = 2400. Further, e = 11 is a unit in
Zyoo 80d d = e! = 1091.
Since the encrypted ciphertext is

1418 1436 2370 1102 1805 0250,
we calculate the following:

(1418)1%! mod 2501 = 0317 (1102)'®! mod 2501 = 0005
(1436)1°! mod 2501 = 0821 (1805)1%! mod 2501 = 0411
(2376)'%! mod 2501 = 0418 (0250)'°! mod 2501 = 2423

Consequently, the assignment for the original message is
0317 0821 0418 0005 0411 2423
and this reveals the message as

DRIVE SAFELYX.

Here n = 3053 = (43)(71), so r = ¢(n) = (42)(70) = 2040. Further, e = 17 is a unit in
Zyg and d = e7! = 173.

Since the encrypted ciphertext is
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0986 3029 1134 1105 1232 2281 2967 0272 1818 2398 1153,

we calculate the following:

(0986)'™ mod 3053 = 1907
(3029)'™ mod 3053 = 0417
(1134)*™ mod 3053 = 0408
(1105)'™ med 3053 = 1818
(1232)'™ mod 3053 = 0005

(2967)'" mod 3053 = 2408
(0272)'™ mod 3053 = 1313
(1818)'"® mod 3053 = 2012
(2398)'™ mod 3053 = 0104
(1153)'™ mod 3053 = 1718

(2281)!™ mod 3053 = 0419

Consequently, the assignment for the original message is
1907 0417 0408 1818 0005 0419 2408 1313 2012 0104 1718
and this reveals the message as

THERE IS SAFETY IN NUMBERS.

Here n = pg = 121,361 and r = ¢(n) = 120,432.

Sincep+g=n-r+1=930and p—¢ = \/(n—-r+1)2—4n = /864,900 — 485,444 =
/379,456 = 616, it follows that
p =157 and ¢ = 773.

Here n = pg = 5,446,367 and r = ¢(n) = 5,441, 640.

Since p+q = n~r+1 = 4728 and p—q = \/(n —r+1)? ~4n = /22,353,984 — 21,785,468 =
v568516 = 754, it follows that
p = 1987 and ¢ = 2741.

Section 16.3

(a) e = 0001001 (b) r=1111011 (c) ¢=0101000
(a) (0.95)%(0.05) (b) (0.95)7(0.05)?
(©) {})(0.95)%(0.05) (@) (3)(0.95)"(0.05)
(e) (3)(0.95)%(0.05)° (f) .(;)(0.95)6(0.05)3
(a) (i) D(111101100)= 101 (i) D(000100011) = 000
(i) D(010011111) = 011
(b) 000000000, 000000001, 106000000
{c) 64

(8) (0.95) + ()(0.05)(0.95)" + (£)(0.05)%(0.95)
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(b) [(0.95)° + (3)(0.05)(0.95)* + (5)(0.05)*(0.95)°F
(¢) D(r)=01 (d) 0000000000, 1000000000, 0000000001
(e) 256

Sections 16.6 and 16.7

5(101019, 1) = {101010,001010,111010, 100010, 101110, 101000, 101011}
S§(111111,1) = {111111,011111,101111,110111,111011,111101,111110}

$(000000, 1) = {000000, 100000, 010000, 001000, 000100, 000010, 000001}
5(010101, 1) = {010101, 110101,000101,011101, 010001,010111,010100}
(a) D(110101) =01 | (b) D(101011) = 10

(c) D(001111) =00 (d) D(110000) = 00

(a) [S(z, 1)l =11; |S5(=,2)|=56; [S(z,3)| =176

() 15z B =1+ () + () +---+ () = Do ()

k=8 n=4¢4

(a) The minimum distance between code words is 3. The code can detect all errors of
weight < 2 or correct all single errors.

(b) The minimum distance between code words is 5. The code can detect all errors of
weight < 4 or correct all errors of weight < 2.

(¢) The minimum distance between code words is 2. The code detects all single errors
but has no correction capability.

(d) The minimum distance between code words is 3. The code can detect all errors of
weight < 2 or correct all single errors.

(a) (i) H-(111101)* = (101)", s0 c=110101 and D(c)= 110
(i) H -(110101)* = (000)", so ¢ = 110101 and D(c)= 110
(i) H -(001111)" = (010)", so ¢ = 001101 and D(c) = 001
(iv) H -(100100)r = (010)'", so ¢ =100110 and D(c) =100
(v) H-(110001)" = (100)", so ¢ = 110101 and D(c) =110
(vi) H -(111111)* = (111)", which doesn’t appear among the columns of H.
Agsuming a double error,
(1) if 111 =110 +001, then ¢=011110 and D(c) = 011;
(2) i 111=011+4 100, then c= 101011 and D{c) = 101; and
(3) if 111 =101 4010, then ¢ = 110101 and D(c) = 110.

(vii) H-(111100)" =(100)",s0 ¢ = 111000 and D(c) =111
{viii) H -(010100)' = (111)", which doesn’t appear among the columns of H.
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10.

11.

12.

Assuming a double error,

(1) if 111 =110+ 001, then ¢ = 110101 and D(c) = 110;

(2) if 111 =011 + 100, then c= 000000 and D(c) = 000; and
(3) if 111 =101+ 010, then ¢ =011110 and D(c) =011.

(b) No. The results in (vi) and (viii) are not unique.

(a) C = {00000,10110,01011,11101}. The minimum distance between code words is 3,
so the code can detect all errors of weight < 2 or correct all single errors.

11010
01001

(b) H=

10100}

() () 01 (i) 11 (v) 11 (vi) 10

For (iii} and (iv) the syndrome is (111)" which is not a column of H. Assuming a double
error, if (111)" = (110)" +(001)*", then the decoded received word is 01 (for (iii)) and 10
(for (iv)). If (111)* = (011)" + (100)*, we get 10 (for (iii)) and 01 (for (iv)).

8. (a) G=

C = {000000,100111,010010,001101,110101,101010,011111, 111000}
(b} No. The second and fifth columns of H are the same.

G = [I3]A] where Iy is the 8 x 8 multiplicative identity matrix and A is a column of
eight 1’s. H = [A'[1] = [11111111{1].

(a) For each z € {0,1}, zG = zzzzrczaz.
(b) H = [A|Is] where Iy is the 8 x 8 multiplicative identity and A is a column of
eight 1’s.

Compare the generator (parity-check) matrix in Exercise 9 with the parity-check (genera-
tor) matrix in Exercise 10.

Let ¢ € Z} be a code word. For all z € S{c,k) the decoding function of Theorem 16.13
decodes z, and if ¢;,¢; are code words S{c1,k)NS(ca, k) =B. z € S(¢, k) <= d(z,c) <k,
so 1S(c, k)] = ¥, (’:) Consequently, |M(n,k)|[TE., ("‘)] accounts for all received words
in Z? that are code words or differ from & code word in %k or fewer positions. It follows

then that |M(n, )Tk (3] <123 = 2°.

For the lower (Gilbert) bound we appeal to error detection. If r € Z} and d(c,r) < 2k,
then by Theorem 16.12 we are able to detect r as an incorrect transmission. So for all
code words ¢, S(c,2k) accounts for the code word ¢ as well as those received words r
where d(c,r) < 2k, but here we may have S(c;,2k)NS(c,, 2k) # @ for distinct code words
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2.

1, ¢ B 20 > [M(n, BT, (’:)], then there is an element ¢* € Z} where d(c*,c) > 2k
for all code words ¢. So we can add c¢* to the present set of code words and get a
larger code where the minimal distance between code words is still 2k + 1. This, however,
contradicts the maximal size |M(n, k)| so 2" < |M(n,k)|[T?, ("‘)]

Sections 16.8 and 16.9

(’g") calculations are needed to find the minimum distance between code words. (A
calculation here determines the distance between a pair of code words.) f E is a group

homomorphism we need to calculate the weights of the 255 nonzero code words.

(a)

101100
H={110010 }
011001
Received word r H.r c=r+e D(c)
000011 (011)r 010011 010
100011 (101)*" 101011 101
111110 (110)* 011110 011
100001 (111) 110101 110
001100 (001)* 001101 001
011110 (000)* 011110 011
001111 (010) 001101 001
111100 (100)* 111000 111

(b} If 100001 is used (in the last row of Table 16.8) as the coset leader instead of 010100,
then for r = 100001, H - r*" = (111)*. However, if r = 100001 and z = 100001, then
¢ = 000000 (not 110101) and D(c) = 000 (not 110).
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3‘

(a)

Syndrome Coset Leader

000 00000
110 10000
011 01000
100 00100
010 00010
001 00001
101 11000
111 01100

10110
00110
11110
10010
10100
10111
01110
11010

[The last two rows are not unique.]

01011
11011
00011
01111
01001
01010
10011
00111

Decoded Mess

- 10
11
01
10
01
11
11
00

11101
01101
10101
11001
11111
11100
00101
10001

age

(1100) G = 1100011
(1110} G = 1110000
(1111) G = 1111111

(b)

Received Word Code Word
11110 10110
11101 11101
11011 01011
10100 10110
10011 01011
10101 11101
11111 11101
01100 00000

10060110
G = 0100101
0010011
0001111

(a)

(1000) G = 1000110

(1611) G = 1011010

(1001) G = 1001001

(b)

Received word r H. vt
1100001 (010}
1110111 (111)
0010001 (010)
0011100 (000)*"

c
1100011
1111111
0010011
0011100
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5.

6.

7'

1.

2.

3.

(c)

Syndrome Coset Leader
000 0000000
110 1000000
101 0100000
011 0010000
111 0001000
100 0000100
010 0000010
001 0000001

(d) Same results as in part (b).

(a) G is 57x63; H is 6x63
(b) The rate is 57/63.

The rate of the (3,1) triple repetition code is 1/3. The rate for the Hamming (7,4) code is
4/7. Since (4/7) > (1/3) the Hamming code is more efficient.

() The Hamming (7,4) code corrects all single errors in transmission, so the probability
of the correct decoding of 1011 is (0.99)7 + ()(0.99)°(0.01)

(b) [(0.99) + ({)(0.99)°(0.01)}°

Section 16.10

(a) 7t = 010203040500070009010011CuClsCuClsCm)
3 C1CsC2C3C4 CyCls C7CsCy1C1oC15C12C13C14Cre

o= (01030304050507030901001xcmcmcucxscm)
2 C1C5C4C3C3CsC5C3C1Cr1C10C13C12C15C14Ce

(b) r3'=rs

= (r—l)t = (010203040500010309010011 CnCuCuClano)
3 3 C1C205CC3C7CeCyCaC10C11C14C13C12C15Ce

(c) i = (010103040503070300010011CmCtaCquCm)
171 C1C9CCyCyCrC3CaCaC10C 11 C14C13C12C15C 10

= T; = (mr,)“.

o = (1247365) A = (135)(2674)
v = (123)(476)(5) & = (14)(2)(375)(6)

(a) ofa)=T; o(f) = 12; o(y) =3; o(8) = 6.
(b) Let a € S,, with a =cc;...c, a product of disjoint cycles. Then o(a) is the lem
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6.

of £(c;),€(c3),...,¢(ck), where £(c;) = lengthof ¢, 1<i<k.

Here G is the group of Example 16.7.

(a)
W) =2  Wm)=2  U(r)=2
¥(ry) = 22 U(r3) =22 P(ry)=2?

The number of distinct colorings is (1/6){2% + 2 + 2 + 3(2?)] = 4.
(b) |

Y(mg) =3 ¥(a)=3 ¥(3)=3
¥(r}) = 3? Y(r3) =32 ¥(ry) =32

The number of distinct colorings is (1/6){3% + 3 + 3 + 3(3%)] = 10.

For 0 <i<4,let #; denote a clockwise rotation through i(72°). Also, there are five
reflections ;, 1 < ¢ < 5, each about a line through a vertex and the midpoint of the
opposite side. Here |G| = 10.
(a) ¥(my)=2° P(a})=2, 2<i<4

O(rr) = 23, 1< <6,
The number of distinct configurations is (1/10)[2% + 4(2) + 5(23)] = 8.
(b) 39

(a) (i) Free to move in two dimensions: Here G = {=¢, %1, 73,73} where the =i,
0 < i < 3, are as in Example 16.28.

W(mg) = 3, ¥(xg) = ¥(x3) = 3, U(m}) = &

The number of distinct configurations is (1/4)[3* + 2(3) + 3%} = 24.

(ii) Free to move in three dimensions: Here G is the group of Example 16.28.
W(rg) = 84, W(r}) = ¥(n3) = 3, ¥(n3) = 32
¥(r) = 3% = ¥(r3), ¥(r3) = 3 = ¥(r)).

The number of distinct configurations is (1/8)[3* + 2(3) 4 3% + 2(3%) + 2(8%)] = 21.
(b) (i) Two dimensions: 51 (ii) Three dimensions: 39

(a) G ={m)0<i<3}, where =; is a clockwise rotation through i-90°. The number
of distinct bracelets is (1/4)[4* +4+4% +4] = 70.

(b) G={mnl0 <1 <3}U{rjl1 <i< 4}, whareeach r;, 1 <i < 4, is one of the two
reflections about a line through two opposite beads of the midpoints of two opposite lengths
of wire. Then the nwnber of distinct braceletsis (1/8)[4*+4+424-4+4%+4%+4%2+4?% = 55.

1 2 k|

oo iy eee(133) w= (231

431



10.

11.

12.

13.

14.

(1/2)[3% + 3% = 18; (1/2)[43 + 4?] = 40

(®) G={*o=(i 2 3 :)’ “‘=(1 s 2 i)}

(1/2)[3* + 3% = 45; (1/2)[4* + 4%} =136

() n odd: (1/2)[3" 430402 (1/2)[4n + 4m+102)
n even: (1/2)[3"+37; (1/2)4" +47]

(d) (a) (1/2)[3-2-2+3-2]=9; (1/2)[4-3-3+4-3] =
(b) (1/2)[3-2-2-2+0}=12; (1/2)[4-3-3-3 +0] = 54.

Triangular Figure:

(8) G={mo,m,m} (1/3)2'+2 +27] =38

(b) G = {‘Ko, ®1,%2, 1,72, 1‘3} (]./6)[24 + 22 + 22 + 3(23)] =8

Square Figure:

(8) G = {mo, my, 7273} (1/4)[2% + 2(2%) + 28] = 12

(b) G= {1"0’ Ay, T2y B3, 71,72, T3, 7‘4} (1/8)[25 + 2(22) + 23 -+ 2(23) + 2(24)] =12

G= {ﬂ'o, 1, ﬂ'z,ﬂ's} (1/4)[45 + 2(42) + 43] = 280
(1/4)14(3*) + 2(4)(3) + 4(3°)] = 96

(a) 140 (b) 102

(a) G = {mo,m, %2, 73}  (1/4)[2'® + 2(2*) + 2] = 16456
(b) G= {‘KU’ *1,MW2, N3, 71,72, 73, "4}
(1/8)[26 + 2(2*) + 28 + 2(2°) + 2(2'°)] = 8548

G = {m;}0 < i < 6}, where x; is the (clockwise) rotation through i - (360°/7).
(1/7)[3" + 6(3)] = 315

(a) I e is the identity of G, then e (z) =z,50 H={n € Gla*(z) =z} # 0. I
7, % € G and #n}(z) = z = n3(z), then =x}x}(z) = ¢ = (wymy)" (:::), so mwz € H. Also, if
x}(z) = z, then (#}) Y z) =z = (#7)*(z), 50 7 € H = #]' € H aud, consequently,
H is a subgroup of G.
(b} Cy: The subgroupis {wg,r:}

Cis: The subgroup is {m,rs}

Section 16.11

(a) (1/4)[5* + 5% + 2(5)} = 165
(b) (3/8)[5* + 5% + 2(5) + 2(5%) + 2(5°)} = 120
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. (a) (1/5)[5° +4(5)] = 629

(b)  (1/10)[5° + 4(5) + 5(5%)) = 377

. (Triangular Figure):

(8) G={m,m,m} (1/3)[4* +2(4*)] =96
(b) G = {mo,m,%z,1i,r,rs}  (1/6)[4* +2(4%) + 3(4%)] = 80

(Square Figure):
(8) G = {1"0, Ty, T2, “3}7 (1/4)[45 + 2(42) + 43] = 280
(b) G = {770, ®1, M2, M3,T1,72, 73, "4} (1/8)[45 + 2(42) + 43 + 2(43) + 2(44)] = 220

(Hexagonal Figure):

(8) G = {#¢, 71} where #; is the rotation through i-180° ¢:=0,1.
(1/2)[4° + 4% = 131,584

(b) G = {me,m,r1,72} where ri(r;) is the vertical (horizontal) reflection.
(1/)[4° + 45+ 4° + 47 = 70,144

. (a) (1/12)[3% +2(3) + 2(3%) + 4(3%) + 3(3*)} = 92

(b) (1/12)[m® + 2m + 2m? 4+ 4m? + 3m?] is the number of ways to m-color the vertices
of a regular hexagon that is free to move in space.

. (a) (1/6)[5° +2(5) + 2(5%) + 5%} = 2635

(b) (1/12)[5% + 2(5) + 2(5%) + 4(5%) + 3(5%)] = 1505

(c)
R R
8 Y Y 8
AGUNGE
R R
. (Triangular Figure):

{a) G = {mg,m1,m}  (1/3)[3% +2(3%)] = 249
(b} G ={mo, 71,73, r1,r2,ra}  (1/6)[3% + 2(4%) + 3(3*)] = 165

(Square Figure):
(8) G={mym,m,m}  (1/4)[3°+2(3?) + 3] = 1665
(b) G = {‘Ko, Ty, Wy Wy, 1, T2, T3, 1‘4} (1/8){38 + 2(32) + (34) + 4(35)} = 954

(Hexagonal Figure): , _
(a) G = {ﬂ'o, ‘)I’]} (1/2)[314 + 37] = 2, 392, 578
(b) G = {m,my,r1,72} (1/4)[3" + 3" + 3? + 38] = 1,202, 850

. (=) (1/8)[3*+2(3)+ 3 +2(3%)+2(3%)) =21

(b) (1/8)[3% + 2(3%) + 3* + 2(3%) + 2(3%)] = 954
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(¢) No, k= 21, m =21,s0 km = 441 # 954 = n. Here the location of a certain edge
must be considered relative to the location of the vertices.

R W W R W W
For example, RDW is not equivalent to w R
w w 8 W W B
R W R W
even though I___I is equivalent to D and
w B w B
w | w
R [:IW is equivalent to WD R
w w

Section 16.12

(@) () (/DU +w)*+2(r* +w) +(r? + w?)] = r® + v +r°w +2r’w? + ru?
(i) (1/8)(r +w) +2(r* + w*) + 3(r? + w?)’ + 2(r + W)*(r? + W?)] = r* + w4+
r3w + 2riw? + rv?
() () (/O + b+ w) +2(r* + b + w') + (r* + b + w?)?]
() (1/8)l(r+b+w) +2(r! +b' +w*) + 3(r? + 5% + w?)? + 2(r + b+ w)*(r? + 8 + w?)]

The cycle structure representations for the group elements are as follows:
(1) z3 for the identity

{(2) zs for the four (non-identity) rotations

(3) zz} for the five reflections.

The pattern inventory is (1/10)[(r +b+w)® +4(r®+ 8° +w°) +5(r + b+ w)(r? + 6* + w?)?].
For three red vertices we consider the coefficients of the summands that include r2:
(r+b +“’)5 : (311) + 32.0) (302) = 40

(r+b+w)(r + 8 +w?)?: (1: )+(x.g,1) = 4

The answer is (1/10){40 + 5(4}] =

For the two red, one white, and two blue vertices we consider
(r+b+w)*: (233) =30
(r+b+w)(r*+ b +uw?): 2
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5.

The answer is (1/10)[30 + 5(2)] = 4
(a) (See Example 16.35)

Rigid Motion Cycle Structure Representation
(1) Idenmtity z$
(2) Rotation through 90° iz,
Rotation through 180° zix?
Rotation through 270° ziz,
(3) Rotations of 180° z3
(4) Rotations of 120° z3

There are then (1/24)[2¢ + 6(23) + 3(2*) + 6(2%) + 8(2%)] = 10 distinct 2-colorings of the
faces of the cube.

(b) (1/20)[(r + w)® +6(r + w)*(r* + w4+ 3(r + wh(r? + w?)? + 6(r? + w?)® + 8(r® + w)?

(c) For three red and three white faces we consider the coefficients of the summands that
3,3 .

involve riw® :
(r+w): (g) =20
3(r + w)*(r? + w?)?: 12
8(r® + w?)?: 16

The answer is (1/24){20 + 12 + 16] =2

(36) — (1/12)[3* + 8(3%) + 3(8%)] = 36 — (1/12)[180] = 21 compounds have at least one
bromine atom.

For the compounds with exactly three hydrogen atoms we need the coefficients of w?

and w?y in the pattern inventory.
(wtet+y+z): (2.400) *+ (s0i0) =8

x

8w+z+y+zw+zd+y3+2%): 8(1+1)=16
The answer is (1/12)[8 + 16] = 2

Let g denote green and y gold.
(Triangular Figure): (1/6){(g +¢)* +2(g + y)(¢* + ¥°) + 3(g + v)*(¢* + ¥*)]

(Square Figure): (1/8)(g+u)°+2(g+u)(g* + ")+ (g +9)o* +¥°P + 209+ v)(¢* +¥*)* +
29 + v)°(¢* + v*)]

(Hexagoual Figure): (1/4){(9+v)°+(g+y)9® +v* ) + (9 +v)(g’ +17) +(g+v)" (¢ +4°)].
Here G = {m;]0 <i <6} where =; is a clockwise rotation through i-(360°/7).
(a) Denote the colors by b black; r: brown; and w: white.

The pattern inventory is (1/7)[(b+7+w)"+6()"+r"4+w")]. In (b+r+w)” the coefficient
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70

of ¥r2w? is ( 7

3'2'2), so the answer is (1/7)( 7 ) = 30.

3,2,2

(b) (/|7 (for v’) + (5}'1) (for wibr) + (3’;,2) (for w?bir?) + (1; '3) (for wbrd)} =
(1/7)[7 + 42 + 210 + 140} = 57

(c) For ne€ Z* (1/7)[n” +6n] is the number of ways to n-color the seven horses on the
carousel. Since this is an integer, 7 divides (n” + 6n).

(a)

Here G = {@, %1}, where m; denotes the 180° rotation.
(1/2)[2% + 24] = 136 distinct ways to 2-color the squares of the chessboard.
() (1/2)r+ ) + (7w
(c) Four red and four white faces: (1/2)[(3) + (£)] = 38
Six red and two white faces: (1/2)[(:) + (:)] =16
Here G = {r|0 <i <3} where = is a (clockwise) rotation through i(90°).
(a) (1/4)[2° +2(2) +24 = 70
(b) (1/4)[3* + 2(3%) + 3*] = 1665

(c) For the pattern inventory denote the colors as follows: b: black; g¢: gold; and

u: blue. Then the pattern inventory is given by (1/4)[(b+ g + u)® + 2(b* + ¢* + u¥)*+

(¥ +¢° +u?)].

For four black, two gold, and two blue refions we need the coefficient of big?u® in the
2

pattern inventory. This is (1/4)[(4;2) + 3'1)] = 108.

Let ¢;,¢3,...,6m denote the m colors. Since the term (¢; +c2+ ... +¢,)" is involved
in the pattern inventory, there are ("‘":"") distinct summands.

Supplementary Exercises

(a) Since f(eg) = ey, it follows that e¢ € K and K # 8. I =z, y € K, then
f(z) = fly) = en and f(zy) = f(z)f(y) = eneny = eny, 50 zy € K. Also, for z € K,
flz ) =[f(z)] =eif! =en,50 z7' € K. Hence K is a subgroup of G.

(b) K z € K, then f(z) = ey. Forall g € G, flgzg™!) = f(g)f(z)f(g™") =
H@lenflg™") = f(9)f(g7) = f(997") = f(ec) = en-
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Hence, for all z € K, g € G, we find that gz¢g~! € K.

Let + denote the operation in G,H, and K.

Let S = {(h,0)}h € H}. Here 0 is the identity for H (and K) and (0,0) is the identity
in G. § is a nonempty subset of G.

The function f: G — G defined by f(h,k) = (h,0) is a homomorphism with f(G)} =S,
so by part (d) of Theorem 16.5 S is a subgroup of G. The function g:S — H defined
by g(h,0) = h provides an isomorphism between S and H.

In like manner, {(0, k)|k € K} is a subgroup of G that is isomorphic to K.

Let a, b € G. Then a’b? = ee = ¢ = (ab)? = abab. But a?b? = abab = aabb = abab =
ab = ba, so G is abelian.

Since G has even order, G — {¢} isodd. Foreach g € G, g # ¢, if g # g~1, remove
{g9,97'} from consideration. As we continue this process we must get to at least one

element a € G where a =a™l.

Let G=<g> andlet h= f(g). f hy € H, then h; = f(g") for some n € Z, since f
is onto. Therefore, hy = f(g") = [f(9)]* = k", and H = (h).

(a) Since (1,0)&(0,1) = (1,1), it follows that (1,0)9(0,1)&(1,1) = (1,1)&(1,1) = (0,0).

(b) Here we have ((1,0,0)®(0,1,1))&((0,1,0)8(1,0,1))((0,0,1)®(1,1,0))&(1,1,1) =
(1, 1, 1) @ (1’ 1, 1) @ (1s 1, 1) @ (1’ 1, 1) = (0’070)-

(c) Let n € Z*,n > 1. Consider the group (Z; X Z; x . .. x Z,, ®), where we have n copies
of Z,, and the group operation @ is commponentwise addition modulo 2. The sum of all the
nonzero (or non-identity) elements in this group is (0,0, ...,0), the identity element of the
group.

Proof: In this group there are 2" — 2 elements where each such element contains at least
one 0 and at least one 1. These 2" ~2 elements can be considered in (1/2)(2"-2) = 2""1 -1
pairs z,y where z @y = (1,1,...,1), the group element where all n components are 1.
Therefore the sum of these 2" —'2 elements results in 2"~! — 1 swinmands of (1,1,...,1),
and this odd number of summands yields (1,1,...,1). When we add this result to the
element (1,1,...,1) we conclude that the sum of all the nonzero elements in this group is
the group identity.

Proof: For all a,b € G,

(aoa'}obob=bobo(a'oa) =>

aoalob=boa'ca=>aob="boa,

and so it follows that (G, o) is an abelian group.
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10.

For i =0 we find that n+1 isin a cycle (of length 1) by itself. Here we have Q(n, k)
permutations.
Now let ¢ = 1. Here n +1 is in a cycle of length 2. The other element can be selected

in n= (’l‘) ways, and we have (']‘) Q(n — 1,k) permutations.

When i =2, then n+1 isin a cycle of length 3. The other two elements can be selected

in ('2‘) ways, and these three elements can be arranged in a cycle of length three in 2!

ways. This gives us the ('2‘)2!Q(n — 2,k) permutations of 1,2,...,n + 1 represented as
a product of disjoint cycles of length at most k, where n + 1 isin a cycle of length 3.

In general, for i =¢t— 1, where 1 <t <k, wefind n+1 in a cycle of length . The
other ¢ —1 elements can be selected in t_'f]) ways, and then these ¢ elements can be
arranged in a cycle of length ¢ in (¢ —1)! ways. Then (tf‘)(t - )Q(n - (t - 1),k)
counts the permutations of 1,2,3,...,n+ 1 represented as a product of disjoint cycles of
length at most k, where n+ 1 isin a cycle of length ¢.

We have counted the same set of permutations in two ways, so it follows that

k~1

Qr+1,k)=Y (’;)(i!)o(n —i,k).

=0

(a) Consider a permutation o that is countedin P(n+1,k). If (n+1) is a cycle (of length
1) in o, then o (restricted to {1,2,...,n})is counted in P(n,k—1). Otherwise, consider
any permutation 7 that is counted in P(n, k). For each cycle of r, say (a;a;...a,), there
are r locations in which to place n+1 — (1) Between a, and a,; (2) Between a, and
as;...;(r—1) Between a@,_; and a,; and (r) Between a, and a,. Hence there are n
locations, in total, to locate n+1 in 7. Consequently, P(n+1,k) = P(n,k—1)+nP(n, k).

(b) i=y P(n,k) counts all of the permutations in S,, which has n! elements.

() (i) Forall o,7€ S, and 1<i<n, |o(t) - 7(1)]| 2 0,50 d(o,7) >0.
(1) d(o,7)=0<=>max|o(i) -7} =0,1<i<n & lo(l)—-7G)| =0,
1<i<ne&zpo(i)=17(i), 1i<neso0=1.
(i) d(o,7) = max{lo(¢} ~ r(3)|]1 <1 < n} =max{|r(i) —o()}i1 £ < n} =d(r,7)
(iv) .Let d(p,r.)‘: [p(2)—71(s)}{ forsome 1 <i < n. Then |p(i}~7(¢)| = |(p()—0(2))+
(0(3) ~ () L lp(é) — o (i)l + |o(3) — 7(3)} < d(p, 0} + d(o, 7).

(b} Since d(x,€) = max{|x(z) - i||]l <t < n}, it follows that d(n,e) < 1= w{n) =n
or #(n)=n-1

{c] K =(n)=n then = restricted to {1,2,3,...,n~1} is also a permutation. Hence
we may regard 7 as an element of S,_;, with d(x,e) <1 (¢ in S,.;), and there are
On-1 such permutations. Should #(n) = n — 1, then we must also have #(n ~1) = n.
Then 7 restricted to {1,2,3,...,n—2} is a permutation. Regarding » as an element
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11.

12.

of S,—2 with d(m,e) < 1{e in S,_;), there are a,_, such permutations. Therefore,
@y =0Op_y+an.2, 122, 0,=1, a =2(ap=1),and a, = F,;;, the (n+1)st Fibonacci
number.

(a) Suppose that n is composite. We consider two cases.

(1) n=m-r,wherel<m<r<n: Here(n~1)!=1-2---(m~1)-m-(m+1).-.
r-1)r-(r+1)---(n~1)=0 (modn). Hence (n — 1)} # -1 (mod n).

(2) n = ¢°, where gis a prime: f (n~1)!=~1 (mod n)then0=g(n ~ 1) =g(~1)=
n—qg#0 (modn). Soin this case we also have (n —1}! # ~1 (mod n).

(b) From Wilson’s Theorem, when p is an odd prime, we find that

—“1=(@-Y=(E-Nep-2)p-1)=(@p-3)'(p*-3p+2)=2(p-3)! (mod p).

G = {‘n'o, m, T3, 1('3}
(a) (1/4)[5® + 5% + 5% + 5%] = 97,825

(b) Here four colors are actually used. Nicole can select four colors in (i) =5 ways.
For one selection of four colors let ¢;,1 < ¢ < 4, denote that the i-th color is not used.

Then using the principle of inclusion and exclusion we have

N = (1/4)[4° + 2(4?) + 4% = 16,456

N(e)=(1/4)[3% +2(3?)+3%=1665, 1<: <4

N(cic;) = (1/9)[28 + 2(2*)+ 24| =70, 1< i< j <4

N(cicjer) = (1/4)[1B+2(1>)+ 14} =1,1Li<j<k L4

N(cicpeacqy) =0

N(&&:8s8) = N — S1+ 52— 53+ S, = 16,456 — (1) (1665) + (£) (70) ~ (2)(1) + 0 = 10,212.

The answer then is (5)(10,212) = 51, 060.
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CHAPTER 17
FINITE FIELDS AND
COMBINATORIAL DESIGNS

Section 17.1

f(z)+9(z) =22z +(2+3)z* +(3+5)z* + (1+6)c +(4+1) =2z + 523+ 822 + Tz + 5 =
2z + 522 4+ 22+ 5

f(z)—g(z) =22+ (2-3)z2?+(3-5)r* + (1 -6)z+ (4 - 1) =

2z% + (= D)z? + (-2)x? + (=5)c + 3 =2z* + 62% + 52 + 2z + 3

f(=)g(z) = (2)(3)=" + [(2)(5) + (2)(3)]=° + [(2)(6) + (2)(3) + (3)(3)}=® + [(2)(1) + (2)(6) +
(3)(5) + (1)(3)]=* + [(2)(1) + (3)(6) + (1)(5) + (4)(3)]=* + [(3)(1) + (1)(6) + (4)(5)]=* +
[(1)(1) + (4)(6)]x + 4 = 627 + 162° + 312° + 32z + 372? + 292% + 25z + 4 =
6z7+2x6+3z5+4x‘+2:c3+:c2+4:c+4.

There are four such polynomials:
(1) «* (2) 22 += 3) z2+1 4) *+z+1
(10)(11)%  (10)(11)* (10)(11)%; (10)(11)"

(a) f(z) =4z +8, g(z) =3z
(b) h(z) =4z® + z, k(z) = 32*

(Theorem 17.1) We shall prove one of the distributive laws. Let f(z) = ¥, a;iz’, g(z) =
Yo biz?, h(z) = Theo ckz®, where m > p. For 0 <t < m + n, the coefficient of z* in
F(@)g(z) + h(z)] is X a;i(b; + c;) where the sum is takenoverall 0 <i<n,0<j3<m
with ¢+ j = ¢. But this is the same as (L a;b;) + (T ai¢j), for 0<:i<n, 0<j<m,
i+ j =t, because ai(b; +¢;) = a;b; + a;c; in ring R, and this is the coefficient of z* in

f(z)a(z) + f(z)h(z).

(Corollary 17.1)
(8) Let f(z) = Ehoair’, g(x) = Thobjz’. Forall 0 <t < m +n the coefficient
of z8in f(z)g(z) is Yy jme tid; = Tiyjme bja; (since R is commutative), and this last
summetion is the coefficient of z' in g(z)f(z). Hence, f(z)g(z) = ¢(z)f(z) and Rz}
is commutative.

(b) Let 1 denote the unity of R. Then 1 or 1x° is the unity in R{z].
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11.

12.

() Let R be an integral domain and let f(z) = Th,a:2', g(z) = Tiobjz’ with
a, #0, by, #0. If f(z)g(z) =0, then a,b, =0 contradicting R as an integral domain.
Conversely, if R[z] is an integral domain and a,b € R with a # 0 and b # 0, then
ab = (az®)(bz?) £ 0 and R is an integral domain.

(a) ¢(z)==z+5 r(z) = 25z — 9z — 30z — 3
(b) gz)=2+2 r(z) =1
(¢) gz)=2*+4z+2 r(z)=z+2

(a) and (b) f(z) = (2 + 4)(z ~ 2)(z + 2); the roots are 2.
(¢) f(z)=(z+ 2:)(z — 2i)(z — 2)(z + 2); the roots are +2,42i
(d) (a) f(z) = (z® - 5)(=* + 5); no rational roots
(b) f(z) = (z — V5)(z + v/5)(z? + 5); the roots are ++v/5
(c) f(z) = (z — vB)z + V5)(z — V5i)(z + V5i); the roots are /5, +iV5

(a) 0,2,6,8 (b) z(z+4)=(z—-0)(z—-8)= f(z) =(z —2)z —6)
(c) No - Z,; is not a field.

(a) £(3)=28060 () f(1)=1 (c) f(-9)=f(2)=6

(a) f(z)=2z*+5234+22+6=(z—1)z - 3)(z~5)
(b) f(z) ="~z = a(z — 1)z - 2)(z — 3)(z — 4)(z — 5)(=  6)

4;,6; p—1

(a) If z — 1 is a factor of f(z), then 1 is a root of the polynomial. Consequently, 0 =
f(1)= a, +ay1+ ...+ a; 4+ ay + ag.

Conversely, a, +a,_1 +...taz+ a1 +a;=0=>

0=an(1)" +an2(1)" " +... + a2(1)’ + a1 (1) + ao(1)° = f(1) =

1is aroot of f(z) = z ~ 1 is a factor of f(z).

(b) If z +1 is a factor of f(z), then —1 is a root of f(z). Therefore, 0 = a,(—1)* +
a1 (=10t apea (1) +apyg(—1)*3 + ... + a3(—1)% + a3(=1)? + a3(—~1) + ao. Since
n is even it follows that

O=a, ~@n-1 +8u_2 ~Gr_3+... — a3 + a2 — a; + ag,

80 G +Gu-2+ ...+ G2+ 8 = ap1 + a3+ ...+ a3+ a1,

Conversely, under the conditions given,

Gt at...+a2+a=an 1 +ap3+...+as+a; =

0=a, —@u-1 + G2 ~-Qn-3+... — @3+ a2 — a; + Qo =>

0 = an(~1)" + @u-a(~1)"" + Ga2(—1)""? + an3(~1)""2 + ... + a3(~1)* + a(-1)7 +
ai(~1) +ap = f(~1) =

~1is8 a root of f(z) =+ z — (~1) = z + 1 is a factor of f(z).
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14.

15.

16.

17.

18.

Let f(z) = Y,ax' and h(z) = TF  biz', where o, € R for 0 < i < m, and
b € R for 0<i <k and m < k. Then f(z)+ h(z) = T ,(a; + b;)z', where
am+1 = G4z = ... = @ = 2, the zero of R, s0 G(f(z)+ h(z)) = G(Tro(a; + b)) =

=o9{ai +b: )a = Z.zolg(a )+ 9(b)) = Tig g(ai)e’ + Tho 9(bi)z* = G(f(2)) + G(h(2)).

Also, f(z)h(z) = ”“”’ c;z¢, where ¢; = a;bg + a;_yby + ... + aybi_y + aohi, and

m4+-k m4-k

G(f(z)h(z)) = G(}_ ') = 3 g(e)a".

=0 =0

Since g(c;) = g(ai)g(bo) + 9(ai-1)g(b1) + - .. + g(a1)g(bi-1) + 9(ao)g(d:),

m+k

Y g9(e)e' = (}:g(a.)Jc )(Ey(b )z') = G(f(2)) - G(h(=)).

i=0 =0
Consequently, G : R[z] -~— S[z] is a ring homomorphism.

If f(z) isa unit in R[z] then there exists g¢(z) in R[z] where f(z)g(z) =1 (the
unity of R[z]). But f(z)g(z) =1 and R an integral domain imply that degl =0 =
deg f(z)g(z) = deg f(z) + deg g(z). So deg f(z) = 0 = degg(z), and each of f(z),g(x)

are constants, and consequently units in K.

In Z,z}, (2z +1)(2z + 1) =1, 80 (2z + 1) is a unit. This does not contradict Exercise
14 because (Z4,+,-) is not an integral domain.

K a=b (modn), then by mathematical induction it follows that a* = & (mod n)
for all k € Z*. Also, c(a*) = (6*) (mod n) for each ¢ € Z, by the definition of
multiplication in Z,. Finally, again by mathematical induction (on the degree of f(z))
and the definition of addition in Z,, it follows that f(a) = f(b) (mod n).

First note that for f(z) = a,z"+an_12" 1 +---+agz? + a1z +ag, we have ap +ap—y ++ - -+
a3 + a; + ag = 0 if and only if f(1) = 0. Since the zero polynomial is in S, the set S is not
empty. With f(z) as given here, let g(z) = b, 2™ +bpy_12™ 14 - -+ b 22+ by 2+ by € S. (Here
m < n,and for m < n wehave by41 = bpy2 =---=b, =0.) Then f(1)~g(1)=0-0=0
so f(z)—g(z) € S.

Now consider h{z) = Y5 oz’ € Flz]. Here h(z)f(z) € Fiz}and h(1)f(1) = h(1)-0 = 0,
go h{z)f(z) € S.

Consequently, S is an ideal in F{z].

Let f(z), g(z) € I{z] where f(z) = %, aii, 9(x) = Tip bjz’, and a; € I for 80 < i < m,
bj €I for0 < j < n. Assume nagnandthatam+1-am+g-. = 4, = z, the zero
element of R. Then f(z) — g(z) = T} o(a; — b ):c' where a; —b; €I for 0<j<n

because I is an ideal. Now let h(:c) Y otz € R[z]. Then h(x)f(:c) PR
where ¢; = roag + raey + rp8i.g + - + ri_sa; + riag. Since I is an ideal of R, ra;,
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r1G¢—1, T3Gt—3,...,T—1085, Tedg € I and it then follows that ¢, € I and h(z)f(z) € I{z].
In a similar way it follows that f(z)h(z) € I{z]. Consequently, I{z] is an ideal in Rlz].

Section 17.2
(a) z?+3z—1 isirreducible over Q. Over R, C,
2 + 3z — 1 = [z — (-3 + V13)/2)}[z ~ ((~3 — V13)/2)].

(b) z*—2 isirreducible over Q.
Over R, 7% — 2 = (z — ¥2)(z + V2)(z* + V2);
2t —2 = (z — V2)(z + V2)(z — V2i)(z + ¥2i) over C

(¢) Z2+z+1=(z+2)(z+2) over Z3. Over Zs,z* + z +1 is irreducible;
?+z+1=(z+5)(z+3) over Z,.

(d) z*+ 2% +1 is irreducible over Zj.

() z®+32® -z +1 isirreducible over Zs.

f(z)=(z* +1)
Degree 1: z; z+1

Degree 2: z3+z+1
Degree 3: z2+1%+1; 2 +z+1

f(z) = (222 + 1)(52% — 5z + 3)(4z — 3) = 2(z? + 4)(5)(z® — z + 2)(4)}(z — 6) =
5(z2 + 4)(z3 — z + 2)}(z - 6), since 40 =5 in Zr.

75

(Theorem 17.7)
(a) Let f(z) € Fiz] with deg f(z) < 1. If f(z) were reducible then f(z) = g(z)h(z)
with degg(z), h(z) 2 1. Then 1 > deg f(z) = deg g(z) + degh(z) > 2.

(b) If f(z) hasaroot r in F then (z—r) is afactor of f(z). Hence f(z) = (z—r)g(x)
where degg(z)}) = 1 or 2, so f(z) is reducible. Conversely, for f(z) reducible,
J(z) = h(z)k(z) where degh(z), k(z) > 1. With deg f(z) =2 or 3, one of h(z), k(z)
is a first degree (or linear) factor, say h(z) =az + b, a,b € F, a # 0. Then —b/a isa
root of f(z).

{a) Yes, since the coefficients of the polynomials are from a field.

(b) A(2)|f(z),9(z) = f(z) = h(z)u(x), g(z) = h(z)v(x), for some u(z),v(z) € Flz].
m(z) = a(z)f(z) + t{z)g(z) for some s(z),t(z) € Flz], s0
m(z) = h(z)[s(z)u(z) + t{z)v(z)] and h(z)|m(z).
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10.

11.

(c) I m(z) [ f(z), then f(z)=g(z)m(z)+ r(z) where r(z)# 0 and 0 < degr(z) <
degm(z). m(z) = 8(z)f(z) + U)g(z) 0 r(z) = f(z) — q@)s(2)f(x) + Hz)g(z)] =
(1~ g(=))s(z) f(x) — g(z)t(z)g(x), so r(z) € S. With degr(z) < degm(z) we contradict
the choice of m(z). Hence r(z) =0 and m(z)|f(z).

(Theorem 17.9)

From the last equation ri(x) divides ri_y(z). The next to last equation yields ri(z)
divides ri_»(z). Continuing backwards we find ri(z) divides ri(z) and ri(z), so ri(z)
divides r(z). From the second equation r¢(zx) divides f(z);ri(z) then divides g¢(z)
from the first equation. To establish condition (b) of Definition 17.6, let k(z) € Fiz}
where k(z) divides r(z). From the second equation, k(z) divides r;(z) since it divides
f(z) and r(z). Continuing down the list of equations we get to where k(z) divides
ri-2(z) and ry_;(z), and, consequently, ri(z).

(Theorem 17.10)

For all f(z) € Flz}, f(z) — f(z) = 0 = 0 s(z), so R is reflexive. To show that R is
symmetric, let f(z), g(z) € Flz] with f(z)Rg(z). f(z)Rg(z) => f(z)—g(z) = t(z)s(z),
for some t(z) € Flz] = g(z) — f(z) = [~t(z)]s(z), —t(z) € Flz] = g(z)Rf(z), s0
R is symmetric. Finally, let f(z),9(z), h(z) € Flz] with f(z)Rg(z) and g(z)Rh(z).
Then f(z)— g(z) = t(z)s(z), 9(z) — h(z) = u(z)s(z), so [f(z) — g(=)] + [9(z) — h(z)] =
f(z) — h(z) = [t(z) + u(z)}]s(z) and R is transitive.

(a) By the long division of polynomials we have

-zt + 2+~ -1=(23~222 + 5z~ 8)(z®* + z — 2) + (172 - 17)

2?4z ~2= 17z - 17)[(1/17)z + (2/17)x],

so the gcd of f(x),9(z) is

(z=1)=1/17)(z® -2z + 2 + 2* —z — 1) — (1/17)(z® + z — 2)(z® — 22? + 5z — 8).

(b) Thegedis 1=(z+1)(z*+22+1)+ (= +2*+z)(z?+z +1)
(¢) Thegedis z°+2z+1=(z'+22*+22+2)+ (z +2)(2z® + 222 + z + 1)

If there were, then = — a would be a factor of both f(2) and g(z), so z —a would
divide the gcd of f(z), g(z). This contradicts f(z), g(z) being relatively prime.

f(z)=2*+22* tazx-b

gz)=23+22~bzx +a

From the Division Algorithm for polynomials we find that f(z) = g¢(z) + (z), where
r(z) = z? + {a + b)x - (a + }), a polynomial of degree 2.

Since we want r(z) to be the ged, we must have r(z) dividing f(z).

Since f(z) = r(z){z +(2—a—b)]+{(2a+b)—(2—~a—b}(a+b)]z+][-b+(a+b)(2—a—b)], we
must have (2a+b)—(2—a~b)e+b) =0 and —b+ (a+b)(2—a—b) = 0. Consequently,
0=28+b-(2—a-b)a+b)=a®’+ b +2ab-1b
0=-b+(a+b)(2—a—~b)=—a®—~b*—-2ab+2a+b So 2a=0,0or a=0 and ¥*~5b=0.
There are two solutions:
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12.

13.

14.

15.

a=0,b=0; a=0,b=1.
() ?=z+1 (mod s(z))=>z*=2’+z=1 (mod s(z))=>z*==z (mod s(z)).
'+ +z4+1=z+14+42+1=0 (mods(z)),soz'+z>+z+1€]0].
(Also note that z'+z° +z+1=(2?+1)(z? +z +1).)
(b) 2*+27+1€fz+1]
(c) z'+22+2¥+1=z}(z+z+1)+1,s0 z*+2>+ 22+ 1€ 1]
(8) f(z) = fi(z) (mod s(z)) == f(z) = fi(z) + h(z)s(z);
g9(z) = gr(z) (mod s(z)) == ¢(z) = g1(z) + k(z)s(2)
Hence f(z) +9(z) = fi(z) + gi(z) + (h(z) + k(z))s(2), s0 f(z) + 9(z) = fi(z) + qi(=)

(mod s(z)), and f(z)g(z) = fi(2)91(z) + (fi(2)k(z) + g1(2)h(2) + h(z)k(z)s(z))s(z), so
f(z)9(z) = fi(z)gr(2) (mod s(z)).

(b) These properties follow from the corresponding properties for F|z]. For example, for
the distributive law,

F@lle(=)} + [a(=)])) = [f(=)lo(=) + h(=z)] = [f(z)(9(=) + h(=))]
= [f(z)g(z) + f(2)h(2)] = [f(z)g(=)] + [f(z)h(=)]
= [f@)llg(=)] + [f=@)R(=)]

(c) I not, there exists g(z) € F[z] where degg(z) >0 and g¢(z)|f(z),s(z). But then
s(z) would be reducible.

(d) A nonzero element of F[z]/(s(z)) has the form [f(z)] where f(z) # 0 and
deg f(z) < degs(z). With f(z), s(z) relatively prime, there exist r(z), ¢(z) with
;(:)]f(x%}gxgli s(z)t(z), so 1 = f(z)r(z) (mod s(z)) or [1] = [f(z)][r(z)]. Hence

(e) ¢

(a) Z2+1=(+1)z+1) in Zy[z]

(b} {0}, {1}, =], [z +1]

(¢) 2Z.[z]/{(s(z)) is not an integral domain since {z + ][z + 1] = [0].

(a) [z4+2}2z+24+[z+1] = 222+ 1]+[z+1] = [22% +24-2] = [42+242+2] = [2z+1] (Note:
With 22 +24+2=0 (mod 3(z)), it follows that 2’ =~z ~2=2z+1 (mod s(z)).)

(b) Rze+1]z+2]={r?+z+1l[z+2)=[z+2] = [z(22+ 1)+ 2] = [222 + 2 +2] = [2z+ 1]
(c) Find a,b€ Z; sothat [2z + 2}jez + b} = [1].
[2az? + (2a + 2b)x 4 2B} = [1]

{2a(—z — 2) + (2a + 2b)z + 2b] = [2bx + (2b + 2a)) = [1}
20=0 (mod3), (20+2a)=1 (mod3)=>bd=0 (mod 3),
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16.

17.

18.
19.

20.

21.

22.

a=2 (mod3),so (22)~! = [2z + 2|~ = [24].

(a) s(0) =1 = s(1), so s(x) has noroot in Z, or linear factor in Z;[z]. But
perhaps we can factor s(z) as f(z)g(z) where deg f(z) = degg(z) = 2. If so we have
s(z) = z* + 23 + 1 = f(z)g9(z) = (2* + az + b)(z? + cz + d), where a,b,c,d € Z;. Then
(z?+az+b)(z?+cz+d) = ' +(a+c)a® + (b+ac+ d)z? + (be+ad)z +bd = z* + 2° +1 =
a+c=1 biac+d=0=0bc+ ad, bd = 1.

M=1=b=d=1.

btac+d=0=>ac=0=a=c=0
But a=c=0==3 a+ c =0, contradicting a+ ¢ = 1. Consequently, s(z) is irreducible.

(b) The order of Z;[z]/(s(z)) is 2% =16 since Z{z]/(s(z)) =
{laz® + bz? + cx + d}la, b, c,d € Z,}.

(¢) [?+z+1)[axd+bz? +cz+d] = [1] = [az® + (a+b)z* +(a+ b+ )z + (bt c+ d)z? +
(c+d)z+d]l=[a(z®+z+1)+(a+8)(=*+1)+(a+b+c)z® + (b+c+ d)z? + (c+ d)z+ d} =
[(a+)®+(+c+d)z?+(a+c+d)z+(b+d) =[lj]=>a+c=0=btc+d=a+c+d
(mod 2), b+d=1 (mod2). b+d=1 (mod2) =>c=1 (mod2) =>a =1
(mod 2) =>d=0 (mod2)==b=1 (mod2). Hence [z*+z +1]7' = [z® + 2° + z].

() [FBPHz+lr?+l]=[z+22+z+1l=[(z*+z+1)+2?+z+ 1] =[z° + 27

() 2Z,iz]/(s(z)) = {ao+ @z + a22® + ...+ an_12"|ag, 1,82, . ..,8n_y € Zy} which has
order p".

(b) The multiplicative group of nonzero elements of this field is a cyclic group of order
p" — 1, s0it has ¢(p® — 1) generators.

(a) 11 (b) 11 - (c) O (d) 0
(a) 6 (b) 12 (¢) 12 (d) lem(m,n) (e) O

If not, €16+ 18+ n3u = b+ maa+nu where at least one of (€ —£3), (my—my), (ny—~
ny) # 0. I £ — £, = 0, we have m,a + nyu = mga + nyu from whick it follows (from the
work on §y) that m; = m; and n; = n; — or, m; —my = 0 = n; —n, (A contradiction!)
Hence ¢; — £; # 0. Should m; — m; = 0, then £,b+ nyu = b + nyu => b € Sy (s in the
proof for |S;| = p?}) and this contradiction gives us m; —m; # 0. If n; ~ n, = 0 we find
that £30 + mya = £,b 4+ maa = b € S, and this contradiction tells us that n; ~ np # 0.
With £y — €3, my — m3, n; — n; all nonzero we obtain b € §,. This last contradiction tells
us that 'Szt = ps.

101, 103, 107, 109, 113, 121, 125, 127, 128, 131, 137, 139, 149.

Let s(z) = 22% + 1 € Z;{z]. We find that 3(0) = 1, s(1) = 3, 3(2) = 4, 3(3) = 4, and
s(4) = 3, so by part (b) of Theorem 17.7 it follows that s(x) is irreducible over Z5. And now
parts (b) and (c) of Theorem 17.11 imply that Zs[z]/(s(z)) is a field containing 5° = 25
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23.

24.

25.

elements.

For s(z) = z° + 22 + z + 2 € Z3|z] one finds that s(0) = 2, s(1) = 2, and 3(2) = 1. It
then follows from part (b) of Theorem 17.7 and parts (b) and (c) of Theorem 17.11 that
Z,[z]/(s(z)) is a finite field with 3° = 27 elements.

(a) R(la+bz]) =h{lc+dz])) >a+bi=c+dizra=candb=d=>atbr=c+dz=>
[a + bz] = [c + dz}, so h is one-to-one.

For all a + bi € C, where a,b € R, we find that [a + bz] € R{z]/(z? + 1) and h([a + bz}) =
a + bi. Consequently, the function h is also onto.

Finally, if [a+bz], [c+dz] € R[z]/(x?+1), then h([a+bz]+[c+dz]) = h([(a+bz)+(c+dz)]) =
h(f(a+c) + (b + d)z]) = (@ + ¢) + (b+ d)i = (a + ) + (c + dt) = h{{a + bz]) + h{[c + dx]),
so h preserves the operation of addition.

(b) Let up, ux denote the unity elements of fields F and K, respectively. Then g(ur) =
9(ur - up) = g(ur) © g(ur), 50 g(ur) O ug = g(ur) = g(ur) © g(ur). ¥ zp, zx denote
the zero elements of F' and K, respectively, then g(zr) = 2k (from part (a) of Theorem
14.15). Since g is one-to-one, g{ur) # zk, so by cancellation in K we bhave g(ur) O ux =
9(ur) © g(ur) = ux = g(ur).

Now if a € F and a # zf, then a™! € F and g{ur) = g(a-a™?) = g(a) ® g(a~!). But
9(ur) = ux = g(a) © [g(a)]~? because g(a) € K. Since g(a) # zk, by cancellation in K we
have g(a™") = [g(a)]~".

(a) Since 0 = 0+ 0v/2 € Q[v/2}, the set Q[2] is nonempty. For a + bv/2, ¢+ dv?2 € Q[v?2],
we have

(a4 W2) — (c+ dv2) = (a — ¢) + (b~ )2, with (a —¢),(b— d) € Q; and

(a + bv2)(c + dv/2) = (ac + 2bd) + (ad + bec)v/2, with ac + 2bd,ad + bc € Q.
Consequently, it follows from part (a) of Theorem 14.10 that Q[v/2] is a subring of R.

(b) In order to show that Q[v/2] is a subfield of R we need to find in Q{v/2} & multiplicative
inverse for each nonzero element in Q[v/2].

Let a + bv/2 € Q[v2] with a + 5/2 # 0. f b = 0, then ¢ # 0 and ¢~ € Q — and
a1+ 0. v2 € Q[v2]. For b # 0, we need to find ¢ + dv/2 € Q{v/2] so that

(a+ bv2)(c+ dv2) =1

Now (e + bv2)(c + dv/2) = 1 = (ac + 2bd) + (ad + bc)v2 = 1 = ac+ 2bd = 1 and
ad + bc = 0 = ¢ = —ad/b and a(—ad/b) + 2bd = 1 = —a®d + 20°d = b = d = b/(2F* — @?)
and ¢ = —a/(2b% — ¢?). [Note: 2b% — a? # 0 because /2 is irrational.]

Cousequently, (a + 5v/2)™! = [—¢/(20? — a®)] + [b/(2V* — a®)}V/2, with [~a/(2b® — a?)],
[6/(28* — a®)] € Q. So Qv/2] is a subfield of R.

(c) Since s(z) = z? — 2 is irreducible over Q we know from part (b) of Theorem 17.11
that Q[z]/(z? — 2) 1s a field.
Define the correspondence f : Q[z]/(z? - 2) — Q[2] by

f(la + bz]) = a + bV/2.
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26.

3.
4.

By an argument similar to the one given in Example 17.10 and part (a) of Exercise 24 it
follows that f is an isomorphism.

(a) Here we want to write z? + bz + ¢ as the product (z — r )(z — r3) where ry,r; € Z,,.
Since (z — r)(z — r2) = (z — ra)(z ~ ry), where we may have r; = ry, here we seek
the number of selections of size 2 from the set Z, = {0,1,2,...,p — 1}, with repetitions
allowed. Consequently, the number of these monic quadratic polynomials is (""‘2") =

(*1') = (2)p + 1)(p) = B)P* +p)-

(b) Since az? + bz + c is a quadratic polynomial we have a # 0. Then with Z, a field
it follows that az® + bz + ¢ = a(z? + a~'bz + a~¢), so we want to be able to factor the
monic quadratic polynomial z2 + a~'bz +a~¢(= z? + b1z + ¢;) into linear factors. We have
returned to part (a) of the problem where we found the answer to be (1)(p* + p). So here
the answer is (p — 1)(3)(9* + p) = (3)p(p* — 1), because there are p — 1 nonzero choices for
a.

(c) Since there are (1)(p)(p) = p* monic quadratic polynomials over Z,, by using the
result from part (a) it follows that there are p? — (1)(p? + p) = L(p® — p) irreducible monic
quadratic polynomials over Z,.

(d) Here we use the result from part (b), and find that there are (p—1)(p)(p)—(1)p(p*—1) =
(3)p(p — 1)? irreducible quadratic polynomials over Z,.

Section 17.3

(a) 1 2 3 4 (b) 1 2 3 4 (c) 1 3 4 2
2 14 3 3 41 2 4 21 3
4 3 21 2 1 4 3 312 4
3 41 2 4 3 21 2 4 3 1

If not, there is an ordered pair (7,k), 1 < j,k < n, that appears more than once when
the Latin squares L}, L} are superimposed. Let x; be the permutation of {1,2,...,n}
that standardizes L; as L}, i = 1,2. The inverse permutation #;!, { = 1,2, chauges
L? into L;. In this process, the ordered pair (#7(j), #7!(k)) will appear more than
once when L;, L, are superimposed. This contradiets Ly, Ly being an orthogonal pair.

== fif+fi=fif+fi=fi=fi=>i=].

By virtue of Theorem 17.16, each 4 x 4 Latin square, in standard form, is equal to one
of these three 4 x 4 Latin squares. In this sense, there are no others.
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51 2 3 4
4 51 2 3

L4:

4 51 23
2 3 451
5 1 2 3 4
3 4 51 2
1 2 3 4 35

Lgt

3 4 5 1 2
2 3 451

1 2 3 45

In standard form the Latin squares L;, 1 <: < 4, become

Li:

1o

<

o

(]

i

Ly:

1 2 3 4 5
2 3 4 51
3 4 5 1 2
4 51 2 3
5 1 2 3 4

1o

i

1o

<

o

51 2 3 4
2 3 4 5 1

4 51 2 3

w0 <
<t oM
™M N
[~ ]

~— 0

Ly:

W M

T N

o vl

N D

- <

4 51 2 3

2 3 4 5 1
51 2 3 4
3 4 51 2

3 4512

2 3 4 5 1

809
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h.ctl
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mg §
< =

1 -y
= s
ke @
85 &8 ~
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rwq
8% o
R-REC -
H2Z
f,a

0 Y <
ws V| ©

S e 8

0 o~
& v g
£2nsg -
- <4 —
.mmwnum

) .
>~ @ i
a3
7.bnT

i :m.,
~ W
-
.I.u...nu
- S -
a8 Wl
2~
08+
s,L....h. ©
el ™
7 g
.,x__\m;5
o« Do

. e ¥
- af
3.,m - T
N — 3
10__d2
N £ .8
©

2 3 45 6 71

3 4 5 6 71 2
4 5 6 71 2 3

3 4 56 71 2

4 5 6 71 2 3
5 6 71 2 3 4

5 6 71 2 3 4
6 71 2 3 45

6 71 2 3 45

7123 45 6

7123 45 6

1 23 45 6 7

2 wefind aiY = f,fi + f; = 2f; + f;, and this gives

For k

1 2 3 456 6 7
3 4 56 71 2

L3

3 4 56 71 2

Lgi

§ 6 71 2 3 4
71 2 3 45 6
2 3 45 6 71

5 6 71 2 3 4

71 2 3 4 58 6
23 45 6171

4

2

6 712 3 45

o

Lir]

6 71 2 3

6 712 3 465

For k=3,ag)=f3fi+fj=3f;+fj and we have

1 23 45 6 7
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Ly: 4 5 6 7 1 2 3 Ly: 1 2 3 4 5 6 7
71 2 3 4 5 6 4 5 6 71 2 3
3 4 56 71 2 71 2 3 4 5 6
6 71 2 3 4 5 345 6 71 2
2 3 456 71 6 71 2 3 4 5
5 6 712 3 4 2 3 45 6 71
1 2 3 4 5 6 7 5 6 71 2 3 4

7. Introduce a third factor such as four types of transmission fluid or four types of tires.

8.

(a) Neither of the 3 x 3 Latin squares in Example 17.15(b) is self-orthogonal.
(b) The 4 x 4 Latin square in Example 17.15(c) is self-orthogonal.

() I not, let @i = apy for some 1 < k < m < n. Then when L and L*
are superimposed we get the ordered pair (aik,2xk) = (@mm,dmm) and L, L' are not
orthogonal.

Section 17.4

Field Number of Number of Number of Points Number of Lines

Points Lines on a Line on a Point
GF(5) 25 30 5 6
GF(3?%) 81 90 9 10
GF(7) 49 56 7 8
GF(2%) 256 272 16 17
GF(31) 961 992 31 32

Field Number of Parallel Classes Number of Lines per Class

GF(5) 6 5
GF(3%) 10 9
GF(T) 8 7
GF(2%) 17 16
GF(31) 32 31
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3. There are nine points and 12 lines. These lines fall into four parallel classes.
(i) Slope of 0.

y=0y=1y=2
(it) Infinite slope
z=0z=1z=2
(iii) Slope 1
y=zy=z+ly=2z+2
(iv) Slope 2 (as shown in the figure).
(1) y=22
(2) y=2z+1
3) y+2z+2

The Latin square corresponding to the fourth parallel class is

3 1 2
2 3 1
1 2 3
4.
Here there are 25 points and

30 lines. These lines fall

(04) (14) (2 4) (3 4) (4 4) into six parallel classes.

, y=zy=z+ly=2+2
©0) 10 20 () ) y=ztdy=ctd

(iti) Slope 2: y=2r; y=22+1, y=2z4+2;, y=22+3 y=2x+4

(iv) Slope3: y=3z;,y=3r+1,y=3c+2,y=3z+3, y=3x+4
(v) Sloped: y=dz;y=4c+1l;y=4z+2; y=4z+3; y=4c+4
(vi) Infinite Slope: x=0;z=12=2,2=3; r =4.

0,3 (1,3) (2 3) (3 3) (4 3) (i) Slope 0:

: : y=0y=1Ly=2
02) 12 @ 2 (3 2) @ 2 y=3 y=4

' ' (i1} Slope 1:
61) (1,1) (2 1) (3 1) (4 1)

The Latin square corresponding to the second parallel class is
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7.

2.

5 4 3 2 1
4 3 2 1 5
3 2 1 5 4
2 1 5 4 3
1 5 4 3 2
(a) y=4z+1 (b) y=3z+10 or 2z2+3y+3=0

(c) y=10z or 10y = 11z

(a) ~ (Al) fails because the distinct points (2,4) and (5,4) are on both y = 2z and
y=4z +2.

(A2) fails because the point (2,4) is not on the line y = 3, yet this point is on both
y = 2z and y = 4z + 2. However, neither y = 2z nor y = 4z + 2 has a point in common
with the line y = 3.

(A3), however, still holds. The points (0,0), (1,0), (0,1), and (1,1) are such that no
three of these points are on the same line.

(b) In this “geometry”, each of the 42 lines contains six points, and each of the 36 points
is on seven lines.

(a) Vertical line: z =c. Theline y =mz + b intersects this vertical line at the unique
point (c,mc+b). As b takes on the values of F, there are no two column entries (on
the line z = c) that are the same.

Horizontal line: y = c. The line y = mz + b intersects this horizontal line at the unique
point (m~1(c —b),c). As b takes on the values of F, no two row entries (on the line
¥ = c) are the same. '

(b) Let L; be the Latin square for the parallel class of slope m;, i =1,2, m; #0, m;
finite. If an ordered pair (j,k) appears more than once when L,,L, are superimposed,
then there are two pairs of lines: (1) y=mz+b, y=myz+b;;and (2) y=mz+¥8,
y = moz + b, which both intersect at (j,k). But then b = k ~myj = b} and

Section 17.5

v=9, b=12, r=4, k=3, A=1
123 124 134 234 (A=2)

2
3456

Pt bt N
0o to il
P
)
o On
-~ -~
R
w0

3 4
56
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10.

11.

12.

13.

v b r k A
4 4 3 3 2
9 12 4 3 1
10 30 9 3 2
13 13 4 4 1
21 30 10 7 3

These results follow from the information given in the table and the equations (1) vr = bk;
and (2) AMv—~1)=r(k-1).

(a) vr=0bk=4v=283)=>v =21 Mv—1)=r(k—1) =20\ =4(2) == A g Z%,
so no such design can exist.
(b) vr = bk = (17)(8) = 5b = b ¢ Z, s0 no such design can exist in this case either.

With v =b and vr = bk, we have r = k. Then A(v~1)=r(k~1)=k(k—1), where
oneof k and k—1 must be even. Hence A(v—1) is even. With v even, it follows that
v—1 isodd, so A{(v—1) even = A even. '

(a) Mv—1)=r(k-1)=2r => Av—1) iseven. Av(v~1)=ovr(k~1)=0bk(k—1)=
b(3)(2) = 6{Av(v —1).

(b) Here A =1. By part (a) 6jv(v—1)=> 3j{(v—1)= 3Jv or 3|(v—1),since I is
prime. Also, by part (a) A(v—~1)=(v-1) iseven,so v is odd.

(i) lv=>v=3¢t odd =>v=3(2s+1)=6s+3 and v=3 (mod 6).

(ii) Sj(v-1)==v—-1=3tt even = v—1=6z=2>v=6x+1 and v=1 (mod 6).

Here v=9,k=3,0=12,r=4 and Mv—-1)=rk~-1)=42)=8\=8=> A=1,
so the design is a Steiner triple system.

k=3, A=1Lb=12=v=9,r=4.

(a) P1) and P2)
(b) P1) and P3)
(¢) P1), P2), and P3)

v=15 k=5 A=2=> (a) b=21; (b) r=7

Here we have a (v,b,r, &k, A} — design with v =28, k = 7, and A = 2. From Theorem 17.19
it follows that 6r = (k — 1)r = Mv — 1) = 2(27), so r = 9, and consequently, there are
b=vr/k = (28)(9)/7 = 36 students in Mrs. Mackey’s class.

There are A blocks that contain both z and y. Since r is the replication number of the
design, it follows that r — A blocks contain z but not y. Likewise there are r — X blocks
containing y but not z. Consequently, the number of blocks in the design that contain z
oryis(r—=A)+{r—=A)+A=2r—- A

453



14.

15.

16.

17.

18.

Here v=n,b=p, k=m.
(a) r=>bkfv=pm/n
(b) Av—1)=r(k=1) = Xn 1) = (pm/n)(m ~ 1) = X = [pm(m — 1)}/[n(n — 1)

(8} n+1=6==n=2>5, so there are n? +n + 1 =31 points in this projective plane.
(b) n?+n+1=57=>n=7,s0thereare n+1 =28 points on each line of this plane.

The ines y =z and y = z + z, for example, would intersect at the two distinct points
(0,0,0) and (1,1,0). This contradicts conditions (P1) and (P2) of Definition 17.14.

(a) v=b=3Lr=k=6A=1
(b) v=b=5Tr=k=8 =1
(¢) v=b=T3r=k=9; =1

(a) There are nine points:
(0,0), (1,0), (2,0)
(0,1), (1,1), (2,1)
0,2), (1,2), (2,2)

and 12 lines: z =0 y=0 y=z y=2z
z=1 y=1 y=z+1 y=2z+1
z=2 y=2 y=z+2 y =2z + 2.

Here there are four parallel classes, and the parameters for the associated balanced incom-
plete block design are v=9,b=12,r =4, k=3, A= 1.

(b) From the nine points in part (a) we get
(0,0,1), (1,0,1), (2,0,1)
L1, (L11), (211)
0,2,1), (1,2,1), (2,2,1).

To these nine we adjoin the four additional points (1,0,0) and (0,1,0), (1,1,0), (2,1,0) for
the line z = 0. Consequently, this projective plane has 943+1 =3%24+3+1 = 13 points
and the following 13 lines.
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3.

{(010,1),(0’1’1)’(0’2’1)’(011,0)}
{(0,0,1),(1,0,1),(2,0,1),(1,0,0)}
{(1,0,1),(1,1,1),(1,2,1),(0,1,0)}
{(071’1),(1’1’1)’(211’1)’(1’0’0)}
{(2,0,1),(2,1,1),(2,2,1),(0,1,0)}
{(0’2,1)1(1’2’1)’(2,2’1)’(1,0’0)}
{(0,0,1),(1,1,1),(2,2,1),(1,1,0)}
z {(1,2,1),(2,0,1),(0,1,1),(1,1,0)}
22: {(110’1))(012’1)’(2,1’1)1(1’1’0)}
2z: {(0,0,1),(1,2,1),(2,1,1),(2,1,0)}
2z + 2z {(0,1,1),(1,0,1),(2,2,1),(2,1,0)}
y=2z+22z {(0,2,1),(1,1,1),(2,0,1),(2,1,0)}
z=0(fo):  {(1,0,0),(0,1,0),(1,1,0),(2,1,0)}

Since there are four points on £, there are four parallel classes. Finally, the parameters
for the associated balanced incomplete block design are v=50=13,r=k=4, A= 1.

NN N OO
N o T

TRl e e e N

nnnnnnnnnn
8 8 808
-uN

Supplementary Exercises

n=9

(a) 0= f(r/s) =an(r/s)* +ana(r/s)" P +...+a1(r/s)+ao => 0= a,r™ +a,_;r" 15+
..+ a;rs" ! 4+ aps™. Since s divides 0 and s is a factor of all summands except the
first, it follows that s divides a,r". With ged(r,s) = 1, sla,. In similar fashion, ria,.

(b) () f(z) =22+ 32%~2z-3.
From part (a) the possible rational roots are 41, +3, £1/2, +3/2.
f(1) = 213 + 3(1*) - 2(1) -3 = 0,s0 1 is a root of f(z) and z —1 is a factor.
By long division of polynomials (or synthetic division) f(z) = (z — 1)(222 + 5z + 3) =
(z — 1)(2z + 3)(z + 1), so the other roots of f(z) are —3/2 and -1.
(i) f@@)=z'+2*-2*-2z-2.
The possible rational roots are 41, £2. f(1) = -3, f(-1) = -1, f(2) = 14, f(-2) =6,
so there are no rational roots. But can we find rational numbers a,b,¢,d so that f(z) =
(2? + az + b)(z? + cz + d)?
(22 +az+b8)(z*+cz+d) = ¥+ 2*—2? -2z -2 = ate= 1, b4+ ac+d = -1, ad+bc = -2,
bd=-2=a=1b=1,¢=0,d=-2, 50

f(z) = (=" + 2+ 1)(e? ~ 2).

(¢) For f(z) = 2'% — 20 4 2% 4 23 + 1, the only possible rational roots are +1. But
f(1)=3#0 and f(~1)=1#0,s0 f(z) has no rational roots.

(a) Let a,b € Zwith(z—a){(z+b) =2 +2—n. Thenz?*+(b—a)z~ab=2*+z~-n =
b—a=1landab=n. Forl1<a<3landb=a+1, n=ab < 992. Hence there are 31
values of n, namely a(a 4+ 1) for 1 < ¢ < 31.
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7.

8.

10.

11.

(b) Here (z—a)(z+b)=2*+2z—n=>b—-a=2andab=n. When 1 < a <30 and
b = a + 2 we find that n = ab < 960, so there are 30 such values of n in this case.

(c) In this case there are 29 values of n. Each n has the form a(a + 5) for 1 < a < 29.

(d) If (z—a)(z +b) = g(z), then b—a = k and ab = n. When k£ = 1000, b = a + 1000 and
ab = a®+1000a > 1000. For k = 999, with a = 1 and b = 1000 we have n = ab = 1000 and
3 +999z —1000 = (z+1000)(z—1). In fact, foreach1 < k < 999,let a = 1. Then b = k+1
and n = ab = k+1, and it follows that 22+ kzr—n = 2?2+ kz—(k+1) = [z +(k+1))(z—1).
Hence the smallest positive integer k for which g(z) cannot be so factored is k = 1000.

If F=2Z, then f(1)=1414+14+1=0, solisarootof f and (z—1)=(z+1) is
afactor. If F #Z; then -1€ F and —~1#1. Here f(-1)=1~1-14+1=0,80 -1
is a root and (z +1) is a factor.

For all a € Z,, a®* = a (See part (a) of Exercise 13 at the end of Section 16.3),s0 a is a
root of z? —z and z —a is a factor of z” —z. Since (Z,,+,-) is a field, the polynomial
z” — z can have at most p roots. Therefore z” — z = [l,ez,(z — a).

f@=z"+an 2" +...+azta=(z—n)(z—r)) - - (z—ra).

(a) The coefficient of 2"~ in (z—n)z—ry) --(z—ry) I8 =1y —ry—...—1r,, s0by
comparing coefficients we have a,_y =—-r;j—r;— -« —r,, or

—Qu.1 =Ty +r+...+ 1.

(b) The constant term in (z — r}(z —r2)- - (z —r,) is (=1)*rry---r,. Again by
comparison of coefficients we find that

ao = (—1)"ryrp---r,, or

("1)"“0 = (—1)2"r1r2 CERE SR Y U REET N

{1,2,4}, {2,3,5}, {4,5,7}
k=3 A=1v=63=>r=31,b=651
(8) n*+n+1=73=>n=8==n+1=29, the number of points on each line.

(b)) n+1=10=n=9=>n?+n+1 =91, the number of lines in this projective
plane.

K |F|=n,then n?4+n+1=91 and n = 9. Since there is only one field (up to
isomorphism) of order 9, it follows that F' = GF(3?) which has characteristic 3.

(a) r 1'sineach row; k& 1’s in each column.

(b) A-J, isa v xb matrix whose (i, ;) entry is r, since there are r 1’s in each row of
A andeveryentryin Jy is 1. Hence A Jy = rJyxs. Likewise, J,-A isa v x b matrix
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12.

whose (i, j) entry is k, since there are k 1’s in each column of A and every entry in J,
is 1. Hence J,-A = kJ,ys.

(c) The (i,7) entryin A-A" isobtained from the componentwise multiplication of rows
t and j of A. If ¢ =3 this results in the number of 1’s in row ¢ , which is r. For
t # j, the number of 1’s is the number of times z; and z; appear in the same block -
this is given by A. Hence A- A" = (r — A), + \J,.

(d)
roA A A A r A—r A—r A-—r A—=-r
Aro XA A A r—-2 0 0 0
A A or A Aol A 0 r—-Xx 0 0
A A X r AT A 0 0 »r—2X 0
A A A d Lo A 0 0 0 ... r=2A
r+(w—DA 0 0 0 0
A r—A 0 0 0
(2) A 0 r-XA 0 0
- A 0 0 r—2A 0
A 0 0 0 ... r—=2A
fr+(@=1)A)r=A)t=( =AY r+r(k-1)] =rk(r - \)"!
(1) Multiply column 1 by —1 and add it to the other v ~ 1 columns.
(2) Add rows 2 through v to row 1.
(a) Here V = {1,2,...,9} and the 12 blocks are
3 4 5 7 89 1 56 7 89 1 2 45 6 9
2 4 67 8 9 1 3 46 7 9 1 2 3 6 7 8
2 3 56 8 9 1 3 4 5 6 8 1 2.3 83 7 8
2 3 45 6 7 1 2 45 7 8 1 2 3 4 8 9
Furthermore v’ = 8, k' = 6, M’ = §.
{b) In general we find that
r'=b-r, M =v—~k and N=b~[2r—Aj=b—-2r+ A
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APPENDIX 1
EXPONENTIAL AND LOGARITHMIC FUNCTIONS

3,y3/4

(8) Vayd = 2V (b) VBIZ~SYT = 3z~5yS/4 = =

(c) 5YBzdy~8 = 5(8/327/3y~5/3) = 5(2x3y~5/3) = 10573

(a) 125743 = 1/(125)*3 = 1/](125)1/%)* = 1/5* = 1/625

(b) 0.027% = [(0.027)/3)? = (0.3)* = 0.09

(c) (4/3)(1/8)7%3 = (4/3)[1/(1/8)*/%) = (4/3)(1/[(1/8)/*F") = (4/3)[1/(1/2)*] =
(4/3)[1/(1/4)] = (4/3)(4) = 16/3

(a) (53/4)(513/4) = 5{(3/4)+(13/4)] = 516/4 = 5% = 25

(b) (73/5)/(718/5) = 7[(3/5)-(18/5)] ~ 7(3—18)/5 = T18/5 = 7-3 = 1/73 ~ 1/343

(c} (8'/%)(20"2) = (5'/%)(4 - B)/? = (5"/%)(4'/%)(5'/%) = 2(5'/*)* = 2(5) = 10

(a) 5% =512 =3 322 =52 4+2=> 32 —52~2=0= (3z+1)(z - 2)=0=> 2z =-1/3
orz =2

(b) 45t =(1/2) 1= 22tV = 2D 5 g —1) = -4z~ 1) = 22— 2= 4z +1 =
6z=3=>z=1/2

(a) log,128 =7 (b) log;,s5=1/3

(c) log,u1/10,000 = —4 (d) log,b=a

(a) 2 (b) -3 (c) 11

(d) -6 (e} 3/2 (£) 1/3

(g 0 (h) 2/3

(a) 2* =232 =3 (b) z=32=1/27

(¢} 10°=1000=>2z=3 (@) 2 =32=2=32"3 =4
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10.

11.

12.

13.

Proof: Let ¢ = log,r and y = log,s. Then, because z = log,r <= »* = r and
y = log, 3 <=> b = g, we have
r/s=b"[b =b""Y,

from part (2) of Theorem Al.1.
Since
r/s=b"Y < log(r/s) =z -y,

it follows that
log,(r/s) = ¢ — y = log, r ~ log, s.

(2) Proof (by Mathematical Induction):

For n = 1 the statement is log, r! = 1-log, r, so the result is true for this first case.
Assuming the result for n = k (> 1) we have: log, r* = klog, r. Now for the case where
n = k + 1 we find that log, r**! = log,(r - r*) = log, r + log, v* (by part (a) of Theorem
Al.2) =log,r + klog, r (by the induction hypothesis) = (1 + k) log, r = (k + 1) log, r.
Therefore the result follows for all n € Z* by the Principle of Mathematical Induction.

(b) For all n € Z*, lagy r™ = log,(1/r") = log; 1 — log, #* (by part (b) of Theorem A1l.2)
= 0 ~ nlog, r (by part (a) above) = (~n)log,r.

(a) log, 10 = logy(2- 5) = log; 2 + log; 5 = 1 + 2.3219 = 3.3219

(b) log; 100 = log, 10? = 2log, 10 = 2(3.3219) = 6.6438

(c) log,(7/5) = log, 7~ log, 5 = 2.8074 — 2.3219 = 0.4855

(d) log, 175 = log,(7 - 25) = log, 7 + 2log, 5 = 2.8074 + 2(2.3219) = 7.4512

(a) Let z = log,3. Then 2 = 3 and z(In2) = In2* =In3, s0log,3 =z =ln3/In2 =
1.0986/0.6931 = 1.5851.

(b) log 2 = In2/In5 = 0.6931/1.6094 = 0.4307

(c) logy5 = In5/In3 = 1.6094/1.0086 = 1.4650

(a) loglox = logu)(2 . 5) =z =10
(b) log,3z = log, 7/5 == 3z = 7/5 =% z = 7/15.

(a) 1=logoz + log,,6 = log,, 6z = 6z = 10! = 10 = z = 10/6 = 5/3.

) In(z/(z-1))=ln3==>2/(z~-1)=3=z=3z-1)=>z=3c-3 =
-2z = -3 =z =3/2.
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14.

15'

(c) 2 = logs(2? + 4z + 4) — log;(2x — 5) = log;[(z? + 4z + 4)/(2z — 5)] == 2 =9 =
(22 + 4+ 4)/(22 —5) => 9(2r ~B) =z +4z + 4 = 187 — 45 = 2? + 47 + 4 =
P -14r+49=0=(z~7’=0=z="T.

log, = = (1/3)[log, 3 — log; 5] + (2/3) log, 6 + log, 17 = log,(3/5)'/2 + log, 6*/° + log, 17 =
log,[17(108/5)Y/3] == z = 17(108/5)'/®

Proof: Let x = a'°®° and y = ¢'*8s®. Then

T = a6¢ == log, = = log,[a'°%°] = (log, c)(log, a), and

y = 8’ == log, y = log,[c*+*] = (log, a)(log ¢)-

Consequently, we find that log, z = log, y from which it follows that z = y.
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APPENDIX 2
PROPERTIES OF MATRICES

1. o
325
(a) A+B= 0 2 7} (b)
(1.2 3
() B+C=|g 1] (d)
4 28
(e) 2A—[_2 0 6] ()
[0 5 10
() 2C+3C=| 5 2 —15] (®)
: 2 -2 -6 :
(i) 2B-4C= 18 12 20} §))
6 6 6
® 268)=]5 5 5] 0
2. 3a+4=2 a=-2/3; 3b-8=0, b=8/3
3c~12=10, c¢=22/3; 3d-8=6, d=14/3
> 9 21
(a) {12}, 0r 12 (b) 12 27]
-5 -7 8 " a b ¢
{d) 20 21 2 (e) d e f
-23 ~35 6 | 3g 31 3
-1 4 -1 4
4, (a) AB+AC=| 1 2}“ g "§]+{ 1 2][_3
03 03

464

(3 3 7]

(A+B)+C=| o o |

o

337
(5 6 4|
75 11

1 6 18

4 0 0
~14 -8 20

|

2A+3B=[

|

0 5 10

5C = [ 25 20 —15

A+2B—3C=[

|

6 6 6

(2'3)B=[6 12 24

,
—10 -10
() 18 24
b
3¢ 3h 3i
L d e f

t))

|

3 -2
-7 6

|



3 10 24 ~8 —31 26 -5 —21 50
{3 8 6 +[—4 ~11 10}:[-1 ~3 16}
3 915 ~6 —21 18 -3 —-12 33
f -1 4
12 —4 0 3 -2
AB+C)= 1 2 +
22
~1 47 ~5 —21 50
= 1 2} _} _Z _1615]=[—1 -3 16]
03}t -3 -12 33
~1 4 ~1 4
12 ~4 0 3 -2
(b) BA+CA=[ 12+ 12
SRR
1 -4 o] _[ 4 —4
‘[2 25] [—5 —4]‘L—3 21
1 [0 3 -2 ~1d
mron=([11 3]+ 2 22 2 2
~1 4
1 5 —6 4 —4
=[—1 —4 11]{ (1)3]:[_3 21]
. (a) (—1/5)[ _:13 —?] (b) {0 1] (c) The inverse does not exist.
@ {1 3}
o[22 2] o2 2] 2] em )
2 317 (] 3 2 13 5 -31[4 5 1719
By 4=15 5 ({-—1 1}*[2 1})4-3 2“1 2}2{-10 -11]
c@a=on|t ] weeam; 3] @ as=[T 3
@ weyt =00 § 7] () Ba =10 2 3




10.

11.

12'

o [23]15]- 16
HE = RHESIFHIY
o [3 215115
HEHHRHECEI IR

(a) 21 (b) 21 (c) 21 (d) 63

H

det(24) = 2%(31) = 124, det(54) = 5%(31) = 775

1 0 -2

0 —2 1 -2
(a) |3 1 -1|=3(~1)*" |+1(--1)2+2 l
3l 1 2 4 2
a1 0
oy ) 9 =+ an 1=
10 -2
3 1 10
R PR R S M
2l 41 41
+2(-1)3+3! 3 ) ‘ = —2(~1)+1+2(1)=5
11 2
3 -4 2 —4
() {2 3 ~4{=1(~-1)'" l+1(—1)1+2 t
2 5 7 0 7
+2(—~1)*3 (2) §I=(21+20)—(14)+2(1o)=47
11 2
2 —4 12
2 3 —4{=(1)-1)* !4—3(—1)“2 l
.y 1 o 7 0 7
+5(—1)3+3’ ; ™ a = (~1)(14) + 3(7) — 5(=8) = 47
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13.

14.

15.

16.

1 0 2
@ |6 -2 1|=@)-1+| 2 Llyone|® 2o
4 3 9 3 2 4 3

(~4~38)+2(18 +8) = —T+52=45
470

®) 42 0= @1 : §|=(2>(8—28)=—4o
2
12 —4 L s
(© [0 1 o=@, 2|=2+12=14
3 3 2
(@) (i) 0 (i) 0 (iii) 0 (iv) 0

(b) Let A be a 3 x 3 matrix. If two rows of A are identical, or if two columns of A are
identical, then det(A) = 0. In fact, for each n € Z* where n > 1, if A is an n X n matrix
with two identical rows or two identical columns, then det(A) = 0.

1 2 1
@ @0 =1 ~1|=21 TSV P
= 9(~2~(~1)) ~ 3(=1) = 2(~1) + 3 = 1.
Gi) & i) 25
(b) (i) 51 (ii) 306 (iii) 510

There are n? entries in the matrix product AB. For each entry we perform n multiplications
and n — 1 additions. Therefore, in total, we perform n® multiplications and n*(n — 1) =
n® — n? additions.
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APPENDIX 3
COUNTABLE AND UNCOUNTABLE SETS

(a) True (b) False (c) True

(d) True (e) True (f) True
(g) False: Let A = ZtU (0,1} and B = (0,1]. Then A, B are both uncountable, but
A— B ={2,3,4,...} is countable.

(a) The function f : Z+ — A defined by f(n) = n? is a one-to-one correspondence.
(b) Let g: Z* — {2,6,10, 14,...} be defined by g(n) = (n—1)4+2. Then g is a one-to-one
correspondence.

If B were countable, then by Theorem A3.3 it would follow that A is countable. This leads
us to a contradiction since we are given that A is uncountable.

The set I of irrational numbers is uncountable. If not, then R = QU I would be countable
— by virtue of Theorems A3.8 and A3.9 (or, A3.7).

Since S,T are countably infinite, we know from Theorem A3.2 that we can write § =
{81,82,8a,...} aud T = {#;,¢;,13,...} — two (infinite) sequences of distinct terms. Define
the function

f:SxT 2%

by f(si,t;) = 2'%, for all 1,5 € Z*. U i,j,k,£ € Z* with f(s;,t;) = f(sk, 1), then
f(8i,t;) = f(sp,te) = 2% = 2% = i = k,j = £ (By the Fundamental Theorem of
Arithmetic) = s; = s; and t; = ¢, = (s;,¢;) = (sk,t¢). Therefore f is a one-to-one
function and S x T ~ f(S x T) C Z*. So from Theorem A3.3 we know that S x T is
countable.

Let p,q,r be three distinct primes. Define the function f : Z%* x Z* x Z* — Z*
b}' f(a,b,c) = paqbrc. If ahbhclaa%bﬂycz € Z* with f(ahbhcl) = f(a2,b3762)7 then
flan, b, e1) = flaa, b3, ¢2) = pPrg¥r® = p*¢Pr™ =3 ay = a3,b = by,¢1 = ¢ (By the
Fundamental Theorem of Arithinetic) = (a;,b,6) = (a3,b;,¢3). Consequently, f is a
one-to-one function and Z* x Z* x Z* ~ f(Z* x Z* x Z*%) C Z*. By Theorem A3.3 it
then follows that Z* x Z* x Z* is countable.

The function f : (Z — {0}) x Z x Z — Q given by f(a, b,c) = 2°3°5 is one-to-one. (Verify
this!) So by Theorems A3.3 and A3.8 it follows that (Z — {0}) x Z x Z is countable. Now
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for all (a,b,¢) € (Z — {0}) x Z x Z there are at most two (distinct) real solutions for the
quadratic equation ar? + bz + ¢ = 0. From Theorem A3.9 it then follows that the set of
all real solutions of the quadratic equations az® + bz + ¢ = 0, where a,b,c € Z and a # 0,
is countable.

(a) f(z)=3z, O0<z<1
(b) g(z)=5z+2, O<z<l
(¢) h(z)=(b—a)z+a, O<z<1
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