Solutions Chapter 5 (Two samples problems) — Mathematical Statistics
Exercise 1

a. We want to compare two population proportions with two independent samples:

use the formula p; — p, + c\/ ,with ®(c) =1 —a, where:

pP1(1-P1) + P2(1-P7)
ni nz
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n; =500, n, =500, difference in proportions p, — p, = o0~ 500 = 0-08, standard error

\/ﬁl(l_ﬁl) + 228722 _ 9 0269 and ¢ = 2.575 is such that d(c) = 1 — 2a = 0.995

nq ny
99%-Cl(p;-p, ) = (0.08 — 2.575 x 0.0269, 0.08 + 2.575 X 0.0269) =~ (0.011, 0.149)

b. If we would use this interval we can state that there is a significant proportional difference: at a confidence
level of 99% the difference in mortality rate is between +1.1% and +14.9%, so the difference 0% (= p;-p,)
is excluded by this interval.

__ 140

c. Forpy = 1o = 0.28 we have: p, + ¢ P21 = 0.28 + 0.052, 50 99%-Cl(p,) = (0.228,0.332)

n
And for p, = 52 = 0.2: p, % ¢ /@ = 0.20 + 0.046, 50 99%-Cl(p,) = (0.154, 0.246)

These intervals show some overlap, which implies that possibly p; = p,.
Remark: it is best to base a statement on the difference p; — p, on an interval estimate of p; — p,, and not
on two separate intervals of p; and p,,respectively.

Exercise 2

1. Let X; and X, be the numbers of rats, that died among the untreated and the treated rats, resp.
X, and X, are independent and B(500, p,)- resp. B(500, p,)-distributed with mortality rates p, and p,.
2. Wetest Hy: p; = p, versus Hy:p; > p,, wWith a = between 1% and 10%.

3. Teststatistic: Z = —22P2  with p=2t%
PA-D)(5+75) natny

4. Under Hy Z has a N(0,1)-distribution.

5. Outcome of Z: p = =19 — 0.24, s0: 7 = 028-9.20 ~ 2.96.
500+500

Jo.z4-o.7e(ﬁ+$)
6. Reject H, if the p-value = P(Z = 2.96) < a. The p-value =1 - ®(2.96) =1 -0.9985 = 0.15%
(Or: reject Hy if Z = c: Significance level a between 1% and 10%, so ¢ = between 1.28 and 2.33)
7. The p-value is less than every value of o between 1% and 10%, so reject H,,.
(Or: z =2.96 is not in the Rejection Region for all o between 1% and 10%, SO reject Hy.)
8. We consider the statement that the mortality rate of rats decreases when using the medicine to be proven, at
all levels of significance between 1% and 10%.

Exercise 3
This exercise deals with a comparison of two population proportions. Using the testing procedure in 8 steps:

1. We define X; and X, to be the numbers of dissertations within 6 years among 229 female and 795 male
PhD’s, resp. X; and X, are independent and both binomially distributed with success probabilities

p, and p,.
2. Test Ho:pl = D2 agalnst Hl:pl * P2 with o = 5%

3. Teststatistic: 7 = —22  with p = —fiﬁz
P(l—P)(E"'E) e

4. Under Hy Z has a N(0,1)-distribution.



98 _423
98 + 423 229 795

= 0.509,s0: z =
Jo.509-0.491(i+i)

229 795
6. Two-sided test: reject Hy if Z < —c or Z = ¢ Significance level 5%: ®(c¢) = 0.975 if ¢ = 1.96
The observed value -2.77 lies in the rejection region, so reject H,.
8. We showed, at a 5% level of significance, that the proportions of dissertations within 6 years for female and
male PhD’s are different.

~ —2.77.

5. Observed value of Z: p = 329 1795

~

Exercise 4

ﬁ1(1—ﬁ1)+ﬁ2(1—ﬁ2) <0.02,
ng ny

The condition for the confidence interval = the width= 2 - c\/

where ¢ =1.96,n; =n, =n and p(1 —p) < %

1/4  1/4 196 . L
1.96 - + iy < 0.01, s0 vV2n = 196, implying: n = 19208
Exercise 5

a. Obviously we have two independent samples, drawn from two (separate) subpopulations of students, one
subpopulation has to answer questions before and the other after the introduction. We will try to compare
the mean scores 1 and 2 in those subpopulations by assessing the means in the samples.

b. This is a case of paired samples: there is only one population and one person is assessed twice: pairwise
dependence of the observations. We are interested in the issues of a (systematic) difference u of the two
scores.

c. We have one random sample in this case.

d. The researcher evaluates two methods of measuring a fluid with a fixed concentration: the outcomes of all
measurements are independent. If there is a systematic difference in the outcome of the two methods, that is,
in k1 and Y2, the samples will show a difference in sample means. We will have to conduct a test on the
difference p1 - [z, based on two independent samples.

Exercise 6
a. Let X,X,,..., X,y the crop quantities of variety A and Y3, Y, ..., ¥;; the crop quantities of variety B.
Let us notate the sample means as X; = 321 X;and X, = = 11 Y; and the sample variances as S? and
g &i=1 114j=1"j 1

Sz
Observed values (simple calculator!): A: x; = 35.0 and s; = 2.598 and B: x, = 39.0 and s, = 3.286.
The standard deviations differ less than a factor 2, indicating, according to the rough rule of thumb, that the
variances can be assumed equal.
b. To be more precise we will conduct the F-test to get the assumption of equal variance confirmed:

1. Probability model: the crop quantities X5, ..., Xo, Y3, ..., Y11 are independent with X; ~N (uy, 02) and

Yj NN(MZf 022)

Test Hy: 02 = 02 (or 0, = 0,) against H;: 02 # o2 with a = 5%.

2
Test statistic F = ;—;

2
3
2
4. Distribution under Hy: F ~ F Y
5 sf _ 2.598°

Observed value: F = = =
s2 3.2862

~ 0.625



6. We have a two-sided test: reject Hy if F < ¢, or F > c,.

P(Ffy = ¢;) = - = 0.025 , s0 according to the Ffy: c; = 3.72

P(F}y<c¢,)=P (F81° > i) = % = 0.025, soi =4.30,0rc; ~ 0.23

Since F = 0.625 does not lie in the Rejection Region, we cannot reject H,,.

. Atasignificance level of 5% we cannot prove that the variances of the crop quantities are different.

1. Model assumptions (“statistical assumptions™):
We have two independent random samples of crop quantities here, one drawn from a N (uy, 62)-
distribution for variety A and the other from a N (u,, a?)-distribution for variety B (equal ¢’s!)
Stated more formally: the crop quantities X, ..., Xo, Y1, ..., Y4, are independent, where X; ~N (uy, 0%)
and Y; ~N(uz, 02).

2. We will test Hy: u; = u, against Hy: uy # p, with a=5%

o ~N

v v 2 2
3. Test statistic T = % with S? = %
?(5+55)
4. T isunder H, t-distributed withdf =n; +n, —2 =18
2 2 —
5. Observed: s2 = 323987+ 1032867 g 00, s0t = —22320 _ 597

: a0+
6. This test is two-tailed: reject Hy if T < —cor T > c.
where ¢ = 2.101, taken from the t,g-table.
7. t =-2.97 lies in the Rejection Region, so reject Hy.
8. The mean crop quantities of the two varieties are significantly different at a 5% level.

6./7. Using the p-value at the observed t = —2.97: p —value =2-P(T = |t|) = 2- P(T1g = 2.97)
P(T,;g = 2.97) lies between 0.1% and 0.5%, so the p-value is between 0.2% and 1% < a: reject H,.

. We can use the formula of the interval bounds: X; — X, + ¢ /SZ (ni + ni) , in which
1 2

n, =9,mn, =11,x;, =35.0x, =39.0 (&), s> =9.00 and ¢ = 2.101 (b), so that:

95%-Cl(uy — 1) =(-4.0-2.8,-4.0 +2.8) = (-6.8, -1.2)

The difference 0 of u; — u, is not contained in the confidence interval in d.: it is completely negative. So “at
a confidence level of 95%” one can state that the difference in expected crop quantities differ, confirming
the conclusion in c.

Testing Hy: 1y — pp, = Ay against Hy: g — py # A, implies that the test statistic is T = —(Xl_)((f) ;;0
SZ 4=

9 11
The rejection region, determined in c., remains the same: T < —c or T > ¢, where ¢ = 2.101.

Not rejecting Hy implies —c < T < c: under H, we have P(—c < T <c¢) =1 —0.05 = 0.95

X{—X,)-A
Hence, we have —c < (F1-%a) -4

Solving A, from the inequality results in: (X; — X,) — ¢ /52 (% + ﬁ) <A< (Xy—X;)—c|S? (% + 1—11)

the same formula and value of c. that we used for determining the 95%-CI(u; — u,) in part d.
Note: a similar relation can also be derived for the test and ClI of p,- p,, but the test statistic to be used
cannot use the equality of the proportions if Hy: p; — p, = 4,: in that case one should choose for the test

statistic 7 = —P1=P2) — 4o

p1(1-p1) + po(1-p2)
nq ny




Exercise 7

a. We have 2 observations for each store: we need to apply a paired samples approach: we will consider the
differences Z; = Y; — X; only and apply the 8 steps procedure:

1. The differences (sales increase: sales numbers before-after the campaign) Z;, Z,, ..., Z,are independent
and all N (u, o2)-distributed, where the expected increase in sales p is unknown and the variance o2 of
the increases is unknown as well.

(the notation of the mean will be z = 516.0 and the accompanying standard deviation is s, = 622.7)

2. We will test Hy: u = 0 against Hy: u > 0 with a, = 0.05.
o 2 Z
3. Teststatistic: T = AR
4. Under Hy: T~ tg
., _ 5160
5. Outcomeof T:t = R 2.19
6. We will reject Hy if T = c. Since ay = 0.05, we will find in the t4-table: ¢ = 1.943 .
7. Outcome t = 2.19 lies in the rejection region = reject H,,.
8. Ata 5% significance level we have proven that the sales numbers after the ad campaign increased.
b. Changes in the procedure are indicated below:
1.
2. We will test Hy: u = 0 against Hy: p # 0 with a, = 0.05.
3.
4,
5.
6. Wewill reject Hy if T<—corT = c.
Since ay = 0.05, the critical value ¢ = 2.447 from the t,-table is such that P(Tg = ¢) = % = 0.025.
7. Outcome t = 2.19 does not lie in the rejection region = we fail to reject Hy,.
8. Ata 5% significance level we failed to prove that the sales numbers before and after the ad campaign
differ.
Exercise 8

a. Since the two groups of cockerels are treated differently we can assume that the samples are independent. If
both samples are random and drawn from normal distributions with the same variance, we can apply the 2
samples t —procedure with equal variances.

b. We will apply the following formula (on the formula sheet!), interchanging X and Y (such that Y-X is
positive):

<7—)?—c /52(21—0+%),7—)?+c /SZ(%+2—10)> where

¢ = 1.68 from the t-table with df = 20 + 20 — 2 = 38 (using the t,, — table)

—1)s2 —1)g2 2 2
§2 = Tz Dsxr@a—Dsy _ 19X5080 +19x4275° _ 5543 o5 (= 46.942, so s lies between s;and s,)

ni+ ny—2 38

Result after substitution: 90%-Cl(u; — u,) = (38.45 — 24.94,38.45 + 24.94) = (13.51, 63.39)

c. The assumptions are, in detail:
1. 2 independent random samples: X4, ..., X,o and Y;, ..., Y, are independent.
2. X4, ..., X5 is a random sample drawn from the N(u,, o) — distribution
3.7y, ..., Y5 is a random sample drawn from the N (u,, 02) — distribution
4. The variances are equal: o2 = o2



For short: X, ..., X3, Y1, ..., Yoo @re independent and X; ~ N(u,6%) and Y; ~ N(u,, 6%).
We will apply the testing procedure for the F-test to check the “equal variances”-assumption:
1. Assumptions: the increase of the weights X, ..., X0, Y1, ..., Yoo are independent and X; ~N(uy, 07)
and Y; ~N(u2,022)

2. Test H0 oZ = o} (or 0, = 03) against H,: 0 # o with a = 10%
3. Test statistic F = S—
Y
4. Distribution under Hy: F ~ F227}
2 2
5. Observed value: F = 3% = 222+ 1 49
sg 4273
6. Itisatwo-sided test: reject Hy if F < ¢, or F = c,.
P(F§ =cy) = 5 = 0.05, so (according to the FZ°-table) ¢, = 2 16
(or using mterpolatlon of the table values in FZ and Fi$: ¢, = 2.17)
P(FY < c)=P(Fi§ ) =2=00550 = = 216, orc1 ~ 0.46
C1 2 C1
7. Since F = 1.41 is not in the Rejection Region, we will not reject H,,.

8. The variances of the increase of the weights are not statistically significantly different at a 10%
significance level.

Exercise 9

a. We want to show that X; L has a F"1 -dlstrlbutlon We know the following, using the given model:
Y 2

1. w ~x% _, and w ~ X#,-1. The samples are independent and so are these variables.

of 02

2. Definition of an F-distribution: if V ~ y2 and W ~ y? are independent, then F = 7% ~ Ff

(n1-15%
U ai
If _ /(n1—1) SX/Ul i 1
7, (n2—1)5§;/ = /02 has a F, ", -distribution.
a3
(n2-1)
b. In the F-table we can find values c; and c,, such that P(F,'"", '<c)=P(F" ) 2c)= %a

TL22 -
So P(c1<SX/crl <cz)=1—a

Combining 1. and 2.: F =

S¢/03
S¢ o} Sy
P<C1'5—2<?<C2'§ =1—-a«a
1 X

1 S g? 1 S2
Pl—Z<5<—ZF)|=1-a
cz SY o; ¢ Sy
2
Hence (1 — @)100% — BI (“—1) = (i S—X 1.3 ) is the stochastic confidence interval of
Co SY Cq1 SY
in which ¢; and ¢, are determined as follows: P(F,"", > ¢,) = ~and
n;—1 Fr2-1 1\ _a
P(FM <¢)= P( e > Z) =<
Forn, = 6,n, =10 and level of confidence 95%:

From P(F§ = c,) = E = 0.025 it follows that ¢, = 4.48 and
a -1 -1 -
from P (F2 2 Z) =$=10025: ==668 (c; = = ~ 0.150.



