Solutions Chapter 2 (Estimation) — Mathematical Statistics

1. The solutions to a. and b. for the 4 estimators are as follows:
1. E(Ty) = E(X,) = pand var(T,) = var(X,) = 2, this is an anbiased estimator.
So the Mean Squared Error is: E(T; — u)? = var(X;) = o2
2. E(T,) =E (%) = %(EX1 + EX,;) = %(u + u) = p (T, is an unbiased estimator!) and

var(T,) = var (%) = ivar(X1 +X,)= i(var(Xl) + var(XZ)) = %02, S0
E(T, — w)? =var(T,) = %az (<wvar(T,), so T, is better than T;)

3. E(T;) =EX,+EX,+ -+ EX;, = 10u (not an unbiased estimator of i) and
(because of independence:) var(T;) = var(X;) + -+ + var(X,,) = 1002,
Because of the bias we will use the formula E(T — 6)? = (ET — 6)? + var(T) :
E(T; —u)? = (ET; — w)? + var(T;) = (10u — u)? + 1062 = 1002 + 81u?

X1+X2+"'+X10) — EX1+EX2++EX10 10[1

4. E(T,) =E ( m 0 =, k¢ (an unbiased estimator of p) and

Xi+Xp 4+ +X 1 1 1
var(T,) = var (%) = L (var(X,) + -+ var(Xy)) = =+ 100% = =02,

S0 E(T, — w)? = var(T,) = —o?
In conclusion: the sample mean T, = X is the estimator on the basis of 10 variables, that has the smallest
Mean Squared Error, and therefore it is the best of these four estimators.
(Remark: T, and T, are sample means as well, but based on only 1 or 2 observations (larger variance), T
has a bias and a large variance.)

2.
a. If the estimator is unbiased if E(T) = u, which is true for T; and T:
_ 1o, _1/-v ) 1 _ _ mMEX)+nE(Y) _ (m+n)u _
E(Ty) = E(E(X + Y)) = (EX+EY)=-(u+w=pn and E(Tp) =— ———="""F=
b. Since both estimators are unbiased, the best is the one with the smallest variance (= the Mean Squared
Error for unbiased estimators):
_ AN 1 2 d
var(T,) = —var(X +Y) = (var(X) + var(Y)) (; + 7) = (R + Z) o an
n — 2 0.2 le 0.2
var(T,) = var (mX mY) min )zvar(X) + var(Y) = e m T e
_(m n)z_m+n 2_10_2
“\(m+n)2 * (m+n)? © (m+n)? T m+n
— 2 2_
var(T,) > var(T,) if L +ls L oo (mimnt(min)m—4mn _ n”+m —2mn <0,
4m = 4n m+n 4(m+n)mn 4(m+n)mn
so if n2 + m? — 2mn = (m — n)? > 0. This inequality hols for all m # n.
So T, is the best estimator of u, except if m = n.
In the latter case they are equally good (then T, = T;).
3.

The density function of the yearly return X
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PX<0)=P £t < "z‘—ﬂ”] = P(Z < —1%)=1- ®(0.50) = 30.85% (Z~N(0,1))

2u
— o2 B — 412
b. X~N (ll» 7) and since o2 = 4u?, we have X~ N (u, %)
Y is an unbiased estimator of w if E(Y) = s
For the sample mean E(X) p is always true.
The unbiasedness of Y implies E(Y) =
E(Y)=E(aX) =aE(X) =au=p soa=1.

d. ForY we have: E(Y) = ay, (is not equal to p if a #1)
and var(Y) = var(aX) = a? var(X) = a? x% = # = 2a”p? (if a decreases, var(Y) decreases)
(Note that E(Y - 1)? = (E(Y) - £)? + var(Y) really splits the Mean Squared Error into the
bias E(Y) - 2 and the variance of Y: if we choose a smaller than 1, the second term var(Y) will
decrease, but on the other hand the first term (E(Y) - )? will increase (larger than 0).
We are searching the value of a such that the sum of these two effects gives a minimum.)
The Mean Squared Error is, expressed in unknown (fixed) p and a:

E(Y - /u)z = (E(Y) - ,U)Z + UClT'(Y) = (Cl/,l— lu)z + 2a5,u = ,le l(a — 1)2 + 2%]

2
This Mean Squared Error takes on its smallest value if the value f(a) = (a — 1)? + 2% is minimal
(assuming that p = 0).
The derivative is 0 in the extreme values of f: f *(a) = 2a — 2 + 4?‘1 =0,0r:28a=2:a=

Considering the signs of the derivative (or computing the second derivative f ~*(5/7) = 2.8 > 0), we can
draw the conclusion that f attains its minimum at this value.

P 2,2 2
Y = gX = ﬁZ}SlXL- is the best estimator of p: E(Y) =2t and var(Y) = ZaT“ = 12—‘;.

NS a

4. Remember that the maximum likelihood method chooses the value of the population parameter, for which
the observed outcome of the experiment is most likely.
The outcome in this case is “one red and one white” when drawing 2 marbles arbitrarily from either 3 red +
3 white marbles or from 2 red + 2 white marbles.
3\(3
OO _9 ..,
) 15
00 _»
1/\1
=- = 66.79
() ~& 0"
Since the last probability is the largest, 4 marbles (2 red and 2 white) is the maximum likelihood estimate of
the total number of the marbles.

P(1 red and 1 white|total = 6) =

and P(1 red and 1 white|total = 4) =

a. Likelihood function (as a function of y, given the observations x, ..., x,):
#xi _ ‘u'x1+..‘+xn
L(l’[):P(X]_:xl)X....XP(Xn:xn):l_[l—le u = — |
xl xl. ...xn.

log likelihood: InL(u) = (g + -+ x) Inp —nu — In(xq! - ..o x, 1), with u > 0

e ™ u>0

d _ Xatetxn . _ Xqteetxn  —
alnL(u)— —2-n=0, If,u——n =X.
— . . . d? X1++xn
InL(x) = is a maximum, since a_uzlnL(“) =-"5 < 0(x; =0)
X1+ +xn

(orsince%lnL(u)z —n<0ifu>x and>0ifu>%x)

Conclusion: /i = X is the maximum likelihood estimator of .



The sample mean X is always an unbiased and consistent estimator of W if o2 exists: E(X) = u and
_ 2 . _ — 2 —
var(X) == - 0if n - co, so that MSE(X) = (EX — )" + var(X) » 0as n - .

By definition, V = X is a sufficient estimator if the conditional distribution of X;, X,, ... X,,, given V = v,

does not depend on p (u > 0). (We will first use the definition of sufficiency straight away)
X1+ +xn

Well, we have P(X; = x; and....and X, = x,) = L(p) = “ﬁe‘”ﬂ,
V=X=visequivalentwithX =v orX; + -+ X, =n-v
For independent and Poisson distributed variables the sum is Poisson distributed as well, with parameter
ny, So:
P(X1 = Xq, ...,XZ = xn,V = 17)

P(V =v)
_PX; =x;and ....and X, = x, and x; + - + X, = nv)

P(X;+ -+ X, =nv)

P(X1=X1,...,Xn=xnlv=’[])=

nv

R (nv)!
_ Xl. T X _ nv). _
= » = T x (nv=0123,...)
(nv)!
This conditional distribution does not depend on p, so X is a sufficient estimator for p.
Using Fisher-Neyman factorization (see the theorem on the slides of week 2) we find:

#x1+"'+xn 1

Xi, e, Xy) =L ——e_"ﬂ—— Xt txn e
le,...,Xn( 1 n) (W Xl ) x1! e ! [/“‘ ]

where h(xy, ..., Xp) = - 1 does not depend on p and g(x; + -+ + x,,) = pX1t e M or
1

g(x) = u"Xe Mk, Hence X = (X1 + -+ X,,) is a sufficient estimator of u.

Likelihood function (as a function of the unknown p):
L(p) = P(Xy = x;) X . x P(X,, = x) = [[;(1 — p)*'p
— (1 _ p)x1+~~~+xn—npn
log likelihood: InL(p) = (x; + -+ x,—n)In(1 —p) + n-In(p),where0 <p <1

a _ _xtetxpn  on —(x1++xp—n)p—n(1-p) _ n—(xi+-+xp)p _
inL(p) 1-p P (1-p)p (1-p)p ’
if n=(Cc;+--+x,)p or D= = /_
n—(xq++xp)p

lnL( /E) Is @ maximum, since - InL(p) = G <0 if p>*/

and alnL(p) >0ifp < 1/E)
Conclusion: 1/Y is the maximum likelihood estimator of p.

For n = 2, by definition V = 1/Y is a sufficient estimator if the conditional distribution of X; and X,,

given V = v, does not depend onp (0 < p < 1).
Well, we have P(X; = x; and X, = x,) = L(p) = (1 —p)*1t¥272p2,
V= 1/Y = v is equivalent with X = 3 orX, +X,= 3.

P(Xl +X2 _ ) convolutlon sum Z P(Xl _ xl)P(Xz ., xl)
X1= 1
z—-1
— z (1 _ p)x1+(z—x1)—2p2
X1=1

=(z—1)(1—-p)??%p?, z=2,3,4, ... (negative binomial distribution)
So



P(Xi=x,and X, = x,and V = v)
PV =v)

P (X1 =x,and X, = x, and x; + x, = Z) (1- p)%—ZPZ 1 2
= v, - = <_ =234 )
P(X + X =g) (2_1)(1_ )%—22 3_1
1 2 v v p p v
This conditional distribution does not depend on p, so X is a sufficient estimator (general case is more
complicated since we need the convolution of X3, ..., X,,, given by the negative binomial distribution).
(applying Fisher-Neyman factorization:
the joint probability function P(X; = x; and X, = x,) = (1 — p)***t*272p2 js a function of x; + x2

PXi=xiand X, =x, |V =v) =

v

i 1/, _— 1 — — p)Pp? = (1 — p)*¥1t¥2-2p2 1/ =
Since /Y = ( /E) = (1—-p)¥p2=(1—-p)atx (a function of / X= /
Hence 1/Y is a sufficient estimator of p.

(Note that o2 (not ) is the parameter in this case, so L is a function of a2 = )
1 _(&m10)®
Likelihood function L(c?) = fy, (x;) X ...X fx, () = [[;(2m0?) 2™ 207
_l _Z?=1(Xi—10)2
= (2no?)2"e 202 g2 >0
nxi—10)2
log likelihood: InL(c?) = —%nln(ZT[O‘Z) - W, with g2 > 0 (you might substitute z = o2)
d n o Y (g—10)2_ 1
207 InL(0?) = — pyrin ;(a—z)z—m[ ?:1(Xi —10)? —no?] = 0,

if o2 1(xl —10)2.
InL(6?) <0 If g% >= Z " (x; —10)% and
InL(6?) >0ifo? <= Z - (e — 10)2,

InL(x) = is a maximum, since

d( 2)

d( o?)
Conclusion: 62 = = ™, (X; — 10)? is the mle of o2.

It is unbiased and con5|stent since E[ YL (X —10)? ] = %Z{‘zlE(Xi —-10)% = %n -0% = ¢? and

_ 2
lim var[ X - 10)2] = lim — Y%, var(X; — 10)2] = lim rarX-10” _ o,
n—->oo n-ooco N n—-oo n
(if the variance exists, which is the case for a normal distribution, You might also use the fact that for
2
the sample variance for known u, ” has a y2-distribution: var( 25k ) =2n = var(Sz) = ..
(n— 1)5

has a y2-distribution with n — 1 degrees of freedom and the y2_, -distribution has an
expectatlon n — 1 and a variance 2(n — 1) , see also exercise 12.

— SZ N2 \
So var ((n 012) ) =2(n-1) or (n j) var(§?) = 2(n — 1) or: var(s?) = %,
- No,&* 1(X X) = _152 (not an unbiased estimator)

And: var(6?) = var (nT_lSZ) = (nnzl) r(gz) 2(11 1) gt
4
MSE(SZ) = Uar(SZ) = ZL

-1
MSE(6?%) = (E(6%) — 2)2 + var(6?) = — +
2n—-1
n

2(n-1) 2n-1
2 ot = 2 ot
n n

<— since2n—1)(n—1)<2n?=2n’-2n—-n+1<2n? & 1-3n < 0, which is true



7.

8.

foralln = 2 3,. (forn =1 S? is not defined and 62 = 0)

S062 =31 1(X X)” is a better estimator than §% = —— ¥ (X, — X)".
c. The best estlmator of the “family” T = a - §? (a in R).
2 -4
E(aS?) = ac? and var(aS?) = a’var(S?) = sza
Then MSE(T) = (T = 62)2 + var(T) = (a - 1)%0* + 2% = [(a — 1)? + 22| o* is minimal if

fl@=(a—1)*+ n_—21 is minimal.
. 4a . 2 . n-1
f(a)=2(a+1)+4;=0,.f(1+;)a=1, 510|fa=m.
- N _ 4 - P _n;
Since f (a) = 2 +—> 0, f is minimal for a = —
n—-1

Conclusion: T = "=%. 52 = —L ¥ (X, — X)" is the best estimator of all T = a - 5.
n+1 n+1

a. X = “the weight of an arbitrary egg” ~ N(u,02),s0 P(X > 68.5) = P (Z > es.j-u) —1—o (68.(57#1)
b. The mle of the probability P(X > 68.5) is 1 — ® (_68-5-ﬁ),

~

where ji = x = 56.3 gram, but 6 = /%Z(xi — x)? (see the theory) is not directly given:

] 1 _ ~ 24s%  24-7.6% N 24 -7.62
Since s = \[EZ(’CL' —x)2=7.6andn = 25, we have 6% = 2: =— %08 = i 7.45.

68.5—56.3

The mle of P(X > 68.5) is 1 — cp( =

) ~ 1 — ®(1.64) = 0.0505.

a.T = aT, + bT, + cT; is unbiased if E(T) = E(aT, + bT, + cT3) = u
E(aT, + bT, + cT3) = aE(T,) + bE(T,) + cE(T;) = (a+ b+ c)u=pifa+ b +c = 1.

var(aT, + bT, + cT;) = a?var(T,) + b?var(T,) + c?var(T;) = (a? + 2b% + 3¢?)a?,
where ¢ = 1 — a — b, so minimize the quadratic function f(a, b) = a? + 2b%? + 3(1 — a — b)?:
Zf(a,b)=2a—6(1—a—b)=8a+6b—6=0 and—f(a,b) = 10b + 6a — 6 = 0.
Solving the equations we find a = 131 and b = 13—1 (and ¢ = 12—1)

6
f (— —) IS @ minimum,
11° 11

because it is the only extreme of the positive f, that does not have an upper bound.
— 2 —
b. X has a variance %: X is not the unbiased linear combination of the X;’s with the smallest variance,

there must be another estimator T with coefficients a; = 3 + §;,suchthat, 6; =0 X a; = 1).
But then var(T) =var[ ~ (l+5-)X] o? ( +6)
1 2 1 1
7=1(Z+5i) = Xi= ( +—+62) :;+;'Zi=16i + X%, 87 :;4‘2?:153 =

2 —
var(T) = % = var(X), contradicting the assumption that T has a smaller variance: X is the best.

a f(x)= % for0<x<6,F(x) = % for0<x<6,EX) = g (symmetry) and var(X) = —

b. Likelihood function (8) = fy, (x;) X ....x fx (x,) =11; (%) = ein’

with0 < x; <@ foralli=1,..,n,500 = max(xy, ..., X,)



L(6) is a decreasing function (L'(8) = — 9n+1 < 0), so L(@) attains its maximum at the bound of its

domain: & = max(xy, ..., x,,). Therefore the mle is = max(Xy, ..., X,) = T;.
c. First we need the density function of 8 = max(Xy, ..., X,,):

X n
Fr, (x) = P(maX(Xl, ...,Xn) <x)=PX, %) P(X, < %) = (5) 0<x<8
x n-1

) =P =2 (5 osxso 9
0 - +1
n  x\"1 n x" n
E(Tl)_j_ooxle(x)dx—joX'E'(E) dX—ln_l_l' on ?9 *+0
So T, is not unbiased, but aT; = —T1 is an unbiased estimator: E (ﬂ Tl) = "—“E(Tl) =0.

You could verify that T, is a better estimator than TTl’ since its MSE is smaller (use this result in d.)

. S S Y
Using the result inc.: (ET, — 0)? = T
o) 0 n-1 n+219
nx n X n
E(TY) = j_mxzfn(x)dx B fo X on dx = ln ¥2 on L “n+ 26)2
n n 2 n
T,) = E(T{) — (ET. 2 = z2 _ = 2
var(y) = E(TE) = (ET) n+29 (n+19) (n+2)(n+1)29
62 n 2n + 2
MSE(T,) = (ET, — 0)? T,) = 6% = 02
() = (BT, = 60)" +var(l) = G gi Y G+ D20~ i+ D)+ D2
So lim MSE(T,) = 0: the mle T, is a consistent estimator of 9.
n—->0oo
e. E(T;) =E(2X)=2E(X)=2p=2-56=0: T, is unbiased.
_ 2n+1 2
f. MSE(T) = (n+2)(n+1)2
92
Since T, is unbiased, MSE (T,) = var(T,) = var(2X) = 4var(X) = 4 2t = %.
. 2n+1 02
MSE(Tl) < MSE(TZ) |fm 2 3n or (2n + 1)371 < (TL + 2)(Tl+ 1)2 (9 > 0)

or[n®+4n?+5n+2]—-[6n*+3n]>0 o n®—-2n’+2n+2>0.
This cubic inequality is not easily solved, but, since n is an integer, we can reason:
n=-2n+2n+2=nn-2)+2(n+1)>0foralln=2,3,4,..andforn=1:. -1+4 >0
Conclusion: T; is better than T, for all n = 1, 2, ... (using the MSE-criterion)
Note that T, the biased estimator, is better than the unbiased T,.

The main difference is the variance: T1 has a variance (and MSE), that approaches 0 with a factor 5

where the variance of T, has a factor = ~

10. Note that in this exercise we do not have independent variables, but a joint distribution with unknown
parameters p, and p,.
L(p1,p2) = P(X; = x;and X, = x, and X5 = x3) = pTT——
where0<p; <1,0<p,<land0<p; +p, <1.
InL(py,p2) = ¢ + x1In(py) + x, In(py) + (n— x; —x2) In(1 — p; — p,)

9 x n—xi—Xx d X n—-x,—x
ZInL(p,p,) =2 —""1"2 =0 and -—InL(p;,p,) = 2 — 22 =
5o, MLy p2) =20 — > oy M LPLP2) =3 =T

Solving these equations we find p; = % and p, = xf
This solution for the pair (p4, p,) must be a maximum, since the continuous function L(p,,p,) = 0 and on
the bounds, such as p; = 0, L(p;, p,) = 0: if there is one extreme value, it must be a maximum.

n!

pl pz 2(1—py —p)t 1772,



S0 = (py,p,) = (%%) is the mle of the pair (p1,p2)-

p. and p, are consistent estimators: p; = where X,isN(n,p,),s0 E(p,) =

var(p,) = 2 _ malopy) pl(ln_pl) — 0 if n - oo, 50 P, is an unbiased and consistent estimator of

TLZ
p1, and p, IlkeW|se.

—E(Xl) 1 — p, and

11. We consider two independent samples with the same sample size n:
X1, ..., X, is a random sample of X, that has a N (u,, 02)-distribution
Y, ..., Y, is a random sample of Y, that has a N (u,, o2)-distribution (equal variances).
The parameters u,, u, and o2

a Ly, pp,0%) = fy, (1) X X fir, () X fir, (x1) X X g ()

1 _(imi)? 1 _(ymm)’
(2rno?) 2e” 202 X (2mo?) 2e” 202

2
—ln—ln Z?=1(xi_#1)2+2?=1(37j_#2)
= (2no?) 2" 2" 2072 0’ >0

2
i1 () +Z}l=1(yj—#2)
202

2

log likelihood: InL(u,,u,,0%) = —nIn(2ma?) — , with g2 > 0

2 SR, 20a-p) _ o 1 _
* a—hlnl:(lip/iz,ﬂz) = 1T21 =0,ify = _2?=1xi =X
d 21 2(yi—HU2)
* a_ﬂzlnL(Msz'Uz) —1202 = =0, |f.“2—_21 1Vi=Yy

For fixed o2 , InL(uy, py, o) attains its maximum value at (uq, u,) = (x,y)
and for fixed (uy, u,):

n | TG, (5-9)"
o2 2(02)2

L [Z?=1(xl’ -X)*+ 2?—1(3/]' - y)z - ZnGZ] =0

if o2 21 [ G =02+ (v - Y) ] which is a maximum considering the signs

g2) = —
* a( 3o MLy, 0%) =

of the derivative.
—2 —\ 2
The maximum likelihood estimator of o2 is 62 = % [Z?:l(Xi -X) +¥.(v,-Y) ]

(n- 1)5X _ I (%)
0—2

b. Remember that ~ xZ_,, having an expectation n — 1 and a variance 2(n — 1):

n )2 _
we know that E ((";;2)5’2‘) =F <M> =n-—1, soE( nL (X —X)Z) = (n—1)o?

o2

n _3\2 _
and var ((n;;z)s’z‘) = var (%#) =2(n—-1), sovar (Z?zl(Xi - X)Z) =2(n—-1)c*

E(6?) = iE [ZT (- Y)Z] + iE IZ? (- Y)ZI = i- (n —1)o? +%- (n—1)o?

= "Tla (6% is not unbiased, but asymptotically unbiased: lim el 1).

n-oo N

Then var(6?%) = (%) [var (Z?=1(Xi - X) ) + ”ar( (Y- Y) )]

_22(n-Do* _n-1 4

e =—0" oo if 7 - oo 2 is a consistent estimator



(= X) + T (G - 7))

c. Ifn, =n, = n, the pooled sample variance is $? =

The factor

! makes S2 an unbiased estimator of a?.
2(n-1)

12. 724, Z,, ..., Z, are independent and all standard normal.

a. E(Z}) =var(Z,) +(EZ)*=1+0=1,

E(Z}) = j°° z* -Le_ZZ_2 dz = [23 - —Le_ZZ_Zl : + J‘°° 3z%-
v - Var |, )

var(Z%) = E(Z}) — E(Zz)2 =3-12=2,
E(Z? +--+Z2) =n-E(Z?) =n and
var(Z? + -+ Z2) =n-var(Z?) = 2n

b. (Below Z = Z, and Y = Z2)

z2

e Zdz=0+3E(Z%) =3

ks
S

0 ify<o
LF(y) =P <y) =P(Z? <y)—{P( L <Z<y) ify>0
So,if y > 0: F,(y) = @(\/y) — ®(—/y)

2.1fy <0, then f, (y) = %Fy(y) =0
Ify >0, then £, () = - Fy () = - [@({¥) - @(=/7)]
= %[q)(\/}) + (=]

3. fy(y) =0, fory < 0and

1
e—i(ﬁ)z ——(\/—)2 73/’ fory > 0.

AO) =%[% |- W

1 ;Z
C. fx,+x,(2) = f o Jx, O fy,(z —x)dx = fo Nor b e 2" - Fe__(z Ddx = £ fOZ;

21X 2T x(z—x)

1
The last integral equals m (given): fy ., (2) = —e'E , forz > 0.
A Chi-square distribution with 2 degrees of freedom is apparently the same as an Exp ( ) distribution

a le ﬁ 1.e—Z/2 1 —lZ

d. f(z)— = =-e 2

I'(a)B% 1-21 2

13. The exercise is stated wrongly. The questions should be: use Markov's inequality ........

Solution:

Markov’s inequality: for any random variable X and number € > 0 we have: P(|X| > ¢) < E(X )

substituting X = T — 6, we obtain the desirable inequality, for discrete X and similarly for contlnuous X:
E((T—-6)?) MSE(T)
g2 T g2

P(IT—-06] >¢) <

Proving Markov’s inequality (see above) for discrete variables X:
E() = ) P(X=x) = ) ¥*P(X=x)+ ) x?P(X =x)

x |x|<e |x|>¢e

> Z XP(X = x) > z £2P(X = x) = ¢2 Z P(X = x) = £2P(IX] > €)

|x|>¢e |x|>e |x|>¢e



Hence P(|X EX?) i
(X >¢) < = (and for continuous X we have a similar proof).



