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CHAPTER 1

Introduction

These are lecture notes for the University of Twente B-AM course Non-linear Op-
timisation and Learning. Part 1 treats non-linear unconstrained optimisation and
Part 2 treats the basics of neural networks. The parts can be studied in that
order or mixed (which is how the course is taught). The appendix summarises
several mostly known concepts from (linear) algebra. If any of the concepts from
the appendix are unfamiliar to the reader, they are advised to read those care-
fully. In particular, if the reader is unfamiliar with convex sets and/or positive
(semi)definite matrices, first read Appendix B and Definition A.2, respectively.

These lecture notes are still under construction. If you notice any typo’s or mistakes
or if you have any comments, please send them to r.p.hoeksma@utwente.nl.

1.1. Notation

Throughout these lecture notes, we denote vectors by boldface letters (e.g., x),
while real numbers are denoted by regular font letters (e.g., ). V f(x) denotes the
gradient of the function f at the point x as a row vector, while V2 f(x) denotes
the Hessian of f at x.
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Part 1

Non-linear optimisation



From a very simplified and general point of view, optimisation is the field of math-
ematics that deals with finding minima and maxima of functions. Whoever reads
this is likely familiar with optimisation of functions of few variables (most likely,
single variable functions) and with a limited number of critical points (those points
that are candidates to be an optimum). In this part, we learn about techniques for
non-linear unconstrained optimisation. That is, these techniques allow for general
functions, but are (mostly) limited to have an open domain.

Chapter 2 treats convex functions and some of their properties. These give a fun-
damental understanding of general functions around their optimal points and are
an important subset of functions in their own right. Chapter 3 is an overview of
different iterative methods for function optimisation, starting with, the quintes-
sential, gradient descent method and Newton’s method.



CHAPTER 2

Convex Functions

This chapter introduces the concept of convex functions. In the next chapter,
we will see that convex functions are fundamental to understand performance of
optimisation techniques near optimal points. To read this chapter, you should
know about convex sets (see Appendix B).

With a function f : F — R, defined on some subset F C R", one usually associates
a “graphical representation” via its graph , i.e., the set

graphf—{( f(’;) ) eR”“‘xe}"} .

A slight generalisation yields the concept of the epigraph of f, given by

epif:{<>z()ER”+1‘XEF,ZER,ZZJC(X)}.

| *

T (1-=XNz+ My y
FIGURE 2.1. Convez function with epigraph.
Studying functions in terms of their epigraphs we are led to define a convez function

to be a function with a convex epigraph (see Figure 2.1). Equivalently, we say that
the function f : F — R is convez if for all x,y € F and 0 < A < 1,

f+ Ay =x)] < f) +A(f(y) - f(%),

which we can also write as

FIA=Xx+ 2yl < (1 =N f(x)+Af(y) -
5



6 2. CONVEX FUNCTIONS

The function f is called strictly convex if this inequality holds strictly for all 0 <
A < 1. A function f is called concave if (—f) is convex.

OBSERVATION 2.1. The definition of convexity of f implies that each convex
combination of points x,y in the domain of f yields a point in the domain of f,
i.e., F CR" is a convex set (see Appendiz B.4).

Convex (or concave) functions generalise, among others, linear and affine functions
and thus form a particularly rich class of functions.

For an arbitrary set C' C R" the set

K k
conv(C) = {x = Z)\ixi | xi € C, N\ > O,Z)\i =1}
i=1 =1

is called the convex hull of C.

Before investigating the structure of general convex functions in further detail,
we observe that a large part of the analysis can be reduced to the study of the
one-dimensional case. To see this, let f : 7 — R be an arbitrary function that is
defined on the convex set F C R™. Then f is convex if and only if for all x,y € F,
the restriction of f to the line segment [x,y] C F is a convex function. This fact is
an immediate consequence of the definition of a convex function. We nevertheless
state it explicitly because we will make repeated use of it later.

LEMMA 2.2. The real-valued function f(x) is convex on the set F if and only if
for every xg € F and h € R”

pn(t) = f(xo + th)
is a convex function of t on the interval I = Fy(x0) = {t € R| x¢ + th € F}.

Convex Optimisation. In linear programming, it is only a matter of taste
whether one bases the optimisation model on “maximisation” or on “minimisation”.
Both models are equivalent. This is not the case in convex optimisation, where
the objective functions f and (—f) generally are not both convex. We point out
some essential features already here.

As a generalisation of the optimality property of linear programs we note for convex
maximisation problems:

THEOREM 2.3. Assume vi,...,vi € R" and f : conv {vy,...,vip} — R s
convex. Then

max{f(x) | x € conv {vy,...,vi}} =max{f(v;) |i=1,...,k}.

Proof. If the scalars A1, ..., Az > 0 satisfy A\ + ...+ A\x = 1, we find

f(/\1V1 + ...+ )\kvk) < /\1f(V1) + ...+ )\kf(vk) < 1r£1?<xkf(vl) .

O

As the one-dimensional example of f(z) = x? with v; = —1 and vy = +1 shows, the
analogue of Theorem 2.3 is not true for conver minimisation problems. However,
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one important property of linear programs is shared by all convex minimisation
problems: a local minimiser is also a global minimiser. Generally, we call a point
X € F a local minimiser of f on F C R" if there is some £ > 0 are such that

fX) < f(x) holds for all x € F with ||x — x| <¢.
In case this is true for all € > 0, X is a global minimiser.

THEOREM 2.4. Let f : F — R be a convex function, F C R™. Then the point
x € F is a global minimiser of f provided X is a local minimiser.

Proof. Let w € F and choose A > 0 small enough for x = (1 — \)X+ Aw to satisfy
|lx — x|| < e. Then the convexity of f yields

fE) < f(x) < (1 =)+ Af(w)
and therefore A\(f(w) — f(X)) > 0, which implies f(w) > f(X). O

As is common in non-linear optimisation, we base our standard model on min-
tmisation. Convex maximisation problems thus belong to the model of concave
minimisation.

Convex Functions Intro - Exercises.
Exercise 2.0.1.

(a) Show that every affine function f(x) = ¢x+b, where ¢ € R” and b € R,
is convex.

(b) Let fi, fo : F — R be convex functions and 71,72 > 0 scalars. Show that
f =m1f1 + 7 fo yields a convex function.

(c) Let g:R™ — I, I C R be convex and f : I — R be convex and non-
decreasing. Show that the composition f o g ! of the functions f and g is
convex.

(d) Show that f(x) = ||x|| (any norm on R") defines a convex function f :
R - R.

(e) Let f: R™ — R be a convex function. Show that g(x) = f(xo+x)— f(x0)
is convex for all xg € R™.

Exercise 2.0.2. Show that f : C — R is convex if and only if for x1,...,x; € C
and scalars Aq,..., A > 0 with Ay +... 4+ A = 1 we have:

FOuxt + .4 exp) S Af(xa) + o+ Aef(xk)

Exercise 2.0.3. Let f : F — R be convex. Show that the set of minimisers of
f is a convex set. Moreover, if f is strictly convex, the minimiser (if there exists
one) is unique.

Exercise 2.0.4. Given a set of convex functions F', prove that
x) = max {f(x
gl6x) = max {£(x))
is convex.

Lf o g(x) = fl9(x))
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2.1. Convex Functions in One Variable

Motivated by Lemma 2.2, let us study convex functions in one variable. The convex
subsets of R are the intervals (possibly including one or both of the endpoints).
The key to our analysis of convex functions in one variable is the following technical
but fundamental observation.

LEMMA 2.5. Let f: (a,b) — R be a convex function on the open interval (a,b) C
R and zp € (a,b). Define for allt € (a — x0,0) U (0,b — x9),

() = f (o +ti— flao)

Then @(t) is monotonically increasing in t. Moreover, the following one-sided

limits exist:
(z0) = lg%l f(@o + ti — f(@o) < 1}&} f(@o + t})j — flxo) _ f (o).

Proof. Assume xg = 0 and f(z9) = 0 for ease of notation, i.e., p(t) = f(t)/t.
(Otherwise, replace f(z) by the convex function g(x) = f(z + z¢) — f(xg) on the
interval (@ — xg,b — x¢)).

For 0 < & <1, convexity of f now yields for every t > 0,

flet) = f(0+e(t—0) < f(0) +e(f(t) — f(0)) =ef(t) .
Dividing by et, we obtain ¢(et) < ¢(t), which means that ¢(t) decreases mono-
tonically as t | 0. Applying the same argument to ¢t < 0, we see that ¢(t) increases
monotonically as ¢ 1 0.

Since f is convex, the convex combination 0 = —¢/2 + ¢/2 implies for all ¢ > 0,
1 1
0= £(0) < S f(~1) + 31(0)

and hence ¢(—t) < ¢(t). By the completeness property? of R, both limits f” ()
limgyo p(—t) and f) (zo) = limy o p(t) exist and satisfy the inequality f’ (xo)
[l (o).

THEOREM 2.6. Let f : (a,b) — R be a convex function on the open interval (a,b).
Then f is continuous.

OIA |

Proof. Consider any zg € (a,b). We claim lim,_,,, f(z) = f(z¢). Indeed, from
Lemma 2.5 we learn that both f’ (z9) and f! (xo) exist. Hence we must have in
particular

1}%1f($o+t) = f(20) :%Igf(ﬂfoth) :
O

The example of f(z) = |z| with f/(0) = —1 and f/ (0) = 1 shows that a convex
function need not be differentiable and strict inequality f’ (x) < f (x) may hold
for some x in the domain of f.

2See any analysis text book.
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On the other hand, if the convex function f : (a,b) — R is differentiable at
x € (a,b), then f'(x) = f\(z) = f_(x) holds and Lemma 2.5 implies for every
y € (a,b),

(2.1) fy) =z f@)+ f(2)(y—=x) .

This observation motivates us to call a number d, € R a subderivative of f at x if
it satisfies for all y € (a,b),

fy) = f@) +do(y — ) .
We denote by df(x) the collection of all subderivatives of f at x and say that the
set Of(x) is the subdifferential of f at .

The existence of subderivatives is characteristic for convex functions on open do-
mains.

THEOREM 2.7. The function f : (a,b) — R is conver on the open interval (a,b)
if and only if Of(z) # 0 for all z € (a,b).

Proof. If f is convex, then 0f(z) = [’ (x), fi.(z)] # 0 (¢f. Ex. 2.1.1). Conversely,
assume that f has subderivatives.

To see that f is convex, let x,y € (a,b). Given any 0 < A < 1,set z =z + Ay —x)
and choose a subderivative d, € 0f(z) in order to obtain the inequalities

fx) = f(z) +d(x - 2)

fly) = f(2)+d(y —2).

Multiplying the first by 1 — A, the second by A and adding both inequalities, we
arrive at the desired inequality

f@) +M(f(y) = f(@)) = f(2) +dz- 0= flz + My —x)] -
O
Differentiable Convex Functions. Let us assume that f : (a,b) — R is differ-

entiable. In this case we conclude from (2.1) and Theorem 2.7 that f is convex if
and only if

(2.2) fy) = f(@) + fl@)(y — ) .
holds for all z,y € (a,b).

The next result provides a characterisation of convexity for twice differentiable
functions (see Corollary 2.9) that is often easier to check in practice.

THEOREM 2.8. The differentiable function f is convex on the open interval (a,b)
if and only if the derivative f'(x) is monotonically increasing on (a,b).
Proof. Assume that f is convex and consider a < x < y < b. We claim that
f(x) < f'(y) holds. Indeed, the convexity of f yields

fy) = f@)+ fl(@)y—=2) and  f(z) > f(y)+ )z -y
which implies

FW)y —=2) = fly) = f(x) = f'(x)(y — ) and hence f(y) = f'(x) .
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Conversely, assume that f’ increases monotonically and consider without loss of
generality a < = < y < b (the case a < y < x < b is treated the same way). In
order to exhibit the convexity of f, we need to show

fy) = f(z) + fl(x)(y —x) .

Since f is differentiable on (a,b), the Mean Value Theorem?® assures us of the
existence of some number z < £ < y with the property

fly) = f@) = f )y —2) .
Because f/'(z) < f/(£) holds, we obtain f(y) — f(z) > f'(x)(y — x). O

COROLLARY 2.9. The twice differentiable function f : (a,b) — R is convex on
the open interval (a,b) if and only if f"(x) >0 for all x € (a,b).

Proof. Assume that f is convex. By Theorem 2.8, f’ is monotonically increasing.
Sofora<x<xz+t<b, wefind f'(x+1t)— f'(x) > 0, which implies
/ g

t10 t
Conversely if f” > 0 on (a,b) and a < x < x+t < b, then the Mean Value Theorem
yields

fllx+t)— fl(x)=f" ()t >0 forsomez <E<z+t.

So f’ is monotonically increasing. O

Convex Functions in One Variable - Exercises.
Exercise 2.1.1.
(a) Let f: (a,b) — R be convex. Show for all = € (a,b) :
Of (@) ={deR| f.(x) <d < fi(x)}.

(b) Determine the subdifferentials for the function f(z) = |z — 1| at the
points g =0, 1 = 1, and x5 = 4.

Exercise 2.1.2. Show that f(x) = e” is convex on R and conclude that 1+z < e”®
holds for all z € R.

2.2. Convex Functions in n Variables

We now investigate convex functions f : U — R that are defined on an open convex
subset U C R"™. Generalising the notion of a subderivative, we say that the vector
d € R" is a subgradient of f at the point x € U if for all y € U,

(2.3) fly) = f(x)+d"(y —x).

By the subdifferential 0 f(x) we understand the set of all subgradients of f at the
point x.

3See any analysis text book.
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REMARK. The subdifferential may equally well be defined locally at x € U:

Suppose d € R™ is such that (2.3) holds for all' y € U.(x) for some ¢ > 0. In
other words, x € U is a local minimiser of the convex function f(y)—dTy. Hence
x is a global minimiser (cf. Theorem 2.4), i.e., (2.3) holds for ally € U. So the
subdifferential Of(x) of a convex function f does not depend on the open set U
(containing x).

The notion of a subdifferential provides us with a quite straightforward general
characterisation of (global) minima:

(2.4) x € U solves min f(y) <= 0¢€9f(x).
yeU

In order to connect these general definitions with their one-dimensional analogue,
note that for every x € U and vector h € R™ \ {0}, the parameter set

Uh={teR|x+theU}

forms an open interval in R. Moreover, if d € f(x + toh), the number d = d”h
is a subderivative at t = ty for the one-dimensional function

pu(t) = f(x +th).
Indeed, d € 9f(x + toh) implies for all ¢ € Uy,

pu(t) = flx+toh+(t—to)h) > f(x+toh) + d'(t—toh
= ph(tO) + d- (t — t[)).
Hence, if f admits a subgradient at every point of U, all the one-dimensional func-

tions pp(t) have non-empty subdifferentials and thus are convex (c¢f. Theorem 2.7).
In view of Lemma 2.2, this argument shows

PROPOSITION 2.10. Let f: U — R be such that 0f(x) # 0 for all x € U. Then
f is convex.

Recall that in the one-dimensional situation subdifferentials are completely deter-
mined by the one-sided derivatives (¢f. Ex. 2.1.1), which often permits the explicit
computation of subderivatives. Unfortunately, no such procedure is known for the
general n-dimensional case and the merit of Proposition 2.10 is to a large part
theoretical. The situation is better in the case of differentiable functions, where
the gradient turns out to be the unique candidate for a “subgradient”.

THEOREM 2.11. The differentiable function f : U — R is convez if and only if
for allx,y € U,

fy) 2 fx)+ViIX)(y —%).

Proof. Since f is differentiable, V f(x) exists for every x € U. Assume that
f satisfies the inequality, i.e., each gradient of f is also a subgradient. Then
Proposition 2.10 exhibits f to be convex.

Conversely, assume that there exist points x,y € U such that

fly) < f(x)+Vfx)(y —x)
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and consider the function pn(t) = f(x + th), where h = y — x. Then py, is
differentiable with p} (0) = V f(x)h and hence

pu(1) = f(y) < f(x) + Vf(x)h = pn(0) + p(0)(1 - 0) .
By (2.1), pn and hence also f cannot be convex. O

COROLLARY 2.12. Let f : U — R be twice differentiable. Then f is convez if
and only if the Hessian matriz V2 f(x) is positive semidefinite* for all x € U.

Proof. By Lemma 2.2, f is convex if and only if for any xg € U and direction h € R"”
the function pn(t) = f(xo + th) is convex. Since pf (t) = hTV?f(x¢ + th)h, the
claim follows from Corollary 2.9. O

Returning to general functions f : U — R, we want to establish the equivalent
of Theorem 2.7 and show that the existence of subgradients is not only sufficient
(Proposition 2.10) but also necessary for convexity. We will derive this result by
proving the existence of supporting hyperplanes for the epigraph of f. First, we
establish the analogue of Theorem 2.6.

THEOREM 2.13. Let f : U — R be conver on the open set U C R™. Then f is
continuous on U.

Proof. We want to show the continuity of f at x € U and assume f(X) =0 for

simplicity. (Otherwise, consider the convex function f(x) = f(x) — f(x).) W
claim f(y) = 0if y — x.

Because U is open, we can find some € > 0 such that
Ue(x) ={y eR"[[ly —x[| <e} C U .
If o > 0 is now chosen so that na? < €2 is satisfied, then the polytope
P={yeR"|zj—a<yj<zj+a j=1,...,n}

is contained in U.(X) and hence in U. From Theorem 2.3, we know that

M =
max f(y)
exists and is finite. Moreover, in view of f(x) = 0, Lemma 2.5 guarantees, for
every —a < t < a and every u € R" with ||u|| = 1, the monotone relation
-M < f(x— au) < f(x + tu) < f(x+ au) < %’
« -« t « «

which implies for y = X + tu,
f(y)] < o' Mt] = a” ' M|ly — x|

and hence f(y) - 0asy — x. O

THEOREM 2.14. The function f : U — R is convex on the open set U C R" if
and only if 0f(x) # 0 for allx € U.

43ee Definition A.2
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Proof. By Proposition 2.10, the condition is sufficient for the convexity of f. We
will prove that f admits a subgradient at every x € U if f is convex.

Let € > 0 be such that the closed set B = {y € R" ||y — x|| < e} is completely
contained in U. Because f is continuous (Theorem 2.13), it is straightforward to
verify that the epigraph of the restriction of f to B

B={(y,2)|ly€B,z> f(y)} Cepi f

is closed (and, of course, also convex). Moreover, (x, f(x)) is a boundary point

of B. By Theorem B.5, there exists a vector d € R" together with a number
dp+1 € R, (d,dp41) # (0,0), such that for all y € B, and z > f(y),

ATy +dpy1z <dTx+dp f(x) .

Considering z — co, we see that d,, 1 < 0 must hold. Suppose d,4+1 = 0 were true.
Then we would have d” (y — x) < 0 for all y € B, which is impossible as d # 0.

We thus know that d,; < 0 is valid, and we might as well assume d,41 = —1
(otherwise we divide the inequality above by the number |d,, 11| # 0). So we obtain
for all y € B and the choice z = f(y),

fly)—dly > f(x)—d"x.
Hence d is a subgradient of f in x. ([

Convex Functions in n Variables - Exercises.

Exercise 2.2.1. Let f : U — R be differentiable and convex on the open set U.
Show: df(x) = {Vf(x)T} for every x € U.

Exercise 2.2.2. Let Q € R™ "™ be a symmetric matrix. Show that Q is positive
semidefinite <= f(x) = $x’ Qx is convex.

Exercise 2.2.3. Let f : U — R be twice differentiable. Show: f is strictly convex
if the Hessian matrix V2 f(x) is positive definite for all x € U.

Exercise 2.2.4. Let f : U — R be convex and x € U (U open). Show: The
subdifferential 0f(x) is a (non-empty) convex set.






CHAPTER 3

Iterative methods for unconstrained optimisation

In a very general setting, unconstrained optimisation deals with the problem of
minimising a function f : F — R over an open set F C R™:

(3.1) min f(x) .

xeF

A point X € F is said to be a global minimiser of f over F C R™ if

f(X) < f(x) for all x € F .

We call X € F a local minimiser of f in F if there is an ¢ > 0 such that

fX) < f(x) for all x € F satisfying ||x — X[ < ¢ .

One major difficulty in nonlinear optimisation arises from the fact that (3.1) typ-
ically has local minimisers that are not global ones. See Exercise 3.2.1 for an
example of a function that has many non-global local minimisers.

Exhibiting global minimisers for high-dimensional problems of type (3.1) can be
extremely difficult both in theory and practice. In nonlinear optimisation we there-
fore content ourselves usually with finding a local minimiser. There are a few ex-
ceptions from that general rule: For example, convex problems (see Theorem 2.4)
or Lipschitz problems.

Generally speaking, unconstrained optimisation is a local theory. Since we assume
F to be open, each point X € F admits an € > 0 such that a whole e-neighbourhood
of X is contained in F. Therefore, the constraint x € F is locally redundant (“not
active”). Hence, there results no loss in generality when we concentrate on the
case F = R™. We emphasise that all local results of this chapter remain valid if
we replace R™ by some open set F C R".

3.1. Convergence

Typically, an iterative method for solving (3.1) will generate a sequence of points
x(*) that (hopefully) converge to a local minimiser X of f. We also are interested
in the rate of convergence of the numerical method. Assume x*) — X for k — oo.
Then the sequence (x()) is said to be linearly convergent if some constant 0 <
C < 1 and some K € N exist with the property

[x* ) —x|| < Cx®) —x|  forall k> K.

15



16 3. ITERATIVE METHODS FOR UNCONSTRAINED OPTIMISATION

The number C' is called convergence factor. We speak of superlinear convergence
if
L
im ———— =
k—o00 ||X(k) — i”
The sequence (x*)) is quadratically convergent if a constant C' > 0 exists so that

xt ) — x| < C|x® —%[|*>  forall k € N.

Convergence - Exercises.
Exercise 3.1.1. Let X be a point and consider some process that starts with x(®)
and then generates x(M %@ iteratively so that

[x"D) — x| < C |x® —%||* forall keN.

Show that x*) — X holds, provided x(© is chosen sufficiently close to X. Make
“sufficiently close” explicit.

3.2. Optimality Conditions

In this section, we derive optimality conditions for a local minimiser of the uncon-
strained problem

(3.2) min f(x).

We assume that f is a C!'-function (or, even stronger, a C2-function) on R™. So
the gradient V f(x) of f exists and is a continuous function of x .

A fundamental idea for solving this problem in theory and in practice is to consider
so-called descent directions d € R™ for f in x(©), satisfying (by definition)

Vi) d<o.

The differentiability of f implies in this case for all sufficiently small n > 0,
(33) PO 4 nd) = fx ) + 9V (xT)d +o(t) < F(x©)
i.e., the function f decreases strictly in the direction d at x(©).

As a practical procedure, we might therefore try to minimise the function on the
ray x(© +nd, n > 0, along the descent direction d and compute a solution (©) for
the one-dimensional problem

i (0)
%121{)1 f(xY +nd).

Setting x(1) = x(0) 4+ 5(0)d, we then have the improvement f(x™M) < f(x(?). Such
a step forms the basis of all so-called descent methods (cf. Section 3.4) .

Analysing f on a ray X+ nd, n > 0, we are led to optimality conditions for (3.2).

LEMMA 3.1 (Necessary optimality conditions). Let f be a C%-function on R™.
Then each local minimiser X € R™ of (3.2) satisfies:

(a) (First order condition) Vf(X) = of
(b) (Second order condition) d’V2f(X)d > 0 foralld e R™
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Proof. (a) Suppose Vf(X) # 07. Then X admits the descent direction d =
—[V£(X)]T. So X cannot be a local minimiser.

(b) Suppose d € R” yields the inequality d” V2f(X)d < 0. By (a), we may
assume V f(X) = 07. Taylor’s formula (cf. p. 80) then implies

fE+nd) = f(X)+nVfE)d+ 377d" V2 f(R)d + o(n?)
= f(®) +gn*d"VZf(x)d + o)
< f®
for n > 0 small enough. This again contradicts the local minimality of X. ([

In view of Lemma 3.1, a point X satisfying the critical equation Vf(X) = 07 is
often called a critical point of f. Yet, we must emphasise that the conditions (a)
and (b) above are only necessary but generally not sufficient for local optimality
(consider f(z) = 2® at T = 0, for instance). Moreover, as the example of the
functions f1(x) = z* and fo(x) = —f1(z) at T = 0 shows, (b) may not even be
able to distinguish between a minimum and a maximum.

By strengthening condition (b) to positive definiteness of the Hessian matrix

V2f(X), however, we obtain a sufficient condition for local minimality. We say
that X is a strict local minimiser if there is an € > 0 such that

f(X) < f(x) forallx 2%, [|x—X[| <e.

LeEMMA 3.2 (Sufficient optimality condition). Let f be a C?-function on R™ and
X € R" such that Vf(X) = 07 holds. Then X is a strict local minimiser of f,
provided X satisfies

dTV2f(X)d >0  foralld € R™\ {0}.

Proof. By assumption, V2f(X) = 0. The continuity of x — V2f(x) therefore
implies that for sufficiently small € > 0, V2f(x) = 0 for all x, ||x —X|| < e. Hence
Taylor’s formula yields (in view of Vf(X) = 07) for ||d|| = 1 and x = X + nd with
0<t|<e(some0<f<1):

F(x) — (%) = %nngVQ F&+Opd)d > 0.
|

Based on these optimality conditions, the general algorithmic approach for com-
puting a local minimiser of (3.2) is as follows:

e Find a critical point, i.e., a point X satisfying V f(X) = 07
e Check whether the candidate X is indeed a local minimiser.

REMARK. The positive definiteness of the Hessian V2 f(X) can be verified effi-
ciently by a variation of the Gaussian elimination algorithm.

Global Minimisers of Convex Functions. The first- and second-order condi-
tions of Lemma 3.1 are local conditions. As pointed out before, a local minimiser
usually cannot be expected to be also a global one. For convex functions, however,
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local and global minimisers coincide. More precisely, Theorem 2.4 says that every
local minimiser of a convex function f : F — R necessarily is a global minimiser.

Moreover, recall from Chapter 2 that X € F is a minimiser of f if and only if
0 € 0f(X) (cf. (2.4)). So when f is differentiable, Ex. 2.2.1 implies

X € F is a (global) minimiser <= Vf(X) =0".

So for differentiable convex functions the necessary optimality condition V f(X) =
07 is also sufficient. So, no second order information is needed. (Observe, how-
ever, that for convex C2-functions the second order necessary optimality condition
V2f(X) = 0 is automatically fulfilled (see Corollary. 2.12). In case of strict con-
vexity, even the sufficient condition V2 f(X) = 0 is satisfied.

Optimality Conditions - Exercises.

Exercise 3.2.1. Show: The function f : R — R, given by f(z) = 2z + 2% sin%
for x # 0 and f(0) = 0, has the global minimiser Z = 0. Moreover, there are two
sequences (z), (yx) of local minimisers z > 0 and y, < 0 that converge to .

Exercise 3.2.2. Find the critical points of the function f(x) = 2z} + 22122 +
271 + (1 + 22)? and determine all local minimisers.

Exercise 3.2.3. Assuming that the conditions of Lemma 3.2 hold, show that X is
an isolated local minimiser, i.e., there exists a neighbourhood U of X such that X
is the only local minimiser of f in U. (So an example as in Ex. 3.2.1 is impossible
for C2-functions.)

Exercise 3.2.4. Assume that A is a positive definite matrix. Show: X = —A~'b
is the unique minimiser of the quadratic function ¢(x) = %XTAX +bTx.

Exercise 3.2.5. Show: Given > 0 and p = (p1,...,pn)’ € R” with p > 0, the
function

f(x)=plx— uZlnxi
i=1

is (strictly) convex on {x € R™ | x > 0} and the point X = (u/p1,...,u/pn)? is
the unique minimiser (c¢f. Ex. 2.2.3).

3.3. Descent Methods

We now investigate descent methods for finding local minimisers of the uncon-
strained problem

min f(x) .

x€eR”

We again assume that f is a C'- or even a C?-function on R™. Moreover, for
brevity of notation, we will set in the sequel

9(x) = [Vf(x)]", g® =gx®).
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Algorithm 1 Conceptual Descent Method

Init: Choose a starting point x(©) € R™ and & > 0.
Set k=0

while ||g*)|| > ¢ do

Choose a descent direction d®) at x(¥).
Determine a solution 7%) for the problem:

* <) & g™
® min f(x +¢d'™).
Set x(k+1) = x(*) 4 k) gk,

L Setk::k+1

Assume that x*) admits the descent direction d® (i.e., Vf(x*)d® < 0 holds).
From Section 3.2 we then know f(x®) 4 nd®)) < f(x! ) for all sufficiently small
n > 0, which immediately suggests the following minimisation method:

This method reduces the minimisation of f in n variables x; to the repeated so-
called line minimisation problem (*) in one variable 1. A sequence of points x (k)
is generated such that f(x 1) < f(x(®) is fulfilled and one may hope that the
x(*) converge to a local minimiser or at least to a critical point X of f.

Let us look at the line-minimisation step (*) of the conceptual descent method in
more detail. By Lemma 3.1 , a (local) minimiser n*) > 0 for (*) must satisfy

= 6 4 pd®) iy = Ve + 9 PaB)a®)
We collect this fundamental fact into a lemma.
LEMMA 3.3. In the line-minimisation step (*) of the descent method, we have
(3.4 VD) = (g*T)TaM =0,

, the subsequent gradient Vf( (k+1) ) is orthogonal to the search direction d®).

O

Descent Methods - Exercises.

Exercise 3.3.1. Applying the conceptual descent method to ¢(x) = %XTAX (with
A > 0), show that the unique minimiser of the line minimisation problem (*) is
given by
T
243 dy
dfAd;

by = —

3.4. Gradient Descent (Steepest Descent)

If (g7 = Vf(x®)) # 07, a natural choice for a search direction in (*) is the
opposite direction of the gradient, the vector

A = _gh) = _g(x¥)y
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FIGURE 3.1. Illustration of relation (3.4)

We know! that this direction indicates the maximal marginal decrease for f at
x(®) . Therefore, we call d®) = —g*) the steepest descent direction and the cor-
responding conceptual descent method the Gradient Descent Method or Steepest
Descent Method.

Algorithm 2 Gradient Descent Method

Init: Choose a starting point x(©) € R and & > 0.
Set k=0

while ||g*)|| > ¢ do

Set d¥) = —g(k).

Determine a solution n*) for the problem:

* i F(x®) 4 pa®
®) min f(x™ +1d™).
Set x(H+1) = x(k) 4 (k) gk).

Set k =k 4+ 1.

According to Lemma 3.3, the Gradient Descent Method has the property
(d(k+1))Td(k) _ (g(k-l—l))Td(k) =0,
i.e., successive descent directions are orthogonal. This phenomenon is known as

the so-called zigzagging of the steepest descent method, which often results in slow
convergence (see Ex. 3.4.3).

It turns out that the steepest descent method converges to a critical point — pro-
vided it converges at all.

THEOREM 3.4. Let f be a C-function on R™ and consider the steepest descent
method (i.e. d®) = —g®)) Then

x® % implies Vf(X) =07 .

1See7 e.g., Section A.2.3 in the appendix.
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Proof. Because f has continuous partial derivatives, x*) — X entails
g — 9(X) , hence (g(kH) — g(k)) —0.

By Lemma 3.3 we have (g**1))Tg(®) = 0. Hence, 0 < (g?)Tg®) = (gt)T (gk) —
g*+1)) — 0, which implies g*) — 0 and therefore g(X) = 0. O

3.4.1. Convergence Properties. Generally, it is difficult to prove general
convergence properties of the iterative methods that are used in practice. The
Gradient Descent Method is no exception. However, it is one of the methods
where we can prove convergence if our function f satisfies certain conditions. One
such condition is the important case of f being a (convex) quadratic function of
the form

1
q(x) = §XTAX
where A is a positive definite (symmetric) matrix. Note that ¢ obviously has the
unique minimiser X = 0.

The motivation is the following. Quadratic functions offer not only the simplest
non-linear examples where all algorithmic steps can be calculated explicitly. Com-
puting the Taylor expansion of an arbitrary C2-function f at a local minimiser X,
we furthermore obtain (in view of V f(X) = 0)

FE+d) = F(®) + 5d" VAR + o([d]?) ~ (%) + 3"V F (R

which suggests that the behaviour of f near X should be essentially captured by
the behaviour of the quadratic function

gld) = STV (R)d

Recall that (x|y) = (y? Ax)/2 defines an inner product (cf. Section A.1). Geomet-
rically speaking, the associated norm ||x[|a = v/(xTAx)/2 = \/q(x) is a distance
measure for x relative to the minimiser X = 0 of g(x). The next theorem describes
the convergence of the steepest descent method in terms of this distance.

THEOREM 3.5. Let A be positive definite and q(x) = %XTAX. Then the steepest
descent method generates a sequence (x(k)) satisfying
A — A
( ) ( ) )\ma:v + )\min ( )
where Amin > 0 is the smallest and Apae the largest eigenvalue of A.

Proof. In this case, the unique minimiser of the line minimisation problem (*) is
given by
k) _ (gkNHTak)

(dEN)T AdK) -

Therefore, the steepest descent method generates the iterates
(g™) g
&™) Agh

Ui

X+ Z 50—y 0g®)  igh k) =
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Since g*) = Ax®) we obtain

q(x(k+1)) - l(x(k) _ n(k)g(k))TA(X(k) _ ﬂ(k)g(k))

2
1
= q(x®)) — n®) (g*NT Ax*) 4 5(,7(16))2(g(k:))TAg(k)
1
= g(x®)) — n*) (g Tgk) 4 §(n(k))2(g(k))TAg(k)

-n
(k)T (k)2
= g(x®) — ;((g)g)

&) TAgh
On the other hand g = Ax®) implies
g(x )y = %(Xw))T AA-AxH) %(gw))T A-lg®h)

From the Kantorovich Inequality?, we therefore conclude

q(x®) — g(x*) ((g™)Tgth))? o _ PminAmas
Q(X(k)) ((g(k))TAg(k))((g(k))TA_lg(k)) = (Amin + Arnaz)?
and hence
q(x(k—i—l))

o (1 _Bmindmas ) _ (Amar = dmin\*
q(X(k)) B ()\mzn + Amax)2 B )\ma:L‘ + )\mzn '
U

Theorem 3.5 guarantees fast convergence if the ratio K = Mgz /Amin for A is small
(i.e., close to 1) and suggests slow convergence if « is large (see Ex. 3.4.3 for an
illustration).

Gradient Descent - Exercises.

Exercise 3.4.1. Let f : R? — R be defined by f(z,y) = x?sin®y + x. Starting
from x(©) = (1,%) apply the gradient descent method. Find the descent direction
and x(M) (by explicitly solving (*)).

Exercise 3.4.2. Let f : R? — R be defined by f(z,y) = 22 + 3? + 2x. Starting
from (2(9,5(®) = (=2,1) apply the gradient descent method. Find the descent
direction and (z(M), y(M) (by explicitly solving (*)). Is (1), y(1)) a local minimiser?

0 r T

r > 1. Starting steepest descent with respect to ¢ at the point (z7/,z5 ") = (r, 1),

show for all k£ > 1:
k
k) (k r—1
a8 = (F1) i 0h).

Exercise 3.4.3. Let q(x1,z2) = (xl,x2)< L0 ) ( o ) = 2% + 723 where

r+1
So if r > 1 is large , convergence to the limit point (0,0) is slow.

2Kantorovich Inequality is out of the scope of this course, but the version we need here states
2
that 1 < (xTAx)(xTA™'x) < %, for all positive definite A € S"*" with eigenvalues
0< A <...< A, and x € R™ with ||x]| = 1.
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3.5. Line Search

Each iteration in the conceptual descent method described by Algorithm 1 requires
the solution of a one-dimensional minimisation problem of the type

(3.6) min h(t)  with ht) = f(x® 4 td®)y .

Since d®) is a descent direction we have A’(0) = Vf(x*)d®) < 0. As usual,
we cannot hope to achieve a global minimum of A and therefore concentrate on
the determination of a local minimiser ¢ satisfying h(#) < h(0). There are several
strategies that pursue this goal.

3.5.1. Exact Line Search. We illustrate the idea by discussing a simple
version. The procedure rests on the following observation.

Given a continuous function i : R — R, and two numbers a < b, the interval (a, b)
contains a local minimiser of h whenever there exists some ¢ € (a, b) such that

(3.7) h(a) > h(t) and h(b) > h(t) .

We start by fixing a “search horizon” (0,7) and try to determine a < t < b with
property (3.7). This can be done by discrete search as follows.

We choose numbers 0 =ty < t; < ... <ts_1 <ty =T and compute
h(ty) = min h(t;) .

0<i<s
If 1 <k < s—1 holds, then clearly a = t;_1 < t < txi1 = b is suited. If
the subdivision of the horizon (0,T) is sufficiently fine, then A’(0) < 0 will imply
h(tk) < h(tl) < h(O)

Bisection. Assume we have a triple a < ¢t := (b+a)/2 < b so that (3.7) holds.
Consider the points t; = (t + a)/2 and ty = (b+1)/2.

If h(t1) < h(t), we can replace a <t < b by a < t; < t and retain property (3.7).
Similarly, if h(te) < h(t), we can step over to t < to < b. If h(t;) > h(t) and
h(t2) > h(t), we pass to t; <t < t2 (see Figure 3.2).

In any case we thus find a new triple @’ < ¢/ < b’ that satisfies (3.7) and reduces
the interval length b — a to half of the previous length. We repeat the bisection
procedure until we have found a small interval (a, b) determining a local minimiser
t € (a,b) with accuracy b —a < e.

FIGURE 3.2. Bisection and Golden Section
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Golden Section. The golden ratio is defined as the number 7 > 0 with the
property

-1
7'2:1—7, i.e.,T:\/i ~ (0.618 .
We say that a < t < b is a golden section of (a,b) if
t— t—
either b_Z:T or b_Z:l—T.

The well-known key property of golden sections is stated in Ex. 3.5.2.

Suppose now that a < t < b is a golden section and satisfies (3.7) (with t —a =
7(b—a)). Let ' =b— (t — a) (c¢f. Figure 3.2). If h(t') < h(t), then a <t <tisa
golden section satisfying (3.7). If h(t') > h(t), then ¢ < t < b is a golden section
with property (3.7).

So we can reduce the search interval in a similar spirit as with the bisection method.
Each iteration will reduce the interval to about 0.618 times its former length.
Note, however, that the golden section method requires only 1 additional function
evaluation per iteration!

3.5.2. Inexact Line Search. Efficient implementations of descent algorithms
in higher dimensions should not spend too much computation time on subproblem
(3.6) when the current iteration point x(*) is still far from a critical point X (i.e.
V(x5 )| is still large). One might therefore often prefer inevact line search
methods that automatically increase the accuracy of the line minimisation routine
when x*) approaches a critical point, i.e., when |V f(x*))| (and thus |n’(0))
becomes small. The Goldstein test is such a method.

Goldstein Test. Assume that h decreases locally at ¢t = 0, i.e., h'(0) < 0. We
choose a slope parameter 0 < p < 0.5, and consider the lines (see Figure 3.3)

0,(t) = h(0) + ph' (0) t and  f1_,(t) = h(0) + (1 — w)h'(0) ¢ .

Suppose we have exhibited an approximation £ of a minimiser of h (say, by a rough
discrete search as explained in the previous subsection). Intuitively, we might find
t to be not acceptable if

h(l) > 0,(8) or h() < 1_,(7).

Hence we arrive at the following rule (¢f. Figure 3.3): Accept t > 0 as an
approximate minimiser if

(3.8) () < R(t) < £,(2) .

For example, the quadratic function h(t) = at+qt?, ¢ > 0,a < 0, has the minimiser
t = —a/(2q). The points that would be accepted by (3.8) form the interval (see
Ex. 3.5.5)

(—ap/q, —a(l —p)/q) .

If |A/(0)] = |a| is small, also this interval is small and the minimiser ¢ is automati-
cally computed with high accuracy.
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A
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FIGURE 3.3. Goldstein test (left) and the Goldstein-Wolfe test (right)

Goldstein-Wolfe Test. For non-quadratic h, the condition (3.8) may exclude
the (local) minimisers of h. Therefore, the Goldstein test is often replaced by the
following modified rule (cf. Figure 3.3):

Choose parameters 0 < 1 < 0.5 and p < o < 1. Accept the point t > 0 if
(3.9) W ()| < oW (0)] and h(t) < €,(%).

REMARK. Acceptable points may not always exist for the Goldstein-Wolfe test.
(Take, for example, h as a linear function h(t) = h(0) + h'(0)t.) However, if the
graph of h intersects the line £,,(t) = h(0) + ph'(0)t, one can show that acceptable
points are guaranteed (cf. Ex. 3.5.6).

Line Search - Exercises.
Exercise 3.5.1. Verify the correctness of the rule (3.7).

Exercise 3.5.2. Show: If a < t < bis a golden section (satisfying t—a = 7(b—a))
and t' = b — (t — a), then both a < ¢ <t and t' <t < b are golden sections.

Exercise 3.5.3. Show: The reduction factor per function evaluation of the bisec-
tion method is (in the worst case) v/2/2 = 0.707.

Exercise 3.5.4. Given f(t) = ....

(a) Apply the bisection line search method on the interval [0, 1].

(b) Apply the golden section line search method on the interval [0, 1].

(c) Apply the Goldstein test on all points in the interval (0, 1] discretised in
steps of 0.05.

(d) Apply the Goldstein-Wolfe test on all points in the interval (0,1] discre-
tised in steps of 0.05.

Exercise 3.5.5. Let h(t) = at + qt?, ¢ > 0,a < 0. Show: The relation (3.8)
defines the interval (—au/q , —a(1 —p)/q), which contains the (global) minimiser
of h.

Exercise 3.5.6. Assume that p,o are chosen according to the Goldstein-Wolfe
test and that the graph of ¢, intersects the graph of h (see Figure 3.3). Let t
be the smallest positive intersection point. Then (0,#) contains some non-empty
interval I such that (3.9) holds for all £ € I.
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3.6. Newton’s Method

From Lemma 3.1, we know that all local minimisers of a differentiable function
f : R™ — R satisfy the critical equation V f(x) = 07. This equation is nonlinear in
x if f is a non-quadratic function. In this section, we present Newton’s method for
(approximately) solving nonlinear critical equations. You may have encountered
Newton’s Method for single-variable functions before. In this section, we only treat
multi-variable (both as domain and range of the function f) Newton’s Method but,
of course, this is a generalisation of the single-variable version.

Consider the differentiable function F' : R™ — R". We are looking for a solution
X € R"™ of the equation F'(x) = 0. That is, any Newton’s basic approach determines
iteratively vectors x(@, ... x®) . as follows. If F(x(k)) # 0, we approximate F
linearly wvia its linear Taylor approximation

F(x) = F(x®) + VF(x®)(x — xk)

k+1) as a solution of the system of linear equations

and choose x!(
Fx®) + VFE®)(x—x®)=0 or VFF)x = VExF)x® — px*) .

We call the step from x*) to x**t1D) a Newton step. Assuming VF(x*) to be
invertible, this step becomes the Newton iteration

(3.10) xFHD = <) [ vR(x®) LR (x®)

REMARK. If F': R" — R" is affine linear, Newton’s method just solves the linear
system F(x) = 0 and hence converges trivially in one iteration to the desired
solution.

Convergence. In general, one can guarantee (quadratic) convergence to a
solution X of F(x) = 0 if F is “sufficiently smooth” in a neighbourhood of X. We
make this statement precise in the following theorem.

THEOREM 3.6 (Convergence of Newton’s method). Let F' : R® — R" be a C?-
function on R™ and X € R™ a “zero” of F, i.e, F(X) = 0, so that det VF(X) # 0
holds. Then the Newton iteration (3.10) converges quadratically to X, provided the
starting point x9) is chosen sufficiently close to X.

Proof. Consider any component function f; : R™ — R of F' = (f1,..., fn). Since f;
is twice continuously differentiable and f;(X) = 0, we know from Taylor’s formula

1
fi(x) = VAR (x = %) + 5 (x = %) V2fi(®) (x = %) + o [x = %) -
Moreover, the differentiability of the gradient V f;(x) yields
Vfi(x) = Vfi(%) + (x = %)TV2fi(%) + ol||x — x]|)
and thus
Vi(x)(x = %) = Vi(R)(x = %) + (x = %)V ;%) (x — %) +o||x —x||*) .
The two relations together yield

VG0~ %) = £ = 500 - DTV (x %) + of x — x)
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and therefore, with f; = 1 + max) g |dTV2f;(%)d]|,
IV fi(x)(x = %) = f;(x)| < Billx - x|*

for sufficiently small ||x — X||. Taking all component functions of F' into account,
we thus find that there exist constants 8 and 7 > 0 such that

(3.11) IVF(x)(x — %) = F(x)|| < Blx - x|

holds whenever ||x — X|| < 7.

Note next that the continuity of VF(x) implies that x — det VF(x) is continuous
as well. So there exists some § > 0 such that det VF(x) # 0 whenever ||x—X|| < 4.
In the latter case, also the inverse H(x) = [VF(x)]~! exists. Moreover, letting

|H (x)|| denote the Frobenius norm of H(x) and recalling (3.11), we find for the
Newton iteration:

XY —x| = [x® —x — [VFM)] T FE®))
= JHEM)VEE®)xW —x) - FxM)] |
< HEW)] -8 [x? - x|

Hence, if || H (x)|| is bounded, say || H (x)|| < 7 for |[Xx—x]|| < e, C' = v will exhibit
the quadratic convergence property

I x| < O x?
whenever x() is selected so that ||x(*) — || < min{1,C~1,¢,48,7}.

Boundedness of ||H (x)|| is implied by the continuity of ||H (x)||. The latter can be
derived as follows. The Frobenius norm is obviously a continuous function with
respect to the matrix entries h;;(x) of H(x). So it suffices to prove that each h;;(x)
is a continuous function of x. Since the jth column of H(x) is just the solution
h of the linear equation VF(x)h = e; , where e; is the jth unit vector, Cramer’s
rule yields —

det|VF(x 3

hij(x) = det VF(x) ’

where [VF(x)]; arises from VF(x) by substitution of €; in column 4, which shows
that hj;(x) is continuous as claimed. O

3.6.1. Minimisation with Newton’s Method. Let us return to the prob-
lem of minimising a function f : R®™ — R. With respect to the critical equation
Vf(x) = 07, the Newton iteration becomes

(3.12) xFHD = x®) (92 f(x®)]=IvT f(xR)

If f is a C3-function and X is a solution of Vf(X) = 07 with det V2f(X) #
0, Theorem 3.6 says that the iteration (3.12) converges quadratically to X when
started with x(© close to X.

The Newton Descent Method. When minimising a function f : R" — R we
may use Newton’s method for solving the critical equation V f(x) = 07. However,
a critical point X, need not be a local minimiser of f. (It may even be a local
maximiser.) Lemma 3.2 tells us that X is a strict local minimiser if the Hessian
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V2f(X) is positive definite (and a strict local maximiser if V2f(X) is negative
definite).

So we may want to force the Newton method to be a descent method, i.e., to
generate iterates with decreasing values for f. Hence we ask in which case the
Newton direction

(3.13) d® — —[V2f(x(k))]_1g(k)

is a descent direction in the sense of Section 3.4. Let us, more generally, consider
directions d® of the form

d® = —H®gk) (H(k) e R™™M) .
Note that (g)Td®) = —(g*)TH® gk) < 0 holds (by definition) whenever H)
is positive definite. So we record the general rule
(3.14)  H® positive definite == d*® = —H®g®) is a descent direction

for f in x*). In particular, the Newton direction (3.13) is a descent direc-

tion whenever the Hessian matrix V2f(x(®)) (and hence also the inverse matrix
[V2f(x#))]~1) is positive definite.

If V2f(x®) is not positive definite, we may modify the Hessian via

(3.15) V2f(x®)) o1,

If (%) is large enough, this matrix is positive definite and the vector
d® = (V2 f(x®)) + oW1)~1gk)

is a descent direction. This observation, due to Levenberg-Marquardt, leads to the
following minimisation algorithm.

Newton Descent Method (Levenberg-Marquardt Variant)

INIT: Choose x(¥ € R" and ¢ > 0 and set d(¥ = —g(0);
ITER: wHILE ||g®)|| > ¢ DO
BEGIN

Determine a solution n(*) for the problem

. : (k) (k)
(*) min f(x™ +nd™)

Set x(*k+1) = x(®) 4 k) q(k)
Determine o(*+1) such that (V2f(x(k+1)) + U(kH)I) is positive definite
Set d#T) = —[V2f(xM) 4 oD g

END

REMARK. For a given o®) one can easily test (3.15) for positive definiteness
with a diagonalisation algorithm (e.g., an adaptation of the standard Gaussian
elimination algorithm achieves this). In practice, the factors ot are obtained by
successively halving or doubling o'®) and checking the positive definiteness condition
until a suitable c®) is found.
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REMARK. The (theoretical) advantage of Newton’s method is its (local) quadratic
convergence. On the other hand, it requires the evaluation of the Hessian of f in
each step. In practice, the second derivatives of f (or even the first derivatives) are
often not known explicitly and may be difficult to compute (even approximately).

Newton’s Method - Exercises.

Exercise 3.6.1. Let ¢(x) = %XTAX + bTx a quadratic function. Assuming A
to be positive definite, show that Newton’s method finds the global minimiser
X = —A~!b for ¢ in one step (for any starting point x(0)).

Exercise 3.6.2. Let f be a C3-function and X € R™ such that Vf(X) = 07
and V2f(X) is positive definite. Assume that the sequence (x(*)) generated by
the Levenberg-Marquardt variant converges to X. Show: If o(®¥) — 0, then the
sequence is superlinearly convergent. (Hint. Show first: The assumptions imply
that the minimisers t*) of the line-minimisation step (*) in the Newton descent
method have the property ¢t(*) — 1.)

3.7. The Gauss-Newton Method

In this section, we present a modification of the Newton method that relies on first
order derivatives only.

We discuss the procedure within the framework of the so-called nonlinear least
square problem: Given a (nonlinear) C2-function r : R® — R™ with m component
functions 7; : R™ — R, we want to solve the minimisation problem

B16)  pin sl where 0= glr(aI7 = 53 s

If X € R™ satisfies r(X) = 0, then X is of course an optimal solution for (3.16).
Such solutions do not always exist. For example, if we want to approximate m
given data points (t;,7;), where t; € RF and y; € R, i =1,...,m (m > n), by a
function g(x,t), we may want to solve (3.16) with

ri(x) = 9(%, ti) — yi, i=1,....,m.

For the derivatives of the function f(x) in (3.16) one readily computes

Vix) = [rx)]"Vr(x)
Vif(x) = [Vrx)]'Vr(x)+ Z 7 (%) V25 (x).
i=1

The idea behind the Gauss-Newton method is to replace the Hessian V2 f(x) in
the Newton method by the approximation

Ax) = [Vr(x)]"Vr(x),

which only uses the first order derivatives of the function r. In view of the factors
7;(x) in the second order term of V2 f(x), the approximation can be expected to
be good if the residues 7;(x) are small.
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FIGURE 3.4. Illustration of data approzimation

With Hy, = [A(x;)] 7!, the iteration step of the Gauss-Newton Method for solving
the critical equation Vf(x) = r(x)TVr(x) = 07 thus becomes

(3.17) Xk+1 = Xk + dk, where dk = —Hk[Vf(Xk)]T

The corresponding search method is defined by

’X[H_l =X, + tpdy, tx a solution of ming>q f(xx + tdg). ‘

REMARK. Since the Gauss-Newton method uses approximations of the Hessian of f, we
cannot hope for quadratic convergence. However, if the residue ||7(X)| at a local minimiser
X is small, the method can be shown to be linearly convergent with a small convergence
factor (see e.g. [24]).

The Gauss-Newton Method - Exercises.

Exercise 3.7.1. The data (t1,11) = (0,1), (t2,52) = (1,0.5),(¢3,y3) = (2,0.1)
are to be fitted by a function of type g(x1,z2,t) = x1 e~*2! in the sense of (3.16).
(0) _(0)

Perform one step of the Gauss-Newton iteration (3.17) beginning with (z; /', z5") =
(1,1) (cf. Figure 3.4).

Exercise 3.7.2. Show: The matrix A(xy) in the Gauss-Newton method is positive
semidefinite. A (xy) is positive definite if and only the matrix Vr(xy) has rank n.

3.8. Conjugate Directions

As in Section 3.3, we assume that we are given a differentiable function f :R" —
R and want to locate a point x with the property Vf(x) = 07 according to
the conceptual descent method. The method presented in this section is a slight
modification of the gradient descent method but it has the advantage that it finds
the minimiser of a positive definite quadratic function after at most n steps.
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Quadratic Functions. Assume we want to minimise the quadratic function
1
q(x) = ixTAX +blx,

where A is a positive definite matrix and b € R™. Can we choose descent directions
such that the descent method computes the unique minimiser X = —A~'b in
finitely many steps?

If we employ the gradient descent method with line minimisation, a sequence of
points is generated according to xj1 = xj +t,dg with ¢ # 0 (since dy, is a descent
direction). Lemma 3.3 guarantees the orthogonality property

Va(xpi1)dr = gi1de = 0.

Interestingly, a slight strengthening of the condition ggﬂdk = 0 already yields the
finite termination property: Assume, the directions d; generated satisfy ngdZ- =0
forall i =0,...,7 — 1. Then, after n steps we obtain

Vq(xp)d; =0, fori=0,...,n—1.
If moreover the vectors dy, . .., d,—1 are linearly independent, the gradient V¢(x,,)
is orthogonal to a basis of R™, implying Vq(x,) = 07.
The next lemma establishes an equivalent condition for the desired property (in
case the descent method is applied to the quadratic function ¢(x)).
LEMMA 3.7. The following two statements are equivalent:

(i) gl ydi=0 forall 0<i<j<k
(i) AT Ad; =0 forall 0<i<j<k.

Proof. Observing Vq(x) = xT A + b’ | we have
(3.18) g1 =Vaxjt1) = (xj +t;d;)"A+ b =gl +t;d] A
and hence
gldi =g d; +1;d] Ad; .
From this identity, the claim follows easily by induction on k. (Recall t; # 0). O

Non-zero vectors do, .. .,d satisfying property (ii) of Lemma 3.7 are called A-
conjugate (or A-orthogonal). The property means that the vectors are mutually
orthogonal with respect to the inner product (y|x) = y? Ax that we had already
found useful in the analysis leading to Theorem 3.4. It is straightforward to verify
that A-conjugate descent directions are linearly independent.

Our problem now is to find an “easy” method to generate descent directions that
are A-conjugate to the directions we already have. To do so, we try the following
direct approach (which implicitly takes all of the preceding directions into account
but explicitly uses only the last of these directions):

(3.19) di = —gi + apdg_1 with some appropriate oy, .

REMARK. Letting the new search direction depend on the previous directions in a
smart way often improves the robustness of search algorithms (avoids zigzagging).
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How should we choose a4, for this approach to work? The A-conjugacy requirement
says
d{Adk_l =0 and hence 0= —ngdk_l + akd;‘gﬁlAdk_l .

So we must take

T
gk Adk—l
(3.20) d?_ Adj_,

It turns out that this choice of ay actually attains our goal.

THEOREM 3.8. Assume that the conceptual descent method is applied to the qua-
dratic function q(x) = 3xTAx + bTx (A = 0) with directions dy of the form
(3.19). Then the vectors dy are A-conjugate descent directions if and only if oy
is chosen according to (3.20).

In particular, with the choice (3.20), the algorithm stops after at most n steps with
the unique minimiser X = —A~'b of q.

Proof. By the foregoing discussion, it suffices to show that (3.20) is sufficient for
A-conjugacy. Therefore, proceeding by induction on k, assume that dg,...,dg_1
are A-conjugate descent directions.

Note first that dj is a descent direction. Indeed, we know ggdk_l = 0 from
Lemma 3.3 and find

gidy = —gigr+oglde1 = —glgr <0,

provided gy # 0. Our choice of oy guarantees dedk_l = 0. It therefore remains
to verify the orthogonality relation dedi =0fori<k-—1.

In view of (3.19) we obtain from our induction hypothesis
dfAd; = —gl Ad; + opd}_|Ad; = —gl Ad; .
Combining (3.18) and (3.19), we conclude
Ad; = (1) g1 — &) = (1) (~dir1 + aindi +di — aidia) -

Since ¢ < k — 1 the induction hypothesis and property (i) of Lemma 3.7 finally
establishes the desired orthogonality:

dgAdi = —gZAdi = —(ti)flgg(—dﬂ_l + ajpd; +d; — Ozidi_1) =0.

O

The conjugate gradient version of our conceptual descent method now proceeds as
follows.
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Conjugate Gradient Method

INIT: Choose x¢p € R™ and € > 0 and set dg = —gj;

ITER: WHILE ||gk|| > € DO
BEGIN
Determine a solution ¢ for the problem

N :
() Itnzlélf(xk + tdy)
Set X1 = xp + tpdy -
Set dgt1 = —8k+1 + apr1dy -
END

Note that we have not specified the choice of ajy1 in the schematic outline. If
f(x) = q(x) is a quadratic function (as in Theorem 3.8), we should of course take
a1 according to (3.20). In this case it is straightforward to derive (for example,
via relation (3.18)) the equivalent expressions

g1 Ak gii (B —8k) _ 8iya(Bkr — 8K) _ [lgkia?
diAd,  di (g1 — &) [F=sals g2

(321) Qg1 =

Non-quadratic Functions. Our formulation of the conjugate gradient method
does not explicitly rely on the matrix A and hence may be applied to arbitrary
(differentiable) functions f. In doing so, one must decide on a choice for a1 that
does not depend on A.

Several suggestions have been made that are all based on the analogy with the
quadratic case (see Ex. 3.21). In the non-quadratic case, however, these choices
are no longer equivalent:
gl (8he1 — 8k)

df (gr+1 — k)

Hestenes-Stiefel (1952): g1 =

2
Fletcher-Reeves (1964):  ap+1 = Hﬁ;ﬁ!
k
T pa—
Polak-Ribiere (1969): Qg1 = gk+1(ﬁg}€+ﬁz gr)
k

In the non-quadratic case we generally do not have the guarantee that the conju-
gate gradient methods stops after at most n iterations with a critical point.

REMARK. In practical implementations of the conjugate gradient method, often a
restart after each cycle of n steps is carried out by setting o, = 0. This modification
has stabilization effects but also allows to prove the n—step quadratic convergence
property (cf. [3]):

%04 — %I < e [lxx — x|
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Conjugate Directions - Exercises.

Exercise 3.8.1. Under the assumptions of Theorem 3.8, show that the iteration
point xi41 is the (global) minimiser of the quadratic function ¢ on the affine
subspace

Sk ={x0o+do+ ... +vdg | v0,--., % ER}.
Exercise 3.8.2. Verify the equations (3.21) for the case of the quadratic function
a(x).
Exercise 3.8.3. Consider the function f: R™ — R given by

F(x) = [Ix][3 + 4221 .

(a) Given conjugate directions dy,...,d; and the point xj, show that the
direction of the Conjugate Gradient Method for f in iteration k is equal
to

di = —8k -

(b) Prove that the gradient descent method with exact line minimisation finds
the minimiser of f in at most n steps independent of the starting point x.

3.9. Quasi-Newton Methods

Motivated by the discussion of general descent and Newton methods, we investigate
in this section descent methods where the search directions take the general form

(322) d, = _Hkgk ,  where H; € R™ "™ and gL — [Vf(xk)]T .

H;, should be a “good” approximation of the inverse Hessian [V2f(xy)]~!. The
computationally simplest choice here is Hy = I, which exhibits steepest descent as
a “Newton-type” method.

There are several desirable properties for H; to have. For example,

(1) Hy is positive definite (so that dy is a descent direction).
(11) The iteration step Hy — Hy11 involves a relatively simple update matrix
Er =Hyy —Hy .
(111) The descent method reduces to a conjugate gradient method (see Sec-
tion 3.8) in the case where f is a quadratic function.

Our fourth and final requirement (cf. below) is also motivated by the quadratic
case. Let A be a positive definite symmetric matrix and consider the quadratic
function .

fx) = ixTAx +blx.
Then g = Axj,+band V2 f(x) = A. So Newton’s method in its pure form chooses
H;, = H;,; = A~! and we obtain the minimiser x;,1 = x; — Hygx = —A"'b in
a single step. Since gi+1 = 0 we have

X1 — X = Hip1 (81 — 81) -

We say that the descent method is quasi-Newton if the iterates Hj satisfy the
relation
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(1V) Xpy1 — Xk = Hpp1(8k+1 — 8k).

Assuming that we can satisfy the requirements (1)-(1v), we are led to the following
minimisation algorithm

Quasi-Newton Method

INIT: Choose some xg € R", Hy € R"*™ positive definite and € > 0
ITER: WHILE ||gg|| > ¢ DO
BEGIN
Set d, = —Hygy,
Determine a solution t; for the problem
* i td
(*) ftnzlélf (xx + tdy)
Set xpi+1 = Xi + tpdy and update Hyq = Hy + Eg .
END

How can we satisfy the conditions (1)-(1v)? We could choose Ej, to be, for example,
of the form

E; = auu’ + gvv’ (u,v e R")
such that Hy; = Hjy + Ey, is positive definite.
Writing v, = gr+1 — 8k and 0 = X1 — Xi = txdy, the quasi-Newton condition
(IV) stipulates Hy117;, = 0, i.e.,

Hj 17, = Hyy, + auul vy, + gvvly, = 6 .

The DFP-Method. Davidon, Fletcher and Powell (1963) have recognised that
the latter condition can easily be fulfilled with the choice
(3.23) u=90; and v=Hgy,
and the parameters o = 1/81 v, and 8 = —1/vT Hyv, .

Allowing an additional mixed term, let us actually consider a slightly more general
form

E. = auu’ + pvv? + pluv? 4+ vul)

(3.24) = (u,v) < Z Z ) ( :fl; >

with u = 8 and v = Hyv, as in the DFP-approach (3.23) — but no a priori
assumptions on the parameters a, 5, u € R.

It turns out that (3.24) already ensures any quasi-Newton method to be a method
of conjugate directions in the case of quadratic functions!

LEMMA 3.9. Let A € R™ ™ be a positive definite symmetric matriz and

1
q(x) = §XTAX +blx.
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Assume that the Quasi-Newton method is applied to q so that the Ey have the form
(3.24) and the Hy1 = Hy + Ey, satisfy condition (1v). Then the generated search
directions satisfy

T .
d;Ad; =0 forall 0<i<j<k.

Proof. We suppose that the method produces the distinct iterates xg,X1,...,Xg.
Proceeding by induction on k, we show that

(3.25) H;v;,=6; and diAd;=gld;=0 foral0<i<k—1.

The case k = 0 is trivial (no index 7). Assume now that (3.25) holds for & > 0.
We must show that (3.25) is also valid for k + 1.

In view of §; = xi41 — x; = tid;, v, = 8k+1 — 8 = Ady and the induction
hypothesis d;{Adi =0, we deduce for i <k —1,
'Ysz')’i = 'yfé,; = 5£A(51 = tktidgAdi =0

and 8} ~; = 61 Ad; = 0. Hence we obtain for all i < k — 1

67,
Epv; = (6, H « “)( Wz):o
o=t (0 5) (i

and consequently Hyi17v;, = Hyy, + Exy, =6, .
For i = k, the equality Hy117y; = Hiy17, = 0x is just the quasi-Newton property
(IV), which we assume to hold at the outset.

Because t; # 0 (by assumption), the relations dg11 = —Hg118k11 (¢f. (3.22)) and
Hjy117; = 6; allow us to observe next

1 1 1 1
d;}F+1Adi = ;dZHA‘Si = ;dgﬂ%‘ = —;ggﬂHHl% = —;ggﬂfsi = _g{—l-ldi .
T (A (3 A

It thus suffices to verify g;‘gﬂdi = 0 for all ¢ < k. The equality ggﬂdi =0
holds for ¢ = k because ggﬂdk = 0 is satisfied by any descent method with a line
minimisation subroutine (¢f. Lemma 3.3).

Writing gr+1 = A(xg + txdr) + b = gr + txAdy , we finally infer from the
induction hypothesis also for ¢ < k — 1 the desired relation

ga_ldi = g{di + tkd{Adi =0.
O

Lemma 3.9 says in particular that the DFP-parameter choice according to (3.23)
(and g = 0) turns the Quasi-Newton method into a minimisation procedure en-
joying all of the properties (I)-(IV).

The Broyden Family. We would like to take advantage of the flexibility of the
form (3.24) and determine more general parameters «, 3, 4 that imply all of the
properties (I)-(IV) for the Quasi-Newton method.
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The quasi-Newton condition &y = Hyi17v, = Hiyy, + Egy, becomes (still with
u = d; and v = Hyy,):
u = v+auulqy, + pvvly, + plav? +vul)y,
= V(14 B8V + puly,) +ulau"yy, + vy

To satisfy this relation, we select the parameters so that
aulvy, + pvly, = 1
vl + puly, = -1

This linear system of two equations in the three variables «, 8, pu allows us to choose
one parameter arbitrarily. Setting y = —®/u’~, for some ® € R, we find

d—1 1 T
B=—% and a=—= (1—|—<I>-VT7]€>
V Yk u” Y u” v

Note that these terms are well-defined if Hy, is positive definite. Indeed,

(3.26) u’y;, =6 (8k+1 — 8k) = trdf (841 — 8k) = —trdigr > 0
because ggﬂdk = 0 is guaranteed by the line minimisation and dj is a descent
direction (i.e., ggdk < 0) if Hy is positive definite. Moreover, we then have
vy, =~ Hyy, > 0.

Substituting these expressions for «, 8, 1 into (3.24), we arrive at the explicit up-
date formula:

5100 HiyyiHy

+ dwwl
8Lk YFHy,,

) H
where W:(’nyk'yk)%< i LB > .

ol YEHvy,

The class of formulas (3.27) (parameterised by ®) is known as the Broyden-family.
Note that if Hy, is positive definite, then Hy;1 is well-defined by (3.27). As we
want the Hy, to be positive definite anyway, the crucial question therefore is: When
do Broyden updates preserve positive definiteness?

LEMMA 3.10. Let ® > 0. Then the update formula (3.27) ensures
H;, positive definite =  Hjy1 positive definite .
Proof. Let x # 0 be an arbitrary vector. We claim x"Hy,1x > 0. Now (3.27)
implies
XTHk'yk’yZHkx xTékégx
Vi Hivi Vi

+ dx wwlx

XTHk+1X = XTHkX—

Since Hy, is positive definite by assumption, we have ’y;‘ng'yk >0 and 6{'“ >0
(cf. (3.26)). Since xT6,0ix = [61x)> and xTww!x = |[w'x|? , the last
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two summands above are non-negative. Introducing the inner product (x|y) =
xIH,y , the first two terms become

T T 2

x'H Hix X
xTH,x — gm7k k :<XX>_<7M ) >0
i Hrvg Yl k)

by the Cauchy-Schwarz inequality (v.|x)? < (vi|vi) (x]x) .

If x is not a scalar multiple of ~;, the Cauchy-Schwarz inequality is strict and
xTHj,1x > 0 follows. If x = My, for some A # 0, then

xT8,,01x
5%’7’1@
and x"Hj_1x > 0 follows as before. O

We summarise the main result.

THEOREM 3.11. The Quasi-Newton method with the update (3.27) and ® > 0 is
a method of conjugate directions and preserves positiveness of the iterates Hy,.

The parameter choice ® = 0 in (3.27) results in the DFP-method. Broyden,
Fletcher, Goldfarb and Shanno (1970) suggest the choice ® = 1. The latter
is called BFGS-method.  According to Theorem 3.11, both parameter choices
guarantee bona fide Quasi-Newton methods.

REMARK. Being a method of conjugate directions, a Quasi-Newton method iden-
tifies in particular minimisers of quadratic functions in at most n steps. It can be
shown that for quadratic functions f — using exact line search in the line minimisa-
tion step (* ) — Broyden family updates yield precisely the method of Fletcher-Reeves
(i.e., starting from the same point Xq, both methods generate the same sequence
X1,X2,...,Xt = X). On non-quadratic functions, however, the methods may differ.
The Quasi-Newton method with Broyden updates (3.27) and ® > 0 can be shown
to be superlinearly convergent (see, e.g., [5] and [24]).

Note that, being a method of conjugate gradients, a Quasi-Newton method (with
restart after n steps) has the n-step quadratic convergence property mentioned in
the Remark on p. 33.

Quasi-Newton Methods - Exercises.

Exercise 3.9.1. Assuming that E; € R"*" is of the form (3.24) show that Ej, is
symmetric and has rank at most 2.

3.10. The Subgradient Method.

The algorithms (and optimality criteria) for unconstrained minimisation developed
in the preceding sections of this chapter assume that the objective function f is
differentiable. In particular, the gradient descent method presupposes that the
gradients V f(xy) exist (and can be computed). Without this assumption, very
little structural information is available in general to help in the design of efficient
minimisation procedures. However, There are other properties that, if we know the
function satisfies them, can be used to obtain working optimisation methods. In
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this section, we describe one such method for the minimisation of convex functions.
It is an extension of the gradient descent method that relies on subgradients instead
of gradients, which means that the method applies also to non-differentiable convex
functions.

Recall from Section 2.2 that a vector g € R" is said to be a subgradient of the
function f : R” — R at xy if for all x € R”,

F) = flxe) > gr(x—x) .

Denoting by df(x) the set of all subgradients of f at x, Theorem 2.14 says that f
is convex precisely when 9f(x) # 0 for all x € R™. Note in particular that X is a
(global) minimiser of the convex function f if and only if 0 € 9f(X) (c¢f. (2.4)).

Consider, for example, the mazimum function
T
flx) = max {ajx+b;},

which is a piece-wise linear convex function but not everywhere differentiable as
the gradient V f(x) is not defined at certain points. A straightforward modification
of the steepest descent method for f would simply replace the gradient V f(xy) by
a subgradient gy. (Such a subgradient is easy to compute, cf. Ex. 3.10.5.)

idea: Subgradient Descent (does not function generally)

INIT: Choose a starting point xg € R”™ and & > 0
ITER: WHILE 0 ¢ 9f(x}) DO
BEGIN
Choose a subgradient gi € 0f(xx), set dp = —gr/||gxk |
Determine a solution ¢; for the problem
* i td
() min f(xg +tdy)
Set xgp11 = Xk + trdy .
END

The problem with this approach is that —gg € 0f(xx) \ {0} may not be a descent
direction (¢f. Ex. 3.10.1). So the line minimisation (*) may compute the solution
tr = 0 and the procedure gets stuck at a non-optimal point xy.

As exemplified in Ex. 3.10.1, a subgradient g need not yield a descent direction.
Subgradients of convex functions, however, always yield search directions di =
—gr/|lgk|| that bring us closer to (any) minimiser X. Indeed, the subgradient
inequality f(X) — f(xx) > g} (X — xx) can equivalently be stated as

f(xk) = f(X)
el

i.e., the search direction dj in a non-optimal point x; (with g # 0 and f(xy) >
f(X)) and the difference vector X — x; form an acute angle. This fact can be
quantified.

(3.28) df (X —x;) > >0,
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LEMMA 3.12. Let f : R™ — R be a convex function with a minimiserX and g # 0
a subgradient of f at a non-optimal point xi. Then for 0 < t; < dckr(i — Xg), the
point Xp+1 = Xg + tgpdy satisfies

%1 — X||° < x5 — X[|* — tedf (X — x5) -

Proof. The relation xj41 — X = (X — X) + txdy implies
k1 = X% = llxs = X% + 2t (x5 — %) + 8 < ||xx — %[> = tadj (X = x5) -
U

The previous Lemma asserts that even if g € 0f(xy) does not define a descent
direction, the iterate xxy1 = xj + txdy is an improvement over xj if ¢, > 0 is
“small”. The latter, however, means that we should control the size of t; externally
rather than computing t; by line search.

The subgradient method for minimising a convex function f : R™ — R proceeds as
follows.

Subgradient Method

INIT: Choose a starting point xg € R”™ and parameters t; > 0

ITER: Choose a subgradient g € 0f(xx). (If gx =0, sSTOP)
Set dk = —gk/Hng and Xk+1 — Xk + tkdk .

THEOREM 3.13. Assume that the convex function f : R™ — R has at least one
minimiser X. Choose parameters ti > 0 such that

(e.)
m 0 and Ztk %)
k=0
Then the subgradient method generates points Xg,X1, ... such that

min{ f(x0),..., f(xx)} — [f(X) (k — o) .

Proof. If g, = 0 for some k, then x;, is a (global) minimiser and the claim is true.
Hence assume the generated sequence xg, X1, ... is infinite and g # 0 for all k. To
establish the claimed convergence suppose to the contrary that f(xx) > a > f(X)
for all k.

Since f is continuous at X (¢f. Theorem 2.13), there exists some p > 0 such that
fEX—pd)<a forall deR", ||d]| <1.

In particular, the points x} := X — pd), satisfy f(x}) < o < f(xx). Hence the
subgradient inequality implies

0> f(xp) = flxx) > gk (x) —xx) = g (X — x1 — pdy) -
Dividing by ||gk||, we obtain
di (% = x1) > pllde]* = p .
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From Lemma 3.12 we conclude for ¢ < p,
[xps1 —X[* < lxx —X|I> = trp -

Now t — 0 implies ¢, < p for k > K, say, and summation yields for every N > K,

N N
P>t < S (e~ X et — %I?) < e — X2
k=K k=K

By our choice of the t;, however, the left-hand side is unbounded as N — oo,
which establishes the desired contradiction. O

The condition ;7 t, = oo leads to a very general (and rather weak) convergence
result. In particular, the iteration points x; need not converge. Even in case they
do, the rate of convergence is extremely slow. Linear convergence, for example,
is impossible: Indeed, linear convergence with some factor ¢ < 1 would imply
|xx — X|| < ¢* ||x0 — X|| and hence

te = lIxkr1 — Xkl < [xpe — X + xx = %] < 2¢%|1x0 — x|,
contradicting >, tj = oo.

Yet, in some cases a more efficient step size control is possible. Suppose, for
example, that the minimum value f = f(X) of f is known in advance (we give
such an example below). If X is a strict minimiser of order 1, i.e., if there exists
some constant L > 0 such that

(3.29) fx) = f(x) = LIx -]

holds for all x € R™, then a linearly convergent subgradient method can be de-
signed.

THEOREM 3.14. If f : R" — R is convex and (3.29) holds for the minimiser
X € R", then the subgradient method with step sizes

(3.30) b= 10%) — 1) <2 Lka—xH>

18| gl

converges linearly to X.

Proof. Combining (3.28) with Lemma 3.12, we conclude for our choice for :
(3.31) st = XI* < e = %I° = 8 < flx = %[(1 — L2/ llgell?) -

Hence, if a bound ||gx|| < ¢ exists, linear convergence will follow with convergence
factor C' = m <1

From (3.31) we find in particular ||x; — X|| < ||xo — X||. So ||xx|| is bounded and
hence the function values are bounded, say |f(xx)| < M. Similarly, ||xx — dg|| is
bounded and hence |f(x; — dg)| < M’. This yields

c = M+M > f(xp—dp)— f(xx) > ge(—di) = |2l
O

REMARK. The convergence of the subgradient method can be improved by a modifi-
cation in the spirit of conjugate directions, which determines dj as a combination of the
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current gy, and the previous d;_1. We refer the interested reader to [2] (and the references
given there), also for a discussion of the choice of the step sizes t; in practice.

As an example of a non-smooth minimisation problem with a priori knowledge of
the minimum value f, we turn to the problem of finding a feasible point of the
System

fix)<0, j=1,....m, fj :R"™ = R convex .

Obviously, X is feasible if and only if X is a minimiser of the convex function
f(x) := max{fi(x),..., fm(x),0} with f(X)=0.
The Subgradient Method - Exercises.

Exercise 3.10.1. Let f(x) = max{z; + 222,21 — 222, —2x1 — 3}. Show that X = (—1,0)
is the unique minimiser of f.
Starting with xo = (1,2), line-minimisation (*) leads to x; = (0,0). Show that g; =
(1, —2) is a subgradient of f in x; but —g; is not a descent direction in the sense

f(x1 —tg1) < f(x1) for small £ > 0.

Yet note that the distance between X and x5(t) = x; — tg; decreases for 0 < ¢ < 1/5.

Exercise 3.10.2. Assuming that the set of minimisers is bounded, show under the as-
sumptions of Theorem 3.13: There exists a subsequence of (xj) converging to a minimiser
X of f.

Exercise 3.10.3. Show: The subgradient method with ", ¢, = oo cannot lead to any
convergence rate

Ixx —X|| <co- k77,
with p > 1 (unless it stops after a finite number of steps).

Exercise 3.10.4. Show that X = (—1,0) in Ex. 3.10.1 is a strict minimiser of order 1.

Exercise 3.10.5. Assume that f; : R" - R, j € J = {1,...,m} are convex C''-functions
and let

f(x) = max fi(x) and JX)={jeJ|fX) =/}

1<j<m

Show: conv {Vf;(X)|j€ J(X)} C 0f(X) for all X € R™.
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CHAPTER 4

Introduction to artificial neural networks

A prime example of the nonlinear optimisation in the previous chapter is the
training of artificial neural networks in machine learning. In this chapter, we
discuss a few basic notions in machine learning and essential building blocks of
neural networks. Neural networks come in different varieties, each working in a
slightly different manner. Among all of them, however, the fundamental building
blocks are the same. Hence, we limit our discussions to the classical neural network
structure of multi-layer perceptrons.

4.1. Intuition behind neural networks

Let’s start by looking at the following digits:

S0H/ U &

FIGURE 4.1. Handwritten digits 504192.

Most likely, we can recognise the digits 504192. This seems like an easy task, but
it is actually deceptively hard to write an algorithm for such a recognition task.
For example, a rule like “a two is a mirrored C' combined with a horizontal line” is
not sufficient (and even if it were, we’d still need to recognise a C' and a horizontal
line). The two in the image already does not satisfy this. Yet, a human brain can
work this out. If we can find an algorithm that emulates the structure of a brain,
then it may become possible to automatically recognise the digits. Many advanced
processes, such as detecting manufacturing defects, self-driving cars, and cancer
detection, are very similar. Therefore, solving the digit recognition problem gives
us tools for tackling many bigger problems out there.

4.1.1. Perceptron. A brain is made up of many neurons. Each neuron re-
ceives a signal from other neurons, and if the cumulative signal it receives is greater
than a certain threshold, it will send out a signal itself. We can model this using
a perceptron. Such a perceptron takes several binary variables x1, 2, ... and spits
out a binary variable itself.

45
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T \[\ output

FIGURE 4.2. Example of a perceptron with 3 inputs.

The perceptron does this by weighing the inputs with weights w; and checking
whether the linear combination exceeds a certain threshold, i.e.,

>, wix; < threshold

0
4.1 output =
(41) P {1 >, wix; > threshold

A nice example of how you can imagine this is the decision whether you want to
go to a festival. Relevant factors for going to a festival are

(1) whether one of your friends goes,

(2) whether the festival is awesome,

(3) whether the weather is good,

(4) whether you have enough money to spare.

You want to go when either the weather is good and your friend goes or the festival
is awesome, but these don’t matter if you don’t have enough money. This can be
modelled using a perceptron by setting wWgiend = 2, Wawesome = 3, Wweather = 1,
Wmoney = 10 and threshold = 13.

You can change the decision-making process by changing the weight or the thresh-
old. If you’d lower the threshold to 6, you would also go if you didn’t have the
money but the weather is good, the festival is awesome and one of your friends
joins you. If you changed wgiend t0 Weiend = 3, the weather no longer needs to be
good for you to go.

If you know when you want to go or not (so the output of the perceptron given a
certain input), then you can consider finding the various weights a function fitting
problem. In this case, you can always find w’s to represent your decision-making,
so you can find an optimal function. There are also multiple sets of weights that
make sure the perceptron gives the same outputs. Thus, there is no unique optimal
solution to this function fitting problem. We will use this idea of treating the
process of finding the weights as a function fitting problem shortly later in these
lecture notes.

4.1.2. Multi-layer Perceptron. In your brain the neurons pass information
along to each other, so to more accurately model the brain we should stick several
perceptrons together.

Now, the decisions from the first column of perceptrons are used in the second
column of perceptrons to produce an answer. Going back to our festival example,
we can now imagine that some of the inputs are the weather prediction from
Buienradar, the time of year, and how cloudy it looks today. A perceptron in
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inputs output

FIGURE 4.3. Example of a multi-layer perceptron.

the first column could use those to decide whether the weather is nice, which a
perceptron in the second column could use to decide whether you’d want to go.

4.1.3. Fitting digits. We could use a multi-layer perceptron to decide for
us what digit we see on the picture. So far, each perceptron we discussed only
gave a yes or no, i.e. a binary value. We have 10 digits, so with one yes or no we
cannot decide what digit we are looking at. One option is to create 10 multi-layer
perceptrons which each decide on whether they think it is a particular digit. So,
the first decides is this a 0, the second decides is this a 1, etc. Several digits make
use of straight lines. Hence, the perceptrons for these digits have in their layers
shared subdecisions. To not have to repeat the same structures in several of the
perceptrons, we could also make one bigger multi-layer perceptron that gives us 10
outputs instead of 1. Once we have decided on how big a multi-layer perceptron
we want to use (e.g. the one shown in fig. 4.4), we only need to find the weights.
Finding those is again a function fitting problem.

4.1.4. Sigmoids. In the optimisation part of this lecture notes, you learned
about gradient descent and how this can help solve optimisation problem. Function
fitting problems are one kind of optimisation problem. In gradient descent, you
nudge your parameters in such a way that the function gets closer to the optimal
step. When doing this in our multi-layer perceptron, we run into a problem. If
we slightly change a weight, the perceptron might suddenly decide the digit is no
longer a 1 but a 0. It can also be that nothing changes at all. Because the multi-
layer perceptron has several layers, predicting these jumps is hard to impossible.
It would be better to have that a small change to a weight, changes each output a
little. We can do this by smoothing out the outputs.

Using the step function (or the hard-threshold function)

0 <0
4.2 t =
(1.2 step(z) {1 "
we can write (4.1) as
(4.3) output = step(z w;x; — threshold).

)

When we smooth out the step function, we get a sigmoidal function (or S-shaped
function).
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hidden layer

(n = 156 neurons)

output layver

input layer

{784 neurans) : =

FIGURE 4.4. Example of a multi-layer perceptron with multiple
outputs. Each input represents one pixel of the image. It has 784
inputs, since the digits are images of 28 by 28 pixels. Output ¢
represents whether the network thinks it is digit .

1.0 A 104
0.8 1 0.8
+ 0.6 +— 0.6
>3 3
o a
- -
=] =]
O 0.4 O 0.4
0.2 4 0.2 1
0.0 0.0
“a 2 0 2 4 “a 2 0 2
Input Input

FIGURE 4.5. Left: the logistic function, an example of a sigmoid.
Right: the step function.

One of these sigmoidal functions is the logistic function

e’ 1

44 logi(z) = - .
(44) 08l(r) = T 7 = T o=
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We can now replace the way the perceptron computes outputs from (4.3) to

(4.5) output = logi(z w;x; — threshold),
or rather
(4.6) output = logi( > wix; +b),

7

since the threshold is now more an offset, here represented by b (short for bias),
than a threshold. With this, we will have that a small change in a weight will lead
to a small change in the output of the model.

4.1.5. SoftMax. We have changed the way each neuron in our model works
from a step function to a sigmoid. This means that the output can become any
number between 0 and 1. This is good for tweaking the weight in the model,
but the model can give us an output of [0,0,0,1,0.8,0.3,1,0,0,0]. The ones in
this output can indicate that the handwriting is just rubbish and the digits could
have been 3 or just as well a 6. But, what to make of the 0.8 and 0.37 This
is no longer a yes or a no. Rounding the output to the nearest integer gives us
[0,0,0,1,1,0,1,0,0]. Does this mean two of the outputs are in need of tuning, or
does the digit resemble three different numbers? When we show someone a digit
really resembling three different numbers and ask what that digit is supposed to
be, a natural response would be "Probably X, but it could also be Y". We can
apply this kind of thinking to our model. We do this by mapping the output from
our model onto a probability distribution. This is typical done by replacing the
last logi of the model by a SoftMax function, i.e. if the model gives as output a
vector x, then SoftMax(x) where

eXi

> exi

turns z into a probability distribution. This means that the components of SoftMax(x)
add to 1, i.e. >, SoftMax(x); = 1, and that 0 < SoftMax(x); < 1.

This shows that we can piece together a network inspired by the human brain
that can indeed solve the handwritten digit problem. The only part that we are
missing at this point is an algorithm for finding the proper weights in our model.
Such algorithms are based on gradient descent. To discuss those in more detail,
we need to write the network in some structured form that allows us to see what
for example gradients do.

(4.7) SoftMax(x); =

Exercises.

Exercise 4.1.1. In the festival example, how should the perceptron be adapted
if the model includes whether someone you really don’t want to meet goes to the
festival?

Exercise 4.1.2. Pi day is coming up and you’d like to bake a pie for the Pi day
celebrations. You are unsure whether you want to make your favourite or the
other recipe you found online. List 5 criteria (like X makes pie Y) and create a
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perceptron for it. An output of 1 means making the other recipe, whilst an output
of 0 means making your favourite.

Exercise 4.1.3. The annual Taipan tournament is coming up. Create a perceptron
that predicts whether someone will go.

Exercise 4.1.4. It’s Monday. Create a perceptron that predicts whether you will
go home to (one of) your parents the coming weekend.

Exercise 4.1.5. You are sitting in the Abacus room. Someone changes the music.
Create a perceptron that predicts whether you will change the music again (e.g.
back to what it was).

Exercise 4.1.6. In section 4.1.2 we discussed an extension to the festival example
in section 4.1.1. Write down the perceptron described and adapt the original
perceptron.

Exercise 4.1.7. In the festival example, what weight and biases do you need to
choose to model this using a neural network with logi as activation function, if an
output of more than 0.6 means that you want to go and an output of below 0.4
means that you don’t want to go?

Exercise 4.1.8. It’s almost the lunch break. Create three perceptrons: one that
predicts whether you play Klaverjas, one that predicts whether you play Hearts,
and one that predicts whether you play Taipan.

Several of these can predict that you are going to play that card game. Create a
perceptron that predicts what you are going to play based on the output of the
previous perceptrons.

Exercise 4.1.9. Reconsider the problem from the previous exercise. Replace the
fourth perceptron with a SoftMax. Compare for several situations the results with
the multi-layer perceptron from the previous question. Which is more accurate?

Why?

4.2. Neural network architecture

Consider two sets X C R%n and Y C R%ut with n,m € N. X represents the values
that we put into our model and Y represents the possible outcomes of our model. It
will be convenient to write the change from one step to the next in vector notation
instead of per neuron. If d;;; = 2 and the second layer has 2 neurons, then the
outputs after that layer can be written as

(S~ w1 X
(4.8) logi( (WL War) (X)) 4 by — 10@(2&;1 wi1X; + b1)
Wi2 W22/ \*2 b logi(D 5 wi2X; + ba)

Hence, in general we can write the change from layer to layer as a logi with ma-
trix multiplication and vector addition inside. Although, we also used logi in the
example, but there are many sigmoid functions or other non-sigmoid function that
are being used. We can use a placeholder ¢ for such a function, which we call an
activation function. An arbitrary neural network fg : X — Y will have several
layers. Subscripts are needed to index the vectors and matrices, so we will indicate
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the layer with a superscript £. Doing so allows us to write an arbitrary neural
network fg: X — Y as

(4.9a) Az) =x
(4.9b) 2(z) = o (W L(x) + bb)
(4.9¢) fo(x) = 2"(x)

with weights W* € RI>4"" and biases b € RY. The dimensions d’ € N with
d = d;,, and d¥ = dyy; are called widths, and with ¢ € {1, ..., L} we refer to which
layer of the neural network we are talking about. The weights and biases combined
are the parameters @ := {W' b', W2, ...} of the network, so that we have a brief
and convenient way of addressing both the weights and biases of each layer. The
term

(4.10) hf(z) = Wi 1(x) + bt
is called the pre-activation. z*
(4.11) a‘(q) = W'q + b’

is the affine step of layer £.

are similarly called post-activations. Last,

EXAMPLE 4.1. Let o = logi and

(4.12) w! = (}l §> , bl = <;> , W2=(1 -1), b’ =m.

To compute the associated neural network f, we start with the pre-activation func-
tion h'. This is given by

Troy _ w7l 1 (1 2\ [x1 1\ [ x1+2x2+1
o o= (4 950 ()- (it

To go from h' to z' we apply the activation function o component-wise, i.e.
. logi(x; + 2x2 + 1)
1 _ 1 _ gL X1 2
(4.14) 2 (x) = logi(h" (x)) = (logi(—4x1 + Bxg 4+ 2)>
Now, we can move to the next layer. This is the last layer, so we can now compute
f- This is given by
logi(x; + 2x2 + 1)

_ w21 2 _ . g1 X1 2
fo(x) = W2i(x) +0° = (1 1) <logi(—4X1 +5%g + 2)) T

= logi(x1 + 2x3 + 1) — logi(—4x; + 5x2 + 2) + 7.

(4.15)

REMARK. The affine step in eq. (4.11) is sometimes written as
(4.16) a‘(q) = (W' b <‘}) = W'q

in proofs to simplify expressions. Using this style in the example above, we would
write

X1
1 _ x%rle 1 2 1 . X1+ 2x9 41
(4.17) hx) =W _<—4 5 2) 7] 7 \—axi 4+ 5%+ 2
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instead of eq. (4.13). We recommend you never do this. This gives unnecessary
overhead numerically, and can lead you to make false inferences about the under-
lying geometry in proofs.

Neural network are used to approximate functions. We do this in two tasks: regres-
sion and classification. In regression, we fit a function to data. In classification,
we assign a class (cat, dog, car, number 7, ...) or a probability distribution over
classes to data. We measure how well a neural network does this using a loss
function £. The neural network that performs the best minimises the loss function
L. The process of finding the parameters for which this happens is called training,
and we say the neural network learns the right parameters 8. Let us first discuss
the bits of the neural network itself, before discussing this optimisation problem
in more detail.

Exercise 4.2.1. Let of = logi, d;, = 2, doyt = 1, and

-7 =5
le(_13 Z),blz(_z1>,w2: 5 2],

8 9
3
bP=[-6|, WP=(1 -1 0), t°=-2.
8
What is fg?
Exercise 4.2.2. Let of = logi, d;n, = 2, doyt = 2, and
1 4 —4
1| -9 -5 ' o (8 2 2 2 2 _
W' = 3 _1,b— 3 ,W—<3 9 1 2>,b —(80).
5 1 1
What is fg?

Exercise 4.2.3. Recall the perceptrons from Exercise 4.1.6. Write them in vector
notation.

Exercise 4.2.4. Recall the perceptrons from Exercise 4.1.8. Write them in vector
notation.

Exercise 4.2.5. Recall the perceptrons from Exercise 4.1.9. Write them in vector
notation.

Exercise 4.2.6. Let o(z) = ReLU(z) := max(0,x). If di, = 2 and dpyy = 1, what
weights and biases should we choose to get the neural network
(4.18) fo(x) = max(x1,x2)?

Exercise 4.2.7. Let o(z) = ReLU(z) := max(0, ). If d;, = 1 and dpyyy = 1, what
is the smallest number of weights and biases to get the neural network

T 0<x<0.5
(4.19) fo(z)=q1—2 05<z<1
0 otherwise

representing a triangle wavelet?
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Exercise 4.2.8. Suppose you are using a neural network to detect whether a
pedestrian wants to cross the road. Is this a regression or classification task?

4.2.1. Activation function. In the definition of the neural network from
(4.9), we see that in the neural network alternates an affine step and then apply
an activation function, i.e. we first compute a pre-activation h¢, then apply the
activation function o to that to get z¢ and subsequently compute the next pre-
activation hT!. The choice of activation function has a large influence on what
the neural network can do. If you choose it too simple, you can only approximate
simple functions.

LEMMA 4.2. Let o(x) = x, then fg(x) is an affine function, i.e. there exists an
A and a B such that

(4.20) fo(x) = Ax + B.

If you choose it very complex, then any numerical error could give us a very different
function. In practice, we stick to a select few activation functions. Since we want to
use gradient based methods, we need to be able to take a derivative of the activation
function and want that derivative to be non-zero. The multilayer perceptron uses
step functions, which do not have a non-zero derivative. By smoothing the step
function, we get the previously mentioned logi. By integrating the step function,
we get

(4.21) ReLU(z) = max(0, x).

The rule of thumb is to use these two inside the network, i.e. for of with ¢ # L.
When you fit a data in a regression task, it is common to use the identity o”(z) = z
for the final layer. When you assign classes to inputs in a classification task, it
is common to use o = SoftMax like we did in section 4.1.5. These are listed
together with their derivatives in table 1.

REMARK. For the interested reader: There is no hard mathematical theory for
why some activation functions work better than others, but reasoning and empirical
evidence has shown that several properties are desirable.

(1) o is easy to compute. To evaluate the neuron network, we need to
apply o point-wise L — 1 times. Hence, if o is hard to compute, then fg
becomes hard too.

(2) o' is easy to compute. The algorithms that are used during the training
process require us to compute the derivative of the activation function
o' many times. Hence, if o' is hard to compute, then finding the best
parameters @ for the network fg is hard too.

(8) o is monotone. During the training process W and b’ will be updated.
If 2Y(x) need to become bigger and o is monotone, then bigger W* and
b achieve this. If o is not monotone and the algorithm overshoots how
much bigger W and bt, there is a possibility that it might actually make
2Y(x) smaller.

(4) 0(0) = 0. If 0(0) = ¢, then for h'(x) = 0 we have z*(x) = c1. We can

adapt b® to compensate for c1, so w.l.o.g. we rather have ¢ = 0.
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Name |o o’
Identity | x 1
1 >0
St H(x) = - 0
°p (=) {0 z<0
1 >
ReLU max(0, x) H(x) = r=0
0 =<0
Logistic | tz== o(z)(1 - o(x))
eTi do(z);
SoftMax | o(x); = ST 85;,3 = o (x) (0, — o(2)s)

TABLE 1. List of used activation function with some of their prop-
erties. SoftMax is an exception to the rule that activation functions
are component-wise applied, and ¢ is the Dirac delta.

(5) o is not a polynomial. This has to do with which functions a neural net-
work can approzimate. If o is not a polynomial, then you can approrimate
any continuous function up to arbitrary accuracy using a neural network
when you allow the widths d° to become arbitrarily large, i.e. neural net-
works are dense in the continuous functions. This is called the universal
approrimation theory. You don’t want to exclude many functions you can
fit when you don’t need to, so better avoid polynomial activation functions
0.

Exercises.

evi

Exercise 4.2.9. The SoftMax activation function is given by (o(x)); = S
i=1

Take an n € N and compute o(z) for several x € X. What function does the
SoftMax approximate?

Exercise 4.2.10. SoftMax turns the output into a probability distribution over
classes. Give an example of another function that turns a vector in a probability
distribution.

Exercise 4.2.11. The SoftPlus activation function is given by o(x) = log(1+¢€”),
whereas ReLLU is given by o(x) = max(0, z). Sketch their graphs and compare the
two activation functions.

Exercise 4.2.12. Create a neural network with logi as activation function. In
classification tasks we replace the last logi with a SoftMax. What happens if we
do not replace the last logi (so we keep it), but apply the SoftMax afterwards?

4.2.2. Weights and biases. Neural networks alternate computing hf, an
affine step, and computing z¢, an application of an activation function. In this
previous section, we discussed the activation function. In this section, we will
focus on the affine step. For that, recall that the pre-activation of layer £ was
given by

(4.22) hf(x) = W2 ~1(x) + b’
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This is a map h : RZ ™" — R4, The sizes of W¥ and b are determined by the
sequence of widths (de)l%:l. It is possible to place additional constraints on the
weights W¥ or biases b¢, like W is tridiagonal or skew-symmetric. In this course,
we avoid doing so. The combination of the shapes of W*¢ and b® combined with
any potential constraints on them is called the architecture of the neural network.
Neural networks are classified based on their architecture. Commonly used network
architecture classification are depicted in fig. 4.6 through examples.

They are called shallow if L = 2 and deep otherwise. If each d > L, the network
is wide. If each d* < L, then the network is narrow. If one d* with ¢ ¢ {1, L}
is way smaller than the (most) other d’, then the network has a bottleneck. If
the architecture has repeating parts, e.g. the network has d*! = ¢, d* = ¢,
dFt1 = ¢3 for several values of k, then we call each of those repeating parts a block.

Exercises.
Exercise 4.2.13. Sketch the graph for the network fg from Exercise 4.2.1.
Exercise 4.2.14. Sketch the graph for the network fg from Exercise 4.2.2.
Exercise 4.2.15. Which network fg is represented in fig. 4.77
Exercise 4.2.16. Which network fg is represented in fig. 4.87

Exercise 4.2.17. Which network fg is represented in fig. 4.97

Exercise 4.2.18. How to classify the three networks shown in fig. 4.107

4.3. Training

Now that we have the structured way of writing down, we can address the question
of how to find the parameters of the neural network. To find the best parameters
0, so the weights W’ and biases b’, we train the network (or let the network
learn them). This is a very anthropomorphized way of saying that we solve an
optimisation problem of the form

(4.23) mein L£(6),
where £ is a loss function. The loss function assigns a score to how well your
neural network performs. The most used loss function, and the loss that we will

be using in this course, is the mean squared error (MSE) loss. When you have a
dataset (xp,yn)N_; with x,, € X and y,, € Y, then this is given by

N
(1.24) Larsp(®) = 5 3 llyn — folwn)|3
n=1

When we do a gradient step, we need to compute VgLyrsg(6). The chain rule
tells us that

N
(4.25) VoLlnse(0) = Vofo(xn) (fo(xn) — yn).

n=1
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The gradient Vg fg is not something we want to compute with finite difference. In
the rest of this section, we will discuss how to solve this optimisation problem in

practice.
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4.3.1. Forward and backward differentiation. The first thing that we
need to discuss is how to efficiently compute Vg fg. To that end, let us recall some
common rules for gradients. Let f, g be two functions.

(1) Sum rule: F(f(x) +g(z)) = 5;f(2) + 5r9(2)

(2) Product rule: %(f(w)g(x)) g(x)a%f(x) + f(x)a%g(x)

(3) Chain rule: %f(g(x)) = g—g%
Also recall that if f : R%n — Rdut then
of1 9f1
8f x4 e axdm
(4.26) fo:af: : :
ox1 Tt 8xdin
Finally, recall that
(4.27)
fo(x) = ZL(X) = (aLohg)(x) = (JLoaLozL_l)(X) =...= (JLoaL . ..Uloal)(x).

We see that fg is a composition of L activation functions and L affine steps.
This strongly suggest that if we want to take the derivate with respect to some
parameter that we want to use the chain rule many times over. Let’s go over three
examples to see what kind of expressions we get.

EXAMPLE 4.3. Suppose we have the function

n

(4.28) f(z) =[] sin(z)

i=1
with € R. Clearly, f(x) = sin(z)", and %(:z:) = nsin(z)" ! cos(x).

EXAMPLE 4.4. Suppose we have the function

(4.20) fa) = (( Ok sint) ) (@) = Ofey sinfa)
with x € R. For this function, we have

(1) If L =2, then f(x) = sin(sin(x)), and %(m) = cos(z) cos(sin(z)).

(2) If L = 3, then f(x) = sin(sin(sin(z))), and %(3:) = cos(z) cos(sin(z)) cos(sin(sin(x))).
(3) If L =4, then %(:c) = cos(z) cos(sin(x)) cos(sin(sin(x))) cos(sin(sin(sin(x))).

(4) In general, %(m) = Hle cos(OfZ} sin(z)).

EXAMPLE 4.5. Suppose we have the function
(4.30) i) = (( Ok togitwe -+ ) @)

with x € R. For this function, we have

(1) If L =1, then f(
(2) If L =2, then f(x): logi(ws (logi(wx + b1) + ba),
and %(l‘) = wl% (logi (bl + wlz)) % (b1 + wlz).

z) = logi(wiz + b1), and %(a:) = w dcllogi (wiz + b1).

T
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(3) If L =3, then %(w) = wiws d;‘;gi.(logi (wyf (ba + waz) + by))
108l (101 logi (by + woz) + by) L8 (by + wyz).

In the first example, we have a simple product of sines. The gradient of this is
easy to compute. In the second example, we have replaced the product with a
composition symbol. This means that we have to compute the gradient using the
chain rule. Since the thing we compose is still a sine, we can write an explicit
expression for the gradient. In compact form, this may seem still okay. But, when
your write it out, the gradient becomes a large expression quite fast. In the third
example, we used a width 1 neural network. For this one, we already needed to
break the line at L = 3. In practice, the width won’t be just 1. This means there
will be partial gradients in there too. We will also be taking the gradient with
respect to the parameters and not the input of the network. Combined with the
fact that L will be large, we expect to get a humongous expression for the gradient
of a neural network with respect to the parameters. Even if this function could be
stored in a computer, we wouldn’t want to evaluate it due to the sheer computing
power needed. What we need is automatic differentiation.

REMARK. For the interested reader: Machine learning has been around since at
least the 50s. A form of automatic differentiation was discovered in the 60s. This
was not known (or its relevance not recognised) to the machine learning community.
In the early 70s, criticism of artificial intelligence grew. A few years later, funding
for machine learning collapsed. The period that followed has been coined the “Al
Winter”. In the 80s, the modern way of automatic differentiation was discovered
and, together with universal approximation theorem and some promising sounding
architectures, it ended the winter. In the 90s, these new architectures had failed
to live up to their promise, so funding was again hard to come by. In the 00s,
automatic differentiation for GPUs became available. This allowed for training
much larger networks. One of these networks was AlexNet, which beat the runner-
up in the ImageNet competition of 2012 by more than 10 percentage points. This
hailed the start of the current era of Al, sometimes referred to as the “Al Summer”,

What we see in the examples is that we end up with a long list of products of
derivatives. There are two ways of solving this: forward and backward. These
refer to the order in which we compute the gradients. We can write the gradient
in example 4.5 as

gy A dnh deRUniT s dn? a2t dn e
xr

where we suppressed the inputs to the derivatives in the notation. When we want
to compute this we can place brackets like this,
(4.32)

df  (dzb ([ dhb [ d2tt fdRt! dz3 (dh? (dz? (dh' [ d2°

de (dhL (dzL—1 (dhL—l <dzL—2 ( - <dh2 <d22 <dh1 <dzo (da:) >
or like this,
(4.33)

G () Y G Y d ) da ) e
de \ "7 \dhl ) dzE=1 ) dhl=1 ) dzE=2 ) " Jdh2 ) dz2 ) dhY ) dx ) dx )




60 4. INTRODUCTION TO ARTIFICIAL NEURAL NETWORKS

In eq. (4.32), we start at the back and move to the front, so that’s called forward
differentiation. In eq. (4.33), we start at the front and move to the back, so that’s
called backward differentiation (or reverse mode differentiation). We have shown
both ways for the gradient of example 4.5 in fig. 4.11.

In eq. (4.31), only have products following from the chain rule. However, sometimes
you have to compute a product rule or a quotient rule instead. We can express a
function as a computational graph, where each operation like + or (-)? is a node
in the graph. For each of these operations, we know the symbolic form of the
derivative. Hence, once we know the computational graph for a function, we can
use forward or backward differentiation to compute the full gradient. How this
works in practice can be seen in figs. 4.12 to 4.14. In the fig. 4.12, we construct
the computational graph. In figs. 4.13 and 4.14 we compute the derivative using
forward and backward differentiation respectively.

REMARK. Observe that we used a seed in both figs. 4.13 and 4.14. What we
do in the automatic differentiation in actually computing directional derivative in
the direction of the seed vector. So, if we have a function f which takes a vector
and a seed vector p, then forward mode differentiation actually computes (Vf)Tp.
When the output is scalar, backward differentiation gives just the gradient. Since
we our taking gradient of the loss function (which is scalar valued), we don’t have
to consider seed vectors. Hence, we will ignore them for the rest of this course.

In the examples, we have been taking gradients with respect to the inputs. During
training, we will be taking gradients with respect to the weights. These gradients
will have many shared terms between them. By using backward differentiation,
we can reuse the computed values for these shared terms. In many cases, this
backward differentiation with respect to the parameters is not called backward
differentiation but backward propagation. So, in the next section, we will refer to
backward differentiation as backpropagation.

REMARK. In neural network, evaluating the network is also called the forward
pass. We use backpropagation to compute the gradient of the loss. The term back-
propagation comes from the fact that gradient information propagates due to back-
ward differentiation backward, which in this case refers to the opposite direction as
in the forward pass.

Exercises.

Exercise 4.3.1. Sketch the computational graph of example 4.3. Compute the
gradient using forward and backward differentiation.

Exercise 4.3.2. Sketch the computational graph of example 4.4 for L = 4. Com-
pute the gradient using forward and backward differentiation.

Exercise 4.3.3. Consider the function
(4.34) fuwl(z1,22)) = x% + wxe sin(z)

with weight w € R. This is a parametric version of the equation from fig. 4.12.
Sketch the computational graph of eq. (4.34). Compute the gradient with respect
to w using backward differentiation.
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FIGURE 4.11. Both direction of taking a derivative illustrated.
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FIGURE 4.12. Evaluation of f((x1,72)) = 23+ 2 sin(z;) with cor-
responding computational graph.

Exercise 4.3.4. Consider again the function from eq. (4.34) and consider the
point x = (1,7/4). The value it should have is y = 2. Pick several w and compute
the gradient of

(4.35) L(w) = (y — fu(x))?
with respect to w using backward differentiation.

Exercise 4.3.5. Consider the neural network fg from Exercise 4.2.1. Compute
the gradient of

(4.36) L(8) = (y — fo(x))?

for y = 2 and x = (1,7/4) with respect to W, W35, b and b7 using backward
differentiation.
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FIGURE 4.13. Forward differentiation for the function
= 22 4 a9 sin(z1).

[ _
g Y= § Y = Seed
& _ = — _ — 0Oy
=~ w4_w2+w3 g w4—y% =
o] _ 2 = — - Ows =1
E| Ws =73 S| W3 = Wag,, =
a = % -  __ = Owg _
o w2 96'2><w1 ] W = Wy 7,2 =1
§| w1 =sin(z1) A =
o 5
Q| z2 E Ty = 0 922 + w3 g = sin(z;) + 2z, Goal 2
Z1 T =m s = xpcos(r1)  Goal 1

FIGURE 4.14. Backward differentiation for the function
f((z1,22)) = 22+ 19 sin(z1).

Exercise 4.3.6. Consider the neural network fg from Exercise 4.2.2. Compute
the gradient of

(4.37) L(0) = (y — fo(x))”
for y = 2 and x = (1,7/4) with respect to W3 ,, W3 ,, b} and b3 using backward
differentiation.

4.3.2. Stochastic and batch gradient descent. Recall from section 3.3
that in order to do gradient descent we first find a descent direction and subse-
quently solve a minimisation problem to determine how far we should travel in
that descent direction. We showed that this could be done through (in)exact line
search or, if your function is nice enough, by choosing a particular sequence of step
sizes ty.

Neural networks are not nice enough for us to be able to pick a nicely converging
sequence of step sizes n*). If we do that, we most likely won’t end up in any local
minima. Since a neural network has many paramaters, we don’t expect to take
big steps sizes at all. Computing a line search to determine the best step size is
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deemed not worth it. Instead, we opt for simply fixing a small step size before we
start training. Since this step size determines how fast the network learns, it is in
the context of machine learning called the learning rate.

When we take a gradient step for eq. (4.23) with the loss function eq. (4.24) with
a fixed learning rate, we compute

(4.38) 0+ =0 — Vo Lyrsp (%)),

where the bracketed superscript refers to which gradient descent iteration we are
in. We are using backpropagation, so we have to compute L MSE(O(k)) first. If
N is large (as typically the case), then computing £y75p(8%)) for all N is too
expensive to compute. Hence, we use a sample of r points of L,;55 instead:

(4.39) rs(0) = 5 D llyn — folxn)l3
n=1

To update the weights we thus compute
(4.40) 0+ = %) _ g Lh, o (0F).

Each sample of r inputs is called a batch. The samples are down without replace-
ment, so after approximately N/r iterations all inputs have sampled. When that
has happens, all points can be sampled again and the cycle restarts. Each such
cycle is called an epoch. If r = 1, then eq. (4.40) is called stochastic gradient
descent. Otherwise, we call it batch gradient descent. Most of the time r = 32 or
r = 64. This size allows for computing 2710\/15 g using vector operations and makes
sure that the networks are not updated too often during each epoch.

Algorithm 3 Stochastic/Batch Gradient Descent Method

Init: Choose initial parameters 0(0), batch size r € N, learning rate n and
number of epochs K.

for k=1 up to K do

Mark entire dataset as unsampled.

while dataset not fully marked as sampled do

if r unsampled points left in dataset then

\ Sample r points from dataset and mark them sampled.

else

 Sample remaining points from dataset and mark them sampled.

Compute L};¢5(0)
Set %+ — gk) _pyLn o (%),

Exercises.
Exercise 4.3.7. Consider the function
(4.41) fup((x1,22)) = 2 + waa sin(z1) + b

and the tuples (x1,y1) = ((1,7/4),2) and (x1,y1) = ((—1, —7/4), —2). Pick initial
parameters w and b, and a learning rate 7. Update the parameters by applying



64 4. INTRODUCTION TO ARTIFICIAL NEURAL NETWORKS

gradient descent to the loss function

1
(4.42) L(w,b) =5 3 (i = fus(x:))*
A
Then, repeat the process with the same initial w and b using stochastic gradient
descent with » = 1. Are the resulting w and b the same? If not, which result is
better?

4.3.3. Adaptive gradient descent. One of the issues with gradient descent
is that it can converge a bit slow when you choose too small of a learning rate,
with the particular issue that it can get stuck in a local optimum. In the chapter 2
several higher order methods have been discussed. The downsides of these methods
was their extra computational costs. Due to the sheer number of parameters for
neural networks, this added computational cost exceeds any performance gains. To
still improve upon the standard gradient descent, several variations on stochastic
gradient descent have been developed to help with these issues. These heuris-
tics take into account previous gradients too and not just the current gradient.
The ones that we will discuss are momentum, Nesterov acceleration, AdaGrad,
RMSProp and Adam.

4.3.3.1. Momentum. When using momentum, we change eq. (4.40) to
(4.43a) D = ;s ®) — nVelh op(0%), 5@ =0
(4.43Db) g+ — g(k) 4 g(k+1)

with m > 0 being the momentum coefficient. It preserves some of the previous
gradient information. This means that the gradient descent will preserve some
speed, when it started with a lot of big gradients and then got some small gradients.
This can, for example, happen when the gradient descent encounters a saddle point.
Near those Vgﬁ}"\/[SE(H(k)) can be small. You don’t the algorithm to stop in this
local optimum, but continue to a better one. m > 0 allows you to pass this saddle.
Another situation that it is useful is if the gradient descent zigzags. In that case,
the zigzags would average out in & (k) an allow the optimisation method to take the
path through the middle. There is also a downside of having momentum. If you
are close to a desired optimum, then gradient descent would grind to a halt due
to small gradients. With momentum, it might completely overshoot the optimum,
like a stone in curling overshooting the house or a ping pong ball refusing to stay
in the cup in beer pong. So, it should be large enough to sway the gradients and
small enough to not let the descent run past any optima. Since the choice for
learning rate n influences the choice for m, eq. (4.43) is also written as

(4.44a) 80D = pVeLyysp(0™) + (1 - 55", 60 =0
(4.44b) g+ — gtk) _ p5kt1)

with 5 € (0,1). Here, 8 determines how to balance the history and the current gra-
dient in order to determine the next change in parameters. In this formulation, the
choices for g and n are independent. However, there is no rigorous mathematical
principal to determine S.
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Algorithm 4 Stochastic/Batch Gradient Descent Method with momentum
0)

Init: Choose initial parameters 6 , momentum m, batch size r € N, learning
rate n and number of epochs K.

Set 6 =0

for k=1 up to K do

Mark entire dataset as unsampled.

while dataset not fully marked as sampled do

if r unsampled points left in dataset then

\ Sample r points from dataset and mark them sampled.

else

 Sample remaining points from dataset and mark them sampled.

Compute L};¢5(0)
Set 8* Y = md® — nVeLlh, (0"
Set @+ — gk) _ k1),

4.3.3.2. Nesterov. In Nesterov acceleration, we not only give the weights some
mass m, but also compute the gradient at a location based on this mass,

(4.452) S*HD = ;s ®) — g Lh, 6p(0F) +ms®)), 50 =0
(4.45D) el+1) — gk) 4 s(k+1)

By adding md™® into the loss, we perform some kind of look ahead. The idea is
that this look ahead makes the iterations more stable.

REMARK. In 1983, Nesterov wrote a scheme for convex functions that takes 5
lines to write down. Sutskever wrote it as the 2-liner given in eq. (4.43) using
an asymptotic approximation. In that version m depends on the iteration using
mk) =1— 1&-%5 Nesterov’s original paper was a big deal, since for convex functions

it has a O(k%) convergence rate instead of the O(%) gradient descent has.

4.3.3.3. Adagrad. The previous methods all have a global learning rate. This
may not be good enough. You can have that some variables have a large gradient
and some have a consistently small gradient. No choice for momentum will keep
the large ones in check, whilst making sure the smaller ones get buffed by the
momentum. So we want to use learning rates that adapt to the needs of each
parameter. One way is to do some “normalisation” of the learning rate. Adagrad
does this using

(4.46a) D) = ) 4 v lh o (002 0 =
(4.46b) o+ — g _ T o yafr o (W)

where 0 < € < 1 is a very small number to prevent you from dividing by zero,
c® is called the cache, ® means component-wise multiplication and ®? means
component-wise squaring. The addition of ¢*) in the square root means that size
of the previous gradients steers the learning rate n by reducing the learning rate
for parameters with a high gradient. A downside of Adagrad is that a single large
gradient for an element in a series of iterates k dominates the corresponding element
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Algorithm 5 Nesterov accelerated Gradient Descent Method

Init: Choose initial parameters 09 momentum m, batch size r € N, learning
rate n and number of epochs K.

Set 6 =0

for k=1 up to K do

Mark entire dataset as unsampled.

while dataset not fully marked as sampled do

if r unsampled points left in dataset then

\ Sample r points from dataset and mark them sampled.

else

 Sample remaining points from dataset and mark them sampled.
Set 8 = 9 + mé(k)

Compute L}, ¢5(0)

Set §¢*+D = me®) — VoLt ()

Set 9+ = gk) _ k1),

of ¢® since c¢® keeps track of the gradients over all iterates. Furthermore, c(*)
can only increase, which means it can only decrease n. This limits its effectiveness.

Algorithm 6 Adagrad

Init: Choose initial parameters 0(0), momentum m, batch size r € N, learning
rate 7 and number of epochs K.

Set ¢ =0

for k=1 up to K do

Mark entire dataset as unsampled.

while dataset not fully marked as sampled do

if r unsampled points left in dataset then

‘ Sample 7 points from dataset and mark them sampled.

else

 Sample remaining points from dataset and mark them sampled.
Compute A}”WSE(H(’“)

Set ¢t = c®) 4 VoLt o (0%)2

Set 9141 = 1) — s © VoL p(01)

4.3.3.4. RMSProp. RMSProp tries to fix both problems by letting the cache
c® decay,
(4.47a) cF ) = 5c™ + (1 - 6)VeLh g (0092 @ =0
(4.47b) okt — gk — T 5 Vel pn(6®)
Ve+ck)
with the decay € (0,1). Typically, § € {0.9,0.99,0.999}. This means that
most of the cache is determined by the previous ¢*) and the historical influence

decays exponentially. This significantly improves the performance is some cases
and minorly improves the performance in most cases.
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Algorithm 7 RMSProp

Init: Choose initial parameters 0(0), momentum m, batch size r € N, learning
rate n and number of epochs K.

Set ¢ =0

for k=1 up to K do

Mark entire dataset as unsampled.

while dataset not fully marked as sampled do

if r unsampled points left in dataset then

\ Sample r points from dataset and mark them sampled.

else

. Sample remaining points from dataset and mark them sampled.
Compute ﬁ’MSE(H(k)

Set ¢+ = §c) + (1 — §) Vo Ly, g ()2

Set *+D —gk) — 1 o vl o (00).

L L Vetek)
4.3.3.5. Adam. Adam looks like RMSProp with momentum,
(4.48a) v = v 4 (1 - 81)VeLyysp(@®), vO =0
(4.48b) kD — (1) /(1 — gky
(4.48¢) cFHD = Boc®) 4 (1 - Bo) VoLl sp(08)92 @ =0
(4.48d) ekt = c(k+1) /(1 — ghy
(4.48¢) gt —gk) _ T o G(k+1)

with 1,082 € (0,1) and 0 < ¢ < 1. Typically, 81 = 0.9 and S2 = 0.999. Equa-
tion (4.48a) is similar to eq. (4.44a) and eq. (4.48c) is similar to eq. (4.47a), but with
B1 and [ instead of 5 and 6. Without eq. (4.48b) and eq. (4.48d) the algorithm
has a bias, and these terms correct that. The combination of both momentum
and caching means that this method is one of the most used and best performing
algorithms for neural networks.
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Algorithm 8 Adam

Init: Choose initial parameters 09 momentum m, batch size r € N, learning
rate n and number of epochs K

Set ¢ =0

Set 00 =0

for k=1 up to K do

Mark entire dataset as unsampled.

while dataset not fully marked as sampled do

if r unsampled points left in dataset then

\ Sample r points from dataset and mark them sampled.

else

. Sample remaining points from dataset and mark them sampled.
Compute ﬁMSE(H(k)

Set v+ = g1p®) 4 (1 — 51)V9£MSE(0(k))
Set o(k+1) = o(k+1) /(1 — gk)

Set ¢ 1) = Byc®) 4 (1 — ﬁQ)vgﬁMSE(eUﬂ)@?
Set 9+ —gk) _ __1___ o pk+1),

v/ ef-ék+1)
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APPENDIX A

Real Vector Spaces

This appendix is a brief review of the basic notions and facts from linear algebra
and analysis that we will use as tools in mathematical programming. The reader
is assumed to be already familiar with most of the material in this chapter. The
proofs we sketch here (as well as the exercises) are mainly meant as reminders.

A.1. Inner Products and Norms

An inner product on R™ is a map (-|-) : R” x R” — R such that for all vectors
X,y,z € R" and scalars A € R,

(A1) (xly) = (ylx)

(A.2) (Ax]y) = Axly)

(A.3) (x +ylz) = (x|z) + (y|z)

(A.4) (x|x) >0 if x # 0.

By (A.1)-(A.3), an inner product is a symmetric bilinear form and, by (A.4),
positive definite. We will usually be concerned with the so-called standard inner
product for x = (z1,...,2,)" andy = (y1,...,yn)?, which is a special case of the
matrix product:

n
xly) =x"y => zy;.
j=1

LEMMA A.1 (Cauchy-Schwarz). Let (-|-) be an inner product on R™. Then all
vectors x,y € R™\ {0} satisfy the inequality

(xly)® < (xlx)(yly) -
Equality holds if and only if x is a scalar multiple of y.

DEFINITION A.2 (Positive (semi)definite). Given an inner product on R™ and a
linear transformation L : R®™ — R", we have the following notions.

e L is called a symmetric transformation if for all x,y € R™ holds:
(Lx]y) = (x[Ly).

e L is called a positive semidefinite transformation, if it is a symmetric
transformation such that for all x € R™ holds:

(x|Lx) > 0.
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74 A. REAL VECTOR SPACES

e L is called a positive definite transformation, if it is a symmetric trans-
formation such that for all x € R", with x # 0 holds:

(x|Lx) > 0.
Mostly, we use the notions of symmetric and positive (semi)definite matrices, where

we view matrices as a linear transformation with respect to standard matrix-vector
multiplication:

A square matrix A € R™ " is called symmetric if:
A=AT.
A square symmetric matrix A € R™ " is called positive semidefinite (p.s.d.), de-
noted A > 0, if:
x'Ax > 0.
Moreover, we say that A is positive definite (p.d.), denoted A > 0, if additionally
xTAx=0 < x=0.
LEMMA A.3. Let S € R™ ™ be a symmetric matriz. Then

(a) S is p.s.d. if and only if there is a matriv A such that S = AAT.
(b) S is positive definite if and only if there is an invertible matriz A such

that S = AAT. O

THEOREM A.4 (Spectral Theorem for Symmetric Matrices). Let A € R™*"
be a symmetric matriz. Then there exists a matrizc Q € R™ ", and eigenvalues

ALy .., Ay of A such that
QIQ=1 and QTAQ=diag (\1,...,\n) .

LEMMA A.5. A square symmetric matric A € R™™ only has real-valued eigen-
values.

THEOREM A.6. Let A be a symmetric matriz and Q an invertible matrix such
that D = QAQT is diagonal. Then

(a) A is p.s.d. if and only if all diagonal elements of D are non-negative.
(b) A is positive definite if and only if all diagonal elements of D are strictly
positive.

COROLLARY A.7. Let A\y,..., A\, be the eigenvalues of the positive definite, re-
spectively positive semidefinite, matriz A € R ™. Then A\; € R and \; > 0,
respectively N\; > 0, for all i € {1,...,n}.

LEMMA A.8 (Identification of 2 x 2 positive (semi-)definite matrices). Let A €
R2*2 be a symmetric matriz. Then

(a) A is positive semidefinite if and only if all diagonal elements and the
determinant of A are non-negative.

(b) A is positive definite if and only if all diagonal elements and the deter-
minant of A are strictly positive.
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A.1.1. Norms. We can speak reasonably about the “length” of a vector in

R™ only relative to a given norm on R™, that is, a map || - || : R™ — R such that
for all vectors x,y € R™ and scalars A € R,

(A.5) lIx|| >0 for x # 0;

(A.6) [[AX[] = [A] - [Ix]l;

(A7) Ix+yl < Il + [yl

Inequality (A.7) is the triangle inequality.

Every inner product (-|-) on R™ gives rise to a norm via

[l = v xlx) -

The norm arising from the standard inner product on R" is the Euclidean norm

x| = VxTx= /2?2 +...+22.

A.2. Continuous and Differentiable Functions

A.2.1. Topology of R™. In this section we consider the Euclidean norm and
denote it simply ||-|| = ||+ ||2 (unless explicitly specified otherwise). For two vectors
x,y € R"™ we define their (Euclidean) distance as ||x —y||. In the case n = 1, of
course, we also use the familiar notation of the absolute value |z — y|.

The set of real numbers R has (by definition) the following so-called completeness
property : A non-decreasing infinite sequence of real numbers 1 < ry < ... has a
(unique) limit
r= lim r, eR
k—00

if and only if there exists a bound M € R such that r, < M holds for all k. As
a consequence of this property , every subset S C R has a unique infimum, which
is defined as the largest lower bound for all s € S and denoted by inf S. (If S is
not bounded from below, then inf S = —co and if S = (), then inf S = +00.) The
supremum sup S is defined similarly.

We say that a sequence si,so, ... of points s € R™ converges if the exists some
s € R” such that

lim [|[s—sk|| = 0,

k—o00
which is denoted by s = limy_ o, S or just s — s. A subset S C R" is bounded if

there exists some M € R such that ||s|| < M holds for all s € S. The completeness
property of R then implies the following:

e S C R™is bounded if and only if every infinite sequence s1, so, . . . of points
si € S admits a convergent subsequence sg, , Sk, ... -

An open ball (of radius > 0 and centered at xg € R") is a subset of the form
Ur(x0) = {xeR"|[|[x —x0] <7} .

A set U C R" is open if U contains with any x¢ also some open ball U, (xq). (In
other words: An open set is precisely the union of all the open balls it contains.)
A subset C' C R" is closed if R™\C' is open.
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(Arbitrary) unions of open sets are open and, correspondingly, intersections of
closed sets are closed. In particular, every S C R™ has a unique smallest closed set
containing S, namely the intersection cl S of all closed sets containing S. cl S is
the so-called closure of S. Similarly, every S C R™ admits a unique maximal open
set int S contained in S, namely the union of all open balls contained in S, the
interior of S.

The boundary of S C R™ is defined as 0S5 = cl S\int S .

A subset S C R™ is compact, if it is bounded and closed. So S is compact if and
only if every infinite sequence (s) in S has an accumulation point 8 € S. (The
existence of s is equivalent to the boundedness of S and s € S is equivalent to
the closedness of S.) This observation is sometimes referred to as the Theorem of
Bolzano-Weierstrass.

A.2.2. Continuous Functions. Let S be a given subset of R™. Then the
function f : .S — R™ is said to be continuous at the point xg € S if for every € > 0
there exists some § > 0 so that

|| f(x0) — f(x)]]2 < € holds whenever x € S and ||x¢ — x||2 <,
or, equivalently, f(Us(xo) N.S) C Uz(f(x0)). We denote this property by

f(x0) = lim f(x)

X—X0

We say that f is continuous on S if f is continuous at every xg € S.

Sums and products of real-valued continuous functions are again continuous, as
are compositions of continuous functions.

LEMMA A.9. Let || - || : R™ — R be an arbitrary norm on R™. Then f(x) = ||x||
s a continuous function.

If C C R" is compact and f : C — R™ is continuous, then the image f(C) is
compact in R™.

THEOREM A.10. (Weierstrass) Let C' C R™ be a nonempty compact set and
f:C = R be continuous. Then f attains its mazrimum and minimum value on C,
i.e. there exist xg,x1 € C with

f(x0) < f(x) < f(x1) forallx € C.

A.2.3. Differentiable Functions. From a computational point of view, lin-
ear and affine functions are the easiest to deal with. Therefore, we are interested
in the question when a not necessarily linear function can be, at least locally,
approximated by a linear function. Again, we focus right directly on the vector
spaces R"™ and R™, equipped with the standard inner product and the Euclidean
norm. In each case, we choose as reference the standard basis of unit vectors
ej=(...,0,1,0,...)T.

Let U be an open subset in R™. The function f : U — R™ is said to be dif-
ferentiable at the point xg € U if there exists a matrix A € R™*™ and a function
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¢ : U — R™ such that limp_,0 ¢(h) = 0 and
f(xo+h) = f(x0) + Ah+ ||h|jp(h) forallxg+heU.

A shorter way of expressing these conditions is offered by the notation

[ f(x0 +h) = f(x0) + Ah + o(|[h]])]

(Recall that o(||h||¥) generally denotes a term of the form ||h||*n(h), where n(h)
is a function satisfying Illir% n(h) =0.)
ﬁ

The definition says that the differentiable function f can be approximated near xq
via the affine function

f(h) = f(x0) + Ah.
The matrix A is called the derivative of f at x( and is generally denoted by V f(x0)
(and by f'(zo) in case n = 1). We call f differentiable on U if f is differentiable

at every xo € U. The derivative V f(xg) turns out to be nothing but the Jacobian
matrix associated with f (see p. 79).

Derivatives of Functions in One Variable. The analysis of functions of several
variables can often be reduced to the one-dimensional case. Therefore, we briefly
review some basic and important facts for functions f in one real variable x (with
/" denoting the derivative).

Let f be defined on the open interval (a,b) C R and differentiable at the point
xg € (a,b). The following is a key observation for many optimization problems.

LEMMA A.11. If f'(xg) > 0, then there exists some § > 0 such that
flzo—h) < f(zo) < f(zo+ h) whenever 0 < h <4 .
An immediate consequence of Lemma A.11 is the extremum principle: If f

(a,b) — R is differentiable at xo € (a,b) and if either f(zo) = maxgec(qp) f(T)
or (o) = minyeay F(x), then

f/(xo) = 0.
THEOREM A.12. (Mean Value Theorem) Let f : [a,b] — R be continuous on

the closed interval [a,b] and differentiable on the open interval (a,b). Then there
exists some £ € (a,b) such that

fb) = fla) = (b—a)f'(£) -
As an application of the mean Value Theorem we obtain the second order Taylor
formula.
LEMMA A.13. Let U = (—tg,tp) C R and assume p : U — R is twice differen-
tiable. Then, for any given t € U there exists 0 < 0 < 1, such that

p(t) = p(0) + 15/ (0) + 1% (01).
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Directional Derivatives and the Gradient. A function f: U — R™ assigns
to each vector x € U a vector

Fx) = (fi(x), -, fm(x))T €R™.

It follows from the definition that f is differentiable at x¢ if and only if each of
the real-valued component functions f; : U — R is differentiable at xg. So we may
restrict our attention to the case m = 1.

Consider the differentiable real-valued function f : U — R at the point xg € U
and fix a “direction” d € R™. Then f induces locally a function
pa(t) = f(xo +td)
of the real parameter t. Moreover, the representation
f(xo +1td) = f(x0) + tV f(x0)d + [[td]|¢(td)

immediately shows that the derivative p/;(0) exists. In fact, letting ¢(t) = ||d|¢(td),
we have

pa(t) = pa(0) +tV f(xo)d + [t|5(t)
and hence p};(0) = Vf(x0)d.

Choosing the direction d as a unit vector ej, we recognize what the derivative
matrix Vf(xo) = (a1,...,a,) € R*" actually is and how it can be computed.
Recall first that the partial derivative Of/0x; of f at xo is defined to be the
derivative pgj (0) of the function pe,(t) = f(xo + te;) , which implies

aj =Vf(xo)e; = 8](;(;('0) :
i

Hence, the derivative of f: U — R is given by

of(x af(x
Vf(X(]): fa;l())a"w .g(l'n())

and is called the gradient of f at xq.

In general, we note for pq(t) = f(x¢+td) the formula for the directional derivative
of f at xg with respect to d:

of

(%0
a:(}j

(A3 Pa0) = T fxad = 30 )
j=1

Formula (A.8) allows us to determine the direction with respect to which f offers
the largest marginal change at xg. With pq(t) defined as before, we want to solve
the optimization problem

/ .
0 bject to ||d|| = 1.
max |pg(0)] subject to [|d|

We assume V f(xg) # 07. Applying the Cauchy-Schwarz inequality to (A.8), we
deduce

Pa(0)] < IVf(x0)[l - [ld]| = [IV.f (x0)]
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with equality if and only if A7 = AV f(xq) for some A € R. Hence we find that the
gradient V f(xg) yields the direction d into which f exhibits the largest marginal
change at xg. Depending on the sign of A, we obtain the direction of largest
increase or largest decrease.

Moreover, we have the general extremum principle: If xg € U is a local minimizer
or maximizer of f in the sense that for some € > 0
Xg) = max X or Xp) = min X
f(x0) e f(x) f(x0) o fx),
the one-dimensional extremum principle says that 0 = p/;(0) = V f(x9)d must

hold for all directions d, which implies that xg must be a critical point, i.e., satisfy
the critical equation

(A.9) V f(x0) = 07

For general f : U — R™, the same reasoning as in the case m = 1 shows that the
derivative V f(x¢) has as rows exactly the gradients of the component functions f;
of f. Hence the derivative V f(xg) of f at xq is the Jacobian matrix

V/(x0) = (‘9’;2‘0)) e Rm<n

The existence of the Jacobian V f(x) (i.e., the existence of the partial derivatives
0fi(x)/0x;) alone does not necessarily guarantee the differentiability of f at x.
A sufficient — and in practice quite useful — condition is the continuity of the
(generally non-linear) map x — V f(x).

When m = 1, we refer to the Jacobian as the gradient.

LEMMA A.14. Let U C R" be open and f : U — R™ have continuous partial
derivative functions x — 0f;(x)/0z; foralli=1...,mand j=1,...,n (i.e., the
function x — V f(x) exists and is continuous). Then f is differentiable on U.

If f: U — R™ has continuous partial derivatives, we call f a C'-function. In
general, C* denotes the class of functions with continuous partial derivatives up
to order k.

The Chain Rule. Let U C R™ and S € R™ be open sets and assume that the
function f : U — S is differentiable at xo € U. If g : S — R is differentiable at
yo = f(%o), the composite function h : U — R*, given by h(x) = g(f(x)), can be
linearly approximated at xg by the composition of the respective derivatives.

More precisely, h = go f is differentiable at x¢ and the Jacobian of h at xp equals
the matrix product of the Jacobian matrices of f at xg and g at yyo:

(A.10) | Vh(xo) = Vg(y0) V(o) |

Formula (A.10) is known as the chain rule for differentiable functions.
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The Product Rule. The chain rule is an often very useful tool for the compu-
tation of derivatives. Let, for example, fi, fo : (a,b) — R be differentiable on the
open interval (a,b) C R and consider h(t) = fi(t) - fa(t). Then

W(t) = () f1(t) + f1{) f2(t)

A.2.4. Second Derivatives and Taylor’s Formula. The differentiable func-
tion f : U — R gives rise to the function Vf : U — R" via the assignment
x — [Vf(x)]T. Let us assume that also V f(x) is differentiable. Then the partial
derivatives of the partial derivatives of f exist and define the second derivative

matrix )
0
VG = <axfa(2> !

called the Hessian matrix of f at x € U.

If all second partial derivatives are continuous on U, i.e., f is a C?-function, one
can show for all x € U and all 4, 7,

’f(x) _ 9*f(x)
8xi8xj N al‘j6$i7

which means that the Hessian V2 f(x) is symmetric.

Consider the case where all second partial derivatives of f exist and are continuous.
Then Lemma A.14 tells us that V f is differentiable. Additionally, py(t) = f(x¢ +
tu) is twice differentiable.

In the subsequent discussion, we consider vectors u of unit length |ju|| = 1.
Lemma A.13 guarantees the existence of some 0 < 6y < 1, such that
2

pa(t) = pu(0) + pu(0)t + S Pu(ut) ,
provided [t| > 0 is so small that U (xo) € U. We want to derive an analogous
representation for f.

Given € > 0, the assumed continuity of the Hessian matrix V2 f(x) allows us to
choose |t| > 0 so small that for every x € U with ||xo — x| < |¢],

*f(x0) _O*f(x)| _
awial’j ({).fciarj .

Recalling pli(t) = u?' V2 f(x +tu)u and observing |u;u;| < |[ul|? = 1 for every two
components u; and u; of u, we obtain

[P (0) — pa(But)| < n’e,
which is valid for all d = tu whenever the norm ||d|| = |¢| is small enough (in-

dependent of the unit direction u!). With p,(0) = V f(x¢)u, we thus arrive at
Taylor’s formula for real-valued functions in several variables:

f(xo+d) = f(x0) + Vf(x0)d + 5d" V*f(x0)d + o([[d]|?)
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or with some 7 € (0, 1):

fxo+d) = f(x0) + Vf(x0)d+ 3d"V?f(x0 + 7d)d
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APPENDIX B

Convex Sets

This appendix is meant as a reference for the reader who needs to freshen up on
the concept of convex sets.

Let P C R™ be the intersection of (possibly infinitely many) closed halfspaces.
(We do allow P = ) and P = R™ as special cases.) Soy ¢ P is true for a given
y € R™ if and only if there exists a closed halfspace that contains P but does not
contain y, i.e., there exists some a € R" and a € R such that for all x € P,

aTx§a<aTy.

In other words, the closed halfspace HS = {x € R"|a’x < a} contains the set P
but does not contain the vector y and we say that

H={xecR"|alx=a}

is a separating hyperplane with respect to P and y.

On the other hand, if S C R™ is such that for every y ¢ S there exists a separat-
ing hyperplane H, with respect to S and y, then S is the intersection of closed
halfspaces, namely the halfspaces H; associated with the separating hyperplanes:

_ <
S=() Hy .
y¢S
Summarising, we therefore note:

LEMMA B.1. A set S CR" is an intersection of halfspaces if and only if for each
y & S there exists a separating hyperplane with respect to S and'y.

0
Recall that a set P is called conver if P contains with any x,y € P also the whole

line segment
X,y ={x+Ay—x)|0<A<1}.

LEMMA B.2. The intersection of closed convex sets is a closed convex set.

A halfspace H= is easily seen to be closed and convex. Hence in view of Lemma B.2,
if P is the intersection of closed halfspaces, P will be a closed convex set. It turns
out that the converse is also true: Every closed convex set is the intersection of
closed halfspaces (Corollary B.4). This fact is an immediate consequence of the
existence of separating hyperplanes that we will establish first.

83



84 B. CONVEX SETS

THEOREM B.3. Let P C R" be a non-empty closed convex set. Then for every
y & P, there exists some a € R™ and xg € P such that for all x € P,

alx < aTxo < aTy .

Proof. Choose R > 0 so large that C = {x € P||y — x|| < R} # 0. Since C
is compact and x — ||y — x|| is a continuous map, there exists some minimiser
xo € C such that ||y — xo|| = minkep ||y — x| (¢f. Theorem A.10).

Consider a =y — x¢. Since xg € P and y ¢ P, we know a # 0 and find
0<|al|*=al(y —x¢) =aly —alxy, ie, aly>alxg.

Let x € P be arbitrary. It remains to show a’x < a’xq. By the convexity of P,

z(\) = x9 + A\(x — x0) € P holds for all 0 < A\ < 1, which implies

la = A(x = x0)[I” = |y —2zW)* = |ly — xol* = [[al|* -
Multiplying out, we obtain from the latter inequality
—2xal (x — x¢) + N|x —x0||>*> 0.
Dividing now by 2\ and then considering A — 0, shows a’ (x — xg) < 0.
O

A separating hyperplane that contains some point xg € P is said to be supporting
P in x3. Hence Theorem B.3 actually says that a closed convex set is the inter-
section of the halfspaces associated with its supporting hyperplanes. Combined,
Lemma B.1 and Theorem B.3 lead to the following characterisation of closed con-
vex sets.

COROLLARY B.4. The set P C R" is closed and convex if and only if P is the
intersection of (closed) halfspaces.

O

Recall that xg € P is a boundary point of P if for every € > 0 we can find some
y ¢ P such that ||y — xo|| < e. Our next observation complements Theorem B.3
and exhibits every boundary point of a closed convex set P as an optimal solution
for the problem of optimising some suitable non-trivial linear function f(x) = c’x
over P. Geometrically, to each boundary point xg of P there exists a supporting

hyperplane.

THEOREM B.5. Let P C R" be closed and convex. Then for every boundary point
xg € P, there exists some vector ¢ # 0 in R™ such that
T T

C'Xgp=max c X,
xeP

i.e. a hyperplane H = {x € R" | ¢"x = c¢I'xq} that supports P at xg.
Proof. Since x( is a boundary point of P there exists a sequence y, — X of

points yi ¢ P. By Theorem B.3, we can find, for every k, a separating hyperplane
Hy = {x € R"|al x = a4}, such that for all x € P,

agx <o < a;‘gyk .
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We can assume without loss of generality that ||ax|| = 1 holds (otherwise, we simply
divide each aj by its length ||lag||). Now the points a; form an infinite subset of
the compact set S = {x € R"|||x|| = 1} and, therefore, admit a convergent
subsequence a;, — ¢ with ¢ € § (¢f. Section A.2.1). Letting ¢ — oo and recalling
Yk, — Xo, we find for every (fixed) x € P,

c’'x < cho .
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directional derivative, 78

epigraph, 5
Euclidean
distance, 75

Index

87

norm, 75
exact line search, 23
extremum principle, 77, 79

Fletcher-Reeves, 33

Gauss-Newton method, 29, 30
global minimiser, 7, 15, 17
golden section, 24

Goldstein test, 24
Goldstein-Wolfe test, 24
gradient, 78, 79

gradient descent, 19

graph of a function, 5

Hestenes-Stiefel, 33

hyperplane
separating, 83
supporting, 84

inequality

Cauchy-Schwarz, 73
inexact line search, 24
infimum, 75
inner product, 73
interior of a set, 76
Intro to machine learning, 45

Jacobian, 79

least square problem

nonlinear, 29
Levenberg-Marquardt, 28
line

minimisation, 19
line search, 23

exact, 23

inexact, 24
line segment, 83
linear convergence, 15
local minimiser, 15
local minimizer, 79

matrix
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Hessian, 80 Taylor formula, 77, 80
positive definite, 74 transformation
identification of, 74 positive definite, 74
positive semidefinite, 74 positive semidefinite, 73
identification of, 74 symmetric, 73
mean value theorem, 77 triangle inequality, 75
minimiser
global, 15 unconstrained optimisation, 15
loc?Ll, 15 vector space, 73
strict local, 17
strict of order one, 41 zigzagging, 20
nabla, 78
Newton

direction, 28

iteration, 26

step, 26
Newton method

quadratic convergence, 26
Newton’s method, 26
nonlinear

least square problem, 29
norm, 75

open
ball, 75
set, 75

optimality condition, 16, 79
necessary, 16
sufficient, 17

p-d. see positive definite 73
p-s.d. see positive semidefinite 73
partial derivative, 78
Polak-Ribiere, 33
positive definite, 73

matrix, 74
positive semidefinite, 73

matrix, 74
product rule, 79

Quasi-Newton method, 34
rate of convergence, 15

separating hyperplane, 83
standard

inner product, 73
steepest descent, see gradient descent
strict local minimiser, 17
strictly convex function, 6, 7, 13
subderivative, 9
subdifferential, 10, 12
subgradient, 10

method, 40
supporting hyperplane, 84
supremum, 75
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