Solutions exercises of Chapter 8

Exercise 1 (see section 8.2)
X1

Define the random vector X = :2 , then X has a multivariate normal distribution with expectation pu X e,

Xn
with e being the n-dimensonal (column-)vector with all elements being equal to 1,
and variance-covariance matrix equal to a1, , shortly X ~ N(u x e, 0%1,,).

Consider an orthonormal basis u4, u,, ..., u,, for the space of n-dimensional vectors with the first basis vector specified as

1/Vn
Uy = 1/.\/5

1/Vn
Note that ul X, ulX, ..., ul X are the coefficients of X with respect to the basis u, uy, ..., uy.
SoX =@lX) xu, + (WlX) xuy + -+ (whX) x u, and note

1/Vn

(u{X)Xulz(%)x Uﬁ =Xxe.
1/vn
—1)s2 n(x;—X)2 o

Note (n-DS7 _ Zizg Kz k) , We rewrite its numerator

o2 o2

X —X)? =X - X xel?
— 2
= || X) X uy + WZX) X up + -+ (UFX) X u, — X x e
2 2
= [|IX) X up + @EX) X ug + -+ WhX) X uy||” = 2k, (ul X)

ulX u?l

T T
The random vector W = u%X = AX, where 4 = | Y3 | has a multivariate distribution

ulx ul
n n
with expectation E(W) = AE(X) =AuxXe=uxAde=0
(note e = vn x u, and Au,; = 0 (vector))
and variance-covariance matrix A 621, AT = 62AAT = 6?1,,_,.
From the zero covariances we conclude that uZ X, ulX, ..., ul X are independent.
T oy UrX (n—-1)s2 n (ulx 2 AT .
Furthermore we conclude u; X ~ N(0,0°) , —~ N(0,1) and = = Yo — has the y~ distribution with df =

n — 1 degrees of freedom.

Exercise 2
In this exercise we only use the general property
(1) E(Y?) = (EY))? +var(Y)

and the following geineral equality: ~
(2 XX, - X2 =YL X7 — n(X)?.

We have to show E(S?) = ¢2.
Further elaboration:



B(s?) = E [BR2E0] = L BN (- £)7)

n-1 n-1
= ﬁE[ L XP - n(X)? because of (2)
= L[S, E(X?) - n EX?)]
[Zl (W +a?) —n (uz + %2)] because of (1), note that £ (X) = p and var(X) = %2
= nll[nu +no? —np? — o?]

1 _ 2
—n_l(n No?2 =0

Exercise 3
2 ”5;24 0 n i) n 72 2_dictributi i
a. X;~N(@0,0°%) = —~N(O 1) = = Zi=1 =y (; =1 Z{ has a y;,-distribution, using the
definition of the Chi-square dlstrlbutlon, since Z; = % i Ly = ?" are independent and all N(0,1).

b. The y2-distribution has expectation n and variance 2n:
nsz_ .
From E (%") = n it follows that E(S2-,) = o and

2

(G5 o w5

Hence MSE(SZ=O) = var(Si-y) == - 0ifn - o1 SZ_, is a consistent estimator of 2.
x2 le?
C. fx,(x) ==e ~50 ,then L(g?) = [~ WFB T30% = (2m) 2 (02) e 202 (02 > 0)
The Iogllkellhood function InL(c?) = ——n In (27) ——n In(c?) — Z L L has derivative

d Y x? n 1 1
2y — l — . 2 _ 2\ _ : 2 _ 2 _ A2
d(az)lnL(a )__202+2(02)2__2(02)2 (0 nzxi)_o it o _nzxi i
Since the derivative is positive if 0 < a2 < 62 and negative if 02 > 62, we found that
52 = ~ N X? = SE_q is the mle of o2,
d. Reject Hy: 0 < 10 in favour of H;: 0% > 10if S7_, = c, such that

P(SZ,=clo? =10) = P(% > 11—506 = 10) = a = 5%, |f1—sc = 25.00. Hence ¢ = 16.67.
e. The likelihood ratio is defined as follows:
sup L(o?)
Alxy, ..., _ 0<02<10
(xl xTL) Sup L(O_Z)
02>0

From c. we can conclude that a maximum exists for both numerator and denominator:
If 0 < 6% < 10, then numerator and denominator have the same maximum ¢? = 6% ,s0 A = 1.

And if 62 > 10 the numerator attains its maximum at bound ¢ = 10 and the denominator at 62 = ~ Y x?

L
L(10) (2 )‘l”(lo)‘l" I 1 oy
T) 2 27e 210 1 2 X 1
A(xy, ., xp) _L(Az) 32 =(10)"2" (; E xf) e~ 20 T2"
1 i
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1 ny
The function g(y) = yz"e™ 20 attains its maximum at y = %Z x? = 10 and decreases on (10, o).

Furthermore A(xy, ..., x,) does not decrease on values of y = %Z x? < 10, since A = 1 in that case.



Hence the likelihood ratio test that rejects H, for small values of A(X3, ..., X;,) is equivalent to the test that

rejects H, for large values of S§=0 = %Z X? . (The critical value ¢ follows fromn = 15 and a = 5%.)



