
Solutions exercises of Chapter 8 

 

Exercise 1 (see section 8.2) 

Define the random vector 𝑋 = (

𝑋1
𝑋2
⋮
𝑋𝑛

), then 𝑋 has a multivariate normal distribution with expectation µ × 𝑒,  

with 𝑒 being the n-dimensonal (column-)vector with all elements being equal to 1,  

and variance-covariance matrix equal to 𝜎2𝐼𝑛 , shortly 𝑋 ~ 𝑁(µ × 𝑒 , 𝜎2𝐼𝑛 ). 
 

Consider an orthonormal basis 𝑢1, 𝑢2, … , 𝑢𝑛 for the space of n-dimensional vectors with the first basis vector specified as 

𝑢1 =

(

 

1 √𝑛⁄

1 √𝑛⁄
⋮

1 √𝑛⁄ )

  . 

Note that 𝑢1
𝑇𝑋, 𝑢2

𝑇𝑋, …, 𝑢𝑛
𝑇𝑋 are the coefficients of 𝑋 with respect to the basis 𝑢1, 𝑢2, … , 𝑢𝑛. 

So 𝑋 = (𝑢1
𝑇𝑋) × 𝑢1 + (𝑢2

𝑇𝑋) × 𝑢2 +⋯+ (𝑢𝑛
𝑇𝑋) × 𝑢𝑛 and note 

(𝑢1
𝑇𝑋) × 𝑢1 = (

𝑋1+𝑋2+⋯+𝑋𝑛

√𝑛
) ×

(

 

1 √𝑛⁄

1 √𝑛⁄
⋮

1 √𝑛⁄ )

 = 𝑋̅ × 𝑒 . 

Note 
(𝑛−1)𝑆2

𝜎2
=
∑ (𝑋𝑖−𝑋̅)

2𝑛
𝑖=1

𝜎2
, we rewrite its numerator 

 

∑ (𝑋𝑖 − 𝑋̅)
2 = ‖𝑋 − 𝑋̅ × 𝑒‖2𝑛

𝑖=1   

= ‖(𝑢1
𝑇𝑋) × 𝑢1 + (𝑢2

𝑇𝑋) × 𝑢2 +⋯+ (𝑢𝑛
𝑇𝑋) × 𝑢𝑛 − 𝑋̅ × 𝑒‖

2
  

= ‖(𝑢2
𝑇𝑋) × 𝑢2 + (𝑢3

𝑇𝑋) × 𝑢3 +⋯+ (𝑢𝑛
𝑇𝑋) × 𝑢𝑛‖

2
= ∑ (𝑢𝑖

𝑇𝑋)
2𝑛

𝑖=2   

 

The random vector 𝑊 =

(

 

𝑢2
𝑇𝑋

𝑢3
𝑇𝑋
⋮
𝑢𝑛
𝑇𝑋)

 = 𝐴𝑋, where 𝐴 =

(

 

𝑢2
𝑇

𝑢3
𝑇

⋮
𝑢𝑛
𝑇)

  has a multivariate distribution  

with expectation 𝐸(𝑊) = 𝐴 𝐸(𝑋) = 𝐴 µ × 𝑒 = µ × 𝐴𝑒 = 0  

(note 𝑒 = √𝑛 × 𝑢1 and 𝐴𝑢1 = 0 (vector)) 

and variance-covariance matrix 𝐴 𝜎2𝐼𝑛𝐴
𝑇 = 𝜎2𝐴𝐴𝑇 = 𝜎2𝐼𝑛−1. 

From the zero covariances we conclude that 𝑢2
𝑇𝑋, 𝑢3

𝑇𝑋, …, 𝑢𝑛
𝑇𝑋 are independent.  

Furthermore we conclude 𝑢𝑖
𝑇𝑋 ~ 𝑁(0, 𝜎2) ,  

𝑢𝑖
𝑇𝑋

𝜎
 ~ 𝑁(0,1) and 

(𝑛−1)𝑆2

𝜎2
= ∑ (

𝑢𝑖
𝑇𝑋

𝜎
)
2

𝑛
𝑖=2  has the 𝜒2 distribution with 𝑑𝑓 =

𝑛 − 1 degrees of freedom. 

 

 

 

 

 

Exercise 2 
In this exercise we only use the general property 

(1)  𝐸(𝑌2) = (𝐸(𝑌))2 + 𝑣𝑎𝑟(𝑌)  

and the following general equality:  

(2) ∑ (𝑋𝑖 − 𝑋̅)
2 = ∑ 𝑋𝑖

2   −   𝑛(𝑋̅)2𝑛
𝑖=1

𝑛
𝑖=1  . 

We have to show 𝐸(𝑆2) = 𝜎2.  

Further elaboration: 

  



 

𝐸(𝑆2) = 𝐸 [
∑ (𝑋𝑖−𝑋̅)

2𝑛
𝑖=1

𝑛−1
] =

1

𝑛−1
𝐸[∑ (𝑋𝑖 − 𝑋̅)

2𝑛
𝑖=1 ]  

           =
1

𝑛−1
𝐸[∑ 𝑋𝑖

2   −   𝑛(𝑋̅)2𝑛
𝑖=1 ]                                because of (2) 

           =
1

𝑛−1
[∑ 𝐸(𝑋𝑖

2) − 𝑛 𝐸(𝑋̅2)𝑛
𝑖=1 ] 

           =
1

𝑛−1
[∑ (µ2 + 𝜎2) − 𝑛 (µ2 +

𝜎2

𝑛
)𝑛

𝑖=1 ]                  because of (1), note that 𝐸(𝑋̅) = µ and 𝑣𝑎𝑟(𝑋̅) =
𝜎2

𝑛
 

           =
1

𝑛−1
[𝑛µ2 + 𝑛𝜎2 − 𝑛µ2 − 𝜎2] 

           =
1

𝑛−1
(𝑛 − 1)𝜎2 = 𝜎2 

     

 

 

Exercise 3 

a. 𝑋𝑖 ~𝑁(0, 𝜎
2) ⟹

𝑋𝑖

𝜎
~𝑁(0,1) ⟹

𝑛𝑆𝜇=0
2

𝜎2
= ∑

𝑋𝑖
2

𝜎2
𝑛
𝑖=1 = ∑ (

𝑋𝑖

𝜎
)
2

𝑛
𝑖=1 = ∑ 𝑍𝑖

2𝑛
𝑖=1  has a 𝜒𝑛

2-distribution, using the 

definition of the Chi-square distribution, since 𝑍1 =
𝑋1

𝜎
,  …, 𝑍𝑛 =

𝑋𝑛

𝜎
  are independent and all 𝑁(0,1). 

b. The 𝜒𝑛
2-distribution has expectation 𝑛 and variance 2𝑛: 

From 𝐸 ( 
𝑛𝑆𝜇=0

2

𝜎2
) = 𝑛 it follows that 𝐸(𝑆𝜇=0

2 ) = 𝜎2 and  

from 𝑣𝑎𝑟 ( 
𝑛𝑆𝜇=0

2

𝜎2
) = 2𝑛 that (

𝑛

𝜎2
)
2

𝑣𝑎𝑟( 𝑆𝜇=0
2 ) = 2𝑛  or  𝑣𝑎𝑟( 𝑆𝜇=0

2 ) =
2𝜎4

𝑛
. 

Hence 𝑀𝑆𝐸(𝑆𝜇=0
2 ) =  𝑣𝑎𝑟( 𝑆𝜇=0

2 ) =
2𝜎4

𝑛
  → 0 if 𝑛 → ∞: 𝑆𝜇=0

2  is a consistent estimator of 𝜎2. 

c. 𝑓𝑋𝑖(𝑥𝑖) =
1

√2𝜋𝜎2
𝑒
− 

𝑥𝑖
2𝜎2 , then   𝐿(𝜎2) =  ∏

1

√2𝜋𝜎2
𝑒
− 
𝑥𝑖
2

2𝜎2𝑛
𝑖=1 = (2𝜋)−

1

2
𝑛(𝜎2)−

1

2
𝑛𝑒
− 
∑𝑥𝑖
2

2𝜎2     (𝜎2 > 0) 

The loglikelihood function   ln 𝐿(𝜎2) = −
1

2
𝑛 ∙ ln (2𝜋)  −

1

2
𝑛 ∙ ln(𝜎2) −

∑𝑥𝑖
2

2𝜎2
 has derivative  

𝑑

𝑑(𝜎2)
ln 𝐿(𝜎2) = −

𝑛

2𝜎2
+
∑𝑥𝑖

2

2(𝜎2)2
= −

𝑛

2(𝜎2)2
∙ (𝜎2 −

1

𝑛
∑𝑥𝑖

2) = 0  if  𝜎2 =
1

𝑛
∑𝑥𝑖

2 = 𝜎̂2  

Since the derivative is positive if 0 < 𝜎2 < 𝜎̂2 and negative if 𝜎2 > 𝜎̂2, we found that 

 𝜎̂2 =
1

𝑛
∑𝑋𝑖

2 = 𝑆𝜇=0
2  is the 𝑚𝑙𝑒 of 𝜎2. 

d. Reject 𝐻0: 𝜎
2 ≤ 10 in favour of  𝐻1: 𝜎

2 > 10 if 𝑆𝜇=0
2 ≥ 𝑐, such that  

  𝑃(𝑆𝜇=0
2 ≥ 𝑐|𝜎2 = 10) = 𝑃 (

15𝑆𝜇=0
2

10
≥
15𝑐

10
|𝜎2 = 10) =  𝛼 = 5%, if 

15𝑐

10
= 25.00. Hence 𝑐 = 16.67. 

e. The likelihood ratio is defined as follows: 

Λ(𝑥1, … , 𝑥𝑛) =

sup
0<𝜎2≤10

 𝐿(𝜎2)

sup
𝜎2>0

 𝐿(𝜎2)
 

From c. we can conclude that a maximum exists for both numerator and denominator: 

If 0 < 𝜎̂2 ≤ 10, then numerator and denominator have the same maximum 𝜎2 = 𝜎̂2 , so Λ = 1.  

And if 𝜎̂2 > 10 the numerator attains its maximum at bound 𝜎2 = 10 and the denominator at 𝜎̂2 =
1

𝑛
∑𝑥𝑖

2 

Λ(𝑥1, … , 𝑥𝑛) =
𝐿(10)

𝐿(𝜎̂2)  
=

(2𝜋)−
1
2
𝑛(10)−

1
2
𝑛𝑒− 

∑𝑥𝑖
2

2∙10

(2𝜋)−
1
2
𝑛 (
1
𝑛
∑𝑥𝑖

2)
−
1
2
𝑛

𝑒
− 

∑𝑥𝑖
2

2 ∙ 
1
𝑛
∑𝑥𝑖

2

= (10)−
1
2
𝑛 (
1

𝑛
∑𝑥𝑖

2)

1
2
𝑛

𝑒− 
∑𝑥𝑖

2

20
 + 
1
2
𝑛  

The function 𝑔(𝑦) = 𝑦
1

2
𝑛𝑒− 

𝑛𝑦

20  attains its maximum at 𝑦 =
1

𝑛
∑𝑥𝑖

2 = 10 and decreases on (10,∞). 

Furthermore Λ(𝑥1, … , 𝑥𝑛) does not decrease on values of 𝑦 =
1

𝑛
∑𝑥𝑖

2 ≤ 10, since Λ = 1 in that case. 



Hence the likelihood ratio test that rejects 𝐻0 for small values of Λ(𝑋1, … , 𝑋𝑛) is equivalent to the test that 

rejects 𝐻0 for large values of 𝑆𝜇=0
2 =

1

𝑛
∑𝑋𝑖

2 . (The critical value 𝑐 follows from 𝑛 = 15 and 𝛼 = 5%.) 


