
Solutions Chapter 2 (Estimation) – Mathematical Statistics  

1. The solutions to a. and b. for the 4 estimators are as follows: 

1. 𝐸(𝑇1) = 𝐸(𝑋1) = 𝜇 and 𝑣𝑎𝑟(𝑇1) = 𝑣𝑎𝑟(𝑋1) = 𝜎2, this is an anbiased estimator. 

So the Mean Squared Error is: 𝐸(𝑇1 − 𝜇)2 = 𝑣𝑎𝑟(𝑋1) = 𝜎2 

2. 𝐸(𝑇2) = 𝐸 (
𝑋1+𝑋2

2
) =

1

2
(𝐸𝑋1 + 𝐸𝑋2) =

1

2
(𝜇 + 𝜇) = 𝜇  (𝑇2 is an unbiased estimator!) and  

 𝑣𝑎𝑟(𝑇2) = 𝑣𝑎𝑟 (
𝑋1+𝑋2

2
) =

1

4
𝑣𝑎𝑟(𝑋1 + 𝑋2) =

1

4
(𝑣𝑎𝑟(𝑋1) + 𝑣𝑎𝑟(𝑋2)) =

1

2
𝜎2, so 

𝐸(𝑇2 − 𝜇)2 = 𝑣𝑎𝑟(𝑇2) =
1

2
𝜎2  ( < 𝑣𝑎𝑟(𝑇1), so 𝑇2 is better than 𝑇1) 

3.  𝐸(𝑇3) = 𝐸𝑋1 + 𝐸𝑋2 + ⋯ + 𝐸𝑋10 = 10𝜇 (not an unbiased estimator of µ)  and  

(because of independence:) 𝑣𝑎𝑟(𝑇3) = 𝑣𝑎𝑟(𝑋1) + ⋯ + 𝑣𝑎𝑟(𝑋10) = 10𝜎2.  
Because of the bias we will use the formula 𝐸(𝑇 − 𝜃)2 = (𝐸𝑇 − 𝜃)2 + 𝑣𝑎𝑟(𝑇) : 

𝐸(𝑇3 − 𝜇)2 = (𝐸𝑇3 − 𝜇)2 + 𝑣𝑎𝑟(𝑇3) = (10𝜇 − 𝜇)2 + 10𝜎2 = 10𝜎2 + 81𝜇2 

4.  𝐸(𝑇4) = 𝐸 (
𝑋1+𝑋2+⋯+𝑋10

10
) =

𝐸𝑋1+𝐸𝑋2+⋯+𝐸𝑋10

10
=

10𝜇

10
= 𝜇 (an unbiased estimator of μ) and 

𝑣𝑎𝑟(𝑇4) = 𝑣𝑎𝑟 (
𝑋1+𝑋2+⋯+𝑋10

10
) =

1

102
(𝑣𝑎𝑟(𝑋1) + ⋯ + 𝑣𝑎𝑟(𝑋10)) =

1

100
∙ 10𝜎2 =

1

10
𝜎2. 

So 𝐸(𝑇4 − 𝜇)2 = 𝑣𝑎𝑟(𝑇4) =
1

10
𝜎2   

In conclusion: the sample mean 𝑇4 = 𝑋 is the estimator on the basis of 10 variables, that has the smallest 

Mean Squared Error, and therefore it is the best of these four estimators. 

(Remark: 𝑇1 and 𝑇2 are sample means as well, but based on only 1 or 2 observations (larger variance), 𝑇3 

has a bias ànd a large variance.) 

2.    

a. If the estimator is unbiased if 𝐸(𝑇) = 𝜇 , which is true for 𝑇1 and 𝑇2: 

𝐸(𝑇1) = 𝐸 (
1

2
(𝑋 + 𝑌)) =

1

2
(𝐸𝑋 + 𝐸𝑌) =

1

2
(𝜇 + 𝜇) = 𝜇   and  𝐸(𝑇2) =

𝑚𝐸(𝑋)+𝑛𝐸(𝑌)

𝑚+𝑛
=

(𝑚+𝑛)𝜇

𝑚+𝑛
= 𝜇 

b. Since both estimators are unbiased, the best is the one with the smallest variance (= the Mean Squared 

Error for unbiased estimators): 

𝑣𝑎𝑟(𝑇1) =
1

4
𝑣𝑎𝑟(𝑋 + 𝑌) =

1

4
(𝑣𝑎𝑟(𝑋) + 𝑣𝑎𝑟(𝑌)) =

1

4
(

𝜎2

𝑚
+

𝜎2

𝑛
) = (

1

4𝑚
+

1

4𝑛
) 𝜎2       and   

𝑣𝑎𝑟(𝑇2) = 𝑣𝑎𝑟 (
𝑚

𝑚+𝑛
𝑋 +

𝑛

𝑚+𝑛
𝑌) =

𝑚2

(𝑚+𝑛)2 𝑣𝑎𝑟(𝑋) +
𝑛2

(𝑚+𝑛)2 𝑣𝑎𝑟(𝑌) =
𝑚2

(𝑚+𝑛)2 ∙
𝜎2

𝑚
+

𝑛2

(𝑚+𝑛)2 ∙
𝜎2

𝑛
 

               = (
𝑚

(𝑚+𝑛)2 +
𝑛

(𝑚+𝑛)2) 𝜎2 =
𝑚+𝑛

(𝑚+𝑛)2 𝜎2 =
1

𝑚+𝑛
 𝜎2 

    𝑣𝑎𝑟(𝑇1) >  𝑣𝑎𝑟(𝑇2) if  
1

4𝑚
+

1

4𝑛
>

1

𝑚+𝑛
   or:        

(𝑚+𝑛)𝑛+(𝑚+𝑛)𝑚−4𝑚𝑛

4(𝑚+𝑛)𝑚𝑛
=

𝑛2+𝑚2−2𝑚𝑛

4(𝑚+𝑛)𝑚𝑛
< 0,  

          so if 𝑛2 + 𝑚2 − 2𝑚𝑛 = (𝑚 − 𝑛)2 > 0. This inequality hols for all 𝑚 ≠ 𝑛. 

    So 𝑇2 is the best estimator of µ, except if 𝑚 = 𝑛.  

    In the latter case they are equally good (then 𝑇2 = 𝑇1). 

3.    

a.   

 

 

 

 

 

 

 

 

The density function of the yearly return X 



𝑃(𝑋 < 0) = 𝑃 [
𝑋−𝜇

2𝜇
 <

0 − 𝜇

2𝜇
] = 𝑃(𝑍 < −½) = 1 –  Φ(0.50) = 30.85%     (𝑍~𝑁(0, 1)) 

b. 𝑋~ 𝑁 (𝜇,
𝜎2

𝑛
)  and since 𝜎2 = 4𝜇2, we have 𝑋~ 𝑁 (𝜇,

4𝜇2

𝑛
)   

c. 𝑌 is an unbiased estimator of  if 𝐸(𝑌) = . 

For the sample mean 𝐸(𝑋)  is always true. 

The unbiasedness of 𝑌 implies 𝐸(𝑌) = µ:  

𝐸(𝑌) = 𝐸(𝑎𝑋) = 𝑎𝐸(𝑋) = 𝑎 = ,  so a = 1. 

d. For 𝑌 we have: 𝐸(𝑌) = 𝑎,                                                       ( is not equal to µ if a ≠1) 

and 𝑣𝑎𝑟(𝑌) = 𝑣𝑎𝑟(𝑎𝑋) = 𝑎2 𝑣𝑎𝑟(𝑋) = 𝑎2 
4𝜇2

𝑛
 = 

4𝑎2𝜇2

10
 =  2

5
𝑎2𝜇2  (if a decreases, var(Y) decreases)                                                                             

         (Note that E(Y - )2 = (E(Y) -  )2 + var(Y) really splits the Mean Squared Error into the  

         bias E(Y) -  and the variance of Y: if we choose 𝑎 smaller than 1, the second term var(Y) will    

         decrease, but on the other hand the first term (E(Y) -  )2 will increase (larger than 0). 

         We are searching the value of 𝑎  such that the sum of these two effects gives a minimum.) 

The Mean Squared Error is, expressed in unknown (fixed) µ and 𝑎: 

𝐸(𝑌 − )2 = (𝐸(𝑌) − )2 + 𝑣𝑎𝑟(𝑌) = (𝑎 − )2 +
2𝑎22

5
= 2 [(𝑎 − 1)2 +

2𝑎2

5
] 

This Mean Squared Error takes on its smallest value if the value 𝑓(𝑎) = (𝑎 − 1)2 +
2𝑎2

5
 is minimal  

(assuming that   0). 

The derivative is 0 in the extreme values of 𝑓: 𝑓 `(𝑎) = 2𝑎 − 2 +
4𝑎

5
= 0, or: 2.8𝑎 = 2: 𝒂 =

𝟓

𝟕
 

Considering the signs of the derivative (or computing the second derivative f ``(5/7) = 2.8 > 0), we can 

draw the conclusion that 𝑓 attains its minimum at this value.  

 𝑌 =
5

7
𝑋 =

1

14
∑ 𝑋𝑖

10
𝑖=1   is the best estimator of : 𝐸(𝑌) = 

5

7
µ and 𝑣𝑎𝑟(𝑌) =

2𝑎2𝜇2

5
 =

10𝜇2

49
. 

 

4. Remember that the maximum likelihood method chooses the value of the population parameter, for which 

the observed outcome of the experiment is most likely. 

The outcome in this case is “one red and one white” when drawing 2 marbles arbitrarily from either 3 red + 

3 white marbles or from 2 red + 2 white marbles.  

         𝑃(1 red and 1 white|total = 6) =
(3

1
)(3

1
)

(6
2
)

=
9

15
= 60% 

and 𝑃(1 red and 1 white|total = 4) =
(2

1
)(2

1
)

(4
2
)

=
4

6
 ≈ 66.7% 

Since the last probability is the largest, 4 marbles (2 red and 2 white) is the maximum likelihood estimate of 

the total number of the marbles. 

 

5.  

a. Likelihood function (as a function of µ, given the observations 𝑥1, … , 𝑥𝑛): 

               𝐿(𝜇) = 𝑃(𝑋1 = 𝑥1) × … .× 𝑃(𝑋𝑛 = 𝑥𝑛) = ∏
𝜇𝑥𝑖

𝑥𝑖! 
𝑒−𝜇 𝑖 =

𝜇𝑥1+⋯+𝑥𝑛

𝑥1!∙…∙𝑥𝑛! 
𝑒−𝑛𝜇, 𝜇 > 0 

log likelihood:  𝑙𝑛𝐿(𝜇) = (𝑥1 + ⋯ + 𝑥𝑛) ln 𝜇 − 𝑛𝜇 − ln (𝑥1! ∙ … ∙ 𝑥𝑛!), with 𝜇 > 0 

                         
𝑑

𝑑𝜇
𝑙𝑛𝐿(𝜇) =   

𝑥1+⋯+𝑥𝑛

𝜇
− 𝑛 = 0, if 𝜇 =

𝑥1+⋯+𝑥𝑛

𝑛
= 𝑥. 

                         𝑙𝑛𝐿(𝑥) = is a maximum, since 
𝑑2

𝑑𝜇2 𝑙𝑛𝐿(𝜇) =  − 
𝑥1+⋯+𝑥𝑛

𝜇2 < 0 (𝑥𝑖 ≥ 0) 

                                                         (or since 
𝑑

𝑑𝜇
𝑙𝑛𝐿(𝜇) =   

𝑥1+⋯+𝑥𝑛

𝜇
− 𝑛 < 0 𝑖𝑓 𝜇 > 𝑥  and > 0 if 𝜇 > 𝑥)  

                        Conclusion: 𝜇̂ = 𝑋 is the maximum likelihood estimator of µ. 



The sample mean 𝑋 is always an unbiased and consistent estimator of µ if 𝜎2 exists: 𝐸(𝑋) = 𝜇  and 

𝑣𝑎𝑟(𝑋) =
𝜎2

𝑛
→ 0 if  𝑛 → ∞, so that 𝑀𝑆𝐸(𝑋) = (𝐸𝑋 − 𝜇)

2
+ 𝑣𝑎𝑟(𝑋) → 0 as  𝑛 → ∞. 

By definition, 𝑉 = 𝑋 is a sufficient estimator if the conditional distribution of 𝑋1, 𝑋2, … 𝑋𝑛, given 𝑉 = 𝑣, 

does not depend on µ (µ > 0). (We will first use the definition of sufficiency straight away) 

Well, we have 𝑃(𝑋1 = 𝑥1  and … . and  𝑋𝑛 = 𝑥𝑛) = 𝐿(µ) =
𝜇𝑥1+⋯+𝑥𝑛

𝑥1!∙…∙𝑥𝑛! 
𝑒−𝑛𝜇,  

𝑉 = 𝑋 = 𝑣 is equivalent with 𝑋 = 𝑣  or 𝑋1 + ⋯ + 𝑋𝑛 = 𝑛 ∙ 𝑣 

For independent and Poisson distributed variables the sum is Poisson distributed as well, with parameter 

𝑛𝜇, so: 

𝑃(𝑋1 = 𝑥1, … , 𝑋𝑛 = 𝑥𝑛 | 𝑉 = 𝑣) =
𝑃(𝑋1 = 𝑥1, … , 𝑋2 = 𝑥𝑛 , 𝑉 = 𝑣)

𝑃(𝑉 = 𝑣)
 

                                                             =
𝑃(𝑋1 = 𝑥1 𝑎𝑛𝑑 … . 𝑎𝑛𝑑 𝑋𝑛 = 𝑥𝑛 𝑎𝑛𝑑 𝑥1 + ⋯ + 𝑥𝑛 = 𝑛𝑣)

𝑃(𝑋1 + ⋯ + 𝑋𝑛 = 𝑛𝑣)
  

                                                             =

𝜇𝑛𝑣

𝑥1! ∙ … ∙ 𝑥𝑛! 𝑒−𝑛𝜇

(𝑛𝜇)𝑛𝑣

(𝑛𝑣)! 
𝑒−𝑛𝜇

=
(𝑛𝑣)!

𝑥1! ∙ … ∙ 𝑥𝑛! 𝑛𝑛𝑣
   (𝑛𝑣 = 0,1, 2, 3, … . ) 

This conditional distribution does not depend on µ, so 𝑋 is a sufficient estimator for µ. 

Using Fisher-Neyman factorization (see the theorem on the slides of week 2) we find: 

𝑓𝑋1,…,𝑋𝑛
(𝑥1, … , 𝑥𝑛) = 𝐿(µ) =

𝜇𝑥1+⋯+𝑥𝑛

𝑥1! ∙ … ∙ 𝑥𝑛! 
𝑒−𝑛𝜇 =

1
𝑥1! ∙ … ∙ 𝑥𝑛! 

∙ [ 𝜇𝑥1+⋯+𝑥𝑛𝑒−𝑛𝜇], 

where ℎ(𝑥1, … , 𝑥𝑛) =
1

𝑥1!∙…∙𝑥𝑛! 
 does not depend on µ  and 𝑔(𝑥1 + ⋯ + 𝑥𝑛) = 𝜇𝑥1+⋯+𝑥𝑛𝑒−𝑛𝜇 or 

𝑔(𝑥) = 𝜇𝑛𝑥𝑒−𝑛𝜇. Hence 𝑋 =
1

𝑛
(𝑋1 + ⋯ +  𝑋𝑛) is a sufficient estimator of 𝜇. 

b. Likelihood function (as a function of the unknown 𝑝): 

                                 𝐿(𝑝) = 𝑃(𝑋1 = 𝑥1) × … .× 𝑃(𝑋𝑛 = 𝑥𝑛) = ∏ (1 − 𝑝)𝑥𝑖−1𝑝 𝑖  
                                                                                                    = (1 − 𝑝)𝑥1+⋯+𝑥𝑛−𝑛𝑝𝑛 

log likelihood:  𝑙𝑛𝐿(𝑝) = (𝑥1 + ⋯ + 𝑥𝑛 − 𝑛) ln(1 − 𝑝) +  𝑛 ∙ 𝑙𝑛(𝑝), where 0 < 𝑝 < 1 

                         
𝑑

𝑑𝑝
𝑙𝑛𝐿(𝑝) =  −

𝑥1+⋯+𝑥𝑛−𝑛

1−𝑝
+

𝑛

𝑝
=

−(𝑥1+⋯+𝑥𝑛−𝑛)𝑝−𝑛(1−𝑝)

(1−𝑝)𝑝
=

𝑛−(𝑥1+⋯+𝑥𝑛)𝑝

(1−𝑝)𝑝
= 0,  

                                              if  𝑛 =(𝑥1 + ⋯ + 𝑥𝑛)𝑝     or  𝑝̂ =
𝑛

𝑥1+⋯+𝑥𝑛
= 1

𝑥⁄  

                         𝑙𝑛𝐿 (1
𝑥⁄ ) is a maximum, since 

𝑑

𝑑𝑝
𝑙𝑛𝐿(𝑝) =   

𝑛−(𝑥1+⋯+𝑥𝑛)𝑝

(1−𝑝)𝑝
< 0    if   𝑝 > 1

𝑥⁄   

                                                                                                      and 
𝑑

𝑑𝑝
𝑙𝑛𝐿(𝑝) > 0 if 𝑝 < 1

𝑥⁄  )  

                        Conclusion: 1
𝑋

⁄  is the maximum likelihood estimator of 𝑝. 

For 𝑛 = 2, by definition 𝑉 = 1
𝑋

⁄  is a sufficient estimator if the conditional distribution of 𝑋1 and 𝑋2, 

given 𝑉 = 𝑣, does not depend on 𝑝 (0 < 𝑝 < 1). 

Well, we have 𝑃(𝑋1 = 𝑥1  and  𝑋2 = 𝑥2) = 𝐿(𝑝) = (1 − 𝑝)𝑥1+𝑥2−2𝑝2. 

𝑉 = 1
𝑋

⁄ = 𝑣 is equivalent with 𝑋 =
1

𝑣
  or 𝑋1 + 𝑋2 =

2

𝑣
. 

                 𝑃(𝑋1 + 𝑋2 = 𝑧) =
convolution sum

 ∑ 𝑃(𝑋1 = 𝑥1)𝑃(𝑋2 = 𝑧 − 𝑥1)

𝑧−1

𝑥1=1

 

                                                           = ∑ (1 − 𝑝)𝑥1+(𝑧−𝑥1)−2𝑝2

𝑧−1

𝑥1=1

 

                                                    = (𝑧 − 1)(1 − 𝑝)𝑧−2𝑝2,  𝑧 = 2, 3, 4, …. (negative binomial distribution) 

So  



𝑃(𝑋1 = 𝑥1 𝑎𝑛𝑑 𝑋2 = 𝑥2 | 𝑉 = 𝑣) =
𝑃(𝑋1 = 𝑥1 𝑎𝑛𝑑 𝑋2 = 𝑥2 𝑎𝑛𝑑 𝑉 = 𝑣)

𝑃(𝑉 = 𝑣)
 

    =
𝑃 (𝑋1 = 𝑥1 𝑎𝑛𝑑 𝑋2 = 𝑥2 𝑎𝑛𝑑 𝑥1 + 𝑥2 =

2
𝑣)

𝑃 (𝑋1 + 𝑋2 =
2
𝑣)

 =
(1 − 𝑝)

2
𝑣

−2𝑝2

(
2
𝑣 − 1) (1 − 𝑝)

2
𝑣

−2𝑝2

=
1

2
𝑣 − 1

   (
2

𝑣
= 2, 3, 4, … . ) 

This conditional distribution does not depend on 𝑝, so 𝑋 is a sufficient estimator (general case is more 

complicated since we need the convolution of 𝑋1, … , 𝑋𝑛, given by the negative binomial distribution). 

(applying Fisher-Neyman factorization: 

  the joint probability function 𝑃(𝑋1 = 𝑥1  and  𝑋2 = 𝑥2) = (1 − 𝑝)𝑥1+𝑥2−2𝑝2 is a function of 𝑥1 + 𝑥2. 

  Since 1
𝑋

⁄ =
2

𝑋1+𝑋2
, we have 𝑔 (1

𝑥⁄ ) =  (1 − 𝑝)2𝑥𝑝2 = (1 − 𝑝)𝑥1+𝑥2−2𝑝2 (a function of 1
𝑥⁄ : 𝑥 = 

1
1

𝑥⁄
) 

  Hence 1
𝑋

⁄  is a sufficient estimator of 𝑝. 

c. (Note that 𝜎2 (not 𝜎) is the parameter in this case, so L is a function of 𝜎2 = 𝜃) 

Likelihood function 𝐿(𝜎2) = 𝑓𝑋1
(𝑥1) × … .× 𝑓𝑋𝑛

(𝑥𝑛) = ∏ (2𝜋𝜎2)−
1

2𝑒
−

(𝑥𝑖−10)
2

2𝜎2  𝑖  

                                                                        = (2𝜋𝜎2)−
1

2
𝑛𝑒

−
∑ (𝑥𝑖−10)

2𝑛
𝑖=1

2𝜎2 , 𝜎2 > 0 

log likelihood:  𝑙𝑛𝐿(𝜎2) = −
1

2
𝑛 ln(2𝜋𝜎2) −

∑ (𝑥𝑖−10)2𝑛
𝑖=1

2𝜎2 , with 𝜎2 > 0 (you might substitute 𝑧 = 𝜎2) 

                         
𝑑

𝑑(𝜎2)
𝑙𝑛𝐿(𝜎2) =  − 

𝑛

2𝜎2 +
∑ (𝑥𝑖−10)2𝑛

𝑖=1

2(𝜎2)
2 =

1

2𝜎4
[∑ (𝑥𝑖 − 10)2𝑛

𝑖=1 − 𝑛𝜎2] =  0,  

                                                                                               if 𝜎2 =
1

𝑛
∑ (𝑥𝑖 − 10)2𝑛

𝑖=1 . 

                         𝑙𝑛𝐿(𝑥) = is a maximum, since 
𝑑

𝑑(𝜎2)
𝑙𝑛𝐿(𝜎2) < 0 if 𝜎2 >

1

𝑛
∑ (𝑥𝑖 − 10)2𝑛

𝑖=1  and  

                                                                            
𝑑

𝑑(𝜎2)
𝑙𝑛𝐿(𝜎2) > 0 if 𝜎2 <

1

𝑛
∑ (𝑥𝑖 − 10)2𝑛

𝑖=1 . 

Conclusion: 𝜎̂2 =
1

𝑛
∑ (𝑋𝑖 − 10)2𝑛

𝑖=1  is the 𝑚𝑙𝑒 of 𝜎2. 

It is unbiased and consistent since 𝐸 [
1

𝑛
∑ (𝑋𝑖 − 10)2𝑛

𝑖=1 ] =
1

𝑛
∑ 𝐸(𝑋𝑖 − 10)2𝑛

𝑖=1 =
1

𝑛
∙ 𝑛 ∙ 𝜎2 = 𝜎2  and 

           lim
𝑛→∞

𝑣𝑎𝑟 [
1

𝑛
∑ (𝑋𝑖 − 10)2𝑛

𝑖=1  ] = lim
𝑛→∞

  
1

𝑛2
[∑ 𝑣𝑎𝑟(𝑋𝑖 − 10)2𝑛

𝑖=1  ] = lim
𝑛→∞

  
𝑣𝑎𝑟(𝑋−10)2

𝑛
= 0. 

(if the variance exists, which is the case for a normal distribution, You might also use the fact that for 

the sample variance for known 𝜇,
𝑛𝑆𝜇

2

𝜎2  has a 𝜒𝑛
2-distribution:   𝑣𝑎𝑟 (

𝑛𝑆𝜇
2

𝜎2 ) = 2𝑛   ⟹  𝑣𝑎𝑟(𝑆𝜇
2) = ⋯.). 

 

6.  

a. 
(𝑛−1)𝑆2

𝜎2  has a 𝜒2-distribution with 𝑛 − 1 degrees of freedom and the 𝜒𝑛−1
2 -distribution  has an 

expectation 𝑛 − 1 and a variance 2(𝑛 − 1) , see also exercise 12. 

So 𝑣𝑎𝑟 (
(𝑛−1)𝑆2

𝜎2 ) = 2(𝑛 − 1)  or 
(𝑛−1)2

𝜎4 𝑣𝑎𝑟(𝑆2) = 2(𝑛 − 1) or: 𝑣𝑎𝑟(𝑆2) =
2𝜎4

𝑛−1
. 

b. No, 𝜎̂2 =
1

𝑛
∑ (𝑋𝑖 − 𝑋)

2
𝑛
𝑖=1 =

𝑛−1

𝑛
𝑆2 (not an unbiased estimator) 

So  𝐸(𝜎̂2) = 𝐸 (
𝑛−1

𝑛
𝑆2) =

𝑛−1

𝑛
𝐸(𝑆2) =

𝑛−1

𝑛
𝜎2 

And: 𝑣𝑎𝑟(𝜎̂2) = 𝑣𝑎𝑟 (
𝑛−1

𝑛
𝑆2) =

(𝑛−1)2

𝑛2 𝑣𝑎𝑟(𝑆2) =
2(𝑛−1)

𝑛2 𝜎4. 

𝑀𝑆𝐸(𝑆2) = 𝑣𝑎𝑟(𝑆2) =
2𝜎4

𝑛−1
  

 𝑀𝑆𝐸(𝜎̂2) = ( 𝐸(𝜎̂2) − 𝜎2)2 + 𝑣𝑎𝑟(𝜎̂2) =
𝜎4

𝑛2 +
2(𝑛−1)

𝑛2 𝜎4 =
2𝑛−1

𝑛2 ∙ 𝜎4 
2𝑛−1

𝑛2 <
2

𝑛−1
 , since (2𝑛 − 1)(𝑛 − 1) < 2𝑛2 ⟺ 2𝑛2 − 2𝑛 − 𝑛 + 1 < 2𝑛2 ⟺ 1 − 3𝑛 < 0, which is true 



for all 𝑛 = 2, 3, ….  (for 𝑛 = 1  𝑆2 is not defined and 𝜎̂2 = 0) 

So 𝜎̂2 =
1

𝑛
∑ (𝑋𝑖 − 𝑋)

2
𝑛
𝑖=1  is a better estimator than 𝑆2 =

1

𝑛−1
∑ (𝑋𝑖 − 𝑋)

2
𝑛
𝑖=1 . 

c. The best estimator of the “family” 𝑇 = 𝑎 ∙ 𝑆2 (𝑎 in ℝ). 

𝐸(𝑎𝑆2) = 𝑎𝜎2   and   𝑣𝑎𝑟(𝑎𝑆2) = 𝑎2𝑣𝑎𝑟(𝑆2) =
2𝑎2𝜎4

𝑛−1
 

Then 𝑀𝑆𝐸(𝑇) = (𝑇 − 𝜎2)2 + 𝑣𝑎𝑟(𝑇) = (𝑎 − 1)2𝜎4 +
2𝑎2𝜎4

𝑛−1
= [(𝑎 − 1)2 +

2𝑎2

𝑛−1
] 𝜎4 is minimal if  

𝑓(𝑎) = (𝑎 − 1)2 +
2𝑎2

𝑛−1
  is minimal. 

 𝑓`(𝑎) = 2(𝑎 + 1) +
4𝑎

𝑛−1
= 0 , if (1 +

2

𝑛−1
) 𝑎 = 1,  so if  𝑎 =

𝑛−1

𝑛+1
. 

Since 𝑓`(𝑎) = 2 +
4

𝑛−1
> 0, 𝑓 is minimal for 𝑎 =

𝑛−1

𝑛+1
. 

Conclusion: 𝑇 =
𝑛−1

𝑛+1
∙ 𝑆2 =

1

𝑛+1
∑ (𝑋𝑖 − 𝑋)

2
𝑛
𝑖=1  is the best estimator of all 𝑇 = 𝑎 ∙ 𝑆2. 

 

 

7. a.  𝑋 = “the weight of an arbitrary egg” ~  𝑁(𝜇, 𝜎2), so 𝑃(𝑋 > 68.5) = 𝑃 (𝑍 >
68.5−𝜇

𝜎
) = 1 − Φ (

68.5−𝜇

𝜎
) 

b. The 𝑚𝑙𝑒 of the probability 𝑃(𝑋 > 68.5) is 1 − Φ (
68.5−𝜇̂

𝜎̂
), 

     where 𝜇̂ = 𝑥 = 56.3 gram, but 𝜎̂ = √
1

𝑛
∑(𝑥𝑖 − 𝑥)2 (see the theory) is not directly given: 

      Since 𝑠 = √
1

𝑛−1
∑(𝑥𝑖 − 𝑥)2 = 7.6 and 𝑛 = 25, we have 𝜎̂2 =

24𝑠2

25
=

24 ∙ 7.62

25
, so 𝜎̂ = √

24 ∙ 7.62

25
≈ 7.45. 

     The 𝑚𝑙𝑒 of 𝑃(𝑋 > 68.5) is 1 − Φ (
68.5−56.3

7.45
) ≈ 1 − Φ(1.64) = 0.0505. 

 

8.  a. 𝑇 = 𝑎𝑇1 + 𝑏𝑇2 + 𝑐𝑇3 is unbiased if 𝐸(𝑇) = 𝐸(𝑎𝑇1 + 𝑏𝑇2 + 𝑐𝑇3) = 𝜇 

      𝐸(𝑎𝑇1 + 𝑏𝑇2 + 𝑐𝑇3) = 𝑎𝐸(𝑇1) + 𝑏𝐸(𝑇2) + 𝑐𝐸(𝑇3) = (𝑎 + 𝑏 + 𝑐)𝜇 = 𝜇 if 𝑎 + 𝑏 + 𝑐 = 1. 

      

     𝑣𝑎𝑟(𝑎𝑇1 + 𝑏𝑇2 + 𝑐𝑇3) = 𝑎2𝑣𝑎𝑟(𝑇1) + 𝑏2𝑣𝑎𝑟(𝑇2) + 𝑐2𝑣𝑎𝑟(𝑇3) = (𝑎2 + 2𝑏2 + 3𝑐2)𝜎2,  

     where 𝑐 = 1 − 𝑎 − 𝑏, so minimize the quadratic function 𝑓(𝑎, 𝑏) = 𝑎2 + 2𝑏2 + 3(1 − 𝑎 − 𝑏)2: 

      
𝜕

𝜕𝑎
𝑓(𝑎, 𝑏) = 2𝑎 − 6(1 − 𝑎 − 𝑏) = 8𝑎 + 6𝑏 − 6 = 0  and 

𝜕

𝜕𝑏
𝑓(𝑎, 𝑏) = 10𝑏 + 6𝑎 − 6 = 0. 

     Solving the equations we find 𝑎 =
6

11
 and 𝑏 =

3

11
 (and 𝑐 =

2

11
) 

     𝑓 (
6

11
,

3

11
) is a minimum,  

     because it is the only extreme of the positive 𝑓, that does not have an upper bound. 

 b.   𝑋 has a variance 
𝜎2

𝑛
: 𝑋 is not the unbiased linear combination of the 𝑋𝑖’s with the smallest variance,  

      there must be another estimator 𝑇 with coefficients 𝑎𝑖 =
1

𝑛
+ 𝛿𝑖, such that ∑ 𝛿𝑖 = 0 (∑ 𝑎𝑖 = 1). 

      But then 𝑣𝑎𝑟(𝑇) = 𝑣𝑎𝑟 [∑ (
1

𝑛
+ 𝛿𝑖) 𝑋𝑖

𝑛
𝑖=1 ] = 𝜎2 ∑ (

1

𝑛
+ 𝛿𝑖)

2
𝑛
𝑖=1  

      ∑ (
1

𝑛
+ 𝛿𝑖)

2
𝑛
𝑖=1 = ∑ (

1

𝑛2 +
2𝛿𝑖

𝑛
+ 𝛿𝑖

2) =
1

𝑛

𝑛
𝑖=1 +

2

𝑛
∙ ∑ 𝛿𝑖

𝑛
𝑖=1 + ∑ 𝛿𝑖

2𝑛
𝑖=1 =

1

𝑛
+ ∑ 𝛿𝑖

2𝑛
𝑖=1 ≥

1

𝑛
, 

      𝑣𝑎𝑟(𝑇) ≥
𝜎2

𝑛
= 𝑣𝑎𝑟(𝑋), contradicting the assumption that 𝑇 has a smaller variance: 𝑋 is the best. 

 

9.  

a. 𝑓(𝑥) =
1

𝜃
 for 0 ≤ 𝑥 ≤ 𝜃, 𝐹(𝑥) =

𝑥

𝜃
 for 0 ≤ 𝑥 ≤ 𝜃, 𝐸(𝑋) =

𝜃

2
 (symmetry) and 𝑣𝑎𝑟(𝑋) =

𝜃2

12
. 

b. Likelihood function (𝜃) = 𝑓𝑋1
(𝑥1) × … .× 𝑓𝑋𝑛

(𝑥𝑛) = ∏ (
1

𝜃
) 𝑖 =

1

𝜃𝑛
,  

                             with 0 < 𝑥𝑖 ≤ 𝜃 for all 𝑖 = 1, … , 𝑛, so 𝜃 ≥ max (𝑥1, … , 𝑥𝑛) 



𝐿(𝜃) is a decreasing function (𝐿`(𝜃) = −
𝑛

𝜃𝑛+1 < 0), so 𝐿(𝜃) attains its maximum at the bound of its 

domain: 𝜃 = max (𝑥1, … , 𝑥𝑛). Therefore the 𝑚𝑙𝑒 is 𝜃 = max(𝑋1, … , 𝑋𝑛) = 𝑇1. 

c. First we need the density function of 𝜃 = max (𝑋1, … , 𝑋𝑛):  

𝐹𝑇1
(𝑥) = 𝑃(max(𝑋1, … , 𝑋𝑛) ≤ 𝑥) = 𝑃(𝑋1 ≤ 𝑥) ∙ … .∙ 𝑃(𝑋𝑛 ≤ 𝑥) = (

𝑥

𝜃
)

𝑛

, 0 ≤ 𝑥 ≤ 𝜃 

𝑓𝑇1
(𝑥) =

𝑑

𝑑𝑥
𝐹𝑇1

(𝑥) =
𝑛

𝜃
∙ (

𝑥

𝜃
)

𝑛−1

, 0 ≤ 𝑥 ≤ 𝜃 

𝐸(𝑇1) = ∫ 𝑥
∞

−∞

𝑓𝑇1
(𝑥)𝑑𝑥 = ∫ 𝑥

𝜃

0

∙
𝑛

𝜃
∙ (

𝑥

𝜃
)

𝑛−1

𝑑𝑥 = [
𝑛

𝑛 + 1
∙

𝑥𝑛+1

𝜃𝑛
]

0

𝜃

=
𝑛

𝑛 + 1
𝜃    ≠ 𝜃 

So 𝑇1 is not unbiased, but 𝑎𝑇1 =
𝑛+1

𝑛
𝑇1 is an unbiased estimator: 𝐸 (

𝑛+1

𝑛
𝑇1) =

𝑛+1

𝑛
𝐸(𝑇1) = θ. 

You could verify that 𝑇1 is a better estimator than 
𝑛+1

𝑛
𝑇1, since its 𝑀𝑆𝐸 is smaller (use this result in d.) 

d. 𝑀𝑆𝐸(𝑇1) = (𝐸𝑇1 − 𝜃)2 + 𝑣𝑎𝑟(𝑇1) 

Using the result in c.: (𝐸𝑇1 − 𝜃)2 =
𝜃2

(𝑛+1)2. 

𝐸(𝑇1
2) = ∫ 𝑥2

∞

−∞

𝑓𝑇1
(𝑥)𝑑𝑥 = ∫ 𝑥2 ∙

𝑛𝑥𝑛−1

𝜃𝑛

𝜃

0

𝑑𝑥 = [
𝑛

𝑛 + 2
∙

𝑥𝑛+2

𝜃𝑛
]

0

𝜃

=
𝑛

𝑛 + 2
𝜃2 

𝑣𝑎𝑟(𝑇1) = 𝐸(𝑇1
2) − (𝐸𝑇1)2 =

𝑛

𝑛 + 2
𝜃2 − (

𝑛

𝑛 + 1
𝜃)

2

=
𝑛

(𝑛 + 2)(𝑛 + 1)2
𝜃2 

  

𝑀𝑆𝐸(𝑇1) = (𝐸𝑇1 − 𝜃)2 + 𝑣𝑎𝑟(𝑇1) =
𝜃2

(𝑛 + 1)2
+

𝑛

(𝑛 + 2)(𝑛 + 1)2
𝜃2 =

2𝑛 + 2

(𝑛 + 2)(𝑛 + 1)2
𝜃2 

So lim
𝑛→∞

𝑀𝑆𝐸(𝑇1) = 0: the 𝑚𝑙𝑒 𝑇1 is a consistent estimator of 𝜃. 

e. 𝐸(𝑇2) = 𝐸(2𝑋 ) = 2𝐸(𝑋 ) = 2µ = 2 ∙
1

2
𝜃 = 0:  𝑇2 is unbiased. 

f. 𝑀𝑆𝐸(𝑇1) =
2𝑛+1

(𝑛+2)(𝑛+1)2 𝜃2  

Since 𝑇2 is unbiased, 𝑀𝑆𝐸(𝑇2) = 𝑣𝑎𝑟(𝑇2) = 𝑣𝑎𝑟(2𝑋) = 4𝑣𝑎𝑟(𝑋) = 4 ∙
𝜃2

12

𝑛
=

𝜃2

3𝑛
. 

𝑀𝑆𝐸(𝑇1) < 𝑀𝑆𝐸(𝑇2) if 
2𝑛+1

(𝑛+2)(𝑛+1)2 𝜃2 <
𝜃2

3𝑛
     or      (2𝑛 + 1)3𝑛 < (𝑛 + 2)(𝑛 + 1)2  (𝜃 > 0) 

     or [𝑛3 + 4𝑛2 + 5𝑛 + 2] − [6𝑛2 + 3𝑛] > 0      or     𝑛3 − 2𝑛2 + 2𝑛 + 2 > 0. 

This cubic inequality is not easily solved, but, since 𝑛 is an integer, we can reason: 

𝑛3 − 2𝑛2 + 2𝑛 + 2 = 𝑛(𝑛 − 2) + 2(𝑛 + 1) > 0 for all 𝑛 = 2, 3 , 4, … and for 𝑛 = 1: −1 + 4 > 0 

Conclusion: 𝑇1 is better than 𝑇2 for all 𝑛 = 1, 2, … (using the MSE-criterion) 
Note that 𝑇1, the biased estimator, is better than the unbiased 𝑇2.  

The main difference is the variance: 𝑇1 has a variance (and MSE), that approaches 0 with a factor 
1

𝑛2, 

where the variance of 𝑇2 has a factor 
1

𝑛
. 

 

10. Note that in this exercise we do not have independent variables, but a joint distribution with unknown 

parameters 𝑝1 and 𝑝2. 

 𝐿(𝑝1, 𝑝2) = 𝑃(𝑋1 = 𝑥1 and 𝑋2 = 𝑥2 and 𝑋3 = 𝑥3) =
𝑛!

𝑥1!𝑥2!(𝑛−𝑥1−𝑥2)!
𝑝1

𝑥1𝑝2
𝑥2  (1 − 𝑝1 − 𝑝2)𝑛−𝑥1−𝑥2,  

              where 0 < 𝑝1 < 1 , 0 < 𝑝2 < 1 and 0 < 𝑝1 + 𝑝2 < 1. 

ln 𝐿(𝑝1, 𝑝2) = 𝑐 + 𝑥1 ln(𝑝1) + 𝑥2 ln(𝑝2) + ( 𝑛 − 𝑥1 − 𝑥2) ln(1 − 𝑝1 − 𝑝2)  
𝜕

𝜕𝑝1
ln 𝐿(𝑝1, 𝑝2) =

𝑥1

𝑝1
−

𝑛−𝑥1−𝑥2

1−𝑝1−𝑝2
= 0     and 

𝜕

𝜕𝑝2
ln 𝐿(𝑝1, 𝑝2) =

𝑥2

𝑝2
−

𝑛−𝑥1−𝑥2

1−𝑝1−𝑝2
= 0      

Solving these equations we find 𝑝1 =
𝑥1

𝑛
  and 𝑝2 =

𝑥2

𝑛
. 

This solution for the pair (𝑝1, 𝑝2) must be a maximum, since the continuous function 𝐿(𝑝1, 𝑝2) ≥ 0 and on 

the bounds, such as 𝑝1 = 0, 𝐿(𝑝1, 𝑝2) = 0: if there is one extreme value, it must be a maximum. 



So 𝜃 = (𝑝̂1, 𝑝̂2) = (
𝑋1

𝑛
,

𝑋2

𝑛
) is the 𝑚𝑙𝑒 of the pair (𝑝1, 𝑝2). 

𝑝̂1 and  𝑝̂2 are consistent estimators: 𝑝̂1 =
𝑋1

𝑛
, where 𝑋1 is 𝑁(𝑛, 𝑝1), so 𝐸(𝑝̂1) =

𝐸(𝑋1)

𝑛
=

𝑛𝑝1

𝑛
= 𝑝1 and 

𝑣𝑎𝑟(𝑝̂1) =
𝑣𝑎𝑟(𝑋1)

𝑛2 =
𝑛𝑝1(1−𝑝1)

𝑛2 =
𝑝1(1−𝑝1)

𝑛
   → 0  if 𝑛 → ∞, so 𝑝̂1 is an unbiased and consistent estimator of 

𝑝1, and 𝑝̂2 likewise. 

 

11. We consider two independent samples with the same sample size 𝑛: 

𝑋1, … , 𝑋𝑛 is a random sample of 𝑋, that has a 𝑁(𝜇1, 𝜎2)-distribution 

𝑌1, … , 𝑌𝑛 is a random sample of 𝑌, that has a 𝑁(𝜇2, 𝜎2)-distribution (equal variances). 

The parameters 𝜇1, 𝜇2  and 𝜎2 

 

a. 𝐿(𝜇1, 𝜇2, 𝜎2) = 𝑓𝑋1
(𝑥1) × … .× 𝑓𝑋𝑛

(𝑥𝑛) × 𝑓𝑋1
(𝑥1) × … .× 𝑓𝑋𝑛

(𝑥𝑛) 

                        = ∏(2𝜋𝜎2)−
1
2𝑒

−
(𝑥𝑖−𝜇1)2

2𝜎2  

𝑖

× ∏(2𝜋𝜎2)−
1
2𝑒

−
(𝑦𝑗−𝜇2)

2

2𝜎2  

𝑗

 

                     = (2𝜋𝜎2)−
1
2𝑛−

1
2𝑛𝑒

−
∑ (𝑥𝑖−𝜇1)2𝑛

𝑖=1 +∑ (𝑦𝑗−𝜇2)
2𝑛

𝑗=1

2𝜎2 𝜎2 > 0 

log likelihood:  𝑙𝑛𝐿(𝜇1, 𝜇2, 𝜎2) = −𝑛 ln(2𝜋𝜎2) −
∑ (𝑥𝑖−𝜇1)

2𝑛
𝑖=1 +∑ (𝑦𝑗−𝜇2)

2𝑛
𝑗=1

2𝜎2 , with 𝜎2 > 0 

 ∗  
𝜕

𝜕𝜇1
𝑙𝑛𝐿(𝜇1, 𝜇2, 𝜎2) =

∑ 2(𝑥𝑖−𝜇1)𝑛
𝑖=1

2𝜎2 = 0, if 𝜇1 =
1

𝑛
∑ 𝑥𝑖

𝑛
𝑖=1 = 𝑥 

 ∗  
𝜕

𝜕𝜇2
𝑙𝑛𝐿(𝜇1, 𝜇2, 𝜎2) =

∑ 2(𝑦𝑖−𝜇2)𝑛
𝑖=1

2𝜎2 = 0, if 𝜇2 =
1

𝑛
∑ 𝑦𝑖

𝑛
𝑖=1 = 𝑦 

    For fixed 𝜎2 , 𝑙𝑛𝐿(𝜇1, 𝜇2, 𝜎2) attains its maximum value at (𝜇1, 𝜇2) = (𝑥, 𝑦)  

    and for fixed (𝜇1, 𝜇2): 

 ∗ 
𝜕

𝜕(𝜎2)
𝑙𝑛𝐿(𝑥, 𝑦, 𝜎2) =  − 

𝑛

𝜎2 +
∑ (𝑥𝑖−𝑥)2𝑛

𝑖=1 +∑ (𝑦𝑗− 𝑦)
2𝑛

𝑗=1

2(𝜎2)2  

                                      =
1

2𝜎4
[∑ (𝑥𝑖 − 𝑥)2𝑛

𝑖=1 + ∑ (𝑦𝑗 −  𝑦)
2𝑛

𝑗=1 − 2𝑛𝜎2] =  0,  

                       if 𝜎2 =
1

2𝑛
[∑ (𝑥𝑖 − 𝑥)2𝑛

𝑖=1 + ∑ (𝑦𝑗 −  𝑦)
2𝑛

𝑗=1 ], which is a maximum considering the signs 

of the derivative.  

The maximum likelihood estimator of 𝜎2 is 𝜎̂2 =
1

2𝑛
[∑ (𝑋𝑖 − 𝑋)

2
𝑛
𝑖=1 + ∑ (𝑌𝑗 −  𝑌)

2
𝑛
𝑗=1 ].  

b. Remember that 
(𝑛−1)𝑆𝑋

2

𝜎2 =
∑ (𝑋𝑖−𝑋)

2𝑛
𝑖=1

𝜎2  ~ 𝜒𝑛−1
2 , having an expectation 𝑛 − 1 and a variance 2(𝑛 − 1): 

we know that 𝐸 (
(𝑛−1)𝑆𝑋

2

𝜎2 ) = 𝐸 (
∑ (𝑋𝑖−𝑋)

2𝑛
𝑖=1

𝜎2 ) = 𝑛 − 1,   so 𝐸 (∑ (𝑋𝑖 − 𝑋)
2

𝑛
𝑖=1 ) = (𝑛 − 1)𝜎2 

and 𝑣𝑎𝑟 (
(𝑛−1)𝑆𝑋

2

𝜎2 ) = 𝑣𝑎𝑟 (
∑ (𝑋𝑖−𝑋)

2𝑛
𝑖=1

𝜎2 ) = 2(𝑛 − 1),    so 𝑣𝑎𝑟 (∑ (𝑋𝑖 − 𝑋)
2

𝑛
𝑖=1 ) = 2(𝑛 − 1)𝜎4 

𝐸( 𝜎̂2) =
1

2𝑛
𝐸 [∑ (𝑋𝑖 − 𝑋)

2𝑛

𝑖=1
] +

1

2𝑛
𝐸 [∑ (𝑌𝑗 −  𝑌)

2𝑛

𝑗=1
] =

1

2𝑛
∙ (𝑛 − 1)𝜎2 +

1

2𝑛
∙ (𝑛 − 1)𝜎2 

                  =
𝑛−1

𝑛
𝜎2     (𝜎̂2 is not unbiased, but asymptotically unbiased: lim

𝑛→∞

𝑛−1

𝑛
= 1). 

Then 𝑣𝑎𝑟( 𝜎̂2) = (
1

2𝑛
)

2

[𝑣𝑎𝑟 (∑ (𝑋𝑖 − 𝑋)
2

𝑛
𝑖=1 ) + 𝑣𝑎𝑟 (∑ (𝑌𝑗 −  𝑌)

2
𝑛
𝑗=1 )] 

                          =
2∙2(𝑛−1)𝜎4

4𝑛2 =
𝑛−1

𝑛2 𝜎4   → ∞ if  𝑛 → ∞:  𝜎2̂ is a consistent estimator 



c. If 𝑛1 = 𝑛2 = 𝑛, the pooled sample variance is 𝑆2 =
1

2(𝑛−1)
[∑ (𝑋𝑖 − 𝑋)

2
𝑛
𝑖=1 + ∑ (𝑌𝑗 −  𝑌)

2
𝑛
𝑗=1 ] 

The factor 
1

2(𝑛−1)
  makes 𝑆2 an unbiased estimator of 𝜎2. 

 

12. 𝑍1, 𝑍2, …, 𝑍𝑛 are independent and all standard normal. 

a. 𝐸(𝑍1
2) = 𝑣𝑎𝑟(𝑍1) + (𝐸𝑍1)2 = 1 + 0 = 1, 

𝐸(𝑍1
4) = ∫ 𝑧4 ∙

1

√2𝜋
𝑒− 

𝑧2

2  𝑑𝑧
∞

−∞

= [𝑧3 ∙ −
1

√2𝜋
𝑒− 

𝑧2

2 ]
−∞

−∞

+ ∫ 3𝑧2 ∙
1

√2𝜋
𝑒− 

𝑧2

2  𝑑𝑧
∞

−∞

= 0 + 3𝐸(𝑍1
2) = 3 

 𝑣𝑎𝑟(𝑍1
2) = 𝐸(𝑍1

4) − 𝐸(𝑍1
2)2   = 3 − 12 = 2,  

𝐸(𝑍1
2 + ⋯ + 𝑍𝑛

2) = 𝑛 ∙ 𝐸(𝑍1
2) = 𝑛  and  

𝑣𝑎𝑟(𝑍1
2 + ⋯ + 𝑍𝑛

2) = 𝑛 ∙ 𝑣𝑎𝑟(𝑍1
2) = 2𝑛   

b. (Below 𝑍 = 𝑍1 and 𝑌 = 𝑍1
2) 

1. 𝐹𝑌(𝑦) = 𝑃(𝑌 ≤ 𝑦) = 𝑃(𝑍2 ≤ 𝑦) = {
               0                    if 𝑦 ≤ 0

𝑃(−√𝑦 ≤ 𝑍 ≤ √𝑦)   if  𝑦 > 0 
  

    So, if  𝑦 > 0: 𝐹𝑌(𝑦) = Φ(√𝑦) − Φ(−√𝑦) 

2. If 𝑦 ≤ 0, then 𝑓𝑌(𝑦) =
𝑑

𝑑𝑦
𝐹𝑌(𝑦) = 0 

    If 𝑦 > 0, then 𝑓𝑌(𝑦) =
𝑑

𝑑𝑦
𝐹𝑌(𝑦) =

𝑑

𝑑𝑦
[Φ(√𝑦) − Φ(−√𝑦)] 

                                                         =
1

2√𝑦
[𝜑(√𝑦) + 𝜑(−√𝑦)]    

3. 𝑓𝑌(𝑦) = 0,   for 𝑦 ≤ 0 and 

    𝑓𝑌(𝑦) =
1

2√𝑦
[

1

√2𝜋
𝑒−

1
2

(√𝑦)2

+
1

√2𝜋
𝑒−

1
2

(√𝑦)2

] =
1

√2𝜋𝑦
𝑒−

1
2

𝑦, for 𝑦 > 0. 

c. 𝑓𝑋1+𝑋2
(𝑧) = ∫ 𝑓𝑋1

(𝑥)𝑓𝑋2
(𝑧 − 𝑥)𝑑𝑥

∞

−∞
  = ∫

1

√2𝜋𝑥
𝑒−

1

2
𝑥 ∙

1

√2𝜋𝑥
𝑒−

1

2
(𝑧−𝑥)dx

z

0
=

e
−

1
2

z

2π
∫

1

√𝑥(𝑧−𝑥)
𝑑𝑥

𝑧

0
 

The last integral equals π (given): 𝑓𝑋1+𝑋2
(𝑧) =

1

2
𝑒−

1

2
𝑧
 ,  for 𝑧 > 0. 

A Chi-square distribution with 2 degrees of freedom is apparently the same as an Exp (
1

2
)-distribution  

d. 𝑓(𝑧) =
𝑧𝛼−1𝑒

−
𝑧
𝛽

Γ(𝛼)𝛽𝛼 =
1∙ 𝑒−𝑧/2

1∙21 =
1

2
𝑒−

1

2
𝑧 . 

 

13. The exercise is stated wrongly. The questions should be: use Markov`s inequality …….. 

Solution: 

Markov’s inequality: for any random variable 𝑋 and number 𝜀 > 0 we have:  𝑃(|𝑋| > 𝜀) ≤
𝐸(𝑋2)

𝜀2 . 

substituting 𝑋 = 𝑇 − 𝜃, we obtain the desirable inequality, for discrete 𝑋 and similarly for continuous 𝑋: 

𝑃(|𝑇 − 𝜃| > 𝜀) ≤
𝐸((𝑇 − 𝜃)2)

𝜀2
=

𝑀𝑆𝐸(𝑇)

𝜀2
 

Proving Markov’s inequality (see above) for discrete variables 𝑋: 

𝐸(𝑋2) = ∑ 𝑥2𝑃(𝑋 = 𝑥)

𝑥

= ∑ 𝑥2𝑃(𝑋 = 𝑥)

|𝑥|≤𝜀

+ ∑ 𝑥2𝑃(𝑋 = 𝑥)

|𝑥|>𝜀

 

                                                ≥ ∑ 𝑥2𝑃(𝑋 = 𝑥)

|𝑥|>𝜀

≥ ∑ 𝜀2𝑃(𝑋 = 𝑥)

|𝑥|>𝜀

= 𝜀2 ∑ 𝑃(𝑋 = 𝑥)

|𝑥|>𝜀

= 𝜀2𝑃(|𝑋| > 𝜀) 



 Hence 𝑃(|𝑋| > 𝜀) ≤
𝐸(𝑋2)

𝜀2   (and for continuous 𝑋 we have a similar proof). 

 

 


