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CHAPTER 1: Complex Numbers
EXERCISES 1.1: The Algebra of Complex Numbers

1. —t=a+bi=>a=0andbdb=-1=

(=) = (a® — ¥) + (2ab)i = —P=-1

2. The Commutative and Associative laws for addition follow directly
from the real counterparts.
Commutative law for multiplication:
(a + &)(c + di) (ac — bd) + (bc + ad):
(ca — db) + (da + cb)
(c+ di)(a + &)

Associative law for multiplication:

[(a + bi)(c + di))(e + fi) = [(ac — bd) + (bc + ad)i](e + f1)
[(ac — bd)e — (be + ad) f] + [(be + ad)e + (ac — bd) f]:
[a(ce — df) — b(de + cf)] + [b(ce ~ df) + a(de + cf))i
(a + i)[(ce — df) + (de + cf)]

(@ + &i){(c+ di)(e + f3)]

Distributive law:

(a + bi)f(c+ di) + (e + fi)] = (a + bi)[(c + ) + (d + f)]
la(c+ ) — b(d+ f)] + [b(c + &) + a(d + f)]i

{(ac — bd) + (bc + ad)i] + (ae ~ bf) + (be + af)1]
(a + bi)(c + di) + (a + bi)(e + fi)

3. a.zZm=2n—z =
e+ fi=(c—a)+(d-bi=(c+di)—(a+bt)
e=c—aand f=d-b <=
et+a=cand f+b=d <=
(e+fi)+(at+t)=c+di <+

=



10.

11.
12.

b. (e+ fi)(c+di)=a+ b <=
ce—fd=aand fc+ted=b <=

a-+ b ac+bd bc—ad. ,
c+di = c2+d2+cz+d2z’ ctid#0
(ec— fd)c+ (fe + ed)d
c? 4 d?

(fc+ ed)e— (ec — fd)d.
+ c? 4+ d? '

i

= e+ f1
2129 0

. Suppose z; # 0. Then z;, = — = — =0.

5] <1

2 2
b. 3+0:=3

c. 04 (=2)t=-2¢
a. 0+ (-2)p=-2
b. 64+ (-3)1=6—3:
c. 4+t

a.0+(—§)i=:£i

a. 8+1t=8+1
b. 1+1li=141

-8\ . 81

c. 0+ (—3——) = -3
33 19,
25 25
61 107 .
185 ~ 185

253 204 .
T425 1295

940i =2
9+ (=7)i



13.
14.
13.

16.

17.

18.
19.

20.

6+ 51
2z =a+ bi. Re(iz) = Re(ai — b) = -b= -Im=

i‘k:(i‘)k:lk:l
e T LT
i‘“z-—-i‘k'iz:l-(—l)———'—l
i"""3=i‘k-z'3=l-(—i)=-i

a. —t
b. ~1
c. -1
d. —i

3i2(4)+3 + 653 + 8i-5(4) + i—1(4)+3
= 3(—1) + 6(—i) + 8(1) + (~i) = 8 — 10i

(~1 4+ +2(~1+i)+2=-2i +(~2+2i)+2=0

The real equations are
Re(2® +52%) = Re(z+ 3i)
Im(z® 4+ 52°) = Im(z + 3i).
If z = a + bi these can be rewritten as

@ —3ab’ +5a2 -5 —a=0
32— +10ab-5-3=0.

4
—— = D
a. 2 2i 2
o 1-8_ 21 5
"ET e hi 29 29
1 i
2=0 —1*3%
d. z=34:

|/%



21 (=i)[(1 = £)z1 + 325) + (1 — )liza + (1 + 20)z4)
= ~i(2 - 3i) + (1 — 5)(1)

=}z2=_3___2i2=—i=::>z1=1+i

22.0=2"-16=(2-2)(z+2)(z = 20) (2 + 2%) => 2 = 2,2, %, 2

23. Suppose z = a + bi.

1 a—1b a
Re(;>=Re(a2+b2) =t12+b2 >0

whenever g > 0.

24. Suppose z = a + bs.

Im(l) o1 a 4 -b .
) =" P R i

< 0 whenever b > 0.

_a2+b2

25. Let 2y = a +bi and z;, = ¢+ di. The hypotheses specify that a +c¢ < 0,

b+d=0,ac—bd <0, and ad + bc = 0.

b=0=d=0=> 2 and z, are real.

b# 0= d=—band ad+bc=a(—b) + bd = —b(a — c) = 0
== a = ¢, a contradiction of the fact that z;z, < 0.

26. By induction: The case when n = 1 is obvious. Assume
Re(Z;’;l zj) = 3 i1 Re(z;) for all positive integers m < n

n ' n—1
Re (Z Zj) = Re Z z; + zn)
=1 j=1

= n‘i Re(2;) + Re(z,)

7=1
= Z Re(zj)
=1

The corresponding result for the imaginary parts follows by replacing
“Re” by “Im” in the above proof.



j=1

Im | ] z,-) = fI Im(z;).

j=1 J=1

Rel(a + bi)(c+ di)] = ac— bd
Re(a + bi) Re(c + di) = ac
These are not equal whenever bd # 0.

Disprove: Re | [ zj) = J] Re(z;) and
j=1

Im{(a + bi)(c+ di)] = ad + be

Im(a + &) Im{c + di) = bd

These are not equal whenever ad + bc # bd.
(For example, consider the pair 2 and 1.)

27. By induction: The case when n = 1 is obvious. Assume
(z1+2)" = 1+ (T)Zi""zz + .-

m
#(7)a i

for all positive integers m < n. Recall that, for positive integers r and
s withr > s,

() ()= (o) = ()= ()=

(z1 + 22)"= (21 + 22)" (&1 + 22)

_ n-—-1\
= Z;. 1(21 + Zg) + 1 )Zl 222(21 -+ 22)

-1
oot (nk ):‘:;.-1—15,4215(171 +22)
+ o+ 27z + 22)

n n— n—1 n— n—
= zl '+‘ Zl 122 + ( 1 (Zl 122 + zl 223)

n—1 a—
+ ---+( ) )(zr-*z§+z1 D) 4 4 22l 2



28.

29.

30.

31.

b 5 s
2 4 (7)24(=iy + (2 23(—i) + (2 )2x(=ip + (° 2(=i)* + (=1)°
1 2 3 4
=32—-80: — 80 +40i + 10 — i = —38 — 417
Suppose z = E, where p and g are relatively prime integers, and that
q
2?2 =2

2
(2) =2 = p’ = 2¢° = p? = 4k for some integer k and ¢* = 2k,

q
a contradiction (If p? is an even integer so is p.).

By contradiction. Suppose there is a nonempty subset P of the complex
numbers satisfying (i), (ii), and (iii) and suppose i is in P.

Then, by (iii), > = —1 and (~1)i = —i. This violates (i).

Similarly (i) is violated by assuming —: belongs to P.

Purpose: to add, subtract, multiply and divide z; = a + bi and
Zp=c+ dr.

Input a,b,c,d

Set sum= (a + ¢,b+ d)

Print “z1 4 22 = ”; sum

Set diff=(a — ¢, b — d)

Print “z1 — 22 =7, diff

Set prod=(a*c—bxd,b*c+ax*d)



Print “z1 * z2 ="; prod

Set denom = ¢"24+d"2

If denom = 0, print “there is no quotient”

Else
Set quot=((a * ¢ + b* d)/(denom), (b*xc—a* d)/(denom))
Print “z1/22 = 7; quot

Endif

Stop

32. prod=(a*c—b=*d, (a+b)*(c+d)—a=rc—b¥d)

EXERCISES 1.2: Point Representation of Complex Numbers;
Absolute Value and Complex Conjugates

1. The real and imaginary parts of

ntzn 14T Wty
3~z U2

give the familiar algebra formula for the midpoint of the line segment
joining two points in R2.

Alternatively, one could establish that (z; +22)/2is a point on the line
through 23 and 22 and that ‘Zl _— (21 + 22)/2| = !Zg - (21 + 22)/2I

_ 2(1 + ) + (—31) + 3(1 — 2i) + 5(—6) 25 7.

= — - —1

2+1+3+5 11 11
3. -3 P4 * Z
1 3 2 = =
4 (; ﬁ*ﬁ‘) - L z
« 1. Vz
=3 =2 -1 . 1 2 3
-1
"i. Foogb T z



5. The three side lengths are equal:

() (-2
(45 (5-9)

6. The Pythagorean theorem is satisfied:

V3

104+10.= |(3+4) — 6] +[(3+1) — (4 +40)* = 16 — (4 + 40| = 20

7. a. All points on the horizontal line through z = —2¢

b. All points on the circle of radius 3 with center at 1 —z

1.
c. All points on the circle of radius 2 with center at 2

e

d. The points must be equidistant from 1 and —1, thus lie on the
perpendicular bisector of the line through 1 and —1.

. : 1 : .
e. The equation can be written as z = Zyz — 1. The points lie on

this parabola.

f. The points z have the property that their distance from 1 added
to their distance from —1 is always 7, so the points lie on an ellipse

with foci 41, with z intercepts :i:-;— and y intercepts i%\/g

3 .
g. All points on the circle of radius 3 with center at 3

h. All points in the half plane z > 4
i. All points inside the circle of radius 2 centered at @

j. All points outside the circle of radius 6 centered at the
origin



8. |(a+b)—1j=(a—1p+¥

(a D

9. |rz] = Ir(e + bi)|= |ra + rbi| = (ra)2 + (rbd)?

Jm—rm- riz|

12. a. -(E)- (a1 + b;z) (@162 + blbz) + (azh, — albz)z)

Z2 az + byt a2 + b%
(a1a2 + bybo) + (—azbh + a1by)i
a3+ b
—-bi 7

T aa—byi T

b, z;?=(a+bl)-;(a—bt)=a=Rez

c z—-?_(a+bi)—(a—bi)_
T 2% -

b=Im=z




13. 2)?-2=0=(Z-2)Z+2z)=0=

either: Z— z = 0 = 2ilmz = 0 = 2z is real, or
Z+ z =0 = 2Rez = 0 = z is pure imaginary.

14, |zl = (512)(75%) = (270)(227) = |zl

15. By induction: The case when k¥ = 0 is obvious. Assume (Z)7" = (z)
for all positive integers m < k.

@)= @)@ = F = =

Also,

16. Let z = a + bi. Since |z|? = a®> + 8 = 1,

I 1 _ (l—a)+biy 1
Re(l-z)“Re(u—a)—bz')‘Re( 5 _2a )*2‘

17. %" a1z + -+ an1Z0+an
:~3+al-’-’3—1+"‘+an_1zo+an =0=0

—a; £+/a? —4a
18. The roots of 22 + a;z +a; =0 are z = - - 2

a? — 4a, > 0== Both roots are real
= Each root is its own conjugate

a? — 4ay < 0= ++/al — 4a; = *i\/4a; — af

==» The roots are complex conjugates.

| - 10



19.

20.

The line ax+by=c can be represented in the complex plane as z=rcosf +
irsin® + c/a where 6= tan™ (-a/b) and —oo < 1 < 0. By working with
triangles you can obtain
cos@ = -b/N(a® + b%) and sin® = a/N(a + b%). To get to point z write the
equation from point c/a down the line and make a turn on the
perpendicular as
Z=X+1y = rcosB + irsinB + c/a — ssinf +iscosO with —eo < s < 0. Equating
the real and imaginary parts
X —c/a=rcos0 — ssinB; y =rsinf + scosO
Solve for s as s = ( — sinB(x-c/a) + ycosB) = (-ax + c- by)/‘\/(a2 +b%). The
distance from the point z to the line ax + by =c is s. Denote the reflected
point by z,. The reflected point lies s units on the other side of the line.
z=z - 2s(-a— ib))A(a> + b%) = x + iy — 2{(-ax + c- by)N(@® + b*)}(-a —
iby/N(a® + b%)

={[(b® - a*)x —2aby + 2ac] + i[(a’-b%)y ~2abx + 2bc]}N(a® + b))

= [2ic + (b-ai)(x-iy))/(b+ai)
(2) Suppose u'Au =0 for all n by 1 column vectors with complex entries.
Let
u=[00... 1..0]" with the i entry being the only nonzero entry. Then
u'Au= (a;) =0 fori=1 ton.
Let u be all zeros except for ¥ + i¥3/2 On the ith row and Y% -iV3/2 on the

jthrow. Now

u'Au = (a)(%2 -iV3/2 ) + (@)(%2 + IV3/2) = (172 - iV3/2)(ay) - (%2 +

iN3/2)(ay) = 0.

21.

Setting the real and imaginary parts equal to zero yields aj=0anda; =0
for all i,j=1 to n. Consequently A = 0.
(b) Let A=[01;-10]. Nowu'Au=0 for all 2 by 1 real column vectors .

The matrix A is Hermitian A" = A. Observe (Au) =uf AT =u' A.

(a) (u' Au)' is the conjugate transpose of the matrix u' Au which is a one
by one matrix, so
(u' Aw)" =u" ATu=u' Au because A is Hermitian. The conjugate is
equal to the number only when the number is real.

(b) (B'B)"=B'B and therefore is Hermitian.

(© 'B'Bw)’ = (Bu)'('B")' = u'B'Bu a real number.

|-\



EXERCISES 1.3: Vectors and Polar Forms

1. azn+z=3

-\



all positive integers m < k.

24zl |z — 2] = 20 4 2]z

. |212223[ = |(2122)23| = |2122||23| = 121”22||23|

2% = |57z ] = [ [2] = [ e] = o]

Also,
1 1 1
-~k
z S e S e— T me— (2
l I Zk |zk! Izlk l
a. 1
b. 526
C -——5\/5
2
d. 1
a. #
o
3-
. (3n 3
Tcis T 1
=5 =4 -3 -2 =) 1 3 4 5
-1
-2
-3
-4
-5

| -13

I—-k

[ N (T3 ra ['d

. By induction: The case when k& = 0 is obvious. Assume |z™| = |z|™ for

=5 =3 =3 -z -1

-1

-2

-3

-4

-5



7. (Only the value of Arg z is given for each of the following.)

a. —cis®

c. wCIS (_'x
. 2)

. T

e. 2\/§c13 (—1—2—)
1 . /57

& A" ('15)

8. Suppose |z

b. 3v3cis g%”)
d. 4cis (-;g-)
£, 4cis (—3)

y Jﬁds (—-llw)
"2 12

— r. Then 2z + 2 lies on the circle in the figure and

|21 + 23| is greatest when argz = arg z3

21+722

9. Itis a vector of length |z| and angle of inclination arg z+¢; it is obtained
by rotating z by angle ¢ in the counterclockwise direction.



Joa. arg(z12923) = arg((2122)23) = arg(2z;2;)+arg 23 = arg z; +-arg z; +arg z3

fop. argz173 = arg z; + arg z; = arg z; — arg z;

1. (1 +D)(5=1)* =2 cis(maWN(26)cis(-4tan (1/5)) = (1 +1)(24 - i10)
= (1 +)(24% - 100 - {480) = 976 — i4 |
arg(1 +1)(5 - 1)) = /4 — 4tan”"(1/5) = -tan”' (1/239)
/4 = 4tan”'(1/5) - tan”'(1/239).

A 5 97
4
b. =
c. T
"3
m
d T
6

13, b and d always true

Counterexample for part a:

.0 57
z] = z9 = CIS—SI == Arg 2,2, = —g, Argz) + Arg z, = 5
Counterexample for part c:
=1, 2p=1 = Arg (il—) =7, Argz ~Argz, = -7
22
-1 (Y n -1{¥ : -
I§. If z > 0 then tan (—) + 3 (1-1)=tan <—), which corresponds
x z
to =7 < s
° = arg z < 5"

If z < 0 then tan™! (E) + g—(l +1) = tan™! (E> + 7, which corre-
T z

ds to ~ n
sponds to 3 <argz<—2—.
Ifz=0and y > 0, then g(l) = arg z.
fz=0and y <0, then g(—l) = arg z.
If 2 = y = 0 then arg z is undefined.

If y > 0 then 1 - cos! (:c/\/a:2 + y2) corresponds to 0 < Arg z < 7.

If y <0 then —cos™! (m/\/zz + y2) corresponds to —r < Arg z < 0.
Ify=0and:r>0then0=Argz.



e

17

%

20,

L=zl =|a+ () < lal+] - z| '-“—Alzll + |23

Apply Exercise 15 twice:

Izl = [(z1 = 22) + 22| € |o1 — 72l + |20 =

|21] — |23] £ |72 — 22

Similarly (beginning with |2,]),

22| = |1] € 22 = 21| = |;a — 7l

Thus,

—|z1 = za] < Jar| — |22 S |21 — 2|, 0x

llz1} = l22ll £ 121 = 22

If vector z; is parallel to vector z;, then z; = ¢z, for some real number
¢ # 0, and z,%; is real valued since 2,7z = clz1?-

Conversely if z,7; is real valued,

arg z) — arg z; = arg(z:1%7) = k7, k=0,x1,%2,... =

arg z; = argz + kr = Vector z; is parallel to vector z.

By Example 1, the points 23, 23 and z lie on the same line if and only
if z — z; = d(2 — #), which is true if and only if z = z; + (22 — 2),

where ¢ = —¢. It follows that z lies strictly between 2z and z, if and
onlyif0 <e<l.

2y = ¢z, with c real and ¢ > 0 &=
argz = argc+argz; = 0+ argz; = arg z;

The triangle with vertices z, 23, and z3 has sides represented by the
vectors zq — 21, 73— 21, and z3 — 2. Let ¢ be the angle between 23 — 2
and Zg — 2. Then

¢ = arg(za— z) — arg(zz — z)
— ar (7-3 — 21)
- g 29 -2

The result can now be recognized as the Law of Cosines.

\— b



21. rycisf, + rocisfy = [ry cos by + rycos 0] + i[ry sin 8, + o sin 0]
= 72 = [ricosf + rzcos 02)° + [r1sin 6, + 72 sin 8,)*
r2 4 2ryry(cos By cos 0, + sin 6y sin 0y) + 73
= ri4 r2 + 2r 7y cos(0y — 62)
= 1 = \/rf + 12 + 2ryrp cos(6; — 62)
Re (rlcis 6, + rycis 02)

r

i

cosd =

ry cosfy + o cos b,

\/rf + 12 + 2r173 cos(fy — 02)

. ricis 8y + racis b,
sinf = Im

T

™ sin 61 + T2 sin 92

72 4 r2 + 2r 73 cos(fy — 62)

0 = tap—t[D sin §; + rosinf;
B ry cos By + rpcosfy

when r; cos#; + rocos 8 > 0.

See Exercise 14 to adjust 6 for the other cases.

22. By induction. The case when n =2 is the standard triangle inequality.

Assume
m m
PEA D MEN
k=1 k=1

for all positive integers m < n. Then
n n-1

Sl = [Tats

k=1 k=1

n—1
PIE

k=1

n—1 n
< N lal+lal = > |zl
k=1 k=1

IA

+ lznl




23 |m121+n‘I223+ﬂI323
' m; +ma + ms

< mzy | mo2q maz3
= Imy+me+m3 lmy +ma+ms my + me+ m3
my my m3 -1

-+ =
m1+m2+m3+m1+m2+m3 m1+m2+m3

Physical interpretation: If three particles z1, 22, and z3 lie inside or on
the unit circle, then their center of mass also must be inside or on the

unit circle.

24. (See Exercise 14)
Input z,y
Stepl Set r = sqrt (z°2+y"2)
Step2 If z <0 and y =0, Set t = pi
Step3 Else Set t = sgn(y) * arccos(z/r)
Step4 Print “Polar coordinates are (r,t) =";(r,t)
Step5 Stop

Input r,t
Stepl Set z = r x cos(t), y = r * sin(t)
Step2 Print “Rectangular coordinates are (z,y) ="; (z,y)
Step3 Stop

25.

7,2, = (x, "i)’1)(xz + i.Y2): X X, + yy, + i(xl)’2 - Y1x2)

Re (Z_IZZ )= X x, +y,¥,

26. 92, =xX%,+y,y,=0=y,/x, =1/(—y, /x,) and the vector z, is
orthogonal to z;. In other words z; leads z» 7/2 radians so z; = icz.
If z; = icz, for some real c,
7,92, = Re(ZIZZ)= Rﬁ(—ic(}c2 =iy, (x, +iy, ) =—CX,y, +Cx,y, =0
and z, is orthogonal to z,.

27. (@) Im(zﬂz): Im((xl =iy, )(x, +i)’2))=x| Ya—=X2Ys
(b) Ifz, and z; are parallel z; = cz; = Im(z;z;) = CX2Yy2-XaCy, =0
It Im(z;22) = 0, x1y2-X2y1 = 0 = X1/ = Xo/ya = z; = ¢z, for some real c.



EXERCISES 1.4: The Complex Exponential

vZ V2.

l. a — -2

2 2
b. €*
c. ! cos(sin 1) + ie™ ! gin(sin 1)
2. a.sind

b. /3 + 3

c. €?cos2v/3 + ie?sin2+/3

. ._‘\/_ie_‘”r/4
3
b. 16we=ier/3

c 861’31\’/2

4 a ei27r/3

b 2/ 2¢in/4 = \/Be—iTn/12

Vei5T (6
ir/2
¢ 222
3eter  3ed
5. €7t = |e%e¥| = |e*||eiV] = e
arg(e”t¥) = arg e*e’¥ = arg e® + arge? =04y + 2kn, k=0, +1,...
6 sinf (e — ) /2 € _ if
LY st T (e +e=9)/2 (e 4 e=7F)
1 2 2e"/2 2

b.

sinf e —g-i8 e — e—i0 T (i(0-7/2) _ o—i(8+7/2)
T. €5 = T < %lcos(y + 27) + i sin(y + 27))
= ¢e"(cosy + isiny) = "W = ¢*

8. a. ™ = ¢e[cos(y + 7) + isin(y + m)] = —e®[cosy + tsiny] = —e
b. €* = e*cisy = e”(cosy — isiny)

= e”(cos(—y) + isin(—y))

=ez

9. (€°)" = (e“cisy)” = e"*(cisy)™
= e cisny
— en(:r+iy) = e"?
1 1

(62)—?1 = (ez)n = ens = e_"'z

10. z=z+iywithz <0. [e*|=e* < e =]

| - 19



11. a,c, and d are true. b is false because e*+?* = e*.

12. a. sin30 = Im(cos 36 + isin38) = Im(cos & + isin )’
= Imjfcos® @ + 3 cos® 8(isin §) + 3 cos H(—sin 8) — i sin° 6]
= 3cos®§sinf - sin® 0
b. sin40 = Im(cos49 + isin40) = Im(cos § -+ sin 0)*
= Im|cos* § + 4 cos® 0(isin ) + 6 cos® §(—sin® 6)
+ 4 cos §(—i sin® 8) + sin* 6]
= 4cos°Osinf— 4cosfsin®4

0 _ i\ 2 6y —ie\?
13. a. sin?0+c0s?0 = (6—25—) + (i_iz.e__)

= —%(8‘20 — 2 + e—i”) + _i_(ei'zo + 2 + 8—1‘26) — 1
ei(" +62) + e"'.(ei +92)

b. cos(fy +6;) = 3

ei‘] ei’z + e—iﬂ, e-—iﬂg
2

——1

_ (cosf + isin6;)(cos b + i5in )
B 2

+ [cos(—6;) + ¢ sin(—8, ))[cos(—02) + 2 sin(—6,)]
2

= cos @, cos 83 — sin @, sin 6,
since sin{—8) = —sin 8 and cos(—0) = cos 0.

14. Yes, because if n > 0 then

1

(cos @ + isinO)™
1

cosnf + 1sinnd

(cosf +isinf)™ =




= cosnf —isinnd
= cos(—nb) + isin(—nb)

15.  a. e™e™ = €™ (cosy; + isiny; )e™*(cosyy + i sinyy,)
= €"e™(cosy; cosy, — sin y; sin yy + % cos ¥y sin ¥y
+ isiny; cos ys) '
= €™+ (cos(y1 + y2) + i sin(y; + Y2))

= At

e®(cosy; +esiny;) cosys — isinys
e*2(cosys + 1siny,) cosy, — isiny,

el

b. — =
e*2

= €"'e""(cosy; cos Yy, + sinyy siny, + i siny; cos Yo

— 1cos y; siny,)
= TiTF2 {Cos(yl — yz) +1 Sin(yl - yZ)]
122

16. exp(Inr +0) = e"e? = re = 2

17. The standard parametrization of the unit circle traversed in the coun-
terclockwise direction is ¢ = cost, y = sint for 0 < ¢ < 27, which gives
z=cost-+1isint = e*.

<3

. The circle |z| = 3 traversed counterclockwise.
b. The circle |z — ¢| = 2 traversed counterclockwise.

c. The upper half of the circle |z] = 2 traversed counterclockwise.

[o W

. The circle |z — (2 — 7)| = 3 traversed clockwise.

18. a.

700 200 300 200 50
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100 200 300 400 500

19. |e*"i/*| =1, k=0,1,...,n — 1 = The vertices lie on the unit
circle.
[e?kriln — g2kt1)mifn| — |] — ¢2%/%| = The n side lengths are equal.

20. (z-1)(1+z+2+--+2M)=2"" -1 =
zﬂ"l"l_l
142422+ 42" =

- 22



Suppose z = €', § # 0. Then

lbz424- 42" = 14+eP 46?4 4™
= (1+cosf+cos20+---+ cosnb)
+4(sinf + sin26 + - - - + sinnf)

and
| eiltnt)e _ 1

z—-1 et — 1
cos(n 4+ 1)6 — 1 +isin(n + 1)8 .
= f— 1~ 6
(cos @ — 1) +sin* 4 (cos sinf)

cosnf — cos(n +1)6 — cos§ + 1

Il

2 —2cosf
sinnd —sin(n 4+ 1)8 + sin §
B 2—2cosf
_ sin(n+1/2)0+sinf/2  sin(n + 1)6/2sin(nd/2)
- 2sin8/2 ' sin /2

a) follows by equating the real parts of both equations and b) follows
by equating the imaginary parts.

zn

1—
21.
e

_ |1 —(cos +isind)"
" |1 —(cos @ + isin 6)

_ (L — cosnf) + i(sin nb)
B ’ (1 — cos8) + i(sin §) I

z

(1~ cosnb)? 4sin*nd (2 —2cosnd
(1 —cos#)?+sin*d Y 2—2cosd

_ |(I—cosnf)/2  |sin*(r6/2)
—\ (1—cos8)/2 T \ sin?(6/2)

On the other hand,

!
_

sin{né/2)
sin{f/2)

'l—z"

T :I1+2+z2+___+zn—lls1+1+1+...+1=n_

|- 23



22.

23

2r 2
je‘"gdﬁz Ie°d9=27t,for-n:0
0 0

2r
_[e"‘”d@ =e™ -1=0, for n#0
[

T T i =i 1 T i8-2m
(a) Ojcosf‘(e)w: 5[((69+e 3)/2)8d9=(ﬁj > (et ag

0

= 35m/64
2z 2 ,i20 _ ,-i20 \°
(b) ! sin®(26)d6 = j(-m—_-z—] de =-2027)/(i2)° =57/8
4] 0 d
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EXERCISES 1.5: Powers and Roots

1. By induction: The case when n =1 is obvious. Assume
2™ = r™(cos mé@ + i sin m0) fot all positive integers m < n.
M =2"12 = ™ (cos(n—1)8 +isin(n — 1)8)][r(cos & + isin 0))
= r*[cos(n —1)# cosf — sin(n — 1)#sin b
+ isin(n — 1)8 cos § + i 5in 0 cos(n — 1)0)]
= r"(cosnf + isinnd)

2. Let m be a positive integer. Then
-m 1

z —4 —
zm

1
r™(cos mb + i sinm0)

= —1-(cos m0 — isinm#f)
rm
= r~™(cos(—mb) + isin(—m#b))
3. By induction: The case when » = 1 is obvious. Assume arg(z™) =

mArg z + 2kx, k = 0,1, . .. for all positive integers m < n.

arg(z") = arg(s""'z) = arg(2"") +argz
= (n—1)Argz +argz + 2kn

= nArgz+2k1r
e g (e i) o (VB L
4. a (V3-i)'=2 (cos 6+zsm—6)_2 (-—2+2z
= —64v/3 + 64i
195 = (/3% [cos 20X 4 isin DT
b. (14)% = (V3) (cos o +isin 4)
= (/3)95 L___l_-)_ 7(]
= (75— 75i) = 2709



5 a (—16)Y4=2exp (iﬂ- + 2kn

),k=0,1,2,3

k
115 = exp (z%—z) k=0,1,2,3,4

o

2 4 2k
c. i = exp (iﬂ—%—“) k=0,1,2,3
- k
d. (1 =3 = {Bexp (Z—L?);_-Q——W) k=0,1,2
2k
e. (1 —1)2 = ¢2exp (ié‘ILLl;-———-f-), k=0,1
2 \/° . /4 + 2km
. = (14416 = ¥ e ) k=0,1,2,3,4,5
f (1 +i) (147) 2exp (z 5 , 0

6. In each case one can find a root w, then construct the others as vertices
of a regular pentagon inscribed in the circle |z] = |w| by marking off

arcs of length |w|-§-

a. One root is —1.

b. One root is /10,

¢. One root is 21/1%¢+7/20

1 V23,
7. a Z——Z:ETZ
b. 2=2—-17,1—2

c.2=14+V1I—:1=121/4 (cos%—*isinzsr-)

8. From the quadratic formula the two solutions

_ —b+ /b? — dac

2a

are distinct and real when b — 4ac > 0. When b* — 4ac < 0,

Vb — dac = i\/—(b* — 4ac) so the solutions are non-real complex con-

jugates.

I-26



10.

11.

12.

13.

14.

Note that z3—3z’+6z—4=(z—1)(z’-—2z+4),z=l,lztz'\/§

z= (—1)1/4 = exp iﬂ’ +42k‘l’ . k= 0, 1,2,3

(2 — i) (z — e¥) = 22— 3z 4+ 1 (k=0,3)
(z _ e(&l/d)i)(z — e(s:M)o‘) = 22 + \/iz +1 (k =1, 2)

(z+1)°
25
k=0,1,2,3,4. Therefore z =

1\2 .
= (1 +;) =1==1 +-1— = ¢*/* = w, where w = el2k=/5)
z ‘

lrk=L&&£

n .6 k
z?,/ = |zo|'/™ exp (z_o_i;_?_ﬂ'), k=0,1,...,n—1, where 6 = Arg zo-

For each k, z2/* is the constant distance |2o[!/* from the origin, and the
. . 1/n . - 4
difference in the arguments of z,’~ for consecutive k is the constant e

Hence the r points zél * are equally spaced on the circle |z| = |zo ™.

. 1 '\/§
= (2n/3) _ __ VY
wy=¢ 2+22

2 _ _1 .ﬁ l .Jg _
1+w3+w3.-1+( 2+z——2 + 3 "3 =0

wy = ™ = §
1+ws+wi+wi=1+i+(-1)+(-t)=0.

(zm)l/n___ (lz|mcim9)l/n, 0= arg z
= |z|™/" exp t(_m_ﬂ;—_i—_{zﬁr_) , k=0,1,...,n-1
= |z expi (ﬂ"‘_ﬂ%’i’_"_ﬁ) since m and n are relatively prime
m/n . {0+ 2kx
= 1 exp im (E2E) (1



— (Izlllnexp z(0'+'2k7"r)) — (zlfn)m
n

Expanding (*) gives

PREAE Pl (cos%—(ﬁ-l—?kr)-}—isin T—:-(G +2k7r)) , k=0,1,...,n—"

15. (1 - i)3/2= ("/2_)3/26(3i/2)(—1r/4+2k1r), k= 0,1

— 23/4ei(—31r/8+3k7r), k= 0,1

16‘ (Z+1)100= (Z_I)IOO = (Z+1) — (Z_I-)CaniIIOO-j Z(l_e-ZRki/lOO) = _(1+e?_1[k1/100 )
7= (621[1(1/100 + 1)/(621:](1/100_1):(61!1()/]00 +e-1tkl/100)/(enkl/l()0 _ e7'l'.kl/10())

Z = -icos(nk/100)/sin(nk/100) for k= 0,1,...,99. Because the cos and sin
functions of a real variable are real z will have zero real part.

17. (Use Exercise 20 from Section 1.4)

me
Twl +w . gumo@n =1
Wy — 1

18. Let £ = mn. Then
(aB)f = (af)™ = a™"f™ = (a”)™(b™)" = 1™1" = 1.
19. (a) F(Z) - (I/IZ _ Zol)eiarg(z—zn) = (1 /|Z _ Zole—iarg(z—zn))___ 1/(Z - ZO)

(b) Solve z5) = 1+1, Zgp = -1+i, 23 =0
Uz -2o) + 1z —202) + 1/z=0= 2= (&2 +2)/3

| - 2%



X0, . Define subroutines called sum, diff, prod, and quot based on exerase 31,

21.

EXERCISES 1.6: Planar Sets

1. Let z;, be in the neighborhood |z ~
Choose a point w in |

so 2z, is an interior pont of |z— 2] < p and the

section 1.1. Also define subroutines called polar and rectangular based
on exercise 24, section 1.3. Define compsqrt(z,y) as follows:

Input z,y

Set (r,t)=polar(z,y)

Set newr=sqrt(r), newi=t/2

Set (newz, newy)=rectangular(newr, newt)

Output (newz, newy)

Stop

Now the quadratic formula program can be written.

Input ar, at, br, b, cr,
Set (discrim r, discrim ¢) = prod(br, bi, br, bi )—4 * prod (ar, ai, cr, ci)
Set (toprootr, toprooti)=compsqrt(discrimr, discrimi)
Set (21r, z1:)=quot(—br + toprootr, —bi + toprooti, 2 * ar, 2 * ai)
Set (22r, 22f)=quot(—br — toprootr, —bi — toprooti, 2 * ar, 2 * at)
Print “One solution is (z,y) =7; (z1r, z1i); “which is (r, ) =";
polar (z1r, z1t)
Print “The other solution is (z,y) =";(22r, 22); “which is (r,t) =";
polar(z2r, z2¢)
Stop

(a) £(3+1) (b) £(3421)  (c) (5+)
(d) £(2-1) (e) X(1+31) () £(3-1)

zo|<pandletR=p—|zl—~zol.
z — 7} < R. Then

= !ZQ-—'21+31"wl
< lw—al+la-wl
< |lg—=a|l+BR=p

|20 — wl

neighborhood is an open

| - 29






3. b,¢,f

4. b, c
5. a,c
6. ajz—(1-1)|=3
b. z =re™/4 and z = re~¥*/*
c.z=2and |z—2|=3
d. z=z+tand z =z —1 for all real
e |z =2
f z2=14+iyand z=~1+iyforallreal y
7. a,b,c,d, e
8. a, e
9. The set S = {z,,2,,...,2,} is bounded by the neighborhood lz| < o,
where p > max |z}, 1 =1,2,...,n.
10. Let po = |zo] and choose R > p+ po. Then for z in |z — 20| < p
lzl = |z~ 0+ 2| < |z— 2|+ |zl
< ptm<R

11. Su {0}

12. Since 2, is not an interior point, every nighborhood of z contains at
least one point not in S. At the same time, every neighborhood of 2z
contains zo, which is in S. Thus z is a boundary point of S.

13. S is closed <=

S contains all of its boundary points. <=

No point of C \ S is a boundary point. <=

zoin C\ S implies that there exists a disk |z—2| < € CC\S5. <«
C\ S is open.

-2



14. By contradiction: Suppose z;, is an accumulation point of S but that
zo belongs to C\ S. Then 2, is a boundary point of S since each of
its neighborhoods contains points in S. Because S is closed, zp is in

SNC\S#0.
|~ D i
)/\\ P ////\\\
/ ! f !
/( / \/?«(
VLA L
\/ / \ : /
\ y \ o
\ / N /
N L N L

16. Suppose zp is in SUT. U z is in S, then there is a neighborhood
|z — 20| < p that is contained in S, thus it is contained in S U T.
Likewise if zg is in T there is a neighborhood |z — z| < p, (in T) that
is contained in S U T. Hence 2, is an interior point of S U T.

17. No. Counterexample:

S:1<]z]<3
T: -1<Imz<1

SNT is not connected.

18. SUT is open (by Exercise 16). To show that S U T is connected, let
Zo, 21, and z be pointsin §, T, and SN 7T, respectively. Then z; and
z can be joined by a polygonal path in S. Likewise z and z; can be
joined by a polygonal path in T. Therefore zo and z; can be joined by
a polygonal path in SUT.

i}
19. % = 5‘5 = 0in {z : |z| < 1} because u is constant there and in
{z : |2| > 2} because u is constant there. Thus Ou = Ou =0in D.
Jz Oy

Theorem 1 is not contradicted because D is not connected.

20. Ié?,tv(:g,jr) = 4(z,y) — zy at all points of D. Then
el =0and—-=5y——z=0. By Theorem 1, v(z,y) = ¢,
a constant. Thus, u(z,y) = zy + c.

) -32



21.

Lix,y) = log(x2 + yz) + C where C is a constant.

2% Let £ be a line segment belonging to a polygonal path connecting two

points in D. Let z; = z + iy for k = 1,2,3,..., K be the centers
of open disks D, in D that cover £. Let z; = z} + ¢y, be any point
in Dy N Diyy. Then the vertical segment from z; + ty; to zx + iyi
is in Dy, the horizontal segment from z; + ty; to 2} + iy; is in Dy,
the vertical line segment from z} + fy, to z}, + iy4y is in Dyy,, and
the bhorizontal line segment from z} + tyr4 10 gy + tYkt1 is in Dyyy.
Thus, the line segment from z; + fy; t0 Ti41 +tYs+1 can be replaced by
these horizontal and vertical segments without leaving D) U Dy, (and
without leaving D). In this manner one can replace £ by horizontal
and vertical line segments lying in D, and one can replace the entire
polygonal path connecting the pair of points by horizontal and vertical
line segments lying in D.

xk+1 + iyk+1
v Dxya

| - 273



23.  (a) The set is a continuum.
(b) The set is not a continuum.
(c) The set is not a continuum.
(d) The set is a continuum.

2M. a. If 2o+ iy and z; + iy, are the endpoints of the line segment then
T = (x; — zo)t + To, ¥ = (¥1 — Yo)t + yo is such a parametrization.
dU  OGudz  Oudy
T hed EE=0-(x1—mo)+0-(y1—yo)=0.
c. Any two points 21, 2z, in D are connected by a polygonal path
lying in D. u is constant on each line segment in this path, so u
1s constant on the path, and u(z1,11) = u(zs,12).



Exercises 1.7

1.

(a) 1 = (x1,%2,%3)=(0, 1, 0)
(b) 6 — 8i = (x) X5, x3)= (12/101, -16/101, 99/101)
(b) -3/10 421/5 = (x|, X2, x3) = (-12/25, 16/25, -3/5)
(a) z = x+ly = (X1, X2, X3) =

[2x/(x* + Y+, 29/ + Y+ 1), (P 4y DI+ ¥+ D)

Lz * =x/(" +y) + iyl +¥") = (21 %2, %3) =

[2x/(x +y* +1), 29/ + y? + 1,(1 - X2 -y +y2 + 1]

(Xa1, XNz, X03) = (X1, X2, ~X3)
(b) —l/z = (xx), XX2, XX3) = (-X1, -X2,-X3)

dist(Z,W) = 21z +1/zUN(1+zIFW(1 + 11727 = 2
Z = (X1, X2, X3), W = (W, Wz, w3) and (0, 0, 0) define a great circle because the
distance from the point Z and O is unity. The great circle through Z and 0
must pass through -1/z as shown in Problem 2. Example 2 showed that all
lines and circles in the z-plane correspond to circles on the Riemann sphere.
In Problem 10 below it will be shown that circles on the Riemann sphere
correspond to lines or circles in the z-plane. Therefore, the great circle
corresponds to a line or circle in the z-plane that goes through points z, -1/z,
w, ~1/w,
The points w and —1/w correspond to many great circles that goes through W
and the center of the Riemann sphere. One of these great circles also passes
through the points z and —1/z.

(a) The hemisphere x,> 0.
(b) The bowl x3< -3/5
(c) The slice 0<x3<3/5

(d) The dome 0.8 <x3

(e) The great circle x| = X, 12x32-1 or longitude 45° and Jor.gitude 225°.
The point Z is away from the x3 axis a distance

{2%/(1+zP) P+ [2y/(1+12PP) S = 21201 +z?).

The right triangle formed by x3 =1 (the point ) and Z and back to the xs axis
is similar to the right triangle formed by x5 =1 and the points z and O in the z-
plane. This gives the ratio of sides: y[z,eo]/N(1+z?) = {2lzl/(1+lzi*) } 1zl
Solving yields y[z,e0] = 2/(1+zl?).

See Figure 1.21. lz-wl is related to the triangle x3=1,z,w by

lz-wi? = 141z +1+Hwi? - 2¥(1+HzP)V(1+HwP)coso.

coso = [2+HzP+Hw- lz-wiP)/[2V (1 +zP)V (1 Hwi)]

* In these solutions the complex conjugate of z is indicated by z.

Applying the law of cosines again yields
1Z-WF = 2N +zP)) >+ N 1+HwE))? =2{ @2V +HzPW (1 +HwP)] ) cosar

Using the solution for cos o in this equation gives
1Z-WI = 2lz-wIN(1+zPWN( 1 +Hwl?).



9.

¥ [z,w] = 2lz-wl/[N(1+HzP)V(1+Hw).
x[1/z,1/w] = 20/z-1w VN1 12PN 1+ 1w

= 2(w-zzIwl)/[N(IzP+ DV (wP+1)/1zlwl]
- = 2(w-zl)/[N(zP+ DV(wP+1)] = %[z, w]
x[-z,-w] = %[z,w] Because the projection of —1/z is on the diameter starting at
Z and the projection of —1/w is on the diameter starting at W, x[-1/z,-1/w] =
zw] = x[1/2,1/w].
The chords y[z,,w], x[z2,w] and ¥[z,2;] form a triangle. The triangle
inequality (11) holds.

10. A circle on the Riemann sphere satisfies the equations

X2+ x22 + X32 =1and Ax; +Bx; + Cx; +D = 0.

2xA/(1+1z1%) + 2yB/(1+zP?) (IzP-1)C/(1+1z%) + D =0
2AX + 2By + (x* +y = DC + (14x*>+ y* D =0
(C+D)(x* + ¥ + 2Ax + 2By +D-C =0
Let a=C4+D, ¢ =2A,d = 2B and e = D-C lets you write
a(x* + y?) +cx +dy + e =0, an equation for a line or circle in the xy plane.

I—JBG



CHAPTER . 2: Analytic Functions

EXERCISES 2.1: Functions of a Complex Variable

1. a w=(32%—3y*+ 5z +1)+i(6zy + 5y +1)

Y
b'w—x2+y2+'( zz+y2)

c. w= 1 - z + —y+1
"SI 2+ (y-1)2 4 (y-1)°
222 -2 +3 . 4zy

R ey Fre R e

e. w = e¥ cos3y + €3 sin 3y

f. w=(e°+ e *)cosy + i(e — e~*)siny
= 2coshzcosy + i2sinh zsiny

C

c\ {0}

c\ {1}

C

C

Rew > 35

Imw>0

lwi 21

The intersection of jw| < 2 and —7 < Argw < x/2

me o TP

& o TP

4. a. Taking 0 from 0 to 2, the points z = re? traveise the circle
|z] = r exactly once in the counterclockwise direction. For the

1 ; .
same values of @ the points w = p ;1_-e"‘" traverse the circle
1 . ge o as .
jw] = - exactly once in the clockwise direction, hence the mapping
is onto.
b. F = reth th A = 8 -1 ~e % is on
. For z = re* on the ray Argz = b, w = = =

7.
the-ray Argw = —8;. Taking values 0 < r < oo shows that this
mapping goes onto the ray Argw = —bo.



4 (c) lz-1l=127t>6>0=>z_]+e'6 Fz) = l/z. = 1/(1+ ')

=(l+¢ ) {2(14cos0)} = 15 -1('/z)smG/(l+cose)
which is a vertical line atx = 14,

5. a. domain: C
range: C \ {0}

b. f(=z) = ¢ ==

(Z)

c. circle jlw| =

d. ray Argw =7 /4

e. infinite sector 0 < Argw < 7/4

IO T e

. 1 1
b. For z = €* on the unit circle |z| = 1, J(z) = 3 (e'o + ) = cos .

For all values of 6, this ranges over the real interval [— 1]."

1
c. For z = re® on the circle |z| = r, J(z) = 5 (re +_e-'3) =
1

3 (r + %) cosf + z% (r - 1) sinf. Setting v and v equal to the
r

real and imaginary parts of this expression, respectively, one gets
a pair of parametric equations that are equivalent to the ellipse
2 2

u v . .
[%(r TOF + [%(r TP =1, which has foci at +1.

-2 -1 1 2




1.5



51
4
3
2
1.
-6 -4 ~2 Z 4 8 0.2 0.4
10.  a. translate by ¢, rotate = /4 b. reduce by 1/2, rotate x/4
0.75
0.5
0.25
-D.75-0.5 -0.25 0.25 0.5 0.75
0.25
-d.5 =2 =5 -1 -0.5 0.5 -0.s
\/ -0.5

c. translate by 4, reduce by 1/2  d. reduce by 1/2, rotate = /4,
translate by 2

~1 -0.5 0.5 1

=1 =0.75-0.5~-0.25 0.25 0.5 0.75



11. a. translate by -3, b.magnify by 2,
rotate —x /2 rotate —x /2

-1 -U.3 9.3
c. translate by -3, ' d. magnify by 2, rotate —7/2,
magnify by 2 translate by —3

z+b. Then

12. Let a = pe'*, F(z) = pz, G(z) = €'z, and H(2)
H(G(F(2))) = az +b.

13. (@) w=u+ivezl=(1+iyl’=1-y+i2y
u=1y, v=2y=y=v2=>u=1- v?/4 a parabola in the w-plane.
(b) w=u+iv=z? = (x +iy)’ = (x + i) =x* - x> + 2i
u = x?— 1/x%, v = 2 a straight line in the w-plane.
© w=u+ivezi=(1+e9’=(1+2°+e%) = (" +2+e%e”
=(2+ 2cos€)e'le =2(1 + cosB)e'® a cardioid in the w-plane.
14. (a) %1 =2x/(1zP + 1), xp = 2y/(1zP + 1), x3 = (2 - 1) /(1zF® + 1)

w = €92 = xcos@-ysin@ + i(xsin@-+ycos®), wl = lzl
X = (xcos(p~ysin(p)/(lzl2 + 1), x0= (xsin(p+ycoscp)/(lzl2 +1),Xx3=X3

X1 = (X]COS@-X28in@), X2 = (X;1SinQ+X2c059), X3 = X3 which corresponds
to a rotation of an angle @ about the X3 axis.
(b) w=-1/z. wl= Ulzl. w=-1/(x+y) = -x/lz| + iy/lz|
X1 = -X1, X2 = X3, X3 = -X3 S0 that (X;, X2, X3) is obtained from
(X1, X2, X3) by a 180° rotation about the x; axis.
15. w=14+2)/(1 -2) =(1+x +iy)/(1 = x - 1y) = (1-1zP + 12y)/(1- 2x + 1z1%)
Iwl? = (1 +2x + ZP)/(1- 2x + 1zP). _
(X1, X2, X3) = (-X3, X2, X;) 50 that (X, X2, X3) is obtained by a 90°
counterclockwise rotation about the x; axis.
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16. w=(1-iz)(1 +iz) = (1-ix + Y +ix - y) = (-2 +i2x)/(1- 2y + iz)
Wl = (1 + 2y + lzZ®)/(1- 2y + lz).
(X1, X2, X3) = (-X3, X1, X2) 50 that (x;, X2, X3) is obtained as a 90°
counterclockwise rotation about the x axis followed by a 90°
counterclockwise rotation about the xsaxis.

17.  Any circle or line in the z-plane corresponds to a line or circle on the
stenographic projection onto he Riemann sphere. The function w=1/z
rotates the Riemann sphere 180° about the x; axis. Lines and circles on
the rotated sphere project to lines and circles in the w-plane. As a result
lines and circles in the z-plane map to lines and circles in the w-plane.

EXERCISES 2.2: Limits and Continuity

1. The first five terms are, respectively, -z-, —i, —é, 11—6-, and _z_ The
sequence converges to 0 in a spiral-like fashion. 52

© o o o o

—’.25 =0.2 -0.15 ~0.1 ~0.05 0.0’

-0.

2. 21, -4, —8i, 16, 32i; divergent because terms grow in modulus without
bound.




3. If limp— Zn = Zo, then for any €>0, there is an integer N such that
Iz, - Zol<e for all n>N. For the same integer N we have
Xy - Xol<=lzy, - Zgl<€ and lyy - yol<=lIzn - Zol<€ for all n>N. Therefore,
limp . Xp = Xg and limp—ye. Yn = Yo.

If limy ;. Xn = Xg and limy . Yn = Yo, then for any €, >0 and &, >0 there are
integers N; and N, such
Ixn - Xol<g; for all n > N, and ly, - yol<g; for all n > N,. Given any € > 0;
let &) = ¢/2 and €, = €/2. Then
1zq - zgl<=€ IXp, - X0l + lyn - Yol < € + € = € for all n > maximum(N;, N;).
Thus limp—.. zy = Zo.

4.  If 2, = Xq + 1yn — 2o = Xo + 1Yo, then x, — Xp and y, — yo (see Problem 3).

Zn = Xp = 1Yn = Xo - 1Yo = Zo.

If 2, = Xq - 1yn > Zp = Xo - iyo, then X = xp and y, — yy (see Problem 3)..
Zn = Xg + 1Yy — Xo + 1Yo = 2. Thus z, — z if and only if z, — 2zo.

T l|.l_i_.zl;‘;°]z,.|=0=>The.:ret:::isi;samini;egethuchtlmi;
[lzal =0} = |22| < & whenever n > N. = |2, — 0] < ¢ whenever
n > N. = lim,_.o 2, = 0, and conversely.

& % — 0 as n — oo by problem 3, since the real-valued sequence
lz3] — 0 as n — 0o. On the other hand, if J20] > 1, then 28| — oo as
n — o0 so0 2§ diverges.
7 a. converges to 0
b. does not converge
. converges to #
converges to 2 + 1

converges to 0

-0 Ao

does not converge

8. Given € > 0, choose § = £/6. Then whenever
O<lz—(1+1)] <,

6z — 4 — (2 + 6i)] = 6]z — (1 + )] < 6(e/6) = ¢
9, Given € > 0, choose § = ~—
that |{z| > 1 — é and

- Whenever 0 < |z — (—~i)| < & notice
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{1,

12

13,

15

#0. Given that f and ¢ are continuous at 2,
Iim f(z) £ ¢(z) = lim f(z) + lim g(2) = f(20) % 9(20)

=% f(z) & g(z) is continuous at z;.

Iim f(=)g(=) = Jim f(2) lim ¢(z) = F(za)g(z0)

=439

= f(z)g(z) is continuous at z,.

ORI SACO .
lim = = = , provided g(z 0
= g(x)  Img(x)  g(x) " 9(z0) #
= —f*(—zl is continuous at 2.

9(2)

a. —8&

L

c. 62

d. —1/2

e. 2z

f. 42

» Clearly Arg z i1s discontinuous at z = 0. Let a > 0 be any real number
and consider the sequence

2z, =—a—t/n n=12,..., which converges to — a.
For each n, —7 < Argz, < —7/2, but Arg(—a) = 7.

lim f(z) exists for all z # —1; f is continuous for all z # 0,—1; f has

z— 2z
a removable discontinuity at z = 0.

Let zy be any complex number. Given € > 0 choose 6 = €. Then
whenever |z — 2| < 6,

l9(2) — 9(20)| = |2 —Zo| = [z = 20| = |2 — 20| <.

. Given & > 0 choose § so that |f(z) — f(20)| < € whenever |z — z| < §.
Then, whenever |z — 2| < é:

- 1f(2) = F(20)] = 17(2) — f(20)| = |f(2) — f(20)| < €

b. |Re f(z) — Re f(20)| = |Re (f(2) — f(20))| < 1f(2) = f(20)| <€
- [Im f(z) — Im f(20)| = [Im (f(2) — f(20))| < |7(2) — f(2)| <&
- @ = (20l £1f(z) — f(z0)l < €

©

[g]

(=W
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16 Given £ > 0, choose & > 0 such that If(g(2)) — f(g(20))] < € whenever
. lg(2) — 9(z0)} < &o. Now choose § > 0 such that |g(z) — g(z0)| < do
whenever |z — zo| < 6. Then |f(9(2)) — f(9())| < € whenever

lz — 20| < &; hence f(g(z)) is continuous at z.

13. No: Observe that although%-»ﬂandi—eOasn—»oo,
1 . i . . L
f(;) —142i andf(;) —+ %i; thus lim f(z) does not exist.

18- If lim,_,;;ftz) =wq; then given £>0 there exists >0 such that-
If(z)-wol<g for all Iz-zol<d. Notice that
If(z)-wol = If(z)-wql = If(z)-wol<efor all lz-zgl<d. So that lim,—,,of(z) =wo.
limx—)xo,y—)o I.I.(X,y) = liMzoz ((f(z)"'ﬁll)/ 2) = Cw0+ﬁ0)/ 2= Ho-
iMoo ymro V(Y) = 1iMyosg0 (F(Z)-EED)/20) = (Wo-wo)/2i = Do.
Thus, limy_xo,y—o H(X,y) = Uo and limx—xe,y—0 V(X,y) = Vo.

Conversely, if limyxoy—so L(X,y) = Mo and limysx0y—0 V(X,y) = Vo, then
(by Theorem 1.) plo + Vg =liMx—x0,y—0 (X,Y) + ilimy_yxo,y—s0 V(X,Y) =
1Mz (FZ)+HEEZ))/2) + liMgmso (F(Z)-F(2)V2) = lim,ys f(Z) = Wo.

Also [ - ivg = lirnx—)xo,y—-m x,y) - ilimx—)xo,y—)o v(x,y) = limy—sz0
((f(2)+H(2)/2) - lim,s50 (f(2)-f(2))/2) = lim,—s;0 £(2) = Wo.

Thus, lim,,,,f(z) =we.

e 1 e IR 4 - 1 L. .
‘(i_ _.._l’s]nmlim = —— and limzy=—1.
2 :—-:—11 zz+3y 2 ::—11

2.0, For any z, in the complex plane,
‘ljgxne‘=‘lir;;“e‘cosy+i_li.qxﬁe’siny=¢“oosm+ie’°sinyo=c‘°.
~~m | e ]

Lf a1l
b. 0 )
c. —7/241 |
d. 1

2 By contradiction: Suppose zl-l-glo f(2) # wp. Then there is an € > 0

for which there exists a sequence {z,} such that |z, — z| < 1 but
n

|f(2,) — wo| > €. For this sequence, Jim z, = 2o but Jlim f(z2) # wo,
contrary to hypothesis. *
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23.  [f z,— o, then for any M>O0 there exist an integer N such Iz, >M for al
n>N. Consider the chordal distance Y (za.®) = 2N (Iza> + 1) < 2/(iz,l )
=2/lz,l < 2/M < € for all n > N. Thus z, — oo as n — o is equivalent to
X (Zn,o0) = 0 as n —> oo,

24. If 1im,_,,0f(z) =eo, then for any M>0 there exis & > 0 such that If(z)| >M for
all Iz-zgl < 6. Consider %(f(2).c¢) = 2N(If(2)* + 1) < 2N(f(2)F ) = 2/If(2)l <
2/M < ¢ for all Iz-zol < 8. Thus lim,_,;,f(z) =oo, is equivalent to
limgoey (f(2),00) = 0.

25. (@) oo (b) 3 (c) o (d) o (f) the limit
does not exist.

EXERCISES 2.3: Analyticity

1. Let Az =z — zp so that Az — 0 <= z — 25. Then
lim f(zo+ Az) — f(20)
Az—0 Az

given ¢ > 0, there is a § > 0 such that

=L &

flzo + Az) = f(2)

~ — L| < & whenever|Az ~ 0] < § <=
f(z) = f(=
—L)—fg-&) — L| < ewhenever|z — z| < § &=
Z—2p
im L&) = Fz0) _
= oz — 2z,

2. IfA(z) = &)—:f—(-@ —~ f'(20), then A(z) — 0 as z — 2z, and

z

f(20) + f'(20)(z ~ 20) + A(2)(z — z0) = F(2).

3. lim f(2) = Im[f(z0) + £/ (20)(z — 20) + M(z)(z — )]
= () + 0+ 0= f(zo).

2=10



) Re(z+Az)—Re(z)__ . Re(Az) (1 ifAz=Az

¢ o fim Az =dm == 0, if Az =iAy
. Im(z + Az) — Im(z) = him I(A2) [0, #Az=Az
b. Jim, Az = fm, — == —i, i Az =iAy

c. Case 1, 2 =0.

hm [0+ Az| — 0] ~ }im \/(A"')2 + (Ay)? ={ 1, ifAz= Az

Az—0 Az Ar=0 Az +iAy —:, ifAz= +1Ay
Case 2, z £ 0.
lim ,Z + AZ[ s ,Z,
Az—0 Az
- lim Vz+A27 4 (s + Ay — aT 52
= Az +iAy

(z + Az)" + (y + Ay)? — (2% + 32)

h e Y
S A+ A T AT T (T AT T VI

-1 2zAz + (Az)? + 2yAy + (Ay)?
m
4 Azt idy)(fet AT o Ay)* + VT ¥ y7)

{\/E’Tf ifAz=Az,z#0
W, ﬁAz:sz,z;éO

5. Rule 5: (£ & g)(z0) = lim (f£9)(= + ZX) = (£ 9)(=)

_ [f (20 +A2) — f(20) 4 920+ Az) — g(zo)]
Az0 Az Az
= f'(20) % ¢'(z)
Rule 7: (fg)(zo) = fg(Zo + ‘1‘2 f9(z0)
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- {f(zo + Az)g(20 + Az) — f(z0 + Az)g(20)
Az—0 Az

f(z0 + Az)g(20) — f(20)9(20)
+ Az }

= Jdim, {f(zo + Aot AA) — 9(20)]

et 8= fol |

+ g(= ~

= f(20)9'(20) + 9(20) f'(20)

6. Let n > 0 be an integer.

d ., dr1 —nz"1 —ntl
Then pr (;) — (using Rule 8) = —nz .

7. a 1822 +16z+1
b. ~12z(z% — 33)~7
—iz* + (24 271)2% + 27z + 18
(223 + 2z + 7)?
—(z42)*(522 + (16 + 1)z — 3 + 8i)
(22 +iz+1)8
e. 24i(2% — 1)%(2® +42)%°(532% + 28i2° — 50z — 25)

8. Let z = zy+ Az. Then

i L | et

Jig arglf (=) — o) — arg(e = 20) = Jigorg

2o+ Az) — f(zo
arg [giglof( h Az il )] = arg(f'(20)]
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lim (2ot A2)(Z0 + Az) — 2%,

Az-s0 Az
. _ Az _— Zo+20 if Az= Az
= Ali‘.‘“o(’°+"A—z"°+Az)={"za-zo if Az = iAy

If zy = 0, then the difference quotient is
Ali_n_.xo(0+0+Az)=0.

11. nowhere analytic
nowhere analytic

. analytic except at z = 5
everywhere analytic
nowhere analytic
analytic except at 2 = 0
nowhere analytic

PR omp Ao o op

nowhere analytic

12. The case when n = 1 is trivial. Assume that the result holds for all
Positive integers less than or equal to n and define
Q(2) = P(2)(z—2.41). Since Q'(2) = P'(2)(z— 2,41) + P(2), it follows
that

&(z) P(z) 1 1 1 1
Q) Pz) =z~ z,,gl Z—21 z—1z Z— Zpp
P




13.

14.

15.

16.

17.

a, b, d, f, and g are always true

i 1) _ ) = Follf (e = 20) _ f(z0)
=2 g(z) =% [g(z) ~ g(20)]/(z — 20) ~ g'(20)
3

5
Any pomt on the line through 2, and z, has the form

=—z + V3 ( ) t real (see Section 1.3, Exercise 18). However,
f(zg) f(z1) = 0 but f'(w) = 3w® # 0 on the line in question.

F'(z0) = f(20)(gh) (20) + f'(20)gh(20)
= f(20)[9(20)'(20) + ¢'(20)h(20)] + f'(20)g9(20)h(20)
= f'(20)g(20)h(z0) + f(zo)g'(zo)h(zo) + f(Zo)g(ZO)hl(ZO)

EXERCISES 2.4: The Cauchy-Riemann Equations

2.

Ou Ov
aazl#‘a—y—-—l
Ou
b. P 175——=0
c. Ou 276—-——1
?—u=3m2+3y2—3—@b @~63y=§£ Thereforeau- Ov

dz oy’ Oy Oz Oy dz

only when 2 = Qor y = 0 This means A is differentiable on the axes
but A is nowhere analytic since lines are not open sets in the complex
plane.

% =6z +2 = % gu —6y = —g—x Since these partial derivatives

exist and are oontmuous for all z and y, g is analytic. g can be written
as g(z) =322 + 2z — 1.
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du . u(Az, 0) u(0, 0) 0
Ou Eim u(0, Ay) - u(O 0) 0
_—= = lim — =0.
Oy Avﬁﬂav Ay B T ay-0 Ay
Snmlarlya—=0and 3 =0.

However, when Az — 0 through real values (Az = Az)

f(0+Az) — £(0)
Az—0 Az

while along the real line y = z (Az = Az + iAz)

(B2) (A 4ia)S (A2

=0,

f(0+Az) ~f(0) Nac)
Alzu—go Az - A:—rohm Az(l+1)
1
-2
Therefore f is not differentiable at z = 0.
5. 2% = 2"~ [z coo(2y) — ysin(2ey)] = 2
% ¥ o
== = 95V i -
% 2¢" ™7 [y cos(2zy) + z sin(2zy))] o

f(z) = % + ‘g% = 26777 (2 + iy)[cos(2zy) + i sin(2zy)]
= 2 'f)e"z””(z + iy)
= 2z¢*

(This derivative could have been obtained directly, since f(z) = e7°.)

6. z=re’ = z=rcosfand y = rsin§ and

f(z) = "(3("7 0): y(r, 0)) + iv(z(rv 0), y(r, 0))

@-@Qf*.?ﬁ@—@. 0+2".‘. in @
8r  0zdr  Gyor 0z - Ty



10.

11.

Similar applications of the chain rule yield

du Ou . Ou

30 = g\ IO + Gy eost
ov  Bv ov
=5 cos 8 + B_ysma

dv v . ov

39 = 35 (~Tsiné) + 5" cos ¢

Replace the partial derivatives on the right sides of the equations for

0 v i . .
Zad & by their Cauchy-Riemann counterparts to obtain:
r

or 17,

du Ov ov . 1 dv
ar gy st peint =5
ov ou ou . 10u
or = gy sl gsinl=—ro

Let k(z) = f(z) — g(z). Then k is analytic in D and h'(z) =0so his

a constant function.

h(z) = ¢ = f(z) — g(z) = f(z) = g(2) + ¢

. Ou Ou Ov
.u(x,y)_acml;:#-a—x—Oanda;_O_-»E;. Hence
oy Ou  Bv : :
f(z)_am-}—z—az_Osofls constant in D.

By contradiction. If f is analytic in a domain D then v(z,y) =0
(a constant) = f is constant (by condition 8) = u is constant.
(However, there is no open set in which u(z, y) = |2* — 2| is constant).
ov v N Ou
. dr Oy oz
ﬁf’(z)—@+z’av—0 f is constant in D
=3z T3, =0=> fis constant in D.
1 — -
Re f(z) = -Q-[f(z) + f(z)] is real valued and analytic if both f and F

are analytic. Hence Re f(z) is constant by Exercise 10. It follows that
f(z) is constant by Exercise 8.
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12. |f(2)| constant in D == |f(2)]* = u® + v? is constant in D. If u = 0
or v=01n D, then f is constant by Exercises 8 and 10. Otherwise,

ff ., du ov
3:1:2 = 2u——+2v£—»0
AP _ 9,88 L 9,00 _ 9, 0v 5,08 _
oy = 2uay+2vay-.-—2ua$+2vaz—0
1 9fF _1 aff 2
%9z "3% gy —0=(+v )‘
=2 gl _n_,
oz 0z 8y 38y
= Fe) = 2e il = 0

== f is constant in D.

13. |f(2)] is analytic and real-valued, so the result follows from Exercises
10 and 12.

14. If the line is vertical then Re f(z) is constant and this reduces to Prob-
lem 8. If the line is not vertical, then v(z,y) = mu(z,y) + b, and

Oz Oz 8y’
B O G w
=" " "oy
It follows that
dv du v 6u , Ou ov
a—y——ﬂ—-a—z-—a—-=aa.ndf(z)—-5;+28 =0.
Hence f(2) is constant.
Judv OBudv
15. J(z(h yO) az ay 'a_ya (50.30)

= [g;(zo, yo)] 2 + [‘gv;(zo, .'IO)} 2
= [f(20)]' (using Equation (1))
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of _ofe 850y

& B T 9z 06 Oy 0t
Ou ,ij

5 T'55) 2

o o0 i (o
T 2\0z Oy 3z

of _oioe 00y
on ~ Oz dn Bya

. _3_u+z_(2'li u
“\fz Oz 2

&u d*u
1. a u(z,y)=z2-—y2+2a:2+1, -6—5=22=—5?=>Au=0
9*v 0%
v(z,y) = 2zy + 2y, 5:6—2=O=_.6_y-5=_,—>Av=
z ?u  2z(z* - 3y?) O*u
b. = = -2 _
u(z, y) Z 1 9 CETIE 5 = Au=20
_ y v —2y(3z* —y*) _ 8*v B
v(z,y) = peav Ll Fopw) R ayz.-_—;"Av_
2 2
c. u(z,y) = e cosy, %:e’cosy-—%y—iﬁAu:O
. - v, . v
v(z,y) = €”siny, 30z~ °© smy-—é?:#Av:O

2. h(z,y) = az® + bzy — ay’
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3. a. u=Re(—iz), v = —z + a, where a is a constant
b. u = Re(—ie*), v=—€"cosy +a
c. u=Re(—?zz2—iz—z),v=—%(z2—y2)-—(a:+y)+a
d. It is straightforward to verify that Au = 0.
du &

-5;=cosa:coshy=$

= v(z,y) = [ cosz coshydy = cos zsinhy + ¥(z)

Ou o .. ’ =
b—;_smzsmhy-w—a—z—-smxsmhy+¢'(z)=-"¢(3)—“

Thus, v(z,y) = cos Tsinhy + a.

e. It is straightforward to verify that Au = 0.
Ju z v

v@w) = [ iy = tan~ (1) + y(a)
Y Y ) s =a

By z’-i—y’ 6::-z3+y2
Thus, v(z,y) = tan~? (%) +a.

f. u=Re (—z\e’a ) U= —g= ¥ cos(2zy) + a.
4. Suppose v and w are both harmonic conjugates of u, and consider

$(z,y) = w(z,y)—v(z,y). Then (using the Cauchy-Riemann equations
for v and w),

9 dw_ & _ S [ &) _,
oz 0z O Oy dy)
and similarly @ = 0. Hence ¢(z,y) = a, from which it follows that

dy
w(z,y) = v(z,y) +a.

5. If f(z) = u(z,y) + iv(z, y) is analytic then —if(z) = v(z, y) — iu(z, y)
is analytic. Thus —u is a harmonic conjugate of v.
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6. Since f(z) = u+1v is analytic, = [f(z)] (u2 — v?) 4 tuw is analytic.

Thus uv = Im— [f(2)]%s harmomc

7. ¢(z,y) =z +1
8. a. Yes, because A(u+v) = Au+ Av = 0.

b. No. Take u = z,v = 2% — 2 as an example.

c. Yes, because A(u,) = 1, + Uzyy = Uger + Uyyr

a 0

9. ¢(z, y)w:cy—l(thls is Im (;z —2))

10. Let z = rcosf and y = rsiné.

% - %%+gjgy g¢ ose+g§sine
2 2 5
I
+%Zz ”*azfgi nd
= a2fcos 6?+62;S 2s1n9cos€+%sm 0
g;if = 32152;( —rsin 9)+88§-5% —7 sin 9)+—(—rc059)
+%% m+§2fag(r cos ) + (-mrsin(?)
= azfr2sln 6+ aa?( 22 sin 6 cos 0)—!—%?%7"2(‘05 6
+ -g—f(—r cos ) + g—j(—r sin ).



Combining these partial derivatives, one gets

P4 108 184 _Fé_ 6 _,
oy =i Rl R+ A

2 -
11. Imf(z)=y-;,—:’_—-,—=0=-_—>yz’+y3—y=y(xﬂ+y —1)=0.
The points satisfyin!é 22 + y? — 1 = 0 lie on the circle [z|.= 1. The
points (other than z = 0) satisfying y = 0 lie on the real axis.

= z™ = r™(cos § + i sin §)" = r*(cosné + isin nb) F-_-=>. . -
2 {i‘.(:}(z)z: r:u()snﬂ and Im f(z) = r"sinnf are harmonic since fis
analytic.

13. ¢(z,y) =Imz* =risindd = —4zy® + 423y

1
14. Let §(z,y) = In|f(2)] = 3 In(s’ +7)
Ju +v?_g
8z Oudz  Ovlz u? 4 v?

Bu)* )’ Oudv ? v
P (02_"2)[(5;) —(5;)]_4"”61:63 u—-——;+v—-——2-

+
922 (u? + v2)? u? + v2

A similar calculation yields 55% By applying La[;lac§ s ;;:ua.tmn and
3¢

the Cauchy-Riemann equations of u and v to 327 + 3?, the sum

simplifies to reveal that A¢ = 0.
15. Consider ¢(z) = Re(Az" + Bz™)+ C which is harmonic for 1<[z]£2.,
Consider the polar form forz. z= pe‘e and select n=3 to agree with the
cosine argument. @(re’®) = Ar’Re(e™®) + Br~? Re(e ™% + C.
o(re'®) = Ar'cos30 + Bricos30 + C = (Ar’+Br)cos30 + C.

r=1= (A+B)cos30 + C= 0= A +B=0,C = 0.

r=2= (A*8+B/8)c0s36 = 5c0s30. A = 40/63, B = -40/63
P(re’®) = (40/63)(r° - r *)cos30 = (40/63) Re (z°-2).

1 z gt
18. ¥(z,y) = E_?;h |z] —1or ¢(z,y) =ln |§| are two possibilities.



17. a. ¢(z,y)=Re(?+5z+1) =2 -y’ +5z+1
22 2z(z% + 4y + ¥*)
b. ¢(z,y)=2Re (z-|—27.) - $2+y2 +4y +4

18. Let u = ¢, v = —¢,. Then

3 ov
U —¢xr=—¢yy=5?;

Bu Ov

it i

19.  cos’ = (¥4)c0s20 + Y2 = @(z) = ARe(r’e™**)n + B = Ar "c0s28 + B. In
the limit as r—e @(z) = %2 = B =%. Onthecircle zl=l,r=1. = A=
©(z) = (Vz)r—zcos26 +%=Re[l /(222)] +15 .

dv  Ou v Ju
20 -_— = -_— . Th
¢. In order that 5~ 9a’ let v(z,y) = /0 3 (z,7)dn + y(z). Then

v v OPu
3 = 32($ﬂ)dfl+¢()
2.,
= g —(z,7)dn +¢'(z) (because u is harmonic)
u /
= —5;(1‘,1/) + gy“(-’ﬂ,ﬂ) +9'(z).
In order that % = —%, it must be true that ¥'(z) = —Z—Z(m 0).
Thus,
z 0u
$(@)= = [ 5(60d +a
and

vz, = [ 3hle - [ 500 +a

21, It is easily verified that u = In|z| satisfies Laplace’s equation on
C\ {0} and that u+iv = In |2|+{Arg(z) satisfies the Cauchy-Riemann
equations on the domain D = C\ {nonpositive real axis}, so that

Arg (z) is a harmonic conjugate of u on D. By Problem 4, any harmonic
conjugate of u has to be of the form Arg(z)+ain D. It is impossible to
have a harmonic conjugate of this form that is continuous on C \ {0}.

2% _g_u = ¢s=¢y + ¢x¢ys + 'l’zt'/’v + '/’ﬂb!’
v

“¢w¢y + ¢z¢w - 'l’wlbv + \br'/’w = _y

5 -1%



EXERCISES 2.6: Steady-State Temperature as a Harmonic Func-
tion. .

1. a b
100° 100°
80° o
80° 80° o — | 80
60° 60° 40° ——\'-— 60°
40° 40° 20° -‘\— 40°
0° — 20°
20° 20° *
0° 0°
c d.
20° 40° 60° 80° 50° 100° 50°
A 100° |
NERNII
0° - o 0°
- 40°
~ 20°
0 0



100°

80° +—"  ~~—1-80°
600 ___/\_ 600

40° —ﬂ_ 40°
20° 0° — 20°

0° 0°

2. This does not violate the maximum principle.

OD

0° 0°

o

OO

L U



3. This does not violate the maximum principle.

100°
50° ' 50°
0° o°
100°



10.

Exercises 2.7

f(z) = 2% + ¢ where ¢ is a real constant.

Co=(1 +V(1-4c))/2, =1 -V(1-4c)/2

Only &, is an attractor for —3/4 < ¢ < 4.

f(g) = ¢ and f'(¢) > 1 Therefore we can pick a real number p between 1
and If'(¢) | such that If(z) - ¢l = plz-¢| for all z in a sufficiently small disk
around ¢. If any point zg in this disk is the seed for an orbit z; = f(zy). z> =
f(Z1), ... Zo = f(Zs.1), then we have lz,-¢l 2 plz,.-¢l = .. = p Iz gl
Because p>1, the point z, moves away from ¢until the
magnitude of the derivative becomes 1 or less. The orbit is out of the disk.
(a) Fixed points are {; =i, {; = -i. Both are repellors.

(b) Fixed points are ; = 1/2, {; =-1/2, {3 =-1. Fixed points {; and {3
are repellors, but fixed point {; is an attractor.
zg = €™ with o an irrational real number. z, = e . Because Izl = 1,
the trajectory will follow the unit circle. If iterations p and q coincide,
202" - 2mo2% = 2no2” - 29) = 2tk for some integer k. But because (27 -
2% is an integer that can be represented by m, the equation 2nom=27k is
satisfied only if k=0um or o0 = k/m. Because o is irrational it cannot be
represented by a rational number and no iterations repeat.

Fixed points are {; = -1/2 + iV5/2 (an attractor) and Co=-1/2-iN5/2 (a
repellor).

f(z) = 2>, The seed is Zg. Zy = zo2 ,Za = 204, o Zn=2o™2™). To have ann
cycle zy = zg = 2p™2"). Or z4/z0 = 2*(2"-1) = 1 = ™", Solving gives

zo = e (i2r/(2"-1)).

The cycle is 4. 2*Q2mp)=2nmodp = 2*=1 mod p. p=3,5,15. 3 will
give repeated cycles of length 2. 5 and 15 will give the desired cycles of
length 4.

Student Matlab: n=100;c=.253; z0=0;y(1)=zo0;

for k=1:n-1,y(k+1D=y(k)*2+c;end

plot(y)

If lo < 1 the whole complex plane is the filled Julia set. If lod > 1 the
origin is the filled Julia set.

f(z) = z - F(2)/F'(2). 1(8) = -FQ/F() = {= F)/F () = 0 =F()=0
with the possible exception of the points where F'({) = 0.

f(z) = 1 - F(2)/F(z) + F2)F' @/(F(2))* = F2)F'(2)/(F(z))*

f(£) = FOF'(O/F(L))* = 0 where F'(€) #0 and every zero of F(z) is an
attractor as long as F'({) # 0.

i2mo2fn

7 -xb
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10.

11.

Chapter 3

Exercises 3.1
p(z) =22+ 1) + -9)
Multiply to get a,z" + . 2"+ = ag T g (dyzy +daza .+
dz) + ... a(-1)"2,""2,%... 2% to get
(a) n=d;+do+...+d;
(b) an) =-a, (d1z1 + Cl')Zz + ...+ err)
(€) ag=an(-1)'21" 1™ ... 2")
(a) z (z + 1+1)'
(b) (z-2)(z+2)(z+21)(z-2i)
©) (z-009) (z-@7°)... (z-@;%), where o = €
a9 = an(~l)"zlzz...z,, a, = 1= lagl =lzylizol. . 1z l> 1= |ZJ'| > 1
for some j, 1<j<r or at least one zero is outside the unit circle.
(@) pz) =42 + 83(z-2) + 80(z-2)* + 40(z-2)° + 10(z-2)* + (z-2)°
® pl2)= Z"_"zo(’lco)z‘“ (z—2)* (binomial expansion of [(z-2)+2]'""

©) p@)= (z-2) + (z-2)*
p(z) = apz" + a2 Ty +aoand p¥Z)=anz" + a1z + ... +20 2"
(a) z"p(l/z) =2"(a, /z +a,1/2" .. ag) = p*(2)
(b) p(z) has azero at o= 0 => p*(z,) =z,"p(1/z,) = 0 when 1/z; = zy or
when z; = 1/z9 _
(c) lzi=1=z=¢"®for 0<6<2n

P*(z) = a5 + 2y le““ D age™ = (a2 a4+ L+ ag)e
p*(z)l = I(e_lﬂe +ape’ ™y +g{_))llemel

= (2t ™ + 2,16 4+ ag)l = Ip(2)l = Ip(2)

If p(z) has a zero of order m at z, then p(z) = (z -z )™(2) and f(zg) # 0
p'(z) = m(z-zo)™ f(z) +(z-20)"f(2) = (z-29)™ (m +(z-z¢ )f'(2)) has a zero
of order m-1 at z,.
p(2) = (2-20)"f(2), q(z) = (z-20)"g(2) and f(zo) # 0, g(zo) # 0.
p(2)q(z) = (z-20)™™*f(z)g(z) and f(zo)g(zo) # O
p(z)q(z) has a zero of order m+k at z.
p(z) = (z-20)"q(z) and g(z) is a polynomial with no zeros for all z
sufficiently near zo. The function g(z) is continuous in the z-plane and
will have a maximum and minimum in a region near zp. Let ¢) = min
Iq(z)l and ¢z = max Iq(z)! in the region sufficiently near z,. In this way we

127

inG

have cilz-zo)l' < Ip@)] = 1(z-20)l'la(2)! < 2l (z- 20)] .
Ip(z)l = lagz" +an z" Ty, .. + agl ~le la,z" I+Ian,lz + ... +apl and
lanz™ - Ian_lz ..+ agl S Ip(z)! If we take Izl large enough

laz"l - Ia,,_lz"" +...+agl>0forlzl>N. Let

¢1 = lagl - lap N + ... + agV/N" and

C2= lagl + lan N"' + ... + agl/N" with the result

clzl” € Ip@) £ c,lzI” for all z such that Izl > N.

(a) Poles at 0 of order 3 and at —(l+\/2)i and —(1-v2)i of order 1.
(b) Poles at 2 of order 1 and at 3 of order 2.



12.

13.

14.

15.

16.

17.

18.

19.

(c) Pole at -2 of order 6
(d) Pole at -2 of order 1.
Rinn(2) = (bmz™ + by 1z™ " +... + bo)/(anz" + ap12"" + ... ap)
= (bu/an)Zm + (Bonr/an)zm™ +... + bo/a)(Z" + (80.1/2n) Zoy + ... Ap/ay) 1S
determined if the m+n+1 constants by/a,, bm.1/an, ..., bo/a,, as./a,, ...,
ag/a, are found. We would need n+m+1 separate points to determine the
n+m+1 constants. Thus if Ryp = rp at n+ m+ 1 discrete points in the z-
plane, they would have the same coefficients and Ry, = 1y, for all z.
(a) ((3+1)/2)/z — (3+i)/(z+1) +((B+1)/2)/(z + 2)
(b) iz + (i12)/(z+i) - (Bi2)/(z-1)
(©) (1/6 +iN3/6)/(z+1/2+iN3/2)* - IN3/9/(z+1/2+iV3/2) +

(1/6 -iN3/6)/(z+1/2-IV3/2)% + iN3/9)/(z+1/2-IV3/2)
(d) (5/2)z2 —(15/4)z + 47/8 + (33/16)/(z+1/2) — 9/(z+1)
R(2) = 1(2)/(z-20)" = R'(2) = r'(2)/(z-2)™ - mr(z)/(z-20)™""

= (r'(z)(z-2¢) - mr(2))/(z-zo)™" and r(zo) is finite.

Thus R'(z) has a pole at zg of order m+1.
(a) Res(i) =(3-2i)/4
(b) Res(-1)=-1/512
(¢) Res(®)=6
(d) Res(3i)= 0
(e) Res(0)=3
Rinn = (bmz™ + byiz™' + ... bo)/(@nz” + a0 12" + ... ag)
Rinal € (bmz™ + bm.12™" + ... bol)/(lagz" - lag 2™ + ... agl)
Rinnl € (Ibmz™/2,z" + by 2™ + ... boWlanz™ )(1- lag 2™ + ... agllayz"l )
Let M be chosen so that 1- la, 2™ + ... aglflanz™ >0 for Izl > M. Select ¢,
2 > (Ib/anM™" + Iby M™ !+ bolla,M™ )/(1- lag M™" + ... aglla,M™ )
(Ibmz™Vanz"l - tomgz™" + ... bollagz"l Y(1+ lan 2™ + ... agllagz™ ) = IRyl
Let N be chosen so that (Ibpz™la,z" - by 2™ + ... bolla,z" )>0 for Izl >
N. Select ¢,
c1 < (Ibw/agIN™" - by N™! + . bollagN1 /(14 lan N™' + ... aglla,N")

cilzi™ < IR ol <C2|Z|m-n

p(2) = an(z-2)"(z-20) ... (z-2,)"

P@) = andi(z-2))" (2-22)" ... (z-2)" + andyz-2))" (22" ... (z-2)" +
oot andi(zz) (z-20)? L (z-2)™!

p'(@)/p(z) = di/(z-z1) + dof(2-22) + ... + d/(z-2,)

R(z) =dy(z-z)z-7,1* + do(z-22)1z-25F + ... + d{(z-z)/lz-z,1* Because each
dx is real and positive, each component of a term dk(z-zk)/lz-zkl2 1s directed
down and so will have a negative imaginary part and cannot add to zero.
R(z) has no zeros with negative imaginary parts.

Alternatively, R(z) = Xy~1" d/(z-z)) take (z-z¢) = e, 0< Oy<mt. Then
R(z) = Yiy" de™®/ry and R(z) will have only positive imaginary parts
when Im z < 0.

If all the zeros of p(z) lie in the upper half plane, then R(z) = p'(z)/p(z) has
no zeros in the lower half plane (see Problems 17 and 18). Consequently,
p'(z) = p(z)R(z) has zeros only in the upper half plane.



20.  If all the zeros of a polynomial lie on one side of any line, the zeros of
p'(z)/p(z) = R(z) would have no zeros on or across the line. The same is
true for p'(z) = R(z)p(z).

21.  The zeros of a polynomial p(z) can be sheltered by a convex hull that is
obtained as the common "territory” that is sheltered by every straight line
that shelters every zero of p(z). This convex hull also shelters every zero
of p'(z) by Problem 20.

22.  If p(z)is of degree n and q(z) is of degree m, then the degree of p(z)q(z) is
of degree m+n. This works when the degree is zero or the polynomial is a
constant. To include the zero polynomial the degree of the product of the
zero polynomial and any other polynomial must add to the degree of the
zero polynomial. Choosing the degree of the zero polynomial as —ee
finesses this.

EXERCISES 37: The Exponential, Trigonometric, and Hyperbolic
Functions

1. & = (1-|—Z)/\/§
= e“cosy +ie“siny = (1 +4)/+/2
s
< z=0and y=Z+2kﬂ', k=0,+1,42,...

== (—E-{—ka)z’,kzo,:tl,dﬁ,...

2. f®0)=e* —1|,_, = 0.

1 — el01z

3. T for z # 2kwi, 101 for z = 2kns

o

coslcoshl +zsinlsinhl
e. —sinh1l
0

iz —iz\ 2 i —iz\ 2
6. Identity 8: sin? z + cos? z = (E;_) N (u___)
) 2

=h

e2in_ 9 + e—2iz + 621:2 +2 + e—2iz

—4 . 4 =1



Identity 9: sip %1 €08 23 + sin z; cos z,

_ e —emim\ [fgin + e~in €72 _ g=in\ 7 in + e~in
= 2% 2 + 2% 2

= 4-_1i [2eitt) _ g mitn )] = sin(z, + 2,)

sin(21 - 22) = Sin[zl + (—'22)]
= §in 2; cos(~z,) + sin(—z2;) cos 2,
= sinzl COS 24 —Sin22 COo8 2,

.. eiz + e_h . eiz — e—is 1 ir ir
7. cosz+isinz = 2 +z( 5 )-_-2-(23 )=c¢
d, . d (e — ¢~ & +e*
8. Eg(smhz) = 2;( 2 ) =-——3— =coshz
d d (e 4 e € we* .
E;(coshz)-:i;( > )— 5 =sinh z

22
C. 2etin2: 59,
d. 3tan?zgec? ;
€. 2cosh z(sinh z + 1)
f. sech?z

11. The function 2_:15 is entire (&* is never 2ero) so its real and imaginary
parts are harmanic everywhere.
12. a. cosh?z — sinh? 7= coe?jy (—isiniz)?
= cos?iz 4+ sin?j; = ]
3~



b. sinh(z + 2;) = —isin(iz; + 222)
= ~i(siniz; cos iz + sin iz Cos iz1)
= sinh z; cosh 2z, + sinh z; cosh 2,

c. cosh(z; + z3)= cos(iz1 + iz2)
— cost2; COSizg + (—i)° sinizy sinizy
= cosh z; cosh z3 + sinh z; sinh z;

13.  a. sin(z + ty)= sinx cosiy + sinty cos T
=sinz coshy + ¢sinhycos

b. cos(z + ty)= cos z cosiy — sin z sinzy
= coszcoshy —isinzsinhy

14. a. ei(z+21r) —_ e1'21,321”' N

b. tan(z + 7) = sin(z +7) = "% _tanz
cos(z+m) —cosz
c. sinh(z + 27i) = —isin(iz — 27) = —isin(iz) = sinh 2
cosh(z 4 2mi) = cos(iz — 27) = cosiz = coshz
. sinh(z + m1)
d. tanh = ——x
anh(z + i) cosh(z + 7t)
_ —isin(fiz —7) _ tsiniz
cos(iz —w) ~ —cosiz
sinh z
= =tanhz
cosh z
15. cosz = e__—i-z_e__ =0 e +e =0
& e = _1 & 2%z =mi + 2kwt
& z=nf2+kn, k=0,£1,%2,...
16. sinz, —sing, =(e™ —e ™ —¢™ +¢79)/2i

— 2[ei(22+z|]/2 +e'i(Zg+Z])I2)/2][ei(33“ll)/2 _ e—i(z,-:[)/z)/zl-]
= 2COS((ZZ+Z])/2)Sin((Zg-Z|)/2)
=0if (z2 + z,)/2 = /2 +km or (z; - 2)/2 = kT,

or if z; = -z;+ (2k+1)r or z; = z,+ 2kn where K is an integer.



17.  a. e“'=1==>4z=2kxi=>z=—kg-‘~,wherekisaninteger

b. €if = gfl=Hi) . g-vgic _ 3 =>
e?=3and e®=]1—
y = —In3 and z = 2kx, where k is an integer.
Therefore, 2 = 2k7 —iIn 3.

c. No solution.

. sinz _ sinz-—sin0
18. a. lim =lm———=cosz| _, =1
z2—0 z z—0 b4 -

cosz —1

b. lm———~ =~ _gin2 =0
20 z s Ix:O

Alternatively, use L'Hospital’s rule.

19. Let 2; and 2; lie in an open disk of radius 7. Then,
M =e” = "M = | = 2y — 2, = 2kmi
for some integer k. But |2; — 2;| < 27 => k = 0. Hence 2 = z9.
20. Points inside or on the rectangle are characterized by z = z +1y, where

-1<z<1 and 0<y<.
Hence,
[wl=le*|=¢ =3 e < |w| < e and
Argw:Argc"::-OSArngr.

Now suppose wy is in the semiannulus. Choose z¢ = Log |wy| and

%o = Arg wg. Then, €™+ = wy, 0 < yo < =, and

el < e® <e=>-1< g5 <1; thus the mapping is onto. It is
one-to-one as a consequence of Theorem 1(as in Prob.19).

3~



21.

22,

23,

24,

(a) If sin z; = sin 2y, Z; = -z;+ 2k+1)mwor z; = z;+ 2k where K is an
integer.

If z; = -z;+ 2k+ 7, y2 = -y1. Re(z) = 0 is not in the semi-infinite strip.
If z; = z;+ 2k is in the semi-infinite strip for k=0. z; =z, and the
mapping is one-to-one. Answer: the plane cut along the negative
imaginary axis and along the interval [-1,1].

(b) w = sin z = sin(x-+1y) = sin x cosh y + i cos x sinh y and the strip
/2 < x < /2 and y > 0 is mapped into the upper half of the w-plane.
(By induction) Note that ¢; ¢** = 0 <> ¢; = 0 because ¢** # 0. Now as the
induction hypothesis, assume that for

any m distinct complex numbers A, Az, ..., A (Ai = A4

for i#j), the statement

A
cet +c e+ vc e =0 forall z
implies that ¢}, s, ..., ¢y, all are zero. Consider
Az Az Am2 Az _ vids
ce™ +c,e” +tc e™ +c e =0, Dividing by

(11 ""-] )z (1,,, —11 3z

e™* gives ¢, +c,e +toetc,e + ¢,y e T = 0. Taking the

derivative with respect to z produces
(22 - /11 )Cze(ﬂz -4z +---+ (;Lm —_ ﬂ] )cme(ﬂ,u -4z + (imﬂ _ 21 )Cmﬂe(fl,,m —A)z -0

for all z. By induction, cx(Ax-A;) =0 fork=2,..., m+1. Because (Ac-1))
#0, cx =0 for k=2, ... m+1. With these constants equal to zero in the m+1
term equation, we conclude c; = 0. Thus by induction the functions

Alz A2 A ‘ ,
e"' %, e**, ..., e"™are linearly independent on C.

a. Sums and products of entire functions are entire.

b. f'(z) =2sinzcosz —2sinzcosz = 0
c. Theorem 6, Section 2.4

d. f(0) = sin*(0) + cos?(0) = 1

. (c) and (d)

o

&

expo = (exp(z) * cos(y), exp(z) *sin(y))
. sine = (sin(z) * cosh(y), cos(z) * sinh(y))

o

(o]

. hypcosine = (cosh(z) * cos(y), sinh(z) * sin(y))



25.  (a) e*=i=z=1/i(W2 + 2nk).
(b) e =-1=z= /i(2k+ ).
) e”=6.02x10"= z = 1/[In (6.02 x 10%) +i2kn] .
(d) e”=1.6x10"=2z=1/[In (1.6 x 10™*°) +i2kn]
In all cases the choice k=1000/2r will suffice.

EXERCISES 3.2: The Logarithmic Function

1. a i<g+2k7r),k=0,:tl,...

b, %L0g2+i(—§ +2k1r), k=0,41,...

T.
C. —=1

2
d. Log2 + 2-76E

2. Formula 5:

logziz, = Log|zzp| + iarg(z;2,)

Log |z1| + Log |2| + i(arg z1 + arg z;)
Log |z1| 4+ targ 21 + Log | 23| + t arg 22
= logz +logz;

Formula 6:

log(z; z{l)

_
Q
o
N
&
N’
il

= logz +logz;!
log 21 + Log |23 1| + {arg 2;*
log z; — Log |z;] — iarg 2,

log z; — log z,



3. Logli(i — 1)] = Log(~1 — i) = Log v — if’;}

Logi+Log(i—1)=i-g-+Log\/§+i§f
4. Loge® =Log[c’]+iArgg:‘
= Loge® + iArge?
=Tty <= —w<y<r
=2
5 a z-_-log2i—_-Logz+i(-;-+2kx), k=0,+1,+2, . ..

b. 22 — 1 = glosl="-1) _ gin/2 _ ;

= P2=1+1

= 2= (1 +i)12 = 2ei*/8, Y3ein/s
c. (First use the quadratic formula)

€ = 3 —--5:]:2—--
1, V3
z = log (—Eﬂ:z'—zb)
1, V3 V3
= Logl—E:l::T,+za.rg(—-—:b —2—)
= z(¢3f+2kw), k=0,41,

6. Log(z?) is not 2Log(z)

7. In polar form Logz = Logre® = Logr +148. If u(r,6) = Logr and
v(r,8) = 6, u and v have continuous partial derivatives in D* and

Ou Ov

o o =0

=1
_T

'S_"ﬁ'



Ou 0 v
00 7
Hence the Cauchy-Riemann equations (in polar form) are satisfied and
Log z is analytic in D*. To determine E—(Log z) choose to evaluate the
Z

limit along any ray (6= constant); thus Az = Are in this case.

lim 108z + Az) — Log .z

Az—0 Az
. Log (reia + Arei‘g) — Log (rem)
= lim :
Ar—Q Areit
I .. Log(r+ Ar) +40 — Logr — 40
= —= lim
e Ar—o Ar
= L the last limit d L
= ;679’ since the last limit is E ogr
1
Tz

8. Log|z| is harmonic on D* — C\{z <0,y = 0} since it is the real
part of Log z, which is analytic there. Similarly, Log |2[ is harmonic on
C\z >0,y = 0} because it is the rea] part of Lo(z). Putting these
together, Log |z| is harmonic on C\{o}.

9. Domain of analyticity C \ {z > 4, y=1}
-1
f(z) = —

d4+71—-2
10. Log (~z)+ir is Lo(z)

11. Choose the principal branch

2 2
z+ = 0.

d
—L 249 = e— = =
dz og(z" + Z+3) z2+2z+32=_1

z=-—1

12, Lr(2*+1)



13.

14.

15.
16.

a. Log(2z —1)

b. Lo(2z —1)

C. .C,—/g(2z - 1)
(By contradiction). If srich a function exists, define 9(z) = F(z)—Log z.
Then ¢'(2) = F'(2) - 5 = 0 except on the real segment (~2,-1] s0

that g(z) = ¢ for some constant ¢. This means that F(z) = Logz+c
throughout the annulus except along [—2, 1], which contradicts the
analyticity assumption.

1
w= ;Logz

N

v/

The level curves 22 + y? = ¢ and ¥y = mz intersect at the points
(z,y) = + (1/1 +m2’m‘/1+m3 ’, where the slope of the line is m

and the slope of a tangent to the circle is -—l.

m
Alternatively, show that [u,, 4] - [v;,9,] =0, ie. the gradients are
orthogonal. :

31|

~



17.

18.

19.

20.

If w = f(z) is any branch of log z analytic on a domain D, then e* = z.
For 2 € D, ’

1

. W — Wo 1
lun =

1
IR0z — zg b

R Z—2p - ewo z
lim 0
FEow — wy

Let G(z) be another branch of log = analytic on D. Then
G'(z)=F'(z) = 0,50 G(z) = F(z)+c. Since the imaginary part of each
branch has to be a value of arg z, the constant ¢ must be a multiple of
2ri. Thus G(z) = F(z) + 2kni for some value of k = 0,+£1,....

Define log z = Log |2| + 70 with

[ the valueof arg z between = /2 and 27

for zin quad. II, III, or IV

Py the valueof arg z between 0 and /2

- for 2in quad. Tabove the half parabola
the valueof arg z between 27 and 57 /2

{ for zin quad. I below the half parabola

To make this explicit, one could find 4§ as a function of r on the half
parabola y = \/z.

0 = Tan™ (£) = Tan™ (3)
z y

1 ) Tan-! 2
= Ta —_—
rsin @ a V14+4r2 -1

Define subroutines called radius and argument based on Exercise 24,
Sectionl.3.

= Tan™! (

a. INPUT z,y
Stepl If z =0 and y = 0, go to step 6
Step2 If £ <0 and y =0, set logarithm= (log(—z), pi)
Step3 Else set logarithm = (log(radius(x,y)), argument (z, y, )
Stepd Print “logarithm is ”; logarithm
Step5 Go to step?
Step6 Print “undefined”
Step7 Stop
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21.

ek R o e

~No

b. Same as part a. but replace steps 2 and 3 as follows (and renumber

steps).
Step2 If z > 0 and y = —z, set logarithm
= (log(radius(z, y)), 7 » pi /4)
Step3 f y > 0 or y > —z, set logarithm
= (log(radius(z, y)), argument(z,y))
Step4 Else set logarithm
= (log(radius(z,y)), argument(z,y) + 2 * pi)

- Same as part a. but replace steps 2 and 3 as follows (and renumber

steps).
Step2 If z > 0 and y = 0, set logarithm = (log(z),2 * pi)
Step3 If y > 0 or (z < 0 and y = 0), set logarithm
= (log(radius(z,y)), argument(z,y))
Step4 Else set logarithm
= (log(radius(z,y)), argument(z,y) + 2 * pi)

. Same as part a. but replace steps 2 and 3 as follows (and renumber

steps).
Step2 If > 0 and y = 0, set logarithm = (log(z),6 * pi)
Step3 If y > 0 or (= < 0 and y = 0), set logarithm

= (log(radius(z, y)), argument(z,y) + 4 » pi)
Step4 Else set logarithm

= (log(radius(z, y)), argument(z,y) + 6 * pi)

For a computer that uses the principal logarithm, take
2 = 23 = e~ /4

Exercises 3.4
®0,0)=0.5
®(0,0) =5/3
ol,H)=0
0(2,3)=1/4
o(x,y) = [(B-A)/(Log r; — Log 1)1 Log Izl + (A Log ry — B Log r2)/(Log 1,
— LOg I'2)
q)(x’Y) = 30 2 2 2 . .
f(x,y) = (V2)(log z)" = (Y2)(log Izl)” - (V2)(arg z)” +i(arg z)(log Izl) is
analytic with a proper branch cut. Therefore its imaginary part is
harmonic.
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EXERUSES 3.5

l. a = etlosi _ e~ el e~*/1+2kx E=0 +1
_— ’ ’ - e
b. (_1)213 = 2/3os(-1)_ edi(zk+1)x k=0.12
= Ysl,

=1, -1/2+iV3/2
C. 27 = ™08 _ —2ke? ixLog2 k=0,+1,...

d. 1+ =1 +)A+4)~
= (1 + z-)e-ilog(1+:‘)

= (1+i)exp [ir-+2k7r——%Log2}, k=0,41,...

{1 ;
=932 _____ 4 *

( \/‘Z+\/'2')
=—249

b z-2z' _ eZiLogi -7
?

c. (1+8)0) = (1 +§)eTos0+) = (1 4 ) exp Hﬁ +3

Log 2}

4. No: 1% = ¢*1o81 = g2okmi } g 47 .

For example, take k = 1,a = 2 1= =]

5 H-1+i) = (-1 - ) = exp (FLog2 - i)
3T

1 1 1 )

1 1

~a __ ,—alogz __ - =
6. =e T ealogz T e

a. z

b. %28 = eaLogzeﬂLogz = plat+B)logz _ zot+B

eaLog z

c. 2%/2° = = elaPllogz _ jo-B

eBLlog z
7. (1+4)i = (1 +i)e?

8. z=sin"" 2= ~ilog [2i + (-3)}]
= —iLog (2 £ v/3) + arg[(2 % v3)i]
= —iLog(2:t\/§)+12r-+2k7r, E=0,+1,...

314



Now observe that since (2 + v/3)(2 — Vv3)=1,
0 = Log[(2+ v3)(2 — V3)] = Log (2 + V3) + Log (2 — v/3) so that

Log(2 — v3) = —Log(2 + v3).
Therefore,
z=:l:iLog(2+\/§)+-;-+2k1r k=0,41,...

tw ity . .
e te = e _2z¢w 11

9. Formula 9: 2 = cosw =

w _ 2z + (422 —4)1/2

=€ 2
=z+(2* - 1)1/2
= w = —ilog[z +(2* - 1)1/}

Formula 11: choose a branch of cos~!z and the same branch of the
square root.

-:;(cos“l 2) = di.-z {—ilog [z + (£ - 1)1/2]}

_ il + z(zz - 1)—1/2
B TY Sy

- (Z2-1)1V2 4,
- (z2=-1)12 4 (2 —-1)1/2

= m, z# %1
10. z = cos™(2i) = —ilog [2i + (=5)"2] = —ilog[(2 + VB)i]

= —iLog(2+ V5) + 5 + 2k~ and iLog(2 + V5) 2 + 2.

See Exercise 8 for a method to show that Log(2-v5) = —Log(2+ V5),
a fact used in writing the ]atg:r value of z.
3-1
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11. tanz = 1 = z= tan™'(1)
z t+1 2 .
= §log (2, ) =3 log(—1)

12. Formula 10:

A
z=tanw = —1—
ezw_|_e—-tw
: 141z
2w
A
w - —ilo (1+z’z)
T2 & 1—:z

I

ilo (1—-1'3)_2'10 (i+z)
2% \T+iz) " 2% \i =2

Formula 12: choose a branch of the logarithm.

d 2 d [ 1+ z
7 () = =[5l (722))]

11—z 2

2i+2(i— 2)?
1 .
= mﬁ, z 7£ +1
13. Formula 13:
) e¥ —eV
z=sinhw = — =

e —2ze" - 1=0=

w_ 22+ (422 4 42
2

w = log[z + (2% + 1)/?]

€

=2+(22+].)1/2——->

Formula 14:

ew + e—w
2

e —22e¥+1=0=

z=coshw =

ey



_ 224 (422 —4)12
B 2
w = logz + (2% — 1)*/?]

=:a'--{-(z.'2--1)1-/2 =

ew

14. Choose a branch of the square root and a branch of the logarithm.

% (sinh‘l z) = ‘diz {log[z +(2 + 1)1/2]}
14 2(22 +1)"1/2
z+ (32 + 1)1/2

1 (22+1)Y24 2
(Z+ 1) T+ (Z+ 1173

z# 41

i

il

(ZZ+ 1

15. a. ifexp [%Log(l -z’)]
b. zexp [%Log(l +4/z’)]
c. Pexp [%Log(l -1/
d. zexp E-Log(l -1/

16. Choose a branch of log z that is analytic at c.

d d
— = —gtbosc
l & ¢

= logce*¥se

= (loge)c* forallz

17. Set w = sec™! z. Then
2
et‘w + e—iw

ze"™ 4 ze " =2

Z=8eCw =



19.

L1 12
sec—lz:w=—-zlog{—+<—2—l) ]
z z

For the range of Sec™'z, when > 1 or £ < —1, consider

1
=i 1”
(using the principal square root).

1 1
_ il : 1 ./1___)
z{ogll]+zArg(z+z — }
1 1)

For z > 1, this ranges 0 < Sec~!z < 7/2 and for ¢ < —1 this ranges
wf2 < Sec'z < 7. This agrees with the ranges given for Sec "z in a
standard trigonometry text.

1 .
Seclz = —ilog t— +1
z

Define subroutines called compprod(from Section 1.1, Problem 31),
expo(from Section 3.1, Problem 22) and princlog(from Section 3.2,
Problem 20a).

Input alphar, alphai, x, y

OQutput expo(compprod(alphar, alphai, princlog(x.y)))

. Define a subroutine called compsqrt as in the body of Problem 19,

Section 1.5.
Output compprod(0, —1, princlog((—y,x)+compsqrt((1,0)
—compprod(x,y:%.¥))))

. Output oom?prod((),—l,princlog(compquot(l,o,x,y)

+com}'?sqrt(compquot(1,0,compprod(x,y,x,y))—(1,0))))

. Output compprod(x,y, expo(0.5 * princlog((1,0)

-oompguot(l,o,compprod(xay,xd M)
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w=2e* +e**if and only if e¥* + 2¢* - w =0
e?=-1£V(1+w)

z =log(-1 £V(1+w));

z=1i2nk or z = Log(3) + in(2k+1)

Exercises 3.6

I =R sin(ot - ¢o)
I; = Real part of
{alei(ﬂl+7|) + azei(m"'}’z) e amel(ﬂ‘*'}’m)

—ilbe" " + b, g p M
I,=Re{ae” +a,e” +.--+a ™ —ilbe® +b,e” +---+b e )™
I, = Re(oe' ™) where

I; = Re{[(1+iR@C)/(R(1-0’LC)+imwL)e'")
I, = Re{[(R(1-0’LC)-0’LCR+(R2@C(1-0*LC)-0L)/(R*(1-
(DZLC)Z + O)ZLZ) eiwt}
= Re{[(R+i(R*wC(1-0’LC)-oL)/(R*(1-w’LC)*+w’L>)]e'®"}
L= {Rcosat-(R*0C(1-0’LC)-wL)sin ot }/(R*(1-0°LC) +w’L?)
(a) I, = Re{[iaC/(1+iCR)]Ae"}
= Re{ [(-0’RCHmC)/(1+0’C*RY)]Ae™"}
= A(-0°RCcosot -oCsin wt)/(1+0’C?R?)
(b) I =Re{[ioC + I/R + 1/inL]Ae" ™ *P)
= Re{[1/R +i(0C -1/@L)]Ae @+ P)
I = Acos(ot+B)/R +(1/owL-0C)Asin(ot+p)
(©) L =Re{[1/(1/iaC +1/(1/R; + /(R + iwL)]Ae™"}
I = Re{ [(-0’LC/Ro+i(1+R, 0C/R)/(1+R /R -’LC + i(wL/R»
+R,0C)]Ae'™)
I, = Re{[(@'L2C°R; + (R2+R )RR C0* H[(R14+R)2C? - R2LC W +
L*Ca? )/
(R#R-0’LC)? + 0L +RR,C))]Ae'™)
I = A{[(0*L*C*R; + (R4+R)RoR  C2w, Y cosmyt
-0 [(Ro+R1)*C? - Ry*LC%0,% + L*Ce,Jsinant }/
(Rz4R1-01°LC)Y? + 0 (L +R1R:C)D) + B{[('L2C?R, +
(R2+R )RR C2 e, Jsinant
-ap[(R2+RY’C? - Ry’LC 0% + L2Can2Jcosant }/
(Ry+R1-@"LCY* + @,%(L +R R5C)?)
IL— /R,
L—0.
(a) In the z-plane ¢ = cos wt + eiz"/3cos((ot-27r./3) + 3 cos(mt-41/3)
0= et +e-imt) /2 + ei21t/3(ei(mt-21r/3) 4 ei(mt—21r./3)) o ei4n/3( ei@ran3) ei(mttm/})) 2
o = (3/2)e'
(b) 2 inductors: ¢ = cos wt + ci“cos((x)t-n) = 2 cos wt (fails).
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4 inductors: ¢ = cos t + eiz’”4cos(0)t-n/2) + e'"cos(ot-)
+ €™ cos(wt-6m/4) = (4/2)e'" ‘ .
n(>2) inductors: ¢ = S0 e e os(mt-2mk/n) = (n/2)e
2 inductors at 90 deg with 90 deg phase shift:
¢ =cos mt + e""zcos((x)t-m/Z) =,
i ite Q instead of @y, :
5 go)r Zozzte)nlengz/;v;ﬂg:‘écos(ﬂt)dt) — Re(Aei(wH(j}/Q)sin(Ql))
F - .
= Re(Ae @ Py = Re[Ac@(1+(B/Q)sin(Q0)]
sem(t) = Re[e"“(A+(AB/Q)sin(Q1))]
sam(t) = Re[e ' (A+Bcos(Qt))] = (A+Bcos(Qt))cos(wt)
(b) Am: bottom figure
FM: top figure
(¢) (You plot.)

CHAPTER 4: Complex Integration

EXERCISES 4.1: Contours

Loa z(t)=(1+4) +t[(~2 - 3i) — (1+14)]
=(1-3)+:i1-4), o0<t<1
b. z(t) =4e® 42, 0<t<on
¢c. z(t) = Re*, T/2<t< 7
d. 2(t) =t + a2, 1<t<3

2. 2(t) = ¢ + it® is a parametrization for z — y*/®, which has a cusp at
the origin, where ¢ = 0 and 2’ (t) vanishes.

3. (1) = acost + ibsint, 0 < t < 27 is an admissible parametrization
of the ellipse.

4 2(t) =34 48, 1 <¢ £ 1, 1s a parametrization of the real function
y = z°. The alternate parametrization

2t)=t+i*, -—1<t<1
is admissible, hence 2(t) is smooth.

5. Yes.
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6. Define f(t) = 3 t+ ¢ # d. f is linear, thus is 1-1, and has

10.

11.

—a ad-—b

—-c d-—c¢’

a derivative for ¢ < ¢ < d. Also f(c) =a, f(d) = b and @ #£0
for ¢ < ¢t < d. Since z(t) = 2(f(2)) it follows that z(c) = z(a),
z1(d) = z(b) and z(2) satisfies the three defining properties of Defini-

tion 1 for an admissible parametrization.

[ _1—i+s ostsé
. . 1 1 1
- - <t
Jl z+8:(t 4) 4__t_2
z(t)'"—-
. 1 1 3
1 - - =<t<
+i-8( 3) 3Stsy
. o 3\ 3
- - —_— ~-<t<
{ 142 Sz(t 2 4___t__l
IT)=8
. I is parametrized by

~2+2i4+1(1-2) 0<t<1
Z(t) = e—n‘t 1<t< 2

—T' is parametrized by z(~t) -2<t<0.

-1+2t 0<t<1
2 4 e™it 1<t<3

. 246" _2<t<0
z(t) =

a.7:z(t)=z1+t(zg—z1) 0<t<1
1
)= [ lea — mldt = |y 5,
b. v:z(t)=z+re"  0<t<or
2x Ix
= o't dt — =
1(7)_‘4 lrze ldt_./o rdt = 2xr

I(T) = [ |15ie| dt = /: 15dt = 157
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12. Yes

13.  a. 2/(t) is the velocity of the moving particle at time ¢.
b. [2'(t)| is the instantaneous speed of the particle at time t.

c. |2'(t)dt| is an increment of distance traveled by the particle during
the time interval dt.

b
d. f |2'(¢)| dt is the distance traveled by the particle as it moved

along the contour from z(a) to z(b).

14. Let t = ¢(s). Then dt = ¢'(s)ds. Since z(s) = z1(¢(s)), one gets

d22 dz ’ ’ 7 ’
— = d—thS (s) and |z}(s)| = |2 (t)| ¢ (s).
Thus

b / d ' 1 / d /
[ E®ld= [z Sy s = [ fz4(s)1ds

EXERCISES 4.2: Contour Integrals

1. Let P, be a partition of 4 with & = 2, and B = z,. Let C1,C2y...,Cp
be points on v such that ¢; lies on 4 between Z;_1 and z.

Then

n n
5'(73,.,) = Z f(ck)(zk - Zk—l) = E c(zk — Zk—l)
k=1 k=1
=-—czxtcz, = ¢(f— a).
Since this telescoping property holds for every partition,

Jim S(P,.) = ¢(8 — a) whenever Aim u(P,) = 0.

Yes. The telescoping property applies to every curve in an arbitrary
contour.

2. Consider any sequence P, of partitions of v with JLD(;IO #(Pr) = 0.



Property 1 : [’ [f(2)Lg(2))d=
= Jima 31706 afe s — 50

n_me(c,) (m—zq)% Jim z;g(c.) (zi — z:i4)
= [ 1z JEC!

Property 2 : /cf(z)dz = lim Zcf(c.) (2 —ziy)

l—l

= ¢ lim Zf(c.)(z.- - %i1)

|==1

~c / f(2)dz

Property 3: ~ [ f(z)ds = ~ Jim if(c.-)(z.- —zi1)

= lim Zf(c:)(zl-l - z.)

N0
=L fe)s
(Since a partition of v can be reversed to give a partition of —v )
a. 14+ %i

b. (1+i)(—isinit)]°, = (1+¢)sinh2
(L+2it)*" 1129
“ T |, T T3

=1 5 .12 ~2-8i
d - @ +i)7| = T
- Let F(t) = U(t) + iV (t) s0 that Fi(t) = U'(t) +iV'(2).
If F'(t) = £(t) = u(t) + iv(t)
then
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/ ' ft)dt = / *[u() + o t))dt

- / u(t)dt +i / " o(t)dt

= U@l +1 V(t),
= [U(8) +:V(b)] - [U(a) +1V(a)]
= F(b) - F(a)

5. 6(0) + 2(23) + 1(0) — 3(0) = 4

6. a [ 2 9i2e?dh = ri

0

b. —8n:
c. =247

7. Using z(t) _t(1+2z) for 0<t <1,
1
/Re(zdz"/ (1+22)dt—§+z

8. Let C = C1 + Cy + C3 + Cy4, where

Ci:z(t) =t 0<t<1
Cr:z(t) =1+t 0<t<1
Ci:z(t)=1—-t+: 0<t<1
Ciz2(t)=i(1—-t) 0<t<1
R 1 . 1 .
/ e*dz = / eldt + 1 / i) gy / el~ttidt — g / =94t =0
C Q 0 0

1
9. /(m —2zyi)dz = / (t - 2630)(1 + 2it)dt = 1—3- + lz

1076
10. / 2dz—/t2dt+/ (1 — it)*(s)dt

/0 (1—t—1)? di+/ )31 — t)?(—)dt

Lj—5



11.  a. 3 41, using the parametrization Z(t)=t+i(-1+¢), 0<t<1

b. 3+ 1, using the parametrizations z(t)=i(-1+¢), 0<t<1
a.ndzg(t)—t OStSI

c. 341
12. True: both are 2x:

13. j: (i — e)ieidt = 24

dz 3r
N/ RN P
b e32 d e3* 3R
' ./1+e’ | m s < e R
2
c. /Logzdz < max Log|z| + iArg = ) < <I 3" .2_ = 1;_
d /c""‘dz < max[e®s|iy) =1.1=1.
15. Let P, be a partition of [a, ].
Then
[ 10t =] i s

W Pp )=t

i

lim if (c)(t: - t:’-l)! where ¢; € (t;_4,1;)

#(Pn)=0 =1

< Jm Y IfE)E ~ ti)]

#{Pn)=0 §=1

Lim, Z el (t: —tia)

W(Pr)=e0 =1

b
= [[Ir@)a.



16. Let z(t) be an admissible parametrization of v with z(a) = o and

z(b)=§.
L zdz = / ’ 2(8)2(1)dt = _[z(;)]z

b ﬁz_az

2

t=a

17. The result follows immediately since a = 8 .

18, [ f2)de = [ S0
c b
= [[Fa@ad+ [ 1a@)7 0

b—a+c b
= [T fals +a - )al(s +a—byds + JRICOEAOL:

(change of variables s = b—a + 1)

b--a+tc b
= [ fa)sle)s + [ fa)d
= o f(2)d=.

EXERCISES 4.3: Independence of Path

1. Theorem 7 allows us to antidifferentiate.

a. =3+ 2
b. e —e= —2sinh1l
c. 7
d. 0
. sin®¢ _ _isinh3 1
3 3
f. %ei(sini + cos?) + %e“: -;—(cos 1cosh1 —sin1sinhl 4 €")

+%z‘(sin 1cosh1 + cos1sinh1)

4]



g %(—\/f-— 273/%) 4 i?

h. 1r—2+i(2—-—:;)
. 71 t
i Z—§Mdm2+zLog5

. P(z) is continuous and has an antiderivative everywhere in the complex
plane.

-/r' f(2)dz

a.

= | [1£(2) - P(e)ez

< €(I') (by Theorem 5)
Taking € — 0 it is clear that '/l:f(z)dz =0.
b. By Theorem 7, f has an antiderivative F in C. F'(z) = f(2) in
C, so F is entire.

. False: ldz = 27x1.

lzsj=1 =
. If the contour in Figure 4.21 is named I'; and the contour in 4.22 is T,
then I'y — T'; forms a closed loop. According to Example 2

/ ldz =7t~ (—~xi) = 2xi
Iz 2

Kf(z)= % had an antiderivative throughout C\ {0} this integral would
be zero, by Corollary 2 to Theorem 6.
. Let Cy be the portion of C extending from o to B. Then,

/c 1dz=1im ldz

Z—=2z of~1JCy 2 — 2p

= I [Log(8 - 2) — Log(a — z0)]

= Log |7 — 2| + i — (Log |7 ~ 2| — i)

= 2n:

L) - g



10.

11.

12.

Choose a branch cut (for the log) that does not intersect C. Then

in the slit domain, and

log(z — z) is an antiderivative of
Z—2p

/ ! dz = 0 by Theorem 7.
CzZ—2

Let T be any loop in D. Write I' as the sum of two contours T'; + TI's.
Then I'y and —T'; both begin and end at the same points zy and 2r .
Assuming Theorem 7(iii),

fr S(z)dz = /_ L f(@)dz, o
0= /n F(z)dz -f_F2 F(2)dz = /Ff(z)dz =0

Different choices of zo will produce antiderivatives F'(z) that differ by
a constant.

Choose € > 0. By continuity there is a § > 0 such that
|[f(z +tAz) — f(2)| < e when |Az| < é. Thus,

Uolf(z+tAz)dt—-f(z) = Uolf(z+tAz)dt—/01 f(z)dtl

5/01|f(z+tAz)—f(z)|dt<e
whenever |Az| < 4.
[1F(9(2)+ 1)/ (2 dz = [ & (£(z)g(2)] o
r rdz

= f(2)g(2)|;7 by Theorem 6.

In other words,/r f(2)g(z)dz = f(z)g(2)I7F - /I:f(z)g’(z)dz

Let v be the line segment joining 2; and z,. Applying Theorem 5,
Section 4.2 we have

Fle2) = Flz)l = | [ £/(2)dz| < Mit) = Mz, - 2]




EXERCISES 4.4: Cauchy’s Integral Theorem

1. aand ¢

2. Let zo(s,t) and zn(s,t), 0<s<1, 0<t < 1 be continuous defor-
mations of I'y and Ty to respective points zp and z;. Let z2(s,t) be a
continuous deformation taking 25 to z;. Then z1(1—s,1) is a continuous
deformation from z, to I'; and '

A
[ [

z0(3s,1) 0<s

Z(t) = { z(3s—1,2) 3<s

IA
Wi

21(8-3s,8) 2<s<1

is a continuous deformation from IT'otoT,.

3. a,b,dande

etxi(l-a)t 0<t < %
4. z(s,t) =

eimi(1-s)(1-1) % <t<1

[,ﬂ f(2)dz = i - f(z)dz ~ fi; - f(z)dz = 0.
/ ; f(z)dz = 0 (integral over a single point)

5. z(s,t)=(2-—s)c0327rt+i(3—2.s)sin2#t, 0<s<1, 0<t<.

6. Assuming path independence (condition (iii ), the vector field

—_ . L 08 94
f(z) = u — iv has a potential é(z,y) with 3 = and 5y =" and

the vector field if(2) = v+ iu has a potential ¥(z,y) with %‘f— = v and

.gy'ﬁ = u. Define F(z) = ¢(z,y) + igy(s, y).

Then F'(z) = 9 + :'-g%:b- =u+iv = f(2), so F(z) is an antiderivative

of f(z).

H-18



7.

8.

10.

11.

12.

a. For f(z) = u+ iv the vector field for f(z) is W, V2) = (u,—v).
Then, using the Cauchy-Riemann equations,

M _ o,

gy ~ YT 7T Oz

a.ndaVl—"u =0, = v,

dx Y By

b. This is true by Theorem 5, Section 2.4, since
WP OV

*T 9z~ Oy Y

du M _Va_ |

- YT 9y~ 0z ¢

Using the result of Problem 7, for f(z) analytic both f(z) and
—if(z) = if(z) are irrotational vector fields, so they have potentials

é(z,y) and ¥(z,y) respectively. Then F(z) = ¢(z,y) + iY(z,y) is an
antiderivative of f(z) as in Problem 6.

a,c,d, f

a. C\{-5i,5i}
b. C
C
d

. C\{3-4,3+1}
. C\{z+iwy:2<-3,y=0}
CC\{(14+2E)r, k=0,%1,42,...}

4

In each case the integral is 0 by Cauchy’s Integral Theorem (Theo-
rem 9,12) because the functions are analytic in a simply connected
domain containing |z| = 2.

¥ is entire so it has an antiderivative in C (which is simply connected)
by Theorem 10,13.

If D were simply connected the result would violate the contrapositive
statement of Cauchy’s Integral Theorem (Theorem 9,12).

{1



13.

14.

1 i 1 i 1
I=/z2+1dz=§/z+idz_-2_ z—idz

Along Ty: I= -;-(0) (2ri) = 7

i
2
Along Ty: I= %(m‘) - %(m) =0
Along T'y: I= 5(27”) - 5(0) =-7

For readers of 4.4a: C can be continuously deformed to the contour of
the figure on the left below. In evaluating the integral over the contour
shown, the portions along the straight line segments cancel, leaving the
stated result.

For readers of 4.4b: Refer to the figure on the right. I' is a positively

oriented contour inside which f(z) is analytic, so

0= /F f(2)dz = /C f(2)dz — fc f(2)ds - /C fl2)ds - /C ()

L(-|;



z 2 1 1 1
15'./r(.".'+2)(zf.—1) *=3hz+2 3./rz—1

- g(_m) + 3(—tmi) = —4i

Mg Aoy f Bei g
1. fi=|=1 fle)dz = }f=|=x ?dz +fizl=1 zk-1 detoot fi=l=1 P +fizl=1 9(=)

=0+0+--+271A, +0

The last integral is zero by Cauchy’s integral theorem. The other inte-
grals follow from Example 2, Section 4.2.

222 —z+1 1 d 1 1 d
= ———dz dz + Z
"‘/r(z-1)=(z+1)"”' fr(z-1)= z ./rz—l frz+1

18. a. The singularities of the integrand all lie inside |2| = 2.

dz 1 2
< DT ;s —
) fiz|=n 23(z—-1)} ~ R¥(R— 13 1r R(R-1)

. 2 _
c. A]—IgoR(R—l)a =

d. Izéi_%of(R):O

0

19. Let I := | F%;Sdz where P(z) i ay2" + p_12™ ) + - + ao.
|z|=r
1 .
I = I(R):= —-—dz for R > r (since all zeros of P(z) are
Then (B) fixi=n P(z)
within |z| = r).
and
1
I(R)|I< ———=—=27R (by Theorem 5)
e E
=R
27R
S A
|an|R® = |an_1| B — - — |ao]

Smcenzlnﬁgl(R)=o=L

20. (i) Partial Fractions: [rdz/(z*-1)
= [P {(1/4)N(z-1) - 1/4)(z+1) + /4)(z-i) - i/4)/(z+i) }dz
= 2mi(1/4 -1/4 + i/4 —i/4) = 0
(i1) The contour I n Figure 4.51 can be continuously deformed into any
circle of radius r>0. If r>1, frdz/(z*-1) =0 as shown in Prob. 19.

Ll-1{3



EXERCISES 4.5: Canchy’s Integral Formula and Its Consequences

1. 0, since f(z)/(z — 2o) is analytic inside and on T'.

2. For z, msxde T,

d. f(z) = 52> + 2z +1

e. f(z)=¢*

f. f(z) =

z41
* a"f(z)=z+2

b. f(z) =

c.0

5. Let g(¢) = ("~ +2

f(z) = 21rz r zf(z:o 21r:f 9(2) dz = g(z)
. a f(2) = sin3z 2mf(1r/2) = —271
b. f(z) = o 2xif(3/2) = 1’383/2
. 27t
c. f(z) = z, + 9 2%if(0) = -

2mi f”(z) = 107¢
2xif'(—1) = —2met

2xif'(0) = _g

27if(0) = -’21 + i

2nif(—2) = _g — i

L[*II’{



10.

Then G(1) = 27ig(1) = 4ni
G'(3) = 2xig' (1) = —4r — 27i
G"(—1) = 2mig"(—1) = 4xi

e*/(z +14)° e /(z — i)?
————d
j?z—‘lm (z ~1)? det ]1£z+='|=r Gz+iE where 7 < 2
~1;

— 2 (-55—”) +2ri(0) = Zef

_ cosz ety _”2_71'2'
f(z)_z_3 271'Zf(0)— 9
If T is the positively oriented circle |z — 29| = r then T is parametrized

by 2(6) = zo + r¢?,0 < 6 < 27 and

1 1 f(2) 1 2 f(z0+re?).

flz) = 2mi Jrz — zodz = 211 Jo re¥ ire"'dd
= 2% ozw f(zo 4+ re*)dd
More generally,
- 2::; 02" Flzo + re®)e=dg
L™ (0)|= 5% s ‘Zg fl) d¢ ’ (by Cauchy’s integral formula.)

!
< ;—WM 2r = nlM (by Theorem 5)

It follows that |f(0)] < M and [f'(0)| £ M.
For z, inside T,

2rif (20) = fi‘-gi_gz;);dz by Theorem 14.



11.

12.

13.

2xif (20) = ‘é‘ -;j_-_(—zz%)-i-dz by Theorem 19.
For z, outside }* both integrals are zero by Cauchy’s integral theorem
(Theorem 9, 12 of Section 4.4) .

g% is the real part of the analytic function f "(z) (Theorem 16), so it
is harmonic (Theorem 7, Section 2.5)
Let z be inside I. As in the proof of Theorem 15, it suffices to show

that J(z) approaches zero as Az — 0, where
1 = 2R HE ) o

=2l ge

A C-2p

70 = [ |zmgmim vy R z)S] olOd

- foe [ XS] s

Let d =the shortest distance |¢ —2| from z to ' and let r be the largest.
Let Az be smaller than d/2. Let M = max lg(¢))-

3|¢ — z| + 2|Az]
(I¢ - 2| - 1Az])"[¢ -
r+d

Then |J(z)] < /I_ lAzl[ zl3] lg($)ld¢

For |z] < 1,

) = 5t S T2 % = 37 g - [c ar Z] “

1 ] N
= 5;-5(211 —2ni) =0

y-1b



14.

13.

16.

Here G(z) is zero inside I', while on the boundary |g(¢)| = 1, so that
lim,_ G(z) # g({). This does not violate Cauchy’s formula because
g(¢) = % is not analytic on any simply connected domain containing

r:|]=1.
a. cos(2+ 3i)

b. 0
By Theorem 15, G(z) = -2—1;-; j{cl—l C—(‘g_(—E)TdC is analytic for all z not
on |z| = 1. )
G(0) ! ﬁng = f'(0) = F(0) (Theorem 19)

" 2w Jig=m (P

11y Qg 14 f©
z[21ri fic|=1C—de 27 jlgcl=1 ¢ dC]

(f(z) = £(0)) = F(2)

For z # 0,G(2)

N |-

Therefore G(z) = F(2) for any z in |2| < 1, and F(z) is analytic on
2] < 1.

a. By Theorem 16, f'(2) is analytic in D. By Theorem 3, Section
2.3 the quotient of analytic functions is analytic when the denom-
inator 1s not zero.

b. Theorem 10(13), Section 4.4

c. H(z)= fTI((zi))-, SO

4 2)e @) = f(z)eHE) z)e~HE) il €] =
4 {age-0) = e + 5" [ ) <o

Thus f(z)e”H® = ¢, since its derivative is zero. (Theorem 6,
Section 2.4). Thus f(z) = ce?(®).

d. H(z) + e is an analytic function in D and f(z) = eHt 50
H(z) + a is a branch of log f(z).

=1



17. 2° — 1 is never zero in |z| < 1, so there is a single-valued branch of
log(z® —1) analytic in |z| < 1 by Problem 16. Using this branch define

(-1 =exp [% log(2® — 1)] .
EXERCISES 4.6: Bounds for Analytic Functions
1. On the circle |z| = R,

< 0 1|z|)2 < i lR)z’ and this maximum is attained

, 1
(1-2)?
when z = R.

f(ﬂ)(z) = (n+1)I(1 - z)™? gives f(")(o) =(n+1)! so by the Cauchy

estimate (Theorem 20), (n +1)! = ,f (")(O)I < I_Z"UL:R)_?

2. For |z| < R, |f(2)] < 1'/(1 — R). By the Cauchy estimate (Theo-
rem 20), [f0)] € -
To find the minimum value of this estimate use elementary calculus.

O—i n! _ niR* —nlnR*(1 - R)
" dR|R*(1-R)| R*(1 — R)?

= nlR™1 - = —
= 0=nlR"[n+1)R—n]=R TIT

This is the minimum because the upper bound approaches 0o as R
approaches 0 or 1.

3. Fix z. The circle |( — z] = r — |2] lies inside the disk ] £ r, so
‘ rrlxa.xI 'l J(Ol £ M (Theorem 24). Applying Theorem 20 to the circle

of radius r — |z| centered at z yields
M
M) < MY
ool < & o
4. Applying Theorem %?M
[p2(0)] = J#lay] < ==

Hence |a;,| < M.



5. Ief(z)l — eRe(f) S eM
e/ is a bounded entire function, so it is constant (and f is constant) by
Liouville’s Theorem.

6. By Liouville’s theorem, f) is a constant function. One can antidif-
ferentiate four times to obtain f equal to a polynomial of degree at
most five. (Theorem 6, Sec. 2.4 guarantees that each antiderivative is
unique up to a constant of integration.)

7. Fix 29 and choose R > |zp|+r¢. Then the circle |z —z| = R lies outside
the circle |z| = 7o, and one can apply Cauchy’s estimate on the circle
|z — zo| = R to get

1 2
[y < R (ol + R)?
o= R» R"

For n > 3, letting R approach oo yields f(™(z) = 0, so that f(" = 0.
Hence f is a polynomial of degree at most 2.

In general, if f is entire and |f(z)] < M|z|* for |z| > 7o, where n is a
nonnegative integer, then f must be a polynomial of degree at most n.

8. f(2)/32% is analytic in 1 < |z] < 2 with |f(2)/32%] < 1 on both
|z} = 1 and |z] = 2. By the maximum modulus principle (Theorem
24), |f(2)/32%| £ 1 for 1 < |z| < 2, which yields |f(2)] < 3|z|* for
1<zl <2.

9. Suppose |f(z0)| > |f(z1)| for some z; on Cr. By the continuity of f
thereis an € > 0 such that | f(zo+ Re™)| < |f(20)]| — € over some interval
to <t <t;. Then,

F(ao)I< o [ 1f (0 + Rt

1 rw . 1 rt .
= — [ 1f(z0 + Re™)dt + — / " 1f(z0 + Re)|dt
27" to

27 Jo

Lo it
o /t |f(z0 + Re')]dt

Y19



10.
11.

12.

13.

14.

15.

17.

S g I ollto + (1FC20) — et t0) + 1 (a2 — 1)
< If(o)l-

This contradiction |f(2)] < | f(z0)| shows that no such z, can exist.
f(z) = i by Theorem 23.

Suppose f(z0) = 0 for some z, inside C. Let 9(z) = f(z) — 1. Then
l9(20)] = 1. By Theorem 23, 9(z) = ~1. This contradicts le(z)] <1
for all z on C. Thus f can have no zeros inside C.

Suppose | f(z)| achieves its maximum value at a point 2o in the domain
D where f is analytic. Then f(20) is not an interior point of f(D), so
f(D) is not open and f must be constant.

f(2)/9(=) is analytic in D, so it attains its maximum value of 1 on the
boundary B. Thus |f(z)| < lg(2)] for all z in D.

If f is nonzero then 1/ f(2) is analytic in D and [1/ f(2)] attains its max-
imum value on the boundary of D, so that |£(z)] attains its minimum
value on the boundary of D.

To see why f must be nonzero, consider f(z) = z on the unit disk
|z < 1. The modulus | f(2)| attains its minimum at z = 0, not on the
boundary |z] = 1.

If f does not have a zero in D then [f(2)| attains both its maximum
and minimum on B (Theorem 24, Problem 14). Thus |f(2)] is con-
stant in D, and f(z) is constant (Problem 12, Section 2.4). This is a
contradiction, so f must have a zero in D,

Certainly max laz™ + b| < |af1™ + |3).
To see that this maximum is attained, let ¢ = |ale’® and & = [b]e?:.

Substituting zo = €*(%2=%1)/n giyes

025 + 8] = [lale™® =) 4 e | = |a] + Jo.

The maximum M is on the boundary, so one can substitute z = e to
get

(&~ 1) + 3|

M? = max
0<é<2r

1 9
= max (—2C0829 - =cosf + —)-
0<6<2n 2 2

Using calculus, we find the critical points ffom
0=4cosfsinf + %sinﬂ = sin @ (40050 + 5) .

1 1 .
Thus, § = 0, 7,27, arccos (—g) and 27 —arccos (-—g) The maximum

1 1
M= 9—-——-\/§ is attalined at @ = arccos (*—) and 6 = 27 — arccos (_g)
8 e o V8



9. Witk P(2) = c(z —n)(z—2)--- (s -

z")_, apply the product rule to
get

e e
P(z) Az—zn)z—2) (2 —2z)

Now_l_ d2 _[1 ifzisinsidel
2xiJrz—z | 0 otherwise

1 P'(z)
271 ﬁ;-). 2#:2./1'2.'—7*

= the number of zeros z;, (counting multiplicity)
that lie inside T'.



Q=) = Z"P(}/Z)
= z" (——-+

2" zn—l

An-1

ay
+"'+—+ao)
z

=14+a, 12+ -+ qg2"
Note that @(0) = 1 and Flli)l( |Q(z)| = max |P(1/2)| = max |P(w)].
By Theorem 24, max |Q(z)] 2 |1Q(0)] =1, so I|n|i}1(]P(z)| > 1.

EXERCISES 4.7: Applications to Harmonic Functions

1. ¢(z) = =5

2. Consider Log|z|. By Problem 20, Section 2.5, this is harmonic on
C\{0} but it is not the real part of a function analytic in C\{0}.

3. Theorem: If ¢ is harmonic in a domain D and it achieves its mazimum
(or minimum) value at a point zg in D, then ¢ is constant in D.

Proof of maximum principle (minimum is similar):

Suppose ¢ is not constant. Then there must be a point z; in D such
that ¢(z1) < #(20). Let ¥ be a path in D from z to z;.

There is a point w on 4 where ¢ begins to decrease. That is,

(1) ¢(2) = é(20) for all z preceding w on +.

and (ii) There are points z on +, arbitrarily close to w, where

#(z) < ¢(z0).

By the continuity of ¢, ¢(w) = ¢(z). There is a disk centered at
w which lies entirely within D. By Theorem 26, ¢ is constant in this
disk. However, this contradicts part (ii) of the definition of w. Hence
¢ must be constant on all of D.

4. The highest and lowest temperatures of a solid in a steady-state occur
on its surface (boundary).

5. ¢1(z,¥) = y and ¢(z,y) = 0 are two functions that are harmonic in
the upper half-plane; each vanishes on the real axis.

A
{
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6. Using Poisson’s integral formula (Theorem 29),

$(0) = " ¢(zfﬁ) =3 f $(pe™)d

7. /‘: #(0)pdp = % /o fo ¢(pe*)pdtdp
== ¢0)—=— // ¢(z,y)dzdy

= 40 =3 [[ av)dsdy

8. This is Poisson’s integral formula (Theorem 29) with ¢ = 1, which is
harmonic in the domain |z| < R.

9. Since |cosz| <1,

R—2rR+r*< R*4+r*—2rRcos(t— 8) < R*+ 2rR + r?

1 1 1

< < .
d (R+r)* ~ R24r?—2rRcos(t—6) — (R—r)?

Since ¢ is nonnegative,
(Re") $(Re*) < $(ReY)
(R+7r)? = R?+ 72 - 2rRcos(t — 0) (R—r)?
Multiplying by (R? — r?)/2x and integrating with respect to ¢ yields

R—r1 y2« " R? — 2 or $(Re*)
— i <
R+r21r,/o 9(Re")dt < 2r o R2+r2—2chos(t-—0)dt
R + r ]. 2% i
SF—m /o S(Re')dt.

Now apply Problem 6 to the ends and Poisson’s integral formula (The-
orem 29) to the middle to obtain

HOE—T < g(re®) < HORLL.

L]~1 3



10. Suppose ¢ is bounded below by M. Then ¢+ M is a nonnegative har-
monic function, and Harnack’s inequality can be applied to get

(ﬂ@+ﬁﬂ%§£s¢hﬂykM§(Mm+ﬁﬁ%%£wmn05r<R

Letting R — co gives

#(0) + M < ¢(re?’) + M < $(0) + M for any r.

That is, ¢(2) = ¢(0).

The case when ¢ is bounded above can be handled by replacing ¢ with

—¢.

11. Using Plioblem 6,
80 = 5= 20+ 30+ 20+ 56)] =3

12 a. Substituting ( = Re™ and z = re' yields

2,2
P(¢2) = 1ot

|Re® — ret®]2

R2____r2
- (Rcost —rcosf)? + (Rsint — rsinf)?

R? —r?
“RFro 2rRcos(t — 6)

The result follows.

(Hr_(+2)E-3)
(=%~ [C-4P

el + 2T -
=P

Imz(
I¢ - 2

P((,z)+2i

4~1W



c. H(z) = . u({) ¢ + f U(C)/Cdc

i Kl=R { — 2x3 Jigl=R ( —
Since u({() and u(()/¢ are continuous on |(| = R, Theorem 15 can
be applied to show that H(z) is analytic.

_ 1 2" Re®* + zu{Re®) . .
- Re[H(z)}= Re [2111' o Ret—z Re# iRe"dt

—Re|L [ Rt 2 u(Re)at
- o2rJo Ret—z

_ 1 g it it
== jo P(Ré*, z)u(Ret)dt

. Since the real parts of f(z) and H(z) coincide, f(2) — H(z) is a
purely imaginary analytic function. By Problem 8 in Sec. 24,
f(z) — H(z) is a constant iC.

u(€)
27 ficl-n ¢ a

— ax u(Reﬁ) 1
21rz/ Reit Rie"dt

Now H(0)=

1 Y4 ;
== jo u(Re™)dt

= u(0) by the circumferential mean-value theorem.

Plug z = 0 into f(z) = H(z)+:C to get u(0) +iv(0) = u(0) +:C.
Hence C = v(0).

Then

f(z)= H(z) + iv(0)

_ 1 ¢+ zu(()
= fid_x o iv(0) for e < R

H -



1 v(2)= Imf((zl) (i (C)
+zu
= Im|— f( B +i (O)J

| 272 Ji¢|=R C

27 Reit+ z y . .
27 Jo Re — Su(Re)dt + w(O)] (asin part d.)

= Im

1 /2” 2 Im z Re~*

T o |Reit — 2|2

u(Re™)dt + v(0) (using b.)

- / " Q(RE*, 2)u(Ret)dt + v(0)

1 (+zu(Q),
13.  a. |f(z)|= _}{
1 (2)l= |5~ =7 d¢
1 2|z| + |z| M|z|?
2r 4.2
T 27 2lz] —|z| 2)2] 4r|z| (by Theorem 5, Sec )
= 3M|z|?
b. By the proof of Prob. 7, Sec. 4.6 ( which works for 17 (2)] < Clz]3),

f is a polynomial of degree at most 2.

14.  a. Cauchy’s formula (Theorem 14, Section 4.5)

b. Z lies outside I'r, so Cauchy’s theorem (Theorem 9,12 of Sec-
tion 4.4 ) applies.

¢ f(e) = o f@ﬂ———~——ﬁdc
=5 O

21 Imz 1 2:Im =z

=5 [ FOF 7+ 5 L O =%

H-26



(Note that ¢ = € on the real axis ).
1 2¢Im z

d

10 T2 =]

f(Q) Im =
€-2)¢(-2)

zc?;a:o% If(C)ITR
(R —|2])?

<£_____Imz T
T = (R-|z)?

e. Since the bound in part d approaches zero as R approaches oo,
1o fly
f(z) == : .
@=L oy
The real part of this is

é(z,y) = %f_: &%df (y > 0).

27t Jo

1
R Py

R

1

~x

Im

R

1 1
Y

1
}- arctan (6 ~ :c)
T y e=—1

arctan (l—z) —larcta.n (_1 —-a:)
Yy T y

16. a. f(2) =% rnf(C) [(12+Ci7] d¢

I
3} |~

_1 (2¢ — 2Re 5)
= b O

Ll .27



- z) 2(( ~z)
= om / Gk |g % o 27rz ot T e a%

b om [, 10 (Cf(i“”) dC‘
< max T
< G e (IR

As R approaches co, this bound approaches zero.

Thus f(z) = / fle) === T lzdg for Imz > 0.
c. Taking the i 1mag1nary part of the last equation in part b. glves

1
v(z,y) =Im |— + i) , )=
for Imz > 0.
d. Combining the results of Problem 14 and part c of this problem,

£(z) = u(z,y) +iv(z,)
Y CUPSLY o U

E—2F% 7 ) € — 2|

* u(€7 — T+ zy)(_z)
R

(£,0)
m/€ d forImz>0

7. a —FE)= L / 66,0)

-3



To show analyticity, let f(z) = u(z,y) + iv(z,y) and f(z) =
#(z,y) +ib(z,y). Then f(z) = — f(Z) implies &(z,y) = —u(z, ~y)
and #(z,y) = v(z,—y)-

It follows that

o __ o _ % _o

0z e %%leny [T PR ] P
and :

ol _ du _ ?ﬂ _ _?i'

3y (=) K . KZ e 9%l

Since f(z) satisfies the Cauchy-Riemann equations when Im z < 0,
it is analytic there.

b. The change is
Jim [f(z —iv) - fla+ig)l= lim, <TG+ ) — (= +5)
= Tz +90) - f(z +10)

= —2u(z,0)

. 1 z—i(y+1) .
18. Taking f(z) =TT = Py L the formula in Problem 16,
part d. gives

00 2 2
f(z)= ;:7 /_m £/ Z _(oz+ DY) 4

1y §
= ‘Ki/-°° (€2+1)(€—z) dfforImz>0
From Problem 17, taking f(z) = —f@) = WI, yields
z—1
-1 1 ¢

z—i=7r_i —°°(€2+1)(.f—z) d{forImz<0

By Prob. 17, part b, the jump in the value of the integral is
—2z/(z? +1). :

q~iﬁ



CHAPTER 5: Series Representations
for Analytic Functions

EXERCISES 5.1: Sequences and Series

Ll 9+
1—i/3_ 10

f. —1 (telescoping series)
: 1 5 . 1
- i (j+1)!"i““s-mj+1 =
(G E)
kmoo| (E+ 1) B+i)
G+
P e Y e
.| (k+1)! kkl , ( k )" . 1
Pl = fim (] = lim ——
'(k+1)’=+1k! k—oo \ k + 1 k—+00 (1+%)k

= lim
k—o0

=

1
" Koo e

3. Suppose ﬂIi_y‘:’:c, zn = L. Furthermore, suppose that given € > 0, n > N
implies |z, — L| < ¢/2.
Then whenevern > N 41,

€
12 — Zn_1] = [(2 - L) — (#n-y — L) < |za = L|+|2,_3 — L < §+§ =€

Therefore "lirgo (2n — 2p-1) =0



. FOI‘ 2] = IZOIa z # 2,

& -G

Zp 20

The sequence diverges as a result of Problem 3.

&)
20

B § Z c; converges, then ,-LIHEOC” = nan;lo (Sn — Sn-1) = 0 by Prob-

Z_1l>o.
20

n—o0

= 00 s0 the sequence diverges.

For |z| > |2|, Jim

3=0
lem 3.

cdim (S, = S,0) = Jim ¢ £ 0.

L— 00

diverges.

o op

converges.

diverges.

/e o

diverges.

®

converges.

—H

diverges.

ch_S

=0

a. Given € > 0 there is an N so that n > N implies <e€.

n

doci—S

7=0

Then < e¢whenn>N.

Y 5-7
=0
(=]

Thus EEJ’ =3,

3=0

< €
Al

iCjHS

§=0

b. Given € > 0 thereis an NV so that n > N implies

< e¢whenn > N.

zn:Cj—S

7=0

i/\cj - /\S

=0

Thus Z Ac; = AS.

7=0

Then = |A]

)'“2



c. Given € > 0 there is an N so that n > N implies

i € 2 €
Z:OC_,'-"S,(E and gd,--—Tl( § .
= | =t
Then
S (e+d) - (S+D)| <3 — 5|+ [30d; - ~T| <545 =c.
=0 =0 i=0
Thus Z(Cj +d;)=S+T.
=0
9. Suppose Y z; =S
=0
Then ZRe(z,) = Z = (2; + %) = Re(S) by Problem 8.
j=0 J—O
=1
Slmhrly, Z Im(z,-) = Z Z (Zj -_— 7;) == Im(S).
j=0 =0
o (o
CODVEISGIY, if E Re(z,-) = P and ZIm (Zj) == Q then
j=0 3=0

10.

11.

3z = Y _[Re (2;) +ilm (2;)] = P + iQ by Problem 8.
=0~ j=0

u/3n
n-*oo zﬂ/3n 1

. 1
For lZ, > 3, ,}Lﬂg.an(Z) = "lLl]g_o-].—3~'v—z; =1.

For |z] < 3, Jim F.(2) = = 0.

; j+1
a. Jlirgo %— = |z|. The series converges when |z| < 1.
Gk A A BT .
b. klirgc P (7 | l The series converges when
lz—1] <2
fim |20 2 g | 2| = 0. The series converges for all
c. s m; = oo ] +1 =u. € B€nes converges ior z.




12.

13.

14.

15.

)2k4+2 (f 4 2)2

4 Lim (z+5z)' k (k +2)

k—oo| (24 51)% (k+1)2
when |z + 5% < 1.

= |(z+ 51')2]. The series converges

R+3
Choose € > 0 and suppose |z| £ R. Forn > —-—_:—,
nz 3 —z 3 lz|] 3 _ R+3
— 2 = R 2l B2«
| Fn(z) = 2| n+l n | in+1 n_n+n— n <€
Thus F,(z) converges uniformly to F(z) =z on |z| £ R.

For j > 2,

_i<f] &
P T Ji-r P

n

i dz ndy TP nPHl ]
Moreover, E = === | ===
-1 1
1

j=2 J z?

These partial sums converge to as n — oo . By the comparison

o0
test, Z = also converges.

=1
1 < 1
a. | ~| 5 =
iG+9|~ 72
b sin(k?) 1
TRz | = B3R
k2ik < 1
< k41| k2
5k + 8 6k 12
k
d. {(-1) I _%k3=ﬁ for k>3

If L > 1 then lim ¢; # 0 and the series diverges by Problem 5. I L < 1

J=—+C0O

then take € so that 0 < € < 1 —L and choose J such that ; > J implies

C-
‘J-ﬂ <L+e<l.
C;

Then |cjpi| < |es| (L + €).
lessal < lessr| (L + €) < |es] (L + €)? and, proceeding inductively,



16.

17.

18.

19.

20.

21,

lek| < les]| (L + €} for k> J.
00

Now Y ci(L+ €)*~7 is a convergent geometric series (with ratio
k=J+1
L+e<l)

o0
Thus Z ¢k converges by the comparison test.
k=0

n-~1
3" (2k41 — z) = zn — 21 ( telescoping sum ). Thus, these partial sums

k=1
converge if and only if 2z, converges.

1 | —n Log 2
an(:r)—F(z)|<2<=>|m|<-2-¢=>2<z aadt gz"1<n
.y
Letc_z.

Then there exists an integer N such that n > N implies
|Fa(z) - F(z)| < e = £.
It follows that
|Fa(2)l = |F(2) + Fu(z) — F(2)} 2 |F(2)|~|Fa(2) — F(2)| > p—

.

1301
i

|[F(z)| = |¢]| = ¢® > €™ for z in the disk |2] < 5. By Problem 18,
there is an integer N such that for n > N,

L
2%
for all z in the disk |z| < 5. Thus F,(z) has no zeros on |z| £ 5.

n . 1
ZZJ_1-.z

=0

e-—5

IFa(a)] = >

>

Zntl

1—-=2

n--1
< ¢ for

Given any ¢ > 0, there is no N so that n > N implies ]
-z

all 2 : |z] < 1. Hence the convergence is not uniform on |z| < 1.

The final point is z; = Zi=o” €'%/2" = 1/(1-'/2).
lze-4/31 = { 1/(1-€'°/2)-4/3} { 1/(1-€7%/2)-4/3) = 4/9



EXERCISES 5.2: Taylor Series

_ _ (i) 1y
1. a. f(J)(z) — (_I)Je—z — f ]'(0) = ( J})
f(2j)(0) 1

b. f)(z) =coshz = el (27)!

) (2741)
f(2’+1)(z) = sinh z == f ) _ 0

E
o £o9(0)
c. f¥)(z)=sinhz = @) =0
sy fE0) 1
F+Y(2) = coshz = 2+ 1) = (2j+1)!
o ! 96 1
d. f9(z) = 1= z)* = "5 T (-
e. f(j)(z) — —(ij_—z;-z! forj > 1 ==> _J%'(_O_)_ = :]—1 forj>1
F0)=0
£ f(z)=27° f(yy=1
P2 =37 Fw=3
() = 6 I =
2
" fm(l)
f"(z) =6 =1
f(j)(z)=0forj24 f—(j;—'(Q=0forj24
2. a. C
b. C
c. C

5-b



d |z—i|<1—il=v2
e |z| <1
£ C

3. Note that the uniqueness of Taylor series (Theorem 11 of Section 5.3)
will allow us to make these substitutions directly without resorting to
the derivative calculations below.

a. 3 a;z% is the Maclaurin expansion of g(2) := f(2?).
7=0
n |
It can be shown that ¢™(z) = 3 F™(z%) -r:—'(2z)“. (This
b ataima 10!

atb=m
is a special case of Fad di Bruno’s formula for derivatives of a
composition of functions.)
If n is odd then a > 1 in this expansion and g™ (0) = 0.

If n = 27 is even then

(0 = fOZ!  (witha=0,5=j,m=j)

Gy
= a;(25)!
o (n) 0 oo (25) 0 . ) .
Thus g(z) = Y g nf )z" = Eg(z _()')22’ =Y a;z"
=0 ™ j=0 \4J ) =0

b. Y, a;c’ 7' is the Maclaurin expansion of k(z) := f(cz).

j=0

W) (z2) = & fO)(ez)

® GF0) . 2
M) = 3 S S a0
j=0 J° j=0

c. 3 ajz™* is the Maclaurin expansion of H(z) := 2™ f(2)-
j=0

HY)(z) = i _.__?'___..‘.i:_( m)_f(:‘—k)( )
S GoRE z

HIY0)=0 i j<m

O™y
1
3



o]
m-+p
S,

HO(0) = a;_mjt i 72> m.
Ly 6) 0) )
Hence H(z)= z J( 2 = Eaj_mz’
=0 ' j=m

> a;j(z—20) is the Taylor expansion of G(z) :=
=0 ‘
G(J:)(Z) = f(f).(z — 2o)
G (z) = fD(0) = a;!

o Gz
6a) = 3, T

j=0

oo

(2 —20) = 3_ aj(z ~ zo)’

J=0

f(z) = (1 + 2)* is analytic on |z] < 1, with
f(O)—-la.nd for j > 1,
fN2) = ofa=1)-- (@ =j + 1)(1+2)7
fI(0) =ala=1)---(a=j+1)

The Maclaurin series for f(z) on |2| < 1 is

1)

oo

ala —

(a—j

p=0

f(z—zp) around zp.

+1) ;

ST

=0

+2.

i=1 ]!

a. Y (—z) valid for |z] < 1

(137
7!
(—1)732i+1 ;25+4

(2j + 1)!
i 2(_1)k22k N
k=0 (2k)!
14z _ (1 +1

“\1—4
1412

1—2
1

valid for all =z

valid for all z

® iz
1

j=0 J-
Z—Z

1—:

_E’“’(

7=0

) (1-

=)+ 5 (

1~ o

zZ—1

1—:

)1
Z =1

1—:

o0

> (

7=0

).H'l

z’ valid for all z



) 2 & (z—i\
=’+1-—i,§(1-—£)
(reindex second series and extract j = 0 term from first series)
The series is valid for |z — i| < v2

2 3 o
£ wszz%i 1‘(’"%)‘(2—2-1:) +(Z—9:!Z) +(z 414)

e cos (3(1+27))
i=0 7t

z zi( 1 )=z§:-§-(z")=ijzjvalidfor}z|<l.

& 1-2z)? ~fdz\1-z2 e dz =

4

—

x\J '
(z-z) valid for all 2.

: 5!
6' f(J)(z) = F-a;ﬁ s
1R ), i (a2
80 = < z— = —_—
(—z ,-;o 3! (2 = 20) ,-go(C—Zo)"”
This is a geometric series convergent for
z—Z

{— 2o

<1,o0r |z—2z) < |¢— 2l

142 142 ) 142
T L°g(1—z) _L°g|1—z +’A’g(1—z)

— Log |1 + 2| — iLog |1 — z| + iArg (1*'2)
Now |z| < 1 insures that 1 + z and 1 — z lie in the right half plane so
this equals A
Log |l + z] — Log |1 — z| + iAzg (1 + 2) — iArg (1 — 2)
= Log (1 +2) — Log(1 —2)

0 (_ 1\i+1.,35 o _ 3
It follows that Log (}i-j-_—z-) = Z L—}-)i-—:f- -3 =
=2
§2k+ 1
. 00 (_l)j(_z)zj-l-l oo (_l)jzzj+1 .
8. —2) = =YL __—_
& sin(=2) = 2. 11, Loy



=0 3=0
et = i": —iz)! _ i (—1)2k 2k N oo (_ )2kl 2k+1
j=0 ]' k=0 (Zk)‘ k=0 (2](7 + 1)1
(_1)kz2k = (_1)kzzk+1

"'kz::o = ]
= cosz—1SINZ

22 23 22 23
d. e'e =(1+z+ +3f+ )(1+z+2‘+§r+ )
(22)° | (22)
=1
Tt

(Cauchy product )

_ 622

_|_

9. a. Let h(z) = cf(z). Then r9(z) = ¢fU9(z) so the Taylor series for
cf(z) is

() (2o . cf9) (2o
— h ( )( __ZO)J Z f()( ) ZCGJZ‘—ZO)J

11 3 |
7=0 J: j=0 J: 7=0

b. Let A(z) = f(z) = g(z). Then rO)(z) = fW(z) £ g¥)(2) and the
result follows as in part a. :

10. The case j = 1 is obvious. Assume that the formula is true up to the
jth derivative of fg. Recall the binomial coefficient notation

C) -2
1) (j-nur
Then

. d .
(fg)U*Y) = ;i-z-(fg)(’)
~ JM [f(:-z)g(l)]

_Z (5 — D!

=0

160N



- Z ( ) [£6+1-0g® 4 fi-ng@4n)]
= fUHg 4 gD 4 E ( ) FUH-Dg0 4 E (-;) FU-Dgl41)

I=1

= flitDg 4 £l 4 Z( ) FUHD0 Z (1 ’ 1) FEH=D D
(

=1 i=1
= f(.i+1)g+ fg(.i+1) +i j+ 1) f("” -1 (z)

(pocase (3) 4,7 ) = (1))

i+,
+1 -
=3 (J l ) FUHI-D g0

=0
1
11. a.e’cosz:(1+z-|—1%z2+%z3+...)(1_5224.51224_,__)
=1+z—§z3+--- :
b Cz( -1 )=(l+z+"1'22+123+~v-) (—l—z-—zz-za—----)
) l—z 25 6
=—1—2.z—-2-zz+---

c. (cosz)(secz) =1
(1—1%z2+§2—2‘ )(bu+b,z+b,z’+b3;:3+...)=1

N

0z=5b=0
bo+bg)z =02z° =>bz—-

——bl+bs)z =02 =8=0

1 1 4_ .4 _

4

o

_qaula 5
secz-—1+2z +24z + .-

d. cosh ztanh z = sinh 2z

14242, 2 (bo + by +bzz+bs";3+ )
g T Tagp T ) etz b b 40+

g1



12.

13.

14.

3 z5

=ittt

bo=10

bhz=z=b =1
(%bo+b2)zz=022=:>b2=0
1 1 1

(§b1+b3> 23:-6-23=>b3=—§

1

(24bo+2b2+b4)24”’02 2?1)4_0
1
2

] 16 2
—— 5 e — 5 o e =
(24b1+ b3+b5>z B0’ — %=1 "1
1
tanhz:z——gza-i—%zs-{-

Suppose there is another such polynomial ¢,. Then F = p, — ¢, 1s a
polynomial of degree at most n for which F((z) = pl(z0) — ¢! (2) =
0 as long as 0 < § < n. Examining the Taylor series for F reveals that
F =0 and p, = gn.

(1-2)""=3 2%
k=0
Differentiate to get (1 —z)7> = > kz*!
k=0
Multiply by z to get z(1 — z) E kz*
k=0

Differentiate to get (1 + z)(1 — 2)~° E k2251

Maltply by = to get 73 21 F Z) =3 wst

The Taylor series for f(z) converges to 0 for all z in D. By Theorem 3,
f(z)=0in D.



15. f(-z) =3 (=) = 3 agy2 = f(2)

5=0 3=0
16. p(l) = Ea,-
j=n°
P(1)=)_ja;
.1"-;‘1
p'(1) = _EJ(J’ ~ 1)a;
J=

his 31
®1) =5 L g,

i=k

n n j!
p(z) =1§>[§=maj] (z-1)f
=Yoo +(-DY e+ EL S - Dyt - 1

17. |z| < 1 is not a closed disk, and attempting to close it includes z = 1,
where f(z) = (1 — 2)7! is not analytic.

5 ale-RillS e S El 5 L
purdl ) [ My T B T S R
kg(n+k+l)!
1
= R e Y e R CE ) Ry
1
<Z(n+l)'(n+2)
1 1 1 n+2
“ G (1——1,-) G Din+1

T+ 1+n+1



b. Note that
4n?+18n+20  (2n45)(2n+4)
4n?+18n+19  (2n+5)(2n+4) -1 ,
B 1 2 1
T ] — e “g[(2n+5)(2n+4)] '

(2n+5)(2n+4)

Then

) n ( 1)k 2k+1

sinz — —
L m

co 1Yk ,2k+1 foe]
E (_1_)_;:__ < Z ___1_._._...
k=n+1 (Qk + 1)' k=n+1 (2k + 1)’
> 1
- £(2k+2n+3)!
-3 1
& (Qk +2n+3)(2k+2n +2)---(2n + 5)(2n + 4)(2n + 3)!

Z 1 o 4n® 4 18n + 20
(2n+3)' (2n+5)2n+4)]  (2n+3)! \4n2+18n +19

1 1
19. To get m (1 + m) < 10~® requires n = 8, yielding nine terms
of the series.

20. f(z) - i Mzi

j=0 .7 !

_ 1 f(6) i
_2mfc|—RC—zC Z '27rzf¢| RC-"” a2

=07
(Cauchy integral formula)

5 5O ol SR P
CJ j=OCJ

27t Jic|=R

1 }{4 "] f(C)C

27 Jig=r (1 ( -



EXERCISES 5.3: Power Series

1. a limz # 0 when |z| = 1 , so the series does not converge by
J—=+co
Problem 5, Section 5.1.

Z 1 . i
b. || = =3, so the series converges by the comparison test.
J
j+1
. —— . a'
2. lim 941 (2 Zo)‘; = lim —-’-ﬂ |z = 20| = L|z — 2|

The ratio test implies that the series is convergent for Ljz — 2| < 1,
yielding a radius of convergence of 1/L.
3. a. 'ZI =1
b. |z - 1| = 1/2
c. z=0
d jz—i|=3
e |z+2[=1/V10
f |z| =
4. No, since |2 + 3i — 0] = V/13 is greater than |3 — i — 0| = V/10.

3
5. a fO0)=6la= %g——
f(z) 2mf(3)(0) 2m(3 as) — omi

ne
lz}=1 z4

c. €* f(z) is analytic inside and on |z| = 1, so the integral is 0.
f(z}sinz, _ .d .
d. fiz|=1 —dz = 271 o [f(z)sin z]

Z

z==0
= 27t [f'(z)sinz + f(2)o0s 2]|,_o =0

6. a f(0) = 1 agrees with the series at z = 0. At any other value of
z the result follows by dividing each term of the Maclaurin series

for sin z by 2.

s-i5



b. f(z) = z clearly has a derivative for any z # 0. At z =10,
()= hm (sz - 1) = lin(1] (sz — z) = hr%(cosz -1)=0.

Thus f (z) ha.s a derivative in a neighborhood of the origin, and is
analytic there.

c. f9(0)=3laz=0
FO0)=4la, =4 (1/5) =1/5

C?k (=] 2k+1
7'/0 ¢ = Z/ 46 = Zk‘2k+1)

P
The first three nonzero terms are z + ) + 0
f( ) f(J)
8. fz)= Y = £(0) + £(0)z Z
j=0
o0 f(:+2)( ) ;
= Z — = 2 zZ).
LTy T E )

g(z) is analytic at z = 0 since f(2) is.

9. Let {pn(2)} be such a sequence of functions. Since each p, is entire,
/ pn(z)dz = 0 for all n. By Theorem 8§, / (2)dz = lim f pa(2)dz = 0.

kak

= lm |——
(k +1)ak+

k—o00

10. Applying Problem 2, K = hrn

k—o0

Qp41

o0

1. a f(z)= (ax~ bi)z* = 0 in some neighborhood of the origin,

k=0
so f¥(0)=0for k=0,1,2,... and ax — b = 0.
(o]
b. The complex series Zakzk must be convergent on a disk that
k=0

includes the interval on which > axa® converges (similarly for b).
k=0
Thus this reduces to part a.

f '(0) L 10
2

12. f(z) = Zf (0) = f(0) + 22 4.

k=0

¢ -1k



= 10) + $@= + L+
zz
—fO) {142+ +--

—1+z+z +...=€
= 5 =

13. a f'=zf+f ==>f"(0) 0- f'(o) +f(0)=1
fO =zf" 4 2f" = fO0) =
In general,
f(:) -z f(:—l) +(j —1)76-2
and
7&+(0) =0
o) = (2 ~1)(2 -3)---3-1

>, (27 —1)(2) =3)---3-1 ,;
f(z)=j2=%(1 )((.72])|) P

-1 ("'_2)J = > /2
ol LA O
j=0J°

b. " +4f = 0= ) = 456~
FER(0) = (—4)*£(0) = (-4)*

and f(0) = (—4)*f(0) = (—4)*
_4)): 2k+1 oo (___i)i ok

(=4)ta21
Z G+ T & @)

(_l)k(2z)2k+1 o0 (_l)k(zz)Wc

1 0

=52 R T & (@)
1.

=5 sn 2z + cos 2z

c. Assuming f(z) =) a;z’, obtain the recurrence relation
7=0
Gjpg = ] +4a- J
i+2 = j + 2 7

by substituting the series into the differential equation.



6
ao = f(0)=1 =>a2=2ao=2,a4=z-2=3, etc.

=éagk--_—k'f"].
a= f'(0)=0 = a1 =0

1

fz)y=> (k+ 1)z?*, which is the series for (—1—_-7)2 .

k=0
14. Let f(z ZanJ
f 4+ f=0 ____> FE+9(0) = —FU9)(0).

o OO (CDRO) (=D*
HHZ 0k (2k+1)! 0 (2k+1)

Q) _ (=D40) _
IR I

a.nd agp =

l)k 2k41
Thus f(2) = Z w = sin 2.

15. a. F(z)= / [E L—l.‘Z)It(-f-—ti;‘:] di

E [(Qk o /2 t2k+lg(t)dt] ok

This series expansion is valid because the series for sin(zt) con-
verges uniformly on any disk in C. It follows that the series ex-
pansion for F(z) converges uniformly to F(z) on any disk in C,
and F(z) is entire by Theorem 9.

b. F'(z) = —d—g (2(k j—)l)' U' tzk“g(t)dt] 2k+1

g 2k+1 U ¥ g(t)dt] (26 + 127

k:O

TO0

r-18



= _lt g(t) [E((zk;' e ”‘]

- /_ 21 tg(t) cos(zt)dt

16. H(z) = [) l g(t) [g(zta)"] dt convergent for |zt?] < 1
§ [ / t)t”‘dt] 2F

Since 0 < t < 1, this series is convergent on || < 1, and uniformly
convergent on any disk in |z] < 1. It follows from Theorem 9 that H(z)
is analytic on |z| < 1.

1)(1); 2 _ & 391 N
17. a. 3F1(1,1;2;2) = =) = )
+Hil )= ,.Z; @; - mGOn &t
% Fi(lin+1;52) .
"i (1); 2z

” 00 'n' Z"
DN rr e i DM e

o0 n+j 0 zj n-1 2‘7 n-1 zj
- — =gt — -
,E_';,(nﬂ)' JX—:OJ! ?;?, 7! ,-‘S‘oﬂ

b. Applying Problem 2, the radius of convergence is

_ e | (®)i(e); ()i (G + 1)t
=P D5 Om@m

. |(@+)G+1)
= lim - -
i~e | (b+ j)(c + 1)
Thus the series converges for |z| < 1.

R = lim |—-

7= G54y

= 1.




2(1~2),Fy +[d— (b+ c+ 1)z, F! — be o Fy

b)J(cJ 772

“"““Z)J_Z? @; G2 )
tld=(ter)g s Wil 27y > (Bi(e);

j=1 (d)J ( =0 (d.v .7'
PO (b)O(C)o
= [ @ (@ }
s [(5)2(6)2 g0)2(c)2
e e
NI I
+1LC)5+1 J\C)j - J+1LC)j+1
+ZZ [(d)jﬂ(j_l)' (d);(5 —2)! t+d (d)jr17!
(8);(c); _ (8);(<)s
~Ct et D G- @ J
dbc
= |— — be
d
+z [(1+ )( (b;(;):(i;rl) (b+c+1+b)(l;c)}
= 22(0);(c); [(B+ i) (c+7)j
DRy B -
-7 -1+ 4 +dji(;+]) —(E+c+1)j — ch

=0
c. Applying Problem 2, the radius of convergence is
a; |

R=lim|—|=

I 8541

(c); ()il + 1)”
(d);i! (¢)jm

d+)G+1)|_

Jj—co

=1 -
fard (c+37)

Thus the series converges for all 2.
221 Hd—z2), F] —c.Fy



z-"1

=2 (C)J 22
St )Z(d), G-

=2 i=1

(C)J
Z (d)J .7’

=0

=l - é:%::]

i |__(9in (1 (9 L9
25 [(d):'+1(j -1 * d(d):‘+1ﬁ @;G-1)1 (@), ]

-[F- ERRlEE SR

J=1




19 (a) lfpz"dxdy = [[pr'r* %™ rdrdd
= Jo' JoP 100840 = (k+1), if k = ]
=0,ifk #]
() [ipf(z)z"dxdy = Zjo"l[paz'z“dxdy = a/(k+1)
ax = [(k+1)/n)lpf(z)z"dxdy , k=0, 1,2, ...

©) f(§) = Tieo™arl* = Tio™[(k+ 1)im)fIpf(z) 2" dxdy ¥
= (I/m)f[pZieo™(k+1)f(2)2"C* dxdy
= (Um)flpf(z)1/(1-28)* dxdy

EXERCISES 5.4
L. a. 2 b. o
c. 0
d. o
2. Let A = limsup Intl It A = oo then there is nothing to prove, so

‘T’.‘n
suppose A < co. Choose ¢ > 0. Then there is an integer N so that
. Z,
n > N implies —t2 < A + e. It follows that zy4x < 2v(A + €)* and

Zn
(replacing N + k by m)

. . A ™
imsvp ¥% <imewe | g = A+
Therefore, limsup ¥z, < A= limsup Tmtl
m—00 m-—00 Tm
] . ) 2_7 1/; 1
3. a. limsupy/|e;| = limsup [33. T 41.] =g 80 R=2
b 2v™ if n is a perfect square
. Gp = .
0 otherwise

lim sup (‘/m = lim sup (2ﬁ)1/n =1, soR=1
c. limsup \J/m = lim sup [2 + (—l)j] =3,s0 R =

im YR —ﬁm(j-l-l)j“'e
U G+ ) i/
b

4 .. .
— 1f n is even L
€. Gp, = 3n 3

0 otherwise

ol

Gi+1

d. R=1/lim

a;

4 1/n
lim sup {/a, = imsup [—] =1,s0R=1

3n
: |
f an { lif n=j!

0 otherwise
lim sup /a, = lim /1=1,s0R=1

4. Each of the three series converges for |z| < 1. For|z| =1,
'] 1 R i

% ==, so Z % converges by the comparison test.

J J =17

5 -1



S.

6.

o L

>, Z_ converges for some values of z on |2| = 1 and diverges for others,
o

S (1

since Y — = Z diverges, while z: 7 converges.

=1 J = =1

Zz’ diverges for all |z] = 1 since the terms of this series do not
j=0
approach zero (Problem 5, section 5.1)
a. limsup [jalajnl/j = limsup j3/|a; '/ = -Il—z The radius of conver-
gence is R.
b. limsup {/]a;|* = 1/R*. The radius of convergence is R*.

¢ b= ans2 if n is even
) 0if nis odd

limsup {/|b,| = limsup %/las| = % The radius of convergence
is VR.
d. 27 Y a;2. The radius of convergence is R.

§=0

— /\a;| 0if R>0
. 3 - % [ ——
e. limsup y/j~/]a;| = limsup i | indeterminateif R =0

The radius of convergence is oo if R > 0, uncertain if R = 0.
| Re (e;)| < |a;}, s0 1/ limsup ¢/ |Re(a;)| > 1/limsup ¥/|a;| = R

7. Jy(z) + (=) +ho(2)

(1Y)~ 1) | (125247
“E o moy Tk oY

+ Jo(2)

_ o (=1 j—
= ;220_1)(-’_ — 1)!22(’ 1) + Jo(z)

2( 1)’ 2j+J0(z)20

525512



(1) G+ D)l(n+j + 1)12%+24n

R P e (-1)i#1

J—o0

8. B= lim |[——

]—V(XD

a.H-l

= lm [4(7 +1)(n+j+1)| = 0
The series for J,(2) converges for all 2, so J,(2) is entire.

2

TU=) 42T () + (1_”—) (2)

Z (-1) (21 +n)(2j +n— 1)z2j+n—2
n +])|223+n

7=0

Z (=1)(27 +n) S2+n=2
j=0d!(n + j)12%4n

+i (_1)3 2j+n

=il + )22 "

_Z )jn z‘2j+n—2

— i (=17 (25 +n)(25 +n = 1) + (2j + n) — n7] 2j+n—2
e jl(n + j)12%+n z
7=0 :
+§ (=1 22t
j=oJ(n + j)12%4n

:Z( 1)]4J(n+.7)z2j+n— +i (—1) 25

=17 (n o+ g)12% e j=oJl(n + j)l2%tn

R SN OV A S .

Sl (n + )22+ “il(n + )22

=0

9. Let f(z) = f: a,z".

n=0



Za,,z —z-Ea,.z

n=0

(ao—ao)+(a1—1)z+2 by2" = 0 where 0 = b, =
Thus ay is a.rbit_rary':=azl =1, and

{a,.i_fnisodd

@, — Gpyz if n is even

_ { 0 if the prime factorization of n contains any odd number
lifn=2

Thus f(2) = ag + Zz This series converges for |z] < 1.

1=0
10. f(z) = Z 2" =1+2+4 Z:(“n-l + Gp_3)z"

n=0
= 1+z+za,,z"+‘+2anz

=142f()+2f()

It follows that f(z) = -1-—::_—22 (an analytic function).

-1-+5 -1++v5
2 2

-1
(1 —2)(ez — 2)

Taking ¢; = and ¢ =

yields.

flz) =

= T—/-_;- (:::L—;) + % (-c:l_—z) (partial fractions)

s G )
d,'“ _ dz‘+1- _
7 (Clcz)j+1 ) ?

i
i Ms

i
i Ms



11.

12.

Bl

=) ()]

1
Thusa; = —= [

Let f(z) =(1—-2(z+ 22)—1/2

fz) =1 =22+ - 2)
f(z) =1 —20z+2%)75%3(C - 2)° - (1—2(2-%.2')"3/2
f"(z) =(1-2(z+ z2) 7/2]5(C ) (1 —2z+4z ) 5/2(_9C +92)
Fo(¢) = f(0) =1
P(() = 'g )= C3 -
Py(¢) = I (0) _15(°-9¢ _ 5(3-3¢

6 2
To show that F;({) is a polynomial in { of degree j, we can show by
induction that f)(z) = (1 -2¢z+ 22)'%'ij(C,z) where Q;((,z) is a

polynomial of degree less than or equal to j in {. When 7 = 0 this is
obvious. Assume this is true for j.

Then fU)(z) = (1 — 2¢z + 22)_'_J -1 [(*l = ]) (—2¢ +22) Q;(¢, 2)
229,

which is (1 — 2¢z + 22)_%—0“) times a polynon‘ual of degree less than
()
or equal to 5 41 in {. It follows that P;({) = L;T(O_) = @;({,0), which

is a polynomial in { of degree j.

+(1—2Cz+z)

1 : : . 1
;—' = |exp [—z Log j]| = exp [—Re(z) Log j] < exp[-A Logj] = 7

By the Weijerstrass M-test (Theorem 13), ((z) converges uniformly to
an analytic function on Re(z) > A > 1. Since this is true for any
A>1, ((z) is analytic on Re(z) > 1.

192



13. On one hand,

n o0
lim lim |f(r) -3 a;r'| = lim |A - Yal=|a-Ya)
[t §=0 =0 §=0
On the other hand,
lim lim |f(r) ~ 3 65| < Hm (Mays + Mayz) = 0.
Thus A = E aj.
j=0

o (  1\i-1.3
14. Log(l+z) = ZL-%——z— is analytic on |z] < 1. Problem 13 yields

=1

+...

. = ---1)"."1 1 1 1
4 r_g}_ g( + r) Z ; 1 9 + 3 4

=1
EXERCISES 5.5: Laurent Series

1. aul-—--—- Z( 1+

z]l - B

1 1

" “{'f:tﬂ -

“ 171 [1 -(i+1)] - E 41y

j=-1
1

¢ G g~ By

i=2

2. No. Theorem 14 does not apply because 4/z has a branch cut.

-4

(z+1)0(z-2)
a"f(")”'[ ] 3[z-2]=%[1—(-z)] %[lis]

3. Let f(2) =

-4



_ 1
3
b. f(z)=—
c. f(z)=
_ 1
T3
_1
4. i (—1)j22j+1 2

e -1E () - 18

(1)t 4 2N 91

LS [yt 2]

j=1

7—

> (z——14)5 g [1+ E%“)H ) (z—14)3+4(zi4)3§;(_1)5(
=Z(‘zi_4)‘s+§_: (;;%ii(z_@j
6. go (é;)l.;; e
B E G
o) (ke be

4

2—4)j



1
142243224,

1 1
-1 z+if+id+---
where 1 1
(ao+a1z+agz’+---)(1+§z+§z’+---)=1-
Coefficient of 1 : ao-—l
Coefficient of z : a1+—ao 0, a=-}

Coefficient of 22 : ag+-a1+cao 0, ax=1;

1 1 1
st RS A

1
Tz

1 1

= =~ z¥ wh
Py e e 2“: where

:—0

(a0 + @12 + az2? +--.) (1—lz’+—1—z - )“-_-1

. 6 120
Coefficient of 1 : @g = 1
Coeflicient of z : a; =0

Coeficient of 22 : a3 — ag =0, a;=1
Coefﬁcientofza:as—-—al 0, az=0
Coefficient of 24 : a2+mao=0 a4=-3%5
z 6 360
2
(This series is valid forallz)

N

8. For ¢,(2) = Zc,(z — 2z and g;(2) = Zc__,(z — 2p)™7 the function

J=1

f(2) = ¢1(2) +gg(z) is analyticin r < |z — 29| < R.

Let C be |z — 20| = p for some p : r < p < R. Then, by Theorem 14,

the Laurent coefficients of f(z) are

2rt

c ((—z)H

- 29

o

1 f i(9) d¢ = L(c,21n) = ¢j, so the Laurent series for f(z)



is Z (2 — 2zo)
j=—00
o zj 00 1 0 z 7
* L m=rmy Ty (5)

. . 1 z
These geometric series converge when -——‘ <1 and ‘—2-| <1, or

2z

-é—<|z|<2.

10. ax = —
G 2m ¢ (k+1

Mg 1§ -2,

d¢ = 271 Jo Ck+1

A [ oif —i
1 21 eXp |5 (€ — € s . i
= _27ri /0 {:g(kﬂ)a )] 1240 (usmg C —¢ e)

2
= 51-7;/0 exp (i (Asind — k@) df

1 2 1 27
=§/0 cos(/\sinB—kB)d0+Zr-/0 sin (Asin @ — k6) d6

1 o
= /0 cos(k — Asin 0)d8 + 0 = Ji(})

11. fl(z)——l-(l_a/z) T ahzkl

k=0
(= l)ﬂ-lfl"'%) & G-
(n— ; (7 —n)l(n-1)!

12. By Theorem 7, Section 5.3, this series converges for |z| < R where R is
a radius of convergence at least as big as p. Thus hm f(z) exists and

fal2) =

equals ap.

13. Let C be the positively oriented circle |z — z| = p with r < p < R.
Then for 3 =0,1,2...



1/ (9] d

2xi Jo (¢ — zo) !

IR
<z ke
1 M

& e e
- 27 pJ"l'l

|a;] =

¢

2xp = %- ( Theorem 5, Section 4.2)

M
This inequality is true for any p with r < p < R, so |a;| £ =

Similarly

la_jl =

1
/ f (C))_,-H d¢

27 C‘(C—Zo
< o= 1706 - 20y~ ¢
< %ij'l 21p = Mp’'

This inequality is true for any p with r < p < R, s0 Ja_j| <M rd

EXERCISES 5.6: Zeros and Singularities

pole of order 2 at 0, removable singularity at —1
essential singularity at 0

simple poles at +:

o TP

simple poles at 2nxi (n =0,+1,+2,...)
(2n 4+ 1)x
2
essential singularity at 0
removable singularity at 0

essential singularity at 0, simple poles at ;}; (n = £1,42,...)

simple poles at (n=0,%1,£2,...)

R oo



2. 8:(since 1/f(2) has a zero of order 8§ at z = 0)
\2
S )
(z =2+ 3)8
zexp[l/(z — 1)]
(sin z) exp[1/(z — )]
C.
2(z—1)8
exp[l/(z? — 2)]
(z—1-4)2
4. Suppose that f has a zero of order m at 29. Then by Theorem 16 there
is a function g(z) analytic at 2, with g(z) # 0 and f(z) = (z—20)™g(2).

3.

&

o

Consequently fl = l/g(z)m and 1/f has a pole of order m at z,
by Lemma 7. &) (e=2)

Conversely, if f has a pole of order m at z, it follows from the prop-
erties of g given in Lemma 7 that ! = (z = 2)" has a removable

z (2)
singularity at zp. Defining 1/f(2o) = 0 results in 1 /f having a zero of
order m at z.

9. a. false b. true c¢. true d. false e. true

6. By Lemma 7 there is a function 9(z) analytic at z, with g(z,) # 0 and
f(z) = (z — 2)~™g(z). Then

F(z) = (2 = 20) "™ [=my(z) + (2 — 20)¢'(2)]
and Lemma 7 applies. Thus, f/(z) has a pole of order m + 1.
7. an essential singularity
8. Let ¢ be any complex number.
ez/z + e-—z/z
cos(1/z) = ==
e 2 41 =0 = 2= t/loglc + Ve —1].

Values of the logarithm can be chosen to make |z| < € for any positive
€, 50 that cos(1/z) achieves the value ¢ in any neighborhood of z, = 0.

5 -3L



10.

11.

12.

13.

14.

Yes; el/* is bounded by one on the negative real axis.

By repeated applications of Theorem 16,

7(2) = (2 = 2)™g1(z) = (# = )™ (z — 7)™ ga(z) = ..
= (z=21)™ (2 — z)™ ... (2 — 2a)""gn(2)-

(By contradiction.) Suppose Re f(z) < M in some neighborhood of
zo. Then |¢f(®| = eR*#() < &M in this neighborhood so that e/(*) has
a removable singularity at zo by Theorem 18, and g(2) = /), z # 2
can be suitably defined at z, so that g(z) is analytic at zp. This means,
using Problem 16 of Section 4.5, that there is a branch of log g(z) that
is analytic at zp. But then f(2) = log ¢(z) + ¢ is bounded at z.

A similar argument shows that Re f(z) cannot be bounded from below.
Use if(2) to establish the result for Im f(z).

Let f(z) = (z — z)"™h(z) as in Lemma 7.

Then
oy = L0 _ 2= omi) + (2 = ) (2)
f(2) (z — z0)™™h(2)
_ k'(z) __m
hz) (2 - 2)

It follows that g(z) has a simple pole at 2z = 2 and that the coefficient
of (z — z)7! in the Laurent series for g(z) is —m.

Suppose |f(z)] < M for 0 < |2 — 20| < p < R and define C to be the
positively oriented circle |z — zo| = p.

1 f(¢) 1 M ;
Then Ja_;| = %jc(c__zo)_mdc < = Oxp= P M

- 9% p““.‘i'l'l
Letting p — 0 shows that a_; = 0.

(By contradiction) Asslume that |[f(z) —c]26>0in0< |z—2z] <p
and define g(z) = ?-(-z)_—_; Then |g(2)] < % in the punctured disk so
that g(z) has a removable singularity at z by Problem 13. If g(z) could



be defined to be 0 then f(z) would have a pole at z,. If g(zo) could be
defined to be nonzero then f(z) would have a removable singularity at
zo. Either case contradicts the fact that f(z) has an essential singularity
at zg.

15. Since f(z) has an essential singularity at z, there are sequences z,, — z
and z;, — 2o with f(z,) — oo (real) and f(z}) — wo (a constant).
Then ef(*») — oo and ef(*r) — e*0. Thus e/(?) is neither bounded nor
does it tend to infinity as z — zp. It follows that e(*) has an essential
singularity at zp.

16. |el/z

=s=> (22 +yY)Llogs—z =0

. & fur(0)
17. a. F(z) has the Maclaurin series EWZJ , which converges
=0 )

whenever the series for f(z) converges. Thus F is analytic in U.

b PO < e |12 = e B <
c. For ¢ £0,10) < 1p01 < tim 2= 1. Thus 1101 5161

18. |F(z)| = 'I(Zz_o)‘ = 1 implies that F(z) is a constant ¢* in the disk,
0

by Theorem 23 of Section 4.6 (the maximum modulus principle). Then

for z#£0, -‘ﬁ;—) = ¢'? so that f(z) = ez,
(Forz=0,f(0)=0= #0.)

Now if |f(0)] = 1, then |F(0)] = |7/(0)] = 1 and the same proof shows
that f(z) = e¥z.



(a) h(z) = (1/sin z) —1/z +22/(2>-1°)
lim,_y0 (h(z)) = lim,0 [(1/sin 2) ~1/z] =0
lim,_,x (h(2)) = lim,z [(1/sin z) +1/(z-m)] =
lim,—.z (h(2)) = lim, . [(1/sin z) +1/(z+n)]
(b) h(z)=(1/sinz)-1/z +2z/(z - )
=0+ (1/6 - 2mAz + ()% + (7/360 - 2 + (0)z + .
(radius = 27)
(©) csc(z) = Usinz = 1/z -22/(2*-1) + h(z) =1/z - (2/2)(1/(1 -z }+h(z)
= o 2mHZ — Uz + (16 = 2Dz + (11360 - 21’ + .

EXERCISES 5.7: The Point at Infinity

1. a. essential singularity  b. essential singularity

c. analytic d. zero of order 2

e. pole of order 2 - {. essential singularity
g. essential singularity  h. essential singularity
i. analytic

. f(%) is analytic at w = 0.

By Theorem 3 of Section 5.2, f (-1-) =3 a,w" with radius of con-
n=0
vergence R and this series converges uniformly i m any closed subdxsk

jw| < R’ < R. It follows by the substitution z = — tha,t flz) = z —

converges uniformly for |2| > 1/R'.

3. Let 2= —
z—1
=(1— —w) = j
& — 1+w (1 w)Z( w) 1+2§( ~1)Yw
—1+2E( convergentfor lw] < 1, or {z| > 1.
je=1
z? [T (= )J
b. = = E( 1) w¥ Z , convergent for

2241 1+w2
lw| <1, 0r |z] > 1.

Jj=0 =0



1 w3 o] 5 oo 3
C. 54— = — = wsi (iwa) = E T A
z2—1 1 —zwd s =

oo le
= Z;E,"Ié" convergent for |w| < 1, or |z]| > 1.

=0

4. A function with an essential singularity at co assumes every complex

number, with possibly one exception, as a value in any neighborhood
|z] > R.
To verify this for ¢*, notice that Example 3 in Section 5.6 shows that
e!/* attains all values but 0 in any neighborhood |w| < € of 0. Thus,
by substituting z = 1/w, it follows that e* attains all values but 0 on
the set |z| > 1/e.

5. deg@Q —deg P

6. Let C be the simple closed contour given by I' together with [(l =R
and two line segments as shown. Note that I' is negatively oriented but
C is positively oriented.

¢|==

By Cauchy’s integral formula

T 2miJo ¢~z 2reJr ( — 2 2m (=R{ —z



f(¢) d¢
(—z

- Applying Cauchy’s integral theorem (Theorems 9 and 12, Section 4.4)
on the contour C shown in Problem 6 yields

0= }(c F(2)dz = ff f(2)dz + fi, ()

ThelastintegralgoestozeroasR—roo,sof(z)z-i-:;’:ﬁ

Now

i R f—’i(-fldz

z

fiz|=n f(z)dz

<
< 2 max|zf(2)],

which tends to 0 as R — oo, since f(z) has a zero of order 2 or more

at co. This leaves
0= }£ flz)de.

 f has only a simple zero at co then this integral may not vanish. As
an example, take f(2) = :1; and I : |z] = 1. Then ff%dz = —2=xt by
the Cauchy integral formula.



. By Theorem 16, Section 5.6, one can express f(z) as (z—z)™g(z)

where ¢ is analytic in a neighborhood of z, and g(z) # 0. Let
¢ = g(z0) and ¢(z) = g(2) — g(z0). Then f(z) = (z— 20)™[c+ &(=)]
and one can use the continuity of ¢ at 2 to find a neighborhood
where |e(2)] < |¢]/100.

. By Lemma 7, Section 5.6, f(z) = (z — z)™™g(z). Let ¢ = g(z0)

and ¢(2) = g(z) ~ g(20), and the result follows as in part a.

. Let z =z + iy with £ > 0. Then

R/zC _ R(zRC + 1 — iyRC) : ]
Re [R T1/zC "'L] = Re [(::RC T T RCE T @YWL
+R'C + R
= GRC+ 1) + WECY +zL > 0.

2RC+1 ]

1
‘ R”[EE] = Re [R+z=LRO+zL

_ _(zRC +1)[R+2*LRC + zL] + zy’LR*C? S
" [R+ (2 —y*)LRC + zL}® + 2zyLRC + yL)* =

. Let f(z) = u(z) + iv(z) with u(z) > 0 when Rez > 0. Then
1

u
Re f(z) TR

f cannot have a zero at z, in the right half-plane because in such
a case f(zp) = 0 s0 Re f(z) is not positive. f cannot Lave a pole
in the right half-plane because in such a case f(z) — oo with all
arguments as z — % (yielding negative values of Re [f(2)] for z
near zp).

> 0 when Rez > 0.

. Let 2 be a pure imaginary zero or pole of f and write 22y = re.

Then by Problem 11,

f(z) = (z — )™ (c + e(2)) = r*™e= ™ (c + e(2)).



1y

1.

13,

Since |e(2)] < -1-66 for z near 2o, f(2) & rim timbe Because f is a

positive functlon —% < tmb+arge< = ( that is, Re f(z) > 0)
whenever —5 <f< 5 (that is, Rez > 0). This inequality holds
only when m = 1 (simple pole or zero) and c is a positive real
constant.
Note that Rez > 0 <= Re[l/z] > 0, so that f(z) is a positive function
o= f (1) is a positive function. By Problem 13b, the function f (—)
z

is analytic and nonzero at z = 0 or has a simple pole or zero. It follows
that f(z) exhibits the same behavior at co.

If f(z) is expressed as a polynomial quotient gg; then

deg @ for analyticity at co
deg@ —1  for a simple zero at oo

, deg@ +1  for a simple pole at 0o
deg P

a. By Theorem 27, Section 4.7, the minimal value of Re[f(z)] over
{z : Rez > 0,|z| £ R} is attained on the boundary. Letting
R — oo one sees that the minimal value of Re [f(z)] over the closed
right half-plane occurs on the imaginary axis or at co (which can
be considered as being on the imaginary axis).

b. From the proof of Problem 13b, near an imaginary pole
Re f(2) ~ r~' cos 6(c+ Re€(z)). Asr — 0 these values go to +occ.
Thus the minimum of Re f must be away from a pole, and the
contour argument of part a shows that the minimum is attained
on the imaginary axis.

c. For z in the right half plane near any pole, Re f is large and
positive. Reasoning as in parts a and b, the minimum of Re f(z)
for Rez > 0 is attained on the imaginary axis and is greater than
or equal to 0. Thus Re f(z) > 0 when Rez > 0.

a. Suppose f(z) = (22 — 1)/® is such a branch. Then f(z) cannct
be finite at oo or have an essential singularity there, since then
[f(2)]® = 22 — 1 would show the same behavior. If f(z) has a



pole of order m at oo then it follows that g(w) = w™f (%) with
( 22 — 1)1/3
2™

= (0. Hence no such

9(0) # 0. However, |¢(0)] =

f(z) can exist.

lim
2=+ 00

b. f(z) = zexp [%Log [(1 - %) (1 - %—) (1 - g)]] is such a branch,
sinceArg(l—%) (1___2_) (1—%) # = for |z] > 3.

1

EXERCISES 5.8: Analytic Continuation

1. f(z) = 2%, by Corollary 5.
2. Apply Corollary 5 of Theorem 22.

3. Yes; for example sin (-i-—l——) vanishesat z =1 — nir’ n=123,....
4. f has an isolated singularity at z = 0. If this singularity is removable
then f(z) = 0 by Theorem 22. Otherwise f must have an essential
singularity at z = 0, since Theorem 18, Section 5.6 shows that f cannot

have a pole at z = 0 (since If (i—)l -0 as n — 0o).

5. All values except real numbers 0 < a < 1, since the disk of convergence
is|z—al <|1-aq.

6. Taking f(z) = Log z with D and z; as depicted in Figure 5.18, let f;(2)
be the Taylor series of f centered at z;. This series is convergent on
the disk |z — #| < |z;]. Hence fi(2) is clearly continuous across the
negative real axis, so it cannot agree with f(2) = Log z.

7. Both series sum to f(z) = I—i—z, so f(z) is a direct analytic continua-

tion of both. (The analytic continuation of ) 2’ along the top half

=0



of the circle [z — 1] = 1 yields — d(2-zy

8 a.

i

o

e.
f.

. No. 3.22/3 £ 3.9%/3 (—5 - -——i)

Lo

® +/ e 'zt 1d¢
=0 0

I'(z+1) = /Ooo e"'t dt

= —e ¥

=0+ zI'(2)
Repeated use of part a. yields

I(z+n+1)

I'(z) =

() 2(z+1)(z42)---(z +n)
The right side is defined and analytic whenever Re(z4+n+1)>0
and z #0,~1,-2,... ~n.

Since this equality holds for any positive integer n, I'(z) can be
analytically continued for any z except z =0,-1,-2,....

for Rez > 0.

. T(1) =/:oe‘tdt= 1=0!

Forn>1,T(n)=(n—1)I(n—-1)=... = (n—=1DIT1) = (n~1)!

1 V3
2

Yes.
Yes.
No. sin V2 # sin(—v/2)
Yes.
Yes.

10. Let £ be any rational number with p and g relatively prime integers.

Then exp (i-l—?ﬂj!) =1{or j > g, and
q



11.

12.

13.

lim f(rexp(iz—; )) = | lim Yo rexp (igm')
re—tl— r— —’.=1
0 ~1
> lim Er’! — Lm Zr"exp(igarjl)
r—l1- =g r—+1= =1 q
= 00

Thus f(z) cannot be analytically continued to the point z = exp (i%:r) .

These points are dense in the unit circle (that is, in every neighborhood
of a point on the unit circle there is a point exp i%r of this form),

g0 f(z) cannot be analytically continued to any point on the unit circle
or any point outside the unit circle.

f(z) = 2¢/(z), so if g(z) could be analytically continued beyond the
unit circle, so could f(2).

fl)=z+f(@)=2z+2+-- 427 +f(z¥) foranyn =1, 2 3,.
Since lunlf(z)[ = oo it follows that lim |f(z)| = co when w? = 1.
These pomts w are dense in the unit clrcle (that is, in every neighbor-
hood of a point on the unit circle there is a point w of this form), so
f(z) cannot be analytically continued to any point on the unit circle
or any point outside the unit circle.

a. Let U(:r: y) - u(za _y) and V(zh'/) = _v(z, ""'y)'

Then Uz(xsy) = u,,(:c, —y) = v,(z, _y) = V,(:t, y) and Uv(z)y) =
—u,(z,—y) = ve(z,—y) = —Ve(z,y). Thus F(2) = U(z,y) +
iV(z,y) satisfies the Cauchy-Riemann equations in IV’

b. From the definition of U(z), F(z) is continuous on D U~. Now,
v(z,y) — O as (z,y) approaches 7 so that u(z,y) — U(z) and
u(z, ~y) — U(z) as (z,y) approaches 7. Thus F(z) is continuous
on DU~yUD.

c. /r F(z)dz = fr F(z)dz+ /F | F(2)dz = fr fle)dz+ fr- f(2)dz =0

since f is analytic in D.

542



By Morera’s Theorem (Theorem 18, Section 4.5), parts b and ¢
imply that F(2) is analytic on DU+ U D’. (Alternatively, one can
apply Theorem 5, Section 2.4, using parts a and b. The calculation
in part a shows that the first partial derivatives are continuous in

Du~yuD.)

14 Suppose that f(z) = u(z,y)+1v(z,y) is analytic in a simply connected
domain D which lies on one side of a line z = z5 + re'® and which has
a segment vy of that line as part of its boundary. Suppose furthermore
that f(z) approaches wy + pe'®® as z approaches zp + re® within D.
Then the function f can be analytically continued across + into the
domain D', which is the reflection of D across the line z = 2o + rei®.

00 .,) _
Proof: Apply Problem 13 to g(z) = fzo + :idaoZ) e
continue g(z) to a function G(z) analytic on a domain symmetric with
respect to the real axis. Then F(z) = '@ (Z —;:0) +wp is the desired

analytic continuation of f(z).

2 to analytically

ei

15. As in Problem 13 for the case where ¢(z,y) — 0 on the real axis, a
barmonic continuation on DU~ U D’ can be defined by

é#(z,y) forz=z+4+1iy inD

Q’(z,y):{o forz=z on«y

—¢(z,~y) forz=z+1iy in D'

Proof: By Problem 19, Section 2.5, ¢(z,y) is the imaginary part of a
function f(z) analytic in D. Applying Problem 13 of this section yields
an analytic continuation F(z) whose imaginary part is the harmonic
continuation ®(z,y) that we seek.

7] . . . .
In the case where 9¢ — 0 on the real axis, a harmonic continuation

Jy
on D U~ U D' can be defined by

qS(z,y) forz=z+,:yinD
‘D(zay) = !1,1_1{3¢($,y) for z = zon y
#(z,—y) forz=z+iyinD’

Proof: Again, ¢(z,y) is the imaginary part of a function f(z) z.malytic
in D. Applying Problem 13 of this section to g(z) = if(2) 3{1elds an
analytic continuation G(z) on DUyUD’. By Theorem 10, Section 4.4a,
G(z) has an antiderivative iF(z) from which &(z,y) can be recovered.

16. The local maximum of If(z)! at z, is a true maximum in some neighborhood of
Zg, so f(z) is constant in this neighborhood by Theorem 23 in Sec. 4.6. Use
Corollary 5 to extend this to all of D.
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CHAPTER 6: Residue Theory

EXERCISES 6.1: The Residue Theorem

1.  a. Res(2)=¢f

b. Res(l) = —2
Res(2) = 3
c. Res(0) =0
Res(—1) = —6
e. Res(0)=1
Res(—1) = —55(;
()= o3 ()
"\3z A *
0) = =
Res(0) 3
T sin z
g. Res (— + mr) = = —1 (using Example 2)
2 %(cos z) /24 °
h. Res(nx) = iz(s_i.nlz) = (=1)*(n7 — 1) (using Example 2)
dz
) o (=12 2
1. Res ( )_21”1_13—1——_—\/?_21_1“1}—(1-}-\/5)2' = -2

2. When f(2) is analytic inside a simple closed positively oriented contour
I',9(z) = f(2)/(2 — zo) has a simple pole at z, (inside T') so

f(z0) = -..1_/ (z) dz = Res(g; z0)

T omg

rz—=zp
3. a. 2ri Res(2) + 271 Res(—2) = 27rz'Sl4L2 + 2mi sm(;Q) = misin2
b. 27i Res(0) + 277 Res(2) = 274 (—l) + 2mi (162> _m (62 - l)
' B 8 8/ 4

c. See Problem 1, part g.
27t Res(w/2) + 2w Res(37/2) + 271 Res(~7/2) + 271 Res(~37/2)
= 2mi(—1) + 2ri(—1) + 2mi(=1) + 278(—1) = —&ns



—~12 + 51 .
; : o [ 2T ) 42—
d. 2xi Res(0) + 27i Res(2) = 2mi ( 160 ) + 1rz4(2 5

_[-1245i  (2—5i)e*
‘”{ 50 T 58

6/ 3
£. 27i Res (¢7/4) +27i Res (¢°/*)+2ri Res (ef5%/4) +2xi Res (7/1)

e. 2mi Res(0) = 2w (l) L

o |32 3 L2 35442 3T 2]
= m 4ei3n/4e 4ei9%/4 4ei157/4 + deiim/4 | T
: 1, V3. 1 V3
.2zt Res | —— + — ] ——— ——
g. 27t ( 2+2 )+2mR&s( 3 21)

1 1
= —= i —) =
m(i\/g)+2m(-_i\/§) 0

4. f(z) =---+a.2 (Z - 20)_2+G-1 (Z - zo)_1+ao+a1 (Z — Zo)+ag (Z - Zo)2+- ..
fi(z) =+ —28_5(z ~z0) 2 —a_1(z -zo)'2 +ay+2a2(z—20)+ -
F'(z) has no (z — z0)~* term so Res(f"; z0) = 0.

5. No. A simple pole requires a nonzero coefficient of (z — zo) .
Yes. For example Res (;1;, 0) =0.

6. Write f(z) = (z — zo)™h(2) as in Theorem 16, Section 5.6. Then
fi(z) _ milz = 20" *h(z) + (2 = )"K' (2)
f(z) (z — z0)™h(2)

. m R(z) ... h'(2) )
=T + w(z)’ with a(z) analytic at z.

(4
Thus _f_(:zl has a simple pole at z with residue m.

f(2)

1 1 1 1 1
1/2 1 = —_ — .--a —— ——— aee - — ..
7. e sm(l/z)—-(l+z+2zz+ )( 623+ ) (z+ )

+4



}f | e!/* sin(1/z)dz = 27 Res(0) = 2mi(1) = 2né
z|=1

EXERCISES 6.2: Trigonometric Integrals Over [0, 27]

In this and the following exercises, let C denote the positively oriented unit
circle |z] = 1 and let I denote the integral in question.

2dz

I= [ —==
1 c 2?44z ~1
27i R ( 2 ( 2+\/§))
= 27i Res | —————: i(—
S\ FZrdiz—1"
_27”,( 1 )__QW
iv3) V3
1 2= 8 dz
9 J==[ —  —_ /____
2Jo 542cosé 4 cz:+4+5z+1
) : 5 421 8
= —4i(2mi) Res | —2> + Y=} = ==
?(2m2) es( 5 2) 75

1 f2 do 1 zdz
== —_— =
3 2/0 (3 + 2cos8)? 2i/c'(zz+3:r:—l-1)2
—2_7"_2'.Res _§+£ =T 3 —371-\/3
Y 2 2 )7 \5/5) 25

zdz
4. 1=4'/
e+ 2z —D(2 -2z 1)

= 4¢(271) [ Res(—1 + v2) + Res(1 - \/5)]

= —87 (“g}ﬁ'ﬁ) =2

(Use Example 2, Section 6.1 to find the residues).



2 dz 2 ) —1++1-a?
5.1—;;:‘/;‘z2+%z+1-;;(211)R.88( p )
__47r a _ 2
T a \2v/1-—a? d\/l—ai

-1 (22 —1)*dz
6. I = 55 2 2 e -
C z (z + 52+ 1)

_ -22; [RBS(O) + Res (—a+\£a‘2':ﬁ)]
A=
-5 (-v@=P)
7,1=§L[ Z .
iJo|(s—va-vatl) (z-va+vati)

1

. 5| 42
(z+\/——\/¢—=¢_1-) (z+\/5+V“+1)}
=3 (ori) [Res (Va - Va+T) + Res (—va+va+1)]

= 167 20 +1 + 2at1 (tedious calculation)
64,/(a? +a)® 64y/(a® +a)
7(2a + 1)

B 2,/(a? +a)®
zdz

4
8. Izi(b’—a2)/0'(zz-—-';—"'_—§) (zg_ﬁ_%)




)

4(2x1) a—>b
m {Res( a+b\) + Res (_

87 [b2—a2 bz—aQ] or

=¥ _a | Bab T Bab ab
1 1 2n
9. I= ./—(z+l) dz
2%y Jo z z i
By the binomial theorem (see Problem 27 in Section 1.1) the coefficient
!
of the z~! term of the integrand is (3::3'
_ L, ()  x(n)! o
= 9 (Rl T 2B ()2
1 [ cost ( i(nf—sin6) | -~i(nf—sin0)
10.]:50 e (e +e s )dG
_1 (eineecoso—isins n e_ineecose+isina) do
2 Jo

dz

1 / 2el/? 4 z "
T 2% Je z

1 _1( 1T 1 1 )
— — i —_ — —— se d
22'/02 1+z+222+32!z3+ z

+1f ] (TP P
% Jo© TR

_21rz' (1)+27ri (1)_211'
T2 \n! 2; \n!/  n!
1 ./.21(- ei(9+ia) _ e—i(9+ia)

0

1. I'= 2% il6+ia) 1 g-i(6+ia)

-1 / ze~® — z7le? dz
T2 Jozeo 4 z7lem 2

b-5



—_1 22_8241 .
=2 Jo (22 +e)

fa>0then = —-12-(215) Res(0) = —wi(~1) = =i

Ifa<O0thenl = -%(21’:') [Res(0) + Res(ie®) + Res(—ie®)]
= —1ﬂ[—1+1+1] = —x1

I = (sign a)7i

EXERCISES 6.3: Improper Integrals of Certain Functions Over

("'°°7 °°)

1. I=2m'Res(—1+i)=7r

9. I = 2wi Res(3i) = 2ri (-3-) =
12¢

n
6
3. 1= %(21{1’) [st (e-n'lcl) + Res (es«m'n)]
- i 141 + 1-1 _ ks
(Use Example 2, Section 6.1 to evaluate the residues)

. . . 1 1 T
4 T = 2mi|Res(i) + Res(2i)] = 27i éi“Té?] =%

. . (=1 w
5. I = 2xi Res(~2 + 3i) = 2xi (54:') =

6. 1= 2(2ri) [ Res(i) + Res(2i)] = v EX 2=

t



7. 1= %(2%2') [ Res (eivr/4) + Res (eiar/e;)}

| d z°
= dz (z — ez‘31r/4)2 (z — 6551r/4)2 (z _ ei77r/4)2

z—eiT/4
+ d ( z8 ) ]
dz \(z — ez'7r/4)2 (z — eisn/4)2 (z —- ei77r/4)2 o gianfs

. [3\/5 — 32 N ~3v2 - 3\/§i] _3r/2

32 32 16

8. Let C be the half circle z = pe’, 7 <t < 27, and let v, be the real
segment 2 = —t, —p < i< p. Let T, = v, + C (which is positively

oriented). ./c _ f(z)dz approaches zero as p approaches co, as in the

proof of Lemma 1.

Thus pv. [ ” fe)de = — lim / f(2)dz = — lim / fz
—o0 —0 o, —+00
= —27% Y _ [residues of f(z) at the
poles in the lower half-plane |

9. Let I'y = y1 + 42 + 13 + 74 where

"z =1, —PStSP

Yo iz = p+1t, 0<t<1

Yo iz= —t+i, —p<i<p

Ta:z=—p+i(l—-1t), 0<t<1
e22 26(2+7r)z

: 1
cosh(xz) T etz 4] has simple poles at (1 + 2k)§: k=0,£1,£2....

9el(2+7)z ; ]

Thus / ° dz = 271 Res (l) = 2¢'
7z 41 2

Lookmg at the component integrals,

De(3+)z (e
/ dz| < lim 2e
¥2

p—oo 270 _ |

=0

Iim
P00




10.

. . e'(nH)P
Yim || f()d2| < fim o =
lig [ fle)dz=p. [_ " fla)da

i d 2 1)t
i [ f(e)de = o [ St

. —(24x)t .
=% p.v. /oo ?i——dt = e p.v. = f(z)dz

-0 e—ort + 1
Summarizing, -
2 = lim jr f(z)iz = (14¢€¥) pv. j_ _ f(z)da.
o0 2¢f 2 :
Hence p.v. /_oof(:c)dz =TT E et secl

Let T, =71 + 72 + 73 + 74 Where
nm:z=1, 0<t<y
1piz=p+1it, 0<t<A
vtz = —t+ 1A, —p<t<0
qaiz=1(A—1), 0<tL<A

wg? » . g2
e * 1sent1re,so/ e*dz=0

P
hmj e"zdz'-——/coe":dz:ﬁ
PO Sy 1] 2

A .
Iim \ j e dz j e-<P+"”idtl < Lm e ™A=0
P00 | fom 0 p—r0

lim [ e'dz= f° e~V (~1)dt = —¢¥ /°° et -t
0 Jopy —00 o

= lim
P00

=—e" /Om [e“""2 cos(2)z) — ie™ sin(2/\z)] dz

lim L e dz = j; ’ M (—i)dt = —i /0 ’ e’ dy

P 00
Summarizing,



0 :/ emzzdz
Tp
) 2 , \
= --——\g? — eA’/ [e—x cos(2/\$) — e T sin(?)\m)] dr — i_/o eyzdy
Q0

Take the real and imaginary parts to obtain

/00 = cos(2Az)dz = -\/2—;@—32

A
and/ == sin(2\z)dz e-*’/ e’ dy
0

- 8, =7 + 7 + s where

Ttz =1, 0<t<p
7232’=pe"z, (]Stszn./:}
733Z=—te2”i/3’ —p<t<0

d . _ - .
f Z o —97i Res (e”/3) _ 2Tt -ami/3
P

3
: dz ° dzr
Iim =/
0
<l -0

3+ 1 .
d 2x/3 : it
,/ : / "ﬂ"‘”—‘dt =~ im —
'7223+1 0 P—*00p3_13
d 0 __p2mi/3 o
hm Z — / ¢ dt 211'1/3/ da:
- 0

i p 2
= lim
p—+c0

p3813t + 1

p—ro0 ‘7323+1 oo--—t3+1 .'L'3+l
Summanzmg,
2m : © dx
e /3 1 — 2wt /3 /
: A z3+1 ( © )o z3+1
Hence /°° dz B 271 _ 273
o 341 3e2mi/3(1—e2ri/3) T 9
£ .. .
. Let . Integrate over a semicircular arc in the
O = @i ™
upper half-plane.
For Imz > 0,
1 oo 2w
— [ F(€)dg = = [ Res(i) + Res(2)]



9 3 + z | _ 1
T2l -2)  22+1 T oz+i

For Imz<0-—j f(g)de—-z—”iaas()_ —

® (1 + £8)~"~'dz= 2xi Res(i)
= 2wi lim —1—£- [( + :)'"‘1]

= -;-(-1)"(" +1)(n+2)-- (n+0)(2) 7"
_ m(2n)!
= ey

14. a. g(z) has simple poles at z =k, k=0,4£1,42,..

‘".f (2)cos(mz) _ = f(k)

Res(g; k
(%) = 137 (sin(r2))
b. On the parts of I'y where |y| 2> 1
ﬂz -tz —xY Y T
|cot(xz)| = +e < e e Sl+e
emiz _ g—¥iz e~V — e*¥ 1—e"*

On the parts of I'y where |y} < 5
oot (x2)}= [eot = (2v+ -;- + z'y)‘ — Jtan(wyi)|

= |tanh 7y} < tanh (%) .

Thus |cot(wz)| is bounded by some M on T'y, independent of N.
c. Since f(z) is a rational function P(2)/Q(z) withdeg @ > 2-t+-deg P

[ -10



one can form a bound |f(z)| £ 5 for z on I'y, N large.

(N +1)
Then

< lim max |f(z)r cot(xz)|{(Ty)

Nowzonl'y

Ne—oo

lim '/I:N 7 f(2) cot(mz)dz

_ him — T M(SN 4 4) = 0

. 0= lim 7 f(z) cot(nz)dz
I'n

N-—oo

= 2mi Y _(residues of 7f(z)cot(nz) at poles
of cot(wz) and poles of f(z))

= 2 [ i f(k) + > (residues at poles of f(z))}
M

Thus Y f(k) = — (residues of 7 f(2) cot(nz) at poles of f(z))
k=—0co

> 1 7 cot(mz) . Teot(mz) .

2 = Re (T‘) = Res (T i
_ T c;)jc(m) 3 7rcot(2;7rz) — 7 coth(r)
: —

= 1 7 cot(wz) 1 d
kz (k 1)2 = — Res (—(_———(-1-)—7),-2—) = mz(wcot(ﬂ'z)) 1
D - 00 — E Z — 5 z=z
0= > Res (rcotgﬂ'z)’k>

k=—o0 <



weotwz _ x (1 =2 (rz)3+ N _‘_1___1r_2__“'
22 2\xz 3 45 T2 3z
x cot 72 x2
RES( zz ;?)1- -'?2. [- -] 1 2
s T
h =2y ———and ) —=—
Thus , 0 kgl &g o0 g:l E =G
_eiwz + e—l"l’z 'ci2rz + 1
16. 7z cot(nz) = e = "
_ 1 [ —27zi 2rzt ]
- 2 e-—2srzi -1 82:'::' -1
1 & B; w1 & B; e
=3 Z J.—;(--Zn'zz)’ +3 Z ]—.!’-(21rzz)’
=0 Jj=0

]

) B, \
kgo(_l)k (215!(212) * (odd powers cance!)

zgﬂ

0= 3 st(m;k)

zin+l ?

1 zz cot(xz)
G L e (2

_ — 1 n Bin n
= 2; T (1) @) (2x)
Thus 37 2= = (=1 x5
L = A
e 1 x cot(xz)
17. a. hgm Gy = ( G Tap ,—a) {(Problem 14)
= 7% csc’(wa)

4-12



2 1 moot(mz) . mcot(rz)
3 i Res (W,az) — Res (W’ —at

~mcot(wat) wcot(—mwai) 7w
= - = — coth
2az —2az a’ (wa)

k* — a? (22 — a®)rcot(nz) .

e

e ((22 — &) cot(rz) _az)

(22 + a2)2
—r? w2
= esch ®(ra) — 5 csch?(ra) = ~7? csch?(wa)
> 1
= G
_ wcot(mz) : T cot(mz) :
= — Res (m,r+az) — Res (m,r—az

—7cot(xr + wai) 7 cot(nr — mai)
= - + -
2az 2az

_ 7t [cos(mr 4 wai) sin(rr — mai)
" 2a |sin(7r + Tai) sin(xr — mai)

sin(7r + wai) cos(rr — waz)
sin(7r 4 7wai) sin(xr — 7ai)

-

xi [ sin(—27ai) ]

"2 sin®(7r) cos?(wai) — cos?(xr) sin?(7ai)

_m sinh(27xa)
 2a |sin®(nr) + sinh?(ra)
00 (k _ 7.)2 _ a2

LN

kx—oo




_ wcot(arz)[(z—r)"’—a’]_r ai
= R‘*( G-rpvar T )

(e e )

2 2

= 1;— csc?(xr + wai) + -g-

Y(xr — wai)

72 [sin®(xr — 7ai) + sin®*(xr + 7ai)
2 | sin®*(7r + mai)sin®(xr — wai)

72 | 1 — 1 cos(2zr — 2xai) — 1 cos(27r + 2wai)
2 [sin’(rr) + sinhz(am)]2

I

il
3

1 — cos(2ar) cosh(2xa)
| [sin®(7r) + sinh’(xa)]’]
f. a noninteger in part a.

ai noninteger in parts b,c.

r + ai noninteger in parts d, e.

18. Follow the structure of Problem 14.

a. 7 f(z) csc(wz) has simple poles at z = k,k = 0,£1,%2...
Res (7f(z) csc(xz); k) = (~1)* £(F)

b. On the parts of 'y where |y| > 1,

2 2 2

em'z — e—-ﬂ'z ey — e-—fy' S c‘lr/?. _ 6—1/2
On the parts of I'y where |y| < 3

|esc(7z)| =

|cse(xz)| = Icscm'(:}:N :t% + iy)] = | sech (xy)| < 1.

Thus | csc(7z)| is bounded on I'y, independent of N.
c. lim 7 f(z) csc(xz)dz = 0 as in Problem 14.

N—roo JTy



d. 0 = lim 7 f(z) csc(rz)dz
N

N—oo JT

=271 »_(residues of 7 f(z) csc(mz) at poles of
csc(72) and poles of f(z))

= 2ms [ i (=1 f(k) + >~ (residues at poles of f(z))]

k=~00

Thus i (=% f(k)

k=—co

= — D _(residues of 7 f(z) csc(rz) at poles of f(z))

19.0= 5 Res (”%,5”)1«)

k=—00

2 (—1)* 7 cse(rz)
=2)" z + Res —22—;0

k=1
Since () = = 1+7rz+7(7rz)3 1 7r2+
B At e \m T T T e T = m g T
mesc(rz) \  w?
Res (—;2—-—, O) =5
= (Cf R -
=2 — -_
Thus, 0 ,; PoTEe ; 12

EXERCISES 6.4: Improper Integrals Involving Trigonometric Func-
tions; Jordan’s Lemma

. e T
1. I = Re [27” Res (Z2+1;2)J ==

_ : ze” (1 4 30)ei1+3)
2. I = Im [271'2 Res (-T-H_ﬁ 1 +3Z)J = Im [27{'2 6

= 3%(3 cos1+sinl)



10.

= ‘»h»“o‘o/w =3

 Res ez:'z
- i (g
AT —iT
I=puv. ©ete™

-00 2(3 -_ w)

1 ) ei* ] x
. I=§Rﬁ[2WlRBS(W,2)]—§;
ez 2xt
I= 2‘!’!R&B( _21 2) -—"-éa—'
e3iz 312
.I=Im 2mRes(24+4 1+z)+2nRes( T4 —1+z)]
fe3FH o3
_ 7sin3
T 263
-2ix
I = 27t Res (;Z—ﬁ; —2:') 51 (use contour in lower half plane)
I= Re |2ri Res & -5 ] 4 2xi Res e . 2
=T\ EYER YY) T\ FE T+
i el 2 1
= Re 2‘“(6: +—12z)] 3e( -2:)
1 el 1
I -5 {QMR@G( 2+1)2, )} -2-Im(0)-_=
00 eziz+e-—2w
I'=pv. /_w“a(—zrs‘,-rd-"
hm e—z::

p—oo Joo 2(z — 33)

;35) =

e
b

dz



iz e—iz

=l ——dz— i —d

e ct 2(z — w) T c; 2(z —w) £
iz

. —_— = wiet” if 1 0
27rzRes(2(z_w),w) e if Imw >

—1iz

. €
—271 Res (2—(2—':;;5, w

) = —7ie™ if Imw<0

11. m > 0,deg P < deg@ (Jordan’s Lemma)

12. Let T, = 7, + y2 + 73 where

1 : 2(t) =, 0<t<p
v 1 2(t) = pett 0<t<n/4
vyt z(t) = —te™*  —p<t<0

L 2 R 2
e 1s entire, so / e dz = 0.
Tp

) o |
lim / e dz = / e dz.
P Jyy 0

: . /4 . .
}Lrgo ‘ [h e dz /0 exp (ipzem) ipe"dt{

= hm

p—rco

. T4 ey
< lim p e”? 2y

= oo o

x/4 : : 4t
< lim p =P 47 gt (smce sin 2t > —)
s

= perco o

= lim pr (e_"2 — 1) = 0.

p—0o0 _p24

p—r00

. 0 . V2
lim / e dz = / et (—e’"/“) dt = —-'—Z(l +1)
3 —oo 4

Summarizing,

b-17



0 = lim e“zdz=/°°e"2d::+0—
0

p—~oo Jr,
Thus/o ¢?ds = LE(1+1)

EXERCISES 6.5: Indented Contours

1 ai(3-0) Res(0) =

b. i (w - %) Res(1) = 3”;"36

c. —1(2xr —7) Res(1)=0
d. —i(2x — =) Res(0) = —x¢

2. i Res(—1) = mie™™
3. ni Res(1) + =i Res(2) = =t (e" - e‘)

z2

(2 4 4)(2 -1)
I = Im [2ni Res(2t) + =t Res(1)]

6. Let f(z) =

V21

4

(1+3i).

2xie~2 m'e’"| x 1
= Im + = =-E-(COS(1)-—:5)

FNON 1)



10.

11.

. Let f(z) =

. Let f(2) =

zezz

(z~-1)(z-2)

I = Re [ri Res(1) + wi Res(2)]

= Re (—m'e’. + 27riegi) = 7 (sin(1) — 2sin(2))
e?iz

2241

I = Re 27rz'Res( +—-z)+mRes ]

Re |2ri - 2/ 4 oni -

It

[ -V (_% _ \/§Z~) e“2‘]

7 5111(2)

%e“‘ﬁ [sin( )+ \/§cos(1)]
3eiz — eBiz -2
4z3

Let f(z) =

S(l+iz—2+) - (1+3iz-L+--1) -2 3

= v =57
I = Im [ri Res(0)] = 3717[
1—e¥ 1 —-(142z4.) =1
Let f(2) = e oo =— N
1 . s
= —2--Re [xi Res(0)] = 3

As in Example 3 on page 261, taking limits of the integrals around the

indented contour gives
2% 0 8T

0=p.v. /z - 1dm—ez’”“'p.v. /_oo pr— 1d:s-7rz' Res(0)—ni Res(2n1)

Tt + wie*ot

SO I = W = —7 COt((MT)



em’z

12. Let f(z) = m

Im [21: Res(bi) + =i Res(0)]

1 2mie™®  xi —ab
§Im[_—-262 +32‘] a5 (1<)

wlb-'

i

EXERCISES 6.6: Integrals Involving Multiple-Valued Functions

1. (l—eﬁ)I=21ri[R,eS(;§% )+R‘”( - z)]

241

( e("*l)”") I =27t Res ( L 1)

+ U
1= —2xi (e*™) __x
1—em  sin(xa)
a2ﬂ
3. (1-e)I= 21rzRes(( o 9)
= 2zia(—9)*!  9*lra
1—e  sin(xa)

4. (1-e) I =2xi [Res (G’_?l?') + Res ((;_z{_l)_z_ ")]

= 2ri  [(1—a)e™? (1-— a)e*mi?]  x(1—a)e™/? (1 — ™)
T 1 — eo? 4i 41 T 2(1 4 e=m) (1 — eom)

_ (1 — a) )
2 (eoi/2 4. e—o™i/2) T 4 cos(ax/2)

=20



za—l

_ lo=1)2m _ . A -7 £
5. (1 € )1_27rz[Res(22+2+1,e )

+ Res 2270 s
224+241 ¢
i [e(a-l)2vr¢'/3 8(0_1)4‘"‘/3:'
i3 i3

[ e eof)

I_.

- 1 — ea2wi

= \/g _ (eam‘ - e—»onrz')

- Seten [0 (5) + P ()]

2m csc(an) [ in — sin = + oS — cos —
== — sin — sin — + ¢os — cos —
7 = 3 5§ Cos 3
_ = csc(ar) cos 2am ¥ 7
V3 ( )

Z

6. (1 _ eazwi) I =271 Res (;if—i—I; _1) + 71 (1 + eozZm') Res ( o ; 1)

22 —1
: o : a2ni
I 271 (e ) 4 7i (1 + e (l)

= 1 _ oaimt ) (1 _ 60:21”.') 2
T
L
2 sin(7ra) [1 = cos (m)

7. 1-— odmi = 3 <l y ¢
( e )I 2m[Res ((z+e¢")(z+e‘¢’i)’ e )

+ Res ((z n ew')z(z +e %) _e—‘ﬁ) ]

s efxm‘edmﬂ' + ea"{e"d’o‘i _ T sin(¢a)
—e¥ +e % | —e=% te¥ | sin(ra) sing

I =

1— ea21ri

bL-2)



8. Following the hint, the integrals along the arcs Cf and S, go to zero
as p—+ oo and r — 0, so

[2’" Res (I;O+ 4’2’)]

1 ) vy
= Re [2:: (Zi-Log2+§)] = = Log?

(a) As shown in Example 4 o™ xdx/[(x+1)(x*+2x+2)]

= - TRes(zLo(z)/[(z+1)(2°+22+2)]) if limesolrezlo(z)dz/[(z4+ 1) (22 +2242)]
=0 and limp_,ofcszo(z)dz/[(z+1)(22+27_+2)] =0 as can be shown using
arguments similar to those in Example 4. Then,

I=-Log(N2) + n/4

(b) Jo= dx/(x’+1) = - ZRes(Lo(z)/(z° +1) = 2/(3V3)

1 Logz \] 1 A7\] _
!O.I_.ch[iZmRm( )]_ERe[?n(z)}—O

1. 1=1Re[2xim(._5ﬂ§z_.-)] Re m(-+%)]=—_—£

1.

2241

2 (22 +1)% 4

Let I' = 1 + 12 + 73 + 74 Where
nz(t) =t e<t<yp
st =pet, 0t<
Yo:2(t)=—ti, —p<t<—e
Wiz(t)=e, ST<E<0
/ e *z°"'dz = (. Along the contours we have:
l;m —2 a—ld bt P o |
'-_'.o-/‘nez z=/oez dz-_.-I‘(a)

-z a-—l pa-l
ple I/'n dz| < plixeo - 2p 0

o ) .
plgn/ —z a-—ldz_./ c“(—tz)"”l(-—i)dt=—e"""/z/@e*"z"‘ldx
=0 Y78 0
6a---l

].Im --z a—ldz —_
i/, < e ="

Summarizing,
= -z _oa-1g, _ _ pomif2 —zi a—1
0= 1‘12:,1 / e’z 'dz =T(a) — ¢ /o z* tdz.

Hence / e~z Vdr = e~/ (q)

Now take the imaginary part to obtain

/omz""smzdz—-sm( 2) I'(a)

b2



13.

The function f(z) = (z* - 2*)"" is single valued for Izl > 1. The branch
cut of [0, 1] in the z-plane permits calculating the integral
fo' f(x)dx by first calculating the integral ff(z)dz on an circle of radius R
and taking the limit as R—eo. First note that
lcrf(z)dz approaches Jcr(e™>/z)dz = 2mie™3 as Iz| = R—eo because
Herlf(z) - €™/z)dzl = lfer[1/(1/z 1) - e™*)/z)dzl
< 27R (1/R)max-rl1/(11/z - 11e™) - &™) = 0
Deforming the circle of radius R down to the barbell composed of small
circles about the points z = 0 and | permits writing
Foetow(.1)i-ti=elaboveo. s [1/(2* — 2°)"P)dz
On the circle 1z-11 = & we have the estimate for the integral
2ne/(1*7€')—0. On the circle Izl = § we have the estimate for the integral
218/(8*°1*)—0. On the line below (0, 1) arg(1/(z* — ") is zero,
while wrapping around the Iz-11 = € circle arg((z2 - 23)(”3)) increases by
2m/3 with the result the integral above the line (1, 0) is multiplied by
—"¥™ Taking the total gives
[-e 27122 = 2) Pz = {27
Jo'(z? - 2)""Pdz = i2me ™ /[1-¢ ] = i2n/[e"™-e ™) = Wsin(n/3)
'@ - 2 dz = 273



EXERCISES 6.7: The Argument Principle and Rouché’s Theorem
1. a,c e, f

2. For sufficiently large R all n of the zeros of P(z) will be within |z| = R,
and the result follows from Corollary 1 of the Argument Principle.

3. No(f) =~ Np(f) =5—4=1

4. Let g(z) = f(2) — wo.

1 @y e
“mfﬂ:p o) = Mol =0

= (number of solutions of f(2) = wo inside |z| = p)

5. Since f is one-to-one on C, f(C) is a simple closed curve, and for wp

inside f{C),

1 f(2) 1
—p —————dz=—A - =1
27rif;' f(z) —wo ‘T o arg(f(2) = wo)

By the Argument Principle, this implies that f(z) — wo has one zero
inside C. That is, f(z) is one-to-one inside C.

6. Let f(z) = 42% and h(z) = 2° — 1. On |z =1, |h(2)] < 2 < 4 = |f(2)l.
Since f(z) = 422 has two zeros inside |z| = 1, it follows that f(z) +
h(z) = 2% 4+ 4z% — 1 also has two zeros inside |z] = 1 by Rouché’s
theorem.

7. Let f(z) = 27 and h(z) = 2° +92z. On |z| =2, |h(2)] < 121* +912| =
26 < 27 = |f(2)]. Since f(z) = 27 has no zeros inside |z| = 2, it follows
that f(z) + h(z) = 2° 4+ 92 + 27 has no zeros inside |z| = 2 by Rouché’s
theorem.

8. Let f;(z) = 10 and ky(z) = 2% — 52°. On |z| =1, |h(z)| S 1 +56 =
6 < 10 = |f1(z)|- Since fi(z) = 10 has no zeros inside |z] = 1, it follows
from Rouché’s theorem that fi(z) + hi(z) = 2° — 5z% + 10 has no zeros
inside |z| = 1.



Let fa(z) = 2% and hy(2) = —522410. On |z| =2, |ha(2)| £20+10=
30 < 64 = |fa(2)] Since fa(z) = 28 has all six zeros inside |z| = 2, it
follows from Rouché’s theorem that fz(2) + ha(2) = 2% —5z% + 10 has
all six zevos inside |z| = 2 (but outside |z| = 1).

9. 4. Take f(z) =62* and h(2) = B_924+42-1.0nlz|=1, a(z)| <
14+2+1+1=5<6=|f(2)]- By Rouché’s theorem, f(z) = 62* and
f(z) + h(z) = 62* + 2% = 22% + z — 1 both have four zeros ingide |z] = 1.

10. Let f(z) =z —2 and h(z) = ¢,
For p>4 consider ' =1+ 72 where
7 iz = pet, —xf2 <t < x/f2,
v 1 2 = —1i, —p<t<p.
OnT,|h(z)|=e* <1<2<|z— 9| = |f(2)|. By Rouché’s theorem,
both f(z) and f(z)+h(z) = z—2+€* have one zero inside I'. Letting
p — 00 yields one zero in the right half-plane.

The root is real because Im(z—2+e“”):0=->y—siny=0 =
y=0.
11. It is easy to see that P(iy) = (y* — 9)(y? — 1) +iy(1 — 2¢°). It follows
. N . R(1 - 2R?)
t = _
tha I]{J_?;oa:gP(zy)LR %2 Arctan ((R’ —T 1)) 0
Consider P(z) on the contour I' =7 + 72 where
4y 1z =Re®, —w[2Zt< x/2,

Yo :z=—tt, —-R<t< A
Then the number of zeros of P(2) in the right half-plane is

.1 . i 1
Jim L Ararg P(s) = Jim (5= An a8 P(2) + 5,00 8 P(2))

—+00
I 1 st i- . 1 . R
= lim ——asg R'e —r Jim o—arg P(iy) —r
=2-0

12.  a. Let fi(z) = —z and hi(2) = f(2). On Iz} =1, |h(2)] = |f(2)] <
1 = |fi(2)}. By Rouché’s theorem, —2 and f(z)— z both have one
zero in |z} < 1. '



13.

14.

15.

16.

b. Assume |f(z)] < M < 1 for |z| = 1. Define the iterates of f by
fl(z) = f(Z), fn(z) = f(fn—l(z))'
Case 1: The fixed point is zero. The proof of Schwarz’s
lemma (Problem 17, Section 5.6) can be modified to show
that |f(z)| < M|z] for |z| £ 1. Then
|2n| = [fu(20)] < M|fa-1(20)] < ... < M"|z].
It follows that }Lngo 2z, = 0. '

Case 2: The fixed point is a # 0. It will be shown in Sec-
tion 7.4 that ¢(2) = z _f
1-az
onto itself, with inverse ¢~1(z) = lz—:-_a
az

ized Schwarz lemma to the composite function
gn(z) = ($0f0 ™) (2)=¢(fa (67%(2))) to get
fa(z)—a
1 -af,.(2) 1-az
It follows from this inequality that 7}1_13;}0 falz0) = a.

is a one-to-one mapping of |z| <1

. Apply the general-

n| 2 Q

Let h{(z) = —f(z). Then |a(z)| € |f(z)| for z on C, but f + h is

identically zero no matter how many zeros f has.

Theorem: If f and h are each functions that are meromorphic inside and
on a simple closed contour C and if the strict inequality |h(z)| < |f(2)]
holds at each point on C, then No(f) = N,(f) = No(f+h)—Ny(f +1).

Proof: As in the leash discussion preceding Rouché’s thecrem and ap-
plying the Argument Principle,

No(f) = Np(f) = Ac arg f(z) = Ag arg [f(z) + A(z)]
= No(f + k) — N(f + h).

Poles of f + h occur exactly at the poles of f, so Np(f) = Np(f + h).
Now apply Problem 14 to get No(f) = No(f + ).

sin z coshy + tcoszsinhy
coszcoshy — isinzsinhy

a. tan(z + 1y) = (Problem 13, Section 3.1)
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sin 7 cos z(cosh’ y —smh’y)
= “cos? z cosh’ y + sin® zsinh®

zsmhycoshy(cos z + sin’ 7)
" cos? a:coshr+ sin? rsinh’y

_ -sm2z+:-smh2y
" cos’z cosh2 y+ smh2 — cos? zsinh® y

_ gin 2z + ¢ sinh 2y
~ 2sinh’*y+1+2cos?z—1

_ gin 2z + ¢ sinh 2y
~ cosh2y + cos 2z

b. T =7 +7 + 73 + 14 Where
;o z(t) =na(l+it), -1<t<l
ya i 2(t) = nx(—t + 1), -1<t<1
vs: 2(t) = na(-1—it), —-1<t<1
va : 2(t) = nx(t — 1), -1<t<1
On the vertical segments

|tan z| = |tan(tnx & inwi)| = [tan(inxt)| (periodicity)

enﬂ — p—nxt
= Itanh(mrt)l = W <

On the horizontal segments

sin(+2n#t) + i sinh(F2nx)
cosh(F2n7) + cos(E2n~t)

| tan z| = |tan(dnxi F inx)| =

24 |eZnt _ e—2mr|
- le2mr + e-znrl -9

For n large this quantity is < 2.

c. Choose n large enough so that 2 < Alz| for z on T, and so that
part a can be applied. Then on |

lg(z) + Az| = [tan z| €2 < Al2]

L2



17.

18.

19.

20.

21.

Zr—+k7r),

d. There are 2n poles inside I, located at 2 = &= ( 5

k=0,1,2,...,n ~ 1 ( the poles of tan z ).

e. Inside 'y, No(Az) — Np(Az) =1-0=1
By the general form of Rouché’s theorem, 1 = No(g(2)+Az—Az)—
N,(g(z) + Az — Az) = No(g(z)) — 2n. Thus No(g(2)) = 2n + 1.

Choose ¢ small enough so that zo is the only zero of f(z) — f(20) in

: |z — 20] < €. By the open mapping theorem, f maps D, to an
open set containing f(zo). Choose § so that the disk |w — f(z0)| < & is
contained in f(D,).

Let F(z) = f(2) — f(z0) and H(z) = f(20) — w. On |z — 2| = € one
gets |H(z)| = |f(20) — wl < 6 < |f(2) — f(20)| = |F(2)]
It follows from Rouché’s theorem that F'(z) and F(z)+ H(z) have the

same number of zeros, so f(z) — f(20) and f(z) — w both have n zeros
in |z — z| < e

The conditions given in parts a, b, and ¢ amount to f(D) being a
subset of a vertical line, a horizontal line, and a circle, respectively. In
each case f(D) cannot be open. By (the contrapositive of) the open
mapping property, f is constant.

Let rmn |(2)| = € > 0. For n sufficiently large, | f(2)— f(z)| < € for all

z in |z| < 8. Let h(z) = fn(2) — f(2). On |z| =6, |h(2)] < e < |f(2))
It foliows from Rouché’s theorem that f,(z) and f(z) have the same
number of zeros inside |z| = 6.

Notice that for z = €%, |P*(z)| = I iné p(eif)| = |P(z)]. Now let
n |z|

h(z) = —a,P*(z) and f(z) =agP(z). O

h(2)] = |aa| |P*(2)] < laol|P(2)] = |f(2)]-
It follows from Rouché’s theorem that @GP (z) — an P"(2) has the same
number of zeros in |z| < 1 as @P(z) (and hence P(z)).

Applying the Argument Principle on I, for r large,
No(F)—n = —Ar, arg(l + P(z)) = —m

é,lg



When m = n, No(F) = 0 in the right half-plane so all zeros of F
would lie in the left half-plane.

22, a. If |h(2)] < |f(z)|+|f(2z)+h(z)| then the dog never crosses the line
r and No(f) = A acg(f(2)) = Ac arg(f(z) + h(z)) = Nolf + b)-

b. f/(f +h) is never negative or zero because that would cause f(2)
and f(z) + k(z) to point in opposite directions, yielding the con-
tradiction |h(2)] = [f(2)| + 1f(2) + A(2)l.

d £ o [1E_G+mT,,

= No(f) — No(f + h)

(-2



CHAPTER 7: Conformal Mapping

EXERCISES 7.1: Invariance of Laplace’s Equation

1.

2.

From the notation e* = e®e® it can be seen that le*| = ¢* > 1 when

. - m s 7
z > 0. Also, since y = arg ¢, 5 < Arg e* < 3 when —5 <¥< 3"
Let w = f(z) = e*. Then

z =Logw = Log |w| +i Arg w = z + iy
#(z) = z + y corresponds to

Y(w) = z(w) + y(w) = Log |w| + Arg (w)
For the next part write w = e* = ¢* cosy +ie¥siny = u + tv

¥(w) = u + v corresponds to
$(z) = u(z) + v(z) = " cosy + € siny

oy oY
* % 5

“_6_?@ Q??ﬁ.{. .‘?_?Qf+_fj_¢@
T 9z 0u ' By du “\ 3z 5o Oy Ov

— o¢ (_af +z§£) +i@ (—i@—}—@)

= 8z \ou " ‘B 9y \ " u ' v
_ 04 _3_1_@ +.3¢ 9z .0y
T 9z \ou 'Bu 25:; u 'Bu
— 3_¢+§£ _i_;

~ \ oz Z8;1/ dw

3 090z 8z 8 (gf) 080% , Oy 9 (3:]5)

0w T 0w " 5a0u\0z) T By 5w T Gusn F

0% 0x[Poon | 74 0y
T 9z 0u? ' Bu |8z Ou OyOz du
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(36T ] 74 0e P4l

By Su? ' Ou |Oz0yOu By*Ou

Similarly

oy _ 048z B:c ¢ 0z + X

Bv Pz o? 6:::2 v | Bydz Ov
a¢8’y By ¢ Oz oz 3’¢3y]
3y Jv? ' Qv |8z0y Bv | Byt v

Adding,

oy Py

5 o7

_0¢ (3= &z ¢ Py &y
-a;('é;s*‘w)*'sg(w*“aﬁ)

[ )2 )]

42 [(——) +(zz)]+°

& P4
9z? | By
c. Using part b it is clear that if ¢(z,y) satisfies La.pla,ce s equation

so does ¥(u,v).
d. The result follows directly from part b.




3. §(z) = Arg(z-xi) + BArg(z-x2) + CArg(z-x3) + D.
a=An+Brn+Cn+D
=0+Bn+Cn+D
23=0+0+Cn+D
4=0+0+0+D
&(z) = (M/m)[(a;-az) Arg(z-X1) + (ar-a3) Arg(z-X») + (az-a4)Arg(z-x3)] + ay

o (1+e\ [ isng \ sin 6
4. a.¢(€)—¢(1_ei9)"¢(1_cosa)_¢(0’1—c059)

sinf

_ Tocosd _ sin @
- sinff
1+ (1=cos§)? 2

Imw on the

| e N

b. w=¢€? = cosf+isinh =u-+ivsoP(e?) = g
circle and throughout the disk.

C-¢(z)=%lm(z_l) 1 z-1 Z+1

241/ 2 T+l T4l

1, 22492 +2y—1
= Im
2 ¥+ (z+1)?

- Y
T+ (z+1)?

AN ?:Sine _ 1
3 ;b(e )_¢(1—cosﬂ) T _sind +1

(1—cos #)?




_l_cosO
T2 2
1 1 .
=5-3 Re w througbout the disk and
1 1 z—1

4(2) ‘§“§R"(z+1)

1 _1f=+y -1
2 2\(1+z)*+y?
d¢ . - "
6. Suppose — = 0 on I'. Since this is the length of the projection of

the gradient (8¢/8z) + i (4/8y) onto the normal, it follows that the
gradient is orthogonal to the normal. That is, the gradient is tangent
to I'. From calculus, the gradient is orthogonal to the level curves
#(z,y) = ¢, so I is orthogonal to these level curves.

w = f(z) takes the level curves of ¢ to level curves of 1. By the preser-
vation of angles in a conformal mapping, the image of T is orthogonal
to the level curves of ¥. Therefore 8y/dn =0 on I'.

7. They are the Cauchy-Riemann equations for the inverse mapping.

EXERCISES 7.2: Geometric Considerations

1. am=1 f(-1—-a)=f(-1+a)=4’
b. m=1 f(nx—a)= f(nr+a)
e m=2 f(a)=fla™)

2. f(z) has an inverse f~'(w) near wp since there is a neighborhood 7 of
2zg in which f is one-to-one by Theorem 1. Since f'(zo) # 0, f is non-
constant showing that f(1) is an open set by Theorem 3. Thus for w in
f(n), F~Y(w) is in n so that f~(w) is continuous in this neighborhood.
Also, for all such w



fw) = fwo) 1

lim = lim -
wW—run w — wo w—up ——_Q_—f“"l (u";l)’_}u_h] (wo)
i 1 1
R P P 7S R
z—zy dz

. For a > 1 the angles increase.
For 0 < @ <1 the angles decrease.

. (see Theorem 23 in Section 4.6).
Since | f(z)| £ |f(20)| for all z in D, f(zo) is a boundary point of f{D).
Consequently f(D) is not an open set so f is constant by Theorem 3.

. f(z) = ia, where a is a real number. (since f(D) is not an open set)

. As in the proof of Theorem 2, except that w'(ts) = f'(z0)z'(t0). The
angles which the tangent vectors 2'(tg) and w'(t;) make with the hori-
zontal are related by '

arg w'(to) = — arg f'(z0) — arg 2'(4o).

Hence the angle between two curves through z, is reversed in orien-
tation and is rotated by — arg f'(zo) (preserving the magnitude of the
angle).
. Parametrize the circle by z(t) = pe*, 0<t < 2r.
o1 . 1 : 1\ .
Then w(t) = pe + -~ = (p + ~]cost+1 (p — —) sint.
p p

p
u(t) = Re(w) and v(t) = Im(w) are the parametric equations for the

ellipse.

. For points very close to zg

w—wo _ f(2) = f(z)

zZ—2p zZ — 2y

~ f’(Zo).
Therefore, for such points

[w — wo| & |z — 2o | f'(20)]



which shows that the segment length |z — 2 is scaled by |f'(zo)|-

9. The area of D' is measured using infinitesimal rectangles with dimen-
sions du & |f'(z)|dz and dv = |f'(z)dy- Therefore

A= /] dudv = // \f'(2)[2dzdy
D! D

10. I D were the entire plane, its image ander some analytic mapping f
would be bounded by the unit circle as a result of the Riemann mapping
theorem. Liouville’s theorem implies that f must be constant in such
a case.

11. a Imw>0

b. C\{w: o(1+) —ooSa<oo}
c. jw|<1and Imw>0

d. |w|>1and Imw>0

e. e < |w] < ¢ and Imw >0

f. C\{|w| = 1}
’ a+p
12. P'(z) = 2z—(a+p) so P'(z) = Oonly when z = . By Theorem 1,
P is one-to-one in open neighborhoods that exclude z ; B , hence in

the open half planes bounded by L.

13. a Imw>0
b. Imw <0 and Re w >0
c. C\{w: wis real and w<—lorw>1}

d. The interior of the ellipse parametrized by
u = cosh 1 cos§
v=sinhlsing, 0L6<2x
excluding the real segments
—coshl <w < —1 and 1 < w < coshl



14.

15.

If f has a simple pole at z, then flz = (z — z0)g(z), where g is

analytic and g(z) # 0 by Theorem 18, Section 5.6. In this case
d 1
lim —

lim — m = g(20) # 0 so there exists a punctured neighborhood

of zp in which —, and consequently f, is one-to-one.

f

For any distinct points z; and z; in D, parametrize the line segment
between 2y and z; by v : 2(f) = zy + (22 — z1), 0 <t < 1. Then

(1) [ " P(e())dt = f(z2)— f(21) £ Osince Re f(z) > 0. Therefore

f is one-to-one in D.

1%, Let f be a one-to-one analytic function on the simply connected domain

D and let T be any loop in D. There is a continuous deformation
z(s,t), 0 < s < 1,0 <t <1 that shrinks I' to a point 2z in D.
Then f(2(s,t)) is a continuous deformation from f(I') to f(zo) (a single
point). Any loop in f(D) can be expressed as f(I') for some loop I in
D, so any loop in f(D) can be shrunk to a point. Thus f (D) is simply
connected.

EXERCISES 7.3: Mobius Transformations

1.

2.

3.

w:3(ei”/2z) +5=3iz4+5

{w: Rew<1}\{w:‘w—%)§%}
a. {w:lw—-2+2 <1}
b. {w:|w—6¢] <3}

1
C. {w: Rews—z-}



10.

11.

d. {w Rew>3}

2
{ l""3“‘3}
wy = 12; W ool p—w-1= =2
W= WSO Y Y Tz
w= e ()
z—-1

az+3=—->cz +(d—a)z—b=0

This qua.dratlc equation can have at most two distinct solutions except
when b= c = 0 and a = d in which case f(z) = z.

2z =

a. w=12
b. w= 2z
z+1
c w__z+i
CT T g1
d.w..—..z+1
z—-1

. {w:lwl<1a.nd1mw<0}

The line y = £ maps to
l"’ 44 _ 1
7 |~

of these circles.
G5
w =
z—-1
1
w=z—2 wy =7 wy=w 75 Wa=€
ws maps the shaded regloanxgure725tothe strip 0 < Imw;s < 7.

Finally, 0
w=e"® =exp[—-m' (z+ )]
z—2

maps the shaded region onto the upper balf plane.

w—-——‘———andthelmet = —z maps to

The image of the sector is the exterior of the union

'“/2w3 wWs = 47!'1.04




_3mi/a wy—1 ez -1)—1

12. wy=2-1; wp=e Wi, ws_w2+l_e‘3"i/4(z-—1)+l
zZ-1 -W-1
13. W Z+1==>Z R+1 W I
When W = u + v this simplifies to
1—u? —o?
WRo LTW =g
i)R (u_1)2+v2an
.. 2v
WB= Ty
a. i) can be rewritten as
2
1
2 _
('“ 1+R) T EaTRe

b. ii) can be rewritten as

(u—1)2+(v——%)2=-31-2-

Z'—1  Zcosfl+isin Bl — cos Bl — 17 sin Bl

14. W' = Z'+1  ZcosBl+isinBl+ cos Bl + 2 sin Bl
— M e e-ﬂﬁ’gi = e~ 28y
Zeibl 4 oibl Z+1

15, z=x+iy= Vo= /(uHv) = w/@ + v) - iviu? + v9)
AXx +By=[Au—Bv)/(i®*+v)=Cand C#0
Au-Bv =C@? + v) & (? + v} — (A/C)u + (B/C)v =0
W+ v?) - (A/C)u + (B/C)v =0 is the equation of a circle through the
origin of the w-plane.

16. (u” + v?) + Au + Bv =0 is a circle passing through the origin in the -
plane. Dividing by (u* + v*) gives
1+ Auw/(u +v Y +BVi(E + v = 1 + Ax + By = 0 which is an equation of
a line not passing through zero in the z-plane.

17. In the z-plane circles not passing through the origin are represented as
x2+y2+Ax+By=C,withC¢O.
Substituting x = u/(u® + v?) and y= vi(u® + v?) gives
W + v + v + v + Aw/? +v) + By + v =C =
1 +Au +Bv = C(* + v¥) & u* + v? = (A/C)u + (B/C)v = 1/C
which are circles in the w-plane not passing through zero.



EXERCISES 7.4: Mébius Transformations, Continued

3(=) -
L [ (fa(2) = _((—J)—fi =22
z+1

2. The left region of (w, —,1,4) is jw| < 1 and the left region of (z, —i, , 1)
is |2| > 1. Therefore |z| < 1 maps to |w] > 1.

., 4-3
3- a. o« -—-'—25——
b a*=7—_—z-
6
a,_5—2i
“*=73
4. Let f(z2) =2 +¢, g(z)=az, h(z)-:%

Then for 215224 23,24 ﬁnite,

(nnte—2z—c)(zzs+c—2z4—c)

(f(zl)af(ZZ)yf(ZS)vf(z4)) = (zl +C— 24— c) (334_ C— 2y — c)

= (zla Zyy 23, 24)

(az1 — azp) (az3 — az4)
(az1 — azy) (azs — az)

(9(21), 9(22), 9(23), 9(24)) =

= (Z]_, 22, 23, 24)

(h(e), o), e, e (=2 e = 1)

- (zz - 21) (24 - 23)
(24 — #1) (22 — 2s)

= (21,22, 23, 24)

Similarly, one can use Formula 5 to verify these equations in case one
of the z; is co. Since any Mdbius transformation T can be represented
as the composition of translations f, magnifications and rotations g,
and inversions h, it follows that

(T(zl)’ T(Zz), T(Zs), T(Z4)) = (zlv 23, 23, 24) .
5 A>0
6. (2,-31,3/2,00) = (w,2,4 + 2:,6) , or

2(z+3i)  (w—2)(—2+2i)
3+6i  (w—6)(2+25)

!
(&



maps the half plane below the line to the interior of the circle. For

the map to the exterior use
(z,-31,3/2,00) = (w,6,4 + 2i,2)

. No; ¢ and —i are symmetric with respect to the real line but their

. -1 .. o
images 2 and - are not symmetric with respect to the unit circle.

- If 5(21) = w1, 8(2;) = wy and S(z3) = ws then (T o §)(2) has the
three fixed points z;, z; and z3. Therefore, according to Problem 6 in
Section 7.3, (T o S)(z) =z, 0r T = S.

. 1 and —1 are symmetric with respect to the imaginary axis, so f(1)
and f(—1) are symmetric with respect to |w| = 1. Hence f(—1) = 0.

(a) Aline L and a circle C have no points in common. A lateral shift and
a rotation places the line on the real axis (fi(z) = eig(z-a) where qis real
and -1t < B < 7). the mapping f;(z) keeps the circle C entirely in the upper
or lower half-plane. If it is in the lower half-plane, use f-(z) = -z to put it
in the upper half-plane. Next shift the circle by a real number to put the
center on the imaginary axis with a center at i. Because the circle does
not have points in common with the real axis, the radius r < 8. Scale the
center to iA with the mapping A/B. The real axis is remains the real axis
under these transformations. The radius of the circle centered at i} is
R=(A/P)rand R < A.
(b) The points o, and &, are symmetric with respect to the real axis when
> = . The points ®; and @, are symmetric with respect to the circle
with radius R centered at iA when

@, = R¥(a; +i\) + iA (Formula 11)
Substituting @, = R¥(w, + iA) + iA can be solved as @, = R*- A2,
Choose w; = —iV(A* - R*) and @, = iV(A> - R?)
(c) Let T(z) be the Mobius transformation obtained as the composite of
the transformations in Part (a). By the symmetry z; = T'(@,) and
L= T"(mz) are symmetric to the line L and the circle C.
The circles C; and C; have no points in common. The radius of C; is R,
and the center is a;. The mapping f;(z) = (z-a,)/R| maps C; to the unit
circle and f; =i (1 + z)/(1 - z) maps the unit circle to the real axis.
Because the mapping f,of; is one-to-one, the image of circle C, has no
points in common with the real line, From Problem 10 the line and the
circle have points @, and m;, that are symmetric simultaneously. By the
symmetry principle C; and C, have points z; and z, that are symmetric to
both.

T1-11



1.

13.

15,

16.

Let S(z) = :—zl. Then S(z;) = 0 and S(z2) = oo are two points

symmetric witl?rezspect to S(C1) and S(C;) simultaneously. It followzvs
that S(C;) and S(C;) both have center zero, so that they are concentric.

Let T be a Mobius transformation that maps C to the real line. Then
T(z1),T(22), and T(zs) are real and z and z* are symmetric if and
only if T(z*) = T(z) (symmetry with respect to the real line). By
Problem 4, this occurs if and only if

(z*, 21,22, z3) = (T(z"), T'(z1),T(22), T(z)) = (mv T(2),T(z), T(Z3))

= TTG), T(), T2, T(2)) = (2571, 7, 73)

Since (wy, w2, w3, wy) = (2,0,1,00) = 2z the left side is real if anc.l only
if z is real. This is true if and only if w;, w;, w3 and w, lie on the image
of the real line, which must be a circle or line in the w-plane.

~l-a

10l = ||| =53] =1
=] |z=3] =1
6 = |o¥) | =] =1

Consequently, the images of three points on |z| = 1 lie on jw| = 1.
Since |f(0)] = Ie"al < 1, f maps the interior to the interior.

The proof is similar to Example 3. Let f(z) be a Mobius transformation
that maps Izl < 1 onto Iwl > 1. Then f(z) maps the circle Izl =1 onto lwl = 1.
Furthermore, there must be some point B, Ifl < 1, that is mapped to <, i.e.,
f(B) = oo. According to formula (11) (with a =0 and R = 1) the point
B*=1"(eo—a)+0=0=1/B
is symmetric to 3 with respect to the circle Izl = 1. But the point
symmetric to oo is the center of the circle a = 0.
f(1/B) =0
Consequently, f has a zero at 1/3 and a pole at B, so f is of the form
f=k(z-1/B)/(z-B) with IBl < 1.
for some constant k. Let o= 1/B. Then,
f = k(z-o)/(z- /) = koz-o0)/(tz-1)
Moreover, since (1) lies on the circle Iwl = 1, we have
1 = If()f = kal I(1-0)/( - 1)l = kol
Thus ko = e'® for some real 6 and
f= eie(z-a)/(gz-l) with lad > 1 is the desired transformation.

7-12
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17 w=e’ 2z '2 for any real 6.

18. Expand the determinant by cofactors across the first row to get the

equation

zy W zZuh 1 vy zywnn 1 2, zun 1 z7 w

Z9 Wa Z2W2 —2z}1 we 2wy +w 1 29 2wy |—IW 1 2z wa|= 0
z3 W3 23Ws 1 ws 2z3ws 1 z3 zaws | 1 23 ws

Since all of the 3 x 3 determinants contain only constants this equation

can be written as

A—zB+4+wC ~zwD =0 Bo_ A

Solving for w yields w = __z_t_;__, which is a Mébius transforma-
—Dz

tion whenever AD # BC. To see that this Mobius transformation

takes z; to w;, substitute z = z; and w = w; in the determinant. The
determinant is zero because it has two identical rows.

14. Let z1, z2, 3, X1, X2, and X3 be real numbers such that z; < 72 < 3
and X; < X2 < X3. Then the cross ratio '
(Z, 1,22, 1‘3) = (’UJ,X]_, Xz, X3)
characterizes all Mobius transformations of the upper half-plane onto

itself. This can be rearranged to have the form w = aziz’ where
cz
a,b,c,d are real and ad — bc > 0 (so that f(¢) is in the upper half-

plane).

az+b _gz—}-b/a

cz+d cz+dfe
the upper half-plane onto jw| < 1.

20. Let w = f(2) = a,c # 0 be a transformation of

fleo)l= [t =1=2=¢"
d

L4
al e

aZn )

as well, it follows that 2 =
a

|7(0)| =1 = [b| = |d| and

a+b
|f(1)|—1==>|m

| _|d
°| =

Since -
c

nII aul

b d
(Z could equal = but then f(z) degenerates)
2o

z..._

-b . .
Letting zo = —, it follows that f(z) = el —.

a zZ -2y
Im (zo) > 0 since f maps z to zero inside the disk.

21, Let fi(2) = Z_i_g, ) = L and fi(s) = kz+1

gz+h mz+n
transformations.

be Modbius

713



a. We verify the group properties:

a (Grtf) +2
o) +4
_ (se+bg)z + (af + bh)
" (ce+dg)z + (cfE + 4’3
) _ (ae+59) (F2L7) + (of + bR)
(i) [(iof2)o fo] (2) = (ce + dg) (Z=L) + (cf + dh)

mz+n

(i) (fiofa)(z) =

o[t 4o
[fio(fzo f3)l(z) = :k: ,::... ; ;:
c [t +d
Both (fi 0 f,) o fs and £, o (f; o f;) simplify to
(aek + afm + bgk + bhm)z + (ael + afn + bgl + bkn)
(cek + cfm + dgk + dhm)z + (cel + cfn + dgl + dhn)

(iii) I(z) = z is the identity because

az+b

(o pte) =1 (2 3) =5 = (he )

dz—b

(iv) fil(z)=— P becanse

Soe)
(o fi')(z) = (dz—-: )+d z=I(z) and

-—c:+a

(fi' o fi)z) = I(2)
b. No; for example if fi(z) = z+1 and fo(z) = -]212 then

(fio f2)(2) = %z +1but (fao f1)(2) =

7;)'4



2 LetA:(a b),Bz (e f),C: ( ko ) with determinants
c d g h m n
|A] = |B| = |C| =1.
. _ [ ae+bg af +bh ). o
a. (1) AB= ce+dg cf +dh is a two-by-two matrix with
|AB| = |A||B| = 1.

(i) A(BC) = (AB)C

_ [ aek+afm + bgk + bhm  ael + afn + bgl + bhn
“\ cek+cfm+dgk+dhm cel +cfn + dgl+ dhn

(iii) I = ( (1] ) ) is the identity.

\ a1 d -=b
(iv) A = T e\ —c a

az+b I/M_ az+f
. cz+d.1/\/¢1—‘1__:-g;_7z+5==>
ab— Py = X -
ad — be ad - bC
(pag + Biy2)z + (au P2 + Brd2)
c. (ThoDy)(2)= (1102 + 61712)z + (1182 + 6162)
5.5, = ( aray + By 1By + Brbs )
mas + &y NP+ 616,

The association is clear; see the statement of part b.

1

23 Let z=z + 1y and w =u +tv with £ > 0,u > 0. Then

To(w) = =
ol T (z+ a0+ u)+ (iy + b + 1)

_ao(z +ap+u) —ao(iy + b + iv)
(z 4+ ag + u)® + oy + by +iv|?

7-15



For w in the right half-plane, To(w) has a positive real part. Similarly,
Ti(w) has a positive real part for k = 1, 2,3,... Thus
T.(RHP)C RHP.

To see more precisely how 7, maps the right half-plane, calculate
T5(0), To(s), and Tp(co). It is straightforward to show that each of these

1
points lies in the right half. plane within ,( - %’ < 5 (and Ty(oo) = 0).
It follows 1tha.t'. Ty maps the right half-plane to an open disk inside

’( — % =3 Then any number of applications of T; maps the RH P
inside the RH P, and ThoTyoTz0---0T,_ 50T -1(RHP) C To(RHP) C
<-4 <3

24 g—g;- =TooTj0---0T,_ 4(0) as defined in Problem 21, so Q(z)/P(z)

maps the closed right half-plane into IC - -21-, < 1 Thus all the poles of
Q(z)/P(z) (corresponding to zeros of P(z)) are in the left half-plane.
Q=) _ 322+ 6 _ 3 _ 3

P(z)  284322+62z+6 z+34+ 45 z2+3+ 4

By Problem 22, P(z) has all its zeros in the left half-plane.

zs,

EXERCISES 7.5: The Schwarz-Christoffel Transformation

1. At the corner wy = ~1 the polygon takes 2 right turn of 4, with 6, — .
For any z, chosen as the preimage of w,,
f(z) = im 4 /o (¢~ =)t + B

f—x
= A(Z - 31)2 + B

(These are not the same A and B, but they are still constants that we
have yet to determine, so we will not create new notation like A’ and
B’ in this and the following problems.)

f(z1))=~-1= B=—1

f(oo) = —c0o= 4 <0

f(z)=A(z-2z;)* -1 with A <0

T 1



2. At w; = 0 we have a turn of 6; = —7/2. Map z; = 0 to w, == 0. Then
fz)= 4 / ¢-12d¢ + B = A2'/* + B.
0

fl0)=0=B=0
A can be any positive value. A = 1 yields f(z) = v/z as one mapping
of the upper half-plane onto the first quadrant.

3. At w; =i and wy = 0 turn 6; = —7/2, 6, = —7x/2. Choose z; = —
and z = 1. '

J@ =4[+ - 1) + B

= Asin'z+ B

—T

f=1) =i = A(2

F)=0= A(-’Qf)+B=o

=> B=1i/2, A=—i/m
= Tlenloal
f(z)_ﬂ_sm z+2

4. This is a Schwarz-Christoffel transformation taking z; = -1 E
w,, taking z, = 1 to some w,, and taking z3 = co to some u
the integrand is (¢ — 1)"%3(¢ + 1)~%/* there are turns of —27
and ws. It follows immediately from a sketch that ws is -
w1, we, w3 are the corners of an equilateral triangle.

5. At wy; = 1 and w, = =1 turn 6, = /2,6, = 7 /2.
Choose z; = —1 and z, = 1.

f@) = A [[(¢+1)/¢ — 1)/ + B
=A (sin"'lz+zvl - 22) + B

f(-1)=1= A(-7/2)+B=1
f)=-1= A(x/2)+ B =-1



=>B=0,4A=-2/x
=2, =
f(z) = ~ (sm z+ zV1 - 22)
'-Dz—\/§

.Let =1—Z, = ’ = .
Wy w2 Vi, ws w2+‘\/§

Then Upper half-plane 3 Lower balf-plane =3 Fourth quadrant
*3 {jws| < 1 and I ws < 0}
Asz—-r-oo,w,—r+coandw3—+1,

80 f(z):?wg+%logw3+i->+oo
Asa:—+oo,w2—+—iooandw3—>1, so f(z) — —ico
Asz—r-—l‘,w2—+\/§+a.ndw3—->0+, 8o f(z) — —o0
Asz—»—l"‘,wz-n/fa.ndu@—)O‘, 80 f(z) - —co

) = -?(0) + %Iog(—l) +i=0

- At w; =0 and w; = 1 turn br=x/2,0, = —x/2.
Choose z; = ~1 and Ty = 1.

*((+1)2 * (41
f(z)=AL %‘_‘_—I))leC+B=A/O (T,-C:_—l—)ﬁ;df+3

=A(Vz?~-1—~isin~1z + B

f(—l):ﬂ:#fl(‘.ﬂ./z)-l-B:U
Ml)=1= A(-7if2)+ B =1
= B=1/2,A=i/x

f(z) = -;—Vz’ -1+ %sin'lz+-;—

. From Formula 8, it is clear that f(z) maps 2y = —k, z, = -1,

Z3 = 1,24 = k to the four corners w; of a polygon with angles

6; = —x/2. The result is a rectangle. (The corner corresponding to
Zs = oo has a turn of 45 = 0, according to Formula 6; thus it is not
a corner at all.) The upper half-plane maps to the interior of this
rectangle since it is positively oriented.

To locate the corners of the rectangle,
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dz

./o \/(1 — 22)(k? - 22)

fk) =

o dz K dz
- ¢(1—x=)(k2-x2>+/1 V(A= 22k —a?)

_ 1/1 . dz 4 _z_/k dz
Bl - -a2) kA -1 - 22k
The real and imaginary parts of f(k) are both positive. Denote
fk) =b+ic

To see how the other corners relate to thls, compute
dr dz

= 1)-/ V- :z:?) k2-—w2) & f V(1 = 22)( 1_‘”2/]“2)
f(1) =

/\/(1 :1:2)1—:c2/k2)

k_ -k
/\/(1—w°')(7€2 z?) ;

_ -l
/\/ — 22)(1 — z2/k?) k/ \/(1.2 1)(1 ~ 22/k?)

. At the corners wy =1, w; — —o0, w3 — oo the turns are §; — 0-,6, —

—'/T+, 03 — —7T+.
Choose preimages z; < z; and z3 = oo.

&) =4 [~ ~22) e + B
= A Log(z—z,)+ B

For 2, < 2 < z3 = 400, f(z) is real, so A and B are real.



10.

11.

f(21)=i=>ALOg(31—32)+B=i
=>ALOg($2~—$1)+AiT+B=i

1 -1
=>A=;,B='T—L°8(zz—¢1) ‘

Z— T2

1 1 1
f(z)=-;Log(z-z,)—; Log(-'l—'z—-zx)=-7-r-Log( ) for z; < z,

9 — Iy

The Mabius transformation ¢ = § ( : :;:) maps |z| < 1 to the upper

half-plane and maps the points z; to points z; on the real line. Then
]

f@)= A [ (1 = 21)yln(r — zy)ale . g yontngr

is the Schwarz-Christoffel transformation from the upper half-plane to
) yields

14+¢
Y C el S L A DY ARt

the polygon. Composing with r = § (

-2
=TT
hus n
. z:gj/ﬂ' 0 /x
_Aal {2\ C=a\""
I&)=4 (1+c) 1 (1+z1)

C__ zﬂ)‘n/ﬂ‘ 2% )
: =2 4
(1+at +op) %18
Observe that ) 6;/r = —2 and many constant factors can be ab.

J=1

sorbed into A, so that

F@)= A [ (¢ =z (¢ = 2)™/" d 4 B
By the generalization of the Schwarz reflection principle given in Prob-

lem 14, Section 5.8, the analytic continuation of the Schwarz-Christoffel
transformation across the interval (zj-1,2;) maps the lower half-plane

7-20



onto the figure obtained by reflecting the polygon across the line seg-
ment from f(z;_1) to f(z;). Note that different line segments (z;_;, z;)
produce different analytic continuations, dependent on the location of
branch cuts.

Applying this to Example 1, the analytic continuation of the Schwarz-
Christoffel transformation across the interval (—1,1) maps the lower
half-plane to the interior of the triangle with corners 1,1 + ¢, and 1,
while the analytic continuation across the interval (1,00) maps the
lower half-plane to the interior of the triangle with corners 0,7, and —1.

EXERCISES 7.6: Applications in Electrostatics, Heat Flow, and
Fluid Mechanics

1 .
l. w = 3 +i maps the semidisk conformally to the first quadrant with
the line segment —1 < z < 1 mapping to the positive u axis and the

semicircular arc mapping to the positive v axis.

2 . . . . "
P(w) = p Argw is a harmonic function that is zero on the positive u

axis and one on the positive v axis.

o) = dog (125)

+z . :
maps the region conformally to the first quadrant with
z

1
2. w=-—: ]
the line segments z < —1 and z > 1 mapping to the positive v axis and

the semicircular arc mapping to the positive v axis. ¥(w) = 1—— Argw
/e

is a harmonic function that is zero on the positive v axis and one on
the positive u axis.

#z)=1 —%Arg (—zi +z)

-z

3. wy = z* maps the region to the semidisk {|w;| <1, Imw;, > 0} and

1 1422 : :
w o= 7 tw_ 1 +22 maps the region to the first quadrant with
- U 4
the line segments mapping to the positive u axis and the circular arc

mapping to the positive v axis.

7-2 1



- W=

¥(w) = ; Argw — 1 is a harmonic function that is —1 on the positive
4 axis and 0 on the positive v axis.

2
T(z)=§Arg(1+z)—l

1—22

+z

L w=1 maps the disk to the upper half-plane with the arcs in the

first, second, third, and fourth quadrants mapping to the line segments
-0 < w < ~1], -Ist0,0SwSI, and 1 < w < o
respectively.

Applying Problem 3, Section 7.1,

W(w) =3+ 2(0-1) Arg(u + 1)+ 11~ 2) Arg(w) + ~(2-3) Arg(w — 1)

=3 _[Arg(w+1)+ Arg(w)+ Arg(w—1)]

is a harmonic function with the right boundary values.

T(z)-.—.3—-:—_[Arg(illE-+1)+ A.rg(z;t:)+ Arg (z;jjul)J

. By Example 6, w = (2% + 1)"/? takes the slit z-plane to the upper half
of the w plane with the slit from zero to § mapping to the line segment
—1 £ w < 1 and with the real axis mapping to the raysw < —1,w > 1.
Applying Problem 3, Section 7.1,

$(w) = = [ Arg(w —1) - Arg(w+1)]
#2) = = [ Arg(VFHT - 1) = ArgvTFT+ 1)]

d 7 maps the region to the strip 0 < Rew < 1/2 with the inner
: . . 1
circle mapping to Rew = 0 and the outer circle mapping to Rew = 5



7.

(w) = 2 Rew is a harmonic function that is zero on Rew =0 and
one on Rew =1/2.

¢(z) =2 Re (zi2)

a. By Problem 3, Section 7.5 take the mapping z =

sin™! w,

N | .

B .

or w = sin(7iz + 7/2) = cos(wiz)

This maps the region shown to the upper half-plane, with {z > 0,y = i}

mapping to the line segment —co < w < —1, with {x = 0,0 <y < 1}
mapping to =1 < w < 1, and with {z > 0,y = 0} mapping to
1 < w< oo.

Applying Problem 3, Section 7.1,

Pp(w)=1+ % [— Arg(w + 1) — Arg(w —1)]
T(z)=1- % [ Arg(cos(miz) + 1) + Arg(cos(riz) — 1)]

b. w = €™ maps the region to the upper half-plane, with {z > 0,y = 1}
mapping to the real ray —oo < w < -1, with {z < 0,y = 1} map-
ping to the line segment —1 < w < 0, and with {y = 0} mapping
to the real ray 0 < w < oc.

Applying Problem 3, Section 7.1,

Y(w) = = [2 Arg(w+ 1) — Arg(w)]

2 1
T(z)= - Arg(e™ +1) — - Arg(e™)

8. w; = z + 2 shifts the region two units to the right. From the solution

of Problem 11, Section 7.4 it would help to find two points u; and
uy (necessarily real) simultaneously symmetric with respect to |w;| =1
and |w;—5| = 2. The symmetry equations (Formula 11, Section 7.4) are

1 4

Ug = =, U = + 5
Uy Uy — 5
: 11 — 46 11+4v6
Solving, u; = ——— and u; = -———-s—a.re simultaneously sym-
metric.



w,—u,___swl-n-wﬁmps
1=t 5wy —11+4v0

Now w =

[en] = 1 to | = Elisé—\/—g = 4.15959 and maps |w; — 5| = 2 to
7-26

[w| = = 0.4202. The original region maps to the annulus

between these concentric circles,
¥(w) = A Log |w| + B is a harmonic function that will equal zero on

lwf = 1-2v6 and one on |w| = 1 +4\/— with the proper choice of
5

A and B.

o=ALogl7‘52‘/‘_i +B

1=ALogI-”—T_41/§l+B

= A=1/Log II.‘, +2i‘//—- =1/ Log (5 + 2v6)

— Log ’_45

Log |5+ 26
Loglul - Log [I<4]  Log |12,

b(w) = Log (5 + 2v/6) Log (5 + 2/6)

1 (5;,»_1_4\/6)(&#)’.
————— Log
Log (5 + 2v/6) 52—1+4v6

1 Lo (7+2\/f_i)z—-11—6\/€l
Log(5+2v8) °|  5:-1745

11.89898z — 25.69694 ’
9z 4+ 8.79796

B =

#(2)

]

= 0.43622 Log

. Find two points z; and z2 (both real) simultaneously symmetric with
respect to |z| =4 and |2 ~ 2| = 1.



The symmetry equations are

Z2 = E7 T2 = = +2
z; T, —2
, 19 — /105 19 + /105 :

Solving, z; = 1 and z, = — are simultaneously
symmmetric.

Noww = ———2 = 219 - \/Io_maps |z| = 4 to |w| = 19+m =

z—1xy 4z —194+105 16

1.82793 and maps |z —2| =1 to |w| = EZ-\/}T— = 5.31174. The orig-

inal region maps to the annulus between these concentric circles.

¥(w) = A Log|w| + B is a harmonic function that will equal zero o
19 + /105 114 \/ 105

lw| = and one on |w| = with the proper cho’
oanndB]‘
0= ALog |21V | g
1.
1=ALog‘H+T Vl05|+B
44 + 44/105 13 + \/105|
= A=1/L ——— 1 =1/ Log |————
/ °g’19+\/10 / gl g
B=_Log’19+\/10 I/L 13+\/10 I
$(w) = | Log m+¢m]
19+\/105
Lets:MandA:M
8 16
‘ _ -1 z—4)
Then ¢(z) = [ Log(1/s)]” Log —_—/\(z—4/)\)‘
9
.p,
_ -1 4—AZ _ JQQ,
=[Logs]” Log yyu respecl
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10. The circles intersect at ™6 and /6. w = z maps the region

z —e™/8
to the unbounded sector —27/3 < ¢ < —=/3 in the w-plane with the
arc of |z| = 1 mapping to the ray ¢ = —27/3 and the arc of [z — =1
mapping to the ray ¢ = —x/3. P(w) = ;Gr- Argw + 3 is a harmonic
function that equals —1 on ¢ = —2%/3 and equals 1 on ¢ = —7/3.

6 z — e3¢
T(2) = p Arg (—;—_—-e-;va') +3
] 1 1
11. By Problem 7, Section 7.5, w = f(z) = %\/z2 -1+ ;sin’lz + 5
relates the region to the upper half of the z-plane, where the stream-
lines are Imz = c¢. Thus the streamlines in the crooked region are

Im [_f"l(w)] =c

EXERCISES 7.7: Further Physical Applications of Conformal Map-
ping

1. Consider the half-strip —#/2 < u < x/2,v > 0 in the w-plane. The
mapping w; = sinw transforms this to the upper half of the w;-
plane, and the Schwarz-Christoffel transformation from Problem 7, Sec-
tion 7.5,

_i,/z_ 10 i_-t w, 1_
2= wi 1+xsm w1+2_ ﬁ_cosw+ﬂ_+2_-g(w)

maps to the region in Figure 7.81.

{u= —x/2,v> 0} maps to {z=0,y < 0}, where T = —10

{~7/2 < u < x/2,v =0} maps to {0 < z <1,y =0}, where the
boundary is insulated.

{u = 7/2,v > 0} maps to {z =1,y > 0}, where T =10

Y(w) = 2 Re (w) satisfies these boundary conditions. Isotherms in

w
the z plane can be parametrized by z(v) = g(uo + iv) where ug is

constant, —7/2 < ug < #/2 and v > 0.

2. On the obstacle, z = re withr <land §=caora+7. Substituting
mto ¥.

7,2(7



LW =

i [ / 1 )
¥ (re) = Im r(cosa+isina 1—7.—2 :I
[ . /1 |
= Im |rcosa—rsiny/— —1| =0
T
ot} — | i . . 1 1
¢(T€ )— m |re” | cosa+sina -3
P . 1
Im -—rcosa+rs1na\/—2_-1‘ =0
T

¥ = 0 on the obstacle. For z large, the streamlines ¥(z,y) = c approach
Im [e""”z (cosa +zsin a)] = ¢ == Imz = ¢, a horizontal line.

. w = sin"(2?) maps this region to the half-strip

—7/2<u<7nf2, v20and

{z =0,y > 1} maps to {u = —7/2, v >0}, where T' = —1

{z=0,0<y<1}mapsto{-1<u<0,v= 0}, where the boundary
is insulated.

{0<z<1,y=0} maps to {0 <u <1, v=0}, where the boundary
is insulated.

{z > 1, y =0} maps to {u = 7/2, v >0}, where T = 1.

2
P(w) = =~ Re w satisfies these boundary conditions.
2 . 1.2
T(z) = - Re [sm (z )]

z4+ R
~ z—R

w = (iw1)2 = -

maps the region to the fourth quadrant.
z+ R\?

maps to the upper half of the w-plane.

The boundary in Figure 7.84 maps to the real line, where the stream
function is zero.



9= taw= In [~ (213

— 1 | (21 R+w\T] [z’ — B+ — R’
-Im[ (“'R"“”)’]_Im[ [(=-R)’+y’_]r}
=4yR(ﬂ+y’—R“)

[(z—RP+y

3. w; = €™ maps this strip to the upper half-plane.

wy = 1/, preserves the upper half-plane, but rearranges the boundary.

w=sin"1wzmapstothehalf-strip-—-r/i’_(_uﬁwlz,‘vzo.

{z<0, y=1} maps to {u = —=x/2, v> 0}, where T = —10

{220, y=1} maps to {—x/2<u <0, v = 0}, where the boundary
is insulated.

{250, y =0} maps to {u =x/2, v 2 0}, where T =10

{z>0, y=0} maps to {0 < u < x/2, v =0}, where the boundary is
insulated.

T(z) = %‘i Rew = :19. Re fsin~3(e]

6. wan-'f(z)"-':z-.l- Rzlz
f(Re®) = R(e” + ¢*) = 2R cox 0,
whichtraoeathelinesegmentfmmw=;-2Rtow=2R. -
F(Re?) = Ee“+—:,:e-“ = 2(R‘+%,— cosd + 2 (R'--R—,)aino,
which is an ellipse surrounding the line segment. The equipotentials are
ellipses u = 2(ro+R%/ro) cos 8, v = 2(ro—R?/ro) sin 8 with R < ro < R'.

7. uy =z*"'ma.pstheregioninFigme 7.87 to that of Figure 7.84, with
R =1. w=w; +1/w; maps to the upper half-plane. -

The streamlines are
Im (w) = ¢ constant
Im(z"'+z‘“”° = constant
o |
8. alfz =w, +1_v—=w"+;_ with w, # w, then w,—w,,=—l~—izw"-_w",so

a [ wa wb W, Ws
WaW, = 1. Furthermore if | w, |=1 then W, =€, w, =e™ and z=2c0s8. Thus
every z not in {-2,2] corresponds to exactly one w with |w|>1.

b. 2 _ = 2 ._I___ — a2 1 1

1 \ W,

& 21 (8122, 22,7, corresponds to w; (>1), w,?, Wi W1P300 50 Z,—c0,

-7,‘.'2.3



CHAPTER 8: The Transforms of
Applied Mathematics

EXERCISES 8.1: Fourier Series (The Finite Fourier Transform)

8
b. F(t) has a period of 37

1 3n /2 3 (t)
=32 [0 5
1 r3a/2 (3 t 1 2nt/3
= -— - - - -t dt
37 /—37r/2 (4 cos (3) +goos t) €

1 Je—i2mt/3 (—i2n (t)+1 i (t))
T 3r [A(—an?/9 T 1/9) \ 3 ®\3) T3%2\3

3n
2

it — _it 3 ) - . . .
1 . (e 2.6 ) _ (_e—Szt + 3¢t _ 3¢t 4 eazt)
?

e—i2nt/3 gy

e—zZnt/3 (_iQn

t +sint
Y Iy (T3 cost s )]

-3

1 [2( 9(=1)" 9(-1)" }

T 37 |2(~4n2+1)  2(—4n? +9)

o 1(=1)n
— w(1 ~ 4n2)(9 — 4n2)

The Fourier series is

— 12(=1) i2nt/3
2 7(1 — 4n2)(9 — 4n2)°

n=—oo

17,
c.co_g/_ﬂtdt_

71'2

3



Forn #0,

1 2 _—int
c,,_-zz_‘/:rte di

1 eint g2 T 2(=1)"
=5 [m3 (—n?t +2mt+2)] Pl
d. ¢g=0
For n # 0,

Cn = - f title=""dt = ~5 /ﬂ t?e ""‘dt+ f t2e~ i dt
2%

0

—int
= _51; ["’ina (—n?¢? + 2int +2)]

-

L3

L1 [e,"‘m (—n?8® + 2int + 2)]

27 | in? o
= m_ ;T:’)z: (—n*#* — 2inx +2)

(2‘“’); (—n?x? + 2inx +2) - 1‘_3”3
-2

2. a. cy3 = —-2—“-/_1 (sintcost:r-isinzt) dt

1 . . .2
+§r—/:(smtcostq:zsm t) dt

= —1- sin’¢ z(-t- -l-sin2t) ’
=~ |2 T'\27%

-x

L [sint i(—t- -1-in2t) "
w2 oz | T




For n # +1,

1 0 i 1 T i .
= ——g/ sinte ™" dt + -é—/ sin te ™ dt
- T Jo

1 e—int 0
T Tor [T?Jr—l

5 (—insint — cos t)]

-7

m

1 e—int o
5 | T T (—insint — cost)

0

__ 1 (=1)" (=" !
~ 27(1 — n?) + 2r(1 — n?) * 2r(1 — n?) T 2r(1 — n?)

L4 (=1)"
~ 7(1 = n?)

-2

m fOl‘ n even

0 for n odd

The series converges uniformly to |sint| on [—mx, 7).

-—. ”
1 et int

1 = t—int
. = — _tndt=_
e 27r/ ¢

- 271'1—272

_ (=)mem = (=1)re " _ (=1)"sinh~
2m(1 —in) (1 —in)

This series converges pointwise to e’ on (—7,7) and converges to

%(e"«{-e_") at t = —7 or 7.
1

. C41 =-2—~7;/0 (sintcost:Fisinzt) dt

1 [sin®t ,(t 1. Qt)
= = — —si
2 |2 TilgTzom

For n # +1,

¥-3



Cp = L j' sin te~"tdt
2x Jo

L3

-int
= -21? [ < +1(-—insint—cost)]

_ =)+l
~ 2x(1 —n?)

The Fourier series is
< ( 1)n + 1 m,t -tt 1 i it ad (_1)11 + 1 intl
L sa-m)° | ¥ 46 tee Z_:z 27l —n?)

— 1 ( 1)n+1 int —snt
—-7; —smt+E (e +e )

¢ 2x(1 — n?)
1 1. ©  2cosnt
—-;+-2-smt-— ,.z.:, r(n’—l)

1., 2 &, cos 2kt
=D D~
This series converges uniformly on [—=,7].

=%[w=

Forn:;EO

= 5= f" te™dt

1 ~int

=53 5 (—int — 1)‘ (zmr +1)~ .

2wn?

The Fourier series is
oD

-4-+- E .(__}.).n.__:—— "“ + e-'ﬂf) 4+ Z ( ( -c'rl.'t)



1

o0 _lﬂ_l o0 _11’1- .
+z_:1-(-——7r—)r—ﬁ—cosnt—— 2_:1( n) sinnt

This series converges pointwise on (—,7) and converges to 7 /2

at t = —7 or .

3. Theorem 3 applies to none of the series in Problem 2. It does apply to
(a) and (b) in Problem 1, however.

4. 142> r*cosn(d — 9)

n=1

=Re |1+2 Z r"ei"(o_qs)]

n=1

R [ 2rei(f-9) . .
= Re -1 + gy (geometric series)
[ 2rei(6=¢) _ 9p2
= 1 - -
Re - + 1= ret-a[1 — Te—z(a—d:)]]

= Re

[1— 27 cos(6 — ¢) + 72 + 2r cos(f — ¢) + i2rsin(f — @) — 2r2
1 —2rcos(f — ¢) +r?

1—r?

T1- 2rcos(d — @) + r?

5. CO+Ecneint + z C;ne_int

n=1 n=1

oo oo
=co+ ) ca(cosnt + isinnt) + > c_n(cosnt — isinni)

n=1 n=1

=co+ Y (¢ +c_n)cosnt + Z i(cn — c_p)sinnt
n=1

n=z

The series is a real function if ¢, is real and ¢, = e forn>1.



__1_, 1 e _1_ 4 _ingdt
._21/: F(~t)e dt+27r£ F(t)e

= 51; -/: F(1) (_ ™ 4 e—im) dt
= :;_ri [ F(t) sinntdt

The Fourier series is

[ f F(t)sin ntdt]

i [-—t [' F(t) smntdt] ( int e—mt)

n=1

- f; [3 [ F@ysn ntds] sin(nt)

This series converges for 0 <t < 7 if F(t) is piecewise continuous,
and it converges to F(t) if F(r;) = 3 [F(‘r,-}-) + F(r;—)] at the

subdivision points.

1 —int 1 * —int
. e — — m t m dt
=g F(=t)e ™ dt + o ./o F(t)e

n——oo

211_ /’ ( ‘t) ( emt + e—mt) dt
- % fo " F(t) cos ntdt

The Fourier series 18

[ f' F(t) cos ntdt]

= -:; /0 i F(t)dt + ; [-:: /‘: F(t) cos ntdt] (e‘“t + e_""‘)

ﬂ.——oo



= —/ F(t)dt + Z [ / (t) cos ntdt] cos nt
The convergence properties are as in part a.

7 a i (——nzcn + 3%) et — 1 (e-i4t — 4o~ 4§ 4¢i2 4 ei4t)

n=-—co 16
ol = -1 con = 1 _ 1

+4 — 2087 +2 — 47 G = 8

-1 1 1 1 .

$) = — —~tdi - —12t _ o

F(t) = gpge™" + ¢ +8+4 208 °
= -;— +%cos2t— ﬁcostlt
& . 2 X 2(=1)" .
b. Z (_n2cn+z~ncn+cn)emt o %_+ z (_nz_)__emt

n=—ee rey

(from Problem 1c)

2
Co=—

3
2(~1)"
F. 0 =
orn #0, e, (Cn? +in+ D)n?
c. Z (—n’c, + dinc, + 2¢p)e int — 2 Z et
n=-—oo T N=—00
n¥o
(from Example 4)
o= {
t[(=1)" - 1)
F\ 0 =
orn#0, e (—n? + din + 2)7n
8. Fourier sine series
2 2 /-t 4 —1)ntt
B.= —/ tsinntdt = — (-— cosnt + —%sinm‘) = &
7 Jo T\n n 0 n

Fourier cosine series

1 s~ T
= - tdt = —~
o 7('/0 2



10.

11.

x

2/t 1
aﬂ=—/ tcosntdt = ;r_( smnt+---—cosnt)

0

—4
_ 2 [(_l)n _ 1] _ m fOl‘ n Odd
wn?
0 for n even

u(z) = (2 an,z ) + Re (-—i z ﬁ,,z")
n=1
u(z) is harmonic because it is the real part of an analytic function.

Since the boundary values of u match U(@), it follows that u is the
unique solution to this Dirichlet problem. :

M(z,t) & —n?t 0T (z,t)
5 ga,. sinnre™™ (—n?) = a2

T(0,t) = T(x,t) = E a,0e~"t =0
n=1

T(z,0) = ) _ apsinnze® = f(z) (Fourier sine series)

n=1
The limiting value of T'(z,¢) as £ -— co can be interpreted as the steady-
state temperature distribution along this rod.
Jlim T(z, t)=0

62155:::, t) ?;1 ba(—n?) sin nz cosnt = --—-——-—322(;’ t)
u(0,t) = u(x,t) = Z bn0cosnt =0
n=1

u(z,0) = Y_ by sinnz cos0 = f(z) (Fourier sine series)

n=1
%th,-gl =) —nb,sinnzsin0 =0

n=1
With the g.godiﬁed initial conditions use
u(z,t) = ;" sin nz sin nt

For the more general set of initial conditions construct the solution

3-7



o0 oo
u(z,t) = ) bysinnz cosnt + > e, sinnz sinnt

n= n=1

1
2 f~ .
where b, = -7;_/ fi(€) sinnéd¢
0
2 o
and ¢, = —/ fo(€é) sinnédé
nw Jo
12. a. 6wi27rn(j+N1)/N — e—i21rnj/N—i21rn/2 _ (_l)ne—i27rnj/N

c. Case 1: n even.
Since n = 2n;, and N = 2Ny, n/N =n/N;
and the two summations are equal.

Case 2: n odd.
Since n = 2n; +1 and N = 2N;,

n 27'1,1 1

N 2N N’
The result follows by using
C] - Bje—:ZwJ/N

EXERCISES 8.2: The Fourier Transform

1. a Gw)= L /0 ef~tdt 4 i/m e~tmwidt
) ) N —oo 2 0

s T

1 et—iwt 1 e—t—iut
- %(l—iw) oo+-2—7r(——1—iw) 0

”1(1+1)_1(1)
T \l—-w 14+w/ w\l1+4w?

The inversion formula 1s

0 [=5s]

F(t) = M = ;lr- /

—00 1+&J2
1

t iwt lt
_ 2_1w
-_00

3-1



1 ; 1
- = —(+iw/2P P4 gy —w? /4
g e = e
The inversion formula is

- R S hager e
F(t)=e _2\/;/_“.: dw

Glw)= 217 [ tet-inay

= -2-1; [: (t + iw[2 — iw/2)e~(Hw/D =" gy

_u? o0 s R
= =& " o—(tHiw/2)? _ hee " / °° o~ (t+iw/2P gy
4x = —co ix -00
_ —iwe‘“’zl‘
T 4T

The inversion formula is

F(t)=tet = % we A+ivtd,,

X J=00
1 sint _,
e

1 fosinWr _we
=5 | . Wr e (x)dW

(change of variables t = W)

(

1
3 for | —wrl<7, orjw <1
0

for| —wx|>=x, orlw|>1

for —wn = +7x, orw ==l

L

The inversion formula is

g-10



PO == =5/,
1 oo sinwt _,.,
W) =o [ e it =1 41,

N I —1 foo eit(rr-—w) g
= p.v. — —_dt
where I = pov. = [~ N CESY

1 oo e—it(1r+w)
v E/_w Ct-D(+1)

For w < 7, use a contour in the upper half-plane to get

and Ig= P dt

L= 4‘_7;(@ [Res (t = —1) + Res(t = 1)]

4

For w > 7, use a contour in the lower half-plane to get

B -1 _ei(w—w) N ei(r-—w) B —_1 ) ( )_ —3 Gin
= 4 ) 5 = sS1Ip\w - W) = 1 nw

-1 . i,
I, = Z;r—i(--m) [Res(t = —1)+ Res(t=1)] = 7 Slow

For w < —=, use a contour in the upper half-plane to get

I = ﬁ(m’) [Res (t = —1) + Res (¢ = 1)]

1 ___ei(ﬂ'+w) e—i(1r+w) —: ; )
== + :=—-sin(1r—{—w)=zsmw

4 2 2 4

For w > —=, use a contour in the lower half-plane to get

I, = (i) [Res (¢ = —1) + Res (£ = 1)] = —sinw
Summarizing,

“lsinw for lw] <=«
Cw)=hL+L=1 2

0 for jw| > =

The inversion formula is

g1l



inat - [F .
F(t)=%=—§£['smwc”'dw

i o0 cl-m — e-—im CM

= - =1

@)=z f.w 2i(1 — w?) (-w2+2iw+2) do=h+h
ei(saru-wt)

where = o2 | (@ — 1)(w? — 2iw —2)
ei(-6m+ut)

-1 fo° r
and I =57 /_w O T

For t < —6, use a contour in the lower half-plane to get

L= %; [~7iRes (w = —1) — xiRes (w=1)]

i —i(Em+) 6 +t)
=7 [(-—2)(-1 o) T (1= 23)
-1 1
1 - t
10 sint + 5 cos

For t > ~6x, use a contour in the upper half-plane to get
1 .
h=5- [xi Res (w = -1) +xiRes(w=1)
+2riRes (w=1+1) +2xiRes(w = —1 +1)]

1 1 (2 —i)efte ((2+i)ete
'Tﬁsmt"‘éms”'( 101 + 101

_ 1 . 1 _6,_t(2 1. )
—msmt 5cost+e 5cost+5smt

For t < 6w, use a contour in the lower half-plane to get

L= ;—i (i Res (w = —1) — xi Res (w = 1)]



: ei6r—1) ei(—6m+1)

T2 T T —1o2)

-1 1
= ——cost+T63int

5]
For ¢ > 67, use a contour in the upper half-plane to get
-1 . .
I, = E [72 Res (w = —1) + wi Res (w = 1)
7
+27iRes (w =1 +17) + 2riRes (w = —1 +1)]

(2 _ i)eiteﬁr—i . (2 + Z’)e—ite67r—t
10: 10:

1 . .
=-—cost—ﬁjsmt—-z

5

1 t 1 int+ 6”"’(_2 st 1s'nt)
= —cost — —s — cost — —
5° 100 T 5 5

Summarizing, G(w) = I, + I,
(0 for t < —67

) % (e‘e"‘t - 1) cost + :51— (e‘s”'t + 1) sint for —6x <t <6rx

2 1
| — (eﬁ" — 6'6") et (g cost + = sin t) for 67 <t
1 oo e-—iwt
. . = — dt
3. & GW) 27r/_oot4+1
Forw > 0,

G(w) = % |[—2miRes (t = €"/) — 2riRes (t = /4]

eiw(l/ﬁ+i/\/5) eiw(—l/\/f+i/\/2_)
=B T o — o

g-13



()= ()
Forw £ 0,

G(w) = o= [2ri Res e = /%) + 2xiRem (¢ = &Smilt)]

————————————

—2V2 + 2/2i + 2V2 + 22

- 57 (=) - (%)

Combining these cases,

-7 () ()

The inversion formula is

1 1 - : ol | el

) = —— = ’ fol/VEHiut ( (__. ( dw
F(t) 1=2/ ) e cos 7 + s 75

To confirm this, the integral is

1 © . . .
— 2_1__\/5 [ °° (1 '2‘ i) (e-w/ﬁ-muw/ﬁ ¥ e-—w/\/f—MHwIJT)
0

1_1'_". JEiwt—iwfVE y  —wfVEI-iwt—iw/V2
+(3 ) te V7) do

.[ew(—uﬁ-i/\/i) eiu(uﬁ-e/\/i)]
=1

1-12

-1 -1
T 42 (—1/J§+it+i/¢§+ ~1/J§-iit+i/T/_§)

+1+£( ~1 4o -1 )
B\ A= V2 —it—i[V2



1

R

oo —twi
b. G(w)=i/ fe”™

27 --oot4+1

G(w) = % [-—271'2' Res (t = i/ 4) — 27i Res (t = ™™/ 4)]

. [eiw(l N2+ilVG) eiu(~1/ﬁ+i/\/§)]
= — - + >
42 —~43

For w <0,

G(w)= % [27rz' Res (t = e™/ 4) + 277 Res (t = ea’”'/“)]

[ etw(-1/v2-irvz) e (1VE-i/V3)
) ; + -
47 —4;

_ Trenig, [
28 51 \/5

Combining these cases,

G(w) = —_2—2-6"“"/“/Esin %

The inversion formula is

t =t [ . it . w
F(t)=t4+1=—2—[h°°e|'/\/§+ tSln('—ﬁ)dw
To confirm this, the integral is

—7 [ C_w/ﬁ (eiwt _ e—iwt) (

2 Jo

eiw/\/ﬁ - e—iw/\/i
- dw
2t



-1 / % (ew/ﬁmﬁu/\/i _ g=wlVE-iwttiv/VE
0

_ e-w/\/i-l-iwt—iu/\/f + e-w/\fi—iwt—iw/\/f) dw

_—1( _ -1 . 1
T \DIVR+it+ilV2 -1/V2—it+i)V2

1 -1
+_1/\/';2‘+it-—i/\/2-+ _1/\7—§—it—i/\/§)

ot
TH4+1

¢. From Problem 1b, G(w) = —lﬁe""z/ 4 and the inversion formula is

Fit)=e® =z [ ea+iotg,

2\/_ -0
To confirm this, the integral is

® w2t o~ g, _ ot

v

4, If G(w) is an even function, G(-w) = G(®). F(t) is real. The real part of the
Fourier transform is

Re[G(w)] = Re[(1/2m)f..."F(t)e **'dw]
= Re[(1/2m)[..."F(t)(cosat - isinot)dm] = (1/2m)].. " F(t)(cosmt)dw.
Re[G(w)] is an even function.

If G(w) is an odd function, G(-w)= -G(®). The imaginary part of the
Fourier transform is
Im[G(®)] = Im[(1/2m) .F(t)e"*'deo] = -i(1/2m))... F(t)(sincot)de.
G(w) is an odd function.

5. Given G(®)] = (1/2m)|."F(t)e™dw. The Fourier transform of F(te™ is
(12m)]"Fe e ™ do = (1721 F()e " P'do = G(o-Q).

&.  a. A solution to f” + f'+ f = e is given by i

. —w? w4+l
e [t
Thus f(t) = /‘: Y

(using the inversion formula from Problem 1b)

g -1b



1 [ i .
b. G{w) = j etmdt—21r(1+iw)

0

The inversion formula is F(t) = o /m T wdw

A solution to the differential equation is given by
et

1
f(t)='2';f_:(1+iw)(—w2+4w+1)d“’

1 ! —twi 1 .
C. G(w)=2—-f_le dt = — sin wt

T wr

The inversion formula is F(t) = —
T J—co W

1 oo etginwt
f e Smer e

A solution to the differential equation is given by

1 o= et sin wt
1) = T -/—oo w(—w? + 2w + 3)
OT(z,1t) o0 . oy T (z,t)
—'?‘ ) = Wwr 2 w*t — y
—5 [_w G(w)e™* (—w®)e™ "dw ——-—-—ax2

P(a,0) = [ G067t = f(2) (Rousir inversion forrula)
rem [ [ [ ] e
=g [Lr [
-5 [L0{ [Low |- (557
[ e)
o [ e [ e

(using the hint from Problem 1b)

2 00 . 2
. QuT(;,_t_) = /:oo G(w)(—w?)e? coswidw = %%—Q

u(z,0) = / ” G(w)e“®dw = f(z) (Fourier inversion formula)

%—:(%0) =_/_°:o G(w)e“*(—w)sinwtdw| =0

t=0

g~ 177



With the modified initial conditions the solution becomes

sin wt

u(z,t) = / G{w)e™*

For the more general set of initial conditions construct the solution
L) in wit
u(z,t) = / e (Gl(w) cos wt + Gz(w)m—t——) dw

G . a. firy=F(z)= [: G(w)e dw = /_:g(w)é’*‘b"dcu
¢(w) = Gw) = 51; [ Fa)eiomdz = .21; [ ftryeieeerrtds

(Change of variables z = —Logr r=e")

b. e~ 1o8" = r~* and g(w) = M [iw; £}
The result follows from the fxzrst formula in part a.

| 36\ 1%
o, ra'r( ar) T

1 [ Mjw; =2
== ./_ . -———sin[;d wﬂ):l (—-w’) r~%-2 ginh whdw

1 oo Miw; f] _i-ag, 2y o
-'2—1!_'[.” mf‘ (w )smhw()dw

=0

M[w’f] o
#(r,0) = -/oosmhwﬂo sinh O0dw = 0

o Mils
¢(r,00)= =— o / m;}h?w_ﬂil =i ginh wlpdw = f(r)

(using Problem 7b)

Ml f]
b gl 0) = 5= [ o sinh(wbo — w8)dw



c. $(r,0) = /_ T I Miiw: f1] sinh(w8y — wh)

2r o sinh w00
+Miw; f;] sinh w8} dw
1 fo Mliw; f]

27 J_oo coshwé, r coshwbdw

d. ¢(r,0) =
EXERCISES 8.3: The Laplace Transform

I a. g(s) =/0 3cos2te™ "t — Ge~2—otyy

36_“ ) 86—2t—st o0
=911 (—scos 2t + 25in 2¢) — s
_ 3s 8
T s 44 s+ 2

b. g(s) =/0 2e™% — e**sin rids

ze—st e4t— st

=— —(4 S g ((4—s)sin7rt—7rcos7rt)

_ 2 T
s (4—s)2+x2
1 —st|d —_— S
C. g(S) = / e_Stdt = ¢ = € + l
0 -8 t=0 S 8
2 —st |2 e p—2s -5
d. g(s) :/ et = & == + £
1 —8 =1 8 S

1]

o0 . o 1 1
. 9(s) = / e~ sin® ¢dt =/ e — —e™% cos 2tdt
0 o 2 2

et e st 0

=5~ 7+ D) (—scos 2t + 25in 2t)

t=0

1 s _ 2
25 2(s?+4)  s(s?+4)

o

t=0



f. g(s)::jm—:‘—‘dt / e Xdx = \/_

9. The case n = 1 is done as Formula 6 in the text. Assume that the
result holds for all positive integers less than n.

Then £ {F™}(s) = /0 ® PO (t)e*dt
= F(“'l)(t)e"'l:o + f F=D(¢)se~*dt (integration by parts)

= —Fn-1(0) 4 oL {FD}(s)
(using the hypothesized inequality)
= ~F"=(0) — sFD(0) —--- = 8" F(0) + "L {F} (5)
By induction on 7, the theorem is proved.
3. Use the table of Laplace transforms in this section.

a. F(t)= -sm2t (entry iv)

b. F(t) = 4te (entry ix)
s+1 1 1
2 +4s+4 s+2 (s+2)?

F(t)=e® —te™® (entries i,ix)

C.

] y 11 1
"B 1352 +28 25 s+1 2(s+2)
1
Fit)=3- et + %e"“ (entries i,ii)
s+3 s+2 1

2 +ds+7 ('s+2)2+3+(s+2)2+3

F(t) = e * cos V3t + -—lfge‘“ sinv/3t (entries vii, viii)
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4. L)) = / " f(t - r)etdt

=e /0 flz)e *%dx
(change of variables z =t — 7)
= e L{f(t)}

. SL{f} - 0) ~ £4f) =

3 1 5 1
SR T pyy vl VR P
f(t):get'l-%eat

b. *L{f} ~ s£(0) = f'(0) = BsL{F} +5£(0) + 6L{f} =0

5—6 4 3
E{f}_32—55+6“—s——2_5—3

f(t) = 4%t — 3¢5t
c. s"L{f} — sF(0) = £/(0) — sC{f} + £(0) — 2L{f)} =

2 2

‘C{f}:52_3_2+(s2—s~+2)[(s+1)2+4]

2
(s+1)2+4

__ B 5 35—
©39(s—2) 6(s+1)  26[(s+1)2+4]
28 5 3 1
=22t 9~ 9y t— —etsin?
f(#) 396 " g° +26e cos 2 3¢ sin2t
d. The Laplace transform of the right side is

6 —st |6
€
/ e~dt =
3 —3$ 1=3

_ e—Gs e—3.s

S S
3s —6s

Thus szﬁ{f}hsf(O)—f’(O)—SSE{f}+3f(0)+2£{f} = _e‘_‘_{;—_c;_



8“3‘—6_6‘ ‘ - 2 1 1 !
E{f}=8(32—33+2) =(e 3.“e-s)(.i;“—.‘5—1-!-2(8—2))

)

%(0-0)-(0-0)+%(o-o) if 0<t<3
. 1 -3 1 2t—6 .

f(t) = 5(1-0)-(& —0)+-2-(e‘ ~0) if 3<t<6
1 =3 16\ 4 1 [ 2t-6 _ _2t-12)
k-é(l——l)—(e — )+-2—(e —e ) if 6<t<oo

(0 | if 0<t<3

1 t~3 12t—6 :
=] g Hge if 3<t<6
t _et—3+et-—6+_;_e2t—6_%eﬂt—lz if 63t<w

. e~ is continuously differentiable and integrable, so the inversion
formula is

_ -—t___]‘_ 100 c“
F(t)=e ‘2xf_sms+1d’

In order to keep the integrand bounded, consider the contour
I' = 4; 4+ 2 in the left half-plane, where

Mm:zr)=1i —pZ<7<p
T 2(t)=pe” x[2<T <3x[2

1 pieco g% 2x1 e =
Then-2—;-/_‘_°os+1ds—2riRm(z+1,z_—l) =e

. By Theorem 6, the inversion formula is

Fi)=1=~ [T 4

( ) - -2_1‘. 1—ieo -.;_

In order to keep the integrand bounded, consider the contour
T' = 71 + 72 in the left hali-plane z < 1, where



oot

P

mizr)=14711 —p<71<p
Ya:2(t)=1+pe™ 7/2<7 < 3n/2

1 14100 o8t N zt
Then — e—ds = -z-ﬂ Res ¢
27 J1io S 271

anL {f(ﬂ)} + a1 L {f(n-l)} +otal{f} + el {f} = L {u}
Using Equation 8, this reduces to

(ans" +ap 15" 4+t ags+ ao) LA{f}=LA{u}+ P(s)
U(s) + P(s)

anS" + an_ 15" 1+ .- a5+ aq

That is, F(s) =

The poles of the transfer function either are real or come in conju-
P(s)

Q" + apn_18"" 1+ .-+ a15+ ag

can be decomposed into partial fractions with denominators of the

form s — z; and (s — z;)(s — Z;) = (s — Re z;)* + (Im z;)°.

It follows that F'(2) is the sum of terms b;e** and c;eR <) cos Im (z;)t

and d;e® ) gin Im (2;)t (from entries i, vii, and viii in the Laplace

transform table).

The poles lie in the left half-plane, so 2; < 0 and Re z; < 0, and

the terms of F(¢) go to zero as t — oo.

1/(s—1) pole s =1 not stable

gate pairs z and Z, so that F'(s) =

. 1/(s* —55+6) poless =23 not stable

1/(s* —s—2) poless=—1,2 not stable

. 1/(s* —35+2) poless=1,2 not stable

Spring 1 is stretched by z, spring 2 is stretched by ¥ — z, and
spring 3 is stretched by —y (consider compression to be negative
stretching). By considering each mass separately,

T .
M= = —Kz — K(z — y) (springs 1 and 2)

d*
mgﬁ = —Ky + K(z — y) (springs 3 and 2)



&z
b. ?'t?‘l'zz—y—ﬂ

i2—”--—-:17-}-2!‘:0

di3

In each case z'(0) = 0, y'(0)=0.

Taking Laplace transforms,

{ $*L {z} — sz(0) —2'(0) + 2L {z} — L {y} =0

82L {y} — sy(0) — v'(0) — L{z} +2L{y} =0
{ (s* +2)L {2} — L {y} = sz(0)
=

~L{z} + (8 +2)L {y} = s¥(0)
= [(5* + 2)® - 1L {z} = (s* + 2)s2(0) + sy(0)

(Gaussian elimination)
' L{z} = [:c(‘q()()s;l-f(l()))]s + [3(20()3:-:-’;0))13 (partial fractic—ms)
nd [2(0) +y(0)]s , [¥(0) —=(0)]
z(0) + y(0)ls . [y(0) — =(0)}s
| FW =Ty T s (symmetry)

( o(t) = 5(x(0) + y(0)] ot + 51a(0) — y(0)]cos v

| 9(8) = 312(0) + y(O)| cost + 314(0) — 2(0)] cos V3t

(Laplace transform table, entry iii)
Now substitute the given initial conditions.
(i) 2(t) = cos V32, y(t) = — cos V3t
(ii) z(t) = cost, y(t) = cost
1 1 1
(iii) =(t) = -icost+ Ecos\/gt, y(t) = ECOSt - -2-"006\/-3-t

c. {i) and (ii)
In (i) the motion is mirror-symmetric with respect to the midpoint.
In (i) the spring connecting m, and m; remains rigid.
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EXERCISES 8.4: The z-Transform
1. The z-transform of {aa(n) + Bb(n)} is

E [aa(n) + Bb(n)]z™" = a Z (n)z™"+ B i b(n)z™"

= aA(z) + BB(2)

in the common region of convergence.

2. —zA(2) = —z% i g": a(n)z™* ' = Y na(n)z7",

n=—0o n=—00
which is the z-transform of na(n)
By Formula 8, this converges in the annulus

limsup {/nla(n)| < |z| <
n>0

lim sup \/7(; (—n)

n>0
1

or limsup {/}a(n)| < |2| <
n>0 lim sup \'ﬂa(—n)l
n>0

[=.o] o0

3. A(z/a) = 3 aln)(sfa)" = 3 ama(n)s,

which is the z-transform of a"a(n), with annulus of convergence
a|imsup {/]a(n)| < |z| <
almsup fla(n)] < I

(multiply the radii by |a])

|e] imsup {/Ia(—n)
n>0

4. a A(z)=2+ EOz'" =1

z
b. _"= =
A(z) = nz—;z 1751
—n d & o d z _ z
¢ Alz) —gnz BT n=oz - T (z—l) T (z—1)2



i non _ 1 oz
.A(z):Eaz T l-ajz z—a

1 & i, —n —inw
. A(2) = zsm(nw)z -Z—i-"goe PR

1 [ 2 z _ zsinw
2t

00 o0 . .
. Az) = ) cos(nw)z ™ = 1 Yoz e
n=0 2 n=0

z—ew z—ew| 22 _9%2rcosw+1

>

=%[zz + z-iw]= z(z — cosw)

—2zc0sw+1

1 =% __ 3z i(—?pz)“ = il: —(=-3)™"
1+1/(3z)—1+3z— n=0 _u=-oo
a(n) = —(—3)™ for n < —1, zero otherwise

S -EE)
-3

n=-00
a(n) (- ) 2" "'3 for n < —4, zero otherwise

erE (@) - S

n=-3

a(n) = ( 2)“"‘3 for n > -3, zero otherwise

for n > 0, zero otherwise

z+2 1 1 —ii(z)”
22-7z4+3 2z-3 22-1 3 5\3/

n=0

0 00
— Z _3n—lz-n + E_Z—nz—n
AT —00 n=1
a(n)=-3"1forn<0,—2"forn>1
1-1/(22) 4 3

T 1+43/(42) +1/(82%)  1+41/(22) 1+1/(42)

g-2b

1 &1\



S a3 (=) e — 3 Y ()

: n=0 n=0
a(n) = 4(—-2)™™ — 3(—4)™™ for n > 0, zero otherwise
z 2 2 2

S

1 2z
z_z_iQ—n —n__giz—n_zii —11
% p=0 Z p=0 dz n=0
= 22-"“ 4 Z 2z-"+22(n— 1)z
n=1 n=1

a(n) =27+ 4+ 2n — 4 for n > 1, zero otherwise
b 1—¢/z _ 1/a—1/z _ (l__l_) f:a'“z""
a-1/z 1-1/(az) a z/ =

= Z a~"lzmn Z o "l

n=0 n=1

a(n) =a ™t —a ! for n > 1, 1/a for n = 0, zero otherwise

6. The series converges for 1irn sup la(n)| < |z] < oo and

lim A(z) = lim (a(O) “(1) “(f) +) = a(0)

7. a zAY(z) - za(0) = 0.5A4%(2)

2 2 >
At(z) = i T = — =2 2 2="z"
2z n=0

zZ—3 1-
a(n) = g—n+l

b. 2zA*(2) — za(0) + 2A4%(z) = ;%I ( Problem 4b)

22 z 1 1
A+(Z)z(z+2)(z—1)=§{l—-%—1+%:l

§$-27



z™" - g—go(-—ﬂ"z"‘ = i [.]_‘ 1(_2)n+1] 7"

— 13 3

i
| N
gl

Z

c. #A*(z) ~ 22a(0) ~ 2a(1) ~ 52A* (2) + 52a(0) + 64%(2) = ——

222 -7z 4+ & 223 — 922 4 82

+ — -
A7(z) = 22—-5246 (z=1)(z—2)(z=3)
_ 1 2 1 3 2 3
—z(2(z—1)+z—2—2(z—3))_1—%+1—§ 1-2
1 o o o0 n —n 1 L o
=§ F4 +2Z2Z --2-23"2
n=0 #=0 n=0
_l n+41 3"
a(n)._2+2 5
(= o0 o0
8. D a(r-N)z™" =3 a(n—N)z™ =3 a(n)z™N = 27N 4% (2)
n=0 n=N n=0

EXERCISES 8.5: Cauchy Integrals and the Hilbert Transform

1. It suffices to show that ¢(z) and ¥(z) are the real and imaginary parts
of a function f(z) analytic in the upper half-plane with z = z substi-
tuted and with rapid convergence to 0 as z — oo (as in the discussion
at the top of Page 419).

a. Forw >0, e* = coswz + tsinwz

!e‘“’“‘"‘”lze"""—»ﬂa&y-—»oo

b. Forw <0, e*| = coswz — isinwz (converges as in part a)
r=x

¢. Forw >0, —iei“‘]z_ = sin wz — 1 cos wz (converges as in part a)
£~ 3

d. Forw <0, ie""‘”L_x = sin wz + tcoswz (converges as in part a)




a 4 . T
= 2

e. Fora >0, let f(z) =

|f(2)| £ K/|z]
£ Fora> 0,et £() = S22 Then f(s) = 002 ;L= cosas
|7(2)l <
-1 % coswé ~1_ T oo piwk
A P /;oof_xdé‘:l
—1 ( . ( etz )} .
= —Re |7z Res ;z==z)| =slnwsz

T _

b,c,d. Similar to a.

df

€.

-1 o a
= P /-oo (a + €2)(¢ — 2)

-1 [ ) i
=?Re -p.v. [_w (§+ai)(§—m)d€}

=T e m fe ((z n az‘)i(z —2) x)]

:;I-Re-nﬂ]zRe[z_m]z T

T T+ al a? + z? a? + z2

-1 ®©  sinaf -1 o giat J
f- -— V. d = — V. ——ee
T P — &(€ — ) ¢ T tm [p -[~°° f(f_x)dé

tazx

Im |7z Res c ;2=0] + 7z Res -—ef—z—-;z=z
Ve 2(z — x) z(z — z)

-1 [ —7i  miete®
T |z z

1 —cosazx

T

3. S, and S cover arc lengths of 377/2 and —ni/2 respectively. Lemma 4,
Section 6.5 shows that

10 g 30 (SO 3
(similar for Sf)
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4. Let _f(Z) - o (eld.l +e—wx) tﬂu
f(z) = coswzcosﬂlx+tooswxsmﬂlz

The condition |w| < €, implies that |f (2)1 < | it —jw|)z
in the upper hali-plane.

= |e-ta-kety|

5. y(x) = -(I/m)p.v.l.” {g(X)/(t -X) }dt
wu)~4umpvj H@m5+ﬂemmKtmhh
= -(UmP.V) o™ (Zico™(IKDFRDE™ - DR + (€™ - DX W(t-x)}dt
Wthh can be integrated term by term using Jordan's lemma and Cauchy's
theorem to give

= -(U/m){ Zao"(VKDFODIR (€ - D* - (7 - 1) ]}t
= i [ £(e'") - ()]

:_ / "(’1) Imk() 4 = —nL
[

= P" BT —w)

-l ((m TG -ER) -

(R=+n=1)(n—w)"’ =“’)]

= % [-21:‘ (mﬂ_m-)) — 7t ("R"ﬁ_'“:ﬁff)]

_ R
T R+ wiL?

—m'Res(

= Re k(w)

1
T b ficl—l {(4 —z)

lal>1
‘“’2“‘“"“(4(4 5¢=0) R (g e =)

. 1
g fid=1 (¢ - Z)dc

sl<2
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. . 1l .,
=27TZRCS(((C— 0),C 0)+7FZRCS(m,C— 0)

The difference of the limits is 271

. Usmg Problem 10, Section 6.4,

00 cos§

i [ -y [t

Imz>0 ¥ —° im z<0

_ 27t T _ -7
- 20 20 - 20
] ... 2m
The difference of the limits is -
o
. For Imz >0,
lim [ ——df =7i R 1 xi
v r =
ff,%o o€ —2z PR £—zo’ °
For Imz < 0,
) 1 ) )
lim d¢ = —7i Res ( ! ;xo) = —m
lzm :-20 -00 § — 2 § — Zp

d{ = lim Tt — hrn —mie

z—r.’:o
Im z>0 Im z<0

=7 (e‘z" + e"”’°) = 271 COs Ty

. Using Problem 18, Section 4.7,

: ® 3 .
lim / (§2+1)(€_z)d€" zl.l..IR,

oo é‘ .
L e

Im z>0 Im z<0
e —7t . T
= - - - = 271 )
To+1 To—1t 5+ 1

. Let T=T'+C}.

€lo J_ oo T — Zg — €
= lim f(z) ————dz= p.v.
. o Jrz—z9—1€
* f(z) :
v. /_oox_zodx+7rzf(:ro)
v = iw8(z — xo)
'p"z—xo I 0

» flz) dm+7rzRes(

-0 I — TQ

(=)

Zz2— 9

—tz

y To

A

/
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