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1 Introduction

This introductory course consists of eight lectures on different topics in the broad field of
partial differential equations (PDEs). The required pre-knowledge is basic analysis and linear
algebra skills. The discussed topics are the following:

Chapter 2

Chapter 3

Chapter 4

Chapter 5

Chapter 6

Chapter 7

Chapter 8

This chapter derives the three classical PDEs from physical principles: Heat equa-
tion (parabolic) for diffusion processes; Poisson and Laplace equations (elliptic) for
steady-state phenomena; wave equation (hyperbolic) for propagation dynamics. It also
introduces well-posed problems and the classification of PDEs.

We discuss the classical treatment of elliptic equations, focusing on: Maximum principle,
which provides uniqueness and stability of solutions; Green’s representation formula,
used to express solutions in terms of boundary data. Lecture (This lecture is mainly
based on [3, Secs. 3.1, 3.2 and 3.4] )

We introduce weak formulations of elliptic PDEs. Key concepts include: Sobolev spaces,
which generalize classical function spaces. Well-posedness and regularity of weak solu-
tions, ensuring existence and stability. It is mainly based on |3} Sec. 3.5]. The interested
student is referred to the master class PDE (201700033) for a more advanced treatment
and detailed proofs.

The Finite Element Method (FEM) explores the Ritz-Galerkin method for approxi-
mating solutions of elliptic PDEs, including: Error analysis and convergence of FEM.
Construction of piecewise polynomial function spaces for practical computation. Lec-
ture 4 is mainly based on [3, Chapter 5] and [?, Chapter 0]. We give the basic ideas of
the finite element method; the interested student is referred to the master class "Finite
Element Methods’ (202100097) for an advanced treatment.

The Eigenvalue Problem for Elliptic PDEs Covers eigenvalue problems in PDEs, essen-
tial for understanding vibrations and stability. Topics include: Eigenfunction expansions
for representing solutions. FEM for approximating eigenvalues and eigenfunctions.

Parabolic PDEs — Variational and Numerical Treatment: Focuses on time-dependent
PDEs, particularly the heat equation. Discusses: Lecture 7 is mainly based on |3, Sec.
8.3, Chapter 10]. Lecture 6 is mainly based on [3, Secs. 8.3 and 8.4] )

After reading these notes, the reader should be able to read and understand most parts of
the book [3]. Further, recommended further reading is contained in [].



2 Modeling using partial differential equations

Lecture 1

In this lecture, we derive the three classical partial differential equations (PDEs) — the heat
equation, Poisson’s equation, and the wave equation — starting from fundamental physical
principles, which will serve as main examples of three important types of linear second-order
PDEs: parabolic, elliptic, and hyperbolic.

2.2 Heat Equation

Let us consider an open and bounded domain V C R? d = 2,3, with smooth boundary
S := 0V (of class C?), and let us denote by n : S — R3 the unit normal vector to V;

1/2
nli= |l = (Zfoyn2) T =1,

n=(ni,...,n4)

Figure 2.1: Illustration of the domain V and its boundary S.

We seek to predict the temperature evolution and spatial variation of the temperature of a
fluid enclosed in the open domain Q C R? containing V.
Consider then the following quantity:

e := e(x,t); heat energy per unit mass at the point x € Q at time ¢ € Ry := (0, 00).

The total thermal energy E : Ry — [0,00) enclosed within in a domain V' C 2 can be
computed from the energy density e : Q x Ry — [0, 00) via the volume integral:

B(t) = /V e(x, 1)p(x, 1) dx, (2.1)

where
p = p(x,t); mass density at x € Q and ¢t € Ry.

From ({2.1]), and assuming ep is sufficiently regular, the time derivative of the total energy
is

i—f(t) = st/ve(x,t)p(x,t) dx = /V ;(e(x,t)p(x,t)) dx. (2.2)



(See, e.g., [4, Thm. 11.9] for sufficient conditions under which exchanging the integral and the
derivative is allowed.)
Since thermal energy can flow within {2, we introduce the vector quantity

q :=q(x,t); heat flux at x e Q at t € Ry.

In detail, heat flux refers to the rate at which heat energy flows through a given volume per
unit time. It is a vector quantity, with the magnitude representing the amount of heat flowing
through the volume, and the direction indicating the flow of heat.

The energy flowing into D C €2 is then given by:

energy entering V = —/ q(x,t) -n(x)ds.
S

Recall that n is the outward unit normal vector. Applying the divergence theorem (see,
e.g., [4, Ch. 13.5]) the energy entering V' can be written as:

—/Sq(x,t) -n(x)ds = —/Vdivq(x,t) dx.

Combining this with (2.2)) gives:
dFE 0
0= [ 5t n)ax=- |

— div q(x,t)dx + / F(x,t)p(x,t)dx,
v ot v 1%

where F'(x,t) is a heat source term.
Since this relation

/V {gt(e(x, t)p(x,t)) + div q(x,t) dx — F(x,t)p(x, t)} dx = 0, (2.3)

holds on any sufficiently regular domain V immerse the fluid domain 2, we conclude that

%(e(x,t)p(x,t)) = —divg(x,t) + F(x,t)p(x,t), x€Q, teRy, (2.4)

assuming the quantity inside the curly brackets in (2.3)) is continuous (as a function of x).
Why?
Constitutive Relations

In (2.4), we have two unknown quantities, e(x,t) and g(x,t). To reduce the equation to a
single unknown, we apply the following physical laws that relate the heat flux and the energy
density to the temperature:

a) Fourier’s Law of heat conduction:
q(x,t) = —k(x)Vu(x,1), (2.5)

where k(x) > 0 is the thermal conductivity and u(x,t) is the temperature at a the
location x and time ¢.



b) Specific heat relation:
e(x,1) = c(x)u(x, 1), (26)

where ¢(x) is the specific heat of the fluid at the location x.

Substituting (2.5) and (2.6)) into (2.4) yields:

%(C(X)p(x, Bu(x, 1)) — div (k(x)Vu(x, 1)) = F(x, t)p(x, (2.7)

forx e Qandt e R,.

The unknown quantity of interest in the equation above is the temperature distribution w :
Q xRy — R. Since w and its partial derivatives appear in the equation, it is classified
as a Partial Differential Equation (PDE). Specifically, this PDE is referred to as the Heat
FEquation.

Remark 2.1. The Laplace operator (or Laplacian) is defined as:

‘ 3

d
Av(x) = div Vu(x Z

5 (
Oz T
where V = (0, ..., 0y,) denotes the gradient operator and div denotes the divergence oper-
ator, defined as:
(9f1
di
iv f(x Z axz

for a vector field f = (f1, fa,. .., fa)-

Note that in the case when ¢, p, and k are constant positive scalars, the heat equation
reduces to:

00 (1) — mduoe 1) = f(x.1) (28)

for x € Q and t € Ry, where n > 0 and f are commonly referred to as the thermal diffusivity
and the source term, respectively.

Initial and Boundary Conditions

Similar to Ordinary Differential Equations (ODEs), PDEs must be accompanied by additional
conditions to ensure the existence and uniqueness of solutions. Unlike ODEs, time-evolution
PDEs, such as the heat equation, require not only initial conditions but also information
about the solution on the boundary of the domain where they are to be solved.

In order for to be solvable in a fixed bounded domain 2 C R?, the following conditions
are required:

a) Initial Condition: The temperature distribution at ¢t = 0 is prescribed as:

u(x,0) = up(x), xe€.

b) Boundary Conditions: For a bounded domain  with boundary I' := 92, we may have:




i) Dirichlet Condition: Prescribed temperature at the boundary

u(x,t) =g(x,t), xel, teR,.

ii) Neumann Condition: Prescribed energy flux ¢ = —kVu across the domain’s
boundary:
ou
%(x,t) = Vu(x,t) - n(x) =g(x,t), xel, teR;.

(The normal derivative — of u at a boundary point is the directional derivative
n
of w in the direction normal to the boundary)
iii) Robin Condition: Newton’s cooling law:

O (x,1) 4 A(a)ulx, 1) = A(xuo(x, 1), x €T, 1Ry,

where (x) > 0 is quantity related to the heat transfer coefficient, and ug(x,t) is
the known ambient temperature at the boundary.

iv) Mixed Conditions (Zaremba): On one part of I', Dirichlet conditions are applied,
while on the complement, Neumann conditions are imposed:

0
u(x,t) = gp(x,t), x€lp, and a—u(x,t) =gn(x,t) x€lN, teRy,
n

where ' =Tp Uy and T'p NIy = 0.

2.3 Poisson (and Laplace) Equation

Consider the heat equation of the previous section:

d
a(c(x)p(x)u(x,t)) = div (k(x)Vu(x,t)) + F(x)p(x), x € Q, t € Ry, (2.9)
with the following boundary and initial conditions:

u(x,0) = up(x), x € Q, u(x,t)=g(x), xel, teR,.

Given that neither the source F' nor the mass density p nor the boundary data g vary with
time, we expect the temperature to reach a steady state, meaning that

. Ou(x,t)
tlggo ot

=0 and tlim u(x,t) = v(x) uniformly in x € Q.
—00

Therefore, assuming sufficient regularity of u and v (enough to exchange the time limit with
the spatial partial derivatives), we obtain

lim <§t(cpu) —div (kVu) — Fp) = —div (va) — Fp=0,

t—o00



from where we obtain the following time-independent PDE for the stationary temperature
distribution v:

—div (k(x)Vu(x)) = f(x) (2.10)

for x €  in this case.

The PDE is known as the Poisson Equation, named after the early 19th-century
French mathematician Siméon-Denis Poisson, who mentioned it in his works on electro-
static and gravitational potentials. The homogeneous version of the same equation (i.e.,
—div(k(x)Vu(x)) = 0 for x € Q) is known as the Laplace Equation, which was studied earlier
by another French mathematician, Pierre-Simon Laplace.

The boundary conditions for the Poisson/Laplace equation are the same as those for the
heat equation: Dirichlet, Neumann, Robin, or mixed conditions.

2.4 Wave Equation

We now derive our third prototypical PDE by describing the propagation of sound or acoustic
waves. These waves can be modeled as small-amplitude perturbations in the mass density (p)
and pressure (p) of a compressible fluid, such as air, around a constant state characterized by
the ambient mass density py and pressure pg. Specifically, we express the mass density and
pressure as

pr(x,t) =po + p(x,t), |p(x,t)| < po, (2.11)

pT(X?t) =Po —|—p(x,t), |p(X,t)| < Po. (212)

To begin, we first discuss a PDE that describes the conservation of mass, also known as
the advection equation. Consider a domain within a fluid, where the vector field v = v(x,t)

represents the velocity of the fluid at a point x at time ¢ > 0. Since pp(x,t) denotes the mass
density, the total mass enclosed in a domain V' at time ¢ > 0 is given by

m(t)—/va(x,t) dx.

Assuming there are no sources or sinks of mass, the only mechanism by which the enclosed
mass can change over time is due to the net mass flux through the boundary S = oV

—/'v(x,t) -n(x)pr(x,t)ds.
r

Therefore, applying the divergence theorem, the time rate of change of the enclosed mass is
given by

dm

3} .
E(t) = /V apT(x,t) dx = /S'v(x, t) -n(x)pr(x,t)ds = /lev('v(x,t)pT(x, t)) dx,

which holds in an arbitrary domain V' C Q C R%  Assuming continuity of the integrands
above, we arrive at the Advection Equation:

aaitT(x, t) + div (v(x,t)pr(x,t)) =0 (2.13)




v(x,t)

Figure 2.2: Fluid flow through a volume V.

forx e Qandt € R,.

This PDE describes the transport of a quantity (in this case, mass) by a flow field, often
represented by a velocity vector v. It can also be applied to describe the transport of other
physical quantities, such as momentum, for example.

Under the assumption p(x,t) < po, we neglect p(x,t) in the mass advection equation to
obtain

875 (x t) + podivo(x,t) = 0. (2.14)

Following a similar treatment, but now for enclosed momentum instead of mass, we apply
Newton’s second law of motion, which states that the rate of change of momentum is equal
to the net force acting on the system. For a compressible fluid, the net force acting on the
fluid element is related to the gradient of pressure p, resulting in the following simplified
momentum conservation equation:

ov

5 —(x,t) + p” Vp(x t) = 0. (2.15)

This equation represents the momentum balance, where the acceleration of the fluid is directly
related to the pressure gradient.
To close the system, we apply the constitutive law:

p(x,t) = A(x)p(x, 1), (2.16)

where ¢? = (3—5)) denotes the derivative of the pressure with respect to the mass density
S

po, assuming constant entropy. The quantity c(x) > 0 is called the Speed of Sound. The
mathematical meaning of ¢ as “speed” will be discussed in more detail later in the course.
Now, taking divergence to both ides of (2.15) we get

9 (divo(x,t) + —Ap(x,t) = 0.

ot Po
On the other hand, from ([2.14)), we have:
. 1 dpr 1 dp
d ) = —— L (x,t) = —— —(x,1).
v olet) = — e t) = - S t)
Therefore, combining these last two results, we obtain:
-10%p
t A t
SRt A t) =0,

10



Finally, from (2.16)), we know that p(x,t) = c¢?(x)p(x, 1), so:

2
%(x, t) — A(x)Ap(x,t) =0 (2.17)

for x € Q C R? and t € R, which is known as the Wave Equation.
Since the equations involve second-order time derivatives, we need two initial conditions.
For the pressure, for instance, we need
Ip

p(x,0) = up(x) and a(x, 0) =wvp(x), x€Q,

where 2 is domain where (?7) is to be solved and where uy and vy are given data for the
problem.

To derive boundary conditions for acoustics, let us first consider what happens at the
interface between two different fluids occupying disjoint domains €21 and 29 with a common
boundary I'. There, the following conditions need to be fulfilled at the interface.

Qy

Figure 2.3: Acoustic Conditions at the Interface Between Two Compressible Fluids.

i) Kinematic condition: Continuity of the normal velocity:

n(x) - vi(x,t) = n(x) - ve(x,t), xel, teRy.

Differentiating with respect to time, we obtain:

n(x>'8a?(xat)_n(x)'881;2<x,t), XGF, t€R+.

However, from (2.15)), we know that:

v, 1
ﬂ(xat):_ivzjj(xvt)? Xera j:1727 t€R+'
ot Po;

Substituting this into the time derivative of the kinematic condition (assuming the
relation above holds up to and including the boundary), we get:

1 1
1 9m :7@(:“) xel, teRy. (2.18)

11



ii) Dynamic condition: In the absence of external forces at the interface between the two
fluids, we have that the pressure should remain continuous across the interface. There-
fore, we obtain

pi(x,t) = pa(x,t), xeT, teRy. (2.19)

Based on these condition, the following approximations are often used in practical applica-
tions:

1. Sound hard boundary condition; when pgs > pp1. For example, when €21 is air and {2
is water and we are interested in the sound wave propagating in the air.

From the kinematic condition ([2.18]), using the approximation p621 ~ 0 we get the
Neumann boundary condition:

op1

o (x,t) =0, xel,teR,.

The problem then reduces to find p; : 1 X Ry — R such that

4 82])1

W(Xat)_C%(X)Apl(Xat) = f(X,t), x €, t€Ry,
p1(x,0) = wup(x), x€N
0
TLx0) = wlx), xe,

\ %Z:(x,t) - 0, xeT, teRy,

where we also allow for the possibility of a sound source, modeled by the function f.

2. Sound soft boundary condition; when pg; > pp2. For example, when 2y is water and
Qs is air and we are interested in the sound wave propagating in the water.
We consider the scaled quantities u; := p;/poj, j = 1,2. From (2.19)), we have poiu; =
poaug on I', or equivalently uy = LS?UQ. Therefore, using the approximation pge ~ 0 we

arrive at the following Dirichlet boundary condition:

pi(x,t) =0, xeT, teRy.

The problem then reduces to find p; : €1 X Ry — R such that

82
aTZS(Xa t) — A(x)Api(x,t) = f(x,t), x€Q, teR,,
p1(x,0) = wup(x), xe€
Ip1 -
S5 x0) = wx), xe,
p(xt) = 0, xeT, t€Ry.

12



2.5 Well-posed problems

We say that a problem is well-posed if it consists of a PDE in a domain, along with a set
of initial and boundary conditions (or other auxiliary conditions) that lead to the following
properties:

i) Existence: There exists at least one solution u that satisfies all the conditions.
ii) Uniqueness: There is at most one solution.

iii) Stability: The unique solution u depends stably on the data of the problem. This means
that if the data of the problem changes slightly, the corresponding solution also changes
slightly.

We will make each of these statements more precise when we introduce proper function spaces
for PDE solutions. Meanwhile, let us consider two elementary examples:

Example 2.2. Consider the heat equation:
ou

E(X’ t) —nAu(x,t) = f(x,t), x€Q, teRy,
%(X,t) = g(x,t), xeT, te(0,7),
u(x,0) = wup(x), x€Q,

where > 0 and €2 is open and bounded. We want to study uniqueness of solutions of this
problem.

Suppose for a contradiction that there are two distinct solutions, u; and us, i.e., uy # us.
Then, by linearity, we have that w = us — u; satisfies the following homogeneous problem:

%;(X’t) —nAw(x,t) = 0, xe€Q, teRy,
ow
%(X,t) = 0, XGF,tGR_H
’U)(X, 0) = 07 x € Q.

Define then (the energy functional):

E(t) = / w?(x,t)dx, teR,.
Q

Clearly, E(t) > 0 for all t € R4.
Taking time derivative

dE ow
() =
dt()

o Ot
:n/Qw(x,t)Aw(x,t) dx (41)

= ([ v w9l 0) dx— [ [Fute o ax) @
(/ on
=-n

“—(x, Hw(x, t) dx (4)

t) - w(x t)ds—/Q]Vw(x,t)\de) (iv)
/Q |Vw|? dx < 0. (v)

13



Here, we used the fact that
div(wVw) = |Vu|* + wAw

to move from the (i) to (7i7), and the divergence theorem to move from (iii) to (iv). Addi-

tionally, we used the fact that 9% — 0 on T to move from (iv) to (v).

On the other hand, from the igitial condition we have
1
E0) = / w?(x,0) dx = 0.
2 Ja

E
In conclusion we have %(t) < 0and E(t) >0 for t € Ry, and E(0) =0, so E(t) =0 for
allt >0, i.e.,

/ w?(x,t)dx =0, tcR,.
Q

We conclude from here, assuming continuity of w, that w = uo — u; = 0, meaning uo = uq,
which is a contradiction. Therefore, the problem has at most one solution.
Does the same procedure work for the problem with Dirichlet boundary condition?

Example 2.3. Let us consider the heat equation in the “steady-state” (Poisson equation):
Au(x) = f(x), x€Q,
0, xel.

gﬁ(x)

Integrating the source term, we obtain:

/f dx—/Au )dx = gZ(X)dS:

Therefore, for a solution to exist, it is a necessary condition that:

IR

which is known as the compatibility condition.
On the other hand, if a solution w exists for this problem, then any function of the form
Uuo = U + «, with a € R, would also be a solution. Thus, the solution would not be unique.

2.6 Classification of second-order linear PDEs

In general, for PDEs, the question of what type of condition to use—initial conditions or
boundary conditions—depends on the type of PDE.
A second-order PDE in n variables & = (£1,...,&,) € D C R™ takes the form:

n

—Z%(%% +;ba@ +e(€)u(€) = J(6), (2:20)

ij=1
with u € C%(D). Since
0%u B 0%u
06085 0808
we can always choose the coefficients a;;(§) such that a;;(§) = a;i(§). Therefore, the matrix
A(§) = [a;j(§)] € R™™ is symmetric. Similarly, we let b(§) = [b;(§)] € R™.

14



Remark 2.4. If the functions a;;, b;, and ¢ do not depend on &, the PDE is said to have
constant coefficients.

Definition 2.5 (Classification of Second-Order PDEs). Let A(€) € R™*™ and b(€) € R™.

1) The equation ({2.20) is called elliptic at the point £ if A (&) is positive (negative) definite.

2) The equation (2.20)) is called hyperbolic at the point £ if A(€) has one negative (pos-
itive) eigenvalue and n — 1 positive (negative) eigenvalues.

3) The equation ([2.20)) is called parabolic at the point & if A (&) is positive (negative) semi-
definite but not positive (negative) definite, and if the rank of the matrix [A(€), b(&)]
is n.

A PDE is said to be elliptic, hyperbolic, or parabolic in D if the corresponding condition
is satisfied for every € € D.
Example 2.6. Let x € R?, £ = (t,x) € R?*, and define

A(t,x) = , c(t,x)=0

o O O O
o o3 O
oI O O
S O O

With these definitions ([2.20]) corresponds to the Heat Equation ([2.8)), which is a parabolic
PDE provided n > 0.

Example 2.7. Let £ = x € R? and define
A(x) = [k(x)d;;] € R4, b(x) = —Vk(x) € RY,  c(x) = 0.

With these definitions ([2.20)) corresponds to the Poisson Equation (2.10|), which is an elliptic
PDE provided k(x) > 0.

Example 2.8. Let x € R3, £ = (t,x) € R?*, and define

-1 0 0 0
10 ZAx)0 0 B B
A(t,x) = 0 0 Ex 0 | b(t,x) =0, c(t,x)=0.
0 0 0 A(x)

With these definitions (2.20]) corresponds to the Wave Equation (2.17)), which is a hyperbolic
PDE provided ¢?(x) > 0.

15



3 Elliptic PDEs - Classical Theory

Lecture 2

We will focus on the following elliptic boundary value problem: Find u : £ — R such that

—div(aVu)+b-Vu+cu=f in Q,

(3.1)
u=g on I :=09Q,

where 2 is an open and bounded subset of R?, d € N, with boundary 992 =: T of class C'* (this
is a sufficient condition for the unit normal n : I' — R? to be well-defined and continuous).
For the remainder of this lecture, we consider the differential operator
Au := —div(aVu) +
——

diffusion term

b-Vu + cu
N—— ~~

convection term reaction term

A function u € C%(Q) N C°() that satisfies (3.1)) is called a classical solution.
We work under the following assumptions on the given functions:

e a =a(x), b=Db(x), and ¢ = ¢(x) are smooth functions, i.e., elements of C°>°(R%).

e There exists a constant ag > 0 such that a(x) > ap for all x € Q (i.e., the PDE is of the
elliptic type), and ¢(x) > 0 for all x € Q.

Note that by linearity of the PDE and the (Dirichlet) boundary condition, u solves ({3.1) if

and only if it can be decomposed as u = v + w with v and w being solutions of

Av=0 in Q wv=g on T,
Aw=f in Q w=0 on T

(We may consider other boundary conditions as well, such the Neumann boundary condition:

0
a—u =g on I,

on

or Robin boundary condition:

agZ—&—hu—g on I' (h>0)

which, for convenience, are written involving the coefficient a in the definition of the partial
differential operator A.)

Our plan for this lecture is to investigate the well-posedness of the problem . In detail,
we want to determine

e Existence of solutions (for the Poisson eqn. via the Green’s function)

16



e Uniqueness of solutions (via the maximum principle)

e Stable dependence on the data f and g in our model problem (2.10)) in the C'(Q2)-norm,
i.e., in the norm || - || : C() — [0, 00) given by Hu||C(§) = max, g |u(x)|. (via the
maximum principle)

The last two will follow as a consequence of the following important result:

3.1 The maximum principle and its consequences

Theorem 3.1 (weak maximum (minimum) principle). Let u € C%(Q) N C(Q) and suppose
that

Au <0 in Q (resp. Au>0 in ).
(i) If c =0, then
max u(x) = max u(x). (3.2)
xeN xel’

(ii) If ¢ > 0 in 2, then

max u(x) < max {0, max u(x)} (resp. minu(x) > min {O,min u(x)}) (3.3)
x€EQ xel’ x€Q x€eTl

Proof. (i) Suppose that there exists x¢ € 2 such that both u(x) < u (xq) for all x € Q and
u(x) < u(xg) for all x € T'. Then, x¢ € 2 is a local maximum of u. Necessary conditions
for xo € © to be a (local) maximum are that Vu(xg) = 0 and that the Hessian matrix
D?u (xg) is negative semidefinite. Therefore,

Au (x9) = —a (xo) Au (x0) —Va (x0) - Vu(xg) +b (x0) - Vu (x0) > 0. (3.4)
>0 =trace(D?u(x0))<0 =0 =0

We now use the assumption that Au < 0 in € to reach a contradiction. We consider
two cases:

(a) Suppose that Au(x) < 0 for all x € Q. Then, (3.4) readily yields a contradiction
(i.e., xo cannot exist) because Au € C°(Q). Therefore, (3.2)) follows.

(b) Suppose that Au(x) < 0 for all x € Q.
Idea: Additively perturb u by a suitable function ¢ and use part (a).

Consider ¢(x) = e > 0 with A > 0 to be chosen. Since V¢ = Ape; and
A¢ = div(Veg) = \2¢, it follows that

8.%'1 ~~ 6.%'1
>0 >ap>0

quadratic in A bounded in 2

0 0
Ad = <—a)\2 + (b1 — a))\> e M1 — (— @ A2+ (b1 — —a) )\) e M1
—_——

We can then select A > 0 large enough such that

Ap = —a)? + <b1 — %) A<0 inQ. (3.5)
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Therefore, for all € > 0 it holds that

A(u+ €p) = Au +eAp <0 (3.6)
Ry

Now, by part (a), since A¢ < 0 in Q (see (3.5)), we get

max ¢(x) = max ¢(x) =: M > 0.

xel xeQ)

Then, for all € > 0, it holds that

max(u(x) + ep(x)) < maxu(x) + emax ¢(x) < maxu(x) + eM.

Using the assumption u(xo) > maxxer u(x) and selecting

u(xg) — maxxer u(x)
= 0
¢ M > 5

we finally arrive at

malgi(u(x) + ep(x)) < max u(x) + eM < u(xp) < u(xo) + €d(x0),
Xe XE N——
>0

which contradicts the statement proved in (a) for the function v = u + €¢ that
satisfies Av < 0 in Q (see (3.6))). Therefore, (3.2)) also holds in this case.

(ii) Suppose that there exists xo € € such that
max u(x) = u(xg) > 0.
x€Q2
Define the following domain:
Qy={x€Q:ulx) >0}

which is open by virtue of the fact that u € C(Q). Note that Qy # () since we are
working under the assumption that u(xg) > 0 with x¢ € Q.

To use the result in part (i), consider the operator A given by

Au:= Au — ¢ u <0 in Q.
L~

<0 >0 >0
—_————
=—div(aVu)+b-Vu

By part (i), applied to the operator A over Qgy, we obtain

u(x)ﬁOVer\Qo (Z ’u(X):OVXGOQOﬂQ
= max

max u(x) u(x) 9 max u(x) < maX{O,I)Iclglzcu(x)},

xeQ x€Qo x€0Q

and hence ({3.3]) holds.

On the other hand, if u(x) < 0 for all x € ©, then (3.3|) follows directly.
Finally, we point out that for the minimum, the statements follow by simply replacing u
by (—u) in the proof above, using the fact that minu = — max(—u). O
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Remark 3.2. If ¢ > 0, then the bound max{0, maxxer u(x)} in (3.3]) cannot be replaced by
maxxer u(x). Consider, for example, the solution u to the boundary value problem

—u"+u=0 in (0,1), u(0)=u(l)=-1.

Since the general solution of the ODE is given by u(z) = ae® +8e™* with

-1 e
“=ire P
it is easy to see that there exists xo € (0,1) such that u(xo) > max,cfo 1y u(z) = —1.

Remark 3.3. The condition ¢ > 0 cannot be relaxed in general to allow for ¢ < 0. Consider
the boundary value problem

—" =72 =0 in (0,1), wu(0)=u(l)=0,

which has as a solution u(r) = sin(7z), and max,ejoju(z) = 1, yet max,co1; u(x) = 0.
Moreover, interestingly, this boundary value problem has more than one solution. Indeed,
u(x) = ysin(nx) is a solution of the boundary value problem for any v € R.

Corollary 3 4 (Uniqueness). For f € C(Q2), g € C(I'), there is at most one solution in
C%(Q) Q) of (3.1).

Proof. Suppose there exist two distinct solutions wuy,us € C2(Q) N C%(Q) to (3.1). Defining
v = u] — ug, we see that v satisfies Av = 0in Q and v = 0 on I'. Applying the maximum and
minimum principles, we obtain

max v(x) < max{0, maxv( )} =0, and minov(x)> min{0, minv(x)} =0.

xeQ xeN xel
h,_/ ——
=0 =0
Thus, ||UHC(§) = 0 and hence v = 0 in 2, contradicting the assumption that u; # us. O

Theorem 3.5 (Stability). Let u € C?(Q). Then there exists a constant C' > 0 such that
el < Il + CllAullog)- (3.7)

Proof. Let ¢ be such that ¢ > 0 and A¢ < —1 in  (we know from the proof of Theorem
that such a function exists). Define

v (%) = u(x) + [[Auf oy d(x),  x €9

Applying the operator A, we obtain

Avy (x) = Au(x) + [ Aull o) Ad(x) < Au(x) — [|Au @) <0, forall x € Q,

<-1

where we used the fact that
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Applying the maximum principle (Theorem [3.1]), we obtain

v4(x) < max{0, Max v (x)}.
Xe

Furthermore,

< re) .
max vy (x) < maxu(x) + [|Aull o) [ 9llor)
=:C

Since u(x) < v4(x), we conclude that

u(x) < max v (x) < maxu(x) + CllAullo) < lulom + CllAul o),

since maxyer u(x) < maxxer [u(x)| = |lullor)-
Similarly, considering the function

oo (%) = —u(x) + [l Aufl o d(x), x €

we obtain

Av_(x) = —Au(x) + [|Aul| @) Ad(x) < —Au(x) — [|Aull g <0, for all x € Q.

<-1
Since —u(x) < v_(x) for all x € , applying the maximum principle again, we obtain

—u(x) < max(~u(x)) + ClAullog) < ullew) + CllAullog),

since —u(x) < |u(x)| < maxxer |u(x)| = |lullor) for all x € T.
Thus, _
()] < Jullo + ClAullom, forall x €@

and the statement follows by taking the maximum over . O

Remark 3.6. Note that the inequality implies continuous dependency of the solution
of on the data. Indeed, suppose that Au; = f; in €}, u; = gj on I for j = 1,2 for
sufficiently regular functions u;, f; and g;, j = 1,2. Then, applying to u = u; — ug, we
obtain

s — uzll @y < 91 — g2lley + ClA = Fellogy:

or, in words, small changes in the problem data yield small changes in the solutions of ({3.1)).

3.2 Green'’s representation formula for the Poisson equation

We want to investigate the existence of solutions to the boundary value problem (3.1)). To do
so, we focus on the solvability of the simpler boundary value problem

—Au=f in Q, u=0 on T. (3.8)

where f € C(Q). We begin with Green’s second identity (see problem 5 in Tutorial 1):

[ 060u60 - w0 ax= [ (Fheee0 - uGie) as| 69
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Idea: Construct a function v satisfying the following properties: v = 0 on I' and such that
—/ Au(x)v(x)dy = u(y) forally € Q.
Q

Then, Green’s second identity would lead to the following formula for the solution of ([3.8)):

u(y) = | fxv(x)dx, ye€Q.
Ja

To construct such a function we look for harmonic functions, i.e., solutions of Laplace’s
equation:
—Ad(x) =0, xR {0}.

To do so, we consider radial solutions ®(x) = ¢(|x|) = ¢(r) where r = |x| (well look into this
in more detail in Tutorial 2). Then, by the chain rule, it follows that

0P 8\x[
o) =0 () 3 = &1 2

LT w2 z;
a2 (%) = (X)) 5 + 9/ (Ix |>(|X||X,3>,

d 2 l‘2 _
A@(x)zz;{ () ety + 9/ () (H—|XJ|3>}=¢”<\xr>+(d|x|”¢’<|x\>.

From the last identity we get that the sought radial solution ¢ := (0,00) — R solves the
following ODE:

¢// —
where we have set r = |x|. Integrating (assuming ¢’ # 0) we obtain

¢” 1—d / / /. 1—d
7 = log|¢'|=(1—d)logr+c = |¢| =cr %

So, integrating again, we get

o(r) = {alogr—i—ﬁ, d=2,

, a,BeR.
ar’~d 43, d>2 b

This derivation leads to the following definition:

Definition 3.7. The fundamental solution of Laplace’s equation is defined as

1
——loglx|, d=2,
wq

d(x) := . (3.10)
d=3,
walX|
for all x € R%\ {0}, where
2, d =2,
Wy =
4w, d =3,

denotes the “area” of the unit sphere B1(0) in RY, d = 2,3.
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Remark 3.8. Note that both the fundamental solution and its gradient, which is given by

1 x

Vo(x) = x #0,

"okl

are locally integrable (in the improper sense). Indeed, let € < 1 and B.(0) = {x € R? : |x| <
¢}. Then, we have

¢ 1
—/ rlogrdr = 162(1 —2log(€)), d=2,
0

€ 62
/ rdr=—, d =3,
0 2

(3.11)

[ eelax = [ ottt dr =
B(0) 0

and

/ ]V@(X)]dx:/ 1dr =e.
Bc(0) 0

However, higher order derivatives of the fundamental solution are not integrable on any ball
B(0).

We are now in a position to go back to the idea of finding a representation formula for the
solution u of .

Let v(x) = ®(x—y) for x # y, where ® is the fundamental solution of the Laplace equation
defined in . Since Av is not integrable, we may not use directly. However, let y € Q
and let € > 0 be sufficiently small such that B(y) C Q (see Figure [7.1)).

Figure 3.1: Illustration of the domain €2, and its boundary I' U 0B(y).

Consider the open domain

Qe :=Q\ Be(x).
Then, by Green’s 2nd identity (3.9), we get

B ou(x) . _8<I>(x—y)ux s(x
/| R [ S y) - S ) dt
Ju(x) 0P (x —y)
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We want to take the limit as ¢ | 0 in the above identity. Clearly, since ® is integrable,

from (3.11]) we get

/ Au(x)®(x —y)dx — / Au(x)®(x —y)dx
Q Qe

/ Au(x)®(x —y)dx
Be(y)

<[ Aulloam) / . |®(x —y)|dx (translation)

Be(y
— Aullo, / ()| dz
B:(0)
< C”AUHC(§)€2<1 +|logel) =0 as e—0+.

To compute the limit of the surface integrals over 0B¢(y), we note that for all x € B(y) :=
{z € R?: |z —y| = €} it holds that

L loge, d=2,
Px—-y)=—
(x=y)= - L
67 b
0P(x —y) 1 (x-y) (x—y) 1 1 1
TR Y) g d(x—y)- = - -
an(x) VxP(x =) ?\():l T walx—ylt x—y|  walx—y[t T wged?
—(x=y)/Ix=yl
Therefore,

L) 06— ) )
ey

<IValleq [ 186 y)ldstx)
OBc(y)
1 2
i Og‘f‘/ dt = e|loge|, d=2

2
// sin(d)d¢dfd =¢, d=3
At

< Ce(1+ |logel) =0 as €l0.

Now, to compute the limit of the other surface integral, we note that

1 0P(x —y)
U =u _ ds(x) = u —— 72 ds(x). 3.12
(v) = uly) —= / L b0 / R () (3.12)

OB on(x)

Note also that since u is uniformly continuous on €, i.e., for all ¢y > 0 there exists 6y > 0
such that for all x,y € Q satisfying |x —y| < do, it holds that |u(x) — u(y)| < €o. Then, for
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all 0 < e < §p, we have

B 0P(x—y) \ | B ulv) — e 22X =)
u(y) /{)Bé(y) ) s /836@)( (¥) = () S ds(x)

1
< — /@ e, 100 a9 s

[x—y|=e<do
< €.

We conclude from here that

0B —y)
/BBE(y)U() on(x) » ds(x) = u(y) 10,

and with that, we have proven the Green’s representation formula (or Green’s 3rd identity),
which states the following;:

Theorem 3.9 (Green’s representation formula). Let u € C?(Q). Then for anyy €

uly) = — /Q Au(x)®(x —y) dx + /F 825(;)@(;( —y) - %a(;‘(;)”u(x) ds(x).|  (3.13)

Remark 3.10. The terms in Green’s representation formula go by the following names:

/ f(x)®(x —y)dx Newton potential of f € C(Q)
Q
/ p(x)®(x —y)dx Single-layer potential of u € C(I")
r
H(x —
/ )\(X)M dx Double-layer potential of A € C(I")
r In(x)

In absence of boundary conditions, we already have a representation formula. Indeed:

Theorem 3.11. If f € C2(R%), then
u(y) = /]Rd d(x—y)f(x)dx, y¢€ ]Rd,

is in C*(RY) and —Au = f in RY.

Proof. Let Q := {x € R?: f(x) # 0} (open), so that the support of f is given by Q. Note
that under the assumption f € CZ(R?), f together with its first and second order derivatives,
vanishes outside Q. Moreover, f and its normal derivative df/0n vanish on 0€.

Applying the change of variables z = x — y if follows that

uy) = [ ex-yfdx= [ 0E) fzry) de e
Rd Rd S~~~ —_——
locally compact support
integrable and in C?
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We denote by Q +y := {z € R?: z = x + y,x € Q} the translation of Q by y € R% Then,
using the fact that f(- +y) and therefore Af(- +y) vanish outside 2 + y, we get

Muly) = [ ®()Ays(z+y) dz

Laplacian with
respect to y

:/ O(z)ALf(z+y) dz
R ———

Laplacian with
respect to z

= / P(z)ALf(z+y)dz (integral over the support of f(- +y))
Q+y
= / O(x —y)Af(x)dx (reversing the change of variables)
Q
Newton potential of f
d(x —
= — f(y) —i—/ ag(x) O(x—y)— 88(xy) f(x) ds(x) (Green’s rep. formula )
oL ny) =~
= —f).
The proof is now complete. O

Remark 3.12. The assumed regularity f € C2(R?) can be lowered; see, e.g. |1, Sec. 4.2].

To obtain an actual solution formula for (2.10)) from Green’s 3rd identity (3.13)), we need to
handle the term [}, %CI)(- —y)ds. To do so, we consider for y € €2, the solution ¢ : Q@ = R
to the boundary value problem

{ —Axdy(x) = 0, X €
dy(x) = P®(x—y), xeTl

Using this function in Green’s 2nd indentity (3.9)), we get

(3.14)

) 06y
/ S Bl i)y b | T et ul) B
=—f(x = =d(x—y) =

Therefore, subtracting this identity from Green’s representation formula (3.13[), we arrive at
the following formula for the solution of ([2.10):

uly) = /Q (%) (@(x —y) — dy(x) dx, yeQ. (3.15)
Green’s function of

The Green’s function

G(xy) :=2(xy) —¢y(x), xyeQ x#y,

derived above can also be used to find a solution formula for boundary value problems with
inhomogeneous Dirichlet boundary conditions. Consider the boundary value problem

—Av=f in Q, v=g on I, (3.16)
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with f € C(Q) and g € C(T'). By Green’s representation formula we have

e -y) - P Maast. yeo

/f (x—y)dx +

r

On the other hand, from Green’s 2nd identity applied to v and ¢y, we get

- [ 100yax = [ ap—y) - g0 5 s yen
Q r n n

Subtracting these two identities, we thus obtain

/f G(x,y)dx — 8G(X}’CY)g(x) ds(x), y €.

Remark 3.13. (i) If Q is the unit disc in R? then ¢, can be obtained as in [3, Sec 3.3].
—read it yourself!

(ii) If Q is a ball of radius 7o > 0 in RY, see, e.g. [1, p. 19] for a generalization of (i). Perron’s
method [1, p. 23] can then be used for general domains € to find ¢y. Alternatively, the
theory of boundary integral equations can be used to establish the existence of ¢y; see,
e,g. [2].

(iii) We can obtain ¢y via variational methods for € less regular — next lecture.

)
(iv) In view of the uniqueness result above, if (2.10]) has a solution, it must be given by (3.15)).
(v) It can be shown that ¢y(x) = ¢x(y) for all x,y € Q.

)

(vi) For general A and 2, Green’s functions are unknown — numerical methods can still be
used to exploit the powerful Green’s formula.
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4 Variational formulation of elliptic PDEs of
second order

Lecture 3
Consider
—div(aVu)+b-Vu+cu=f inQ, u=0 onT, (4.1)

with Q an open, bounded subset of R? and boundary I'. We assume that the coefficient
functions a,c: Q — R and b : Q — R? satisfy

a(xz) > ag >0, c(x) — %div(b(w)) >0 Vzeq, (4.2)

for some constant ag > 0. Furthermore, the function f : & — R, which models internal
sources, is assumed to be given.

Aim: Verify the well-posedness of , i.e., the existence of solutions, their uniqueness
and their stable dependence on the data.

Challenges:

e Since the coefficient functions may not be constant and the shape of Q2 can be very
complicated, we cannot find solution formulas or corresponding formulas for the Green’s
function in general.

e Moreover, discontinuous coefficient functions may not allow for continuously differ-
entiable solutions; see Example Hence, the classical solution concept, i.e., u €
C?(9) N C°(Q) satisfying (4.1)) pointwise, is too limited.

Example 4.1. Consider (4.1) with Q = (0,2), b =0, ¢ = 0 and discontinuous functions

1, 0<x<1 0, 0<z<1
alz)=4 " ~— -7 r)=< '~~~ 7 x€l0,2]. 4.3
(@) {z l<z<?2, /(@) {L l<z<2, 0.2] (4:3)

A solution u to (4.1)) must then satisfy the following two ordinary differential equations

That is ur, = uj,1) is linear and up = u(1 2) is quadratic, i.e.,

ur(x) = 1z + ¢, ugr(zr) = dox® + dix + dy
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for some constants co, c1, dg, d1,d2 € R. Using the boundary conditions ur(0) = 0, ug(2) =0
and u”(z) = —1/2, we compute that
1 1—dg

co =0, dzz—? dy = 5

How shall we determine the remaining two coefficients ¢; and dy? Since (4.1)) is used as a
model for a stationary diffusion process (think of the heat equation), it is reasonable to require
continuity of u (of temperature), and au’ (of the heat flux), i.e.,

ur(1) = ugr(l), and 1uf (1) = 2u/R(1).

Using these two conditions, we determine dy = —c; and ¢; = 1/6, i.e.,
1
=T, 0<z <1,
@y =" UETEb g
-3+ 3 —5, l<z<2

We observe that u ¢ C1(0,2), because u is not continuously differentiable in z = 1. However,
u and the flux au’ are continuous functions in [0, 2] and u solves (4.1]) for the given coefficient
functions in all points = # 1.

Approach: Find a solution concept for (4.1)) that allows to characterize solutions in a
sense that is weaker than the notion of classical derivative, such that well-posedness of (4.1)
in general situations can be established.

Remark 4.2. One may compare our approach to some extend with the situation for initial
value problems for ordinary differential equations u'(t) = f(¢t,u(t)), t > 0 and u(0) = uo.
In certain situations, e.g., if f(¢t,u) = Aw is a linear function, it is possible to find explicit
solution formulas. In more general situations, we rely on abstract theorems that guarantee
the existence of a solution, and sometimes its uniqueness; consult the theorems by Peano or
Picard-Lindeldf.

4.1 Derivation of a weak formulation

Suppose u € C?(Q) N C°(Q) satisfies ([&.1)). Then we obtain for any v € C§°() (infinitely
often differentiable functions that vanish in a neighborhood of T') by integration over €2 that

/vadx = /Q ( —div(aVu) +b- Vu + cu)vdw
= /QaVu -Vv+b-Vuv + cuv dx — /F((ZVUU) -nds (divergence theorem)
:/QaVu'Vv—i—b-Vw)%—cuvdx. (v=0onT)
Here, n is the unit outer normal to I'. In other words, we arrive at the necessary condition:

/aVu~Vv+b-Vuv+cuvdm:/fvdm Yo € C3° (). (4.4)
Q Q

Observations:

28



e In the derivation of (4.4), we used v = 0 on I to treat the term [.(aVuv)-nds, because
(4.1)) does not make any statement about aVu - n = adpu. If the Dirichlet condition
u = 0 on I would have been replaced by a Neumann (ad,u = 0 on I') or Robin condition

(adpu+ du = 0 on I'), then we could have taken v € C*°(£2), see exercises.

e The identity (4.4) involves only first order derivatives, while (4.1]) involves second order

derivatives.

e Since the identity (4.4) only involves integrals, the value of the integrands in single
points does play no role. In particular, only integrability of the corresponding terms is
important to make the integrals in (4.4]) well-defined.

Since in many applications the coefficient functions a, b, ¢ in ((4.4)) are bounded, we
next consider conditions that make uv, Vuv and Vu - Vv integrable. We start the discussion
with a brief recap of the space L?(f2) that forms the basis for defining function spaces that
are appropriate for our discussion.

4.2 The Sobolev space H'(Q)

The space of square integrable (class of) functions

Q) = {v: Q>R /Q (@) |2 d < o0}
is a Hilbert space when endowed with the inner product

(v,w) = /Qv(ar)w(m) dz, v,w € L*(9).
The corresponding norm is given by

Il = v/ (v,0) ve L*(Q),
and the Cauchy-Schwarz inequality
(v,0) < ol [lwll, v,w e L)

holds. The space L?(f2) does not contain information about the derivative of a function.
As can be seen for instance from , which displays functions a, f € L?(Q) that are not
differentiable, incorporating derivative information is an extra requirement. As one can verify,
the solution u found in Example is not differentiable but satisfies (4.4)) (homework!).
Therefore, we arrive at the question how to properly generalize the notion of differentiability
in our context. In order to transform to , we used the divergence theorem,

/Qdiv(F) dx:/F-nds. (4.5)

r

If F = uve;, with e; denoting the ith unit vector and u,v € C'(Q) with v = 0 on T, ({&.5)

yields that
/ Op,uvdr = —/ u0y,;v dx.
Q Q
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The expression on the right-hand side makes sense for merely u € L?(Q) (and even less, but
we do not follow-up on this here). We next introduce a generalization of d,,u on the left-hand
side.

Definition 4.3 (Weak derivative). Let u € L?(£2). We say that a function w; € L%*(Q) is the

1th weak partial derivative of u if

/wwdzz—/u@xivdw Yo € C5°(2).
Q Q

In slight abuse of notation, we write 0,,u = w;.

One can show that the ith weak partial derivative of u is unique in L?(£2). We next define
the set of square integrable functions that have a weak derivative in the sense of Definition [4.3

HY(Q) = {u € L*(Q) : 30,,u € L*(Q) for 1 < i < d}. (4.6)

The linear space H'(Q) is called a Sobolev space. Without proof (see advanced classes on
partial differential equations in the master program), we state the following:
Properties of H'(Q):

e H'(Q) is a Hilbert space when endowed with the inner product

d
(u,v)1 = (u,v) + Z(axlua 81‘zv) = (u,v) + (Vu, Vo).
=1

The corresponding norm is given by ||ull1 = v/ (u, u)1.

e Functions u € H'(Q) have boundary values (so-called traces) such that up € L*(T),
and there exists a constant C' > 0 that is independent of u such that 3, Theorem A.4]

[ullz2qry < Cllullr.

e The space Hj(Q) = {u € H(Q) : wr = 0} is a closed subspace of H(1), i.e., Hj() is
a Hilbert space.

e Poincaré inequality: Let 2 be bounded. Then there is a constant Cp > 0 that does not
depend on u such that 3| Theorem A.6]

lull < Cp[IVull Yu € Hy(Q). (4.7)
e C5°(Q) is a dense subset of H}(Q), i.e., for any u € H}(Q) there exists a sequence of

functions u,, € C5°(€2) such that ||[u — uy |1 — 0 as m — oo.

The space HE () meets exactly our requirements to make (4.4) meaningful, i.e., H}(Q2) con-
tains square integrable functions that have square integrable derivatives and that vanish on
r.

Definition 4.4. A function u € Hg(Q) is called a weak solution of (4.1)) if (4.4)) holds for all
v € HE(Q). The formulation (4.4) is called a weak formulation of (4.1]).
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Observations:
e Every classical solution u € C%(Q) N C°(Q) (if it exists), is a weak solution of (4.1)).

e If a weak solution u € H}(Q) satisfies u € C?(Q) (and a is continuously differentiable),
then u is a classical solution (undo integration-by-parts/divergence theorem).

Example 4.5. (i) Consider the function
w(@)=1-|al, |a| <1.

Clearly, u € L%(Q) with Q = (—1,1). We claim that u € H'(Q). To that end, we verify that
u has a weak derivative. We compute for any v € C§°(€2),

/11 u(@)(z) do = /01(1 + ) (z) dz + /01(1 — 2)/(x) de
0

1
= [(1+w)v(x)]ﬁf91—/ v(x) deH(l—m)v(ﬂﬁ)]iféJr/o v(z) dx

where we used that v(—1) = v(1) = 0, and with weak derivative u’ defined by

u’(:c):{l’ z <0

-1, >0

(ii) Consider Q = B1(0) = {z € R? : |z| < 1} (unit disc), and u(z) = |x|® for some B € R.
Using polar coordinates, we compute that

1
/ |u(z)|? dz :27r/ r25 4L dr,
B 0

which is finite if and only if 286 +1 > —1, ie., 8 > —1. If x # 0, we have that u is
differentiable, and Vu = S|z|®~2z. With the same argument as before, we obtain that
|Vu| = Blz|P~t € L2(Q) if and only if 2(8 — 1) + 1 > —1, i.e., 8 > 0. Moreover, similar to
Lecture 2 on Green’s functions, one verifies that for v € C5°(€2) and g > —1

/ u(z)0z,v(x) dr = lim u(z)0y,v(z) dx
B

=0 J{ecla|<1}

= lim (— Blz|P2zw(z) do — / Al (z) ds)
c {lz|=e}

where we applied the divergence theorem and that the outer unit normal is given by —z/e
on {|z| = £}. Summarizing, we have shown that u € H(Q2) for 8 > 0. But notice, that Vu
is unbounded if 5 < 1.
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4.3 Well-posedness of the weak formulation

The key tool, which we provide without proof, but see [3, Theorem A.3], is the following
theorem, which will be proven in the master class on partial differential equations.

Theorem 4.6 (Lax-Milgram). Let V' be a Hilbert space with inner product (-,-)y and norm
Il - |lv. Suppose that the bilinear form a : V x V — R satisfies

e 36> 0: |a(v,w)| < Blv||lv||w|v for all v,w € V. (boundedness)

e Ja>0:a(v,v) > aljv|? forallveV. (coercivity)
Furthermore, assume that £ : V — R is linear and satisfies

e JCy > 0: |[L(v)| < Cyljv|ly for allv e V.

Then, there exists a unique u € V' such that
Cy
a(u,v) =4L(v) Yo eV, and |ully <—.
Q@

The Lax-Milgram theorem is an abstract well-posedness results. Let us apply it in our
context.

Theorem 4.7. Suppose f € L%(Q), a,c are bounded functions and b is differentiable and that
[4.2) holds. Then (4.1) admits a unique weak solution u € H () that satisfies the inequality

where Cp is the constant from (4.7)).

Proof. We want to apply the Lax-Milgram theorem. The space V = H}(Q) is a Hilbert space.
Inspecting (4.4) leads us to defining the bilinear and linear forms

a(u,v) = / aVu - Vv +b-Vuv + cuv dz,
)

U(v) = /Q fuda.

Next, we verify the assumptions of the Lax-Milgram theorem. We start with the boundedness
of £. The Cauchy-Schwarz inequality implies that

()] = [(Fs o)l < Al < 1Al

ie.,, Cp = ||f]]. Next, we verify boundedness of the bilinear form a, using again the Cauchy-
Schwarz inequality,

|a(u, v)] S/Q\GI\VUIIWIHb [Vl [o] +[ef |uf [v] dz

< llalloo IV ul[l[ V[ + [16llo [ Vull[[0]] 4 [le]loo [[ull]|v]]
< (lallso + lIbllso + llelioo) luell1 Il
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i.e., B =|lalloc + [|b]loc + ||¢]|oo- For the coercivity of a, we first observe that the Definition [4.3]
with v = byu € H () implies that

d d d
ob;
b-Vuudr = E /biumuda::— E / biu)y,udr = — E / : u2+biuxiudx,
/Q =170 i=1 9( ) =170 8:51-‘ |

where we used the product rule for differentiation in the last step. Rearranging yields that

1
/ b-Vuudr = —/ div(b)|u|? dz.
Q 2 Ja
Hence, the assumption (4.2)) implies that

1
a(u,u) = / a|Vu|2 +b-Vuu + c|u|2 dr = / a\Vu|2 + <c ~3 div(b)> |u|2 dx
Q Q
> / ao|Vul? dz = ag||Vul*.
Q

The Poincaré inequality (4.7)) shows that
[ull§ = flull? + [IVu|? < (CP + 1) Vul®.
We conclude that

ao 2
a(u,u) > ——||ul|7,
(w0 2 1l

ie., a = ap/(1 + C%). Hence, all assumptions of the Lax-Milgram theorem are satisfied.
Therefore, there exists a unique u € H{ () that satisfies

a(u,v) = L(v) Vv € H(Q),
i.e., u satisfies (4.4); or, in other words, u is a weak solution of (4.1]). Moreover

Cy 1+ C?
ful < & = 12

£l

ao

4.4 Regularity of the weak solution.

The weak solution u € H&(Q) of provided by Theorem has by construction only one
weak derivative. A natural question to ask is whether u enjoys extra regularity. For instance,
one could ask if the weak derivatives u;, do themselves have weak derivatives, and so on. Let
us introduce the corresponding Sobolev spaces with index k € N inductively by

H*(Q) = {ve H Q) :0,,v € H1(Q),1 <i < d}, (4.8)

and norm ||ul7 = > lal<k |0%ul|?, with 0%u the weak derivative of order a for a multi-index

a=(ag,...,aq) € N and |a| = Z?Zl a;. We have the following theorem, which we provide
without proof. The interested student may follow the master course on partial differential
equations.
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Theorem 4.8. Let QO C R? be a bounded domain with smooth boundary T' and let k € Ny.
Let a € CF1(Q), b € C*(Q)4, c € C*(Q) satisfy ([£.2). Furthermore suppose that f € H*(<2).
Then the weak solution u € H} () of satisfies u € H*2(Q), and there exists a constant
C > 0, which is independent of u such that

[ullkre < Cliflk-

We mention that the statement of Theorem (4.8 holds also for k = 0 if Q is a convex
domain with polygonal boundary T'. In view of [3, Theorem A.5], functions f € H*(Q) are
continuous, i.e., f € C°(Q), if I' is smooth or polygonal and k > d/2. In view of the previous
theorem, we then obtain, under these assumptions, that u € C?(Q) is a classical solution. We
emphasize that not only smoothness of a, b, ¢, f is required for such a statement, but that also
the regularity of the boundary plays an important role. If I' is a non-convex polygon, then
u ¢ H?(2) in general (exercise).
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5 The finite element method for elliptic PDEs
of second order

Lecture 4

5.1 Setting and recap of previous lecture
Let = (0,1), I' ={0,1} = 09 and consider
—div(aVu) +cu=f in Q, u=0 onT,
We assume that the coefficient functions a,c : ! — R are bounded and satisfy
a(x) > ap >0, c(z) >0 VzeQ. (5.1)

Moreover, we assume that a(z) is piecewise constant. Furthermore, the function f € L?(1),
which models internal sources, is assumed to be given.
We recall the weak formulation (4.4)) in our setting: Find u € H} () such that

a(u,v) = £(v) Yo € Hi(Q), (5.2)

where
a(u,v):/Qa(x)u/(x)v’(x)—{—c(m)u(x)v(x) dx, E(v):/gf(ac)v(ac)dx. (5.3)

We have seen that ((5.2)) has a unique solution. To proof the existence of a weak solution, we
employed that a is coercive and continuous, i.e., that there are constants o, 5 > 0

allvllf < a(v,v) < Blolli Vo € Hy (). (5.4)

Remark 5.1. Let K C [0,1] be an interval on which a(z) is constant. Then one can show
that u € H2(K). If [0,1] = UjillKj for intervals K; and a(zx) is constant within each K, we
thus have u € H?(Kj), and we write u € H2,(€2) and for the piecewise H?-semi norm

J+1
2, = 3 )2 (5.5)
pw L2(K;) :
j=1

In particular, there is a constant C' > 0 such that ||u”|,w < C|/f||. Recall that H?(Q)-

regularity of u also follows if @ € C1(£2), but we do not consider this case in the following.

Aim: Construct and analyze a numerical method for the approximation of the weak solution.
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5.2 The Ritz-Galerkin method

Our approach is to project the weak formulation onto a finite-dimensional subspace S, C
HZ () and consider (5.2) with H}(2) replaced by Sy, i.e, find uy, € Sj, such that

a(up, x) = 4(x) Vx € Sh. (5.6)

The following result follows in principle with the same arguments as Theorem in the
previous lecture. Here, we give a different proof, which introduces some useful notation.

Theorem 5.2. Given f € L%(Q), then (5.6) has a unique solution uy, € S,.

Proof. Let {®; : 1 < j < J} be a basis for Sj. We look for up, = ZLI U;®;, i.e., need to
determine U; € R. The condition (5.6) is equivalent to (exercise)

Defining a matrix A € R7* via A;j = a(®;,P;) and a vector F' € R’ by F; = £(®;) for
1 <1i,7 < J, the coordinate vector U € R’ with entries U; is characterized as the solution of
the linear system

AU = F. (5.7)

Since A is square, the previous linear system is uniquely solvable if and only if AV = 0 implies
V =0 for Ve R/. Writing vy, = ijl V;®;, the condition AV = 0 implies that

J J
0=VTAV = Y Vidi;V; = Y Via(®;,2,)V; = a(vn, vn) > al|va|],
i,j=1 i,j=1

where we used the coercivity (5.4) and that vj, € S), C H}(Q). Hence v, =0 and V =0. [

The proof of the previous result shows that we can obtain uy, the solution to , nu-
merically, by solving a linear system as soon as we can construct the matrix A and the
right-hand side vector F. Before considering the practical implementation, let us perform an
error analysis.

5.3 Error analysis for the Ritz-Galerkin method

The key identity is the following orthogonality relation ( Galerkin orthogonality), which follows
directly from subtracting (4.4) and (5.6) from each other,

a(u—up,x) =0 Yy € S. (5.8)

Since, under the assumption that b = 0, the bilinear form a is symmetric, we can introduce
the energy norm

[v]la = Va(v,v), Yve Hi(Q). (5.9)

We note that (5.4]) shows that a actually defines an inner product on H, & (Q) that is equivalent
to the standard inner product (-,-);. Let us state the basic abstract error estimate, compare
to the projection theorem.
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Theorem 5.3. ||u — up||q = min{|lu — x|lo : X € Si}-
Proof. Let x € Sy be arbitrary. We compute
lu —up||? = a(u — up,u — up) = alu — up,u — x) + alu — up, x — up) = aluw — up, w — x),
where we used x —up € Sp, and . Using the Cauchy-Schwarz inequality, we further obtain
au — up,u—X) < [Ju—upllallv = Xl|a-
Since y € Sp, was arbitrary, the statement follows. O

Remark 5.4. Using (5.1), we also obtain an error bound in the usual H'-norm, i.e.,
fu—unlly < 2 inf flu = xl.
e XEShH

A similar bound can be obtained if b # 0 (exercise).

Theorem says that the Ritz-Galerkin method yields a solution that is optimal in the
energy norm. Sometimes it is useful to consider also error estimates using the L?({2)-norm.
Since |lv|| < ||lvlli < ||[v|la/V/@, for v € HE(Q), it is clear that the previous energy error bound
implies an error estimate in the L?(Q)-norm. The next considerations show that we can
actually do better, if the problem admits H?({2)-regular solutions.

5.4 [2-error estimates

Let ey, = u — uy, denote the error, and let z € H}(Q) be a such that
a(v,z) = (ep,v) Yo € H} (Q). (5.10)

Since a is symmetric, it is clear that z exists and is unique. In view of Remark we have
that z € ng(Q) and

1]l + 12" ]lpw < Cllen] (5.11)

for some constant C' > 0, compare Lecture 3, Theorem
Theorem 5.5. Assume the following approrimation property for w € ng(Q) N H(Q)

inf flw—xlla < hllw|lpw (5.12)
XESh

for some h > 0. Then the following error bounds hold
lu = unll < Al = unlla < CH2| £ (5.13)

Proof. Since u — uy, € H} (), we can choose v = u — uy, in to obtain that
u —up||® = (en, en) = alep, 2).
Let x € Sy, be arbitrary. Galerkin orthogonality then implies that
lu —unl® = alen, 2) = alen, 2 = x) < llenllallz = xlla < Rllenllall2” lpw < Chllenllallenll;

where we used (5.12)) for w = z, and (5.11]). Division by ||u — uy|| shows the first inequality.
Applying the approximation property (5.12) for w = wu, which is possible by Remark and
using Theorem the second bound follows. O
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To =3 xr1 = T2 = T3 = Ty =

=
N[N
N1
IST'S

Figure 5.1: Illustration of the basis functions ®;, j = 1,2,3 for a partition z; = j/4 for
j=0,1,2,3,4.

Remark 5.6. The method of proof used in this section is sometimes referred to as Aubin-
Nitsche trick or a duality argument, compare to (5.10), where we deliberately wrote a(v, 2)
instead of a(z,v), which makes a difference is a is non-symmetric.

5.5 Piecewise polynomial spaces - the finite element method

In the previous paragraphs, the only requirement for the space Sp was that it is finite-
dimensional. The discussion did also not rely on the assumption that Q@ = (0,1) and d = 1,
but was mainly related to coercivity and continuity properties of the bilinear form a as well as
regularity properties of the solution. In view of the proof of Theorem it is important that
we can effectively setup the matrix A and the vector F in and that we can solve that
linear system. In this paragraph, we consider exemplary one common choice for the space S},.

Let 0 =29 < z1 <...<zj41 = 1 be a partition of [0, 1]. Also, assume throughout the rest
of this lecture that the partition is such that the coefficient function a is piecewise constant,

A\(z;_1,2;5) = 4j Vi=1,...,J+1. (5.14)

In this case the piecewise H?(f2)-regularity of the dual solution z and the solution u is guar-
anteed, cf. Remark Let Kj = [zj_1,2;) and hj = z; —x;_1 for 1 < j < J+1, and denote
h = max; h;. Let S be such that x € S, if and only if

o x € C°([0,1]),
® X|k; is a linear polynomial for j =1,...,J +1,
o x(0) = x(1) = 0.

As we have seen in the proof of Theorem [5.2], it is useful to have a basis for S;,. To that end,
we consider the functions

®; € 5), satisfying (I'j(l'i) =065, J=1,...,J, (5.15)

see Figure for an illustration. Moreover, we introduce the nodal interpolant

Iy : CO[0,1]) = Sh, (Inw)(x) = Y _ v(a;)®;(x). (5.16)
j=1
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Lemma 5.7. The functions {®;: 1 < j < J} form a basis of S,
Proof. The functions ®;, 1 < j < J are linearly independent: Let x = Z}I:l cj®; = 0. Then
0=x(zj)=¢; V1I<j<M. (5.17)

To see that {®;} span Sp, let v € Sj,. Since v € C°([0, 1]), we can consider x = v — [,v € Sj,.
Clearly, x(z;) =0 for all j =0,...,J + 1 and yx is linear on each K;. Hence, x vanishes on
each K, which shows that v = Iv € span{®; : j=1,...,J}. O

In view of Example in Lecture 3, we see that Sy, C H&(Q), and hence the Ritz-Galerkin
projection uy, € Sy defined in is well-defined. Next, we work out the abstract error
estimates of the previous section in our context. We start with the following error estimates
for the nodal interpolant, whose proof is left as an exercise.

Lemma 5.8. There is a constant C' > 0 that does not depend on h; such that
1w — vl 2y < ORI oy Vo € H(K)), (5.18)
1o = o) 2,y < Chgll o,y Vo € HA(K)). (5.19)

Using Lemma [5.8] and the previous error bounds, we arrive at the following result for the
finite element method.

Theorem 5.9. The following error bounds hold
lu = uplla < ChllW" lpw, — Ju = un] < CR?|[u”" ||

Proof. Setting x = Ipu in Theorem and using (5.1]) yields that
lu = unlla < llu = Tnulla < V/Bllu — Tnulh.

Furthermore, by summation, and applying Lemma we obtain that

T J+1
lu — Thu? = Z (Hu - IhuH%z(Kj) + || (u — Ihu)/H%Q(Kj)) < Z Ch?”“"”%z(zg)
=1 =1

< Ch2||u”||?)wv

which proves the first inequality. With a similar argument, it follows that (5.12) holds true
for h as defined here. The second claimed inequality then follows from (5.13]) and the already
proven estimate. ]

5.6 The Ritz projection

The proven error estimates relied on the nodal interpolant I,. For d = 1, we have that
HY(Q) c C°(€). Hence, I,v makes sense for v € H(Q). This is not the case anymore for
d > 1. For this and theoretical purposes, it is useful to consider also other interpolation
operators. Here, we focus on the Ritz projection Ry, : H}(Q) — Sp, which is, for v € H}(Q),
defined as the unique solution of the variational problem

a(Rpv,x) = a(v,x) X € Sh, (5.20)

i.e., Ry is just the orthogonal projection in the energy inner product, and up = Rpu.
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Theorem 5.10. The Ritz projection defined in (5.20)) satisfies the following estimates

h||(Bpo —o)'[| + | Bpo — vl] < CR2|[0" || Yo € Hg(Q) N Hp, (), (5.21)
|Rpv — v|| < Chljv]1 Yo € Hy(Q). (5.22)

Proof. The first inequality follows directly from Theorem Using (b.1)), we observe that

al Ryt < a(Ryv, Rpv) = a(v, Rpo) < [ollal|Ruvla < Bllolll|Brols,

ie., ||Rpv|li < C|lv|l1. Consider (5.10) with e, = Rpv —v. We then obtain that

IRhv — v[|* = a(Rpo — v, 2) = a(Bpv — v, 2 = x) < |Bpv = vlallz = Xlla < Cllv]l1llz = Xlla,

where y € S, is arbitrary. The result then follows from the bound ||z —Ij,z||, < Ch||Rpv—v||,

which holds in view of (5.11]). O

Remark 5.11. The quantitative error bounds, i.e., the ones which contain powers of h, in
the statements above require regularity of the function that is to be approximated. For the
solution u and the dual solution z, this has been established by assumptions on the coefficients
and the L?(Q)-regularity of the corresponding source terms.
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6 The eigenvalue problem for elliptic PDEs of
second order

Lecture 5

Eigenfunction expansions as considered here will be important in subsequent lectures for
e the analysis of partial differential equations,
e applications (think of stability of structures and resonances),

e time-dependent problems.

6.1 Motivation

We next outline how eigenfunctions can be helpful in solving partial differential equations.
Note that we make a lot of assumptions and formal computations, which need to be justified.
Consider Dirichlet’s problem for the Poisson equation

—Au=f inQ, u=0 onl. (6.1)
Suppose that we have at hand functions ¢, (# 0), n € N, such that
—Ap, = Appn  In Q, o, =0 onT, (6.2)

and that the following expansion holds (compare to Fourier series)

[ = Z Jnen. (63)
n=1

Next, we consider the ansatz

T (6.4)
n=1

for the solution to (6.1)) with unknown expansion coefficients u,, € R. A formal computation,
which assumes that we can interchange summation and differentiation, yields that

—Au = iun(—Agon) = iun)\nwn.
n=1 n=1

Combining this with (6.3]) and (6.1]) yields for A, # 0 that

and u given by (6.4]) yields a solution to (6.1]).
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Remark 6.1. Generalizing the notion of eigenvector and eigenvalue of a matrix (a linear
mapping between finite dimensional spaces), we call ¢, an eigenfunction of the Dirichlet-
Laplace operator. The suffix 'Dirichlet’ indicates the type of boundary condition considered.

The following questions arise:
e Existence of eigenfunctions ¢, with A,; (see Theorem [6.3)).
e Positivity of eigenvalues: A, > 07 (see Theorem [6.2)

e Which f can be written as (6.3)? (see Theorem [6.7)
e Does ([6.4) converge? (see Theorem [6.7)

6.2 Variational approach for existence of eigenfunctions

To answer the previous questions, we will rely on a variational treatment of (6.2)), as follows:
Find ¢ € H} (), ¢ # 0, and X € R such that

a(p,v) = Ay, v) Yu € H&(Q), (6.5)

with a(p,v) = (Vp, Vv); see Lecture 3 for the notation. Our first observation is that the
eigenvalues \ cannot be negative: Setting v = ¢ in (6.5]), we obtain that

Mlel? = alp, ) = [[Ve|* > 0,

where we used the Poincaré inequality (4.7 for the last inequality. Since [|¢| > 0, we have
partly proven the following statement.

Theorem 6.2. The eigenvalues A of (6.5 are positive. Two eigenfunctions ¢, associated
to different eigenvalues A\, are orthogonal in L?(2) and in H}(S2).

Proof. By (/6.5) we have that
a(p,v) = Ap,v) Vo € Hy(9),
a(,v) = (b, v) Vo € HY(Q).

By setting v = ¢ and v = ¢, respectively, and using the symmetry of a, we then obtain that

W@, o) = a(h, p) = ale,¥) = AMp, ), ie, (p—A)(p,¥) =0.

Since, by assumption p # A, we obtain (¢, 1) = 0 and then a(p, 1) = 0, which concludes the
proof. O

In order to investigate the existence of eigenpairs (¢, A), we minimize the Rayleigh quotient

o alww) 1
Ry = inf ——=~ =inf{a(v,v) :v e Hy(Q), ||v] =1} (6.6)
very@\(o} vl ’
Theorem 6.3 (Existence of first eigenfunction). The infimum in is attained by a func-
tion p1 € H}(Q), which satisfies (6.5]) with A1 = Ry.
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The proof of Theorem [6.3]| relies on the following lemma, which will be proven in the master
class partial differential equations.

Lemma 6.4 (Rellich lemma). Let {u,} C H}(Q) be a bounded sequence, i.e., there exists
a constant C' > 0 that does not depend on n such that ||up|li1 < C. Then there ezists a
subsequence {un,} and u € L*(Q) such that lim;_,o [|tn, — ul| = 0.

Note that in Lemma the convergence takes place in L*(Q) and not in HE(12).

Proof of Theorem[6.5. Step 1. (The direct method in the calculus of variations.) Since
a(v,v)/||v]|?> > 0, there exists a minimizing sequence {i,} C Hg () such that

lim Lafw azn)
n—o0 |||

= R;.
Setting wu, = Up/||@y| shows that lim, o a(up,u,) = R;i. Poincaré’s inequality (4.7) gives
the existence of a constant C' > 0 such that
lunlt <C VneN.
Rellich’s lemma [6.4] yields u € L*(2) and a subsequence {un;} such that
lim flun, —ufl =0, flu = 1.
Jj—o0

In the following, we relabel the subsequence and simply write {u, } instead of {u,;}. To show

that actually u € HZ(£2), observe that, by

IVtn = Vaum|* = 2 V| + 2/ Vam|* = IV (um + ua) |1
< 2|V || + 2 Vun|? = Rillun + .

Since |[Vu,||? = R, |[Vun|* = R1 and |Jup + um||? — [2u]|? = 4||u|* = 4 for m,n — .
We observe that {uy,} is a Cauchy sequence in H}(£2). Since H}(f2) is complete, there exists
w € HY(Q) such that u, — w in H}(Q) for n — co. Uniqueness of the limit implies that
u=w € H}(), and

|Vul* = lim [[Vun > = 1.

Setting ¢1 = u proves the first part of the assertion.
Step 2. We claim that ¢ is an eigenfunction. To prove this, let o € R with o < 0 and
v € HE(R) be arbitrary. Since w = ¢ + av € H(Q), we get that

Ry||w||? < a(w,w) = a(p1, 1) + 2aa(er,v) + a?a(v,v). (6.7)
Since Ry = a(p, ) by Step 1, and
lwl? = lle1]l? + 2a(p1,0) + a2[o]* = 1 + 2a(p1,v) + a?||v]?,
rearranging terms in yields that
2a(a(p1,v) = Rip1,0)) +a?(a(v,v) = Rilv?) > 0.

Taking the limit o — 0~ shows that a(p,v) = Ri(¢p1,v). Since v was arbitrary in H}(2), the
theorem is proven. O

43



In order to obtain the next eigenfunctions, we minimize the Rayleigh quotient over functions
that are orthogonal to ¢,

Ry = inf{a(v,v) : v € HY(Q), ||v]| =1 (v,¢1) = 0}. (6.8)
Observations.
e Ry > Ry.
e The infimum in is attained (same proof as above). The minimizer, denoted by 9
satisfies
a(pz,2) = Ra, 2l =1, (p2,01) =0,
and

a(p2,v) = Ao(p2,v) Vo € Hy(Q),

i.e., (6.5) with Ao = Ro. To show the latter, write v = ap; + w for some w € H} ()
with (w, 1) = 0. Then observe that

a(p2,v) = aalps, p1) + a2, w) = i1, ¥2) + Aa(p2, w) = Aa(ep2, v).
By iterating the above arguments, we construct a sequence {(An, ¥n)}, ©n € HL(Q) with
0 <Ay <Ang1,  lenll =1,
and
Ao = inf{a(v,v) 1 v € HY(Q), |[v]| =1, (v,¢;) =0V1 < j <n—1}, (6.9)

a(n,v) = An(pn,v) Vv € H3(Q). (6.10)

6.3 The Min-Max Theorem

The next statement is another important characterization of the eigenvalues
Theorem 6.5 (Min-Max Theorem). We have that

a(v,v)

(6.11)

Ap = min max 5
Vo v€Vn 0]

where V,, varies over all subspaces of H}(Q) of dimension n. The minimum is attained for
Vi, = span{p1, ..., on}.

Proof. Let E,, = span{¢1,...,pn}. Then any v € E,, can be written as v = Z?:l ajp; and

CL(’U,’U) o Z?:l a?)‘j

- — n
ol X5 of ’
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because \; < A, for 1 < j < n. The value A, is attained for v = ¢,,. It thus remains to verify
that

i a(v,v)

> A,
eV [ul]?

for any V,, C H&(Q) of dimension n. This is clear for V,, = E,, if V,, # E,, then there is
w € V, such that ||w| =1 and

(w,0;) =0 V1<j<n.
Using (6.9)), we then deduce that A, < a(w,w), which proves the claim. O
Using Theorem one can show that (exercise or |3, Example 6.1]).
Theorem 6.6. There are positive constants c1,co > 0 that depend on ) such that

cln2/d <A\, < C2n2/d, Vn € N.

6.4 Eigenfunction expansions: completeness

Theorem 6.7 (Completeness of eigenfunctions). The eigenfunctions {pn} for (6.5) form an
orthonormal basis of L*(). Furthermore, if v € H} (), then

o0

a(v,v) = Z)\n(v,cpn)Q < 0. (6.12)

n=1
Conversely, if > o0 | An|vn|? < 00, then v =32 vap, € HE(Q) and (6.12) holds.

Before proving the theorem, let us recall what it means that a system of functions {¢,} is
a basis of a (real) Hilbert space H. That is to say that for all v € H and any £ > 0 there
exists N € N and scalars aq,...,ay € R such that ||v— Zjvzl a;¢jl|lg < e. Furthermore, a set
M C H is called dense if for all v € H and € > 0 there exists ¢ € M such that ||v—¢|g < e.
As an example, we may recall that C§°(f2) is a dense subset of L2(2).

Proof. Step 1. L2-basis. Suppose first that v € H}(£2), and consider the residual
Since N is finite, we can compute, using orthogonality of the eigenfunctions (¢n, ¢;) = 6 j,

(rv, @5) = (v, ;) van (¢n,pj) =0, VI<j<N.
n=1

Using , we further have that
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We claim that the right-hand side vanishes for N — oo, by Theorem and boundedness of
a(ry,rn). To show the latter, we compute

N N
G(T‘N, TN) = a’(v? ’U) -2 Z(vv gon)a(v, Spn) + Z(vv (pn)Za(QOm Son)
]\7;—1 n=1
=a(v,v) — Z (v, 00)? < a(v,v), (6.13)

n=1

where we used that a(v,¢n) = A(v,¢n) and a(pj, ¥n) = Apdjn. This proves Step 1 for
v € HE(Q). If v € L*(Q), let € > 0 and choose ¢ € C§°(Q) such that ||t — v|| < £/2. Since
Y € HY(Q), we find N € N such that for ¢ = Ziv:l(%gon)gon we have [[¢p — Y| < /2.
The triangle inequality then implies that

o —¢nll < flv =9l + [l —¥n] <e.
Step 2. From (6.13)), we observe that > o, A\, (v, ¢y,)? exists if v € H}(2). Moreover, for
Uy = ZnN:1(Ua ©n)¥n, we have that

N
IVon? = a(on,vn) = 3 Aalv,00)2

n=1
Hence, {vy} is a Cauchy sequence in HE(f2), and converges to some limit in HJ (). Since
vy — v in L2(Q) by Step 1, uniqueness of the limit implies that vy — v in H}(Q). Thus,
oo
i 2 _ 2
CL(U,’U) - ]\}E)noo HVUNH - Z >‘n(v7 Son) :
n=1
Conversely, if >°°0 | A\, (v, ¢, )? exists, then {vx} is Cauchy in HE(€2). Since vy — v in L*(f)
by Step 1, we obtain that v € H(Q). O

Remark 6.8. In the situation of Step 1 in the previous proof and v € L?(f2), note that the
Cauchy-Schwarz inequality implies that |(¢ — v, ¢p)| < ||t — v||. Hence,

N N N 1/2
v =Y (@, 0n)enll e+ 11D (% —v,0n)pnll < e+ (Z(d} -, %)2) :
n=1 n=1 n=1

<e(1+VN).

Hence, by choosing ¢ sufficiently small, limy_, oo 27]2;1(% ©n)pn = v in L?().

To close this section, let us look back at the questions posed in the beginning of this chapter,
i.e.: Which f can be written as (6.3)7 Does (6.4) converge? Since {¢;}; forms a basis of
L2(€2), it follows that every f € L?(f2) can be written as (6.3]) with

fn = (fa QOYZ):
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where we recall that ||p,| = 1. Furthermore, let us define u,, = f,,/An. Since A, — oo for
n — oo, it follows that

00 o 2 0
Saad =3t <oy =,
n=1 n=1"" n=1

i.e., the series ([6.4) converges in H{ (), by Theorem The same argument shows that

o0
2,2
Zx\nun < 00.

n=1

In view of the exercises, it then follows that u € H%(Q) N H}(2), and
n=1 n=1

Therefore, we actually found the solution of (6.1)) using eigenfunction expansions.
Remark 6.9. The theory developed in this class applies to more general elliptic equations
of second order, for which the corresponding bilinear form a is symmetric and coercive. We
leave the details to the reader.
6.5 Finite element approximation of the eigenvalue problem
We consider Q2 = (0,1). Let 0 =20 <21 <...<zjy41 =1 and

Sy = {v € C%Q) : v is linear on (z,_1,z;), v(0) = v(1) = 0} C H}(Q).

The discrete eigenvalue problem, which results from the projection of (6.5) onto Sy, is then:
Find ¢y, 1, € Sh, A\un € R such that

a(Pn,hs X) = Anh(@npy X)X € She (6.14)
We recall the Ritz projector Ry, : H}(2) — S, defined by
a(Rpv,x) = a(v,x) Vx € S, v € Hy(Q). (6.15)
In the previous lecture, we have shown the error estimates, cf. Theorem [5.10
|Rpv —v|| < Ch2||vlls, |(Rpv —v)|| < Ch¥ Hulls, v € HSNH(Q),s e {1,2}. (6.16)

The MinMax-Theorem [6.5] implies the following result. It states that we can approximate a
fixed eigenvalue with second order accuracy in h. Note, however, that the required asymptotic
error bound requires higher resolution (smaller h) for increasing n.

Theorem 6.10. Let A\, ;, and A, be the nth eigenvalue of (6.14) and (6.5)), respectively. Then
there exists a constants C > 0, hg > 0 (depending on n) such that for h < hy:

A < Aun < A + OR2.
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Proof. The MinMax-principle implies that

S

A, = min  max (U’Z),
VaCHY(Q)veVa [V

Anp, = min  max alx; .
’ Vi,nCSh XEVan,n HXH2

=

(6.17)

Since S, C Hg(Q), it follows that )\, < An,h» Which proves the first inequality. Introduce the
spaces

E, =span{pi,...,pn},
E, » =span{Rpp1, ..., Ryon}.

Then, (6.17) and (6.16)) with s = 1 implies that
a(x, X) IVEw|® _ [Volf?

A < max = max .
M= eBnn IXIE T veks [[Ryul2 T veE. |[Rpvl?

To estimate the term ||Rpv| in the denominator, we use the second triangle inequality and
(6.16) with s =2 to obtain that

loll = [1Rxoll < v = Ryoll < Ch?[lv]l2 < ch?| Av|| < CR* Aol

where we used the regularity bound from Theorem [4.§ in Lecture 3, and v € E,,. We have
thus || Rpv|| > (1 — Ch2)\,)||v]|. Then we can bound as follows, using h < ho,

IVo? IVo? An

< < < A\ + Ch?,
e I Bro? = e T =202 = (L =ChongE =

where we used v = ¢, in the second inequality, compare the proof of Theorem Note that,
for the last step, we estimate, with constants hg, C’ > 0 that depend on n,

1 C\,h? CA\,h?
I A L & A LS | "h2.
o i owe St itene T e
This concludes the proof. ]

We conclude this lecture with the following approximation result for the eigenfunctions,
see [3, Theorem 6.8] for its proof.

Theorem 6.11. Let @15, and p1 be the normalized first eigenfunctions of the eigenvalue
problems (6.14) and (6.5)), respectively. Then there exists a constant C > 0

o1 — @1l < CR?, |[Vern —Ver| <Ch VR >0.

48



7 Parabolic PDEs of second order: classical
treatment

Lecture 6
We consider the following initial-boundary value problem: Find w : 2 x Ry — R such that

ug—Au=0 in Q xRy,
u=0 onI x R4, (7.1)
u(-,0) =v in Q,

where Q C R? is an open, bounded domain with smooth boundary I' := 99, and v € L?(1Q).
We first seek a candidate solution by referring to Theorem 6.4 in [3]. Assuming u(-,t) €
H} (), we expand it as

u(x,t) = d;(t)p(x), z€Q, t>0, (7.2)
7j=1

where {¢;}72, is an orthonormal basis of L?(2) given by the solutions of the eigenvalue
problem:
—Apj=Xjp; nQ, ;=0 onT, (7.3)

with eigenvalues 0 < Ay < A < --- satisfying A\; — oo as j — oo.
We recall that by “orthonormal” we mean:

1, i=7j,
(i, 05) = / pip;dr = 0;; = o (7.4)
Q 0, ©#7.

To find an expression for the time-dependent coefficients {a;(¢)}72;, we use the PDE.
Applying the operator d; — A to (7.2]) and assuming we can push it inside the sum, we obtain

D (@ (t) + Mgt () () = 0.

o}
J=1

Since {;}72; is a basis of L%(9), the identity above holds if and only if
wi(t) + Ajig(t) =0 t>0, jeN.

Moreover, since at t = 0 we must satisfy the initial condition u(-,0) = v in Q, we require

4(0) = vy, where 0 := (v, ;) = /Qvgoj dz, jeN.
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Thus, the coefficients are given by
0 (1) = B e— Nt ;
aj(t) =0 %", t>0, jeN,

and our candidate solution for ([7.1)) is formally given by

ty=> djeNpi(z), z€Q t>0. (7.5)

The first question we should ask ourselves is whether the sum in (7.5 defines a function
and in what space. It is straightforward to see that the sum defines an element of L?(2).
Indeed, by Parseval’s identity, we have

o0
[u(- 8> =) (Be M) < e 2 Z e P! IIUII2 < |vl?, t>0, (7.6)
Jj=1 gl
W—/
=|v]|?
where we used the fact that 0 < Ay < Ay < -+, ensuring that 1 > e~ Mt > e~ Ait > () for all

j€Nandt>0.
Furthermore, since A1 > 0, we immediately get that

lu(-,t)] -0 as t— oo.

Now, the question of whether (7.5)) is indeed a solution of (|7.1]), and in what sense, is
answered by the following theorem:

Theorem 7.1. For any v € L?(Q), the function u: Q x Ry — R given by (7.5) is a classical
solution of the initial-boundary value problem (7.1). Moreover, (7.5)) satisfies the estimate

DM u(-,t)|ls < Ct™2|v|l, >0, s,meN.

Proof. We will repeatedly use the fact that for all k& > 0, there exists a constant C > 0 such
that
ke=s < ), forall s>0.

We begin by showing that u in (7.5)) is an element of H{ (). Since we already know that
u(-,t) € L*(Q) for all t > 0, it remains to prove that

/Q V()2 dt = [Vul, )2 = [u(- 1) < oo.

To do so, we apply Theorem 6.4, which states that

o0
D Ai(0,95)? <00 = v e Hy(Q),
7j=1

and that -
Vol = A(v, 95)°
j=1
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Then
o0 o0
A2 O\ _ D s A _
D = 3ox8 e = R Qute M) < Gl £
J= J= ’

<1 <Ci

This shows that u(-,t) € H}(Q) = C’é’o(ﬂ)”.”m(m for all ¢ > 0. Therefore, we can then
evaluate the trace of u(-,t) to get that

‘u(-,t):O on I', t>0,

which shows that satisfies the boundary condition of the problem.

(Note that the expansion of u in terms of eigenfunctions and the fact that u(-,t) € L*(Q)
are not sufficient to conclude that u(-,¢) vanishes on the boundary.)

To show that is a classical solution, our strategy is to establish that ||Dj*u(-,t)||s is
finite for ¢ > 0 and any s, m € Ny. Then, by applying the Sobolev inequality [3, eq. A28], we
will be able to conclude that v has the required smoothness to be a classical solution of .

With that in mind, we apply (—A)* to our solution candidate to formally get

o0
(=D u(w,t) = i\ e Nl gi(z), t>0.
j=1
To verify that this operation is well-defined, we compute its L?-norm using Parseval’s identity:

[o.¢] o0
[AFu(, 1)1 = (05 e )2 =72y (6, (tA))F e M) <t FCR|u))? < 00, £ > 0.
le N—_————

=1 <Ck

Then, it follows that A*u(-,t) € L?(Q2) for all ¢ > 0.
Similarly, for the semi-norm we have

oo
[AFu(, )7 =3 N (e b oy)? <71 vl < oo, E> 0.
j=1

These two bounds imply that A*u € H(Q). Thus, by the trace theorem [3, Theorem A.4],
we conclude that A*u(-,¢) =0 on I for all £ > 0 and k € Ny.
Similarly, applying the time derivative, since Dy et = (=A™ e Nt we get

1D AFu (-, )| = |A* D u(, )| < ¢ " Cpmllv]] < 00, >0,

and
DP AR D)y = [ARDP (- By < EE 20l < so, > 0.

We therefore conclude from here that D{*A*u = A* D"y € HE(Q) for all t > 0 and m, k € No.

To obtain a bound for the Sobolev norm ||D"u(-,t)||s for arbitrary s € Ny, we need to
convert the Laplacians into Sobolev norms. This can be achieved by applying the elliptic
regularity estimate [3| eq. 3.37]:

[w]ls < CllAw]|s—2,
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which holds for all w € H*(Q) N H}(Q), with s > 2. Indeed, assuming that w € H2*+1(Q)
and that AJw =0 on I for all j < k, applying this estimate repeatedly, we obtain

w2k < CllAW|2k—2 < C?|A%w||25—q < -+ < CF||AFw]|g
and
wlj2p+1 < CllAw]lap—1 < C?[|APw]|gp—3 < -+ < C¥||AFw);.

Therefore, applying these bounds to A¥DI™u(-,t) we get that
1D u(-, )|k < CHIAFDu(-, t)]lo < C*Chpmt ™™ [Jv]l, ¢ >0,
and
1D (-, 1) l|2ks1 < C¥|ARDPu(-, )]y < CH(IA* D ul-, )5 + |A*Du -, 1)[F) /2

< C*max{Chim, Chrmarja}t "™ 20l t>o0.

Therefore, in conclusion, we have that there exists a constant C' > 0 such that
1D u(, t)ls < O™ |lo|l, >0, s,m e No,

and by the Sobolev inequality [3, A.28] we obtain that Dj"u(-,t) € CP(Q) for all p € Ny.
This shows that u is smooth and it is therefore a classical solution of the boundary value
problem. O

The bound blows up as t — 0, which raises the question of what happens to the solution
as t | 0. Indeed, it is interesting to note that we have just shown that the solution is smooth
for any t > 0, regardless of how small. However, the initial condition is only in L2(Q). It is
then natural to ask whether

o
lu(-,t) —vf* = (V' =1)%7 -0 as t—0.
=1

2

To examine whether this limit holds, let ¢ > 0. Since the series » 22, 0

exists an N € N such that

converges, there

j=N+1
Then
00 N 0o
(- t) — o> =3 (e 1202 = Y (e M —1)%02 + S (e N -1)2 07
j=1 j=1 =N X

Taking now the limit as t — 0 we arrive at

lim fJu(-, £) — v]® < de,
t—0
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but since € > 0 is arbitrary, we conclude that lim, o ||u(-,t) — v||*> = 0.

Although this shows convergence to the initial condition, we would like to obtain a bound
for the solution in terms of a norm of v that is valid up to and including the initial time.
To achieve this, we may require additional regularity of the initial condition. Suppose that
v € H}(Q). Then, from Theorem 6.4, we can obtain

from where it follows that

Ol = (a1 + ful, Y2 < (ol + [0 = ol ¢ > 0.

7.1 An inhomogeneous problem
Consider now the following inhomogeneous initial-boundary value problem:

ur—Au=f in Q xRy,
u=0 onI xRy, (7.7)
u(-,0) =v in Q,

where v € L%(Q) as before, and f(-,t) € L*(Q) for t > 0. Additionally, we require that
[Def (-, )|z < oo
As above, we can construct a candidate solution

u(z,t) = di(t)e(x), z€Q, t>0,
j=1

expanding in terms of the eigenfunctions {¢;}32;. The assumption f(-,?) € L?(2) implies
the existence of the coefficients

i) = (F(o 1) 0) = /Q [t (@) de, t>0, jeEN.

As before, applying the operator 0; — A to our formal solution we arrive at

(e 9]

D (@) + Aty (t) — fi()pi(x) =0, xe€Q, >0,
j=1

from where we obtain, since {¢;}32; is a basis of L?(2), that

A~

ﬂ;(t) + )\jﬂj (t) = fj(t), t>0, ﬂj (0) = @j, jeN.

Solving the ODE above we get
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so that the natural candidate for a solution to (7.7)) is given by

00 t 00
t) = Zﬁj e Nt pi(x) + / ij(s) e NN pix) | ds, zeQ, t>0.| (7.8)
j=1 0 \y=1

Letting
tyv = Z e Vp;(x

denote the solution (evolution) operator for the heat equation (where we omit the dependence
on z for brevity), we recognize that (7.8]) can be expressed as

w(z, t) = Bt + /0 E(t— 5)f(s) ds. (7.9)

Using the already proved fact that
IDyEt)yolls < Ct™ */2||v||, forallt >0, s,m € N,

for some constant C' > 0, and the assumptions on f, it can then be shown that

F(t) :/0 E(t—s)f(s)ds

satisfies
—AF=f mQxRy, F=0 onI'xR;, and F(0)=0.

Thus, (7.9) is indeed a classical solution of ([7.7]).
Moreover, since we have shown that ||E(t)v| < ||v|| for all v € L?(2) and ¢ > 0, we obtain

from ((7.9)) that
t
[uC- O < [lvll +/0 1f(,8)l[ds, ¢ =0. (7.10)

Uniqueness: Clearly, can be used to prove that admits at most one solution
u(-,t) € L*(Q) for all + > 0. Suppose it does not, then there are two different solutions uy
and wug, with the difference w = us — u; satisfying with f = 0 and v = 0. From the
bound above, we then conclude that ||w|| = 0, and from the fact that || - || is a norm (the L?
norm), we have that w(-,¢) =0

Stability: (7.10) can also be used to establish stability. Indeed, suppose u;, j = 1,2
solve (7.7) with sources f; and initial conditions v;, respectively. Then the difference w =
ug — uy satisfies ((7.7) with source fo — f1 and initial condition vy — v;. From (7.10), it follows
that

t
lua () = ur (- )] < Jluz = va] +/0 1f2(8) = fi(,s)l s, £>0.

In words, small changes in the source and small changes in the initial condition lead to small
changes in the solution of ([7.7)).
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7.2 A maximum principle

As in the case of the elliptic PDE, we can now investigate whether the solution of the heat
equation satisfies some kind of maximum principle. To do so, let us consider the problem of
finding w on Q x I such that
u—Au=f inQxI,
u=g onl xI, (7.11)
u(-,0) =v in Q,
where, as before, Q C R? is open and bounded, and I = (0,T), where T' > 0. We assume
that f, g, and v are smooth on Q x [0,T], T x [0, T], and Q, respectively.
To study this, we need the concept of a parabolic boundary, which is defined as follows

(see Figure [7.1)):

[y:=CxI)Uu(Qx{t=0})
=oQxD\(Qx{t=T})

t A

I % (0,7)

Figure 7.1: Illustration of the domains involve in the maximum principle for the heat equation.

We then have the following theorem:

Theorem 7.2. Let u be smooth, and assume that uy — Au < 0 in Q x I. Then, u attains its
mazimum on the parabolic boundary I'p.

Proof. We proceed by contradiction. Suppose the maximum is attained at a point (Z,t) €
Q2 x (0,7, so that

w(Z,t) = max u= M > m = maxu.
Qx[0,7] Lp

Consider the function
w(z,t) = u(z,t) + ez

for € > 0 to be specified. Note that

maxw < m + emax |z|?.
r, r
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We then choose € small enough such that

maxw < m + emax|z|? < M = max u < max w, (7.12)
Ip r Qx[0,T] Qx[0,T]

which is possible in view of the fact that M > m.
Now, for the function w, we have
wy — Aw =uy — Au— 2de < up — Au <0,

~~
A(elz[?)

so then
we—Aw <0 in QxI. (7.13)

Suppose now that w attains its maximum at a point (Z,f) € € x (0,77 not on the parabolic
boundary, such that
w(Z,t) = max w.
Qx(0,7]
Since Z € Q and 2 is open, a necessary second-order condition for (,#) to be a local maximum
is that the Hessian matrix A = D2w(&,t) must be negative semi-definite. Therefore,

e;fFAej = Wy, o, (#,1) <0, Vj,

which implies that

—Aw(z,t) > 0.

On the other hand, the first-order condition implies that either w(Z,%) = 0 or wy(Z,t) > 0.
Combining these conditions, we obtain

wt(:i‘vf) - Aw(‘%af) >0,

which contradicts (|7.13]). Therefore, w must attain its maximum on the parabolic boundary
I',. This, in turn, contradicts (7.12). Thus, v must also attain its maximum on I'.
The proof is now complete.
O

Finally, back to the problem ([7.11]), suppose that f = 0. Then, from the maximum principle
we have that u satisfies the inequality

u(z,t) < max u < max{ max g,maxv}, (z,t) € Q x [0,T].
Qx[0,T] I'x[0,1] Q

Similarly, w = —u satisfies wy — Aw < 0 in Q x I, so again by the maximum principle it
follows that

Qx[0,T]

w(z,t) < max w < max{ max (—g),max(—v)} , (x,t) € 2 x [0, 7).
'x[0,7] Q

However, since:

max{ max (—g),max(—v)} = —min{ min g,minv},
Q

I'x[0,T] Q I'x[0,77]
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and

—v|l~ey <minv < wv(x) < maxv < ||v]| @y, €N
| HC(Q)— 1inv < v(z) < maxv < || HC(Q)
— < min g <g(z,t) < max g < z,t) € I'x |0,T
HQHC(FX[O,TD _Fx[é,T]g_g( ) )_FX[%’T]Q_ HgHC(Fx[O,T])7 (z,1) X [ ]

we conclude

—max{|lgllowxom: 1Vllo@} < w@,t) < max{llgllowxom): [Vlc@t:  (z.t) € @x[0,T],

which leads to
”UHC@X 0,7]) = max{||gllc(rxo,1)), HUHC@)}'
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8 Parabolic PDEs of second order: Variational
and numerical treatment

Lecture 7
In this lecture we consider the following model problem

u—Au=f inQx(0,T), (8.1)
u=0 onI x(0,7),
u(-,0) =g on Q2 x{0}.

Here, € is an open, bounded subset of R? with smooth boundary I'. The aim is to develop
a well-posedness theory using variational techniques, similar to the elliptic case. Based on
a corresponding weak formulation, we investigate the numerical approximation of the model
problem. We proceed in two steps: (i) we approximate in space (£2) using finite elements
while keeping time continuous; (ii) the spatially semidiscrete problem from (i) is a system of
ordinary differential equations, and we use time-stepping methods for these to obtain a fully
discrete scheme.

8.1 Derivation of a weak formulation

Suppose there is a sufficiently smooth function u that satisfies (8.1)—(8.3). As for elliptic
equations in Lecture 4] we take a test function ¢ € H{(Q), multiply (8.1)) by ¢, integrate the
result over 2, perform integration by parts to rewrite the integral of Auy, and arrive at

/ ug(t)p dx —|—/ Vu(t) - Vedr = / ft)pdr, Ve HI(Q),te (0,T). (8.4)
Q Q Q
Notation and observations:

o We write u(t) for the function u(t)(z) = u(z,1t).

e Inspecting (8.4), we require Vu(t) € L?(92)%.

e Inspecting (8.2)), we require u(t) =0 on T

In view of the previous observations u(t) € HZ () is a sensible requirement. Rewriting (8.4)),
and using the Cauchy-Schwarz inequality, we then observe that

(ut(t), ) = /Qf(t)sodw—/QVU(t)-chdx < £ kel + Ivulllvel < (11 Tul)lielh,
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i.e., u(t) defines a bounded linear functional via ¢ — (u(t), ) for ¢ € HE(Q). We denote
the space of all linear bounded functionals on H}(Q) by

HY Q) = {0 HL(Q) — R : £is linear and [[f]_1 =  sup ) < oo,
0£vEHE (Q) [[v]lx

(Compare the definition of the norm ||¢||-; with the definition of a matrix norm that is
induced by a vector norm.) We hence require that u;(t) € H~1(Q). In the following, we use
the notation

<€?SD>:€(90)? QDEH(%(Q)a EEH_l(Q)’

which is called duality pairing, and note that (w,v) = (w,v) as soon as w € L?*(Q). These
observations lead us to define a weak solution concept for (8.1))—(8.3|) as follows.

Definition 8.1. We say that u € L?(0,T; H}(2)), with «/ € L?(0,T; H~(Q)) is a weak
solution of 7, provided

o (U'(t),0) + (Vu(t),Ve) = (f(t),p) for all p € H(Q), t € (0,T);

e u(0)=g.
Remark 8.2. (i) The condition v € L?(0,T; H}(Q)) (v' € L*(0,T; H~(Q))) means that the

following integral exists,
g 2 4 2
[ e ([ ).

It can be shown that functions v € L?(0,T; H}(Q)) with o' € L2(0,T; H-1(2)) satisfy v €
CO0, T}, I2(2)), i,

lim [[u(t) — v(to)]| =0 Vo € [0,T].

t—to

Hence, prescribing initial conditions u(0) = g makes sense for g € L?(12).
(ii) v’ denotes the weak time derivative of v, i.e.,

T T
/ u(t)qbtdt:—/ LBty dt Yo e C2(0,T).
0 0

(iii) For v,w € L?(0,T; H}(Q)) with v/, w’ € L*(0,T; H~1(£2)), the following integration by
parts formula is valid for 0 <t <ty < T,

(v(t2), w(t2)) — (v(t1), w(tr)) = /t 2<U'(1’f)ﬂﬂ(1ﬁ)> + (w'(t), v(t))dt. (8.5)

Using v = w, one can then deduce that

LSO = W) 0w)  ae teoT] (5.6)

(iv) The in-depth study of abstract space LP(0,T; X) with a Banach space X is deferred to
the master classes.
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Aims:
e Show stable dependence of the weak solution on the data f,g. see Theorem

e Approximation of the weak solution using finite elements and time-stepping schemes;
see Theorem Theorem Theorem [RB.11

Theorem 8.3. Let u be a weak solution of (8.1)—(8.3). Then

t t
lu(®)]2 + / Va2 dt < gll? + C2 / 1£(s)[2ds, ¢>0, (8.7)
0 0

with Cp the Poincaré constant from ([&.7). If in addition u' € L*(0,T; HL(Q)) and g € H} (),
then we have that

t t
2 !/ 2 2 2
V()| + /0 e ()| ds < [[Vgll? + /0 1£(s)] ds.

Proof. Set p = u(t) € H}(Q) in Definition 8.1{ and use with v = u to obtain the identity

1d
5 g IO + [Vu®I = (f(2), u(®)).

The right-hand side can be estimated from above using the Cauchy-Schwarz inequality, the
Poincaré inequality (4.7) and the basic inequality ab < a?/2 + b*/2 for a,b € R, as follows

C2 1
(F0),u(0) < Cpl FOIIVuD] < LSO + LI Fu(t)]

Therefore, we have that

d

L@ + 1) < ORI
Integration in ¢ then yields that

t t
lu(t)]]? — [[u(O)]? + /O IVu(s)|2ds < C3 /0 1£(s)| ds,

which proves the first inequality, because u(0) = g. For the second inequality we use ¢ = u/(t)
in Definition 8.1 and obtain that

(' (t), (1)) + (Vu(t), Vu'(t)) = (f, (1))
Since (u/(t),w/'(t)) = ||[v/(¢)||? and (Vu(t), V' () = 34| Vu(t)||?, integration over (0,) yields

t
0

IV + [ @) de = 51912 + [ ()0 (s) s

Using the Cauchy-Schwarz inequality, we estimate further

[ueratenas< ([ 1renras) - ([ e as)
< [ Isenras+ [ ras

from which the claim follows. O

1/2
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Questions
e Why does the statement of Theorem imply stability?
e What can you say about uniqueness of weak solutions?

Remark 8.4. In the previous proof, we used that for v € L2(0,T;H}(Q)) with «/ €
L%(0,T; H(Q)). Therefore, u € C°([0,T]; H}(2)). In particular, u(0) € H}(Q). Since
u(0) = g, we therefore must have g € HE(Q), too, for consistency reasons.

8.2 Spatially semidiscrete problem using finite elements

We consider 2 = (0,1) with a uniform partition {z; = jh} for j = 0,...,J+1 and h =
1/(J +1). We recall the space of continuous piecewise linear functions

Sy = {v € C%Q) : v is linear on (z,_1,z;), v(0) = v(1) = 0} C H}(Q).
We look for uy, € C1([0,T]; Sp,) as the solution to

(up(8),x) + (Vun(t), Vx) = (f(t),x)  Yx € Sh, (
uh(o) = Gh, (

)
)

where g, € S, is an approximation to g. In comparison to (8.4), we have replaced H{(Q)
by the subspace Sy, in (8.8)); compare to the formulation of the Ritz-Galerkin (finite element)
method as discussed in Lecture [l

8.8
8.9

Theorem 8.5. For each f € CO([0,T]; L?(2)), there exists a unique solution uy, € C([0,T]; Sp)

of (B8-8)-(9)-

Proof. Let S, = span{®; : 1 < j < J}, see Section Then uy, has the representation
un(t) =Y Uj(t)®;,
j=1

with unknown functions U; € C1([0,T]). Similar to the proof of Theorem we set x = Py
fork=1,...,Jin (8.8), to obtain the following linear system of ordinary differential equations

BU'(t) + AU(t) = F(t), t>0, U(0) =G, (8.10)

where U(t), F(t), G € R’ with Fj(t) = (f,®;), and U(t) and G vectors containing the coeffi-
cients of uy(t) and gj,. The stiffness and mass matrices A, B € R7%”/ are given by

Since the matrix B is invertible, see Lemma below, (8.10) is equivalent to
U't)+B'AU(t) = B7'F(t), t>0, U((0)=G. (8.11)

This inhomogeneous system of linear ordinary differential equations has a unique solution
(Picard-Lindelsf Theorem) U € C1([0,T],R”) if F € C°([0,T],R7). O
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Lemma 8.6. The matrix B is invertible.

Proof. Let V € RY with V # 0, and v, = Y7_; V;®; € Sy Then

J J
VIBV = 3 ViBijVi = Y Vi(®;, @)V = (un,vn) > 0.
Ji:k=1 j.k=1

O
Similar to Theorem we obtain the following estimates for the solution wuy of 1'

t t
lun(6)]2 + /0 V()| ds < gnll? +C /0 1f(s)|2ds, t>0, (8.12)

where we may choose C' as in Theorem The stability estimate (8.12)) combined with the
properties of the Ritz projection Ry, : Hi(Q) — Sy, defined by

(VRv,Vx) = (Vu,x), Vx € Sh, (8.13)

allows us to quantify the error between u and uy. To that end, let us recall the error estimates
shown in Theorem [5.10]

|Rpv — v|| + h* Y| VRw — || < ch®|lv||ls for s =1,2, ve HY Q)N H(Q). (8.14)

Theorem 8.7. Let uy, be the solution to (8.8)—~(8.9) and let u be a weak solution of (8.1))-
(8.3) with the additional regularity requirements u' € L*(0,T; H*(Q)) and g € H*(Q). Then
there is a constant C' > 0 that does not depend on h,t,u,up such that

t
hun(t) — ()] < llg — gnll + CH? (|gr|2 - ||u'<s>u2ds) |
Proof. The proof relies on splitting the error
up — U = (uh — Rh(u)) + (Rh(u) - u) =0+,

into a discrete error # and an approximation error (.
Step 1: Bounding (. We use the error estimates for the Ritz projection (8.14))

IOl < CR ()2 < CR2 <ug|12 + [l ds) |

where we used that u(t) = u(0) + fot u'(s)ds.
Step 2: Bounding 0. We observe that 8 = uj, — Rpu satisfies for y € S, and t > 0
(9/’ X) + (VG, VX) = (f?X) - ((RhU)/, X) - (VRhU, VX) = (ul - (RhU)/, X) = (U, - RhU,,X),

where we used that (VRpu,x) = (Vu,x) = (f,x) — (¢, x) in the second last step, and
that time differentiation commutes with the Ritz projection. Moreover, 6(0) = g, — Rpg =

gn — 9+ g — Rpg. Hence, (8.12) applied to 6§ implies that
t t
10N < 16(0)[ + C/O lu'(s) = Ryt (s) ds < |lgn — gll + Ch? (||9||2 +/0 1/ (s)]l2 d8> ;
where used the estimates ||g — Rng|| < Ch?||gll2 and ||u'(s) — Rpu/(s)]| < Ch2||u||2.

Step 3: Combining the bounds derived in steps 1 and 2, we arrive at the claimed inequality.
O

62



Similar to the previous considerations, error bounds for the gradient can be derived. Testing

(8-8) with x = uj,, one shows as in the proof of Theorem that

t t
IVan()]? + / il ()|2ds < [Vonl? + / 1£(s)] ds. (8.15)
0 0

Proceeding as in the proof of Theorem one then shows the following result.

Theorem 8.8. Under the hypothesis of Theorem[8.7, we have for t > 0 the estimate

IVun(t) — Vu(t)| < [Vgn — V|| + Ch (ugnz + llu(®) 2 + ( / I/ (5)113 ds) "/ ) :

Remark 8.9. (i) If g, = Ig (nodal interpolation) or g, = Rpg, then [|[Vg, — Vg| < Chlg]|2-
Thus ||up(t) — u(t)||1 is O(h) as h — 0.
(ii) Superconvergence: If g, = Rpg, then (0) = 0 and ({8.15)) implies that

t t
Vo) < /O e (s) — Ryl (8)]1? ds < CH? /0 e (s)]13 ds.

where we used that ||u/(s) — Rpu/(t)|| < Ch?||u||2 (assuming the required regularity!). Hence,
[VO(t)|| (gradient of discrete error), converges faster, i.e., O(h?) for h — 0, than ||Vuy(t) —
Vu(t)].

Remark 8.10. So far, we did not discuss the existence of weak solutions of (8.1))—(8.3|). The
estimates (8.12)) and (8.15) can be used to show that there is @ € L%(0,T; H}(2)) such that
limy,_,oup, = @ in L?(0,T; L?(Q2)) and that @ is a weak solution of (8.1))—(8.3]). This is done

in the master class on PDEs.

8.3 Fully discrete schemes

As can be seen from , the semidiscrete solution wj can be obtained as a solution of
a system of ordinary differential equations. Therefore, a fully discrete numerical solution
U™ with U™ =~ U(t,) can be obtained by using a numerical scheme for ordinary differential
equations; see Numerical Mathematics course (202200240). As we have seen in the Numerical
Mathematics course, many methods for solving the ODE system numerically will converge
eventually (explicit Euler, implicit Euler). 'Eventually’ here means for sufficiently small time-
step and fixed finite element discretization. In the following, we discuss the interplay between
the finite element discretization and time discretization for the implicit Euler scheme; for
other schemes see the exercises. Let £k > 0 be a time-step size, t,, = kn denote discrete times,
and define U™ (approximation to U(t,)) by

(B+EAU" = BU" ' + kF(t,), n>1,U"=qG. (8.16)

Since B + kA is symmetric and positive definite, the scheme defined in (8.16)) is well-defined.
Moreover, the coordinate vectors U™ correspond to finite element functions

J
up =Y US®; € S (8.17)
j=1
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It is easy to see that is equivalent to
(Deugy, x) + (Vug, V) = (f",x) VX € Sh, (8.18)
where Jul! = (u! —u}"')/k and f* = f(t,). Testing with y = u}, we obtain the estimate
li1® + RV ] = (™" 4 R ug) < ™ R f | ]l

Thus, after division by ||u}|| and neglecting the gradient-term, we obtain the following stability
estimate for the implicit Euler scheme

lafill < Nlgnll +% D 11LF11 (8.19)

m=1

The previous inequality shows that the implicit Euler scheme is unconditionally stable, i.e.,
inequality holds for any choice of £ > 0. The interested reader may compare to
. Certain schemes, such as the explicit Euler scheme (see exercises), are only condition-
ally stable, i.e., require a smallness condition on k in terms of the mesh-size parameter h to
allow for a stability estimate. The approximation properties of the finite element space Sy,
in combination with the stability estimate then yield the error estimate.

Theorem 8.11. Let uj be defined by (8.18), and let u be a weak solution of (8.1)—(8.3) such
that v’ € L?(0,T; H*(Q)), u” € L*(0,T; L*(Q)) and ||g — gr| < Ch?||gll2. Then the following
estimate holds for some C > 0 that does not depend on h and k,

t
0

tn n
||uz—u<tn>||s0h2(||g||2+ /0 uu'<s>|ds)+k [l as.

Proof. The idea of the proof is similar to the one employed in proving Theorem [8.7 We split
the error

up — uty) = (v — Rpu(tn)) + (Rou(tn) — u(ty)) = 0" + "

Step 1. Using the error estimates for the Ritz projection, (8.14]), we have for the approxi-
mation error (" that

t
17 < R uta)]l2 < CR? (||g||2 + [ ol ds) .

Step 2. The discrete error 6" satisfies the implicit Euler scheme with right-hand side w™ =
u'(tn,) — Rp(Ou}) instead of f", cf. Step 2. in the proof of Theorem that is

(00", x) + (VO",Vx) = (", X)-
The stability estimate (8.19)) thus implies that

0™ < 1611+ &> (o™ + llws? 1),

m=1

where w" = W} + W with Wl = /(t,) — Gu(t,) and Wi = Ju(t,) — Rpdsu(t,) . It remains
to bound the right-hand side in the previous inequality. We start with the initial data

16°] = llgn — Rugll < llgn — gll + llg — Rngll < Ch?||gl2,
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where we used (8.14). To proceed, we observe that

Fra(t,) - “lim) _ku(tm—l) _ ;/t " d(s) ds.

Therefore, using that Rj, commutes with integration in s, the bound (8.14]) implies that

M tn tn
X el < [ R (s) < ) ds < O [ (s s (5.20)
m=1 0 0

To estimate the time-differencing error, we observe that

W' = (ty) — ultm) = u(tm V _ 1 / " u'(s) — u'(ty,) ds

tm tm tm
/ / r)drds = / / r)dsdr (Fubini)
tm—1 s tm—1 Jtm—1

_k/ (r = tm—1)u"(r) dr.

tm—1

When applying Fubini, we used that
{(rys) i tm—1 <5 <tm, s<r<tp}t={(rs) tm1 <7 <tm, tm—1 <s<r}.

Since (r — t;,—1) < k, we hence obtain that

M n tm tn
SN EIED / (r — tam)u"(r) dr| < /0 ()] di,
m=1 m=1 m—1

which concludes the proof. ]
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9 Hyperbolic PDEs

Lecture 8

9.0.1 The wave equation

In this section we first consider the initial-boundary value problem for the wave equation:

’LLtt—A’LL:O, ianR+
u=0, on I' x Ry (9.1)
u(-,0) =v, w(-,0)=w, inQ

where  is a bounded domain in R? with smooth boundary I', and v and w are given functions
of z in 2. We defer stating the required regularity of the initial data v and w until after we
derive a formal solution using separation of variables.

We proceed as in the case of the heat equation. Let {¢; }]Oil and {\; }j‘;l denote eigenfunc-
tions and eigenvalues of the Laplacian —A with homogeneous Dirichlet boundary condition,
ie., —Ap; = Xjp;in Q, p; =0onT. Since {goj};il is a basis of L?(12), we look for a solution
of the form

u(a,t) = d;(t)p(x), z€Q, teRy.
Jj=1

Replacing this series into the differential equation, we find

o0

S (@) + Niy(t) @) =0, zEQ, tER,.
j=1

We also expand the initial conditions:

> a;(0)p;(z) =v(x), D (0)p;(x) = w(x).
j=1 =1

Since the {;}32; is an orthonormal basis of L?(2) we then have, for j > 1, the following
second-order ODEs:
11;/ + Ajﬂj = 0, fort >0
aj(0) = v = (v,5), ;(0) =w; = (w,py)
Solving this initial-value problem, we arrive at
1

0;(t) = 0; cos (\/Et) + W, ﬁsin (\/Et) , forj>1, t>0,
j

and thus, formally, the solution of the initial-boundary value problem (9.1)) is given by

u(x,t) = i (ﬁj cos (@t) + 12)]-)\]-_1/2 sin (\/Et)) pj(x), €, teR,. (9.2)

Jj=1
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Theorem 9. 1 Assume that v € H?(2) N HO (Q) and w € HY(Q). Then the series (9.2)) is a
solution of (9.1)) in the L?-sense, i.e., ||ug(-,t) — Au(-,t)|| =0 for all t > 0, |Ju(-,0) —v| =0
and ||lu(-,0) — wH =0.

Proof. To prove that (9.2)) satisfies the PDE, it suffices to verify that if v and w are sufficiently
regular to ensure the convergence of the series (9.2]) and its derivatives, then (9.2)) represents

a solution of (9.1]). To verify that the initial conditions are satisfies, see Problem 11.4 in the
book. O

We now focus on stability, for which we can derive the following energy estimate—without
relying on the eigenfunction expansion.

Theorem 9.2. Let u = u(z,t) be a sufficiently smooth/classical solution of (9.1). Then the
total energy E(t) of u is constant in time, i.e.,

Et) == ;/Q (uf + [Vul?) dz = £(0).

Proof. Multiplying the uy — Au = 0 by u; and integrating with respect to x over {2, using
also Green’s formula, we get

0:/ut(utt—Au)dwz/uttutdx—l—/Vu-Vutda:
Q Q 0

Then, using the facts that

Ld 2d / d d /|v |2d /v Vud
- Uu r = Ut x an u T = u udax
2dt Jo ! 0 2dt v

we arrive at

or, equivalently,

Therefore € is constant and equal to £(0). O
It follows from Poincaré’s inequality and the result above that
luell® + ep?l|ull® < Juell® + [|Vul* = 26() = 2£(0) = [[w||? + | Vol*  for all ¢ >0,

from which we conclude stability.

An interesting aspect of wave phenomena, which is particularly useful in applications such
as radio communications, is that waves can travel long distances. This motivates the study
of wave propagation in unbounded domains, where waves can extend infinitely. The simplest
unbounded domain to consider is R%. Let us then consider the following pure initial-value
problem for the wave equation:

uy — Au =0, in RY x Ry,

u(-,0)=v, w(-,0)=w, inR% (9.3)

The following results introduces the concept of the light cone in the context of the wave
equation, which represents the region within which disturbances propagate at a finite speed,
defining the domain of dependence and influence of the solution.
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Theorem 9.3. Let u be a solution of the wave equation in (9.3). For (Z,t) a given point in
R? x Ry, let K denote the circular cone,

K:{(x,t)eRde+:|x—i\§t_—t,t§f} (9.4)
and set )
Exc(t) = 2/ (ur(, £)? + [Vu(z, D)) de
By

where By = {x € R?: (z,t) € K}. Then

Ex(t) < Ek(0), for 0 <t<t.

€

Figure 9.1: Light cone K defined in (9.4]) and related domains involved in the proof of Theo-

rem @

Remark 9.4. Note that if v =w =01in By = {x € R? : |z — | < t}, then v = 0 in all of K
and in particular at (Z,t). This shows that w(Z,t) depends only on the values of v and w in
the ball By defined by the circular cone K with vertex (Z,t) , and not on the values of v and
w outside this ball.

Proof. Multiplying uy — Au = 0 by 2u; we obtain

0 =2 (uy — div Vu) up = 2uyuy + 2Vu - Vg, — 2div (Vuuy)
=0 (u? + ]Vu|2) — 2div (Vuuy) = dive (2w Vu, , u? 4+ |[Vul?)

where div,; denotes the divergence operator in space-time domain. Integrating over the
domain
K,={(x,71) e K:0<7 <t}
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and using the divergence theorem
0 :/ (nt (u? + |Vu|2) — 2N, - Vuut) ds
0Ky

:/ (U? + \Vu|2) dz — / (u? + \Vu|2) dz + / (re (uf + |Vu\2) — 2uyng - Vu) ds
By

By My

=Ex(t) — Ex(0) + / (n¢ (uf + |Vu\2) — 2w, - Vu) ds

My

where n = (ng,ne) = (Nay, ..., Nay, M) € RI*1 denotes the exterior unit normal to K; and
and where
My ={(z,7) e M :7 <t}

with
M = {(z,t) : |x —z| =t —t},

To complete the proof it suffices to show that the last integral above is nonnegative. To do
so, we note that on M the unit normal is given by

_(Qx_j Q)
"= 2 |lz—z|' 2 7
—_—

=Ny =Nt

In particular, we have n2 = |n,|* = 3 on M, so
Ing - Vu| < |ng| |Vu| = n¢|Vu|
Finally, from the inequality 2ab < a? + b?, we obtain
2 lung - Vu| = 2 Jug| [ng - Vu| < 2ny Jue| [Vu| < ng (uf + | Vul?)

which completes the proof. O

9.0.2 First Order Scalar Equations and the Method of the Characteristics

A powerful method for solving certain types of hyperbolic PDEs is the method of charac-
teristics, which we now explain—first for scalar PDEs and then for hyperbolic symmetric
systems—allowing certain second-order hyperbolic PDEs, such as the wave equation, to be
recast in a more tractable form.

Consider the the following first-order scalar PDE:

d
Z%(C)ggwo(C)u:f(C), (e, (9.5)
j=1 J

where Q € R? is a bounded domain with boundary T, the vector field a :  — R?,

a(¢) = (a1(¢), -, aa(C)),

is smooth and nowhere vanishing (i.e., |a(¢)| # 0 for all ¢ € ), and a¢ and f are given
smooth functions.
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We say that
C=¢(s) == (Ci(s);-- -, Cals)), sER,

is a _characteristic curve, or simply a _characteristic, for (9.5)) if

d
) = al¢(9))

or, equivalently, 1
d—%zaj(C), forj=1,....,d,

i.e., if the curve in R? defined by ¢ = ((s) has the vector a(¢) as a tangent at each of its
points.

From the local existence and uniqueness theorems for (autonomous) ODE systems (i.e.,
the Picard-Lindel6f theorem also known as the Cauchy—Lipschitz theorem), since a does
not vanish, it follows that that for each zg € €2 there exists a unique such curve in some
neighborhood of {y such that {(0) = (p.

We distinguish three parts of the boundary I' = 99Q. Let n(¢) denote the exterior normal
to I' at (. We then define:

e The inflow boundary:

' ={¢el:n(C)- a(() <0}. (9.6)

Through each point of I'_, there is a unique characteristic that enters ). We prescribe
the solution of (9.5) on I'_ via the boundary condition

u=wv, onl_, (9.7)
where v is a given smooth function on I'_.
e The outflow boundary:
T, ={CeT:n()-al) >0} (9.8)
e The characteristic boundary:
Ty = {¢ €T :n(C) - a(¢) = 0}. (9.9)

Consider a solution u of the first-order PDE with the boundary condition . Let us now
examine the solution u restricted along a characteristic curve ¢ = ((s). Define the function

w(s) = u(((s))-

By applying the chain rule, we obtain:

dw d¢
E—Vu-E—Q(C)-Vu.
Thus, from the PDE, it follows that w satisfies the equation
dw .
& +ao(¢(s))w = f(¢(s)), fors>0, w(0)=uv(), with¢(0)=¢el_-. (9.10)

This is an initial value problem for a linear ODE, which can be solved to determine the
value of w at points along the characteristic. To find the solution of the first-order PDE (9.5)
with boundary condition at a point ¢ € Q, we proceed as follows:
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1. Determine the characteristic passing through ¢ € Q.

2. Find its intersection (o with I'_. For that it is useful to parametrize I'_ using a param-
eter, say &, so that (p:=(p(§) e I'_.

3. Solve the equation ((9.10) with the initial condition {(0) = ¢{(0;&) = (o(&).
Clearly, the solution at ¢ depends only on v(({p) and the values of f along the characteristic (.

In the special case that ap = f = 0 in Q, the equation (11.14) reduces to

dw
ds
Thus in this case u({(s)) is constant along the characteristic and the value of the solution

at ( is the same as at ¢(0), i.e., u(¢(s)) = u(¢(0)) = v(¢(0)).
This procedure is often referred to as the method of characteristics.

=0, fors>0, withw(0)=v({),((0)=¢eTl-

Example 9.5. Consider the problem
ur + Aug =0, in R x R4,
u(-,0) = v, in R.

The characteristic variables in this case are given by ( = (z,t), with domain Q = R x R,
boundary I'_ = R x {0}, and characteristic velocity

a(z,t) = (\1).
The characteristic equations are:
dx dt
— = — =1
ds ’ ds
Additionally, along the characteristic curves, the function w(s) = u(z(s),t(s)) satisfies:
dw
L.
ds

Integrating these equations, we obtain:
z(s) = As + z(0), t(s) = s+ t(0), w(s) = w(0).
The boundary condition is given by
u(€,0) =v(€), EeR.
Since we parametrize the boundary I'_ as (&,0) for £ € R, we set:
z(0)=¢&, t(0)=0.

Thus, we obtain:

~
—£ =0
Using x = As + & and t = s, we solve for &:
E=x— At

Substituting back, we conclude:

‘u(:v,t) =v(x — At). ‘
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Example 9.6. Consider now the problem:
zug + (v +y)uy =1, withu(l,y) =y, 0<y<l.
The characteristic equations are:

d d d
i:xa l:x_‘_y’ 7w:1>
ds

where w(s) = u(z(s), y(s)).
We parametrize the boundary curve where the initial condition is given:

z0(§) =1, wo(§) =& wo(§) =¢ £€(0,1).

Solving for z(s):
z(s) = z(0)e® = e°.

For y(s), solving the differential equation:

dy s
FE L
we rewrite it as:
(ye_s)/ =1.
Integrating, we obtain:
y=e(s+9).

Since % =1, we integrate:

w(s) =s+w(0) =s+¢.

To express u = u(x,y), we need to solve for s and £ in terms of x and y. We solve the
system:
x=e®, y=-e’(s+&).

Dividing the second equation by =z = e® gives:

g:s%—g.
x

Using s = Inz (since x > 0), we obtain:

§:g—lna:.
x

Substituting into w(s;§) = u(z,y), we conclude:

<

u(z,y) = o
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9.0.3 Symmetric hyperbolic systems
Consider now the system

?ZJrA(a: t>§ Y Bz, u= f(z,1), forzeRt>0

(9.11)
u(z,0) = v(x), for x € R
with the following assumptions:
e u=u(z,t) and f = f(z,t) are RV-values valued functions

o A= A(x,t) and B = B(xz,t) are smooth N x N matrices,

e A is symmetric (therefore, A then has real eigenvalues {); } ., with A\j = \j(z,1));

e The eigenvalue {); } _, of A are distinct.

The system ({9.11)) satisying these assumption is called hyperbolic.
Under these assumptions, we can find a smooth orthogonal matrix P = P(xz,t) that diag-

onalizes A, so that
PTAP = A = diag()))IL,

Introducing a new dependent variable w by setting u = Pw, we obtain

%+A%+Bu—P%—t APZ—Q: (?;—FAZJ;—I—BP)w:f.
Rearranging, we obtain
%+A%+Bw_ﬂf,
where
B=pPT (%];+A?D+BP>

Thus, we have transformed the system (9.11)) into a system with A in diagonal form.
Now, without loss of generality, we assume that A in (9.11)) is already diagonal, with
eigenvalues arranged in increasing order:

A< Ay < < AN

In the case when B = 0, the system consists of IV uncoupled equations:

8’&] 8Uj_ ' . 4 . -
5 + Aj(z, )ax = fj(z,t), with u;(z,0) =vj(z), forj=1,...,N.

Each equation represents a scalar problem of the type analyzed earlier, with ¢ = (z,t). For
each index j, the characteristic curve passing through (Z,?) is determined by

dx

T Nj(z,t), with z(t) = z.
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Let 2;(t) denote the solution of this initial value problem, so that the characteristic through
(z,t) is given by & = x;(t). The solution to the PDE along this characteristic is

ui(7,7) = v; (25(0)) + /0 £ (25(s), 5) ds.

Thus, u;(Z,t) depends only on v; at a single point and on f; along the characteristic curve
passing through (7, 1).

Example 9.7. Consider the initial value problem for the wave equation:

2 2
Ou _ 0w in R x Ry,
ou '
u(-,0) = v, E(',O) =w, inR.
We introduce the new variables
ou ou
Ul - Ea U2 - %7
and define U = (Uy, Up) ", which satisfies the system:
oU; 90U, .
W—%:O, IHRXR+,
ouy oU; _
ot or

Ul(',()) =w, UQ(',O) :UI, in R.
Rewriting in matrix form, we obtain

oUu ou . _|w(z)
E‘FA%—O, WlthU($,0)—|:’U :|,

where

111 1
1 -1

], U=PV,

we transform the system into

ov -1 0] oV .
a[f+|:0 1:|8(L‘_07 IHRXR+.

This decouples into two transport equations:

CACRICAY)

Ot or
Ve Vs

T
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Thus, their solutions are
%(l‘,t):‘/i(iﬁ—l-t,()), ‘/YQ(xat) :Vg(l‘—t,()).

Since V(x,t) = PU(x,t), we compute
w(x)
V(z,0) = PU(z,0) = P -
Thus,

Vi(z,t) = —=(w(z +t) + ' (x + 1), Va(z,t) = —=(w(x—1t) -0 (x—1)).

%H
o
S

Transforming back,

U(z,t) = PV(x,t) =

Simplifying,
Uz,t) = - Z 5“

DN | —
a/—\
+
+
g

To retrieve u, we use Uy = uy:

u(x,t) /Ulac s ( (aH—t)—i—v(:c—t))—l—;/o(w(a:+s)+w(x—s))ds.

Since
T+t

/Ot(w(x+s) +w(z — ) ds :/ﬂc w(s) ds,

—t
we obtain the well-known d’Alembert’s formula:

T+t
u(z,t) = %(v(m +t)+u(x—1t))+ % /t w(s) ds.

Consider now the generalization to d space dimensions:

ZA —|—Bu_f, in R? x Ry, 0.13)

u(',O) =, in RY,

where u = u(x, t) is an N-vector-valued function, A; = A;(z,t) are symmetric /N x N matrices,
B = B(z,t) is an N x N matrix, and f = f(z,t) and v = v(z) are N-vectors. All of these
functions depend smoothly and remain bounded on their respective domains. We also assume
that solutions decay sufficiently fast for large |x| to ensure the validity of the following analysis.

In general, we cannot proceed as above because it is not possible to simultaneously diag-
onalize all the matrices A;. We therefore restrict ourselves to apply the energy method to
derive a stability estimate for this problem with respect to the norm || - || = || - || 2(gay. For
that, we need the following famous lemma:
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Lemma 9.8 (Gronwall’s Lemma). Suppose that ¢ is a nonnegative continuous function sat-
isfying
¢
o(t) <a+ b/ o(s)ds, fort >0,
0
where a and b are nonnegative constants. Then,

o(t) < ae,  fort>0.

Proof. Define

Since v(0) = 0, integration from 0 to ¢ gives
t
v(t) < ab/ e dr =a(l -, t>0.
0

This leads to .
v(t)eb = b/ @(s)ds < ae” — a.
0
Thus,
t
o(t) < a+v(t)e =a+ b/ o(s)ds < ae®, t>0.
0

Theorem 9.9. For the solution of (9.13)), there exists a constant C = C(T) such that

T 1/2
|ru<t>||sc<||v||+</0 Hf\|2d8> ) Jor0<i<T.

Proof. Multiplying the equation by u and integrating over R? gives

d

1=

We compute

@u = Ou udacflgHuH2
o' ) Jra Ot - 2dt '

ou ou
Ai— u) = A=) - uda.
< 389@-’”) /Rd< J(%@-) ude

For the term involving A;,
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Using integration by parts and assuming u decays at infinity, we obtain

ou 1[04
(o) =2 (G

Thus,
1d 9 ~
S lell? + (Bu,w) < 1 £lull,
where .
B=B-— % %
j=1 "7

Using the inequality 2|| |||/ < ||£]|* + ||ul|?, we obtain
d, o = 2 2 2
lell” < 21Bllc@axenlull” + 20 £llllull < Collul™ + 117
where Cy = QHEHC(RdeJF) + 1. Integrating, we obtain
T t
u®I® < ol + [ 1P ds+Co [ ulPds, foro<e<T
0 0
Applying Gronwall’s lemma,

T
Ju®|P < <O <||vu2 n /0 ||f||2d5> . for0<t<T.

As usual, this inequality implies uniqueness and stability for problem ((9.13]).
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