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1 Introduction

This introductory course consists of eight lectures on different topics in the broad field of
partial differential equations (PDEs). The required pre-knowledge is basic analysis and linear
algebra skills. The discussed topics are the following:

Chapter 2 This chapter derives the three classical PDEs from physical principles: Heat equa-
tion (parabolic) for diffusion processes; Poisson and Laplace equations (elliptic) for
steady-state phenomena; wave equation (hyperbolic) for propagation dynamics. It also
introduces well-posed problems and the classification of PDEs.

Chapter 3 We discuss the classical treatment of elliptic equations, focusing on: Maximum principle,
which provides uniqueness and stability of solutions; Green’s representation formula,
used to express solutions in terms of boundary data. Lecture (This lecture is mainly
based on [3, Secs. 3.1, 3.2 and 3.4] )

Chapter 4 We introduce weak formulations of elliptic PDEs. Key concepts include: Sobolev spaces,
which generalize classical function spaces. Well-posedness and regularity of weak solu-
tions, ensuring existence and stability. It is mainly based on [3, Sec. 3.5]. The interested
student is referred to the master class PDE (201700033) for a more advanced treatment
and detailed proofs.

Chapter 5 The Finite Element Method (FEM) explores the Ritz-Galerkin method for approxi-
mating solutions of elliptic PDEs, including: Error analysis and convergence of FEM.
Construction of piecewise polynomial function spaces for practical computation. Lec-
ture 4 is mainly based on [3, Chapter 5] and [?, Chapter 0]. We give the basic ideas of
the finite element method; the interested student is referred to the master class ’Finite
Element Methods’ (202100097) for an advanced treatment.

Chapter 6 The Eigenvalue Problem for Elliptic PDEs Covers eigenvalue problems in PDEs, essen-
tial for understanding vibrations and stability. Topics include: Eigenfunction expansions
for representing solutions. FEM for approximating eigenvalues and eigenfunctions.

Chapter 7 Parabolic PDEs – Variational and Numerical Treatment: Focuses on time-dependent
PDEs, particularly the heat equation. Discusses: Lecture 7 is mainly based on [3, Sec.
8.3, Chapter 10]. Lecture 6 is mainly based on [3, Secs. 8.3 and 8.4] )

Chapter 8

After reading these notes, the reader should be able to read and understand most parts of
the book [3]. Further, recommended further reading is contained in [].
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2 Modeling using partial differential equations

Lecture 1

In this lecture, we derive the three classical partial differential equations (PDEs) — the heat
equation, Poisson’s equation, and the wave equation — starting from fundamental physical
principles, which will serve as main examples of three important types of linear second-order
PDEs: parabolic, elliptic, and hyperbolic.

2.2 Heat Equation

Let us consider an open and bounded domain V ⊂ Rd, d = 2, 3, with smooth boundary
S := ∂V (of class C2), and let us denote by n : S → R3 the unit normal vector to V ;

|n| := ∥n∥2 =
(∑d

j=1 n
2
j

)1/2
= 1.

V ⊂ Ω

n = (n1, . . . , nd)

S = ∂V

Figure 2.1: Illustration of the domain V and its boundary S.

We seek to predict the temperature evolution and spatial variation of the temperature of a
fluid enclosed in the open domain Ω ⊆ Rd containing V .
Consider then the following quantity:

e := e(x, t); heat energy per unit mass at the point x ∈ Ω at time t ∈ R+ := (0,∞).

The total thermal energy E : R+ → [0,∞) enclosed within in a domain V ⊂ Ω can be
computed from the energy density e : Ω× R+ → [0,∞) via the volume integral:

E(t) =

∫
V
e(x, t)ρ(x, t) dx, (2.1)

where
ρ := ρ(x, t); mass density at x ∈ Ω and t ∈ R+.

From (2.1), and assuming eρ is sufficiently regular, the time derivative of the total energy
is

dE

dt
(t) =

d

dt

∫
V
e(x, t)ρ(x, t) dx =

∫
V

∂

∂t

(
e(x, t)ρ(x, t)

)
dx. (2.2)
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(See, e.g., [4, Thm. 11.9] for sufficient conditions under which exchanging the integral and the
derivative is allowed.)
Since thermal energy can flow within Ω, we introduce the vector quantity

q := q(x, t); heat flux at x ∈ Ω at t ∈ R+.

In detail, heat flux refers to the rate at which heat energy flows through a given volume per
unit time. It is a vector quantity, with the magnitude representing the amount of heat flowing
through the volume, and the direction indicating the flow of heat.
The energy flowing into D ⊂ Ω is then given by:

energy entering V = −
∫
S
q(x, t) · n(x) ds.

Recall that n is the outward unit normal vector. Applying the divergence theorem (see,
e.g., [4, Ch. 13.5]) the energy entering V can be written as:

−
∫
S
q(x, t) · n(x) ds = −

∫
V
div q(x, t) dx.

Combining this with (2.2) gives:

dE

dt
(t) =

∫
V

∂

∂t

(
e(x, t)ρ(x, t)

)
dx = −

∫
V
div q(x, t) dx+

∫
V
F (x, t)ρ(x, t) dx,

where F (x, t) is a heat source term.
Since this relation∫

V

{
∂

∂t

(
e(x, t)ρ(x, t)

)
+ div q(x, t) dx− F (x, t)ρ(x, t)

}
dx = 0, (2.3)

holds on any sufficiently regular domain V immerse the fluid domain Ω, we conclude that

∂

∂t

(
e(x, t)ρ(x, t)

)
= −div q(x, t) + F (x, t)ρ(x, t), x ∈ Ω, t ∈ R+, (2.4)

assuming the quantity inside the curly brackets in (2.3) is continuous (as a function of x).
Why?

Constitutive Relations

In (2.4), we have two unknown quantities, e(x, t) and q(x, t). To reduce the equation to a
single unknown, we apply the following physical laws that relate the heat flux and the energy
density to the temperature:

a) Fourier’s Law of heat conduction:

q(x, t) = −k(x)∇u(x, t), (2.5)

where k(x) > 0 is the thermal conductivity and u(x, t) is the temperature at a the
location x and time t.
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b) Specific heat relation:
e(x, t) = c(x)u(x, t), (2.6)

where c(x) is the specific heat of the fluid at the location x.

Substituting (2.5) and (2.6) into (2.4) yields:

∂

∂t

(
c(x)ρ(x, t)u(x, t)

)
− div

(
k(x)∇u(x, t)

)
= F (x, t)ρ(x, t) (2.7)

for x ∈ Ω and t ∈ R+.
The unknown quantity of interest in the equation above is the temperature distribution u :

Ω × R+ → R. Since u and its partial derivatives appear in the equation, it is classified
as a Partial Differential Equation (PDE). Specifically, this PDE is referred to as the Heat
Equation.

Remark 2.1. The Laplace operator (or Laplacian) is defined as:

∆v(x) = div∇v(x) =
d∑

j=1

∂2v

∂x2j
(x),

where ∇ = (∂x1 , . . . , ∂xd
) denotes the gradient operator and div denotes the divergence oper-

ator, defined as:

div f(x) =
d∑

i=1

∂fi
∂xi

(x),

for a vector field f = (f1, f2, . . . , fd).

Note that in the case when c, ρ, and k are constant positive scalars, the heat equation
reduces to:

∂u

∂t
(x, t)− η∆u(x, t) = f(x, t) (2.8)

for x ∈ Ω and t ∈ R+, where η > 0 and f are commonly referred to as the thermal diffusivity
and the source term, respectively.

Initial and Boundary Conditions

Similar to Ordinary Differential Equations (ODEs), PDEs must be accompanied by additional
conditions to ensure the existence and uniqueness of solutions. Unlike ODEs, time-evolution
PDEs, such as the heat equation, require not only initial conditions but also information
about the solution on the boundary of the domain where they are to be solved.
In order for (2.8) to be solvable in a fixed bounded domain Ω ⊂ Rd, the following conditions

are required:

a) Initial Condition: The temperature distribution at t = 0 is prescribed as:

u(x, 0) = u0(x), x ∈ Ω.

b) Boundary Conditions: For a bounded domain Ω with boundary Γ := ∂Ω, we may have:
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i) Dirichlet Condition: Prescribed temperature at the boundary

u(x, t) = g(x, t), x ∈ Γ, t ∈ R+.

ii) Neumann Condition: Prescribed energy flux q = −k∇u across the domain’s
boundary:

∂u

∂n
(x, t) := ∇u(x, t) · n(x) = g(x, t), x ∈ Γ, t ∈ R+.

(The normal derivative
∂u

∂n
of u at a boundary point is the directional derivative

of u in the direction normal to the boundary)

iii) Robin Condition: Newton’s cooling law:

∂u

∂n
(x, t) + γ(x)u(x, t) = γ(x)u0(x, t), x ∈ Γ, t ∈ R+,

where γ(x) > 0 is quantity related to the heat transfer coefficient, and u0(x, t) is
the known ambient temperature at the boundary.

iv) Mixed Conditions (Zaremba): On one part of Γ, Dirichlet conditions are applied,
while on the complement, Neumann conditions are imposed:

u(x, t) = gD(x, t), x ∈ ΓD, and
∂u

∂n
(x, t) = gn(x, t) x ∈ ΓN , t ∈ R+,

where Γ = ΓD ∪ ΓN and ΓD ∩ ΓN = ∅.

2.3 Poisson (and Laplace) Equation

Consider the heat equation of the previous section:

∂

∂t

(
c(x)ρ(x)u(x, t)

)
= div

(
k(x)∇u(x, t)

)
+ F (x)ρ(x), x ∈ Ω, t ∈ R+, (2.9)

with the following boundary and initial conditions:

u(x, 0) = u0(x), x ∈ Ω, u(x, t) = g(x), x ∈ Γ, t ∈ R+.

Given that neither the source F nor the mass density ρ nor the boundary data g vary with
time, we expect the temperature to reach a steady state, meaning that

lim
t→∞

∂u(x, t)

∂t
= 0 and lim

t→∞
u(x, t) = v(x) uniformly in x ∈ Ω.

Therefore, assuming sufficient regularity of u and v (enough to exchange the time limit with
the spatial partial derivatives), we obtain

lim
t→∞

(
∂

∂t

(
cρu
)
− div

(
k∇u

)
− Fρ

)
= −div

(
k∇v

)
− Fρ = 0,
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from where we obtain the following time-independent PDE for the stationary temperature
distribution v:

−div
(
k(x)∇v(x)

)
= f(x) (2.10)

for x ∈ Ω in this case.
The PDE (2.10) is known as the Poisson Equation, named after the early 19th-century

French mathematician Siméon-Denis Poisson, who mentioned it in his works on electro-
static and gravitational potentials. The homogeneous version of the same equation (i.e.,
−div(k(x)∇v(x)) = 0 for x ∈ Ω) is known as the Laplace Equation, which was studied earlier
by another French mathematician, Pierre-Simon Laplace.
The boundary conditions for the Poisson/Laplace equation are the same as those for the

heat equation: Dirichlet, Neumann, Robin, or mixed conditions.

2.4 Wave Equation

We now derive our third prototypical PDE by describing the propagation of sound or acoustic
waves. These waves can be modeled as small-amplitude perturbations in the mass density (ρ)
and pressure (p) of a compressible fluid, such as air, around a constant state characterized by
the ambient mass density ρ0 and pressure p0. Specifically, we express the mass density and
pressure as

ρT (x, t) =ρ0 + ρ(x, t), |ρ(x, t)| ≪ ρ0, (2.11)

pT (x, t) =p0 + p(x, t), |p(x, t)| ≪ p0. (2.12)

To begin, we first discuss a PDE that describes the conservation of mass, also known as
the advection equation. Consider a domain within a fluid, where the vector field v = v(x, t)
represents the velocity of the fluid at a point x at time t > 0. Since ρT (x, t) denotes the mass
density, the total mass enclosed in a domain V at time t > 0 is given by

m(t) =

∫
V
ρT (x, t) dx.

Assuming there are no sources or sinks of mass, the only mechanism by which the enclosed
mass can change over time is due to the net mass flux through the boundary S = ∂V :

−
∫
Γ
v(x, t) · n(x)ρT (x, t) ds.

Therefore, applying the divergence theorem, the time rate of change of the enclosed mass is
given by

dm

dt
(t) =

∫
V

∂

∂t
ρT (x, t) dx = −

∫
S
v(x, t) · n(x)ρT (x, t) ds = −

∫
V
div(v(x, t)ρT (x, t)) dx,

which holds in an arbitrary domain V ⊂ Ω ⊆ Rd. Assuming continuity of the integrands
above, we arrive at the Advection Equation:

∂ρT
∂t

(x, t) + div (v(x, t)ρT (x, t)) = 0 (2.13)
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V ⊂ Ω
v(x, t)

n

Figure 2.2: Fluid flow through a volume V .

for x ∈ Ω and t ∈ R+.
This PDE describes the transport of a quantity (in this case, mass) by a flow field, often

represented by a velocity vector v. It can also be applied to describe the transport of other
physical quantities, such as momentum, for example.
Under the assumption ρ(x, t) ≪ ρ0, we neglect ρ(x, t) in the mass advection equation to

obtain
∂ρT
∂t

(x, t) + ρ0 div v(x, t) = 0. (2.14)

Following a similar treatment, but now for enclosed momentum instead of mass, we apply
Newton’s second law of motion, which states that the rate of change of momentum is equal
to the net force acting on the system. For a compressible fluid, the net force acting on the
fluid element is related to the gradient of pressure p, resulting in the following simplified
momentum conservation equation:

∂v

∂t
(x, t) +

1

ρ0
∇p(x, t) = 0. (2.15)

This equation represents the momentum balance, where the acceleration of the fluid is directly
related to the pressure gradient.
To close the system, we apply the constitutive law:

p(x, t) = c2(x)ρ(x, t), (2.16)

where c2 :=
(

∂P
∂ρ0

)
s
denotes the derivative of the pressure with respect to the mass density

ρ0, assuming constant entropy. The quantity c(x) > 0 is called the Speed of Sound. The
mathematical meaning of c as “speed” will be discussed in more detail later in the course.
Now, taking divergence to both ides of (2.15) we get

∂

∂t
(div v(x, t)) +

1

ρ0
∆p(x, t) = 0.

On the other hand, from (2.14), we have:

div v(x, t) = − 1

ρ0

∂ρT
∂t

(x, t) = − 1

ρ0

∂ρ

∂t
(x, t).

Therefore, combining these last two results, we obtain:

−1

ρ0

∂2ρ

∂t2
(x, t) +

1

ρ0
∆p(x, t) = 0.
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Finally, from (2.16), we know that p(x, t) = c2(x)ρ(x, t), so:

∂2p

∂t2
(x, t)− c2(x)∆p(x, t) = 0 (2.17)

for x ∈ Ω ⊆ Rd and t ∈ R+, which is known as the Wave Equation.
Since the equations involve second-order time derivatives, we need two initial conditions.

For the pressure, for instance, we need

p(x, 0) = u0(x) and
∂p

∂t
(x, 0) = v0(x), x ∈ Ω,

where Ω is domain where (??) is to be solved and where u0 and v0 are given data for the
problem.
To derive boundary conditions for acoustics, let us first consider what happens at the

interface between two different fluids occupying disjoint domains Ω1 and Ω2 with a common
boundary Γ. There, the following conditions need to be fulfilled at the interface.

Ω1

n

Ω2

Figure 2.3: Acoustic Conditions at the Interface Between Two Compressible Fluids.

i) Kinematic condition: Continuity of the normal velocity:

n(x) · v1(x, t) = n(x) · v2(x, t), x ∈ Γ, t ∈ R+.

Differentiating with respect to time, we obtain:

n(x) · ∂v1

∂t
(x, t) = n(x) · ∂v2

∂t
(x, t), x ∈ Γ, t ∈ R+.

However, from (2.15), we know that:

∂vj

∂t
(x, t) = − 1

ρ0j
∇pj(x, t), x ∈ Ωj , j = 1, 2, t ∈ R+.

Substituting this into the time derivative of the kinematic condition (assuming the
relation above holds up to and including the boundary), we get:

1

ρ01

∂p1
∂n

(x, t) =
1

ρ02

∂p2
∂n

(x, t) x ∈ Γ, t ∈ R+. (2.18)
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ii) Dynamic condition: In the absence of external forces at the interface between the two
fluids, we have that the pressure should remain continuous across the interface. There-
fore, we obtain

p1(x, t) = p2(x, t), x ∈ Γ, t ∈ R+. (2.19)

Based on these condition, the following approximations are often used in practical applica-
tions:

1. Sound hard boundary condition; when ρ02 ≫ ρ01. For example, when Ω1 is air and Ω2

is water and we are interested in the sound wave propagating in the air.

From the kinematic condition (2.18), using the approximation ρ−1
02 ≈ 0 we get the

Neumann boundary condition:

∂p1
∂n

(x, t) = 0, x ∈ Γ, t ∈ R+.

The problem then reduces to find p1 : Ω1 × R+ → R such that

∂2p1
∂t2

(x, t)− c21(x)∆p1(x, t) = f(x, t), x ∈ Ω1, t ∈ R+,

p1(x, 0) = u0(x), x ∈ Ω1

∂p1
∂t

(x, 0) = v0(x), x ∈ Ω1,

∂p1
∂n

(x, t) = 0, x ∈ Γ, t ∈ R+,

where we also allow for the possibility of a sound source, modeled by the function f .

2. Sound soft boundary condition; when ρ01 ≫ ρ02. For example, when Ω1 is water and
Ω2 is air and we are interested in the sound wave propagating in the water.

We consider the scaled quantities uj := pj/ρ0j , j = 1, 2. From (2.19), we have ρ01u1 =
ρ02u2 on Γ, or equivalently u1 =

ρ02
ρ01
u2. Therefore, using the approximation ρ02 ≈ 0 we

arrive at the following Dirichlet boundary condition:

p1(x, t) = 0, x ∈ Γ, t ∈ R+.

The problem then reduces to find p1 : Ω1 × R+ → R such that

∂2p1
∂t2

(x, t)− c21(x)∆p1(x, t) = f(x, t), x ∈ Ω1, t ∈ R+,

p1(x, 0) = u0(x), x ∈ Ω1

∂p1
∂t

(x, 0) = v0(x), x ∈ Ω1,

p1(x, t) = 0, x ∈ Γ, t ∈ R+.
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2.5 Well-posed problems

We say that a problem is well-posed if it consists of a PDE in a domain, along with a set
of initial and boundary conditions (or other auxiliary conditions) that lead to the following
properties:

i) Existence: There exists at least one solution u that satisfies all the conditions.

ii) Uniqueness: There is at most one solution.

iii) Stability: The unique solution u depends stably on the data of the problem. This means
that if the data of the problem changes slightly, the corresponding solution also changes
slightly.

We will make each of these statements more precise when we introduce proper function spaces
for PDE solutions. Meanwhile, let us consider two elementary examples:

Example 2.2. Consider the heat equation:
∂u

∂t
(x, t)− η∆u(x, t) = f(x, t), x ∈ Ω, t ∈ R+,

∂u

∂n
(x, t) = g(x, t), x ∈ Γ, t ∈ (0, T ),

u(x, 0) = u0(x), x ∈ Ω,

where η > 0 and Ω is open and bounded. We want to study uniqueness of solutions of this
problem.
Suppose for a contradiction that there are two distinct solutions, u1 and u2, i.e., u1 ̸= u2.

Then, by linearity, we have that w = u2 − u1 satisfies the following homogeneous problem:
∂w

∂t
(x, t)− η∆w(x, t) = 0, x ∈ Ω, t ∈ R+,

∂w

∂n
(x, t) = 0, x ∈ Γ, t ∈ R+,

w(x, 0) = 0, x ∈ Ω.

Define then (the energy functional):

E(t) :=
1

2

∫
Ω
w2(x, t) dx, t ∈ R+.

Clearly, E(t) ≥ 0 for all t ∈ R+.
Taking time derivative

dE

dt
(t) =

∫
Ω

∂w

∂t
(x, t)w(x, t) dx (i)

= η

∫
Ω
w(x, t)∆w(x, t) dx (ii)

= η

(∫
Ω
div (w(x, t)∇w(x, t)) dx−

∫
Ω
|∇w(x, t)|2 dx

)
(iii)

= η

(∫
Γ

∂w

∂n
(x, t) · w(x, t) ds−

∫
Ω
|∇w(x, t)|2 dx

)
(iv)

= −η
∫
Ω
|∇w|2 dx ≤ 0. (v)
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Here, we used the fact that
div(w∇w) = |∇w|2 + w∆w

to move from the (ii) to (iii), and the divergence theorem to move from (iii) to (iv). Addi-

tionally, we used the fact that
∂w

∂n
= 0 on Γ to move from (iv) to (v).

On the other hand, from the initial condition we have

E(0) =
1

2

∫
Ω
w2(x, 0) dx = 0.

In conclusion we have
dE

dt
(t) ≤ 0 and E(t) ≥ 0 for t ∈ R+, and E(0) = 0, so E(t) = 0 for

all t ≥ 0, i.e., ∫
Ω
w2(x, t) dx = 0, t ∈ R+.

We conclude from here, assuming continuity of w, that w = u2 − u1 = 0, meaning u2 = u1,
which is a contradiction. Therefore, the problem has at most one solution.
Does the same procedure work for the problem with Dirichlet boundary condition?

Example 2.3. Let us consider the heat equation in the “steady-state” (Poisson equation):∆u(x) = f(x), x ∈ Ω,
∂u

∂n
(x) = 0, x ∈ Γ.

Integrating the source term, we obtain:∫
Ω
f(x) dx =

∫
Ω
∆u(x) dx =

∫
Γ

∂u

∂n
(x) ds = 0.

Therefore, for a solution to exist, it is a necessary condition that:∫
Ω
f(x) dx = 0,

which is known as the compatibility condition.
On the other hand, if a solution u exists for this problem, then any function of the form

uα = u+ α, with α ∈ R, would also be a solution. Thus, the solution would not be unique.

2.6 Classification of second-order linear PDEs

In general, for PDEs, the question of what type of condition to use—initial conditions or
boundary conditions—depends on the type of PDE.
A second-order PDE in n variables ξ = (ξ1, . . . , ξn) ∈ D ⊂ Rn takes the form:

−
n∑

i,j=1

aij(ξ)
∂2u

∂ξi∂ξj
(ξ) +

n∑
i=1

bi(ξ)
∂u

∂ξi
(ξ) + c(ξ)u(ξ) = f(ξ), (2.20)

with u ∈ C2(D). Since
∂2u

∂ξi∂ξj
=

∂2u

∂ξj∂ξi
,

we can always choose the coefficients aij(ξ) such that aij(ξ) = aji(ξ). Therefore, the matrix
A(ξ) = [aij(ξ)] ∈ Rn×n is symmetric. Similarly, we let b(ξ) = [bi(ξ)] ∈ Rn.

14



Remark 2.4. If the functions aij , bi, and c do not depend on ξ, the PDE is said to have
constant coefficients.

Definition 2.5 (Classification of Second-Order PDEs). Let A(ξ) ∈ Rn×n and b(ξ) ∈ Rn.

1) The equation (2.20) is called elliptic at the point ξ ifA(ξ) is positive (negative) definite.

2) The equation (2.20) is called hyperbolic at the point ξ if A(ξ) has one negative (pos-
itive) eigenvalue and n− 1 positive (negative) eigenvalues.

3) The equation (2.20) is called parabolic at the point ξ ifA(ξ) is positive (negative) semi-
definite but not positive (negative) definite, and if the rank of the matrix [A(ξ), b(ξ)]
is n.

A PDE is said to be elliptic, hyperbolic, or parabolic in D if the corresponding condition
is satisfied for every ξ ∈ D.

Example 2.6. Let x ∈ R3, ξ = (t,x) ∈ R4, and define

A(t,x) =


0 0 0 0
0 η 0 0
0 0 η 0
0 0 0 η

 , b(t,x) =


1
0
0
0

 , c(t,x) = 0

With these definitions (2.20) corresponds to the Heat Equation (2.8), which is a parabolic
PDE provided η > 0.

Example 2.7. Let ξ = x ∈ Rd and define

A(x) = [k(x)δij ] ∈ Rd×d, b(x) = −∇k(x) ∈ Rd, c(x) = 0.

With these definitions (2.20) corresponds to the Poisson Equation (2.10), which is an elliptic
PDE provided k(x) > 0.

Example 2.8. Let x ∈ R3, ξ = (t,x) ∈ R4, and define

A(t,x) =


−1 0 0 0
0 c2(x) 0 0
0 0 c2(x) 0
0 0 0 c2(x)

 , b(t,x) = 0, c(t,x) = 0.

With these definitions (2.20) corresponds to the Wave Equation (2.17), which is a hyperbolic
PDE provided c2(x) > 0.
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3 Elliptic PDEs - Classical Theory

Lecture 2

We will focus on the following elliptic boundary value problem: Find u : Ω → R such that

−div(a∇u) + b · ∇u+ cu = f in Ω,

u = g on Γ := ∂Ω,
(3.1)

where Ω is an open and bounded subset of Rd, d ∈ N, with boundary ∂Ω =: Γ of class C1 (this
is a sufficient condition for the unit normal n : Γ → R3 to be well-defined and continuous).
For the remainder of this lecture, we consider the differential operator

Au := −div(a∇u)︸ ︷︷ ︸
diffusion term

+ b · ∇u︸ ︷︷ ︸
convection term

+ cu︸︷︷︸
reaction term

.

A function u ∈ C2(Ω) ∩ C0(Ω) that satisfies (3.1) is called a classical solution.
We work under the following assumptions on the given functions:

• a = a(x), b = b(x), and c = c(x) are smooth functions, i.e., elements of C∞(Rd).

• There exists a constant a0 > 0 such that a(x) ≥ a0 for all x ∈ Ω (i.e., the PDE is of the
elliptic type), and c(x) ≥ 0 for all x ∈ Ω.

Note that by linearity of the PDE and the (Dirichlet) boundary condition, u solves (3.1) if
and only if it can be decomposed as u = v + w with v and w being solutions of

Av = 0 in Ω, v = g on Γ,

Aw = f in Ω, w = 0 on Γ

(We may consider other boundary conditions as well, such the Neumann boundary condition:

a
∂u

∂n
= g on Γ,

or Robin boundary condition:

a
∂u

∂n
+ hu = g on Γ (h ≥ 0)

which, for convenience, are written involving the coefficient a in the definition of the partial
differential operator A.)
Our plan for this lecture is to investigate the well-posedness of the problem (3.1). In detail,

we want to determine

• Existence of solutions (for the Poisson eqn. via the Green’s function)
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• Uniqueness of solutions (via the maximum principle)

• Stable dependence on the data f and g in our model problem (2.10) in the C(Ω)-norm,
i.e., in the norm ∥ · ∥ : C() → [0,∞) given by ∥u∥C(Ω) = maxx∈Ω |u(x)|. (via the

maximum principle)

The last two will follow as a consequence of the following important result:

3.1 The maximum principle and its consequences

Theorem 3.1 (weak maximum (minimum) principle). Let u ∈ C2(Ω) ∩ C(Ω) and suppose
that

Au ≤ 0 in Ω (resp. Au ≥ 0 in Ω).

(i) If c = 0, then
max
x∈Ω

u(x) = max
x∈Γ

u(x). (3.2)

(ii) If c ≥ 0 in Ω, then

max
x∈Ω

u(x) ≤ max

{
0,max

x∈Γ
u(x)

}
(resp. min

x∈Ω
u(x) ≥ min

{
0,min

x∈Γ
u(x)

}
). (3.3)

Proof. (i) Suppose that there exists x0 ∈ Ω such that both u(x) ≤ u (x0) for all x ∈ Ω and
u(x) < u(x0) for all x ∈ Γ. Then, x0 ∈ Ω is a local maximum of u. Necessary conditions
for x0 ∈ Ω to be a (local) maximum are that ∇u(x0) = 0 and that the Hessian matrix
D2u (x0) is negative semidefinite. Therefore,

Au (x0) = − a (x0)︸ ︷︷ ︸
≥0

∆u (x0)︸ ︷︷ ︸
=trace(D2u(x0))≤0

−∇a (x0) · ∇u (x0)︸ ︷︷ ︸
=0

+b (x0) · ∇u (x0)︸ ︷︷ ︸
=0

≥ 0. (3.4)

We now use the assumption that Au ≤ 0 in Ω to reach a contradiction. We consider
two cases:

(a) Suppose that Au(x) < 0 for all x ∈ Ω. Then, (3.4) readily yields a contradiction
(i.e., x0 cannot exist) because Au ∈ C0(Ω). Therefore, (3.2) follows.

(b) Suppose that Au(x) ≤ 0 for all x ∈ Ω.

Idea: Additively perturb u by a suitable function ϕ and use part (a).

Consider ϕ(x) = eλx1 > 0 with λ > 0 to be chosen. Since ∇ϕ = λϕe1 and
∆ϕ = div(∇ϕ) = λ2ϕ, it follows that

Aϕ =

(
−aλ2 + (b1 −

∂a

∂x1
)λ

)
︸ ︷︷ ︸

quadratic in λ

eλx1︸︷︷︸
>0

=
(
− a︸︷︷︸

≥a0>0

λ2 + (b1 −
∂a

∂x1
)︸ ︷︷ ︸

bounded in Ω

λ
)
eλx1 .

We can then select λ > 0 large enough such that

Aϕ = −aλ2 +
(
b1 −

∂a

∂x1

)
λ < 0 in Ω. (3.5)
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Therefore, for all ϵ > 0 it holds that

A(u+ ϵϕ) = Au︸︷︷︸
≤0

+ ϵAϕ︸︷︷︸
<0

< 0 (3.6)

Now, by part (a), since Aϕ < 0 in Ω (see (3.5)), we get

max
x∈Γ

ϕ(x) = max
x∈Ω

ϕ(x) =:M > 0.

Then, for all ϵ > 0, it holds that

max
x∈Γ

(u(x) + ϵϕ(x)) ≤ max
x∈Γ

u(x) + ϵmax
x∈Γ

ϕ(x) ≤ max
x∈Γ

u(x) + ϵM.

Using the assumption u(x0) > maxx∈Γ u(x) and selecting

ϵ :=
u(x0)−maxx∈Γ u(x)

M
> 0,

we finally arrive at

max
x∈Γ

(u(x) + ϵϕ(x)) ≤ max
x∈Γ

u(x) + ϵM ≤ u(x0) < u(x0) + ϵϕ(x0)︸ ︷︷ ︸
>0

,

which contradicts the statement proved in (a) for the function v = u + ϵϕ that
satisfies Av < 0 in Ω (see (3.6)). Therefore, (3.2) also holds in this case.

(ii) Suppose that there exists x0 ∈ Ω such that

max
x∈Ω

u(x) = u (x0) > 0.

Define the following domain:

Ω0 = {x ∈ Ω : u(x) > 0},

which is open by virtue of the fact that u ∈ C(Ω). Note that Ω0 ̸= ∅ since we are
working under the assumption that u(x0) > 0 with x0 ∈ Ω.

To use the result in part (i), consider the operator Ã given by

Ãu := Au︸︷︷︸
≤0

− c︸︷︷︸
≥0

u︸︷︷︸
>0︸ ︷︷ ︸

=− div(a∇u)+b·∇u

≤ 0 in Ω0.

By part (i), applied to the operator Ã over Ω0, we obtain

max
x∈Ω

u(x)
u(x)≤0 ∀x∈Ω\Ω0

= max
x∈Ω0

u(x)
(i)
= max

x∈∂Ω0

u(x)
u(x)=0 ∀x∈∂Ω0∩Ω

≤ max{0,max
x∈Γ

u(x)},

and hence (3.3) holds.

On the other hand, if u(x) ≤ 0 for all x ∈ Ω, then (3.3) follows directly.
Finally, we point out that for the minimum, the statements follow by simply replacing u

by (−u) in the proof above, using the fact that minu = −max(−u).
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Remark 3.2. If c ≥ 0, then the bound max{0,maxx∈Γ u(x)} in (3.3) cannot be replaced by
maxx∈Γ u(x). Consider, for example, the solution u to the boundary value problem

−u′′ + u = 0 in (0, 1), u(0) = u(1) = −1.

Since the general solution of the ODE is given by u(x) = α ex+β e−x with

α :=
−1

1 + e
, β := − e

1 + e
,

it is easy to see that there exists x0 ∈ (0, 1) such that u(x0) > maxx∈{0,1} u(x) = −1.

Remark 3.3. The condition c ≥ 0 cannot be relaxed in general to allow for c < 0. Consider
the boundary value problem

−u′′ − π2u = 0 in (0, 1), u(0) = u(1) = 0,

which has as a solution u(x) = sin(πx), and maxx∈[0,1] u(x) = 1, yet maxx∈{0,1} u(x) = 0.
Moreover, interestingly, this boundary value problem has more than one solution. Indeed,
u(x) = γ sin(πx) is a solution of the boundary value problem for any γ ∈ R.

Corollary 3.4 (Uniqueness). For f ∈ C(Ω), g ∈ C(Γ), there is at most one solution in
C2(Ω) ∩ C(Ω) of (3.1).

Proof. Suppose there exist two distinct solutions u1, u2 ∈ C2(Ω) ∩ C0(Ω) to (3.1). Defining
v = u1 − u2, we see that v satisfies Av = 0 in Ω and v = 0 on Γ. Applying the maximum and
minimum principles, we obtain

max
x∈Ω

v(x) ≤ max{0,max
x∈Γ

v(x)︸ ︷︷ ︸
=0

} = 0, and min
x∈Ω

v(x) ≥ min{0,min
x∈Γ

v(x)︸ ︷︷ ︸
=0

} = 0.

Thus, ∥v∥C(Ω) = 0 and hence v = 0 in Ω, contradicting the assumption that u1 ̸= u2.

Theorem 3.5 (Stability). Let u ∈ C2(Ω). Then there exists a constant C > 0 such that

∥u∥C(Ω) ≤ ∥u∥C(Γ) + C∥Au∥C(Ω). (3.7)

Proof. Let ϕ be such that ϕ ≥ 0 and Aϕ ≤ −1 in Ω (we know from the proof of Theorem 3.1
that such a function exists). Define

v+(x) := u(x) + ∥Au∥C(Ω)ϕ(x), x ∈ Ω.

Applying the operator A, we obtain

Av+(x) = Au(x) + ∥Au∥C(Ω)Aϕ(x)︸ ︷︷ ︸
≤−1

≤ Au(x)− ∥Au∥C(Ω) ≤ 0, for all x ∈ Ω,

where we used the fact that

−∥Au∥C(Ω) ≤ Au(x) ≤ ∥Au∥C(Ω) for all x ∈ Ω.
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Applying the maximum principle (Theorem 3.1), we obtain

v+(x) ≤ max{0,max
x∈Γ

v+(x)}.

Furthermore,
max
x∈Γ

v+(x) ≤ max
x∈Γ

u(x) + ∥Au∥C(Ω) ∥ϕ∥C(Γ)︸ ︷︷ ︸
=:C

.

Since u(x) ≤ v+(x), we conclude that

u(x) ≤ max
x∈Γ

v+(x) ≤ max
x∈Γ

u(x) + C∥Au∥C(Ω) ≤ ∥u∥C(Γ) + C∥Au∥C(Ω),

since maxx∈Γ u(x) ≤ maxx∈Γ |u(x)| = ∥u∥C(Γ).
Similarly, considering the function

v−(x) := −u(x) + ∥Au∥C(Ω)ϕ(x), x ∈ Ω,

we obtain

Av−(x) = −Au(x) + ∥Au∥C(Ω)Aϕ(x)︸ ︷︷ ︸
≤−1

≤ −Au(x)− ∥Au∥C(Ω) ≤ 0, for all x ∈ Ω.

Since −u(x) ≤ v−(x) for all x ∈ Ω, applying the maximum principle again, we obtain

−u(x) ≤ max
x∈Γ

(−u(x)) + C∥Au∥C(Ω) ≤ ∥u∥C(Γ) + C∥Au∥C(Ω),

since −u(x) ≤ |u(x)| ≤ maxx∈Γ |u(x)| = ∥u∥C(Γ) for all x ∈ Γ.
Thus,

|u(x)| ≤ ∥u∥C(Γ) + C∥Au∥C(Ω) for all x ∈ Ω

and the statement follows by taking the maximum over Ω.

Remark 3.6. Note that the inequality (3.7) implies continuous dependency of the solution
of (3.1) on the data. Indeed, suppose that Auj = fj in Ω, uj = gj on Γ for j = 1, 2 for
sufficiently regular functions uj , fj and gj , j = 1, 2. Then, applying (3.7) to u = u1 − u2, we
obtain

∥u1 − u2∥C(Ω) ≤ ∥g1 − g2∥C(Γ) + C∥f1 − f2∥C(Ω),

or, in words, small changes in the problem data yield small changes in the solutions of (3.1).

3.2 Green’s representation formula for the Poisson equation

We want to investigate the existence of solutions to the boundary value problem (3.1). To do
so, we focus on the solvability of the simpler boundary value problem

−∆u = f in Ω, u = 0 on Γ. (3.8)

where f ∈ C(Ω). We begin with Green’s second identity (see problem 5 in Tutorial 1):∫
Ω
(v(x)∆u(x)− u(x)∆v(x)) dx =

∫
Γ

(
∂u

∂n
(x)v(x)− u(x)

∂v

∂n
(x)

)
ds (3.9)
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Idea: Construct a function v satisfying the following properties: v = 0 on Γ and such that

−
∫
Ω
∆u(x)v(x) dy = u(y) for all y ∈ Ω.

Then, Green’s second identity would lead to the following formula for the solution of (3.8):

u(y) =

∫
Ω
f(x)v(x) dx, y ∈ Ω.

To construct such a function we look for harmonic functions, i.e., solutions of Laplace’s
equation:

−∆Φ(x) = 0, x ∈ Rd \ {0}.
To do so, we consider radial solutions Φ(x) = ϕ(|x|) = ϕ(r) where r = |x| (well look into this
in more detail in Tutorial 2). Then, by the chain rule, it follows that

∂Φ

∂xj
(x) =ϕ′(|x|)∂|x|

∂xj
= ϕ′(|x|) xj

|x|
,

∂2Φ

∂x2j
(x) =ϕ′′(|x|)

x2j
|x|2

+ ϕ′(|x|)

(
1

|x|
−

x2j
|x|3

)
,

∆Φ(x) =
d∑

j=1

{
ϕ′′(|x|)

x2j
|x|2

+ ϕ′(|x|)

(
1

|x|
−

x2j
|x|3

)}
= ϕ′′(|x|) + (d− 1)

|x|
ϕ′(|x|).

From the last identity we get that the sought radial solution ϕ := (0,∞) → R solves the
following ODE:

ϕ′′ =
(1− d)

r
ϕ′,

where we have set r = |x|. Integrating (assuming ϕ′ ̸= 0) we obtain

ϕ′′

ϕ′
=

1− d

r
=⇒ log |ϕ′| = (1− d) log r + c =⇒ |ϕ′| = c′r1−d.

So, integrating again, we get

ϕ(r) =

{
α log r + β, d = 2,

αr2−d + β, d > 2
, α, β ∈ R.

This derivation leads to the following definition:

Definition 3.7. The fundamental solution of Laplace’s equation is defined as

Φ(x) :=


− 1

ωd
log |x|, d = 2,

1

ωd|x|
d = 3,

(3.10)

for all x ∈ Rd \ {0}, where

ωd :=

{
2π, d = 2,

4π, d = 3,

denotes the “area” of the unit sphere ∂B1(0) in Rd, d = 2, 3.
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Remark 3.8. Note that both the fundamental solution and its gradient, which is given by

∇Φ(x) = − 1

ωd

x

|x|d
, x ̸= 0,

are locally integrable (in the improper sense). Indeed, let ϵ ≤ 1 and Bϵ(0) = {x ∈ R2 : |x| <
ϵ}. Then, we have

∫
Bϵ(0)

|Φ(x)| dx = ωd

∫ ϵ

0
|ϕ(r)|rd−1 dr =


−
∫ ϵ

0
r log r dr =

1

4
ϵ2(1− 2 log(ϵ)), d = 2,

∫ ϵ

0
r dr =

ϵ2

2
, d = 3,

(3.11)
and ∫

Bϵ(0)
|∇Φ(x)| dx =

∫ ϵ

0
1 dr = ϵ.

However, higher order derivatives of the fundamental solution are not integrable on any ball
Bϵ(0).

We are now in a position to go back to the idea of finding a representation formula for the
solution u of (2.10).
Let v(x) = Φ(x−y) for x ̸= y, where Φ is the fundamental solution of the Laplace equation

defined in (3.10). Since ∆v is not integrable, we may not use (3.9) directly. However, let y ∈ Ω
and let ϵ > 0 be sufficiently small such that Bϵ(y) ⊂ Ω (see Figure 7.1).

n

Γ
y

ε

∂Bε(y)

x

n

Ωε

Figure 3.1: Illustration of the domain Ωϵ and its boundary Γ ∪ ∂Bϵ(y).

Consider the open domain
Ωϵ := Ω \Bϵ(x).

Then, by Green’s 2nd identity (3.9), we get∫
Ωϵ

∆u(x)Φ(x− y)−∆Φ(x− y)︸ ︷︷ ︸
=0

u(x) dx =

∫
∂Ωϵ

∂u(x)

∂n
Φ(x− y)− ∂Φ(x− y)

∂n(x)
u(x) ds(x)

=

∫
Γ

∂u(x)

∂n
Φ(x− y)− ∂Φ(x− y)

∂n(x)
u(x) ds(x)

+

∫
∂Bϵ(y)

∂u(x)

∂n
Φ(x− y)− ∂Φ(x− y)

∂n(x)
u(x) ds(x)
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We want to take the limit as ϵ ↓ 0 in the above identity. Clearly, since Φ is integrable,
from (3.11) we get∣∣∣∣∫

Ω
∆u(x)Φ(x− y) dx−

∫
Ωϵ

∆u(x)Φ(x− y) dx

∣∣∣∣ =
∣∣∣∣∣
∫
Bϵ(y)

∆u(x)Φ(x− y) dx

∣∣∣∣∣
≤∥∆u∥C(Ω)

∫
Bϵ(y)

|Φ(x− y)| dx (translation)

= ∥∆u∥C(Ω)

∫
Bϵ(0)

|Φ(z)|dz

≤ C∥∆u∥C(Ω)ϵ
2(1 + | log ϵ|) → 0 as ϵ→ 0 + .

To compute the limit of the surface integrals over ∂Bϵ(y), we note that for all x ∈ ∂Bϵ(y) :=
{z ∈ Rd : |z − y| = ϵ} it holds that

Φ(x− y) =
1

ωd


− log ϵ, d = 2,

1

ϵ
, d = 3,

∂Φ(x− y)

∂n(x)
= ∇xΦ(x− y) · n(x)︸︷︷︸

−(x−y)/|x−y|

=
1

ωd

(x− y)

|x− y|d
· (x− y)

|x− y|
=

1

ωd

1

|x− y|d−1
=

1

ωdϵd−1

Therefore,∣∣∣∣∣
∫
∂Bϵ(y)

∂u

∂n
(x)Φ(x− y) ds(x)

∣∣∣∣∣ ≤ ∥∇u∥C(Ω)

∫
∂Bϵ(y)

|Φ(x− y)|ds(x)

=


ϵ| log ϵ|
2π

∫ 2π

0
dt = ϵ| log ϵ|, d = 2

ϵ

4π

∫ π

0

∫ 2π

0
sin(θ) dϕ dθ = ϵ, d = 3

≤ Cϵ(1 + | log ϵ|) → 0 as ϵ ↓ 0.

Now, to compute the limit of the other surface integral, we note that

u(y) = u(y)
1

ωdϵd−1

∫
∂Bϵ(y)

ds(x)︸ ︷︷ ︸
=1

=

∫
∂Bϵ(y)

u(y)
∂Φ(x− y)

∂n(x)
ds(x). (3.12)

Note also that since u is uniformly continuous on Ω, i.e., for all ϵ0 > 0 there exists δ0 > 0
such that for all x,y ∈ Ω satisfying |x− y| < δ0, it holds that |u(x)− u(y)| < ϵ0. Then, for
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all 0 < ϵ < δ0, we have

∣∣∣∣∣u(y)−
∫
∂Bϵ(y)

u(x)
∂Φ(x− y)

∂n(x)
ds(x)

∣∣∣∣∣ (3.12)=

∣∣∣∣∣∣∣∣∣
∫
∂Bϵ(y)

(u(y)− u(x))
∂Φ(x− y)

∂n(x)︸ ︷︷ ︸
=(ωdϵd−1)−1

ds(x)

∣∣∣∣∣∣∣∣∣
≤ 1

ωdϵd−1

∫
∂Bϵ(y)︸ ︷︷ ︸

|x−y|=ϵ<δ0

|u(y)− u(x)|︸ ︷︷ ︸
<ϵ0

ds(x)

< ϵ0.

We conclude from here that∫
∂Bϵ(y)

u(x)
∂Φ(x− y)

∂n(x)
, ds(x) → u(y) as ϵ ↓ 0,

and with that, we have proven the Green’s representation formula (or Green’s 3rd identity),
which states the following:

Theorem 3.9 (Green’s representation formula). Let u ∈ C2(Ω). Then for any y ∈ Ω:

u(y) = −
∫
Ω
∆u(x)Φ(x− y) dx+

∫
Γ

∂u(x)

∂n
Φ(x− y)− ∂Φ(x− y)

∂n(x)
u(x) ds(x). (3.13)

Remark 3.10. The terms in Green’s representation formula go by the following names:∫
Ω
f(x)Φ(x− y) dx Newton potential of f ∈ C(Ω)∫

Γ
µ(x)Φ(x− y) dx Single-layer potential of µ ∈ C(Γ)∫

Γ
λ(x)

∂Φ(x− y)

∂n(x)
dx Double-layer potential of λ ∈ C(Γ)

In absence of boundary conditions, we already have a representation formula. Indeed:

Theorem 3.11. If f ∈ C2
0 (Rd), then

u(y) =

∫
Rd

Φ(x− y)f(x) dx, y ∈ Rd,

is in C2(Rd) and −∆u = f in Rd.

Proof. Let Ω := {x ∈ Rd : f(x) ̸= 0} (open), so that the support of f is given by Ω. Note
that under the assumption f ∈ C2

0 (Rd), f together with its first and second order derivatives,
vanishes outside Ω. Moreover, f and its normal derivative ∂f/∂n vanish on ∂Ω.

Applying the change of variables z = x− y if follows that

u(y) =

∫
Rd

Φ(x− y)f(x) dx =

∫
Rd

Φ(z)︸ ︷︷ ︸
locally

integrable

f(z + y)︸ ︷︷ ︸
compact support

and in C2

dz ∈ C2(Rd).
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We denote by Ω + y := {z ∈ Rd : z = x + y,x ∈ Ω} the translation of Ω by y ∈ Rd. Then,
using the fact that f(·+ y) and therefore ∆f(·+ y) vanish outside Ω + y, we get

∆u(y) =

∫
Rd

Φ(z)∆yf(z + y)︸ ︷︷ ︸
Laplacian with
respect to y

dz

=

∫
Rd

Φ(z)∆zf(z + y)︸ ︷︷ ︸
Laplacian with
respect to z

dz

=

∫
Ω+y

Φ(z)∆zf(z + y) dz (integral over the support of f(·+ y))

=

∫
Ω
Φ(x− y)∆f(x) dx︸ ︷︷ ︸
Newton potential of f

(reversing the change of variables)

= − f(y) +

∫
∂Ω

∂f(x)

∂n︸ ︷︷ ︸
=0

Φ(x− y)− ∂Φ(x− y)

∂n(y)
f(x)︸︷︷︸
=0

ds(x) (Green’s rep. formula )

= − f(y).

The proof is now complete.

Remark 3.12. The assumed regularity f ∈ C2
0 (Rd) can be lowered; see, e.g. [1, Sec. 4.2].

To obtain an actual solution formula for (2.10) from Green’s 3rd identity (3.13), we need to
handle the term

∫
Γ

∂u
∂nΦ(· − y) ds. To do so, we consider for y ∈ Ω, the solution ϕy : Ω → R

to the boundary value problem{
−∆xϕy(x) = 0, x ∈ Ω

ϕy(x) = Φ(x− y), x ∈ Γ
(3.14)

Using this function in Green’s 2nd indentity (3.9), we get∫
Ω
ϕy(x)∆u(x)︸ ︷︷ ︸

=−f(x)

−u(x)∆xϕy︸ ︷︷ ︸
=0

dx =

∫
Γ

∂u(x)

∂n
ϕy(x)︸ ︷︷ ︸

=Φ(x−y)

−u(x)︸︷︷︸
=0

∂ϕy(x)

∂n
ds.

Therefore, subtracting this identity from Green’s representation formula (3.13), we arrive at
the following formula for the solution of (2.10):

u(y) =

∫
Ω
f(x) (Φ(x− y)− ϕy(x))︸ ︷︷ ︸

Green’s function of (2.10)

dx, y ∈ Ω. (3.15)

The Green’s function

G(x,y) := Φ(x,y)− ϕy(x), x,y ∈ Ω, x ̸= y,

derived above can also be used to find a solution formula for boundary value problems with
inhomogeneous Dirichlet boundary conditions. Consider the boundary value problem

−∆v = f in Ω, v = g on Γ, (3.16)
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with f ∈ C(Ω) and g ∈ C(Γ). By Green’s representation formula we have

v(y) =

∫
Ω
f(x)Φ(x− y) dx+

∫
Γ

∂v(x)

∂n
Φ(x− y)− ∂Φ(x− y)

∂n(x)
g(x) ds(x), y ∈ Ω.

On the other hand, from Green’s 2nd identity applied to v and ϕy, we get

−
∫
Ω
f(x)ϕy(x) dx =

∫
Γ

∂v(x)

∂n
Φ(x− y)− g(x)

∂ϕy
∂n

(x) ds, y ∈ Ω.

Subtracting these two identities, we thus obtain

v(y) =

∫
Ω
f(x)G(x,y) dx−

∫
Γ

∂G(x,y)

∂n(x)
g(x) ds(x), y ∈ Ω.

Remark 3.13. (i) If Ω is the unit disc in R2 then ϕy can be obtained as in [3, Sec 3.3].
→read it yourself!

(ii) If Ω is a ball of radius r0 > 0 in Rd, see, e.g. [1, p. 19] for a generalization of (i). Perron’s
method [1, p. 23] can then be used for general domains Ω to find ϕy. Alternatively, the
theory of boundary integral equations can be used to establish the existence of ϕy; see,
e,g. [2].

(iii) We can obtain ϕy via variational methods for Ω less regular → next lecture.

(iv) In view of the uniqueness result above, if (2.10) has a solution, it must be given by (3.15).

(v) It can be shown that ϕy(x) = ϕx(y) for all x,y ∈ Ω.

(vi) For general A and Ω, Green’s functions are unknown → numerical methods can still be
used to exploit the powerful Green’s formula.
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4 Variational formulation of elliptic PDEs of
second order

Lecture 3

Consider

−div(a∇u) + b · ∇u+ cu = f in Ω, u = 0 on Γ, (4.1)

with Ω an open, bounded subset of Rd and boundary Γ. We assume that the coefficient
functions a, c : Ω → R and b : Ω → Rd satisfy

a(x) ≥ a0 > 0, c(x)− 1

2
div(b(x)) ≥ 0 ∀x ∈ Ω, (4.2)

for some constant a0 > 0. Furthermore, the function f : Ω → R, which models internal
sources, is assumed to be given.
Aim: Verify the well-posedness of (4.1), i.e., the existence of solutions, their uniqueness

and their stable dependence on the data.
Challenges:

• Since the coefficient functions may not be constant and the shape of Ω can be very
complicated, we cannot find solution formulas or corresponding formulas for the Green’s
function in general.

• Moreover, discontinuous coefficient functions may not allow for continuously differ-
entiable solutions; see Example 4.1. Hence, the classical solution concept, i.e., u ∈
C2(Ω) ∩ C0(Ω) satisfying (4.1) pointwise, is too limited.

Example 4.1. Consider (4.1) with Ω = (0, 2), b = 0, c = 0 and discontinuous functions

a(x) =

{
1, 0 ≤ x ≤ 1,

2, 1 < x ≤ 2,
, f(x) =

{
0, 0 ≤ x ≤ 1,

1, 1 < x ≤ 2,
x ∈ [0, 2]. (4.3)

A solution u to (4.1) must then satisfy the following two ordinary differential equations

−u′′ = 0 on (0, 1),

−u′′ = 1

2
on (1, 2).

That is uL = u|(0,1) is linear and uR = u|(1,2) is quadratic, i.e.,

uL(x) = c1x+ c0, uR(x) = d2x
2 + d1x+ d0
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for some constants c0, c1, d0, d1, d2 ∈ R. Using the boundary conditions uL(0) = 0, uR(2) = 0
and u′′(x) = −1/2, we compute that

c0 = 0, d2 = −1

4
, d1 =

1− d0
2

.

How shall we determine the remaining two coefficients c1 and d0? Since (4.1) is used as a
model for a stationary diffusion process (think of the heat equation), it is reasonable to require
continuity of u (of temperature), and au′ (of the heat flux), i.e.,

uL(1) = uR(1), and 1u′L(1) = 2u′R(1).

Using these two conditions, we determine d0 = −c1 and c1 = 1/6, i.e.,

u(x) =

{
1
6x, 0 ≤ x ≤ 1,

−1
4x

2 + 7
12x− 1

6 , 1 < x ≤ 2,
x ∈ [0, 2].

We observe that u /∈ C1(0, 2), because u is not continuously differentiable in x = 1. However,
u and the flux au′ are continuous functions in [0, 2] and u solves (4.1) for the given coefficient
functions in all points x ̸= 1.

Approach: Find a solution concept for (4.1) that allows to characterize solutions in a
sense that is weaker than the notion of classical derivative, such that well-posedness of (4.1)
in general situations can be established.

Remark 4.2. One may compare our approach to some extend with the situation for initial
value problems for ordinary differential equations u′(t) = f(t, u(t)), t > 0 and u(0) = u0.
In certain situations, e.g., if f(t, u) = Au is a linear function, it is possible to find explicit
solution formulas. In more general situations, we rely on abstract theorems that guarantee
the existence of a solution, and sometimes its uniqueness; consult the theorems by Peano or
Picard-Lindelöf.

4.1 Derivation of a weak formulation

Suppose u ∈ C2(Ω) ∩ C0(Ω) satisfies (4.1). Then we obtain for any v ∈ C∞
0 (Ω) (infinitely

often differentiable functions that vanish in a neighborhood of Γ) by integration over Ω that∫
Ω
fv dx =

∫
Ω

(
− div(a∇u) + b · ∇u+ cu

)
v dx

=

∫
Ω
a∇u · ∇v + b · ∇uv + cuv dx−

∫
Γ
(a∇uv) · nds (divergence theorem)

=

∫
Ω
a∇u · ∇v + b · ∇uv + cuv dx. (v = 0 on Γ)

Here, n is the unit outer normal to Γ. In other words, we arrive at the necessary condition:∫
Ω
a∇u · ∇v + b · ∇uv + cuv dx =

∫
Ω
fv dx ∀v ∈ C∞

0 (Ω). (4.4)

Observations:
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• In the derivation of (4.4), we used v = 0 on Γ to treat the term
∫
Γ(a∇uv) ·nds, because

(4.1) does not make any statement about a∇u · n = a∂nu. If the Dirichlet condition
u = 0 on Γ would have been replaced by a Neumann (a∂nu = 0 on Γ) or Robin condition
(a∂nu+ du = 0 on Γ), then we could have taken v ∈ C∞(Ω), see exercises.

• The identity (4.4) involves only first order derivatives, while (4.1) involves second order
derivatives.

• Since the identity (4.4) only involves integrals, the value of the integrands in single
points does play no role. In particular, only integrability of the corresponding terms is
important to make the integrals in (4.4) well-defined.

Since in many applications the coefficient functions a, b, c in (4.1) ((4.4)) are bounded, we
next consider conditions that make uv, ∇uv and ∇u · ∇v integrable. We start the discussion
with a brief recap of the space L2(Ω) that forms the basis for defining function spaces that
are appropriate for our discussion.

4.2 The Sobolev space H1(Ω)

The space of square integrable (class of) functions

L2(Ω) = {v : Ω → R :

∫
Ω
|v(x)|2 dx <∞}

is a Hilbert space when endowed with the inner product

(v, w) =

∫
Ω
v(x)w(x) dx, v, w ∈ L2(Ω).

The corresponding norm is given by

∥v∥ =
√
(v, v) v ∈ L2(Ω),

and the Cauchy-Schwarz inequality

(v, w) ≤ ∥v∥ ∥w∥, v, w ∈ L2(Ω)

holds. The space L2(Ω) does not contain information about the derivative of a function.
As can be seen for instance from (4.3), which displays functions a, f ∈ L2(Ω) that are not
differentiable, incorporating derivative information is an extra requirement. As one can verify,
the solution u found in Example 4.1 is not differentiable but satisfies (4.4) (homework!).
Therefore, we arrive at the question how to properly generalize the notion of differentiability
in our context. In order to transform (4.1) to (4.4), we used the divergence theorem,∫

Ω
div(F ) dx =

∫
Γ
F · nds. (4.5)

If F = uvei, with ei denoting the ith unit vector and u, v ∈ C1(Ω) with v = 0 on Γ, (4.5)
yields that ∫

Ω
∂xiuv dx = −

∫
Ω
u∂xiv dx.
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The expression on the right-hand side makes sense for merely u ∈ L2(Ω) (and even less, but
we do not follow-up on this here). We next introduce a generalization of ∂xiu on the left-hand
side.

Definition 4.3 (Weak derivative). Let u ∈ L2(Ω). We say that a function wi ∈ L2(Ω) is the
ith weak partial derivative of u if∫

Ω
wiv dx = −

∫
Ω
u∂xiv dx ∀v ∈ C∞

0 (Ω).

In slight abuse of notation, we write ∂xiu = wi.

One can show that the ith weak partial derivative of u is unique in L2(Ω). We next define
the set of square integrable functions that have a weak derivative in the sense of Definition 4.3,

H1(Ω) = {u ∈ L2(Ω) : ∃∂xiu ∈ L2(Ω) for 1 ≤ i ≤ d}. (4.6)

The linear space H1(Ω) is called a Sobolev space. Without proof (see advanced classes on
partial differential equations in the master program), we state the following:
Properties of H1(Ω):

• H1(Ω) is a Hilbert space when endowed with the inner product

(u, v)1 = (u, v) +
d∑

i=1

(∂xiu, ∂xiv) = (u, v) + (∇u,∇v).

The corresponding norm is given by ∥u∥1 =
√

(u, u)1.

• Functions u ∈ H1(Ω) have boundary values (so-called traces) such that u|Γ ∈ L2(Γ),
and there exists a constant C > 0 that is independent of u such that [3, Theorem A.4]

∥u∥L2(Γ) ≤ C∥u∥1.

• The space H1
0 (Ω) = {u ∈ H1(Ω) : u|Γ = 0} is a closed subspace of H1(Ω), i.e., H1

0 (Ω) is
a Hilbert space.

• Poincaré inequality: Let Ω be bounded. Then there is a constant CP > 0 that does not
depend on u such that [3, Theorem A.6]

∥u∥ ≤ CP ∥∇u∥ ∀u ∈ H1
0 (Ω). (4.7)

• C∞
0 (Ω) is a dense subset of H1

0 (Ω), i.e., for any u ∈ H1
0 (Ω) there exists a sequence of

functions um ∈ C∞
0 (Ω) such that ∥u− um∥1 → 0 as m→ ∞.

The space H1
0 (Ω) meets exactly our requirements to make (4.4) meaningful, i.e., H1

0 (Ω) con-
tains square integrable functions that have square integrable derivatives and that vanish on
Γ.

Definition 4.4. A function u ∈ H1
0 (Ω) is called a weak solution of (4.1) if (4.4) holds for all

v ∈ H1
0 (Ω). The formulation (4.4) is called a weak formulation of (4.1).
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Observations:

• Every classical solution u ∈ C2(Ω) ∩ C0(Ω) (if it exists), is a weak solution of (4.1).

• If a weak solution u ∈ H1
0 (Ω) satisfies u ∈ C2(Ω) (and a is continuously differentiable),

then u is a classical solution (undo integration-by-parts/divergence theorem).

Example 4.5. (i) Consider the function

u(x) = 1− |x|, |x| ≤ 1.

Clearly, u ∈ L2(Ω) with Ω = (−1, 1). We claim that u ∈ H1(Ω). To that end, we verify that
u has a weak derivative. We compute for any v ∈ C∞

0 (Ω),∫ 1

−1
u(x)v′(x) dx =

∫ 0

−1
(1 + x)v′(x) dx+

∫ 1

0
(1− x)v′(x) dx

= [(1 + x)v(x)]x=0
x=−1 −

∫ 0

−1
v(x) dx+ [(1− x)v(x)]x=1

x=0 +

∫ 1

0
v(x) dx

= −
∫ 1

−1
u′(x)v(x) dx,

where we used that v(−1) = v(1) = 0, and with weak derivative u′ defined by

u′(x) =

{
1, x < 0

−1, x > 0
.

(ii) Consider Ω = B1(0) = {x ∈ R2 : |x| < 1} (unit disc), and u(x) = |x|β for some β ∈ R.
Using polar coordinates, we compute that∫

B
|u(x)|2 dx = 2π

∫ 1

0
r2β+1 dr,

which is finite if and only if 2β + 1 > −1, i.e., β > −1. If x ̸= 0, we have that u is
differentiable, and ∇u = β|x|β−2x. With the same argument as before, we obtain that
|∇u| = β|x|β−1 ∈ L2(Ω) if and only if 2(β − 1) + 1 > −1, i.e., β > 0. Moreover, similar to
Lecture 2 on Green’s functions, one verifies that for v ∈ C∞

0 (Ω) and β > −1∫
B
u(x)∂xiv(x) dx = lim

ε→0

∫
{ε<|x|<1}

u(x)∂xiv(x) dx

= lim
ε→0

(
−
∫
Bε

β|x|β−2xiv(x) dx−
∫
{|x|=ε}

εβ−1v(x)xi ds

)

= −
∫
B
∂xiu(x)v(x) dx,

where we applied the divergence theorem and that the outer unit normal is given by −x/ε
on {|x| = ε}. Summarizing, we have shown that u ∈ H1(Ω) for β > 0. But notice, that ∇u
is unbounded if β < 1.
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4.3 Well-posedness of the weak formulation

The key tool, which we provide without proof, but see [3, Theorem A.3], is the following
theorem, which will be proven in the master class on partial differential equations.

Theorem 4.6 (Lax-Milgram). Let V be a Hilbert space with inner product (·, ·)V and norm
∥ · ∥V . Suppose that the bilinear form a : V × V → R satisfies

• ∃β > 0 : |a(v, w)| ≤ β∥v∥V ∥w∥V for all v, w ∈ V . (boundedness)

• ∃α > 0 : a(v, v) ≥ α∥v∥2V for all v ∈ V . (coercivity)

Furthermore, assume that ℓ : V → R is linear and satisfies

• ∃Cℓ > 0 : |ℓ(v)| ≤ Cℓ∥v∥V for all v ∈ V .

Then, there exists a unique u ∈ V such that

a(u, v) = ℓ(v) ∀v ∈ V, and ∥u∥V ≤ Cℓ

α
.

The Lax-Milgram theorem is an abstract well-posedness results. Let us apply it in our
context.

Theorem 4.7. Suppose f ∈ L2(Ω), a, c are bounded functions and b is differentiable and that
(4.2) holds. Then (4.1) admits a unique weak solution u ∈ H1

0 (Ω) that satisfies the inequality

∥u∥1 ≤
1 + C2

P

a0
∥f∥,

where CP is the constant from (4.7).

Proof. We want to apply the Lax-Milgram theorem. The space V = H1
0 (Ω) is a Hilbert space.

Inspecting (4.4) leads us to defining the bilinear and linear forms

a(u, v) =

∫
Ω
a∇u · ∇v + b · ∇uv + cuv dx,

ℓ(v) =

∫
Ω
fv dx.

Next, we verify the assumptions of the Lax-Milgram theorem. We start with the boundedness
of ℓ. The Cauchy-Schwarz inequality implies that

|ℓ(v)| = |(f, v)| ≤ ∥f∥∥v∥ ≤ ∥f∥∥v∥1,

i.e., Cℓ = ∥f∥. Next, we verify boundedness of the bilinear form a, using again the Cauchy-
Schwarz inequality,

|a(u, v)| ≤
∫
Ω
|a| |∇u| |∇v|+ |b| |∇u| |v|+ |c| |u| |v| dx

≤ ∥a∥∞∥∇u∥∥∇v∥+ ∥b∥∞∥∇u∥∥v∥+ ∥c∥∞∥u∥∥v∥
≤
(
∥a∥∞ + ∥b∥∞ + ∥c∥∞

)
∥u∥1∥v∥1,
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i.e., β = ∥a∥∞+ ∥b∥∞+ ∥c∥∞. For the coercivity of a, we first observe that the Definition 4.3
with v = biu ∈ H1

0 (Ω) implies that∫
Ω
b · ∇uu dx =

d∑
i=1

∫
Ω
biuxiu dx = −

d∑
i=1

∫
Ω
(biu)xiu dx = −

d∑
i=1

∫
Ω

∂bi
∂xi

|u|2 + biuxiu dx,

where we used the product rule for differentiation in the last step. Rearranging yields that∫
Ω
b · ∇uu dx = −1

2

∫
Ω
div(b)|u|2 dx.

Hence, the assumption (4.2) implies that

a(u, u) =

∫
Ω
a|∇u|2 + b · ∇uu+ c|u|2 dx =

∫
Ω
a|∇u|2 +

(
c− 1

2
div(b)

)
|u|2 dx

≥
∫
Ω
a0|∇u|2 dx = a0∥∇u∥2.

The Poincaré inequality (4.7) shows that

∥u∥21 = ∥u∥2 + ∥∇u∥2 ≤ (C2
P + 1)∥∇u∥2.

We conclude that

a(u, u) ≥ a0
1 + C2

P

∥u∥21,

i.e., α = a0/(1 + C2
P ). Hence, all assumptions of the Lax-Milgram theorem are satisfied.

Therefore, there exists a unique u ∈ H1
0 (Ω) that satisfies

a(u, v) = ℓ(v) ∀v ∈ H1
0 (Ω),

i.e., u satisfies (4.4); or, in other words, u is a weak solution of (4.1). Moreover

∥u∥1 ≤
Cℓ

α
=

1 + C2
P

a0
∥f∥.

4.4 Regularity of the weak solution.

The weak solution u ∈ H1
0 (Ω) of (4.1) provided by Theorem 4.7 has by construction only one

weak derivative. A natural question to ask is whether u enjoys extra regularity. For instance,
one could ask if the weak derivatives uxi do themselves have weak derivatives, and so on. Let
us introduce the corresponding Sobolev spaces with index k ∈ N inductively by

Hk(Ω) = {v ∈ Hk−1(Ω) : ∂xiv ∈ Hk−1(Ω), 1 ≤ i ≤ d}, (4.8)

and norm ∥u∥2k =
∑

|α|≤k ∥∂αu∥2, with ∂αu the weak derivative of order α for a multi-index

α = (α1, . . . , αd) ∈ Nd
0 and |α| =

∑d
i=1 αi. We have the following theorem, which we provide

without proof. The interested student may follow the master course on partial differential
equations.

33



Theorem 4.8. Let Ω ⊂ Rd be a bounded domain with smooth boundary Γ and let k ∈ N0.
Let a ∈ Ck+1(Ω), b ∈ Ck(Ω)d, c ∈ Ck(Ω) satisfy (4.2). Furthermore suppose that f ∈ Hk(Ω).
Then the weak solution u ∈ H1

0 (Ω) of (4.1) satisfies u ∈ Hk+2(Ω), and there exists a constant
C > 0, which is independent of u such that

∥u∥k+2 ≤ C∥f∥k.

We mention that the statement of Theorem 4.8 holds also for k = 0 if Ω is a convex
domain with polygonal boundary Γ. In view of [3, Theorem A.5], functions f ∈ Hk(Ω) are
continuous, i.e., f ∈ C0(Ω), if Γ is smooth or polygonal and k > d/2. In view of the previous
theorem, we then obtain, under these assumptions, that u ∈ C2(Ω) is a classical solution. We
emphasize that not only smoothness of a, b, c, f is required for such a statement, but that also
the regularity of the boundary plays an important role. If Γ is a non-convex polygon, then
u /∈ H2(Ω) in general (exercise).
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5 The finite element method for elliptic PDEs
of second order

Lecture 4

5.1 Setting and recap of previous lecture

Let Ω = (0, 1), Γ = {0, 1} = ∂Ω and consider

−div(a∇u) + cu = f in Ω, u = 0 on Γ,

We assume that the coefficient functions a, c : Ω → R are bounded and satisfy

a(x) ≥ a0 > 0, c(x) ≥ 0 ∀x ∈ Ω. (5.1)

Moreover, we assume that a(x) is piecewise constant. Furthermore, the function f ∈ L2(Ω),
which models internal sources, is assumed to be given.
We recall the weak formulation (4.4) in our setting: Find u ∈ H1

0 (Ω) such that

a(u, v) = ℓ(v) ∀v ∈ H1
0 (Ω), (5.2)

where

a(u, v) =

∫
Ω
a(x)u′(x)v′(x) + c(x)u(x)v(x) dx, ℓ(v) =

∫
Ω
f(x)v(x) dx. (5.3)

We have seen that (5.2) has a unique solution. To proof the existence of a weak solution, we
employed that a is coercive and continuous, i.e., that there are constants α, β > 0

α∥v∥21 ≤ a(v, v) ≤ β∥v∥21 ∀v ∈ H1
0 (Ω). (5.4)

Remark 5.1. Let K ⊂ [0, 1] be an interval on which a(x) is constant. Then one can show
that u ∈ H2(K). If [0, 1] = ∪J+1

j=1Kj for intervals Kj and a(x) is constant within each Kj , we

thus have u ∈ H2(Kj), and we write u ∈ H2
pw(Ω) and for the piecewise H2-semi norm

∥u′′∥2pw =
J+1∑
j=1

∥u′′∥2L2(Kj)
. (5.5)

In particular, there is a constant C > 0 such that ∥u′′∥pw ≤ C∥f∥. Recall that H2(Ω)-
regularity of u also follows if a ∈ C1(Ω), but we do not consider this case in the following.

Aim: Construct and analyze a numerical method for the approximation of the weak solution.
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5.2 The Ritz-Galerkin method

Our approach is to project the weak formulation onto a finite-dimensional subspace Sh ⊂
H1

0 (Ω) and consider (5.2) with H1
0 (Ω) replaced by Sh, i.e, find uh ∈ Sh such that

a(uh, χ) = ℓ(χ) ∀χ ∈ Sh. (5.6)

The following result follows in principle with the same arguments as Theorem 4.7 in the
previous lecture. Here, we give a different proof, which introduces some useful notation.

Theorem 5.2. Given f ∈ L2(Ω), then (5.6) has a unique solution uh ∈ Sh.

Proof. Let {Φj : 1 ≤ j ≤ J} be a basis for Sh. We look for uh =
∑J

i=1 UjΦj , i.e., need to
determine Uj ∈ R. The condition (5.6) is equivalent to (exercise)

a(uh,Φi) = ℓ(Φi), 1 ≤ i ≤ J.

Defining a matrix A ∈ RJ×J via Ai,j = a(Φj ,Φi) and a vector F ∈ RJ by Fi = ℓ(Φi) for
1 ≤ i, j ≤ J , the coordinate vector U ∈ RJ with entries Ui is characterized as the solution of
the linear system

AU = F. (5.7)

Since A is square, the previous linear system is uniquely solvable if and only if AV = 0 implies
V = 0 for V ∈ RJ . Writing vh =

∑J
j=1 VjΦj , the condition AV = 0 implies that

0 = V TAV =

J∑
i,j=1

ViAi,jVj =

J∑
i,j=1

Via(Φj ,Φi)Vj = a(vh, vh) ≥ α∥vh∥21,

where we used the coercivity (5.4) and that vh ∈ Sh ⊂ H1
0 (Ω). Hence vh = 0 and V = 0.

The proof of the previous result shows that we can obtain uh, the solution to (5.6), nu-
merically, by solving a linear system (5.7) as soon as we can construct the matrix A and the
right-hand side vector F . Before considering the practical implementation, let us perform an
error analysis.

5.3 Error analysis for the Ritz-Galerkin method

The key identity is the following orthogonality relation (Galerkin orthogonality), which follows
directly from subtracting (4.4) and (5.6) from each other,

a(u− uh, χ) = 0 ∀χ ∈ Sh. (5.8)

Since, under the assumption that b = 0, the bilinear form a is symmetric, we can introduce
the energy norm

∥v∥a =
√
a(v, v), ∀v ∈ H1

0 (Ω). (5.9)

We note that (5.4) shows that a actually defines an inner product on H1
0 (Ω) that is equivalent

to the standard inner product (·, ·)1. Let us state the basic abstract error estimate, compare
to the projection theorem.
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Theorem 5.3. ∥u− uh∥a = min{∥u− χ∥a : χ ∈ Sh}.

Proof. Let χ ∈ Sh be arbitrary. We compute

∥u− uh∥2a = a(u− uh, u− uh) = a(u− uh, u− χ) + a(u− uh, χ− uh) = a(u− uh, u− χ),

where we used χ−uh ∈ Sh and (5.8). Using the Cauchy-Schwarz inequality, we further obtain

a(u− uh, u− χ) ≤ ∥u− uh∥a∥u− χ∥a.

Since χ ∈ Sh was arbitrary, the statement follows.

Remark 5.4. Using (5.1), we also obtain an error bound in the usual H1-norm, i.e.,

∥u− uh∥1 ≤
β

α
inf
χ∈Sh

∥u− χ∥1.

A similar bound can be obtained if b ̸= 0 (exercise).

Theorem 5.3 says that the Ritz-Galerkin method yields a solution that is optimal in the
energy norm. Sometimes it is useful to consider also error estimates using the L2(Ω)-norm.
Since ∥v∥ ≤ ∥v∥1 ≤ ∥v∥a/

√
α, for v ∈ H1

0 (Ω), it is clear that the previous energy error bound
implies an error estimate in the L2(Ω)-norm. The next considerations show that we can
actually do better, if the problem admits H2(Ω)-regular solutions.

5.4 L2-error estimates

Let eh = u− uh denote the error, and let z ∈ H1
0 (Ω) be a such that

a(v, z) = (eh, v) ∀v ∈ H1
0 (Ω). (5.10)

Since a is symmetric, it is clear that z exists and is unique. In view of Remark 5.1, we have
that z ∈ H2

pw(Ω) and

∥z∥1 + ∥z′′∥pw ≤ C∥eh∥ (5.11)

for some constant C > 0, compare Lecture 3, Theorem 4.8.

Theorem 5.5. Assume the following approximation property for w ∈ H2
pw(Ω) ∩H1

0 (Ω)

inf
χ∈Sh

∥w − χ∥a ≤ h∥w′′∥pw (5.12)

for some h > 0. Then the following error bounds hold

∥u− uh∥ ≤ h∥u− uh∥a ≤ Ch2∥f∥. (5.13)

Proof. Since u− uh ∈ H1
0 (Ω), we can choose v = u− uh in (5.10) to obtain that

∥u− uh∥2 = (eh, eh) = a(eh, z).

Let χ ∈ Sh be arbitrary. Galerkin orthogonality (5.8) then implies that

∥u− uh∥2 = a(eh, z) = a(eh, z − χ) ≤ ∥eh∥a∥z − χ∥a ≤ h∥eh∥a∥z′′∥pw ≤ Ch∥eh∥a∥eh∥,

where we used (5.12) for w = z, and (5.11). Division by ∥u− uh∥ shows the first inequality.
Applying the approximation property (5.12) for w = u, which is possible by Remark 5.1, and
using Theorem 5.3 the second bound follows.
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x0 = 0
4 x1 = 1

4 x2 = 2
4 x3 = 3

4 x4 = 4
4

x

Φj(x)

Figure 5.1: Illustration of the basis functions Φj , j = 1, 2, 3 for a partition xj = j/4 for
j = 0, 1, 2, 3, 4.

Remark 5.6. The method of proof used in this section is sometimes referred to as Aubin-
Nitsche trick or a duality argument, compare to (5.10), where we deliberately wrote a(v, z)
instead of a(z, v), which makes a difference is a is non-symmetric.

5.5 Piecewise polynomial spaces - the finite element method

In the previous paragraphs, the only requirement for the space Sh was that it is finite-
dimensional. The discussion did also not rely on the assumption that Ω = (0, 1) and d = 1,
but was mainly related to coercivity and continuity properties of the bilinear form a as well as
regularity properties of the solution. In view of the proof of Theorem 5.2, it is important that
we can effectively setup the matrix A and the vector F in (5.7) and that we can solve that
linear system. In this paragraph, we consider exemplary one common choice for the space Sh.
Let 0 = x0 < x1 < . . . < xJ+1 = 1 be a partition of [0, 1]. Also, assume throughout the rest

of this lecture that the partition is such that the coefficient function a is piecewise constant,

a|(xj−1,xj) = aj ∀j = 1, . . . , J + 1. (5.14)

In this case the piecewise H2(Ω)-regularity of the dual solution z and the solution u is guar-
anteed, cf. Remark 5.1. Let Kj = [xj−1, xj ] and hj = xj −xj−1 for 1 ≤ j ≤ J +1, and denote
h = maxj hj . Let Sh be such that χ ∈ Sh if and only if

• χ ∈ C0([0, 1]),

• χ|Kj
is a linear polynomial for j = 1, . . . , J + 1,

• χ(0) = χ(1) = 0.

As we have seen in the proof of Theorem 5.2, it is useful to have a basis for Sh. To that end,
we consider the functions

Φj ∈ Sh satisfying Φj(xi) = δi,j , j = 1, . . . , J, (5.15)

see Figure 5.1 for an illustration. Moreover, we introduce the nodal interpolant

Ih : C0([0, 1]) → Sh, (Ihv)(x) =

J∑
j=1

v(xj)Φj(x). (5.16)
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Lemma 5.7. The functions {Φj : 1 ≤ j ≤ J} form a basis of Sh.

Proof. The functions Φj , 1 ≤ j ≤ J are linearly independent: Let χ =
∑J

j=1 cjΦj = 0. Then

0 = χ(xj) = cj ∀1 ≤ j ≤M. (5.17)

To see that {Φj} span Sh, let v ∈ Sh. Since v ∈ C0([0, 1]), we can consider χ = v− Ihv ∈ Sh.
Clearly, χ(xj) = 0 for all j = 0, . . . , J + 1 and χ is linear on each Kj . Hence, χ vanishes on
each Kj , which shows that v = Ihv ∈ span{Φj : j = 1, . . . , J}.

In view of Example 4.5 in Lecture 3, we see that Sh ⊂ H1
0 (Ω), and hence the Ritz-Galerkin

projection uh ∈ Sh defined in (5.6) is well-defined. Next, we work out the abstract error
estimates of the previous section in our context. We start with the following error estimates
for the nodal interpolant, whose proof is left as an exercise.

Lemma 5.8. There is a constant C > 0 that does not depend on hj such that

∥Ihv − v∥L2(Kj) ≤ Ch2j∥v′′∥L2(Kj) ∀v ∈ H2(Kj), (5.18)

∥(Ihv − v)′∥L2(Kj) ≤ Chj∥v′′∥L2(Kj) ∀v ∈ H2(Kj). (5.19)

Using Lemma 5.8, and the previous error bounds, we arrive at the following result for the
finite element method.

Theorem 5.9. The following error bounds hold

∥u− uh∥a ≤ Ch∥u′′∥pw, ∥u− uh∥ ≤ Ch2∥u′′∥pw.

Proof. Setting χ = Ihu in Theorem 5.3 and using (5.1) yields that

∥u− uh∥a ≤ ∥u− Ihu∥a ≤
√
β∥u− Ihu∥1.

Furthermore, by summation, and applying Lemma 5.8, we obtain that

∥u− Ihu∥21 =
J+1∑
j=1

(
∥u− Ihu∥2L2(Kj)

+ ∥(u− Ihu)
′∥2L2(Kj)

)
≤

J+1∑
j=1

Ch2j∥u′′∥2L2(Kj)

≤ Ch2∥u′′∥2pw,

which proves the first inequality. With a similar argument, it follows that (5.12) holds true
for h as defined here. The second claimed inequality then follows from (5.13) and the already
proven estimate.

5.6 The Ritz projection

The proven error estimates relied on the nodal interpolant Ih. For d = 1, we have that
H1(Ω) ⊂ C0(Ω). Hence, Ihv makes sense for v ∈ H1(Ω). This is not the case anymore for
d > 1. For this and theoretical purposes, it is useful to consider also other interpolation
operators. Here, we focus on the Ritz projection Rh : H1

0 (Ω) → Sh, which is, for v ∈ H1
0 (Ω),

defined as the unique solution of the variational problem

a(Rhv, χ) = a(v, χ) χ ∈ Sh, (5.20)

i.e., Rh is just the orthogonal projection in the energy inner product, and uh = Rhu.
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Theorem 5.10. The Ritz projection defined in (5.20) satisfies the following estimates

h∥(Rhv − v)′∥+ ∥Rhv − v∥ ≤ Ch2∥v′′∥pw ∀v ∈ H1
0 (Ω) ∩H2

pw(Ω), (5.21)

∥Rhv − v∥ ≤ Ch∥v∥1 ∀v ∈ H1
0 (Ω). (5.22)

Proof. The first inequality follows directly from Theorem 5.9. Using (5.1), we observe that

α∥Rhv∥21 ≤ a(Rhv,Rhv) = a(v,Rhv) ≤ ∥v∥a∥Rhv∥a ≤ β∥v∥1∥Rhv∥1,

i.e., ∥Rhv∥1 ≤ C∥v∥1. Consider (5.10) with eh = Rhv − v. We then obtain that

∥Rhv − v∥2 = a(Rhv − v, z) = a(Rhv − v, z − χ) ≤ ∥Rhv − v∥a∥z − χ∥a ≤ C∥v∥1∥z − χ∥a,

where χ ∈ Sh is arbitrary. The result then follows from the bound ∥z−Ihz∥a ≤ Ch∥Rhv−v∥,
which holds in view of (5.11).

Remark 5.11. The quantitative error bounds, i.e., the ones which contain powers of h, in
the statements above require regularity of the function that is to be approximated. For the
solution u and the dual solution z, this has been established by assumptions on the coefficients
and the L2(Ω)-regularity of the corresponding source terms.
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6 The eigenvalue problem for elliptic PDEs of
second order

Lecture 5

Eigenfunction expansions as considered here will be important in subsequent lectures for

• the analysis of partial differential equations,

• applications (think of stability of structures and resonances),

• time-dependent problems.

6.1 Motivation

We next outline how eigenfunctions can be helpful in solving partial differential equations.
Note that we make a lot of assumptions and formal computations, which need to be justified.
Consider Dirichlet’s problem for the Poisson equation

−∆u = f in Ω, u = 0 on Γ. (6.1)

Suppose that we have at hand functions φn (̸= 0), n ∈ N, such that

−∆φn = λnφn in Ω, φn = 0 on Γ, (6.2)

and that the following expansion holds (compare to Fourier series)

f =
∞∑
n=1

fnφn. (6.3)

Next, we consider the ansatz

u =

∞∑
n=1

unφn (6.4)

for the solution to (6.1) with unknown expansion coefficients un ∈ R. A formal computation,
which assumes that we can interchange summation and differentiation, yields that

−∆u =

∞∑
n=1

un(−∆φn) =

∞∑
n=1

unλnφn.

Combining this with (6.3) and (6.1) yields for λn ̸= 0 that

un =
fn
λn
,

and u given by (6.4) yields a solution to (6.1).
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Remark 6.1. Generalizing the notion of eigenvector and eigenvalue of a matrix (a linear
mapping between finite dimensional spaces), we call φn an eigenfunction of the Dirichlet-
Laplace operator. The suffix ’Dirichlet’ indicates the type of boundary condition considered.

The following questions arise:

• Existence of eigenfunctions φn with λn; (see Theorem 6.3).

• Positivity of eigenvalues: λn > 0? (see Theorem 6.2)

• Which f can be written as (6.3)? (see Theorem 6.7)

• Does (6.4) converge? (see Theorem 6.7)

6.2 Variational approach for existence of eigenfunctions

To answer the previous questions, we will rely on a variational treatment of (6.2), as follows:
Find φ ∈ H1

0 (Ω), φ ̸= 0, and λ ∈ R such that

a(φ, v) = λ(φ, v) ∀v ∈ H1
0 (Ω), (6.5)

with a(φ, v) = (∇φ,∇v); see Lecture 3 for the notation. Our first observation is that the
eigenvalues λ cannot be negative: Setting v = φ in (6.5), we obtain that

λ∥φ∥2 = a(φ,φ) = ∥∇φ∥2 > 0,

where we used the Poincaré inequality (4.7) for the last inequality. Since ∥φ∥ > 0, we have
partly proven the following statement.

Theorem 6.2. The eigenvalues λ of (6.5) are positive. Two eigenfunctions φ,ψ associated
to different eigenvalues λ, µ are orthogonal in L2(Ω) and in H1

0 (Ω).

Proof. By (6.5) we have that

a(φ, v) = λ(φ, v) ∀v ∈ H1
0 (Ω),

a(ψ, v) = µ(ψ, v) ∀v ∈ H1
0 (Ω).

By setting v = ψ and v = φ, respectively, and using the symmetry of a, we then obtain that

µ(ψ,φ) = a(ψ,φ) = a(φ,ψ) = λ(φ,ψ), i.e., (µ− λ)(φ,ψ) = 0.

Since, by assumption µ ̸= λ, we obtain (φ,ψ) = 0 and then a(φ,ψ) = 0, which concludes the
proof.

In order to investigate the existence of eigenpairs (φ, λ), we minimize the Rayleigh quotient

R1 = inf
v∈H1

0 (Ω)\{0}

a(v, v)

∥v∥2
= inf{a(v, v) : v ∈ H1

0 (Ω), ∥v∥ = 1}. (6.6)

Theorem 6.3 (Existence of first eigenfunction). The infimum in (6.6) is attained by a func-
tion φ1 ∈ H1

0 (Ω), which satisfies (6.5) with λ1 = R1.
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The proof of Theorem 6.3 relies on the following lemma, which will be proven in the master
class partial differential equations.

Lemma 6.4 (Rellich lemma). Let {un} ⊂ H1
0 (Ω) be a bounded sequence, i.e., there exists

a constant C > 0 that does not depend on n such that ∥un∥1 ≤ C. Then there exists a
subsequence {unj} and u ∈ L2(Ω) such that limj→∞ ∥unj − u∥ = 0.

Note that in Lemma 6.4, the convergence takes place in L2(Ω) and not in H1
0 (Ω).

Proof of Theorem 6.3. Step 1. (The direct method in the calculus of variations.) Since
a(v, v)/∥v∥2 ≥ 0, there exists a minimizing sequence {ũn} ⊂ H1

0 (Ω) such that

lim
n→∞

a(ũn, ũn)

∥ũn∥2
= R1.

Setting un = ũn/∥ũn∥ shows that limn→∞ a(un, un) = R1. Poincaré’s inequality (4.7) gives
the existence of a constant C > 0 such that

∥un∥1 ≤ C ∀n ∈ N.

Rellich’s lemma 6.4 yields u ∈ L2(Ω) and a subsequence {unj} such that

lim
j→∞

∥unj − u∥ = 0, ∥u∥ = 1.

In the following, we relabel the subsequence and simply write {un} instead of {unj}. To show
that actually u ∈ H1

0 (Ω), observe that, by (6.6)

∥∇un −∇um∥2 = 2∥∇un∥2 + 2∥∇um∥2 − ∥∇(um + un)∥2

≤ 2∥∇un∥2 + 2∥∇um∥2 −R1∥un + um∥2.

Since ∥∇un∥2 → R1, ∥∇um∥2 → R1 and ∥un + um∥2 → ∥2u∥2 = 4∥u∥2 = 4 for m,n → ∞.
We observe that {un} is a Cauchy sequence in H1

0 (Ω). Since H
1
0 (Ω) is complete, there exists

w ∈ H1
0 (Ω) such that un → w in H1

0 (Ω) for n → ∞. Uniqueness of the limit implies that
u = w ∈ H1

0 (Ω), and

∥∇u∥2 = lim
n→∞

∥∇un∥2 = R1.

Setting φ1 = u proves the first part of the assertion.
Step 2. We claim that φ1 is an eigenfunction. To prove this, let α ∈ R with α < 0 and
v ∈ H1

0 (R) be arbitrary. Since w = φ+ αv ∈ H1
0 (Ω), we get that

R1∥w∥2 ≤ a(w,w) = a(φ1, φ1) + 2αa(φ1, v) + α2a(v, v). (6.7)

Since R1 = a(φ,φ) by Step 1, and

∥w∥2 = ∥φ1∥2 + 2α(φ1, v) + α2∥v∥2 = 1 + 2α(φ1, v) + α2∥v∥2,

rearranging terms in (6.7) yields that

2α
(
a(φ1, v)−R1(φ1, v)

)
+ α2

(
a(v, v)−R1∥v∥2

)
≥ 0.

Taking the limit α→ 0− shows that a(φ, v) = R1(φ1, v). Since v was arbitrary in H1
0 (Ω), the

theorem is proven.
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In order to obtain the next eigenfunctions, we minimize the Rayleigh quotient over functions
that are orthogonal to φ1,

R2 = inf{a(v, v) : v ∈ H1
0 (Ω), ∥v∥ = 1 (v, φ1) = 0}. (6.8)

Observations.

• R2 ≥ R1.

• The infimum in (6.8) is attained (same proof as above). The minimizer, denoted by φ2

satisfies

a(φ2, φ2) = R2, ∥φ2∥ = 1, (φ2, φ1) = 0,

and

a(φ2, v) = λ2(φ2, v) ∀v ∈ H1
0 (Ω),

i.e., (6.5) with λ2 = R2. To show the latter, write v = αφ1 + w for some w ∈ H1
0 (Ω)

with (w,φ1) = 0. Then observe that

a(φ2, v) = αa(φ2, φ1) + a(φ2, w) = αλ1(φ1, φ2) + λ2(φ2, w) = λ2(φ2, v).

By iterating the above arguments, we construct a sequence {(λn, φn)}, φn ∈ H1
0 (Ω) with

0 < λn ≤ λn+1, ∥φn∥ = 1,

and

λn = inf{a(v, v) : v ∈ H1
0 (Ω), ∥v∥ = 1, (v, φj) = 0∀1 ≤ j ≤ n− 1}, (6.9)

a(φn, v) = λn(φn, v) ∀v ∈ H1
0 (Ω). (6.10)

6.3 The Min-Max Theorem

The next statement is another important characterization of the eigenvalues

Theorem 6.5 (Min-Max Theorem). We have that

λn = min
Vn

max
v∈Vn

a(v, v)

∥v∥2
, (6.11)

where Vn varies over all subspaces of H1
0 (Ω) of dimension n. The minimum is attained for

Vn = span{φ1, . . . , φn}.

Proof. Let En = span{φ1, . . . , φn}. Then any v ∈ En can be written as v =
∑n

j=1 αjφj and

a(v, v)

∥v∥2
=

∑n
j=1 α

2
jλj∑n

j=1 α
2
j

≤ λn,
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because λj ≤ λn for 1 ≤ j ≤ n. The value λn is attained for v = φn. It thus remains to verify
that

max
v∈Vn

a(v, v)

∥v∥2
≥ λn,

for any Vn ⊂ H1
0 (Ω) of dimension n. This is clear for Vn = En, if Vn ̸= En, then there is

w ∈ Vn such that ∥w∥ = 1 and

(w,φj) = 0 ∀1 ≤ j ≤ n.

Using (6.9), we then deduce that λn ≤ a(w,w), which proves the claim.

Using Theorem 6.5, one can show that (exercise or [3, Example 6.1]).

Theorem 6.6. There are positive constants c1, c2 > 0 that depend on Ω such that

c1n
2/d ≤ λn ≤ c2n

2/d, ∀n ∈ N.

6.4 Eigenfunction expansions: completeness

Theorem 6.7 (Completeness of eigenfunctions). The eigenfunctions {φn} for (6.5) form an
orthonormal basis of L2(Ω). Furthermore, if v ∈ H1

0 (Ω), then

a(v, v) =
∞∑
n=1

λn(v, φn)
2 <∞. (6.12)

Conversely, if
∑∞

n=1 λn|vn|2 <∞, then v =
∑∞

n=1 vnφn ∈ H1
0 (Ω) and (6.12) holds.

Before proving the theorem, let us recall what it means that a system of functions {ϕn} is
a basis of a (real) Hilbert space H. That is to say that for all v ∈ H and any ε > 0 there
exists N ∈ N and scalars a1, . . . , aN ∈ R such that ∥v−

∑N
j=1 ajϕj∥H < ε. Furthermore, a set

M ⊂ H is called dense if for all v ∈ H and ε > 0 there exists ϕ ∈M such that ∥v− ϕ∥H < ε.
As an example, we may recall that C∞

0 (Ω) is a dense subset of L2(Ω).

Proof. Step 1. L2-basis. Suppose first that v ∈ H1
0 (Ω), and consider the residual

rN = v −
N∑

n=1

(v, φn)φn.

Since N is finite, we can compute, using orthogonality of the eigenfunctions (φn, φj) = δn,j ,

(rN , φj) = (v, φj)−
N∑

n=1

(v, φn)(φn, φj) = 0, ∀1 ≤ j ≤ N.

Using (6.9), we further have that

∥rN∥ ≤

√
a(rN , rN )

λN+1
.
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We claim that the right-hand side vanishes for N → ∞, by Theorem 6.6 and boundedness of
a(rN , rN ). To show the latter, we compute

a(rN , rN ) = a(v, v)− 2
N∑

n=1

(v, φn)a(v, φn) +
N∑

n=1

(v, φn)
2a(φn, φn)

= a(v, v)−
N∑

n=1

λn(v, φn)
2 ≤ a(v, v), (6.13)

where we used that a(v, φn) = λ(v, φn) and a(φj , φn) = λnδj,n. This proves Step 1 for
v ∈ H1

0 (Ω). If v ∈ L2(Ω), let ε > 0 and choose ψ ∈ C∞
0 (Ω) such that ∥ψ − v∥ < ε/2. Since

ψ ∈ H1
0 (Ω), we find N ∈ N such that for ψN =

∑N
n=1(ψ,φn)φn we have ∥ψ − ψN∥ < ε/2.

The triangle inequality then implies that

∥v − ψN∥ ≤ ∥v − ψ∥+ ∥ψ − ψN∥ < ε.

Step 2. From (6.13), we observe that
∑∞

n=1 λn(v, φn)
2 exists if v ∈ H1

0 (Ω). Moreover, for

vN =
∑N

n=1(v, φn)φn, we have that

∥∇vN∥2 = a(vN , vN ) =
N∑

n=1

λn(v, φn)
2.

Hence, {vN} is a Cauchy sequence in H1
0 (Ω), and converges to some limit in H1

0 (Ω). Since
vN → v in L2(Ω) by Step 1, uniqueness of the limit implies that vN → v in H1

0 (Ω). Thus,

a(v, v) = lim
N→∞

∥∇vN∥2 =
∞∑
n=1

λn(v, φn)
2.

Conversely, if
∑∞

n=1 λn(v, φn)
2 exists, then {vN} is Cauchy in H1

0 (Ω). Since vN → v in L2(Ω)
by Step 1, we obtain that v ∈ H1

0 (Ω).

Remark 6.8. In the situation of Step 1 in the previous proof and v ∈ L2(Ω), note that the
Cauchy-Schwarz inequality implies that |(ψ − v, φn)| ≤ ∥ψ − v∥. Hence,

∥v −
N∑

n=1

(v, φn)φn∥ ≤ ε+ ∥
N∑

n=1

(ψ − v, φn)φn∥ ≤ ε+

(
N∑

n=1

(ψ − v, φn)
2

)1/2

.

≤ ε(1 +
√
N).

Hence, by choosing ε sufficiently small, limN→∞
∑N

n=1(v, φn)φn = v in L2(Ω).

To close this section, let us look back at the questions posed in the beginning of this chapter,
i.e.: Which f can be written as (6.3)? Does (6.4) converge? Since {φj}j forms a basis of
L2(Ω), it follows that every f ∈ L2(Ω) can be written as (6.3) with

fn = (f, φn),
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where we recall that ∥φn∥ = 1. Furthermore, let us define un = fn/λn. Since λn → ∞ for
n→ ∞, it follows that

∞∑
n=1

λnu
2
n =

∞∑
n=1

f2n
λn

≤ C

∞∑
n=1

f2n = C∥f∥2,

i.e., the series (6.4) converges in H1
0 (Ω), by Theorem 6.7. The same argument shows that

∞∑
n=1

λ2nu
2
n <∞.

In view of the exercises, it then follows that u ∈ H2(Ω) ∩H1
0 (Ω), and

−∆u =
∞∑
n=1

λnunφn =
∞∑
n=1

fnφn = f.

Therefore, we actually found the solution of (6.1) using eigenfunction expansions.

Remark 6.9. The theory developed in this class applies to more general elliptic equations
of second order, for which the corresponding bilinear form a is symmetric and coercive. We
leave the details to the reader.

6.5 Finite element approximation of the eigenvalue problem

We consider Ω = (0, 1). Let 0 = x0 < x1 < . . . < xJ+1 = 1 and

Sh = {v ∈ C0(Ω) : v is linear on (xj−1, xj), v(0) = v(1) = 0} ⊂ H1
0 (Ω).

The discrete eigenvalue problem, which results from the projection of (6.5) onto Sh, is then:
Find φn,h ∈ Sh, λn,h ∈ R such that

a(φn,h, χ) = λn,h(φn,h, χ) ∀χ ∈ Sh. (6.14)

We recall the Ritz projector Rh : H1
0 (Ω) → Sh defined by

a(Rhv, χ) = a(v, χ) ∀χ ∈ Sh, v ∈ H1
0 (Ω). (6.15)

In the previous lecture, we have shown the error estimates, cf. Theorem 5.10,

∥Rhv − v∥ ≤ Ch2∥v∥s, ∥(Rhv − v)′∥ ≤ Chs−1∥v∥s, v ∈ Hs ∩H1
0 (Ω), s ∈ {1, 2}. (6.16)

The MinMax-Theorem 6.5 implies the following result. It states that we can approximate a
fixed eigenvalue with second order accuracy in h. Note, however, that the required asymptotic
error bound requires higher resolution (smaller h) for increasing n.

Theorem 6.10. Let λn,h and λn be the nth eigenvalue of (6.14) and (6.5), respectively. Then
there exists a constants C > 0, h0 > 0 (depending on n) such that for h ≤ h0:

λn ≤ λn,h ≤ λn + Ch2.
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Proof. The MinMax-principle implies that

λn = min
Vn⊂H1

0 (Ω)
max
v∈Vn

a(v, v)

∥v∥2
,

λn,h = min
Vn,h⊂Sh

max
χ∈Vn,h

a(χ, χ)

∥χ∥2
. (6.17)

Since Sh ⊂ H1
0 (Ω), it follows that λn ≤ λn,h, which proves the first inequality. Introduce the

spaces

En = span{φ1, . . . , φn},
En,h = span{Rhφ1, . . . , Rhφn}.

Then, (6.17) and (6.16) with s = 1 implies that

λn,h ≤ max
χ∈En,h

a(χ, χ)

∥χ∥2
= max

v∈En

∥∇Rhv∥2

∥Rhv∥2
≤ max

v∈En

∥∇v∥2

∥Rhv∥2
.

To estimate the term ∥Rhv∥ in the denominator, we use the second triangle inequality and
(6.16) with s = 2 to obtain that

∥v∥ − ∥Rhv∥ ≤ ∥v −Rhv∥ ≤ Ch2∥v∥2 ≤ ch2∥∆v∥ ≤ Ch2λn∥v∥,

where we used the regularity bound from Theorem 4.8 in Lecture 3, and v ∈ En. We have
thus ∥Rhv∥ ≥ (1− Ch2λn)∥v∥. Then we can bound as follows, using h ≤ h0,

max
v∈En

∥∇v∥2

∥Rhv∥2
≤ max

v∈En

∥∇v∥2

(1− Ch2λn)2∥v∥2
≤ λn

(1− Ch2λn)2
≤ λn + C̃h2,

where we used v = φn in the second inequality, compare the proof of Theorem 6.5. Note that,
for the last step, we estimate, with constants h0, C

′ > 0 that depend on n,

1

1− Cλnh2
= 1 +

Cλnh
2

1− Cλnh2
≤ 1 +

Cλnh
2

1− Cλnh20
= 1 + C ′h2.

This concludes the proof.

We conclude this lecture with the following approximation result for the eigenfunctions,
see [3, Theorem 6.8] for its proof.

Theorem 6.11. Let φ1,h and φ1 be the normalized first eigenfunctions of the eigenvalue
problems (6.14) and (6.5), respectively. Then there exists a constant C > 0

∥φ1,h − φ1∥ ≤ Ch2, ∥∇φ1,h −∇φ1∥ ≤ Ch ∀h > 0.
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7 Parabolic PDEs of second order: classical
treatment

Lecture 6

We consider the following initial-boundary value problem: Find u : Ω× R+ → R such that

ut −∆u = 0 in Ω× R+,

u = 0 on Γ× R+,

u(·, 0) = v in Ω,

(7.1)

where Ω ⊂ Rd is an open, bounded domain with smooth boundary Γ := ∂Ω, and v ∈ L2(Ω).
We first seek a candidate solution by referring to Theorem 6.4 in [3]. Assuming u(·, t) ∈

H1
0 (Ω), we expand it as

u(x, t) =
∞∑
j=1

ûj(t)φj(x), x ∈ Ω, t > 0, (7.2)

where {φj}∞j=1 is an orthonormal basis of L2(Ω) given by the solutions of the eigenvalue
problem:

−∆φj = λjφj in Ω, φj = 0 on Γ, (7.3)

with eigenvalues 0 < λ1 ≤ λ2 ≤ · · · satisfying λj → ∞ as j → ∞.
We recall that by “orthonormal” we mean:

(φi, φj) =

∫
Ω
φiφj dx = δij =

{
1, i = j,

0, i ̸= j.
(7.4)

To find an expression for the time-dependent coefficients {ûj(t)}∞j=1, we use the PDE.
Applying the operator ∂t−∆ to (7.2) and assuming we can push it inside the sum, we obtain

∞∑
j=1

(û′j(t) + λj ûj(t))φj(x) = 0.

Since {φj}∞j=1 is a basis of L2(Ω), the identity above holds if and only if

û′j(t) + λj ûj(t) = 0 t > 0, j ∈ N.

Moreover, since at t = 0 we must satisfy the initial condition u(·, 0) = v in Ω, we require

ûj(0) = v̂j , where v̂j := (v, φj) =

∫
Ω
vφj dx, j ∈ N.
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Thus, the coefficients are given by

ûj(t) = v̂j e
−λjt, t > 0, j ∈ N,

and our candidate solution for (7.1) is formally given by

u(x, t) =
∞∑
j=1

v̂j e
−λjt φj(x), x ∈ Ω, t > 0. (7.5)

The first question we should ask ourselves is whether the sum in (7.5) defines a function
and in what space. It is straightforward to see that the sum defines an element of L2(Ω).
Indeed, by Parseval’s identity, we have

∥u(·, t)∥2 =
∞∑
j=1

(v̂je
−λjt)2 ≤ e−2λ1t

∞∑
j=1

v̂2j︸ ︷︷ ︸
=∥v∥2

= e−2λ1t︸ ︷︷ ︸
≤1

∥v∥2 ≤ ∥v∥2, t ≥ 0, (7.6)

where we used the fact that 0 < λ1 ≤ λ2 ≤ · · · , ensuring that 1 ≥ e−λ1t ≥ e−λjt > 0 for all
j ∈ N and t ≥ 0.

Furthermore, since λ1 > 0, we immediately get that

|u(·, t)| → 0 as t→ ∞.

Now, the question of whether (7.5) is indeed a solution of (7.1), and in what sense, is
answered by the following theorem:

Theorem 7.1. For any v ∈ L2(Ω), the function u : Ω×R+ → R given by (7.5) is a classical
solution of the initial-boundary value problem (7.1). Moreover, (7.5) satisfies the estimate

∥Dm
t u(·, t)∥s ≤ Ct−m−s/2∥v∥, t > 0, s,m ∈ N0.

Proof. We will repeatedly use the fact that for all k ≥ 0, there exists a constant Ck > 0 such
that

sk e−s ≤ Ck, for all s ≥ 0.

We begin by showing that u in (7.5) is an element of H1
0 (Ω). Since we already know that

u(·, t) ∈ L2(Ω) for all t > 0, it remains to prove that∫
Ω
|∇u(·, t)|2 dt = ∥∇u(·, t)∥2 = |u(·, t)|21 <∞.

To do so, we apply Theorem 6.4, which states that

∞∑
j=1

λj(v, φj)
2 <∞ ⇐⇒ v ∈ H1

0 (Ω),

and that

∥∇v∥2 =
∞∑
j=1

λj(v, φj)
2.
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Then

|u(·, t)|21 =
∞∑
j=1

λj v̂
2
j e

−2λjt = t−1
∞∑
j=1

v̂2j e
−λjt︸ ︷︷ ︸
≤1

(λjt e
−λjt)︸ ︷︷ ︸

≤C1

≤ t−1C1∥v∥2, t > 0.

This shows that u(·, t) ∈ H1
0 (Ω) = C∞

0 (Ω)
∥·∥H1(Ω) for all t > 0. Therefore, we can then

evaluate the trace of u(·, t) to get that

u(·, t) = 0 on Γ, t > 0,

which shows that (7.5) satisfies the boundary condition of the problem.
(Note that the expansion of u in terms of eigenfunctions and the fact that u(·, t) ∈ L2(Ω)

are not sufficient to conclude that u(·, t) vanishes on the boundary.)
To show that (7.5) is a classical solution, our strategy is to establish that ∥Dm

t u(·, t)∥s is
finite for t > 0 and any s,m ∈ N0. Then, by applying the Sobolev inequality [3, eq. A28], we
will be able to conclude that u has the required smoothness to be a classical solution of (7.1).
With that in mind, we apply (−∆)k to our solution candidate (7.5) to formally get

(−∆)ku(x, t) =

∞∑
j=1

v̂jλ
k
j e

−λjt φj(x), t > 0.

To verify that this operation is well-defined, we compute its L2-norm using Parseval’s identity:

∥∆ku(·, t)∥2 =
∞∑
j=1

(v̂jλ
k
j e

−λjt)2 = t−2k
∞∑
j=1

(v̂j (tλj)
k e−λjt︸ ︷︷ ︸

≤Ck

)2 ≤ t−2kC2
k∥v∥2 <∞, t > 0.

Then, it follows that ∆ku(·, t) ∈ L2(Ω) for all t > 0.
Similarly, for the semi-norm we have

|∆ku(·, t)|21 =
∞∑
j=1

λj(λ
k
j e

−2λjt v̂j)
2 ≤ t−2k−1C2

k+1/2∥v∥
2 <∞, t > 0.

These two bounds imply that ∆ku ∈ H1
0 (Ω). Thus, by the trace theorem [3, Theorem A.4],

we conclude that ∆ku(·, t) = 0 on Γ for all t > 0 and k ∈ N0.
Similarly, applying the time derivative, since Dm

t e−λjt = (−λj)m e−λjt, we get

∥Dm
t ∆ku(·, t)∥ = ∥∆kDm

t u(·, t)∥ ≤ t−k−mCk+m∥v∥ <∞, t > 0,

and
|Dm

t ∆ku(·, t)|1 = |∆kDm
t u(·, t)|1 ≤ t−k−m−1/2Ck+m+1/2∥v∥ <∞, t > 0.

We therefore conclude from here that Dm
t ∆ku = ∆kDm

t u ∈ H1
0 (Ω) for all t > 0 andm, k ∈ N0.

To obtain a bound for the Sobolev norm ∥Dm
t u(·, t)∥s for arbitrary s ∈ N0, we need to

convert the Laplacians into Sobolev norms. This can be achieved by applying the elliptic
regularity estimate [3, eq. 3.37]:

∥w∥s ≤ C∥∆w∥s−2,
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which holds for all w ∈ Hs(Ω) ∩ H1
0 (Ω), with s ≥ 2. Indeed, assuming that w ∈ H2k+1(Ω)

and that ∆jw = 0 on Γ for all j < k, applying this estimate repeatedly, we obtain

∥w∥2k ≤ C∥∆w∥2k−2 ≤ C2∥∆2w∥2k−4 ≤ · · · ≤ Ck∥∆kw∥0

and
∥w∥2k+1 ≤ C∥∆w∥2k−1 ≤ C2∥∆2w∥2k−3 ≤ · · · ≤ Ck∥∆kw∥1.

Therefore, applying these bounds to ∆kDm
t u(·, t) we get that

∥Dm
t u(·, t)∥2k ≤ Ck∥∆kDm

t u(·, t)∥0 ≤ CkCk+mt
−k−m∥v∥, t > 0,

and

∥Dm
t u(·, t)∥2k+1 ≤ Ck∥∆kDm

t u(·, t)∥1 ≤ Ck(|∆kDm
t u(·, t)|20 + |∆kDm

t u(·, t)|21)1/2

≤ Ck max{Ck+m, Ck+m+1/2}t−k−m−1/2∥v∥, t > 0.

Therefore, in conclusion, we have that there exists a constant C̃ > 0 such that

∥Dm
t u(·, t)∥s ≤ C̃t−m−s/2∥v∥, t > 0, s,m ∈ N0,

and by the Sobolev inequality [3, A.28] we obtain that Dm
t u(·, t) ∈ Cp(Ω) for all p ∈ N0.

This shows that u is smooth and it is therefore a classical solution of the boundary value
problem.

The bound blows up as t → 0, which raises the question of what happens to the solution
as t ↓ 0. Indeed, it is interesting to note that we have just shown that the solution is smooth
for any t > 0, regardless of how small. However, the initial condition is only in L2(Ω). It is
then natural to ask whether

∥u(·, t)− v∥2 =
∞∑
j=1

(e−λjt−1)2v̂2i → 0 as t→ 0.

To examine whether this limit holds, let ϵ > 0. Since the series
∑∞

j=1 v̂
2
j converges, there

exists an N ∈ N such that
∞∑

j=N+1

v̂2j < ϵ.

Then

∥u(·, t)− v∥2 =
∞∑
j=1

(e−λjt−1)2v̂2i =
N∑
j=1

(e−λjt−1)2v̂2i +
∞∑

j=N+1

(e−λjt−1)2︸ ︷︷ ︸
≤4

v̂2i

≤
N∑
j=1

(e−λjt−1)2v̂2i + 4ϵ.

Taking now the limit as t→ 0 we arrive at

lim
t→0

∥u(·, t)− v∥2 ≤ 4ϵ,
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but since ϵ > 0 is arbitrary, we conclude that limt→0 ∥u(·, t)− v∥2 = 0.
Although this shows convergence to the initial condition, we would like to obtain a bound

for the solution in terms of a norm of v that is valid up to and including the initial time.
To achieve this, we may require additional regularity of the initial condition. Suppose that
v ∈ H1

0 (Ω). Then, from Theorem 6.4, we can obtain

|u(·, t)|21 =
∫
Ω
|∇u(·, t)|2 dx =

∞∑
j=1

λj v̂
2
j e

−2λjt︸ ︷︷ ︸
≤1

≤
∞∑
j=1

λj v̂
2
j = |v|21, t ≥ 0,

from where it follows that

∥u(·, t)∥1 = (∥u(·, t)∥2 + |u(·, t)|21)1/2 ≤ (∥v∥2 + |v|21)1/2 = ∥v∥1, t ≥ 0.

7.1 An inhomogeneous problem

Consider now the following inhomogeneous initial-boundary value problem:

ut −∆u = f in Ω× R+,

u = 0 on Γ× R+,

u(·, 0) = v in Ω,

(7.7)

where v ∈ L2(Ω) as before, and f(·, t) ∈ L2(Ω) for t > 0. Additionally, we require that
∥Dtf(·, t)∥L2 <∞.
As above, we can construct a candidate solution

u(x, t) =
∞∑
j=1

ûj(t)φj(x), x ∈ Ω, t > 0,

expanding in terms of the eigenfunctions {φj}∞j=1. The assumption f(·, t) ∈ L2(Ω) implies
the existence of the coefficients

f̂j(t) := (f(·, t), φj) =

∫
Ω
f(x, t)φj(x) dx, t > 0, j ∈ N.

As before, applying the operator ∂t −∆ to our formal solution we arrive at

∞∑
j=1

(û′j(t) + λj ûj(t)− f̂j(t))φj(x) = 0, x ∈ Ω, t > 0,

from where we obtain, since {φj}∞j=1 is a basis of L2(Ω), that

û′j(t) + λj ûj(t) = f̂j(t), t > 0, ûj(0) = v̂j , j ∈ N.

Solving the ODE above we get

ûj(t) = v̂j e
−λjt+

∫ t

0
f̂j(s) e

−λj(t−s) ds,
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so that the natural candidate for a solution to (7.7) is given by

u(x, t) =

∞∑
j=1

v̂j e
−λjt φj(x) +

∫ t

0

 ∞∑
j=1

f̂j(s) e
−λj(t−s) φj(x)

 ds, x ∈ Ω, t > 0. (7.8)

Letting

E(t)v =
∞∑
j=1

v̂je
−λjtφj(x),

denote the solution (evolution) operator for the heat equation (where we omit the dependence
on x for brevity), we recognize that (7.8) can be expressed as

u(x, t) = E(t)v +

∫ t

0
E(t− s)f(s) ds. (7.9)

Using the already proved fact that

∥Dm
t E(t)v∥s ≤ Ct−m−s/2∥v∥, for all t > 0, s,m ∈ N0,

for some constant C > 0, and the assumptions on f , it can then be shown that

F (t) =

∫ t

0
E(t− s)f(s) ds

satisfies
Ft −∆F = f in Ω× R+, F = 0 on Γ× R+, and F (0) = 0.

Thus, (7.9) is indeed a classical solution of (7.7).
Moreover, since we have shown that ∥E(t)v∥ ≤ ∥v∥ for all v ∈ L2(Ω) and t ≥ 0, we obtain

from (7.9) that

∥u(·, t)∥ ≤ ∥v∥+
∫ t

0
∥f(·, s)∥ ds, t ≥ 0. (7.10)

Uniqueness: Clearly, (7.10) can be used to prove that(7.7) admits at most one solution
u(·, t) ∈ L2(Ω) for all t ≥ 0. Suppose it does not, then there are two different solutions u1
and u2, with the difference w = u2 − u1 satisfying (7.7) with f = 0 and v = 0. From the
bound above, we then conclude that ∥w∥ = 0, and from the fact that ∥ · ∥ is a norm (the L2

norm), we have that w(·, t) = 0

Stability: (7.10) can also be used to establish stability. Indeed, suppose uj , j = 1, 2
solve (7.7) with sources fj and initial conditions vj , respectively. Then the difference w =
u2−u1 satisfies (7.7) with source f2− f1 and initial condition v2− v1. From (7.10), it follows
that

∥u2(·, t)− u1(·, t)∥ ≤ ∥v2 − v1∥+
∫ t

0
∥f2(·, s)− f1(·, s)∥ ds, t ≥ 0.

In words, small changes in the source and small changes in the initial condition lead to small
changes in the solution of (7.7).
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7.2 A maximum principle

As in the case of the elliptic PDE, we can now investigate whether the solution of the heat
equation satisfies some kind of maximum principle. To do so, let us consider the problem of
finding u on Ω× I such that

ut −∆u = f in Ω× I,

u = g on Γ× I,

u(·, 0) = v in Ω,

(7.11)

where, as before, Ω ⊂ Rd is open and bounded, and I = (0, T ), where T > 0. We assume
that f , g, and v are smooth on Ω× [0, T ], Γ× [0, T ], and Ω, respectively.

To study this, we need the concept of a parabolic boundary, which is defined as follows
(see Figure 7.1):

Γp := (Γ× I) ∪ (Ω× {t = 0})
= ∂(Ω× I) \ (Ω× {t = T})

x

y

t

Ω× {T}

Ω× {0}

Γ× (0, T )

Figure 7.1: Illustration of the domains involve in the maximum principle for the heat equation.

We then have the following theorem:

Theorem 7.2. Let u be smooth, and assume that ut −∆u ≤ 0 in Ω× I. Then, u attains its
maximum on the parabolic boundary Γp.

Proof. We proceed by contradiction. Suppose the maximum is attained at a point (x̄, t̄) ∈
Ω× (0, T ], so that

u(x̄, t̄) = max
Ω×[0,T ]

u =M ≥ m = max
Γp

u.

Consider the function
w(x, t) = u(x, t) + ϵ|x|2

for ϵ > 0 to be specified. Note that

max
Γp

w ≤ m+ ϵmax
Γ

|x|2.
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We then choose ϵ small enough such that

max
Γp

w ≤ m+ ϵmax
Γ

|x|2 < M = max
Ω×[0,T ]

u ≤ max
Ω×[0,T ]

w, (7.12)

which is possible in view of the fact that M > m.
Now, for the function w, we have

wt −∆w = ut −∆u− 2dϵ︸︷︷︸
∆(ϵ|x|2)

< ut −∆u ≤ 0,

so then
wt −∆w < 0 in Ω× I. (7.13)

Suppose now that w attains its maximum at a point (x̃, t̃) ∈ Ω× (0, T ] not on the parabolic
boundary, such that

w(x̃, t̃) = max
Ω×(0,T ]

w.

Since x̃ ∈ Ω and Ω is open, a necessary second-order condition for (x̃, t̃) to be a local maximum
is that the Hessian matrix A = D2

xw(x̃, t̃) must be negative semi-definite. Therefore,

eTj Aej = wxj ,xj (x̃, t̃) ≤ 0, ∀j,

which implies that
−∆w(x̃, t̃) ≥ 0.

On the other hand, the first-order condition implies that either wt(x̃, t̃) = 0 or wt(x̃, t̃) ≥ 0.
Combining these conditions, we obtain

wt(x̃, t̃)−∆w(x̃, t̃) ≥ 0,

which contradicts (7.13). Therefore, w must attain its maximum on the parabolic boundary
Γp. This, in turn, contradicts (7.12). Thus, u must also attain its maximum on Γp.
The proof is now complete.

Finally, back to the problem (7.11), suppose that f = 0. Then, from the maximum principle
we have that u satisfies the inequality

u(x, t) ≤ max
Ω×[0,T ]

u ≤ max

{
max

Γ×[0,T ]
g,max

Ω
v

}
, (x, t) ∈ Ω× [0, T ].

Similarly, w = −u satisfies wt − ∆w ≤ 0 in Ω × I, so again by the maximum principle it
follows that

w(x, t) ≤ max
Ω×[0,T ]

w ≤ max

{
max

Γ×[0,T ]
(−g),max

Ω
(−v)

}
, (x, t) ∈ Ω× [0, T ].

However, since:

max

{
max

Γ×[0,T ]
(−g),max

Ω
(−v)

}
= −min

{
min

Γ×[0,T ]
g,min

Ω
v

}
,
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and
−∥v∥C(Ω) ≤ min

Ω
v ≤ v(x) ≤ max

Ω
v ≤ ∥v∥C(Ω), x ∈ Ω

−∥g∥C(Γ×[0,T ]) ≤ min
Γ×[0,T ]

g ≤ g(x, t) ≤ max
Γ×[0,T ]

g ≤ ∥g∥C(Γ×[0,T ]), (x, t) ∈ Γ× [0, T ]

we conclude

−max{∥g∥C(Γ×[0,T ]), ∥v∥C(Ω)} ≤ u(x, t) ≤ max{∥g∥C(Γ×[0,T ]), ∥v∥C(Ω)}, (x, t) ∈ Ω× [0, T ],

which leads to
∥u∥C(Ω×[0,T ]) ≤ max{∥g∥C(Γ×[0,T ]), ∥v∥C(Ω)}.
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8 Parabolic PDEs of second order: Variational
and numerical treatment

Lecture 7

In this lecture we consider the following model problem

ut −∆u = f in Ω× (0, T ), (8.1)

u = 0 on Γ× (0, T ), (8.2)

u(·, 0) = g on Ω× {0}. (8.3)

Here, Ω is an open, bounded subset of Rd with smooth boundary Γ. The aim is to develop
a well-posedness theory using variational techniques, similar to the elliptic case. Based on
a corresponding weak formulation, we investigate the numerical approximation of the model
problem. We proceed in two steps: (i) we approximate in space (Ω) using finite elements
while keeping time continuous; (ii) the spatially semidiscrete problem from (i) is a system of
ordinary differential equations, and we use time-stepping methods for these to obtain a fully
discrete scheme.

8.1 Derivation of a weak formulation

Suppose there is a sufficiently smooth function u that satisfies (8.1)–(8.3). As for elliptic
equations in Lecture 4, we take a test function φ ∈ H1

0 (Ω), multiply (8.1) by φ, integrate the
result over Ω, perform integration by parts to rewrite the integral of ∆uφ, and arrive at∫

Ω
ut(t)φdx+

∫
Ω
∇u(t) · ∇φdx =

∫
Ω
f(t)φdx, ∀φ ∈ H1

0 (Ω), t ∈ (0, T ). (8.4)

Notation and observations:

• We write u(t) for the function u(t)(x) = u(x, t).

• Inspecting (8.4), we require ∇u(t) ∈ L2(Ω)d.

• Inspecting (8.2), we require u(t) = 0 on Γ.

In view of the previous observations u(t) ∈ H1
0 (Ω) is a sensible requirement. Rewriting (8.4),

and using the Cauchy-Schwarz inequality, we then observe that

(ut(t), φ) =

∫
Ω
f(t)φdx−

∫
Ω
∇u(t) · ∇φdx ≤ ∥f∥∥φ∥+ ∥∇u∥∥∇φ∥ ≤

(
∥f∥+ ∥u∥1)∥φ∥1,
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i.e., ut(t) defines a bounded linear functional via φ 7→ (ut(t), φ) for φ ∈ H1
0 (Ω). We denote

the space of all linear bounded functionals on H1
0 (Ω) by

H−1(Ω) = {ℓ : H1
0 (Ω) → R : ℓ is linear and ∥ℓ∥−1 = sup

0̸=v∈H1
0 (Ω)

ℓ(v)

∥v∥1
<∞}.

(Compare the definition of the norm ∥ℓ∥−1 with the definition of a matrix norm that is
induced by a vector norm.) We hence require that ut(t) ∈ H−1(Ω). In the following, we use
the notation

⟨ℓ, φ⟩ = ℓ(φ), φ ∈ H1
0 (Ω), ℓ ∈ H−1(Ω),

which is called duality pairing, and note that ⟨w, v⟩ = (w, v) as soon as w ∈ L2(Ω). These
observations lead us to define a weak solution concept for (8.1)–(8.3) as follows.

Definition 8.1. We say that u ∈ L2(0, T ;H1
0 (Ω)), with u′ ∈ L2(0, T ;H−1(Ω)) is a weak

solution of (8.1)–(8.3), provided

• ⟨u′(t), φ⟩+ (∇u(t),∇φ) = (f(t), φ) for all φ ∈ H1
0 (Ω), t ∈ (0, T );

• u(0) = g.

Remark 8.2. (i) The condition v ∈ L2(0, T ;H1
0 (Ω)) (v

′ ∈ L2(0, T ;H−1(Ω))) means that the
following integral exists, ∫ T

0
∥v(t)∥21 dt,

(∫ T

0
∥u′(t)∥2−1 dt

)
.

It can be shown that functions v ∈ L2(0, T ;H1
0 (Ω)) with v′ ∈ L2(0, T ;H−1(Ω)) satisfy v ∈

C0([0, T ];L2(Ω)), i.e.,

lim
t→t0

∥v(t)− v(t0)∥ = 0 ∀t0 ∈ [0, T ].

Hence, prescribing initial conditions u(0) = g makes sense for g ∈ L2(Ω).
(ii) u′ denotes the weak time derivative of u, i.e.,∫ T

0
u(t)ϕt dt = −

∫ T

0
u′(t)ϕ(t) dt ∀ϕ ∈ C∞

0 (0, T ).

(iii) For v, w ∈ L2(0, T ;H1
0 (Ω)) with v′, w′ ∈ L2(0, T ;H−1(Ω)), the following integration by

parts formula is valid for 0 ≤ t1 ≤ t2 ≤ T ,

(v(t2), w(t2))− (v(t1), w(t1)) =

∫ t2

t1

⟨v′(t), w(t)⟩+ ⟨w′(t), v(t)⟩dt. (8.5)

Using v = w, one can then deduce that

1

2

d

dt
∥v(t)∥2 = ⟨v′(t), v(t)⟩ a.e. t ∈ [0, T ]. (8.6)

(iv) The in-depth study of abstract space Lp(0, T ;X) with a Banach space X is deferred to
the master classes.
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Aims:

• Show stable dependence of the weak solution on the data f, g. see Theorem 8.3

• Approximation of the weak solution using finite elements and time-stepping schemes;
see Theorem 8.7, Theorem 8.8, Theorem 8.11.

Theorem 8.3. Let u be a weak solution of (8.1)–(8.3). Then

∥u(t)∥2 +
∫ t

0
∥∇u(t)∥2 dt ≤ ∥g∥2 + C2

P

∫ t

0
∥f(s)∥2 ds, t ≥ 0, (8.7)

with CP the Poincaré constant from (4.7). If in addition u′ ∈ L2(0, T ;H1
0 (Ω)) and g ∈ H1

0 (Ω),
then we have that

∥∇u(t)∥2 +
∫ t

0
∥u′(s)∥2 ds ≤ ∥∇g∥2 +

∫ t

0
∥f(s)∥2 ds.

Proof. Set φ = u(t) ∈ H1
0 (Ω) in Definition 8.1 and use (8.6) with v = u to obtain the identity

1

2

d

dt
∥u(t)∥2 + ∥∇u(t)∥2 = (f(t), u(t)).

The right-hand side can be estimated from above using the Cauchy-Schwarz inequality, the
Poincaré inequality (4.7) and the basic inequality ab ≤ a2/2 + b2/2 for a, b ∈ R, as follows

(f(t), u(t)) ≤ CP ∥f(t)∥∥∇u(t)∥ ≤
C2
P

2
∥f(t)∥2 + 1

2
∥∇u(t)∥2.

Therefore, we have that

d

dt
∥u(t)∥2 + ∥∇u(t)∥2 ≤ C2

P ∥f(t)∥2.

Integration in t then yields that

∥u(t)∥2 − ∥u(0)∥2 +
∫ t

0
∥∇u(s)∥2 ds ≤ C2

P

∫ t

0
∥f(s)∥2 ds,

which proves the first inequality, because u(0) = g. For the second inequality we use φ = u′(t)
in Definition 8.1 and obtain that

⟨u′(t), u′(t)⟩+ (∇u(t),∇u′(t)) = (f, u′(t)).

Since ⟨u′(t), u′(t)⟩ = ∥u′(t)∥2 and (∇u(t),∇u′(t)) = 1
2

d
dt∥∇u(t)∥

2, integration over (0, t) yields

1

2
∥∇u(t)∥2 +

∫ t

0
∥u′(s)∥2 dx =

1

2
∥∇g∥2 +

∫ t

0
(f(s), u′(s)) ds.

Using the Cauchy-Schwarz inequality, we estimate further∫ t

0
(f(s), u′(s)) ds ≤

(∫ t

0
∥f(s)∥2 ds

)1/2(∫ t

0
∥u′(s)∥2 ds

)1/2

≤ 1

2

∫ t

0
∥f(s)∥2 ds+ 1

2

∫ t

0
∥u′(s)∥2 ds,

from which the claim follows.
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Questions

• Why does the statement of Theorem 8.3 imply stability?

• What can you say about uniqueness of weak solutions?

Remark 8.4. In the previous proof, we used that for u ∈ L2(0, T ;H1
0 (Ω)) with u′ ∈

L2(0, T ;H1
0 (Ω)). Therefore, u ∈ C0([0, T ];H1

0 (Ω)). In particular, u(0) ∈ H1
0 (Ω). Since

u(0) = g, we therefore must have g ∈ H1
0 (Ω), too, for consistency reasons.

8.2 Spatially semidiscrete problem using finite elements

We consider Ω = (0, 1) with a uniform partition {xj = jh} for j = 0, . . . , J + 1 and h =
1/(J + 1). We recall the space of continuous piecewise linear functions

Sh = {v ∈ C0(Ω) : v is linear on (xj−1, xj), v(0) = v(1) = 0} ⊂ H1
0 (Ω).

We look for uh ∈ C1([0, T ];Sh) as the solution to

(u′h(t), χ) + (∇uh(t),∇χ) = (f(t), χ) ∀χ ∈ Sh, (8.8)

uh(0) = gh, (8.9)

where gh ∈ Sh is an approximation to g. In comparison to (8.4), we have replaced H1
0 (Ω)

by the subspace Sh in (8.8); compare to the formulation of the Ritz-Galerkin (finite element)
method as discussed in Lecture 5.

Theorem 8.5. For each f ∈ C0([0, T ];L2(Ω)), there exists a unique solution uh ∈ C1([0, T ];Sh)
of (8.8)–(8.9).

Proof. Let Sh = span{Φj : 1 ≤ j ≤ J}, see Section 5.5. Then uh has the representation

uh(t) =
J∑

j=1

Uj(t)Φj ,

with unknown functions Uj ∈ C1([0, T ]). Similar to the proof of Theorem 8.3, we set χ = Φk

for k = 1, . . . , J in (8.8), to obtain the following linear system of ordinary differential equations

BU ′(t) +AU(t) = F (t), t > 0, U(0) = G, (8.10)

where U(t), F (t), G ∈ RJ with Fj(t) = (f,Φj), and U(t) and G vectors containing the coeffi-
cients of uh(t) and gh. The stiffness and mass matrices A,B ∈ RJ×J are given by

Bk,j = (Φj ,Φk), Ak,j = (∇Φj ,∇Φk).

Since the matrix B is invertible, see Lemma 8.6 below, (8.10) is equivalent to

U ′(t) +B−1AU(t) = B−1F (t), t > 0, U(0) = G. (8.11)

This inhomogeneous system of linear ordinary differential equations has a unique solution
(Picard-Lindelöf Theorem) U ∈ C1([0, T ],RJ) if F ∈ C0([0, T ],RJ).
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Lemma 8.6. The matrix B is invertible.

Proof. Let V ∈ RJ with V ̸= 0, and vh =
∑J

j=1 VjΦj ∈ Sh. Then

V TBV =

J∑
j,k=1

VkBk,jVj =

J∑
j,k=1

Vk(Φj ,Φk)Vj = (vh, vh) > 0.

Similar to Theorem 8.3, we obtain the following estimates for the solution uh of (8.8)–(8.9)

∥uh(t)∥2 +
∫ t

0
∥∇uh(s)∥2 ds ≤ ∥gh∥2 + C

∫ t

0
∥f(s)∥2 ds, t > 0, (8.12)

where we may choose C as in Theorem 8.3. The stability estimate (8.12) combined with the
properties of the Ritz projection Rh : H1

0 (Ω) → Sh, defined by

(∇Rhv,∇χ) = (∇v, χ), ∀χ ∈ Sh, (8.13)

allows us to quantify the error between u and uh. To that end, let us recall the error estimates
shown in Theorem 5.10

∥Rhv − v∥+ hs−1∥∇Rhv − v∥ ≤ chs∥v∥s for s = 1, 2, v ∈ H1
0 (Ω) ∩Hs(Ω). (8.14)

Theorem 8.7. Let uh be the solution to (8.8)–(8.9) and let u be a weak solution of (8.1)–
(8.3) with the additional regularity requirements u′ ∈ L2(0, T ;H2(Ω)) and g ∈ H2(Ω). Then
there is a constant C > 0 that does not depend on h, t, u, uh such that

∥uh(t)− u(t)∥ ≤ ∥g − gh∥+ Ch2
(
∥g∥2 +

∫ t

0
∥u′(s)∥2 ds

)
.

Proof. The proof relies on splitting the error

uh − u =
(
uh −Rh(u)

)
+
(
Rh(u)− u

)
= θ + ζ,

into a discrete error θ and an approximation error ζ.
Step 1: Bounding ζ. We use the error estimates for the Ritz projection (8.14)

∥ζ(t)∥ ≤ Ch2∥u(t)∥2 ≤ Ch2
(
∥g∥2 +

∫ t

0
∥u′(s)∥2 ds

)
,

where we used that u(t) = u(0) +
∫ t
0 u

′(s) ds.

Step 2: Bounding θ. We observe that θ = uh −Rhu satisfies for χ ∈ Sh and t > 0

(θ′, χ) + (∇θ,∇χ) = (f, χ)− ((Rhu)
′, χ)− (∇Rhu,∇χ) = (u′ − (Rhu)

′, χ) = (u′ −Rhu
′, χ),

where we used that (∇Rhu, χ) = (∇u, χ) = (f, χ) − (u′, χ) in the second last step, and
that time differentiation commutes with the Ritz projection. Moreover, θ(0) = gh − Rhg =
gh − g + g −Rhg. Hence, (8.12) applied to θ implies that

∥θ(t)∥ ≤ ∥θ(0)∥+ C

∫ t

0
∥u′(s)−Rhu

′(s)∥ ds ≤ ∥gh − g∥+ Ch2
(
∥g∥2 +

∫ t

0
∥u′(s)∥2 ds

)
,

where used the estimates ∥g −Rhg∥ ≤ Ch2∥g∥2 and ∥u′(s)−Rhu
′(s)∥ ≤ Ch2∥u′∥2.

Step 3: Combining the bounds derived in steps 1 and 2, we arrive at the claimed inequality.
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Similar to the previous considerations, error bounds for the gradient can be derived. Testing
(8.8) with χ = u′h, one shows as in the proof of Theorem 8.3 that

∥∇uh(t)∥2 +
∫ t

0
∥u′h(s)∥2 ds ≤ ∥∇gh∥2 +

∫ t

0
∥f(s)∥2 ds. (8.15)

Proceeding as in the proof of Theorem 8.7, one then shows the following result.

Theorem 8.8. Under the hypothesis of Theorem 8.7, we have for t > 0 the estimate

∥∇uh(t)−∇u(t)∥ ≤ ∥∇gh −∇g∥+ Ch

(
∥g∥2 + ∥u(t)∥2 +

( ∫ t

0
∥u′(s)∥21 ds

)1/2)
.

Remark 8.9. (i) If gh = Ihg (nodal interpolation) or gh = Rhg, then ∥∇gh−∇g∥ ≤ Ch∥g∥2.
Thus ∥uh(t)− u(t)∥1 is O(h) as h→ 0.
(ii) Superconvergence: If gh = Rhg, then θ(0) = 0 and (8.15) implies that

∥∇θ(t)∥2 ≤ C

∫ t

0
∥u′(s)−Rhu

′(t)∥2 ds ≤ Ch4
∫ t

0
∥u′(s)∥22 ds,

where we used that ∥u′(s)−Rhu
′(t)∥ ≤ Ch2∥u′∥2 (assuming the required regularity!). Hence,

∥∇θ(t)∥ (gradient of discrete error), converges faster, i.e., O(h2) for h → 0, than ∥∇uh(t) −
∇u(t)∥.

Remark 8.10. So far, we did not discuss the existence of weak solutions of (8.1)–(8.3). The
estimates (8.12) and (8.15) can be used to show that there is ũ ∈ L2(0, T ;H1

0 (Ω)) such that
limh→0 uh = ũ in L2(0, T ;L2(Ω)) and that ũ is a weak solution of (8.1)–(8.3). This is done
in the master class on PDEs.

8.3 Fully discrete schemes

As can be seen from (8.11), the semidiscrete solution uh can be obtained as a solution of
a system of ordinary differential equations. Therefore, a fully discrete numerical solution
Un with Un ≈ U(tn) can be obtained by using a numerical scheme for ordinary differential
equations; see Numerical Mathematics course (202200240). As we have seen in the Numerical
Mathematics course, many methods for solving the ODE system numerically will converge
eventually (explicit Euler, implicit Euler). ’Eventually’ here means for sufficiently small time-
step and fixed finite element discretization. In the following, we discuss the interplay between
the finite element discretization and time discretization for the implicit Euler scheme; for
other schemes see the exercises. Let k > 0 be a time-step size, tn = kn denote discrete times,
and define Un (approximation to U(tn)) by

(B + kA)Un = BUn−1 + kF (tn), n ≥ 1, U0 = G. (8.16)

Since B + kA is symmetric and positive definite, the scheme defined in (8.16) is well-defined.
Moreover, the coordinate vectors Un correspond to finite element functions

unh =
J∑

j=1

Un
j Φj ∈ Sh. (8.17)
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It is easy to see that (8.16) is equivalent to

(∂tu
n
h, χ) + (∇unh,∇χ) = (fn, χ) ∀χ ∈ Sh, (8.18)

where ∂tu
n
h = (unh − un−1

h )/k and fn = f(tn). Testing with χ = unh, we obtain the estimate

∥unh∥2 + k∥∇unh∥2 = (un−1
h + kfn, unh) ≤ ∥un−1

h + kfn∥ ∥unh∥.

Thus, after division by ∥unh∥ and neglecting the gradient-term, we obtain the following stability
estimate for the implicit Euler scheme

∥unh∥ ≤ ∥gh∥+ k

n∑
m=1

∥fn∥. (8.19)

The previous inequality shows that the implicit Euler scheme is unconditionally stable, i.e.,
inequality (8.19) holds for any choice of k > 0. The interested reader may compare (8.19) to
(7.10). Certain schemes, such as the explicit Euler scheme (see exercises), are only condition-
ally stable, i.e., require a smallness condition on k in terms of the mesh-size parameter h to
allow for a stability estimate. The approximation properties of the finite element space Sh,
in combination with the stability estimate (8.19) then yield the error estimate.

Theorem 8.11. Let unh be defined by (8.18), and let u be a weak solution of (8.1)–(8.3) such
that u′ ∈ L2(0, T ;H2(Ω)), u′′ ∈ L2(0, T ;L2(Ω)) and ∥g − gh∥ ≤ Ch2∥g∥2. Then the following
estimate holds for some C > 0 that does not depend on h and k,

∥unh − u(tn)∥ ≤ Ch2
(
∥g∥2 +

∫ tn

0
∥u′(s)∥ ds

)
+ k

∫ tn

0
∥u′′(s)∥ ds.

Proof. The idea of the proof is similar to the one employed in proving Theorem 8.7. We split
the error

unh − u(tn) =
(
unh −Rhu(tn)

)
+
(
Rhu(tn)− u(tn)

)
= θn + ζn.

Step 1. Using the error estimates for the Ritz projection, (8.14), we have for the approxi-
mation error ζn that

∥ζn∥ ≤ Ch2∥u(tn)∥2 ≤ Ch2
(
∥g∥2 +

∫ t

0
∥u′(s)∥ ds

)
.

Step 2. The discrete error θn satisfies the implicit Euler scheme with right-hand side ωn =
u′(tn)−Rh(∂tu

n
h) instead of fn, cf. Step 2. in the proof of Theorem 8.7, that is

(∂tθ
n, χ) + (∇θn,∇χ) = (ωn, χ).

The stability estimate (8.19) thus implies that

∥θn∥ ≤ ∥θ0∥+ k

n∑
m=1

(
∥ωm

1 ∥+ ∥ωm
2 ∥
)
,

where ωn = ωn
1 + ωn

2 with ωn
1 = u′(tn) − ∂tu(tn) and ω

n
2 = ∂tu(tn) − Rh∂tu(tn) . It remains

to bound the right-hand side in the previous inequality. We start with the initial data

∥θ0∥ = ∥gh −Rhg∥ ≤ ∥gh − g∥+ ∥g −Rhg∥ ≤ Ch2∥g∥2,
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where we used (8.14). To proceed, we observe that

∂tu(tm) =
u(tm)− u(tm−1)

k
=

1

k

∫ tm

tm−1

u′(s) ds.

Therefore, using that Rh commutes with integration in s, the bound (8.14) implies that

k
M∑

m=1

∥ωm
2 ∥ ≤

∫ tn

0
∥Rhu

′(s)− u′(s)∥ ds ≤ Ch2
∫ tn

0
∥u′(s)∥2 ds. (8.20)

To estimate the time-differencing error, we observe that

ωm
1 = u′(tm)− u(tm)− u(tm−1)

k
= −1

k

∫ tm

tm−1

u′(s)− u′(tm) ds

=
1

k

∫ tm

tm−1

∫ tm

s
u′′(r) dr ds =

1

k

∫ tm

tm−1

∫ r

tm−1

u′′(r) ds dr (Fubini)

=
1

k

∫ tm

tm−1

(r − tm−1)u
′′(r) dr.

When applying Fubini, we used that

{(r, s) : tm−1 ≤ s ≤ tm, s ≤ r ≤ tm} = {(r, s) : tm−1 ≤ r ≤ tm, tm−1 ≤ s ≤ r}.

Since (r − tm−1) ≤ k, we hence obtain that

k
M∑

m=1

∥ωm
2 ∥ ≤

n∑
m=1

∥
∫ tm

tm−1

(r − tm−1)u
′′(r) dr∥ ≤ k

∫ tn

0
∥u′′(r)∥ dr,

which concludes the proof.
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9 Hyperbolic PDEs

Lecture 8

9.0.1 The wave equation

In this section we first consider the initial-boundary value problem for the wave equation:

utt −∆u = 0, in Ω× R+

u = 0, on Γ× R+

u(·, 0) = v, ut(·, 0) = w, in Ω
(9.1)

where Ω is a bounded domain in Rd with smooth boundary Γ, and v and w are given functions
of x in Ω. We defer stating the required regularity of the initial data v and w until after we
derive a formal solution using separation of variables.
We proceed as in the case of the heat equation. Let {φj}∞j=1 and {λj}∞j=1 denote eigenfunc-

tions and eigenvalues of the Laplacian −∆ with homogeneous Dirichlet boundary condition,
i.e., −∆φj = λjφj in Ω, φj = 0 on Γ. Since {φj}∞j=1 is a basis of L2(Ω), we look for a solution
of the form

u(x, t) =
∞∑
j=1

ûj(t)φj(x), x ∈ Ω, t ∈ R+.

Replacing this series into the differential equation, we find

∞∑
j=1

(
û′′j (t) + λj ûj(t)

)
φj(x) = 0, x ∈ Ω, t ∈ R+.

We also expand the initial conditions:

∞∑
j=1

ûj(0)φj(x) = v(x),

∞∑
j=1

û′j(0)φj(x) = w(x).

Since the {φj}∞j=1 is an orthonormal basis of L2(Ω) we then have, for j ≥ 1, the following
second-order ODEs:

û′′j + λj ûj = 0, for t > 0

ûj(0) = v̂j = (v, φj) , û′j(0) = ŵj = (w,φj)

Solving this initial-value problem, we arrive at

ûj(t) = v̂j cos
(√

λjt
)
+ ŵj

1√
λj

sin
(√

λjt
)
, for j ≥ 1, t ≥ 0,

and thus, formally, the solution of the initial-boundary value problem (9.1) is given by

u(x, t) =

∞∑
j=1

(
v̂j cos

(√
λjt
)
+ ŵjλ

−1/2
j sin

(√
λjt
))

φj(x), x ∈ Ω, t ∈ R+. (9.2)
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Theorem 9.1. Assume that v ∈ H2(Ω) ∩H1
0 (Ω) and w ∈ H1

0 (Ω). Then the series (9.2) is a
solution of (9.1) in the L2-sense, i.e., ∥utt(·, t)−∆u(·, t)∥ = 0 for all t > 0, ∥u(·, 0)− v∥ = 0
and ∥ut(·, 0)− w∥ = 0.

Proof. To prove that (9.2) satisfies the PDE, it suffices to verify that if v and w are sufficiently
regular to ensure the convergence of the series (9.2) and its derivatives, then (9.2) represents
a solution of (9.1). To verify that the initial conditions are satisfies, see Problem 11.4 in the
book.

We now focus on stability, for which we can derive the following energy estimate—without
relying on the eigenfunction expansion.

Theorem 9.2. Let u = u(x, t) be a sufficiently smooth/classical solution of (9.1). Then the
total energy E(t) of u is constant in time, i.e.,

E(t) := 1

2

∫
Ω

(
u2t + |∇u|2

)
dx = E(0).

Proof. Multiplying the utt − ∆u = 0 by ut and integrating with respect to x over Ω, using
also Green’s formula, we get

0 =

∫
Ω
ut(utt −∆u) dx =

∫
Ω
uttut dx+

∫
Ω
∇u · ∇ut dx

Then, using the facts that

1

2

d

dt

∫
Ω
u2t dx =

∫
Ω
ututt dx and

1

2

d

dt

∫
Ω
|∇u|2 dx =

∫
Ω
∇ut · ∇u dx

we arrive at
1

2

d

dt
∥ut∥2 +

1

2

d

dt
∥∇u∥2 = 0,

or, equivalently,
d

dt
E(t) = 0, for t > 0.

Therefore E is constant and equal to E(0).

It follows from Poincaré’s inequality and the result above that

∥ut∥2 + c−2
P ∥u∥2 ≤ ∥ut∥2 + ∥∇u∥2 = 2E(t) = 2E(0) = ∥w∥2 + ∥∇v∥2 for all t ≥ 0,

from which we conclude stability.
An interesting aspect of wave phenomena, which is particularly useful in applications such

as radio communications, is that waves can travel long distances. This motivates the study
of wave propagation in unbounded domains, where waves can extend infinitely. The simplest
unbounded domain to consider is Rd. Let us then consider the following pure initial-value
problem for the wave equation:

utt −∆u = 0, in Rd × R+,
u(·, 0) = v, ut(·, 0) = w, in Rd.

(9.3)

The following results introduces the concept of the light cone in the context of the wave
equation, which represents the region within which disturbances propagate at a finite speed,
defining the domain of dependence and influence of the solution.
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Theorem 9.3. Let u be a solution of the wave equation in (9.3). For (x̄, t̄) a given point in
Rd × R+, let K denote the circular cone,

K =
{
(x, t) ∈ Rd × R+ : |x− x̄| ≤ t̄− t, t ≤ t̄

}
(9.4)

and set

EK(t) =
1

2

∫
Bt

(
ut(x, t)

2 + |∇u(x, t)|2
)
dx

where Bt =
{
x ∈ Rd : (x, t) ∈ K

}
. Then

EK(t) ≤ EK(0), for 0 ≤ t ≤ t̄.

(x̄, t̄)

x1

x2(x̄, 0)

B0

Bt

n(x, t)
Mt

Figure 9.1: Light cone K defined in (9.4) and related domains involved in the proof of Theo-
rem 9.3.

Remark 9.4. Note that if v = w = 0 in B0 = {x ∈ Rd : |x− x̄| ≤ t̄}, then u = 0 in all of K
and in particular at (x̄, t̄). This shows that u(x̄, t̄) depends only on the values of v and w in
the ball B0 defined by the circular cone K with vertex (x̄, t̄) , and not on the values of v and
w outside this ball.

Proof. Multiplying utt −∆u = 0 by 2ut we obtain

0 = 2 (utt − div∇u)ut = 2uttut + 2∇u · ∇ut − 2 div (∇uut)
= ∂t

(
u2t + |∇u|2

)
− 2 div (∇uut) = divx,t(−2ut∇u, , u2t + |∇u|2)

where divx,t denotes the divergence operator in space-time domain. Integrating over the
domain

Kt = {(x, τ) ∈ K : 0 ≤ τ ≤ t}
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and using the divergence theorem

0 =

∫
∂Kt

(
nt
(
u2t + |∇u|2

)
− 2nx · ∇uut

)
ds

=

∫
Bt

(
u2t + |∇u|2

)
dx−

∫
B0

(
u2t + |∇u|2

)
dx+

∫
Mt

(
nt
(
u2t + |∇u|2

)
− 2utnx · ∇u

)
ds

=EK(t)− EK(0) +

∫
Mt

(
nt
(
u2t + |∇u|2

)
− 2utnx · ∇u

)
ds

where n = (nx, nt) = (nx1 , . . . , nxd
, nt) ∈ Rd+1 denotes the exterior unit normal to Kt and

and where
Mt = {(x, τ) ∈M : τ ≤ t}

with
M = {(x, t) : |x− x̄| = t̄− t},

To complete the proof it suffices to show that the last integral above is nonnegative. To do
so, we note that on M the unit normal is given by

n =
( √2

2

x− x̄

|x− x̄|︸ ︷︷ ︸
=nx

,

√
2

2︸︷︷︸
=nt

)
.

In particular, we have n2t = |nx|2 = 1
2 on M , so

|nx · ∇u| ≤ |nx| |∇u| = nt|∇u|

Finally, from the inequality 2ab ≤ a2 + b2, we obtain

2 |utnx · ∇u| = 2 |ut| |nx · ∇u| ≤ 2nt |ut| |∇u| ≤ nt
(
u2t + |∇u|2

)
which completes the proof.

9.0.2 First Order Scalar Equations and the Method of the Characteristics

A powerful method for solving certain types of hyperbolic PDEs is the method of charac-
teristics, which we now explain—first for scalar PDEs and then for hyperbolic symmetric
systems—allowing certain second-order hyperbolic PDEs, such as the wave equation, to be
recast in a more tractable form.
Consider the the following first-order scalar PDE:

d∑
j=1

aj(ζ)
∂u

∂ζj
+ a0(ζ)u = f(ζ), ζ ∈ Ω, (9.5)

where Ω ⊂ Rd is a bounded domain with boundary Γ, the vector field a : Ω → Rd,

a(ζ) = (a1(ζ), . . . , ad(ζ)) ,

is smooth and nowhere vanishing (i.e., |a(ζ)| ̸= 0 for all ζ ∈ Ω), and a0 and f are given
smooth functions.
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We say that
ζ = ζ(s) := (ζ1(s), . . . , ζd(s)) , s ∈ R,

is a characteristic curve, or simply a characteristic, for (9.5) if

d

ds
ζ(s) = a(ζ(s))

or, equivalently,
dζj
ds

= aj(ζ), for j = 1, . . . , d,

i.e., if the curve in Rd defined by ζ = ζ(s) has the vector a(ζ) as a tangent at each of its
points.
From the local existence and uniqueness theorems for (autonomous) ODE systems (i.e.,

the Picard–Lindelöf theorem also known as the Cauchy–Lipschitz theorem), since a does
not vanish, it follows that that for each x0 ∈ Ω there exists a unique such curve in some
neighborhood of ζ0 such that ζ(0) = ζ0.

We distinguish three parts of the boundary Γ = ∂Ω. Let n(ζ) denote the exterior normal
to Γ at ζ. We then define:

• The inflow boundary:

Γ− = {ζ ∈ Γ : n(ζ) · a(ζ) < 0}. (9.6)

Through each point of Γ−, there is a unique characteristic that enters Ω. We prescribe
the solution of (9.5) on Γ− via the boundary condition

u = v, on Γ−, (9.7)

where v is a given smooth function on Γ−.

• The outflow boundary:

Γ+ = {ζ ∈ Γ : n(ζ) · a(ζ) > 0}. (9.8)

• The characteristic boundary:

Γ0 = {ζ ∈ Γ : n(ζ) · a(ζ) = 0}. (9.9)

Consider a solution u of the first-order PDE with the boundary condition (9.6). Let us now
examine the solution u restricted along a characteristic curve ζ = ζ(s). Define the function

w(s) = u(ζ(s)).

By applying the chain rule, we obtain:

dw

ds
= ∇u · dζ

ds
= a(ζ) · ∇u.

Thus, from the PDE, it follows that w satisfies the equation

dw

ds
+ a0(ζ(s))w = f(ζ(s)), for s > 0, w(0) = v(ζ0), with ζ(0) = ζ0 ∈ Γ−. (9.10)

This is an initial value problem for a linear ODE, which can be solved to determine the
value of w at points along the characteristic. To find the solution of the first-order PDE (9.5)
with boundary condition (9.6) at a point ζ̄ ∈ Ω, we proceed as follows:
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1. Determine the characteristic passing through ζ̄ ∈ Ω.

2. Find its intersection ζ0 with Γ−. For that it is useful to parametrize Γ− using a param-
eter, say ξ, so that ζ0 := ζ0(ξ) ∈ Γ−.

3. Solve the equation (9.10) with the initial condition ζ(0) = ζ(0; ξ) = ζ0(ξ).

Clearly, the solution at ζ̄ depends only on v(ζ0) and the values of f along the characteristic ζ.

In the special case that a0 = f = 0 in Ω, the equation (11.14) reduces to

dw

ds
= 0, for s > 0, with w(0) = v (ζ0) , ζ(0) = ζ0 ∈ Γ−

Thus in this case u(ζ(s)) is constant along the characteristic and the value of the solution
at ζ̄ is the same as at ζ(0), i.e., u(ζ(s)) = u(ζ(0)) = v(ζ(0)).
This procedure is often referred to as the method of characteristics.

Example 9.5. Consider the problem

ut + λux = 0, in R× R+,
u(·, 0) = v, in R.

The characteristic variables in this case are given by ζ = (x, t), with domain Ω = R × R+,
boundary Γ− = R× {0}, and characteristic velocity

a(x, t) = (λ, 1).

The characteristic equations are:

dx

ds
= λ,

dt

ds
= 1.

Additionally, along the characteristic curves, the function w(s) = u(x(s), t(s)) satisfies:

dw

ds
= 0.

Integrating these equations, we obtain:

x(s) = λs+ x(0), t(s) = s+ t(0), w(s) = w(0).

The boundary condition is given by

u(ξ, 0) = v(ξ), ξ ∈ R.

Since we parametrize the boundary Γ− as (ξ, 0) for ξ ∈ R, we set:

x(0) = ξ, t(0) = 0.

Thus, we obtain:
w(s) = w(0; ξ) = u(x(0)︸︷︷︸

=ξ

, t(0)︸︷︷︸
=0

) = v(ξ).

Using x = λs+ ξ and t = s, we solve for ξ:

ξ = x− λt.

Substituting back, we conclude:

u(x, t) = v(x− λt).
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Example 9.6. Consider now the problem:

xux + (x+ y)uy = 1, with u(1, y) = y, 0 < y < 1.

The characteristic equations are:

dx

ds
= x,

dy

ds
= x+ y,

dw

ds
= 1,

where w(s) = u(x(s), y(s)).
We parametrize the boundary curve where the initial condition is given:

x0(ξ) = 1, y0(ξ) = ξ, w0(ξ) = ξ, ξ ∈ (0, 1).

Solving for x(s):
x(s) = x(0)es = es.

For y(s), solving the differential equation:

dy

ds
− y = es,

we rewrite it as: (
ye−s

)′
= 1.

Integrating, we obtain:
y = es(s+ ξ).

Since dw
ds = 1, we integrate:

w(s) = s+ w(0) = s+ ξ.

To express u = u(x, y), we need to solve for s and ξ in terms of x and y. We solve the
system:

x = es, y = es(s+ ξ).

Dividing the second equation by x = es gives:

y

x
= s+ ξ.

Using s = lnx (since x > 0), we obtain:

ξ =
y

x
− lnx.

Substituting into w(s; ξ) = u(x, y), we conclude:

u(x, y) =
y

x
.
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9.0.3 Symmetric hyperbolic systems

Consider now the system

∂u

∂t
+A(x, t)

∂u

∂x
+B(x, t)u = f(x, t), for x ∈ R, t > 0

u(x, 0) = v(x), for x ∈ R
(9.11)

with the following assumptions:

• u = u(x, t) and f = f(x, t) are RN -values valued functions

• A = A(x, t) and B = B(x, t) are smooth N ×N matrices,

• A is symmetric (therefore, A then has real eigenvalues {λj}Nj=1, with λj = λj(x, t));

• The eigenvalue {λj}Nj=1 of A are distinct.

The system (9.11) satisying these assumption is called hyperbolic.
Under these assumptions, we can find a smooth orthogonal matrix P = P (x, t) that diag-

onalizes A, so that
P⊤AP = Λ = diag(λj)

N
j=1.

Introducing a new dependent variable w by setting u = Pw, we obtain

∂u

∂t
+A

∂u

∂x
+Bu = P

∂w

∂t
+AP

∂w

∂x
+

(
∂P

∂t
+A

∂P

∂x
+BP

)
w = f.

Rearranging, we obtain
∂w

∂t
+ Λ

∂w

∂x
+ B̃w = P⊤f,

where

B̃ = P⊤
(
∂P

∂t
+A

∂P

∂x
+BP

)
.

Thus, we have transformed the system (9.11) into a system with A in diagonal form.
Now, without loss of generality, we assume that A in (9.11) is already diagonal, with

eigenvalues arranged in increasing order:

λ1 < λ2 < · · · < λN .

In the case when B = 0, the system consists of N uncoupled equations:

∂uj
∂t

+ λj(x, t)
∂uj
∂x

= fj(x, t), with uj(x, 0) = vj(x), for j = 1, . . . , N.

Each equation represents a scalar problem of the type analyzed earlier, with ζ = (x, t). For
each index j, the characteristic curve passing through (x̄, t̄) is determined by

dx

dt
= λj(x, t), with x(t̄) = x̄.
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Let xj(t) denote the solution of this initial value problem, so that the characteristic through
(x̄, t̄) is given by x = xj(t). The solution to the PDE along this characteristic is

uj(x̄, t̄) = vj (xj(0)) +

∫ t̄

0
fj (xj(s), s) ds.

Thus, uj(x̄, t̄) depends only on vj at a single point and on fj along the characteristic curve
passing through (x̄, t̄).

Example 9.7. Consider the initial value problem for the wave equation:

∂2u

∂t2
=
∂2u

∂x2
, in R× R+,

u(·, 0) = v,
∂u

∂t
(·, 0) = w, in R.

(9.12)

We introduce the new variables

U1 =
∂u

∂t
, U2 =

∂u

∂x
,

and define U = (U1, U2)
⊤, which satisfies the system:

∂U1

∂t
− ∂U2

∂x
= 0, in R× R+,

∂U2

∂t
− ∂U1

∂x
= 0,

U1(·, 0) = w, U2(·, 0) = v′, in R.

Rewriting in matrix form, we obtain

∂U

∂t
+A

∂U

∂x
= 0, with U(x, 0) =

[
w(x)
v′(x)

]
,

where

A =

[
0 −1
−1 0

]
.

The eigenvalues of A are λ1 = −1, λ2 = 1. Setting

P =
1√
2

[
1 1
1 −1

]
, U = PV,

we transform the system into

∂V

∂t
+

[
−1 0
0 1

]
∂V

∂x
= 0, in R× R+.

This decouples into two transport equations:

∂V1
∂t

− ∂V1
∂x

= 0,

∂V2
∂t

+
∂V2
∂x

= 0.
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Thus, their solutions are

V1(x, t) = V1(x+ t, 0), V2(x, t) = V2(x− t, 0).

Since V (x, t) = PU(x, t), we compute

V (x, 0) = PU(x, 0) = P

[
w(x)
v′(x)

]
=

1√
2

[
w(x) + v′(x)
w(x)− v′(x)

]
.

Thus,

V1(x, t) =
1√
2
(w(x+ t) + v′(x+ t)), V2(x, t) =

1√
2
(w(x− t)− v′(x− t)).

Transforming back,

U(x, t) = PV (x, t) =
1√
2

[
1 1
1 −1

][ 1√
2
(w(x+ t) + v′(x+ t))

1√
2
(w(x− t)− v′(x− t))

]
.

Simplifying,

U(x, t) =
1

2

[
w(x+ t) + w(x− t) + v′(x+ t)− v′(x− t)
w(x+ t)− w(x− t) + v′(x+ t) + v′(x− t)

]
.

To retrieve u, we use U1 = ut:

u(x, t) =

∫ t

0
U1(x, s) ds =

1

2
(v(x+ t) + v(x− t)) +

1

2

∫ t

0
(w(x+ s) + w(x− s)) ds.

Since ∫ t

0
(w(x+ s) + w(x− s)) ds =

∫ x+t

x−t
w(s) ds,

we obtain the well-known d’Alembert’s formula:

u(x, t) =
1

2
(v(x+ t) + v(x− t)) +

1

2

∫ x+t

x−t
w(s) ds.

Consider now the generalization to d space dimensions:

∂u

∂t
+

d∑
j=1

Aj
∂u

∂xj
+Bu = f, in Rd × R+,

u(·, 0) = v, in Rd,

(9.13)

where u = u(x, t) is anN -vector-valued function, Aj = Aj(x, t) are symmetricN×N matrices,
B = B(x, t) is an N × N matrix, and f = f(x, t) and v = v(x) are N -vectors. All of these
functions depend smoothly and remain bounded on their respective domains. We also assume
that solutions decay sufficiently fast for large |x| to ensure the validity of the following analysis.
In general, we cannot proceed as above because it is not possible to simultaneously diag-

onalize all the matrices Aj . We therefore restrict ourselves to apply the energy method to
derive a stability estimate for this problem with respect to the norm ∥ · ∥ = ∥ · ∥L2(Rd). For
that, we need the following famous lemma:

75



Lemma 9.8 (Gronwall’s Lemma). Suppose that φ is a nonnegative continuous function sat-
isfying

φ(t) ≤ a+ b

∫ t

0
φ(s) ds, for t > 0,

where a and b are nonnegative constants. Then,

φ(t) ≤ aebt, for t > 0.

Proof. Define

v(τ) = be−bτ

∫ τ

0
φ(s) ds, τ > 0.

Differentiating, we obtain

v′(τ) =

(
φ(τ)−

∫ τ

0
φ(s) ds

)
be−bτ ≤ abe−bτ , τ > 0.

Since v(0) = 0, integration from 0 to t gives

v(t) ≤ ab

∫ t

0
e−bτ dτ = a(1− e−bt), t > 0.

This leads to

v(t)ebt = b

∫ t

0
φ(s) ds ≤ aebt − a.

Thus,

φ(t) ≤ a+ v(t)ebt = a+ b

∫ t

0
φ(s) ds ≤ aebt, t > 0.

Theorem 9.9. For the solution of (9.13), there exists a constant C = C(T ) such that

∥u(t)∥ ≤ C

(
∥v∥+

(∫ T

0
∥f∥2 ds

)1/2
)
, for 0 ≤ t ≤ T.

Proof. Multiplying the equation by u and integrating over Rd gives(
∂u

∂t
, u

)
+

d∑
j=1

(
Aj

∂u

∂xj
, u

)
+ (Bu, u) = (f, u).

We compute (
∂u

∂t
, u

)
=

∫
Rd

∂u

∂t
· udx =

1

2

d

dt
∥u∥2.

For the term involving Aj , (
Aj

∂u

∂xj
, u

)
=

∫
Rd

(
Aj

∂u

∂xj

)
· udx.
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Using integration by parts and assuming u decays at infinity, we obtain(
Aj

∂u

∂xj
, u

)
= −1

2

(
∂Aj

∂xj
u, u

)
.

Thus,
1

2

d

dt
∥u∥2 + (B̃u, u) ≤ ∥f∥∥u∥,

where

B̃ = B − 1

2

d∑
j=1

∂Aj

∂xj
.

Using the inequality 2∥f∥∥u∥ ≤ ∥f∥2 + ∥u∥2, we obtain

d

dt
∥u∥2 ≤ 2∥B̃∥C(Rd×R+)∥u∥2 + 2∥f∥∥u∥ ≤ C0∥u∥2 + ∥f∥2,

where C0 = 2∥B̃∥C(Rd×R+) + 1. Integrating, we obtain

∥u(t)∥2 ≤ ∥v∥2 +
∫ T

0
∥f∥2 ds+ C0

∫ t

0
∥u∥2 ds, for 0 ≤ t ≤ T.

Applying Gronwall’s lemma,

∥u(t)∥2 ≤ eC0T

(
∥v∥2 +

∫ T

0
∥f∥2 ds

)
, for 0 ≤ t ≤ T.

As usual, this inequality implies uniqueness and stability for problem (9.13).
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