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Chapter 1

Introduction

The field of model reduction can be motivated concisely in three steps:

1. Many problems in Science and Technology can be modeled in mathematical terms
using ordinary and partial differential equations . Often, these models involve a
number of variables, whose evolution depends on their dynamic coupling. This leads
to considerable complexity even in rather simple applications and very quickly implies

that the problem can not be solved analytically.

2. The field of numerical mathematics provides important answers to this dilemma in
which we know all about the mathematical model but cannot solve the problem in
closed form. In fact, using discretization in space and time, approximate discrete
models can be derived and discrete solutions can be obtained which represent the
unknown analytical solution with high precision. In a growing number of cases the
error in the numerical solution can be estimated explicitly, yielding a corresponding

level of confidence in this approach to a solution.

3. While the computational approach is highly effective in a large number of applica-
tions, also here crucial limitations need to be faced. This concerns the computational
costs the numerical solution would generate in terms of computing power and data
storage. The sheer number of space-time points needed to represent a relevant so-
lution can grow beyond feasible limits, rendering the direct computational approach
inadequate. This calls for a further step in which the complexity of the model is

reduced deliberately to yield feasible computations on the one hand, which, on the



other hand, are nevertheless of sufficient accuracy to yield useful answers to the

application-related questions at hand.

In this perspective, model reduction aims to formulate simpler models that provide
‘enough for less’, rather than to aim for much more expensive all-inclusive models that
yield ‘all the original model has to offer’. This illustrates the ‘balancing act’ that also
characterizes model reduction where computational costs are weighed against a reduced
outcome at reduced costs. It is part of the considerations that underpin model reduction
to incorporate an intuition about the relevant balance that can be struck.

General, finite-dimensional dynamical systems can be represented in a phase space
which is a subset of R where n denotes the dimension of the system, i.e., the number of
grid points times the number of unknown variables in the formulation. To represent the
state of the system a state-vector y is introduced which contains, e.g., the values of the
discrete solution attained on a grid. In case of autonomous systems, the evolution can be

expressed by
y(t) =F(y) (1.1)

where y = dy/dt and the flow is characterized by the discrete ‘flux’ F. If external forcing
would be included or other effects that depend explicitly on time ¢ one may express the
dynamical system as y = F(y,t). To complete the specification of a time-dependent
solution, the initial condition y(0) = yq is provided. If the solution to eq. (1.1) is unique,
then the above specification suffices to describe y for all ¢ > 0. This deterministic view
is somewhat simplistic since in actual nonlinear systems an element of chaotic behavior,
due to a sensitive dependence on initial conditions, can arise which has large repercussions
on the interpretation of the numerically attained solution. We illustrate this next using a

famous example.

Sensitive dependence: Lorenz system

It is well known that systems of ordinary differential equations can be solved analytically
only in very special cases. Most nonlinear problems are in fact non-integrable and may
display sensitive dependence on initial conditions. This implies that two solutions which
initially differ by only a small amount, may develop large separations already over small
time intervals. Also, effects arising from the finite number of digits used to represent

variables at discrete locations can contribute to such sensitive dependencies. A well known
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Figure 1.1: An impression of the Lorenz attractor at a = 3, b = 25 and ¢ = 1; the trajectory
which emanates from z(0) = 1, y(0) = 0, 2(0) = 2 is presented in (a) and the history of

the component z(t) is shown in (b).

example which is illustrative for our purposes here is the Lorenz system [46] described by:

& =a(y— )
y =br—y-—xz (1.2)
z =22y —cz

with parameters a, b and c¢. Lorenz attempted to model the motion of a particle subject to
atmospheric forces with these equations. When this system is solved numerically, it is found
that the modeled particle moves in an irregular fashion. After a transient period, though, a
dynamically important attractor becomes clear from the particle’s motion in phase space.
This attractor determines the long-time properties of all solution trajectories that originate
from its basin of attraction. The individual solution components x(t), y(t) and z(t) still
behave quite erratically as functions of time, but seen as an orbit in phase space, the motion
displays a striking pattern. For suitable values of the parameters, the pattern resembles a
butterfly-shaped object with two ‘wings’, known as the Lorenz attractor. An impression is
shown in figure 1.1(a) and the corresponding history of the z-component of the solution is
shown in figure 1.1(b). After a sufficiently long time the trajectories of solutions to (1.2)
approach the attractor arbitrarily closely while their motion continues to be unsteady.

A typical solution to (1.2) will cycle around one of the wings of the attractor for a



certain period and then quickly travel to the other wing where it again may spend some
cycles before ‘hopping’ back to the first wing. This process continues indefinitely and
is characterized by a strong sensitive dependence on initial conditions. If we consider the
trajectories corresponding to two different but very close initial conditions then the distance
between the solutions at later times increases very rapidly. In fact, it becomes impossible
to predict with certainty on which of the two wings the solution will be located at some
time t, > 1, due to the finite accuracy of any numerical evaluation of the solution and the

accumulated ‘phase-error’.

Attractors and structural stability

In view of the sensitive dependence of trajectories on initial conditions and accumulated
round-off errors, one may at best hope to approximate properties of the entire attractor
instead of simulating individual solutions for all times. Also, initial conditions that corre-
spond to a particular problem are typically not known in great detail and, coupled to the
sensitive dependencies, this by itself creates significant uncertainty about the interpretation
of a specific simulated solution, especially concerning details of its long-time behavior.
The accumulated round-off errors may cause deviations that tend to take the solution
away from the attractor. However, the inherent attracting properties of the Lorenz at-
tractor will limit these ‘excursions’ to a small band around this object. Thus, although
individual exact trajectories are not likely to be available, the numerically generated im-
pression will remain close to the attractor and consequently one may still accurately obtain
certain average properties of the entire attractor. Likewise, perturbations of the parame-
ters a — ¢ will give rise to changes in the shape of the corresponding attractor. However,
as long as these perturbations are sufficiently small, the dynamics will typically remain
structurally stable. By this we imply that properties of the perturbed attractor such as
its dimension, its location and size or the fraction of time spent in certain regions on the
attractor, will also deviate only by a limited amount. Even though individual trajectories
obtained from the same initial condition will deviate tremendously in the perturbed system
after some time, the concept of a structurally stable attractor provides a setting in which
robust predictions of global properties of a nonlinear dynamical system are still possible. In
contrast, there are also certain perturbations that may alter the dynamical behavior con-
siderably. By analogy, this provides some ‘hope’ for successful model reduction in which
it is not even the aim to approximate details of individual trajectories, but rather capture

important features of the underlying structurally stable attractor.



The general philosophy behind model reduction provides a modeling framework for a
wide variety scientific and technological problems. An important class of such problems is

related to heat transfer , e.g., where cooling of electronics or food items is concerned.

¢ Keeping food cool

After harvesting, the harvest products have to be kept fresh till the next harvest.
Many farming produce are stored in large barns. In these barns, the temperature
and humidity has to controlled to stay within bounds. This is done placing ventilators
and cooling elements. The ventilators are mounted on a refrigerators element, and in
this way the air inside the barns can be controlled, see also Figure 1.2. The control
variables are the temperature of the refrigerator element and the ventilation speed.

Note that we are storing lying organisms and so they produce heat.

Figure 1.2: Storing onions

It is clear that the temperature inside the produce will vary with time and position.
Closer to the ventilators the onions/potatoes will be cooler than at the bottom of the
containers. Given the spatial and temporal dependence of our to-be-controlled vari-
able, it may come as no surprise that a model describing the temperature distribution
in the barn and produce will be a partial differential equation. However, as with the
temperature control in your house, you don’t need to know the temperature every-
where, and it is even impossible to measure the temperature of every potato/onion.
Moreover, the control actions are limited. For instance, in the barn, you cannot

switch the fan on and off every minute. To design a implementable controller, a



simpler model suffices. As a first step, it was chosen to simplify the situation. The

adjusted set-up is schematically given in Figure 1.3.
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Figure 1.3: Schematic representation

So from a 3-D configuration we went to 1-D, by considering only the height as spatial
variable. Even the partial differential equation associated to this simplified set-up was
not needed to design a controller. With system theoretic techniques the model was

further simplified. This (very) simplified model was used to construct a controller.

Other, highly challenging problems in Science and Technology are related to fluid mechanics
. The flow of air and water has long intrigued scientists and engineers. Mastering such
flow problems is crucial for many applications, such as in aerodynamics, the design of our
waterways, the development of industrial processes, and the long-time development of our
climate. Developing models that are ‘fit for purpose’ for these crucial societal problems is
often all that is achievable, as full resolution of all flow physics is infeasible. An important

example is

e Turbulence

Turbulent flow is all around us, having beneficial as well as life-threatening conse-
quences, depending on the circumstances and application. While turbulence enhances
mixing, which often is highly desired, it also may induce large forces on buildings,

airplanes and bridges which could lead to failure of these structures. In figure 1.4



satellite images of algea bloom in the Caspian Sea, at high and at low spatial resolu-
tions are depicted. Obviously, much of the small-scale details can be appreciated only
at high resolution. However, the similarity between the high-resolution image and
the spatially filtered one is so striking, that it is conceivable that various important
questions related to this algae bloom can be answered with confidence also when only

the filtered representation would be available. This sets the stage for model reduction

in turbulence, often known as ’large-eddy simulation’ (LES) .

(b)

Figure 1.4: Resolved (a) and coarsened (b) impressions of algae blooms in the Caspian sea.

The organization of these lecture notes is as follows. In Chapter 2 the method of
balancing to arrive at a coarsened model approximation is introduced and discussed in
detail. This concerns model reduction for linear problems. Chapter 3 is devoted to the
method of spatial filtering to achieve coarsened models for partial differential equations
(PDEs). The filtering approach can be applied to linear PDEs, in which case the initial
and boundary conditions need investigation. Filtering can, however, also be applied to
nonlinear PDEs, leading to a so-called closure problem that needs to be addressed. Finally,

spatial and temporal discretisations are introduced for the coarsened models.



Chapter 2

Model approximation using

balancing

2.1 Introduction

In the course Linear System Theory we have seen the following model class

z(t) = Ax(t) + Bu(t) z(0) = o, (2.1)
y(t) = Cx(t). (2.2)

Here! x(t) € C" is the state, u(t) € C™ the input, and y(t) € CP is the output. We call
(2.1)—(2.2) a state linear system. All linear, time-invariant ordinary differential equations
can be written in this standard form, and so this is a general model class. The solution of

(2.1) is given by

t
z(t) = ettay —l—/ A7) Bu(r)dr. (2.3)
0
From this and (2.2) it follows directly that
t
y(t) = Cellzg +/ CeA'=7) Bu(r)dr. (2.4)
0
When we define the function
Ce'B t>0
h(t) = (2.5)
0 t <0,

!For inconvenience we take our spaces complex-valued. However, we could have taken them real-valued.
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then for o = 0 equation (2.4) can be written (please check)

y(t) = /0 Tt — PYulr)dr

This is known as the convolution product of h and u. The function h as defined in (2.5) is
called the impulse response of the system (2.1)—(2.2), or simply the impulse response.
In Linear Systems Theory there are some concepts treated which we need in the sequel.

The first one being stability, see also [2, Section 2.3].

Definition 2.1.1 Consider the differential equation (2.1) with u (identically) zero. We
say that the solutions of this differential equation are stable if they converge to zero as

t — oo.

With abuse of notation, we often speak of the system (2.1) or the system (2.1)—(2.2)
being stable. By which we mean that the solutions of the differential equation #(t) = Az (t)
are stable.

Hence the differential equation #(t) = Ax(t) is stable if and only if for all zp € C™ there
holds e?*zy — 0 as t — co. We have the following characterisation of stability.

Theorem 2.1.1 The differential equation ©(t) = Ax(t) is stable if and only if the matrix

A is Hurwitz. That is all its eigenvalues have negative real part.

The other two fundamental concepts we need are controllability and observability, see
[2, Chapter 3].

Definition 2.1.2 The system (2.1) is controllable if and only if for any two elements in
the state space C™, xg and x1, there exists a t1 > 0 and an input u such that the solution
of (2.1) satisfies x(0) = z¢ and x(t1) = x1.

Definition 2.1.3 The system (2.1)—(2.2) is observable if for u identically zero the output
trajectory {y(t) | t > 0} uniquely determines the initial state xo. Thus if for all t > 0 there
holds that Cetxy = CeAtzy, then xy = Zo.

For controllability and observability there are simple matrix tests to check them.
Theorem 2.1.2 The following equivalences holds;
e The system (2.1) is controllable if and only if the matriz
B AB - A"'B ]
has full rank.

11



o The system (2.1)-(2.2) is observable if and only if the matrix

C
CA

cA1
has full rank.
For a system which is stable, we can formulate two other equivalent conditions.
Theorem 2.1.3 If the system (2.1)-(2.2) is stable, then the following holds

o The system (2.1) is controllable if and only if the matriz
P:= / e BB* et (2.6)
0
1s tnvertible.

o The system (2.1)-(2.2) is observable if and only if the matrix
Q:= / etercettdt (2.7)
0

1s tnvertible.

The matrix P of (2.6) is called the controllability gramian, the matrix @ of (2.7) is
called the observability gramian.

It may seem that to calculate P and @) we have first to solve the differential equation,

At

or at least calculate e**. This is not the case. They can be calculated by solving linear

equations, known as Lyapunov equations.

Theorem 2.1.4 Assume that the system is stable, i.e, all eigenvalues of A have negative

real part. Then the following hold:

e The controllability gramian of (2.6) is the unique solution of the Lyapunov equation

AP+ PA* = —BB*. (2.8)

e The observability gramian of (2.7) is the unique solution of the Lyapunov equation
A'Q+ QAT = -C*C. (2.9)

12



Proof We will only prove the first part, since the second goes very similar. We have to
prove two assertions, namely the P as defined in (2.6) satisfies (2.8), and conversely when
a matrix P satisfies (2.8), then P equals P from (2.6).

We begin by showing that the controllability gramian satisfies (2.8). Using (2.6) we
find

o0 o0
AP + PA*= A / At BB e tdt + / eMBB* e tdt A*
0 0

oo
— / [AeAtBB*eA*f + eAtBB*eA*tA*} dt. (2.10)
0
We know that £eA! = Ae! and, by taken the complex conjugate, that £e4™ = 414",
By the product rule, we find

d * * *
% |:€AtBB*€A t] :AeAtBB*eA t+6AtBB*6A tA*.

Substituting this in (2.10), we obtain

“d o4 A* A A*t]°
AP + PA* :/ 4 [e 'BB*e t] dt = [e 'BB*e t} -
0

-BB"T
dt ’

0

where we have used that the system is stable. So we have proved that P satisfies the
Lyapunov equation (2.8).
Let now P be a solution of the Lyapunov equation (2.8), then for all t > 0

eAt [Ap + ]5A*} At = —eAt BB A,
Similar as in the first part, we have that

eAt [AP + ]5A*] et = % [eAtISeA*t} .

t1 N t1 d - « ~ * ~
—/ eA'BBT e tdt = / — {eAtPeA t] dt = et peA™ — P
Using once more that the system is stable gives, by letting ¢; approach infinity, that

P = [XeM'BB*eAtdt = P. O

13



2.1.1 Questions

1. In this exercise we investigate how the systems matrices, etc. change over a basis
transformation. Consider the system (2.1)—(2.2) on which we apply the state trans-

formation z(t) = T'z(t), with T an invertible matrix.

(a) Formulate the system (2.1)—(2.2) with this (transformed) state.
(b) Find the solutions to the Lyapunov equation (2.8) and (2.9) for the transformed

systems. Note that these gramians transform differently.

2.2 Transfer functions

In Signals and Transforms, [3, Section 3.7] the concept of a transfer function is introduced.
There it is introduced for an ordinary differential equation. Since we are working with
the state-differential equation (2.1)—(2.2), we have to define transfer functions for a larger
class. Instead of defining it directly for (2.1)—(2.2), we do it for a very general class of
systems. Namely, we see a system as a set of trajectories, in the following way. Let T C R
be the time axis, U, X, and Y the input, state, and output space, respectively. A general
system is a subset of {(u,z,y) |u: T+ U,z : T X,y: T+ Y}. The elements of this

subset are called solutions.

Definition 2.2.1 Consider a general system with input u (taking values in U ), state x
and output y, defined on the time-axis T. Let Q) C C. If for every ug € U and s € § there
ezists a solution (u(t),z(t),y(t)),t € T of the form (u(t),z(t),y(t)) = (uoe, zoet, yoest)
and this solution is unique, then the map ug — yo s called the transfer function on 2. We

normally denote this transfer function by G(s).

Note that normally, € is chosen to be as large as possible. We will calculate the transfer
function of our state linear system (2.1)—(2.2). However, before we do so, we will do it for

the ordinary differential equation
Y () + poay™ O+ -+ pry™ () + poy(t) = (2.11)
gt ™ () + g ut™ V(1) + -+ qulD (1) + goult).
We begin by writing this as a general system. We choose as time axis T = [0, 00).
Boge := {(u,y) | w:[0,00) — C,y:[0,00) — C, s.t. uis m-times differentiable,
y is n times differentiable, and (2.11) is satisfied.}

14



So in this equation there is no “z”. Note that we could as well have chosen R as our time

axis.

To calculate the transfer function, we choose an uy € C, and try to find a solution of
the form (u(t),y(t)) = (uoe®, yoe) in Byge- These are C™-functions, so we only have to
check that (uge®, ypes!) satisfies the equation (2.11). Since the k-th derivative of e*! equals

sFest this is equivalent to

n—1 _st

Yos™e* + pp_1yos" e+ + pryose™ + poyoe™ =
Gmtos™ e + grm_1ups™ et 4+ - + qruose® + gouge®.

t

Since e* is never equal to zero, we may divide by it. Furthermore, we may collect the yq

and ug-terms. By doing so, we find the equation

[+ Pa18" ™ 4 pis +po] Yo = [ms™ + Gmo18™ T+ qus + go] wo-
Recall that ug was given, and we want to find yy. From the above this is possible if and
only if s € C is such that s + p,_1s" 1 4+ -+ p1s+ pg # 0. So for those s we find

8™ + qrm_18™ s+ %,

= G(s)ug. 2.12
S+ pnas" i+ pistpo (8 (212)

Yo =

This equals the formula for the transfer function of the ordinary differential equation (2.11)
given in [2, Theorem 3.7.1].

Using a similar construction, we can find the transfer function of the linear system
(2.1)-(2.2).

Theorem 2.2.1 The transfer function of the linear system (2.1)—(2.2) is given by

G(s) = C(sI — A)"'B, (2.13)
for all s € C not an eigenvalue of A.
Proof We begin by writing this as a general system. We choose as time axis T = [0, 00).

Bis = {(u,z,y) | u:[0,00) — C™ z:[0,00) — C",y:[0,00) — CP, with z differentiable,
and there exists an g s.t. (2.1) and (2.2) are satisfied.}

To determine the transfer function we have, for a given s € C and ug € C™, to find a triple
(u,x,y) of the form (u(t),z(t),y(t)) = (upet, zoet, yoest) in By,. It is easy to see that this
is satisfied if and only if for all ¢ > 0

zosest = Axge® + Buge®™, yoe’t = Czge.

15



t

Since e*" is never equal to zero, this can equivalently be written as

xos = Axg + Bug, yo = Cuxyp.

From the second equation, we see that once xg is found yy will follow. The first equation
is rewritten as

(sI — A)xg = Buyg
which is solvable when the matrix s/ — A is invertible. Since that holds if and only if s is

not an eigenvalue, we find for those s
xo = (sI — A)~ Bug
and thus yo = Czg = C(sI — A)~!Bug, which proves the assertion. O

In the following theorem we show that properties of the system lead to properties of

the transfer function.

Theorem 2.2.2 Let P be a symmetric non-negative matriz, i.e., *Px > 0 for all x € C™.
Suppose that along solutions of (2.1)—-(2.2) the following inequality holds
& (1) Pa(t)] < —ally®)| + Bu(t)| (214)
for some a, € [0,00). Then for ug € C™, s € C with Re(s) > 0 and s not an eigenvalue
of A,
a||G(s)uol* < Blluoll. (2.15)

Proof The transfer function is constructed from solutions of the form (u(t),z(t),y(t)) =
(upest, zoest, ypest). We know that for s not an eigenvalue of A, the transfer function exists

for that s. Substitution, this exponential solution in the inequality (2.14) gives for ¢t > 0

d _
— [m(’geSthoe“] < —ozHG’(s)uOé’StH2 + ﬂ”uoeStHQ,

dt
Now |e%!|? = eStest = e2Re()t and using that, the above relation becomes
2Re(8)62Re(s)t$8Pm0 < _aHG(s)uOH262Re(s)t + BHUOH2€2Re(s)t_
Since e2Re(®)t jg always unequal zero, we can simplify this to
2Re(s)zfPro < —al|G(s)uo||* + Blluo|?,
or

2Re(s)xhPro + ol G(s)ug* < Blluol*.
Since P is a non-negative matrix, we find for Re(s) > 0 that the first term is always

non-negative, and so (2.15) follows. O

16



2.2.1 Questions

1. Consider the state linear systems

T (t) = Alxl(t) + Blu(t), yl(t) = Cl.l’l(t), and (2.16)
To (t) = Agl'g(t) + BQU(t), yg(t) = ngg(t) (2.17)

with u € C™, y1,y2 € CP and x1, 2 in C™ and C™2, respectively. The corresponding

transfer function are G1(s) and Ga(s).

Consider the linear state space system

i l‘l(t) .
dt | wo(t) |

v = & —Cy |

A O

0 4 u(t), (2.18)

o~
N~—

] . (2.19)

Prove that its transfer function equals G1(s) — Ga(s) for s € C not an eigenvalue of
A1 or AQ.

2.3 The idea behind balancing

If a system is not observable, then there exists a non-zero v € C" such that CeAtv = 0 for
all t > 0. So you cannot observe this initial state if the only information you get from the
system is via the outputs. When your goal is to reduce the state space, then you would kick
this state out. Now assume that the system is observable, but there is a state v such that
the corresponding output y(t) = Cev is very small, then you would also like to exclude
this state from your state space as well. This is half the idea behind balancing. Balancing
is that you do it also for the input side.

So assume that the system is not controllable, then there exits a state which you cannot

reach from the origin. From Linear Systems, we know that the solution of
x(t) = Ax(t) + Bu(t), z(to) = xo (2.20)

(so with initial time ¢¢) is given by
t
z(t) = ez (t) + / A7) Bu(r)dr. (2.21)

to

17



Let in this equation the initial time to be negative, the initial state z(¢g) = 0, and let t = 0.
Then

z(0) = /t ’ A7) Bu(r)dr. (2.22)

0
So if the system is not controllable, then there exists a state, let us call this x1, which you
cannot reach from the origin. Hence for all inputs u : [tg, 0] — C™ you will have that the
x(0) # x1. Again if you look to the system from an input-output point of view, you would
exclude this state.

If the system is controllable, but to reach the given state x1 would require a lot of input
energy, then it is very unlikely that in a practical situation this state would be reached,
and so you would like to exclude it as well.

So we see that we would like to exclude states that are either hard to see, i.e., the
corresponding output y(t) = CeAtx is very small, or take a lot of input energy to reach.

The idea behind balancing is precisely that; remove states for which the output is small
and/or which need a lot of energy to reach. This may sound convincing, but what do we
mean by “small” and “a lot”? These terms have to make more precise.

With the integral substitution, s = —7, the integral (2.22) becomes (note that we have
chosen tg < 0)

z(0) = /0 i e* Bu(—s)ds.

Since we want to have an expression independent of the final time ty, we write this as
o
z(0) = / e* Bu(s)ds (2.23)
0

with
o(s) = u(—s) s € [0,—to]

0 s > —to.

From now on we work with the expression (2.23). Next we have to give a mathematical
meaning to “input energy”. We do that by taking the L?(0,00)-norm on u, see also [3,
Section 1.5]. So

ol = /0 " fue)|2dt, (2.24)

where the norm within the integral is the normal (Euclidean) C™-norm.

18



So using (2.23) and (2.24) we can now say that state xg is harder to reach than state
x1. Namely, when for every input v satisfying zg = fooo eAst(s)ds there exists an input
u satisfying z1 = [;° e*Bu(s)ds and |Ju|| < ||v].

It remains to define what we mean with a “small output”. We know that the output
(for u = 0) is given as y(t) = CeAtxg. Similar as for the input we take the L?(0, 00)-norm

as a measure of “how large” y is, so

Iyl = /O ()2t (2.25)

where the norm within the integral is the normal (Euclidian) CP-norm.
So the idea is to remove states that give little output energy ||y|| and states that need

a lot of input energy ||u|| to reach.

2.4 Balancing

In the previous section we explained the idea behind balancing, and in this section we will
do it. However, there are a few things that we have to realise first. Namely, with zero
input, the output corresponding to 2z is always twice the output corresponding to xg.
Hence the energy will also be twice as large. Since we want to keep a linear state space,
we cannot remove 2xg and not xg. Furthermore, it would not make sense. It is logical that
larger states produce more output energy than smaller states. So we normalise the states,
and will only look at states of norm one, i.e., ||zg| = 1.

Similarly, since 2u will reach 2xy when u reaches xg, we also want to normalise the
states. Here “u reaches z¢” means that xg = fooo e* Bu(s)ds.

On the input side, there is another complicating factor. Like you can go to the university
via a detour, there are almost always more inputs that reach the same state. Given xg € C"

we define the set of all inputs reaching that state as
Vo = {u € L*((0,00); C™) | 29 = / e Bu(s)ds}. (2.26)
0

Like you would say that you live close to the university, when the shortest path from
your home to the university takes little time, we say that the state x¢ needs little input
energy to reach when there exists an input u € V,, for which ||u| is small. So we are

interested in the infimum norm of all u € V.
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Theorem 2.4.1 Assume that the system (2.1) is controllable and that A is Hurwitz. By
P we denote the controllability gramian, see (2.6). Then for every xy € C", the following
hold;

1. The set Vy,, see (2.26), is non-empty;

2. The function uep defines as uop(t) = B*eA"tP~lyg is in Vg, and |wopt||? = 2§ P~ ao;

3. The input uop satisfies ||uopt|| < ||ul| for all w € Vy,. Furthermore, it is unique input
with this optimality property.

Proof Item 1. Since the system (2.1) is controllable, there exists a time ¢; > 0 and a
uy1 such that zy can be reached from zero, i.e., zy = Otl eA(tl_T)Bul(T)dT. Next define
u € L*((0,00); C™) as

ui(ty —t) te€l0,t]

0 t>t.

u(t) =

Then it is easy to see that u € V.
Item 2. We have to show that uep(t) € V4. Thus that fooo eASBuopt(s)ds = z¢. Using the

definition of uey and P, see (2.6), we find

o0 o0 .
/ eAsBuopt(s)ds = / e BB* A P xods
0 0

= / e BB*eA 5dsPlzg = PP lag = xo,
0

which proves the first assertion. It remains to calculate its norm.

o0 o0
”U0pt||2 = /0 H“ozot(t)”th :/0 Uopt (1) Uopt (t)dl
oo * * ©© *
= / {B*eA*tPflazo] BreAtP~lyydt :/ 1‘3P716AtBB*eA tp=laodt
0 0

oo
= x5 P! / eMBB* e dtP g = x P PP ag = 2 P,
0

where we have used that P, and thus P!, is symmetric, and its definition.

Item 3. Now we prove the main part of this theorem. Instead of minimising ||u|| we minimise
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lul|?. Using the definition of the L?(0, c0)-norm the following equalities follow.

lull* = llw = uopt + opt*

= llw = voptll* + l[opel|*+
o

/ ut) - Uopt (£))" topt (t)dt + / topt (£)" (u(t) — wopt (t))dt. (2.27)
0 0

Now it is interesting to look at the two last terms. In particular, we will look at wep (t)* (u(t)—

Uopt (t)). Using the expression for uy we find

topt ()" (u(t) — wope(£)) = (B*e4 P~ )” (u(t) — o (1) = w5 P M B(u(t) — o (1),

where we have used that P is symmetric. So
/ Uopt (1) (u(t) — uopt(t))dt = / a:SP_leAtB(u(t) — Uopt (t))dt
0 0

= aiP7L [ eMB(u(t) — uope(t))dt
0

oo [e.e]
= xSPl/ eAtBu(t)dt—xSPl/ e Bugpi (t))dt
0 0
= x(”;P_lxo — J/‘SP_ILUO =0,

where we have used that both u and u,: are in V.

Since
/ooo(u(t) ot (£)) tgpe ()t = { /0 > thope (1) (u(t) — uopt(t))dt] . |

we have that this term is zero as well. Using this in (2.27) we find that for any u € V,, we
have that
2 2 2
[Jull™ = llu = wopt || + [|uopt||*-

From this we directly conclude that the norm is minimal for u = e, and that this is the

only one. O

So from this theorem we conclude that the minimal energy needed to steer the state
from zero to x¢ equals \/z§P~!xzg, where P is the controllability gramian. For the energy

coming out of xy via the output a similar result holds.

Theorem 2.4.2 For xg € C" the energy of the corresponding output satisfies

o0
lyll? = /0 |Cetay|2dt = wQuo, (2.28)

where @ is the observability gramian, see (2.7).
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Proof This follows directly from the definition of the observability gramian.
ly||> = / HC’eAtxOHth = / [CeAtmo]*CeAtxodt
0 0

o0
= / zhet O CeMagdt = i Qu,
0

where we have used (2.7). O

From the above two theorems we see that our aim to remove states, of norm one, that
are hard to reach or hard to observe can now by formulated equivalently as to remove
states (of norm one) for which x§Qzo is small or for which x§ P~ is large. This can still
be contradictory, because states for which z{jQxo is small, the energy .Z‘ép_ll‘o could be
small as well. Thus how to decide?

It would be much easier if () and P were the same and diagonal. To illustrate this,
assume that P = Q = diagi:L,,_ n (0;). Let us consider xg = e, where e; is the first basis
vector of C*. Then z}Qzo = o1, and 2P lxg = e} [diagizly,,_m(ai)]_l e1 = o7 So
checking whether o1 is small is the same as checking that o] i large. This we can do for
all basis vectors of C", and remove those basis vectors for we find the o;’s too small.

In Exercise 1 we saw that the solutions of the Lyapunov equation (2.8), P, and (2.9),
Q, transform differently, and that is a reason why we can find a state transformation such
that after this transformation they are the same and diagonal. This will be shown in the

following theorem.

Theorem 2.4.3 Consider the system (2.1), (2.2) for which we assume that A is Hur-
witz, and that it is controllable and observable. We denote the solutions of the Lyapunov
equations (2.8) and (2.9) by P and Q, respectively.

Let R be a Cholesky factor of @, i.e.,

@ = R*R. (2.29)
Neaxt diagonalise the positive definite matriz, RPR*, i.e.,
RPR* = VX2v*, (2.30)

where V' is unitary, t.e., V*V =1 and ¥ is diagonal, with decreasing diagonal elements,

Y =diag(o1,09,...,04),01 > 02 > ... > 0, > 0. Then the following holds

1. After the state transformation T = E_%V*R, the Lyapunov gramians are the same

and equal to X.
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2. The 022, 1=1,---,n are the eigenvalues of PQ).
Proof Item 1 After the state transformation T = ¥ "2 V*R, the solution P of (2.8) becomes
TPT* = X 2V*RPR'VY 2
— Y RVVRRVTYE 2 = %,

where we have used (2.30) and the fact that V' is unitary.
After the state transformation T = X2 V*R, the solution Q of (2.9) becomes

T*QT~! = Y3 V*R*QR™VE?
— Y2V*R*R*RRVY: = 3,

where we have used (2.29) and the fact that V' is unitary. Hence we have proved the

assertion.

Item 2 From the previous part we can see that P(Q undergoes a state transformation,
and so the eigenvalues do not change. It is clear that after this state transformation the
eigenvalues equal o2. Alternatively, we can reformulate PQ using (2.29) and (2.30), and

obtain
PQ = PR*R = R 'VX2?V*R.

From this it is clear that the eigenvalues of PQ equal those of X2, and so the proof is

complete. O

This theorem leads to some notation.

Definition 2.4.1 The o;’s are called the Hankel singular values. The realisation which

you find after the state space transformation is called the balanced realisation.
2.5 Reduction using balancing
In Theorem 2.4.3, we defined the the following transformation matrix

T=Y":V*R, (2.31)

where R,V and ¥ are constructed via (2.29) and (2.30). With this matrix we transformed
the system with matrices A, B, C into Apy, Bpar, and Chy given by

Apal = TAT_I, By =TB, and Cyy = cT 1. (2.32)
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This is known as the balanced realisation of our system (2.1)-(2.2). From Theorem 2.4.3

we know that the corresponding solutions to the Lyapunov equation, i.e.,
Aval Poal + Poat Apar = —Bbai Bpays and Ay Qual + Qpat Avat = —ChgiChai (2.33)

are given by Py = Qpa = X. As discussed before we would like to remove states, zg,
for which @z is small and/or for which z§P~1xy. Now after the state transformation
(2.31) this becomes the same condition. Furthermore, since Py, = Qpq are diagonal, we
want to remove those states for which o; are small. If we have ordered the Hankel singular
values o0;’s, then the reduction is done as follows. Choose a threshold ¢ > 0 and remove
the states corresponding to those o; below this value. So given € > 0 and let ng be such
that

0120922 ...20p, Z2E€>0pgtl > ... 2> Op. (2.34)

Next we split Apgr, Bpar and Cpg; correspondingly

A | Ao

Apal =
Aoy | Ao

, Bpu= [ g; ] , and Cpy = [ &) ‘ Cy ] . (2.35)

So Ai1 is a ng X ng matrix, By a ng X m matrix, and C7 is a p X ng matrix.

Definition 2.5.1 The reduced system is given by the system matrices A11, By and Cy in
(2.35). Thus

Z(t) = Aredz(t) + Bredu(t)’ y(t) = Credz(t) (236)

with Apeq = A11, Breda = B1, Creq = C1, on the state space C™°

Using the fact that Pyy = Qpe; = X and the notation in (2.35), the Lyapunov equations
(2.33) become

sl [0 ) [0 ] [ ) (20 ]
| Asi [ A || 0 [Sa | | 0| || A7, |4 By t
A | A [ 2o ] [2]o ][ Au[ae]_ [0 oo e
Al |43, || 0% 0 |2 || An | Az C; i
where
¥, =diag(oq, -+ ,0n,) and Yo = diag(ong+1, -+ ,0n).
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Expanding these expressions, and considering only the upper left part of the resulting

matrices, we find
AnXy + 21AT1 = —BlBT, and Alel + Y1411 = —Ci‘Cl. (2.39)

These equations will be very useful in proving our main theorem. We begin by studying
the stability of the system (2.36).

We started with a stable system, meaning that A is a Hurwitz matrix. Since Apy; is
obtained after a basis transformation on A, it is Hurwitz as well. However, will the reduced

system be stable, i.e., will all eigenvalues of A7 have negative real part? Note that the

1 2
-3 -2

is Hurwitz, but its upper 1 x 1 block is not. Hence the question could have a negative

matrix

A=

answer. The following theorem shows that all eigenvalues of A,.q = A1 have real part less

than or equal to zero.
Theorem 2.5.1 The reduced system (2.36) has the following properties;

1. The eigenvalues of Aveq are all in the closed left half plane, i.e., they lie in C— =
{s € C| Re(s) <0};

2. If v is an eigenvector corresponding to an eigenvalue of A11 on the imaginary axis,

then Civ = 0;

3. If w is an eigenvector corresponding to an eigenvalue of A}, on the imaginary axis,
then Biw = 0;

Proof The proof is strongly based on the Lyapunov equations after the state space trans-
formation, i.e., equation (2.39).
Item 1. and 2. Let A € C be an eigenvalue of A,.q = A1; with corresponding eigenvector

v € C" then the second equality in (2.39) gives

—v*CTCv = v A} X0 +v* S A
= \*Y1v + W' S1v = 2Re(A\)v* Xv.

Now v*CfCiv = (C1v)*Civ = ||C1v]|?, and so

—[|C1v|* = 2Re(N)v* 1 0. (2.40)
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Since v*¥jv > 0 (why?) we find that Re(\) < 0.
When A lies on the imaginary axis, then using once more that v*¥,v > 0, we conclude
from (2.40) that Cyv = 0, and thus proving item 2.

Item 3. Similar as in the proof of item 1, we can show by using the first equation in (2.39)

that when w € C™ is an eigenvector corresponding to the eigenvalue p of AY_; = A7, then
—||Bfwl|* = 2Re(p)w*Sqw. (2.41)

Thus when p lies on the imaginary axis, then Bjw = 0. U

We may wonder if A,.q could have an eigenvalue on the imaginary axis. After all, the

big matrix A is stable. The following example shows that this case can happen, even in

0 -1
Sl
This matrix has eigenvalues, —% + %\/gz, and is thus stable. It is easy to see that for
1 0 10 0 [
_ , = Cfale]=[o v2],
[0 22] [01] [—\/5] e Ve

the Lyapunov equations (2.37) and (2.38) are satisfied. Since A,eq = A11 = 0, this clearly

has an eigenvalue on the imaginary axis.

the “smallest” case, n =2 and ng = 1.
Example 2.5.1 We choose

All A12

Apal =
A9y | Ao

By
Bo

So the above example shows that we can have eigenvalues of A,.qy on the imaginary
axis. However, we see that the splitting of the ¥ did not satisfy (2.34). Namely, in our
example 0y, = 01 = 1 = 09 = 0yy+1. We will show in Theorem 2.5.2 that if o,, > opy+1,

then A,.q is Hurwitz. For this we need the following lemma.
Lemma 2.5.1 Let A =iw be an eigenvalue of Areq on the imaginary axis. Then
Y ker(Aypeq — iwl) C ker(Ar 4+ iwl), and
Yiker(Ar.; + iwl) C ker(Ayeq — iwl).

Hence Y2 ker(Ayeq — iwl) C ker(Apeq —iwl), or equivalently the linear subspace ker(Ayeq —

iwl) is Y2-invariant.
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Proof Let 0 # v € ker(A,eq — iwl), or equivalently let v be an eigenvector corresponding
to the eigenvalue iw of A,.q. Then by Theorem 2.5.1, we know that Civ = 0. Multiplying
the second equation in (2.39) by v, we find

A qXiv + X1 (iw)v =0

Or equivalently, v € ker(A},, + iwl).
Similarly, but now applying the first equation in (2.39), we find that Xjw € ker(A;cq —
iwl) for any w € ker(A},,; +iwl).

Combining these inclusions, we find that ker(A,.q — iwl) is Y2-invariant. O

Theorem 2.5.2 If ¥1 and X2 are chosen such that op, > opo+1 (see (2.34)), then Aqq is

a Hurwitz matriz. Furthermore, the system (2.36) is controllable and observable.

Proof Assume that A,.q4 has an eigenvalue on the imaginary axis. We denote this eigen-
value by iw. By Lemma 2.5.1 we have that the linear subspace V' := ker(A,¢q —iwl) C C™
is E%—invariant. In particular, this implies that there is an eigenvector of E% in the kernel
of Ayeq —iwlI. We denote this eigenvector by v, and so X3v = 0%v and A,eqv = iwv. Since
the eigenvalues of %2 are known, we have that o = o2 for some i € {1,--- ,ng}.

Next we define z € C" as x = []. Using (2.38) and Theorem 2.5.1.2, we have

Cy v
0= — Koy
Ci R Y
A oA [ o0 ][ S Eo [ An An ]
i ATZ A;Z 0 X9 0 0 X Aogr Ao 0
B [ AY AN ov | 1 0 Anv
i AE A;2 0 0 22 Agl’u
B [ oAl v Y1Anv
i O'ATQ’U 22A217)
In particular, we find
0= O'ATQU + Y9 Aoy v. (242)
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Similarly, using (2.37) and Theorem 2.5.1.3, we have

B
0= —| 7t [ B B; } v
B, 0
i A11 A12 21 0 v 4 21 0 ATI A;l v
Ay Am || 0 |0 0 o || Ay A || o0
i O'AHU ElAﬁU
B ogAgv Yo AT5v
From which we obtain that
0=0A%v+ EQATQU. (2.43)
Combining (2.42) and (2.43) we find
02 At = —0Y9A010 = =% (0 Ag1v) = X3 A%

In other words, if A%,v would be a non-zero vector, then ¢? is an eigenvalue of 2. However,
we know that ¢ = o; for some ¢ € {1,--- ,ng} and these sigma’s are all larger than the

eigenvalues of ¥9. So Aj,v is the zero vector. Equation (2.43) gives that
A21’U =0.

Applying this, and the fact that v is an eigenvector of A,.q = A11 we find that

Anv || dwv v
0 0]

A21U
However, A and thus Ay, is Hurwitz, and so v must be zero, which provides the contra-
diction. O

v

Apa
bat |

= = w

When reducing a system/equation, we would like to know how large/small the error is.

The following theorem gives the estimate for the balanced truncation.

Theorem 2.5.3 Given a stable, controllable and observable system (2.1)-(2.2). Let the
reduced system (2.36) be constructed via the balanced realisation, see Definition 2.5.1 and
(2.35). Furthermore, let the Hankel singular values be ordered as in (2.34). Then the

following estimate holds

n
sup [C(sI = A)7'B = Creq(sI — Avea) 'Brea| <2 > o (2.44)
seC+t k=no+1

where C¢ = {s € C | Re(s) > 0}.
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This theorem is not so simple to prove, and one of the biggest system theoretic results
in the eighties of the last century. In the next section we will give the proof. However,

before doing so, we make some remarks.
Remark 2.5.1 Regarding the estimate (2.44) two remarks can be made.

1. If two or more singular values are the same, then it only has to be counted once in

the sum. So the the right hand side of (2.44) can be made sharper by replacing it by

n

2 Z k-
k=no+1,0x7#0,

Since it is very rare that two singular values are the same, we almost always see the

right hand side in (2.44). However, the proof gives directly the sharper estimate.

2. A result in complex function theory gives that when a scalar transfer function h(s)
satisfies that

sup |h(s)| < oo,
seCt

then

sup |h(iw)| = sup |h(s)|.
w€R seC+t

So the maxzimum of h over the right half plane equals that over the imaginary axis.
This result extends to matriz valued functions, and so to see how close the reduced
model approrimates the original system we only have to calculate

Su% |C (iwl — A)_lB — Chreqiwl — Ared)_lBredH.
we

2.6 Proof of Theorem 2.5.3

The proof is separated into two parts. The first part is the longest and assumes that 3o
is a multiple of the identity. The second part explains how this special case helps to solve

the general case.

Part 1. We choose ng the largest index for which o,, > o,, and take X9 = 0,1, i.e.,
Ong+1 = Ong4+2 = -+ = 0. Note that in general this ng will be equal to n — 1, and then

Y9 will just be the 1 x 1 matrix with entry o,.
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We write the state space equation of the balanced system as, see (2.35),
x1(t

Ta(t) ] '

~—

By
By

A A
1 a2 u(t), and y(t) = { C, Co }

Ag1 Ag

_l’_

xI9 (t)

d l‘l(t) .
dt | wa(t) |

and that of the reduced system as, see (2.36),

[ a1 (t)

ir<t) = Auxr(t) + Blu(t), yr(t) = C’lzcr(t)

The “error” system has a state space representation, see Exercise 1 of Section 2.2.

d z1(t) A A 0 ] [ (b B
% .’L‘Q(t) = A21 A22 0 xz(t) + BQ u(t), and
xr(t) 0 0 A11 i (L‘r(t) Bl
[ 21(t)
e(t) = [01 Cy —Cy || w2t |,
L 2r(1)

where e(t) = y(t) — y,(t). Introducing the new state coordinates z(t) = z1(t) — z,(t) and

w(t) = x1(t) + z,(t), gives the state space representation

J z(t) Ay Aqs 0 z(t) 0
o zo(t) | = | 3An A 1An xo(t) | + | Ba | u(t), and
w(t) 0 App Anp w(t) 2B
z(1t)
e(t) = [01 Cy o] (1)
w(t)

Consider next the following (Lyapunov) function

z(t) " z(t)
xg(t) 7) .%‘Q(t)
w(t) w(t)

= 2()*212(t) + 2xa(t) opaa(t) + o2w(t) S w(t).

Thus P is block diagonal, i.e., P = diag(X, 20nI,0221—1). It is clear that it is a positive,
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symmetric matrix. Furthermore, along solutions, we have (we omit the ¢)

- *

d z z
_ P =
at | | 2 2
| w w
[ A11 A12 0 z ] 0 ’ 21 0 0 z
%Agl A22 %Agl ) + BQ u 0 20’nI 0 xI9
L 0 A12 AH w 1 231 0 0 0’7%21_1 w
I z 17T 21 0 0 i AH A12 0 z 0
) 0 20’nI 0 %Agl AQQ %AQl X9 + Bg u
L w i L 0 0 O'T%Zl_l i 0 Alg AH w 2B1
I z 1 ElAll 21A12 0
= | 2 opAar  20,A2 oA +
L w i 0 U%EI1A12 0'72121_11411
ALY 20,A%, 02 ALYT! To |+
0 oty o245 ) [ w ]
- 5 -k - 0 0 * - 5 -
T 20’nt U+ u* QO'nBQ 9
L w | | 20288 20257'By | | w |
[ z i i ZlAH ZlAlg 0 Aﬁzl UnA§1 0
= T2 O'nAgl O'nAQQ 0 + A>{221 O'nA§2 0
L w | \| 0 0 0 0 0 0
[0 0 0 0 0 0 2
0 op Ao onAa + 0 o0,4% U%A’{QEl_l )
| 0 2%t Ap o287 An 0 0,43 o2A5LYST! w

20 [25Bou + u* By za] 4 202 [w*ST ! Biu 4+ u*Bi LT w] .
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Using (2.38) and the fact that X9 = 0,1, we write the above as

*

J z z
2 P =
dt Z2 Z2
w w
[ 2 1 [ -cioy —cicy 0] [ =
== ) —C;Cl —C;CQ 0 X9 +
| w | | 0 0 0 w
RN 0 0 2
T9 0 oA + 0, A5 onAot + a%ATQZl_l T9
L w | [0 opAs + 022 A o2(ST A + AL ST w
20, [25Bou + u* By za] 4 207 [w*ST ! Biu + u*B{ L7 ]
= —le®*+
T opAog + 0 A5y AaX +0p Al T2 n
Uanlw Y145 +o0pA1 AnnXy + X147 aanlw
20y, [25Bou + u* Byxs] 4 202 [w*ST ! Biu + u*Bf S ]
where we have used the definition of e.
Using (2.37) and the fact that 3o = 0,,/, we write the above as
J 21 z
— P
dt T2 T2
w w
== lle@®)|*+
vy | [ =BaBf —BoB: no ],
o, X7 w ~B1B; —B1B; on X w
20, (13 Bou 4 u* Bixs] + 202 [w*Zlelu + u*Bi‘Zflw]
= — lle®|*+
T2 ’ —BQB; —BQBT 20’nt T2
on Y] w ~B1By —BiBf 20,B; on X7 tw
u 20,B5 20,B} 0 u
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Since
*

Bs Bs BsB;  BsBf  —20,B
B1 Bl - BlB; BIBT —QO'nBl 5
—20,1 —20p,1 —20,B5 —20,Bf 4021

the above equality becomes

*

d
% IEQ(t) P :Eg(t)
w(t) w(t
T2 1 B2 Bg i T2
= —lle®I* = | onZitw By By on¥y w | 4 4o lulf?
Uu i —20,1 —20,1 Uu

= —lle@®)* = 1 B322(t) + onBIZT w(t) — 200u(t)|* + 4oy ||u(t)[|?
~lle(®)II* + o7 u(t)]*.

IN

By Theorem 2.2.2 it follows that the transfer function H(s) from u to e satisfies the estimate
| H (s)uo||* < 462 |lug|? for s € C s.t. Re(s) > 0. (2.45)

The transfer function H(s) equals the transfer function of the full order plant minus that
of the reduced order plant. Thus with Theorem 2.2.1

H(s) =C(sI — A)™'B = Creq(sI — Ayeqd) ' Brea.

Combining this with (2.45) we taking the supremum over all ug € U, we find (2.44).

Part 2. The “first” reduced system found in the previous part is stable, controllable and
observable, according to Theorem 2.5.2. Furthermore it is balanced with controllability
and observability gramian

i = dlag (Ula e yo'n*pn)a

where p,, is the multiplicity of the Hankel singular value o,,. For this system we can repeat
the process as done in the first part, and approximate it with an error of at most 20, .
Note that the new A,.q4 is just a part of the original A,.4. Similar for B,.q and Ci..q. So we
get the same as if we would have removed the states corresponding to o, and o,_p, in one
reduction step. Furthermore, by the triangular inequality the error between the original
and second reduced system is less than or equal to the sum of the errors of the first and
second reduction step, 20, + 20,_p,,.

This process we can repeat, and gives us the estimate (2.44). O
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Chapter 3

Discretising coarsened PDE

models

3.1 Introduction

The formulation of a model for a physical /engineering problem may often involve partial
differential equations (PDESs) to describe how the properties of the solution evolve in time
and space. Important examples include fluid mechanics, process engineering and electro-
magnetism. These fields of application are characterized by well-established concepts and
basic models. Despite the ‘mature’ status of the conceptual modeling in these areas, many
challenges remain that arise from the fact that the actual solution to these problems is
characterized by a huge range of spatial and temporal features. As a result, the compu-
tation of the actual solution to such multiscale problems is very costly and often not even
feasible on current (super-)computers. This sets the stage for model reduction of problems
governed by PDEs, to reduce the final complexity of the computational problem. In this
chapter we focus on complexity reduction by spatial filtering and consider the translation
of the resulting formulation into a discrete model suitable for numerical simulation., as is
developed in great detail in the context of turbulent flows.

Complexity reduction of a computational PDE model may be obtained by applying a
spatial or a temporal filter to the original governing equations. So-called low-pass filters can
be considered for this purpose, of which the top-hat filter is a particularly simple example.

In fact, top-hat filtering corresponds to local volume averaging. The filter is denoted by
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L : u — u and in one spatial dimension it is explicitly defined by

T+A/2 w
(2, t) = Llu)(z, 1) = / . (it)

d¢ (3.1)

in which the parameter A denotes the filter-width. Application of such filter to a solution
u will affect features with length scales comparable to or smaller than A, while leaving
structures that are considerably larger than A virtually unaffected. This is illustrated in
figure 3.1 in which a signal, composed of a number of harmonic functions, is explicitly
filtered at different A. One may clearly see the effective smoothing of w, illustrating

intuitively the external control one achieves over the complexity of the signal by filtering.

U, U

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 09 1

OTB
x/l
Figure 3.1: Filtering a reference signal (solid) with a top-hat filter with filter-width equal
to £/16 (dashed) and ¢/4 (dash-dotted).

The top-hat filter can readily be extended to three spatial dimensions by consecutively
applying the one-dimensional filter (3.1) in each of the three coordinate directions. An
illustration of filtering a developed numerical turbulence solution is collected in figure 3.2.
In this example, we used a snapshot of a turbulent mixing layer to highlight the com-
plexity reduction achieved by increasing the filter width. The trends observed in relation
to figure 3.1 clearly reappear in this three-dimensional case. With increasing filter width

localized details in the solution, on the scale A, are strongly reduced and one can expect to
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represent the filtered solution on a much coarser spatial grid while maintaining acceptable

accuracy.

Figure 3.2: Snapshot of the vertical velocity field attained in the developed turbulent stages
of temporal mixing layer flow. In (a) a fully resolved solution in a box of size £3 is shown
and the corresponding filtered solution is depicted in the other graphs, using A = ¢/32
(b), A = £/16 (c) and A = ¢/8 (d). The light (dark) level-sets correspond to upward

(downward) flow.

The simple application of the top-hat filter shows that the remaining filtered signal
u possesses a much reduced representation of the smaller-scale features. This hints at
a ‘balancing’ between, on the one hand, retaining sufficient contributions of the smaller
scales to approximate the original solution in adequate detail, while, on the other hand,
reducing the even more localized features to make the computation of the filtered solution

7 much less costly. Intuitively, there is a definite limit to the amount of detail that can
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be filtered away. A strong reduction of smaller scales can be achieved by selecting a wide
filter width, which greatly reduces the spatial resolution needed for an accurate numerical
representation. Exaggerating this reduction would, however, yield an impression of the
original signal that is so incomplete that it becomes quite useless for actual predictions.
Conversely, much of the details of the original signal can be maintained in case A is
chosen sufficiently small, compared to the physical length-scale spectrum of the actual
solution. This would, however, not yield any significant saving of computational resources
to represent such mildly filtered solution. The aim is to find a proper balance between
these two tendencies. Since a quantitative theory for this problem is lacking, the search
for this balance requires problem-specific input and careful a posteriori judgment.

A systematic approach to the reduction of solution complexity can be formulated in
a general spatial filtering approach. The organization of this chapter is as follows. For
completeness, we briefly introduce partial differential equations in Section 3.2. Section 3.3
introduces convolution filters and quantifies the application of such filters to complex so-
lutions. The closure problem that emerges when filtering nonlinear problems is studied in
Section 3.3. After coarsening by filtering we study computational models that arise from
discretization of the filtered continuum formulations. While the coarsening of the equa-
tions provides a clear basis for the corresponding reduced order model, errors arising from
shortcomings in the adopted model used for the reduction, and errors due to the spatial
and temporal discretization that was adopted, imply uncertainty in the final predictions.
We discuss numerical discretization in Section 3.4, and concentrate in more detail on the

accuracy of discrete derivatives in Section 3.5.

3.2 Partial differential equations

In this section we briefly introduce Partial Differential Equations (PDEs) and discuss a
few well-known physical problems that are modeled in terms of these equations. The
presentation will be introductory only - excellent references exist, e.g., [4].

PDEs are equations that formulate a desired solution u in terms of a relationship
containing independent variables z;, 7 = 1,...,n and ¢, as well as partial derivatives of u
with respect to these variables. Often, the x; are referred to as spatial variables and ¢ is
interpreted as a time variable. PDEs are defined on a domain §2, delineating sets for x; and ¢
for which the PDE is enforced. The domain Q = ©, x £; has a boundary 92 = 99, x 02
in case spatial (€,) and temporal (€; = [to,tr]) subdomains are identified. Here, to
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and tr denote the initial and final time of interest, respectively. At these boundaries
conditions may be applied to specify the solution u, often motivated by additional modeling
assumptions. The boundary condition corresponding to the time variable at ¢ = ¢y is
referred to as the initial condition, while the final time ¢tz may for some PDEs also be
endowed with a specific condition. PDEs may be linear or nonlinear in u, and have a
property referred to as its order, referring to the highest partial derivative contained in the
equation.

One finds partial differential equations in practically every branch of physics, chemistry,
and engineering. They are also found in other branches of the physical sciences and in the
social sciences, economics, business, etc. Many parts of theoretical physics are formulated
in terms of partial differential equations. In some cases, axioms uinderpinning a theory
require that the states of physical systems be given by solutions of partial differential
equations. In other cases, partial differential equations arise when one applies the axioms
to specific situations.

First-order equations are of considerable importance to computational modeling in

Science and Engineering. In general, a first-order equation may be expressed as
F(x1,29, ..., Tn, t,u, O1u, o, ..., Oy, Oyu) =0 (3.2)
where 0ju = Ou/0x;. The advection equation
ugtau, =0 ; z€R, t>0 (3.3)

with constant a > 0 is one of the best known cases of a first-order equation. With initial
condition u(x,0) = f(x), this problem is directly solvable as u(x,t) = f(z—at), hence serv-
ing as a versatile reference problem with which the accuracy of certain numerical methods
can be investigated.
An example of a partial differential equation of second order is
0%u 0%u
a2 “9a2

where we introduced the notations dy and J,,u. This equation is known as the wave

= Oyt — COpgu = 0 (3.4)

equation, describing the propagation of a wave at wave speed c. It is linear, second order
in time t and space x. In general, linear, second-order PDEs can be classified as hyperbolic
(e.g., flow problems), parabolic (e.g., heat transport) or elliptic (e.g., Laplace equation in
electrostatics), referring to particular transport mechanisms underpinning the equations,

and, correspondingly, particular mathematical structure of the solution.
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Completion of this example problem requires the specification of the domain, e.g., 2 =
[0, L] x [0, tF] for a domain of length L. Boundaries in  require boundary conditions which
may be specified, e.g., as so-called Dirichlet conditions u(0,t) = g(t) and u(L,t) = h(t) in
terms of arbitrary functions g and A. In view of the wave equation being of second order in
time, two initial conditions require specification, e.g., u(z,0) = ®(x) and dyu(z,0) = ¥(x).
This would correspond to the well-known example of a string of length L, clamped at
x = 0 and x = L into moving boundary locations, and with a given initial shape and
velocity. Various other options can be chosen, of course, depending on the particular
problem studied. Specification of the derivative at the spatial boundaries would be referred
to as Neumann conditions, while also combinations of v and d,u at the boundaries could
be enforced, known as Robin conditions.

Partial differential equations can prove to be difficult to solve. For selected problems the
use of certain techniques such as the separation method, or a change of variables might be
successful. More often, an analytical solution is not achievable and numerical simulation
approaches need to be developed to approximate the solution to within a controllable
tolerance. Even when following the simulation approach, success is not guaranteed since
the problem may be computationally too expensive to treat in all details. This is where

model reduction appears as a viable and practical way forward.

3.3 Coarsening by filtering

In this Section we investigate the application of a convolution filter to a PDE and introduce

the central closure problem that emerges when nonlinear equations are being filtered.

3.3.1 Basic filters

In order to arrive at the desired complexity reduction of a PDE solution with a wide range
of length-scales, one can apply a spatial filtering operation. This operation should be
designed such that the large-scale features remain essentially unchanged by the filtering

while flow features of sufficiently small scales should be strongly attenuated.

Convolution filters

We first consider basic convolution filters in one spatial dimension and extend to the three-

dimensional case afterwards. A signal v may be filtered with a filter-operation L and give
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rise to the filtered solution w which is defined as:
(x) = L(u) = / Gl — E)ul€) dE = G +u (3.5)

in which we introduced the filter-kernel G associated with the filter L. The filter L is a

linear operation and we require all admissible filters to be normalized , i.e.,

L(1) = /_Oo Gl2) dz = 1 (3.6)

which assures that if u = const then it is invariant under filtering. This corresponds directly
with the intuitive requirement that filtering of large-scale flow features should have only a
small effect.

Next to the specification of a filter in physical space by its kernel G the characterization
of the effect of a filter in spectral space by the Fourier-transform H (k) of G(%) is illustrative.
By definition

H(k) = /_ T G(2)e it da (3.7)

The normalization condition expresses itself as H(0) = 1. If we consider the signal u to be

periodic with period 1, i.e.,

u(z) = Z cperike (3.8)

k=—o00

then the effect of filtering can directly be written with the help of H(k):

a(z) = i (H(k)ck)e%ikr (3.9)

k=—o00

Thus, in order for small-scale features (i.e., large k) to be strongly attenuated it is required

that |H (k)| < 1 if k becomes large. Consequently, the filters L are so-called low-pass filters

Filter-width

The filter kernels G which are considered here are functions which are ‘peaked’ around the
origin. A certain effective width A can be associated with the filter L, which also defines
the notion of ‘small’ versus ‘large’ scales in a solution. All length-scales will be interpreted

in terms of the width of the adopted filter. We can define A in a number of different ways:
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1. If the kernel G is square integrable then a characteristic size is given by

% = ;ﬂ/oo |H (k)|* dk (3.10)

—0o0

which also corresponds to the integral of G? via Parseval’s equality.

2. An alternative definition for the filter-width expresses the width A in terms of the
second moment of G: -
A2 = / 2G(2) dz = —H"(0) (3.11)

— 0o
3. Various spatially localized filters are characterized by a compact support, i.e., the
filter-kernel G is non-zero only in a bounded interval around the origin. The width

of this interval may be used to define the width.

We will consider these three filter width definitions for three commonly adopted filters; the
‘top-hat’ or ‘box’ filter, the Gaussian filter and the spectral cut-off filter.

Popular spatial filters

The top-hat filter is computationally the simplest filter. This compact support filter is
defined by the filter kernel:

1 l l 1/¢ if |z2| < £/2
Gin(z) = {H(Ez+5)—H(z—2)} = 3.12
m(2) = 5 {1z +5) = Hz - )} { 0 otherwise (3.12)
in which we introduced a length-parameter ¢ and H denotes the Heaviside function which
is equal to 1 if z > 0 and 0 elsewhere. The Fourier-transform Hy;, of Gy, is given by
sin(k(/2)

(3.13)

The width of this filter, according to the three definitions given above is: A = £ according
to (3.10), A = £/(2v/3) according to (3.11) and A = ¢ using the size of the support of the
filter to define the width.
The Gaussian filter may be defined by
a \1/2 az?

which has Fourier-transform given by

(Mz) (3.15)

Hg(kl) = exp ( L
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The width of this filter, according to the three definitions given above is: A = E\/M
according to (3.10), A = ¢/+/2a according to (3.11). This filter has infinite support and
correspondingly the third definition of filter width can not be applied. For the special
choice @ = 2w we observe that A = ¢ according to (3.10), i.e., identical to the result for
the top-hat filter. In case o = 6, which is often used in literature [5, 6] we observe that
Ag = Ay, according to (3.11).

filter filter kernel G(x — &) Fourier transform H (k)

/A% if oy — &Gl < Aif2 3 sin(kiAi/2)
top-hat > SkiRi/2)
P { 0 otherwise [T kili/2
1 —a (li—gi)g
Gaussian T, ( 4 )ze A2 il 2/(40)
tral cut-off 3 sin(m(i—&i)/Aq) 1
spectral cut-o Hzfl (@i —E;) 0therw1se

Table 3.1: Filter functions in physical and spectral space of some product filters in three

spatial dimensions.

Finally, as a third example of a commonly adopted filter, we consider the spectral

cut-off filter, which is given by
1sin(rz/¢)

Geo(2) = 3.16
&)= 0t (3.16)
with Fourier-transform given by
1 if |kl
Hoo(Kt) = ikt < (3.17)
0 otherwise

The width of this filter is A = ¢ according to (3.10). The filter width of this filter turns

out to be infinite in case one of the other two definitions is adopted. In the sequel, we will
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mainly concentrate on compact support filters and identify the parameter ¢ in the filters
directly with its width A.

Figure 3.3: Fourier transforms of the filter kernels of the top-hat (solid), Gaussian (dashed)
and spectral cut-off (dash-dotted) filters, showing H as a function of KA.

3.3.2 Filtering linear and nonlinear PDEs

The application of a convolution filter to a linear or a nonlinear PDE will be discussed
next. We notice that convolution filters commutate with partial derivatives with respect

to time and space, i.e.,
L(Opu) = Op(L(u)) 5 L(Opu) = Oz (L(u)) (3.18)
Moreover, the filters considered here are linear, implying
L(au + Bv) = aL(u) + SL(v) (3.19)

for arbitrary constants a and b and arbitrary functions w and v. With these properties

established, we may readily investigate the filtering of a linear PDE. As an illustration we
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consider an advection-diffusion-reaction equation in which
O + a0y — b0yt + cu =0 (3.20)

where a, b, ¢ are positive constants, reflecting the strength of the advection (a), the diffusion
(b) and the reaction (c). Application of a convolution filter, using the linearity of the filter,
implies:

L(0wu) + aL(0yu) — bL(Oypu) + cL(u) =0 (3.21)

Moreover, since L commutates with partial derivatives 0; and 0., we infer
ot + a0yt — b0y, +cu= 0 (3.22)

in which we introduced the notation @ = L(u).

This brief derivation shows that application of the convolution filter L leads to the
same type of equation for w. In fact, if L would be invertible, the definition w = L(u) can
be readily identified as a change of variables, much like Fourier or Laplace transformation.
Conversely, model reduction can be achieved if the filter L is not strictly invertible. In
that context, the Gaussian filter would be an invertible filter corresponding to a change of
variables, while the top-hat and spectral cut-off filters do reduce the number of scales that
contribute to the filtered solution .

The situation changes entirely if a nonlinear equation is being filtered by a convolution

filter. To illustrate this, consider
Oou+ 0y F(u) =0 (3.23)

where F'(u) can be any smooth function. Application of a convolution filter L yields

o+ 0, F(u)) =0 (3.24)
We may formally rewrite this as
oyt + 0, F () + 0. ([L, F](u)) =0 (3.25)
in which the commutator
[L, F)(u) = L(F(u)) = F(L(u)) (3.26)

was introduced. In cases where F'(u) = au, i.e., F'is a linear function of u, the commutator

vanishes and the filtered equation which governs = is of identical type as the equation
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governing u. Conversely, if [L, F](u) # 0 an altogether different equation emerges in which
a so-called ‘closure problem’ emerges, i.e., in order to yield a closed PDE formulation that
can be considered to predict w the commutator needs to be approximated by a so-called

‘closure model’ . Specifically, we need to propose a model m such that
[L, F|(u) = m(u) (3.27)

implying a reduced model
O + 0 F(v) + 0ym(v) =0 (3.28)

for the solution v which is thought to yield a relevant approximation of w. Strictly speaking
the closure model should be such that

(L, F](u) ~ dym(a) (3.29)

which can be achieved by proposing a model m according to (3.27), i.e., at so-called flux-
vector level, but actually requiring the model m to be such that the approximation is
suitable at flux level (3.29) would yield more flexibility proposing the reduced model.

A well-known example of a nonlinear evolution equation is the Burgers equation
Ly
Oy + 8x(§u ) — VOzu = f (3.30)

in which a characteristic quadratic nonlinearity arises, denoting the convection term, next
to a dissipative term proportional to 0,,u, and a forcing f. In dimensionless form, this
equation v = 1/Re represents the viscosity, where we also introduced the so-called Reynolds
number 1/Re.

The high complexity of turbulent flow arises from the action of the nonlinear convective
fluxes. This can be illustrated by turning to the unforced viscous Burgers equation (3.30).
If we consider an initial state of the form u = sin(kx), with wave-number k, then we find

from insertion into (3.30) a total flux which is given explicitly by

2

k . k=
Oru 0T 3 sin(2kz) — e sin(kx) (3.31)

We notice that there are two essentially different contributions to the flux. First, arising
from the nonlinear convective flux, we see a contribution with wave number 2k. This will
induce a component in the solution with wave number 2k as well as the solution evolves.

Second, the viscous flux gives a contribution with a wave number equal to that of the initial
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Figure 3.4: Evolution of the solution to the viscous Burgers equation at Re = 100. Shown
are the initial condition u(z,0) = sin(27z) (dashed), the intermediate solutions at t =
0.1, 0.2, 0.3,--- (solid) and the solution at ¢ = 1 (dash-dotted). Periodic conditions in x
are applied.

state. This contribution implies that the amplitude of the initial sin(kz) will be reduced
as the solution develops but it will not alter its spectral content.

In figure 3.4 the evolution of the initial state u(x,0) = sin(27x) is shown, subject
to periodic boundary conditions. As time progresses, further wave numbers will emerge
in the solution due to the continuing (self-)interactions between solution components of
different wave numbers. The solution develops a sharp gradient, which corresponds to
high values of the wave number, next to slowly varying parts in which the solution varies
approximately linearly. The latter regions are associated with small values of the wave
number. Thus, from an initial state with only one wave number, the evolving Burgers
solution is characterized by a number of wave numbers that differ considerably in size.

Application of a convolution filter to this equation yields for the reduced model
1 - 1 — _
ou + 81(§U2) — VOpi = f — 81(§(u2 — %)) = f — 0pm(u, 1) = f — 0 (m(w))  (3.32)

Here, the notation 7(u,u) denotes the so-called sub-filter stress. We observe that @ is
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operated on with the same nonlinear operator d; + ud; — 0., as in the unfiltered Burgers
equation (3.30). However, instead of a right-hand side containing the filtered forcing term
f only, we now observe an additional closure term to the flux in the form of —0,7(u,a).
By itself, this does not constitute a useful reduced model since both v and u are required
to evaluate the flux for w, while only @ is available. That is why a model m(u) needs to be
supplemented.

There are many heuristic suggestions in literature for the sub-filter closure model m.
The motivation for such models is often intuitive and lacks a solid theoretical basis. Nev-
ertheless, the importance of solving turbulent flow problems forces pragmatic models to be
adopted in order to make practical steps possible. This heuristic modeling step of course
also introduces important uncertainties in the quality of the predictions, opening up new
fields of mathematics and the requirement of careful validation of modeling steps.

The next major step is the discretization of the coarsened model. This will confront us
with the fact that coarse discretization yields modifications of the equations of their own,

which need particular attention.

3.4 Accuracy and stability of numerical methods

In the process of formulating a suitable finite-dimensional representation of the system of
partial differential equations, a number of approximations regarding the properties of the
desired solution are made. These approximations differ from method to method and may
strongly influence the final discrete solution, in particular for features of the solution which
are not well resolved by the computation. Two important basic factors that influence the
appropriateness of numerical methods are accuracy and stability, which we will discuss

after a general overview of the discretization process.

3.4.1 Physical space discretization

Many problems in science and technology are formulated in terms of a continuous conser-

vation law given by

8tU+8ij(U):O ; t>0,xeV (3.33)

Here, U denotes the ‘state-vector’, F; the total flux-vector in the x; direction, ¢ represents
time, and V' the flow-domain with boundary 0V. Partial derivatives with respect to time ¢

and spatial coordinate x; are denoted by 0; and 0; respectively. Summation over repeated
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indices is implied here, i.e., 0;F; = 01F1 + 02F» + 03F3 in three dimensions, expressing
the divergence operator acting on F = [Fy, F5, F3]. The conservation property of this
equation is clear upon integrating (3.33) over an arbitrary volume V. According to the
divergence theorem of Gauss, the divergence of F integrated over V can be expressed as
a surface integral of Fn; over the boundary 817, in which n; denotes the j-th component
of the outward pointing normal vector n on V. Correspondingly, the integral over V of
U changes with time only through contributions that enter along the surface AV and does
not contain any contribution from the inner of the volume V. Stated differently, if nothing
enters or leaves through the boundary, then the integral of U over Vis constant, i.e., U is
‘conserved’. A simple, one-dimensional linear example is the advection-diffusion-reaction
equation

U 4 a0, U — v0y,U = OU + 0 (aU — vo,U) = —cU +d (3.34)

which includes advection (ad,U), diffusion (v0,,U), as well as a source term (cU) and an
autonomous external forcing (d) in terms of constants a, v, ¢ and d.

The type of formulation (3.33) determines the evolution of an initial condition U(x,0) =
Up(x). The complete formulation requires the specification of boundary conditions, denoted
by B(U) = b for x € 0V. The operator B may contain various types of boundary con-
ditions and b represents externally imposed properties of the unknown solution U. As an
illustration, in one spatial dimension typical boundary conditions include Dirichlet, e.g.,
u = b, Neumann, e.g., d,u = b or mixed conditions, e.g., a Robin boundary condition
U+ adzu = b.

The complete initial boundary value problem can be discretized in different ways. In
physical-space discretization one typically starts by introducing a computational grid cov-
ering the flow-domain V' and represents the desired solution by its values in discrete grid
points, often collocated, i.e., with values assigned at the grid points themselves, or stag-
gered, i.e., with values assigned at the centers of the grid cells. Apart from the word ‘grid’
one may also often read the word ‘mesh’ for the network of discrete locations used to

approximate the solution U.

Finite volume discretization

We consider discretization on a structured computational grid of ‘primary’ points {x;;}
on the domain V. The introduction of the grid {x;;;} defines so-called grid-cells as the vol-

umes marked by the neighboring grid-points on its corners. Likewise, staggered grid-cells
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Figure 3.5: An example of a structured grid in two dimensions with several different control
volumes indicated by the hashed regions. Both vertex and cell-based control volumes are

shown, consisting of a single or multiple grid cells.

can be introduced in terms of the ‘staggered’ grid defined by grid points placed ‘halfway’
in grid cells formed by the primary grid points, e.g., Tip1 = (z; + zi+1)/2 in one dimen-
sion. Combination of one or more grid-cells defines so-called ‘control volumes’ V;;;. Some
examples are shown in figure 3.5.

There are a number of different but closely related ways to obtain a discrete represen-
tation of (3.33) in physical space. An intuitively appealing way which directly reflects the
conservation property is obtained in so-called ‘finite volume’ methods. The basis for this

discretization arises by integrating (3.33) over an arbitrary control volume Vjjj, implying

[

ijk

oU dv —I—/ OmEr AV = |Viji|diUsji(t) +/ Fynpy dS=0 (3.35)
; Vijk Vijk
where use was made of the Gauss divergence theorem. In this formulation, 0V;;, denotes
the boundary and |V;jx| the volume of Vjj;. In (3.35) we introduced the unknowns {Ujj }

by
1

Vil

Uz'jk(t) /V U(X,t) dx (336)

which are time-dependent volume averages of the unknown function U. After dividing

49



(3.35) by |Vjji| we obtain the discrete dynamical system
dUiji(t) + fije =0 (3.37)

where we introduced the discrete flux
1
Vigk| Jov,
The system of ordinary differential equations (3.37) has been obtained through the so-
called ‘method of lines’ , or ‘semi discretization’ in which the time-variable is considered
continuous, while space has been divided up into control volumes. To complete this discrete

formulation, we add the initial condition

1

Vijkl Jviji

Uijk(o) U()(X) dx (339)

where Uy specifies the solution at time t = 0. Notice that no approximations have been
required to derive (3.37) from (3.33). Of course, the numerical solution will only yield
an approximation of the average of U over the various control volumes, implying that we
have a discrete, finitely resolved representation of the solution. Moreover, the discrete
flux f;;r needs to be approximated to arrive at a dynamical system that can be used
for computations. Often, an algebraic expression in terms of grid points and unknowns
appearing in the discrete formulation is adopted. The precise approximations used in the

specification of f;;, will determine the properties of the resulting dynamical system (3.37).

3.4.2 Formal order of accuracy

Consider a uniform grid with grid-spacing h. A spatial discretization method is said to
have formal order of accuracy p if the truncation error is of order h? if h — 0. The error is
defined as a measure of the difference between the analytical and numerical solutions. The
order of accuracy of a discretization method can be determined by performing a Taylor
expansion of the desired solution, which is assumed to be sufficiently differentiable. As an

example, consider the linear equation
O+ 0zu =0 (3.40)

in one spatial and temporal variable. The term d,u can, e.g., be discretized around the
grid-point x; = th as:
1
Ozu(zi, t) = E(u, — Uji—1) (3.41)
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where we identify u; = u(x;,t). The Taylor expansion of u;_; around z; is

1
Uj—1 = u; — hOyu; + §h28mui + ... (3.42)
where ... denote terms of higher order in h. This expansion implies that
1 1
E(uz — ui_l) = Opu; — §h8muz + ... (3.43)

from which we infer that the error is of order k' and proportional to the second derivative
of u. This spatial discretization method is said to be first order accurate. In particular, the
discretization is consistent, i.e., the approximate derivative on the left hand side of (3.43)
approaches the desired 0,u at the location x; in case we follow a sequence of refinements
of the grid in which h — 0. Following the same reasoning, it is not difficult to show that
the central discretization

Dy = “”12;}1“@‘1 - %hQ&Cmui +o (3.44)
is second order accurate with a discretization error proportional to the third derivative of
U.

In more dimensions, the evaluation of the formal order of accuracy of a method on a
general, non-uniform grid, can proceed along the same lines but is technically more tedious.
In such cases, also terms related to the smoothness of the grid lines come into play, as well
as measures for the local grid-stretching. As a general rule, grids should be as near to a
uniform grid as possible, in order to preserve as much of the formal accuracy-potential as

possible.

Accuracy at coarse resolution

If the formal order of accuracy p > 0, then a sufficiently fine resolution will correspond
to a small error for smooth solutions. In practice, one would favor methods which have a
(relatively) large value of p and display convergence behavior consistent with their formal
order of accuracy. Preferably, such asymptotic convergence should express itself also on
quite coarse grids in which the grid-spacing h could even be comparable to length scales
¢ characteristic of the solution itself. Empirically, however, higher-order methods display
their asymptotic error-dependence only if A is significantly smaller than £. Thus, on coarse
grids, it is not obvious whether a formally higher order method should be preferred over a
formally lower order method. Maintaining mathematical structure such as the conservation

form or respecting skew-symmetry [27] appears very important at coarse resolutions.
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3.4.3 Modified equation: dissipation and dispersion

The ‘physical’ implications of the truncation error of a spatial discretization method are
relevant as these affect the dynamics of the small scales in a numerical solution. These char-
acteristics may be interpreted, e.g., as dissipative or dispersive. The long-time evolution
of a numerical solution may be altered considerably due to accumulated truncation-error
effects. As an example, the spatial discretization method in (3.41) has a truncation er-
ror proportional to the second derivative of the solution cf. (3.43). So instead of solving
dru+0,u = 0 one effectively considers, to leading order in the truncation error, the so-called
modified equation

1
Oy + Opu = §h0mu (3.45)
if (3.41) is adopted. Although the term which represents the error may be controlled

by reducing h, the physical nature of this term remains dissipative, leading to numeri-
cal smoothing of the solution, particularly on coarse meshes and after sufficiently long
integration times.

To quantify the dissipation, we consider periodic solutions to (3.40) which have the
property that u(x + ¢,t) = u(x,t) for some period ¢, and define the average total kinetic
energy of the solution by

4
E(t) = % /0 %u2(az,t) d (3.46)

One may readily show that the energy is conserved, i.e., dE/dt = 0 for (3.40). However,
the use of (3.41) in the numerical treatment implies for the modified equation, after some
partial integration

% = z/og udpu dx = —2% Oz(axu)Q dx <0 (3.47)
which shows that the exact conservation property for the kinetic energy E in (3.40) is
no longer maintained in the computational dynamical system that arises after the spatial
discretization (3.41). The dominant error induced by this discretization is said to contribute
to the dissipation. Turning to the central scheme (3.44) a similar calculation in which we

only include the dominant truncation error shows that

dE ¢ ¢ 1 ,

— ~ UO gzt AT ~ OpuO0pptt dx = —0,((0pu)?) dz =0 (3.48)
Consequently, to leading order in the truncation error, the central scheme does not con-
tribute to the dissipation. In fact, it can be shown that all higher order terms of this

scheme do not give rise to dissipative effects in linear equations such as (3.45).
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It may be shown that the dominant effect of the truncation error of the central scheme,
i.e., of the term ~ O,.u, is dispersive. Such dispersion also arises as the next higher
order numerical effect associated with the upwind scheme (3.41). This can be illustrated
by considering a running wave solution of the form u = exp(i(kx + wt)). If we substitute
this in (3.40) we obtain the dispersion relation w = —k to be satisfied by the solution, i.e.,
we recover the proper wave speed. Inserting this wave solution into the dominant modified
equation that corresponds with the central discretization, i.e., Opu + Opu = —h?0pzu /3 we

obtain the modified dispersion relation
1 1
w=—k+ §h2k3 =—k(1 - §h2k:2) (3.49)

The deviations from the original dispersion relation become large in case hk becomes large,
which arises if the spatial resolution of the wave is rather coarse.

The type and amount of change in the physical properties of the computational dy-
namical system compared to those of the original formulation depend strongly on the
discretization method that was introduced. Typically, next to dissipative effects, popular
discretization methods also introduce dispersion as illustrated in the simple example above.
The associated effects may be particularly important in relation to the long-time behav-
ior at fairly low spatial resolution. The modified equation analysis provides a first clue
regarding the type of alterations due to the numerical scheme, on fine grids and for linear
problems. It remains mainly a matter of trial and error to quantify suitable numerical

settings and methods for highly nonlinear problems.

3.4.4 Stability

Apart from accuracy considerations and modification of the basic equation associated with
the truncation error of the spatial discretization scheme, numerical stability of the compu-
tational dynamical system is an essential property.

In order to capture the temporal evolution of a solution, the discretized system of
equations that results after the method of lines needs to be integrated in time. The time-
integration method should be consistent and accurate, analogous to the discussion above for
spatial discretization. In addition, the time integration should be ‘stable’. This is typically
analysed by considering the stability of time integration of a linear equation of the form
u' = Au for some complex number \. Here ) is thought to approximate a characteristic
local transport velocity of the actual nonlinear system of differential equations, obtained

from the quasi-linear formulation.
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For illustration purposes, in one spatial dimension, one has two equivalent descriptions

for the partial differential equations:
Ou+ 0, (f(w)) = dpu + f'(u)dpyu =0 (3.50)

with nonlinearity f and derivative f' = df /du defining the quasi-linear formulation. The
(local) value of f/(u) for a specific solution u defines the relevant (local) rate A. This
can readily be extended to systems of equations and to more spatial dimensions, involving
the Jacobi matrix of the nonlinearity f. A rigorous analysis is possible for linear systems
with constant A. We consider a simple example next to illustrate the so-called Neumann

analysis.

Neumann analysis

The stability of a simulation method depends on both the spatial discretization and the
time-integration. For many numerical methods, the stability depends on the time-step; the
method is stable only if At is in a certain ‘stability interval’. Outside this interval, the
numerical solution is unstable and may rapidly diverge to unrealistic values. The bounds of
this ‘stability interval’ may depend on, e.g., the mesh size and parameters in the equation.

In order to determine the stability interval, a Neumann analysis on an approximate,
linearized equation is a useful approach [28]. Such an analysis consists of two parts: first
a Fourier analysis of the spatial discretization method is made which leads to a system of
equations governing the Fourier modes. Next, the stability region of the time-integration
method is determined. As an example, we consider spatially periodic solutions to the
convection-diffusion equation

Ot + adzu = puOzpztt (3.51)

with positive constants a and p. We assume periodicity u(z + 1,t) = u(x,t) and use a
uniform grid z; = jh with h = 1/N. Using second order accurate central differences we
find

du; a n
=i o (Wit —wi1) = 15w = 2u; +u50) (3.52)
for j =1,..., N. The periodicity condition implies uy = up and ux4+1 = uj. This system

of equations has a steady solution denoted by w. The difference v =uj —

to obey the same equation as u in (3.52). Here, we introduced the notation uj for the

u; can be shown

solution at location jh and time-level n corresponding to time nAt. Periodicity in space

o4



implies that the difference can be expanded in a Fourier series (assuming N to be even for

convenience) as:
N/2

vi(t)= Y bi(t)exp(2mijk/N) (3.53)

k=—N/2
where by(t) denotes the k-th Fourier coefficient of the difference. The evolution of the
set {bx} can be found from substitution of the expansion of v in the discrete system of

equations (3.52). This implies

db, ia | _2p
o + & sin(2nk /N )by, = 2 (cos(27rk:/N) — 1>bk (3.54)

for k = —N/2,..., N/2, which can be written concisely as dby /dt = zby, where zj is referred
to as the Fourier-symbol. The set of complex numbers {2} for k = —N/2,...  N/2 is called
the Fourier footprint of the central spatial discretization method for the one-dimensional,
scalar convection-diffusion equation. In general, the Fourier footprint is contained in an
ellipse which lies to the left of the imaginary axis and touches it at the origin. The imaginary
part of z; corresponds to the convective term and the negative real part corresponds to
the dissipative term.

To complete the determination of the stability time interval for a computational method
we need to specify the time-integration method. We turn to a global sketch of such methods

next and complete the Neumann analysis afterwards.

Runge-Kutta methods

In simulations, Runge-Kutta methods are very often employed, both for the calculation of
a steady-state solution [29] and for time accurate simulations. The advantages of explicit
Runge-Kutta methods are the low cost per time step and the large stability region. Consider

the discretized form of a system of evolution equations

diu; + fz(u) =0 (3.55)
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where u; is the solution at a grid point labeled ¢ and f; represents the numerical flux in

the same grid point. A general form of a Runge-Kutta method is [28]

ugo) = u
ugk) = ugo) - AtZﬁkjfi(u(j)) for k=1,...,m (3.56)
§=0

m
= Y g
k=1

where the label n refers to the time-level and (k) identifies the k-th Runge-Kutta stage.
Moreover, Bj; and «y; are real numbers for £ = 1,...,m and j = 0,...,m and m is the
number of Runge-Kutta stages. This general formulation of Runge-Kutta methods yields
an explicit method provided By; = 0 for 7 > k. The explicit Runge-Kutta schemes are
so-called one-step schemes which involve knowledge of only the previous solution.

For time-dependent calculations one may determine the coefficients in a Runge-Kutta
scheme such that only a few intermediate solutions need to be stored. Instead of storing
m intermediate solutions as required in the general formulation (3.56) one may obtain
schemes with fewer intermediate solutions at the price of a lower formal order of accuracy
than can maximally be obtained. This can be achieved, e.g., by taking v = 0 for k < m
and B; = 0 for j # k — 1. With this choice, only the old solution u" and the actual
intermediate solution u®*) have to be stored. These are called compact storage schemes

which can be written as

ugk) = ugo) — AtBpf;(u® VY for k=1,...,m (3.57)
urtl = ™

)

As an example, the two-stage compact storage Runge-Kutta scheme arises by choosing
f1 = 1/2 and P2 = 1. An important explicit scheme for turbulent flow is the four-stage
scheme with 51 = 1/4, f2 = 1/3, f3 = 1/2 and 4 = 1 [31]. Using Taylor expansions
one may show that this four-stage scheme is fourth-order accurate for linear equations and
second order for nonlinear equations.

The formal order of accuracy of Runge-Kutta methods can, in principle, be increased
arbitrarily by increasing the number of stages m. It can be proved that the order of

accuracy can not be higher than the number of stages and that only up to m = 4 the order
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can be equal to the number of stages. The Runge-Kutta methods of maximum order are
known as the classical Runge-Kutta methods. For m = 4 the only non-zero coefficients are
Bio=Paz =1, a1 = P32 =1/2, 71 =74 =1/6, v2 = 3 = 1/3. The Euler forward method
is the only first-order accurate one-stage Runge-Kutta method. A general determination
of the order of accuracy of Runge-Kutta schemes and of the coefficients and number of
stages required to achieve a given order can best be done using symbolic manipulation
software [30].

Stability time-step

In the previous chapter, we introduced the simple Euler forward scheme and showed that
the stability of this scheme implies an upper limit on the allowed time step. This is
characteristic of all explicit time-integration schemes and is a large disadvantage of these
methods. Generally, it is impossible to determine the stability region analytically. We
will illustrate the commonly adopted Neumann analysis for the second and fourth-order
compact storage Runge-Kutta schemes.

The traditional approach to determining the stability of Runge-Kutta methods proceeds
in a few steps. First, one needs to select a suitable model equation. Since convective

transport is a significant process in turbulent flows we consider
Ou + adyu =0 (3.58)

where we introduced the transport velocity a. Semi-discretization of this equation with a

simple spatial discretization implies

du; | a
dt Az

(ui - uifl) =0 (3.59)

where Az denotes the grid spacing. Traditionally, this equation suggests considering the
stability of

%:)\u ; )\:‘Aaju (3.60)
This model equation can also be suggested by substituting v = exp(ikz) into the more
general equation du/dt = f(u), after having linearized f which corresponds to a = f’(u)
as a local transport velocity. In (3.54) we obtained a similar basic equation in which the

parameter \ was identified with the complex Fourier symbol.

o7



The next step is to apply the selected time-stepping scheme. For the two-stage Runge-

Kutta scheme, we find

1
u"tt = ug = ug + AAtuy = ug + AAt(up + EAAtuo)
1
= U (1 + AAt + 2(AAt)2> (3.61)

This relates the solution at time-level n + 1 to the solution at time-level n in the form
u™! = g(2)u™ where g denotes the amplification factor and z = AAt. For the two-stage
scheme go(2) = 1+ z + 22/2. Following the same steps for the four-stage scheme (3.57)
yields

2 3 4

z
=1 — 4+ — 4+ — .62
94(z) +z+2+6—|—24 (3.62)

The system is stable when the amplification factor g(z) satisfies |g(z)| < 1. Further analyt-
ical characterization of the stability region is not possible and therefore the next step is to
plot contours of |g(z)| in the complex z-plane. The region where the amplification factor
is smaller than 1 is the stability region. The variable z in the model equation du/dt = zu
is in general taken to be a complex number where the real and imaginary parts represent
viscous and convective flux-contributions in the discretized flow equations respectively. In
figure 3.6 the stability region of (3.57) is shown for RK2 and RK4.

The restriction on the time-step such that the solution to the model equation is inte-
grated in a stable manner can be specified in some more detail. Referring to figure 3.6 we
should choose z such that |g(z)| < 1. Since the stability region is a complex set in z-plane,
one typically limits z to lie in a square (or rectangular) sub-domain of the stability region.
In particular, since the convective contributions are significant, this implies AAt < o where

o is the intersection of the contour g(z) = 1 with the imaginary axis y > 0. This yields
o oAz

R : =0 : =28 3.63
X o 77 7 (3.63)

We observe that RK2 does not enclose an interval on the imaginary axis while RK4

At <

contains a portion which is similar in size to the intersection with the negative real axis.
Therefore, from this analysis, RK?2 is found not to be suitable for convectively dominated
flow computations while RK4 appears a suitable method. It can be shown that all methods
RKn with n > 3 contain an interval on the imaginary axis enclosed by the g = 1 contour.
These methods are hence acceptable for convectively dominated turbulent flows; in practice
RK4 combines computational effort with sizeable stability time-step and is preferred in a

number of applications.
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Figure 3.6: Stability region of the two-stage (a) and four-stage (b) compact storage Runge-
Kutta scheme. Contours of the growth rate between 0 and 1 with interval 0.1 are plotted.
Only the upper parts of the stability regions are shown in view of the symmetry about the

T-axis.

3.5 Numerical spatial derivatives

In this subsection, we will consider general finite difference methods. We will introduce
a framework to construct such methods of arbitrary order of accuracy and consider the
so-called effective or modified wavenumber analysis to illustrate the effects that arise when
these methods are applied. We will also consider explicit filtering and describe numerical

quadrature in the same framework.

3.5.1 Basic discretization of derivatives
Basic discretization of first order derivatives

A basic finite difference discretization arises by combining values {u;} of the function u on
a grid {z;}. The approximation of the derivative of u in the point z; will be written as

0zuj;. Simple methods require only two nearby values of u, e.g.,

Ujp1 — Uj Uj—1 — Uj
Dy, : 59(3)%. =2t 53(53)uj e et (3.64)
Tj+1 — Tj—1 Tj+1 — T Tj—1 — T

5Dy, = Wt = W1
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These methods differ in the actual nearby grid points that are involved in the approxi-
mation. In 5;1) the two neighboring points are involved; this method is called a central
method. The other two discrete operators take information either from the left or from
the right of z;. The computational effort is the same in these three methods. Their formal

order of accuracy is different as may be inferred from expanding u in a Taylor series:

1
wier = 5+ (@ = 2)(ue); + 5 (@ — 25)(taa),
1
+ 6(xji1 — ) (Ugaa)j + - (3.65)

where (uz); = Oyu(z;). Combining the expansions of u;,q and uj_; we arrive, e.g., at

Sy, = T gy ) e — 2w )+ . (3.66)
Tjp1 — Tj-1 2

Hence, we observe that 69(61)uj —(ug)j = O(hj —hj—1) where hj = 41 —x;. So, in general,
for non-uniform grids this method of approximating (u;); is first-order accurate in the
grid-spacing. For the special case that the grid is uniform we have h; = h;_; = h and the
first order contribution to the approximation error vanishes. On uniform grids, the central
discretization is thus second-order accurate. From this simple illustration, we infer that a
smoothly varying grid, i.e., grids for which h; ~ h;_1, will increase the observed level of
accuracy, while the formal order of accuracy remains lower than that achievable on uniform
grids.
)

Repeating the same calculation for (59(62 we readily obtain

1
0P = (ug); + o (Uaz)j (@1 — 25) + .. (3.67)

and hence the error, in this case, is proportional to h;. For this ‘skewed’ approximation a
gradual transfer to a uniform grid will not increase the formal order of accuracy.

One has to realize that the formal order of accuracy may be obtained only within the
limit of sufficiently high spatial resolution. In actual simulations the grid spacing may
frequently be too large, and the formal order of accuracy is only a rough indication of the
reduction in the simulation errors one may obtain by grid refinement. Where formally a
reduction of h by a factor of 2 would lead to an error reduced by a factor (1/2)? where ¢
is the formal order of accuracy, the actual error reduction on coarse grids usually is much

large-scale simulations, especially for higher order methods.
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Basic discretization of second order derivatives

A simple finite difference approximation of a second-order derivative can be obtained along
the same lines. As an illustration, we consider a central difference approximation of (uy);.
For this purpose we introduce u; /5 = u(7;41/2) Where x5 = (zj41 + x5)/2 is a grid
point exactly in the middle between x; and z;4;. By analogy with the definition of a

second derivative, we have

(taa); ~ (uig:H/Q : (u.z)jfl/2 (3.68)
j+1/2 — Lj—1/2

If we approximate (us);41/2 by a second order accurate central method, i.e., (uz)jt1/2 =

(uj+1 — uj)/(xj41 — xj) we obtain

Opzlj = Gjj41Uj41 = QjjUj + Qjj-1Uj-1 (3.69)
where
2
@i
P (@41 — 5)(@j41 — 1)
2
a;; = 3.70
9 g =)@ — 1) (370
2
ajj-1 =

(5 — zj—1)(@j1 — zj1)
On a uniform grid, this approximation reduces to the well-known form
1
Opaltlj = ﬁ{uﬂl — 2uj + ujfl} (3.71)
which is a second-order approximation of (ug;);. On general, non-uniform grids, the ap-

proximation (3.69) can be shown to be only first-order accurate, again emphasizing the

importance of smoothly varying grids.

3.5.2 Methods of higher order of accuracy

The above simple illustrations of finite difference discretizations can straightforwardly be
generalized to higher order methods. To avoid technical complications we first consider the
generalization of central discretizations on uniform grids. Extensions to non-uniform grids

and general skewed schemes will be sketched afterward.
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The generalization for first-order central discretization can be expressed as:
(5:&”)11,] = E Z bluj+l (372)

where we incorporated 2n + 1 grid points. The coefficients {b;} need to be constructed
in such a way that the approximation (3.72) satisfies certain criteria. Here, we consider
schemes of maximal order of accuracy within the stencil [x;_pn, 2j4,]. These follow from
the requirements to discretize ¥ exactly for k = 0,..,2n. Since d(z¥)/dx = ka*~! this
implies in x;
n
% d (G +Dh)F =kGh)E k=0, 1,...,2n (3.73)
l=—n

This constitutes a system of 2n + 1 linear equations for the 2n 4+ 1 unknowns {b;}. After

some rewriting, using induction, one may show that this system is equivalent to

n
> =6 5 k=0,...2n (3.74)
l=—n

This system of equations can be rewritten as Ab = § where b = [b_,,...,b,] and A and ¢

appropriately defined as in (3.74). It may be shown that A is non-singular and hence the

desired maximal order scheme on 2n + 1 grid points exists and can be obtained uniquely
by inverting A. The schemes that arise from this approach can be shown to introduce an

error of O(h?").

To generate some examples of high-order central schemes the use of symbolic manip-

ulation software is very sensible. For n = 1 we obtain the central operator 53(51) in (3.64).

Going to higher order we get for n = 2 the well known fourth order accurate method

1
Opuj = ﬁ(—uﬂ.g + 8ujy1 — 8uj_1 + uj_z) + O(h4) (3.75)
while for n = 3 we obtain
1
(5zuj = 607(’&j+3 — 9uj+2 + 45’U,j+1 — 45Uj_1 + 9Uj_2 — Uj_g) + O(hG) (3.76)

The extension to the second derivative (ugz); is straightforward. As before, we start
with the requirement that polynomials up to some order are treated exactly. In this case
d?(2%)/dz? = k(k — 1)2*~2 which implies in z;

% f: a((j+Dh)F =k(k-1)(GR)*2 ; k=0, 1,..,2n (3.77)

l=—n
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This linear system of equations yields {¢;}. At n = 1 we arrive at the second order accurate

approximation (3.71). The next higher order scheme at n = 2 can be written as

Opslli = — Ujy2 + 16’U,j+1 — 3OUj + 16Uj_1 — Uj_g} (3.78)

1
el
while the sixth order scheme for n = 3 has coefficients ¢; = 1/90, —3/20, 3/2, —49/18, 3/2,
—3/20, 1/90 for I = —3, ..., 3 respectively.

Another, more insightful derivation of approximations to the second derivative can
be obtained by extending (3.68). For this purpose we consider the approximation of a
term 0, (k(z)0yu) where £ is a known function. In this ‘conservation’ form we recognize an
‘inner’ and an ’outer’ first derivative and we can approximate this by a suitable combination
of two first order derivatives; 0, (k(x)0,u) and 69 (k(x)0"u) where §9“¢ and 6 can be
determined as sketched above.

The main extension that is required is that the inner derivative should provide approx-
imations in the staggered locations z;,4/» and the outer derivative should work with first
derivatives in these staggered locations and return an approximation in the grid points x;.
As an example we may introduce
Ujtl Ui sout, Ujt+1/2 — Uj—1/2 (3.79)

o /2= -
z Yj+ - . o T J ] o
Tj+1 — Ly Lj+1/2 = Tj-1/2

Both 5;;”uj +1/2 and 6§“tuj are second-order accurate approximations in the respective
points ;1o and z;. Combining these two discrete operators yields the approximation
(3.68) as shown before. On uniform grids, this two-step construction corresponds to the
construction following (3.77).

A more accurate construction along these lines can be obtained by approximating
(Uz)jt1/2 = 5;”uj+1 /2 using the maximal order central four point stencil involving x;+1
and x;49. Likewise, the outer derivative is calculated in x; using the approximate first
order derivatives in ;419 and x;13/o obtained with 6fvnuj+k /2. The resulting scheme for
the second derivative is hence performed in two steps. For the inner derivative, we find
32)

51 g = ﬁ{uj_l — 2Tu; + 27w — Uz ) (3.80)
In the second step, the outer derivative in the point z; is calculated by applying the
same discretization formula shifted 1/2 grid point down so as to include u;_3/2, ..., w;43/2-
Comparing (3.80) with (3.78) we notice that both schemes have the same formal order of

accuracy on uniform grids but the first scheme requires a stencil which is 7 points wide
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whereas the latter scheme only needs 5. Still, this ’inner-outer’ approach to second-order
derivatives is much more convenient in flow simulations where the viscosity may depend
on the solution. Also, for a number of models this 'inner-outer’ formulation is appropriate

since it preserves the conservation form of the basic equations.

kE*h
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(a)

Figure 3.7: In (a) we show the modified wavenumber k*h plotted against kh for a number
of schemes of order h?". Solid lines correspond to n = 1, 3 and dash-dotted lines to
n = 2, 4. The straight line corresponds to the exact wavenumber. In (b) the same is
shown for second-order derivatives and we plotted (k*h)? against kh where the parabola

corresponds to the exact wavenumber.

3.5.3 Modified wavenumber analysis

Apart from the formal order of accuracy, which characterizes the treatment of well-resolved
flow features, the effect of the discretization on the smaller structures in a flow is of major
importance in actual flow simulations. A concise way to illustrate these effects is to consider

the action of §,, on a Fourier mode u = cos(kx). Analytically we know that d(cos(kx))/dx =
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—ksin(kz). If we turn to the simple central scheme (3.66) on a uniform grid we find

dz(cos(kx)) = % cos(k(x + h)) — % cos(k(x — h))

= _(sm(hkh)> sin(kz) = —k* sin(kx) (3.81)

Hence, where analytically we would expect —Fk sin(kx) we infer that this numerical scheme
returns a modified wavenumber k* = sin(kh)/h. In case kh < 1 we find k* = k—k3h%/6+...
which shows that this scheme is second order accurate and the modified wavenumber
approximates the actual wavenumber properly in case kh is sufficiently small. The latter
condition may readily be interpreted in terms of sufficient spatial resolution per wave-length
A = 27 /k of the mode. If we put h = A\/N then kh = 27 /N < 1 if N is large enough.

For central finite differencing (3.72) one finds d,(cos(kz)); = —k*sin(kz;) and the
effective wave-numbers corresponding to a number of high-order schemes are plotted in
figure 3.7. We observe that with increasing n the modified wavenumber approximates the
exact value with high accuracy over a wider range of kh values. All these schemes introduce
large errors for kh — 7 where the modified wavenumber of all central schemes is 0. The
mode kh = 7 corresponds to a so-called m-mode and on the numerical grid this implies
u; = (—1)7. Clearly, details in the flow that fluctuate between +1 and —1 over distances
h are poorly resolved and the m-mode ‘error’ k* — 0 in the central schemes is actually
an appealing feature of these schemes. Components in a numerical solution proportional
to the m-mode do not grow since the corresponding flux is zero. In figure 3.7(b) we show
the equivalent results for the approximation of the second order derivative. The exact
result would be d?(cos(kx))/dx? = —k? cos(kx) while numerically we find 6, (cos(kz)); =
—(k*)? cos(kx). Again we see good approximations if kh < 1 but all central schemes do
not provide sufficient amplitude for the second order derivative. This implies that the

corresponding numerical viscous flux is too low.

Modified wave-number and required spatial resolution

The modified wave-number analysis can also be used to estimate up to which wavenum-
ber k... the spatial discretization is reliable. To quantify this we can introduce several
measures for the error |k* — k|. A simple choice is to define kp,qh as the location where
k*h has its maximum. For the second order scheme the maximum is at 7/2 and hence all
modes 0 < k < kyae = 7/(2h) could be regarded as properly represented on a grid with

grid spacing h, using this scheme. Turning to the fourth order scheme we observe that the
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maximum is achieved at a somewhat higher value of ~ 1.8. Correspondingly k. ~ 1.8/h
and in this schematic, rough estimation the range of modes that is 'properly’ represented
has increased by about 15% when switching from a second to a fourth order scheme. This
does not seem very much but in three spatial dimensions the gain can be useful. Moving
to yet higher order schemes in this family we notice that the additional extension of the
‘useful’ range of modes is rather limited as a function of n. The additional computational
effort associated with these higher order schemes does not seem to be warranted by this.
Moreover, the ever wider stencils of these high-order schemes make the implementation
of boundary conditions gradually more difficult. To achieve very high accuracy in simple
flow domains it is therefore not advised to turn to finite difference methods. Good alter-
natives exist in the form of implicit discretization methods and spectral schemes that will
be sketched later.
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numerical mathematics, 3

numerical quadrature, 59

observability gramian, 12
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order of accuracy, 50

output, 10

partial differential equations, 3, 37

phase space, 4
quasi-linear, 53

reduced system, 24
Robin condition, 48
round-off error, 6
Runge-Kutta method, 55

sensitive dependence, 4
spatial filtering, 37, 39
spectral cut-off filter, 42
stability, 53
stability region, 58
stability time-step, 54, 57
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state, 10
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stencil, 62
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system
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