Statistics II - Test 1

Coursecode: 202300026
Quartile: 1B 2023/24
Time: 26 January 2024
Time: 8:45 - 11:45
Teacher: Sophie Langer

Student’s name:
Student ID:

General information:
e A regular scientific calculator is allowed, a programmable calculator (“GR”) is not.

e All tables of probability distribution needed are attached.

Other than a pen, no means are needed (or allowed) for answering the exam questions.

Please write your name on every exam paper you hand in.
e Please write legibly. I cannot evaluate what I do not understand.

Distribution of the points:

Task | (a) | (b) | (¢) [ (d) | (e) | () | (g) | (h) | (i) | Sum
1t 1r 221111

Part B
Task | 1 2 3 415167 8 9 Sum

2 | 2424142 Bonus | 1+1424+242 | 7 | 3 |8 | 4 | 24+4+4 | 444 | 55

Achieved points:

Task |Part A | 1(2|3|14|5|6]| 7] Sum




Part A: Basic concepts

(a)

[1 point] If X and Y are normally distributed, then (X,Y") is also multivariate

normally distributed. True or false?

[1 point] Give the formula for the multiple linear regression model?

[1 point] When do interaction effects occur in a multiple linear regression model?
[1 point] What is a dummy variable? Provide an example.
[

2 points] Describe a hypothesis test that can be used to check normality of
data. What is the null hypothesis in this test and why aren’t the null and the

alternative hypothesis interchanged.

[2 point] What is the difference between parametric and non-parametric boot-

strap?

[1 point] Bayesian statistics: We estimate a parameter 6 with a point estimator
0. If the loss function L(0,0) = (§ — )2 then the posterior median is the best

estimator. True or false?
[1 point] Describe a random walk time series.

[1 point] For Gaussian processes, weakly stationary is not equivalent to strictly

stationary. True or false?



Part B: Theory

1. [2 points] For X = (X1, X», X3)7 ~ N (u, ), find the distribution of

X1 — X
Xo— X3/
2. Consider the Gaussian multivariate regression model Y = X + ¢ with e ~ N(0, I),
assuming that XX is invertible. Recall that SMME = (XTX)'XTY is the MLE.

The residuals are given by Y — X BMLE,

(a) [2 points] Show that the residuals are given by the formula
(I-X(XTX)"'X")e.
(b) [2 points] Show that the distribution of the residuals is given by
N(OT-XX"X)"'X").

(c) [1 point] Under the assumptions on linear regression, the residuals have conse-
quently a normal distribution. In practice, the assumptions on linear regression
are often not met and the residuals have a different distribution. To test whether
the assumptions on the regression model are met, one could be tempted to apply
Shapiro-Wilk’s test on normality. Which assumption of Shapiro-Wilk’s test on

normality is violated?

(d) [+2 Bonus] What could be done to make Shapiro-Wilk’s test on normality ap-
plicable?

3. A group of researcher accompanies a group of penguins on a 10-years period and
measures their survival time. One group of the penguins is tagged with a metal tag,
the other group with an electronic tag. We are interested in testing whether the
type of tag has an effect on the penguin survival rate, using a x? test. In the study
33 of the 167 metal-tagged penguins survived while 68 of the 189 electronic tagged

penguins survived.

(a) [1 point] Create a two-way table from the information given.
(b) [1 point] State the null and alternative hypothesis.

(c) [2 points] Give a table with the expected counts for each of the four categories.



(d) [2 points] Calculate the chi-square statistic.

(e) [2 points| Determine the p-value and state the conclusion.

. [7 points] What do you test by running a permutation test? What assumption is
needed? Describe the different steps of the test. Name two advantages of a permu-

tation test.

. [3 points] Wilcoxon’s rank sum test is based on an analysis of the ranks. Given
a sample of independent and identically distributed random variables (Z1, ..., Zy),
denote by R(Z1),...,R(Zy) the ranks of Z;,..., Zy. Show that

N +1
Cov (R(Zl)a R(ZZ)) = _%
Hint: You may use that Y . * = w‘

. [8 points] Suppose that X, Xs,..., X,, ~ Ber(f) and that § has a Beta(a, b) prior.

Find the posterior mean of . Show that it is a weighted average of the sample mean

a

and the prior mean. You may use that for Z ~ Beta(a,b), E(Z) = -45.

. [4 points] Determine the Bayes estimator 6 for scaled squared error loss, L(6,6) =
(6 — 6)? for some ¢ > 0 and 0 € R.

. Consider the time series
Xt - —2t + Wt + 0.5Wt_1,

where W, ~ N(0, o?).

(a) [2 points] What does it mean for a time series to be stationary?

(b) [4 points] What are the mean function and the autocovariance function of this

time series? Is this time series stationary? Justify your answer.

(c) [4 points] Consider the first order differences of the time series above, that is,

consider
}/; — VXt — Xt — Xt—l'

What is the mean function and autocovariance function of this time series? Is

this time series stationary? Justify your answer.



9. (a) [4 points| Consider the time series plot (i) - (iv).
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(iii) (iv)
Each of the time series is a realisation of one of the following stochastic processes:

(1) A Gaussian white noise process.

(2) An AR(1) process, i.e., X; = ¢X; 1 + €, with parameter ¢ = 0.7 and white

noise process €, t=1,..., N.

(3) A stochastic process X, t =1,..., N, (for some N € N) defined by

€ty t=1,...,|X
Xt: t L2J

Et—f—/,l/, t:L%J—Fl,,N

for some p > 0 and a white noise process ¢, t = 1,..., N. (For a real number,

z, || denotes the greatest integer less than or equal to x.)

(4) A stochastic process, Xy, t =1,..., N, (for some N € N) defined by

for some ¢ > 1 and a white noise process ¢, t =1,..., N.

(b) [4 points] Which of the time series (i) - (iv) can be considered as stationary? For

each plot, justify your answer.



v Xtos | X | Xbes | Xbs | X0 | X3s | X5 | X3s | X 5| Xos | X | Xbos | X
1 | 0000 | 0002 | 0010 | 0030 | 0158 | .102 | 455 | 132 | 271 | 384 | 502 | 6.63 | 788 | 108
2 | .0100 | 0201 | 0506 | 103 | 211 | 575 | 139 | 277 | 461 | 599 | 7.38 | 921 | 106 | 138
3 o777 | 15 | 216 | 352 | 584 | 121 | 237 | 411 | 625 | 781 | 935 | 113 | 128 | 163
4 | 207 | 297 | 484 | 711 | 106 | 192 | 336 | 539 | 7.78 | 949 | 11.1 | 133 | 149 | 185
5 412 | 554 | 831 | 115 | 161 | 267 | 435 | 663 | 924 | 11.1 | 128 | 151 | 167 | 205
6 | 676 | 872 | 124 | 164 | 220 | 345 | 535 | 784 | 106 | 126 | 144 | 168 | 185 | 225
7 980 | 124 | 169 | 217 | 283 | 425 | 635 | 904 | 120 | 141 | 160 | 185 | 203 | 243
8 134 | 165 | 218 | 273 | 349 | 507 | 734 | 102 | 134 | 155 | 175 | 201 | 220 | 26.1
9 173 | 209 | 270 | 333 | 4.17 | 500 | 834 | 114 | 147 | 169 | 190 | 21.7 | 236 | 279
10 | 216 | 256 | 325 | 304 | 487 | 674 | 934 | 125 | 160 | 183 | 205 | 232 | 252 | 296
1 260 | 305 | 382 | 457 | 558 | 758 | 103 | 137 | 173 | 197 | 219 | 247 | 268 | 313
12 307 | 357 | 440 | 523 | 630 | 844 | 113 | 148 | 185 | 210 | 233 | 262 | 283 | 3209
13 357 | 411 | 501 | 580 | 7.04 | 930 | 123 | 160 | 108 | 224 | 247 | 277 | 298 | 345
14 | 407 | 466 | 563 | 657 | 779 | 102 | 133 | 17.0 | 210 | 237 | 261 | 291 | 313 | 36.1
15 | 460 | 523 | 626 | 726 | 855 | 11.0 | 143 | 182 | 223 | 250 | 275 | 306 | 328 | 377
16 | 514 | 581 | 691 | 796 | 931 | 119 | 153 | 194 | 235 | 263 | 288 | 320 | 343 | 303
17 570 | 641 | 756 | 867 | 101 | 128 | 163 | 205 | 248 | 276 | 302 | 334 | 357 | 408
18 | 626 | 7.00 | 823 | 939 | 109 | 137 | 173 | 216 | 260 | 280 | 315 | 348 | 372 | 423
19 | 684 | 763 | 801 | 101 | 11.7 | 146 | 183 | 227 | 272 | 301 | 329 | 362 | 386 | 438
20 | 743 | 826 | 959 | 109 | 124 | 155 | 193 | 238 | 284 | 314 | 342 | 376 | 400 | 453
21 803 | 8900 | 103 | 116 | 132 | 163 | 203 | 249 | 206 | 327 | 355 | 380 | 414 | 468
22 864 | 954 | 110 | 123 | 140 | 172 | 213 | 260 | 308 | 339 | 368 | 403 | 428 | 483
23 | 926 | 102 | 117 | 131 | 148 | 181 | 223 | 27.1 | 320 | 352 | 38.1 | 416 | 442 | 497
24 | 989 | 109 | 124 | 138 | 157 | 190 | 233 | 282 | 332 | 364 | 304 | 430 | 456 | 512
25 105 | 115 | 131 | 146 | 165 | 190 | 243 | 203 | 344 | 377 | 406 | 443 | 469 | 526
26 112 | 122 | 138 | 154 | 173 | 208 | 253 | 304 | 356 | 380 | 4190 | 456 | 483 | 54.1
27 118 | 120 | 146 | 162 | 181 | 217 | 263 | 315 | 367 | 401 | 432 | 470 | 496 | 555
28 125 | 136 | 153 | 169 | 180 | 227 | 273 | 326 | 370 | 413 | 445 | 483 | 510 | 569
29 131 | 143 | 160 | 177 | 198 | 236 | 283 | 337 | 301 | 426 | 457 | 496 | 523 | 583
30 138 | 150 | 168 | 185 | 206 | 245 | 203 | 348 | 403 | 438 | 470 | 509 | 537 | 59.7
40 | 207 | 222 | 244 | 265 | 201 | 337 | 393 | 456 | 518 | 558 | 593 | 637 | 668 | 734
50 | 280 | 207 | 324 | 348 | 377 | 429 | 493 | 563 | 632 | 675 | 714 | 762 | 795 | 86.7
60 | 355 | 375 | 405 | 432 | 465 | 523 | 593 | 670 | 744 | 79.1 | 833 | 884 | 920 | 996
70 | 433 | 454 | 488 | 517 | 553 | 61.7 | 693 | 776 | 855 | 905 [ 950 | 100 | 104 | 112
80 | 512 | 535 | 572 | 604 | 643 | 71.1 | 793 | 88.1 | 966 | 102 | 107 | 112 | 116 | 125
90 | 592 | 61.8 | 656 | 69.1 | 733 | 806 | 893 | 086 | 108 | 113 | 118 | 124 | 128 | 137
100 | 673 | 701 | 742 | 7790 | 824 | 90.1 | 993 | 1090 | 118 | 124 | 130 | 136 | 140 | 149

Source: E. S. Pearson and H. O. Hartley, Biometrika Tables for Statisticians, Vol. 1 (1966), Table 8, pages 137 and 138, by permission.



